
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

■❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ♣❛r❛
á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s

♣♦r

❏♦sé ▲✉❝❛s ●❛❧❞✐♥♦ ❞❛ ❙✐❧✈❛ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❈❧❛✉❞❡♠✐r ❋✐❞❡❧✐s ❇❡③❡rr❛ ❏ú♥✐♦r

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙ ♣♦r ♠❡✐♦ ❞♦ ♣r♦❣r❛♠❛ P■❈▼❊✳



I dent i d霊宝紫語藷豊On Para

pOr

J ose Lucas Gal di no da Si ha

Di ssert apao apresent nda ao Corpo Docent e do Prograna de P6s- Graduapあem

Mat emat i ca -  CCT -  UFCG,  COmO requi si t o parci al  para obt encあdo t f t ul o de Mest re

em Mat emat i ca.

Årea de Concent rapあ:  Mat emat , i ca

Aprovada por:

〇着i e皿t  ado重

Uni versi dade Fbderal  de Campi na Grande

Ceut ro de Ci 合nci as e耽cnoI ogi a

Programa de P6s- Graduapao em Mat emat i ca

Curso de Mest rado em Mat emat i ca

Ma重co/  2020

聞



❆❣r❛❞❡❝✐♠❡♥t♦s

✏■st♦ é ✉♠❛ ♦r❞❡♠✿ sê ✜r♠❡ ❡ ❝♦r❛❥♦s♦✳ ◆ã♦ t❡ ❛t❡♠♦r✐③❡s✱ ♥ã♦ t❡♥❤❛s ♠❡❞♦✱

♣♦rq✉❡ ♦ ❙❡♥❤♦r ❡stá ❝♦♥t✐❣♦ ❡♠ q✉❛❧q✉❡r ♣❛rt❡ ♣❛r❛ ♦♥❞❡ ❢♦r❡s✳✑ ✭❏♦s✉é ✶✱ ✾✮

➱ ✉tó♣✐❝♦ ❛❝❤❛r q✉❡ ♥❡st❡ ❡s♣❛ç♦ ♣♦❞❡r❡✐ ❡①♣r❡ss❛r t✉❞♦ ♦ q✉❡ s✐♥t♦ ❛♦ ❝❤❡❣❛r

❛q✉✐✱ ❜❡♠ ❝♦♠♦ q✉❡ ✐r❡✐ ❧❡♠❜r❛r ❞❡ t♦❞❛s ❛s ♣❡ss♦❛s ❡ ❞❡ ❝❛❞❛ ♠♦♠❡♥t♦ ❡s♣❡❝í✜❝♦✳

❚♦❞❛✈✐❛✱ ♦ ♣♦✉❝♦ q✉❡ ❛q✉✐ s❡rá r❡❣✐str❛❞♦ ❞❡♠♦♥str❛ ✉♠❛ ♣❛rt❡ ❞♦ q✉❛♥t♦ ♠❡✉ ❝♦r❛çã♦

s❡♥t❡✲s❡ ❣r❛t♦ ❛ ❝❛❞❛ ♣❡ss♦❛ ❡ ❛ ❝❛❞❛ ♠♦♠❡♥t♦✱ s❡❥❛ ❜♦♠ ♦✉ r✉✐♠✳ ❚✉❞♦✱ ❡①❛t❛♠❡♥t❡

t✉❞♦✱ ❢♦✐ ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❝❤❡❣❛r ❛q✉✐✳

■♥✐❝✐♦ ❛❣r❛❞❡❝❡♥❞♦ ❛ ♠✐♠✱ ♣♦✐s s❡✐ ♦ q✉❛♥t♦ ❢♦✐ ❞✐❢í❝✐❧✳ ❆♦ ❡s❝r❡✈❡r ❡ss❡s ❛❣r❛❞❡✲

❝✐♠❡♥t♦s é ✐♠♣♦ssí✈❡❧ ♥ã♦ ❧❡♠❜r❛r ❞♦s ❞✐❛s ❡♠ q✉❡ ✜q✉❡✐ ♠❛✐s ❞❡ ✶✵ ❤♦r❛s s❡❣✉✐❞❛s

❡st✉❞❛♥❞♦✱ ❞❛s ♥♦✐t❡s ♠❛❧ ❞♦r♠✐❞❛s✱ t❡♥sõ❡s✱ ♠❡❞♦s✱ ❡t❝✳ ▼❛s ✈❡r q✉❡ ❝♦♠ t✉❞♦ ✐ss♦

♣✉❞❡ ❛❧❝❛♥ç❛r ❡ss❡ ♠♦♠❡♥t♦✱ s✐♥t♦✲♠❡ ✐♠❡♥s❛♠❡♥t❡ ♦r❣✉❧❤♦s♦✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣❛✐s ❡ ♠✐♥❤❛ ✐r♠ã✳ ❆♦ ♠❡✉ ♣❛✐ ♣♦r s❡♠♣r❡ t❡r ❞❛❞♦ s❡✉

❣r❛♥❞❡ ✐♥❝❡♥t✐✈♦ ❛ ♠✐♠✳ ❉❡s❞❡ ❝r✐❛♥ç❛ q✉❛♥❞♦ ❡❧❡ ❜✉s❝❛✈❛ ❧✐✈r♦s ♥♦ ❧✐①♦ ♣❛r❛ q✉❡ ❡✉

♣✉❞❡ss❡ ❡st✉❞❛r✱ ❛té ♠❡s♠♦ ♥♦ ❞❡❝♦rr❡r ❞❡ ♠✐♥❤❛s ♣r✐♠❡✐r❛s sér✐❡s ♠❡ ❞❛♥❞♦ ♣❡q✉❡♥❛s

❛✉❧❛s ❞❡ ✐♥❣❧ês✱ ❝♦♠ ♦ ❜ás✐❝♦ q✉❡ ❡❧❡ s❛❜✐❛✱ ❛té ❤♦❥❡✱ ♦♥❞❡ ♠❡s♠♦ s❡♠ ❡♥t❡♥❞❡r ♥❛❞❛

q✉❡ ❡✉ ❡st✉❞♦✱ t♦❞♦s ♦s ❞✐❛s ♠❡ ❛❝♦r❞♦✉ ❜❡♠ ❝❡❞♦ tr❛③❡♥❞♦ ❝❛❢é ❝♦♠ ❧❡✐t❡✱ ❡ ❛✐♥❞❛ ✐❛

♠❡ ❧❡✈❛r ♥♦ ♣♦♥t♦ ❞❡ ô♥✐❜✉s✳ ➚ ♠✐♥❤❛ ♠ã❡✱ ♣♦✐s ♠❡s♠♦ ❥á ♥ã♦ t❡♥❞♦ t❛♥t♦ ❛♠♦r ♣❡❧♦s

❡st✉❞♦s ❞❡✈✐❞♦ à ❢❛❧t❛ ❞❡ ❝♦♥❞✐çõ❡s ✜♥❛♥❝❡✐r❛s q✉❛❞♦ ❡r❛ ♠❛✐s ♥♦✈❛✱ ❡♥s✐♥♦✉✲♠❡ s♦❜r❡

❛ ♠❛✐♦r r✐q✉❡③❛ q✉❡ ❛❧❣✉é♠ ♣♦❞❡ t❡r✿ ♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ♣♦✐s ♥✐♥❣✉é♠ ♥✉♥❝❛ r♦✉❜❛rá ✐ss♦

❞❡ ♠✐♠✳ ❆❣r❛❞❡ç♦ ❛ ❡❧❛ ♣♦r t❡r ❝❤♦r❛❞♦ ❥✉♥t♦ ❝♦♠✐❣♦ ♠✉✐t❛s ✈❡③❡s✱ ♣♦r t❡r t♦r❝✐❞♦✱ t❡r

s✐❞♦ ❛♣♦✐♦✱ ♣♦r t❡r ❡st❛❞♦ ❛♦ ♠❡✉ ❧❛❞♦✳ ➚ ♠✐♥❤❛ ✐r♠ã✱ ♣♦r t❡r s✐❞♦ ♠✐♥❤❛ ❝♦♥✜❞❡♥t❡

❡♠ ✈ár✐♦s ♠♦♠❡♥t♦s✱ ♣♦r ❛té ♠❡s♠♦ ❛♣♦st❛r ❞✐♥❤❡✐r♦ q✉❡ ❡✉ ♣❛ss❛r✐❛ ♥♦ ♠❡str❛❞♦

❡ ♣♦r t❡r s✐❞♦ ❛❧❣✉é♠ q✉❡ s❡♠♣r❡ ❛❝r❡❞✐t♦✉ ❡♠ ♠❡✉ ♣♦t❡♥❝✐❛❧✳ ❆♣r♦✈❡✐t♦ ❛q✉✐ ♣❛r❛

❛❣r❛❞❡❝❡r ❛ ❘❛❢❛❡❧✱ ♠❡✉ ❝✉♥❤❛❞♦✱ ♣♦r t❡r ♠❡ ❛❥✉❞❛❞♦ s❡♠♣r❡ q✉❡ ♣r❡❝✐s❡✐✳

◗✉❡r♦ ❛q✉✐ t❛♠❜é♠ ❛❣r❛❞❡❝❡r ❛ t♦❞♦s ♦s ♠❡✉s ♣r♦❢❡ss♦r❡s✱ ❞❡s❞❡ ❛ ♠✐♥❤❛ ♣r✐✲

♠❡✐r❛ ♣r♦❢❡ss♦r❛✱ ▼❛r❧❡♥❡✱ ❛té ♦s ❞❛ ❯♥✐✈❡rs✐❞❛❞❡✳ ❙❡✐ q✉❡ t♦❞❛ ❛ ❜❛s❡ ❡①✐st❡♥t❡ ❡♠

✸



✹

♠✐♠ ❤♦❥❡ ❢♦✐ ❝♦♥str✉í❞❛ ❞❡s❞❡ ❧á ❛trás✱ ♦♥❞❡ ❡♠ ❛✉❧❛s ❞❡ ❞✐✈❡rs❛s ❞✐s❝✐♣❧✐♥❛s ♣✉❞❡

❛♣r❡♥❞❡r ♠✉✐t♦ ❡ t♦r♥❛r✲♠❡ ♠❛✐s ❤✉♠❛♥♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❞❡s❡❥♦ ❛❣r❛❞❡❝❡r ❛♦s ♠❡✉s

♣r♦❢❡ss♦r❡s ♥❛ ❣r❛❞✉❛çã♦✱ ❛q✉✐ ❞❡s❡❥♦ ❝✐t❛r ▲✐♥❞♦♠❜❡r❣ ❡ ▲✉✐③ ❆♥tô♥✐♦✱ ♦s q✉❛✐s ❢♦r❛♠

♠❡✉s t✉t♦r❡s ❞♦ P❊❚ ▼❛t❡♠át✐❝❛ ❡ ❊st❛tíst✐❝❛✱ ♣♦r t❡r❡♠ ♠❡ ✐♥❝❡♥t✐✈❛❞♦ ❛ ♥✉♥❝❛ ❞❡✲

s✐st✐r ❞♦s ♠❡✉s s♦♥❤♦s✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛ ❝❛❞❛ ♣r♦❢❡ss♦r ❞❛ ♣ós✲❣r❛❞✉❛çã♦ ❇r❛♥❞ã♦✱

▲❡♦♠❛rq✉❡s✱ ▼❛r❝❡❧♦✱ ❉✐♦❣♦✱ ❈❧❛✉❞✐❛♥♦r✱ q✉❡ ❡♠ s✉❛s ❛✉❧❛s ♠❡ ✜③❡r❛♠ ❛♣❛✐①♦♥❛r✲♠❡

❛✐♥❞❛ ♠❛✐s ♣❡❧❛ ▼❛t❡♠át✐❝❛✳ ❆❣r❛❞❡ç♦✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❛♦ ♣r♦❢❡ss♦r ❇r❛♥❞ã♦ q✉❡ ♥♦

❝✉rs♦ ❞❡ ✈❡rã♦ ✷✵✶✾ ♠❡ ❢❡③ ❣❛♥❤❛r ❛✐♥❞❛ ♠❛✐s ❣♦st♦ ♣❡❧❛ ♠❛t❡♠át✐❝❛ ❡ ❛♦ ♣r♦❢❡ss♦r

❉✐♦❣♦ q✉❡ ❝♦♠ ♦s s❡♠✐♥ár✐♦s ♥♦s ❞♦✐s ú❧t✐♠♦s ♣❡rí♦❞♦s ❞♦ ♠❡str❛❞♦ ♠❡ ❢❡③ ❛✉♠❡♥t❛r

♦ ♠❡✉ ❝♦♥❤❡❝✐♠❡♥t♦ ❡♠ ➪❧❣❡❜r❛ ❛✈❛♥ç❛❞❛✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ♣r♦❢❡ss♦r ❈❧❛✉❞❡♠✐r✱ ♣♦r t❡r ❞❡s❞❡ ♦s ♣r✐♠❡✐r♦s ❞✐❛s ❞♦ ♠❡s✲

tr❛❞♦ ♠❡ ♣r♦❝✉r❛❞♦ ❡ ❢❛❧❛❞♦ tã♦ ❜❡♠ ❞❛ ➪❧❣❡❜r❛ ❛ ♣♦♥t♦ ❞❡ t❡r ♠❡ ❧❡✈❛❞♦ ❛ ♠✉❞❛r ❞❡

ár❡❛ ❞❡ ❡st✉❞♦✳ ❆❣r❛❞❡ç♦ ❛ ❡❧❡ ♣♦r ❝❛❞❛ ❝♦♥✈❡rs❛✱ ❝❛❢é✱ ❞✐s❝✉ssõ❡s ✭t❛♥t♦ ❞❡ ▼❛t❡♠á✲

t✐❝❛✱ q✉❛♥t♦ ❞❛ ✈✐❞❛✮✱ ❝r❡s❝✐ ♠✉✐t♦ ♥❡ss❡ t❡♠♣♦ ❡ ❡s♣❡r♦ q✉❡ ♥♦ss❛ r❡❧❛çã♦ s❡❥❛ ❛✐♥❞❛

♠❛✐s ✐♥t❡♥s❛ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s ❞❛ ❯❆▼❛t✱ ❞❡s❞❡ ❢✉♥❝✐♦♥ár✐♦s ✭❧✐♠♣❡③❛✱ ❝♦♦r❞❡♥❛çã♦✱ s❡❝r❡t❛✲

r✐❛✱ ❡t❝✳✮ ❛té ❛♦s ❛❧✉♥♦s✱ ❡♠ ❡s♣❡❝✐❛❧ ♠❡✉s ❝♦❧❡❣❛s ❞❡ t✉r♠❛ ♣♦r t♦❞♦ ♦ ❛♣♦✐♦ ❞❡ s❡♠♣r❡✱

❜❡♠ ❝♦♠♦ ♣❡❧❛s ❞✐s❝✉ssõ❡s ♠❛t❡♠át✐❝❛s✿ ❉❛♥✐❡❧❛✱ ●❡✐s❛✱ ▲✉❝❛s✱ ❖❧✐✈❡r✐♦✱ ❘❡♥❛♥✱ ❈❛✐♦✱

■s♠❛❡❧ ❡ ❙✐❡❜r❛✳ ❈r❡s❝✐ ♠✉✐t♦ ♥❡ss❡s ✻ ❛♥♦s ❛q✉✐ ✭✹ ❞❡ ❣r❛❞✉❛çã♦ ❡ ✷ ❞❡ ♠❡str❛❞♦✮

❡ ❡s♣❡r♦ ♥♦s ♣ró①✐♠♦s ✹ ❞❡ ❞♦✉t♦r❛❞♦ ❝r❡s❝❡r ❛✐♥❞❛ ♠❛✐s✳ ❚❛♠❜é♠ ❛❝r❡s❝❡♥t♦ ❛q✉✐

♦s ❛❧✉♥♦s ❞❛ ❣r❛❞✉❛çã♦ ✭♣♦r s❡r❡♠ ♠✉✐t♦s✱ ♦♠✐t✐r❡✐ ♥♦♠❡s✮ ❡ ❞♦ ❞♦✉t♦r❛❞♦ ✭❲❡✐❧❧❡r✱

P❡❞r♦✱ ▲❛ís❡✱ ❋r❛♥❝✐é❧✐❛✱ ●❡♦✈❛♥② ❡ ❲❛❧❧❛❝❡✮ ♣♦r ❝❛❞❛ ❞✐s❝✉ssã♦✱ r✐s❛❞❛s ❡ ❛♣♦✐♦✳

❆❣r❛❞❡ç♦ ❛ ❇r✉♥❛ ❡ ❨❛s♠✐♠✱ ❛s q✉❛✐s ❢♦r❛♠ ♠✐♥❤❛s ❞✐r❡t♦r❛s ♣♦r ✸ ❛♥♦s ♥❛

❊s❝♦❧❛ ❊st❛❞✉❛❧ ❆♥tô♥✐♦ ●❛❧❞✐♥♦ ❋✐❧❤♦✳ ❙♦✉ ❡t❡r♥❛♠❡♥t❡ ❣r❛t♦ ♣♦r t♦❞♦ ❡♥s✐♥❛♠❡♥t♦

q✉❡ ♦❜t✐✈❡ ❧á✳ ❊♠ ♠✉✐t♦s ♠♦♠❡♥t♦s ✈❡r ♦ q✉❡ q✉❛♥t♦ t♦❞♦ ♦ ❝♦r♣♦ ❞❛q✉❡❧❛ ❡s❝♦❧❛

❛❝r❡❞✐t❛✈❛ ❡♠ ♠✐♠✱ ♠❡ ❞❡✉ ❢♦rç❛s ♣❛r❛ ❧✉t❛r✳ ❆q✉✐ t❛♠❜é♠ ♥ã♦ ♣♦ss♦ ❞❡✐①❛r ❞❡

❛❣r❛❞❡❝❡r ❛♦s ♠❡✉s ❛❧✉♥♦s ✭❛❣♦r❛ ❡①✲❛❧✉♥♦s✮✱ ♣♦r ♠✉✐t❛s ❞❛s ✈❡③❡s ❛❝r❡❞✐t❛r❡♠ ❡♠

♠✐♠ ♠❛✐s ❞♦ q✉❡ ❡✉ ♠❡s♠♦✳ ❊❧❡s ♠❡ ✜③❡r❛♠ ❡♠ ✈ár✐♦s ♠♦♠❡♥t♦s r✐r✱ ♠❡s♠♦ q✉❛♥❞♦

♣❛ss❛✈❛ ♣♦r ❞✐✜❝✉❧❞❛❞❡s✳ ❊♠ ❡s♣❡❝✐❛❧ ❝✐t♦ ❏♦❡❧s♦♥✱ ❆❧❢r❡❞♦✱ ■s❛❛❝✱ ❙❛❜r✐♥❛✱ ▼❡♥❣❧❛✱

❱✐✈✐❛♥❡ ❡ ❇❡❛tr✐③✱ ❡st❡s sã♦ ❡①✲❛❧✉♥♦s q✉❡ ❤♦❥❡ ❝✉rs❛♠ ♠❛t❡♠át✐❝❛ ♥❛ ❯❋❈● ✭❡①❝❡t♦

✉♠❛ q✉❡ é ♥❛ ❯❊P❇ ❡ ✉♠❛ q✉❡ ❡st✉❞❛ ❊st❛tíst✐❝❛ ♥❛ ❯❊P❇✮✳ ❱ê✲❧♦s s❡❣✉✐♥❞♦ ♦

❝❛♠✐♥❤♦ ❞❛ ▼❛t❡♠át✐❝❛ ♠❡ ♠♦t✐✈❛ ❛✐♥❞❛ ♠❛✐s ❛ ❡st✉❞á✲❧❛✳



✺

❆❣r❛❞❡ç♦ ❛♦s ✐♥t❡❣r❛♥t❡s ❞♦ ●r✉♣♦ ❞❡ ❖r❛çã♦ ❘♦s❛ ▼íst✐❝❛✱ ❡st✐✈❡r❛♠ ❝♦♠✐❣♦

❞❡s❞❡ ♦ ❊♥s✐♥♦ ▼é❞✐♦ ❡ ❛té ❤♦❥❡ ❡stã♦✳ ❙♦✉ ❣r❛t♦ ❛ ❝❛❞❛ ✉♠ q✉❡ r❡③♦✉ ♣♦r ♠✐♠ ❡ ♠❡

❞❡✉ ❣r❛♥❞❡ ❛♣♦✐♦ ❞✉r❛♥t❡ t♦❞♦s ♦s ♠♦♠❡♥t♦s ❞♦ ♠❡str❛❞♦✳ ❏❛♠❛✐s ♥❡❣♦✿ ❛ ❣❛rr❛ q✉❡

t❡♥❤♦✱ ❛ ♣❡ss♦❛ q✉❡ s♦✉ ❞❡✈♦✱ ❡♠ s✉❛ ❣r❛♥❞❡ ♠❛✐♦r✐❛✱ ❛ ❡ss❡ ●r✉♣♦ ❞❡ ❖r❛çã♦✳ ❆q✉✐

❛❜r♦ ✉♠ ♣❛rê♥t❡s❡ ♣❛r❛ ❛❣r❛❞❡❝❡r ❛ ●r❛❝✐❧❡♥❡✱ ❊❞♥❛✱ ❆ss✉♥çã♦✱ ❈❛r❧❛✱ ❚❤❛✐s❛✱ ❆♥❣❡❧❛

❡ ●❧❛③②✱ ❡st❛s ✐♥t❡❣r❛r❛♠ ❛ ❝♦♦r❞❡♥❛çã♦ ❥✉♥t♦ ❝♦♠✐❣♦ ❞✉r❛♥t❡ ✉♠ t❡♠♣♦ ❡ ❢♦r❛♠ ❛s

q✉❡ ❝♦♠♣❛rt✐❧❤❡✐ ♠✐♥❤❛s ❞♦r❡s✱ ❛✢✐çõ❡s✱ ❛♥❣úst✐❛s ❡ ♠❡❞♦s✳ ❖❜r✐❣❛❞♦ ♣♦r t❡r❡♠ s✐❞♦

✉♠ ❣r❛♥❞❡ ❛♣♦✐♦ ❡ s✉♣♦rt❡ ♣❛r❛ ♠✐♠✳

❆q✉✐ ❝✐t♦ t❛♠❜é♠ ❛❧❣✉♥s ❛♠✐❣♦s q✉❡ ❛ ✈✐❞❛ ❢♦✐ ♠❡ ❞❛♥❞♦✳ ❘❡♥♥❛❧②✱ ✉♠❛ ❣r❛♥❞❡

✐r♠ã q✉❡ t❡♥❤♦✱ ❝♦♠ s❡✉ ❡①❡♠♣❧♦ ❡ ❡♠♣❡♥❤♦ ♥❛ ✈✐❞❛ ❛❝❛❞ê♠✐❝❛ ♠❡ ✐♥❝❡♥t✐✈❛ ❛ ♥ã♦

❞❡s✐st✐r ❞♦s ♠❡✉s s♦♥❤♦s✱ ♣♦r ♠❛✐s ❞✐❢í❝✐❧ q✉❡ s❡❥❛ ❧✉t❛r ♣♦r ❡❧❡s✳ ❆❣r❛❞❡ç♦ ❛ ❏♦r❣❡✱

♠❡✉ ❛♠✐❣♦ ❡ ♣r♦❢❡ss♦r ❞❡ ■♥❣❧ês✱ ♣♦r ❝❛❞❛ ❞✐s❝✉ssã♦✱ ❝♦♥✈❡rs❛✱ ❜❛t❡ ❜♦❝❛✱ ❡t❝✳ ❙♦♠♦s

❡①tr❡♠❛♠❡♥t❡ r❡✢❡①✐✈♦s ❡ ❡❧❡ ♠❡ ❛❥✉❞♦✉ ❛ s❛✐r ❞❡ ✈ár✐♦s ❢✉♥❞♦s ❞♦ ♣♦ss♦ ❡♠ ♥♦ss❛s

❧✐❣❛çõ❡s✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛ P❛❞r❡ ❙❛✉❧♦ ♣❡❧❛s ✈❡③❡s ❡♠ q✉❡ ♦✉✈✐✉ ♠❡✉s ❞❡s❛❜❛❢♦s

❞✉r❛♥t❡ ❛ s❡❧❡çã♦ ❞♦ ❞♦✉t♦r❛❞♦ ❡ ♣♦r s❡♠♣r❡ ❞✐③❡r q✉❡ ❛❝r❡❞✐t❛✈❛ ❡♠ ♠❡✉ ♣♦t❡♥❝✐❛❧✱

❛q✉✐ ❛❜r♦ ✉♠ ❡s♣❛ç♦ ♣❛r❛ ❛❣r❛❞❡❝❡r ❛ ❡❧❡ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❡st❛r ❛ ❢r❡♥t❡ ❞♦ ❝♦r❛❧

❡♠ s✉❛ ♣❛róq✉✐❛✱ ♣♦✐s ❡♠ ❝❛❞❛ ❡♥s❛✐♦ ❡✉ ♠❡ ❞❡s❡str❡ss❛✈❛ ❡ ❣❛♥❤❛✈❛ â♥✐♠♦ ♣❛r❛

❡st✉❞❛r ❛✐♥❞❛ ♠❛✐s✳

❆❧é♠ ❞♦s ❥á ❝✐t❛❞♦s ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✱ ♠❡ ❛♣r♦①✐♠❡✐ ❞❡ ▲✉❝✐❛♥❛ ✭♠✐♥❤❛ t✐❛✮✱

♣♦r ✈❡r ♥❡❧❛ ✉♠❛ ❣r❛♥❞❡ ♠♦❞❡❧♦ ❞❡ ❛♠♦r ♣❡❧❛ ♣r♦✜ssã♦✳ ❊❧❛ ♣❛r❛ ♠✐♠ é ✉♠ ❡①❡♠♣❧♦✱

✉♠❛ ✈❡③ q✉❡ ❢♦✐ ❛ ♣r✐♠❡✐r❛ ❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ ❛ ❝♦♥❝❧✉✐r ✉♠❛ ❣r❛❞✉❛çã♦✳ ❆❞❡♠❛✐s✱

❛❣r❛❞❡ç♦ t❛♠❜é♠ ❛ ✃♥♥✐❛✱ ❝♦♠ ❛ q✉❛❧ ✜③ t❡r❛♣✐❛ ❞✉r❛♥t❡ ✷ ♠❡s❡s✳ ❙❡✉s ❝♦♥s❡❧❤♦s

❡st♦✉ ♣♦♥❞♦ ❡♠ ♣rát✐❝❛ ❡ ❞❡s❡❥♦ ♣ô✲❧♦s ♣❛r❛ ❛ ✈✐❞❛ ✐♥t❡✐r❛✳

❆❧é♠ ❞✐ss♦✱ ♥ã♦ ♣♦ss♦ ❥❛♠❛✐s ♠❡ ❡sq✉❡❝❡r ❞♦ ●❖❯ ✭●r✉♣♦ ❞❡ ❖r❛çã♦ ❯♥✐✈❡rs✐tá✲

r✐♦✮ ❞❛ ❯❋❈●✳ ❉✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦ ❢♦✐ ✉♠ ❣r❛♥❞❡ s✉♣♦rt❡ ♣❛r❛ ♠✐♠✱ ♠✉✐t❛s ❛♠✐③❛❞❡s

q✉❡ ❛❧✐ t✐✈❡ ♠❡ ❡st✐♠✉❧❛r❛♠ ❛ s❡❣✉✐r ❛ ❝❛rr❡✐r❛ ❛❝❛❞ê♠✐❝❛✳

❙❡✐ q✉❡ ❥á ❝✐t❡✐ ♦ ♥♦♠❡ ❞❡ ❝♦❧❡❣❛s ❞❡ t✉r♠❛✱ ♠❛s ♥❡st❡ ♣❛rá❣r❛❢♦ ❡♥❢❛t✐③♦ ❞✉❛s

❣r❛♥❞❡s ❛♠✐❣❛s q✉❡ ♦ ♠❡str❛❞♦ ♠❡ ♣r♦♣♦r❝✐♦♥♦✉✿ ❉❛♥✐❡❧❛ ❡ ●❡✐s❛✳ ▼✉✐t❛s ❝♦♥✈❡rs❛s✱

❢♦❢♦❝❛s✱ r✐s❛❞❛s✱ ❝❤♦r♦s✱ ❡t❝✳✱ ❢♦r❛♠ ❝♦♠♣❛rt✐❧❤❛❞♦s ❥✉♥t♦s✳ ❖❜r✐❣❛❞♦ ❛ ✈♦❝ês ♣♦r s❡♠✲

♣r❡ ♠❡ ❞❛r❡♠ ❢♦rç❛ ❡ ♣♦r ❛❝r❡❞✐t❛r❡♠ ❡♠ ♠✐♠✳ ❖s s❡✉s ❝♦♥s❡❧❤♦s ❧❡✈❛r❡✐ ♣❛r❛ ❛ ✈✐❞❛

✐♥t❡✐r❛✳

❆❣r❛❞❡ç♦ ❛♦ ♣r♦❢❡ss♦r ❉r✳ ❈❤❛r❧❡s ❆♣❛r❡❝✐❞♦ ❞❡ ❆❧♠❡✐❞❛✱ ❛♦ ♣r♦❢❡ss♦r ❉r✳ ❆❧❡①
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❘❛♠♦s ❇♦r❣❡s ❡ ❛♦ ♣r♦❢❡ss♦r ❉r✳ ❉✐♦❣♦ ❉✐♥✐③ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛ ❡ ❙✐❧✈❛ ♣♦r t❡r❡♠ ❛❝❡✐t❛❞♦

♣❛rt✐❝✐♣❛r ❞❛ ❜❛♥❝❛✳

➚ ❈❛♣❡s✱ ❛tr❛✈és ❞♦ ♣r♦❣r❛♠❛ P■❈▼❊✱ ♣♦r t♦❞♦ ♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

P♦r ✜♠✱ ✉♠❛ ✈❡③ q✉❡ ♦s ú❧t✐♠♦s sã♦ ♦s ♣r✐♠❡✐r♦s✱ ✜♥❛❧✐③♦ ❛❣r❛❞❡❝❡♥❞♦ ❛♦ ❙❡r

♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡ ♠✐♥❤❛ ✈✐❞❛✱ ❛q✉❡❧❡ q✉❡ ♠❡ ❞❡✉ ❛ ✈✐❞❛ ❡ ♠❡ s✉st❡♥t♦✉ ❝❛❞❛ s❡❣✉♥❞♦

❞❡s❞❡ ♦ ❞✐❛ ✶✷ ❞❡ ♠❛rç♦✱ ❡♠ q✉❡ ❝♦♠❡❝❡✐ ♦ ♠❡str❛❞♦✳ ❙❡♠ ❊❧❡✱ ♥ã♦ t❡r✐❛ ❝❤❡❣❛❞♦ ❛q✉✐✳

❖❜r✐❣❛❞♦ ♠❡✉ ❉❡✉s ♣♦r t❡r ♠❡ s✉st❡♥t❛❞♦✱ q✉❛♥❞♦ ❝❛í✳ P♦r t❡r ♠❡ ♦r✐❡♥t❛❞♦ ❡ ♠❡

❣✉✐❛❞♦✱ ♠❡s♠♦ q✉❛♥❞♦ ♥ã♦ s❛❜✐❛ ♦ q✉❡ ❢❛③❡r✱ ♥❡♠ ♦ q✉❡ ❞✐③❡r✱ ♥❡♠ ♣❛r❛ ♦♥❞❡ ✐r✳ ❙❡♠

❞ú✈✐❞❛s✱ ❡ss❡ ♠❡str❛❞♦ é ❣r❛ç❛ t✉❛✦ ❚♦❞❛ ❤♦♥r❛ ❡ t♦❞❛ ❣❧ór✐❛ s❡❥❛♠ ❞❛❞❛s ❛ ❚✐✳



✏❖♥t❡♠ ♦ ♠❡♥✐♥♦ q✉❡ ❜r✐♥❝❛✈❛ ♠❡ ❢❛❧♦✉

◗✉❡ ❤♦❥❡ é s❡♠❡♥t❡ ❞♦ ❛♠❛♥❤ã

P❛r❛ ♥ã♦ t❡r ♠❡❞♦ q✉❡ ❡ss❡ t❡♠♣♦ ✈❛✐ ♣❛ss❛r

◆ã♦ s❡ ❞❡s❡s♣❡r❡✱ ♥❡♠ ♣❛r❡ ❞❡ s♦♥❤❛r

◆✉♥❝❛ s❡ ❡♥tr❡❣✉❡✱ ♥❛sç❛ s❡♠♣r❡ ❝♦♠ ❛s ♠❛♥❤ãs

❉❡✐①❡ ❛ ❧✉③ ❞♦ s♦❧ ❜r✐❧❤❛r ♥♦ ❝é✉ ❞♦ s❡✉ ♦❧❤❛r

❋é ♥❛ ✈✐❞❛✱ ❢é ♥♦ ❤♦♠❡♠✱ ❢é ♥♦ q✉❡ ✈✐rá

◆ós ♣♦❞❡♠♦s t✉❞♦

◆ós ♣♦❞❡♠♦s ♠❛✐s

❱❛♠♦s ❧á ❢❛③❡r ♦ q✉❡ s❡rá✳✑

✭❙❡♠❡♥t❡s ❞♦ ❆♠❛♥❤ã ✲ ❊r❛s♠♦ ❈❛r❧♦s✮

✼



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s✱ ▲ú❝✐❛ ❞❡ ❋át✐♠❛ ❡

❆♥tô♥✐♦ ❆♥t❡r♦ ✭❚♦t❛✮✱ ❡ ❛ ♠✐♥❤❛

✐r♠ã✱ ❆♥❛ ▲í✈✐❛✳

✽



❘❡s✉♠♦

❙♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡st✉❞❛♠♦s ♥❡st❛ ❞✐ss❡rt❛çã♦ ❛ á❧❣❡❜r❛

❞❛s ♠❛tr✐③❡s✱ Mn(K)✱ s♦❜ ❞♦✐s ♣♦♥t♦s ❞❡ ✈✐st❛✿ ♣r✐♠❡✐r❛♠❡♥t❡ ❛s s✉❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠

tr❛ç♦ ✭✉s❛♥❞♦ ♣♦r ❜❛s❡ ❛ t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s✮ ❡✱ ❡♠ ✉♠ s❡❣✉♥❞♦ ♠♦♠❡♥t♦✱ ✈❡♠♦s

❝♦♥❞✐çõ❡s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡ ♠❡r❣✉❧❤♦s ♥❡st❛ á❧❣❡❜r❛✱ ✈❡♥❞♦✲❛ ❝♦♠♦ ✉♠ ❛♥❡❧✳ ❙❡♥❞♦

♠❛✐s ❡s♣❡❝í✜❝♦s✱ ❡st✉❞❛♠♦s ❛ ♥❛t✉r❡③❛ ❞♦ ❛♥❡❧ ❞❛s ✐♥✈❛r✐❛♥t❡s ❞❡ Mn(K)✱ s♦❜ ❛ ❛çã♦

❞✐❛❣♦♥❛❧ ❞♦ ❣r✉♣♦ ❣❡r❛❧ ❧✐♥❡❛r✱ ❜❡♠ ❝♦♠♦✱ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡st❡ ❛♥❡❧ ❝♦♠♦ ❛♣❧✐❝❛çõ❡s

q✉❡ ❞❡♣❡♥❞❡♠ ❞♦ tr❛ç♦✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱ ♣r♦✈❛r❡♠♦s q✉❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠

tr❛ç♦ ♣❛r❛ Mn(K) ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡♥♦♠✐♥❛❞♦ ✏♣♦❧✐♥ô♠✐♦ ❞❡

❈❛②❧❡②✲❍❛♠✐❧t♦♥ ❞❡ ❣r❛✉ n✑✱ ❛❧é♠ ❞♦ ♠❡s♠♦ s❛t✐s❢❛③❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✳ P♦r

✜♠✱ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ❝❡rt❛ ❛♣❧✐❝❛çã♦ ✉♥✐✈❡rs❛❧✱ ❡st❛❜❡❧❡❝❡♠♦s ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❡①✐stê♥❝✐❛

❞❡ ♠❡r❣✉❧❤♦ s♦❜r❡ ♦ ❛♥❡❧ ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✳ ❈♦♠ ❡ss❡s ❡st✉❞♦s ❝♦♥❝❧✉í❞♦s✱

♦❜t❡♠♦s q✉❡ t♦❞❛ á❧❣❡❜r❛ ♥✐❧ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦ n é s✉❜❛♥❡❧ ❞❡ Mn(C)✱ ♣❛r❛ ❛❧❣✉♠

❛♥❡❧ ❝♦♠✉t❛t✐✈♦ C✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ➪❧❣❡❜r❛ ❝♦♠ tr❛ç♦✱ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠ tr❛ç♦✱ ♠❡r❣✉✲

❧❤♦✱ ✐♥✈❛r✐❛♥t❡s ❞❡ ♠❛tr✐③❡s✱ ♣♦❧✐♥ô♠✐♦ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥✳



❆❜str❛❝t

❖✈❡r ❛ ✜❡❧❞ K ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✱ ✇❡ st✉❞② ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ t❤❡ ♠❛tr✐①

❛❧❣❡❜r❛s✱ Mn(K)✱ ❢r♦♠ t✇♦ ♣♦✐♥ts ♦❢ ✈✐❡✇✿ ✜rst❧② ✐ts tr❛❝❡ ✐❞❡♥t✐t✐❡s ✲ ✉s✐♥❣ t❤❡ ■♥✈❛✲

r✐❛♥t ❚❤❡♦r② ❛s ❛ ❜❛s✐s ✲ ❛♥❞✱ s❡❝♦♥❞❧②✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ r❡❛❧✐③❛t✐♦♥

♦❢ ❡♠❜❡❞❞✐♥❣s ✐♥ t❤✐s ❛❧❣❡❜r❛✱ s❡❡✐♥❣ ✐t ❛s ❛ r✐♥❣✳ ❇❡✐♥❣ ♠♦r❡ s♣❡❝✐✜❝✱ ✇❡ st✉❞② t❤❡

♥❛t✉r❡ ♦❢ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ Mn(K)✱ ✉♥❞❡r t❤❡ ❞✐❛❣♦♥❛❧ ❛❝t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❧✐♥❡❛r

❣r♦✉♣✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤✐s r✐♥❣ ❛s ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ❞❡♣❡♥❞ ♦❢ tr❛❝❡

♠❛♣s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ♣r♦✈❡ t❤❛t ❛❧❧ tr❛❝❡ ✐❞❡♥t✐t✐❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♦♥❡ ❝❛❧❧❡❞ t❤❡

✏❈❛②❧❡②✲❍❛♠✐❧t♦♥ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n✑✱ ❛♥❞ ❛❧s♦ ✇❡ ♣r♦✈❡ t❤❛t t❤✐s ✐❞❡❛❧ s❛t✐s✜❡s

t❤❡ ❙♣❡❝❤t ♣r♦♣❡rt②✳ ▲❛st❧②✱ ✉s✐♥❣ ❝❡rt❛✐♥ ✉♥✐✈❡rs❛❧ ♠❛♣s✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ❝♦♥❞✐t✐♦♥

❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❡♠❜❡❞❞✐♥❣s ♦♥ t❤❡ r✐♥❣ ♠❛tr✐① ♦❢ ♦r❞❡r ♥✳ ❲✐t❤ t❤❡s❡ r❡s✉❧ts✱ ✇❡

❝♦♥❝❧✉❞❡ t❤❛t ❡✈❡r② ♥✐❧ ❛❧❣❡❜r❛ ♦❢ ❜♦✉♥❞❡❞ ✐♥❞❡① n ✐s ❛ s✉❜r✐♥❣ ♦❢ Mn(C)✱ ❢♦r s♦♠❡

❝♦♠♠✉t❛t✐✈❡ r✐♥❣ ❈✳

❑❡②✇♦r❞s✿ ❚r❛❝❡ ❛❧❣❡❜r❛s✱ tr❛❝❡ ✐❞❡♥t✐t✐❡s✱ tr❛❝❡ ♣r❡s❡r✈✐♥❣ ❡♠❜❡❞❞✐♥❣✱ ✐♥✈❛r✐✲

❛♥ts ♦❢ ♠❛tr✐❝❡s✱ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ♣♦❧②♥♦♠✐❛❧✳



❈♦♥t❡ú❞♦
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✶ Pr❡❧✐♠✐♥❛r❡s ✶✵

✶✳✶ ➪❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✷ ▼ó❞✉❧♦s s♦❜r❡ á❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✸ ➪❧❣❡❜r❛ ❧✐✈r❡ ❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✶✳✸✳✶ ➪❧❣❡❜r❛ ❧✐✈r❡✱ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡ ❚✲✐❞❡❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✶✳✸✳✷ ❱❛r✐❡❞❛❞❡s ❞❡ á❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✶✳✸✳✸ P♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s ❡ ♠✉❧t✐❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✶✳✸✳✹ ❊❧❡♠❡♥t♦s ❣❡♥ér✐❝♦s ❡ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✹ ■❞❡♥t✐❞❛❞❡s ❞❡ ◆❡✇t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✶✳✺ ➪❧❣❡❜r❛ ❝♦♠ tr❛ç♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✶✳✻ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r✉♣♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✶✳✼ ❖ ❣r✉♣♦ s✐♠étr✐❝♦ ❡ t❡♦r✐❛ ❞❡ ❨♦✉♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✶✳✽ ❋✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❡ ❢✉♥çõ❡s ✐♥✈❛r✐❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✶✳✾ P♦❧❛r✐③❛çã♦ ❡ r❡st✐t✉✐çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✷ ■♥✈❛r✐❛♥t❡s ❛❧❣é❜r✐❝♦s ❡ ✐❞❡♥t✐❞❛❞❡s ❝♦♠ ❚r❛ç♦ ✺✻

✷✳✶ ■♥✈❛r✐❛♥t❡s ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✷✳✷ ▼❛tr✐③❡s ❝♦♥❝♦♠✐t❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✷✳✸ ❚❡♦r❡♠❛ ❞❛ ✜♥✐t✉❞❡ ♣❛r❛ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✷✳✹ ■❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✸ ▼❡r❣✉❧❤♦s ❡♠ ❛♥é✐s ❞❡ ♠❛tr✐③❡s ✽✺

✸✳✶ ◆♦t❛çõ❡s ❡ r❡s✉❧t❛❞♦s ✐♥✐❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻



✐✐

✸✳✷ ❆♣❧✐❝❛çã♦ Mn(k)✲✉♥✐✈❡rs❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✸✳✸ ❆♣❧✐❝❛çã♦ ❞❛ ■❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

❇✐❜❧✐♦❣r❛✜❛ ✶✵✻



■♥tr♦❞✉çã♦

❖ ❡st✉❞♦ ❞❛s P■✲á❧❣❡❜r❛s✱ ♦✉ á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ é ❜❛st❛♥t❡

❛♠♣❧♦ ❡ ❞❡ rá♣✐❞❛ ❡①♣❛♥sã♦ ♥❛ ♠❛t❡♠át✐❝❛✳ ❯♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn)✱ ♥❛s ✈❛r✐á✈❡✐s

♥ã♦ ❝♦♠✉t❛t✐✈❛s x1✱✳ ✳ ✳ ✱ xn ❡ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ♥✉♠ ❝♦r♣♦ K✱ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛

❛ K✲á❧❣❡❜r❛ A s❡ ♣❛r❛ q✉❛✐sq✉❡r a1✱✳ ✳ ✳ ✱ an ∈ A✱ t❡♠✲s❡ f(a1, . . . , an) = 0✳ ❙❡ ❡①✐st✐r

✉♠ ♣♦❧✐♥ô♠✐♦ f ♥ã♦ ♥✉❧♦ ❝♦♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡✱ ❡♥tã♦ A é ❝❤❛♠❛❞❛ P■✲á❧❣❡❜r❛✱ ❡

f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A✳ ❆ ❝❧❛ss❡ ❞❛s P■✲á❧❣❡❜r❛s é ❛♠♣❧❛ ❡ ❡♥❣❧♦❜❛

❛s á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s✱ ❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❛s á❧❣❡❜r❛s ♥✐❧ ❡ ❛s ♥✐❧♣♦t❡♥t❡s✱ ❡♥tr❡

♦✉tr❛s✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❡♥tr❡ ❞✉❛s P■✲á❧❣❡❜r❛s✱ ❛s s✉❜á❧❣❡❜r❛s✱ ❛s

✐♠❛❣❡♥s ❤♦♠♦♠ór✜❝❛s ❡ ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ✜♥✐t♦ ❡♥tr❡ P■✲á❧❣❡❜r❛s sã♦ t❛♠❜é♠ á❧❣❡❜r❛s

❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳

❖ ❡st✉❞♦ ❞❛s P■✲á❧❣❡❜r❛s ❢♦✐ ✐♥✐❝✐❛❞♦ ♣♦r ✈♦❧t❛ ❞❡ ✶✾✸✵ ❝♦♠ ♦s tr❛❜❛❧❤♦s ❞❡

❉❡❤♥ ❬✶✶❪ ❡ ❲❛❣♥❡r ❬✹✶❪✳ ◆❡st❡s✱ ❡♠❜♦r❛ ✐♠♣❧í❝✐t♦✱ ❛♣❛r❡❝❡♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

♣❛r❛ á❧❣❡❜r❛s ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ 2✳ ❖ t❡r♠♦ ✏✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✑ ❢♦✐ ❡s❝r✐t♦

❞❡ ♠♦❞♦ ❡①♣❧í❝✐t♦ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❑❛♣❧❛♥s❦② ❬✷✹❪ ❡♠ ✶✾✹✽✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❑❛♣❧❛♥s❦②

❞❡♠♦♥str♦✉ q✉❡ q✉❛❧q✉❡r P■✲á❧❣❡❜r❛ ♣r✐♠✐t✐✈❛ é ❝❡♥tr❛❧ s✐♠♣❧❡s ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛

s♦❜r❡ s❡✉ ❝❡♥tr♦✱ t❛❧ r❡s✉❧t❛❞♦ ✜❝♦✉ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ✏❖ ❚❡♦r❡♠❛ ❞❡ ❑❛♣❧❛♥s❦②✑✳ ❊♠

✶✾✺✵✱ ❆♠✐ts✉r ❡ ▲❡✈✐t③❦✐ ❬✸❪ ♣r♦✈❛r❛♠ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❞✐t♦ ✏❙t❛♥❞❛r❞✑ ❞❡ ❣r❛✉ 2n é

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❣r❛✉ ♠í♥✐♠♦ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✳ ◆♦ ♠❡s♠♦

❛♥♦ ❙♣❡❝❤t ❬✸✽❪ ❧❡✈❛♥t♦✉ ✉♠ ♣r♦❜❧❡♠❛ q✉❡ ✈✐r✐❛ ❛ s❡r ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ✏❖ ♣r♦❜❧❡♠❛

❞❡ ❙♣❡❝❤t✑✱ q✉❡st✐♦♥❛♥❞♦ s❡ t♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦✱ ♣♦ss✉✐ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ ♦ ✐❞❡❛❧ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳ ❖ ♣r♦❜❧❡♠❛ ❞❡

❙♣❡❝❤t ♣♦❞❡ s❡r ❡♥✉♥❝✐❛❞♦ ❞❡ ♦✉tr❛s ♠❛♥❡✐r❛s ❡q✉✐✈❛❧❡♥t❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✿ t♦❞♦

✐❞❡❛❧ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♥❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦



✼

✐❞❡❛❧ ❞❡ ✐❞❡♥t✐❞❛❞❡s✱ ♦✉✱ ❞❡ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡✱ s❡ t♦❞❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ❞❡ ✐❞❡❛✐s ❞❡

✐❞❡♥t✐❞❛❞❡s ❡st❛❜✐❧✐③❛✳ ❖❜s❡r✈❛♠♦s q✉❡ t❛❧ ❢♦r♠❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t s❡ ❛ss❡♠❡❧❤❛

à ♣r♦♣r✐❡❞❛❞❡ ◆♦❡t❤❡r✐❛♥❛ ❞❛ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝♦♠✉t❛t✐✈♦s ♥❛s ✈❛r✐á✈❡✐s x1✱

✳ ✳ ✳ ✱ xn✳ ❊st❡ ♣❛ss♦✉ ❛ s❡r ✉♠ ♣r♦❜❧❡♠❛ ❝❡♥tr❛❧ ♥❛ t❡♦r✐❛✱ ♠♦t✐✈❛♥❞♦ ❜♦❛ ♣❛rt❡ ❞♦ s❡✉

❞❡s❡♥✈♦❧✈✐♠❡♥t♦✳

❊♠ ❬✷✻✱ ✷✺❪✱ ❑❡♠❡r ❛♣r❡s❡♥t♦✉ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♣r♦♣♦st♦

♣♦r ❙♣❡❝❤t ♣❛r❛ ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ✵✳ ❈♦♥t✉❞♦✱ ♥ã♦ ❢♦✐ ♠♦s✲

tr❛❞♦ ❝♦♠♦ ❞❡t❡r♠✐♥❛r t❛❧ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ ❝❛❞❛ P■ á❧❣❡❜r❛✱ ❡✱ ♣♦rt❛♥t♦✱ ♦ ♣r♦❜❧❡♠❛ ❞❛

❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ ❞❛❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝✲

t❡ríst✐❝❛ ③❡r♦ ❛✐♥❞❛ ❡stá ❡♠ ❛❜❡rt♦✳ ❊st❡ ú❧t✐♠♦ ♣r♦❜❧❡♠❛ t❡♠ s✐❞♦ r❡s♦❧✈✐❞♦ ❛♣❡♥❛s

♣❛r❛ ❛❧❣✉♥s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❛té ♦ ♠♦♠❡♥t♦✳ P♦r ❡st❡ ♠♦t✐✈♦✱ s❡ ✈ê ♥❛s ú❧t✐♠❛s ❞é❝❛✲

❞❛s q✉❡ ✈ár✐❛s ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ tê♠ s✐❞♦ ❡st✉❞❛❞❛s

t❛✐s ❝♦♠♦✿ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s✱ ❝♦♠ ✐♥✈♦❧✉çã♦✱ ❝♦♠ ✐♥✈♦❧✉çã♦ ❣r❛❞✉✲

❛❞❛✱ ❡♥tr❡ ♦✉tr❛s✳ ❯♠❛ ❞❡ss❛s r❛♠✐✜❝❛çõ❡s q✉❡ ♠❡r❡❝❡ ❞❡st❛q✉❡ ♥❡st❡ tr❛❜❛❧❤♦ sã♦ ❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠ tr❛ç♦ ♣♦r s✉❛ í♥t✐♠❛ ✐♥t❡r❧✐❣❛çã♦ ❝♦♠ ❛ ❚❡♦r✐❛ ❞❡ ■♥✈❛✲

r✐❛♥t❡s✳ ❚❛✐s ✐❞❡♥t✐❞❛❞❡s ❢♦r❛♠ ❡st✉❞❛❞❛s ❝♦♠ ❞❡t❛❧❤❡s ♣♦r Pr♦❝❡s✐ ❬✷✾❪ ❡ ❘❛③♠②s❧♦✈

❬✸✷❪ ❞❡ ❢♦r♠❛ ✐♥❞❡♣❡♥❞❡♥t❡✱ ❡♠❜♦r❛ q✉❛s❡ s✐♠✉❧t❛♥❡❛♠❡♥t❡❀ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s

r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✱ ❘❛③♠②s❧♦✈ ❞❡✉ ✉♠❛ ♥♦✈❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r ❡

▲❡✈✐t③❦✐✳

■r❡♠♦s ❛❣♦r❛ ❝♦♠❡♥t❛r ❛s r❡❧❛çõ❡s ❡♥tr❡ ❛ t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s ❡ ❛s ✐❞❡♥t✐❞❛❞❡s

❝♦♠ tr❛ç♦✳ ❊♠ ✶✾✻✾✱ ❆rt✐♥ ❝♦♥❥❡❝t✉r♦✉ ✉♠ ♣r♦❜❧❡♠❛ s♦❜r❡ ❛ ♥❛t✉r❡③❛ ❞❛s ✐♥✈❛r✐❛♥✲

t❡s ❡♠ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ▼❛✐s

♣r❡❝✐s❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❣r✉♣♦ ❣❡r❛❧ ❧✐♥❡❛r✱ ❆rt✐♥ ❝♦♥❥❡❝t✉r♦✉ q✉❡ ♦ ❛♥❡❧ ❞♦s ✐♥✲

✈❛r✐❛♥t❡s ❞❛s ▼❛tr✐③❡s✱ s♦❜ ❛ ❛çã♦ ❞✐❛❣♦♥❛❧ ❞❡st❡ ❣r✉♣♦✱ sã♦ ❛♣❧✐❝❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s q✉❡

❞❡♣❡♥❞❡♠ ❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ✉s✉❛❧ ❬✹❪✳ P❛r❛ n = 2✱ t❛❧ r❡s✉❧t❛❞♦ é ❝❧áss✐❝♦ ✭❬✶✾❪✮❀ ❡✱

❙♣❡♥❝❡r ❡ ❘✐✈❧✐♥ ✭ ❬✸✺✱ ✸✻✱ ✸✼❪✮ ♣r♦✈❛r❛♠ t❛❧ r❡s✉❧t❛❞♦ ♣❛r❛ ✐♥✈❛r✐❛♥t❡s ♦rt♦❣♦♥❛✐s ❞❡

♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ ♦r❞❡♠ 3✳ ◆♦ ❝❛s♦ ❣❡r❛❧✱ Pr♦❝❡s✐ ❬✷✾❪ ❞á ✉♠❛ r❡s♣♦st❛ ❛✜r♠❛t✐✈❛

♣❛r❛ t❛❧ ❝♦♥❥❡❝t✉r❛ ❡ t❛❧ r❡s✉❧t❛❞♦ é ✉♠ ❞♦s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❆ss✐♠✱ ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ♥❛s á❧❣❡❜r❛s ♠❛tr✐❝✐❛✐s ❢♦r❛♠ ❡st✉❞❛❞❛s ❡ ❞❡s❝r✐✲

t❛s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♣♦r Pr♦❝❡s✐ ❬✷✾❪ ❡ ❘❛③♠②s❧♦✈ ❬✸✷❪✳ ❊ss❡s ❡st✉❞♦s ❢♦r❛♠ ♠❛r❝❛♥✲

t❡s✱ ♣♦✐s ♦s ♠ét♦❞♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♣♦r Pr♦❝❡s✐ ❡ ♣♦r ❘❛③♠②s❧♦✈ ❡♠ s✉❛s ❛❜♦r❞❛❣❡♥s

❛♦ ♣r♦❜❧❡♠❛ sã♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ t❡♦r✐❛ ❞❡ ❛♥é✐s✳ ◆❡st❡ ❝♦♥t❡①t♦✱ Pr♦❝❡s✐ ❝♦✲
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♠❡ç♦✉ ♦ ✉s♦ s✐st❡♠át✐❝♦ ❞❛ t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s ❡♠ P■✲á❧❣❡❜r❛s✱ ❡♥q✉❛♥t♦ ❘❛③♠②s❧♦✈

✉t✐❧✐③♦✉ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s✱ ❜❡♠ ❝♦♠♦ ❛♣r♦❢✉♥❞♦✉ ❛s ✈ár✐❛s ❛♣❧✐❝❛çõ❡s ❞❛s

r❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦ s✐♠étr✐❝♦✳ ❆ r❡s♣❡✐t♦ ❞♦ ✉s♦ ❞❛ t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s ♣♦❞❡♠♦s

❝✐t❛r ♦ ✉s♦ ❞❡ss❛s té❝♥✐❝❛s ♣❡❧♦s ❛✉t♦r❡s✿ ❇❡r❡❧❡ ❬✻✱ ✺✱ ✼✱ ✽❪❀ ♦ ♣ró♣r✐♦ Pr♦❝❡s✐ ❡♠ ❬✷✾❪

❡ ❬✸✵❪✱ ❝✐t❛♠♦s ♥♦✈❛♠❡♥t❡ ❬✷✾❪ ♣♦r s❡ tr❛t❛r ❞❛ ❞❡s❝r✐çã♦ ❞❛s ✐♥✈❛r✐❛♥t❡s ❡ ✐❞❡♥t✐❞❛❞❡s

❝♦♠ tr❛ç♦ ♣❛r❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❝♦♠ ✐♥✈♦❧✉çã♦❀ ❡ ♥♦ ❛rt✐❣♦ r❡❝❡♥t❡ ❬✶✺❪ ❞♦s ❛✉t♦r❡s

❋✐❞❡❧✐s✱ ❉✐♥✐③ ❡ ❑♦s❤❧✉❦♦✈✳

❆❧é♠ ❞♦s ❥á ❝✐t❛❞♦s ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ t❡♦r✐❛ ❞❡ ❛♥❡❧ ❡ ✐♥✈❛r✐❛♥t❡s✱ t❡♠♦s

q✉❡stõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ❝❛r❛❝t❡r✐③❛çõ❡s ❞❡ s✉❜❛♥é✐s ❞❡ ✉♠ ❛♥❡❧ ❞❛❞♦✳ ❯♠❛ ✐♠♣♦rt❛♥t❡

q✉❡stã♦ q✉❡ ✈❡♠ ✐♥tr✐❣❛♥❞♦ ♠✉✐t♦s ♠❛t❡♠át✐❝♦s é ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ s✉❜❛♥é✐s ❞❡

❛♥é✐s ❞❡ ♠❛tr✐③❡s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✿ ✏◗✉❛❧ ❝♦♥❞✐çã♦ é ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ ✉♠ ❛♥❡❧

s❡❥❛ s✉❜❛♥❡❧ ❞❡ Mn(C)✱ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦

C✱ ♣❛r❛ ❛❧❣✉♠ n ∈ N❄✑✳ ❙❛❜❡✲s❡ ❤á ♠✉✐t♦ t❡♠♣♦ q✉❡ ❛s P■✲á❧❣❡❜r❛s ♥ã♦ ♣r❡❝✐s❛♠ s❡r

✐♠❡rs❛s ❡♠Mn(C)✱ ♥♦ ❡♥t❛♥t♦ s✉r❣✐r❛♠ ✈ár✐❛s q✉❡stõ❡s s♦❜r❡ s❡ ❝❡rt❛s ❝❧❛ss❡s ❡s♣❡❝✐❛✐s

❞❡ á❧❣❡❜r❛s ♣♦❞❡r✐❛♠ s❡r ♠❡r❣✉❧❤❛❞❛s ❡♠ á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s✳ ❯♠❛ ❝♦♥❞✐çã♦ ó❜✈✐❛ é

q✉❡ t❛✐s á❧❣❡❜r❛s ♣r❡❝✐s❛♠ s❛t✐s❢❛③❡r t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡Mn(K)✱ ♠❛s ❡st❛ ❝♦♥❞✐çã♦

♥ã♦ é s✉✜❝✐❡♥t❡✳ ❊♠ ✶✾✼✵✕✶✾✼✶✱ ❆♠✐ts✉r ❬✶❪ ❡ ❙♠❛❧❧ ❬✸✹❪ ♣r♦❞✉③✐r❛♠ ❝♦♥tr❛✲❡①❡♠♣❧♦s

♣❛r❛ ❛ ú❧t✐♠❛ ❛✜r♠❛çã♦✳

❯♠❛ r❡s♣♦st❛ ❝♦♠♣❧❡t❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠❡r❣✉❧❤♦ ❛♥t❡r✐♦r ♥ã♦ é ❝♦♥❤❡❝✐❞❛✱

♣♦ré♠ Pr♦❝❡s✐ ❬✸✵❪ ❞❡♠♦♥str♦✉ q✉❡ ♦ ♠❡r❣✉❧❤♦ é ✈á❧✐❞♦ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❛s á❧❣❡❜r❛s ❝♦♠

tr❛ç♦ q✉❡ s❛t✐s❢❛③❡♠ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ❞❡ ❣r❛✉ n✳ ❊♠ ✶✾✾✵✱ ❇❡r❡❧❡ ❬✻❪

♦❜t❡✈❡ ✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ❛♦ ❞❡ Pr♦❝❡s✐ ♣❛r❛ ♦ ❝❛s♦ ❞❛s á❧❣❡❜r❛s ❞❛s ♠❛tr✐③❡s ❝♦♠

✐♥✈♦❧✉çã♦ ❞♦ ♣r✐♠❡✐r♦ t✐♣♦✱ ♦✉ s❡❥❛✱ s❡ ✉♠❛ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦ ❡ ✐♥✈♦❧✉çã♦ s❛t✐s❢❛③ ❛s

♠❡s♠❛s ∗✲✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❞❛s á❧❣❡❜r❛s ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ❝♦♠ ✐♥✈♦❧✉çã♦

✭s✐♠♣❧ét✐❝❛ ♦✉ tr❛♥s♣♦st❛✮✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♠❡r❣✉❧❤♦ ♣r❡s❡r✈❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❡

✐♥✈♦❧✉çã♦ s♦❜r❡ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❝♦♠ ❡♥tr❛❞❛s ❡♠ ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✳

❘❡❝❡♥t❡♠❡♥t❡ ❋✐❞❡❧✐s✱ ❉✐♥✐③ ❡ ❑♦s❤❧✉❦♦✈ ❬✶✺❪ ❣❡♥❡r❛❧✐③❛r❛♠ ♦s r❡s✉❧t❛❞♦s ❞❡ ❇❡✲

r❡❧❡ ❡ Pr♦❝❡s✐ ❡ ♦s ❛♠♣❧✐❛r❛♠ ♣❛r❛ ❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ♥ã♦

❞❡❣❡♥❡r❛❞❛✳ ❚❛✐s r❡s✉❧t❛❞♦s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s à t❡♦r✐❛ ❞♦s ❣r✉♣♦s ❛❧❣é❜r✐❝♦s ❧✐♥❡❛r❡s

❡✱ ♣♦rt❛♥t♦✱ ❝♦♥s✐❞❡r❛r ♦ ❝♦r♣♦ ❜❛s❡ s❡♥❞♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ é ❡ss❡♥❝✐❛❧✳

❊st❛ ❞✐ss❡rt❛çã♦ ❝♦♥té♠ três ❝❛♣ít✉❧♦s✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ s❡rã♦ ✐♥tr♦❞✉③✐❞♦s

❝♦♥❝❡✐t♦s ❜❛s❡ ♣❛r❛ t♦❞❛ ❛ ❧❡✐t✉r❛ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ ■♥✐❝✐❛♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡
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➪❧❣❡❜r❛ ❡ ▼ó❞✉❧♦ ❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ✐♥❝❧✉í♠♦s ❛s ❞❡✜♥✐çõ❡s ❜ás✐❝❛s ❞❛ P■ t❡♦r✐❛✳ ❚❡♥❞♦

❡♠ ✈✐st❛ q✉❡ ♦ ❝❛♣ít✉❧♦ ❞♦✐s ✉t✐❧✐③❛ ❛ ❚❡♦r✐❛ ❞❡ ■♥✈❛r✐❛♥t❡s✱ tr❛③❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s

❜ás✐❝♦s ❞❡ss❛ t❡♦r✐❛ ❝♦♠♦ ♦ ♣r♦❝❡ss♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❡ r❡st✐t✉✐çã♦✱ ❛çã♦ ❞❡ ❣r✉♣♦ ❡ ❛

❞❡✜♥✐çã♦ ❞❡ ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ✐♥✈❛r✐❛♥t❡s✳

◆♦ ❝❛♣ít✉❧♦ ❞♦✐s✱ t♦♠❛♥❞♦ ♣♦r ❜❛s❡ ♦ ❛rt✐❣♦ ❬✷✾❪ ❞❡ ❛✉t♦r✐❛ ❞❡ ❈✳ Pr♦❝❡s✐ ✐♥t✐t✉✲

❧❛❞♦ ✏❚❤❡ ■♥✈❛r✐❛♥t t❤❡♦r② ♦❢ n × n ▼❛tr✐❝❡s✑✱ ❡st✉❞❛♠♦s ❛ ♥❛t✉r❡③❛ ❞❛s ✐♥✈❛r✐❛♥t❡s

❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✳ ❆❧é♠ ❞✐ss♦✱ ❡st❛❜❡❧❡❝❡r❡♠♦s ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ✐♥✈❛r✐❛♥t❡s

❡ ❛s ❝♦♥❝♦♠✐t❛♥t❡s ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊✱

❛♦ ✜♥❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ ♠♦str❛r❡♠♦s q✉❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❞❛ á❧❣❡❜r❛

❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n sã♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❤❛♠❛❞♦ ✏❈❛②❧❡②✲❍❛♠✐❧t♦♥✑✱

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦❜t❡♠♦s t❛✐s r❡❧❛çõ❡s ❡♥tr❡ ✐♥✈❛r✐❛♥t❡s ❡ ❝♦♥❝♦♠✐t❛♥t❡s✳

◆♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦ ❞❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦✱ t❡♥❞♦ ♣♦r ❜❛s❡ ♦s ❛rt✐❣♦s ❬✷❪ ❡

❬✸✵❪✱ ❡st✉❞❛r❡♠♦s ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠❡r❣✉❧❤♦s ❞❡ á❧❣❡❜r❛s ❡♠ Mn(C)✱

♦♥❞❡ C é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✳ ❆q✉✐ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

❝♦♠ tr❛ç♦✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❝❛♣ít✉❧♦ ❞♦✐s✱ ♦❜t❡r❡♠♦s q✉❡ ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡

♣❛r❛ q✉❡ ❤❛❥❛ ♦ ♠❡r❣✉❧❤♦ é q✉❡ t❛❧ ❛♥❡❧ s❛t✐s❢❛ç❛ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ❞❡

❣r❛✉ n✳ ❯♠ r❡s✉❧t❛❞♦ q✉❡ r❡s♣♦♥❞❡✱ ❞❡ ♠❛♥❡✐r❛ ♣❛r❝✐❛❧✱ ♦ ❝❛s♦ ❣❡r❛❧ é q✉❡ t♦❞❛ á❧❣❡❜r❛

♥✐❧ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦ n é s✉❜á❧❣❡❜r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ❛❧❣✉♠ ❛♥❡❧

❝♦♠✉t❛t✐✈♦✳ ◆ã♦ ♣♦❞❡♠♦s ❡sq✉❡❝❡r ❞❡ ♠❡♥❝✐♦♥❛r q✉❡✱ ❜❛s❡❛❞♦ ♥♦ ❛rt✐❣♦ ❬✶✺❪✱ ♦❜t❡♠♦s

q✉❡ t♦❞♦ T ✲✐❞❡❛❧ q✉❡ ♣r❡s❡r✈❛ tr❛ç♦ ❢♦r♠❛❧ q✉❡ ♣♦ss✉✐ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥

♣♦ss✉✐ ❜❛s❡ ✜♥✐t❛✳ ❊ss❡ r❡s✉❧t❛❞♦ é ✉♠ ❛♥á❧♦❣♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t ♣❛r❛ ♦ ✐❞❡❛❧ ❞❡

t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ♣❛r❛ Mn(K)✳

P♦r ✜♠✱ é ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r ♥♦✈❛♠❡♥t❡ q✉❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦s ❈❛♣ít✉✲

❧♦s ✷ ❡ ✸ sã♦ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡ t❛❧ ❝♦♥❞✐çã♦ é ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡

♦s r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❢✉♥❝✐♦♥❡♠ ❞❡ ♠♦❞♦ s❛t✐s❢❛tór✐♦✳ ❊♠❜♦r❛ t❛✐s r❡s✉❧t❛❞♦s s❡❥❛♠

❞❛ ❞é❝❛❞❛ ❞❡ ✼✵✱ ♣♦❞❡♠♦s ✐♥❢♦r♠❛r q✉❡ ❡ss❡s ❛✐♥❞❛ tr❛③❡♠ ❢❡rr❛♠❡♥t❛s ✐♠♣♦rt❛♥t❡s

❢♦rt❡♠❡♥t❡ ✉t✐❧✐③❛❞❛s ❡♠ ❛♠❜❛s t❡♦r✐❛s✳ ❈♦♠ ✐ss♦✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ❡st❡ tr❛❜❛❧❤♦ s❡rá

✉♠❛ ❢♦rt❡ ❢♦♥t❡ ❞❡ ❝♦♥s✉❧t❛ ♣❛r❛ ❡st✉❞♦s ❢✉t✉r♦s ♥❛ ár❡❛✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❡st❛❜❡❧❡❝❡r❡♠♦s ❛ ❧✐♥❣✉❛❣❡♠ q✉❡ s❡rá ❛❞♦t❛❞❛ ♥♦ ❞❡❝♦rr❡r ❞❡st❡

tr❛❜❛❧❤♦ ❡✱ ♣❛r❛ ✐ss♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❡ r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ❛ ❜❛s❡

❞♦ ♠❡s♠♦✳ ❊♠ ✈✐st❛ ❞❡ ✉♠❛ ♠❡❧❤♦r ♦r❣❛♥✐③❛çã♦ ❞♦ t❡①t♦✱ ❛ss✉♠✐r❡♠♦s q✉❡ ♦ ❧❡✐t♦r

❝♦♥❤❡ç❛ ♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s ❞❡ ➪❧❣❡❜r❛ ▲✐♥❡❛r✱ ❜❡♠ ❝♦♠♦ ❞❛ t❡♦r✐❛ ❞❡

❣r✉♣♦s✱ ❛♥é✐s ❡ ❝♦r♣♦s✳ P❛r❛ ✉♠ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ❡♠ ✉♠ ❡st✉❞♦ ♠❛✐s ❞❡t❛❧❤❛❞♦ ❞❡ss❡s

❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s✱ ✐♥❞✐❝❛♠♦s ❛s r❡❢❡rê♥❝✐❛s ❬✶✻❪✱ ❬✷✵❪ ❡ ❬✷✶❪✳

◆❡st❡ ❝❛♣ít✉❧♦ t❡r❡♠♦s ♥♦✈❡ s❡çõ❡s✱ ❛s q✉❛✐s ♣♦❞❡♠♦s ❞✐✈✐❞✐r ❡♠ ❞✉❛s ♣❛rt❡s✱

♦♥❞❡ ❛ ♣r✐♠❡✐r❛ s❡rá ✉♠❛ ❡s♣é❝✐❡ ❞❡ ♣r❡❧✐♠✐♥❛r ❣❡r❛❧ ♣❛r❛ t♦❞❛ ❞✐ss❡rt❛çã♦ ❡ ❛ s❡❣✉♥❞❛

✉♠❛ ✐♥tr♦❞✉çã♦ ❛ t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s✱ s❡♥❞♦ ❜❛s❡ ❡s♣❡❝✐❛❧♠❡♥t❡ ♣❛r❛ ♦ ❈❛♣ít✉❧♦ ✷✳

■♥✐❝✐❛❧♠❡♥t❡ ❡st✉❞❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛s ❡ ❞❡ ♠ó❞✉❧♦s s♦❜r❡ á❧❣❡❜r❛s✱

✈❡♥❞♦ s❡✉s ❡①❡♠♣❧♦s ❡ r❡s✉❧t❛❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ♥♦ss♦ t❡①t♦✳ P♦st❡r✐♦r♠❡♥t❡✱

❢❛r❡♠♦s ✉♠❛ ♣❡q✉❡♥❛ ❡①♣♦s✐çã♦ ❞❛ t❡♦r✐❛ ❞❡ ❨♦✉♥❣✱ ♦♥❞❡ ❞❡✜♥✐r❡♠♦s ♦ s✐♠❡tr✐③❛❞♦r

❞❡ ❨♦✉♥❣ ❡ ❛✐♥❞❛ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ á❧❣❡❜r❛ ❧✐✈r❡✱ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❡ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦✳ ❆❧é♠ ❞✐ss♦✱ ❡st✉❞❛r❡♠♦s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ◆❡✇t♦♥✱ t♦♠❛♥❞♦ ♣♦r

❜❛s❡ ♦ ❧✐✈r♦ ❬✶✽❪✳

❉❛ s❡çã♦ s❡✐s à s❡çã♦ ♥♦✈❡✱ t❡r❡♠♦s ❝♦♠♦ t❡①t♦ ❜❛s❡ ♦ ❧✐✈r♦ ❬✸✶❪ ❡ ♥❡❧❛s r❡❝♦r❞❛r❡✲

♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ❛çã♦ ❞❡ ❣r✉♣♦s✱ ❞❛♥❞♦ ❡①❡♠♣❧♦s ❞❡ ❛çõ❡s q✉❡ ✐rã♦ s❡r ✉t✐❧✐③❛❞❛s ❛q✉✐✱

❡ ❞❡✜♥✐r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çõ❡s ✐♥✈❛r✐❛♥t❡s✳ ❆✐♥❞❛✱ ✉t✐❧✐③❛♥❞♦ t❛❧ ♠❛t❡r✐❛❧✱ ❢❛r❡♠♦s

✉♠ rá♣✐❞♦ ❛♣r♦❢✉♥❞❛♠❡♥t♦ ❞❡ ♠ét♦❞♦s ❜❛st❛♥t❡ ✉s❛❞♦s ♥❛ t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s✱ q✉❡

sã♦✿ ❛ ♣♦❧❛r✐③❛çã♦ ❡ ❛ r❡st✐t✉✐çã♦✳



✶✶

◆♦ ❞❡❝♦rr❡r ❞❡ t♦❞♦ t❡①t♦✱ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❡✱ ❛ ♠❡♥♦s q✉❡ s❡❥❛ ♠❡♥❝✐♦♥❛❞♦

♦ ❝♦♥trár✐♦✱ t♦❞❛s ❛s á❧❣❡❜r❛s ❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s❡rã♦ ❞❡✜♥✐❞♦s s♦❜r❡ K✳ ❆❧é♠ ❞✐ss♦✱

charK ❞❡♥♦t❛rá ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ K✳

✶✳✶ ➪❧❣❡❜r❛s

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦ s❡rá ❞❡✜♥✐r ✉♠❛ ❡str✉t✉r❛ ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❡

❡st✉❞❛r s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s✱ ✉♠❛ ✈❡③ q✉❡ ♥❡❧❛ ❝♦♥str✉✐r❡♠♦s ♦ ❛♠❜✐❡♥t❡ ❜❛s❡ ❞❡

♥♦ss♦ tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❉❛❞♦ A ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❞✐③❡♠♦s q✉❡ ♦ ♣❛r (A, ∗) é ✉♠❛ á❧❣❡❜r❛

✭♦✉ K✲á❧❣❡❜r❛✮ s❡ ∗ é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✱ ♦✉ s❡❥❛✱ ∗ : A× A→ A s❛t✐s❢❛③✿

✐✮ a ∗ (b+ c) = (a ∗ b) + (a ∗ c)

✐✐✮ (a+ b) ∗ c = (a ∗ c) + (b ∗ c)

✐✐✐✮ (λa) ∗ b = a ∗ (λb) = λ(a ∗ b)

♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ❡ λ ∈ K✳ ◆❡st❡ ❝❛s♦✱ ✏∗✑ é ✉♠❛ ♦♣❡r❛çã♦ ❡♠ A✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✷ ❆ ✜♠ ❞❡ s✐♠♣❧✐✜❝❛r ❛s ♥♦ss❛s ♥♦t❛çõ❡s✱ ❞❡♥♦t❛r❡♠♦s ❛ á❧❣❡❜r❛

(A, ∗) s✐♠♣❧❡s♠❡♥t❡ ♣♦r A✱ ♦ ♣r♦❞✉t♦ a ∗ b✱ ♣❛r❛ a, b ∈ A✱ ♣♦r ab ❡✱ ♣♦r ✜♠✱ ✐r❡♠♦s

✉t✐❧✐③❛r s✐♠♣❧❡s♠❡♥t❡ ♦ t❡r♠♦ á❧❣❡❜r❛ ❛♦ ✐♥✈és ❞❡ K✲á❧❣❡❜r❛✳

❆ ♦♣❡r❛çã♦ ∗ ❞❡✜♥✐❞❛ ❛❝✐♠❛ é ❝❤❛♠❛❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡ ❞❡✜♥✐♠♦s ❛ ♠✉❧t✐♣❧✐❝❛✲

çã♦ ❞❡ três ❡❧❡♠❡♥t♦s ❝♦♠♦ a1a2a3 = (a1a2)a3 ❡✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱ ♦ ♣r♦❞✉t♦ ❞❡ n + 1

❡❧❡♠❡♥t♦s ❞❡ A ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

a1a2 · · · anan+1 = (a1a2 · · · an)an+1, ♣❛r❛ ai ∈ A.

◆❡st❡ ♠♦♠❡♥t♦ é ♥❛t✉r❛❧ ✐♥❞❛❣❛r♠♦s s❡ t♦❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦

✉♠❛ á❧❣❡❜r❛✳ P♦❞❡♠♦s r❡s♣♦♥❞❡r ❞❡ ♠♦❞♦ ❛✜r♠❛t✐✈♦✱ ❜❛st❛♥❞♦ ♠✉♥✐✲❧♦ ❞♦ ✏♣r♦❞✉t♦

tr✐✈✐❛❧✑✱ ✐st♦ é✱ s❡ ab = 0 ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A✳ ❆❞❡♠❛✐s✱ t♦❞♦ ❝♦r♣♦K ♣♦❞❡ s❡r ✈✐st♦

❝♦♠♦ ✉♠❛ á❧❣❡❜r❛✱ ♠✉♥✐❞♦ ❞❛ s♦♠❛ ❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ q✉❡ ♦ ❞❡✜♥✐♠♦s ❝♦♠♦ ❝♦r♣♦✱ ❞❛í

s❡❣✉❡ q✉❡ ♦s ❝♦♥❥✉♥t♦s ♥✉♠ér✐❝♦s Q✱ R ❡ C ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠♦ á❧❣❡❜r❛s s♦❜r❡ s✐

♣ró♣r✐♦s✳

❉❡✜♥✐çã♦ ✶✳✶✳✸ ❯♠ s✉❜❝♦♥❥✉♥t♦ β ❞❛ á❧❣❡❜r❛ A é ❞✐t♦ ❜❛s❡ s❡ β é ✉♠❛ ❜❛s❡ ❞❡ A

❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❡ ❞❡✜♥✐♠♦s ❛ ❞✐♠❡♥sã♦ ❞❡ A ❝♦♠♦ s❡♥❞♦ s✉❛ ❞✐♠❡♥sã♦ ❝♦♠♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧✳
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❉❡✜♥✐çã♦ ✶✳✶✳✹ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ A é✿

❛✮ ❛ss♦❝✐❛t✐✈❛ s❡ ♦ ♣r♦❞✉t♦ ❞❡ A é ❛ss♦❝✐❛t✐✈♦✱ ✐st♦ é✱ s❡ (ab)c = a(bc)✱ ♣❛r❛ t♦❞♦

a, b ❡ c ∈ A❀

❜✮ ❝♦♠✉t❛t✐✈❛ s❡ ♦ ♣r♦❞✉t♦ ❞❡ A é ❝♦♠✉t❛t✐✈♦✱ ✐st♦ é✱ s❡ ab = ba✱ ♣❛r❛ t♦❞♦ a, b ∈ A❀

❝✮ ✉♥✐tár✐❛ ✭♦✉ ❝♦♠ ✉♥✐❞❛❞❡✮ s❡ ♦ ♣r♦❞✉t♦ ❞❡ A ♣♦ss✉✐ ❡❧❡♠❡♥t♦ ♥❡✉tr♦✱ ✐st♦ é✱

s❡ ❡①✐st❡ 1A ∈ A✱ t❛❧ q✉❡ 1Aa = a1A = a✱ ♣❛r❛ t♦❞♦ a ∈ A❀

❞✮ ♥✐❧ s❡ t♦❞♦ ❡❧❡♠❡♥t♦ a ∈ A é ♥✐❧♣♦t❡♥t❡✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛ a ∈ A ❡①✐st❡ ✉♠ ♥ú♠❡r♦

♥❛t✉r❛❧ n ✭q✉❡ ♣♦❞❡ ❞❡♣❡♥❞❡r ❞❡ a✮✱ t❛❧ q✉❡ an = 0✳ ❖ ♠❡♥♦r ♥❛t✉r❛❧ ❝♦♠ t❛❧

♣r♦♣r✐❡❞❛❞❡ é ❝❤❛♠❛❞♦ ❞❡ ❣r❛✉ ♦✉ í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞♦ ❡❧❡♠❡♥t♦ a✳ ❯♠❛

á❧❣❡❜r❛ é ♥✐❧ ❞❡ ❣r❛✉ ❧✐♠✐t❛❞♦ s❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ n ✜①♦✱ t❛❧ q✉❡ an = 0✱

♣❛r❛ t♦❞♦ a ∈ A❀

❡✮ ♥✐❧♣♦t❡♥t❡ s❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ n ✜①♦✱ t❛❧ q✉❡ ♦ ♣r♦❞✉t♦ ❞❡ q✉❛✐sq✉❡r

n ❡❧❡♠❡♥t♦ ❞❡ A é ✐❣✉❛❧ ❛ ③❡r♦✱ ✐st♦ é✱ An = 0✳ ❖ ♠❡♥♦r ♥ú♠❡r♦ n ❝♦♠ ❡st❛

♣r♦♣r✐❡❞❛❞❡ é ❝❤❛♠❛❞♦ ❣r❛✉ ♦✉ í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❛ á❧❣❡❜r❛ A✳

❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ✉♥✐❞❛❞❡✱ ✐❞❡♥t✐✜❝❛♠♦s ❝❛❞❛ ❡s❝❛❧❛r λ ♥♦ ❝♦r♣♦ K ♣♦r

λ1A ❞❡ A✱ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ❝♦r♣♦ K s❡rá ❞❡♥♦t❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {λ1A | λ ∈ K}

✭♦ s✉❜❡s♣❛ç♦ ❞❡ A ❣❡r❛❞♦ ♣♦r 1A✮✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✺ P♦r s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ ♥♦t❛çã♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r 1 ❛ ✉♥✐❞❛❞❡ ❞❛ á❧✲

❣❡❜r❛✱ ❡♠ ✈❡③ ❞❡ 1A✱ q✉❛♥❞♦ A ❢♦r ✉♥✐tár✐❛✳ ❚❛❧ ♦♣çã♦ ♥ã♦ ♣❡r♠✐t❡ ❝♦♥❢✉sã♦ ❝♦♠ ❛

✉♥✐❞❛❞❡ ❞♦ ❝♦r♣♦ K✱ ♣♦✐s ❛♠❜❛s s❡rã♦ ❛ ♠❡s♠❛✳

❊①❡♠♣❧♦ ✶✳✶✳✻ ✭➪❧❣❡❜r❛ ❞❛s ▼❛tr✐③❡s ❞❡ ♦r❞❡♠ n✮ ❋✐①❛❞♦ n ∈ N✱ ♦ ❡s♣❛ç♦ ✈❡✲

t♦r✐❛❧ Mn(K) ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ❝♦♠ ❡♥tr❛❞❛s ❡♠ K✱ ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦

✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✱ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ n2✳ ❯♠❛ ❜❛s❡

❞❡st❛ á❧❣❡❜r❛ é ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧❛s ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s Eij✱ ♣❛r❛ 1 ≤ i, j ≤ n✱

♦♥❞❡ Eij é ❛ ♠❛tr✐③ ❝✉❥❛ ❡♥tr❛❞❛ ♥❛ i✲és✐♠❛ ❧✐♥❤❛ ❡ j✲és✐♠❛ ❝♦❧✉♥❛ é 1 ❡ ❛s ❞❡♠❛✐s

sã♦ ♥✉❧❛s✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ s❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❛♦ ♠✉♥✐r ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(A) ❝♦♠

♦ ♣r♦❞✉t♦ ❛♥á❧♦❣♦ ❛♦ ❞❡ Mn(K) t❡♠♦s ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❡♠ Mn(A)✳

❊①❡♠♣❧♦ ✶✳✶✳✼ ❉❛❞♦ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ End(V ) ♠✉♥✐❞♦ ❞❛

♦♣❡r❛çã♦ ❞❡ ❝♦♠♣♦s✐çã♦ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛✳

❊①❡♠♣❧♦ ✶✳✶✳✽ ✭➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✮ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦

✐♥✜♥✐t❛ ❡♥✉♠❡rá✈❡❧✱ ❝♦♠ ❜❛s❡ {e1, e2, e3, . . .}✳ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E = E(V ) ❞❡ V
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é ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛ ❣❡r❛❞❛ ♣♦r {1, ei1ei2 · · · eik | i1 < i2 < . . . < ik; k ≥ 1}

q✉❡ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

eiej = −ejei, ∀i, j ∈ N∗.

◆❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E é ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r ♦s s❡❣✉✐♥t❡s s✉❜❡s♣❛ç♦s✿

• E0✱ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {1, ei1ei2 · · · eik | k é ♣❛r}❀

• E1✱ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {ei1ei2 · · · eik | k é í♠♣❛r}✳

◆❡st❡ ❝❛s♦ E = E0 ⊕ E1✱ ✈✐st♦ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❡ E0 ∪ E1 é ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡

E✳ ◆❡st❛s ❝♦♥❞✐çõ❡s ab = (−1)αβba✱ ♣❛r❛ t♦❞♦ a ∈ Eα ❡ b ∈ Eβ✳

◆❛ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ✈❡♠♦s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❜❛s❡ ❞❡ ✉♠ ❞❛❞♦ ❡s♣❛ç♦ ✈❡t♦✲

r✐❛❧✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ ❞❡s❡❥❛♠♦s ✈❡r s❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❛♣❧✐❝❛çã♦ é ♦✉ ♥ã♦ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✱ ❥á q✉❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ✜❝❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐✲

♥❛❞❛ ♣♦r s✉❛ r❡str✐çã♦ ❛ ✉♠❛ ❜❛s❡✳ ❉❡ ♠♦❞♦ s✐♠✐❧❛r✱ ❛ ❜❛s❡ t♦r♥❛✲s❡ ✉♠❛ ❢❡rr❛♠❡♥t❛

✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ á❧❣❡❜r❛s✱ ✉♠❛ ✈❡③ q✉❡ ❞❡✜♥✐♥❞♦ ✉♠ ♣r♦❞✉t♦ ♣❛r❛ ♦s

s❡✉s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❛ ♣❛rt✐r ❞❡❧❡✳ ■ss♦

é ❣❛r❛♥t✐❞♦ ♣❡❧♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ♦ q✉❛❧ é ❝❛♥ô♥✐❝♦ ♥♦ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s✳ ❙✉❛

❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾✱ ♣á❣✳ ✶✸❪✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✾ ❙❡❥❛ A ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ β✳ ❆ ❛♣❧✐❝❛çã♦ f : β× β → A

♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r ∗ : A× A→ A t❛❧ q✉❡

u1 ∗ u2 = f(u1, u2),

♣❛r❛ q✉❛✐sq✉❡r u1, u2 ∈ β✳

❯♠ ❡①❡♠♣❧♦ ❝❧áss✐❝♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ♦❜t✐❞❛ ❛tr❛✈és ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ é ❛

á❧❣❡❜r❛ ❞❡ ❣r✉♣♦✳ ❱❡❥❛♠♦s ♥♦ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r✳

❊①❡♠♣❧♦ ✶✳✶✳✶✵ ❙❡❥❛ S ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦ KS ❞❡

t♦❞❛s ❛s s♦♠❛s ❢♦r♠❛✐s
∑

s∈S

λss ✱ ♦♥❞❡ λs ∈ K ❡ {s ∈ S, λs 6= 0} é ✜♥✐t♦✳

❉❛❞♦s ❞♦✐s ❡❧❡♠❡♥t♦s
∑

s∈S λss ❡
∑

s∈S γss ❡♠ KS✱ ❞✐③❡♠♦s q✉❡ sã♦ ✐❣✉❛✐s s❡ ♣❛r❛

❝❛❞❛ s ∈ S✱ t❡♠✲s❡ λs = γs✳ ❉❡✜♥✐♠♦s ❛s ♦♣❡r❛çõ❡s s♦♠❛ ❡ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿ ∑

s∈S

λss+
∑

s∈S

γss =
∑

s∈S

(λs + γs)s
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❡

γ
∑

s∈S

λss =
∑

s∈S

(γλs)s

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▼✉♥✐❞♦s ❞❡st❛s ♦♣❡r❛çõ❡s✱ ✈❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ KS é ✉♠ K✲❡s♣❛ç♦

✈❡t♦r✐❛❧✱ ❝❤❛♠❛❞♦ ❞❡ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❜❛s❡ S✳

❙❡ ✏∗✑ é ✉♠❛ ♦♣❡r❛çã♦ ❡♠ S✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✾✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r ❛ ✉♠❛

ú♥✐❝❛ ♦♣❡r❛çã♦ ❜✐❧✐♥❡❛r ❡♠ KS✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s t❛♠❜é♠ ♣♦r ∗✳ ❆ss✐♠✱ (KS, ∗)

t❡♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ➪❧❣❡❜r❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t♦♠❛♥❞♦ ✉♠ ❣r✉♣♦ G✱ ❡♠ ✈❡③ ❞❡ ✉♠

❝♦♥❥✉♥t♦ S q✉❛❧q✉❡r ❡ ∗ ❛ ♦♣❡r❛çã♦ ❞❡ G✱ ♦❜t❡♠♦s ❛ á❧❣❡❜r❛ KG✱ ❝❤❛♠❛❞❛ ❞❡ ➪❧❣❡❜r❛

❞❡ ●r✉♣♦✳ ❈♦♠♦ ❛ ♦♣❡r❛çã♦ ❞❡ G é ❛ss♦❝✐❛t✐✈❛ ❡ ♣♦ss✉✐ ❡❧❡♠❡♥t♦ ♥❡✉tr♦✱ ❢❛❝✐❧♠❡♥t❡

s❡ ♠♦str❛ q✉❡ KG é ❛ss♦❝✐❛t✐✈❛ ❡ ♣♦ss✉✐ ✉♥✐❞❛❞❡✳ ❊✱ ❝❛s♦ G s❡❥❛ ❛❜❡❧✐❛♥♦✱ ❛ á❧❣❡❜r❛

❞❡ ❣r✉♣♦ KG s❡rá ❝♦♠✉t❛t✐✈❛✳

❖✉tr❛s ❞✉❛s á❧❣❡❜r❛s q✉❡ t❡♠ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦ sã♦

❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❡ ❛ t❡♥s♦r✐❛❧✳

❊①❡♠♣❧♦ ✶✳✶✳✶✶ ❙❡❥❛ K[x] ♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♥❛ ✐♥❞❡t❡r♠✐♥❛❞❛ x✳ ❊ss❡ ❡s♣❛ç♦

♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✉s✉❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦s é ✉♠❛ á❧❣❡❜r❛✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ s❡ X é ✉♠

❝♦♥❥✉♥t♦ ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✜♥✐t♦✱ ♠❛s ❡♥✉♠❡rá✈❡❧✮ ❞❡ ✐♥❞❡t❡r♠✐♥❛❞❛s ❝♦♠✉t❛t✐✈❛s✱

❡♥tã♦ ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s K[X]✱ ♠✉♥✐❞♦ ❞❡ s✉❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s✱ é ✉♠❛ á❧❣❡❜r❛✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✷ ◆❛ ✈❡r❞❛❞❡✱ t♦❞♦ ❛♥❡❧ s♦❜r❡ ✉♠ ❝♦r♣♦ K é ✉♠ á❧❣❡❜r❛✳ ❖ ✐♥✈❡rs♦

♥ã♦ é ✈❡r❞❛❞❡✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ♦ ❡s♣❛ç♦ R3 ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧✳

❊①❡♠♣❧♦ ✶✳✶✳✶✸ ❙❡❥❛♠ V ❡ W ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

K(V ×W ) ❝♦♠ ❜❛s❡ V ×W ❡ ♦ s✉❜❡s♣❛ç♦ U ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞♦s t✐♣♦s

(v1 + v2, w)− (v1, w)− (v2, w)

(v, w1 + w2)− (v, w1)− (v, w2)

(λv, w)− λ(v, w)

(v, λw)− λ(v, w),

♦♥❞❡ v, v1, v2 ∈ V ✱ w,w1, w2 ∈ W ❡ λ ∈ K✳ ❉❛í✱ ♦❜t❡♠♦s ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉♦❝✐✲

❡♥t❡
K(V ×W )

U
✱ ❞❡♥♦t❛❞♦ ♣♦r ❞❡♥♦t❛❞♦ ♣♦r V ⊗W ✱ ♦ q✉❛❧ é ❝❤❛♠❛❞♦ ❞❡ ♣r♦❞✉t♦

t❡♥s♦r✐❛❧ ❡♥tr❡ ♦s ❡s♣❛ç♦s V ❡ W ✳ ❖s ❡❧❡♠❡♥t♦s (v, w) sã♦ ❝❤❛♠❛❞♦s ❞❡ t❡♥s♦r❡s ✭♦✉

t❡♥s♦r❡s ❞❡❝♦♠♣♦♥í✈❡✐s✮ ❡ sã♦ ❞❡♥♦t❛❞♦s ♣♦r v ⊗ w✳

❈♦♥s✐❞❡r❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s q✉❡ ❣❡r❛♠ U ✱ ♦❜t❡♠♦s q✉❡ ❞❛❞♦s λ ∈ K✱ v, v1, v2 ∈ V

❡ w,w1, w2 ∈ W ✱ ✈❛❧❡♠✿

✭✐✮ (v1 + v2)⊗ w = v1 ⊗ w + v2 ⊗ w;

✭✐✐✮ v ⊗ (w1 + w2) = v ⊗ w1 + v ⊗ w2;
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✭✐✐✐✮ λ(v ⊗ w) = (λv)⊗ w = v ⊗ (λw).

❊♥✉♥❝✐❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❡ q✉❡ s❡rá ♠✉✐t♦ ✉s❛❞❛

♥♦ ❈❛♣ít✉❧♦ ✸ ❡ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✵✱ ♣á❣✳ ✻✶❪

❚❡♦r❡♠❛ ✶✳✶✳✶✹ ✭Pr♦♣r✐❡❞❛❞❡ ❯♥✐✈❡rs❛❧✮ ❙❡❥❛♠ V ✱ W ❡ U ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦✲

❜r❡ ✉♠ ❝♦r♣♦ K ❡ f : V × W → U ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Tf : V ⊗W → U ✱ t❛❧ q✉❡ Tf (v ⊗ w) = f(v, w)✱ ♣❛r❛ q✉❛✐sq✉❡r

v ∈ V ❡ w ∈ W ✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✺ ✭❚❡♥s♦r ♥ã♦ ♥✉❧♦✮ ❙❡❥❛♠ V ❡ W ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ v0 ∈ V ❡

w0 ∈ W ✈❡t♦r❡s ♥ã♦ ♥✉❧♦s✳ ❊♥tã♦ v0 ⊗K w0 é ✉♠ ✈❡t♦r ♥ã♦ ♥✉❧♦ ❡♠ V ⊗K W ✳ ❆

❞❡♠♦♥str❛çã♦ ❞❡ss❡ r❡s✉❧t❛❞♦ é ♦❜t✐❞❛ ❝♦♠♦ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

❯♠ ❢❛t♦ ✐♠♣♦rt❛♥t❡ ❛ ❝♦♥s✐❞❡r❛r é q✉❡ s❡ S1 ❡ S2 sã♦ ❝♦♥❥✉♥t♦s ❣❡r❛❞♦r❡s ❞❡ V

❡ W ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ {u1 ⊗ u2 | u1 ∈ S1, u2 ∈ S2} é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡

V ⊗W ✳ ◆❡st❛s ❝♦♥❞✐çõ❡s é ❢á❝✐❧ ♣❡r❝❡❜❡r q✉❡ dim(V ⊗W ) = dimV · dimW ✳ ❆❞❡♠❛✐s✱

❝♦♥s✐❞❡r❛♥❞♦ V ❡ W ❝♦♠♦ á❧❣❡❜r❛s✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦

· : (V ⊗W )× (V ⊗W ) → V ⊗W

(vi ⊗ wj, vl ⊗ wm) 7→ vivl ⊗ vjvm.

❚❛❧ ❛♣❧✐❝❛çã♦ é ✉♠❛ ♦♣❡r❛çã♦ ❡♠ V ⊗W ✳ ❉❡ss❛ ❢♦r♠❛✱ V ⊗W é ✉♠❛ á❧❣❡❜r❛✱ ❝♦♥❤❡❝✐❞❛

❝♦♠♦ ➪❧❣❡❜r❛ t❡♥s♦r✐❛❧✳

❊①✐st❡♠ ❛❧❣✉♠❛s ❡str✉t✉r❛s ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞❛s ❞❡♥tr♦ ❞♦ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s✱

❡ ❞❡♥tr❡ ❡❧❛s ❞❡st❛❝❛♠♦s ❛q✉✐ ❛s s✉❜á❧❣❡❜r❛s ❡ ♦s ✐❞❡❛✐s✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✻ ❉❛❞❛ A ✉♠❛ á❧❣❡❜r❛✱ ❞✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ B ❞❡ A é

✉♠❛ s✉❜á❧❣❡❜r❛ s❡ B é ♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ ✐st♦ é✱ b1b2 ∈ B ♣❛r❛ q✉❛✐sq✉❡r

b1, b2 ∈ B✳ ❈❛s♦ A s❡❥❛ ✉♥✐tár✐❛✱ ❡①✐❣✐♠♦s q✉❡ 1A ∈ B✳ ❆❞❡♠❛✐s✱ ❞✐③❡♠♦s q✉❡ ✉♠

s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ I ❞❡ A é ✉♠ ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ❞❡ A s❡ AI ⊆ I ❡ IA ⊆ I✱ ✐st♦ é✱

ax, xa ∈ I ♣❛r❛ q✉❛✐sq✉❡r x ∈ I ❡ a ∈ A✳

❊①❡♠♣❧♦ ✶✳✶✳✶✼ ❉❛❞❛ A ✉♠❛ á❧❣❡❜r❛✱ ❞❡✜♥✐♠♦s ♦ ❝❡♥tr♦ Z(A) ❞❛ á❧❣❡❜r❛ A ❝♦♠♦

s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s q✉❡ ❝♦♠✉t❛♠✱ ❝♦♠ r❡❧❛çã♦ ❛♦ ♣r♦❞✉t♦✱ ❝♦♠ t♦❞♦s ♦s

❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛✳ ■st♦ é✱ ♦ ❝❡♥tr♦ é ❞❛❞♦ ❡♠ sí♠❜♦❧♦s ♣♦r✿

Z(A) = {a ∈ A | ab = ba, ∀b ∈ A}.

➱ ❝❧❛r♦ q✉❡ Z(A) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A q✉❡ ♥ã♦ é✱ ❡♠ ❣❡r❛❧✱ ✉♠ ✐❞❡❛❧✳ ◆♦ ❝❛s♦ ❞❛

á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s Mn(K)✱ t❡♠♦s q✉❡ Z(Mn(K)) é ❢♦r♠❛❞♦ ♣❡❧❛s ♠❛tr✐③❡s ♠ú❧t✐♣❧❛s

❡s❝❛❧❛r❡s ❞❛ ✐❞❡♥t✐❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ q✉❛❧q✉❡r A é ♣♦ssí✈❡❧ ♣r♦✈❛r ❞❡

❢♦r♠❛ s✐♠✐❧❛r ❛♦ ❝❛s♦ ❞❛ á❧❣❡❜r❛ Mn(K) q✉❡ Z(Mn(A)) = {aIn | a ∈ Z(A)}✳



✶✻

❊①❡♠♣❧♦ ✶✳✶✳✶✽ ❆ á❧❣❡❜r❛ Ma+b(E) ♣♦ss✉✐ ✉♠❛ s✉❜á❧❣❡❜r❛✱ ❞❡♥♦t❛❞❛ ♣♦r Ma,b(E)✱

q✉❡ ❝♦♥s✐st❡ ❞❡ ♠❛tr✐③❡s ❞❛ ❢♦r♠❛
(
A B

C D

)
,

♦♥❞❡ A ∈Ma(E0)✱ D ∈Mb(E0) ❡ B✱ C sã♦ ❜❧♦❝♦s ❝♦♠ ❡♥tr❛❞❛s ❡♠ E1✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✾ ❉❡✜♥✐♠♦s ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ ✉♠❛ á❧❣❡❜r❛ A✱ ❞❡♥♦t❛❞♦ ♣♦r

r(A)✱ ❝♦♠♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s ✐❞❡❛✐s ♠❛①✐♠❛✐s ❞❡ A✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✵ ❯♠❛ á❧❣❡❜r❛ A ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ❝❤❛♠❛❞❛ ❞❡ s❡♠✐ss✐♠♣❧❡s s❡

r(A) = 0✳

❉❡✜♥✐r❡♠♦s ✉♠❛ ❡str✉t✉r❛ ♠✉✐t♦ út✐❧ ❞❡♥♦♠✐♥❛❞❛ ✏➪❧❣❡❜r❛ q✉♦❝✐❡♥t❡✑✳ ❙❡❥❛ A

✉♠❛ á❧❣❡❜r❛✱ I ✉♠ ✐❞❡❛❧ ❞❡ A ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉♦❝✐❡♥t❡ A/I✳ ❉❛í✱

t❡♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛❞❛ ♣♦r✿ ♣❛r❛ t♦❞♦ a, b ∈ A✱ a é ❞✐t♦ ❝♦♥❣r✉❡♥t❡

❛ b ♠ó❞✉❧♦ I✱ s❡ a− b ∈ I ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r a ≡ b(♠♦❞I)✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ♣r♦❞✉t♦ ♥♦ ❡s♣❛ç♦ A/I ❞❛❞♦ ♣♦r✿

· : A/I × A/I → A/I

(ā, b̄) 7→ ā.b̄ = ab.

❯♠ ❡①❡r❝í❝✐♦ ♣❛❞rã♦ é ✈❡r✐✜❝❛r q✉❡ ❡st❡ ♣r♦❞✉t♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❡

♣r♦❞✉t♦ é ❜✐❧✐♥❡❛r✱ ❧♦❣♦ A/I ♠✉♥✐❞♦ ❞❡❧❡ é ✉♠❛ á❧❣❡❜r❛ ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ q✉♦❝✐✲

❡♥t❡ ❞❡ ❆ ♣♦r ■✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✶ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ϕ : A→ B

é ❞✐t❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s s❡ ϕ(xy) = ϕ(x)ϕ(y)✱ ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ A✳

❆❧é♠ ❞✐ss♦✱ s❡ ❛s á❧❣❡❜r❛s sã♦ ✉♥✐tár✐❛s✱ ❡①✐❣✐r❡♠♦s q✉❡ ϕ(1A) = 1B✳

❚❡♠♦s ❛❧❣✉♥s t✐♣♦s ❡s♣❡❝✐❛✐s ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s✱ ♦s q✉❛✐s r❡❝❡❜❡♠

♥♦♠❡s ❡s♣❡❝í✜❝♦s✳ ❈❤❛♠❛♠♦s ❞❡✿

• ♠❡r❣✉❧❤♦ ✭♦✉ ♠♦♥♦♠♦r✜s♠♦✮ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t✐✈♦❀

• ❡♣✐♠♦r✜s♠♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t✐✈♦❀

• ✐s♦♠♦r✜s♠♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❜✐❥❡t✐✈♦❀

• ❡♥❞♦♠♦r✜s♠♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A ❡♠ A❀
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• ❛✉t♦♠♦r✜s♠♦ ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❜✐❥❡t✐✈♦✳

❉❡♥♦t❛♠♦s ♣♦r ❊♥❞A ❡ ❆✉tA ♦s ❝♦♥❥✉♥t♦s ❞♦s ❡♥❞♦♠♦r✜s♠♦s ❡ ❛✉t♦♠♦r✜s♠♦s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ á❧❣❡❜r❛ A✳ ❆❧é♠ ❞✐ss♦✱ ❞✐③❡♠♦s q✉❡ ❞✉❛s á❧❣❡❜r❛s A ❡ B sã♦

✐s♦♠♦r❢❛s✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r A ≃ B q✉❛♥❞♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❡❧❛s✳ ❖

♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❞❡t❡r♠✐♥❛ ✉♠ ❝r✐tér✐♦ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡

á❧❣❡❜r❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✷ ❙❡❥❛♠ A ❡ B á❧❣❡❜r❛s ❡ S ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ A ❝♦♠♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧✳ ❙❡❥❛ ϕ : A → B ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ✭s❛t✐s❢❛③❡♥❞♦ ϕ(1A) = 1B s❡

A ❡ B tê♠ ✉♥✐❞❛❞❡✮✳ ❊♥tã♦✱ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s s❡✱ ❡ s♦♠❡♥t❡ s❡✱

ϕ(xy) = ϕ(x)ϕ(y) ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ S✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ✉s❛r ♦ ❢❛t♦ ❞❡ q✉❡ ϕ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❡ t❛♠❜é♠

✉s❛r ❛ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ ❡♠ A ❡ ❡♠ B✳

❊①❡♠♣❧♦ ✶✳✶✳✷✸ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❆ ❛♣❧✐❝❛çã♦

ϕ : A → A/I

a 7→ ā = a+ I

é ❝❤❛♠❛❞❛ ❞❡ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❡❧❛ é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

❊①❡♠♣❧♦ ✶✳✶✳✷✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❡ ✉♥✐tár✐❛✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ a ∈ A

é ✐♥✈❡rtí✈❡❧ s❡ ❡①✐st❡ a−1 ∈ A t❛❧ q✉❡ aa−1 = a−1a = 1✳ ❱❛♠♦s ❞❡♥♦t❛r ♣♦r U(A) ♦

❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s ✐♥✈❡rtí✈❡✐s ❞❡ A✳ ❚♦♠❛♥❞♦ r ∈ U(A)✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛

❛♣❧✐❝❛çã♦

ϕ : A → A

x 7→ ϕ(x) = r−1xr.

❋❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝❛✲s❡ q✉❡ ϕ é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ A✱ ❝❤❛♠❛❞♦ ❞❡ ❛✉t♦♠♦r✜s♠♦

✐♥t❡r♥♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r r✳

◆♦ ❞❡❝♦rr❡r ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦✱ ♠✉✐t❛s ❞❛s ✈❡③❡s s❡rá ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❧❤❛r ❝♦♠

♣r♦❞✉t♦ t❡♥s♦r✐❛❧✳ ◆♦ ❡①❡♠♣❧♦ ❛❜❛✐①♦✱ t❡♠♦s ✉♠❛ ✐❞❡♥t✐✜❝❛çã♦ ❡♥tr❡ ❛ á❧❣❡❜r❛ ❞❡

♠❛tr✐③❡s ❝♦♠ ❛ á❧❣❡❜r❛ t❡♥s♦r✐❛❧ q✉❡ ✐r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ ✸ ✉s❛r ❢r❡q✉❡♥t❡♠❡♥t❡✳

❊①❡♠♣❧♦ ✶✳✶✳✷✺ ❉❛❞❛ A ✉♠❛ K✲á❧❣❡❜r❛ ❡ Mn(K) ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s✱ ❢❛❝✐❧♠❡♥t❡

✈❡♠♦s q✉❡Mn(K)⊗A ≃Mn(A)✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r f :Mn(K)⊗A→Mn(A)
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✐♥❞✉③✐❞❛ ♣♦r (Eij, a) 7→ aEij✳ ❱❡r✐✜❝❛✲s❡ q✉❡ f é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❉❡

❢❛t♦✱ ♥♦t❡♠♦s q✉❡ {aEij | 1 ≤ i, j ≤ n, a ∈ β} é ✉♠❛ ❜❛s❡ ❞❡ Mn(A) ❝♦♠♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧✱ ♦♥❞❡ β é ✉♠❛ ❜❛s❡ ❞❡ A✳ ❈♦♥s✐❞❡r❡♠♦s ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❞❡✜♥✐❞❛ ♣♦r

aEij 7→ Eij ⊗ a✳ ➱ ❝❧❛r♦ q✉❡ ❛ ú❧t✐♠❛ ❛♣❧✐❝❛çã♦ é ❛ ✐♥✈❡rs❛ ❞❡ f ✱ ♦✉ s❡❥❛✱ f é ❜✐❥❡t✐✈❛✳

❘❡st❛ ♠♦str❛r q✉❡ f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛✳ ❖r❛✱ ❝♦♠♦ f é ❧✐♥❡❛r✱ ❜❛st❛

✈❡r✐✜❝❛r♠♦s ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❞❡ Mn(K) ⊗ A✳ ❆♥t❡s ❞✐ss♦✱ ♦❜s❡r✈❡♠♦s q✉❡

EijErs = Eis✱ s❡ j = r ❡ 0 ❝❛s♦ ❝♦♥trár✐♦✳ ❉❛í✱

• ❙❡ j 6= r✱ t❡♠♦s✿

f((Eij ⊗ a)(Ers ⊗ b)) = f(EijErs ⊗ ab) = f(0⊗ ab) =

= 0 = aEijbErs = f(Eij ⊗ a)f(Ers ⊗ b).

• ❙❡ j = r✱ t❡♠♦s✿

f((Eij ⊗ a)(Ers ⊗ b)) = f(EijErs ⊗ ab) = abEijErs

= aEijbErs = f(Eij ⊗ a)f(Ers ⊗ b).

❉❡st❡ ♠♦❞♦✱ f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❜✐❥❡t♦r✱ ♦✉ s❡❥❛✱ Mn(K)⊗ A ≃Mn(A).

❉❛❞♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ❞❡✜♥✐♠♦s ❞♦✐s ❝♦♥❥✉♥t♦s ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s ♥♦ ❡st✉❞♦

❞❡ ♠♦r✜s♠♦s ❡ q✉❡ ❥á sã♦ ❝♦♥❤❡❝✐❞♦s ♥♦ ❡st✉❞♦ ❞❡ ♦✉tr❛s ❡str✉t✉r❛s✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✻ ❉❛❞♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : A → B✱ ❞❡✜♥✐♠♦s ♦ ♥ú❝❧❡♦ ❞❡ ϕ✱ ❞❡✲

♥♦t❛❞♦ ♣♦r kerϕ✱ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ kerϕ = {a ∈ A | ϕ(a) = 0B} ❡ ❛ ✐♠❛❣❡♠ ❞❡ ϕ✱

❞❡♥♦t❛❞❛ ♣♦r Imϕ✱ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ Imϕ = {ϕ(a) | a ∈ A}✳

❉❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ kerϕ é ✉♠ ✐❞❡❛❧ ❞❡ A ❡ t❛♠❜é♠ ♣♦❞❡✲s❡

♠♦str❛r q✉❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ é ✐♥❥❡t♦r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❡✉ ♥ú❝❧❡♦ é ♦ tr✐✈✐❛❧✱ ✐st♦

é✱ ♦ ♥ú❝❧❡♦ é ❝♦♥st✐t✉í❞♦ ❛♣❡♥❛s ♣❡❧♦ ③❡r♦✳ ❊ é ❝❧❛r♦ q✉❡ Imϕ é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ B✱

♣♦❞❡♥❞♦ ♥ã♦ s❡r ✉♠ ✐❞❡❛❧ ❞❡ B✳

❈♦♠♦ é ❞❡ ♣r❛①❡✱ é ♥❛t✉r❛❧ ❡st✉❞❛r ♦ ❝❤❛♠❛❞♦ ✏❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦s ■s♦✲

♠♦r✜s♠♦s✑ s❡♠♣r❡ q✉❡ ✈❡♠♦s ✉♠❛ ♥♦✈❛ ❡str✉t✉r❛ ❛❧❣é❜r✐❝❛✳ ❆ s❡❣✉✐r ✐r❡♠♦s ❡♥✉♥❝✐❛r

♦ t❡♦r❡♠❛ ♣❛❞rã♦✱ ♣♦ré♠ ✐r❡♠♦s ♦♠✐t✐r s✉❛ ❞❡♠♦♥str❛çã♦ ♣♦r s❡r ✐❞ê♥t✐❝❛ ❛ ❞❡♠♦♥s✲

tr❛çã♦ ❞❛ t❡♦r✐❛ ❞❡ ❛♥é✐s✳

❚❡♦r❡♠❛ ✶✳✶✳✷✼ ✭❚❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦s ■s♦♠♦r✜s♠♦s✮ ❙❡❥❛ ϕ ✉♠ ❤♦♠♦♠♦r✜s♠♦

❡♥tr❡ A ❡ B✳ ❊♥tã♦ (A/kerϕ) ≃ Imϕ✳
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❊①❡♠♣❧♦ ✶✳✶✳✷✽ ❙❡♥❞♦ A ✉♠ á❧❣❡❜r❛ ✉♥✐tár✐❛✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

ψ : K → A

λ 7→ ψ(λ) = λ1

➱ ❢á❝✐❧ ✈❡r q✉❡ ψ é ✉♠ ♠❡r❣✉❧❤♦ ❞❡ K ❡♠ A ❡ ❛ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦s

✐s♦♠♦r✜s♠♦s✱ t❡♠♦s q✉❡ K é ✐s♦♠♦r❢♦ ❛ Imψ = {λ1 | λ ∈ K}✱ ❞♦♥❞❡ Imψ é ✉♠

❝♦r♣♦✳ ❉✐ss♦ s❡❣✉❡ ❛ ✐❞❡♥t✐✜❝❛çã♦ ♥❛t✉r❛❧ ❡♥tr❡ K ❡ {λ1 | λ ∈ K}✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✷✾ P❡❧♦s ❝♦♠❡♥tár✐♦s ❢❡✐t♦s ♥♦s ❊①❡♠♣❧♦s ✶✳✶✳✶✼ ❡ ✶✳✶✳✷✽✱ t❡♠♦s q✉❡

Z(Mn(K)) ≃ K ✭♣♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ Z(Mn(K)) = K✮✳ ❚❛❧ ✐❞❡♥t✐✜❝❛çã♦ s❡rá út✐❧

♠❛✐s ❛ ❢r❡♥t❡✳

❯♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ é ❛ ❞❛s á❧❣❡❜r❛s ❝✉❥♦s ú♥✐❝♦s ✐❞❡❛✐s sã♦

♦s tr✐✈✐❛✐s✱ ❡st❛s r❡❝❡❜❡♠ ✉♠ ♥♦♠❡ ❡s♣❡❝✐❛❧✱ ❝♦♠♦ ❡stá ❞❡s❝r✐t♦ ♥❛ ❞❡✜♥✐çã♦ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✶✳✶✳✸✵ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ t❛❧ q✉❡ A2 6= {0}✳ ❉✐③❡♠♦s q✉❡ A é s✐♠♣❧❡s✱

s❡ {0} ❡ A sã♦ s❡✉s ú♥✐❝♦s ✐❞❡❛✐s✳ ❆❧é♠ ❞✐ss♦✱ ❞✐③❡♠♦s q✉❡ A é ❝❡♥tr❛❧ s✐♠♣❧❡s s❡ A é

s✐♠♣❧❡s ❡ Z(A) = K✳

❊①❡♠♣❧♦ ✶✳✶✳✸✶ ❖ ❛♥❡❧ ❞❛s ♠❛tr✐③❡s Mn(K) é ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s s♦❜r❡ K✳

❇❛st❛ ❧❡♠❜r❛r ❞♦s ❝♦♠❡♥tár✐♦s ❛♥t❡r✐♦r❡s q✉❡ Z(Mn(K)) = K ❡✱ ❝♦♠ ❛❧❣✉♥s ❝á❧❝✉❧♦s✱

♠♦str❛r q✉❡ ♦s ú♥✐❝♦s ✐❞❡❛✐s ❞❡ Mn(K) sã♦ ♦s tr✐✈✐❛✐s✳

▼✉♥✐❞♦s ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ❡♥✉♥❝✐❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❙❦♦❧❡♠✲◆♦❡t❤❡r ♦ q✉❛❧

❝❛r❛❝t❡r✐③❛ ♦s ❛✉t♦♠♦r✜s♠♦s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❚❡♥❞♦ ❡♠ ✈✐st❛ ❛ q✉❛♥✲

t✐❞❛❞❡ ❞❡ ♣ré✲r❡q✉✐s✐t♦s ♣❛r❛ s✉❛ ❞❡♠♦♥str❛çã♦✱ ❡st❛ s❡rá ♦♠✐t✐❞❛✱ ♣♦ré♠ ♣♦❞❡ s❡r

❡♥❝♦♥tr❛❞❛ ❡♠ ❬✹✵✱ ♣á❣✳ ✻✽❪✳

❚❡♦r❡♠❛ ✶✳✶✳✸✷ ✭❙❦♦❧❡♠✲◆♦❡t❤❡r✮ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s s♦❜r❡ K

❡ B ✉♠❛ K✲á❧❣❡❜r❛ s✐♠♣❧❡s✳ ❙❡❥❛♠ σ, τ : B → A ❤♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s✳ ❊♥tã♦✱

❡①✐st❡ ✉♠ ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦ ϕ ❞❡ A t❛❧ q✉❡ τ = ϕσ✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✶✳✶✳✸✸ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦ t♦❞♦

❛✉t♦♠♦r✜s♠♦ ϕ ❞❡ A é ✐♥t❡r♥♦✳

■r❡♠♦s ✜♥❛❧✐③❛r ❛ s❡çã♦ ❡♥✉♥❝✐❛♥❞♦ ♦ ✏❚❡♦r❡♠❛ ❞♦ ❈❡♥tr❛❧✐③❛❞♦r ❉✉♣❧♦✑✱ ♣❛r❛

✐st♦✱ ♥❡❝❡ss✐t❛r❡♠♦s ❞❡ ❝❡rt❛s ❞❡✜♥✐çõ❡s✳ ❙❡❥❛ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ A✱

♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ❝♦♥❥✉♥t♦

CA(S) = {a ∈ A | as = sa ♣❛r❛ t♦❞♦ s ∈ S}.



✷✵

❖ ❝♦♥❥✉♥t♦ CA(S) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A ❝❤❛♠❛❞♦ ❞❡ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ S ❡♠ A✳ ❆❧é♠

❞✐ss♦✱ S ⊂ CA(CA(S)) ❡ CA(A) = Z(A)✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠❛ ❝❛s♦ ♣❛rt✐❝✉❧❛r✱ s❡❥❛

A = EndV ❛ á❧❣❡❜r❛ ❞♦s ❡♥❞♦♠♦✜rs♠♦s ❞❡ V ❡ ❝♦♥s✐❞❡r❡ S ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✱

♦❜s❡r✈❡ q✉❡

EndS(V ) = {f ∈ A | af = fa, ∀a ∈ S} = CA(S).

❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r✱ ♥❡st❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r✱ ❛ ♥♦t❛çã♦ ❞❡ ❝❡♥tr❛❧✐③❛❞♦r ❞❛❞♦

❛♥t❡r✐♦r♠❡♥t❡✳

❊st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❡♥✉♥❝✐❛r ♦ r❡s✉❧t❛❞♦✱ s✉❛ ♣r♦✈❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠

❬✶✹✱ ❚❡♦r❡♠❛ ✺✳✶✽✳✶✳❪✳

❚❡♦r❡♠❛ ✶✳✶✳✸✹ ✭❈❡♥tr❛❧✐③❛❞♦r ❉✉♣❧♦✮ ❙❡❥❛ A✱ B ❞✉❛s s✉❜á❧❣❡❜r❛s ❞❛ á❧❣❡❜r❛ End(V )✱

♦♥❞❡ V é ✉♠ ❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ t❛❧ q✉❡ A é s❡♠✐ss✐♠♣❧❡s ❡ B = EndA(V )✳

❊♥tã♦ A = EndB(V )✱ ✐st♦ é✱ ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ A é ♦ ♣ró♣r✐♦ A✳

✶✳✷ ▼ó❞✉❧♦s s♦❜r❡ á❧❣❡❜r❛s

❆❧é♠ ❞❛ ❡str✉t✉r❛ ❞❡ ➪❧❣❡❜r❛✱ ♦✉tr❛ ❡str✉t✉r❛ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ❡♠ ♥♦ss♦ ❡st✉❞♦

é ❛ ❞❡ ▼ó❞✉❧♦✳ ❚❛❧ ❡str✉t✉r❛ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ✉♠❛ ✈❡③ q✉❡

❛ ❞✐❢❡r❡♥ç❛ ❡stá ♥♦ ❢❛t♦ q✉❡ ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♦s ❡s❝❛❧❛r❡s ❡stã♦ ♥✉♠ ❝♦r♣♦✱ ❛q✉✐

♦s ❡s❝❛❧❛r❡s ❡stã♦ s♦❜r❡ ✉♠ ❛♥❡❧ ✭♠ó❞✉❧♦s s♦❜r❡ ❛♥é✐s✮✳ ◆❡st❛ s❡çã♦✱ ♣❛r❛ ❡✈✐t❛r♠♦s

r❡♣❡t✐çõ❡s✱ t♦❞❛s ❛s á❧❣❡❜r❛s ❝♦♥s✐❞❡r❛❞❛s s❡rã♦ ❛ss♦❝✐❛t✐✈❛s ❝♦♠ ✉♥✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❉❡✜♥✐♠♦s ✉♠ A✲♠ó❞✉❧♦ ✭♦✉ ♠ó❞✉❧♦ s♦❜r❡ A✮

❝♦♠♦ s❡♥❞♦ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ M ✱ ♠✉♥✐❞♦ ❞❡ ✉♠ ♣r♦❞✉t♦ ♣♦r ❡s❝❛❧❛r

· : A×M → M

(a,m) 7→ a ·m

q✉❡ s❛t✐s❢❛③✿

✐✮ (a1 + a2) ·m = (a1 ·m) + (a2 ·m)❀

✐✐✮ a · (m1 +m2) = (a ·m1) + (a ·m2)❀

✐✐✐✮ (λa) ·m = a · (λm) = λ(a ·m)❀

✐✈✮ a1 · (a1 ·m) = (a1a2) ·m❀

✈✮ 1A ·m = m✱



✷✶

♣❛r❛ q✉❛✐sq✉❡r a, a1, a2 ∈ A✱ m,m1,m2 ∈M ❡ λ ∈ K✳

❖❜s❡r✈❡ q✉❡ ♦s três ♣r✐♠❡✐r♦s ✐t❡♥s ♥❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❡①✐❣❡♠ q✉❡ ♦ ♣r♦❞✉t♦ “ · ”

s❡❥❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r✳

❊①❡♠♣❧♦ ✶✳✷✳✷ ❉❛❞❛ A ✉♠❛ á❧❣❡❜r❛✱ ❡♥tã♦ A é ♥❛t✉r❛❧♠❡♥t❡ ✉♠ ♠ó❞✉❧♦ s♦❜r❡ s✐

♠❡s♠❛✱ ❝✉❥♦ ♣r♦❞✉t♦ é ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛ á❧❣❡❜r❛ A✳

❊①❡♠♣❧♦ ✶✳✷✳✸ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ϕ : G → GL(V ) ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♦♥❞❡ ϕ(g) = ϕg✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❞✉t♦

· : KG× V → V
((∑

g∈G

λgg
)
, v
)

7→
(∑

g∈G

λgg
)
· v =

∑

g∈G

λgϕg(v).

❈♦♠♦ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡ ϕg é ❧✐♥❡❛r✱ s❡❣✉❡ q✉❡ V ♠✉♥✐❞♦ ❞❡ss❡ ♣r♦❞✉t♦ é ✉♠

KG✲♠ó❞✉❧♦ ✭♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ G✲♠ó❞✉❧♦✮✳

❉❡✜♥✐çã♦ ✶✳✷✳✹ ❉❛❞❛ A ✉♠❛ á❧❣❡❜r❛ ❡ M ✉♠ A✲♠ó❞✉❧♦✱ ❞✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦

✈❡t♦r✐❛❧ N ❞❡ M é ✉♠ s✉❜♠ó❞✉❧♦ ✭♦✉ A✲s✉❜♠ó❞✉❧♦✮ ❞❡ M s❡ a ·n ∈ N ✱ ♣❛r❛ q✉❛✐sq✉❡r

a ∈ A ❡ n ∈ N ✳

❊①❡♠♣❧♦ ✶✳✷✳✺ ✭▼ó❞✉❧♦s q✉♦❝✐❡♥t❡s✮ ❉❛❞♦s A ✉♠❛ á❧❣❡❜r❛✱ M ✉♠ A✲♠ó❞✉❧♦ ❡

N ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ✱ ❝♦♥s✐❞❡r❡♠♦s ❡♠ M ❛ r❡❧❛çã♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛ ♠ó❞✉❧♦ N ✱

❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

m1 ≡ m2(modN) s❡ m1 −m2 ∈ N.

❊ss❛ r❡❧❛çã♦ é ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❉❡♥♦t❛♥t♦ ♣♦r M/N ♦ ❝♦♥❥✉♥t♦ q✉♦❝✐❡♥t❡ ❞❛ r❡❧❛çã♦

♠ó❞✉❧♦ ◆ ✭▼✴◆ ❂ ④♠ ✰ ◆ | m ∈ N⑥✮✱ ❞❡✜♥✐♠♦s✿

+ :M/N ×M/N → M/N

(m1,m2) 7→ m1 +m2 = m1 +m2

❡

· : A×M/N → M/N

(a,m) 7→ a ·m = am.

❚❛✐s ♦♣❡r❛çõ❡s ❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s ❡ ❢❛❝✐❧♠❡♥t❡ s❡ ✈ê q✉❡ M/N ♠✉♥✐❞♦ ❞❡❧❛s é ✉♠

A✲♠ó❞✉❧♦✳

❊①❡♠♣❧♦ ✶✳✷✳✻ ❙❡❥❛♠ K[x] ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r T : V → V ✳ ❖ ❡s♣❛ç♦ V é ✉♠ K[x]✲♠ó❞✉❧♦ ❝♦♠ ❛ ❛♣❧✐❝❛çã♦

K[x]× V ❡♠ V ❞❛❞❛ ♣♦r

(a0 + a1x+ · · ·+ anx
n) · v = (a0I + a1T + · · ·+ anT

n)(v).
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❉❡✜♥✐çã♦ ✶✳✷✳✼ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ M1 ❡ M2 ❞♦✐s A✲♠ó❞✉❧♦s✳ ❉✐③❡♠♦s q✉❡

✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r φ : M1 → M2 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s q✉❛♥❞♦

φ(am) = aφ(m)✱ ♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ m ∈ M1✳ ❙❡ φ ❢♦r ✉♠❛ ❜✐❥❡çã♦✱ ❞✐r❡♠♦s q✉❡

❡st❡ ❤♦♠♦♠♦r✜s♠♦ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✳

❊①❡♠♣❧♦ ✶✳✷✳✽ ❙❡❥❛♠ M ✉♠ A✲♠ó❞✉❧♦ ❡ γ ∈ K✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

Tγ :M → M

m 7→ γm.

❚♦♠❡ a ∈ A ❡ m ∈M ❛r❜✐trár✐♦s✱ ❡♥tã♦

Tγ(a ·m) = γ(a ·m) = a · (γm) = a · (Tγ(m)).

❆ss✐♠✱ Tγ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✳

❆ss✐♠ ❝♦♠♦ ✈✐st♦ ♣❛r❛ á❧❣❡❜r❛s✱ t❛♠❜é♠ t❡♠♦s ❛ ♥♦çã♦ ❞❡ s✐♠♣❧✐❝✐❞❛❞❡ ♣❛r❛

♠ó❞✉❧♦s✳

❉❡✜♥✐çã♦ ✶✳✷✳✾ ❯♠ A✲♠ó❞✉❧♦ M é s✐♠♣❧❡s s❡ M 6= {0} ❡ M ♥ã♦ t❡♠ s✉❜♠ó❞✉❧♦s

♣ró♣r✐♦s ♥ã♦ ♥✉❧♦s✱ ♦✉ s❡❥❛✱ ♦s ú♥✐❝♦s s✉❜♠ó❞✉❧♦s ❞❡ M sã♦ {0} ❡ M ✳ ❆❧é♠ ❞✐ss♦✱

❞✐③❡♠♦s q✉❡ M é s❡♠✐ss✐♠♣❧❡s s❡ ❡❧❡ é s♦♠❛ ❞✐r❡t❛ ❞❡ ♠ó❞✉❧♦s s✐♠♣❧❡s✳

◆❛s ❝♦♥❞✐çõ❡s ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ ✉♠❛ á❧❣❡❜r❛ A é s❡♠✐ss✐♠♣❧❡s ✭s✐♠♣❧❡s✮ s❡ é

s❡♠✐ss✐♠♣❧❡s ✭s✐♠♣❧❡s✮ ❝♦♠♦ A✲♠ó❞✉❧♦✳

❊①❡♠♣❧♦ ✶✳✷✳✶✵ ❚♦❞♦ A✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✶ ✭s♦❜r❡ K✮ é s✐♠♣❧❡s✳ ❆❧é♠ ❞✐ss♦✱

t♦❞♦ ♠ó❞✉❧♦ s✐♠♣❧❡s é s❡♠✐ss✐♠♣❧❡s✳

▼✉♥✐❞♦s ❞❛ ❞❡✜♥✐çã♦ ❞❡ s❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡✱ ❡♥✉♥❝✐❛r❡♠♦s ♦ ✐♠♣♦rt❛♥t❡ ❚❡♦r❡♠❛

❞❡ ▼❛s❝❤❦❡ ♦ q✉❛❧ ❡st❛❜❡❧❡❝❡ ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ✉♠ ❛♥❡❧ ❞❡ ❣r✉♣♦ s❡❥❛ s❡♠✐ss✐♠♣❧❡s✳

❚❡♦r❡♠❛ ✶✳✷✳✶✶ ✭▼❛s❝❤❦❡✮ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡K ✉♠ ❝♦r♣♦ ❝✉❥❛ ❝❛r❛❝t❡ríst✐❝❛

♥ã♦ ❞✐✈✐❞❡ |G|✳ ❊♥tã♦ t♦❞♦ KG✲♠ó❞✉❧♦ ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ G✲♠♦❞✉❧♦✮ é s❡♠✐ss✐♠♣❧❡s✳

❊♠ ♣❛rt✐❝✉❧❛r✱ KG é ✉♠ ❛♥❡❧ s❡♠✐ss✐♠♣❧❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✷✷✱ ❙❡çã♦ ✺✳✷✱ ♣á❣✳ ✷✶✾❪✳

❊①❡♠♣❧♦ ✶✳✷✳✶✷ ❙❡♥❞♦ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡

❝♦♥❝❧✉í♠♦s q✉❡ KSn✱ ❝♦♠ n ∈ N é s❡♠✐ss✐♠♣❧❡s✱ ✉♠❛ ✈❡③ q✉❡ Sn é ✜♥✐t♦✳
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❈♦♥❢♦r♠❡ ❝♦♠❡♥t❛❞♦ ♥♦ ✐♥í❝✐♦ ❞❡st❛ s❡çã♦✱ ♠ó❞✉❧♦s sã♦ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ♥♦çã♦

❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❯♠❛ ♣❡r❣✉♥t❛ ♥❛t✉r❛❧ é s❡ ❝♦♥s❡❣✉✐♠♦s ♦❜t❡r ✉♠❛ ✐❞❡✐❛ s✐♠✐❧❛r

❞❡ ❜❛s❡ ♣❛r❛ ♠ó❞✉❧♦s✳ ❆ r❡s♣♦st❛ é s✐♠ ❡ ❛ ✈❡r❡♠♦s ❞❡ ❢♦r♠❛ ♠❛✐s ❢♦r♠❛❧ ♥❛ ❞❡✜♥✐çã♦

❛❜❛✐①♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✸ ❉✐③❡♠♦s q✉❡ ✉♠ A✲♠ó❞✉❧♦ M ✭♥ã♦✲♥✉❧♦✮ é ❧✐✈r❡ s❡ ❡①✐st❡ ✉♠ s✉❜✲

❝♦♥❥✉♥t♦ B ❞❡ M s❛t✐s❢❛③❡♥❞♦✿

✐✮ B é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ M ❀

✐✐✮ P❛r❛ t♦❞♦ a1, . . . , an ∈ A ❡ t♦❞♦m1, . . . ,mn ∈ B✱ t❛✐s q✉❡ a1m1+· · ·+anmn = 0M ✱

t❡♠✲s❡ a1 = . . . = an = 0✱ ♦✉ s❡❥❛✱ B é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ✭▲■✮ s♦❜r❡ A✳

❯♠ s✉❜❝♦♥❥✉♥t♦ B ❞❡ M s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s i) ❡ ii) ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ é

❝❤❛♠❛❞♦ ❞❡ ❜❛s❡ ❞❡ M ✳ ❆ss✐♠✱ ✉♠ ♠ó❞✉❧♦ é ❞✐t♦ ❧✐✈r❡ s❡ ♣♦ss✉✐ ❛❧❣✉♠❛ ❜❛s❡✳ ❆q✉✐

é ✐♠♣♦rt❛♥t❡ ❝♦♠❡♥t❛r♠♦s q✉❡✱ ❞✐❢❡r❡♥t❡ ❞♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ♥❡♠ t♦❞♦ ♠ó❞✉❧♦ t❡♠

❜❛s❡✳ P♦r ❡①❡♠♣❧♦✱ Q ♥ã♦ é ✉♠ Z✲♠ó❞✉❧♦ ❧✐✈r❡✳

❊①❡♠♣❧♦ ✶✳✷✳✶✹ ❚♦❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥ã♦ ♥✉❧♦ é ✉♠ ♠ó❞✉❧♦ ❧✐✈r❡ s♦❜r❡ K✳

❊①❡♠♣❧♦ ✶✳✷✳✶✺ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ q✉❛❧q✉❡r ❡ n ∈ N✳ ❚❡♠♦s q✉❡ ♦ ❆✲♠ó❞✉❧♦ An

é ❧✐✈r❡✳ ❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , n✱ ❝♦♥s✐❞❡r❡ ♦ ❡❧❡♠❡♥t♦ ei ∈ An q✉❡ ♣♦ss✉✐ 1 ♥❛

i✲és✐♠❛ ❡♥tr❛❞❛ ❡ 0 ♥❛s ❞❡♠❛✐s✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ {e1, . . . , en} é ✉♠❛ ❜❛s❡ ❞❡ An✳

✶✳✸ ➪❧❣❡❜r❛ ❧✐✈r❡ ❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

◆♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✶ ✈✐♠♦s ❛ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠ ✈ár✐❛s ✐♥❞❡t❡r♠✐♥❛❞❛s✱

♦♥❞❡ ❡st❛s ❡r❛♠ ❝♦♠✉t❛t✐✈❛s✳ ❈♦♠ ❝á❧❝✉❧♦s s✐♠♣❧❡s ♣♦❞❡♠♦s ✈❡r q✉❡ s❡ ❛s ✐♥❞❡t❡r✲

♠✐♥❛❞❛s ❢♦r❡♠ ♥ã♦ ❝♦♠✉t❛t✐✈❛s ❛✐♥❞❛ ❝♦♥t✐♥✉❛♠♦s ❝♦♠ ✉♠ ❡①❡♠♣❧♦ ❞❡ K✲á❧❣❡❜r❛✱

s❡♥❞♦ ❡st❛ ❛❣♦r❛ ❞❡♥♦t❛❞❛ ♣♦r K〈X〉✱ ♦♥❞❡ X s❡rá ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞❡t❡r♠✐♥❛❞❛s

q✉❡ ❝♦♠✉t❛♠ ❝♦♠ ♦s ❡s❝❛❧❛r❡s ❡♠ K✳

◆❡st❛ s❡çã♦ ❞❡✜♥✐r❡♠♦s ❛s á❧❣❡❜r❛s ❧✐✈r❡s ❡ ✈❡r❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ K〈X〉 é

✉♠ ❡①❡♠♣❧♦ ❞❡ t❛❧ ❡str✉t✉r❛✳ ❚❛❧ ❝♦♥❝❡✐t♦ é ❡①tr❡♠❛♠❡♥t❡ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✭P■✬s✮✱ ✉♠❛ ✈❡③ q✉❡ ❛ á❧❣❡❜r❛ ❧✐✈r❡ é ♦ ✏❛♠❜✐❡♥t❡✑ ❡♠ q✉❡ ❛s

P■✬s sã♦ ❞❡✜♥✐❞❛s✳
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✶✳✸✳✶ ➪❧❣❡❜r❛ ❧✐✈r❡✱ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡ ❚✲✐❞❡❛✐s

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❙❡❥❛ C ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s ❡ F ∈ C ✉♠❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r ✉♠

❝♦♥❥✉♥t♦ X ⊆ F ✳ ❆ á❧❣❡❜r❛ F é ❞✐t❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ C✱ s❡ ❡❧❛ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡

♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿ ♣❛r❛ ❝❛❞❛ á❧❣❡❜r❛ A ∈ C ❡ ❝❛❞❛ ❛♣❧✐❝❛çã♦ h : X → A ❡①✐st❡ ✉♠

ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ F → A ❡st❡♥❞❡♥❞♦ h✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ F é ❛ á❧❣❡❜r❛

❧✐✈r❡ ♥❛ ❝❧❛ss❡ C ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡

❞♦ ❝♦♥❥✉♥t♦ X✱ ❞❡♥♦t❛❞♦ ♣♦r |X|✱ s❡rá ❝❤❛♠❛❞❛ ♣♦st♦ ❞❡ F ✳

❊①❡♠♣❧♦ ✶✳✸✳✷ ❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ K[x1, . . . , xn] ❞♦s ♣♦❧✐♥ô♠✐♦s ❛ss♦✲

❝✐❛t✐✈♦s ❡ ❝♦♠✉t❛t✐✈♦s ♥❛s ✈❛r✐á✈❡✐s x1, . . . , xn✱ ❛ q✉❛❧ ❝♦♠♦ ❥á ✈✐♠♦s é ❣❡r❛❞❛ ♣❡❧♦

❝♦♥❥✉♥t♦ X = {x1, . . . , xn}. ◆♦t❡ q✉❡ ❡❧❛ é ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥✲

❥✉♥t♦ X ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✱ ❝♦♠✉t❛t✐✈❛s ❡ ✉♥✐tár✐❛s✳

❉❡ ❢❛t♦✱ ❞❛❞❛ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ❝♦♠✉t❛t✐✈❛ ❡ ✉♥✐tár✐❛ A✱ ❡ ❡❧❡♠❡♥t♦s

a1, . . . , an ❡♠ A ❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

ϕ : X → A

xi 7→ ϕ(xi) = ai.

❉❛í✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ♦ ❤♦♠♦♠♦r✜s♠♦

φ : K[x1, . . . , xn] → A

f(x1, . . . , xn) 7→ f(a1, . . . , an)

♦ q✉❛❧ ❡st❡♥❞❡ ϕ ❡ é ♦ ú♥✐❝♦ q✉❡ ♦ ❡st❡♥❞❡✱ ❥á q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♣r✐♠❡✐r❛♠❡♥t❡

♥♦s ♠♦♥ô♠✐♦s ❡ ❞❡♣♦✐s ❛♣❧✐❝❛r ❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✷✷✳

◆♦ss♦ ♦❜❥❡t✐✈♦ ❛❣♦r❛ é ❝♦♥str✉✐r ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s

❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s ❡✱ ♣❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡♠♦s X = {x1, x2, . . .} ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦

❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ✈❛r✐á✈❡✐s ♥ã♦ ❝♦♠✉t❛t✐✈❛s✳ ❯♠❛ ♣❛❧❛✈r❛ ❡♠ X s❡rá ❡♥t❡♥❞✐❞❛ ❝♦♠♦

✉♠❛ s❡q✉ê♥❝✐❛ xi1xi2 · · · xin ✱ ♦♥❞❡ n ∈ N∪{0} ❡ xij ∈ X ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r 1 ❛ ♣❛❧❛✈r❛

✈❛③✐❛✱ ✐st♦ é✱ q✉❛♥❞♦ n = 0✳ ❉✐③❡♠♦s q✉❡ ❞✉❛s ♣❛❧❛✈r❛s xi1xi2 · · · xin ❡ xj1xj2 · · · xjm

sã♦ ✐❣✉❛✐s s❡ n = m ❡ i1 = j1✱ i2 = j2✱ ✳ ✳ ✳ ✱ in = jn✳

❙❡❥❛ K〈X〉 ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❡ t❡♠ ♣♦r ❜❛s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s ❡♠

X✳ ❆ss✐♠✱ s❡✉s ❡❧❡♠❡♥t♦s✱ ♦s q✉❛✐s ❝❤❛♠❛r❡♠♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✱ sã♦ s♦♠❛s ✭❢♦r♠❛✐s✮

✜♥✐t❛s ❞❡ t❡r♠♦s ✭♦✉ ♠♦♥ô♠✐♦s✮ q✉❡ sã♦ ♣r♦❞✉t♦s ✭❢♦r♠❛✐s✮ ❞❡ ✉♠ ❡s❝❛❧❛r ♣♦r ✉♠❛

♣❛❧❛✈r❛ ❡♠ X✳ ❊♠ sí♠❜♦❧♦s✱

K〈X〉 =
{∑

λnan | λn ∈ K, an é ✉♠❛ ♣❛❧❛✈r❛ ❡♠ ❳ ❡ {λn 6= 0} é ✜♥✐t♦
}
.



✷✺

❉❡✜♥❛♠♦s ❡♠ K〈X〉 ❛ s❡❣✉✐♥t❡ ♠✉❧t✐♣❧✐❝❛çã♦

(xi1 · · · xik)(xj1 · · · xjl) = xi1 · · · xikxj1 · · · xjl , ♦♥❞❡ xit , xjs ∈ X.

❊ ❡st❡♥❞❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✾✳ ❋❛❝✐❧♠❡♥t❡ ♥♦t❛♠♦s q✉❡ ♦ ❡s♣❛ç♦

K〈X〉 ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ✭❛ ♣❛❧❛✈r❛ ✈❛③✐❛✮

❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✸ ❆ á❧❣❡❜r❛ K〈X〉 é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠

✉♥✐❞❛❞❡✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ❡ h : X → A

✉♠❛ ❛♣❧✐❝❛çã♦ q✉❛❧q✉❡r ❝♦♠ h(xi) = ai✱ ♣❛r❛ i ∈ N✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦

❧✐♥❡❛r ϕh : K〈X〉 → A✱ t❛❧ q✉❡ ϕh(1) = 1A ❡ ϕh(xi1xi2 · · · xin) = ai1ai2 · · · ain ✳ P❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✷✱ t❡♠♦s q✉❡ ϕh é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡ ❛ ✉♥✐❝✐❞❛❞❡ s❡❣✉❡

❞♦ ❢❛t♦ ❞❡ ❡st❡♥❞❡r ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❡ s❛t✐s❢❛③❡r ϕh |X= h✳

▼✉♥✐❞♦ ❞❛s ❡str✉t✉r❛s ❛q✉✐ ❞❡✜♥✐❞❛s✱ ❞❡✜♥✐r❡♠♦s ❛❣♦r❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ ❞❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✸✳✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) ❡♠

K〈X〉 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❛ á❧❣❡❜r❛ A✱ s❡ f(a1, . . . , an) = 0 ♣❛r❛ q✉❛✐sq✉❡r

a1, . . . , an ∈ A✳ ◆❡st❡ ❝❛s♦✱ ❞❡♥♦t❛♠♦s ♣♦r f ≡ 0 ❡♠ A✳

❖❜s❡r✈❡ q✉❡ f = f(x1, . . . , xn) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A s❡✱ ❡ s♦♠❡♥t❡

s❡✱ f ♣❡rt❡♥❝❡ ❛♦ ♥ú❝❧❡♦ ❞❡ ❝❛❞❛ ❤♦♠♦♠♦r✜s♠♦ ❞❡ K〈X〉 ❡♠ A✳ ❈♦♠ ❡❢❡✐t♦✱ ❜❛st❛

t♦♠❛r♠♦s φh : K〈X〉 → A ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ♦❜t✐❞♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛

❧✐✈r❡ ♦ q✉❛❧ ❡st❡♥❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ h : X → A✱ ❞❛í

φh(f(x1, . . . , xn)) = f(φh(x1), . . . , φh(xn)) = f(h(x1), . . . , h(xn)),

s❡❣✉✐♥❞♦ ♦ ❞❡s❡❥❛❞♦✳

❉❡♥♦t❛♥❞♦ ♣♦r T (A) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A✱ t❡♠♦s

❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✸✳✺ ❉✐③❡♠♦s q✉❡ A é ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✱ ♦✉ ✉♠❛

P■✲á❧❣❡❜r❛✱ s❡ T (A) 6= {0}✱ ✐st♦ é✱ s❡ ❛ á❧❣❡❜r❛ ❛❞♠✐t❡ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥ã♦

♥✉❧❛✳
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❱❡❥❛♠♦s ❛❣♦r❛ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ P■✲á❧❣❡❜r❛s✳

❊①❡♠♣❧♦ ✶✳✸✳✻ ❙❡❥❛ A ✉♠ á❧❣❡❜r❛✱ ❡♥tã♦ f(x1, x2) = [x1, x2] = x1x2 − x2x1 é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A é ❝♦♠✉t❛t✐✈❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♥✲

❝❧✉í♠♦s q✉❡ t♦❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ é ✉♠❛ P■✲á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✸✳✼ ❖ ♣♦❧✐♥ô♠✐♦ f(x1, x2, x3) = [[x1, x2]
2, x3]✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣♦❧✐♥ô♠✐♦

❞❡ ❍❛❧❧✱ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ M2(K)✳ ❈♦♠ ❡❢❡✐t♦✱ s❡ A = [X, Y ], ❝♦♠

X, Y ∈ M2(K) q✉❛✐sq✉❡r✱ t❡♠♦s ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❝í❝❧✐❝❛ ❞♦ tr❛ç♦✱ ❡ ♣♦r ❡❧❡ s❡r ❧✐♥❡❛r✱

q✉❡ tr(A) = 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ é t❛❧ q✉❡

x2 − tr(A)x+ det(A)I2 = 0.

❙✉❜st✐t✉✐♥❞♦ x ♣♦r A✱ t❡♠♦s

A2 = −det(A)I2.

❆ss✐♠✱ A2 é ✉♠❛ ♠❛tr✐③ ❡s❝❛❧❛r✱ ❧♦❣♦ ❝♦♠✉t❛ ❝♦♠ q✉❛❧q✉❡r ♦✉tr❛ ♠❛tr✐③✳ ❖✉ s❡❥❛✱

[A2, Z] = 0 ⇒ [[X, Y ]2, Z] = 0,

♣❛r❛ t♦❞♦ Z ∈M2(K)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♥❝❧✉í♠♦s q✉❡ M2(K) é ✉♠❛ P■✲á❧❣❡❜r❛✳

❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A✱ T (A) é ❝❧❛r❛♠❡♥t❡ ✉♠❛ ✐❞❡❛❧ ❞❡ K〈X〉✳ ❆❧é♠ ❞✐ss♦✱ ♥♦t❡

q✉❡ ❞❛❞♦s f = f(x1, x2, . . . , xn) ∈ T (A)✱ ψ : K〈X〉 → A ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❛❧q✉❡r ❡

ϕ ∈ End(K〈X〉)✱ ❡♥tã♦ ψ ◦ ϕ : K〈X〉 → A é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❆ss✐♠✱

❝♦♠♦ f ≡ 0 ❡♠ A✱ t❡♠♦s f ∈ ker(ψ ◦ ϕ)✳ ❉❡st❡ ♠♦❞♦✱

ψ(ϕ(f)) = (ψ ◦ ϕ)(f) = 0 ⇒ ϕ(f) ∈ kerψ.

P♦rt❛♥t♦✱ ❞❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ ψ✱ s❡❣✉❡ q✉❡ ϕ(f) ∈ T (A)✳ ❖✉ s❡❥❛✱ T (A) é ❢❡❝❤❛❞♦

✭♦✉ ✐♥✈❛r✐❛♥t❡✮ ♣♦r ❡♥❞♦♠♦r✜s♠♦s ❞❡ K〈X〉✳ ■st♦ ♠♦t✐✈❛ ❛ ❞❡✜♥✐çã♦ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✶✳✸✳✽ ❯♠ ✐❞❡❛❧ I ❞❡ K〈X〉 é ❞✐t♦ s❡r ✉♠ T ✲✐❞❡❛❧ s❡ ♣❛r❛ t♦❞♦ ❡♥❞♦♠♦r✜s♠♦

φ ❞❡ K〈X〉✱ t❡♠♦s q✉❡ φ(I) ⊆ I✱ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ s❡ f(g1, . . . , gn) ∈ I ♣❛r❛

q✉❛✐sq✉❡r f(x1, . . . , xn) ∈ I ❡ g1, . . . , gn ∈ K〈X〉✳

P❡❧♦ q✉❡ ❝♦♠❡♥t❛♠♦s ❛♥t❡s ❞❛ ❞❡✜♥✐çã♦✱ T (A) é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✳ P♦r ♦✉tr♦

❧❛❞♦✱ é ❢á❝✐❧ ♠♦str❛r q✉❡ t♦❞♦s ♦s T ✲✐❞❡❛✐s ❞❡ K〈X〉 sã♦ ❞❡st❡ t✐♣♦✱ ♦✉ s❡❥❛✱ é ❝♦♥❥✉♥t♦

❞❡ ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ ✉♠❛ ❝❡rt❛ á❧❣❡❜r❛✳ ❈♦♠ ❡❢❡✐t♦✱ ❜❛st❛ t♦♠❛r B =
K〈X〉

I
✳ ❉❛❞♦

f = f(x1, . . . , xn) ∈ T (B)✱ t❡♠♦s

f(x1, . . . , xn) = f(x1, . . . , xn) = 0.



✷✼

❆ss✐♠✱ f ∈ I ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ T (B) ⊆ I✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❛♥❞♦ g(x1, . . . , xn) ∈ I

❡ g1, . . . , gn ∈ B. ❈♦♠♦ I é ✉♠ T ✲✐❞❡❛❧✱ t❡♠♦s g(g1, . . . , gn) ∈ I ❡✱ ❛ss✐♠✱

g(g1, . . . , gn) = g((g1, . . . , gn)) = 0.

❉❛í✱ g ∈ T (B) ❡ I ⊆ T (B)✳ ❚❡♠♦s ❡♥tã♦ ❛ ✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

❆ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ T ✲✐❞❡❛✐s ❛✐♥❞❛ é ✉♠ T ✲✐❞❡❛❧✳ P♦rt❛♥t♦✱

❞❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ S q✉❛❧q✉❡r ❞❡ K〈X〉✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ T ✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r

S✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r 〈S〉T ✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s T ✲✐❞❡✐❛s ❞❡

K〈X〉 q✉❡ ❝♦♥tê♠ S✳ ❆ss✐♠✱ 〈S〉T é ♦ ♠❡♥♦r T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❝♦♥t❡♥❞♦ S✳ ❙❡❥❛ A

✉♠❛ á❧❣❡❜r❛✱ ❞✐③❡♠♦s q✉❡ ♦ T ✲✐❞❡❛❧ T (A) é ❣❡r❛❞♦ ❝♦♠♦ T ✲✐❞❡❛❧ ♣❡❧♦ ❝♦♥❥✉♥t♦

{fi | i ∈ I} s❡ T (A) = 〈fi | i ∈ I〉T ✱ ❡ ❞✐③❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ {fi | i ∈ I} é ✉♠

❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ A✳ P♦r ✜♠✱ ❞✐③❡♠♦s q✉❡ g ∈ K〈X〉 é ❝♦♥s❡q✉ê♥❝✐❛

❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s {fi | i ∈ I} s❡ g ∈ 〈fi | i ∈ I〉T ✳

✶✳✸✳✷ ❱❛r✐❡❞❛❞❡s ❞❡ á❧❣❡❜r❛s

❙❛❜❡♠♦s q✉❡ ❝❛❞❛ á❧❣❡❜r❛ A ❞❡t❡r♠✐♥❛ ✉♠ T ✲✐❞❡❛❧ ❡♠ K〈X〉✱ ♠❛s ♣♦r ♦✉tr♦ ❧❛❞♦

♠✉✐t❛s á❧❣❡❜r❛s tê♠ ♦s ♠❡s♠♦s T ✲✐❞❡❛✐s ✭❝♦♠♦ ♦ ✐❞❡❛❧ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s✮✳ ➱ ❞❡ ❢á❝✐❧

✈❡r✐✜❝❛çã♦ q✉❡ s❡ ❝♦♥s✐❞❡r❛r♠♦s K ✉♠ ❝♦r♣♦ q✉❛❧q✉❡r ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ C ✉♠❛

á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ t❡♠✲s❡ T (C) = 〈[x1, x2]〉T ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ T (R) = T (C)✱ ♠❡s♠♦

R ❡ C s❡♥❞♦ R✲á❧❣❡❜r❛s ♥ã♦✲✐s♦♠♦r❢❛s✳ P❛r❛ ❞❡✐①❛r t❛❧ ❝♦♥❡①ã♦ ♠❛✐s ❝❧❛r❛✱ ♣r❡❝✐s❛♠♦s

t❡r ❛ ♥♦çã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s✳

P❛r❛ ♠♦t✐✈❛r ❛ ♥♦♠❡♥❝❧❛t✉r❛ ✉s❛❞❛✱ ✈❛♠♦s ❝♦♠♣r❡❡♥❞❡r ✉♠ ❝♦♥❝❡✐t♦ ❞❡ ❣❡♦✲

♠❡tr✐❛ ❛❧❣é❜r✐❝❛✳ ❉❛❞♦s K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ K[x1, x2, . . . , xn] ♦ ❛♥❡❧

❞❡ ♣♦❧✐♥ô♠✐♦s ❡♠ K ❝♦♠ n ✈❛r✐á✈❡✐s ❡ {fi}i=1,2,...,n ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❡♠

K[x1, x2, . . . , xn]✱ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ Kn ❢♦r♠❛❞♦ ♣♦r ♣♦♥t♦s q✉❡ ❛♥✉❧❛♠ t♦❞♦s ♦s

♣♦❧✐♥ô♠✐♦s ❞❡ {fi}i=1,2,...,n é ❞✐t♦✱ ♥♦ ❡st✉❞♦ ❞❡ ❣❡♦♠❡tr✐❛ ❛❧❣é❜r✐❝❛✱ ✉♠❛ ✈❛r✐❡❞❛❞❡

❛❧❣é❜r✐❝❛✳ ❊♠ sí♠❜♦❧♦s✿

V = {(x1, x2, . . . , xn) | fi(x1, x2, . . . , xn) = 0, ∀i = 1, 2, . . . , n} ⊆ Kn.

❇❛s❡❛❞♦ ♥❡st❡ ❝♦♥❝❡✐t♦✱ ♣♦❞❡♠♦s ✐♠❛❣✐♥❛r ❛❣♦r❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✈❛r✐❡❞❛❞❡s ❞❡ á❧❣❡❜r❛s✱

✈❡♥❞♦ ❛❣♦r❛ ❞❡♥tr♦ ❞♦ ❡st✉❞♦ ❞❡ PI✲t❡♦r✐❛✳



✷✽

❉❡✜♥✐çã♦ ✶✳✸✳✾ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ S ⊂ K〈X〉✱ ❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡✲

❜r❛s A t❛✐s q✉❡ f ≡ 0 ❡♠ A✱ ♣❛r❛ t♦❞♦ f ∈ S✱ é ❝❤❛♠❛❞❛ ❞❡ ✈❛r✐❡❞❛❞❡ V = V(S)

❞❡t❡r♠✐♥❛❞❛ ♣♦r S✳

❯♠❛ ✈❛r✐❡❞❛❞❡ V é ❝❤❛♠❛❞❛ ♥ã♦ tr✐✈✐❛❧ s❡ S 6= 0✳ ❆❧é♠ ❞✐ss♦✱ V é ♣ró♣r✐❛ s❡ é ♥ã♦✲

tr✐✈✐❛❧ ❡ ❝♦♥té♠ ✉♠❛ á❧❣❡❜r❛ ♥ã♦✲♥✉❧❛✳ ❉✐❛♥t❡ ❞❛ ❞❡✜♥✐çã♦✱ t❡♠♦s V(S) = V(T (S))

❡✱ ❞❛í✱ V é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣❡❧♦ T ✲✐❞❡❛❧✳ ❙❡ V é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛✱

❞❡✜♥✐♠♦s ♦ T ✲✐❞❡❛❧ ❞❛ ✈❛r✐❡❞❛❞❡ V ✱ ❞❡♥♦t❛❞♦ ♣♦r T (V)✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡

t♦❞♦s ♦s T ✲✐❞❡❛✐s T (A) ❝♦♠ A ∈ V ✳ ❆ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s ❞❡✜♥✐❞❛ ♣♦r T (V) é

❝❤❛♠❛❞❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣♦r V ✱ ❛ q✉❛❧ é ❛ ♣ró♣r✐❛ V ✱ ❡ ❞❡♥♦t❛❞❛ ♣♦r var(V)✳

❙❡ V = {A}✱ ❡♥tã♦ ❞❡♥♦t❛♠♦s var(V) s✐♠♣❧❡s♠❡♥t❡ ♣♦r var(A)✱ ❡st❛ é ❛ ✈❛r✐❡❞❛❞❡

❣❡r❛❞❛ ♣♦r T (A)✳ ❖❜s❡r✈❡ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r S é ✐❣✉❛❧ à ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛

♣♦r 〈S〉T ✳

❊①❡♠♣❧♦ ✶✳✸✳✶✵ ❆ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s ❢♦r♠❛♠ ✉♠❛ ✈❛r✐❡❞❛❞❡

♣ró♣r✐❛ ❝♦♠ S = {[x, y]}✳

❊①❡♠♣❧♦ ✶✳✸✳✶✶ ❙❡ S = {xn}✱ ❡♥tã♦ V(S) é ❛ ✈❛r✐❡❞❛❞❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s q✉❡ sã♦

♥✐❧ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦ ♣♦r n✳

❱❡r❡♠♦s ❛❣♦r❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡✱ ♦ q✉❛❧ ♥❛s❝❡ ❞♦ ♥♦ss♦

❞❡s❡❥♦ ❡♠ ❣❡♥❡r❛❧✐③❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛ ❧✐✈r❡✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✷ ❙❡❥❛ V ✉♠❛ ✈❛r✐❡❞❛❞❡✱ A ∈ V ✉♠❛ á❧❣❡❜r❛ ❡ Y ⊆ A ✉♠ s✉❜❝♦♥❥✉♥t♦

❞❡ A✳ ❉✐③❡♠♦s q✉❡ A é ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ V ✭❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝♦♥❥✉♥t♦

Y ✮✱ s❡ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛ B ∈ V ❡ ♣❛r❛ ❝❛❞❛ ❛♣❧✐❝❛çã♦ α : Y → B✱ ❡①✐st❡ ✉♠ ú♥✐❝♦

❤♦♠♦♠♦r✜s♠♦ β : A→ B ❡st❡♥❞❡♥❞♦ α✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ Y é ❝❤❛♠❛❞❛ ❞❡ ♣♦st♦ ❞❡

A✳

◗✉❛♥❞♦ V é ❛ ✈❛r✐❡❞❛❞❡ ♦❜t✐❞❛ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ ♥✉❧♦✱ t❡♠♦s✱ ❥✉st❛♠❡♥t❡✱ ❛ ❞❡✜♥✐✲

çã♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ Y ✳

❱❡r❡♠♦s ❛❣♦r❛ ✉♠ r❡s✉❧t❛❞♦ q✉❡ s❡rá ♠✉✐t♦ ✉t✐❧✐③❛❞♦ ♥❛ ❙❡çã♦ ✶✳✸✳✹✳

❚❡♦r❡♠❛ ✶✳✸✳✶✸ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✱ K〈X〉 ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ❡♠ X ❡

V ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠ ✐❞❡❛❧ ❝♦rr❡s♣♦♥❞❡♥t❡ T (V) ⊆ K〈X〉✳ ❊♥tã♦ K〈X〉/T (V) é ✉♠❛

á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ♥♦ ❝♦♥❥✉♥t♦ X = {x + T (V) | x ∈ X}✳ ❆❞❡♠❛✐s✱ q✉❛❧q✉❡r

❞✉❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❝♦♠ r❡s♣❡✐t♦ à V ❞❡ ♠❡s♠♦ ♣♦st♦ sã♦ ✐s♦♠♦r❢❛s✳



✷✾

❉❡♠♦♥str❛çã♦✿ ❉❛ ❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡✱ q✉❡r❡♠♦s ♠♦str❛r

q✉❡ ❞❛❞♦s B ∈ V ❡ α : X → B ✉♠❛ ❛♣❧✐❝❛çã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡

K〈X〉/T (V) ❡♠ B ❡st❡♥❞❡♥❞♦ A✳ ❈♦♠ ❡❢❡✐t♦✱ ♣❛r❛ ❝♦♥str✉✐r t❛❧ ❤♦♠♦♠♦r✜s♠♦✱ ✐♥✐❝✐✲

❡♠♦s ❞❡✜♥✐♥❞♦ ❛ ❛♣❧✐❝❛çã♦ β✱ ♦♥❞❡

β : X → B

x 7→ β(x) = α(x+ T (V)).

❈♦♠♦K〈X〉 é ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❡♠X✱ β ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ♣❛r❛ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦

β̄ : K〈X〉 → B.

❆❣♦r❛✱ ♥♦t❡ q✉❡ s❡ f ∈ T (V)✱ ❡♥tã♦ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ B✳ ❉❛í✱ β̄(f) = 0✱ ♦✉ s❡❥❛✱

T (V) ⊆ kerβ̄ ❡ α ❡st❡♥❞❡ ♣❛r❛ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❛❞♦ ♣♦r

β̄0 :
K〈X〉

T (V)
→ B

f̄ 7→ β̄0(f̄) = β̄(f).

P♦rt❛♥t♦✱
K〈X〉

T (V)
é ✉♠ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❡♠ X✳

P♦r ✜♠✱ ❝♦♥s✐❞❡r❡♠♦s F1, F2 ∈ V ❞✉❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❝♦♠ ♦ ♠❡s♠♦

♣♦st♦ ❡♠ X = {x1 | i ∈ I} ❡ Y = {yi | i ∈ I}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ F1 ❡ F2 sã♦

á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❝♦♠ r❡s♣❡✐t♦ ❛ V ✱ ❡①✐st❡♠ α1 : F1 → F2 ❡ α2 : F2 → F1

❤♦♠♦♠♦r✜s♠♦s✱ t❛✐s q✉❡

α1(xi) = yi ❡ α2(yi) = xi, ∀i ∈ I.

❉❡st❡ ♠♦❞♦✱ α1 ◦α2 ❡ α2 ◦α1 sã♦ ❛s ❛♣❧✐❝❛çõ❡s ✐❞❡♥t✐❞❛❞❡s ❡♠ Y ❡ X✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲♦❣♦✱ α1 ❡ α2 sã♦ ✐s♦♠♦r✜s♠♦s✱ ❡✱ ♣♦rt❛♥t♦✱ F1 ❡ F2 sã♦ ✐s♦♠♦r❢❛s✳

❚❡♦r❡♠❛ ✶✳✸✳✶✹ ❊①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ π ❡♥tr❡ ♦s T ✲✐❞❡❛✐s ❞❡ K〈X〉

❡ ❛s ✈❛r✐❡❞❛❞❡s ❞❡ á❧❣❡❜r❛s✳ ❆❞❡♠❛✐s✱ ♣❛r❛ ❝❛❞❛ ❞♦✐s T ✲✐❞❡❛✐s V1 ❡ V2✱ t❡♠♦s V1 ⊆ V2

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ π(V1) ⊇ π(V2).

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ ✉♠ T ✲✐❞❡❛❧ V ✱ ❞❡✜♥❛ V = π(V ) ❝♦♠♦ s❡♥❞♦ ❛ ✈❛r✐❡❞❛❞❡

❞❡t❡r♠✐♥❛❞❛ ♣♦r t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ♣❡rt❡♥❝❡♥t❡s ❛ V ✳ ❊ss❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ é s♦✲

❜r❡❥❡t♦r❛✱ ✉♠❛ ✈❡③ q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❱ ❝♦♠♦ ♦ ❚✲✐❞❡❛❧ ❛ss♦❝✐❛❞♦ à ✈❛r✐❡❞❛❞❡✳

❆❞❡♠❛✐s✱ s❡❥❛♠ V1 ❡ V2 T ✲✐❞❡❛✐s✱ t❛✐s q✉❡ V1 6= V2 ❡ π(Vi) = Vi✱ ♣❛r❛ i = 1, 2✳ ❊♥tã♦✱



✸✵

❡①✐st❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) ∈ V1\V2 ✭♦✉ ❡♠ V2\V1✮✳ ❉❛í✱ f(x1, . . . , xn) ≡ 0 ❡♠

V1✱ ♠❛s ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ F (V2) =
K〈X〉

V2
∈ V2✳ ❉❛í

V1 6= V2 ❡ π é ✉♠❛ ❜✐❥❡çã♦✳

❈❧❛r❛♠❡♥t❡✱ V1 ⊃ V2 s❡✱ ❡ só s❡✱ t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ V1 é s❛t✐s❢❡✐t❛

t❛♠❜é♠ ♣♦r V2✱ ✐st♦ é✱ T (V1) ⊂ T (V2).

❚❛♠❜é♠ ♥♦s r❡❢❡r✐♠♦s ❛ K〈X〉/T (V) ❝♦♠♦ ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❛ ✈❛✲

r✐❡❞❛❞❡ V ❞❡ ♣♦st♦ |X|✳

✶✳✸✳✸ P♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s ❡ ♠✉❧t✐❧✐♥❡❛r❡s

❊st✉❞❛r❡♠♦s ❛❣♦r❛ ❛❧❣✉♥s t✐♣♦s ❞❡ ♣♦❧✐♥ô♠✐♦s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥♦ ❞❡❝♦rr❡r

❞❡st❡ tr❛❜❛❧❤♦✳ ❈♦♠♦ ✈❡r❡♠♦s ♥❡st❛ s✉❜s❡çã♦✱ ❞❛❞♦ q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉✱

♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ❝♦♠♦ s♦♠❛ ❞❡ ♦✉tr♦s ♣♦❧✐♥ô♠✐♦s ❡s♣❡❝í✜❝♦s✳ ❚❛❧ ❢❛t♦ é ✐♠♣♦rt❛♥t❡

✉♠❛ ✈❡③ q✉❡✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ♦ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ ❞❛❞❛ á❧❣❡❜r❛

♣♦❞❡ s❡r r❡❞✉③✐❞♦ ❛♦ ❡st✉❞♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❞❡✜♥✐r❡♠♦s ♦

❣r❛✉ ❞❡ ✉♠ ♠♦♥ô♠✐♦ ❡ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠❛ ✐♥❞❡t❡r♠✐♥❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✺ ❉❛❞♦ m ∈ K〈X〉 ✉♠ ♠♦♥ô♠✐♦✱ f ∈ K〈X〉 ✉♠ ♣♦❧✐♥ô♠✐♦ ❡ xi ∈ X✳

❉❡✜♥✐♠♦s ♦ ❣r❛✉ ❞❡ m ❡♠ xi✱ ❞❡♥♦t❛❞♦ ♣♦r degxim✱ ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s

❡♠ q✉❡ xi ❛♣❛r❡❝❡ ❡♠ m ❡ ❞❡✜♥✐♠♦s ♦ ❣r❛✉ ❞❡ f ❡♠ xi✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r degxif ✱

❝♦♠♦ s❡♥❞♦ ♦ ♠❛✐♦r ❣r❛✉ ❡♠ xi ❞♦s ♠♦♥ô♠✐♦s q✉❡ ❢♦r♠❛♠ f ✳

▼✉♥✐❞♦s ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ♣♦❞❡♠♦s ❛❣♦r❛ ❞❡✜♥✐r ♦s t✐♣♦s ❞❡ ♣♦❧✐♥ô♠✐♦s q✉❡

tr❛❜❛❧❤❛r❡♠♦s✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✻ ❛✮ ❯♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) ∈ K〈X〉 é ❞✐t♦ ❤♦♠♦❣ê♥❡♦ ❡♠

✉♠❛ ✐♥❞❡t❡r♠✐♥❛❞❛ xi q✉❛♥❞♦ t♦❞♦s ♦s s❡✉s ♠♦♥ô♠✐♦s tê♠ ♦ ♠❡s♠♦ ❣r❛✉ ❡♠

xi✳❀

❜✮ ❯♠ ♣♦❧✐♥ô♠✐♦ f é ❞✐t♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ s❡ é ❤♦♠♦❣ê♥❡♦ ❡♠ t♦❞❛s ❛s s✉❛s ✐♥✲

❞❡t❡r♠✐♥❛❞❛s❀

❝✮ ❯♠ ♣♦❧✐♥ô♠✐♦ f é ❞✐t♦ ♠✉❧t✐❧✐♥❡❛r q✉❛♥❞♦ ❢♦r ❧✐♥❡❛r ❡♠ t♦❞❛s ❛s s✉❛s ✐♥❞❡t❡r✲

♠✐♥❛❞❛s✱ ✐st♦ é✱ q✉❛♥❞♦ ❝❛❞❛ ✐♥❞❡t❡r♠✐♥❛❞❛ t✐✈❡r ❣r❛✉ 1 ❡♠ ❝❛❞❛ ♠♦♥ô♠✐♦ ❞❡

f ✳

❉❡♥♦t❛♥❞♦ ♣♦r Sn ♦ ❣r✉♣♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❡ {1, 2, . . . , n}✱ s❡ f é ♠✉❧t✐❧✐♥❡❛r✱

❡♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ❞❛ ❢♦r♠❛

f =
∑

σ∈Sn

ασxσ(1)xσ(2) · · · xσ(n)✱ ❝♦♠ ασ ∈ K.



✸✶

❊①❡♠♣❧♦ ✶✳✸✳✶✼ ❖ ♣♦❧✐♥ô♠✐♦ f(x1, x2, x3, x4) = x1x
2
2 + x2x3x2x4x1 + x3x1x3x

2
2 é ❤♦✲

♠♦❣ê♥❡♦ ❡♠ x2 ❡ ❡♠ x1✱ ♠❛s ♥ã♦ é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✱ ♥❡♠ t❛♠❜é♠ ♠✉❧t✐❧✐♥❡❛r✳

❊①❡♠♣❧♦ ✶✳✸✳✶✽ ❖ ♣♦❧✐♥ô♠✐♦ f(x1, x2) = [x1, x2] = x1x2 − x2x1 é ♠✉❧t✐❧✐♥❡❛r✳

❆❣♦r❛✱ ❞❡✜♥✐r❡♠♦s ✉♠ t✐♣♦ ❡s♣❡❝✐❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦ q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ❡♠ ♥♦ss♦

tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✾ ❙❡❥❛ f(x1, . . . , xn, y1, . . . , yt) ✉♠ ♣♦❧✐♥ô♠✐♦ ❧✐♥❡❛r ♥❛s n ♣r✐♠❡✐r❛s

✈❛r✐á✈❡✐s✳ ❉✐③❡♠♦s q✉❡ f é ❛❧t❡r♥❛♥t❡ ♥❛s n ♣r✐♠❡✐r❛s ✈❛r✐á✈❡✐s s❡ ♣❛r❛ q✉❛✐sq✉❡r

1 ≤ i < j ≤ n ♦ ♣♦❧✐♥ô♠✐♦ f s❡ ❛♥✉❧❛ q✉❛♥❞♦ s✉❜st✐t✉í♠♦s xi ♣♦r xj✳ ❉✐③❡♠♦s q✉❡ f

é ❛❧t❡r♥❛♥t❡ s❡ ❡❧❡ é ❛❧t❡r♥❛♥t❡ ❡♠ t♦❞❛s ❛s ✈❛r✐á✈❡✐s✳

❊①❡♠♣❧♦ ✶✳✸✳✷✵ ❖ ♣♦❧✐♥ô♠✐♦

Stn(x1, . . . , xn) =
∑

σ∈Sn

(−1)σxσ(1)xσ(2) · · · xσ(n)

♦♥❞❡ (−1)σ ❞❡♥♦t❛ ♦ s✐♥❛❧ ❞❛ ♣❡r♠✉t❛çã♦ σ ∈ Sn✱ é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❡ ❛❧t❡r✲

♥❛♥t❡✱ ❝❤❛♠❛❞♦ ❞❡ P♦❧✐♥ô♠✐♦ ❙t❛♥❞❛r❞ ❞❡ ❣r❛✉ n✳ ❊♠ ❬✶✽✱ ♣á❣✳ ✶✽❪✱ ❡♥❝♦♥tr❛♠♦s

❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r✲▲❡✈✐t③❦✐ ♦ q✉❛❧ ♥♦s ❣❛r❛♥t❡ q✉❡ ♣❛r❛ ❝❛❞❛

n ∈ N✱ ♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ St2n é ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♠❡♥♦r ❣r❛✉ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❞❛rá ✉♠ ❝r✐tér✐♦ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ✉♠ ❞❛❞♦ ♣♦❧✐♥ô♠✐♦

♠✉❧t✐❧✐♥❡❛r é ✐❞❡♥t✐❞❛❞❡ ♦✉ ♥ã♦ ♣❛r❛ ✉♠ ❞❡t❡r♠✐♥❛❞❛ á❧❣❡❜r❛✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✶ ❈♦♥s✐❞❡r❡ A ✉♠❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r β✱ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

❙❡ f(u1, u2, . . . , un) = 0✱ ❝♦♠ f ♠✉❧t✐❧✐♥❡❛r✱ ♣❛r❛ q✉❛✐sq✉❡r u1, u2, . . . , un ∈ β✱ ❡♥tã♦

f ∈ T (A)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠ ❡❢❡✐t♦✱ ❞❛❞♦s a1, . . . , an ∈ A✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

aj =
∑

αjiui, ui ∈ β.

❆ss✐♠✱ ❝♦♠♦ f = f(x1, . . . , xn) é ❧✐♥❡❛r ❡♠ ❝❛❞❛ ✈❛r✐á✈❡❧✱ s❡❣✉❡ q✉❡

f(a1, . . . , an) =
∑

α1i1 · · ·αninf(ui1 , . . . , uin) = 0.

❈♦♥❝❧✉í♠♦s q✉❡ ♣❛r❛ ✈❡r✐✜❝❛r q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦✲

❧✐♥♦♠✐❛❧ ♣❛r❛ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ á❧❣❡❜r❛✱ ❜❛st❛ q✉❡ ♦ ♠❡s♠♦ s❡ ❛♥✉❧❡ ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s



✸✷

❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❛ ♠❡s♠❛✱ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s

❝♦♥s✐❞❡r❛r ❛ s✉❛ ❜❛s❡✳

❉❛❞♦ f(x1, . . . , xn) ∈ K〈X〉✱ ❢❛❝✐❧♠❡♥t❡ ✈❡♠♦s q✉❡ ♣♦❞❡♠♦s s❡♠♣r❡ ❡s❝r❡✈❡r

f =
∑

i1≥0,...,in≥0

f (i1,...,in)

♦♥❞❡ f (i1,...,in) é ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❡♠ f ♦♥❞❡ x1, . . . , xn t❡♠ ❣r❛✉ i1, . . . , in✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ♣♦❧✐♥ô♠✐♦s f (i1,...,in) q✉❡ sã♦ ♥ã♦✲♥✉❧♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦♠♣♦✲

♥❡♥t❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s ❞❡ f ✳ ❆ss✐♠✱ t♦❞♦ ♣♦❧✐♥ô♠✐♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ s♦♠❛

❞❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✳

❊①❡♠♣❧♦ ✶✳✸✳✷✷ ❈♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦

f(x1, x2, x3) = x1x2 + 3x1x3 − 2x2x3 + 4x1x2x3x1 + x22x1x3 − x2x1.

◆♦t❡ q✉❡ t❡♠♦s ❛s s❡❣✉✐♥t❡s ❝♦♠♣♦♥❡♥t❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s ❡♠ f ✿

• f (1,1,0) = x1x2 − x2x1❀

• f (1,0,1) = x1x3❀

• f (0,1,1) = −2x2x3❀

• f (1,2,1) = 4x1x2x3x1 + x22x1x3✳

❊✱ t❡♠♦s✿

f = f (1,1,0) + f (1,0,1) + f (0,1,1) + f (1,2,1).

❚❡♦r❡♠❛ ✶✳✸✳✷✸ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✳ ❙❡ f ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

♣❛r❛ ❛ á❧❣❡❜r❛ A✱ ❡♥tã♦ t♦❞❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡❛ ❞❡ f é t❛♠❜é♠ ✉♠ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✽✱ ♣á❣ ✻✱ ❚❤❡♦r❡♠ ✶✳✸✳✷❪✳

❚❡♦r❡♠❛ ✶✳✸✳✷✹ ❙❡ charK = 0✱ t♦❞♦ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦ f ∈ K〈X〉 é ❡q✉✐✈❛❧❡♥t❡ ❛♦

❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✽✱ ♣á❣ ✼✱ ❚❤❡♦r❡♠ ✶✳✸✳✽❪✳
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❖❜s❡r✈❛çã♦ ✶✳✸✳✷✺ ✭Pr♦❝❡ss♦ ❞❡ ▼✉❧t✐❧✐♥❡❛r✐③❛çã♦✮ ❉❛❞♦s ✉♠❛ á❧❣❡❜r❛ A ❡ ✉♠

♣♦❧✐♥ô♠✐♦ f q✉❡ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r q✉❡ é

t❛♠❜é♠ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A ❡ t❡♠ ❣r❛✉ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❞♦ q✉❡ ♦ ❣r❛✉ ❞❡ f ✳

❈♦♠ ❡❢❡✐t♦✱ s❡♥❞♦ f = f(x1, . . . , xn)✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦

g(y1, y2, x2, . . . , xn) := f(y1 + y2, x2, . . . , xn)− f(y1, x2, . . . , xn)− f(y2, x2, . . . , xn).

❈♦♠♦ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✱ s❡❣✉❡ q✉❡ g t❛♠❜é♠ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A ❝♦♠

♦ ❣r❛✉ t♦t❛❧ ✐❣✉❛❧✱ ♠❛s ♦ ❣r❛✉ ❡♠ y1 ❡ y2 ♠❡♥♦r ✐❣✉❛❧ ❞♦ q✉❡ f ❡♠ x1✳ ◆♦t❡ q✉❡ s❡ ❡♠

g ♦ ❣r❛✉ ❞❡ x1 é 1✱ ♥ã♦ ❤á ♠❛✐s ♦ q✉❡ ❢❛③❡r✳ ❈❛s♦ ♦ ❣r❛✉ ❞❡ x1 s❡❥❛ ♠❛✐♦r ♦✉ ✐❣✉❛❧

q✉❡ 2 ♥❡ss❛ ♣❛r❝❡❧❛✱ ❜❛st❛ r❡❛❧✐③❛r ❡ss❡ ♣r♦❝❡ss♦ ♠❛✐s ✈❡③❡s ❛té ♦❜t❡r ❣r❛✉ 1✳ ❋❛③❡♥❞♦

❡ss❡ ♣r♦❝❡ss♦ ❡♠ ❝❛❞❛ ✈❛r✐á✈❡❧ ❡ ♣❛r❛♥❞♦ q✉❛♥❞♦ ♦❜t❡r♠♦s ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r✱

♦❜t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳ ❚❛❧ ❛❧❣♦r✐t♠♦ é ❡✜❝✐❡♥t❡ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r

q✉❡ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ f ✳

❱❡❥❛♠♦s ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ✐❧✉str❛r ❡ss❡ ♣r♦❝❡ss♦✳

❊①❡♠♣❧♦ ✶✳✸✳✷✻ ❈♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦ f(x1, x2) = x21x2 + x2x1x2✱ ♦ q✉❛❧ s❡❥❛

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ A✳ ❆♣❧✐❝❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❞❡ ♠✉❧t✐❧✐♥❡❛r✐③❛çã♦✱ t❡♠♦s✿

g(y1 + y2, x2) = f(y1 + y2, x2)− f(y1, x2)− f(y2, x2)

= (y1 + y2)
2x2 + x2(y1 + y2)x2 − y21x2 − x2y1x2 − y22x2 − x2y2x2

= y1y2x2 + y2y1x2.

❉❛í✱ g é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ♣❛r❛ ❡ss❛ á❧❣❡❜r❛✳

✶✳✸✳✹ ❊❧❡♠❡♥t♦s ❣❡♥ér✐❝♦s ❡ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s

❙❡ A é ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ♥ós ♦❜t❡♠♦s ✉♠❛ ♥♦✈❛ á❧❣❡❜r❛ s♦❜r❡ K

❛♦ ❡st❡♥❞❡r♠♦s ♦s ❡s❝❛❧❛r❡s✱ ❛ q✉❛❧ t❡♠ s✉❛s ✐❞❡♥t✐❞❛❞❡s s❛t✐s❢❡✐t❛s ♣♦r A✳ ❊♠ ❣❡r❛❧✱

❡ss❛ á❧❣❡❜r❛ ✏♠❛✐♦r✑ t❡♠ ✉♠ T ✲✐❞❡❛❧ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞✐❢❡r❡♥t❡✱ ♥♦ ❡♥t❛♥t♦✱ ✈❡r❡♠♦s q✉❡

✐ss♦ ♦❝♦rr❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ q✉❛♥❞♦ K é ✜♥✐t♦✳

❙❡❥❛ C ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ s♦❜r❡ K ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛

A ⊗ C✳ ❆❧❣✉♠❛s ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A ❛✐♥❞❛ ♣♦❞❡♠ ♣❡r♠❛♥❡❝❡r s❡♥❞♦

✐❞❡♥t✐❞❛❞❡s ❡♠ A⊗ C✳ ◆❡st❡ ❝❛s♦✱ t❛✐s ✐❞❡♥t✐❞❛❞❡s r❡❝❡❜❡♠ ✉♠ ♥♦♠❡ ❡s♣❡❝✐❛❧✳

❉❡✜♥✐çã♦ ✶✳✸✳✷✼ ❙❡❥❛ f ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ A✳ ◆ós ❞✐③❡♠♦s q✉❡ f é

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❡stá✈❡❧ ♣❛r❛ A s❡✱ ♣❛r❛ t♦❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ C✱ f é t❛♠❜é♠ ✉♠❛

✐❞❡♥t✐❞❛❞❡ ❞❡ A⊗ C✳
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➱ ❝❧❛r♦ q✉❡ s❡ K é ✉♠ ❝♦r♣♦ ✜♥✐t♦✱ ♥❡♠ t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ K é ❡stá✈❡❧✱ ❜❛st❛

✈❡r♠♦s q✉❡ s❡ |K| = n✱ ❡♥tã♦ xn−x = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛K✱ ♠❛s ♥ã♦ é ✐❞❡♥t✐❞❛❞❡

❡♠ q✉❛❧q✉❡r ❝♦r♣♦ q✉❡ s❡❥❛ ❡①t❡♥sã♦ ♣ró♣r✐❛ ❞❡ K✳ ❇❛st❛ t♦♠❛r C ✉♠❛ ❡①t❡♥sã♦ ❞♦

❝♦r♣♦ K ❝♦♠ ♦r❞❡♠ ♠❛✐♦r ❞♦ q✉❡ K✱ ❧♦❣♦ cn 6= c✱ ♣❛r❛ t♦❞♦ c ∈ C✳ ❡ ♦❜s❡r✈❛r q✉❡

♣❛r❛ a ∈ A ♥ã♦ ♥✉❧♦✱

f(a⊗ c) = (a⊗ c)n − (a⊗ c) = an ⊗ cn − a⊗ c = a⊗ cn − a⊗ c = a⊗ (cn − c).

P♦rt❛♥t♦✱ f ♥ã♦ é ❡stá✈❡❧✳

❱❛♠♦s ❛❣♦r❛ ♠♦str❛r q✉❡ ♣❛r❛ á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s✱ t♦❞❛s ❛s ✐❞❡♥t✐❞❛✲

❞❡s sã♦ ❡stá✈❡✐s✳

▲❡♠❛ ✶✳✸✳✷✽ ❙❡ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❡ A é ✉♠❛ K✲á❧❣❡❜r❛✱ ❡♥tã♦ t♦❞❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ❞❡ A é ❡stá✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✽✱ ▲❡♠♠❛ ✶✳✹✳✷✱ ♣á❣✳ ✶✵❪

❙❡❥❛ A ✉♠ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ n s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K✳ ❈♦♥s✐❞❡r❛♥❞♦

{u1, . . . , un} ✉♠❛ ❜❛s❡ ❞❡ A s♦❜r❡ K✱ t♦♠❡♠♦s ξiα✱ ❝♦♠ i ≥ 1, 1 ≤ α ≤ n✱ ✐♥❞❡t❡r♠✐✲

♥❛❞❛s ❝♦♠✉t❛t✐✈❛s ❡ ❝♦♥s✐❞❡r❡ K[ξiα | i ≥ 1, 1 ≤ α ≤ n] ❛ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s s♦❜r❡

K ♥❡ss❛s ✐♥❞❡t❡r♠✐♥❛❞❛s✳ ❉❛í✱ t♦♠❡ B = A⊗K[ξiα]✳

❉❡✜♥✐çã♦ ✶✳✸✳✷✾ ❖s ❡❧❡♠❡♥t♦s

ξi =
n∑

α=1

uα ⊗ ξiα, i = 1, 2, . . .

sã♦ ❝❤❛♠❛❞♦s ❡❧❡♠❡♥t♦s ❣❡♥ér✐❝♦s ❞❡ A✳ ❆ s✉❜á❧❣❡❜r❛ Ã ❞❡ B ❣❡r❛❞❛ ♣♦r ξ1, ξ2, . . .

s♦❜r❡ K é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❞♦s ❡❧❡♠❡♥t♦s ❣❡♥ér✐❝♦s ❞❡ A✳

❚❡♦r❡♠❛ ✶✳✸✳✸✵ ❙❡ K é ✐♥✜♥✐t♦✱ ❛ á❧❣❡❜r❛ Ã é ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡

♣♦st♦ ❡♥✉♠❡rá✈❡❧ ♥❛ ✈❛r✐❡❞❛❞❡ var(A)✱ ✐st♦ é✱ Ã ≃ K〈X〉/T (A)✱ ♦♥❞❡ X é ❡♥✉♠❡rá✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ X = {x1, x2, . . .} ❡ ψ : K〈X〉 → Ã ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦

♣❡❧❛ ❛♣❧✐❝❛çã♦ xi 7→ ξi, i = 1, 2, . . .✳ ❉❡✈❡♠♦s ♣r♦✈❛r q✉❡ kerψ = T (A)✳ ❖r❛✱ ♠❛s

♣❡❧♦ ▲❡♠❛ ✶✳✸✳✷✽✱ T (A ⊗ K[ξij]) = T (A)✱ ❞♦♥❞❡ T (A) ⊆ kerψ✳ ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛

q✉❡ g = g(x1, . . . , xn) ∈ kerψ✱ ♦✉ s❡❥❛✱ g(ξ1, . . . , ξn) = 0 ❡♠ Ã ❡ s❡❥❛♠ a1, . . . , an ∈ A

❛r❜✐trár✐♦s✳ ❈♦♠♦ {u1, . . . , um} é ❜❛s❡ ❞❡ A✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❝❛❞❛ ai ❞❛ ❢♦r♠❛

ai =
m∑

j=1

λijuj,



✸✺

♦♥❞❡ λi1, . . . , λ
i
m ∈ K✳ ❈♦♠♦ K[ξij] é ❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❧✐✈r❡ ❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧✱

❛ ❛♣❧✐❝❛çã♦ ξij 7→ λij é ❡st❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ K[ξij] → K✳ ❉❛í✱ ❞❡✈✐❞♦ ❛

♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ♣❛r❛ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ ❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♣♦r ξij 7→ λij✱ ❝♦♠

1 ≤ i ≤, 1 ≤ j ≤ m✱ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : A⊗K[ξij] → A ❞❛❞♦

♣♦r ϕ(ξi) = ai✱ ❝♦♠ 1 ≤ i ≤ n✳ ❉❛í✱

0 = ϕ(g(ξi, . . . , ξn)) = g(ϕ(ξ1), . . . , ϕ(ξn)) = g(a1, . . . , an).

❈♦♠♦ a1, . . . , an sã♦ ❡❧❡♠❡♥t♦s ❛r❜✐trár✐♦s ❞❡ A✱ g(x1, . . . , xn) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛

A ❡✱ ♣♦rt❛♥t♦✱ kerψ = Id(A)✳

❯♠ ❝❛s♦ ❡s♣❡❝✐❛❧ é q✉❛♥❞♦ A =Mn(K) é ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡

K✳ ◆❡st❡ ❝❛s♦✱ t♦♠❛♥❞♦ ❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s Eαβ ❝♦♠♦ ✉♠❛ ❜❛s❡ ❞❡ Mn(K)✱ ♥ós

t❡♠♦s ❛ á❧❣❡❜r❛ ♣♦❧✐♥♦♠✐❛❧ ∆ = K[ξiαβ] ♥❛s ✈❛r✐á✈❡✐s ξ
i
αβ✱ i ≥ 1✱ 1 ≤ α, β ≤ n✳ ❊♥tã♦

Mn(K)⊗∆ ≃Mk(∆) ❡Xi =
∑n

α,β=1 ξ
i
αβEαβ é ❛ ♠❛tr✐③ ❝♦♠ ❡♥tr❛❞❛s ξiαβ✳ ❖s ❡❧❡♠❡♥t♦s

Xi sã♦ ❝❤❛♠❛❞♦s ❞❡ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❞❡ ♦r❞❡♠ n ❡✱ s❡♥❞♦ X = {X1, X2, . . .}✱ t❡♠♦s

❛ á❧❣❡❜r❛ K〈X 〉 ❝❤❛♠❛❞❛ ❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s s♦❜r❡ K✳ ❯t✐❧✐③❛♥❞♦ ✐ss♦

❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✳✸✵ t❡♠♦s ♦ s❡❣✉✐♥t❡✿

❈♦r♦❧ár✐♦ ✶✳✸✳✸✶ ❆ á❧❣❡❜r❛ K〈X 〉 ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❞❡ ♦r❞❡♠ n s♦❜r❡ ✉♠ ❝♦r♣♦

✐♥✜♥✐t♦ K é ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧ ♥❛ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣♦r

Mn(K)✳

❉❛í✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ✉♠❛ ❞❛❞❛ ✐❞❡♥t✐❞❛❞❡ é s❛t✐s❢❡✐t❛ ♣❡❧❛ á❧❣❡❜r❛

❞❡ ♠❛tr✐③❡s✱ ❜❛st❛ ✈❡r✐✜❝❛r ♣❛r❛ ❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ✭✐st♦ é✱ ✉t✐❧✐③❛r ✈❛r✐á✈❡✐s ❡♠ s✉❛s

❡♥tr❛❞❛s✮✳ ■st♦ ❥✉st✐✜❝❛ ♦ ✉s♦ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ♥♦ ❈❛♣ít✉❧♦ ✸✳

✶✳✹ ■❞❡♥t✐❞❛❞❡s ❞❡ ◆❡✇t♦♥

◆❡st❛ s❡çã♦✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ✉♠❛ ♠❛tr✐③ ♣♦❞❡ s❡r

❡s❝r✐t♦ ❡♠ ❢✉♥çã♦ ❞♦ s❡✉ tr❛ç♦✳ P❛r❛ ✐st♦✱ ✐r❡♠♦s ♣r♦✈❛r ❛s ❝♦♥❤❡❝✐❞❛s ■❞❡♥t✐❞❛❞❡s ❞❡

◆❡✇t♦♥✳

❈♦♥s✐❞❡r❡♠♦s K[t] = K[t1, . . . , tn] ❛ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ♥❛s ✐♥❞❡t❡r♠✐♥❛❞❛s

❝♦♠✉t❛t✐✈❛s t1, . . . , tn✳ ◆❡st❡ ❝❛s♦✱ ❝❛❞❛ ♣❡r♠✉t❛çã♦ σ ∈ Sn✱ ❞❡t❡r♠✐♥❛ ✉♠ ❛✉t♦♠♦r✲

✜s♠♦✱ ❞❡♥♦t❛❞♦ ♣♦r σ✱ ❞❛❞♦ ♣♦r σ(ti) = tσ(i)✱ ♣❛r❛ ❝❛❞❛ 1 ≤ i ≤ n✳



✸✻

❉❡✜♥✐çã♦ ✶✳✹✳✶ ❖s ♣♦❧✐♥ô♠✐♦s

ek = ek(t1, . . . , tn) =
∑

1≤t1≤...≤tk≤n

ti1 · · · ttk ,

❝♦♠ 1 ≤ k ≤ n sã♦ ❝❤❛♠❛❞♦s ♣♦❧✐♥ô♠✐♦s s✐♠étr✐❝♦s ❡❧❡♠❡♥t❛r❡s✳ ❆❧é♠ ❞✐ss♦✱

pk = pk(t1, . . . , tn) = tk1 + · · ·+ tkn

s❡rã♦ ❝❤❛♠❛❞♦s ♣♦❧✐♥ô♠✐♦s ♣♦tê♥❝✐❛ s✐♠étr✐❝♦s✳

❆ ♣❡r❣✉♥t❛ ♥❛t✉r❛❧ q✉❡ ♣♦❞❡♠♦s ❢❛③❡r ❞✐❛♥t❡ ❞❡st❡s ❞♦✐s t✐♣♦s ♣♦❧✐♥ô♠✐♦s ❛❝✐♠❛

❞❡✜♥✐❞♦s é s❡ ❡①✐st❡ r❡❧❛çã♦ ❡♥tr❡ ❡❧❡s✳ ❆ r❡s♣♦st❛ é ♣♦s✐t✐✈❛ ❡ é ✐st♦ q✉❡ ♥♦s ❞✐③ ❛s

■❞❡♥t✐❞❛❞❡s ❞❡ ◆❡✇t♦♥✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✷ ✭■❞❡♥t✐❞❛❞❡s ❞❡ ◆❡✇t♦♥✮ P❛r❛ ❝❛❞❛ k = 1, . . . , n t❡♠♦s

kek =
k∑

r=1

(−1)r−1prek−r,

❝♦♠ e0 = 1✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ x ✉♠❛ ✈❛r✐á✈❡❧ q✉❛❧q✉❡r ❡ ❛ss✐♠ ❝❛❧❝✉❧❛r❡♠♦s ❛ sér✐❡ ❞❡ ♣♦✲

tê♥❝✐❛ ❢♦r♠❛❧

∑

r≥1

(−1)r−1prx
r−1 =

n∑

i=1

∑

r≥1

(−1)r−1trix
r−1

=
n∑

i=1

ti
1 + tix

=
n∑

i=1

d

dx
log(1 + tix)

=
d

dx
log(

n∏

i=1

(1 + tix))

=
d

dx
log

(
n∑

k=0

ekx
k

)

=
(
∑n

k=1 kekx
k−1)

(
∑n

k=0 ekx
k)

.

❆ss✐♠✱
(∑

r≥1

(−1)r−1prx
r−1
)
·
( n∑

k=0

ekx
k
)
=
( n∑

k=1

kekx
k−1
)
.



✸✼

❈♦♠♣❛r❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ xk−1 ❡♠ ❛♠❜♦s ♦s ♠❡♠❜r♦s✱ ♣❛r❛ k = 1, . . . , n✱ t❡♠♦s

♦ r❡s✉❧t❛❞♦✳

❈♦♥s✐❞❡r❡ C ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❡ Mn(C) ≃ Mn(K) ⊗ C ❛ á❧❣❡❜r❛ ❞❛s

♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ❝♦♠ ❡♥tr❛❞❛s ❡♠ C✳ P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❡♠ Mn(C) ❛ ❢✉♥çã♦

tr❛ç♦ ✉s✉❛❧ tr : Mn(C) → C✱ ♦✉ s❡❥❛✱ s♦♠❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✳

❖❜t❡♠♦s✱ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✿

❈♦r♦❧ár✐♦ ✶✳✹✳✸ ❙❡❥❛ C ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ s♦❜r❡ K✱ ♦♥❞❡ K é ✉♠❛ ❝♦r♣♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡ A ∈Mn(C)✳ ❙❡

fA(x) = det(xIn − A) =
n∑

i=0

αix
n−i

é ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❛ ♠❛tr✐③ A✱ ❡♥tã♦ ♣❛r❛ q✉❛✐sq✉❡r N = 1, . . . , n✱ t❡♠♦s

αN =
∑

λ⊢N

qλtr(A
λ1) · · · tr(Aλr),

♦♥❞❡ qλ ∈ K sã♦ ❡s❝❛❧❛r❡s q✉❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ❡s❝♦❧❤❛ ❞❛ ♠❛tr✐③ A✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ C é ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡✳

❊♥tã♦✱ s❡♥❞♦ A ∈ Mn(F )✱ ♦♥❞❡ F é ♦ ❝♦r♣♦ ❞❡ ❢r❛çõ❡s ❞❡ C✱ t♦♠❡ ǫ1, . . . , ǫn ♦s s❡✉s

❛✉t♦✈❛❧♦r❡s ❡♠ ❛❧❣✉♠❛ ❡①t❡♥sã♦ ❞❡ F ✱ t❡♠♦s q✉❡

fA(x) = (x− ǫ1) · · · (x− ǫn) =
n∑

i=0

(−1)iei(ǫ1, . . . , ǫn)x
n−i,

♦♥❞❡ ei(ǫ1, . . . , ǫn) é ❛ ❢✉♥çã♦ s✐♠étr✐❝❛ ❡❧❡♠❡♥t❛r ❛✈❛❧✐❛❞❛ ❡♠ ǫ1, . . . , ǫn✳ ❚❛♠❜é♠✱ ♣❛r❛

t♦❞♦ j = 1, . . . , n✱ ♦♥❞❡ ǫj1, . . . , ǫ
j
n sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ Aj✱ pj(ǫ1, . . . , ǫn) = tr(Aj)✱ é

❛ s♦♠❛ pj ❛✈❛❧✐❛❞❛ ❡♠ ǫ1, . . . , ǫn✳ ❆ ❝♦♥❝❧✉sã♦ ❞♦ ❝♦r♦❧ár✐♦ ♣❛r❛ ❡st❡ ❝❛s♦ s❡❣✉❡ ❞❛s

✐❞❡♥t✐❞❛❞❡s ❞❡ ◆❡✇t♦♥✱ ❛♣❧✐❝❛♥❞♦✲❛s ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ✈❡③❡s✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ B = K[Y ] ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❛s

á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s s♦❜r❡ K ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ Y ✱ ❛ q✉❛❧ é ✉♠ ❞♦♠í♥✐♦✳

❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦

α : Y → C

yi 7→ α(yi) = bi

s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦

ϕ ❞❡ B ❡♠ C✱ ♦ q✉❛❧ é ✉♠ ❡♣✐♠♦r✜s♠♦ q✉❡ ❡st❡♥❞❡ α✳ ❉✐st♦✱ ϕ ✐♥❞✉③ ✉♠ ❡♣✐♠♦r✜s♠♦

ϕ : Mn(B) → Mn(C) ❞❛❞♦ ♣♦r ϕ(aij) = (ϕ(aij)) ♣❛r❛ (aij) ∈ Mn(B)✳ ❉❛í✱ ♣❛r❛ ❝❛❞❛

A′ ∈Mn(B)✱ tr(ϕ(A′)) = ϕ(tr(A′))✱ ❛ ❝♦♥❝❧✉sã♦ t❛♠❜é♠ s❡❣✉❡ ♥❡st❡ ❝❛s♦✳
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✶✳✺ ➪❧❣❡❜r❛ ❝♦♠ tr❛ç♦

◆❡st❡ tr❛❜❛❧❤♦ ❛ á❧❣❡❜r❛ q✉❡ s❡rá ♦❜❥❡t♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st✉❞♦ é ❛ Mn(K)✳ ❈♦♠♦

✈❡r❡♠♦s ❛ s❡❣✉✐r✱ ❡❧❛ ❢❛③ ♣❛rt❡ ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s q✉❡ sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦

á❧❣❡❜r❛s ❝♦♠ tr❛ç♦✳ ◆❡st❛ s❡çã♦✱ ✐r❡♠♦s ❞❡✜♥✐r t❛✐s á❧❣❡❜r❛s✱ ❛ss✐♠ ❝♦♠♦ ❛s ✐❞❡♥t✐❞❛❞❡s

❝♦♠ tr❛ç♦✱ ❡ ❝♦♥str✉✐r ❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛s ❝❧❛ss❡s ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠ tr❛ç♦s✳

❉❡✜♥✐çã♦ ✶✳✺✳✶ ❉❛❞❛s ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

tr : A→ A é ✉♠❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ♥❛ á❧❣❡❜r❛ A s❡✱ ♣❛r❛ t♦❞♦s a, b ∈ A✱ ✈❛❧❡♠✿

✭✐✮ tr(a)b = btr(a)❀

✭✐✐✮ tr(tr(a)b) = tr(a)tr(b)❀

✭✐✐✐✮ tr(ab) = tr(ba).

❖ ♣❛r (A, tr) é ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦✳

❊①❡♠♣❧♦ ✶✳✺✳✷ ❆ á❧❣❡❜r❛ Mn(K) ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ♠✉♥✐❞❛ ❞❛ ❢✉♥çã♦ tr❛ç♦

✉s✉❛❧ ❞❡ ♠❛tr✐③❡s tr✱ ♦✉ s❡❥❛✱ tr(A) é ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧ ❞❛

♠❛tr✐③ ❆✱ é ✉♠❛ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ s❡❥❛ C ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛

C✱ ❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❞❡✜♥✐❞♦ ❛♥t❡s ❞♦ ❈♦r♦❧ár✐♦ ✶✳✹✳✸ é ✉♠ ❡①❡♠♣❧♦ ❞❡ tr❛ç♦ s♦❜r❡

Mn(C)✳

❊①❡♠♣❧♦ ✶✳✺✳✸ ❉❡✜♥❛ s♦❜r❡ ❛ á❧❣❡❜r❛ Mn(E)✱ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡

❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r qtr : Mn(E) → E ♦❜t✐❞❛ s♦♠❛♥❞♦

❛♣❡♥❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ E1 ♥❛s ❡♥tr❛❞❛s ❞❡ s✉❛ ❞✐❛❣♦♥❛❧✳ ◆ã♦ é ❞✐❢í❝✐❧ ♦❜s❡r✈❛r q✉❡

❡ss❛ ❛♣❧✐❝❛çã♦ s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s ✭✐✐✮ ❡ ✭✐✐✐✮ ❞❛ ❞❡✜♥✐çã♦ ❞❡ tr❛ç♦✳ P♦ré♠✱ ♥ã♦

s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ qtr(Mn(E)) ⊆ Z(Mn(E))✱ ✉♠❛ ✈❡③ q✉❡ ♣❡❧♦ ✐t❡♠ ✭✐✮ ❛ ✐♠❛❣❡♠ ❞♦

tr❛ç♦ ❞❡✈❡ ❡st❛r ♥♦ ❝❡♥tr♦✳ ❈♦♥❝❧✉✐♥❞♦ q✉❡ (Mn(E), qtr) ♥ã♦ é ✉♠ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦✳

P♦r ❡st❡ ♠♦t✐✈♦✱ ❛ ❛♣❧✐❝❛çã♦ ✏qtr✑ é ❝❤❛♠❛❞❛ ❞❡ q✉❛s❡ tr❛ç♦✱ ❡ ✉♠❛ ❝♦♥✈❡rs❛ ❞❡t❛❧❤❛❞❛

s♦❜r❡ t❛❧ ❛ss✉♥t♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✽❪✳

❊①❡♠♣❧♦ ✶✳✺✳✹ ❙❡❥❛ ✏tr✑ ❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❞❛❞❛ ❛♥t❡s ❞♦ ❈♦r♦❧ár✐♦ ✶✳✹✳✸✳ ❈♦♥s✐❞❡r❡

❛ s✉❜á❧❣❡❜r❛ Ma,b(E) ❞❛ á❧❣❡❜r❛ Ma+b(E) ❞❛❞❛ ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✽✳ P♦❞❡♠♦s ❞❡✜♥✐r

s♦❜r❡ Ma,b(E) ❛ ❛♣❧✐❝❛çã♦ ptr : Ma,b(E) → E0 ❞❛❞❛ ♣♦r

ptr

(
A B

C D

)
= tr(A) + tr(D).

◆ã♦ é ❞✐❢í❝✐❧ ♦❜s❡r✈❛r q✉❡ ❡ss❛ ❛♣❧✐❝❛çã♦ s❛t✐s❢❛③ q✉❛s❡ t♦❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❞❡✜♥✐✲

çã♦ ❞❡ tr❛ç♦✱ ❡①❝❡t♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❝í❝❧✐❝❛✱ ✐st♦ é✱ tr(AB) = tr(BA)✳ P♦ré♠✱ ✈❡r✐✜❝❛✲s❡

q✉❡ ❛ ❛♣❧✐❝❛çã♦ mtr : Ma,b(E) → E0 ❞❛❞❛ ♣♦r

mtr

(
A B

C D

)
= tr(A)− tr(D)
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s❛t✐s❢❛③ t♦❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✳ ❆ss✐♠ (Ma,b(E), ptr) ♥ã♦ é ✉♠❛

á❧❣❡❜r❛ ❝♦♠ tr❛ç♦✱ ♠❛s (Ma,b(E),mtr) é✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ ❛ á❧❣❡❜r❛ ❝♦♠

tr❛ç♦ (Ma,b(E),mtr) ♠❡♥❝✐♦♥❛♠♦s ❛ r❡❢❡rê♥❝✐❛ ❬✺❪✳

❈♦♥s✐❞❡r❛♥❞♦ (A, tr) ✉♠❛ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦ ❝❤❛♠❛r❡♠♦s ❞❡ á❧❣❡❜r❛ ❞❡ tr❛ç♦s

♣✉r♦ ❛ ✐♠❛❣❡♠ ❞❡ A ♣♦r tr✱ ❞❡♥♦t❛❞♦ ♣♦r tr(A)✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦

q✉❡ tr(A) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ Z(A)✳ ❯♠ ✐❞❡❛❧ ✭r❡s♣✳ s✉❜á❧❣❡❜r❛✮ ❡♠ ✉♠❛ á❧❣❡❜r❛

❝♦♠ tr❛ç♦ é ✉♠ ✐❞❡❛❧ ❝♦♠ tr❛ç♦ ✭r❡s♣✳ s✉❜á❧❣❡❜r❛ ❝♦♠ tr❛ç♦✮ s❡ é ✉♠ ✐❞❡❛❧ ✭r❡s♣✳

s✉❜á❧❣❡❜r❛✮ tr✲✐♥✈❛r✐❛♥t❡✳

❉❡✜♥✐çã♦ ✶✳✺✳✺ ❙❡❥❛♠ (A, τ) ❡ (B, θ) á❧❣❡❜r❛s ❝♦♠ tr❛ç♦✱ ♦♥❞❡ A ❡ B sã♦ á❧❣❡❜r❛s

❝♦♠ ✉♥✐❞❛❞❡✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ϕ : A → B s❡rá ❝❤❛♠❛❞❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡♥tr❡

á❧❣❡❜r❛s ❝♦♠ tr❛ç♦✱ s❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡ ϕ(τ(a)) = θ(ϕ(a))✱ ♣❛r❛

t♦❞♦ a ∈ A✳

P♦❞❡✲s❡ ❝♦♥str✉✐r ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❝♦♠ tr❛ç♦ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ X ❞❛ s❡✲

❣✉✐♥t❡ ❢♦r♠❛✿ ❉❡♥♦t❛♥❞♦ ♣♦r M ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❡♠ K〈X〉✱ ♣♦❞❡♠♦s

❞❡✜♥✐r ✉♠ sí♠❜♦❧♦ ❢♦r♠❛❧ Tr(v) ♣❛r❛ t♦❞♦ v ❡❧❡♠❡♥t♦ ❡♠ M✳ ❆ss✐♠✱ K〈X ∪ Tr(M)〉

❞❡♥♦t❛rá ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X ❥✉♥t♦ ❝♦♠ ♦s

sí♠❜♦❧♦s Tr(v)✱ ♣❛r❛ t♦❞♦ v ∈ M✳ ◆♦t❡ q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✲

✈r❡ ❡♠ K〈X ∪Tr((M)) ❝♦♠ tr❛ç♦✱ ❞❡♥♦t❛❞❛ ♣♦r KTR〈X〉✱ é ❝♦♥str✉í❞❛ ♣❡❧♦ ❚❡♦r❡♠❛

✶✳✸✳✶✸ t♦♠❛♥❞♦ ♦ ✐❞❡❛❧ I ❣❡r❛❞♦ ♣♦r✿

✭✐✮ Tr(αa)− αTr(a)✱ ♣❛r❛ t♦❞♦ α ∈ K❀

✭✐✐✮ Tr(a+ b)− Tr(a)− Tr(b)❀

✭✐✐✐✮ Tr(aTr(b))− Tr(a)Tr(b)❀

✭✐✈✮ Tr([a, b])❀ ❡✱

✈✮ [Tr(a), b],

♣❛r❛ t♦❞♦ a✱ b✱ c ∈ M✳ ❖ sí♠❜♦❧♦ ❢♦r♠❛❧ Tr s❡rá ❝❤❛♠❛❞♦ ❞❡ tr❛ç♦ ❢♦r♠❛❧ s♦❜r❡

K〈X〉✳

❙❡❥❛ (A, tr) ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❝♦♠ tr❛ç♦✳ P❡❧❛ ❞❡✜♥✐çã♦

❞❛ á❧❣❡❜r❛ ❧✐✈r❡ K〈X〉✱ ✉♠❛ ❛♣❧✐❝❛çã♦ µ : X → A ❞❛❞❛ ♣♦r µ(xi) = ai ♣♦❞❡ s❡r
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❡st❡♥❞✐❞❛ ♣❛r❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : K〈X〉 → A✳ ❙❡❣✉❡ q✉❡✱ ♥❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡

❧✐✈r❡ KTR〈X〉✱ ♦❜t❡♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : KTR〈X〉 → A✱ t❛❧ q✉❡

ϕ̃(Tr(xi1 · · · xin)) = tr(ai1 · · · ain),

♣❛r❛ t♦❞❛ ♣❛❧❛✈r❛ xi1 · · · xin ❡♠ M✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ Tr✱ t❡♠♦s

q✉❡ KTR〈X〉 é ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❝♦♠ tr❛ç♦ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ✉♥✐tár✐❛s ❝♦♠

tr❛ç♦ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ X✳

❊♠ ✉♠❛ ❡①♣r❡ssã♦ f(x1, . . . , x̂i, . . . , xn)✱ ♦ ✏❝❤❛♣é✉✑ s♦❜r❡ ❛ ✈❛r✐á✈❡❧ ✭♦✉ ❡①♣r❡s✲

sã♦✮ s✐❣♥✐✜❝❛ ❛ ♦♠✐ssã♦ ❞❡ss❛ ✈❛r✐á✈❡❧ ✭♦✉ ❡①♣r❡ssã♦✮ ♥♦ ❧✉❣❛r ✐♥❞✐❝❛❞♦ ❡♠ f ✳ ❆

s✉❜á❧❣❡❜r❛ G〈X〉 ❡♠ KTR〈X〉 ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦

{g(x1, . . . , xn), T r(g(x1, . . . , xn)) | g(x1, . . . , xn) ∈ K〈X〉}

é ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❣❡♥❡r❛❧✐③❛❞♦s ❡ s❡✉s ❡❧❡♠❡♥t♦s s❡rã♦ ❝❤❛♠❛❞♦s

❞❡ ♣♦❧✐♥ô♠✐♦s ❝♦♠ tr❛ç♦✳ ❈❧❛r❛♠❡♥t❡✱ G〈X〉 é ❣❡r❛❞♦ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♣❡❧♦s

♠♦♥ô♠✐♦s ❣❡♥❡r❛❧✐③❛❞♦s ❞❛ ❢♦r♠❛

â0Tr(a1) · · ·Tr(as), ✭✶✳✶✮

♦♥❞❡ ♦s ai✬s sã♦ ♣❛❧❛✈r❛s ❡♠M ❡ a1✱ ✳ ✳ ✳ ✱ as sã♦ ♥ã♦ ✈❛③✐❛s✳ ◆♦t❡ q✉❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡

❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ✭✶✳✶✮ ♥ã♦ é ú♥✐❝❛✱ ♠❛s é ❢á❝✐❧ ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛✱ ❜❛st❛ t♦♠❛r

❝♦♠♦ r❡♣r❡s❡♥t❛♥t❡ ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ❡❧❡♠❡♥t♦s ❝♦♥❣r✉❡♥t❡s ❞❛ ❢♦r♠❛ ✭✶✳✶✮ ♦ ❡❧❡♠❡♥t♦

t❛❧ q✉❡ ❛ ♣❛❧❛✈r❛ a0a1 · · · at é ♠á①✐♠❛ ♥♦ s❡♥t✐❞♦ ❞❡ ✉♠❛ ♦r❞❡♠ ❞❛❞❛ ✭a1 > . . . > an✮✳

❆❧é♠ ❞✐ss♦✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ G〈X〉 é ❝❤❛♠❛❞♦ ❞❡ ♣♦❧✐♥ô♠✐♦ ❝♦♠ tr❛ç♦ ❡ s❡ ✉♠

❡❧❡♠❡♥t♦ ❞❡ G〈X〉 ❢♦r ✉♠ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❛❞❛ ♥❛ ❡①♣r❡ssã♦ ✭✶✳✶✮

♦ q✉❛❧ ♦ t❡r♠♦ a0✱ ❡♠ ❝❛❞❛ ♣❛r❝❡❧❛✱ ♥ã♦ ♦❝♦rr❡r✱ ❞✐③❡♠♦s q✉❡ t❛❧ ❡❧❡♠❡♥t♦ é ✉♠

♣♦❧✐♥ô♠✐♦ ❝♦♠ tr❛ç♦ ♣✉r♦✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❝♦♠ tr❛ç♦ ♣✉r♦ s❡rá

❞❡♥♦t❛❞♦ ♣♦r TG〈X〉✳ ➱ ❝❧❛r♦ q✉❡ TG〈X〉 é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ G〈X〉✳ ➱ ❜❡♠ ✈❡r❞❛❞❡

q✉❡ G〈X〉 t❡♠ ❡str✉t✉r❛ ❞❡ TG〈X〉✲♠ó❞✉❧♦✳

❉❡✜♥✐çã♦ ✶✳✺✳✻ ❙❡❥❛ (A, tr) ✉♠❛ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠

tr❛ç♦ f(x1, . . . , xn) ∈ G〈X〉 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ ♣❛r❛ (A, tr)✱ s❡ s✉❜st✐t✉✐♥❞♦

Tr ♣♦r tr✱ ♦❜t❡r❡♠♦s f(a1, . . . , an) = 0 ♣❛r❛ q✉❛❧q✉❡r a1✱ ✳ ✳ ✳ ✱ an ∈ A✳

❚❡♥❞♦ ❡ss❛ ❡str✉t✉r❛ ❡♠ G〈X〉✱ ♥ós ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ♥♦çã♦ ❞❡ ✉♠ T ✲✐❞❡❛❧ ❝♦♠

tr❛ç♦✳
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❉❡✜♥✐çã♦ ✶✳✺✳✼ ❛✮ ❯♠ T ✲✐❞❡❛❧ ❝♦♠ tr❛ç♦ I ❞❡ G〈X〉 é ✉♠ ✐❞❡❛❧ q✉❡ é ❢❡❝❤❛❞♦

s♦❜r❡ Tr ❡ s♦❜r❡ t♦❞❛s ❛s s✉❜st✐t✉✐çõ❡s✳

❜✮ ❯♠ T ✲✐❞❡❛❧ ❝♦♠ tr❛ç♦ J ❞❡ TG〈X〉 é ✉♠ ✐❞❡❛❧ ❢❡❝❤❛❞♦ s♦❜r❡ ❛s s✉❜st✐t✉✐çõ❡s✳

❋❛❝✐❧♠❡♥t❡ s❡ ✈❡r✐✜❝❛ q✉❡ ❞❛❞♦ q✉❛❧q✉❡r A ⊆ G〈X〉✱ ❡①✐st❡ ✉♠ T ✲✐❞❡❛❧ ❝♦♠ tr❛ç♦

♠✐♥✐♠❛❧ ❞❡ G〈X〉 ❝♦♥t❡♥❞♦ A ❡ ❡❧❡ é ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ♦❜t✐❞♦s ❞❡ A ❛♦

❢❛③❡r t♦❞❛s ❛s ♣♦ssí✈❡✐s s✉❜st✐t✉✐çõ❡s ❡ ❛ss✉♠✐♥❞♦ ♦s ✈❛❧♦r❡s Tr✳ ❙✐♠✐❧❛r♠❡♥t❡ ♣❛r❛

B ⊆ TG〈X〉✳ ❘❡❢❡r✐r❡♠♦s ❛ ❡ss❡ ✐❞❡❛❧ ❝♦♠♦ ♦ T ✲✐❞❡❛❧ ❝♦♠ tr❛ç♦ ❣❡r❛❞♦ ♣♦r A ❡♠

G〈X〉 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r B ❡♠ TG〈X〉✮✳

❖❜s❡r✈❡ q✉❡ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛ ❝♦♠ tr❛ç♦ (A, tr)✱ ♦ ✐❞❡❛❧ ❞❡ t♦❞❛s ❛s s✉❛s

✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ é ✉♠ T ✲✐❞❡❛❧ ❝♦♠ tr❛ç♦✱ ❞❡♥♦t❛❞♦ ♣♦r TTr(A, tr) ♦✉ s✐♠♣❧❡s♠❡♥t❡

♣♦r TTr(A)✱ q✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❞✉✈✐❞❛ s♦❜r❡ q✉❛❧ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦✳

❉✐r❡♠♦s q✉❡ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ f ≡ 0 s❡❣✉❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ gi ≡ 0✱

i ∈ Λ✱ s❡ f ♣❡rt❡♥❝❡ ❛♦ ♠❡♥♦r T ✲✐❞❡❛❧ ❝♦♠ tr❛ç♦ ❝♦♥t❡♥❞♦ t♦❞♦s ♦s gi ≡ 0, i ∈ Λ✳

❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ❝♦♠ ♦ tr❛ç♦ ✉s✉❛❧ (Mn(K), tr)✳

❉❛❞❛ A ∈Mn(K) ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ s❡✉ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❛❞♦ ♣♦r

χA(λ) = det(A− λIn) = (−1)n(λn +
n∑

i=1

ciλ
n−i),

♦♥❞❡ s❡✉s ❝♦❡✜❝✐❡♥t❡ ❞❡♣❡♥❞❡♠ ❞❡ tr(Aj)✱ ♣❛r❛ j = 1✱ ✳ ✳ ✳ ✱ n ✭✈❡r ❈♦r♦❧ár✐♦ ✶✳✹✳✸✮✳

P❡❧♦ ❢❛♠♦s♦ ❚❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥✱ t❡♠♦s χA(A) = 0✱ ❛❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡

degχA(λ) = n✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ x ✉♠❛ ✐♥❞❡t❡r♠✐♥❛❞❛ q✉❛❧q✉❡r ❡♠ X✱ ♣♦❞❡♠♦s

❝❤❛♠❛r fn(x) = χx(x) ∈ G〈X〉 ❞❡ ♣♦❧✐♥ô♠✐♦ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ❞❡ ❣r❛✉ n✳

❊①❡♠♣❧♦ ✶✳✺✳✽ ❙❡❥❛ A =Mn(K) ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ K ♠✉♥✐❞❛

❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ✉s✉❛❧ ✏tr✑✳ ❆ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ❞❡ ❣r❛✉ n é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ ♣r❛ ❛ á❧❣❡❜r❛ (A, tr)✳

◆♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ❞❡ ❢♦r♠❛ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠

tr❛ç♦✱ ♦♥❞❡ ♥♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ♠♦str❛r q✉❡✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱

t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ ♣❛r❛ (Mn(K), tr) s❡❣✉❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥

❞❡ ❣r❛✉ n✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✾ ❆s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ s❡ ❡♥❝♦♥tr❛♠ ♥❛ ❙❡çã♦ ✶✳✸✱ ❝♦♠

♠í♥✐♠❛s ❛❞❛♣t❛çõ❡s✱ ❝♦♥t✐♥✉❛♠ s❡♥❞♦ ✈á❧✐❞❛s ♣❛r❛ á❧❣❡❜r❛s ❝♦♠ tr❛ç♦✳



✹✷

✶✳✻ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r✉♣♦s

❯♠❛ ✈❡③ q✉❡ ❛ ❚❡♦r✐❛ ❞❡ ■♥✈❛r✐❛♥t❡s t❡♠ ❛ ❛çã♦ ❞❡ ❣r✉♣♦ ❝♦♠♦ ❛ss✉♥t♦ ❜❛s❡✱

❞❡❝✐❞✐♠♦s r❡✈✐s❛r ❛ ❞❡✜♥✐çã♦ ❞❡ ❛çã♦ ❡ ❡①❡♠♣❧✐✜❝❛r ❝♦♠ ❛s ❛çõ❡s q✉❡ s❡rã♦ ✉s❛❞❛s ♥♦

❞❡❝♦rr❡r ❞♦ tr❛❜❛❧❤♦✳ ❆❞❡♠❛✐s✱ ❞❡✜♥✐r❡♠♦s ❡st❛❜✐❧✐③❛❞♦r ❡ ór❜✐t❛✳

❉❡✜♥✐çã♦ ✶✳✻✳✶ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✳ ❉✐③❡♠♦s q✉❡ ✉♠❛

❛♣❧✐❝❛çã♦

π : G×X → X

(g, x) 7→ π(g, x) = g · x

é ✉♠❛ ❛çã♦ ❞❡ G ❡♠ X s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✮ 1 · x = x✱ ♣❛r❛ t♦❞♦ x ∈ X ✭1 ❞❡♥♦t❛ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞♦ ❣r✉♣♦ G✮❀

✷✮ h · (k · x) = (hk) · x✱ ♣❛r❛ t♦❞♦ h, k ∈ G✳

❊①❡♠♣❧♦ ✶✳✻✳✷ ❚♦♠❛♥❞♦ X = G ❡ π ❝♦♠♦ ❛ ♦♣❡r❛çã♦ ❞♦ ❣r✉♣♦ t❡♠♦s ✉♠❛ ❛çã♦

❝♦♠♦ ❞❡✜♥✐❞♦ ❛❝✐♠❛✳

❊①❡♠♣❧♦ ✶✳✻✳✸ ❙❡ G é ✉♠ ❣r✉♣♦✱ ❛ ❛♣❧✐❝❛çã♦

ρ1 : G×G → G

(g, x) 7→ g · x = gxg−1

é ✉♠❛ ❛çã♦ ❞❡ G ❡♠ s✐ ♠❡s♠♦ ❝❤❛♠❛❞❛ ❞❡ ❛çã♦ ♣♦r ❝♦♥❥✉❣❛çã♦✳

❊①❡♠♣❧♦ ✶✳✻✳✹ ❉❛❞♦ G = GL(V )✱ ❛ ❛♣❧✐❝❛çã♦

ρ2 : G× V ⊗i → V ⊗i

(A, v1 ⊗ v2 ⊗ · · · ⊗ vi) 7→ A · (v1 ⊗ v2 ⊗ · · · ⊗ vi) = Av1 ⊗ Av2 ⊗ · · · ⊗ Avi

é ✉♠❛ ❛çã♦ ❞❡ G ❡♠ V ⊗i ❝❤❛♠❛❞❛ ❞❡ ❛çã♦ ❞✐❛❣♦♥❛❧✳ ◆❡st❡ ❝❛s♦ G ⊆ End(V ⊗i)✳

❊①❡♠♣❧♦ ✶✳✻✳✺ ❆ ❛♣❧✐❝❛çã♦

ρ2 : Sn × End(V ⊗i) → End(V ⊗i)

(σ, v1 ⊗ v2 ⊗ · · · ⊗ vi) 7→ σ · (v1 ⊗ v2 ⊗ · · · ⊗ vi) = vσ−1(1) ⊗ vσ−1(2) ⊗ · · · ⊗ vσ−1(i)

é ✉♠❛ ❛çã♦ ❞❡ Sn ❡♠ End(V ⊗i) ❝❤❛♠❛❞❛ ❞❡ ❛çã♦ s✐♠étr✐❝❛✳



✹✸

❊①❡♠♣❧♦ ✶✳✻✳✻ ❙❡❥❛ Pn ♦ s✉❜❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ K〈X〉 ♥❛s ✈❛✲

r✐á✈❡✐s x1, x2, . . . , xn✳ ❚❡♠♦s q✉❡ β = {xσ(1)xσ(2) · · · xσ(n) | σ ∈ Sn} é ✉♠❛ ❜❛s❡ ❞❡ Pn✳

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r · : KSn × Pn → Pn q✉❡ s❛t✐s❢❛③

σ · (xi1xi2 · · · xin) = xσ(i1)xσ(i2) · · · xσ(in)

♦♥❞❡ σ ∈ Sn ❡ xi1xi2 · · · xin ∈ β✱ ❝♦♠ {i1, i2, . . . , in} = {1, 2, . . . , n}✳ ▼✉♥✐❞♦ ❞❡ss❡

♣r♦❞✉t♦✱ ✏·✑ é ✉♠❛ ❛çã♦ ❞❡ Sn ❡♠ Pn✳

❉❡✜♥✐çã♦ ✶✳✻✳✼ ❙❡❥❛♠ π : G×X → X ✉♠❛ ❛çã♦ ❞❡ G ❡♠ X ❡ x ∈ X✳ ❉❡✜♥✐♠♦s ❛

ór❜✐t❛ ❞❡ x ♣♦r π ✭♦✉ π✲ór❜✐t❛ ❞❡ x✮ ❡ ♦ ❡st❛❜✐❧✐③❛❞♦r ❞❡ x ❡♠ r❡❧❛çã♦ ❛ π ✱ ❞❡♥♦t❛❞♦s

r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r Oπ(x) ❡ Stπ(x)✱ ❝♦♠♦ s❡♥❞♦

Oπ(x) = {g · x | g ∈ G} ❡ Stπ(x) = {g ∈ G | g · x = x}.

❊①❡♠♣❧♦ ✶✳✻✳✽ ❈♦♥s✐❞❡r❛♥❞♦ Sn ♦ ❣r✉♣♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❡ n ❡❧❡♠❡♥t♦s ❡ ❛çã♦

♣♦r ❝♦♥❥✉❣❛çã♦ ✭✈❛♠♦s ❞❡♥♦tá✲❧❛ ♣♦r ρ✮✱ t❡♠♦s Stρ(π) = CSn
(π) ❡ ❛ ór❜✐t❛ ❞❡ x é

Oρ(π) = {σπσ−1 | σ ∈ Sn}. ✭❊st❡ ú❧t✐♠♦ ❝♦♥❥✉♥t♦ é ❝❤❛♠❛❞♦ ❞❡ ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦

❞❡ π ❡♠ Sn✮

❊①❡♠♣❧♦ ✶✳✻✳✾ ❯♠ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ ❞❛ ❚❡♦r✐❛ ❞❡ ❣r✉♣♦s é q✉❡

α(i1i2 . . . ik)α
−1 = (α(i1)α(i2) . . . α(ik))

♣❛r❛ t♦❞♦ k ∈ N ❡ t♦❞♦ α ∈ Sn✳ ❆ss✐♠✱ ❞✉❛s ♣❡r♠✉t❛çõ❡s σ ❡ θ ❞❡ Sn ❞❡ ♠❡s♠♦ t✐♣♦

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡stã♦ ♥❛ ♠❡s♠❛ ór❜✐t❛✳

❉❛r❡♠♦s ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦ ❛ss✉♥t♦ tít✉❧♦ ❞❡st❛ s✉❜s❡çã♦✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✵ ❉❡✜♥✐♠♦s ✉♠❛ K✲r❡♣r❡s❡♥t❛çã♦ ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ r❡♣r❡s❡♥✲

t❛çã♦✮ ❧✐♥❡❛r ❞❡ G ❡♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❝♦♠♦ s❡♥❞♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡

❣r✉♣♦s

ϕ : G → GL(V )

g → ϕ(g) = ϕg.

❆❧é♠ ❞✐ss♦✱ ❞❡✜♥✐♠♦s ♦ ❣r❛✉ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ϕ ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✶ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ V ❡ W ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ ϕ ❡ ψ r❡♣r❡s❡♥t❛çõ❡s

❞❡ G ❡♠ V ❡ W ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉✐③❡♠♦s q✉❡ ϕ ❡ ψ sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ ❡①✐st❡ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r T : V → W ❜✐❥❡t♦r❛ t❛❧ q✉❡ ψgT = Tϕg✱ ♣❛r❛ t♦❞♦ g ∈ G✳
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❊①❡♠♣❧♦ ✶✳✻✳✶✷ ❆ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡ ✉♠ ❣r✉♣♦ G ❡♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V

♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ❛ ❛çã♦ ❞❡ ❣r✉♣♦ G × V → V ❞❛❞❛ ♣♦r ϕ(g, v) = ϕg(v)✱ ♣❛r❛ t♦❞♦

g ∈ G ❡ v ∈ V ✳

❈❛s♦ dimV = n✱ ❝♦♠ n ∈ N✱ ♦s ❣r✉♣♦s GL(V ) ❡ GLn(K) sã♦ ✐s♦♠♦r❢♦s✳ ❘❡✲

❝♦r❞❛♠♦s q✉❡ End(V ) ❞❡♥♦t❛rá ❛ á❧❣❡❜r❛ ❞♦s K✲❡♥❞♦♠♦r✜s♠♦s ❞❡ V ✳ ❈♦♥s✐❞❡r❛♥❞♦

❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ KG ❡ ρ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❡♠ V ✱ s❡❣✉❡ q✉❡ ρ ✐♥❞✉③ ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ K✲á❧❣❡❜r❛s ρ′ : KG→ End(V ) t❛❧ q✉❡ ρ′(1G) = 1✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✶✸ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❣r✉♣♦ G ❞❡t❡r♠✐♥❛ KG✲♠ó❞✉❧♦ ✭♦✉ G✲

♠ó❞✉❧♦✮ ❞❡ ♠♦❞♦ ú♥✐❝♦✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❙❡ ρ : G → GL(V ) é ✉♠❛ r❡♣r❡s❡♥t❛çã♦

❞❡ G✱ V t♦r♥❛✲s❡ ✉♠ G✲♠ó❞✉❧♦ ✭à ❡sq✉❡r❞❛✮ ❞❡✜♥✐♥❞♦ gv = ρ(g)(v)✱ ♣❛r❛ q✉❛✐sq✉❡r

g ∈ G✱ v ∈ V ✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ M é ✉♠ G✲♠ó❞✉❧♦✱ ❡♥tã♦ ρ : G → GL(M) t❛❧ q✉❡

ρ(g)(m) = gm✱ ♣❛r❛ g ∈ G✱ m ∈M ✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❡♠ M ✱

♣♦r ❡①t❡♥sã♦✳ ❆q✉✐ M ❡stá s❡♥❞♦ ✈✐st♦ ❝♦♠ s❡✉s ❡s❝❛❧❛r❡s s♦❜r❡ K✱ ♦✉ s❡❥❛✱ M é ✉♠

❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

❉❛ ❉❡✜♥✐çã♦ ✶✳✻✳✶✵ ❡ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡ V é ✉♠

G✲♠ó❞✉❧♦ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❞✐③❡♠♦s q✉❡ ϕ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ s✐♠♣❧❡s ✭s❡♠✐s✲

s✐♠♣❧❡s✮ s❡ V é ✉♠ G✲♠ó❞✉❧♦ s✐♠♣❧❡s ✭s❡♠✐ss✐♠♣❧❡s✮✳ ◆❡st❡ ❝♦♥t❡①t♦✱ ♦ ❚❡♦r❡♠❛ ❞❡

▼❛s❝❤❦❡ ✭✈❡r ❚❡♦r❡♠❛ ✶✳✷✳✶✶✮ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ♣❛r❛ ❛ ✈❡rsã♦ ❞❡ r❡♣r❡s❡♥t❛çã♦✳ ❆❧é♠

❞✐ss♦✱ é ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ r❡♣r❡s❡♥t❛çõ❡s s✐♠♣❧❡s ❞❡ ✉♠ ❣r✉♣♦

✜♥✐t♦ G s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ é ✜♥✐t♦✱ ❡ ❡st❡ ♥ú♠❡r♦ é ♠❡♥♦r ♦✉

✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ G ✭♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡❥❛ ❬✷✷✱ ❙❡çã♦

✺✳✸✱ ♣á❣✳ ✷✻✶❪ ✮✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ❈❛♣ít✉❧♦ ✸✱ ❢❛③ ✉s♦ ❞♦s G✲♠ó❞✉❧♦s

s❡♠✐ss✐♠♣❧❡s s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❈❛s♦ G s❡❥❛ ✜♥✐t♦ ♦ r❡s✉❧t❛❞♦

s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✱ ♣♦ré♠ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ G é ✐♥✜♥✐t♦ ♥ã♦ é tã♦ ó❜✈✐♦✳

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥♦ ❞❡❝♦rr❡r ❞❡st❛ s❡çã♦✱ é ❝♦♥❤❡❝❡r ♦ ❝♦♥❝❡✐t♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ r❛❝✐♦♥❛❧

❞♦ ❣r✉♣♦ GLn(K) ❡ s✉❛ ❛♣❧✐❝❛çã♦ ❡♠ ♠ó❞✉❧♦s✳

❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ m✲❞✐♠❡♥s✐♦♥❛❧✳ ❉❡♥♦t❛♠♦s ❝♦♠♦ GLm(K) = GLm ♦

❣r✉♣♦ ❞❛s ♠❛tr✐③❡s ✐♥✈❡rtí✈❡✐s ❞❡ ♦r❞❡♠ m ❝♦♠ ❡♥tr❛❞❛s ❡♠ K ✐s♦♠♦r❢♦ à GL(V )✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✹ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❣r✉♣♦ GLm ❞❡ ❣r❛✉ s✱ ❞✐❣❛♠♦s ❛ ❛♣❧✐❝❛çã♦

ϕ : GLm → GLs✱ é ❞✐t❛ r❛❝✐♦♥❛❧ ✭♦✉ ♣♦❧✐♥♦♠✐❛❧✮ s❡ ❛s ❡♥tr❛❞❛s (ϕ(g))pq ❞❛ ♠❛tr✐③

ϕ(g) ❞❡ ♦r❞❡♠ s sã♦ ♣♦❧✐♥ô♠✐♦s ♥❛s ❡♥tr❛❞❛s akl✱ ♣❛r❛ g ∈ GLm❀ k✱ l = 1, . . . ,m ❡ p✱
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q = 1, . . . , s✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ r❛❝✐♦♥❛❧ ϕ é ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ d s❡ ♦s ♣♦❧✐♥ô♠✐♦s

(ϕ(g))pq sã♦ ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ d✳ ❯♠ GLm✲♠ó❞✉❧♦ W é r❛❝✐♦♥❛❧ ✭♦✉ ♣♦❧✐♥♦♠✐❛❧✮✱

s❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ é ♣♦❧✐♥♦♠✐❛❧✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ❞❡✜♥✐♠♦s ♠ó❞✉❧♦s

♣♦❧✐♥♦♠✐❛✐s ❤♦♠♦❣ê♥❡♦s✳

❋✐①❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Vm ❝♦♠ ❜❛s❡ {x1, . . . , xm} ❡ ❝♦♠ ❛ ❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡

GLm✳ ❆ss✉♠✐♠♦s q✉❡

K〈Vm〉 = K〈x1, . . . , xm〉

é ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❣❡r❛❞❛ ♣♦r {x1, . . . , xm}✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ K〈Vm〉 é ✉♠ GLm✲♠ó❞✉❧♦

à ❡sq✉❡r❞❛ q✉❛♥❞♦ ♠✉♥✐❞♦ ❞❛ ❛çã♦✿

gf(x1, . . . , xm) = f(g(x1), . . . , g(xn)), g ∈ GLm, f(x1, . . . , xm) ∈ K〈Vm〉.

❖❜s❡r✈❛çã♦ ✶✳✻✳✶✺ ❯♠❛ ✐♠♣♦rt❛♥t❡ q✉❡stã♦ ❛ ♦❜s❡r✈❛r é q✉❡ t❛✐s ❡str✉t✉r❛s ❞❡♣❡♥✲

❞❡♠ ♠❛✐s ❞❛ ❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❞♦ q✉❡ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛ á❧❣❡❜r❛✳

❚❡♦r❡♠❛ ✶✳✻✳✶✻ ❬✶✸✱ ❙❡çã♦ ✶✷✳✹❪ ❚♦❞❛ r❡♣r❡s❡♥t❛çã♦ r❛❝✐♦♥❛❧ ❞❡ GLm é s♦♠❛ ❞✐r❡t❛

❞❡ s✉❜r❡♣r❡s❡♥t❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❤♦♠♦❣ê♥❡❛s ✐rr❡❞✉tí✈❡✐s✳

❊st❡ r❡s✉❧t❛❞♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ s❡r ❛♣❧✐❝❛❞♦ ♥♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ❈❛♣ít✉❧♦

✸✳

✶✳✼ ❖ ❣r✉♣♦ s✐♠étr✐❝♦ ❡ t❡♦r✐❛ ❞❡ ❨♦✉♥❣

◆❡st❛ s❡çã♦ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❉❡✜♥✐çã♦ ✶✳✼✳✶ ❉❛❞♦ n ∈ N✱ ❞❡✜♥✐♠♦s ✉♠❛ ♣❛rt✐çã♦ λ ❞❡ n ❝♦♠♦ s❡♥❞♦ ✉♠❛ k✲✉♣❧❛

λ = (λ1, . . . , λk)✱ ❝♦♠ λi ∈ N✱ t❛❧ q✉❡ λ1 ≥ λ2 ≥ . . . ≥ λk ❡ λ1 + λ2 + · · ·+ λk = n✳

❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ λ = (λ1, λ2, . . . , λk) ⊢ n ♣❛r❛ ❞✐③❡r q✉❡ λ é ✉♠❛ ♣❛rt✐çã♦ ❞❡

n✳

❖❜s❡r✈❛çã♦ ✶✳✼✳✷ ✭❖r❞❡♠ ▲❡①✐❝♦❣rá✜❝❛✮ ❙❡♥❞♦ λ1 ❡ λ2 ♣❛rt✐çõ❡s ❞♦ ♠❡s♠♦ ♥ú✲

♠❡r♦ ♥❛t✉r❛❧ n✱ ❡s❝r❡✈❛ λ1 = (n1, n2, . . . , nr, 0, 0, . . .) ❡ λ2 = (m1,m2, . . . ,ms, 0, 0, . . .)✳

❉✐③❡♠♦s q✉❡ λ1 > λ2 s❡ nk > mk ♣❛r❛ k = min{i ∈ N | ni 6= mi} ✭♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛✮✳

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❡ss❛ é ✉♠❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ t♦t❛❧ s♦❜r❡ ❛s ♣❛rt✐çõ❡s ❞♦ ♥ú♠❡r♦ n✳

❉❡✜♥✐çã♦ ✶✳✼✳✸ ❙❡♥❞♦ λ = (n1, n2, . . . , nk) ⊢ n✱ ❞❡✜♥✐♠♦s ♦ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ Dλ

❞❛ ♣❛rt✐çã♦ λ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ Dλ = {(i, j) ∈ N× N | 1 ≤ i ≤ k, 1 ≤ j ≤ nλ}✳



✹✻

❘❡♣r❡s❡♥t❛♠♦s Dλ ♣♦r n q✉❛❞r❛❞♦s ✭❝é❧✉❧❛s✮ ❞✐s♣♦st❛s ❡♠ k ✜❧❛s ❤♦r✐③♦♥t❛✐s✱

❝❤❛♠❛❞❛s ❞❡ ❧✐♥❤❛s✱ ♦♥❞❡ ❛ i✲és✐♠❛ ❧✐♥❤❛ é ❝♦♠♣♦st❛ ♣♦r ni ❝é❧✉❧❛s✳ ❉❛ ❡sq✉❡r❞❛ ♣❛r❛

❛ ❞✐r❡✐t❛ ♦s ♣r✐♠❡✐r♦s q✉❛❞r❛❞♦s ❞❡ ❝❛❞❛ ❧✐♥❤❛ ❛♣❛r❡❝❡♠ ❡♠ ✉♠❛ ♠❡s♠❛ ✜❧❛ ✈❡rt✐❝❛❧✱ ❛

q✉❛❧ é ❝❤❛♠❛❞❛ ❞❡ ❝♦❧✉♥❛✳ ❉❡st❡ ♠♦❞♦✱ ❛ ❝é❧✉❧❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❡❧❡♠❡♥t♦ (i, j) ∈ Dλ

❡stá ♥❛ i✲és✐♠❛ ❧✐♥❤❛ ❡ j✲és✐♠❛ ❝♦❧✉♥❛✳ ◆♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✱ ✈❛♠♦s ✐❞❡♥t✐✜❝❛r ♦

❡❧❡♠❡♥t♦ (i, j) ❝♦♠ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❝é❧✉❧❛✳

❊①❡♠♣❧♦ ✶✳✼✳✹ ❈♦♥s✐❞❡r❛♥❞♦ λ = (4, 4, 3, 1) ✉♠❛ ♣❛rt✐çã♦ ❞♦ ♥ú♠❡r♦ 12✱ ♦ ❞✐❛❣r❛♠❛

❞❡ ❨♦✉♥❣ Dλ é✿

Dλ =

❉❛ t❡♦r✐❛ ❞❡ ❣r✉♣♦s✱ ❥á s❛❜❡♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ Sn

❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ n✱ ❞❡st❡ ♠♦❞♦ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠❛ ♣❛rt✐çã♦

λ = (λ1, . . . , λk) às ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ ✉♠❛ ♣❡r♠✉t❛çã♦ ❝♦♥st✐t✉✐♥❞♦ ❞♦s ❝✐❝❧♦s

❞✐s❥✉♥t♦s ❞❡ t❛♠❛♥❤♦s λ1, . . . , λk✳

❉❡✜♥✐çã♦ ✶✳✼✳✺ ❙❡❥❛ λ ✉♠❛ ♣❛rt✐çã♦ ❞❡ n ❡ Dλ ♦ s❡✉ ❞✐❛❣r❛♠❛✳ ❉❡✜♥✐♠♦s ♦ ❞✐✲

❛❣r❛♠❛ ❝♦♥❥✉❣❛❞♦ ❞❡ Dλ ✭♦✉✱ ♦ ❞✐❛❣r❛♠❛ ❞✉❛❧ ❞❡ λ✮✱ ❝♦♠♦ s❡♥❞♦ ♦ ❞✐❛❣r❛♠❛ Dλ′

♦❜t✐❞♦ tr♦❝❛♥❞♦✲s❡ ❛s ❧✐♥❤❛s ❞❡ Dλ ♣♦r s✉❛s ❝♦❧✉♥❛s✱ ❡ ❛s s✉❛s ❝♦❧✉♥❛s ♣♦r s✉❛s ❧✐♥❤❛s✳

❆ ♣❛rt✐çã♦ ❝♦♥❥✉❣❛❞❛ ❞❡ λ s❡rá ❛ ♣❛rt✐çã♦ λ′ ❞♦ ❞✐❛❣r❛♠❛ Dλ′

❊①❡♠♣❧♦ ✶✳✼✳✻ ❙❡♥❞♦ λ = (4, 4, 3, 1) ✉♠❛ ♣❛rt✐çã♦ ❞❡ 12✱ t❡♠♦s λ′ = (4, 3, 3, 2) ❡

Dλ′ =

❉❡✜♥✐çã♦ ✶✳✼✳✼ ❙❡❥❛♠ n ∈ N✱ In = {1, 2, . . . , n} ❡ λ = (λ1, λ2, . . . , λk) ⊢ n✳ ❉❡✜♥✐✲

♠♦s ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❜✐❥❡çã♦ Tλ : Dλ → In✳ ❉✐③❡♠♦s q✉❡ Tλ é

❙t❛♥❞❛r❞ s❡

✭✐✮ T (i, j) < T (i, j + 1) ♣❛r❛ 1 ≤ i ≤ k ❡ 1 ≤ j < λi❀

✭✐✐✮ T (i, j) < T (i+ 1, j) ♣❛r❛ 1 ≤ i < k ❡ 1 ≤ j ≤ λi+1✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❞❛❞❛ λ ✉♠❛ ♣❛rt✐çã♦ ❞❡ n✱ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ Tλ s❡rá ♦

❞✐❛❣r❛♠❛ Dλ ♣r❡❡♥❝❤✐❞♦ ❝♦♠ ♦ ✈❛❧♦r T (i, j) ∈ In ♥❛ ♣♦s✐çã♦ (i, j)✱ ♣❛r❛ ❝❛❞❛ (i, j) ∈ Dλ

❡ ✉♠❛ t❛❜❡❧❛ ❙t❛♥❞❛r❞ ❚ s❡rá ✉♠❛ t❛❜❡❧❛ ♦♥❞❡ ♦s ✈❛❧♦r❡s ❝r❡s❝❡♠ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛

❛ ❞✐r❡✐t❛✱ ❡♠ ❝❛❞❛ ❧✐♥❤❛✱ ❡ ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦✱ ❡♠ ❝❛❞❛ ❝♦❧✉♥❛✳



✹✼

❊①❡♠♣❧♦ ✶✳✼✳✽ ❙❡♥❞♦ λ = (3, 1, 1, 1) ⊢ 6✱ ❝♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ❚❛❜❡❧❛ ❞❡ ❨♦✉♥❣

❛ss♦❝✐❛❞❛ ❛ ❡ss❛ ♣❛rt✐çã♦

Tλ =

1 3 4
2
5
6

.

P❡❧♦ q✉❡ ❢♦✐ ❞❡✜♥✐❞♦ ❛❝✐♠❛✱ Tλ é ✉♠❛ t❛❜❡❧❛ ❙t❛♥❞❛r❞✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦

❡st❛ ♠❡s♠❛ ♣❛rt✐çã♦✱ ✈❡♠♦s q✉❡ ❛ s❡❣✉✐♥t❡ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣

T ∗
λ =

1 5 3
4
6
2

♥ã♦ é ❙t❛♥❞❛r❞✳

❖❜s❡r✈❛çã♦ ✶✳✼✳✾ ❉❛❞♦ α ∈ Sn✱ ❞❡✜♥✐♠♦s αT ❝♦♠♦ s❡♥❞♦ ❛ ❝♦♠♣♦s✐çã♦ α ◦ T ✳

❆ss✐♠✱ ❞❛❞❛s ❞✉❛s t❛❜❡❧❛s T1, T2 ❛ss♦❝✐❛❞❛s ❛♦ ♠❡s♠♦ ❞✐❛❣r❛♠❛✱ ❡①✐st❡ α ∈ Sn t❛❧ q✉❡

T2 = αT1✳

❊①❡♠♣❧♦ ✶✳✼✳✶✵ ❉❛❞❛ ❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣

T1 =

1 4 7 3
2 6
5 8
9

❡ ❛ ♣❡r♠✉t❛çã♦ σ = (1342)(65)(78) ∈ S9✱ t❡♠♦s

σT1 =

3 2 8 4
1 5
6 7
9

.

❉❡✜♥✐çã♦ ✶✳✼✳✶✶ ❉❛❞❛ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T : Dλ → In✱ ♣❛r❛ λ ⊢ n✱ ❞❡✜♥✐♠♦s ♦s

s❡❣✉✐♥t❡s s✉❜❣r✉♣♦s ❞❡ Sn✿

PT = {σ ∈ Sn | σ(L) = L, ♣❛r❛ t♦❞❛ ❧✐♥❤❛ ▲ ❞❡ ❚}

❡

QT = {σ ∈ Sn | σ(C) = C, ♣❛r❛ t♦❞❛ ❝♦❧✉♥❛ ❈ ❞❡ ❚},

♦♥❞❡ PT é ♦ ❡st❛❜✐❧✐③❛❞♦r ❧✐♥❤❛ ❡ QT é ♦ ❡st❛❜✐❧✐③❛❞♦r ❝♦❧✉♥❛✳

❊①❡♠♣❧♦ ✶✳✼✳✶✷ ❈♦♥s✐❞❡r❛♥❞♦ ❛ t❛❜❡❧❛ T1 ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ t❡♠♦s

PT1 = S{1,4,7,3} × S{2,6} × S{5,8} × {9} = S{1,4,7,3} × S{2,6} × S{5,8}

❡

QT1 = S{1,2,5,9} × S{4,6,8} × {7} × {3} = S{1,2,5,9} × S{4,6,8}.



✹✽

❖❜s❡r✈❡ q✉❡ ❞✐❢❡r❡♥t❡s t❛❜❡❧❛s ❞❡ ❨♦✉♥❣ ♣❛r❛ ❛ ♠❡s♠❛ ♣❛rt✐çã♦ λ ❞❡✜♥❡♠ ❞✐❢❡✲

r❡♥t❡s s✉❜❣r✉♣♦s PT ❡ QT ✳ ❯s❛♥❞♦ ❡ss❡s s✉❜❣r✉♣♦s✱ ♣❛r❛ ❝❛❞❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T ❞❡

✉♠❛ ♣❛rt✐çã♦ λ ❞❡ n✱ ❞❡✜♥✐♠♦s ♦s s❡❣✉✐♥t❡s ❡❧❡♠❡♥t♦s ❞❛ ➪❧❣❡❜r❛ ❞❡ ●r✉♣♦ KSn

aT :=
∑

σ∈PT

σ, bT :=
∑

σ∈QT

sgn(σ)σ ❡ cT := aT .bT ,

♦♥❞❡ ♦ ú❧t✐♠♦ ❡❧❡♠❡♥t♦✱ cT ✱ é ❝❤❛♠❛❞♦ ❙✐♠❡tr✐③❛❞♦r ❞❡ ❨♦✉♥❣✳

❖❜s❡r✈❡ q✉❡ PT∩QT = {Id} ❡ ❡♥tã♦ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ Sn ♣♦❞❡ s❡r ❡s❝r✐t♦ ❡♠ ♠❛✐s

❞❡ ✉♠❛ ♠❛♥❡✐r❛ ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ p ∈ PT ❡ q ∈ QT ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ s✐♠❡tr✐③❛❞♦r ❞❡

❨♦✉♥❣ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ cT =
∑

±σ ❝♦♠ σ = p.q ♣❛r❛ ú♥✐❝♦s p ❡ q✱ ❡ ♦ ❝♦❡✜❝✐❡♥t❡

±1 = sgn(q)✳

❱❡r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡ r❡s✉❧t❛❞♦s ❞♦s ♦❜❥❡t♦s ❛té ❛q✉✐ ❞❡✜♥✐❞♦s ♥❡st❛

s❡çã♦✳ ■r❡♠♦s ♦♠✐t✐r t❛✐s ❞❡♠♦♥str❛çõ❡s ♣♦r s❡ tr❛t❛r ❞❡ s❡r❡♠ ❝❧áss✐❝♦s ♥❛ t❡♦r✐❛✱ ♠❛s

t♦❞❛s ❡❧❛s ♣♦❞❡♠ s❡ ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶✼✱ ❙✉❜s❡çã♦ ✹✳✷✱ ♣á❣✳ ✺✷❪✳

▲❡♠❛ ✶✳✼✳✶✸ ❙❡❥❛♠ n ∈ N ❡ T ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ✉♠❛ ♣❛rt✐çã♦ λ

❞❡ n✳ ❱❛❧❡♠✿

✭✐✮ ❙❡ σ1, σ2 ∈ PT , µ1, µ2 ∈ QT ❡ σ1µ1 = σ2µ2✱ ❡♥tã♦ σ1 = σ2 ❡ µ1 = µ2✳

✭✐✐✮ PσT = σPTσ
−1 ❡ QσT = σQTσ

−1✱ ♣❛r❛ t♦❞♦ σ ∈ Sn✳

✭✐✐✐✮ aσT = σaTσ
−1, bσT = σbTσ

−1 ❡ cσT = σcTσ
−1✱ ♣❛r❛ t♦❞♦ σ ∈ Sn✳

✭✐✈✮ aTσ = σaT = aT ❡ σcT = cT ✱ ♣❛r❛ t♦❞♦ σ ∈ PT ✳

✭✈✮ bTσ = σbT = sgn(σ)bT ❡ cTσ = sgn(σ)cT ✱ ♣❛r❛ t♦❞♦ σ ∈ QT .

✭✈✐✮ p.cT .sgn(q)q = cT ✱ ♦♥❞❡ cT é ♦ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❡♠ KSn✱ ❛ ♠❡♥♦s ❞❡ ❡s❝❛❧❛r✱

s❛t✐s❢❛③❡♥❞♦ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✱ p ∈ PT ❡ q ∈ QT ✳

❉❡♠♦♥str❛çã♦✿ ❖s ✐t❡♥s ✭✐✮ ✲ ✭✐✐✐✮ sã♦ ♦❜t✐❞♦s ❞✐r❡t❛♠❡♥t❡✳ ❏á ❛ ❞❡♠♦♥str❛çã♦ ❞♦s

♦✉tr♦s ✐t❡♥s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✼✱ ▲❡♠♠❛ ✹✳✷✶❪✳

▲❡♠❛ ✶✳✼✳✶✹ ❙❡❥❛♠ λ1, λ2 ♣❛rt✐çõ❡s ❞❡ ✉♠❛ ♥ú♠❡r♦ ♥❛t✉r❛❧ d ❡ T1 ❡ T2 t❛❜❡❧❛s ❞❡

❨♦✉♥❣ ❞♦s ❞✐❛❣r❛♠❛s Dλ1 ❡ Dλ2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ ❡①✐st❡♠ ❞♦✐s ❡❧❡♠❡♥t♦s ♣❡rt❡♥✲

❝❡♥t❡s s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❛ ✉♠❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ T2 ❡ ❛ ✉♠❛ ♠❡s♠❛ ❝♦❧✉♥❛ ❞❡ T1✱ ❡♥tã♦

bT1aT2 é ③❡r♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ cT1cT2 = 0✳



✹✾

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ i, j ∈ Id ❡❧❡♠❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ T2 ❡

❛ ✉♠❛ ♠❡s♠❛ ❝♦❧✉♥❛ ❞❡ T1✳ ❊♥tã♦✱ β = (ij) ∈ Pλ2 ∩ Qλ1 ❡✱ ❛ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✶✳✼✳✶✸✱

bT1 = −bT1β ❡ βaT2 = aT2 ✳ ❉❡st❛ ❢♦r♠❛✱

bT1aT2 = −bT1ββaT2 = −bT1aT2 ⇒ bT1aT2 = 0.

❆ s❡❣✉♥❞❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ cT1cT2 = aT1bT1aT2bT2 = 0.

Pr♦♣♦s✐çã♦ ✶✳✼✳✶✺ ❙❡❥❛♠ α ∈ Sn✱ λ✱ λ1 ❡ λ2 ♣❛rt✐çõ❡s ❞❡ n ❡ T ✱ T1 ❡ T2 t❛❜❡❧❛s ❞❡

❨♦✉♥❣ ❞♦s ❞✐❛❣r❛♠❛s Dλ✱ Dλ1 ❡ Dλ2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱ ✈❛❧❡♠✿

❛✮ ❊①✐st❡ γ ∈ K t❛❧ q✉❡ cTαcT = γcT .

❜✮ ❙❡ λ1 > λ2✱ ❡♥tã♦ cT1αcT2 = 0✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✼✱ ▲❡♠♠❛ ✹✳✷✸❪

P❛r❛ ❝❛❞❛ α ∈ KSn✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r F : KSn → KSn ❞❡✜♥✐❞♦

♣♦r Fα(x) = xα✳ ❙❡♥❞♦ α =
∑

ρ∈Sn
γρρ✱ t❡r❡♠♦s q✉❡ Fα =

∑
ρ∈Sn

γρFρ ❡✱ ♥❡st❛s

❝♦♥❞✐çõ❡s✱ trFα =
∑

ρ∈Sn
γρtrFρ✳ ◆ã♦ é ❞✐❢í❝✐❧ ♦❜s❡r✈❛r q✉❡ trFρ = 0✱ ♣❛r❛ t♦❞♦

ρ ∈ Sn \ {Id}✱ ❡ t❛♠❜é♠ q✉❡ trFId = dimKKSn = n!✳

❙❡♥❞♦ T ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣✱ t❡♠♦s

trFcT =
∑

p∈PT ,q∈QT

(−1)qtrFpq = n!

✉♠❛ ✈❡③ q✉❡ pq = Id s❡✱ ❡ s♦♠❡♥t❡ s❡✱ p = q = Id✳ ✭❱❡r ▲❡♠❛ ✶✳✼✳✶✸✮✳ ❆❧é♠ ❞✐ss♦✱ ❞♦

❧❡♠❛ ❛♥t❡r✐♦r t❡♠♦s q✉❡ c2T = acT ✱ ♣❛r❛ ❛❧❣✉♠ a ∈ K✳ ❈❛s♦ a = 0✱ t❡rí❛♠♦s c2T = 0 ❡

Fc2
T
(x) = xc2T = (xcT )cT = F2

cT
(x),

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ F2
cT

= 0✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ FcT é ♥✐❧♣♦t❡♥t❡ ❡ ❞❛í trFcT = 0✱ ♦ q✉❡

s❡r✐❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❉❡✈❡♠♦s ❡♥tã♦ t❡r a 6= 0✳ ❆ss✐♠✱ t♦♠❛♥❞♦ eT = a−1cT ✱ t❡♠♦s

e2T = a−2c2T = a−2(acT ) = a−1cT = eT .

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛

VT = KSncT = {αcT | α ∈ KSn} = KSneT .



✺✵

❖❜s❡r✈❡ q✉❡ VT é ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ❞❡ KSn ❡✱ é ♣♦rt❛♥t♦✱ ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ KSn✳

❙❛❜❡♠♦s q✉❡ γIdVT ∈ EndKSn
VT ✱ ♣❛r❛ t♦❞♦ γ ∈ K. ❚♦♠❛♥❞♦ ❛❣♦r❛ ϕ ∈ EndKSn

VT ✱

♦❜s❡r✈❡ q✉❡ ϕ(eT ) = αeT ✱ ♣❛r❛ ❛❧❣✉♠ α ∈ KSn✱ t❡♠♦s ❛❣♦r❛✱ ❡♥tã♦

ϕ(eT ) = ϕ(eT eT ) = eTϕ(eT ) = eTαeT = γeT ,

♣❛r❛ ❛❧❣✉♠❛ γ ∈ K✳ ❆ss✐♠✱ ♣❛r❛ t♦❞♦ x ∈ VT ✱ t❡♠♦s q✉❡ x = βeT ✱ ♣❛r❛ ❛❧❣✉♠

β ∈ KSn✱ VT ✈✐st♦ ❝♦♠ Sn ♠ó❞✉❧♦✱ ❡ ❞❛í

ϕ(x) = ϕ(βeT ) = βϕ(eT ) = βγeT = γx.

❈♦♥❝❧✉í♠♦s q✉❡ ϕ = γIdVT ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ EndKSn
VT = {αIdVT | α ∈ K}✳

P♦rt❛♥t♦✱ EndKSn
VT é ✐s♦♠♦r❢♦ ❛♦ ❝♦r♣♦ K✳

❚❡♦r❡♠❛ ✶✳✼✳✶✻ ❙❡❥❛ d ∈ N, λ, λ1 ❡ λ2 ♣❛rt✐çõ❡s ❞❡ d ❡ T, T1 ❡ T2 t❛❜❡❧❛s ❞❡ ❨♦✉♥❣

❛ss♦❝✐❛❞❛s ❛♦s ❞✐❛❣r❛♠❛s Dλ, Dλ1 ❡ Dλ2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✿

❛✮ VT é ✉♠❛ Sn✲♠ó❞✉❧♦ s✐♠♣❧❡s❀

❜✮ VT1 ❡ VT2 sã♦ Sn✲♠ó❞✉❧♦s s✐♠♣❧❡s ✐s♦♠♦r❢♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ λ1 = λ2✳

❉❡♠♦♥str❛çã♦✿ a) ❙❡❥❛ WT ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ VT ✳ ❈♦♠♦ t♦❞❛ Sn✲r❡♣r❡s❡♥t❛çã♦ é

❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧ ✭♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✮✱ ❡♥tã♦ ❞❡✈❡ ❡①✐st✐rW1 s✉❜♠ó❞✉❧♦

❞❡ VT t❛❧ q✉❡ VT = WT ⊕W1. ❚♦♠❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦

ϕ : VT → VT

α + β 7→ ϕ(α + β) = α,

♣❛r❛ α ∈ WT ❡ β ∈ W1✱ t❡♠♦s q✉❡ ϕ ∈ EndKSn
VT ❡ ϕ2 = ϕ✳ ❈♦♠♦ EndKSn

VT é

✐s♦♠♦r❢♦ ❛♦ ❝♦r♣♦✱ t❡♠♦s ϕ = 0 ♦✉ ϕ = Id✱ ❡ ❛ss✐♠✱ WT = {0} ♦✉ WT = VT ✳ ▲♦❣♦✱ VT

é s✐♠♣❧❡s✳

b) ❙❡♥❞♦ λ1 6= λ2✱ s✉♣♦♥❤❛♠♦s s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ λ1 > λ2✳ ❙❡❣✉❡

❞♦ ú❧t✐♠♦ ❧❡♠❛ q✉❡ eT1αeT2 = 0✱ ♣❛r❛ t♦❞♦ α ∈ KSn✳ ❙❡❥❛ ϕ : VT1 → VT2 ✉♠ ❤♦♠♦✲

♠♦r✜s♠♦ ❞❡ Sn✲♠ó❞✉❧♦s✳ ◆❡st❡ ❝❛s♦✱ ❡①✐st❡ α ∈ KSn t❛❧ q✉❡ ϕ(eT1) = αeT2 ✳ ◆❡st❛s

❝♦♥❞✐çõ❡s✱

ϕ(eT1) = ϕ(eT1eT1) = eT1ϕ(eT1) = eT1αeT2 = 0

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ϕ = 0✳ ❆ss✐♠✱ VT1 ❡ VT2 ♥ã♦ sã♦ ✐s♦♠♦r❢♦s✳



✺✶

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ λ1 = λ2✳ ❚❡♠♦s ❡♥tã♦ q✉❡ T1 = ρT2✱ ♣❛r❛ ❛❧❣✉♠

ρ ∈ Sn✳ ❉♦ ▲❡♠❛ ✶✳✼✳✶✸ t❡♠♦s q✉❡ eT1 = aρeT2ρ
−1✱ ♣❛r❛ ❛❧❣✉♠ a ∈ K✳ ▲♦❣♦✱

VT1 = VT2ρ
−1 ≃ VT2 ,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

✶✳✽ ❋✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❡ ❢✉♥çõ❡s ✐♥✈❛r✐❛♥t❡s

❈♦♥s✐❞❡r❡♠♦s ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s K[t1, . . . , tn] ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ K✱ ♣♦✲

❞❡♠♦s ✈❡r ❝❛❞❛ ti ❝♦♠♦ ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s ❡♠ Kn✱ ✐st♦ é✱ ti(x) = xi✱ q✉❛♥❞♦

x = (x1, . . . , xn). ■ss♦ s✉❣❡r❡ ♦ s❡❣✉✐♥t❡✿ ❞❛❞♦ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛✱ ❞❡♥♦t❛♠♦s ♣♦r K[V ] ❛ K✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❣❡r❛❞❛ ♣❡❧♦ ❡s♣❛ç♦ ❞✉❛❧ V ∗✳ ❋✐✲

①❛♥❞♦ ✉♠❛ ❜❛s❡ ♣❛r❛ V ❡ ❞❡♥♦t❛♥❞♦ ♣♦r ti ♦ ✐✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❛ ❜❛s❡ ❞✉❛❧ à ❜❛s❡

❝❛♥ô♥✐❝❛ ❞❡ V = Kn✱ K[V ] ❝♦♥s✐st❡ ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠ ti✳ ❚❛❧ ❛♥❡❧ é ❝❤❛♠❛❞♦ ❞❡ ❛♥❡❧

❞❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❡ s❡✉s ❡❧❡♠❡♥t♦s sã♦ ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s✳

❯♠ t✐♣♦ ✐♠♣♦rt❛♥t❡ ❞❡ ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s sã♦ ❛s ❢✉♥çõ❡s ✐♥✈❛r✐❛♥t❡s✱ ❛s q✉❛✐s

sã♦ ❞❡✜♥✐❞❛s ❝♦♠♦ s❡❣✉❡✳

❉❡✜♥✐çã♦ ✶✳✽✳✶ ❙❡❥❛ G ♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ✐♥✈❡rtí✈❡✐s ❞❡ ✉♠ ❡s♣❛ç♦ V ✳ ❯♠❛

❢✉♥çã♦ f ∈ K[V ] é ❝❤❛♠❛❞❛ G✲✐♥✈❛r✐❛♥t❡✱ ♦✉ ✐♥✈❛r✐❛♥t❡✱ s❡ f(gv) = f(v) ♣❛r❛ t♦❞♦

g ∈ G ❡ v ∈ V ✳ ❖s ✐♥✈❛r✐❛♥t❡s ❢♦r♠❛♠ ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ K[V ] ❝❤❛♠❛❞❛ ❞❡ ❛♥❡❧

✐♥✈❛r✐❛♥t❡ ❡ é ❞❡♥♦t❛❞❛ ♣♦r K[V ]G✳

❈♦♠♦ ❛ ór❜✐t❛ ❞❡ v ∈ V é ❞❡✜♥✐❞❛ ♣❡❧♦ s✉❜❝♦♥❥✉♥t♦ GV := {gV | g ∈ G} ⊂ V ✱ é

❝❧❛r♦ q✉❡ ✉♠❛ ❢✉♥çã♦ é G✲✐♥✈❛r✐❛♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ❝♦♥st❛♥t❡ ❡♠ t♦❞❛s ❛s ór❜✐t❛s

❞❡ G ❡♠ V ✳

❯♠ ♦✉tr♦ ❝❛♠✐♥❤♦ ♣❛r❛ ❞❡s❝r❡✈❡r ♦ ❛♥❡❧ ✐♥✈❛r✐❛♥t❡ é ❝♦♥s✐❞❡r❛r ❛ ❛çã♦ ❧✐♥❡❛r ❞❡

G ♥♦ ❛♥❡❧ K[V ]✱

(g, f) 7→ gf, gf(v) := f(g−1v) ♣❛r❛ g ∈ G, f ∈ K[V ], v ∈ V.

❈♦♠♦ ❛✜r♠❛❞♦ ❡♠ ❬✷✼❪✱ ❡st❛ ❞❡s❝r✐çã♦ é ❝♦♠✉♠❡♥t❡ ❝❤❛♠❛❞❛ ❞❡ r❡♣r❡s❡♥t❛çã♦ r❡❣✉❧❛r

❞❡ G ♥♦ ❛♥❡❧ ❞❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s✳ ✭❆ ✐♥✈❡rs❛ g−1✱ ♥❡st❛ ❞❡✜♥✐çã♦✱ é ♥❡❝❡ssár✐❛ ❛

✜♠ ❞❡ ♦❜t❡r♠♦s ✉♠❛ ❛çã♦ à ❡sq✉❡r❞❛ ♥♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s✮✳ ❈❧❛r❛♠❡♥t❡ ✉♠❛ ❢✉♥çã♦

f é ✐♥✈❛r✐❛♥t❡✱ s❡ ❡ s♦♠❡♥t❡ s❡✱ é ✉♠ ♣♦♥t♦ ✜①♦ s♦❜r❡ ❡st❛ ❛çã♦✱ ✐st♦ é✱ gf = f ♣❛r❛

t♦❞♦ g ∈ G✳ ■ss♦ ❡①♣❧✐❝❛ ❛ ♥♦t❛çã♦ K[V ]G ♣❛r❛ ♦ ❛♥❡❧ ❞♦s ✐♥✈❛r✐❛♥t❡s✳



✺✷

❊①❡♠♣❧♦ ✶✳✽✳✷ ❈♦♥s✐❞❡r❛♥❞♦ SLn(K) ♦ ❣r✉♣♦ ❞❛s ♠❛tr✐③❡s ❝♦♠ ❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧

❛ ✶✱ t❡♠♦s ❛ ❛çã♦ ❞❡ SLn(K) ❡♠ GLn(K) ❞❛❞❛ ♣♦r (A,B) 7→ A · B = AB. P❡❧♦

❚❡♦r❡♠❛ ❞❡ ❇✐♥❡t✱ ♦ q✉❛❧ ♥♦s ❛✜r♠❛ q✉❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ é ✉♠ ♠♦r✜s♠♦ ❝♦♠ r❡❧❛çã♦ ❛

♠✉❧t✐♣❧✐❝❛çã♦✱ ♦❜t❡r♠♦s q✉❡ ❛ ❢✉♥çã♦ f ❞❛❞❛ ♣♦r A 7→ detA é ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦

❛ ❡ss❛ ❛çã♦✳

❉❡✜♥✐çã♦ ✶✳✽✳✸ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❛çã♦ s✐♠étr✐❝❛ ❞❡ Sn ❡♠ V = Kn✱ ♦❜t❡♠♦s q✉❡ ❛s

❢✉♥çõ❡s f ∈ K[x1, . . . , xn]✱ t❛✐s q✉❡ f(xσ(1), . . . , xσ(n)) = f(x1, . . . , xn) q✉❡ sã♦ ✐♥✈❛r✐✲

❛♥t❡s ❝♦♠ r❡s♣❡✐t♦ ❛ ❡ss❛ ❛çã♦✱ sã♦ ❝❤❛♠❛❞❛s ❞❡ ❢✉♥çõ❡s s✐♠étr✐❝❛s✳

❊①❡♠♣❧♦ ✶✳✽✳✹ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❛çã♦ ♣♦r ❝♦♥❥✉❣❛çã♦ ❡♠ G = GLn(K)✱ t❡♠♦s q✉❡ ❛

❢✉♥çã♦ tr❛ç♦ é ✐♥✈❛r✐❛♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ♦ tr❛ç♦ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❝í❝❧✐❝❛✱ ♦✉ s❡❥❛✱

tr(AB) = tr(BA)✳

✶✳✾ P♦❧❛r✐③❛çã♦ ❡ r❡st✐t✉✐çã♦

❆ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ✉s♦ ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ♣♦❧❛r✐③❛çã♦ ❡ r❡st✐t✉✐çã♦ ♣❛r❛ ❛ t❡♦r✐❛

❞❡ ✐♥✈❛r✐❛♥t❡s é ✐♥❞✐s❝✉tí✈❡❧✳ ❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡st✉❞❛r ❛s ✐♥✈❛r✐❛♥t❡s ❡ ❝♦♥❝♦♠✐t❛♥t❡s

❡♠ á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s ♣♦❞❡♠♦s r❡❞✉③✐r ✭❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✮ ❛♦ ❡st✉❞♦s ❞♦ ❝❛s♦s

♠✉❧t✐❧✐♥❡❛r❡s✳ ❊ss❡ t❡①t♦ ❢♦✐ ❜❛s❡❛❞♦ ❡♠ ❬✷✼❪✳ ◆❡st❛ s❡çã♦✱ ❛✐♥❞❛ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r K

✉♠ ❝♦r♣♦ ❝✉❥❛ ❛ ❝❛r❛❝t❡ríst✐❝❛ é ③❡r♦✳

❉❡✜♥✐çã♦ ✶✳✾✳✶ ❉❛❞❛ f ∈ K[V ] ♥❛s ✈❛r✐á✈❡✐s (x1, . . . , xn)✱ ❞✐③❡♠♦s q✉❡ f é ✉♠❛

❢✉♥çã♦ s✐♠étr✐❝❛ s❡ f é ✐♥✈❛r✐❛♥t❡ s♦❜r❡ ♣❡r♠✉t❛çõ❡s ❞❡ss❛s ✈❛r✐á✈❡✐s✳

❙❡❥❛ f ∈ K[V ] ✉♠❛ ❢✉♥çã♦ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ d✳ ❙❡♥❞♦ v =
∑d

i=1 tivi, ti ∈ K ❡

vi ∈ V ✱ ♦❜t❡♠♦s

f(v) = f(
d∑

i=1

tivi) =
∑

s1+···+sd=d

ts11 · · · tsdd fs1···sd(v1, . . . , vd) ✭✶✳✷✮

♦♥❞❡ ♦s ♣♦❧✐♥ô♠✐♦s fs1···sd ∈ K[V ] ❡stã♦ ❜❡♠ ❞❡✜♥✐❞♦s ❡ sã♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉

(s1, . . . , sd)✳

❖s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s f11···1 ∈ K[V ] sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦❧❛r✐③❛çã♦ ✭❝♦♠✲

♣❧❡t❛✮ ❞❡ f ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ P q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ❢✉♥çã♦ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉

d ❛ s✉❛ ♣♦❧❛r✐③❛çã♦✳ ❉❛í✱ ❢❛③ s❡♥t✐❞♦ ❞❡♥♦t❛r♠♦s ❛ ♣♦❧❛r✐③❛çã♦ ❝♦♠♣❧❡t❛ ❞❡ f ♣♦r Pf ✳

◆♦t❡ q✉❡ Pf é ♠✉❧t✐❧✐♥❡❛r✳ ❆❞❡♠❛✐s✱ Pf é s✐♠étr✐❝❛✱ ✉♠❛ ✈❡③ q✉❡ s❡ σ ∈ Sd é ✉♠❛

♣❡r♠✉t❛çã♦✱ ❡♥tã♦ f(x1 + · · ·+ xd) = f(xσ(1) + · · ·+ xσ(d))✳



✺✸

Pr♦♣♦s✐çã♦ ✶✳✾✳✷ ◆❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ ❡st❛❜❡❧❡❝✐❞❛s✱ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡✿

Pf(v, . . . , v) = d!f(v)

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ s❡ s✉❜st✐t✉✐r♠♦s ❡♠ ✭✶✳✷✮ ♦s vi✬s ♣♦r v✱ t❡♠♦s ♥♦ ❧❛❞♦

❡sq✉❡r❞♦ ❞❛ ✐❣✉❛❧❞❛❞❡✿

f(t1v + · · ·+ tdv) = f
((∑

ti

)
v
)

=
(∑

ti

)d
f(v)

= (td1 + . . .+ d!t1t2 · · · td)f(v),

♦♥❞❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞♦ ❜✐♥ô♠✐♦ ❞❡ ♥❡✇t♦♥✳ ❈♦♠♣❛r❛♥❞♦ ❝♦♠ ♦ ❧❛❞♦ ❞✐r❡✐t♦

❞❡ ✭✶✳✷✮✱ t❡♠♦s ♥❛ ♣❛r❝❡❧❛ ♦❜t✐❞❛ q✉❛♥❞♦ s1 = s2 = . . . = sd = 1 ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡✿

t1 · · · tdf1···1(v, . . . , v) = d!t1t2 · · · tdf(v).

❆ss✐♠✱ t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

P❛r❛ ✉♠ ♣♦❧✐♥ô♠✐♦ g(v1, . . . , vd) ❡♠ d ✈❛r✐á✈❡✐s ✈❡t♦r✐❛✐s✱ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r

R : g(v1, . . . , vd) 7→
1

d!
g(v, . . . , v)

é ❝❤❛♠❛❞♦ ❞❡ r❡st✐t✉✐çã♦✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ✐rá r❡❧❛❝✐♦♥❛r ♦s ♦♣❡r❛❞♦r❡s ♣♦❧❛r✐③❛çã♦ ❡ r❡st✐t✉✐çã♦✳

❚❡♦r❡♠❛ ✶✳✾✳✸ ❆s ❛♣❧✐❝❛çõ❡s P ❡ R sã♦ ✐s♦♠♦r✜s♠♦s ✐♥✈❡rs♦s ❡♥tr❡ ♦ ❡s♣❛ç♦ ❞❛s

❢♦r♠❛s ❤♦♠♦❣ê♥❡❛s ❞❡ ❣r❛✉ d ❡ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s ❡♠ d

✈❛r✐á✈❡✐s✳

❉❡♠♦♥str❛çã♦✿ ❉❛ ❢♦r♠❛ ❝♦♠♦ ❢♦✐ ❞❡✜♥✐❞♦ ♦ ♦♣❡r❛❞♦r R✱ s❡❣✉❡ q✉❡ RPf = f ✳

❆ss✐♠✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ PRg = g✳ P❛r❛ ✐ss♦✱ s❡❥❛ g(v1, . . . , vd) ✉♠❛ ❢✉♥çã♦

♠✉❧t✐❧✐♥❡❛r s✐♠étr✐❝❛✳ ❊♥tã♦✱

PRg = P
1

d!
g(v, . . . , v).

❉✐❛♥t❡ ❞✐ss♦✱ ❜❛st❛ ❛♥❛❧✐s❛r♠♦s ❛ ♣❛rt❡ ♠✉❧t✐❧✐♥❡❛r ❞❡
1

d!
g(v, . . . , v). ❖r❛✱ ❞❡✜♥❛ ♦ ✈❡t♦r

v =
∑
vi✳ ❉❛ ♠✉❧t✐❧✐♥❡❛r✐❞❛❞❡ ❞❡ g t❡♠✲s❡

g(v, . . . , v) =
∑

g(vi1 , vi2 , . . . , vid),



✺✹

♦♥❞❡ ♦ s♦♠❛tór✐♦ é s♦❜r❡ t♦❞❛s ❛s ♣♦ssí✈❡✐s s❡q✉ê♥❝✐❛s ❞❡ í♥❞✐❝❡s i1, i2, . . . , id ∈ {1, . . . , d}

✭❝♦♠ ♣♦ssí✈❡✐s r❡♣❡t✐çõ❡s✮✳ ❖r❛✱ ♠❛s ❛ ♣❛rt❡ ♠✉❧t✐❧✐♥❡❛r é ❡①❛t❛♠❡♥t❡ ❛ s♦♠❛ s♦❜r❡

t♦❞❛s ❛s s❡q✉ê♥❝✐❛s s❡♠ r❡♣❡t✐çõ❡s✱ ✐st♦ é✱ ❛s ♣❡r♠✉t❛çõ❡s✳ ❆ss✐♠✱

PRg =
1

d!

∑

σ∈Sd

g(vσ(1), vσ(2), . . . , vσ(d)),

❡ ❝♦♠♦ g é s✐♠étr✐❝♦✱ PRg = g✳ ❆ss✐♠✱ t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

◆ós ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ♦ ♣r♦❝❡ss♦ ❞❡ ♣♦❧❛r✐③❛çã♦✱ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ ♠✉❧t✐❤♦♠♦✲

❣ê♥❡❛✳ P❛r❛ ✐ss♦✱ ❜❛st❛ r❡❛❧✐③❛r ♦ ♣r♦❝❡ss♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ✈❛r✐á✈❡✐s

vi✱ ❞❡ ♠♦❞♦ ✐s♦❧❛❞♦✳ ❆ ♣♦❧❛r✐③❛çã♦ ❝♦♠♣❧❡t❛ s❡rá ♠✉❧t✐❧✐♥❡❛r ❡ s✐♠étr✐❝❛ ❡♠ ❝❛❞❛ vi

❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✈❛r✐á✈❡❧ q✉❡ ❢♦✐ s✉❜st✐t✉í❞❛✳ ❊ ❛ ❢✉♥çã♦ ✐♥✐❝✐❛❧ é ♦❜t✐❞❛ ❞❛ ❢♦r♠❛

♣♦❧❛r✐③❛❞❛ ♣♦r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ r❡st✐t✉✐çõ❡s✳

◆❡st❡ ❝♦♥t❡①t♦✱ ❝♦♥s✐❞❡r❡ V = V1 ⊕ · · · ⊕ Vr ✉♠ ❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❯♠❛

❢✉♥çã♦ f ∈ K[V ] é ❝❤❛♠❛❞❛ ♠✉❧t✐❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ h = (h1, . . . , hr) s❡ f é

❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ hi ❡♠ Vi✱ ♦✉ s❡❥❛✱ ♣❛r❛ t♦❞♦ v1, . . . , vr ∈ V ✱ t1, . . . , tr ∈ K t❡♠♦s

f(t1v1, t2v2, . . . , trvr) = th11 t
h2
2 · · · thrr f(v1, v2, . . . , vr). ✭✶✳✸✮

❊♠ ♣❛rt✐❝✉❧❛r s❡ h = (1, . . . , 1) ❞✐③❡♠♦s q✉❡ f é ✉♠❛ ♠✉❧t✐❧✐♥❡❛r✳

➱ ❝❧❛r♦ q✉❡ t♦❞❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ f é ❡s❝r✐t❛ ❞❡ ♠♦❞♦ ú♥✐❝♦ ❝♦♠♦ s♦♠❛ ❞❡

❢✉♥çõ❡s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✿ f =
∑
fh✱ ♦♥❞❡ fh sã♦ ❝❤❛♠❛❞♦s ❝♦♠♣♦♥❡♥t❡s ♠✉❧t✐❤♦✲

♠♦❣ê♥❡♦s ❞❡ f ✳

❖❜s❡r✈❛çã♦ ✶✳✾✳✹ P❛r❛ ❛ ♥♦t❛çã♦ ♥ã♦ ✜❝❛r tã♦ ✏♣❡s❛❞❛✑✱ ❡♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣♦❞❡✲

r❡♠♦s ♥♦s ❝♦♥❝❡♥tr❛r ♥♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ✉♠❛ só ✈❛r✐á✈❡❧ ♣❛r❛ ❡①❡♠♣❧✐✜❝❛r ❛ ❊q✳ ✭✶✳✸✮✱

❡ ❛ss✉♠✐r q✉❡ ♦s r❡s✉❧t❛❞♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s ✈❛❧❡♠ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s ❝♦♠ ✉♠ ♥ú♠❡r♦

♠❛✐♦r ❞❡ ✈❛r✐á✈❡✐s✳

❉❡✜♥✐çã♦ ✶✳✾✳✺ ❙❡❥❛ S ✉♠ s✉❜❡s♣❛ç♦ ❞❡ K[V ]✳ ❉✐③❡♠♦s q✉❡ S é ✉♠ ❡s♣❛ç♦ ❡stá✈❡❧

s❡ ♣❛r❛ ❝❛❞❛ f ∈ S t❡♠♦s q✉❡ s✉❛s ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠ô❣❡♥❡❛ ❛✐♥❞❛ ❡stá ❝♦♥t✐❞❛ ❡♠

S✳

❙❡❥❛ S ✉♠ s✉❜❡s♣❛ç♦ ❞❡ K[V ]✳ ❉❡♥♦t❡♠♦s ♣♦r S(m) ✉♠ s✉❜❡s♣❛ç♦ ❞❡ S ❝♦♠♦

s❡♥❞♦ ♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r t♦❞❛s ❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ♠✉❧t✐❧✐♥❡❛r❡s ❡♠ S✳ ▼✉♥✐❞♦s

❞❡ss❛ ♥♦t❛çã♦✱ ♣r♦✈❛r❡♠♦s ♦ t❡♦r❡♠❛ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦▼ét♦❞♦ ❞❡ ❆r♦♥❤♦❧❞ ✭✈❡r ❬✸✶✱

❙❡çã♦ ✷✳✹✱ ♣á❣✳ ✹✹❪✮✳



✺✺

❚❡♦r❡♠❛ ✶✳✾✳✻ ❙❡❥❛ S✱ R s✉❜❡s♣❛ç♦ ❡stá✈❡✐s ❞❡ K[V ] t❛✐s q✉❡ S(m) ⊂ R(m)✱ ❡♥tã♦

S ⊂ R✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ∈ S✳ P♦❞❡♠♦s s✉♣♦r q✉❡ f é ✉♠❛ ❢✉♥çã♦ ♠✉❧t✐❤♦♠♦❣ê♥❡❛✳

❉❡✈❡♠♦s ♣r♦✈❛r q✉❡ f ∈ R✳ ◆ós s❛❜❡♠♦s q✉❡ f ♣♦❞❡ s❡r ♦❜t✐❞♦ ♣♦r r❡st✐t✉✐çã♦ ❞❛

❢♦r♠❛ ♣♦❧❛r✐③❛❞❛ ❝♦♠♣❧❡t❛ f = RPf ✳ ❆s ❤✐♣ót❡s❡s ✐♠♣❧✐❝❛♠ q✉❡ Pf ∈ S(m) ❡ ❞❛í

Pf ∈ R(m)✳ ❈♦♠♦ R é ✉♠ ❡s♣❛ç♦ ❢❡❝❤❛❞♦ s♦❜r❡ ♣♦❧❛r✐③❛çã♦ ❡ r❡st✐t✉✐çã♦✱ t❡♠♦s

f = RPf ∈ R✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❈♦r♦❧ár✐♦ ✶✳✾✳✼ ❙❡ ❞♦✐s ❡s♣❛ç♦s S✱ R ❞❡ K[V ] sã♦ ❡stá✈❡✐s ❡ S(m) = R(m)✱ ❡♥tã♦

S = R✳

❊st❡ ❝♦r♦❧ár✐♦ s❡rá ✉t✐❧✐③❛❞♦ ❡♠ ♥♦ss♦s ❝á❧❝✉❧♦s ❝♦♠ ✐♥✈❛r✐❛♥t❡s✱ ❞❛ s❡❣✉✐♥t❡ ♠❛✲

♥❡✐r❛✿ ■r❡♠♦s ❝❛❧❝✉❧❛r ♦ ❡s♣❛ç♦ W ❞♦s ✐♥✈❛r✐❛♥t❡s ❡♠ A s♦❜r❡ ♦ ❣r✉♣♦ G ❞❛s tr❛♥s✲

❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ❡♠ ✉♠ ❡s♣❛ç♦ n✲❞✐♠❡♥s✐♦♥❛❧✳ ◆ós ✐r❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❧✐st❛ ❞❡

✐♥✈❛r✐❛♥t❡s ❢♦r♠❛♥❞♦ ✉♠ s✉❜❡s♣❛ç♦ V ❢❡❝❤❛❞♦ s♦❜r❡ ♣♦❧❛r✐③❛çã♦✳ ❉❛í✱ ♥♦ss♦ ♦❜❥❡t✐✈♦

s❡rá ❞❡ ❡♥❝♦♥tr❛r t♦❞♦s ♦s ✐♥✈❛r✐❛♥t❡s ❡ ♣r♦✈❛r q✉❡ V = W ✳ ❖r❛✱ ♠❛s ♣❛r❛ ✐ss♦✱ s♦❜r❡

✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❜❛st❛rá ♠♦str❛r ♣❛r❛ ♦s ♠✉❧t✐❧✐♥❡❛r❡s✱ ✉♠❛ ✈❡③ q✉❡ s❡

f é ✉♠❛ ✐♥✈❛r✐❛♥t❡✱ ❡♥tã♦ t♦❞❛s ❛s s✉❛s ❝♦♠♣♦♥❡♥t❡s ♠✉❧t✐❤♦♠♦❣❡♥❡♥❛s sã♦ t❛♠❜é♠

✐♥✈❛r✐❛♥t❡s✳

❖❜s❡r✈❛çã♦ ✶✳✾✳✽ ❉❡ ♠♦❞♦ ✐♥❢♦r♠❛❧✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ♦ ♣r♦❝❡ss♦ ❞❡ ♠✉❧t✐❧✐♥❡❛r✐③❛✲

çã♦ ❡stá ♣❛r❛ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ❛ss✐♠ ❝♦♠♦ ♦ ♣r♦❝❡ss♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❡stá ♣❛r❛

✐♥✈❛r✐❛♥t❡s✳



❈❛♣ít✉❧♦ ✷

■♥✈❛r✐❛♥t❡s ❛❧❣é❜r✐❝♦s ❡ ✐❞❡♥t✐❞❛❞❡s

❝♦♠ ❚r❛ç♦

◆❡st❡ ❝❛♣ít✉❧♦ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ✐♥✐❝✐❛❧ ❡st✉❞❛r ❛ s♦❧✉çã♦ ❞❛ ❝♦♥❥❡❝t✉r❛ ♣r♦✲

♣♦st❛ ♣♦r ❆rt✐♥✱ ❡♠ ❬✹❪✱ ❞❛❞❛ ♣♦r Pr♦❝❡s✐ ❡♠ s❡✉ tr❛❜❛❧❤♦ ✐♥t✐t✉❧❛❞♦ ✏❚❤❡ ■♥✈❛r✐❛♥t

t❤❡♦r② ♦❢ n×n ♠❛tr✐❝❡s✑✱ ✈❡r ✭❬✷✾❪✮✳ ❚❛❧ ❝♦♥❥❡❝t✉r❛✱ ❞✐③ q✉❡ ❛ ♥❛t✉r❡③❛ ❞❛s ✐♥✈❛r✐❛♥t❡s

❞❡m ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✱ ❞✐❣❛♠♦s X1, . . . , Xm✱ sã♦ ♣♦❧✐♥ô♠✐♦s ❡♠ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

Tr(Xi1Xi2 · · ·XiR)✱ ✐st♦ é✱ q✉❡ ❞❡♣❡♥❞❡♠ ❞♦ tr❛ç♦✳

❆❧é♠ ❞♦ q✉❡ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦✱ ❡st❛❜❡❧❡❝❡r❡♠♦s ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ✐♥✈❛r✐❛♥t❡s

❡ ❛s ❝♦♥❝♦♠✐t❛♥t❡s ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❚❛❧

r❡❧❛çã♦ ❡♥tr❡ ✐♥✈❛r✐❛♥t❡s ❡ ❝♦♥❝♦♠✐t❛♥t❡s é ✐♠♣r❡ss✐♦♥❛♥t❡✱ ♣♦✐s ❛✜r♠❛ q✉❡ t♦❞❛ r❡❧❛çã♦

❡♥tr❡ ❡st❡s é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥✳ ▼✉♥✐❞♦ ❞❡st❡ r❡s✉❧t❛❞♦

♣♦❞❡r❡♠♦s ❝♦♥❝❧✉✐r q✉❡ s❡ ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ s❛t✐s❢❛③

❛ ✐❞❡♥t✐❞❛❞❡ xn✱ ❡♥tã♦ ❡❧❛ s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✳

P❛r❛ ❡✈✐t❛r r❡♣❡t✐çõ❡s ♥❡st❡ ❝❛♣ít✉❧♦✱ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱

V ≃ Kn ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ n✱ Mn(K) ≃ End(V ) ♦ ❛♥❡❧ ❞❛s ♠❛tr✐③❡s

n×n✱ V ∗ ♦ ❡s♣❛ç♦ ❞✉❛❧ ❞❡ V ❡ G = GL(V ) ≃ GLn(K) ♦ ❣r✉♣♦ ❞❛s ♠❛tr✐③❡s ✐♥✈❡rsí✈❡✐s✳

❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s U ❡ V ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ❞❡♥♦t❛r❡♠♦s ♣♦r L(U, V ) ♦ ❝♦♥❥✉♥t♦ ❞❡

t♦❞❛s ❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ❞❡ U ❡♠ V ✳

P♦r ✜♠✱ ♠❡♥❝✐♦♥❛♠♦s q✉❡ ❛❧é♠ ❞♦ t❡①t♦ s♦❜ ❛✉t♦r✐❛ ❞❡ ❈✳ Pr♦❝❡s✐✱ ♦ ❧✐✈r♦ ❬✷✸❪

❢♦✐ ❞❡ ❣r❛♥❞❡ ❛❥✉❞❛ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡ t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦✳



✺✼

✷✳✶ ■♥✈❛r✐❛♥t❡s ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n

◆❡st❛ s❡çã♦✱ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ♠♦str❛r ♦ t❡♦r❡♠❛ ❝♦♥❤❡❝✐❞♦ ♥♦ ❡st✉❞♦ ❞❛

t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s ♣♦r ✏Pr✐♠❡✐r♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧✑ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s✳

❚❛❧ t❡♦r❡♠❛ ❛✜r♠❛ q✉❡ t♦❞❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ✐♥✈❛r✐❛♥t❡ ❡♠ ♠❛tr✐③❡s✱ s♦❜r❡ ❛ ❛çã♦

❞❡ G✱ é ✉♠ ♣♦❧✐♥ô♠✐♦ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ✉♠❛ ❝❡rt❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ✭❛q✉✐ ♣♦❞❡ s❡r ♠✉✐t❛s

✈❡③❡s ❝♦♥❢✉♥❞✐❞❛ ❝♦♠ ♦ tr❛ç♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✮✳

◆♦ q✉❡ s❡❣✉❡✱ ❞❛❞❛ ✉♠❛ ❢♦r♠❛ ❧✐♥❡❛r φ ∈ V ∗ ❡ ✉♠ ✈❡t♦r v ∈ V ✱ ❞❡♥♦t❛r❡♠♦s ♣♦r

〈φ, v〉 := φ(v) ♦ ❡s❝❛❧❛r φ(v)✳

❯t✐❧✐③❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ♣♦❞❡♠♦s r❡❛❧✐③❛r ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❡♥tr❡

♦♣❡r❛❞♦r❡s✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡♠♦s U1✱ U2✱ V1 ❡ V2 ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ f : U1 → V1 ❡

g : U2 → V2 ❞✉❛s ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s✳ ❆ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

ψ : U1 × U2 → V1 ⊗ V2

(u, v) 7→ f(u)⊗ g(v)

é ❜✐❧✐♥❡❛r✳ ❉❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ♦❜t❡♠♦s ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦

❧✐♥❡❛r ❞❡♥♦t❛❞❛ ♣♦r f ⊗ g : U1 ⊗U2 → V1 ⊗ V2 ❛ q✉❛❧ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡

(f ⊗ g)(u⊗ v) = f(u)⊗ g(v). ✭✷✳✶✮

❖❜s❡r✈❛çã♦ ✷✳✶✳✶ ❊♠ ✈✐st❛ ❞♦ q✉❡ s❡rá ❡st✉❞❛❞♦✱ é út✐❧ ❡s❝r❡✈❡r ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

❞✉❛❧ ♥♦ ♥í✈❡❧ ❞❡ ✈❡t♦r❡s ❞❡❝♦♠♣♦♥í✈❡✐s 〈ϕ⊗ ψ, u⊗ v〉 = 〈ϕ, u〉〈ψ, v〉✳ ❚❛❧ ♣♦ss✐❜✐❧✐❞❛❞❡

s✉r❣❡ ❞❡ ✭✷✳✶✮ ❡ ❝♦♥s✐❞❡r❛♥❞♦ V1 ❡ V2 ❡s♣❛ç♦s ✐s♦♠♦r❢♦s ❛♦ ❝♦r♣♦✳

❆❣♦r❛✱ ✐❞❡♥t✐✜q✉❡♠♦s ❛ á❧❣❡❜r❛ Mn(K)⊗i ❝♦♠ End(V ⊗i)✱ ❡ ❞✐st♦ ♦❜t❡r❡♠♦s ♣r♦✲

♣r✐❡❞❛❞❡s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❛ ♣❛rt✐r ❞❛s q✉❡ ❝♦♥❤❡❝❡♠♦s ❞❛ á❧❣❡❜r❛ ❞♦s

❡♥❞♦♠♦r✜s♠♦s✳

▲❡♠❛ ✷✳✶✳✷ ❖s ❡s♣❛ç♦s Mn(K)⊗i ❡ End(V ⊗i) sã♦ ✐s♦♠♦r❢♦s ❝♦♠♦ á❧❣❡❜r❛s✳

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

ϕ : Mn(K)i → End(V ⊗i)

(A1, . . . , Ai) 7→ ϕ(A1, . . . , Ai)

♦♥❞❡ ϕ(A1, . . . , Ai)(v1 ⊗ · · · ⊗ vi) = A1v1 ⊗ · · · ⊗ Aivi✳



✺✽

◆♦t❡ q✉❡ ϕ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡✱ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ é ❧✐♥❡❛r

❡♠ ❝❛❞❛ ❡♥tr❛❞❛✳ ▲♦❣♦✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ ❡①✐st❡ ✉♠❛

ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Tϕ :Mn(K)⊗i → End(V ⊗i) ❞❛❞❛ ♣♦r

(A1 ⊗ · · · ⊗ Ai) 7→ Tϕ(A1 ⊗ · · · ⊗ Ai) = ϕ(A1, . . . , Ai).

P❛r❛ ✜♥❛❧✐③❛r ❜❛st❛ q✉❡ ✈❡r✐✜q✉❡♠♦s q✉❡ Tϕ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❈♦♠ ❡❢❡✐t♦✱

❞❛❞♦s A = A1 ⊗ · · · ⊗ Ai✱ B = B1 ⊗ · · · ⊗ Bi ∈ Mn(K)⊗i ❡ v = v1 ⊗ · · · ⊗ vi ∈ V ⊗i

❛r❜✐trár✐♦s✱ t❡♠♦s✿

Tϕ(A · B)(v) = Tϕ((A1 ⊗ · · · ⊗ Ai) · (B1 ⊗ · · · ⊗Bi))(v1 ⊗ · · · ⊗ vi)

= Tϕ(A1B1 ⊗ · · · ⊗ AiBi)(v1 ⊗ · · · ⊗ vi)

= ϕ(A1B1, . . . , AiBi)(v1 ⊗ · · · ⊗ vi)

= A1B1v1 ⊗ · · · ⊗ AiBivi

= ϕ(A1, . . . , Ai)(B1v1 ⊗ · · · ⊗Bivi)

= (ϕ(A1, . . . , Ai) ◦ ϕ(B1, . . . , Bi))(v1 ⊗ · · · ⊗ vi)

♦✉ s❡❥❛✱

Tϕ(A · B)(v) = Tϕ(A) ◦ Tϕ(B)(v).

❉❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦s ❡❧❡♠❡♥t♦s t♦♠❛❞♦s✱ Tϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

P♦r ✜♠✱ ♦❜s❡r✈❛♠♦s q✉❡ Tϕ é ✉♠❛ ❜✐❥❡çã♦✳ ❉❛ ❞❡✜♥✐çã♦ ❞❡ Tϕ✱ ❥✉♥t♦ ❝♦♠ ❛

❛♣❧✐❝❛çã♦ ❞❛❞❛ ❡♠ ✭✷✳✶✮✱ ♣♦❞❡♠♦s ✈❡r Tϕ ❝♦♠♦ s❡♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❞❛❞❛ ♣♦r

Tϕ(A1 ⊗ · · · ⊗ Ai) = A1 ⊗ · · · ⊗ Ai. ✭✷✳✷✮

❖❜s❡r✈❡ q✉❡ Mn(K)⊗i t❡♠ ❜❛s❡ ❢♦r♠❛❞❛ ♣♦r t❡♥s♦r❡s ❝✉❥❛ ❛s ❡♥tr❛❞❛s sã♦ ❡❧❡♠❡♥t♦s

❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Mn(K)✱ ♦✉ s❡❥❛✱ Mn(K)⊗i t❡♠ ❜❛s❡ ❢♦r♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❛

❢♦r♠❛

E = Er1s1 ⊗ Er2s2 ⊗ · · · ⊗ Erisi , ✭✷✳✸✮

♦♥❞❡ ❝❛❞❛ Erjsj sã♦ ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s✳ ❆ ✐♥t❡r♣r❡t❛çã♦ ❞❛ ❆♣❧✐❝❛çã♦ ✭✷✳✷✮ ♣♦❞❡

s❡r ❢❡✐t❛ ❞❡ ♠♦❞♦ ♥❛t✉r❛❧✱ ❛ ✐♠❛❣❡♠ ❞❛ ♠❛tr✐③ E é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ♠♦❞♦ q✉❡

❝❛❞❛ ❡♥tr❛❞❛ ❞♦ t❡♥s♦r Tϕ(E) é ❞❛❞♦ ♣♦r Ers(vl) = δslvr✱ ♦♥❞❡ δsl é ♦ ❝❤❛♠❛❞♦ ❞❡❧t❛ ❞❡

❑r♦♥❡❝❦❡r✳ ❆❣♦r❛✱ t♦♠❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡Mn(K)⊗i∩kerTϕ✱ ❞✐❣❛♠♦sA✳ P❡❧♦ ❝♦♠❡♥tár✐♦



✺✾

❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ❡❧❡♠❡♥t♦ A ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

✭✷✳✸✮✱ ❞✐❣❛♠♦s

A =
l∑

j=1

αjErj1s
j
1
⊗ E

r
j
2s

j
2
⊗ · · · ⊗ E

r
j
i s

j
i
,

❞❡ ♠♦❞♦ q✉❡ ♦ ❝♦♥❥✉♥t♦ {E
r
j
1s

j
1
⊗ E

r
j
2s

j
2
⊗ · · · ⊗ E

r
j
i s

j
i
| j = 1, . . . , l} s❡❥❛ ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡✳ P♦r Tϕ s❡r ❧✐♥❡❛r t❡♠♦s q✉❡

Tϕ(A) =
l∑

j=1

αjErj1s
j
1
⊗ E

r
j
2s

j
2
⊗ · · · ⊗ E

r
j
i s

j
i

é ♦ ❡♥❞♦♠♦r✜s♠♦✱ s♦❜r❡ V ⊗i✱ ♥✉❧♦✳ ❋✐①❡♠♦s ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ❜❛s❡ B = {v1, . . . , vn} ❞❡

V ❡ t♦♠❡ ♦ t❡♥s♦r ❜ás✐❝♦ v = vl1 ⊗ · · · ⊗ vli ❞❡ V
⊗i✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ■❣✉❛❧❞❛❞❡ ✭✷✳✸✮✱

t❡♠♦s

Ej(v) = Er1s1(vl1)⊗ E
r
j
2s

j
2
(vl2)⊗ · · · ⊗ E

r
j
i s

j
i
(vli) = δ

s
j
1l1

· · · δ
s
j
i li
(v
r
j
1
⊗ · · · ⊗ v

r
j
i
)

❆ss✐♠✱ Ej(v) 6= 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ sju = lu✱ ♣❛r❛ ❝❛❞❛ u = 1✱ ✳ ✳ ✳ ✱ i✳ ❆❧é♠ ❞✐ss♦✱ s❡

Ej(v) ❡ Eu(v) sã♦ ♥ã♦ ♥✉❧♦s ♣❛r❛ ❛❧❣✉♠ v ✜①❛❞♦ ❡♠ V ⊗i✱ ❡♥tã♦ Ej(v) = Eu(v) s❡✱ ❡

s♦♠❡♥t❡ s❡✱ Ej = Eu✳ ❊♠ r❡s✉♠♦✱ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ❛❧❣✉♥s v✬s ❡♠ V ⊗i ❞❡ ♠♦❞♦

q✉❡
l∑

j=1

αj(Erj1s
j
1
⊗ E

r
j
2s

j
2
⊗ · · · ⊗ E

r
j
i s

j
i
)(v) = 0 ⇒ αj = 0,

♣❛r❛ ❝❛❞❛ j = 1✱ ✳ ✳ ✳ ✱ l✳ ❈♦♥❝❧✉✐♥❞♦ q✉❡ A = 0✱ ♦✉ s❡❥❛✱ Tϕ é ✐♥❥❡t✐✈❛✳ ❆❞❡♠❛✐s✱

❝♦♠♦ Mn(K)⊗i ❡ End(V ⊗i) t❡♠ ❛ ♠❡s♠❛ ❞✐♠❡♥sã♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞♦ ◆ú❝❧❡♦ ❡ ❞❛

■♠❛❣❡♠ q✉❡ Tϕ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ❛ ❛çã♦ ❞✐❛❣♦♥❛❧ ❞❡ G ❡♠ V ⊗i✱ ❛ q✉❛❧✱ ❝♦♠♦ ✈✐st♦ ♥♦ ❊①❡♠♣❧♦

✶✳✻✳✹✱ é ❞❛❞❛ ♣♦r

A · (v1 ⊗ v2 ⊗ · · · ⊗ vi) = A · v1 ⊗ A · v2 ⊗ · · · ⊗ A · vi,

✈❛♠♦s ❝♦♥str✉✐r ✉♠ ●✲✐s♦♠♦r✜s♠♦ ❡♥tr❡ ♦s ❡s♣❛ç♦s V ∗⊗i ⊗ V ⊗i ❡ End(V ⊗i)✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸ ❖s ❡s♣❛ç♦s V ∗⊗i ⊗ V ⊗i ❡ End(V ⊗i) sã♦ ●✲✐s♦♠♦r❢♦s✳

❉❡♠♦♥str❛çã♦✿ P♦r s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ ♥♦t❛çã♦✱ ❝♦♥s✐❞❡r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ U ❡ V ❞♦✐s

❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

T0 : U × V → L(U∗, V )

(u, v) 7→ T0(u, v).



✻✵

♦♥❞❡ T0(u, v)(u∗0) = 〈u∗0, u〉v ✭❛q✉✐ ❞❡✐①❛♠♦s ❝❧❛r♦ q✉❡ L(U∗, V ) ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡

t♦❞❛s ❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ❞❡ U∗ ❡♠ V ✮✳ ❉❡ss❡ ♠♦❞♦✱ ♣❛r❛ t♦❞♦ u1, u2 ∈ U ✱

v ∈ V ❡ λ ∈ K✱ t❡♠♦s✿

T0(λu1 + u2, v)(u
∗
0) = 〈u∗0, λu1 + u2〉v

= u∗0(λu1 + u2)v

= λu∗0(u1)v + u∗0(u2)v

= λT0(λu1, v)(u
∗
0) + T0(u2, v)(u

∗
0).

❆ss✐♠✱ ❛ ❛♣❧✐❝❛çã♦ T0 é ❧✐♥❡❛r ♥❛ ♣r✐♠❡✐r❛ ❡♥tr❛❞❛✳ ❯t✐❧✐③❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡

♣r♦❞✉t♦ ❡s❝❛❧❛r ♥✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❢❛❝✐❧♠❡♥t❡ ✈❡♠♦s q✉❡ T0 é ❧✐♥❡❛r ♥❛ s❡❣✉♥❞❛

❡♥tr❛❞❛✳ ❉❛í✱ ❛ ❛♣❧✐❝❛çã♦ T0 é ❜✐❧✐♥❡❛r✱ ❡✱ ♣♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

T ✱ t❛❧ q✉❡

T : U ⊗ V → L(U∗, V )

u⊗ v 7→ T (u⊗ v) = T0(u, v).

❉❡st❡ ♠♦❞♦✱ ♣❛r❛ ♠♦str❛r♠♦s q✉❡ U ⊗ V ❡ L(U∗, V ) sã♦ ✐s♦♠♦r❢♦s ❝♦♠♦ ❡s♣❛ç♦s

✈❡t♦r✐❛✐s✱ ❜❛st❛ ✈❡r✐✜❝❛r♠♦s q✉❡ T é ✉♠❛ ❜✐❥❡çã♦✳ ❈♦♠ ❡❢❡✐t♦✱ ❝♦♥s✐❞❡r❡ {u1, . . . , un} ❡

{v1, . . . , vm} ❜❛s❡s ❞♦s ❡s♣❛ç♦s U ❡ V ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡❥❛ k ∈ kerT ✱ ❛ss✐♠ ♣♦❞❡♠♦s

❡s❝r❡✈❡r ❡❧❡ ❞❛ ❢♦r♠❛

k =
n∑

i=1

m∑

j=1

αij(ui ⊗ vj) =
∑

i,j

αij(ui ⊗ vj).

❈♦♥s✐❞❡r❡✱ ❛❣♦r❛✱ {f1, . . . , fn} ❛ ❜❛s❡ ❞✉❛❧ ❞♦ ❡s♣❛ç♦ U∗✱ ♥❡st❡ ❝❛s♦✱

0 = T (k)(fr) =
∑

i,j

αijT (ui ⊗ vj)(fr) =
m∑

j=1

αrj〈fr, ur〉vj =
m∑

j=1

αrjvj,

♣❛r❛ ❝❛❞❛ r = 1✱ ✳ ✳ ✳ ✱ n✳ ❉❡st❡ ❝♦♠❡♥tár✐♦ t❡♠♦s q✉❡ k = 0✱ ♦✉ s❡❥❛✱ T é ✐♥❥❡t✐✈❛✳ P♦r

✜♠✱ ❛ ❜✐❥❡çã♦ ❞❡ T s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡

dim(U ⊗ V ) = dimU.dimV = dimU∗.dimV = dim(L(U∗, V )).

P♦❞❡♠♦s ❡♥tã♦ ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ U ❡ V sã♦ V ∗⊗i ❡ V ⊗i✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ◆❡st❛s ❝♦♥❞✐çõ❡s L(U∗, V ) = End(V ⊗i)✳ ❆ss✐♠ r❡st❛ ♠♦str❛r q✉❡ T é ✉♠

G✲✐s♦♠♦r✜s♠♦✳ ❖r❛✱ ❞❛❞♦s g ∈ G✱ ❛ ❛çã♦ ❞✐❛❣♦♥❛❧ ❞❡ G ❡♠ V ✱ ❞❛❞❛ ♣♦r

〈g, ϕ⊗ x〉 = 〈ϕ, g · x〉, ✭✷✳✹✮
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♦♥❞❡ ϕ = ϕ1 ⊗ ϕ2 ⊗ · · · ⊗ ϕi, x = x1 ⊗ x2 ⊗ · · · ⊗ xi ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❛çã♦ ❞❡ G s♦❜r❡

V ⊗i ❞❛❞❛ ♣♦r g · x = g · x1 ⊗ g · x2 ⊗ · · · ⊗ g · xi✱ ❝♦♠ ϕj ∈ V ∗ ❡ xj ∈ V ✱ j = 1, . . . , i✱

t❡r❡♠♦s

T (〈g, ϕ⊗ x〉)(y) = T (ϕ⊗ g · x)(y)

= 〈y, ϕ〉g · x

= g · (〈y, ϕ〉x)

= g · T (ϕ⊗ x)(y)✱ ♣❛r❛ t♦❞♦ y ∈ V ∗⊗i.

❆ss✐♠✱ t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

❆ss✐♠✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ✐s♦♠♦r❢♦ ❛♦

s❡✉ ❞✉❛❧✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ G✲✐♥✈❛r✐❛♥t❡ (V ∗⊗i ⊗ V ⊗i)∗✱ q✉❡ é ♦ ❡s♣❛ç♦

❞❛s ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s

V ∗⊗i ⊗ V ⊗i → K ✭✷✳✺✮

✐♥✈❛r✐❛♥t❡s s♦❜r❡ G✱ é ✐❞❡♥t✐✜❝❛❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦ T ❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦ ❞♦s ❡♥❞♦♠♦r✲

✜s♠♦s G✲❧✐♥❡❛r❡s ❞❡ V ⊗i✳

❆♥t❡s ❞❡ ❞❛r♠♦s ❝♦♥t✐♥✉✐❞❛❞❡ ❛ r❡s♦❧✉çã♦ ❞❡ ♥♦ss♦ ♣r♦❜❧❡♠❛✱ ❢❛r❡♠♦s ✉♠❛ ♣❛✉s❛

♣❛r❛ ❢❛③❡r ✉♠❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡✳ ❚❛❧ ♦❜s❡r✈❛çã♦✱ ❛ ♣r✐♥❝í♣✐♦✱ ♣♦❞❡ ♣❛r❡❝❡r q✉❡

♥ã♦ t❡♠ r❡❧❛çã♦ ❝♦♠ ♥♦ss♦ ❝♦♥t❡①t♦✱ ♠❛s ✈❡r❡♠♦s q✉❡ ✐st♦ ♥ã♦ é ✈❡r❞❛❞❡✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✹ ❆ t♦♣♦❧♦❣✐❛ ❞❡ ❩❛r✐s❦✐ é ✉♠❛ t♦♣♦❧♦❣✐❛ ❛❞❡q✉❛❞❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡

✈❛r✐❡❞❛❞❡s ❛❧❣é❜r✐❝❛s✱ ♦s ♣r✐♥❝✐♣❛✐s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦ ❡♠ ❣❡♦♠❡tr✐❛ ❛❧❣é❜r✐❝❛✳ ❈♦♠♦

❡♠ q✉❛❧q✉❡r ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ é ✐♠♣♦rt❛♥t❡ s❛❜❡r ❝♦♠♦ é ❛ ❞❡s❝r✐çã♦ ❞❡ s❡✉s ❝♦♥❥✉♥t♦s

❢❡❝❤❛❞♦s✱ ♣♦✐s s❛❜❡♠♦s q✉❡ ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ss❡s ❝♦♥❥✉♥t♦s s❡rã♦ ♦s ♥♦ss♦s ❛❜❡rt♦s✳

P❛r❛ ✐st♦✱ t❡♠♦s✿ ❯♠ ❝♦♥❥✉♥t♦ X ⊂ Kn é ❞✐t♦ s❡r ❢❡❝❤❛❞♦ ♥❛ t♦♣♦❧♦❣✐❛ ❞❡ ❩❛r✐s❦✐ s❡

❡❧❡ é ❞❛ ❢♦r♠❛

V (S) = {(x1, . . . , xn) ∈ Kn | f(x1, . . . , xn) = 0, ∀f ∈ S}

♣❛r❛ ❛❧❣✉♠ S ⊆ K[t1, . . . , tn]✳

➱ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ q✉❡ G = {A ∈Mn(K) | detA 6= 0}✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❛♣❧✐❝❛çã♦

❞❡t❡r♠✐♥❛♥t❡ det : Mn(K) → K é ♣♦❧✐♥♦♠✐❛❧ ❝♦♠ ❡♥tr❛❞❛s ❡♠ t1✱ ✳ ✳ ✳ ✱ tn2✳ ◆❡st❡ ❝❛s♦

V ({det}) é ✉♠ ❢❡❝❤❛❞♦ ❡♠ Mn(K) ≃ Kn2
♥❛ t♦♣♦❧♦❣✐❛ ❞❡ ❩❛r✐s❦✐✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡

G = V ({det})c é ✉♠ ❛❜❡rt♦ ♥❡ss❛ t♦♣♦❧♦❣✐❛✳

❖❜s❡r✈❡ q✉❡ ❛❧é♠ ❞❛ ❛çã♦ ❞✐❛❣♦♥❛❧ ❞❡ G s♦❜r❡ ♦ ❡s♣❛ç♦ V ⊗i t❡♠♦s ✉♠❛ ❛çã♦ ❞♦

❣r✉♣♦ s✐♠étr✐❝♦ Si s♦❜r❡ ♦ ♠❡s♠♦ ❡s♣❛ç♦ V ❞❛❞♦ ♣♦r

σ · (v1 ⊗ · · · ⊗ vi) = vσ(1) ⊗ · · · ⊗ vσ(i).
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❊ss❛s ❞✉❛s ❛çõ❡s ❝♦♠✉t❛♠ ❡♥tr❡ s✐ ❡ ♥♦s ❞á ✐♠❡rsõ❡s ❞❡ G ❡ Si ❡♠ End(V ⊗i)✳ ❉❡✲

♥♦t❛♥❞♦ ♣♦r 〈G〉 ♦ s✉❜❡s♣❛ç♦ ❞❡ End(V ⊗i) ❣❡r❛❞♦ ♣❡❧❛ ✐♠❛❣❡♠ ❞❡ G ❡ ♣♦r 〈Si〉 ♦

s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧❛ ✐♠❛❣❡♠ ❞❡ Si✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✷✳✶✳✺ ✭✐✮ 〈G〉 = EndSi
(V ⊗i)❀

✭✐✐✮ 〈Si〉 = EndG(V
⊗i)✳

❉❡♠♦♥str❛çã♦✿ ❙❡ ✐❞❡♥t✐✜❝❛r♠♦s End(V ⊗i) ❝♦♠ End(V )⊗i✱ ✉♠ ❡❧❡♠❡♥t♦ g ∈ G é

❛♣❧✐❝❛❞♦ ♣❛r❛ ♦ t❡♥s♦r s✐♠étr✐❝♦ g ⊗ · · · ⊗ g✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ✐♠❛❣❡♠ ❞❡ EndSi
(V ⊗i)

sã♦ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ End(V )⊗i q✉❡ sã♦ ✐♥✈❛r✐❛♥t❡s ♣❡❧❛ ❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ ✭❡♠

❝❛❞❛ ❡♥tr❛❞❛ ❞♦ t❡♥s♦r✮ ❞♦ ❣r✉♣♦ s✐♠étr✐❝♦✳ ❆q✉✐ ❛ ❛çã♦ ♥♦ t❡♥s♦r é s❡♠♣r❡ ❛ ❛çã♦

❞✐❛❣♦♥❛❧ ❝♦♠♦ ❞❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✶✳✻✳✹✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛ ✐♠❛❣❡♠ ❞❡ EndSi
(V ⊗i)

❡♠ End(V )⊗i é ♦ s✉❜❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s t❡♥s♦r❡s s✐♠étr✐❝♦s ❡♠ End(V )⊗i✳ ❉❡st❛

❢♦r♠❛✱ s❡❥❛ B0 = {e1, . . . , en2} ✉♠❛ ❜❛s❡ ❞❡ End(V )✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦

B = {em1 ⊗ · · · ⊗ emi
| emj

∈ B0, 1 ≤ j ≤ i}

❢♦r♠❛ ✉♠❛ ❜❛s❡ ♣❛r❛ End(V )⊗i q✉❡ é ❡stá✈❡❧ s♦❜r❡ ❛ Si✲❛çã♦✱ ✐st♦ é✱ σ · B ⊂ B✱ ♣❛r❛

t♦❞♦ σ ∈ Si✳ ❆ss✐♠✱ q✉❛❧q✉❡r Si✲ór❜✐t❛ ❝♦♥té♠ ✉♠ ú♥✐❝♦ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❢♦r♠❛

e⊗h11 ⊗ · · · ⊗ e
⊗h

n2

n2

❝♦♠ h1+ · · ·+hn2 = i✳ ❙❡ ❞❡♥♦t❛r♠♦s ♣♦r r(h1, . . . , hn2) ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s

♥❛ ❝♦rr❡s♣♦♥❞❡♥t❡ Si✲ór❜✐t❛✱ ❡♥tã♦ ❡ss❡s ✈❡t♦r❡s ❢♦r♠❛ ✉♠❛ ❜❛s❡ ❞♦s t❡♥s♦r❡s s✐♠étr✐❝♦s

❡♠ End(V )⊗i✳

❆ ❛✜r♠❛çã♦ s❡❣✉❡✱ ❡♥tã♦✱ s❡ ♣✉❞❡r♠♦s ♠♦str❛r q✉❡ t♦❞❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r λ s♦❜r❡

♦s t❡♥s♦r❡s s✐♠étr✐❝♦s✱ q✉❡ é ♥✉❧♦ s♦❜r❡ t♦❞♦ g⊗ · · ·⊗ g ❝♦♠ g ∈ G✱ é ❛ ❛♣❧✐❝❛çã♦ ♥✉❧❛✳

❖r❛✱ s❡ ❡s❝r❡✈❡r♠♦s e =
∑
xjej ✭✉♠ ✈❡t♦r ❣❡♥ér✐❝♦✮✱ ❡♥tã♦

λ(e⊗ · · · ⊗ e) =
∑

xh11 · · · x
h
n2

n2 λ(r(h1, . . . , hn2)) ✭✷✳✻✮

é ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ s♦❜r❡ End(V ) ♥✉❧❛✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✶✳✹✱ G é ✉♠ s✉❜✲

❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ ❩❛r✐s❦✐ ❞❡ End(V )✳ ❆ss✐♠ ♦ ú♥✐❝♦ ♣♦❧✐♥ô♠✐♦ q✉❡ s❡ ❛♥✉❧❛ s♦❜r❡

❡❧❡ é ♦ ♥✉❧♦✳ P♦rt❛♥t♦✱ λ(r(h1, . . . , hn2)) = 0✱ ♣❛r❛ t♦❞♦ (h1, . . . , hn2)✱ t❡r♠✐♥❛♥❞♦ ❛

❞❡♠♦♥str❛çã♦ ❞♦ ✐t❡♠ ✭✐✮✳
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❏á ♣❛r❛ ♦ s❡❣✉♥❞♦ ✐t❡♠✱ ♦❜s❡r✈❡✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ KSi é

s❡♠✐ss✐♠♣❧❡s✱ ✈❡r ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✳ ❆ss✐♠✱ q✉❛❧q✉❡r ✐♠❛❣❡♠ ♣♦r ✉♠❛ ❛♣❧✐❝❛çã♦

s♦❜r❡❥❡t✐✈❛ ❞❡ á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s é s❡♠✐ss✐♠♣❧❡s✳ P♦rt❛♥t♦✱ 〈Si〉 é t❛♠❜é♠ ✉♠❛

s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s ❞❡ End(V ⊗i)✳ ❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝❡♥tr❛❧✐③❛❞♦r✱

é ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡

EndG(V
⊗i) = {X ∈ End(V ⊗i) | X ◦ g = g ◦X, ∀g ∈ G} = CEnd(V ⊗i)(〈G〉).

❏á ♣❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❡st❛ ❞❡♠♦♥str❛çã♦✱

〈G〉 = EndSi
(V ⊗i) = {a ∈ End(V ⊗i) | aσ = σa ♣❛r❛ t♦❞♦ σ ∈ Si} = CEnd(V ⊗i)(〈Si〉).

❉❡st❡s ❝♦♠❡♥tár✐♦s✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ✶✳✶✳✸✹ ❡ t❡r❡♠♦s

CEnd(V ⊗i)(EndSi
(V ⊗i)) = CEnd(V ⊗i)(CEnd(V ⊗i)(〈Si〉)) = 〈Si〉.

❊♠ r❡s✉♠♦✱ t❡♠♦s EndG(V ⊗i) = 〈Si〉✳ ❈♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

P❡❧♦ ✐t❡♠ ✭✐✐✮ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ á❧❣❡❜r❛ ❞❛s tr❛♥s❢♦r♠❛çõ❡s

G✲❧✐♥❡❛r❡s ❞❡ V ⊗i é ❣❡r❛❞❛✱ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♣❡❧♦s ❡♥❞♦♠♦r✜s♠♦s λσ✱ ♦♥❞❡ σ ∈ Si✱

❞❡✜♥✐❞♦ ♣♦r

λσ(v1 ⊗ v2 ⊗ · · · ⊗ vi) = vσ−1(1) ⊗ vσ−1(2) ⊗ · · · ⊗ vσ−1(i). ✭✷✳✼✮

■♥❢❡r✐♠♦s q✉❡ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ ❡①♣r❡ssã♦ ❡①♣❧í❝✐t❛ ♣❛r❛ ♦s ✐♥✈❛r✐❛♥t❡s ❞❛ ❢♦r♠❛

✭✷✳✺✮✱ ❜❛st❛ ❡♥❝♦♥tr❛r♠♦s ♣❛r❛ λσ✳ ❖r❛✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✶✳✶✱ t❡♠♦s

〈λσ, ϕ1 ⊗ · · · ⊗ ϕi ⊗X1 ⊗ · · · ⊗Xi〉 = 〈ϕ1 ⊗ · · · ⊗ ϕi, Xσ−1(1) ⊗ · · · ⊗Xσ−1(i)〉

=
∏

j

〈ϕj, Xσ−1(j)〉

=
∏

j

〈ϕσ(j), Xj〉.

❆q✉✐ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❛çã♦ ❞❛❞❛ ❡♠ ✭✷✳✹✮✳ ❊♠ r❡s✉♠♦✱ t❡♠♦s ✉♠❛ ♣❛rt❡ ❞♦

Pr✐♠❡✐r♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧✿

❚❡♦r❡♠❛ ✷✳✶✳✻ ◗✉❛❧q✉❡r ✐♥✈❛r✐❛♥t❡ ♠✉❧t✐❧✐♥❡❛r γ : V ∗⊗i ⊗ V ⊗i → K é ✉♠❛ ❝♦♠❜✐✲

♥❛çã♦ ❧✐♥❡❛r ❞♦s ✐♥✈❛r✐❛♥t❡s

µσ(ϕ1 ⊗ · · · ⊗ ϕi ⊗X1 ⊗ · · · ⊗Xi) :=
∏

j

〈ϕσ(j), Xj〉.



✻✹

❱❛♠♦s ✐♥t❡r♣r❡t❛r ♦s λσ✬s ❞❡ ❢♦r♠❛ ❞✐❢❡r❡♥t❡✳ ❘❡❝♦r❞❛r❡♠♦s ♦ ✐s♦♠♦r✜s♠♦ ❝❛♥ô✲

♥✐❝♦ ❡♥tr❡ End(V ) ❡ V ∗ ⊗ V ✱ ❛r❣✉♠❡♥t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❞❛❞♦ ♣❡❧❛ ❢ór♠✉❧❛✿

(ϕ⊗ v)(u) = 〈ϕ, u〉v.

■st♦ é ✉♠ G✲✐s♦♠♦r✜s♠♦ ❡ ✉s❛r❡♠♦s ✐st♦ ♣❛r❛ ✐❞❡♥t✐✜❝❛r s✐st❡♠❛t✐❝❛♠❡♥t❡ ♦s ❞♦✐s

❡s♣❛ç♦s✳

❆s s❡❣✉✐♥t❡s ❡①♣r❡ssõ❡s s❡rã♦ ❝❤❛♠❛❞❛s ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞♦s ❡♥❞♦♠♦r✜s♠♦s ❡ ❛

❛♣❧✐❝❛çã♦ tr❛ç♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

ϕ⊗ v · ψ ⊗ u = ϕ⊗ 〈ψ, v〉u ✭✷✳✽✮

tr(ϕ⊗ v) = 〈ϕ, v〉. ✭✷✳✾✮

❖❜s❡r✈❡ q✉❡ ♦ ♣r♦❞✉t♦ ❞❛❞♦ ❡♠ ✭✷✳✽✮ é ♦❜t✐❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❉❛❞♦ ϕ ∈ V ∗ ❡

v ∈ V ✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❛♣❧✐❝❛çã♦

fϕ,v : V
∗ × V → V ∗ ⊗ V,

❞❛❞❛ ♣♦r fϕ,v(ψ, u) = ϕ ⊗ 〈ψ, v〉u✳ ❖❜s❡r✈❡ q✉❡ fϕ,v é ❜✐❧✐♥❡❛r✳ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡

✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ ❞❡✈❡ ❡①✐st✐r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

Tϕ,v : V
∗ ⊗ V → V ∗ ⊗ V,

t❛❧ q✉❡ Tϕ,v(ψ ⊗ u) = fϕ,v(ψ, u)✳ ❖❜s❡r✈❛♥❞♦ ❛❣♦r❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦

T : V ∗ × V → End(V )

(ϕ, v) → Tϕ,v

é ❜✐❧✐♥❡❛r✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r F ❞❡ V ∗ ⊗ V ❡♠

End(V ) t❛❧ q✉❡ F (ϕ⊗ v) = Tϕ,v✳ ▲♦❣♦ ♦ ♣r♦❞✉t♦

· : (V ∗ ⊗ V )× (V ∗ ⊗ V ) → (V ∗ ⊗ V )

(ϕ⊗ v, ψ ⊗ u) → ϕ⊗ v · ψ ⊗ u = F (ϕ⊗ v)(ψ ⊗ u)

é ❜✐❧✐♥❡❛r ❡ s❛t✐s❢❛③

ϕ⊗ v · ψ ⊗ u = F (ϕ⊗ v)(ψ ⊗ u) = Tϕ,v(ψ ⊗ u) = ϕ⊗ 〈ψ, v〉u,

♣❛r❛ q✉❛✐sq✉❡r u, v ∈ V ❡ ϕ, ψ ∈ V ∗✳



✻✺

❆❧é♠ ❞✐ss♦✱ ♣♦r ❝♦♥t❛s ❞✐r❡t❛s✱ ✉s❛♥❞♦ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ❛❝✐♠❛ ❡ ❧❡♠❜r❛♥❞♦

q✉❡ 〈ϕ, v〉 = ϕ(v) ∈ K✱ ♣❛r❛ t♦❞♦ ϕ ∈ V ∗ ❡ v ∈ V ✱ t❡♠♦s q✉❡ ❛ ❡①♣r❡ssã♦ ♦❜t✐❞❛ ❡♠

✭✷✳✾✮ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❞❡✜♥✐çã♦ ❞❡ tr❛ç♦✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✼ ❙❡❥❛ β∗ = {ϕ1, . . . , ϕn} ❛ ❜❛s❡ ❞✉❛❧ ❞♦ ❡s♣❛ç♦ V ∗ r❡❧❛t✐✈❛ ❛ ❜❛s❡

β = {v1, . . . , vn}✳ P♦❞❡♠♦s ❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦ Ψ: V ∗ ⊗ V → Mn(K) ✐♥❞✉③✐❞❛ ♣♦r

Ψ(ϕi ⊗ vj) = Eij✳ ◆♦t❡ q✉❡✱

Ψ(ϕi ⊗ vj · ϕr ⊗ vs) = Ψ(ϕi ⊗ 〈ϕr, vj〉 ⊗ vs) = δrjEis

❡ Ψ(ϕi ⊗ vj) · Ψ(ϕr ⊗ vs) = Eij · Ers = δrjEis✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✷✷✱ Ψ é ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✱ ❡ ♥ã♦ é ❞✐❢í❝✐❧ ♦❜s❡r✈❛r q✉❡ t❛❧ ❤♦♠♦♠♦r✜s♠♦ é ♥❛ ✈❡r❞❛❞❡

✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❈♦♥❝❧✉í♠♦s q✉❡ ♦ ♣r♦❞✉t♦ ❞❛❞♦ ❡♠ ✭✷✳✽✮ t♦r♥❛ V ∗ ⊗ V ❡

Mn(K) á❧❣❡❜r❛s ✐s♦♠♦r❢❛s✳

◆ós ♣♦❞❡♠♦s ✉s❛r ♦s ✐s♦♠♦r✜s♠♦s ❛♥t❡r✐♦r❡s ♣❛r❛ ♦❜t❡r ✉♠ ♦✉tr♦ ✐s♦♠♦r✜s♠♦

❡♥tr❡ G✲❡s♣❛ç♦s✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

(V ∗ ⊗ V )⊗i ≃ (EndV )⊗i ≃Mn(K)⊗i ≃ End(V ⊗i) ≃ V ∗⊗i ⊗ V ⊗i. ✭✷✳✶✵✮

❉❛í✱ ❛ ❞❡s❝r✐çã♦ ❞❡ ✉♠ ✐♥✈❛r✐❛♥t❡ ❧✐♥❡❛r ❞❡ V ∗⊗i⊗V ⊗i ♦❜t✐❞♦ ♥♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r

é✱ ♣♦rt❛♥t♦✱ ✉♠❛ ❞❡s❝r✐çã♦ ♣❛r❛ ♦s ✐♥✈❛r✐❛♥t❡s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ Mn(K)⊗i✳ ❊♥tã♦✱ ❡s❝♦✲

❧❤❡♥❞♦ ✉♠ σ ∈ Sn ❡ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ✐♥✈❛r✐❛♥t❡ ❧✐♥❡❛r µσ :Mn(K)⊗i → K✱ ♦❜t❡r❡♠♦s

✉♠ ♥♦✈❛ ❢ór♠✉❧❛ ❡①♣❧í❝✐t❛ ♣❛r❛ µσ ❡♠ t❡r♠♦ ❞❡ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✳

❚❡♦r❡♠❛ ✷✳✶✳✽ ❙❡❥❛ σ ∈ Si ❡ s✉♣♦♥❤❛♠♦s q✉❡

σ = (i1i2 · · · ik)(j1j2 · · · jn) · · · (t1t2 · · · tl)

é ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ σ ❡♠ ❝✐❝❧♦s ❞✐s❥✉♥t♦s✳ ❊♥tã♦✱ ❞❛❞❛s A1, A2, . . . , Ai ∈ Mn(K)✱

t❡♠♦s✿

µσ(A1 ⊗ A2 ⊗ · · · ⊗ Ai) = tr(Ai1Ai2 · · ·Aik)tr(Aj1Aj2 · · ·Ajn) · · · tr(At1At2 · · ·Atl).

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ♦s ❞♦✐s ❧❛❞♦s ❞❛ ✐❣✉❛❧❞❛❞❡ sã♦ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s✱ é

s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❛♥❞♦ A1, . . . , Ai sã♦ ❞❡❝♦♠♣♦♥í✈❡✐s✱ ✐st♦ é✱ Aj = ϕj ⊗ xj ✭✉♠❛ ✈❡③

q✉❡ ❡ss❡s ✈❡t♦r❡s ❣❡r❛♠ ♦ ❡s♣❛ç♦✮✱ ♦♥❞❡ ϕj ∈ V ∗ ❡ xj ∈ V ✳ ❉❛í✱ ♣❡❧♦ ✐s♦♠♦r✜s♠♦

♦❜t✐❞♦ ❡♠ ✭✷✳✶✵✮ ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡

µσ(A1 ⊗ · · · ⊗ Ai) = µσ(ϕ1 ⊗ ϕ2 · · · ⊗ ϕi ⊗ x1 ⊗ · · · ⊗ xi).



✻✻

◆❡st❛ ❝❛s♦✱

µσ(A1 ⊗ · · · ⊗ Ai) = µσ(ϕ1 ⊗ ϕ2 · · · ⊗ ϕi ⊗ x1 ⊗ · · · ⊗ xi)

=
i∏

j=1

〈ϕσ(i), xi〉

= 〈ϕi2 , xi1〉〈ϕi3 , xi2〉 · · · 〈ϕik , xik−1
〉〈ϕi1 , xik〉

〈ϕj2 , xj1〉 · · · 〈ϕj1 , xjn〉 · · · 〈ϕt1 , xtl〉.

❈♦♥s✐❞❡r❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ♣r♦❞✉t♦

M = 〈ϕi2 , xi1〉〈ϕi3 , xi2〉 · · · 〈ϕik , xik−1
〉〈ϕi1 , xik〉.

❯s❛♥❞♦ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❡♥❞♦♠♦r✜s♠♦ ❞❛❞♦ ❡♠ ✭✷✳✽✮✱ s❡❣✉❡ q✉❡✿

ϕi1 ⊗ xi1 · ϕi2 ⊗ xi2 · . . . · ϕik ⊗ xik = ϕi1 ⊗ 〈ϕi2 , xi1〉xi2 · . . . · ϕik ⊗ xik

= 〈ϕi2 , xi1〉ϕi1 ⊗ xi2 · . . . · ϕik ⊗ xik

= 〈ϕi2 , xi1〉〈ϕi3 , xi2〉 · · · 〈ϕik , xik−1
〉ϕi1 ⊗ xik .

▲♦❣♦✱ ❛♣❧✐❝❛♥❞♦ ♦ tr❛ç♦ ♦❜t✐❞♦ ❡♠ ✭✷✳✾✮✱ ♦❜t❡♠♦s✿

tr(Ai1Ai2 · · ·Aik) = tr(ϕi1 ⊗ xi1 · ϕi2 ⊗ xi2 · . . . · ϕik ⊗ xik)

= tr(〈ϕi2 , xi1〉〈ϕi3 , xi2〉 · · · 〈ϕik , xik−1
〉ϕi1 ⊗ xik)

= 〈ϕi2 , xi1〉〈ϕi3 , xi2〉 · · · 〈ϕik , xik−1
〉tr(ϕi1 ⊗ xik)

= 〈ϕi2 , xi1〉〈ϕi3 , xi2〉 · · · 〈ϕik , xik−1
〉〈ϕi1 , xik〉,

♦✉ s❡❥❛✱

M = tr(Ai1Ai2 · · ·Aik).

❆ss✐♠✱ ❢❛③❡♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ♣❛r❛ ♦s ❞❡♠❛✐s ♣r♦❞✉t♦s✱ ♦❜t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

❈♦♠♦ ❥á ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❞❡s❝r✐çã♦ ♣❛r❛ ❛s ✐♥✈❛r✐❛♥t❡s ♠✉❧t✐❧✐♥❡❛r❡s✱ ♦ ❈♦r♦❧ár✐♦

✶✳✾✳✼ ❡st❛❜❡❧❡❝❡ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✷✳✶✳✾ ✭Pr✐♠❡✐r♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧✮ ❈❛❞❛ ♣♦❧✐♥ô♠✐♦ ✐♥✈❛r✐❛♥t❡ ❡♠

♠❛tr✐③❡s A1, . . . , Ai ∈ Mn(K) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ ✐♥✈❛r✐❛♥t❡s tr(Ai1Ai2 · · ·Aij), ♦♥❞❡

xi1 · · · xij ♣❡r❝♦rr❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❡♠ ✈❛r✐á✈❡✐s ♥ã♦ ❝♦♠✉t❛t✐✈♦s✳
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✷✳✷ ▼❛tr✐③❡s ❝♦♥❝♦♠✐t❛♥t❡s

◆❡st❛ s❡çã♦ q✉❡r❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ✉♠ t✐♣♦ ❡s♣❡❝✐❛❧ ❞❡ ❛♣❧✐❝❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s

❝❤❛♠❛❞❛s ❞❡ ♠❛tr✐③❡s ❝♦♥❝♦♠✐t❛♥t❡s✳ ❚❛❧ ♥♦♠❡ s❡ ❞á ♣♦✐s ❡❧❛s ❡stã♦ ❛ss♦❝✐❛❞❛s ❛♦

❛♥❡❧ ❞❡ ♠❛tr✐③❡s✳ P❛r❛ ✐ss♦✱ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✷✳✷✳✶ ❉❛❞♦s ❝♦♥❥✉♥t♦s X ❡ Y ♠✉♥✐❞♦s ❞❡ ✉♠❛ ❛çã♦ ❞❡ G✱ ❞✐③❡♠♦s q✉❡ ✉♠❛

❛♣❧✐❝❛çã♦ f é G✲❝♦♥❝♦♠✐t❛♥t❡✱ ♦✉ ✉♠ ♠♦r✜s♠♦✱ s❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ f : X → Y ✱ t❛❧

q✉❡ f(g · x) = g · f(x)✳

◆❡st❛ s❡çã♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❞❡s❝r❡✈❡r ❛s ❛♣❧✐❝❛çõ❡s ❝♦♥❝♦♠✐t❛♥t❡s f : V → W

♥♦ s❡❣✉✐♥t❡ ❝❛s♦✿ V =Mn(K)i✱ W =Mn(K) ❡ G = GLn(K) ❝♦♠ ❛s ❛çõ❡s ✉s❛✐s s❡♥❞♦

❡♠ V ❛ ❛çã♦ ❞✐❛❣♦♥❛❧ ❡ ❡♠ ❝❛❞❛ ❝♦♦r❞❡♥❛❞❛ ❛ ❛çã♦ ♣♦r ❝♦♥❥✉❣❛çã♦✳ ❉❡♥♦t❛r❡♠♦s t❛❧

❝♦♥❥✉♥t♦ ♣♦r Si,n✳

■♥✐❝✐❛❧♠❡♥t❡ ♥♦t❡♠♦s q✉❡ Si,n é ✉♠ ❛♥❡❧ ♥ã♦ ❝♦♠✉t❛t✐✈♦ s♦❜r❡ ❛ s♦♠❛ ❡ ♦ ♣r♦❞✉t♦

♣♦♥t✉❛✐s✳ ❆❧é♠ ❞✐ss♦✱ Si,n é ♦ s✉❜❛♥❡❧ ❞♦ ❛♥❡❧ ❞❛s ❛♣❧✐❝❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ Mn(K)i

♣❛r❛Mn(K)✱ ❞❡♥♦t❛❞♦ ♣♦r Pi,n✱ ❢♦r♠❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ✜①❛❞♦s à ❡sq✉❡r❞❛ ♣❡❧♦ ❣r✉♣♦

G✱ ♦♥❞❡ G ❛❣❡ ❡♠ Pi,n ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

· : G× Pi,n → Pi,n

(g, ϕ) 7→ g · ϕ

♦♥❞❡ (g · ϕ)(u) = g(ϕ(g−1 · u)) ❡ ❛ s❡❣✉♥❞❛ ❛çã♦ é ❛ ❛çã♦ ❞✐❛❣♦♥❛❧✳ ❈♦♠ ❡❢❡✐t♦✱

♣r✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡ q✉❡ ϕ s❡❥❛ ✜①❛❞♦ à ❡sq✉❡r❞❛ ♣❡❧♦ ❣r✉♣♦ ●✱ t❡♠♦s

ϕ(g · v) = gϕ(g · v) = g(ϕ(g−1 · g · v)) = g(ϕ((g−1g) · v)) = gϕ(v).

▲♦❣♦✱ ϕ é ✉♠❛ ❝♦♥❝♦♠✐t❛♥t❡✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❞♦ ϕ ✉♠❛ ❝♦♥❝♦♠✐t❛♥t❡✱

ϕ(g−1 · v) = g−1ϕ(v) ⇒ g(ϕ(g−1 · v)) = g(g−1ϕ(v))

⇒ (g · ϕ)(v) = (gg−1)ϕ(v)

⇒ (g · ϕ)(v) = ϕ(v),

♦✉ s❡❥❛✱ ϕ é ✜①❛❞♦ à ❡sq✉❡r❞❛ ♣❡❧♦ ❣r✉♣♦ G✳

◆♦t❡♠♦s ❛✐♥❞❛ q✉❡ Pi,n é ✐s♦♠♦r❢♦✱ ❝♦♠♦ ❛♥❡❧✱ ❛♦ ❛♥❡❧ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠

n s♦❜r❡ ♦ ❛♥❡❧ ❞❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❡♠ Mn(K)i✱ ✐st♦ é✱ ✉♠ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s ❡♠



✻✽

i · n2 ✈❛r✐á✈❡✐s✳ ❙❡ ✐❞❡♥t✐✜❝❛r♠♦s ♦s ❡s❝❛❧❛r❡s K ❝♦♠♦ ♦ ❝❡♥tr♦ ❞❡ Mn(K)✱ ✈❡♠♦s q✉❡

♦ ❛♥❡❧ ❞♦s ✐♥✈❛r✐❛♥t❡s ❞❡ Mn(K)i → K✱ ❞❡♥♦t❛❞♦ ♣♦r Ti,n✱ é ✉♠ s✉❜❛♥❡❧ ❞♦ ❝❡♥tr♦ ❞❡

Si,n✳ ❊✱ ♣♦rt❛♥t♦✱ Si,n é ✉♠❛ Ti,n✲á❧❣❡❜r❛✳

❆❧é♠ ❞✐ss♦✱ ♥♦t❡ q✉❡✱ ❡♥tr❡ ❛s ♠❛tr✐③❡s ❝♦♥❝♦♠✐t❛♥t❡s✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛s

❝❤❛♠❛❞❛s j✲♣r♦❥❡çõ❡s ❝♦♥❝♦♠✐t❛♥t❡s✱ ✐♥❞✐❝❛❞❛s ♣♦r Xj ❡ ❞❛❞❛s ♣♦r✿

Xj : (A1, A2, . . . , Ai) → Aj.

❋♦r♠✉❧❡♠♦s ❛❣♦r❛ ♦ Pr✐♠❡✐r♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛s ▼❛tr✐③❡s ❈♦♥❝♦♠✐t❛♥✲

t❡s✳

❚❡♦r❡♠❛ ✷✳✷✳✷ ❖ ❛♥❡❧ Si,n é ❣❡r❛❞♦✱ ❝♦♠♦ ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ Ti,n✱ ♣❡❧♦s ❡❧❡♠❡♥t♦s

Xj✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ Si,n é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞❛ ✉♠❛ ❝♦♥❝♦♠✐t❛♥t❡ f : Mn(K)i → Mn(K) ❝♦♥str✉❛♠♦s ✉♠

✐♥✈❛r✐❛♥t❡ s♦❜r❡ ❛ ❛çã♦ ❞✐❛❣♦♥❛❧

f̄ : Mn(K)i+1 → K

(A1, . . . , Ai+1) 7→ tr(f(A1, . . . , Ai) · Ai+1).

◆♦t❡ ❛✐♥❞❛ q✉❡ f̄ é ❧✐♥❡❛r ❡♠ Xi+1✳

❆✜r♠❛çã♦ ✶✿ ❆ ❛♣❧✐❝❛çã♦ tr❛ç♦ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ✐st♦ é✱ ❞❛❞❛ A ∈ Mn(K)✱ s❡

tr(AB) = 0✱ ♣❛r❛ t♦❞❛ B ∈Mn(K)✱ ❡♥tã♦ A = 0✳

❉❡ ❢❛t♦✱ s❡❥❛ A =
∑n

α,β=1 aαβEαβ✳ ❉❛ ♣r♦♣r✐❡❞❛❞❡ ❝í❝❧✐❝❛ ❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦

t❡♠♦s q✉❡

0 = tr(AErj) = tr(AEriEij) = tr(EijAEri) = ajr,

♣❛r❛ q✉❛✐sq✉❡r i✱ j✱ r ❡♠ {1, 2, . . . , n}✳ ❊ ❛ss✐♠ t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

❆✜r♠❛çã♦ ✷✿ ❉❛❞❛s f, g : Mn(K)i → Mn(K) ❞✉❛s ❝♦♥❝♦♠✐t❛♥t❡s✱ s❡ f̄ = ḡ✱

❡♥tã♦ f = g✳

❉❡ ❢❛t♦✱ ❞❛❞❛s q✉❛✐sq✉❡r A1, . . . , Ai+1 ∈ Mn(K)✳ ❚❛❧ ❛✜r♠❛çã♦ s❡❣✉❡ ❛♣❧✐❝❛♥❞♦

❛ ❆✜r♠❛çã♦ ✶ ❥✉♥t♦ ❞❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ ❡❧❡♠❡♥t♦ Ai+1✳

❉❡ ♠ã♦ ❞❡ss❛s ❞✉❛s ❛✜r♠❛çõ❡s✱ ♦ ❚❡♦r❡♠❛ ✷✳✶✳✾ ♣❛r❛ ♦s ✐♥✈❛r✐❛♥t❡s✱ ✐♠♣❧✐❝❛ q✉❡

s❡ f é ✉♠❛ ❝♦♥❝♦♠✐t❛♥t❡✱ ❡♥tã♦ f̄ é ✉♠ ♣♦❧✐♥ô♠✐♦ ♥♦s ❡❧❡♠❡♥t♦s tr(Ai1Ai2 · · ·Aij)✱

s❡♥❞♦ ❧✐♥❡❛r ❡♠ Ai+1✳ ❉❛í✱

f̄ =
∑

λi1i2···ij tr(Ai1Ai2 · · ·AijAi+1)
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❝♦♠ λi1i2···ij ∈ Ti,n ❡ i1, i2, . . . , ij 6= i + 1✳ ✭❙❡ Ai+1 ❛♣❛r❡❝❡♠ ♥♦ ♠❡✐♦ ❞♦ ♠♦♥ô♠✐♦✱

♣♦❞❡♠♦s ♠✉❞❛r ❡❧❡ ♣❛r❛ ♦ ✜♠ ♣♦r ✉♠❛ ♣❡r♠✉t❛çã♦ ❝í❝❧✐❝❛✮✳ ❚❡♠♦s✱ ❡♥tã♦

f̄(A1, . . . , Ai, Ai+1) = tr
((∑

λi1i2···ijAi1Ai2 · · ·Aij

)
· Ai+1

)
.

P♦rt❛♥t♦✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✱ f =
∑
λi1i2···ijXi1Xi2 · · ·Xij ✳

✷✳✸ ❚❡♦r❡♠❛ ❞❛ ✜♥✐t✉❞❡ ♣❛r❛ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

■♥✐❝✐❡♠♦s ❡ss❛ s❡çã♦ ❞❡✜♥✐♥❞♦ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✳ P❛r❛ ✉♠ ♠❛✐♦r ❛♣r♦❢✉♥❞❛✲

♠❡♥t♦✱ ✐♥❞✐❝❛♠♦s ❛ r❡❢❡rê♥❝✐❛ ❬✶✽❪✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♦ s❡✉ ❈❛♣ít✉❧♦ ✸✱ ❙❡çõ❡s ✶✲✸✳

❉❡✜♥✐çã♦ ✷✳✸✳✶ ❙❡❥❛♠ A ✉♠ á❧❣❡❜r❛ ❡ G ✉♠ ❣r✉♣♦✳ ❉❡✜♥✐♠♦s ✉♠❛ G✲❣r❛❞✉❛çã♦ ❡♠

A ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❢❛♠í❧✐❛ {Ag | g ∈ G} ❞❡ s✉❜❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ A✱ t❛✐s q✉❡

A =
⊕

g∈G

Ag ❡ AgAh ⊆ Agh,

♣❛r❛ q✉❛✐sq✉❡r g, h ∈ G✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ é G✲❣r❛❞✉❛❞❛ ❝❛s♦ ❡❧❛ t❡♥❤❛ ✉♠❛

G✲❣r❛❞✉❛çã♦✳

◆❡st❡ ❝❛s♦✱ ♦ s✉❜❡s♣❛ç♦ Ag é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ g ❡ ♦s

s❡✉s ❡❧❡♠❡♥t♦s ♥ã♦ ♥✉❧♦s ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ g✳ ❯♠ s✉❜❡s♣❛ç♦ V ❞❡ A

é ❣r❛❞✉❛❞♦ s❡

V =
⊕

g∈G

(V ∩ Ag).

❯♠❛ s✉❜á❧❣❡❜r❛ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✉♠ ✐❞❡❛❧✮ é ❝❤❛♠❛❞♦ ❞❡ ❣r❛❞✉❛❞♦ s❡ ❡❧❡ ❝♦♠♦

s✉❜❡s♣❛ç♦ é ❣r❛❞✉❛❞♦✳

❊①❡♠♣❧♦ ✷✳✸✳✷ ❚♦❞❛ á❧❣❡❜r❛ A ❛❞♠✐t❡ ✉♠❛ G✲❣r❛❞✉❛çã♦✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r Aǫ = A ❡

Ag = {0}✱ ♣❛r❛ t♦❞♦ g ∈ G\{ǫ}✳ ❆q✉✐ ǫ ❞❡♥♦t❛ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G✳ ❚❛❧ ❣r❛❞✉❛çã♦

é ❝❤❛♠❛❞❛ ❞❡ tr✐✈✐❛❧✳

❊①❡♠♣❧♦ ✷✳✸✳✸ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s A = K[x1, . . . , xn] s♦❜r❡ ✉♠ ❝♦r♣♦

K ❡♠ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ s♦♠❛ ❞✐r❡t❛

A =
⊕

d∈Z

K[x1, . . . , xn]d,

♦♥❞❡ K[x1, . . . , xn]d = 0 s❡ d < 0 ❡ K[x1, . . . , xn]d é ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣❡❧♦s

♠♦♥ô♠✐♦s xe11 x
e2
2 · · · xenn ❞❡ ❣r❛✉ d = e1 + · · · + en ♣❛r❛ d ≥ 0✳ ❚❡♠♦s q✉❡ A ❛❞♠✐t❡

✉♠❛ ❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ♣❡❧♦ ❣r✉♣♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✳



✼✵

❖❜s❡r✈❛çã♦ ✷✳✸✳✹ ◗✉❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❞♦ ♣♦❧✐♥ô♠✐♦ ❢♦r❡♠ ♥ã♦ ❝♦♠✉t❛t✐✈❛s✱ ♣♦❞❡✲s❡

♦❜t❡r ✉♠❛ ❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ♣❡❧♦s ✐♥t❡✐r♦s ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ♦♥❞❡ ❛s ❝♦♠♣♦♥❡♥t❡s

❤♦♠♦❣ê♥❡❛s ❞❡ ❣r❛✉ d s❡rã♦ ♦ K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❣❡r❛❞♦s ♣❡❧♦s ♠♦♥ô♠✐♦s ❞❡ ❣r❛✉ d✳

❚❛❧ ❣r❛❞✉❛çã♦ s❡rá ❝❤❛♠❛❞❛ ✉s✉❛❧✳

❚❛♠❜é♠ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ ❣r❛❞✉çã♦ ❡♠ ♠ó❞✉❧♦s✳

❉❡✜♥✐çã♦ ✷✳✸✳✺ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ A ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✳ ❉✐③❡♠♦s q✉❡ ✉♠

A✲♠ó❞✉❧♦ M é ❣r❛❞✉❛❞♦✱ s❡ ❡①✐st❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❣r✉♣♦s {Mg}g∈G t❛✐s q✉❡

M =
⊕

g∈GMg ❡ AgMh ⊆Mgh✱

♣❛r❛ t♦❞♦ g✱ h ∈ G✳

❈♦♠♦ ♥♦ ❝❛s♦ ❞❡ á❧❣❡❜r❛s✱ ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ x ∈ M é ❞✐t♦ ❤♦♠♦❣ê♥❡♦ s❡

x ∈ Mg✱ ♣❛r❛ ❛❧❣✉♠ g ∈ G✳ ❆❧é♠ ❞✐ss♦✱ ❝❛❞❛ Mg é ✉♠ A✲♠ó❞✉❧♦ ❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡

M s❡rá ✉♠❛ s♦♠❛ ✜♥✐t❛ ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✳

❆q✉✐ ✉♠❛ ♣❡r❣✉♥t❛ ♥❛t✉r❛❧ é✿ ✏s❡ ❞❛❞♦ ✉♠ A✲♠ó❞✉❧♦ M G✲❣r❛❞✉❛❞♦ ❡ N ✉♠

s✉❜♠ó❞✉❧♦✱ ❡♥tã♦ M/N é G✲❣r❛❞✉❛❞♦❄✑✳ ❉❡ ❢❛t♦ ✐st♦ ♦❝♦rr❡ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ ♣❛r❛

♦ ❝❛s♦ ❡♠ q✉❡ N é t❛♠❜é♠ G✲❣r❛❞✉❛❞♦✱ ✉♠❛ ✈❡③ q✉❡

M

N
=
⊕

g∈G

Mg

N ∩Mg

.

❉✐③❡♠♦s q✉❡ ❡ss❛ ❣r❛❞✉❛çã♦ ❞♦ ♠ó❞✉❧♦ q✉♦❝✐❡♥t❡ é ❤❡r❞❛❞❛ ❞❛ ❣r❛❞✉❛çã♦ ❞❡ M ✳

◆❡st❛ s❡çã♦ ❛♥❛❧✐s❛r❡♠♦s ❛ ✜♥✐t✉❞❡ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦s ❣❡r❛❞♦r❡s ❞❡ Si,n ❡ Ti,n✱

♦✉ s❡❥❛✱ ❡st✉❞❛r❡♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦s ♠♦♥ô♠✐♦s q✉❡ ♦s ❣❡r❛♠✳ ❉❛❞♦ f ∈ Si,n ✉♠❛

♠❛tr✐③ ❝♦♠ ❡♥tr❛❞❛s ♣♦❧✐♥♦♠✐❛✐s✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r s❡✉ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦

χf (λ) = λn +
m∑

i=1

σi(f)λ
i−1.

♦♥❞❡ σ1(f) = −tr(f) ❡ ♦s ♦✉tr♦s sã♦ ♦❜t✐❞♦s ♣❡❧❛s ❢✉♥çõ❡s ❞❡ ◆❡✇t♦♥ ❥á ❞✐s❝✉t✐❞❛s

♥❛ ❙❡çã♦ ✶✳✹✳ ❈❧❛r❛♠❡♥t❡✱ t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ q✉❡ χf (f) = 0✳

❆❧é♠ ❞✐ss♦✱ ♥♦t❡ q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❡♠ Si,n ❡ Ti,n ✉♠❛ ❣r❛❞✉❛çã♦ ❤❡r❞❛❞❛ ♣❡❧♦s

♣♦❧✐♥ô♠✐♦s q✉❡ ♦s ❞❡✜♥❡♠✳ ❆ss✐♠✱ Si,n✱ ❝♦♠♦ t❛♠❜é♠ Ti,n✱ ❛❞♠✐t❡♠ ✉♠❛ ❣r❛❞✉❛çã♦

✉s✉❛❧ ♣❡❧♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ Z✱ ♦♥❞❡ ♦ ❣r❛✉ s❡rá ♦ ✉s✉❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ❡

(Si,n)0 = (Ti,n)0 = K✳ ❉❛í✱ s❡ f ∈ Si,n é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ h✱ ❡♥tã♦ σi(f) é ❤♦♠♦❣ê♥❡♦

❞❡ ❣r❛✉ ih✳



✼✶

❇❛s❡❛❞♦ ♥❛s ♦❜s❡r✈❛çõ❡s ❛♥t❡r✐♦r❡s ❡ t❡♥❞♦ ❡♠ ♠❡♥t❡ ♦s ❚❡♦r❡♠❛s ✷✳✶✳✾ ❡ ✷✳✷✳✷✱

♥ós ❞❡s❡♥✈♦❧✈❡r❡♠♦s ❛q✉✐ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❣❡r❛❧ ❞♦ t❡♦r❡♠❛ ❞❛ ✜♥✐t✉❞❡ q✉❡ ✈❛♠♦s

❛♣❧✐❝❛r ♣❛r❛ ❛s ❛❧❣❡❜r❛s Ti,n ❡ Si,n✳ P❛r❛ ✐st♦✱ ❝♦♥s✐❞❡r❡ A =
⊕∞

i=0Ai ✉♠❛ á❧❣❡❜r❛

Z✲❣r❛❞✉❛❞❛ ❝♦♠✉t❛t✐✈❛ s♦❜r❡ ✉♠ ❝♦r♣♦ A0 = K✱ A+ =
∑∞

i=1Ai ❡ Ad = {0}✱ s❡♠♣r❡

q✉❡ d < 0✳

▲❡♠❛ ✷✳✸✳✻ ✭◆❛❦❛②❛♠❛ ✲ ✈❡rsã♦ ❣r❛❞✉❛❞❛✮ ❙❡❥❛♠ M =
⊕∞

i=0Mi ✉♠ A✲♠ó❞✉❧♦

Z✲●r❛❞✉❛❞♦ ❡ N ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M q✉❡ s❡❥❛ ❣r❛❞✉❛❞♦✳ ❙❡ M = N + A+M ✱ ❡♥tã♦

M = N ✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ N = 0 ❡ q✉❡ ❡①✐st❛ m ∈ M ❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦

❞❡ ♠❡♥♦r ❣r❛✉ ♣♦ssí✈❡❧✳ ❈♦♠♦ m ∈ A+M ✱ t❡♠♦s

m =
∑

i

aivi,

❝♦♠ ai ∈ A ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ ♣♦s✐t✐✈♦ ❡ vi ∈M ❤♦♠♦❣ê♥❡♦✳ ❉❛í✱

deg(ai) + deg(vi) = deg(m) ❡ deg(ai) > 0,

♣❛r❛ ❛❧❣✉♠ i ∈ Z+ ♥ã♦ ♥✉❧♦✱ t❡♠♦s✿

deg(vi) < deg(m),

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ deg(m)✳ ❈❛s♦ N 6= 0✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r♠♦s ♦

♠ó❞✉❧♦ M/N ✳ ❉❛í✱ ✈❡♠♦s q✉❡ M/N = A+(M/N)✳ ❆ss✐♠✱ ♣❡❧♦ q✉❡ ❥á ❢♦✐ ❢❡✐t♦ ❛❝✐♠❛✱

M/N = 0✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ M = N ✳

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r♠♦s✱ ❡♥✉♥❝✐❛r❡♠♦s ✉♠ ❝♦♥❤❡❝✐❞♦ r❡s✉❧t❛❞♦ ❞❡ P■✲á❧❣❡❜r❛ ♦

q✉❛❧ ❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✷✱ ♣á❣✳ ✼✾❪✳

❚❡♦r❡♠❛ ✷✳✸✳✼ ✭❚❡♦r❡♠❛ ❞❡ ◆❛❣❛t❛✲❍✐❣♠❛♥✮ ❙❡❥❛ R é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛

s❛t✐s❢❛③❡♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ xn ≡ 0✱ ♣❛r❛ ❛❧❣✉♠ n ∈ N✳ ❙❡ charK = 0 ♦✉ ♠❛✐♦r q✉❡ n✱

❡♥tã♦ RN = 0 ♣❛r❛ N ≤ 2n − 1✱ ♦✉ s❡❥❛✱

x1x2 · · · x2n−1 ≡ 0

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ R✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✽ ❘❛③♠②s❧♦✈✱ ❡♠ ❬✸✷❪✱ ♠❡❧❤♦r♦✉ ♦ í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❛❞♦ ♥♦ t❡✲

♦r❡♠❛ ❛♥t❡r✐♦r✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♥❛s ♥♦t❛çõ❡s ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❘❛③♠②s❧♦✈

❛r❣✉♠❡♥t♦✉ q✉❡ N ≤ n2✳



✼✷

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ Z✲❣r❛❞✉❛❞❛ R ❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ X

❞❡ R+ t❛❧ q✉❡✿

✭✐✮ R0 = A0 = K❀

✭✐✐✮ A ⊆ Z(R)✱ ♦♥❞❡ Z(R) é ♦ ❝❡♥tr♦ ❞❛ á❧❣❡❜r❛ R❀ ❡✱

✭✐✐✐✮ R é ❣❡r❛❞♦ ❝♦♠♦ ✉♠❛ A✲á❧❣❡❜r❛ ♣♦r 1 ❡ X✳

❚❡♦r❡♠❛ ✷✳✸✳✾ ❙❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ r ∈ R+ s❛t✐s❢❛③ ✉♠ ♣♦❧✐♥ô♠✐♦ ♠ô♥✐❝♦ ❞❡ ❣r❛✉ n

✭♦♥❞❡ ♦ ♣♦❧✐♥ô♠✐♦ ❞❡♣❡♥❞❡ ❞❡ r✱ ♠❛s ♦ n é ✜①♦✮ xn +
∑n

i=1 αix
n−i ≡ 0✱ ❝♦♠ αi ∈ A+✱

❡ charK = 0 ♦✉ charK > n✱ ❡♥tã♦ R é ❣❡r❛❞❛ s♦❜r❡ A ♣❡❧♦s ♠♦♥ô♠✐♦s ♥♦s ❡❧❡♠❡♥t♦s

❞❡ X ❞❡ ❣r❛✉ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ 2n − 2✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ U = R+/A+R+✳ P❡❧♦ ▲❡♠❛ ✷✳✸✳✻✱ ❜❛st❛

♠♦str❛r q✉❡ ♦s ♠♦♥ô♠✐♦s ❝♦♠ ❡❧❡♠❡♥t♦s ❡♠ X ❞❡ ❣r❛✉ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ 2n − 1 ✭❝♦♠

n ≥ 1✮ ❣❡r❛♠ U ✱ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ K✳ ❈♦♠ ❡❢❡✐t♦✱ ❞❛❞♦ x ∈ R+✱ t❡♠♦s

x =
∑

i aimi✱ ❝♦♠ ai ∈ A ❡ ❝❛❞❛ mi é ✉♠ ♠♦♥ô♠✐♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ X✳ ❆ss✐♠✱

x =
∑

i

a
(0)
i mi +

∑

j

ajmj,

♦♥❞❡ a(0)i ∈ A0 = K ❡ aj ∈ A+✳ ❉❡st❡ ♠♦❞♦✱ ❡♠ U ✱ t❡♠♦s✿

x =
∑

i

a
(0)
i mi +

∑

j

ajmj =
∑

i

a
(0)
i mi.

❙❡❣✉❡ ❡♥tã♦✱ ❞❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ x✱ q✉❡ U é ❣❡r❛❞♦ ♣♦r X✱ ❝♦♠♦ á❧❣❡❜r❛✳

❘❡st❛ ♠♦str❛r q✉❡ U é ✉♠❛ á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ ❞❡ í♥❞✐❝❡ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❞♦ q✉❡

2n − 1✳ ▼❛s ✐st♦ é ✐♠❡❞✐❛t♦ ❞♦ ❢❛t♦ q✉❡ ❞❛❞♦ r ∈ R+✱ t❡♠♦s rn +
∑
αir

n−i = 0✱ ❝♦♠

αi ∈ Ai✳ ❉✐st♦✱ s❡❣✉❡ q✉❡ q✉❛❧q✉❡r r̄ ∈ U s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ xn ≡ 0✳ ❖ r❡s✉❧t❛❞♦

s❡❣✉❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ◆❛❣❛t❛✲❍✐❣♠❛♥✳

❆ss✉♠✐r❡♠♦s ❛❣♦r❛ R ❝♦♠♦ ✉♠❛ á❧❣❡❜r❛ ♠✉♥✐❞❛ ❝♦♠ ✉♠❛ ❛♣❧✐❝❛çã♦ ❆✲❧✐♥❡❛r

t : R → A ♣r❡s❡r✈❛♥❞♦ ❣r❛✉s✳ ❆❞❡♠❛✐s✱ ❛ss✉♠✐r❡♠♦s q✉❡✱ s❡ T ❞❡♥♦t❛ ❛ á❧❣❡❜r❛

❣❡r❛❞❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ X✱ ♦s ❡❧❡♠❡♥t♦s t(T+) ❣❡r❛♠ A+✱ ❝♦♠♦ ✐❞❡❛❧✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✶✵ ❙♦❜r❡ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✸✳✾ ❡ R s❛t✐s❢❛③❡♥❞♦ t❛♠❜é♠ ❛s

❤✐♣ót❡s❡s ❞♦ ❝♦♠❡♥tár✐♦ ❞♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✱ A é ❣❡r❛❞❛ ❝♦♠♦ á❧❣❡❜r❛ ♣♦r ❡❧❡♠❡♥t♦s

t(r)✱ ♦♥❞❡ r ♣❡r❝♦rr❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦ ❞❡ ❡❧❡♠❡♥t♦s ❡♠ X ❞❡ ❣r❛✉ ≤ 2n − 1✳



✼✸

❉❡♠♦♥str❛çã♦✿ P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ R é ❣❡r❛❞♦ ❝♦♠♦ ✉♠❛ A✲á❧❣❡❜r❛ ♣❡❧♦s ♠♦♥ô✲

♠✐♦s ♥♦s ❡❧❡♠❡♥t♦s ❞❡ X ❞❡ ❣r❛✉ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ 2n − 2✱ t❛❧ ❝♦♥❥✉♥t♦ ❞❡ ♠♦♥ô♠✐♦s

s❡rá ❞❡♥♦t❛❞♦ ♣♦r S✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❡ B ❛ s✉❜á❧❣❡❜r❛ ❞❡ A ❣❡r❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s

t(r)✱ ♦♥❞❡ r ❝♦rr❡ ♥♦ ❝♦♥❥✉♥t♦ S ′ ❞♦s ♠♦♥ô♠✐♦s ♥♦s ❡❧❡♠❡♥t♦s ❞❡ X ❞❡ ❣r❛✉ ♠❡♥♦r ♦✉

✐❣✉❛❧ ❞♦ q✉❡ 2n−1✳ ❆ss✐♠✱ ❜❛st❛ ♠♦str❛r q✉❡ B = A✳ ❖r❛✱ ♠❛s ❝♦♠♦ B é ✉♠❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ ❡ A é ✉♠ B✲♠ó❞✉❧♦ ❣r❛❞✉❛❞♦✱ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✻ é s✉✜❝✐❡♥t❡ ♠♦str❛r

q✉❡ A = B + B+A✳ ❉❛í✱ ❝♦♠♦ A+ é ❣❡r❛❞♦ ♣♦r t(T+) ❝♦♠♦ ✐❞❡❛❧ s♦❜r❡ ❛ á❧❣❡❜r❛ A

❡ ✈❛❧❡ R = AS ❡ T+ ⊆ T.X✱ s❡❣✉❡ q✉❡ T+ ⊆ ASX✱ ❥á q✉❡ T = 〈X〉 ⊆ 〈1, X〉 = R.

❉❛í✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ S ′ ❡ ❝♦♠♦ ❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ♣r❡s❡r✈❛ ❣r❛✉s ✭❡✱ ♣♦r ✐ss♦✱

✐♥❝❧✉sõ❡s t❛♠❜é♠✮✱ s❡❣✉❡ q✉❡✿

t(T+) ⊆ t(ASX) ⇒ t(T+) ⊆ A.t(SX) = AB+

♦♥❞❡ SX é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♠♦♥ô♠✐♦s ❝♦♠ ❣r❛✉ ♣♦s✐t✐✈♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ 2n − 1 ♥♦s

❡❧❡♠❡♥t♦s ❞❡ X✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

A+ = A · t(T+) ⊆ AB+ ⇒ A = A0 + A+ ⊆ B +B+A.

❉❛í✱ ❝♦♠♦ B ❡ AB+ sã♦ s✉❜❝♦♥❥✉♥t♦s ❞❛ á❧❣❡❜r❛ A✱ t❡♠♦s A = B + B+A✳ ❊ ❛ss✐♠✱

s❡❣✉❡ ♦ ❞❡s❡❥❛❞♦✳

◆ós ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡ss❛ ♣r♦♣♦s✐çã♦ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❥á s❛❜❡♠♦s q✉❡ A é ❣❡r❛❞❛✱

❝♦♠♦ ✉♠❛ á❧❣❡❜r❛✱ ♣❡❧♦s ❡❧❡♠❡♥t♦s t(r)✱ ❝♦♠ r ∈ T ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥ós ♣♦❞❡♠♦s ❛♣❧✐✲

❝❛r ❛ ú❧t✐♠❛ ♣r♦♣♦s✐çã♦ ♣❛r❛ ♦❜t❡r ♦ ❚❡♦r❡♠❛ ❞❛ ❋✐♥✐t✉❞❡ ♣❛r❛ ♦s ❛♥é✐s ❞❡ ✐♥✈❛r✐❛♥t❡s✳

❚❡♦r❡♠❛ ✷✳✸✳✶✶ ❛✮ ❖ ❛♥❡❧ Ti,n é ❣❡r❛❞♦✱ s♦❜r❡ K✱ ♣❡❧♦s ❡❧❡♠❡♥t♦s tr(Xi1 · · ·Xij)✱

❝♦♠ j ≤ 2n − 1✳

❜✮ Si,n é ❣❡r❛❞♦✱ ❝♦♠♦ Ti,n✲á❧❣❡❜r❛✱ ♣❡❧♦s ❡❧❡♠❡♥t♦s Xi1Xi2 · · ·Xij ✱ ❝♦♠ j ≤ 2n − 2✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ t♦♠❛r t = tr,X = {X1, . . . , Xi}, A = Ti,n ❡ R = Si,n✳ ❉❛í✱

❛♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✶✵ t❡♠♦s ♦ ✐t❡♠ a)✳ ❆❞❡♠❛✐s✱ ❝♦♠♦ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ Si,n

s❛t✐s❢❛③ s❡✉ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦✱ ♦ ✐t❡♠ b) s❡❣✉❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✸✳✾✳

✷✳✹ ■❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r✱ ❡♠ ✉♠❛ ❢♦r♠❛ s✐st❡♠át✐❝❛✱ t♦❞❛s

❛s r❡❧❛çõ❡s ❛❝❡r❝❛ ❞♦s ❡❧❡♠❡♥t♦s tr(M) ❡ M ✱ ♦♥❞❡ M é ✉♠ ♠♦♥ô♠✐♦ ♥❛s ✈❛r✐á✈❡✐s



✼✹

❝♦♥❝♦♠✐t❛♥t❡s Xj✱ ♦♥❞❡ j = 1, 2, . . . ,∞✳ ■♥❞✐❝❛r❡♠♦s ♣♦r T∞,n ❡ S∞,n ♦ ❛♥❡❧ ❞♦s

✐♥✈❛r✐❛♥t❡s ❡ ❝♦♥❝♦♠✐t❛♥t❡s ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✐♥✜♥✐t❛ ❞❡ ♠❛tr✐③❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✷✳✹✳✶ S∞,n é ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❝♦♠ tr❛ç♦ ♥❛ ✈❛r✐❡❞❛❞❡s ❞❛s á❧✲

❣❡❜r❛s q✉❡ s❛t✐s❢❛③❡♠ TTr(Mn(K), tr)

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❛♥❞♦ ♦ tr❛ç♦ ❞❡ ♠❛tr✐③❡s✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ♥❛t✉r❛❧

trp : S∞,n → T∞,n t❛❧ q✉❡ ♣❛r❛ t♦❞♦ f ∈ S∞,n t❡♠♦s q✉❡

(trp ◦ f(X1, . . . , Xm))(A1, . . . , Am) = tr(f(A1, . . . , Am)), ✭✷✳✶✶✮

♣❛r❛ t♦❞♦ A1✱✳ ✳ ✳ ✱ Am ∈ Mn(K)✳ ❈❧❛r❛♠❡♥t❡✱ (S∞,n, trp) é ✉♠❛ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦✳

❯t✐❧✐③❛♥❞♦ ✉♠❛ ✈❛r✐❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✸ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡

S∞,n ≃ (G〈X〉/TTr(Mn(K), tr)),

♦♥❞❡ G〈X〉 é ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❣❡♥❡r❛❧✐③❛❞♦s ❞❛❞❛ ♥❛ ❙❡çã♦ ✶✳✺✳ P❛r❛ ❡st❡ ✜♠✱

❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❝❛♥ô♥✐❝❛ ψ : G〈X〉 → S∞,n ❞❛❞❛ ♣♦r ψ(xi) = Xi✱ ♣❛r❛ t♦❞♦

i = 1, 2, ✳ ✳ ✳ ✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ TTr(Mn(K), tr) ⊆ kerψ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ f ✉♠

❡❧❡♠❡♥t♦ ❞❡ kerϕ✱ ❡♥tã♦ ♣❛r❛ q✉❛✐sq✉❡r ♣r♦❥❡çõ❡s ❝♦♥❝♦♠✐t❛♥t❡s X1✱ ✳ ✳ ✳ ✱ Xn ❡♠ S∞,n✱

t❡♠♦s q✉❡ f(X1, . . . , Xn) = 0✱ ❡ ❛ss✐♠ ♣❛r❛ t♦❞❛ n✲✉♣❧❛ (A1, . . . , An) ❞❡ ❡❧❡♠❡♥t♦s ❡♠

Mn(K)✱ t❡♠♦s q✉❡ 0 = (f(X1, . . . , Xn))(A1, . . . , An) = f(A1, . . . , An)✳ ❈♦♥❝❧✉í♠♦s q✉❡

f ∈ TTr(Mn(K), tr) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ kerϕ = TTr(Mn(K), tr)✳

❯t✐❧✐③❛♥❞♦ G〈X〉 ❡ TG〈X〉✱ ♥♦t❛çõ❡s ✉t✐❧✐③❛❞❛s ♥❛ ❙❡çã♦ ✶✳✺✱ t❡♠♦s ❞✉❛s ❛♣❧✐❝❛✲

çõ❡s s♦❜r❡❥❡t♦r❛s

π : TG〈X〉 → T∞,n ❡ τ : G〈X〉 → S∞,n.

◆♦ss♦ ♦❜❥❡t✐✈♦ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r r❡❧❛çõ❡s ❡♥tr❡ ✐♥✈❛r✐❛♥t❡s ❡ ❝♦♥❝♦♠✐t❛♥t❡s

❡✱ ♣❛r❛ ✐st♦✱ ❞❡s❝r❡✈❡r❡♠♦s ♦s ♥ú❝❧❡♦s ❞❛s ❛♣❧✐❝❛çõ❡s π ❡ τ ✳ ❖ t❡♦r❡♠❛ ❛♥t❡r✐♦r ✜❝❛

♠✐❣r❛♥❞♦ ❡♥tr❡ ❛s ❡str✉t✉r❛s ❞❡ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❡ ❝♦♥❝♦♠✐t❛♥t❡s✱ ❞❡ ❢♦r♠❛ ♠❛✐s

❝♦♥✈❡♥✐❡♥t❡✱ ❞❡♣❡♥❞♦ ❞❛ s✐t✉❛çã♦✱ ❡ ❛ss✐♠ ♣♦❞❡♠♦s t❡♥t❛r ❞❡t❡r♠✐♥❛r t❛✐s r❡❧❛çõ❡s✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡ t❡♠♦s ❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ τ ❡ π ❝♦♠ ❛s ❛♣❧✐❝❛çõ❡s

tr❛ç♦✱ ✐st♦ é✱ ♦ ❞✐❛❣r❛♠❛

G〈X〉
τ //

Tr

��

S∞,n

trp

��
TG〈X〉 π

// T∞,n
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é ❝♦♠✉t❛t✐✈♦✱ ♦♥❞❡ Tr é ♦ tr❛ç♦ ❢♦r♠❛❧ ❡♠ G〈X〉 ❤❡r❞❛❞♦ ♣❡❧♦ ❞❡ KTR〈X〉✱ ❡ trp é ♦

tr❛ç♦ ❝♦♥str✉í❞♦ ❛ ♣❛rt✐r ❞♦ tr❛ç♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✱ ✈❡r ❛♣❧✐❝❛çã♦ ✭✷✳✶✶✮✳ ❋✐♥❛❧♠❡♥t❡✱ τ

é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ s✉❜st✐t✉✐çã♦✱ ✐st♦ é✱ τ(f(g1, . . . , gi, . . .)) = (τf)(τ(g1), . . . , τ(gi), . . .)✱

♣❛r❛ t♦❞♦ f, g1, . . . , gi, . . . ∈ G〈X〉✳

❉♦s ❝♦♠❡♥tár✐♦s ❛❝✐♠❛✱ ❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡✿

Pr♦♣♦s✐çã♦ ✷✳✹✳✷ ❖s ✐❞❡❛✐s kerπ ❡ kerτ sã♦ T ✲✐❞❡❛✐s ❝♦♠ tr❛ç♦✳

■r❡♠♦s ♥♦s r❡❢❡r✐r ❛♦s ❡❧❡♠❡♥t♦s ❞❡ kerπ ❝♦♠♦ ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ♣✉r♦ ❞❡

♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ❡ ❛♦s ❡❧❡♠❡♥t♦s ❞♦ kerτ ❝♦♠♦ ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❞❡ ♠❛tr✐③❡s

❞❡ ♦r❞❡♠ n✳

❉❛❞❛ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sm✱ ♦♥❞❡ σ t❡♠ ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❝✐❝❧♦s

❞✐s❥✉♥t♦s

σ = (i1 . . . ik)(j1 . . . jh) · · · (ti . . . tl),

❞❡✜♥✐r❡♠♦s ✉♠ ❡❧❡♠❡♥t♦ φσ ∈ TG〈X〉 ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

φσ = φσ(x1, . . . , xm) = Tr(xi1 · · · xik)Tr(xj1 · · · xjh) · · ·Tr(xt1 · · · xtl).

❱❡❥❛ q✉❡ φσ ❞❡✜♥❡ ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❣r❛✉ m ❡ ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ ❞♦s

❚❡♦r❡♠❛s ✷✳✶✳✻ ❡ ✷✳✶✳✽ ♥ós t❡♠♦s q✉❡✱ s❡ A1, . . . , Am ∈Mn(K)✱ ❡♥tã♦

π(φσ)(X1, . . . , Xm)(A1, . . . , Am) = µσ(A1 ⊗ A2 ⊗ · · · ⊗ Am). ✭✷✳✶✷✮

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s❡❣✉❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ t❡♦r✐❛ ❞♦ ❉✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣✳

❚❡♦r❡♠❛ ✷✳✹✳✸ ❛✮ ❯♠ ❡❧❡♠❡♥t♦
∑

σ∈Sm
ασφσ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ ♣❛r❛

♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ❡❧❡♠❡♥t♦
∑

σ∈Sm
ασσ ♣❡rt❡♥❝❡ ❛♦ ✐❞❡❛❧

❞❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ ❞❡ Sm ❣❡r❛❞❛ ♣❡❧♦s s✐♠❡tr✐③❛❞♦r❡s ❞❡ ❨♦✉♥❣ r❡❧❛t✐✈♦s ❛♦s

❞✐❛❣r❛♠❛s ❝♦♠ ♣❡❧♦s ♠❡♥♦s n+ 1 ❧✐♥❤❛s✳

❜✮ ❊♠ ♣❛rt✐❝✉❧❛r ♥ós t❡♠♦s ❛ ✐❞❡♥t✐❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠ tr❛ç♦

F(x1, . . . , xn+1) =
∑

σ∈Sn+1

sgn(σ)φσ,

❝♦rr❡s♣♦♥❞❡♥❞♦ ❛♦ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❡ n+ 1 ❧✐♥❤❛s✳

❉❡♠♦♥str❛çã♦✿ a) ❉❛ ■❣✉❛❧❞❛❞❡ ✷✳✶✷✱
∑
ασφσ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ ❛ ❛♣❧✐❝❛çã♦
∑
ασµσ é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✳ ❖r❛✱ ♠❛s ✐ss♦ é ❡q✉✐✈❛❧❡♥t❡ ❛♦s
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❡♥❞♦♠♦r✜s♠♦s
∑
ασλσ ❡♠ V ⊗m ✐♥❞✉③✐❞♦ ♣♦r

∑
ασσ s❡r❡♠ ③❡r♦✳ ❉❛í✱ ✉s❛♥❞♦ ❛ ❚❡♦r✐❛

❞❡ ❨♦✉♥❣ ❡ r❡♣r❡s❡♥t❛çã♦ ❞♦ Sm ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛ ❙❡çã♦ ✶✳✼✱ t❡♠♦s ♦ ❞❡s❡❥❛❞♦✱ ♣♦✐s ❝♦♠

❡❧❛s ❝♦♥s❡❣✉✐♠♦s ❡♥t❡♥❞❡r ❛ ❛çã♦ ❞♦ s✐♠❡tr✐③❛❞♦s cλ ∈ KSm s♦❜r❡ V ⊗m✳ ❱❡❥❛♠♦s ❡♠

❞❡t❛❧❤❡s✳

❙❡❥❛ λ = (λ1, . . . , λk) ✉♠❛ ♣❛rt✐çã♦ ❞❡ m ❡ ♠✉♥❛♠♦s ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞✐❛❣r❛♠❛

❞❡ ❨♦✉♥❣ ❝♦♠ ❛ t❛❜❡❧❛ ❙t❛♥❞❛r❞✳ ❖ s✉❜❣r✉♣♦ PT ❞❡ Sm q✉❡ ♣r❡s❡r✈❛ ❝❛❞❛ ❧✐♥❤❛ t♦r♥❛✲

s❡✱ ❡♠ s❡❣✉✐❞❛✱ PT = Sλ1 × · · · × Sλk →֒ Sm. ❈♦♠ aT =
∑

p∈PT
p✱ ✈❡♠♦s q✉❡ ❛ ✐♠❛❣❡♠

❞❛ ❛çã♦ ❞❡ aT s♦❜r❡ V ⊗m é ♦ s✉❜❡s♣❛ç♦

Im(aT ) = Symλ1V ⊗ · · · ⊗ SymλkV →֒ V ⊗m,

❛q✉✐✱ SymiV ❞❡♥♦t❛ ♦ s✉❜❡s♣❛ç♦ ❞❡ t❡♥s♦r❡s s✐♠étr✐❝♦s ❡♠ V ⊗i✳

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❞❛❞♦s ♦s ❞✐❛❣r❛♠❛s ❞❡ ❨♦✉♥❣ ❝♦rr❡s♣♦♥❞❡♥t❡ à ♣❛rt✐çã♦ ❞✉❛❧

❞❡ λ✱ ♦✉ s❡❥❛✱ λ∗ = (µ1, · · · , µl)✱ ♦ s✉❜❣r✉♣♦ Qλ ❞❡ Sm q✉❡ ♣r❡s❡r✈❛ ❝❛❞❛ ❧✐♥❤❛ ❞❡ λ é

Qλ = Sµ1 × · · · × SµK →֒ Sd.

❈♦♠ bλ =
∑

q∈Qλ
sqn(q)q✱ ✈❡♠♦s q✉❡ ❛ ✐♠❛❣❡♠ ❞❛ ❛çã♦ ❞❡ bT s♦❜r❡ V ⊗m é ♦

s✉❜❡s♣❛ç♦

Im(bT ) =

µ1∧
V ⊗ . . .⊗

µk∧
V →֒ V ⊗m,

❛q✉✐✱
∧i ❞❡♥♦t❛ ♦ s✉❜❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s t❡♥s♦r❡s ❛♥t✐ss✐♠étr✐❝♦s ❡♠ V ⊗i✳ ◆♦t❡ q✉❡

∧
V = 0✱ s❡♠♣r❡ q✉❡ i é ♠❛✐♦r q✉❡ dimV = n✱ ♣♦✐s ♦s t❡♥s♦r❡s sã♦ ❛♥t✐ss✐♠étr✐❝♦s✱ ♦✉

s❡❥❛✱ ❛ ✐♠❛❣❡♠ ❞❛ ❛çã♦ ❞❡ bT s♦❜r❡ V ⊗m é ③❡r♦ s❡♠♣r❡ q✉❡ ❛ ♣❛rt✐çã♦ ❞✉❛❧ λ∗ ❝♦♥té♠

✉♠❛ ❧✐♥❤❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r q✉❡ n + 1✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ λ t❡♥❞♦ ♠❛✐s q✉❡

n+ 1 ❧✐♥❤❛s✳ ❉❛í✱ ❝♦♠♦ cT = aT bT ✱ t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

b) ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♣❛rt✐çã♦ λ = (1, 1, . . . , 1) ❞❡ n+ 1✱ ♦❜t❡♠♦s q✉❡

PT = {Id} ❡ QT = Sn+1.

❉❛í✱ aT = 1, bT =
∑

σ∈Sn+1
sgn(σ)σ✳ ▲♦❣♦✱ ♦ s✐♠❡tr✐③❛❞♦r ❞❡ ❨♦✉♥❣ é ❞❛❞♦ ♣♦r

cT =
∑

σ∈Sn+1

sgn(σ)σ

❡ ❝♦♠♦ ♦ ✐❞❡❛❧ ❞❡s❝r✐t♦ ♣♦r ❡❧❡ é ❥✉st❛♠❡♥t❡ ♦s ♠ú❧t✐♣❧♦s ❡s❝❛❧❛r❡s ❞❡
∑

σ∈Sn+1
sgn(σ)σ✱

s❡❣✉❡ ❞♦ ✐t❡♠ a) ♦ ❞❡s❡❥❛❞♦✳
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❈♦♠♦ F(x1, . . . , xn+1) é ♠✉❧t✐❧✐♥❡❛r ❡♠ t♦❞❛s ❛s ✈❛r✐á✈❡✐s✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ✉♠

♣r♦❝❡❞✐♠❡♥t♦ s❡♠❡❧❤❛♥t❡ ❛♦ ✉s❛❞♦ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✷ ♣❛r❛ ❡s❝r❡✈ê✲❧♦ ❢♦r♠❛❧✲

♠❡♥t❡ ❝♦♠♦

F(x1, . . . , xn+1) = Tr(G(x1, . . . , xn)xn+1), ✭✷✳✶✸✮

♦♥❞❡ G(x1, . . . , xn) ∈ G〈X〉 ❡

G(x1, . . . , xn) =
n∑

k=0

(−1)k+1
∑

i1 6=i2 6=···6=ik

xi1xi2 · · · xik
∑

σ∈Sn−k

sgn(σ)φσ,

❝♦♠ Sn−k ❛❣✐♥❞♦ s♦❜r❡ {1, . . . ,m} − {i1, . . . , ik}.

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✳✸ é ♦ s❡❣✉✐♥t❡✿

❈♦r♦❧ár✐♦ ✷✳✹✳✹ ❛✮ ❯♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ ♣✉r♦ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❣r❛✉ n + 1 ❡♠

n+ 1 ✈❛r✐á✈❡✐s é ♠ú❧t✐♣❧❛ ❡s❝❛❧❛r ❞❡ F(x1, . . . , xn+1).

❜✮ ❯♠❛ ✐❞❡♥t✐❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❝♦♠ tr❛ç♦ ❞❡ ❣r❛✉ n ❡♠ n ✈❛r✐á✈❡✐s é ♠ú❧t✐♣❧❛ ❡s❝❛❧❛r

❞❡ G(x1, . . . , xn)✳

❝✮ G(x1, . . . , xn) é ♦❜t✐❞♦ ♣♦r ❧✐♥❡❛r✐③❛çã♦ ❝♦♠♣❧❡t❛ ❞♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥

❞❡ ❣r❛✉ n✱ ✈❡③❡s (−1)n+1✳

❉❡♠♦♥str❛çã♦✿ a) ❚♦♠❛❞♦ m = n+1 ♥♦ ❚❡♦r❡♠❛ ✷✳✹✳✸ ✱ ✐t❡♠ a)✱ ♦ ✐❞❡❛❧ ❛í ❞❡s❝r✐t♦

s❡rá ✉♠ ♠ú❧t✐♣❧♦ ❡s❝❛❧❛r ❞❡
∑

σ∈Sn+1
sgn(σ)σ. ❆ss✐♠✱ t❡r❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

b) P❡❧❛ r❡❧❛çã♦ ❡st❛❜❡❧❡❝✐❞❛ ♥♦ ❚❡♦r❡♠❛ ✷✳✷✳✷✱ t❡♠♦s q✉❡ f(x1, . . . , xn) ∈ kerτ s❡✱

❡ s♦♠❡♥t❡ s❡✱ Tr(f(x1, . . . , xn)xn+1) ∈ kerπ. ❆ss✐♠✱ s❡❣✉❡ ❞♦ ✐t❡♠ (a) ❡ ♣❡❧❛ ■❣✉❛❧❞❛❞❡

✭✷✳✶✸✮ ♦ ❞❡s❡❥❛❞♦✳

c) ❉❛s ❢ór♠✉❧❛s ❞❡ ◆❡✇t♦♥ ✭✈❡❥❛ ❙❡çã♦ ✶✳✹✮✱ ✈✐♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡rís✲

t✐❝♦ χA(λ) ❞❡ ✉♠❛ ♠❛tr✐③ A é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ♣♦❞❡♥❞♦ s❡r ❡s❝r✐t♦ ✈✐❛

❡❧❡♠❡♥t♦s tr(Ai)✳ ■ss♦ ♥♦s ♣❡r♠✐t❡ ❝♦♥str✉✐r ✉♠ ♣♦❧✐♥ô♠✐♦ ❢♦r♠❛❧ ❈❛②❧❡②✲❍❛♠✐❧t♦♥

χX(X)✱ s❡♥❞♦ X ✉♠❛ ♠❛tr✐③ ❣❡♥ér✐❝❛✱ s✉❜st✐t✉✐♥❞♦ ♥♦ s❡✉ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ♦

t❡r♠♦ tr(Ak) ❝♦♠ trp(Xk) ❡ Al ❝♦♠ X l✳

❙❡ X é ✉♠❛ ♣r♦❥❡çã♦ ❝♦♥❝♦♠✐t❛♥t❡✱ ❡♥tã♦ χX(X) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ S∞,n ❤♦♠♦❣ê✲

♥❡♦ ❞❡ ❣r❛✉ n✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥✱ t❡♠♦s χx(x) ∈ kerτ ✱ ♦✉

s❡❥❛✱ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦✳ ❆ss✐♠✱ ♣♦❧❛r✐③❛♥❞♦ ❝♦♠♣❧❡t❛♠❡♥t❡ χX(X) ♦❜t❡♠♦s

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❝♦♠ tr❛ç♦ ❞❡ ❣r❛✉ n✳ ❙❡❣✉❡ ❡♥tã♦✱ ♣❡❧♦ ✐t❡♠ b)✱ q✉❡ ❡❧❡

é ✉♠ ♠ú❧t✐♣❧♦ ❡s❝❛❧❛r ❞❡ G(x1, . . . , xn)✳ ▼❛s ❝♦♠♦ s❡✉ t❡r♠♦ ❧í❞❡r ✭♦ t❡r♠♦ ❞❡ ♠❛✐♦r
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❣r❛✉ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❡♠ TG〈X〉✮ é
∑

σ∈Sn
xσ(1) · · · xσ(n)✱ ❛♦ ❝♦♠♣❛r❛r♠♦s ❝♦♠ ❛ ❢♦r♠❛

❡①♣❧í❝✐t❛ ❞❡ G(x1, . . . , xn)✱ s❡❣✉❡ ♦ ❞❡s❡❥❛❞♦✳

◆ós ❡st❛♠♦s ❛❣♦r❛ ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r ♦ s❡❣✉♥❞♦ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧✳

❚❡♦r❡♠❛ ✷✳✹✳✺ ✭❙❡❣✉♥❞♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧✮ ❛✮ ❖ ✐❞❡❛❧ kerπ é ❣❡r❛❞♦ ♣❡✲

❧♦s ❡❧❡♠❡♥t♦s F(M1, . . . ,Mn+1)✱ ♦♥❞❡ ♦s M ′
is ✈❛r✐❛♠ s♦❜r❡ t♦❞♦s ♦s ♣♦ssí✈❡✐s

♠♦♥ô♠✐♦s ❡♠ K〈X〉✳

❜✮ ❖ ✐❞❡❛❧ kerτ é ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ❡❧❡♠❡♥t♦s F(M1, . . . ,Mn+1) ❡ G(N1, . . . , Nn)✱

♦♥❞❡ ♦s Mi✬s ❡ Nj✬s ✈❛r✐❛♠ s♦❜r❡ t♦❞♦s ♦s ♣♦ssí✈❡✐s ♠♦♥ô♠✐♦s ❡♠ K〈X〉✳

❉❡♠♦♥str❛çã♦✿ a) Pr✐♠❡✐r❛♠❡♥t❡✱ ♥ós q✉❡r❡♠♦s r❡❞✉③✐r ❛ ❛♥á❧✐s❡ ♣❛r❛ ✐❞❡♥t✐❞❛❞❡s

♠✉❧t✐❧✐♥❡❛r❡s✱ ✉♠❛ ✈❡③ q✉❡ ❡ss❡ ✐❞❡❛❧ é ❢❡❝❤❛❞♦ ♣❛r❛ ♣♦❧❛r✐③❛çã♦ ❡ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦

❈♦r♦❧ár✐♦ ✶✳✾✳✼✳ ❙❡❥❛ f ∈ kerπ ♠✉❧t✐❧✐♥❡❛r ❡ ❞❡ ❣r❛✉ m✳ ❆ ♣r✐♦r✐ f ♣♦❞❡ ❞❡♣❡♥❞❡r ❞❡

♠❛✐s ❞❡ m ✈❛r✐á✈❡✐s✱ ♠❛s ♣♦❞❡♠♦s s❡♣❛r❛r f ❝♦♠♦ ✉♠ s♦♠❛ ❞❡ ♣♦❧✐♥ô♠✐♦s fi ❝❛❞❛ ✉♠

❞❡♣❡♥❞❡♥❞♦ ❞❡ m ✈❛r✐á✈❡✐s✱ t❛✐s q✉❡ fi ❡ fj ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛s ♠❡s♠❛s ✈❛r✐á✈❡✐s✱ s❡

i 6= j✳ ❉❡✜♥✐♥❞♦ ❛❧❣✉♠❛s ✈❛r✐á✈❡✐s ✐❣✉❛✐s ❛ ③❡r♦✱ ✈❡♠♦s q✉❡ ❝❛❞❛ fi é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

❝♦♠ tr❛ç♦✳ P♦rt❛♥t♦✱ ♥ós ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ f é ♠✉❧t✐❧✐♥❡❛r ❞❡ ❣r❛✉ m ❡ ❞❡♣❡♥❞❡

❞❛s ❝♦♥❝♦♠✐t❛♥t❡s X1, X2, . . . , Xm, ❡♥tã♦

f =
∑

σ∈Sm

ασφσ.

❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹✳✸✱ ♦ ❡❧❡♠❡♥t♦
∑
ασσ ❞❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ ♣❡rt❡♥❝❡ ❛♦ ✐❞❡❛❧ ❣❡r❛❞♦

♣❡❧♦s s✐♠❡tr✐③❛❞♦r❡s ❞❡ ❨♦✉♥❣ r❡❧❛t✐✈♦ ❛♦ ❞✐❛❣r❛♠❛ ❝♦♠ ♣❡❧♦ ♠❡♥♦s n+ 1 ❧✐♥❤❛s✳

❆✜r♠❛çã♦ ✶✿ ❊st❡ ✐❞❡❛❧ é ❣❡r❛❞♦ ♣❡❧♦ s✐♠❡tr✐③❛❞♦r ❞❡ ❨♦✉♥❣ r❡❧❛t✐✈♦ à ♣❛rt✐çã♦

(1, 1, . . . , 1) ❞❡ n+ 1 s♦❜r❡ ❛ ✐♠❡rsã♦ ♥❛t✉r❛❧ ❞❡ Sn+1 ❡♠ Sm✱ ♦♥❞❡ m ≥ n+ 1✳

❙❡❥❛ Tλ ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ t❡♥❞♦ k ≥ n + 1 ❝é❧✉❧❛s ♥❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛

❡ cλ ✉♠ s✐♠❡tr✐③❛❞♦r ❞❡ss❛ t❛❜❡❧❛✳ ❈♦♥s✐❞❡r❡♠♦s q✉❡ ❛s ❝é❧✉❧❛s ♥❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛

sã♦ ♣r❡❡♥❝❤✐❞❛s ♣♦r I = {i1, . . . , ik}✳ ❉❡♥♦t❛♥❞♦ ♣♦r SI ♦ ❣r✉♣♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❡

❡❧❡♠❡♥t♦s ❞❡ I ❡ ❝♦♠♦ Qλ = SI ×Q′✱ ♣❛r❛ ❛❧❣✉♠ Q′ s✉❜❣r✉♣♦ ❞❡ Sm q✉❡ ❡st❛❜✐❧✐③❡ ❛s

♦✉tr❛s ❝♦❧✉♥❛s ❞♦ ❞✐❛❣r❛♠❛✱ ✈❡♠♦s q✉❡

bλ =

(
∑

σ∈SI

sgn(σ)σ

)
.b′, b′ ∈ KQ′.

❉❛í✱ cλ ♣❡rt❡♥❝❡ ❛♦ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❣❡r❛❞♦ ♣♦r CI =
∑

σ∈SI
sgn(σ)σ✳ ❈♦♥s✐❞❡r❡ ❛

♣❡r♠✉t❛çã♦ ω ❡♠ Sm ❞❛❞❛ ♣♦r ω(ir) = r✱ ♣❛r❛ t♦❞♦ r ∈ {1, . . . , k}✱ ❡ ♦s ❞❡♠❛✐s
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s❡♥❞♦ ✜①❛❞♦s✳ ◆❡st❡ ❝❛s♦✱ ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r q✉❡ ♦ cλ ♣❡rt❡♥❝❡ ❛♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r

Ck = ωCIω
−1 =

∑
σ∈Sk

sgn(σ)σ✳ ➱ s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ♦ Ck ❡stá ♥♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r

Cn+1✱ ♣❛r❛ t♦❞♦ n+ 1 ≤ k ≤ m✳ ▼❛s ✐ss♦ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ ❞❡✜♥✐r♠♦s ω(ir) = r✱ ♣❛r❛

t♦❞♦ r ∈ {1, . . . , n+1} ✭✐r❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❥á ✉s❛❞❛ ❛❝✐♠❛✱ ♣♦r ❛❜✉s♦

❞❡ ♥♦t❛çã♦✮ ❡ ✜①❛ ♦s ❞❡♠❛✐s✳ ❈♦♥❝❧✉✐♥❞♦ ❛ ❆✜r♠❛çã♦ ✶✳

❉❛ ❆✜r♠❛çã♦ ✶✱

∑

σ∈Sm

ασσ =
∑

τi,τj∈Sm

αijτi


 ∑

σ∈Sn+1

sgn(σ)σ


 τj.

P❡❧♦ ✐t❡♠ b) ❞♦ ❚❡♦r❡♠❛ ✷✳✹✳✸ t❡♠♦s q✉❡ ❝❛❞❛ ♣❛r❝❡❧❛ ❞♦ ❡❧❡♠❡♥t♦ ❞❡s❝r✐t♦ ❛❝✐♠❛ ❡stá

❛ss♦❝✐❛❞♦ ❛ ✉♠ ♣♦❧✐♥ô♠✐♦ q✉❡ é ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ ♣❛r❛ ♠❛tr✐③❡s✳ ❆ss✐♠✱ ❜❛st❛

❛♥❛❧✐s❛r♠♦s ❛ ❢♦r♠❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❛ss♦❝✐❛❞❛s ❛♦s ❡❧❡♠❡♥t♦s✿

τ


 ∑

σ∈Sn+1

sgn(σ)σ


 ξ, ✭✷✳✶✹✮

♦♥❞❡ τ, ξ ∈ Sm✳

❖r❛✱ ♠❛s ❛♥❛❧✐s❛r ❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ ❢♦r♠❛ ❛❝✐♠❛✱ é s✉✜❝✐❡♥t❡ ❡st✉❞❛r ❛s ❞❛ ❢♦r♠❛
∑

σ∈Sn+1
sgn(σ)σ ·ξτ. ❈♦♠ ❡❢❡✐t♦✱ ♦❜s❡r✈❡ q✉❡ s❡

∑
λ∈Sm

αλλ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣♦❧✐♥ô♠✐♦

❝♦♠ tr❛ç♦ H(X1, . . . , Xm) ❡ θ ∈ Sm✱ ❡♥tã♦ θ(
∑

λ∈Sm
αλλ)θ

−1 ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣♦❧✐♥ô♠✐♦

❝♦♠ tr❛ç♦ H(Xθ(1), . . . , Xθ(m))✳ ❆ss✐♠✱ ❝♦♠♦

τ(
∑

sgn(σ)σ)ξ = τ(
∑

sgn(σ)σ)ξτ · τ−1.

P♦rt❛♥t♦✱ ❛s ✐❞❡♥t✐❞❛❞❡s ❛ss♦❝✐❛❞❛s ❛♦ ❡❧❡♠❡♥t♦ ✭✷✳✶✹✮ sã♦ ✐❣✉❛✐s ❛s ✐❞❡♥t✐❞❛❞❡s ❛ss♦✲

❝✐❛❞❛s ❛ (
∑
sgn(σ)σ)ξτ ✱ ❛ ♠❡♥♦s ❞❡ ♣♦s✐çã♦ ❞❡ ✈❛r✐á✈❡✐s✳

◆♦ q✉❡ s❡❣✉❡ ❡♠ ♥♦ss❛ ❞❡♠♦♥str❛çã♦✱ ❝❤❛♠❛r❡♠♦s ξτ = η✳

❆✜r♠❛çã♦ ✷✿ ❊①✐st❡ γ ∈ Sm ❝♦♥t❡♥❞♦✱ ❡♠ ❝❛❞❛ ❝✐❝❧♦✱ ♥♦ ♠á①✐♠♦ ✉♠ ❡❧❡♠❡♥t♦

1, 2, . . . , n+ 1✱ t❛❧ q✉❡

∑

σ∈Sn+1

sgn(σ)σ · η = ±
∑

σ∈Sn+1

sgn(σ)σ · γ.

P❛r❛ ♣r♦✈❛r ❡st❛ ❛✜r♠❛çã♦✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r η = λγ✱
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♣❛r❛ ❛❧❣✉♠ λ ∈ Sn+1 ❡ γ ❞♦ t✐♣♦ ❞❡s❡❥❛❞♦✱ ♣♦✐s t♦♠❛♥❞♦ β = σλ✱ t❡♠♦s

∑

σ

sgn(σ)σλ =
∑

β

sgn(βλ−1)βλ−1λ

= sgn(λ)
∑

β

sgn(β)β

= sgn(λ)
∑

σ

sgn(σ)σ.

❊st❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ s✐♠♣❧❡s♠❡♥t❡ r❡♥♦♠❡❛♥❞♦ ❛s ♣❡r♠✉t❛çõ❡s✳ ❆ss✐♠✱ ❢❛③❡♥❞♦

γ ❛❣✐r ✭❛ ❞✐r❡✐t❛✮ ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r✱ ♦❜t❡r❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❆ss✉♠❛ q✉❡ η ❝♦♥té♠ ♥♦ ♣r✐♠❡✐r♦ ❝✐❝❧♦ ♠❛✐s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ {1, . . . , n + 1}✱

❞✐❣❛♠♦s 1 ❡ 2✱ ♣♦✐s ♦s ❝✐❝❧♦s sã♦ ❞✐s❥✉♥t♦s✳ ❉✐❛♥t❡ ❞❡st❡ ❝♦♠❡♥tár✐♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

η ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

η = (1i1i2 . . . ir2j1j2 . . . js)(k1 . . . kα) · · · (z1 . . . zζ).

❉❛í✱ ♦❜t❡♠♦s

(12)η = (1i1i2 . . . ir)(2j1j2 . . . js)(k1 . . . kα) · · · (z1 . . . zζ).

◆❡st❡ ❝❛s♦✱ t♦♠❛♥❞♦

γ = (1i1i2 . . . ir)(2j1j2 . . . js)(k1 . . . kα) · · · (z1 . . . zζ) ❡ λ = (12)−1 = (12)

t❡♠♦s ♦ ❞❡s❡❥❛❞♦ ♣❛r❛ ❡st❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ η t✐✈❡r ✉♠ ❝✐❝❧♦ ❝♦♥✲

t❡♥❞♦ ♠❛✐s q✉❡ ✉♠ ❡❧❡♠❡♥t♦✱ r❡❛❧✐③❛♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♥♦ ♠á①✐♠♦ n ✈❡③❡s✳ ❆ss✐♠✱

♣r♦✈❛♠♦s ❛ ♥♦ss❛ ❛✜r♠❛çã♦✳

P♦r ✜♠✱ s❡ σ ∈ Sn+1 ❡ γ sã♦ ❞♦ t✐♣♦ ❛❝✐♠❛✱ ♦ ❝✐❝❧♦ ❞❡ σγ é ♦❜t✐❞♦ ❢♦r♠❛❧♠❡♥t❡

❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ s✉❜st✐t✉✐çã♦✿ ❡♠ ❝❛❞❛ ❝✐❝❧♦ ❞❡ σ✱ ♥♦ ❧✉❣❛r ❞❡ ✉♠ ❡❧❡♠❡♥t♦ 1

❛ s❡q✉ê♥❝✐❛ 1i1i2 . . . ik✱ ♥♦ ❧✉❣❛r ❞♦ 2✱ ❛ s❡q✉ê♥❝✐❛ 2j1 . . . jl ❡✱ s❡❣✉✐♥❞♦ ❞❡ss❡ ♠♦❞♦✱

s✉❜st✐t✉✐♥❞♦ n+1✱ ♣❡❧❛ s❡q✉ê♥❝✐❛ (n+1)t1 · · · t2 ❡ t❡r♠✐♥❛♥❞♦ ❝♦♠ ❝✐❝❧♦s ❞❡ η ❡♠ q✉❡

♦s ❡❧❡♠❡♥t♦s 1, 2, . . . , n + 1 ♥ã♦ ❛♣❛r❡❝❡♠✳ P❛r❛ ✜❝❛r ♠❛✐s ❝❧❛r♦ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦✱

✈❡❥❛♠♦s ✉♠ ❡①❡♠♣❧♦✿ ❙❡♥❞♦ σ = (12)(34) ❡ γ = (1i1)(2j1j2)(3k1)(4l1l2)(m1m2m3)✱

❝♦♠ γ ❢♦r♠❛❞♦ ♣♦r ❝✐❝❧♦s ❞✐s❥✉♥t♦s✱ t❡♠♦s

σγ = (1i12j1j2)(3k14l1l2)(m1m2m3).

❉❛í✱ s❡

γ = (1i1 . . . ik)(2j1 . . . js) · · · ((n+ 1)t1 . . . tl)(λ1 . . . λr) · · · (µ1 . . . µz),
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♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ♣♦❧✐♥ô♠✐♦ ❝♦♠ tr❛ç♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ (
∑

σ∈Sn+1
sgn(σ)σ) · γ ❝♦♠♦

(F(x1xi1 · · · xik , x2xj1 · · · xjs , . . . , xn+1xt1 · · · xtk))Tr(xλ1 · · · xλr) · · ·Tr(xµ1 · · · xµz).

P♦rt❛♥t♦✱ r❡♣❡t✐♥❞♦ ❡ss❡ ♣r♦❝❡ss♦ ♣❛r❛ t♦❞❛s ♣❛r❝❡❧❛s ❞❡ f ✱ ♦ t❡♦r❡♠❛ s❡❣✉❡✳

b) ❙❡❥❛ H(x1, . . . , xm) ∈ kerτ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠

n✳ ❊♥tã♦ ♦ ♣♦❧✐♥ô♠✐♦ ❝♦♠ tr❛ç♦ Tr(H(x1, . . . , xm) · xm+1) ❡stá ❡♠ kerπ✱ ♦ q✉❛❧✱ ♣❡❧♦

✐t❡♠ a)✱ t❡♠ ❛ ❢♦r♠❛
∑

λi1...in+1F(Mi1 , . . . ,Min+1),

❝♦♠ λi1...in+1 ∈ TG〈X〉 ❡ é ❧✐♥❡❛r ❡♠ xm+1✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ xm+1

❛♣❛r❡❝❡ ❧✐♥❡❛r♠❡♥t❡ ❡♠ ❝❛❞❛ t❡r♠♦ ❞❛ s♦♠❛✳ ❈♦♥s✐❞❡r❡♠♦s✱ ❡♥tã♦✱ ♦ t❡r♠♦

λF(M1, . . . ,Mn+1),

♦♥❞❡ xm+1 ❛♣❛r❡❝❡ ❡♠ λ ♦✉ ❡♠ ✉♠ ❞♦s ♠♦♥ô♠✐♦sMi✬s✳ ❙❡ xm+1 ❛♣❛r❡❝❡ ❡♠ λ✱ ♣♦❞❡♠♦s

❡s❝r❡✈❡r λ = Tr(λ′xm+1)✱ ♦♥❞❡ λ′ ∈ G〈X〉✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♣❡r♠✉t❛♥❞♦ ♦s ♠♦♥ô♠✐♦s

s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ Mn+1 = A · xm+1 ·B✱ ♦♥❞❡ A,B sã♦ ♠♦♥ô♠✐♦s ❡♠

K〈X〉✳ ❊♥tã♦✱ ♣♦r ❧✐♥❡❛r✐❞❛❞❡ ❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❝í❝❧✐❝❛ ❞♦ tr❛ç♦ ❢♦r♠❛❧✱

λF(M1, . . . ,Mn+1) = λTr(G(M1, . . . ,Mn) · A · xm+1 · B)

= Tr(λ · B · G(M1, . . . ,Mn) · A · xm+1).

❆ss✐♠✱

Tr(H(x1, . . . , xm)xm+1) = Tr
([∑

λ′i1...in+1
F(Mi1 , . . . ,Min+1)

+
∑

λj1...jn+1 · Bjn+1G(Nj1 , . . . , Njn)Ajn+1

]
· xm+1

)
.

❈♦♠♦ ❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

P♦❞❡♠♦s ❡①♣r❡ss❛r ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❞❡ ✉♠❛ ❢♦r♠❛ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ✉s❛♥❞♦

♦s ❛♥á❧♦❣♦s ♥ã♦ ❤♦♠♦❣ê♥❡♦s ❞❡ F ❡ G✳ ❏á s❛❜❡♠♦s q✉❡ G é ♦❜t✐❞♦ ❛ ♠❡♥♦s ❞❡ s✐♥❛❧✱

♣❡❧♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ♣♦r ♠❡✐♦ ❞❛ ♣♦❧❛r✐③❛çã♦ ❝♦♠♣❧❡t❛✳ ◗✉❛♥t♦ ❛ F t❡♠♦s

✉♠ r❡s✉❧t❛❞♦ s✐♠✐❧❛r✱ ❥á q✉❡ F(x1, . . . , xm+1) = Tr(G(x1, . . . , xm)xm+1)✳ ❖ ❛♥á❧♦❣♦

❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦✱ ❡♠ TG〈X〉✱ é ❛ ❡①♣r❡ssã♦ ❞❡ tr(An+1) ❡♠ t❡r♠♦s ❞♦s

❡❧❡♠❡♥t♦s tr(Ai)✱ ❝♦♠ i ≤ n✱ ♦❜t✐❞♦ ♣❡❧❛ ❡q✉❛çã♦ trp(χA(X) ·X) q✉❡ ♥❛ s✉❜st✐t✉✐çã♦

❞❡ X ♣♦r A é ③❡r♦✳ ❉❡♥♦t❛r❡♠♦s ❛ ❡①♣r❡ssã♦ ❢♦r♠❛❧ ❛ss♦❝✐❛❞❛ à χx(x) ❡ ❛ tr(χx(x) ·x),

❞❡ G(x) ❡ F(x)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱ G(x) é ♦ ✏♣♦❧✐♥ô♠✐♦ ❞❡ ❈❛②❧❡② ❍❛♠✐❧t♦♥ ❞❡

❣r❛✉ n✑ ❡ F(x) é ❛ ❡①♣r❡ssã♦ ❞❡ Tr(xn+1) ❡♠ t❡r♠♦s ❞❡ Tr(xi)✱ ❡ i ≤ n✳ ❊♥tã♦✱ t❡♠♦s✿



✽✷

❚❡♦r❡♠❛ ✷✳✹✳✻ ❛✮ kerπ é ♦ T ✲✐❞❡❛❧ ❝♦♠ tr❛ç♦ ♣✉r♦ ❞❡ TG〈X〉 ❣❡r❛❞♦ ♣♦r F(x)✳

❜✮ kerτ é ♦ T ✲✐❞❡❛❧ ❝♦♠ tr❛ç♦ ❞❡ G〈X〉 ❣❡r❛❞♦ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ G(x)✳

❆q✉✐ X é ✉♠❛ j✲❝♦♥❝♦♠✐t❛♥t❡

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ q✉❡ ✭❛✮ ❡ ✭❜✮ s❡❣✉❡♠ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✳✺ ❥✉♥t♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦

❞♦s T ✲✐❞❡❛✐s ❝♦♠ tr❛ç♦ ❞❡ TG〈X〉 ❡ G〈X〉✱ ✉♠❛ ✈❡③ q✉❡ ♣r♦✈❛♠♦s q✉❡ ❛ ❝♦♠♣❧❡t❛

♣♦❧❛r✐③❛çã♦ ❞❛s ❢♦r♠❛s F(X) ❡ G(X)✱ ❛q✉✐ X é ✉♠ ♣r♦❥❡çã♦ ❝♦♥❝♦♠✐t❛♥t❡✱ ❡♥❝♦♥tr❛♠✲

s❡ ♥♦ T ✲✐❞❡❛❧ q✉❡ ❡❧❡s ❣❡r❛♠✱ ✉♠❛ ✈❡③ q✉❡ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ♦ ♣r♦❝❡ss♦ ❞❡ ♣♦❧❛r✐③❛çã♦

♣❡❧♦ ♣r♦❝❡ss♦ ❞❡ ♠✉❧t✐❧✐♥❡❛r✐③❛çã♦✳

P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✾✳✽✱ ♦ r❡s✉❧t❛❞♦ ✜♥❛❧ ❞❛ ♠✉❧t✐❧✐♥❡❛r✐③❛çã♦ é ❛ ♠❡s♠❛ q✉❡ ❛ ❞❛

♣♦❧❛r✐③❛çã♦ ❝♦♠♣❧❡t❛ ❡ ❡♥tã♦ ❛ ❛✜r♠❛çã♦ s❡❣✉❡✱ ✉♠❛ ✈❡③ q✉❡ ❝❧❛r❛♠❡♥t❡✱ ♠✉❧t✐❧✐♥❡❛✲

r✐③❛♥❞♦ ❝❛❞❛ ❣❡r❛❞♦r ❞❡ ✉♠ T ✲✐❞❡❛❧✱ ❝♦♥t✐♥✉❛♠♦s ❝♦♠ ♦ ♠❡s♠♦ T ✲✐❞❡❛❧✳

❆❣♦r❛ ♣♦❞❡♠♦s ❞❡❞✉③✐r ✉♠ ✐♥tr✐❣❛♥t❡ ❝♦r♦❧ár✐♦ q✉❡ ✏❛♠❛rr❛✑ ❝♦♠♣❧❡t❛♠❡♥t❡ ♦

❚❡♦r❡♠❛ ✷✳✸✳✶✶ ❛♦ ❚❡♦r❡♠❛ ❞❡ ◆❛❣❛t❛✲❍✐❣♠❛♥✱ ♣❛r❛ ✐st♦ ✐r❡♠♦s r❡s❣❛t❛r ❛ ♥♦t❛çã♦

❞❛❞❛ ❛♥t❡s ❞♦ ▲❡♠❛ ✷✳✸✳✻✳ ▼❛✐s ❡①♣❧✐❝✐t❛♠❡♥t❡ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r K0〈x1, . . . , xi〉 s❡♥❞♦

❛ á❧❣❡❜r❛ ❧✐✈r❡ s❡♠ ✉♥✐❞❛❞❡ ❡♠ i ✐♥❞❡t❡r♠✐♥❛❞❛s ♥ã♦ ❝♦♠✉t❛t✐✈❛s ✭❛ q✉❛❧ ♣♦❞❡ t❛♠❜é♠

s❡r ❞❡♥♦t❛❞♦ ♣♦r K+〈x1, . . . , xi〉 ❛ ✜♠ ❞❡ s❡r ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♥♦t❛çã♦✮ ❡ T+
i,nSi,n é ♦

✐❞❡❛❧ ❝♦♠ tr❛ç♦ ❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s ❡stã♦ ❡♠ T+
i ✱ ✐st♦

é✱ ❛ á❧❣❡❜r❛ ❞♦s ❡❧❡♠❡♥t♦s q✉❡ sã♦ tr❛ç♦s ♥ã♦ ❝♦♥st❛♥t❡s✳

❈♦r♦❧ár✐♦ ✷✳✹✳✼ ❖ ❛♥❡❧ S+
i,n/T

+
i,nSi,n é ✐s♦♠♦r❢♦ à á❧❣❡❜r❛ ❧✐✈r❡ s❡♠ ✉♥✐❞❛❞❡K0〈x1, . . . , xi〉

❡♠ i ✈❛r✐á✈❡✐s✱ ♠ó❞✉❧♦ ♦ T ✲✐❞❡❛❧ ❞❡✜♥✐❞♦ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ f(x) = xn✳

❉❡♠♦♥str❛çã♦✿ ➱ ❝❧❛r♦ q✉❡ S+
i,n/T

+
i,nSi,n s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ f(x) ❡ ❡❧❡ é ❣❡r❛❞♦✱

♠ó❞✉❧♦ T+
i,nSi,n✱ ♣❡❧❛s ❛♣❧✐❝❛çõ❡s n ❝♦♦r❞❡♥❛❞❛s Xj, j = 1, . . . , i s♦❜r❡ K✱ ❝♦♠♦ K✲

á❧❣❡❜r❛ ✭✈❡r ❚❡♦r❡♠❛ ✷✳✸✳✶✶✮✳

P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ ❝❛♥ô♥✐❝❛

Ψ : K0〈x1, . . . , xi〉 → S+
i,n/T

+
i,nSi,n

♦♥❞❡ Ψ(xi) = Xi ❡ ♦s ♣♦❧✐♥ô♠✐♦s ❞♦ ❞♦♠í♥✐♦ sã♦ ✈✐st♦s ❝♦♠♦ ♣♦❧✐♥ô♠✐♦s ♦r❞✐♥ár✐♦s

s❡♠ tr❛ç♦✱ é s♦❜r❡❥❡t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ kerΨ ❝♦♥té♠ ♦ T ✲✐❞❡❛❧ J ❣❡r❛❞♦ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ f(x)✳ ❚❡♠♦s q✉❡ ♠♦str❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛

Ψ̄ : K0〈x1, . . . , xi〉/J → S+
i,n/T

+
i,nSi,n
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é ✉♠ ✐s♦♠♦r✜s♠♦✱ ♦✉ s❡❥❛✱ kerΨ ⊆ J ✳

▼♦str❡♠♦s q✉❡ ❛s ú♥✐❝❛s r❡❧❛çõ❡s ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s Xj ❡♠ S+
i,n/T

+
i,nSi,n sã♦

❞❡❞✉tí✈❡✐s ❞❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ f(x)✳

❚❡♠♦s ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ S+
i,n ❡ T+

i,n ❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✳✶✶✳ ❆ ✜♠ ❞❡ ❞❛r

✉♠❛ ❛♣r❡s❡♥t❛çã♦ ♣❛r❛ S+
i,n/T

+
i,nSi,n✱ t❡♠♦s q✉❡ ❛❞✐❝✐♦♥❛r à r❡❧❛çã♦ ❞❛❞❛ ♥❡ss❡ t❡♦r❡♠❛✱

❛ r❡❧❛çã♦ Tr(M) = 0 ♣❛r❛ t♦❞♦ ♠♦♥ô♠✐♦ M ❞❡ ❣r❛✉ ♣♦s✐t✐✈♦✳ ❙❡ ❝♦♠❡ç❛r♠♦s ❞❡ss❛s

r❡❧❛çõ❡s✱ ✐st♦ é✱ s❡ ❝♦♥str✉✐r♠♦s S+
i,n/T

+
i,nSi,n✱ ♣❡❣❛♠♦s ❥✉st❛♠❡♥t❡ ❛ á❧❣❡❜r❛ ❧✐✈r❡ s❡♠

✉♥✐❞❛❞❡ s♦❜r❡ K✱ ❥á q✉❡ Ti,n/T+
i,n ≃ K✳ ▲♦❣♦ ♥ã♦ ❤á ♠❛✐s ♥❡♥❤✉♠ ♣♦❧✐♥ô♠✐♦ q✉❡ s❡

❛♥✉❧❛ ❡♠ S+
i,n/T

+
i,nSi,n ❛❧é♠ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦✳ ❖✉ s❡❥❛✱ h ∈ kerΨ s✐❣♥✐✜❝❛

q✉❡ ❛ ❝♦♥❝♦♠✐t❛♥t❡ ❛ss♦❝✐❛❞❛ ❛ ❡❧❛ é ♥✉❧❛✱ ♠ó❞✉❧♦ T+
i,nSi,n✳ P♦ré♠✱ h é ✉♠ ♣♦❧✐♥ô♠✐♦

s❡♠ ❝♦❡✜❝✐❡♥t❡s q✉❡ s❡❥❛♠ tr❛ç♦✱ ❝♦♠ ✐st♦ ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r h ❝♦♠♦ s❡♥❞♦ ✉♠❛

✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦✳

❆❣♦r❛✱ s❡ ❧❡r♠♦s ♥❡st❛ á❧❣❡❜r❛ ❛ r❡❧❛çã♦ ❞❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹✳✻✱

✈❡♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ G(x) t♦r♥❛✲s❡ xn✱ ❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❛❣♦r❛ é 0 ✭❜❡♠

❝♦♠♦ F(x)✮✱ ❡ ❡♥tã♦ ♦ T ✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r G(x) t♦r♥❛✲s❡✱ ♠ó❞✉❧♦ T+
i,n✱ ❡①❛t❛♠❡♥t❡ ♦

T ✲✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ f(x)✳ ❈♦♥❝❧✉✐♥❞♦ q✉❡ kerΨ ⊆ J ✳

❍á ✉♠❛ ♦✉tr❛ ♠❛♥❡✐r❛ ❞❡ ❢♦r♠✉❧❛r ♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r✱ q✉❡ ❡♥✉♥❝✐❛♠♦s ♣♦r

❝♦♠♣❧❡t✉❞❡✳

❈♦r♦❧ár✐♦ ✷✳✹✳✽ ❙❡ R é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 0

❡ R s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ f(x) = xn✱ ❡♥tã♦ R s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✳

❉❡♠♦♥str❛çã♦✿ ➱ ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡ T (Mn(K)) = kerτ ∩K〈x1, x2, . . .〉✳ ❆❧é♠ ❞✐ss♦✱

❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

ψ : K0〈x1, x2, . . .〉 → S+
∞,n/T

+
∞,nS∞,n

f(x1, . . . , xn) 7→ f(X1, . . . , Xn) + T+
∞,nS∞,n

❉❛❞♦ ✉♠ f ∈ T (Mn(K))✱ t❡♠♦s q✉❡ s❡✉ t❡r♠♦ ❝♦♥st❛♥t❡ é ♥✉❧♦✱ ❧♦❣♦ f ∈ K0〈x1, x2, . . . 〉✱

♦❜s❡r✈❡ ❛✐♥❞❛ q✉❡ f(X1, . . . , Xn) = f(X̄1, . . . , X̄n)✱ ♣❛r❛ t♦❞♦ f ∈ S∞,n ❝♦♠ ❝♦❡✜❝✐❡♥t❡s

q✉❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

T (Mn(K)) ⊆ T (S+
∞,n/T

+
∞,nS∞,n) = 〈xn〉
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❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r✳ ❚❡♠♦s ❡♥tã♦✱ q✉❡ ❞❛❞❛ ✉♠❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ R q✉❡ s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ 〈xn〉✱ ✐st♦ é✱

〈xn〉 ⊆ T (R) ⇒ T (Mn(K)) ⊆ T (R).

P♦rt❛♥t♦✱ R s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✳

❚❡r♠✐♥❛♠♦s ❡ss❡ ❝❛♣ít✉❧♦ ♦❜s❡r✈❛♥❞♦ q✉❡ s❡ R é ✉♠❛ á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ ❝♦♠

í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ n s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡♥tã♦ ❡❧❛ s❛t✐s❢❛③ t♦❞❛s

❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✱ ❡♠ ♣❛rt✐❝✉❧❛r s❛t✐s❢❛③ t♦❞❛s ❛s

✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❞❡ss❛ á❧❣❡❜r❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❞❡ t : R → R

s❡♥❞♦ ♥✉❧❛✳

◆♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ♠♦str❛r q✉❡ R✱ ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✱

é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❛s á❧❣❡❜r❛s ❞❛s ♠❛tr✐③❡s s♦❜r❡ ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ ♠♦t✐✈❛♥❞♦ ❛

♣❡sq✉✐s❛ ❞❡ ❞❡t❡r♠✐♥❛r s✉❜á❧❣❡❜r❛s ❞♦ ❛♥❡❧ ❞❡ ♠❛tr✐③❡s✳ ◆❡st❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦✱ s❡rá

q✉❡ é s✉✜❝✐❡♥t❡ ✈❡r✐✜❝❛r q✉❡ ✉♠ ❛♥❡❧ q✉❡ s❛t✐s❢❛③ ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ é

s✉❜á❧❣❡❜r❛ ❞❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s s♦❜r❡ ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦❄



❈❛♣ít✉❧♦ ✸

▼❡r❣✉❧❤♦s ❡♠ ❛♥é✐s ❞❡ ♠❛tr✐③❡s

❯♠❛ q✉❡stã♦ ✐♥t❡r❡ss❛♥t❡ ♥❛ t❡♦r✐❛ ❞❡ ❛♥é✐s é ✐❞❡♥t✐✜❝❛r s✉❜❛♥é✐s ❞♦s ❛♥é✐s ❞❡

♠❛tr✐③❡s✳ ◆❡st❡ ❝❛♠✐♥❤♦✱ s✉r❣❡ ✉♠❛ ♣❡r❣✉♥t❛ ♥❛t✉r❛❧✿ ✏◗✉❛❧ s❡r✐❛ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡✲

❝❡ssár✐❛ ♣❛r❛ ❡①✐st✐r ✉♠ ♠❡r❣✉❧❤♦ ❞❡ ✉♠ ❛♥❡❧ ♥✉♠❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ✭♣♦ss✐✈❡❧♠❡♥t❡

❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ ❛❧❣✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✮❄✑✳ ❈♦♠♦ é r❡❧❛t❛❞♦ ♥♦ ❛rt✐❣♦ ✏❆♥ ❡①❛♠♣❧❡

✐♥ P■✲r✐♥❣✑ ✭❬✸✹❪✮✱ ✈ár✐❛s ❝♦♥❥❡❝t✉r❛s ❥á ❢♦r❛♠ ❢❡✐t❛s s♦❜r❡ ❝♦♥❞✐çõ❡s ♣❛r❛ ♣❡r♠✐t✐r t❛✐s

♠❡r❣✉❧❤♦s✳ P♦r ❡①❡♠♣❧♦✱ ♥❛ t❡♦r✐❛ ❞❛s P■✲á❧❣❡❜r❛s✱ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ❛

❡①✐stê♥❝✐❛ ❞❡ t❛❧ ♠❡r❣✉❧❤♦ é q✉❡ ♦ ❛♥❡❧ s❛t✐s❢❛ç❛ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞♦

❛♥❡❧ ❞❡ ♠❛tr✐③❡s✳ P♦ré♠✱ ❝♦♠♦ é ✈✐st♦ ❡♠ ❬✶❪ ❡ ❡♠ ❬✸✹❪✱ t❛❧ ❝♦♥❞✐çã♦ ♥ã♦ é s✉✜❝✐❡♥t❡✳

❆ss✐♠✱ ❡♠ ❣❡r❛❧✱ t❛❧ q✉❡stã♦ é ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦ ❛té ♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦✳

Pr♦❝❡s✐✱ ❡♠ ❬✸✵❪✱ r❡s♣♦♥❞❡✉ ♣❛r❝✐❛❧♠❡♥t❡ ❛ ♣❡r❣✉♥t❛ ❛❝✐♠❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ❡ss❛

q✉❡stã♦ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡✱ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛

❞❡ t❛❧ ♠❡r❣✉❧❤♦✱ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ é q✉❡ ♦ ❛♥❡❧ s❛t✐s❢❛ç❛ t♦❞❛s ❛s

✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❞❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹✳✻✱ é s✉✜❝✐❡♥t❡ q✉❡

s❛t✐s❢❛ç❛ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ❞❡ ❣r❛✉ n✳ ◆❡st❡ r❡s✉❧t❛❞♦✱ Pr♦❝❡s✐ ❢❡③ ✉s♦

❞❡ ✉♠❛ ❝❡rt❛ ❛♣❧✐❝❛çã♦ ✉♥✐✈❡rs❛❧ q✉❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥♦ ❛rt✐❣♦ ❬✷❪✳

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ❝♦♠ ❞❡t❛❧❤❡s ♦s r❡s✉❧t❛❞♦s ♠❡♥❝✐♦♥❛❞♦s ❛❝✐♠❛✳ ❆q✉✐

✐r❡♠♦s ❡st❛❜❡❧❡❝❡r ✉♠ r❡s✉❧t❛❞♦ ♠❛✐s ❣❡r❛❧ ❞♦ q✉❡ ♦ ❈♦r♦❧ár✐♦ ✷✳✹✳✽✱ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿

■r❡♠♦s ♣r♦✈❛r q✉❡ t♦❞❛ á❧❣❡❜r❛ ♥✐❧ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦ n✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦✱ é s✉❜á❧❣❡❜r❛ ❞❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✱ s♦❜r❡ ❛❧❣✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✳
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✸✳✶ ◆♦t❛çõ❡s ❡ r❡s✉❧t❛❞♦s ✐♥✐❝✐❛✐s

❈♦♥s✐❞❡r❡♠♦s R ✉♠ ❛♥❡❧ ❡ Mn(R) ♦ ❛♥❡❧ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ R✳ ❉❛❞♦

A ∈Mn(R)✱ ❞❡♥♦t❛r❡♠♦s✱ ❝♦♠♦ ❞❡ ❝♦st✉♠❡✱ ♣♦r aij ✭∈ R✮ ❛ ❡♥tr❛❞❛ ❞❛ ♠❛tr✐③ A q✉❡

❡stá ♥❛ ✐✲és✐♠❛ ❧✐♥❤❛ ❡ ❥✲és✐♠❛ ❝♦❧✉♥❛✳ ❆❧é♠ ❞✐ss♦✱ q✉❛♥❞♦ k ❢♦r ✉♠ s✉❜❛♥❡❧ ❞❡ Z(R)✱

✈❡r❡♠♦s R ❝♦♠♦ ✉♠❛ k✲á❧❣❡❜r❛ ❡✱ ❞✐❛♥t❡ ❞✐ss♦✱ ♣♦❞❡ s❡r ❝♦♥✈❡♥✐❡♥t❡ ✐❞❡♥t✐✜❝❛r Mn(R)

❝♦♠ Mn(k)⊗k R✳

❙❡❥❛ η : R → S ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥é✐s✳ ❉❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠❛tr✐③❡s✱

♣♦❞❡♠♦s ♦❜t❡r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡♥tr❡ Mn(R) ❡ Mn(S) ✐♥❞✉③✐❞♦ ♣♦r η ❞❛❞♦ ♣♦r✿

Mn(η) : Mn(R) → Mn(S)

(rij)n×n 7→ Mn(η)((rij)n×n) = (η(rij))n×n.

◆♦t❛çã♦ ✸✳✶✳✶ ◆♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ❛❝✐♠❛ s❡rá s❡♠♣r❡ ❞❡♥♦t❛❞♦

♣♦r Mn(η)✱ ♦♥❞❡ η s❡rá ♦ ❤♦♠♦♠♦r✜s♠♦ q✉❡ ♦ ✐♥❞✉③✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✷ ❆ ✜♠ ❞❡ ❞❡✐①❛r ♦s r❡s✉❧t❛❞♦s ♦s ♠❛✐s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ ♦✉tr❛s ❢♦♥✲

t❡s✱ ✉t✐❧✐③❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ ❛♥é✐s✱ ♦s q✉❛✐s sã♦ ❝♦♠✉♠❡♥t❡ ✈✐st♦s

❡♠ ❝✉rs♦s ❞❡ ❣r❛❞✉❛çã♦✳ ❉❡✈✐❞♦ ❛ s❡r❡♠ r❡s✉❧t❛❞♦s ❜ás✐❝♦s✱ ♦♠✐t✐r❡♠♦s ❛s s✉❛s ❞❡✲

♠♦♥str❛çõ❡s✱ ♠❛s ♦s ❡♥✉♥❝✐❛r❡♠♦s ♣❛r❛ ❛✉①✐❧✐❛r ♥❛ ❝♦♠♣r❡❡♥sã♦ ❞♦ tr❛❜❛❧❤♦ ❡ s❡rã♦

❝✐t❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦ ❝♦♠♦ ♣❛rt❡ ✐♥t❡❣r❛♥t❡ ❞❡st❛ ♦❜s❡r✈❛çã♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦

❛❧❣❛r✐s♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ✐♥❢♦r♠❛❞♦ ❛❜❛✐①♦✳

✐✮ ❙❡ R é ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡ ❡ J é ✉♠ ✐❞❡❛❧ ❞❡ Mn(R)✱ ❡♥tã♦ ❡①✐st❡ ❛❧❣✉♠ ✐❞❡❛❧

I ❞❡ R t❛❧ q✉❡ J =Mn(I)✳

✐✐✮ ❙❡ R é ✉♠ ❛♥❡❧ ❡ I é ✉♠ ✐❞❡❛❧ ❞❡ R✱ ❡♥tã♦ Mn(R)/Mn(I) ≃Mn(R/I)✳

✐✐✐✮ ❙❡ I é ✉♠ ✐❞❡❛❧ ❞❡ ✉♠ ❛♥❡❧ R ❡ S ⊆ I✱ ❡♥tã♦ 〈S〉 ⊆ I ✭♦♥❞❡ 〈S〉 é ♦ ✐❞❡❛❧ ❞❡ R

❣❡r❛❞♦ ♣♦r S✮✳

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡✈✐t❛r r❡♣❡t✐çõ❡s ♥♦ ❞❡❝♦rr❡r ❞♦ ❝❛♣ít✉❧♦✱ ✜①❡♠♦s ♠❛✐s ❛❧❣✉♠❛s

♥♦t❛çõ❡s✿ ❆q✉✐ k s❡rá ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ❡ ❛ss✉♠✐r❡♠♦s q✉❡ t♦❞♦s ♦s

❛♥é✐s ❞❛q✉✐ ♣♦r ❞✐❛♥t❡ s❡rã♦ k✲á❧❣❡❜r❛s✱ ♦♥❞❡ 1 ∈ k ❛❣❡ ❝♦♠♦ ❛ ✉♥✐❞❛❞❡✱ ❡ t♦❞♦s ♦s

❤♦♠♦♠♦r✜s♠♦s s❡rã♦ k✲❤♦♠♦♠♦r✜s♠♦s✱ ❛ ♠❡♥♦s q✉❡ s❡❥❛ ❞✐t♦ ♦ ❝♦♥trár✐♦✳

❙❡♥❞♦ X = {xi | i > 0} ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞❡t❡r♠✐♥❛❞❛s ♥ã♦ ❝♦♠✉t❛t✐✈❛s s♦❜r❡

k✱ ❞❡♥♦t❛r❡♠♦s ♣♦r k〈X〉 = k〈. . . , xi, . . .〉 ♦ ❛♥❡❧ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞♦ s♦❜r❡ k✱ ❝♦♠ k

❝♦♠✉t❛♥❞♦ ❝♦♠ ♦s xi✬s✱ ❡ ♣♦r k◦〈X〉 ♦ s✉❜❛♥❡❧ ❞❡ k〈X〉 ❝♦♥t❡♥❞♦ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s

❝♦♠ t❡r♠♦ ✐♥❞❡♣❡♥❞❡♥t❡ ③❡r♦✳
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❯s❛♥❞♦ ❛ ♥♦t❛çã♦ ❞❡ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❞❛❞❛ ♥❛ ❙❡çã♦ ✶✳✸✳✹✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

Xi = (ξiαβ)✱ ❝♦♠ α, β = 1, 2, . . . , n✱ ❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❞❡ ♦r❞❡♠ n s♦❜r❡ ♦ ❛♥❡❧ ❞❡

♣♦❧✐♥ô♠✐♦s ❝♦♠✉t❛t✐✈♦ ∆ = k[ξiαβ | i ≤ 1, 1 ≤ α, β ≤ n] ♥❛s ✐♥❞❡t❡r♠✐♥❛❞❛s ξ✬s s♦❜r❡

k✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ X = {X1, X2, . . .}✱ ♣♦❞❡♠♦s ✈❡r

k◦〈X 〉 ⊆ k〈X 〉 ⊆Mn(∆)

♦♥❞❡ k〈X 〉 é ❛ k✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r 1 ❡ t♦❞♦s ♦s Xi✬s ❡ k◦〈X 〉 é ❛ k✲á❧❣❡❜r❛ ❣❡r❛❞❛

♣❡❧♦s Xi✬s ✭s❡♠ ❛ ✉♥✐❞❛❞❡✮✳ P♦r ✜♠✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❛ k✲á❧❣❡❜r❛ ❧✐✈r❡

k〈X〉✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✸✳✶✳✸ ❊①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦ ❡♥tr❡ k〈X〉 ❡ k〈X 〉✳

❉❡♠♦♥str❛çã♦✿ ❖ r❡s✉❧t❛❞♦ é ✐♠❡❞✐❛t♦✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ♦ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦

q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ ✐♥❞❡t❡r♠✐♥❛❞❛ xi ❛ s✉❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ♠❛tr✐③ ❣❡♥ér✐❝❛ Xi✳

P♦r ❡❝♦♥♦♠✐❛ ❞❡ ♥♦t❛çã♦✱ ❞❡❝✐❞✐♠♦s ❡①✐❜✐r ♦ ❤♦♠♦♠♦r✜s♠♦ ♠❛✐s ❛❞✐❛♥t❡✳ ❆❧é♠

❞✐ss♦✱ ❛ ❝♦♥str✉çã♦ ❞♦ ❛♥❡❧ k〈X〉 s❡❣✉❡ ♣❛ss♦s ❛♥á❧♦❣♦s ❛ ❝♦♥str✉çã♦ ❢❡✐t❛ ♥❛ Pr♦♣♦s✐çã♦

✶✳✸✳✸✱ ❡ ♣♦r t❛❧ ♠♦t✐✈♦ ❞❡❝✐❞✐♠♦s ♥ã♦ ❝♦♥str✉✐r ❡st❡ t✐♣♦ ❞❡ k✲á❧❣❡❜r❛ ❧✐✈r❡✳ ❆q✉✐

♣r❡❝✐s❛♠♦s t❡r ❝✉✐❞❛❞♦ ❛♣❡♥❛s ❡♠ ❡s❝♦❧❤❡r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ k✲♠ó❞✉❧♦s ♥♦ ❧✉❣❛r

❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✱ ❡ ♦❜s❡r✈❛r q✉❡ k〈X〉 é ✉♠♠ó❞✉❧♦ ❧✐✈r❡ s♦❜r❡ k✱ ❧✐✈r❡♠❡♥t❡

❣❡r❛❞♦ ♣♦r ♣❡❧♦s ♠♦♥ô♠✐♦s ❡♠ X✳

✸✳✷ ❆♣❧✐❝❛çã♦ Mn(k)✲✉♥✐✈❡rs❛❧

❖s r❡s✉❧t❛❞♦s q✉❡ s❡ ❡♥❝♦♥tr❛♠ ♥❡st❛ s❡çã♦ ✐♥❞❡♣❡♥❞❡♠ ❞❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦

❝♦r♣♦✱ ❡♠❜♦r❛ ✐r❡♠♦s ❛♣❧✐❝á✲❧♦s ❡♠ á❧❣❡❜r❛s s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ♦❜t❡r ✉♠❛ ❢❡rr❛♠❡♥t❛ q✉❡ ♥♦s ❛✉①✐❧✐❡ ♥❛ ❝♦♥str✉çã♦ ❞❡

♠❡r❣✉❧❤♦s ❡♠ á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s s♦❜r❡ ❛♥é✐s ❝♦♠✉t❛t✐✈♦s✳ ❈♦♠ ✐ss♦ ❡♠ ♠❡♥t❡✱ ✐r❡♠♦s

♠♦str❛r q✉❡ ❡①✐st❡ ✉♠❛ k✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ S ❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ρ : R → Mn(S)✱

t❛✐s q✉❡ t♦❞♦ ❤♦♠♦♠♦r✜s♠♦ σ ❞❡ R ❡♠ Mn(B)✱ ♦♥❞❡ B é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ s❛t✐s❢❛③

❛ r❡❧❛çã♦ Mn(η)ρ = σ✱ ♦♥❞❡ Mn(η) s❡rá ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❝♦♥tr✉í❞♦ ❛ s❡❣✉✐r✳ ❆❧é♠

❞✐ss♦✱ t❛❧ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ S é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛✳ ❊♠ r❡s✉♠♦✱ ❞❡s❡❥❛♠♦s

♣r♦✈❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✸✳✷✳✶ ❙❡❥❛ R ✉♠❛ k✲á❧❣❡❜r❛✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ k✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ S ❡

✉♠ ❤♦♠♦♠♦r✜s♠♦ ρ : R →Mn(S) t❛❧ q✉❡✿
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✶✮ ❆s ❡♥tr❛❞❛s {[ρ(r)]αβ | r ∈ R} ❣❡r❛♠✱ ❥✉♥t♦ ❝♦♠ 1✱ ♦ ❛♥❡❧ S❀

✷✮ P❛r❛ ❝❛❞❛ ❤♦♠♦♠♦r✜s♠♦ σ : R → Mn(B)✱ ♦♥❞❡ B é ✉♠❛ k✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛

❝♦♠ ✉♥✐❞❛❞❡✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ η : S → B ❞❡ ♠♦❞♦ q✉❡ ❛ ❛♣❧✐❝❛çã♦

✐♥❞✉③✐❞❛ Mn(η) :Mn(S) →Mn(B) s❛t✐s❢❛ç❛ ❛ r❡❧❛çã♦ Mn(η)ρ = σ✳

❆❧é♠ ❞✐ss♦✱ S é ú♥✐❝♦ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✱ ρ é ú♥✐❝♦ ❛ ♠❡♥♦s ❞❡ ✉♠ ♠ú❧t✐♣❧♦

✐s♦♠♦r❢♦ ❡ s❡ S✱ ρ ❡ σ sã♦ ❞❛❞♦s✱ ❡♥tã♦ η é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦✳

◆♦t❛çã♦ ✸✳✷✳✷ ❖ ♣❛r (S, ρ) s❡rá ❝❤❛♠❛❞♦ ❞❡ ❛♣❧✐❝❛çã♦ Mn(k)✲✉♥✐✈❡rs❛❧ ♣❛r❛ R✳

❖❜s❡r✈❛çã♦ ✸✳✷✳✸ ◗✉❛♥❞♦ ♦ ❛♥❡❧ R ❢♦r ✉♥✐tár✐♦ ❡ ρ ❢♦r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✉♥✐tár✐♦✱

é ♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡ ✉♠❛ k✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ Su ❝♦♠ ✉♥✐❞❛❞❡ ❡ ✉♠ ❤♦♠♦✲

♠♦r✜s♠♦ ✉♥✐tár✐♦ ρu : R → Mn(Su) q✉❡ s❛t✐s❢❛③ ♦ ❚❡♦r❡♠❛ ✸✳✷✳✶ q✉❛♥❞♦ r❡str✐t♦

❛♣❡♥❛s ❛♦ ❤♦♠♦♠♦r✜s♠♦ ✉♥✐tár✐♦ σu : R → Mn(B)✳ ❚❛❧ ❝♦♥❝❧✉sã♦ é ♦❜t✐❞❛ ❢❛③❡♥❞♦

♦s ❞❡✈✐❞♦s ❛❥✉st❡s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶ q✉❡ s❡rá ❢❡✐t❛ ❛❞✐❛♥t❡✳

■r❡♠♦s ♥♦s ❞❡❞✐❝❛r ♥❡st❛ s❡çã♦ à ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶ ❡ ❛ ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥✲

❝✐❛s ✐♥t❡r❡ss❛♥t❡s✱ ♠❛s ❛♥t❡s ❞✐st♦ ✐r❡♠♦s ❡①✐❜✐r ♦ ♣❛r (S, ρ) ♣❛r❛ ❛ k✲á❧❣❡❜r❛ ❧✐✈r❡

k〈X〉✳ ❆q✉✐ ✐r❡♠♦s r❡s❣❛t❛r ❛❧❣✉♠❛s ♥♦t❛çõ❡s ❝♦♥s✐❞❡r❛❞❛s ❛♥t❡s ❞❛ ❙❡çã♦ ✸✳✷✳

❙❡❥❛ Xi =
∑n

α,β=1 ξ
i
αβEαβ = (ξiαβ)✱ ❝♦♠ i ∈ N✱ ✉♠❛ ♠❛tr✐③ ❣❡♥ér✐❝❛ ❞❡ Mn(k)

s♦❜r❡ k✱ ♦✉ s❡❥❛✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ {ξiαβ | 1 ≤ α, β ≤ n ❡ i > 0} sã♦ ✐♥❞❡t❡r♠✐♥❛❞❛s

❝♦♠✉t❛t✐✈❛s s♦❜r❡ k✳ ❊❧❡s sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ❡❧❡♠❡♥t♦ Xi s♦❜r❡ ❛ k✲á❧❣❡❜r❛ ❞❡

♣♦❧✐♥ô♠✐♦s ♥❛s ✈❛r✐á✈❡✐s ξiα,β✱ ❞❡♥♦t❛❞♦ ♣♦r ∆ = k[ξ]✳ ❈♦♥s✐❞❡r❛♥❞♦ k〈X 〉 ❛ á❧❣❡❜r❛

❣❡r❛❞❛ ♣❡❧♦s Xj✬s✱ é ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡ k〈X 〉 ⊆Mn(∆)✱ ✈❡r ♥♦t❛çã♦ ❛♥t❡s ❞❛ Pr♦♣♦s✐çã♦

✸✳✶✳✸✳ ❊①✐❜✐r❡♠♦s✱ ❡①♣❧✐❝✐t❛♠❡♥t❡✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦ ♣r❡t❡♥❞✐❞♦ ♥❛ Pr♦♣♦s✐çã♦

✸✳✶✳✸✱ ♦✉ s❡❥❛✱ ❝♦♥s✐❞❡r❡ ψ : k〈X〉 → k〈X 〉 ❞❛❞♦ ♣♦r

ψ(xj) = Xj. ✭✸✳✶✮

➱ ❝❧❛r♦ q✉❡ ♦ ♣❛r (∆, ψ) s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ 1) ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ r❡st❛♥❞♦ ✈❡r✐✜❝❛r

♦ ✐t❡♠ 2)✳ ❚♦♠❡ F ✉♠❛ k✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ q✉❛❧q✉❡r ❡ σ : k〈X〉 → Mn(F ) ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❛❞♦ ♣♦r σ(xi) = (f iαβ)✳ ❈♦♠♦ ∆ é ❛ k✲á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s

k✲á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s✱ t❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ k✲❤♦♠♦♠♦r✜s♠♦ η : ∆ → F t❛❧ q✉❡

η(ξiαβ) = f iαβ✳ ❖ k✲❤♦♠♦♠♦r✜s♠♦ ❛♥t❡r✐♦r ✐♥❞✉③ ❛ ❛♣❧✐❝❛çã♦ Mn(η) : Mn(∆) →Mn(F )

❞❛❞❛ ♣♦r Mn(η)((ξ
i
αβ)) = (f iαβ)✳ ◆♦t❡ q✉❡✿

Mn(η)ψ(xj) =Mn(η)(Xj) = (η(ξiαβ)) = σ(xj).

❊♠ r❡s✉♠♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿



✽✾

Pr♦♣♦s✐çã♦ ✸✳✷✳✹ ❖ ♣❛r (∆, ψ) é ❛ Mn(k)✲❛♣❧✐❝❛çã♦ ✉♥✐✈❡rs❛❧ ♣❛r❛ k〈X〉✳

❆♥t❡s ❞❡ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞♦ ♣❛r (S, ρ) ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ R ❡♠ ❣❡r❛❧✱ ✐r❡♠♦s

❡st❛❜❡❧❡❝❡r ❛ s✉❛ ✉♥✐❝✐❞❛❞❡✳ ❚❛❧ ♣r♦✈❛ é ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞❛ ♥❛ ❧✐t❡r❛t✉r❛✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✺ ❙❡❥❛♠ (S, ρ) ❡ (S0, ρ0) ♣❛r❡s s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ✶✮ ❡ ✷✮ ❞♦

❚❡♦r❡♠❛ ✸✳✷✳✶✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ η : S → S0 t❛❧ q✉❡ ρ0 = Mn(η)ρ✳ ❆❧é♠

❞✐ss♦ ❛ ❛♣❧✐❝❛çã♦ η é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ q✉❛♥❞♦ (S, ρ) ❡ σ sã♦ ✜①❛❞♦s✳ ❊♠ ♣❛rt✐✲

❝✉❧❛r✱ (S, ρ) é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ❞❡s❝r✐t♦ ♥♦ ❡♥✉♥❝✐❛❞♦✳

❉❡♠♦♥str❛çã♦✿ ❯♥✐❝✐❞❛❞❡ ❞❡ (S, ρ)✿ ❙❡❥❛ ρ : R → Mn(S) ❡ ρ0 : R → Mn(S0)✳

❆♦ ❛♣❧✐❝❛r ❛ ❝♦♥❞✐çã♦ 2) ♥❡st❡s ❤♦♠♦♠♦r✜s♠♦s✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ η : S → S0 ❡

η0 : S0 → S✱ t❛✐s q✉❡ Mn(η)ρ = ρ0 ❡ Mn(η0)ρ0 = ρ. ❉❛í✱ s✉❜st✐t✉✐♥❞♦ ❛ ♣r✐♠❡✐r❛

✐❣✉❛❧❞❛❞❡ ♥❛ s❡❣✉♥❞❛✱

Mn(η0)Mn(η)ρ = ρ. ✭✸✳✷✮

❆✜r♠❛çã♦ ✶✿ Mn(η0)Mn(η) =Mn(η0η)✳

❈♦♠ ❡❢❡✐t♦✱ ❞❛❞❛ (aij)n×n ∈Mn(S)✱ t❡♠♦s

Mn(η0)Mn(η)((aij)n×n) = Mn(η0)((η(aij))n×n)

= (η0η(aij))n×n

= Mn(η0η)(aij)n×n.

❆ ❛✜r♠❛çã♦ s❡❣✉❡ ❞❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ ❡❧❡♠❡♥t♦ ❡♠ Mn(S) ❝♦♥s✐❞❡r❛❞♦✳

▼✉♥✐❞♦s ❞❛ ❛✜r♠❛çã♦ ❡ ❞❛ ■❣✉❛❧❞❛❞❡ ✭✸✳✷✮✱ s❡❣✉❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ r ∈ R✱ ♦❜t❡♠♦s

ρ(r) =Mn(η0η)ρ(r)✳ ❖ q✉❡ ✐♠♣❧✐❝❛ ❡♠ ρ(r)αβ = (η0η)ρ(r)αβ✳ P♦rt❛♥t♦✱ η0η é ❛ ❛♣❧✐❝❛✲

çã♦ ✐❞❡♥t✐❞❛❞❡ ♥❛s ❡♥tr❛❞❛s ❞❛s ♠❛tr✐③❡s ❞❡ ρ(R)✳ ❈♦♠♦ ❛ ❛♣❧✐❝❛çã♦ η0η é t❛♠❜é♠ ✉♠

k✲❤♦♠♦♠♦r✜s♠♦ ❡ ❡ss❛s ❡♥tr❛❞❛s ❣❡r❛♠ S ✭♣❡❧❛ ❝♦♥❞✐çã♦ 1)✮✱ s❡❣✉❡ q✉❡ η0η é ❛ ✐❞❡♥t✐✲

❞❛❞❡ ❡♠ S✳ ❋❛③❡♥❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛♥á❧♦❣♦✱ ♦❜t❡♠♦s q✉❡ ηη0 é ❛ ✐❞❡♥t✐❞❛❞❡ s♦❜r❡ S0✳

❉❛í✱ η ❡ η0 sã♦ ✐s♦♠♦r✜s♠♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t❡♠♦s ρ0 = [Mn(η0)]
−1ρ✳ ❈♦♥❝❧✉✐♥❞♦ q✉❡

S é ú♥✐❝♦ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ❡ ρ é ú♥✐❝♦ ❛ ♠❡♥♦s ❞❡ ♠ú❧t✐♣❧♦ ♣♦r ✉♠ ✐s♦♠♦r✜s♠♦

❞❡ S✳

❯♥✐❝✐❞❛❞❡ ❞❡ η✿ ❙❡ σ : R →Mn(B) é ❞❛❞♦ ❡ ❡①✐st❡♠ η, η′ : S → B s❛t✐s❢❛③❡♥❞♦

2)✱ ✐st♦ é✱ Mn(η)ρ =Mn(η
′)ρ = σ✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ r ∈ R✱

Mn(η)ρ(r) =Mn(η
′)ρ(r).



✾✵

❉❛í✱ ♣❛r❛ t♦❞❛ ❡♥tr❛❞❛ ρ(r)αβ t❡♠♦s η[ρ(r)αβ] = η′[ρ(r)αβ] ❡✱ ❝♦♠♦ t♦❞♦s ♦s ρ(r)αβ

❣❡r❛♠ S✱ t❡♠♦s η = η′✳

❖❜s❡r✈❛çã♦ ✸✳✷✳✻ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱ Mn(η) é t❛♠❜é♠

✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦✱ s❡♠♣r❡ q✉❡ (S, ρ) ❡ σ sã♦ ✜①❛❞♦s✳

❆❣♦r❛ ✐r❡♠♦s ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ✸✳✷✳✶ ❡ ❛ ✜♠ ❞❡ ❛✉①✐❧✐❛r ❛ ❝♦♠♣r❡❡♥sã♦ ❞❛ ❞❡✲

♠♦♥str❛çã♦✱ ✐r❡♠♦s ❛♣r❡s❡♥t❛r s✉❛ ❞❡♠♦♥str❛çã♦ ❡♠ ❞♦✐s ❧❡♠❛s✳

▲❡♠❛ ✸✳✷✳✼ ❙❡❥❛ R ✉♠❛ k✲á❧❣❡❜r❛✳ ❊①✐st❡ ✉♠❛ k✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ S ❡ ✉♠ ❤♦♠♦✲

♠♦r✜s♠♦ ρ : R →Mn(S) t❛❧ q✉❡ ❛s ❡♥tr❛❞❛s {[ρ(r)]αβ | r ∈ R} ❣❡r❛♠✱ ❥✉♥t♦ ❝♦♠ 1✱ ♦

❛♥❡❧ S✳

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥✐r❡♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦ ρ ❡ ♦ ❛♥❡❧ S ❞❡s❡❥❛❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛✲

♥❡✐r❛✿ s❡♥❞♦ {ri}i∈L ✉♠ ❝♦♥❥✉♥t♦ ❞❡ k✲❣❡r❛❞♦r❡s ❞❡ R✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦

ϕ0 : k
0〈X〉 → R

xi 7→ ϕ0(xi) = ri

❡ ❞❡♥♦t❡♠♦s ♣♦r p ♦ s❡✉ ♥ú❝❧❡♦ ✭❝❛s♦ R s❡❥❛ ✉♥✐tár✐♦ ❡ ❛ ✉♥✐❞❛❞❡ s❡❥❛ ✉♠ ❞♦s ❣❡r❛❞♦r❡s

❞❡ R✱ ❡♥tã♦ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r k〈X〉 ❡♠ ✈❡③ ❞❡ k0〈X〉 ❡ ❛ ❞❡♠♦♥str❛çã♦ s❡rá ❛♥á❧♦❣❛✮✳

❈♦♠♦✱ ♣♦r ❝♦♥str✉çã♦✱ ϕ0 é s♦❜r❡❥❡t✐✈♦✱ ♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦s ■s♦♠♦r✜s♠♦s ♥♦s

❞á ✉♠ ✐s♦♠♦r✜s♠♦ ϕ ❡♥tr❡ k0〈X〉/p ❡ R✳

❙❡♥❞♦

ψ0 : k
0〈X〉 → k0〈X 〉 ✭✸✳✸✮

xi 7→ ψ0(xi) = Xi,

P = ψ0(p) ❡ ❝♦♠♦✱ ♣♦r ❝♦♥str✉çã♦✱ ψ0 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t♦r✱ s❡❣✉❡ q✉❡ P é

✐❞❡❛❧ ❞❡ k0〈X 〉✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ❞❡♥♦t❛❞♦ ♣♦r ψ✱

❡♥tr❡ k0〈X〉/p ❡ k0〈X 〉/P ✳

❯s❛♥❞♦ ❛ ♥♦t❛çã♦ ❥á ❝♦♠❡♥t❛❞❛ ♥♦ ✐♥í❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ∆ = k[ξ]✱

♦ ❛♥❡❧ k0〈X 〉 ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡Mn(∆) ❡ 〈P 〉 ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r P ❡♠Mn(∆)✱ t❡♠✲s❡✱

♣❡❧♦ r❡s✉❧t❛❞♦ i) ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷✱ q✉❡ ❡①✐st❡ ✉♠ ✐❞❡❛❧ I ❞❡ ∆ t❛❧ q✉❡ 〈P 〉 =Mn(I)✳

❈♦♠♦ ∆ ❝♦♥té♠ ❛ ✉♥✐❞❛❞❡✱ ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r q✉❡ I é ♦ ✐❞❡❛❧ ❞❡ ∆ ❣❡r❛❞♦ ♣♦r t♦❞❛s

❛s ❡♥tr❛❞❛s ❞❛s ♠❛tr✐③❡s ❞❡ 〈P 〉✳



✾✶

❯t✐❧✐③❛♥❞♦ ❡ss❛ ♥♦t❛çã♦✱ t♦♠❡♠♦s S =
∆

I
❡ ❞❡✜♥✐♠♦s ρ ❝♦♠♦ ❛ s❡❣✉✐♥t❡ ❝♦♠♣♦✲

s✐çã♦✿

R
ϕ−1

// k
0〈X〉

p

ψ // k
0〈X 〉

P
v // Mn(∆)

〈P 〉

µ //Mn(∆/I) ✭✸✳✹✮

♦♥❞❡ µ é ♦ ✐s♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❛❞♦ ♥♦ r❡s✉❧t❛❞♦ ii) ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷ ❡ ❛ ❛♣❧✐❝❛çã♦

v :
k0〈X 〉

P
→

Mn(∆)

〈P 〉
é ✐♥❞✉③✐❞❛ ♣❡❧❛ ✐♥❝❧✉sã♦ k0〈X 〉 ⊆ Mn(∆)✳ ❱❡❥❛ q✉❡ v ❡stá ❜❡♠

❞❡✜♥✐❞❛✱ ✉♠❛ ✈❡③ q✉❡ ❞❛❞♦s Xi + P = Xj + P ✱ s❡❣✉❡ q✉❡ Xi − Xj ∈ P ✳ ❉❛í✱ ❝♦♠♦

P ⊆ 〈P 〉✱ t❡♠♦s Xi −Xj ∈ 〈P 〉✳ ▲♦❣♦✱ v(Xi) = Xi + 〈P 〉 = Xj + 〈P 〉 = v(Xj)✳

❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ ∆ s❡r ❣❡r❛❞♦ ♣♦r ξiαβ ❡ 1✱ s❡❣✉❡ q✉❡ ∆/I = S é ❣❡r❛❞♦ ♣♦r 1 ❡

ξiαβ + I✱ s❡♥❞♦ ♦ ú❧t✐♠♦ ❛s (α, β)✲❡♥tr❛❞❛s ❞❛s ♠❛tr✐③❡s ρ(ri)✳ ❉❡ ❢❛t♦✱

ϕ−1(ri) = xi + p ⇒ ψϕ−1(ri) = Xi + P

⇒ vψϕ−1(ri) = v(Xi + P ) = Xi + 〈P 〉.

❊ ❝♦♠♦ ρ = µvψϕ−1✱ s❡❣✉❡ q✉❡ ρ(ri)αβ = ξiαβ + I✱ ❝♦♠♦ ❞❡s❡❥á✈❛♠♦s ♣r♦✈❛r✳

◆❡st❡ ♣ró①✐♠♦ ❧❡♠❛✱ ✉t✐❧✐③❛r❡♠♦s ❛s ♥♦t❛çõ❡s ❡♠♣r❡❣❛❞❛s ♥❛ ❞❡♠♦♥str❛çã♦ ❛❝✐♠❛✳

▲❡♠❛ ✸✳✷✳✽ ❙❡♥❞♦ ✈á❧✐❞❛ ❛ ❝♦♥❞✐çã♦ 1) ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ ❤♦♠♦✲

♠♦r✜s♠♦ σ : R → Mn(B)✱ ❝♦♠ B ✉♠❛ k✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✱ ❡①✐st❡ ✉♠

❤♦♠♦♠♦r✜s♠♦ η : S → B t❛❧ q✉❡✱ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ Mn(η) :Mn(S) →Mn(B)✱

❛ r❡❧❛çã♦ Mn(η)ρ = σ é ✈á❧✐❞❛✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ σ : R → Mn(B) ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✜①❛❞♦✱ ❞❛❞♦ ♣♦r

σ(ri) = (biαβ) ∈ Mn(B)✳ ◆♦✈❛♠❡♥t❡✱ ♣♦r ∆ s❡r ❛ k✲á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s

❛s k✲á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ ξ✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛

❡s♣❡❝✐❛❧✐③❛çã♦

η0 : ∆ = k[ξ] → B

ξiαβ 7→ biαβ.

■r❡♠♦s ❝♦♥str✉✐r η ❛ ♣❛rt✐r ❞❡ η0 ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ✈❡r✐✜❝❛r❡♠♦s q✉❡ η0 ❛♣❧✐❝❛ I

✭I ✐❞❡❛❧ ❞❡ ∆ ❡♥❝♦♥tr❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❛♥t❡r✐♦r✮ ❡♠ ③❡r♦ ❡✱ ❞✐st♦✱ η s❡rá ❛ ❛♣❧✐❝❛çã♦

✐♥❞✉③✐❞❛ ♣♦r S = ∆/I ❡♠ B✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❞✐❛❣r❛♠❛

k0〈X〉
ψ0 //

ϕ0

��

k0〈X 〉

��
R σ

//Mn(B)

✭■✮



✾✷

♦♥❞❡ ❛ ❛♣❧✐❝❛çã♦ ❞❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛ é ❛ ❝♦♠♣♦s✐çã♦✿

k0〈X 〉 →Mn(∆) →Mn(B), ✭✸✳✺✮

s❡♥❞♦✱ ♥❡st❛ s❡q✉ê♥❝✐❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦s✱ ❛ ♣r✐♠❡✐r❛ ❛♣❧✐❝❛çã♦ é ❛ ✐♥❝❧✉sã♦ ❡ ❛ s❡❣✉♥❞❛

Mn(η0)✳ P♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❛ ❝♦♠♣♦s✐çã♦ ❞❛❞❛ ❡♠ ✭✸✳✺✮ s❡rá ❞❡♥♦t❛❞❛ t❛♠❜é♠

♣♦r Mn(η0)✳

◆♦t❡ q✉❡ ♦ ❉✐❛❣r❛♠❛ ✭■✮ é ❝♦♠✉t❛t✐✈♦✱ ✉♠❛ ✈❡③ q✉❡ σϕ0(xi) = σ(ri) = (biαβ) ❡

Mn(η0)ψ0(xi) =Mn(η0)(Xi) = (η0(ξ
i
αβ)) = (biαβ).

❈♦♠♦ σϕ0 = Mn(η0)ψ0 ✈❛❧❡ ♣❛r❛ ♦s ❣❡r❛❞♦r❡s✱ s❡❣✉❡ ♣♦r k✲❧✐♥❡❛r✐❞❛❞❡ q✉❡ ✈❛❧❡

♣❛r❛ t♦❞♦ k0〈X〉✳ ▲♦❣♦✱ ♦ ❞✐❛❣r❛♠❛ é ❞❡ ❢❛t♦ ❝♦♠✉t❛t✐✈♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❞❛❞♦

f = f(x1, . . . , xt) ∈ k0〈X〉✱ t❡♠♦s q✉❡ f ∈ p = kerϕ0✱ ❡♥tã♦

0 = σϕ0(f) =Mn(η0)ψ0(f)

♦ q✉❡ ♠♦str❛ q✉❡ P = ψ0(p) ⊆ kerMn(η0).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞♦ ❞✐❛❣r❛♠❛ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦✿

k0〈X〉/p
ψ //

ϕ

��

k0〈X 〉/P

��
R σ

//Mn(B)

.

✭■■✮

❙❡❥❛ η̄ : k0〈X 〉/P →Mn(B) ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞♦ ❞✐❛❣r❛♠❛ ❛♥t❡r✐♦r✱

♦ q✉❛❧ é ✐♥❞✉③✐❞♦ ♣♦r Mn(η0)✳ ◆❛ t❡♦r✐❛ ❞❡ ❛♥é✐s✱ t❛❧ ❛♣❧✐❝❛çã♦ é ❝♦♠✉♠❡♥t❡ ❞❡♥♦t❛❞❛

♣♦r Mn(η0)✱ ♣♦ré♠ ❛q✉✐ ❞❡❝✐❞✐♠♦s ❞❡♥♦t❛r ♣♦r η̄ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ✉♠ ♥♦t❛çã♦ ♠❛✐s

❡❝♦♥ô♠✐❝❛✱ ♠❛s ❞❡✐①❛♠♦s ❝❧❛r♦ q✉❡ ♥ã♦ t❡♠ ♥❛❞❛ ❛ ✈❡r ❝♦♠ ❛♣❧✐❝❛çã♦ η ❞❛❞❛ ♥♦ ✐t❡♠

✷✮ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✳ ❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ♦ ❉✐❛❣r❛♠❛ ✭■■✮✱ t❡♠♦s q✉❡ t❛❧ ❞✐❛❣r❛♠❛ é ❞❡

❢❛t♦ ❝♦♠✉t❛t✐✈♦✱ ✉♠❛ ✈❡③ q✉❡

η̄(Xi + P ) = η̄ψ(xi + p) = σϕ(xi + p) = σ(ri).

P❛r❛ ♦❜t❡r ♦ ❡stá❣✐♦ ✜♥❛❧ ❞❛ ♥♦ss❛ ❛♣❧✐❝❛çã♦ ρ ❝♦♥s✐❞❡r❡♠♦s ♦ ❞✐❛❣r❛♠❛✿

k0〈X 〉
λ0 //

r

��

Mn(∆)

Mn(η0)

��
k0〈X 〉/P

η̄
//Mn(B)

✭■■■✮



✾✸

♦♥❞❡ λ0 é ❛ ✐♥❥❡çã♦ ✭♦✉ s❡❥❛✱ ❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♣❡❧❛ ✐♥❝❧✉sã♦✮ ❡ r é ❛ ♣r♦❥❡çã♦✳ ❊ss❡

❞✐❛❣r❛♠❛ é t❛♠❜é♠ ❝♦♠✉t❛t✐✈♦✱ ✉♠❛ ✈❡③ q✉❡ η̄r(xi) = η̄(Xi + P ) = σ(ri) ❡

Mn(η0)λ0(Xi) =Mn(η0)(Xi) = (η0(ξ
i
αβ)) = (biαβ) = σ(ri).

❈♦♠♦ é ✈á❧✐❞♦ ♣❛r❛ ♦s ❣❡r❛❞♦r❡s✱ s❡❣✉❡ q✉❡ Mn(ηo)λ0 = η̄r✳

❆❣♦r❛✱ ❝♦♠♦ r(P ) = 0✱ ❡♥tã♦ Mn(η0)λ0(P ) = η̄r(P ) = 0 ❡✱ ❝♦♠♦ λ0(P ) = P ✭♣♦r

s❡r ✉♠❛ ✐♥❥❡çã♦✮✱ s❡❣✉❡ q✉❡ P ⊆ kerMn(η0)✳ ❈♦♠♦ kerMn(η0) é ✉♠ ✐❞❡❛❧ ❞❡ Mn(∆)✱

❞♦ r❡s✉❧t❛❞♦ iii) ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷✱ 〈P 〉 ⊆ kerMn(η0)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Mn(η0)

✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ η̃ : Mn(∆)/〈P 〉 → Mn(B) ❡ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛

❝♦♠✉t❛t✐✈♦✿

k0〈X 〉/P
v //

η̄ %%

Mn(∆)/〈P 〉

η̃xx
Mn(B)

,

✭■❱✮

♦♥❞❡ v é ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♣❡❧❛ ✐♥❥❡çã♦ λ0 : k0〈X 〉 → Mn(∆). ❱❡❥❛ q✉❡ v ❡stá

❜❡♠ ❞❡✜♥✐❞❛ ❥á q✉❡ v(P ) ⊆ 〈P 〉✳ ❖ ❞✐❛❣r❛♠❛ ❛♥t❡r✐♦r é ❝♦♠✉t❛t✐✈♦✱ ♣♦✐s

η̃v(Xi + P ) = η̃(Xi + 〈P 〉) =Mn(η0)(Xi) = (η0(ξ
i
αβ)) = (kiαβ) = σ(ri)

❡ η̄(Xi + P ) = σ(ri) ❝♦♠♦ ♠♦str❛❞♦ ❛❝✐♠❛✳

❖✉tr❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ η̃ é ♦ ❢❛t♦ ❞❡ q✉❡ s❡ 〈P 〉 = Mn(I)✱ ❡♥✲

tã♦ η0(I) = 0✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❢♦✐ ♠♦str❛❞♦ 〈P 〉 ⊆ kerMn(η0)✱ ❛ss✐♠ s❡❣✉❡ q✉❡

Mn(η0)(〈P 〉) = Mn(η0(I)) = 0✳ P♦rt❛♥t♦✱ η0 : ∆ → B ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦

η : ∆/I → B ❡✱ ❞❛í✱ ♦ ❤♦♠♦♠♦r✜s♠♦ Mn(η) : Mn(∆/I) → Mn(B)✳ ❆ss✐♠✱ t❡♠♦s ♦

❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦✿

Mn(∆)/〈P 〉
µ //

η̃ &&

Mn(∆/I)

Mn(η)xx
Mn(B)

✭❱✮

♦♥❞❡ µ é ♦ ✐s♦♠♦r✜s♠♦ Mn(∆)/〈P 〉 = Mn(∆)/Mn(I) ≃ Mn(∆/I)✳ ❊ss❡ ❞✐❛❣r❛♠❛ é

t❛♠❜é♠ ❝♦♠✉t❛t✐✈♦✱ ❥á q✉❡ η̃(Xi + P ) = Mn(η0)(Xi) = σ(ri) ❝♦♠♦ ✈✐st♦ ❥á ❛♥t❡s ❡✱

Mn(η)µ(Xi + P ) =Mn(η)((ξ
i
αβ + I)) = (η(ξiαβ + I)) = (η0(ξ

i
αβ)) = σ(ri)✳

❉♦s ❉✐❛❣r❛♠❛s ✭■■✮✱ ✭■❱✮ ❡ ✭❱✮✱ ❡ ♣♦r ϕ s❡r ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ✉t✐❧✐③❛♥❞♦ ❛

♥♦t❛çã♦ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

ρ = µvψϕ−1, ✭✸✳✻✮
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♦❜t❡♠♦s ❛ss✐♠✿

Mn(η)ρ = (Mn(η)µ)vψϕ
−1 = (η̃v)ψϕ−1 = (η̄ψ)ϕ−1 = σϕϕ−1 = σ.

❊✱ ❞❡st❡ ♠♦❞♦✱ t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

❉❛í✱ ♣❡❧♦s ❞♦✐s ❧❡♠❛s ❞❡♠♦♥str❛❞♦s✱ t❡♠♦s ♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ ❥á ❡♥✉♥❝✐❛❞♦ ♥♦

✐♥í❝✐♦ ❞❡st❛ s✉❜s❡çã♦✳

▼✉♥✐❞♦s ❞❡st❡s r❡s✉❧t❛❞♦s ❡ s❡♥❞♦ S = ∆/I✱ s❡ R é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦

♣♦❞❡♠♦s ❡s❝♦❧❤❡r ♦ ❝♦♥❥✉♥t♦ {xi} s❡♥❞♦ ✜♥✐t♦ ❡✱ ♣♦rt❛♥t♦✱ ∆ é ✉♠ ❛♥❡❧ ♣♦❧✐♥♦♠✐❛❧✱

s♦❜r❡ k✱ ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✐♥❞❡t❡r♠✐♥❛❞❛s ❝♦♠✉t❛t✐✈❛s✳ ❉❛í✱ S é ✉♠ ❛♥❡❧

✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♠ r❡s✉♠♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✿

❈♦r♦❧ár✐♦ ✸✳✷✳✾ ❆ss✉♠✐♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ s❡ R é ✜♥✐t❛♠❡♥t❡ ❣❡✲

r❛❞♦✱ ❝♦♠♦ k✲á❧❣❡❜r❛ ❡♥tã♦ S = ∆/I t❛♠❜é♠ é✳ ❆ss✐♠✱ k s❡♥❞♦ ♥♦❡t❤❡r✐❛♥♦✱ ✐♠♣❧✐❝❛

q✉❡ S t❛♠❜é♠ s❡rá ♥♦❡t❤❡r✐❛♥♦✳

❆ s❡❣✉✐r ❧✐st❛r❡♠♦s ♦✉tr❛s ❝♦♥s❡q✉ê♥❝✐❛s q✉❡ s❡❣✉❡♠ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✳

❈♦r♦❧ár✐♦ ✸✳✷✳✶✵ ❖ ❛♥❡❧ R ♣♦❞❡ s❡r ♠❡r❣✉❧❤❛❞♦ ♥♦ ❛♥❡❧ ❞❛s ♠❛tr✐③❡s Mn(B) s♦❜r❡

❛❧❣✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ B s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ♠♦r✜s♠♦ ρ : R → Mn(S) ❞♦ ❚❡♦r❡♠❛

✸✳✷✳✶ é ✉♠ ♠♦♥♦♠♦r✜s♠♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡ ρ é ✉♠ ♠♦♥♦♠♦r✜s♠♦✱ ❡♥tã♦ ❝❧❛r❛♠❡♥t❡ R ♣♦❞❡ s❡r ♠❡r❣✉❧❤❛❞♦

♥♦ ❛♥❡❧ ❞❡ ♠❛tr✐③❡s s♦❜r❡ ❛❧❣✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ ♥❡st❡ ❝❛s♦✱ ❡♠ Mn(S)✳ ❘❡❝✐♣r♦❝❛✲

♠❡♥t❡✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♠❡r❣✉❧❤♦ σ : R → Mn(B)✱ ❝♦♠ B ✉♠ ❛♥❡❧

❝♦♠✉t❛t✐✈♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ t❡♠♦s σ =Mn(η)ρ✳ ❙❡❣✉❡ q✉❡ ρ é ✉♠ ♠♦♥♦♠♦r✜s♠♦✱

♣♦✐s ❞♦ ❝♦♥trár✐♦ ❡①✐st✐r✐❛ x, y ∈ R✱ ❝♦♠ x 6= y✱ t❛✐s q✉❡ ρ(x) = ρ(y)✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡

Mn(η)ρ(x) =Mn(η)ρ(y) ⇒ σ(x) = σ(y),

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ❥á q✉❡ σ é ✉♠ ♠❡r❣✉❧❤♦✳

❈♦r♦❧ár✐♦ ✸✳✷✳✶✶ ❯♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ✈❛❧❡r ♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✶✵✱

é q✉❡ ❡①✐st❛ ✉♠ ❡♣✐♠♦r✜s♠♦ g ❞❡ k0〈X 〉 ❡♠ R✱ ❡ q✉❡ s❡ P = kerg✱ ❡♥tã♦ ❛ ✐❣✉❛❧❞❛❞❡

〈P 〉 ∩ k0〈X 〉 = P é ✈á❧✐❞❛✳ ❙❡ ✐ss♦ ✈❛❧❡ ♣❛r❛ t❛❧ r❡♣r❡s❡♥t❛çã♦ ❞❡ R✱ ❡♥tã♦ ✈❛❧❡ ♣❛r❛

t♦❞♦s✳

❉❡♠♦♥str❛çã♦✿ P♦r ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ❡♠ ✭✸✳✻✮✱ t❡♠♦s ρ = µvψϕ−1✱ ♦♥❞❡ µ ❡

ϕ−1 sã♦ ✐s♦♠♦r✜s♠♦s ❡ ψ é ✉♠ ❡♣✐♠♦r✜s♠♦✳ ❙❡❣✉❡ q✉❡ ρ é ✉♠ ♠♦♥♦♠♦r✜s♠♦ s❡✱
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❡ s♦♠❡♥t❡ s❡✱ ψ é ✉♠ ✐s♦♠♦r✜s♠♦ ❡ v é ✉♠ ♠♦♥♦♠♦r✜s♠♦✳ ❖ ❢❛t♦ ❞❡ ψ s❡r ✉♠

✐s♦♠♦r✜s♠♦ s✐❣♥✐✜❝❛ q✉❡
k0〈X 〉

P
≃
k0〈X〉

p
≃ R. ✭✸✳✼✮

❈♦♥s✐❞❡r❡ g = ψr✱ ♦♥❞❡ ψ ❞❡♥♦t❛rá✱ ♣♦r ❡❝♦♥♦♠✐❛ ❞❡ ♥♦t❛çã♦✱ ❛ ❝♦♠♣♦s✐çã♦ ❞❛❞❛

❡♠ ✭✸✳✼✮ ❡ r ❛ ♣r♦❥❡çã♦ ❞❡ k0〈X 〉 ❡♠ k0〈X 〉/P ✳ ❚❡♠♦s ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛✿

k0〈X 〉/P

ψ

�� ''
k0〈X 〉 g

//

r
99

R v
//Mn(∆)/〈P 〉

.

❚❡♥❞♦ ❝♦♠♦ ❤✐♣ót❡s❡ q✉❡ v é ✉♠ ♠♦♥♦♠♦r✜s♠♦✱ q✉❡r❡♠♦s ♠♦str❛r ❛ ✐❣✉❛❧❞❛❞❡

〈P 〉∩k0〈X 〉 = P ✳ ➱ ❝❧❛r♦ q✉❡ P ⊆ 〈P 〉∩k0〈X 〉✳ ❉❡✈❡♠♦s ❛❣♦r❛ ♥♦s ❞❡❞✐❝❛r ❛ ✐♥❝❧✉sã♦

❝♦♥trár✐❛✳ ❚♦♠❛♥❞♦ y ∈ 〈P 〉 ∩ k0〈X 〉✱ t❡♠♦s v(g(y)) = vψr(y) = 0̄✱ ♣♦✐s y ∈ 〈P 〉✳

❆ss✐♠✱ ❝♦♠♦ v é ♠♦♥♦♠♦r✜s♠♦✱ s❡❣✉❡ q✉❡ g(y) = 0̄ ❡♠ k0〈X 〉/P ✳ ❉❡st❡ ♠♦❞♦✱ y ∈ P ✳

❈♦♠ ✐ss♦✱ s❡❣✉❡ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠ ❡♣✐♠♦r✜s♠♦ g ❞❡ k0〈X 〉 ❡♠ R✱ ❞❡ ♠♦❞♦

q✉❡ P = kerg ❡ 〈P 〉 ∩ k0〈X 〉 = P ✳ P♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r R ❝♦♠♦ s❡♥❞♦ k0〈X〉/I✱

♣❛r❛ ❛❧❣✉♠ ✐❞❡❛❧ I ❞❡ k0〈X〉✱ ❡ ❞♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦s ■s♦♠♦r✜s♠♦s t❡♠♦s q✉❡

k0〈X 〉/P ≃ k0〈X〉/I✳ ❈♦♠♦ P é ♦ ♥ú❝❧❡♦ ❞❡ g ❡ 〈P 〉 ∩ k0〈X 〉 = P ✱ s❡❣✉❡ q✉❡ ♣♦❞❡♠♦s

♠❡r❣✉❧❤❛r ❛ á❧❣❡❜r❛ R ❡♠ Mn(S)✱ ♦♥❞❡ S = ∆/J ♣❛r❛ ❛❧❣✉♠ ✐❞❡❛❧ J ❞❡ ∆ t❛❧ q✉❡

Mn(J) = 〈P 〉✳

❆❧é♠ ❞✐ss♦✱ s❡ ❛ ❝♦♥❞✐çã♦ ❞♦ ♥♦ss♦ t❡♦r❡♠❛ ✈❛❧❡ ♣❛r❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ R

❝♦♠♦ q✉♦❝✐❡♥t❡ k0〈X〉✱ s❡❣✉❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❡ (S, ρ)✱ ❛Mn(k)✲❛♣❧✐❝❛çã♦ ✉♥✐✈❡rs❛❧ ❞❡ R✱

❡ ❞❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✶✵ q✉❡ ❡ss❡ r❡s✉❧t❛❞♦ ❝♦♥t✐♥✉❛ ✈á❧✐❞♦ ♣❛r❛ q✉❛❧q✉❡r

♦✉tr❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ R✳

❖❜s❡r✈❛çã♦ ✸✳✷✳✶✷ ❖s ❈♦r♦❧ár✐♦s ✸✳✷✳✶✵ ❡ ✸✳✷✳✶✶ t❛♠❜é♠ sã♦ ✈á❧✐❞♦s ♣❛r❛ ♠❡r❣✉❧❤♦s

✉♥✐tár✐♦s✱ s❡♥❞♦ t❛❧ ♣r♦✈❛ ❜❛s❡❛❞❛ ♥♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s✳

❈♦r♦❧ár✐♦ ✸✳✷✳✶✸ ❚♦❞❛ k✲á❧❣❡❜r❛ R ❝♦♥té♠ ✉♠ ú♥✐❝♦ ✐❞❡❛❧ Q t❛❧ q✉❡ R/Q ♣♦❞❡ s❡r

♠❡r❣✉❧❤❛❞♦ ❡♠ ✉♠ ❛♥❡❧ ❞❡ ♠❛tr✐③❡s Mn(B)✱ B ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✳ ❆❧é♠ ❞✐ss♦✱ s❡ R/Q0

♣♦❞❡ s❡r ♠❡r❣✉❧❤❛❞♦ ❡♠ Mn(B)✱ ❡♥tã♦ Q ⊆ Q0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ ρ : R →Mn(S) ❡ s❡❥❛ Q = kerρ✳ ❊♥tã♦ ρ ✐♥❞✉③ ✉♠ ♠♦♥♦♠♦r✲

✜s♠♦ ❞❡ R/Q ❡♠ Mn(S)✳ ❈❛s♦ ❡①✐st❛ ✉♠ ♦✉tr♦ ✐❞❡❛❧ Q0 ❞❡ R✱ t❛❧ q✉❡ R/Q0 ♣♦ss❛
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s❡r ♠❡r❣✉❧❤❛❞♦ ❡♠ ✉♠ ❛♥❡❧ ❞❡ ♠❛tr✐③❡s s♦❜r❡ ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ ❞✐❣❛♠♦s Mn(B)✱

♣♦❞❡✲s❡ ❝♦♥str✉✐r ✉♠ ❤♦♠♦♠♦r✜s♠♦ σ✿ R → Mn(B) t❛❧ q✉❡ kerσ = Q0✳ ❉♦ ❚❡♦r❡♠❛

✸✳✷✳✶ t❡♠♦s q✉❡ Mn(η)ρ = σ✳ ❉❡st❡ ♠♦❞♦ kerσ ⊇ kerρ = Q. ❉❛í✱ ♦❜t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❝♦♥s✐❞❡r❛r❡♠♦s k ❝♦♠♦ s❡♥❞♦ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦

❡ ♥♦s ❝♦♥❝❡♥tr❛r❡♠♦s ❡♠ ❞❡✜♥✐r ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡

Mn(k)✳ ❆❞❡♠❛✐s✱ ❛✜♠ ❞❡ ♥ã♦ ❤❛✈❡r ❞ú✈✐❞❛ ❞❡ ♥♦t❛çã♦✱ ✐r❡♠♦s tr♦❝❛r ❛ ♥♦t❛çã♦ ❞❡ k

♣♦r K✳

❘❡❝♦r❞❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ Mn(S) ≃ Mn(K) ⊗ S✱ ✐r❡♠♦s ❛♥❛❧✐s❛r ✉♠❛ ❡str✉t✉r❛

❡①tr❛ ❛ss♦❝✐❛❞❛ à ρ✱ ✉t✐❧✐③❛♥❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✳ P❛r❛ ✐ss♦✱ s❡❥❛ G ♦ ❣r✉♣♦ ❞♦s ❛✉✲

t♦♠♦r✜s♠♦s ❞❡ Mn(K)✱ q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙❦♦❧❡♠✲◆♦❡t❤❡r ✭✈❡r ❚❡♦r❡♠❛ ✶✳✶✳✸✸✮✱

é ♦ ❣r✉♣♦ ❣❡r❛❧ ❧✐♥❡❛r ❞❡ ♦r❞❡♠ n ❞❡♥♦t❛❞♦ ♣♦r G = GLn(K)✳ P❛r❛ ❝❛❞❛ g ∈ G✱

❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

ψg :Mn(K)⊗ S → Mn(K)⊗ S

a⊗ s 7→ ψg(a⊗ s) = (g · a)⊗ s.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r t♦❞❛ t❡♦r✐❛ ❥á ❞❡s❡♥✈♦❧✈✐❞❛ ❛té ♦ ♠♦♠❡♥t♦✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡

✉♠❛ ❛♣❧✐❝❛çã♦ ❡st❡♥❞❡♥❞♦ η✱ ❞❛❞❛ ♣♦r ✭❛❣♦r❛ ❡♠ ❧✐♥❣✉❛❣❡♠ ❞❡ t❡♥s♦r❡s✮

Mn(η
g)

(
n∑

i=1

ai ⊗ si

)
=

n∑

i=1

ai ⊗ ηg(si),

❞❡ ♠♦❞♦ q✉❡ ψg · ρ =Mn(η
g) · ρ✳ ➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r♠♦s q✉❡ ❝♦♠♦ ψg ❡ Mn(η

g) ✜①❛♠

♦s ❡❧❡♠❡♥t♦s ❞❡ S ❡ Mn(K)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ➱ ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡ t❛✐s ❛♣❧✐❝❛çõ❡s

❝♦♠✉t❛♠ ❡♥tr❡ s✐✳ ❆❞❡♠❛✐s✱ ♣❛r❛ t♦❞♦ g, h ∈ G✱ t❡♠♦s✿

Mn(η
gh) · ρ = ψgh · ρ = ψg · ψh · ρ

= ψg ·Mn(η
h) · ρ

= Mn(η
h)ψg · ρ

= Mn(η
h) ·Mn(η

g) · ρ

= Mn(η
hηg) · ρ.

❉❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✱ ηgh = ηhηg✳

P♦rt❛♥t♦✱ ❞♦s ❝♦♠❡♥tár✐♦s ❢❡✐t♦s ❛❝✐♠❛ ❡ ❞❡✜♥✐♥❞♦ ζg = ψg ◦ (Mn(η
g))−1✱ t❡♠♦s

❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿
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Pr♦♣♦s✐çã♦ ✸✳✷✳✶✹ G ❛❣❡✱ ✈✐❛ ❛ r❡♣r❡s❡♥t❛çã♦ ζg✱ ❝♦♠♦ ✉♠ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s

❞❡ Mn(S) ❡ ρ(R) ❡stá ❝♦♥t✐❞♦ ♥♦ ❛♥❡❧ ❞♦s ✐♥✈❛r✐❛♥t❡s✳

❈♦r♦❧ár✐♦ ✸✳✷✳✶✺ ❙❡❥❛ (S, ρ) ❛ Mn(K)✲❛♣❧✐❝❛çã♦ ✉♥✐✈❡rs❛❧ ❞❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ R✳ P❛r❛

t♦❞♦ ✐❞❡❛❧ J ❞❡ S✱ ❛ ❛♣❧✐❝❛çã♦ ♣r♦❥❡çã♦ πJ :Mn(S) →Mn(S/J) é G✲❝♦♥❝♦♠✐t❛♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ ❝♦♠ t❡♥s♦r✐❛❧ ❡♠ ♥♦ss❛ ❞❡♠♦♥str❛çã♦✳ ◆❡st❡

❝❛s♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s Mn(S) ≃ Mn(K)⊗ S ❡ Mn(S/J) ≃ Mn(K)⊗ (S/J)✳ ❙❡❥❛ I ✉♠

✐❞❡❛❧ ❞❡ R t❛❧ q✉❡ (ρ(I)) = Mn(K) ⊗ J ✳ P♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ✉s❛r❡♠♦s ♦ ♠❡s♠♦

sí♠❜♦❧♦ ψg ♣❛r❛ ❞❡♥♦t❛r ❛ ❛♣❧✐❝❛çã♦

ψg :Mn(K)⊗ (S/J) →Mn(K)⊗ (S/J)

❞❛❞❛ ♣♦r ψg(a⊗ s̄) = (g ·a)⊗ s̄✱ ♣❛r❛ t♦❞♦ g ∈ G✳ P❛r❛ ❞❡♠♦♥str❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦ πρ(I)

é G✲❝♦♥❝♦♠✐t❛♥t❡ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ πρ(I)ψgMn(η
g)−1 = ψgMn(η̄

g)−1πρ(I)✱ ♦♥❞❡

η̄g = pJ ◦ η
g✳ ❆q✉✐ pJ é ❛ ❛♣❧✐❝❛çã♦ ♣r♦❥❡çã♦ ❞❡ S ❡♠ S/J ✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡

{ri}i>0 ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ R ❡ ❞❡✜♥❛ πρ(I) :Mn(K)⊗ S →Mn(K)⊗ (S/J) ❞❛❞♦

♣♦r πρ(I)(ρ(ri)) =
∑n

α,β=1Eαβ ⊗ (siαβ + J)✱ ❛q✉✐ siαβ = ρ(ri)αβ✳ P♦r I ⊆ kerπρ(I)ρ✱

❞❡✜♥❛♠♦s ρ′ : R/I →Mn(K)⊗ (S/J)✱ ♦♥❞❡ ρ′(ri+I) =
∑

i aj⊗ (siαβ+J). ❖❜s❡r✈❡♠♦s

q✉❡ ♦ ❞✐❛❣r❛♠❛

Mn(K)⊗ S
ψg //Mn(K)⊗ S

R
ρ //

ρ

OO

πI

��

Mn(K)⊗ S

Mn(ηg)

OO

πρ(I)

��
R/I

ρ′ //

ρ′

��

Mn(K)⊗ (S/J)

Mn(η̄g)

��
Mn(K)⊗ (S/J)

ψg //Mn(K)⊗ (S/J)
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é ❝♦♠✉t❛t✐✈♦✳ ❉❛í✱

πρ(I)ψgMn(η
g)−1ρ = πρ(I)Mn(η

g)−1ψgρ

= πρ(I)ρ

= ρ′πI

= (Mn(η̄
g))−1ψgρ

′πI

= (Mn(η̄
g))−1ψgπρ(I)ρ

= ψg(Mn(η̄
g))−1πρ(I)ρ.

❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ❛♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✺✳

✸✳✸ ❆♣❧✐❝❛çã♦ ❞❛ ■❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛té ♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦✱ ❡st✉❞❛♠♦s ❢❡rr❛♠❡♥t❛s ♣❛r❛ q✉❡ ✉♠

❞❛❞♦ ❛♥❡❧ ❢♦ss❡ ♠❡r❣✉❧❤❛❞♦ ❡♠ ✉♠❛ ❛♥❡❧ ❞❡ ♠❛tr✐③❡s✳ ❉✐❛♥t❡ ❞❡ t✉❞♦ ✐ss♦✱ ♥♦ss♦

♦❜❥❡t✐✈♦ ❛❣♦r❛ é ❡st❛❜❡❧❡❝❡r ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ♠❡r❣✉❧❤❛r ✉♠ ❛♥❡❧ R ❝♦♠♦

s✉❜❛♥❡❧ ❞♦ ❛♥❡❧ Mn(A) ❞❛s ♠❛tr✐③❡s s♦❜r❡ ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ A✳ ❚❛❧ ❡st✉❞♦ s❡rá

r❡❛❧✐③❛❞♦ t❡♥❞♦ ♣♦r ❜❛s❡ ♦ ❛rt✐❣♦ ✏❆ ❋♦r♠❛❧ ■♥✈❡rs❡ t♦ t❤❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ❚❤❡♦r❡♠✑

❞❡ ❈✳ Pr♦❝❡s✐ ✭❬✸✵❪✮✳

❈♦♥s✐❞❡r❡♠♦s✱ ♥❡st❛ s❡çã♦✱ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥✲

s✐❞❡r❡♠♦s ❛ ❝❛t❡❣♦r✐❛ ❞❛s á❧❣❡❜r❛s ❝♦♠ tr❛ç♦ q✉❡ s❛t✐s❢❛③ ❛ ■❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲

❍❛♠✐❧t♦♥ ❞❡ ❣r❛✉ n✳ ❉❡s❡❥❛♠♦s ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✸✳✸✳✶ ❯♠❛ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦ ♣♦❞❡ s❡r ♠❡r❣✉❧❤❛❞❛ ❡♠ Mn(A)✱ s❡♥❞♦ A ✉♠❛

á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ❞❡ ❣r❛✉

n✳

❈♦♠♦ ❥á s❛❜❡♠♦s✱ ❞❛❞❛ ✉♠❛ á❧❣❡❜r❛ R ❡①✐st❡ ✉♠❛ Mn(K)✲❛♣❧✐❝❛çã♦ ✉♥✐✈❡rs❛❧

❞❡ R ❞❛❞❛ ♣♦r ρ : R → Mn(S), ❝♦♠ S ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ ♦♥❞❡ ♦ ♣❛r (S, ρ) s❛t✐s✲

❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ ♣r❡♣❛r❛çã♦ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦

❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✶✱ ❢❛r❡♠♦s ❛❧❣✉♥s ❝♦♠❡♥tár✐♦s q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s✱ ❝♦♠♦ t❛♠❜é♠

❞❡♠♦♥str❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦✳

❉❛❞❛ a ∈ Mn(K)✱ ♣♦❞❡♠♦s ❞❡✜♥✐r s❡✉ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ♣❡❧❛ ❢ór♠✉❧❛

χ
(n)
a (t) = det(a−tI)✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✹✳✸✱ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦
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✉s❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s tr(ai)✱ i = 1, 2, . . . , n✱ ❡ t❛♠❜é♠ s❡❣✉❡ q✉❡ χa(a) = 0✳ P♦r

❡①❡♠♣❧♦✱ ❝♦♠♦ ❥á ❝♦♠❡♥t❛♥❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ q✉❛♥❞♦ n = 2 t❡♠♦s

χ(2)
a (t) = t2 − tr(a)t+

1

2
(tr(a)2 − tr(a2)).

❉❡✜♥✐çã♦ ✸✳✸✳✷ ❯♠❛ á❧❣❡❜r❛ A ❝♦♠ tr❛ç♦ τ : A → A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❈❛②❧❡②✲

❍❛♠✐❧t♦♥ ❞❡ ❣r❛✉ n s❡ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s sã♦ s❛t✐s❢❡✐t❛s✿

✭✐✮ τ(1) = n❀

✭✐✐✮ P❛r❛ t♦❞♦ a ∈ A t❡♠♦s q✉❡ χ(n)
a (a) = 0 ❡♠ A✳

❉❡♥♦t❛r❡♠♦s t❛❧ ❝♦♥❥✉♥t♦ ♣♦r alg@n✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✈❡r❡♠♦s ❛s á❧❣❡❜r❛s ❝♦♠ tr❛ç♦ ❝♦♠♦ ✉♠❛ ❝❛t❡❣♦r✐❛ ❡ s❡✉s

♠♦r✜s♠♦s s❡rã♦ ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s q✉❡ ♣r❡s❡r✈❛♠ ♦ tr❛ç♦✳ ❖ ❛♥❡❧ Mn(A)

❞❡ ♠❛tr✐③❡s s♦❜r❡ ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ é ❝♦♥s✐❞❡r❛❞♦ ❝♦♠ s❡✉ tr❛ç♦ ♥❛t✉r❛❧✱ ❛q✉❡❧❡

q✉❡ é ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ s♦♠❛ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ s✉❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✳ ❆ss✐♠✱ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ ❞♦ ♠❡r❣✉❧❤♦ t❡r❡♠♦s ✉♠❛ ♥♦✈❛ r❡str✐çã♦✿ ♦ ♠❡r❣✉❧❤♦ ❞❡✈❡ ♣r❡s❡r✈❛r ♦ tr❛ç♦✳

▼✉♥✐❞♦s ❞♦s ❝♦♠❡♥tár✐♦s ❛❝✐♠❛✱ ♣r♦✈❛r❡♠♦s ✉♠❛ ✈❡rsã♦ ♠❛✐s ❣❡r❛❧ ❞♦ ❚❡♦r❡♠❛

✸✳✸✳✶✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣r♦✈❛r❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✸✳✸✳✸ ❙❡❥❛ (S, ρ) ♦ ♣❛r ❞❛ Mn(K)✲❛♣❧✐❝❛çã♦ ✉♥✐✈❡rs❛❧ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❝♦♠

tr❛ç♦ R✳ ❙❡ R s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ Mn(K)✱ ❡♥tã♦ ρ : R →Mn(S)
G

é ✉♠ ✐s♦♠♦r✜s♠♦✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✹ ❖ r❡s✉❧t❛❞♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡st❛ s❡çã♦ s❡rá ♦❜t✐❞♦ ❝♦♠♦ ❝♦♥✲

s❡q✉ê♥❝✐❛ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✺ ◆♦t❡ q✉❡ ♥♦ ❚❡♦r❡♠❛ ✸✳✸✳✸ ♥ós ♥ã♦ t❡♠♦s ❛♣❡♥❛s ✉♠❛ s♦❧✉çã♦

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞♦ ♠❡r❣✉❧❤♦✱ ♠❛s t❛♠❜é♠ t❡♠♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ q✉❡♠ s❡rá ♦ ❛♥❡❧

❝♦♠✉t❛t✐✈♦ ❡ q✉❛❧ é ♦ s✉❜❛♥❡❧ ❞❛s ♠❛tr✐③❡s s♦❜r❡ ❡ss❡ ❛♥❡❧ q✉❡ é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ R✳

◆❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✹✮✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ♣❛r (S, ρ) é ❞❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ S

é ✉♠ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s ♥❛s ✈❛r✐á✈❡✐s ξ✱ ❞❡♥♦t❛❞♦ ♣♦r ∆✱ ❡ ρ(xi) é ❛ ♠❛tr✐③ ❣❡♥ér✐❝❛

❝✉❥❛s ❛s ❡♥tr❛❞❛s (α, β) sã♦ ❛s ✈❛r✐á✈❡✐s ξ(i)αβ✳ ❯♠ ❝❛s♦ ✐♠♣♦rt❛♥t❡ ❛ ❝♦♥s✐❞❡r❛r ♥❛

❝♦♥str✉çã♦ r❡❛❧✐③❛❞❛ ♥♦ ✜♥❛❧ ❞❛ s❡çã♦ ❛♥t❡r✐♦r ✭♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❛♥t❡s ❞❛ Pr♦♣♦✲

s✐çã♦ ✸✳✷✳✶✹✮ é q✉❛♥❞♦ R = K〈X〉 é ❛ á❧❣❡❜r❛ ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦

❡♥✉♠❡rá✈❡❧ X = {x1, x2, . . .}✳ ❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ✐♥t❡r♣r❡t❛r ❛ ❛çã♦ ❞♦ ❣r✉♣♦ G✱ ❞❛❞❛
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♥❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✶✹✱ ❞❡ ♠♦❞♦ ❞✐❢❡r❡♥t❡✱ r❡❝♦r❞❛r❡♠♦s ❛ ♥♦çã♦ ❞❡ ♠❛tr✐③❡s ❝♦♥❝♦♠✐✲

t❛♥t❡s ❞❛❞❛ ♥❛ ❙❡çã♦ ✷✳✷✳ ❯s❛♥❞♦ ❡ss❛ ♥♦t❛çã♦ ✐❞❡♥t✐✜q✉❡♠♦s Mn(∆) ❝♦♠ ♦ ❛♥❡❧ ❞❛s

❛♣❧✐❝❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s f : Mn(C)
∞ → Mn(C) ❞❡✜♥✐❞♦ s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛

C q✉❛❧q✉❡r✱ ♦♥❞❡Mn(C)
∞ é ♦ ❡s♣❛ç♦ ❞❡ s❡q✉ê♥❝✐❛s q✉❛s❡ t♦❞❛s ♥✉❧❛s (A1, . . . , An, . . .)

❞❡ ❡❧❡♠❡♥t♦s ❞❡ Mn(C)✳ ❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r Xi ❛s ♣r♦❥❡çõ❡s ❝♦♥❝♦♠✐t❛♥t❡s

(A1, A2, . . .) 7→ Ai✳ ◆❛ s❡çã♦ ❛♥t❡s ♠❡♥❝✐♦♥❛❞❛✱ t❡♠♦s q✉❡ ❛ ❛çã♦ ❞❡ ❣r✉♣♦ é ❞❛❞❛ ❞❡

♠❛♥❡✐r❛ ♥❛t✉r❛❧ f g((xi)i∈I) = g · f((g−1 · xi)i∈I)✱ ♦♥❞❡ f = f g s✐❣♥✐✜❝❛ q✉❡ f é ✉♠❛

❛♣❧✐❝❛çã♦ ❝♦♥❝♦♠✐t❛♥t❡✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❞❡♥♦t❛♥❞♦ ♣♦r T ❛ s✉❜á❧❣❡❜r❛ ❞❡Mn(∆) ❣❡r❛❞❛

♣❡❧❛s ❛♣❧✐❝❛çõ❡s ❝♦♥❝♦♠✐t❛♥t❡s✱ ✐st♦ é✱ T = (Mn(∆))G✱ ♦❜t❡♠♦s q✉❡ Xi ∈ T ✱ ♣❛r❛ t♦❞♦

i ∈ I✳

❖ ♣r✐♥❝✐♣❛❧ ❢❛t♦ s♦❜r❡ T é ♦ ♣r✐♠❡✐r♦ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧✱ ❥á ♣r♦✈❛❞♦ ♥♦ ❈❛♣í✲

t✉❧♦ ✷ ✭✈❡r ❚❡♦r❡♠❛ ✷✳✶✳✾✮✱ ❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✸✳✸✳✻ ❆ á❧❣❡❜r❛ T é ❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❛s á❧❣❡❜r❛s ❝♦♠ tr❛ç♦

s❛t✐s❢❛③❡♥❞♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❞❛ á❧❣❡❜r❛ Mn(K)✳

❉❡♠♦♥str❛çã♦✿ ❉❡✈❡♠♦s ♠♦str❛r q✉❡ T ≃ G〈X〉/TTr(Mn(K))✱ ♦♥❞❡ G〈X〉 é ❛

á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❛s á❧❣❡❜r❛s ❝♦♠ tr❛ç♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♠♦str❡♠♦s ❛ s❡❣✉✐♥t❡

❛✜r♠❛çã♦✿

❆✜r♠❛çã♦✿ TTr(Mn(∆)) = TTr(Mn(K))✳

➱ ❝❧❛r♦ q✉❡ TTr(Mn(∆)) ⊆ TTr(Mn(K))✳ P❛r❛ ♠♦str❛r♠♦s ❛ ✐♥❝❧✉sã♦ ♦♣♦st❛✱

t♦♠❡♠♦s f ∈ TTr(Mn(K))✱ ❡ ❝♦♠♦ K t❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡

f = f(x1, . . . , xn) é ♠✉❧t✐❧✐♥❡❛r✳ ❉❛í✱

f(p1, . . . , pn)(a1, a2, . . .) = f(p1(a1, a2, . . .), . . . , pn(a1, a2, . . .)) = 0,

♣❛r❛ t♦❞❛ s✉❜st✐t✉✐çã♦ ♣♦r ❡❧❡♠❡♥t♦s (p1, . . . , pn) ❞❡ Mn(∆) ❡ q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s aj

❡♠ Mn(K)✱ ♣❛r❛ t♦❞♦ j✳ ▲♦❣♦✱ f ∈ TTr(Mn(∆))✳

▼✉♥✐❞♦s ❞❛ ❛✜r♠❛çã♦ ❛❝✐♠❛✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ ❡♣✐♠♦r✜s♠♦ ❝♦♠ tr❛ç♦ ϕ ❞❡

G〈X〉 ❡♠ T ❞❛❞♦ ♣♦r ϕ(xi) = Xi✱ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ T é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ Mn(∆)✱

t❡♠♦s q✉❡ TTr(Mn(K)) = TTr(Mn(∆)) ⊆ kerϕ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ f ∈ kerϕ✳ P❛r❛ q✉❛✐sq✉❡r ♣r♦❥❡çõ❡s ❝♦♥❝♦♠✐t❛♥t❡sX1, . . . , Xn

❡♠ Mn(K)✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞❛ n✲✉♣❧❛ (a1, . . . , an) ❞❡ ❡❧❡♠❡♥t♦s ❡♠ Mn(K) ✈❛❧❡

0 = (f(X1, . . . , Xn))(a1, . . . , an) = f(a1, . . . , an).
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❆ss✐♠✱ ♦❜t❡♠♦s q✉❡ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ ♣❛r❛ Mn(K) ❡ ❝♦♥s❡q✉❡♥t❡✲

♠❡♥t❡ kerϕ = TTr(Mn(K))✳ ❆❞❡♠❛✐s✱ ❝♦♥❝❧✉í♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦s ■s♦♠♦r✜s♠♦s q✉❡

T ≃ G〈X〉/TTr(Mn(K)).

❖❜s❡r✈❛çã♦ ✸✳✸✳✼ ▲❡♠❜r❛♠♦s q✉❡ ♦ ❚✲✐❞❡❛❧ ❝♦♠ tr❛ç♦ ❞❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s é ❣❡✲

r❛❞♦ ❛♣❡♥❛s ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥✱ ✈❡r ❚❡♦r❡♠❛ ✷✳✹✳✻✳

❯t✐❧✐③❛r❡♠♦s ♥❛ ❞❡♠♦♥str❛çã♦ ♦ ♦♣❡r❛❞♦r ❞❡ ❘❡②♥♦❧❞✱ ❞❡♥♦t❛❞♦ ❛q✉✐ ♣♦r r✱ ♦

q✉❛❧ é ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ ❞❡ B ♣❛r❛ BG✳ ❊st❡ ♦♣❡r❛❞♦r é ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛

♥♦ ❡st✉❞♦ ❞❡ G✲♠ó❞✉❧♦s r❛❝✐♦♥❛✐s✱ ❛❧é♠ ❞❡ s❡r ✉♠ ❢✉♥t♦r ♣❛r❛ t❛❧ ❝❛t❡❣♦r✐❛ ✭✐st♦ é✱ é

✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡♥tr❡ ❝❛t❡❣♦r✐❛s✮✳

❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ t♦❞❛ r❡♣r❡s❡♥t❛çã♦ r❛❝✐♦♥❛❧ s♦❜r❡ G = GLn(K) s❡r s❡♠✐ss✐♠♣❧❡s

✭✈❡r ❚❡♦r❡♠❛ ✶✳✻✳✶✻✮ ♣❛r❛ ❣❛r❛♥t✐r ❛ ❜♦❛ ❞❡✜♥✐çã♦ ❞♦ ♦♣❡r❛❞♦r✳ ❉❛❞♦s ❞♦✐s G✲♠ó❞✉❧♦s

r❛❝✐♦♥❛✐s M ✱ N ❡ ✉♠❛ G✲❛♣❧✐❝❛çã♦ f :M → N ✱ t❡♠♦s ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦✿

M
f //

r
��

N

r
��

MG
f |

MG // NG

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦ B ✭q✉❡ é ✉♠ G✲♠ó❞✉❧♦ r❛❝✐♦♥❛❧✮

✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐❞❛❞❡s✿

✭✐✮ ❙❡ a ∈ BG ❡ b ∈ B✱ ❡♥tã♦ r(ab) = ar(b) ❡ r(ba) = r(b)a❀

✭✐✐✮ r(tr(a)) = tr(r(a))✳

❊st❛♠♦s ♣r❡♣❛r❛❞♦s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✸✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ♣♦r ❤✐♣ót❡s❡ R s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❞❡

Mn(K)✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✻ q✉❡ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r R ♣♦r T/I✱ ♦♥❞❡ I é ❛❧❣✉♠

✐❞❡❛❧ ❝♦♠ tr❛ç♦ ❞❡ T ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ B = Mn(∆)✱ t❡♠♦s T ⊆ B✱ ✉♠❛ ✈❡③

q✉❡ T = BG s✉❜á❧❣❡❜r❛ ❞❡ B✳

❆ss✉♠✐r❡♠♦s✱ ♣♦r r❛③õ❡s té❝♥✐❝❛s✱ q✉❡ T t❡♠ ✐♥✜♥✐t❛s ✐♥❞❡t❡r♠✐♥❛❞❛s✱ ♠❛s ✐ss♦

♥ã♦ é ✉♠❛ r❡str✐çã♦✱ ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ✐❞❡❛❧ 〈I〉 s❡♥❞♦ ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r I✱ ❝♦♠♦

❝♦♥❥✉♥t♦✱ ❞❡ B✳ P❡❧♦ ✐t❡♠ i) ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷✱ ❡①✐st❡ J ✉♠ ✐❞❡❛❧ G✲✐♥✈❛r✐❛♥t❡ ❞❡

∆ t❛❧ q✉❡ 〈I〉 = Mn(J) ✭♦♥❞❡ J é ✈✐st♦ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s ❡s❝❛❧❛r❡s ❝♦♠

❡♥tr❛❞❛s ❡♠ J✮✳
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❆ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ R = T/I → B/〈I〉 = Mn(∆/J)✱ ❛ q✉❛❧ s❡rá ❞❡♥♦t❛❞❛

♣♦r ψR✱ é ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♣❛r ❞❛ Mn(K)✲❛♣❧✐❝❛çã♦ ✉♥✐✈❡rs❛❧ ❞❡ R ✭✈❡❥❛ s❡q✉ê♥❝✐❛ ❞❡

❤♦♠♦♠♦r✜s♠♦s ❡♠ ✸✳✹✮✳

❖ ❈♦r♦❧ár✐♦ ✸✳✷✳✶✺ ✐♠♣❧✐❝❛ q✉❡ ❛ ♣r♦❥❡çã♦ pJ : Mn(∆) → Mn(∆/J) é ✉♠❛

❛♣❧✐❝❛çã♦ G✲❝♦♥❝♦♠✐t❛♥t❡✳ ❉❛í✱ t❡♠♦s q✉❡ pJ ❧❡✈❛ ✐♥✈❛r✐❛♥t❡s ❞❡ Mn(∆) ❡♠ ✐♥✲

✈❛r✐❛♥t❡s ❞❡ Mn(∆/J)✱ ✐st♦ é✱ T → (Mn(∆/J))
G é ✉♠ ❡♣✐♠♦r✜s♠♦ ✭❧❡♠❜r❡ q✉❡

Mn(∆) ❡ Mn(∆/J) sã♦ G✲♠ó❞✉❧♦s r❛❝✐♦♥❛✐s✮✳ ▼❛s 〈I〉 é ♦ ♥ú❝❧❡♦ ❞❡ pJ ✱ ❡♥tã♦ t❡✲

♠♦s ψR(R) = (Mn(∆/J))
G✳ ❊♥tã♦ ♥ós ♣r❡❝✐s❛♠♦s ❛♣❡♥❛s ♠♦str❛r q✉❡ ψR é ✐♥❥❡t✐✈♦✱

✐st♦ é✱ 〈I〉 ∩ T = I ✭✈❡r ❈♦r♦❧ár✐♦ ✸✳✷✳✶✶✮✳ ❈♦♠♦ I é ✉♠ ✐❞❡❛❧✱ s❡❣✉❡ q✉❡ I ⊆ 〈I〉 ∩ T ✳

P❛r❛ ♣r♦✈❛r ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱ ✉t✐❧✐③❛r❡♠♦s ♦ ♦♣❡r❛❞♦r ❞❡ ❘❡②♥♦❧❞✳

❙❡❥❛ a =
∑
aiuibi ∈ 〈I〉 ∩ T, ui ∈ I, ai, bi ∈ B✳ ❙❡♥❞♦ x ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❣é❜r✐❝❛✲

♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛s ✈❛r✐á✈❡✐s ❞❛s ♣❛r❝❡❧❛s ❞❡ a✱ t❡♠♦s

tr(ax) = tr((
∑

aiuibi)x) = tr(
∑

bixaiui).

❆♣❧✐❝❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ ❘❡②♥♦❧❞ ♦❜t❡♠♦s✱

tr(ax) = tr(
∑

r(bixai)ui).

❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ i✱ r(bixai) é ✉♠❛ ✐♥✈❛r✐❛♥t❡ ❡ ❧✐♥❡❛r ❡♠ x✱ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✳✾✱

t❡♠♦s

r(bixai) =
∑

j

sijxtij +
∑

k

tr(mikx)nik

❝♦♠ sij, tij,mik, nik ∈ T ✳ ❆ss✐♠✱

tr(ax) = tr
(∑

ij

(∑

j

sijxtij +
∑

k

tr(mikx)nik
)
ui
)

= tr(
∑

ij

tijuisijx+
∑

ik

tr(nikui)mikx)

= tr((
∑

ij

tijuisij +
∑

ik

tr(nikui)mik)x),

❞♦♥❞❡✱ ♣❡❧❛ ♥ã♦ ❞❡❣❡♥❡r❛❧✐❞❛❞❡ ❞♦ tr❛ç♦✱

a =
∑

tijuisij +
∑

tr(nikui)mik.

❈♦♠♦ I é ❢❡❝❤❛❞♦ s♦❜r❡ ❛ ♦♣❡r❛çã♦ tr❛ç♦✱ s❡❣✉❡ q✉❡ a ∈ I✳ ■st♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥s✲

tr❛çã♦ ❞♦ t❡♦r❡♠❛✳

P♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✸ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿
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❚❡♦r❡♠❛ ✸✳✸✳✽ ❙❡ R é ✉♠❛ á❧❣❡❜r❛ ❡♠ alg@n✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛

C✱ t❛❧ q✉❡ R ♣♦❞❡ s❡r ♠❡r❣✉❧❤❛❞❛ ❡♠ Mn(C)✱ ❝♦♠♦ K✲á❧❣❡❜r❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ (S, ρ) é

❛ ❛♣❧✐❝❛çã♦ Mn(K)✲✉♥✐✈❡rs❛❧ ♣❛r❛ R✱ ❡♥tã♦ R
ρ
≃ (Mn(S))

G✱ ♦♥❞❡ G = GLn(K)✳

❆ s❡❣✉✐r ❞❡♠♦♥str❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ q✉❡ ❞❡s❡❥á✈❛♠♦s✱ ♦ q✉❛❧ ♠♦t✐✈♦✉ ❡st❡ ❝❛♣í✲

t✉❧♦✳ ❚❛❧ r❡s✉❧t❛❞♦ é ❛ r❡s♣♦st❛ ❞❛ ♣❡r❣✉♥t❛ ✐♥✐❝✐❛❧ s♦❜r❡ ❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ♥✐❧ ❞❡

í♥❞✐❝❡ ❧✐♠✐t❛❞♦✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

❈♦r♦❧ár✐♦ ✸✳✸✳✾ ❙❡ R é ✉♠❛ F ✲á❧❣❡❜r❛ ♥❛ q✉❛❧ rn = 0✱ ♣❛r❛ t♦❞♦ r ∈ R ❡ ✉♠ n ∈ N

✜①❛❞♦✱ ❡♥tã♦ R ♣♦❞❡ s❡r ♠❡r❣✉❧❤❛❞❛ ♥❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❛♥❞♦ R ❝♦♠♦ ✉♠❛ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦✱ ♦♥❞❡ tr(r) = 0✱ ♣❛r❛

t♦❞♦ r ∈ R✳ ❙❡❣✉❡ q✉❡ ❛ ❡q✉❛çã♦ rn = 0 é ❛❣♦r❛ ❛ n✲és✐♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲

❍❛♠✐❧t♦♥✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✸✳✸✱ t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

❖ ♥♦ss♦ ♣ró①✐♠♦ ♦❜❥❡t✐✈♦✱ ❡ ú❧t✐♠♦✱ é ♠♦str❛r q✉❡ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠

tr❛ç♦ ♣❛r❛ (Mn(K), tr) s❛t✐s❢❛③ ✉♠ ❛♥á❧♦❣♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t ♣❛r❛ á❧❣❡❜r❛s

❝♦♠ tr❛ç♦✳ ❖ ♣r♦❜❧❡♠❛ ❝❧áss✐❝♦ ❢♦✐ ♣r♦♣♦st♦ ♣♦r ❙♣❡❝❤t ❬✸✽❪ ❡♠ ✶✾✺✵ ❡ ♣r♦✈❛❞♦ ♣♦r

❑❡♠❡r ❬✷✻❪ ❡♠ ✶✾✽✼✱ ♥♦ ❝❛s♦ ❛ss♦❝✐❛t✐✈♦✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ✐r❡♠♦s ♣r♦✈❛r q✉❡ t♦❞♦

T ✲✐❞❡❛❧ ❝♦♠ tr❛ç♦ ❝♦♥t❡♥❞♦ TTr(Mn(K), tr) ❛❞♠✐t❡ ✉♠❛ ❜❛s❡ ✜♥✐t❛✱ ❝♦♠♦ T ✲✐❞❡❛❧ ❝♦♠

tr❛ç♦✳ ❈♦♠ ❡ss❡ ♦❜❥❡t✐✈♦ ❡♠ ♠❡♥t❡ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ❛❧❣✉♥s ❝♦♠❡♥tár✐♦s ❛❞✐❝✐♦♥❛✐s

♣❛r❛ ❞❡♠♦♥str❛r ❡ss❡ r❡s✉❧t❛❞♦✳

▼❛s ❛♥t❡s ❞❡ ♣r♦ss❡❣✉✐r é ✐♠♣♦rt❛♥t❡ ♥♦t❛r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ t❛❧ ♣r♦♣r✐❡❞❛❞❡ s❡r

s❛t✐s❢❡✐t❛✳ ❚❡♥❞♦ ❛ ❜❛s❡ ✜♥✐t❛✱ ❛ ♠❡s♠❛ é✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛✱ ❧♦❣♦

❞❛❞❛ ✉♠❛ á❧❣❡❜r❛ A q✉❡ ♣♦ss❛ s❡r ♠❡r❣✉❧❤❛❞❛ ♥❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s✱ ❝♦♠♦ ❡st❛

ú❧t✐♠❛ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✱ s❡❣✉❡ q✉❡ A t❡♠ ❜❛s❡ ♣❛r❛ s✉❛s ✐❞❡♥t✐❞❛❞❡s

✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ t❛♠❜é♠✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✵ ❯♠ ♣♦❧✐♥ô♠✐♦ ❡♠ G〈X〉 é ❞✐t♦ ❞♦ t✐♣♦✲❈❛♣❡❧❧✐ ❞❡ ♦r❞❡♠ k s❡ ❡❧❡ é

❧✐♥❡❛r ❡ ❛❧t❡r♥❛♥t❡ ❡♠ k ✈❛r✐á✈❡✐s✳

❖ ❝♦♥❥✉♥t♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❞♦ t✐♣♦✲❈❛♣❡❧❧✐ ❞❡ ♦r❞❡♠ k s❡rá ❞❡♥♦t❛❞♦ ♣♦r Ck✳

❆❧é♠ ❞✐ss♦✱ é ❝❧❛r♦ q✉❡ f ∈ Ck s❡ ❛♥✉❧❛ s❡♠♣r❡ ♥✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s ❛❧t❡r♥❛t❡s

q✉❛♥❞♦ é s✉❜st✐t✉í❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡✳ P♦rt❛♥t♦✱ s❡ (A, τ) é ✉♠❛

á❧❣❡❜r❛ ❝♦♠ tr❛ç♦ ❞❡ ❞✐♠❡♥sã♦ n✱ ❡♥tã♦ Cn+1 ⊆ TTr(A, τ)✳

▲❡♠❛ ✸✳✸✳✶✶ ❙❡❥❛♠ I ❡ J ❞♦✐s TTr✲✐❞❡❛✐s ❡♠ G〈X〉✳ ❊♥tã♦ I ❡ J sã♦ ✐❣✉❛✐s✱ ♠ó❞✉❧♦

♦s ♣♦❧✐♥ô♠✐♦s ❞♦ t✐♣♦✲❈❛♣❡❧❧✐ ❞❡ ♦r❞❡♠ (k + 1) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ I(k) = J (k)✱ ♦♥❞❡

I(k) = I ∩G〈x1, . . . , xk〉 ❡ J (k) = J ∩G〈x1, . . . , xk〉✳



✶✵✹

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ é ❛♥á❧♦❣❛ à ❬✸✸✱ Pr♦♣♦s✐çã♦ ✸✼✳✶✱ ♣á❣✳ ✶✼✻❪ ❝♦♠ ♣❡q✉❡♥❛s

♠♦❞✐✜❝❛çõ❡s✳

❊st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r ♦ ♥♦ss♦ t❡♦r❡♠❛✳ ❆❝❤❛♠♦s ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r

q✉❡ t❛❧ r❡s✉❧t❛❞♦ ❥á ❡r❛ ❡st❛❜❡❧❡❝✐❞♦ ♣♦r ❘❛③♠②s❧♦✈ ❡♠ ❬✸✷✱ ❚❡♦r❡♠❛ ✹❪ ❞❡s❞❡ ✶✾✼✹✱ ♣♦✲

ré♠ ❞❡❝✐❞✐♠♦s ❢❛③❡r ✉♠ ❛❞❛♣t❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❛♣r❡s❡♥t❛❞♦ r❡❝❡♥t❡♠❡♥t❡ ♣♦r ❋✐❞❡❧✐s✱

❉✐♥✐③ ❡ ❑♦s❤❧✉❦♦✈ ❡♠ ❬✶✺❪✳

❚❡♦r❡♠❛ ✸✳✸✳✶✷ ❙♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♦ TTr✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s

❝♦♠ tr❛ç♦ ♣❛r❛ Mn(K) s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ TTr(Mn(K)) é ❣❡r❛❞♦ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥

❞❡ ❣r❛✉ n✱ ❝♦♠♦ TTr✲✐❞❡❛❧✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡✱ ❡♠ G〈X〉✱ ❝❛❞❛ ❝❛❞❡✐❛ ❛❝❡❞❡♥t❡ ❞❡

TTr✲✐❞❡❛✐s q✉❡ ❝♦♥té♠ TTr(Mn(K)) s❡ ❡st❛❜✐❧✐③❛✳ ❙❡❥❛

I0 ⊆ I1 ⊆ . . . ⊆ Ik ⊆ . . . ✭✸✳✽✮

✉♠❛ ❝❛❞❡✐❛ ❞❡ TTr✲✐❞❡❛✐s ♦♥❞❡ I0 = TTr(Mn(K))✳

❖s ❝♦♠❡♥tár✐♦s ❛♥t❡r✐♦r❡s ✐♥❢♦r♠❛ q✉❡ ❛ ❈❛❞❡✐❛ ✭✸✳✽✮ s❡ ❡st❛❜✐❧✐③❛ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ ❛ ❝❛❞❡✐❛

I
(n2)
0 ⊆ I

(n2)
1 ⊆ . . . ⊆ I

(n2)
k ⊆ . . . ✭✸✳✾✮

♦♥❞❡ I(n
2)

i = Ii ∩ G〈x1, . . . , xn2〉✱ t❛♠❜é♠ s❡ ❡st❛❜✐❧✐③❛✳ ❈♦♥s✐❞❡r❡ ❛ ❜❛s❡ ❞❡ ♠❛tr✐③❡s

✉♥✐tár✐❛s ❡♠ ♠❛tr✐③❡s ❡ ❞❡♥♦t❡ ♣♦r Xr =
∑n

i,j=1 ξ
r
ijEij ❛ ♠❛tr✐③ ❣❡♥ér✐❝❛ s♦❜r❡ K✳ ❖s

❡❧❡♠❡♥t♦s {ξrij | 1 ≤ i, j ≤ n, r > 0} sã♦ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s ✐♥❞❡♣❡♥❞❡♥t❡s s♦❜r❡ K✳

❙❡❥❛ ∆n2 ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s s♦❜r❡ ❡ss❛s ✈❛r✐á✈❡✐s✳ ❉❡♥♦t❡♠♦s✱ ❝♦♠♦ ❞❡ ❝♦st✉♠❡✱ ♣♦r

KTr〈X 〉 ❛ s✉❜á❧❣❡❜r❛ ❝♦♠ tr❛ç♦ ❞❡Mn(K)⊗K∆n2 ❣❡r❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s Xr✱

r = 1✱ ✳ ✳ ✳ ✱ n2 s♦❜r❡ K✱ ❝♦♠ ♦ tr❛ç♦ ❤❡r❞❛❞♦ ♣❡❧❛ s♦♠❛ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ s✉❛ ❞✐❛❣♦♥❛❧

♣r✐♥❝✐♣❛❧✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✜♥❛ ♦ ❤♦♠♦♠♦r✜s♠♦

ψ : G〈x1, . . . , xn2〉 → KTr〈X 〉

❞❛❞♦ ♣♦r ψ(xr) = Xr✱ r = 1✱ ✳ ✳ ✳ ✱ n2 ✭✈❡r ▲❡♠❛ ✸✳✷✳✹✮✳ ❉❡♥♦t❡ P (n2)
i = ψ(I

(n2)
i )✱ ♣❛r❛

i ≥ 0✳ ❊♥tã♦ P (n2)
i é ✉♠ ✐❞❡❛❧ ❝♦♠ tr❛ç♦ ❞❡ KTr〈X 〉✳ ❈♦♠♦ kerψ = I

(n2)
0 ✱ ❝♦♥❝❧✉í♠♦s

q✉❡ ❛ ❈❛❞❡✐❛ ✭✸✳✾✮ s❡ ❡st❛❜✐❧✐③❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❝❛❞❡✐❛

P
(n2)
0 ⊆ P

(n2)
1 ⊆ . . . ⊆ P

(n2)
k ⊆ . . . ✭✸✳✶✵✮
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t❛♠❜é♠ s❡ ❡st❛❜✐❧✐③❛✳ ❙❡❥❛ (P
(n2)
i ) ♦ ✐❞❡❛❧ ❡♠Mn(K)⊗∆n2 ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ P (n2)

i ✳

❆ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷✱ ✐t❡♠ ✭✐✐✮✱ ✐♠♣❧✐❝❛ q✉❡ (P
(n2)
i ) = Mn(K) ⊗K Jn

2

i ♣❛r❛ ❛❧❣✉♠ ✐❞❡❛❧

Jn
2

i ❡♠ ∆n2 ✳ ❆ss✐♠✱ ♦❜t❡♠♦s ❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡

Jn
2

0 ⊆ Jn
2

1 ⊆ . . . ⊆ Jn
2

k ⊆ . . .

❡♠ ∆n2 ✳ ◆♦t❡ q✉❡ ♦ ❛♥❡❧ ∆n+1 é ♥♦❡t❤❡r✐❛♥♦✱ ♣♦rt❛♥t♦ ❡①✐st❡ n0 t❛❧ q✉❡ Jn
2

i ⊆ Jn
2

n0

♣❛r❛ t♦❞♦ i ≥ n0✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ (P
(n2)
i ) = (P

(n2)
n0 )✱ s❡♠♣r❡ q✉❡ i ≥ n0✳ ❙❡❣✉❡ ❞❛

♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✸✱ ❝♦♠ T = KTr〈X 〉✱ q✉❡ (I)∩T = I✱ ♣❛r❛ t♦❞♦ ✐❞❡❛❧ ❝♦♠ tr❛ç♦

I ❞❡ T ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ P (n2)
i = P

(n2)
n0 ✳ ❆ss✐♠ ❛ ❈❛❞❡✐❛ ✭✸✳✶✵✮✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛

❈❛❞❡✐❛ ✭✸✳✽✮✱ s❡ ❡st❛❜✐❧✐③❛✳

❚❡r♠✐♥❛♠♦s ❡st❛ s❡çã♦ ❡♥❢❛t✐③❛♥❞♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✳ ❆ ♣r♦✲

♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t ♣❛r❛ á❧❣❡❜r❛s ❝♦♠ tr❛ç♦ é ✉♠❛ ♠❛♥❡✐r❛ rá♣✐❞❛ ❞❡ ✈❡r✐✜❝❛r s❡ ✉♠❛

❞❛❞❛ á❧❣❡❜r❛ ❝♦♠ tr❛ç♦ ♣♦ss✉✐ ✐❞❡❛❧ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡ s❡ t❛❧ á❧❣❡❜r❛ s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ❡♥tã♦ ♣♦❞❡✲

♠♦s ❣❛r❛♥t✐r q✉❡ ♦ ✐❞❡❛❧ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ t❡♠ ❜❛s❡ ✜♥✐t❛✱ ❝♦♠♦ TTr✲✐❞❡❛❧✳

➱ ❝❧❛r♦ q✉❡ ♥ã♦ ♣♦❞❡♠♦s ❛✜r♠❛r ♥❛❞❛ s❡ t❛❧ á❧❣❡❜r❛ ♥ã♦ s❛t✐s❢❛③ ❛ ❞✐t❛ ✐❞❡♥t✐❞❛❞❡✳



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❆♠✐ts✉r✱ ❙✳❆✳ ❆ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ❍✐❧❜❡rt ❜❛s✐s t❤❡♦r❡♠ ❛♥❞ s✉❜r✐♥❣s ♦❢

♠❛tr✐❝❡s✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✹✾ ✭✶✮ ✭✶✾✼✵✮✱ ✶✸✸ ✲ ✶✹✷✳

❬✷❪ ❆♠✐ts✉r✱ ❙✳ ❆✳ ❊♠❜❡❞❞✐♥❣s ✐♥ ♠❛tr✐① r✐♥❣s✳ P❛❝✐✜❝ ❏✳ ▼❛t❤✳ ✸✻ ✭✶✾✼✶✮✱ ✷✶ ✲

✷✾✳

❬✸❪ ❆♠✐ts✉r✱ ❙✳ ❆✳❀ ▲❡✈✐t③❦✐✱ ❏✳▼✐♥✐♠❛❧ ✐❞❡♥t✐t✐❡s ❢♦r ❛❧❣❡❜r❛s✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳

❙♦❝✳ ✶ ✭✶✾✺✵✮✱ ✹✹✾✲✹✻✸✳

❬✹❪ ❆rt✐♥✱ ▼✳ ❖♥ ❆③✉♠❛②❛ ❛❧❣❡❜r❛s ❛♥❞ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥s

♦❢ r✐♥❣s✳ ❏✳ ❆❧❣❡❜r❛ ✶✶ ✭✹✮ ✭✶✾✻✾✮✱ ✺✸✷✲✺✻✸✳

❬✺❪ ❇❡r❡❧❡✱ ❆✳ ❚r❛❝❡ ✐❞❡♥t✐t✐❡s ❛♥❞ Z/Z2✲❣r❛❞❡❞ ✐♥✈❛r✐❛♥ts✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳

❙♦❝✳ ✸✵✾ ✭✶✾✽✽✮✱ ✺✽✶✲✺✽✾✳

❬✻❪ ❇❡r❡❧❡✱ ❆✳ ▼❛tr✐❝❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ❛♥❞ ✐♥✈❛r✐❛♥t t❤❡♦r②✳ ❏✳ ❆❧❣❡❜r❛ ✶✸✺

✭✶✮ ✭✶✾✾✵✮✱ ✶✸✾ ✲ ✶✻✹✳

❬✼❪ ❇❡r❡❧❡✱ ❆✳ ■♥✈❛r✐❛♥t t❤❡♦r② ❛♥❞ tr❛❝❡ ✐❞❡♥t✐t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ▲✐❡ ❝♦❧♦r

❛❧❣❡❜r❛s✳ ❏✳ ❆❧❣❡❜r❛ ✸✶✵ ✭✶✮ ✭✷✵✵✼✮✱ ✶✾✹✲✷✵✻✳

❬✽❪ ❇❡r❡❧❡✱ ❆✳ ■♥✈❛r✐❛♥t t❤❡♦r② ❢♦r ♠❛tr✐❝❡s ♦✈❡r t❤❡ ●r❛ss♠❛♥♥ ❛❧❣❡❜r❛✳

❆❞✈✳ ▼❛t❤✳ ✷✸✼ ✭✷✵✶✸✮✱ ✸✸ ✲ ✻✶✳

❬✾❪ ❈♦st❛✱ ◆✳ ▲✳ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ á❧❣❡❜r❛

❞❡ ●r❛ss♠❛♥♥✳ ❉✐ss❡rt❛çã♦ ✭❉✐ss❡rt❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛✮ ✲ ❯❋❈●✳ ❈❛♠♣✐♥❛

●r❛♥❞❡✱ ✷✵✶✷✳

❬✶✵❪ ❈✉rt✐s✱ ❈✳ ❲✳❀ ❘❡✐♥❡r✱ ■✳ ❘❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r② ♦❢ ✜♥✐t❡ ❣r♦✉♣s ❛♥❞ ❛ss♦✲

❝✐❛t✐✈❡ ❛❧❣❡❜r❛s✳ ■♥t❡rs❝✐❡♥❝❡ P✉❜❧✐s❤❡rs✱ ✶✾✻✷✳
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❬✶✶❪ ❉❡❤♥✱ ▼✳ Ü❜❡r ❞✐❡ ●r✉♥❞❧❛❣❡♥ ❞❡r ♣r♦❥❡❦t✐✈❡♥ ●❡♦♠❡tr✐❡ ✉♥❞ ❛❧❧❣❡✲

♠❡✐♥❡ ❩❛❤❧s②st❡♠❡✳ ❋❡sts❝❤r✐❢t✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✶✾✽✷

❬✶✷❪ ❉r❡♥s❦②✱ ❱✳ ❙✳❀ ❋♦r♠❛♥❡❦✱ ❊✳ ❲✳ P♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t② r✐♥❣s✳ ❇❛s❡❧✿ ❇✐r❦❤ä✉s❡r✱

❆❞✈❛♥❝❡❞ ❈♦✉rs❡s ✐♥ ▼❛t❤❡♠❛t✐❝s ❈❘▼ ❇❛r❝❡❧♦♥❛✮✱ ✷✵✵✹✳

❬✶✸❪ ❉r❡♥s❦②✱ ❱✳ ❋r❡❡ ❛❧❣❡❜r❛s ❛♥❞ P■ ❛❧❣❡❜r❛s✱ ●r❛❞✉❛t❡ ❝♦✉rs❡ ✐♥ ❛❧❣❡❜r❛✳

❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❙✐♥❣❛♣♦r❡✱ ❙✐♥❣❛♣♦r❡✱ ✷✵✵✵✳
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