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Resumo

O principal objetivo deste trabalho é apresentar uma generaliza¢ao do importante inva-
riante da Teoria das Singularidades, chamado ntiimero de Milnor. Tal generalizacao é o
que chamamos de nimero de Milnor logaritmico. Bem como explanar sobre defini¢oes
um pouco mais gerais no contexto de funcoes construtiveis, apresentando observacoes,
exemplos e propriedades. Dentre os conceitos que trabalhamos estao também a classe
de Fulton-Johnson, a classe de Schwartz-MacPherson, a classe de Milnor e a classe de

Segre.

Palavras-chave: Niamero de Milnor; Classe de Milnor; Classe de Segre; Classes ca-

racteristicas; variedades singulares.
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Abstract

The main goal of this thesis is to present a generalization of the important invariant of
the singularity theory, called the Milnor number. Such generalization is what we call the
logarithmic Milnor number. As well as to discuss about more general definitions in the
context of constructible functions, presenting observations, examples and properties.
Among the concepts we work on are also the Fulton-Johnson class, the Schwartz-

MacPherson class, the Milnor class and the Segre class.

Keywords: Milnor number; Milnor class; Segre class; Characteristic classes; singular

varieties.
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Introducao

The Milnor’s fibration theorem is one of the main tools for the topological study
of the fibers of holomorphic functions near their critical points. Among the information
obtained is a well-known invariant called the Milnor number. The classic definition of
this number is purely topological. However, there is an algebraic version of Milnor
number which is given as follows. Consider f : (C"*' 0) — (C,0) a germ of holo-
morphic function, with isolated critical point at 0. The Milnor number, denoted by
p(f), coincides with the number dim¢ O,41/(0f /02, ...,0f/0z,), where O, is the
ring of germs of analytic functions at the origin. Among the generalizations of Milnor
number we highlight Parusinski-Milnor number which is defined in a context not neces-
sarily with isolated singularity. Let M be a n-dimensional compact complex manifold
and let L be a holomorphic line bundle over M. Consider X := v='(0) a divisor in
M, where v is a regular holomorphic section of L. The Parusinski-Milnor number is

defined by
p(X) = (=" (x(M|L) — x(X)),

where for a vector bundle E over M,
XOMIE) i= [ clB) eun(BY(M) (M),
M
In collaboration with P. Pragacz, Parusinski presented some interesting properties of
the above number.
Characteristic classes are certain kinds of cohomology classes associated to vector
bundles over spaces. The classic case is when we have a smooth manifold and their
tangent bundle. This theory began in the year 1935 with the works of H. Whitney

and E. Stiefel, arising then Stiefel-Whitney classes. We also have the Pontrjagin and



Euler classes in the real case. In 1946, S.S. Chern defined characteristic classes for
complex vector bundles, which are called Chern classes. In a topological approach,
obstruction theory can be used to define Chern classes. However, for a differential-
geometric approach, Chern-Weil theory can be used to define Chern classes.

The first notions of Chern class for singular varieties appeared in the works of
W.T. Wu and J. Mather. The obstruction approach of Chern classes is due to M.H.
Schwartz, and R. MacPherson presented an axiomatic theory about Chern classes.
Moreover, Macpherson gave a positive answer to the Deligne and Grothendieck’s Con-
jecture on the existence of Chern classes seen as a natural transformation from the
covariant functor of the constructible functions to the homology functor with a good
behavior regarding pushforward. The MacPherson’s original work was in context of
complex algebraic varieties and on homology groups. For a context completely alge-
braic, by extending to varieties over an arbitrary field of characteristic zero, see |[Ken];
for a context on Chow groups, see [Ful, 19.1.7|. Using the Alexander duality, one has
that the Schwartz class and the MacPherson class coincide, being so-called Schwartz-
MacPherson classes. The Fulton and Fulton-Johnson classes are other known gene-
ralizations. In the definition of these classes another class appears, called the Segre
class. It is known that for complete intersections the Fulton classes and Fulton-Johnson
classes coincide with the Chern class of the virtual bundle.

We can find relationship between the Schwartz-MacPherson class and the Fulton-
Johnson class in works of A. Parusinski, P. Pragacz, J.P. Brasselet, D. Lehmann, J.
Seade, T. Suwa, S. Yokura and P. Aluffi, see |[PP3|, [BLSS|, [Y], [A4]. Motivating to
define the notion of a Milnor class as being the difference, up to sign, between the
Schwartz-MacPherson class and the Fulton-Johnson class. Explicitly, let X be a n-
dimensional irreducible analytic (or algebraic) variety embedded in a smooth manifold

M. The Milnor class of X is defined by
M(X) = (=1)" 1 (X) = (X)),

where ¢f'/(X) denotes the Fulton-Johnson class of X and ¢® (X)) denotes the Schwartz-
MacPherson class of X. An interesting fact is that the degree of Milnor class is equals

the Parusinski-Milnor number, that is,

u(X) = /X M(X).
2



We will present some definitions that are generalizations of some elements that we have
explained above, as well as some properties and examples. To this end, this thesis was
divided into five chapters, which we will describe briefly.

The Chapter 1 is devoted to some preliminary facts and definitions. Among
these facts and definitions are the notions of vector fields with isolated singularities,
Poincaré-Hopf theorem, holomorphic vector bundles, hermitian metric, logarithmic
forms, free divisors, constructible functions and Milnor number. Moreover, we organi-
zed a summary about intersection theory, with definitions and results used throughout
subsequent chapters.

In the Chapter 2, we begin with a brief explanation of the Schwartz-MacPherson
class and generalize a formula due to Parusifiski and Pragacz involving the Euler cha-
racteristic. Then we present the definition of a logarithmic connection due to P. Deligne
(Definition 2.2.2). Such a connection is used to extend the definition of y-number due
to Parusinski (Definition 2.2.4). The Theorem 2.2.3 due to Parusinski motivated us
to Proposition 2.2.6. Let M be a n-dimensional compact connected complex manifold
and let X := v71(0) be a divisor in M, where v is a regular holomorphic section of L.
Given D another divisor in M, the logarithmic Milnor number of X with poles along

D or, simply, logarithmic Milnor number of X is defined by

o) = (1" (\(Xi1x10) = [ ety tes(LyelDerss(-1og D)) o).

In the Proposition 2.2.13 we present the following relationship between logarithmic
Milnor number and Parusinski-Milnor number:
i (X) = 1(X) = (~1'X(Xi Lo + (-1)" [ elD) e (D)en(D).
M
Now we generalize our definition of logarithmic Milnor number to an arbitrary cons-

tructible function. We define the Milnor number relative to « as

i) = (-0 ([ B eup(B)e o) - (Vial) )

where Y is a closed subvariety of M of pure dimension given as zero set of a regular
holomorphic section of a holomorphic vector bundle E over M and « is a constructible

function on M.



Lastly we present a generalization of Milnor class due to J. Schiirmann (Definition
2.3.4). For a regular embedding ¢+ : X — Z and « constructible function on Z.

Schiirmann defined the Milnor class of the pair X C Z relative to « as
M(X C Zya) = (1) X (¢(Nx2) ' Ni*(ea)) — et (@) € Ho(X).

Assuming that Z is a smooth variety and X is the zero-scheme of a regular section of

a vector bundle F on Z. We show that

u(Xia) = [ M(xia)

In a natural way, from the Schiirmann’s definition, one defines the Fulton-Johnson class
of the pair X C Z relative to a and the Schwartz-MacPherson class of the pair X C Z
relative to a.

The Chapter 3 starts with the result due to M. Kwiecifiski (Theorem 3.1.1),
which states the following: Let X and Y be manifolds and let o and § be constructible

functions on X and Y, respectively. Then

c(a® fB) = cu(a) X ().

The Theorem 3.1.1 will be of great use throughout this text. We use the same to show
Proposition 3.1.2 and Proposition 3.1.3. As a consequence of these propositions we
get the Theorem 3.1.4, which generalizes a product formula due to T. Ohmoto and S.
Yokura.

Let M be an n-dimensional compact complex analytic manifold. Define M) :=
M x ---x M. And let Z(t) be the zero set of a regular holomorphic section ¢ of a
holomorphic d-vector bundle E over M ™). Hence, Z(t) is a closed subvariety of M)
of dimension nr — d. Consider A : M — M) the diagonal morphism, which is a
regular embedding of codimension nr —n. The morphism A induces the refined Gysin

homomorphism

A"t Ho(Z(t)) — Hok—nrin) (Z(A%(2))).

The Lemma 3.2.1, due to R. Callejas-Bedregal, M. F. Z. Morgado and J.Seade, is used
in Propositions 3.2.2 and 3.2.3, which are generalizations for constructible functions

of results involving the refined Gysin homomorphism above and the Fulton-Johnson



and Schwartz-MacPherson classes, found in [B-M-S|. And thus, the Proposition 3.2.4,
which states that

AM(Z(1); 0)) = (17" (TM]7a09) ") N M(Z(A"1); A"),

follows as a consequence of these propositions, where « is a constructible function on
M.

Now, for each i = 1,--- ,r, let E; be a holomorphic vector bundle of rank d; over
M and let X; := s;(0) be a (n — d;)-dimensional local complete intersection, where s;
is a regular holomorphic section on E;. Set X := X;N---NX,. Then we generalize, for
constructible functions, some intersection formulas due to R. Callejas-Bedregal, M. F.
7. Morgado and J.Seade, involving the Fulton-Johnson class, the Schwartz-MacPherson
class and the Milnor class. Explicitly, for aq, - - - , a,. constructible functions on M, we

have that
F(X;a)=c ((T]\4|X)®7"*1)_1 N (X o). (X an),
M(X;0)=c ((T]W\X)Ga’”_l)f1 NAEM(Xa0) -0 SM(X )

and

1

M(X;a) = (=15 %e (TM]x)* )" A (™ (Xisan) - (X ) —

—c(Xy 1) el X an))

where « denotes the constructible function oy ® - - - ® «..

In the Chapter 4, we look for a notion for Segre class relative to constructible
functions that had "a good behavior"with the definition of Fulton-Johnson class relative
to a constructible function due to Schiirmann. This reason is for the following fact. Let
X be a proper closed subscheme of a variety Y. Consider Y the blow-up of Y along
X, X = P(NxY) the exceptional divisor and 7 : X —» X the projection, where NxY
is the normal bundle. The Segre class of X in Y is characterized by

S(X,Y) = > m (@ () N[P(NYY)))
i>0
where O(1) is the canonical line bundle on P(NxY'). Suppose that Y = M is non-

singular. The Fulton class of X is defined by
(X)) = c(TM|x) Ns(X, M).
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In this way, motivated by Schiirmann’s definition, we define the Segre class of X relative

to a constructible function o on M as being

s(X C M;a) =n. <Z 1 (OIP’(NXM)(l))i Nn*(c(TM|x) ' N L*C*(oz))> ,

>0
where ¢ © X — M is the regular embedding. And we define the Fulton class of X

relative to « as

(X € M;a)=c(TM|x)Ns(X C M;a).

Note that, this definition coincides with the definition of Fulton-Johnson class relative
to a construtible function due to Schiirmann. At long last, we show two results. Pro-
position 4.0.3 is about the Segre class of a product of schemes and Proposition 4.0.5 is
about a pullback of a Segre class.

Finally, the Chapter 5 is dedicated to some auxiliary definitions and properties.



Capitulo 1

Preliminary

1.1 Index of vector fields

As references we cite [B-S-S] and [M-T].

Let v = ", ;0/0x; be a vector field on an open U C R™. One says that a
point p € U is a singularity of v if f;(p) = 0 for all i = 1,...,m. The singularity is
1solated if at every point x near p there is at least one component of v which is not
zero. Consider v a continuous vector field on U with an isolated singularity at p, and
consider S, a small sphere in U around p. The Poincaré-Hopf index of v at p, denoted
by Ind(v,p), is defined to be the degree of the Gauss map v/|[v|| from S, to the unit
sphere in R™.

Now let M be an m-dimensional smooth manifold. A vector field v on M is
locally expressed as above and one defines of the local index at an isolated singularity
extending in the natural way. Note that, this definition not depend on the local chart.
The total index of v, denoted by Indj,v, is the sum of all its local indices at the singular

points.

Theorem 1.1.1 (Poincaré-Hopf) Let M be a closed oriented manifold and let v be a

continuous vector field on M with finitely many isolated singularities. Then,
Ind v = x (M)

independently of v, where x(M) denotes the Euler characteristic of M.



These notions can be extended to sections of a oriented vector bundle as follows.
Let E be an oriented vector bundle over a compact oriented smooth manifold M, and
let m: £ — M be its projection. Suppose that rank of E is equals to dim M = m.

Consider sg the zero section of £ and s another arbitrary smooth section of E.

Definition 1.1.2 Let p € M be a zero for s, with s(p) = so(p). One says that s is

transversal to sq at p if
D,s(T,M) N Dyso(T,M) =0 (1.1)

and s is called transversal to sq if this holds for all zeros of s.

Say that s is transversal to so at p is equivalent to statement that D,s(T,M) is the
graph of a linear isomorphism A from 7,M to the fiber E,. By assumption, both
vector spaces are oriented. In this way, one defines the local index ¢(s; p) to be +1 if A
preserves the orientations, and —1 if not. In particular, (1.1) forces p to be an isolated
zero of s. Moreover, if s is transversal to the zero section then the number of zeros of

s is finite, since M was assumed compact.

Theorem 1.1.3 If s is transverse to the zero section, then

I(e(B)) =) us:p)

p

where the sum runs over the zeros of s, e(F) is the Euler class of E and I : H™(M) —
R.

Proof. See [M-T, Theorem 21.9 and Theorem 21.11]. [ |

As a consequence, for any oriented compact smooth manifold M, one has I(e(TM)) =

X(M).

1.2 Holomorphic vector bundles

Let M be a differentiable manifold. A C* complex vector bundle on M consist
of a family {E, }.en of complex vector spaces, together with a C'* manifold structure
on F = Uzen E, such that the projection map 7 : £ — M taking F, to x is C;
and for every xy € M there is as open set U in M containing zy and a diffeomorphism
v H(U) — U xC", called trivialization, taking the vector space E, isomorphically

onto {z} x C" for each x € U. The dimension of the fibers E, of E is called the rank



of E. A vector bundle of rank 1 is called a line bundle. A section s of the vector
bundle E over U C M is a C* map s : U — E such that s(z) € E, for all x € U.
A frame for E over U C M is a collection sq, ..., s, of sections of M over U such that
{s1(x),...,s.(x)} is a basis for E, for all x € U.

Now assume that M is a complex manifold. A holomorphic vector bundle 7 :
E — M is a complex vector bundle together with the structure of a complex manifold
on E, such that for any x € M there is an open set U in M with x € U and a triviali-
zation oy : 7 H(U) — U x C” which is a biholomorphism map of complex manifolds.
A section s of the holomorphic bundle FE over U C M is said to be holomorphic if
s : U — FE is a holomorphic map. A frame s = sq,..., s, is called holomorphic if each
s; is a holomorphic map. A hermitian metric on M is defined as a positive definite
hermitian inner product

(,),:T'TM®T'M — C

where 77 M denotes the holomorphic tangent space at z for each z € M, depending smo-
othly on z, that is, for local coordinates z on M the functions h;;(2) = (0/0%;,0/0z;)

are C'.

1.3 Logarithmic forms and free divisors

Let U be a domain of C", and let D C U be a divisor of U defined by an equation
h(z) = 0, where h is holomorphic on U. A meromorphic g-form w on U is called a
g-form with logarithmic pole along D or logarithmic ¢-form (along D) if it satisfies the

following equivalent conditions:
(a) hw and hdw are holomorphic on U.
(b) hw and dh A w are holomorphic on U.

(c¢) There exists a holomorphic function g(z), a holomorphic (¢ — 1)-form £ and a
holomorphic ¢g-form 1 on U, such that
o dimcDN{ze€U:9(2) =0} <n-2,

dh
. 900:7/\5"‘77-



(d) There exists an (n — 2)-dimensional analytic set A C D such that the germ of
dh
w at any point p € D\ A belongs to ™ A Qqupl + Qf;,, where Qf,  denotes the
module of germs of holomorphic ¢g-forms on U at p.

Let S an n-dimensional complex manifold and D be a divisor of D. Consider
h, = 0 a reduced equation for D, locally at p € D. A meromorphic ¢-form w is
logarithmic along D at p if hyw and h,dw are holomorphic. We denote Q§  (log D) :=
{germ of logarithmic g-form at p} and Qf(log D) = |, 2%, (log D).
Definition 1.3.1 Let S an n-dimensional compler manifold and D be a divisor of D.

Consider h, = 0 a reduced equation for D, locally at p € D. A holomorphic vector field

0 on S s logarithmic if it satisfies the following equivalent conditions:

(a) For any smooth point p € D, the tangent vector §(p) of p is tangent to D,

(b) For any point p € D, the derivation Sh, of the local equation for D belongs to the
ideal (hy)Og,p.

We denote Derg ,(log D) := {6 :germ of a holomorphic vector field on S at p such
that d(h,) € (hy)} and Ders(log D) := [ g Ders,(log D). Note that, Ders(log D) is
a coherent Og-submodule of Derg, where Derg is a sheaf of holomorphic vector fields

on S.

Definition 1.3.2 Let D be a divisor in S and let p € D, we say that D is a free divisor
inpif Ql&p(log D) (or its dual Dergpy(log D)) is a Ogyp-free module. Moreover, we say
that D is a free divisor if Qg ,(log D) (or its dual Dersy (log D)) is a Ogy-free module
for all p € D.

1.4 Constructible functions

The references are [Scha] and [K-S].
Let X be a real analytic manifold. A function o : X — Z is called constructible
if for each m € Z, the set a~!(m) is subanalytic and the family {a~!(m)},.cz is locally

finite, or equivalent, by triangulation theorem, if there exists a locally finite covering

X = UiEI Xz and

o= ZmilXi

where m; are integers, X; are (closed) analytic subset of X and 1, is the characteristic

functions of X;. The set of all constructible functions on X, denoted by CF(X),

10



is endowed with a structure of algebra. If o has support compact, then all X; are

compacts. Thus one defines the Weighted Fuler characteristic of a as been
X(X5a) = max(Xa),

where Y is the topological Euler characteristic. Now, let f : X — Y be a morphism
of analytic manifolds. Given (§ a constructible function on Y, one defines the inverse
image, or pullback, of § by f as been the constructible function f*3 on X defined by
f*B(z) = B(f(x)), for all z € X. Assume that f : X — Y is proper morphism on the
support of a constructible function a on X, one defines the direct image, or pushfoward,

as been the constructible function f,a on Y defined by

F(@) () = x(f W) als-1),

for all y € Y. Note that, given a analytic subset W of X, the characteristic function

1y is constructible.

1.5 Intersection theory

The references are [Ful| and [H].

1.5.1 Algebraic Schemes

We say that a scheme X is algebraic over a field K if there is a morphism of finite
type from X to Spec(K). This means that, X has a finite covering by affine sets whose
coordinate rings are finitely generated K-algebras. We denote the coordinate ring of
an affine open U by A(U). However, the word scheme means an algebraic scheme over
some field. A closed subscheme Y of a scheme X is defined by an ideal sheaf Z(Y') in
the structure sheaf Oy of X.

A wariety is a reduced and irreducible (integral) algebraic scheme. A subvariety
Vof a scheme X is a reduced and irreducible closed subscheme of X. One has that
a subvariety V' corresponds to a prime ideal in the coordinate ring of any affine open
set meeting V. The local ring of X along V, denoted by Oy x, is the localization of
such a coordinate ring at the corresponding prime ideal; its maximal ideal is denoted

by My, x. The function field of V, denoted by R(V), is the residue field Oy x /My x.

11



The dimension of a scheme X, denoted by dim X, is the maximum length n of a
chain

BCVHCNG...CV,CX

of subvarieties of X. A scheme X is pure dimensional if all irreducible components of
X have the same dimension. A point on a scheme X is a O-dimensional subvariety of
X. We say that a point p of X is regular if O, x is a regular local ring. The open set
of regular points in X is denoted by Xi,.

The affine n-space, denoted by A", is the affine variety whose coordinate ring
is the polynomial ring K[xq,--- ,x,]. The subscheme of A" defined by an ideal I =
(fi, -+, fu)in K[z1, -+ ,x,] is denoted by V(I).

A morphism f : X — Y of algebraic schemes is assumed to be compatible
with the structure morphism to Spec(K), where K is the ground field. If f maps an
affine open subset U’ of X into an affine open subset U of Y, then f corresponds to a
homomorphism f*: A(U) — A(U’) of K-algebras.

Let f: X — S and g : Y — S be morphisms. The fibre product of X and
Y over S, denoted by X xg Y, comes equipped with projections p : X xg¥ — X
and ¢ : X xXg Y — Y which satisfy the following universal property: for any scheme
Z with morphisms v : Z — X and v : Z — Y such that f ou = g o v, there is a
unique morphism (u,v) : Z — X Xg Y such that po (u,v) = u and go (u,v) =v. A

commutative square of morphism

XxgYV 1>V
/| L
X S

f

is called a fibre square. In a fibre diagram, all squares appearing in the diagram are
required to be fibre squares. When S = Spec(K), where K is the ground field, it is
called Cartesian product of X and Y, denotes X x Y in place of X xgY.

A morphism f : X — Y is separated if the diagonal morphism from X to
X xy X is a closed imbedding. We say that a morphism f : X — Y is proper if it
is separated, and universally closed, i.e., for all Y/ — Y, the induced morphism from
X Xy Y’ to Y’ takes closed sets to closed sets. A scheme is complete if the structural

morphism to Spec(K) is proper.

12



A morphism f : X — Y is flat if for U C Y, U' C X affine open sets with
f(U") C U, the induced map f*: A(U) — A(U’) makes A(U’) a flat A(U)-module.
A morphism f : X — Y has relative dimension n if for all subvarieties V' of Y,
and all irreducible components V' of f~'(V), dimV’ = dimV + n. A morphism
f X — Y is called smooth if f is flat of some relative dimension n, and the sheaf
of relative differentials Q% y 18 a locally free sheaf of rank n. We say that a scheme X
is nonsingular, or smooth, if it is smooth over Spec(K). If f : X — Y is smooth of
relative dimension n, the relative tangent bundle, denoted by Ty, is the vector whose
sheaf of sections is the dual bundle to Qﬁg/y. When Y = Spec(K), denotes Ty in place
of Tx/y.

Let X be a scheme. A scheme E equipped with a morphism 7 : ' — X is called
a vector bundle of rank r on X if there are an open covering {U;} of X and isomorphisms
@; of 7 1(U;) with U; x A" over U;, such that over U; N U; the composites ¢; o goj’l are
linear. A section of E is a morphism s : X — FE such that m o s = idx. Several basic
operations are defined for vector bundles, compatibly with the corresponding notions
for sheaves: direct sum E® F', tensor product F® F', exterior product /\Z E, symmetric
product Sym‘E, dual bundle EV, pull-back f*E for a morphism f: X' — X. If F is
a vector bundle of rank n on X, then its sheaf of sections of F is a locally free sheaf £
of Ox-modules of rank r. Conversely, for any locally free coherent sheaf £ of rank n on
X, one can produce a vector bundle E' = Spec(Sym(£Y)). The trivial bundle of rank
one on X is often denoted by 1. Lastly, a line bundle is a vector bundle L of rank one.

Let X be a closed subscheme of a scheme Y, defined by an ideal sheaf 7.
The blow-up of Y along X, denoted by BlxY, is the projective cone over Y of
the sheaf of Oy-algebras @,.,Z", that is, BlxY = Proj(éD,5,Z"). Let us de-
note Y = BlxY and 7 the projection from Y to Y. The canonical invertible sheaf
O(1) on the projective cone Y is the ideal sheaf of 7—!(X), which is a Cartier di-
visor on Y, called the exceptional divisor. Let X = 71(X). Note that, one has
X =Pr0j((6D,20 ") ®oy Ox) =Proj(éB,5,Z"/Z™""), which is the projective normal
cone to X in Y, denoted by P(CxY).
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1.5.2 Rational Equivalence

Let X be an algebraic scheme. A k-cycle on X is a finite sum »_ n;[V;], where
the V; are k-dimensional subvarieties of X and the n; are integers. Tho free abelian
broup on the k-dimensional subvarieties of X is called group of k-cycles on X, which
we denote by Z,X. Consider a (k+ 1)-dimensional subvariety W of X and r € R(W)*.
Choose f and g in Oy such that r = f/g. The order of r along V' is defined by

ordy (r) = l(Ovw /(f)) = l(Ovw/(9))-

Define a k-cycle [div(r)] on X by [div(r)] = > ordy(r)[V], the sum runs over all
codimension one subvarieties V' of W. Moreover, a k-cycle « is rationally equivalent to
zero, denoted by a ~ 0, if there are a finite number of (k + 1)-dimensional subvarieties
W; of X and r; € R(W)* such that a = > _[div(r;)]. One denotes by Raty(X) the group
of The cycles rationally equivalent to zero form a subgroup Raty(X) of Zy(X). The

group of k-cycles modulo rational equivalence on X is given by

Let f: X — Y be a proper morfism. Given any subvariety V of X, the image
W = f(V) is a (closed) subvariety of X. It is known that if W has the same dimension
as V then the induced imbedding of R(W) in R(V) is a finite field extension. Set

[RV): RW)] if dimW =V
0 if  dimW < dimV,

deg(V/W) =

where [R(V') : R(W)] denotes the degree of the field extension. We define f.([V]) =
deg(V/W)[W]. We can extend linearly to a homomorphism f, : Z, X — Z,Y.

Theorem 1.5.1 Let f: X — Y be a proper morphism and let o be a k-cycle on X,
such that o s rationally equivalent to zero. Then f*a s rationally equivalent to zero

on Y. Therefore, there exists an induced homomorphism
So the A, is a covariant functor for proper morphisms.
Proof. See [Ful, Theorem 1.4]. [

Suppose that X is complete, that is, X is proper over S = Spec(K), with K
being the ground field. Consider o = >, np[P] a zero-cycle on X.

14



Definition 1.5.2 The degree of o, denoted deg(a), or [, «, is defined by
deg(a) = / a= an[R(P) : K.
X P

Equivalently, deg(a) = p.(«), where p is the structure morphism from X to S, and
ApS = Z[S] is identified with Z. One can extend the degree homomorphism to all of
AX =B ALX,
/ cAX — 7
b

with fX a=0if a € A, X, k > 0. Now, for any morphism f : X — Y of complete

La—ﬁﬁm»

Now, let X be any scheme and let Xi,--- X, be the irreducible components of

schemes, and any o € A, X,

X. Note that, the local rings Oy, x are all zero-dimensional. We define the geometric
multiplicity m; of X; in X as being the length of Oy, x, that is, m; = lei,x(OXnX)-
The fundamental cycle [ X] of X is the cycle

[X] = Zmi[Xi]-

Let f: X — Y be a flat morphism of relative dimension n. For any subvariety
Vot Y, set f*[V] = [f~'(V)], where f~!(V) is the inverse image scheme, which is a
subscheme of X of pure dimension dim (V') +n. By linearity, we can extend to pull-back
homomorphisms

f* : ZkY — Zk+nX

Theorem 1.5.3 Let f : X — Y be a flat morphism of relative dimension n and
let a be a k-cycle on'Y wich is rationally equivalent to zero. Then f*« is rationally

equivalent to zero in Zgin X.

Proof. See |Ful, Theorem 1.7]. |
Consider X and Y two algebraic schemes over a field. Denote by X x Y the
Cartesian (fiber) product of X and Y over the ground field. The exterior product

X @Y =5 Zq(X xY)

is defined by the formula [V] x [W] = [V x W], for V, W subvarieties of XY, respec-

tively; and extending bilinearly to general cycles.
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Proposition 1.5.4 (a) Ifa~0 or f ~0, then a x 3 ~ 0.

(b) Let f: X' — X, g: Y’ — Y be morphisms between algebraic schemes over a
field. Denote by [ x g the induced morphism from X' xY' to X x Y.

(i) If f and g are proper, then f X g is proper, and

(f X g)ula x B) = fua x g.f3

for all cycles o € X" and 5 €Y.

(ii) If f and g are flat of relative dimensions m and n, respectively, then f X g

s flat of relative dimension m 4+ n, and

(f xg)(axf)=faxgp

for all cycles a € X' and B € Y'.

Proof. See |Ful, Proposition 1.10]. [

Consequently, there are exterior products

AkX (%9 AZY L} Ak+l(X X Y)

1.5.3 Gysin map for divisors

Let D be an effective Cartier divisor on a scheme X and ¢ : D — X be the

inclusion. There are Gysin homomorphisms
7" 7, X — Ak_lD

given by i*(a) = D - o, where D - «v is the intersection class in Ax_;D.

Proposition 1.5.5 (a) If « is rationally equivalent to zero on X, then i*a = 0.

Thus, there are induced homomorphisms
i* AR X — Ap 1 D.
(b) If a is a k-cycle on X, then
ii"(a) = 1(Ox (D)) Na.
(¢) If o is a k-cycle on D, then
ixi"(a) = 1 (1" Ox (D)) N«

16



(d) If X is purely n-dimensional, then

i*[X] = [D] € Au_1D.

(e) If L is a line bundle on X and « is a k-cycle on X, then

i"(a(L)Na) =c("L)Ni*(a) € Ag_oD.

Proof. See |Ful, Proposition 2.6|. |

1.5.4 Chern classes
Let E be a vector bundle on X of rank r. We define Segre class operators s;(E),

si(E) N Ap(X) — Ap_i(X)

as follow. Consider p : P(E) — X the projective bundle of E, Og(1) the canonical
line bundle on P(F), and « in A X. Set

si(B) N = p.(a(0p(1) " Npa).

where p, is flat

Note that s;(E) = 0 for ¢ < 0 and so(E) = 1. We define Chern class operators

G(EYN Ap(X) — Ap_i(X)

formally by 1+ ¢1(E) + c2(E) + - = (1 + s1(E) + so(E) + - -+ )~ ', Explicity,

Co(E) = ]_, Cl(E) = —Sl(E)
e(E) = 53(E)* = s51(E),-
n(E) = —s1(E)en_1(E) — so(E)cp—2(E) — -+ — s,(E).

The total Chern class of E is the sum
c(E)=1+c(E)+ - +c(E).
Theorem 1.5.6 We have that:
(a) (Vanishing) For all vector bundles E on X, all i > rank(FE),
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(b) (Commutativity) For all vector bundles E, F on X, integers i,j, and cycles a on
X

Y

G(E)N(e(F)Na)=c¢(F)N(a(E)Na).

(c) (Projection formula) Let E be a vector bundle on X and let f : X' — X be a

proper morphism. For all cycles o on X', and integers i, we have
flei(fFEYN Q) =¢(E)N foa).

(d) (Pull-back) Let E be a vector bundle on X and let f : X' — X be a flal

morphism. For all cycles a on X', and integers i, we have
a(ff*EYN ffa= f"(c¢(E)Na).
(e) (Whitney sum) For any ezact sequence
0—F —FE—FE —0
of vector bundles on X, we have
co(E) = c(E") - «(E"),

that is

ar(E) = ci(E)e;(E").

i+j=k
(f) (Normalization) Let L be a line bundle on X and let D be a Cartier divisor on
X with O(D) = L. Then

Proof. See |Ful, Theorem 3.2|. |

1.5.5 Refined Gysin homomorphisms

Let i : X — Y be a regular imbedding of codimension d, and let f : Y’ — Y

be a morphism. Form the fibre square

X sy

o s

Now, we define homomorphisms 7' : Z,Y' — A,_4X’ given by i' (3_n;[Vi]) = > n; X -

Vi, where X -V is the intersection product. The induced homomorphisms
i! : AkY/ — Ak,dX/
is called refined Gysin homomorphism.
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Theorem 1.5.7 Consider a fibre diagram

74'//

X// Y//

X/ i Y’

e

X——Y
where i 1s a regular imbedding of codimension d.
(a) (Push-forward) If p is proper, a € Ay YY", then
i'p.(a) = ¢.(i'a)
in Ap_qX'.

(b) (Pull-back) If p is flat of relative dimension n, and o € A,Y’, then

.l

ip(a) = q"(i'e)
mn Ak+n,dXH.

(c) (compatibility) Let o be another regular imbedding of codimension d. If a €
ALY, then

T =1«

m Ak_dX”.
Proof. See |Ful, Theorem 6.2]. |

Proposition 1.5.8 Let i : X — Y be a regular imbedding of codimension d,

X ey

]

a fibre square, and let F' be a vector bundle on Y'. Then, for all o € Ai(Y'), and all
m = 0,

i'(cm(F) N @) = (i F) Ni' ()
m Ak7d7m<X,)-

Proof. See |Ful, Proposition 6.3]. |
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Example 1.5.9 [Ful, Example 6.3.4] Consider E a vector bundle of rank r on a scheme
Y and consider s a reqular section of E. Then, the inclusion v of the zero-scheme
X =Z(s) inY is a regular imbedding of codimension r and NxY is the restriction of
E toX. If f:Y' — Y is a morphism, form the fibre square

X =Y
gj Lf
X——=Y
Then
Jei(a) = (f'E)Na
for all o« € AY'.

Example 1.5.10 Let i; : X; — Y be regular imbedding of codimensions d;, j =
L...,r. Let f; . Y] — Y; be morphisms, o € Ay, (Y]). Then iy X ... X i, is a reqular
imbedding of X1 x ... X X, in Y1 X ... X Y,, of codimension _ d;, and

(7;1 X oo X Z.r)!(al X +ee X 057“) = il!(al) X e X irl(ar)
m Az(kj—dj)(Xi X ... X Xrl,), with Xl/ = Xz Xy, Y;/.

Example 1.5.11 Consider X, Y schemes, p and q the projections from X x Y to X
and Y and E and I vector bundles on X and Y. Given o € A, X and B € AY, one

has
(@(E)Na) x 6 = a(p*E) N (a x f)
and
(e(B)Na) x ((F) N B) = (" E & ¢"F) N (a x B).

1.5.6 Segre Classes

Let C be a cone over a scheme X, that is, C' = Spec(S*®), where S°® is a sheaf
of graded Ox-algebras. Let us assume Ox — S° is surjective, S* is coherent and S*
is generated by S'. For a variable z, denote by S°®[z] the graded algebra whose n'"
graded peace is S"® S" 1z @ - @S2 @ 892" Let P(C @ 1) = Proj(S°[z]) be the
projective completion of C, with projection ¢ : P(C @ 1) — X, and let O(1) be the
canonical line bundle on P(C @ 1). The Segre class of C, denoted by s(C), is the class
in A, X defined by the formula

s(C) = g (Z o (0 N[P(C® 1)]) .

i>0
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If F is a vector bundle on X, one has s(E) = ¢(E)~'N[X] see [Ful, Proposition 4.1(a)].

Now suppose X can be a closed subscheme of a scheme Y. Let CxY =
Spec (307 Z"/I") be the normal cone to X in Y. The Segre class of X in Y,
denoted by s(X,Y), is defined to be the Segre class of the normal cone CxY, that is,

s(X,Y) = s(CxY) € A, X.

If X is regularly imbedded in Y, it follow that the normal cone is a vector bundle on
X, and consequently, s(X,Y) is the cap product of the total inverse Chern class of the
normal bundle with [X].

Proposition 1.5.12 Let X be a proper closed subscheme of a variety Y. Consider
Y the blow-up of Y along X, X = P(C) the exceptional divisor, 1 : X — X the
projection. Then

S(X,Y) =30 (e (@) 0 [P(C)]).

>0
Consider F a coherent sheaf on a sheme X and consider P(F) = Proj(Sym(F)),
with projection p : P(F) — X. Denote by Ox(1) the canonical invertible sheaf which
is the universal quotient of p*(F). If the support of F is X, one defines its Segre class
s(F) in A.(X) by the formula

s(F) = pa (ch (Of(l))rﬂ[P(f)O

i>0

= p. (c(Ox() " N [P(F)).

1.6 Milnor number

Consider f : (C"™,0) — (C,0) a germ of holomorphic function. Set Z to the
complex hypersurface given by the zero set of f. One says that Z is singular at 0 if the
differential of f vanishes at 0, that is, the vector field (0f/0z,--- ,0f/0z,) vanishes
at 0. One says that 0 is an isolated singularity of Z if there is an open neibourhood U
of 0 such that U\{0} is non-singular, that is, 0 is the only point in U that the vector
field (0f/0zo,- -+ ,0f/0z,) vanishes. It is known that, 0 is an isolated singularity of
Z if and only if the quociente algebra O,,,1/(0f/0z2,...,0f/0z,) is a C-vector space
of finite complex dimesion, see [L, Proposition 1.2]. Moreover, if 0 is an isolated

singularity of Z, the index of the vector field (0f/0z,...,0f/0z,) coincides with the
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number dime O,,41/(0f/0z0,...,0f/0z,). The standard example is Pham-Brieskorn
polynomial f(z,...,2,) = 2§° + -+ + 2%, with a, > 1. Note that Z = f71(0) is a
complex hypersurface with an isolated singularity at 0.

Suppose that 0 is an isolated singularity of Z. For a € small enough, the sphere
S. = {z € C"" | |z| = €} intersects transversally Z, see [Milnor, Corollary 2.9]. The
smooth manifold K := S. N Z is called the link of the singularity of Z at 0, and its
diffeomorphism type does not depend on €.

Let us see below the classic Milnor’s fibration theorem.

Theorem 1.6.1 [Milnor, Theorem 4.8] There is €1 > 0 such that, for all € with &, >
e >0, the map

f 1
e = — : S\K S
P =qpp SN

18 a locally trivial smooth fibration.

For e; > ¢ > 0, all the fibrations ¢, are diffecomorphic. Now let B.(0) be the open
ball of C"*! centered at 0 with radius ¢ and let D, be the boundary of the closed
disc D, of C centered at 0 with radius 7. Using the Ehresmann’s fibration lemma
on manifolds with boundary or the Thom’s first isotopy lemma, one has the following

alternative shape:

Theorem 1.6.2 (Milnor-Lé fibration theorem) There is g > 0 such that, for all e
with 0 < € < g, there isn > 0 such that, for alln with 0 <n < n.. The map f induces
a locally trivial smooth fibration 1., : B:(0) N f~4(0D,) — 0D,,.
For small enough € > 0 and > 0, ¢ and 9, are diffecomorphic. Thus, ¢, is called
Milnor fibration of f at 0. If f has an isolated singularity at 0, then each fiber of the
Milnor fibration has the homotopy type of a bouquet S™ V...V S™ of n-spheres, see
[Milnor, Theorem 6.5]. The number of spheres in this bouquet is called the Milnor
number of f and is denoted by u(f). Moreover, the Milnor number p(f) coincides
with the number dim¢ O,,41/(9f/0z0,...,0f/0z,). In this way, assuming that f has
an isolated singularity at 0, the Milnor number may be algebraically calculated.
There are some relevant generalizations to Milnor number. In 1971, H. Hamm
extended the Milnor’s fibration theorem for ICIS. The Lé number was introduced by
David Massey, such numbers extend the notion of Milnor number to a setup of singula-
rities not necessarily isolated. In 1988, Adam Parusifiski presented a global definition

for Milnor number, we will see in more detail in the next chapter.
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1.7 Borel-Moore homology

The following is a brief explanation of the homology with locally finite supports,
also known as Borel-Moore homology. We use as references [Ful] and |Ful2].

Let X be a topological space imbedded as a closed subspace of R". One may
define the Borel-Moore homology groups H; X by

H;X = H' (R", R™\ X)

where the group on the right is the relative singular cohomology with integer coeffi-
cients. More generally, if X is a closed subspace of a topological space Y, there are
cap products HI(Y", Y™\ X) @ H,Y - Hj_;X. Now assuming that Y is an oriented
connected real n-manifold, one has that H,Y is freely generated by a fundamental
class py, and capping jy with determines an isomorphism H™" /(Y™ Y™\ X) L H,X.
In particular, when X = Y one has the Poincaré duality, that is, the isomorphism
H" 'Y ~ OY.

For any n-dimensional complex scheme X, we have H; X = 0 for all ¢ > 2n, and
H,, X is a free abelian group with one generator for each irreducible component of X.
Thus, the generator of Ho, X corresponding to an n-dimensional irreducible component
X, which we denote by ¢l(X;). More generally, if V' is a k-dimensional closed subvariety
of X, define the cycle class by clx (V) = i.cl(V) € Hop X, where 7 is the inclusion of V'
in X. We may consider the homomorphism cl : Z; X — Hy. X from the algebraic k-
cycles to the Borel-Moore homology, which takes > n;[V;] to > n;clx(V;). This induces
a homomorphism ¢l : A, X — H,X, the so-called cycle map. The cycle map has
interesting properties such as being covariant for proper morphisms, and compatible

with Chern classes of vector bundles.

1.8 Schwartz-MacPherson class

Let X be a n-dimensional irreducible analytic (or algebraic) variety embedded
in a smooth manifold M. Over the smooth part X,., of X, the tangent bundle of X
defines a section of the Grassmannian bundle G, (T'M). We define the Nash blowup of
X asbeenv: X — X , where X is the closure of the image of this section and v is

the restriction of the projection on X. The restriction of the tautological bundle over
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Gn(TM) is denoted by T or Tx. One should notice that, )?, T and v are analytically
independents of the embedding chosen since, near each point, X has a unique minimal
local analytic embedding. We have that f\yfl(xmg) is isomorphic to v*T'(X,.,). We
define the Chern-Mather class of X as been the element of the Borel-Moore homology
H.(X) given as

Cpy = V*(C(T) N [X])u

where [55 ] is the fundamental class of X. An analytic cycle on a variety X is an element
of free abelian group whose basis consists of all irreducible subvarieties of X. Given
an analytic cycle > n;X; on a variety X, with n; are integers and X; are irreducible

subvarieties of X, one defines

cp <Z niXi> = Z n; (incl;y), eaa(Xi),

where incl; is the inclusion of X; in X. Note that, if X is smooth, then ¢y, = ¢(Tx)N[X]
is the total Chern class of X, where Tx is the tangent bundle of X.

Deligne and Grothendieck conjectured on the existence of a natural transforma-
tion between the functor C'F', which assigns to each variety its group of constructible
functions and the functor H, of some homology theory such as Borel-Moore homology
or rational equivalence theory, such that assigns the characteristic function of a non-
singular variety to the Poincaré dual of the its total Chern class. In [Mac|, Robert
D. Macpherson responded affirmatively to the Deligne and Grothendieck’s conjecture.
Macpherson defined, transcendentally, the local Euler obstruction Fux(xz) of X at
x € X. However, there exists an equivalent algebraic definition to the local FEuler

obstruction of X at x given by

Eux(z) = / o(TX)Ns(v(z), X),
X
where v : X —» X is the Nash blowup of X, T'X is the Nash tangent bundle of X and s
denotes the Segre class, see [Ful, Chapter 4|. For this definition was used as motivation
the formula of Gonzalez-Sprinberg and Verdier, see [G-S]. Now for each V irreducible
subvariety of X, the functions Fuy (—) on X, defined as Euy (x) for all z € V' and zero
otherwise, are constructible, see [Mac| and [Ken|. MacPherson using the local Euler

obstruction defined an isomorphism 7' from free abelian group of analytic cycles on X
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to the additive group of constructible functions on X by

T (Z mﬂ@) = anEU%(—)

We define the MacPherson class of X as been the element in H,(X) given by
C*(X) = C]M<T_l(]_x)).

Thus, there exists a natural tranformation ¢, : CF — H,, such that if X is smooth
then c.(X) = ¢(Tx)N[X] € H.(X), where Tx is the tangent bundle of X. In this way,
if f: X — Y is a proper morphism of analytic varieties then the following diagram

comimutes

CF(X)—=>H,(X)
| |
CF(Y)——H.(Y)
this is, fi(c.(a)) = c.(fu(a)), for all &« € CF(X). Furthermore, for a compact analytic

variety X, we have the a generalization of Gauss-Bonnet theorem to the singular setting

) = [ e, (1.2

More generally, given a constructible function a on X, consider the constant function

p: X — {po}. Then, p.a(py) = x(X; ), and thus,

[ e = /{pﬂ} pucu(a) = /{po}c*<p*a> - /{m} e (M(X:0)1,,) = X(X:a),

In particular, if & = 1x we have the equation (1.2).

In the 1960s, Marie-Héléne Schwartz defined a generalization of Chern classes
to singular varieties, a work independently using obstruction theory and radial vector
fields. In [B-S], J. P. Brasselet and M.-H. Schwartz showed that if X is a compact
complex variety then, by Alexander isomorphism, the MacPherson class of X coincides
with the Schwartz class of X. Therefore, the class ¢,(X) is known as the Schwartz-
MacPherson class of X, also denotes by "M (X).

Let & be a Whitney stratification of X and let E be a holomorphic vector bundle
on X. Consider a holomorphic section s of E such that s intersects, on each stratum
of 8, the zero section of E transversely. Consider Z = s7'(0) and + : Z — X the

inclusion.
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Capitulo 2

Logarithmic Milnor number and some

generalizations

In this chapter we will use the concept of logarithmic connection to generalize
the Milnor number to a logarithmic setup. For this, let us review the approach on

connections in the classical sense.

2.1 The logarithmic Milnor number

The main references in this section are [G-H| and [P].
Let E — M be a holomorphic k-vector bundle on a n-dimensional complex

manifold M. A connection 7 on E is a C-linear map
m:T(E) = Q' (M) @T(E)
satisfying Leibnitz’ rule
m(gs) = d(g) @ s + gm(s)
where g : M — C is a holomorphic function and s € I'(E). Let s = s1,...,5, : U = E

be a frame, where U is open subset in M. Given a connection 7 on F, we can decompose

7(s;) into its components, writing

W(Si) = Z Qiij.
j=1

The matrix 6 = (;;) of 1-forms is called the connection matriz of m with repect to s.



Now, we assume that M is complex and F is hermitian. Since Q'(M) = QM (M)&®
QUL(M), we can write m = 7/ +7", where ' : T'(E) — QYY(M)®T'(F) and 7" : T(E) —
QU (M) ® T(E). We say that a connection m on F is compatible with the complex
structure if 77 = 0. Moreover, if E is hermitian, the connection 7 is said to be

compatible with the metric if

d(&n) = (w(§),n) + (& 7(n))

for all £&,m € T'(F). The existence and uniqueness of a connection that satisfies the

above conditions is something that is answered in the result below.

Proposition 2.1.1 Given a hermitian vector bundle E on M, there is a unique con-

nection on E compatible with both the metric and the complex structure.

Proof. See |G-H, Page 73| or [Huy, Proposition 4.2.14]. |
The unique connection compatible with the metric and the complex structures on E is
called metric connection or Chern connection. Note that the metric connection depends
on the hermitian structure adopted for £.

For our goals, we will need a more general type of connection, the so-called loga-
rithmic connection with poles along some divisor. Such a concept was first introduced

by Pierre Deligne, in [Deligne].

Definition 2.1.2 Let E — M be a holomorphic vector bundle of rank k on a n-
dimensional complex manifold M, and let D be a divisor (hypersurface) in M. A
connection with logarithmic poles along D or, simply, logarithmic connection on E s

a C-linear map

V:T(E) = Q,(log D) @ ['(E)

satisfying
V(gs) = d(g) ® s+ gV (s)

where g : M — C is a holomorphic function and s € I'(E).

Consider s = s1,...,8; : U — FE a frame, where U is an open subset of M.
Given w € (Q},(log D) @ T(E))(U), can be written uniquely as Y w; ® s;, with w; €

Q},(log D)|y. Then, given V a logarithmic connection on E, we have
k
V(S» = Zwij (%9 Sj
j=1
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where (w;;) is a k X k-matrix of elemets in QJ,(log D)|y, which is called the logarithmic
connection matriz with respect to s. Now consider (w;;) the logarithmic connection
matrix with respect to s. For any s € T'(E), we have s = Zfil fis; for some fi,..., fr €

Q°(M), and then

k k k
Vis) =Y _V(fis;) =Y (dfj +) fiwij> ® sj. (2.1)

j=1 j=1 i=1
In this way, given (w;;) a k X k-matrix of elemets in QJ,(log D), we can define a

logarithmic connection given by the expression of equation (2.1).

For each r =1,--- ,n, we can construct a morphism C-linear
V" (log D) @ T(E) — Q3 (log D) @ T(E)
as follows. Given w € },(log D) and s € I'(E), define
Viiw®s)=dv®s+ (—1)"wAV(s).

When V7 o V"1 = 0 for all r, we say that the connection V is integrable. In this way,

se V is integrable, one has the complex of O,/-modules

\v4 1 Vl Vrfl r \vid
0 — I'(E) — QulogD)RT(FE) — -+ — Qy(log D) @ I'(E) —
r+1 vrtl vl n
Q7 (log D) @ T(E) Y -« Y5 Q7 (log D) ® T(E) — 0.

Assuming that (F, h) is a hermitian vector bundle, we can to define the following

operation, locally given by
h: QY M) OD)RT(E) x Q" (M)®T'(E) — QY(M)®0(D)
i i A 15
(Z%@Si,Zﬂj@t]‘) — Zw 7 mh(si,tj)
i J 2%

Similarly, we can to define i : Q' (M) @ T'(E) x QY(M) @ O(D) @ T(E) — QY(M) ®

O(D). We say that a logarithmic connection V on a hermitian vector bundle (E, h) is
compatible with the metric A with respect to divisor D if, locally, we have

dh(Si, Sj)
f

where f is a local defining function of D and s4, ..., s,, is a local frame for E. Motivated

— h(V(s2),85) + h(s1, V(55)).

by the Proposition 2.1.1, it is natural to inquire the existence and uniqueness of a
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logarithmic connection that satisfies such definition. Suppose there is such connection,
we say V. Consider s = sq,..., 8, : U — E a local frame, with U an open subset of M.
Let hij = h(SZ‘, Sj) and let H = (hw) ThllS,
dh;;
TJ = h(V(si),s;) + h(si, V(s;))

= Z Wikhkj + Zw_k}jhlk
k k

and then
8TH =wH
2 — Ho'
. . . OHH™!
where w = (w;;). Therefore, the unique solution of the system above is w = 7

Note that, the form w not necessarily has logarithmic poles along of D, this is, the
existence of a logarithmic connection compatible with the metric is not always guaran-
teed. In some cases, we can do it, for exemplo, if the manifold M is a Riemann surface,
see [Saito, pg 267|. However, if there is a logarithmic connection on a hermitian vec-
tor bundle (F,h) compatible with the metric A with respect to divisor D, then such
connection is unique.

We will consider M a n-dimensional connected complex manifold and (L,h) a
hermitian line bundle on M. Let X := v'(0) be a (nowhere dense) divisor in M,
where v is a holomorphic section of L. Let Y be a compact connected component of
SingX and U a small neighbourhood of Y. In |P], A. Parusinski defined the pg-number
of X at Y as been p(X,Y) := indy 7'v, where 7 = 7’ + 7" is the decomposition of
metric connection of L. The original setup of Milnor number is with an isolated points.
This covers several cases and there are many works in this setup. The definition of a
p-number due Parusinski is a remarkable generalization of the Milnor number in the
following sense: if xy is an isolated singularity of X, then u(X,{zo}) is equals the

Milnor number of X at zy, see [P, Proposition 1.4].

Theorem 2.1.3 [P, Proposition 1.6] Suppose M be compact. Then,
H(X) = (1330 + [ (T M @ L) [M] = (<1"x().

With a computation involving two divisors, one has the following consequence:
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Corollary 2.1.4 |P, Corollary 1.7| With the notation above, we have
w(X) = p(Z) = (=1)"(x(X) = x(2)).

Now let D be another divisor in M. Assume that X and D are disjoint. Suppose
there exists a logarithmic connection V : I'(L) — Qj,(log D) ® I'(L) compatible with
the metric h with respect to divisor D. Note that, the logarithmic connection forms of
V with respect to any holomorphic frames are holomorphic outside of D and then, by
analog arguments to [P], we have SingX = {z € X : Vu(z) = 0} and SingX is closed
and open in {z € M : Vu(z) = 0}.

Definition 2.1.5 We define the p-number of X at 'Y with respect to D as been the
intersection index indyVv. We denote by up(X,Y). If X is compact, then intersection

index of the zero section of Q},;(log D) ® L and Vv will be called p-number of X with
respect to D, and we will denote by pup(X).

Note that, the intersection index over U of Vv is the number of the zero, in U,
of a small perturbation of Vv transversal to the zero section in U, counted with signs.

Moreover, we have
po(X) = up(X,Y)
i=1
where Y7, ..., Y, are the connected components of SingX.

We use as motivation the Theorem 2.1.3 due to Parusifiski to obtain the following

result:

Proposition 2.1.6 Assume M compact. Then,

p(X) = / (2} (log D)) N [U] + (~1)"! / (L) e1 (L)e(Derys(~log D)) N [M],

M
where U = {x € M : |v(z)| < €}, for a firted 0 < e << 1.

Proof. Consider U = {z € M : |v(z)| < €} for a € sufficiently small such that UND = ).
Then,

pp(X) = indy Vv —indypyVo
= indy Vv —indypngh (Vo,v)
= indyV'v — (=1)"indpppd|v|*
= /Mcn(Q}w(log D)y® L)n [M] -

([ ct@tem D) 130~ [ @yt DY) 0107
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The last equality follows by Theorem 1.1.3. Lastly, note that

/M c(L) " ter(L)e(Derps(—logD)) N [M]

_ /M <Z(_1)kcl(L)k+l> (ch(DerM(—logD))> N [M]

Jj=0

— /M Z (=1)*e1(L)**'¢j(Derp (—logD)) N [M]

— /Mz_:(—l)kcl(L)k+lcn_1_k(DerM(—logD))ﬂ [M)]
— (_1)”—1/ z_:cl(L)k“cn_l_k(Q}w(logD))O[M]
M k=

and

- /M cn (2, (logD)) N [M] + z_:cl(L)’““cn_k_l(Q}vj(logD))ﬂ[M].

M k=0
[ |
The case in which X and D are disjoint is not very interesting. Then, we would
like to define a number involving two divisors in M not necessarily disjoints. Therefore,
consider M a n-dimensional connected complex variety. Let X := v~1(0) be a divisor
in M, where v is a holomorphic section of a hermitian line bundle L on M, and let D

be another divisor in M. The number
up(X) = (1) ( [ entPens(-iogD)lo) n 01~
U

— /M c(L)_lcl(L)C(DGI"M(—IOgD)) N [M]>

is called logarithmic Milnor number of X with poles along D or, simply, logarithmic
Milnor number of X, with respect to a 0 < e < 1.
In [Alu2|, Paolo Aluffi established the follow conjeture: for D a locally quasi-

homogeneous free divisor in a n-dimensional nonsingular variety S, is it true that
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c«(1s\p) = cp(Derg(—=log D)) N [S]? This question was answered in the following

settings:

(D1) V is a nonsingular complex surface and the Tjurina number equals the Milnor
number for all singularities of D, or then, D is a locally quasi-homogeneous

divisors, see |Liaol].

(Ds) V is anonsingular projective complex variety and D is a locally quasi-homogeneous

free divisor, see |Liao2].

(D3) V' is a nonsingular compact complex variety and D is a certain class of divisors

that Aluffi called "free hypersurface arrangement", see [Alul].

(D4) V is a nonsingular (complex) variety defined over an algebraically closed field &k
of characteristic 0 and D is a free divisor with Jacobian ideal of linear type, see
[Liao3].

This motivates the following definition:

Definition 2.1.7 Let M be a n-dimensional connected complex manifold and let D be

a divisor in M. We say that D is a chern logarithmic divisor in M if
C*(]-M\D) = c(DerM(—log D)) N [M]

Proposition 2.1.8 Consider M and U as in the Proposition 2.1.6. Suppose that D
is a chern logarithmic divisor in M, such that c.(1i\unp) = c¢(Dery(—log D)|y) N [U].
Then

o) = (1" (\(XiL10) = [ el e (Lhel Denu(-log D) ]

Proof. Thus,
ip(X) = (
- ( /U V)~ [ etunw) ~ [ ) L) Deru(-og D)) 3]
ol
o (x

x(U) —x(U;1ynp) — /M c(L) ter(L)e( Derp(—log D)) N [M]>

X(X;1x\p) /M c(L) ey (L)e( Dery(—log D)) N [M]) :
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Definition 2.1.9 We define the logarithmic Milnor number of X with poles along D

or, simply, logarithmic Milnor number of X as been
o) = (-7 (\(X: 1x10) = [ el tea(LyetDerar(-1og D)) 1)
M

Example 2.1.10 Consider the crossing divisor D = {zyz = 0} = {z = 0} U {y =
0} U{z = 0} and the hypersurface X = {y*z — 23 = 0} in P2 We have that X N D =
{p=(0:0:1),¢=(0:1:0)} and SingX = {p}. Then, x(X; Ix\p) = x(X\{p,q}) =
X(X) — x({p}) — x({q}) =0, because x(X) = 2. It is known that

3

¢ (Qp2(log D)) = ¢ (o) H ¢(Op,)

i=1
where Dy = {x = 0}, Dy = {y = 0} and D3 = {z = 0}, see |Alub, pg 12|, |Sil, 3.1],
[D-A, Proposition 2.3]. Set h = ¢; (Op2(1)) the class of a hyperplane in P*. The line
bundle of X is L = O(3h). Hence,

¢ (Qh(log D)) = ¢ () [[ e(Op,) = (1 = 3k + 31*)(1 + h)* = 1 — 3h”

i1
and then c(Dery(—logD)) = 1 — 3h?. Note that ¢(L) = 1+ 3h, and then, ¢(L)™' =
1 — 3h + 9h%. Therefore,

pp(X) = \(Xi1xip) = [ (L) e (L)e(Derss(~logD) 1 [P

P2

= _/ ((1 —3h+9h*)3h(1 — 3h*)) N [P*] = 9.

In [P], Parusiniski presented a remarkable definition that generalizes the initial
notion of Milnor number to a setup not necessarily involving isolated singularities
as follows. Let M be a compact n-dimensional complex manifold and let L be a
holomorphic line bundle over M. Consider X := v=!(0) a divisor in M, where v is
a regular holomorphic section of L. Parusinski defined a generalization of the Milnor
number given by

p(X) = (1" (X(M]L) = x(X)),

where for a vector bundle F over M,

X(M|E) = /MC(E)lctOp(E)c(]\/[) N [M].

Define x : X — Z given by x(z) := x(F,) for all x € X, where F, denotes
de Milnor fibre at x and x(F,) denotes the Euler characteristic of F,. Now define the
function 1 : X — Z by p= (—=1)""1(x — 1x).
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Let us fix a stratification S = {S} of X such that p is constant on the strata of S.
It is known that the topological type of the Milnor fibres is constant along the strata
of a Whitney stratification of X. Therefore, a Whitney stratification of X satisfies the
condition desired above, see [P3], [B-M-M]| and [PP]. Thus, for each S € S we denote
by ps the value of z — p(X,z) on S. Set
W) =ns— D S
§'#8,57 28

the numbers defined inductively on descending dimension of S.

Theorem 2.1.11 Let M be a nonsingular suvariety of PV and let L be a holomorphic
line bundle on X. Consider X as being the zero set of a holomorphic section of L.
Given § a Whitney stratification of X, we have

u(X) = 3 4(9) / (e(Lls) ™ N e(3)

where (S) = ps — 25/7&5,?35 7(5").

Proof. See |[PP, Theorem 4]. |

Suppose that Sing(X) = {x¢}. Then, we can take the Whitney stratification
{So = X\{w0},S1 := {xo}} of X. Note that, v(So) = ns, = u(X,z) = 0, for all
r € X\{zo} and v(S1) = pus, — 7(So) = ps, = u(X,zp). Then, using the Theorem
2.1.11, it follow that

n(x) = (s [

St

c(Llg) ™ Neu(S)

— (X, o) /{ o) = X0

because ¢(L|g) = 1 and ¢,(S1) = c.(zo) = [x0]. Moreover, one can generalize this fact

as follows.

Example 2.1.12 [PP| Assume that the Sing(X) = {x1,--- ,x.}. We have that
H(X) = (<1 3 (X,
i=1

In [SS, Theorem 2.4], Seade and Suwa presented a generalization of this fact to "strong"local

complete intersections.

In this way, we can show the following relation between the Milnor number due

to Parusinski and the logarithmic Milnor number defined above:
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Proposition 2.1.13 Let D a divisor in M. If D is a chern logarithmic divisor in M,
then

1p(X) = (X) — (—1)"y(X; Lxrp) + (~1)" /M (L) er(L)en(D).

Proof. Indeed, we have
up(X) = (~1)" (X(X; iwwnn) = [ ell) e (L)e(Ders(~ log D)) 1 [M])

= ( [ etxmen - [ c<L>-1c1<L>c*<1M\D>)

— ( [ eto- [ e - [ c<L>1c1<L>c*<1M\D>)

— (1 (><<X>— | el b0 - x(XiLxen) + [ c<L>1c1<L>c*<D>)

M

— X)X L) + (1) [ D) (e (D)

[ |

Now let E be a holomorphic vector bundle over M of rank d. Set X := {p € M :

s(p) = 0}, where s is a regular holomorphic section of E, that is, at any point p € X,
the germs of the components of s with repect to a holomorphic frame near p form a
regular sequence in the Oy, of germs holomorphic functions at p. Then, X is a closed

subvariety of M of pure dimension n — d, see |[Ful, B.3].

Definition 2.1.14 Given « a constructible function on M, we define the Milnor num-

ber relative to o as being
60 = (05 ([ ) an(E)ea) - x(Xialx) ).

First fact that we highlight below is how we recover our definition of the loga-

rithmic Milnor number.

Example 2.1.15 Let D be a chern logarithmic divisor in M. When the rank of the
vector bundle E is 1, this is dim(X) =n — 1, and a = 1ypp, we have that

W(XiLap) = W( E)c*uM\D)—x<X;<1M\D>\X>)

— (/Mc “eiop(E)e( Dery(—log D)) N [M] — x(X; 1X\D))
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2.2  On the generalization of Schiirmann for Milnor

classes

Let X be a scheme which can be imbedded as a closed subscheme of a nonsingular

variety M. One define the Fulton class of X as being the class
F(X) = c(TM|x) N s(X, M)

in A,(X). Fulton showed that ¢/'/(X) does not depend on the choice of imbedding,
see [Ful, Example 4.2.6(a)]. Moreover, the Fulton-Johnson class of X is defined by

(X)) = c(TM|x) N s(N)

where s(N) is the total Chern class of the conormal sheaf of the embedding of X
in M, see [FJ]. Assuming that X is a local complete intersection, the Fulton and

Fulton-Johnson classes coincide and are equal to
o(TM|x)c(NxM)™' N [X] = c(Tx) N [X]

where Tx = TM|x — Nx M denotes the virtual tangent bundle on X, which is a well-
defined element of the Grothendieck group of vector bundles on X, see [Ful, Example
3.2.7].

Let M be a nonsingular compact complex analytic variety of pure dimension n
and let L be a holomorphic line bundle over M. Consider X := v~'(0) a divisor in M,

where v is a regular holomorphic section of L. In this way, we have
F(X) =c(TM|x — L|x) N [X].
Definition 2.2.1 [PP3|, |BLSS|, [Y], [A4] The Milnor class of X is defined as being
M(X) = (=1)"H("(X) = eu(X)).
Due to Parusifiski and Pragacz, there is the following formula to Milnor number
M(X) in terms of a Whitney stratification of X.

Theorem 2.2.2 Take S = {S} a Whitney stratification of X. Then

M(X) =Y AS)e(Llx)™ N (15x)-¢:(5)

seS

where Y(S) = ps — Y _g55-5 V(S') and the aplication 15 x denotes the inclusion from
S to X.
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Proof. See |PP3, Theorem 0.2]. |
In particular, one has

LMm:qukWJmmm

seS

Note that Parusinski and Pragacz had already proven the above formula to M projec-

tive and X not necessarily compact, see Theorem 2.1.11.

Example 2.2.3 [PP3, Example 0.1] Assume that Sing(X) = {xy,--- ,z,}. Then, one

has

M(X) =" p(X, 2;)[x;] € Ho(X).
i=1
There is a generalization of this result for "strong"local complete intersections, for more

details see [Suwal.

Let ¢ : X < Z be a regular embedding between algebraic (or complex) possibly

singular varieties and let NxZ be a normal bundle of X in Z. The diagram

C

CF(Z)——=H.(Z)
L*l lL*ﬂc(NXZ)l
CF(X) —~ H.(X)
does not commute in general, where * : H,(Z) — H,(X) is the Gysin homomorphism.
Indeed, suppose the particular case in which Z = M a smooth variety. On the one

hand, c.(¢*(1p)) = ¢ (1x) which is equals to Schwartz-MacPherson class of X. On
the other hand,

((Nx M) N (en(ar) = e(Nx M)~ 0o (e(TM) N [M))
= ¢(NxM)™ - c(*TM) N *[M]
= o(NxM)™ - co(TM|x)N[X] = c(X)
and it is known that, in general, the Schwartz-MacPherson class and the Fulton-

Johnson class are different, see [Schiirl|, [PP3|, [BLSS]|, [Y], [A4]. This motivated

J. Schiirmann the following definition:

Definition 2.2.4 [Schiirl] Let « : X < Z be a regular embedding and let o be a
constructible function on Z. One defines the Milnor class of the pair X C Z relative
to a as been

M(X C Zya) = (1) X (¢(Nx2) ' N (ea(a) — ex(t*(a))) € Hu(X),

where NxZ s the normal cone of X in Z.
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When Z is a smooth variety, we also denote M(X C Z;«a) simply by M(X;a).

Theorem 2.2.5 Suppose that Z is a smooth variety and suppose that X 1is the zero-
scheme of a reqular section of a vector bundle & on Z. Given a constructible function
a on Z, it follows that

u(Xsa) = [ M(Xia)
X

Proof. We will take a particular situation of the Example 1.5.9 given by the following
fiber square

X =7

Id Id

X—2Z
Therefore, 1,0*(8) = ciop({d*E) N B = c10p(E) N B, for all § € A, Z. By definition, we
have

i) = (08 ([ ) ey (Befe) - 1(Xialy)).

Thus, using the Example 1.5.9 and Proposition 1.5.8, we obtain

i) = o ([ aptnce - [ awa)
_ (—p)tmX ( /X 0 (cE) N fe(a) — Xc*(b*a)>

= (—1)dmX (/XC(NXZ)_IHL*C*((I)—/Xc*(L*a))

~ [ Mixia)
X

because 1*F = E|x = NxZ and x(X;alx) = [y c.(ta). |

In this way, the class /(X C Z;a) := ¢(NxZ)™' N v*(c.(r)) is called Fulton-
Johnson class of the pair X C Z relative to «; and the class ¢ (X C Z;a) = c.(1*a)
is called Schwartz-MacPherson class of the pair X C Z relative to a.
Question. Let L be a holomorphic line bundle over a smooth manifold M and let
X :=v71(0) be a divisor in M, where v is a regular holomorphic section of L. Consider

D another divisor in M. Assume that SingX = {xy,...,2:} C D. One defines the

number
MBR(Xv D) = Z MBR(fh D)’
i=1
where fi,..., fs are local defining functions of X at xy,..., s, respectively, with f;

being finitely R(D)-determined, for more details see [BR].

Is there any relationship between the numbers puP%(X, D) and pp(X)?
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Capitulo 3

Intersection product formulas relative

to constructible functions

This chapter is about some product formulas and some intersection formulas of

varieties, generalized for arbitrary constructible functions.

3.1 Product formulas for the Milnor class of construc-

tible functions

Let X and Y be manifolds and let o and 8 be constructible functions on X and
Y, respectively. One defines (a® ()(x,y) := a(z)B(y), for all (z,y) € X xY. We have

that a ® [ is a constuctible function on X x Y.

Theorem 3.1.1 [Kwie|,|Kwei-Yoka| Consider a a constructible function on X and (8

a constructible functions on Y. Then,
c(a® fB) = co(a) X cu(B).

In particular, c,(X X Y) = (X)) X c.(Y) and cpa(X X Y) = cpra(X) X epra(Y),
because 1x ® 1y = 1xxy and Fuxyy = Fux & Fuy.

For each ¢ = 1,2, let M; be an (n; + k;)-dimensional compact complex analytic
manifold and let E; be a holomorphic vector bundle over M; of rank k;. Consider s;
a regular holomorphic section of E;, and consider the n;-dimensional local complete

intersection. For each ¢ = 1,2, consider the projection p; : My x My — M,;. Then,



consider the holomorphic section sy @ s9 : My X My — piEy @ p5FEs given by (s; &
s9)(z,y) = (s1(2), s2(y)), for all (z,y) € My x M. Note that X; x Xy = (51D s2)71(0).

Let a and (8 be constructible functions on M; and M, respectively.
Proposition 3.1.2 We have

C*(Xl X Xo C My X MQ;OZ X 5) = C*(Xl C Ml;Oé) X C*(XQ C MQ?B)
Proof. For all (z1,x2) € X1 X Xj, it follows that

(1 x ) (e B)(z1,22) = (a® B)(t(r1),2(z2))
= a(u(r1))B(t2(r2))
= (") @ (12" B)) (21, T2).

Thus, (11 X 12)* (@ ® f) = (11"a) @ (12*3). Then, using Theorem 3.1.1
(X1 X Xo C My X Mo;a®B) = c(t1 X 12)"(a® p))
= (') ® (1"P))
(
(

= c(tja) x c.(155)

= (X1 C My;a) x c.(Xo C My; B).

[ |
One should notice that the above proposition generalizes the Theorem 3.1.1. For
this, take o = 1x, and 3 = 1x,. Now we look for, in similar fashion, a result for the

Fulton-Johnson classes.

Proposition 3.1.3 In the same conditions, we have

(X x Xy C My x My;a® B) =" (X) € My;a) x (X, € My B).
Proof. By defintion,
cFT(X) x Xy C© My x My;a® B) = ¢(Nx,xx, M1 X My)™1 0 (11 X 12)" (el @ B)).
By Theorem 3.1.1 and Proposition 1.5.4(ii), it follows that

(1 X 19) (e(@®@ ) = (1 X 12)"(exla) X cu(B))
= ()" (eu(@)) X (12)"(ex(8))-
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Since Nx, xx, M1 X My = pj (Nx, M1) & ps (Nx,M,) and using the Example 1.5.11, for
all v € A, X, and n € A, X5, we have

vxn = ((e(Nx,My)e(Nx, My)™") Nny) x ((e(Nx, Ma)e(Nx, Ma)™h) M)
= c(p} (Nx,My))e(ps (Nxy Ma)) (e(Nx, Mi) ™" 0 y) % (e(Nx, M)~ Ni)

= c(p (Nx, M1) @ p; (Nx, Mz))(c(Nx, M)~ Ny) x (e(Nx, Mz) ™ )
where the last equality follows from the Whitney product formula. Consequently,
c(py (Nx, My) @ pi (Nx, Ma)) ™ 01 (7 x 1) = (e(N, Mi) ™ 0) x (e(Nx, Ma)™H ).
Therefore,

(X1 x Xy € My x My;a® ) = c(py (Nx, Mi) @ p3 (Nx, M2)) ™' N
N(e1"(ex(@)) x 12" (e(B)))
= (e(pi (Nx, M1))™ N 45 (en(@))) X
X (c(py (Nx; M2)) ™' N i5(ce(B)))
= (X, Cc Myja) x F(Xy € My B).

[ |
By definition, the Milnor class is the difference, up to sign, between the Schwartz-
MacPherson class and the Fulton-Johnson class. Then, we can use the above results

to show the following theorem.

Theorem 3.1.4 Let My,--- , M, be compact complex manifolds of dimension n;, res-
pectively. For each i, consider a holomorphic vector bundle E; of rank d; over M;, a
reqular holomorphic section s; : M; — E; and X; := 3;1(0) the local complete in-

tersection of dimension n; — d;. For each 1, let a; be a constructible function on M;.
Then,

MXi % x Xy ®--- @ ay) :Z(_1)(m—d1)e1+...+(n7-—d7-)57.Pl . 3

where the sum runs over all choices of P; € {c.(Xi; ), M(Xi;04)}, i = 1,---,r,
except (Py, -+, P.) = (co(X1;000), -+, c(Xp; ) and

L if Pp= C*(Xi;@i)
€ = )
0, if P, = M(Xi;ai>'
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Proof. First of all, on the one hand, we have

M(Xy x Xpi0q @ ) = (=) B2 (P (X) % Xy 00 @ o) —
—c (X1 X X950 ® an))
= (=1)™tmeT = dQ( FI(X1an) x 7 (Xo; ) —
(

—Cy Xl,Oél) X C*(XQ;OQ)
On the other hand,

M(X1;00) X M(Xg: a0)+(—1)" e (X715 o) X M(Xo; ) +
H(=1)"™ R M(X1; 0n) X, (Xa; a2)

= ()" (X5 an) = en(Xa; ) x (1) (M (Xg; ag) — e (Xo; )+
H(=1)™ e (X5 o) x (= 1) 72 (" (X5 an) — cu(Xo; a2)) +
+H(=1)" TR (=) (Y (X n) = (X an) X e(Xa; as)

= (—1)mtnemdind (" (X 00) x M (Xayan) — 7 (Xvy o) X e Xos o) —
— Xy on) x M (Xo o) + e (Xi5 1) X ea(Xpsa0)) +
1) o (X a) x ¢ (Xran) — ea(Xrs ) X e4(Xos02)) +

(=1l d (GFT O 0) xey (X o) — ca(X1s an) X eu(Xa a)).
Therefore,

M(Xl X XQ;Oél X O{Q) = (—1)nl_dlc*(X1;O[1> X M(XQ;O[Q) +

+(=1)™" P M(Xy; 0n) X e (Xo; ) + M(X1;00) X M(Xa; a).
Now take » > 2 and suppose that the result holds for » — 1. Thus,
MX XXX ;01 @ @) = Z(_l)n1e1+...+nr716rflpl ,,,,, P,

where the sum runs over all choices of P; € {c,.(X;; ), M(Xi;0)}, i =1, ,r — 1,
except (Pla T 7P7”—1> = (C*(Xla al)a T 76*(Xr—1; ar—l)) and

L if P, = (X5 )

E; —
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Then, it follows that

MXp X x Xy ® - @ ay)

= (=DM (X X X Xl @1 @ ) X M(X o)+
= D)"MXy X X X 50 ® @ ) X (X )+
AM(Xy XX X 501 @ Q1) X M(X,5 )

= (=)™ (X o) X X e (Xo1 al1) X M(XG o)+
H(= D)) (pmEatEmaE P Py e (X o)+
+) (—pmEttaE P By X M(X o)

— Z(_1)”1€1+'"+”r€rp1 ..... P..

[ |
In particular, when «; = 1x,, for all i, we obtain the principal result of [O-Y].

Explicitly:
Corollary 3.1.5 In the same conditions, one has
M(X1 % XT) — Z(_l)(nl—d1)51+~..+(nr_dr)€7‘P1 _____ Pr

where the sum runs over all choices of P; € {c.(X;), M(X;)}, i = 1,---,r, except
(Pla T >Pr) = (C*(Xl)a e 76*(X7“)) and

7Y 0, if B = M(X).

Proof. Note that M (XX xX;;1x,® - -®1x,) = M(X1x - xX;; Lx wxx,) = M(X1X
- x X,). Moreover, for each i = 1,--- ,r, we know that ¢,(X;;1y,) = ¢.(X;) and

3.2 On the diagonal embedding

Consider M a complex manifold and X an analytic subvariety of M. Let S be a
Whitney stratication of M adapted to X. Given x € X N S for some S € S, consider
g:(M,z) — (C,0) a germ of holomorphic function such that d,g is a non-degenerate
covector at = with respect to S, that is, d,g € TéM and d,g ¢ T& M for all stratum

S’ #£ S. For N a germ of a closed complex submanifold of M which is transversal to S
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with N NS = {z}, one define the complex link /g of S by
ls = XNNNBs(x)N{g =w}
for 0 < |w| < § < 1, and one defines the normal Morse index
n(S; F*) := x(X N NN Bs(x),ls; F*)

where the right-hand side is the Euler characteristic of the relative hypercohomology.
the number 7(S; F'*) does not depend on the choices of z € S, g and N, see |G-M,

Section 2.3]. Moreover, we have
n(S; F*) == x(XNNNBs(x); F*) — x(ls; F*).
The conormal variety of a subvariety X in a complex manifold M is given by
TxM := closure {(z,0) € T*M | x € X,eq and 8|7, x,., = 0}.

Let L(M) be the free abelian group generated by all the conormal spaces T% M, where
X varies over all subvarieties of M. Given a constructible function o on M with respect
to a Whitney stratication S defines an element in L(M) by
Ch(a) = Z(—l)dimsn(S; a) - TEM.
ses

Inducing an isomorphism Ch : CF(M) — L(M).

Let M be an n-dimensional compact complex analytic manifold. Define M) :=
M x ---x M. And let E be a holomorphic vector bundle over M) of rank d. Consider
A : M — M the diagonal morphism, which is a regular embedding of codimension
nr —n. Let t be a regular holomorphic section of E. This means that set Z(t) := {p €
M : t(p) = 0} is a closed subvariety of M) of dimension nr — d. In addition, the

morphism A induces the refined Gysin homomorphism
A Hop(Z()) — Hogh—nrin)(Z(A*(1))).

The refined intersection product is defined by 71 - ... -7, :== A'(y X -+ x ,.), see [Ful,
Example 8.1.9].
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Consider the projectivized cotangent bundles P(7*M) and P(T*(M"))). We will
denote the vector bundle P(T*M & - -- & T*M) by P(T*(M))). We have the following

fibre square diagram:

P((T*M)®r) 2= P(T* M)

;e

M - M) (3.1)
T
(At) —% Z(t)

where 7" is the natural proper map. Let i : P(T*M) — P((T*M)®") be the
morphism induced by the diagonal embedding T"M — T"M & --- & T* M.

Lemma 3.2.1 Let 5 be a constructible function on M) with respect to a Whitney
stratication S, that is, B is constant at each stratum of S. We assume transversal to
A(M) and such that the intersections S N A(M) are connected. Then

0'[P(Ch(B))] = (—1)""i.[P(Ch(A"E))].

Proof. See |B-M-S, Proposition 1.4]. [
There is a classical description of the Schwartz-MacPherson class due to C. Sab-
bah, see [Sab]. In our context, such a generalization is as follows: given a constructible

function o on M), we have
ex(Z(t);a) = (=1)" e (TM Y| z209) N 77 (e(O,(1) ) N [B(Ch(a)))), (3.2)

where O,.(1) is the tautological line bundle on the projectivisation P(T* M) — M),
see P4, pg 13|, [P5, pg 352|, [PP3, pg 4] and [Ken].

Proposition 3.2.2 With the same notation, we have
Ae,(Z(1); @) = ¢ ((TM]Z(A*t))@T_1> N e (Z(A'); Aa).
Proof. Using the description (3.2) and Proposition 1.5.8, one has
Nel(Z(t)a) = (=1)" e (A (TM V] z0))) 0 A7 (e(O; (1) N [P(Ch(a))]).
By the Theorem 1.5.7 and the Proposition 1.5.8 , it follows that
A'r(e(0:(1) T N[P(Ch(a)]) = p.6'(e(Ox(1)) 7" N [P(Ch(a))])
= P (c(6°0,(1))7") N &' [P(Ch(a))].



It is known that 6*O,(1) = c¢(Oppeppery(1)) is the tautological line bundle on the
projectivition P((T*M)™) — M®) and ¢ (A" (TM"|70))) = ¢ ((TM]za-)"").
Thus, by Lemma 3.2.1, we have that §'[P(Ch(a))] = (—=1)"",[P(Ch(A*«))], and
then
AN, (Z(t)ia) = (=)™ e(TM%|za0) N
. (eOp((roapyen (1)) NP Ch(A"a))]
= (=D)"e(TM|za0) N
(P © 1)+ ((iOp(eppyery (1)~ N [P( Ch(A%a)))),
where the last equality follows from the projection formula. Since that i,Opp.ppyer (1) =
Opr=ay(1) and that ¢ == (poi) : P(IT"M) — M is the projectived cotangent
morphism, one has
Ne(Z(t)a) = (=1)""e(TM* |za9) N gu(c(Op(r-a1y(1)) 7" N [P( Ch(A%a))])
= c((TM|za)® ") Ne(Z(A*t); A*a).

Through this text we will assume that Z(t) C Supp(«).
Proposition 3.2.3 With the same notation, we have

AN (Z(1); ) = ¢ ((TM]Z(A*t))@T_l) N (Z(A%); Aa).

Proof. By definition of Fulton-Johnson class of Z(t) relative to a and by the commu-
tativity of the diagram (3.1), one has

A (Z(t);a) = Ae(E)zwm) ' Niteda))
= (A" (Elzp)) ' N A e ()
= c(A*E|za) N A e (a).

In [PP3], the Schwartz-MacPherson class of the constructible function « has the fol-

lowing description:

co(a) = (=1)" e (TM W [gupp(e)) N 7 ((O-(1)71) N [P(Ch())]),
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where O,(1) is the tautological line bundle on the projectivisation P(7* M) —s M),
Then,

Aley(a) = (=1)" e (A" (TMlsuppa))) N AT ((O0:(1) 7 N [P(Ch(a))).
Similarly the proof of the Proposition 3.2.2, we have that
A (e(0, (1) A [P(Ch(@))]) = g.(e(Opr-n (1)~ N [P(CR(A"a))]

where ¢ : P(T"M) — M is the projectived cotangent morphism. Since that
¢ (A (TMOsuppi))) = ¢ ((TM |suppiazay) ™), it follows that

Ale.(0) = (=1 (TMIsuparey) ") N1 4.(e(Ooran (1)) N [B(Ch(A"a))

and then,

A (Z(0) = (=)D Elzann) ™ 00 (o (TMlsuppiace) ™) N
M. (e(Opr-an (1))~ N [P(Ch(A"))]))
— (=)o Blyaen) e (1 (TMsuppiara) ) 1
Mg (c(Opcran (1))~ N [P(Ch(A"a))))
= (1" A Bl ) e (1 (T M lsuppiara) )
¢ (U (TM supp(a-a)) ) N ¢ (e(Oper-an (1))~ N [P(Ch(A%a))])
= (—1)" (A Elgaen) e (TM] 7)) 0
N (¢ (T'Mlsupp(a+a)) N @(e(Orerean (1))~ N [P(Ch(A%a))]))
= (A" Elz@any) e ((TM\Z(A*t))eBT_l) Ne(Aa)
— . ( (TM|Z(A*t))@T*1) N (Z(A%); Ata).

[ |
As a consequence of the above propositions, we have the following result on the

Milnor class.
Proposition 3.2.4 We have that,

AM(Z(1); ) = (1) " ((TM7a09) ) N M(Z(A™); A%).
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Proof. Indeed, using the definition of the Milnor class and the above propositions, we

have that

AM(Z(1); ) = A ()" ™ (Z(1); ) = e(Z(1); @)))
_ (_1)W—”c<(TMyZ(At )" 1) N

N (P (Z(A"t); A*a) — c.(Z(A"D); ))
_ (—1)”7"*”c((TM]Z(A*t ) l)ﬂ/\/l ); Ata).

3.3 Intersection product formulas relative to cons-

tructible functions

Consider M a compact complex manifold with dimension equals to n. For
each 1 = 1,--- ,r, let E; be a holomorphic vector bundle of rank d; over M and let
X, := 57(0) be a (n—d;)-dimensional local complete intersection, where s; is a regular
holomorphic section on E;. Here we are assuming that the product X; x --- x X, is
equiped with a Whitney stratification such that the diagonal embedding A is transver-
sal to all strata. For each i, let p; : M) — M be the i"-projection. Now, consider

the holomorphic exterior product section
SZS]_EB"'EBST:M(T) — (pTEl)GS.@(p:ET)’

given by s(xy, -+ ,x,) = (s1(x1), -+, 8.(x,)). Therefore, Z(s) = X; x --- x X, and
X =Z(A%s)=Xin---NX,.

Let o4, -+, be constructible functions on M and let A : M — M) be the
diagonal morphism. Set a := a; ®- - - ®a,. the constructible function on M) such that
(1@ ®@a,) (w1, ) = ar(xy) - - ap(a,), for all (xq,---,z,) € M. Note that,
Aa(z) = (1 ® - ®a,)oA(z) = ay(x) - - - () for all z € M. Moreover, A*a(x) =0
if v ¢ X; and A*a(x) = aq(x) - - o, (x) if € X. In this way, A*(a; ® -+ - ® ;) is also
denoted by a1 ® - -+ ® ..

Lemma 3.3.1 With the same notation, we have
M(X;a) = (=1)""c (TM]x)* =) N> (~1)n-das+=dlap....p e H,(X),
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where
L, if P = (X5 04)
€, —
Proof. Using the Proposition 3.2.4,
A(M(Z(s);a)) = (=1)" "¢ ((T M Izws))@“l) N M(Z(A*s); A*a).
Then,
M(X;a) = (=) "e(TM® ) PN A M(X) x - x X5 0))

By Theorem 3.1.4, it follows that
M(X, Oé) — (_1>nrfnC<TM€arfl‘X>fl N Z(_1)(n7d1)61+---+(n7dr)erA!(Pl VTR, Pr)

where the sum runs over all choices of P; € {c,(X;; ), M(Xi;0)}, i =1, ,r — 1,
except (Pla T 7P7‘—1) = (C*(Xla O-/l)a T 76*(Xr—1; ar—l)) and

1, if P = e(Xi )

€, —
Since A'(P; x -+ x P,) = P, - --- - P,, the result follows.

This means that, in particular, for »r = 2 we have

M(X;00 @) = e(TM|x) N ((=1)"M(X1; a1)M(Xa; )+
(=1 (X5 a))M(Xg; ) + (=12 M(X1; a1)en(Xa; az)).

Moreover, for r = 3, we have

M(X;a) = e ((TM]x)%) 7" 0 (M(X05 0n) M(Xo; 0) M (X5 3)+
+(— 1)d1+d20*(X1; o1 ) e (Xo; ) M(Xs; ) 4+-(— 1)1 ¢, (X1 ) )M (Xo; ag) e, (X33 as)+
+( = 1)d2+d3M(X1; ) e (Xa; o) ea(Xa; ) +(—1)" e (Xis ar )M (Xo; o) M (X35 a3) +

)+(—1

F(— D)™ M(Xy; 1) ea(Xo; an) M(Xg; ) +H(—1)" B M(X 15 a) M(Xo; ) ea (X5 3)).

Now we will present the main result in this text.
Theorem 3.3.2 With the same notation, we have the following formulas:
1y —1
F(Xya) =c(TM[x)* ) ne™(Xsaq) - M (X o), (3.3)
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M(X;0)=c ((T]\ﬂx)@r_l)f1 NAM(Xa0) -0 - AM(X s ) (3.4)

and

M(X;a) = (D)X (TM]x)* ) 7 n (™ (X)) (X5 ) —
_C*(Xl; al) e C*(XT; ar))

where a denotes the constructible function oy ® - - ® a.
Proof. By Proposition 3.2.3, one has

AP (Z(s);a)) = ¢ ((TM|Z(A*S))@T_1> N (Z(A*s); Aa).
Then, using the Proposition 3.1.3, it follows that

M(Xia) = c((TM)T )T NA (X % X X @ ® o)

= c ((T]\/.I'|X)@T_1)_1 NA' (' (Xisan) x - x (X )
Since A" ("(X1;00) x -+ x (X5 a0)) = (X 0n) .- cF (X, @), one has that
(X a)=c ((TM|X)EBT71)_1 Nef (X)) ..- P (X an).
Now, the Proposition 3.2.2 states that
AN SM(Z(s); Q) = ¢ ((TM|Z(A*S))@T_1) N SM(Z(A%s); Aa).
In similar fashion, using the Proposition 3.1.2, we have
AM(X;a) =c ((TM|X)€B"_1)_1 Ne™M( Xy a0) .- M X o).

Lastly, using the definition of Milnor class of X relative to o and the formulas (3.3)
(3.4), it follows that

M(X;0) = (=) % (TM]x)* )7 0 (™ (Xpan) - (Xay) -
_C*(Xﬁ al) T C*(Xr; ar))'

[
The above result also follows from Lemma 3.3.1. To exemplify the approach of

the computation, let us look at the case r = 2. By Lemma 3.3.1, we have
M(X;n @ az) = (=1)*""e(TM]x)™ N (M(Xy; a1) M(Xo; )+
+H(=1)"" M (X5 a1)M(Xo; ) + (1) 2 M(X1; 1) ea(Xo; ag)).
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For each i = 1,2, one has M(X;; ;) = (—1)""% (" (X;; ;) — cu(Xi; ). Then, it
follows that
M(X;an®az) = (=1 "e(TM|x)™" N (=172 (Xy;00) — e Xy; o)) -
(e (Xas ) = eu(Xzs ) H(= 1) P e (X an) (¢ (Xas 00) —
— e (Xa30))H (=1 (T (X n) = (X an))en(Xo; az))
= (=1 Fe(TM]x) ™ N (" (Xisan)e™ (Xas az) —
—o (X715 1) e (Xo; o))

because dim X = n — d; — ds.

Forthwith, we have the following consequence:

Corollary 3.3.3 The number (—1)3X (X a) is equals to the degree
/ c ((T]\J]X)EB’"’l)_1 N (T (X a1) P (X ) — co( X5 an) -+ - (X o).
X

Proof. The result follows immediately from Theorem 2.2.5 and Theorem 3.3.2. |
In particular, when we have a; = 1x, for all<=1,...,r, we retrieve the original

formulas of [B-M-S].
Corollary 3.3.4 We have that
(X)) = e (TM]x)Z ) nef (X)) - - (X,

SM(X) = ¢ ((TM[)F D neM(xy) - - SM(X,)

and

M(X) = (=1)4m¥e ((T]\4|X)@r_1)_1 N (X)) - (X)) -
—c(X1) - (X))
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Capitulo 4

Segre classes relative to a

constructible function

Let X be a proper closed subscheme of a variety Y. Consider Y the blow-up of
Y along X, X = P(NxY) the exceptional divisor and 7 : X — X the projection,

where NxY is the normal bundle. It can be organized in the following diagram:
P(NyY)—> X —*

]

X—L>

— BlyY

The Segre class of X in Y is characterized by
S(4,Y) = . (e (O) N [P(NxY)))
i>0
where O(1) is the canonical line bundle on P(NxY). Now, assume that Y = M is
non-singular. We know that the Fulton class of X is defined by ¢/ (X) = ¢(TM|x) N
s(X, M) € A (X).

We have already commented on the generalization of the Milnor class to an
arbitrary constructible function due to Schiirmann. Such a definition produces the
Fulton class of X relative to a constructible function o on M which is given by
c(NxM)™' N t*(cu(a)), where * is the Gysin homomorphism. Thus, given a cons-

tructible function o on M, we define the Segre class of X in M relative to « as the



following element in A, X
%XCA&a%=m<§:q(QWWMxDYﬂanTMuYJHﬁ@m»>,
i>0
where ¢, represents the MacPherson class. When there is no ambiguity in relation to

the variety M, we shall denote s(X C M;a) only by s(X;a).

Remark 4.0.1 For any vector bundle E of rank e +1 on X and for any f € A.(X),

we have
si(E) N B = b. (Cl (Ops (1) N b*(5)> :
where P(E) is the projective bundle of lines in E, b is the projection from P(E) to

X and Opg)(1) denotes the canonical line bundle on P(E). Since NxM is a vector
bundle on X, it follows that

s(X C M;a) =c(NxM)™ - c(TM|x) ™ Ni*e(a),
for all constructible function o on M. In this case, we are making E = NxM and

B =c(TM|x)' Nie ).

Motivating us to define a certain type of Fulton class with respect to a arbitrary

constructible function.

Definition 4.0.2 Given a constructible function a on M, we define the Fulton class

of X relative to o as

(X € M;a)=c(TM|x)Ns(X C M;a).

When there is no ambiguity in relation to the variety M, we shall denote ¢/ (X C

M;a) only by ¢f'(X; ). In this way, we have
(X cMa) = ¢(TM|x)Ns(X C M;a)

= C(TM’)() M My (Z C1 (OIP’(NXM)(l))i N n*(c(TM’X)*l N 1,*@(06)))

>0

= o(TM|x)e(Nx M) 'e(TM|x)™' N i*e.(a)

= c(NxM) ' Nni*e.(a).

This shows that Definition 4.0.2 coincides with the definition of Fulton class relative
to a construtible function due to Schiirmann.

The next result shows a relevant property of the Segre class presented above.
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Proposition 4.0.3 Let X; and X, be schemes which can be imbedded as subshemes
of nonsingular varieties My and Ms, respectively. For each i = 1,2, consider o; a

constructible function on M;. Then, we get

S(Xl X XQ;Ckl ®042) = S(Xl;(ll) X S(XQ;OZQ).

Proof. For each i = 1,2, let 5(; be the exceptional divisor of the blow-up of M; along
X;, with projection 7; : E — X;. Set n = X ny. By definition, s(X; X Xo; 01 ® ag)
is equals to
T <Z e (O() N (e(TM]x,xx,) 7" 0 (11 X 1) Cu(an ® a2))>
i>0
where M denotes the product M; x My and O(1) = Op(ny, ., m)(1). Using the Theorem
3.1.1 and Example 1.5.10, it follows that s(X; x Xg; 4 ® a) is equals to
T (Z e (O() N ((TM | x,xx,) "' N (ea(an) x LZC*(O@)))> :
i>0
Note that TM|x,xx, = TMi|x, ® TMs|x,. Thus, s(X; x X3;07 ® ag) is equals to
un (Z c1 (O(1)' Ny (e(TMy|x, & TMalx,) ™" N (1 () X LEC*(Q2)))> :

>0

With a similar argument that we use in the proof of Proposition 3.1.3, we get ¢(T'M;|x, ®
TMslx,) ' N(Ges(an) X ie(an)) = (e(TMilx,) ™ N ejen(an)) x (e(TMa|x,) " Nises(az)).
Using successively the Example 1.5.11, s(X; x X5; 07 ® ) is equals to

M (Z (Cl (OJP(leMn(l))i N (e(TM]x,)™" N LTC*(OH))) X

i>0
< (1 (0w ) P (Tl ) () ) )
Lastly, by Proposition 1.5.4(b), it follows that

S(Xl X XQ;Oél (29 Oég)

= (m)s <Z (01 (OIP(leMl)(l))i N *(e(TM|x,) ' N L’{@(aﬂ))) X

<(m). (Z (61 (Ot o) (T ML) 1 L;c*<a2>>)>

1>0

= s(Xy;0q) x s(Xa; ).

We can use the above proposition to inductively show the following result.
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Corollary 4.0.4 Let Xq,---, X, be schemes which can be imbedded as subshemes of
nonsingular varieties My, --- , M,, respectively. For each i = 1,...,r, consider «; a

constructible function on M;. Then
S(Xi X X X ® - @ a,) =s(Xp;0q) X -+ X s( X5 ).

Proposition 4.0.5 Consider f : M' — M a proper and flat morphism of non-
singular schemes, X C M a closed subscheme, X' = f~1(X) the inverse image scheme,
g : X' — X the induced morphism. Given a constructible function o' on M’', set
a = f.o. Then

g (s(X € M;a)) = (N M) e(f(TM)]x) ™" N i"eu(a).

Proof. Let B be the blow-up of M along X and let B’ be the blow-up of M’ along X'.
Denote by X the exceptional divisor in B with projection 7 : X — X, and denote by
X the exceptional divisor in B’ with projection 7 : X’ —» X'. Consider F : B — B
the induced morphism such that F*X = X’ and consider G the induced morphism
from X’ to X. Moreover, let O(1) be the canonical line bundle on X. In this way,
G*O(1) is the canonical line bundle on X'. Let us look at the following commutative

diagram:
G*O(1) X' -9 X O(1)
|
X 2sX

1)

ML

that is, gon’ = noG and foi = 1o0g. Below we have a sequence of equalities in which

we use several times the commutativity of the previous diagram and the projection
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formula:

9" (s(X C M;a))

g s
g s
g 1
g s
g s

g s

ni(

Y aoW) Ny (e(TM[x) ' n L*C*(Oé))>
D e (O) N (e (TM)) ™' 0 L*c*(f*a'))>

Z o (O Ny (H(TM)™n L*f*C*(O/))>

>0

Z e (O N (e(*(TM)™' N g*L'*c*(a’))>

>0

Y a(OW) Ny gue(g e (TM) ™' n L’*C*(O/))>

>0

D a(OW) NG (e fF(TM)™ N /*c*(o/)))

>0

Y (GO Ny (e(f(TM)x) ™" N L’*C*(O/)))

>0

c(Ny M) re(f*(TM)|x) "t N e ().
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Capitulo 5

Apéndice A

5.1 Algebraic sets

Let us denote by k the field of real numbers R or the field of complex numbers
C. As references we cite [Milnor| and [Suwa2].

A subset V' C k" is called an algebraic set if V is the locus of common seros
of some collection of polynomial functions on k™. Let I(V) C klxy,...,z,] be the
ideal consisting of those polynomials which vanish throughout V. By the Hilbert basis
theorem, we know that (V') is finitely generated. A non-vacuous algebraic set V' is
called variety or an irreducible algebraic set if it cannot be expressed as the union of
two proper algebraic subset. One has that, V is irreducible if and only if (V) is a
prime ideal.

Given an irreducible algebraic set V', the integral domain k[xq,...,z,]/I(V) is
called the field of rational functions on V. Consider fi,..., fx € klz1,...,z,] which
span the ideal I(V') and, for each x € V, consider the k x n matrix (0f;/0x;) evaluated
at x. Let r be the largest rank which this matrix attains at any point of V. In this
way, a point z € V is called non-singular if the matrix (0f;/0z;) attains its maximal
rank 7 at z; and singular if rank(0f(z)/0x;) < r. Note that, the set of all singular
points of V' forms a proper algebraic subset of V.

Now let us define an equivalence relation in the set of subsets of £”. Let p € k™.

Given A and B subsets of k", one defines A ~,, B if there is a neighborhood U of p



such that ANU = BN U. The equivalence class represented by the set A is denoted
by (A, p) or, simply, A. Moreover, consider two functions f,g : k" — k™: f and ¢
are equivalent if there exists a neighborhood U of p such that f|y = g|y. This is an
equivalence relation. The equivalence class represented by the function f is denoted by
f: (K", p) — k™. In this case, one says that f : (k",p) — k™ is a germ of function
at p. When f(p) = ¢, it is denoted by f : (K", p) — (K™, q).

Analogously, we may define analytic sets, taking analytic functions instead poly-

nomial functions.

5.2 Sheaves and schemes

The references are [H| and [G-W]|.
Let X be a topological space. A presheaf F on X consist of the: for every open
set U of X aset F(U); and for each pair of open set U C V amap py, : F(V) — F(U),

called restriction map, such that
(1) pf; = idz) for all open set U C X,
(2) for U CV C W open sets of X, plY = pl; o pi’.

Let F; and F;, be presheaves on X. A morphism of presheaves ¢ : F; — Fo is a
family of maps p(U) : F1(U) — F»(U) for all U C V open, such that for all pairs of

open sets U C V in X the following diagram commutes

FV) 2L Fywv)
Fi(U) i >(U)

A presheaf F is called a sheaf if for all open sets U in X and every open covering

U = U;U; the following conditions hold
(a) Given s,s" € F(U) with p{j (s) = pg.(s') for all 4, one has s = §'.

(b) Given s; € F(U;) for all i such that pf, . (si) = pp,np, (s;) for all 4, j, then there
is an s € F(U) such that pf (s) = s;.
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A morphism of sheaves is a morphism of presheaves. In an analogous way, one defines
the notion of a sheaf of abelian groups, a sheaf of rings, a sheaf of modules, or a sheaf
of algebras. If F is a presheaf on X, and if x is a point of X, we define the stalk F, of
F at x to be the direct limit of the groups F(U) for all open sets U containing z, via
the restriction maps p.

Example 5.2.1 Let X be a complex manifold. Denote by Ox the sheaf of holomorphic

functions on X defined as follows: Given an open set U in X one has

Ox(U)={f:U — C| f is holomorphic}.

A ringed space is a pair (X, Ox), where X is a topological space and Oy is a sheaf
of (commutative) rings on X. Let (X, Ox) and (Y, Oy) be ringed spaces. One defines
a morphism of ringed spaces (X, Ox) — (Y, Oy) as a pair (f, f#), where f : X — Y
is a continuous map and f# : Oy — f.Ox is a morphism of sheaves of rings on Y.
The sheaf f.Ox is given by f.Ox(U) = Ox(f~!(U)) for all open set U in Y. Moreover,
a locally ringed space is a ringed space (X, Ox) such that for all z € X the stalk Ox ,
is a local ring. A morphism of locally ringed space (X, Ox) — (Y, Oy) is a morphism
of ringed spaces (f, f#) such that for all x € X the induced homomorphism on stalks
[#: Oy px) — Ox, is a local ring homomorphism. An isomorphism of locally ringed
spaces is a morphism with a two-sided inverse.

Let (X, Ox) be a ringed space. An Ox-module is a sheaf F on X, such that for
each open set U C X, the group F(U) is an Ox(U)-module, and for each inclusion of
open sets U C V, the restrition map F(V) — F(U) is compatible with the module
structures.

For any ring A, one can associate the topological space SpecA, which is the set
of all prime ideals of A equipped with the so-called Zariski topology. One can also
define Ogpeca 0n SpecA. Given an open set U C SpecA, consider Ogpeca(U) the set of
functions s : U — [,y Ay, such that s(p) € A, for each p, and such that s is locally
a quotient of elements of A. Note that, Ogpeca defines a sheaf of rings. Moreover,
(SpecA, Ogpeca) is a locally ringed space, called the affine scheme.

A scheme is a locally ringed space (X, Ox) which admits an open covering X =
Uie; Ui such that all locally ringed spaces (U;, Ox|y,) which are isomorphic to affine

schemes. A morphism of schemes is a morphism of locally ringed spaces.
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5.3 Whitney stratification

Let V' be a complex analytic variety V' of dimension n in a complex manifold M.
An analytic stratification of V' is a locally finite family (V). of non-singular analytic

subspaces of V', which are called strata, such that:
(1) The family is a partition of V.
(2) For each V,, the closures in V of both V,, and V,\V, are analytic in V.
(3) For each pair (V,, Vj) such that V,, N Vj # () one has V,, C Vj.

A Whitney stratification is a stratification (V,,), that satisfies the following conditions,
known as the Whitney conditions (a) and (b), for every pair (V,, V3) such that V,, C Vj.
Given y € V,, consider x; € V3 a sequence converging to y, and y; € V, another
sequence that also converges to y. Suppose these sequences are such that the sequence
of secant lines [; = Z;y; also converges to some limiting line [, and the tangent planes
T,,Vs converges to some limiting plane 7. The Whitney conditions (a) and (b) are the

following:

(a) The limit space 7 contains the tangent space of the stratum V,, at y, that is,

T,V, Cr.
(b) The limit space 7 contains all the limits of secants, that is, [ C 7.

There are some interesting facts about a Whitney stratification. Among them, we
have: Every closed analytic subset of an analytic manifold admits a Whitney stratifica-
tion; Whitney stratified spaces can be triangulated compatibly with th stratifacation;

and Whitney stratifications are locally topological trivial along the strata.

5.4 Chern-Weil Theory

The main references in this section are [Chern] and [Milnor-Stasheff].
Let E be a complex r-vector bundle on a n-dimensional smooth manifold M.
Denote by TiM = T*M ® C the complexified dual tangent bundle of M, Q'(M) the

module of smooth sections of T M and I'(E) the module of smooth sections of E.
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Definition 5.4.1 A connection 7 on E is a C-linear map V : T(E) — Q}(M)®T(E)
satisfying Leibnitz’ rule
V(fs)=df @s+ fV(s)

where s € I'(E) and f: M — C is smooth.

Let s = s1,...,8, : U — E be a frame, where U is open subset in M. Given
a connection V on E, we can decompose V(s;) into its components, writing V(s;) =
> i1 0ijsj. The matrix 0 = (6;;) of 1-forms is called the connection matriz of V with
repect to s.

A connection V on E induces a unique C-linear function V : QY(M) @ T'(E) —
O?(M)®T(E) that satisfies V(w®s) = dw®@s—wAVs for allw € Q' (M) and s € T'(E).
The C-linear function Ky := V? is called the curvature tensor of the connection V.

Denote by M,(C) the algebra consisting of all n x n complex matrices. An
invariant polynomial on M, (C) is a function P : M, (C) — C, which can be expressed
as a complex polynomial in the entries of the matrix, and satisfies P(XY) = P(Y X),
or equivalently, P(TXT~!) = P(X) for all non-singular matrix 7. Note that, the trace
and determinant functions are examples of invariant polynomials. For any invariant

polynomial P, we have a well-defined global differential form, denoted by P(Ky).
Theorem 5.4.2 Given P an invariant polynomial, we have
(a) The form P(Kvy) is closed, that is dP(Kv) = 0.

(b) The cohomology class [P(K)] = [P(Kv)] is independent of the connection V.

Given any A € M, (C), let o (A) the k-th elementary symmetric function of the eigen-
values of A. One has det(Id +tA) =1+ to1(A) + - +t"0,(A).

Definition 5.4.3 The k-th Chern class of E is defined by

a(B) = {ak (gm)} & Y (M;C).
The total Chern class of E is defined by

c(E)=14+c(E)+ - +c(E) e HYp'(M;C).
We have expected properties, such as ¢(f*FE) = f*c(F) for all smooth map f: M’ —
M; and ¢(E @ F) = ¢(E)c(F), known as the Whitney sum formula.
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5.5 Derived categories

Let X be a complex analytic space. One denotes by D2(X) the derived cate-
gory of bounded, constructible complexes of sheaves of C-vector spaces on X. Given
F*, the shifted complex F*[l] is defined by (F*[l])*F**! with differential given by
dfl] = (—1)!d**!. For any F* = D’ X) and p € X, one denotes by H*(F*), the stalk
cohomology of F'* at p, and thus, the Euler characteristic of F'* at p is given by

X(F*), =Y (=1)* dimg HY(F*),.

k
Moreover, the Euler characteristic of X with coefficients in F®, denoted by x (X, F**),
is given by

XX, F*) =) " (—1)F dime HY(X, F*)
k
where H*(X, F'*) denotes the hypercohomology groups of X with coefficients in F*°.

Now, consider S a Whitney stratification of X. Given p € S, set x(F¢) = x(F*),.

Then, we have

XX, F®) = X(F$)x(9).

Ses
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