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✺✳✶ ❆❧❣❡❜r❛✐❝ s❡ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✺✳✷ ❙❤❡❛✈❡s ❛♥❞ s❝❤❡♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✺✳✸ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✺✳✹ ❈❤❡r♥✲❲❡✐❧ ❚❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✺✳✺ ❉❡r✐✈❡❞ ❝❛t❡❣♦r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

❘❡❢❡rê♥❝✐❛s ✻✸

✐①



■♥tr♦❞✉çã♦

❚❤❡ ▼✐❧♥♦r✬s ✜❜r❛t✐♦♥ t❤❡♦r❡♠ ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ t♦♦❧s ❢♦r t❤❡ t♦♣♦❧♦❣✐❝❛❧ st✉❞②

♦❢ t❤❡ ✜❜❡rs ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ♥❡❛r t❤❡✐r ❝r✐t✐❝❛❧ ♣♦✐♥ts✳ ❆♠♦♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥

♦❜t❛✐♥❡❞ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ✐♥✈❛r✐❛♥t ❝❛❧❧❡❞ t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r✳ ❚❤❡ ❝❧❛ss✐❝ ❞❡✜♥✐t✐♦♥ ♦❢

t❤✐s ♥✉♠❜❡r ✐s ♣✉r❡❧② t♦♣♦❧♦❣✐❝❛❧✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ✈❡rs✐♦♥ ♦❢ ▼✐❧♥♦r

♥✉♠❜❡r ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✳ ❈♦♥s✐❞❡r f : (Cn+1, 0) −→ (C, 0) ❛ ❣❡r♠ ♦❢ ❤♦❧♦✲

♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥✱ ✇✐t❤ ✐s♦❧❛t❡❞ ❝r✐t✐❝❛❧ ♣♦✐♥t ❛t 0✳ ❚❤❡ ▼✐❧♥♦r ♥✉♠❜❡r✱ ❞❡♥♦t❡❞ ❜②

µ(f)✱ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r dimC On+1/(∂f/∂z0, . . . , ∂f/∂zn)✱ ✇❤❡r❡ On+1 ✐s t❤❡

r✐♥❣ ♦❢ ❣❡r♠s ♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ❛t t❤❡ ♦r✐❣✐♥✳ ❆♠♦♥❣ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ ▼✐❧♥♦r

♥✉♠❜❡r ✇❡ ❤✐❣❤❧✐❣❤t P❛r✉s✐➠s❦✐✲▼✐❧♥♦r ♥✉♠❜❡r ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✐♥ ❛ ❝♦♥t❡①t ♥♦t ♥❡❝❡s✲

s❛r✐❧② ✇✐t❤ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t②✳ ▲❡t M ❜❡ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❛❝t ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞

❛♥❞ ❧❡t L ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❧✐♥❡ ❜✉♥❞❧❡ ♦✈❡r M ✳ ❈♦♥s✐❞❡r X := v−1(0) ❛ ❞✐✈✐s♦r ✐♥

M ✱ ✇❤❡r❡ v ✐s ❛ r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ L✳ ❚❤❡ P❛r✉s✐➠s❦✐✲▼✐❧♥♦r ♥✉♠❜❡r ✐s

❞❡✜♥❡❞ ❜②

µ(X) = (−1)n−1 (χ(M |L)− χ(X)) ,

✇❤❡r❡ ❢♦r ❛ ✈❡❝t♦r ❜✉♥❞❧❡ E ♦✈❡r M ✱

χ(M |E) :=
∫

M

c(E)−1ctop(E)c(M) ∩ [M ].

■♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ P✳ Pr❛❣❛❝③✱ P❛r✉s✐➠s❦✐ ♣r❡s❡♥t❡❞ s♦♠❡ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s ♦❢

t❤❡ ❛❜♦✈❡ ♥✉♠❜❡r✳

❈❤❛r❛❝t❡r✐st✐❝ ❝❧❛ss❡s ❛r❡ ❝❡rt❛✐♥ ❦✐♥❞s ♦❢ ❝♦❤♦♠♦❧♦❣② ❝❧❛ss❡s ❛ss♦❝✐❛t❡❞ t♦ ✈❡❝t♦r

❜✉♥❞❧❡s ♦✈❡r s♣❛❝❡s✳ ❚❤❡ ❝❧❛ss✐❝ ❝❛s❡ ✐s ✇❤❡♥ ✇❡ ❤❛✈❡ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ❛♥❞ t❤❡✐r

t❛♥❣❡♥t ❜✉♥❞❧❡✳ ❚❤✐s t❤❡♦r② ❜❡❣❛♥ ✐♥ t❤❡ ②❡❛r ✶✾✸✺ ✇✐t❤ t❤❡ ✇♦r❦s ♦❢ ❍✳ ❲❤✐t♥❡②

❛♥❞ ❊✳ ❙t✐❡❢❡❧✱ ❛r✐s✐♥❣ t❤❡♥ ❙t✐❡❢❡❧✲❲❤✐t♥❡② ❝❧❛ss❡s✳ ❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ P♦♥tr❥❛❣✐♥ ❛♥❞



❊✉❧❡r ❝❧❛ss❡s ✐♥ t❤❡ r❡❛❧ ❝❛s❡✳ ■♥ ✶✾✹✻✱ ❙✳❙✳ ❈❤❡r♥ ❞❡✜♥❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❝❧❛ss❡s ❢♦r

❝♦♠♣❧❡① ✈❡❝t♦r ❜✉♥❞❧❡s✱ ✇❤✐❝❤ ❛r❡ ❝❛❧❧❡❞ ❈❤❡r♥ ❝❧❛ss❡s✳ ■♥ ❛ t♦♣♦❧♦❣✐❝❛❧ ❛♣♣r♦❛❝❤✱

♦❜str✉❝t✐♦♥ t❤❡♦r② ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ ❈❤❡r♥ ❝❧❛ss❡s✳ ❍♦✇❡✈❡r✱ ❢♦r ❛ ❞✐✛❡r❡♥t✐❛❧✲

❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤✱ ❈❤❡r♥✲❲❡✐❧ t❤❡♦r② ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ ❈❤❡r♥ ❝❧❛ss❡s✳

❚❤❡ ✜rst ♥♦t✐♦♥s ♦❢ ❈❤❡r♥ ❝❧❛ss ❢♦r s✐♥❣✉❧❛r ✈❛r✐❡t✐❡s ❛♣♣❡❛r❡❞ ✐♥ t❤❡ ✇♦r❦s ♦❢

❲✳❚✳ ❲✉ ❛♥❞ ❏✳ ▼❛t❤❡r✳ ❚❤❡ ♦❜str✉❝t✐♦♥ ❛♣♣r♦❛❝❤ ♦❢ ❈❤❡r♥ ❝❧❛ss❡s ✐s ❞✉❡ t♦ ▼✳❍✳

❙❝❤✇❛rt③✱ ❛♥❞ ❘✳ ▼❛❝P❤❡rs♦♥ ♣r❡s❡♥t❡❞ ❛♥ ❛①✐♦♠❛t✐❝ t❤❡♦r② ❛❜♦✉t ❈❤❡r♥ ❝❧❛ss❡s✳

▼♦r❡♦✈❡r✱ ▼❛❝♣❤❡rs♦♥ ❣❛✈❡ ❛ ♣♦s✐t✐✈❡ ❛♥s✇❡r t♦ t❤❡ ❉❡❧✐❣♥❡ ❛♥❞ ●r♦t❤❡♥❞✐❡❝❦✬s ❈♦♥✲

❥❡❝t✉r❡ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❈❤❡r♥ ❝❧❛ss❡s s❡❡♥ ❛s ❛ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡

❝♦✈❛r✐❛♥t ❢✉♥❝t♦r ♦❢ t❤❡ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s t♦ t❤❡ ❤♦♠♦❧♦❣② ❢✉♥❝t♦r ✇✐t❤ ❛ ❣♦♦❞

❜❡❤❛✈✐♦r r❡❣❛r❞✐♥❣ ♣✉s❤❢♦r✇❛r❞✳ ❚❤❡ ▼❛❝P❤❡rs♦♥✬s ♦r✐❣✐♥❛❧ ✇♦r❦ ✇❛s ✐♥ ❝♦♥t❡①t ♦❢

❝♦♠♣❧❡① ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t✐❡s ❛♥❞ ♦♥ ❤♦♠♦❧♦❣② ❣r♦✉♣s✳ ❋♦r ❛ ❝♦♥t❡①t ❝♦♠♣❧❡t❡❧② ❛❧❣❡✲

❜r❛✐❝✱ ❜② ❡①t❡♥❞✐♥❣ t♦ ✈❛r✐❡t✐❡s ♦✈❡r ❛♥ ❛r❜✐tr❛r② ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✱ s❡❡ ❬❑❡♥❪❀

❢♦r ❛ ❝♦♥t❡①t ♦♥ ❈❤♦✇ ❣r♦✉♣s✱ s❡❡ ❬❋✉❧✱ ✶✾✳✶✳✼❪✳ ❯s✐♥❣ t❤❡ ❆❧❡①❛♥❞❡r ❞✉❛❧✐t②✱ ♦♥❡ ❤❛s

t❤❛t t❤❡ ❙❝❤✇❛rt③ ❝❧❛ss ❛♥❞ t❤❡ ▼❛❝P❤❡rs♦♥ ❝❧❛ss ❝♦✐♥❝✐❞❡✱ ❜❡✐♥❣ s♦✲❝❛❧❧❡❞ ❙❝❤✇❛rt③✲

▼❛❝P❤❡rs♦♥ ❝❧❛ss❡s✳ ❚❤❡ ❋✉❧t♦♥ ❛♥❞ ❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss❡s ❛r❡ ♦t❤❡r ❦♥♦✇♥ ❣❡♥❡✲

r❛❧✐③❛t✐♦♥s✳ ■♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡s❡ ❝❧❛ss❡s ❛♥♦t❤❡r ❝❧❛ss ❛♣♣❡❛rs✱ ❝❛❧❧❡❞ t❤❡ ❙❡❣r❡

❝❧❛ss✳ ■t ✐s ❦♥♦✇♥ t❤❛t ❢♦r ❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥s t❤❡ ❋✉❧t♦♥ ❝❧❛ss❡s ❛♥❞ ❋✉❧t♦♥✲❏♦❤♥s♦♥

❝❧❛ss❡s ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❈❤❡r♥ ❝❧❛ss ♦❢ t❤❡ ✈✐rt✉❛❧ ❜✉♥❞❧❡✳

❲❡ ❝❛♥ ✜♥❞ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥ ❝❧❛ss ❛♥❞ t❤❡ ❋✉❧t♦♥✲

❏♦❤♥s♦♥ ❝❧❛ss ✐♥ ✇♦r❦s ♦❢ ❆✳ P❛r✉s✐➠s❦✐✱ P✳ Pr❛❣❛❝③✱ ❏✳P✳ ❇r❛ss❡❧❡t✱ ❉✳ ▲❡❤♠❛♥♥✱ ❏✳

❙❡❛❞❡✱ ❚✳ ❙✉✇❛✱ ❙✳ ❨♦❦✉r❛ ❛♥❞ P✳ ❆❧✉✣✱ s❡❡ ❬PP✸❪✱ ❬❇▲❙❙❪✱ ❬❨❪✱ ❬❆✹❪✳ ▼♦t✐✈❛t✐♥❣ t♦

❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ▼✐❧♥♦r ❝❧❛ss ❛s ❜❡✐♥❣ t❤❡ ❞✐✛❡r❡♥❝❡✱ ✉♣ t♦ s✐❣♥✱ ❜❡t✇❡❡♥ t❤❡

❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥ ❝❧❛ss ❛♥❞ t❤❡ ❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss✳ ❊①♣❧✐❝✐t❧②✱ ❧❡t X ❜❡ ❛ n✲

❞✐♠❡♥s✐♦♥❛❧ ✐rr❡❞✉❝✐❜❧❡ ❛♥❛❧②t✐❝ ✭♦r ❛❧❣❡❜r❛✐❝✮ ✈❛r✐❡t② ❡♠❜❡❞❞❡❞ ✐♥ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞

M ✳ ❚❤❡ ▼✐❧♥♦r ❝❧❛ss ♦❢ X ✐s ❞❡✜♥❡❞ ❜②

M(X) = (−1)n−1(cFJ(X)− cSM(X)),

✇❤❡r❡ cFJ(X) ❞❡♥♦t❡s t❤❡ ❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss ♦❢X ❛♥❞ cSM(X) ❞❡♥♦t❡s t❤❡ ❙❝❤✇❛rt③✲

▼❛❝P❤❡rs♦♥ ❝❧❛ss ♦❢ X✳ ❆♥ ✐♥t❡r❡st✐♥❣ ❢❛❝t ✐s t❤❛t t❤❡ ❞❡❣r❡❡ ♦❢ ▼✐❧♥♦r ❝❧❛ss ✐s ❡q✉❛❧s

t❤❡ P❛r✉s✐➠s❦✐✲▼✐❧♥♦r ♥✉♠❜❡r✱ t❤❛t ✐s✱

µ(X) =

∫

X

M(X).

✷



❲❡ ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ ❞❡✜♥✐t✐♦♥s t❤❛t ❛r❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ s♦♠❡ ❡❧❡♠❡♥ts t❤❛t ✇❡ ❤❛✈❡

❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ ❛s ✇❡❧❧ ❛s s♦♠❡ ♣r♦♣❡rt✐❡s ❛♥❞ ❡①❛♠♣❧❡s✳ ❚♦ t❤✐s ❡♥❞✱ t❤✐s t❤❡s✐s ✇❛s

❞✐✈✐❞❡❞ ✐♥t♦ ✜✈❡ ❝❤❛♣t❡rs✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❜r✐❡✢②✳

❚❤❡ ❈❤❛♣t❡r ✶ ✐s ❞❡✈♦t❡❞ t♦ s♦♠❡ ♣r❡❧✐♠✐♥❛r② ❢❛❝ts ❛♥❞ ❞❡✜♥✐t✐♦♥s✳ ❆♠♦♥❣

t❤❡s❡ ❢❛❝ts ❛♥❞ ❞❡✜♥✐t✐♦♥s ❛r❡ t❤❡ ♥♦t✐♦♥s ♦❢ ✈❡❝t♦r ✜❡❧❞s ✇✐t❤ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s✱

P♦✐♥❝❛ré✲❍♦♣❢ t❤❡♦r❡♠✱ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡s✱ ❤❡r♠✐t✐❛♥ ♠❡tr✐❝✱ ❧♦❣❛r✐t❤♠✐❝

❢♦r♠s✱ ❢r❡❡ ❞✐✈✐s♦rs✱ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ❛♥❞ ▼✐❧♥♦r ♥✉♠❜❡r✳ ▼♦r❡♦✈❡r✱ ✇❡ ♦r❣❛♥✐✲

③❡❞ ❛ s✉♠♠❛r② ❛❜♦✉t ✐♥t❡rs❡❝t✐♦♥ t❤❡♦r②✱ ✇✐t❤ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ✉s❡❞ t❤r♦✉❣❤♦✉t

s✉❜s❡q✉❡♥t ❝❤❛♣t❡rs✳

■♥ t❤❡❈❤❛♣t❡r ✷✱ ✇❡ ❜❡❣✐♥ ✇✐t❤ ❛ ❜r✐❡❢ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥

❝❧❛ss ❛♥❞ ❣❡♥❡r❛❧✐③❡ ❛ ❢♦r♠✉❧❛ ❞✉❡ t♦ P❛r✉s✐➠s❦✐ ❛♥❞ Pr❛❣❛❝③ ✐♥✈♦❧✈✐♥❣ t❤❡ ❊✉❧❡r ❝❤❛✲

r❛❝t❡r✐st✐❝✳ ❚❤❡♥ ✇❡ ♣r❡s❡♥t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ ❞✉❡ t♦ P✳ ❉❡❧✐❣♥❡

✭❉❡✜♥✐t✐♦♥ ✷✳✷✳✷✮✳ ❙✉❝❤ ❛ ❝♦♥♥❡❝t✐♦♥ ✐s ✉s❡❞ t♦ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ µ✲♥✉♠❜❡r ❞✉❡

t♦ P❛r✉s✐➠s❦✐ ✭❉❡✜♥✐t✐♦♥ ✷✳✷✳✹✮✳ ❚❤❡ ❚❤❡♦r❡♠ ✷✳✷✳✸ ❞✉❡ t♦ P❛r✉s✐➠s❦✐ ♠♦t✐✈❛t❡❞ ✉s

t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✻✳ ▲❡t M ❜❡ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❛❝t ❝♦♥♥❡❝t❡❞ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞

❛♥❞ ❧❡t X := v−1(0) ❜❡ ❛ ❞✐✈✐s♦r ✐♥ M ✱ ✇❤❡r❡ v ✐s ❛ r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ L✳

●✐✈❡♥ D ❛♥♦t❤❡r ❞✐✈✐s♦r ✐♥ M ✱ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ▼✐❧♥♦r ♥✉♠❜❡r ♦❢ X ✇✐t❤ ♣♦❧❡s ❛❧♦♥❣

D ♦r✱ s✐♠♣❧②✱ ❧♦❣❛r✐t❤♠✐❝ ▼✐❧♥♦r ♥✉♠❜❡r ♦❢ X ✐s ❞❡✜♥❡❞ ❜②

µD(X) = (−1)n
(
χ(X;✶X\D)−

∫

M

c(L)−1c1(L)c(❉❡rM(−❧♦❣ D)) ∩ [M ]

)
.

■♥ t❤❡ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✸ ✇❡ ♣r❡s❡♥t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❧♦❣❛r✐t❤♠✐❝

▼✐❧♥♦r ♥✉♠❜❡r ❛♥❞ P❛r✉s✐➠s❦✐✲▼✐❧♥♦r ♥✉♠❜❡r✿

µD(X) = µ(X)− (−1)nχ(X;✶X∩D) + (−1)n
∫

M

c(L)−1c1(L)c∗(D).

◆♦✇ ✇❡ ❣❡♥❡r❛❧✐③❡ ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ ❧♦❣❛r✐t❤♠✐❝ ▼✐❧♥♦r ♥✉♠❜❡r t♦ ❛♥ ❛r❜✐tr❛r② ❝♦♥s✲

tr✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r r❡❧❛t✐✈❡ t♦ α ❛s

µ(Y ;α) = (−1)dimY

(∫

M

c(E)−1ctop(E)c∗(α)− χ(Y ;α|Y )
)

✇❤❡r❡ Y ✐s ❛ ❝❧♦s❡❞ s✉❜✈❛r✐❡t② ♦❢ M ♦❢ ♣✉r❡ ❞✐♠❡♥s✐♦♥ ❣✐✈❡♥ ❛s ③❡r♦ s❡t ♦❢ ❛ r❡❣✉❧❛r

❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ E ♦✈❡r M ❛♥❞ α ✐s ❛ ❝♦♥str✉❝t✐❜❧❡

❢✉♥❝t✐♦♥ ♦♥ M ✳

✸



▲❛st❧② ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ▼✐❧♥♦r ❝❧❛ss ❞✉❡ t♦ ❏✳ ❙❝❤ür♠❛♥♥ ✭❉❡✜♥✐t✐♦♥

✷✳✸✳✹✮✳ ❋♦r ❛ r❡❣✉❧❛r ❡♠❜❡❞❞✐♥❣ ι : X →֒ Z ❛♥❞ α ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ Z✳

❙❝❤ür♠❛♥♥ ❞❡✜♥❡❞ t❤❡ ▼✐❧♥♦r ❝❧❛ss ♦❢ t❤❡ ♣❛✐r X ⊂ Z r❡❧❛t✐✈❡ t♦ α ❛s

M(X ⊂ Z;α) = (−1)dimX
(
c(NXZ)

−1 ∩ ι∗(c∗(α))− c∗(ι
∗(α))

)
∈ H∗(X).

❆ss✉♠✐♥❣ t❤❛t Z ✐s ❛ s♠♦♦t❤ ✈❛r✐❡t② ❛♥❞ X ✐s t❤❡ ③❡r♦✲s❝❤❡♠❡ ♦❢ ❛ r❡❣✉❧❛r s❡❝t✐♦♥ ♦❢

❛ ✈❡❝t♦r ❜✉♥❞❧❡ E ♦♥ Z✳ ❲❡ s❤♦✇ t❤❛t

µ(X;α) =

∫

X

M(X;α).

■♥ ❛ ♥❛t✉r❛❧ ✇❛②✱ ❢r♦♠ t❤❡ ❙❝❤ür♠❛♥♥✬s ❞❡✜♥✐t✐♦♥✱ ♦♥❡ ❞❡✜♥❡s t❤❡ ❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss

♦❢ t❤❡ ♣❛✐r X ⊂ Z r❡❧❛t✐✈❡ t♦ α ❛♥❞ t❤❡ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥ ❝❧❛ss ♦❢ t❤❡ ♣❛✐r X ⊂ Z

r❡❧❛t✐✈❡ t♦ α✳

❚❤❡ ❈❤❛♣t❡r ✸ st❛rts ✇✐t❤ t❤❡ r❡s✉❧t ❞✉❡ t♦ ▼✳ ❑✇✐❡❝✐➠s❦✐ ✭❚❤❡♦r❡♠ ✸✳✶✳✶✮✱

✇❤✐❝❤ st❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ▲❡t X ❛♥❞ Y ❜❡ ♠❛♥✐❢♦❧❞s ❛♥❞ ❧❡t α ❛♥❞ β ❜❡ ❝♦♥str✉❝t✐❜❧❡

❢✉♥❝t✐♦♥s ♦♥ X ❛♥❞ Y ✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥

c∗(α⊗ β) = c∗(α)× c∗(β).

❚❤❡ ❚❤❡♦r❡♠ ✸✳✶✳✶ ✇✐❧❧ ❜❡ ♦❢ ❣r❡❛t ✉s❡ t❤r♦✉❣❤♦✉t t❤✐s t❡①t✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ t♦ s❤♦✇

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✸✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡s❡ ♣r♦♣♦s✐t✐♦♥s ✇❡

❣❡t t❤❡ ❚❤❡♦r❡♠ ✸✳✶✳✹✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s ❛ ♣r♦❞✉❝t ❢♦r♠✉❧❛ ❞✉❡ t♦ ❚✳ ❖❤♠♦t♦ ❛♥❞ ❙✳

❨♦❦✉r❛✳

▲❡t M ❜❡ ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❛❝t ❝♦♠♣❧❡① ❛♥❛❧②t✐❝ ♠❛♥✐❢♦❧❞✳ ❉❡✜♥❡ M (r) :=

M × · · · ×M ✳ ❆♥❞ ❧❡t Z(t) ❜❡ t❤❡ ③❡r♦ s❡t ♦❢ ❛ r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ t ♦❢ ❛

❤♦❧♦♠♦r♣❤✐❝ d✲✈❡❝t♦r ❜✉♥❞❧❡ E ♦✈❡r M (r)✳ ❍❡♥❝❡✱ Z(t) ✐s ❛ ❝❧♦s❡❞ s✉❜✈❛r✐❡t② ♦❢ M (r)

♦❢ ❞✐♠❡♥s✐♦♥ nr − d✳ ❈♦♥s✐❞❡r ∆ : M −→ M (r) t❤❡ ❞✐❛❣♦♥❛❧ ♠♦r♣❤✐s♠✱ ✇❤✐❝❤ ✐s ❛

r❡❣✉❧❛r ❡♠❜❡❞❞✐♥❣ ♦❢ ❝♦❞✐♠❡♥s✐♦♥ nr−n✳ ❚❤❡ ♠♦r♣❤✐s♠ ∆ ✐♥❞✉❝❡s t❤❡ r❡✜♥❡❞ ●②s✐♥

❤♦♠♦♠♦r♣❤✐s♠

∆! : H2k(Z(t)) −→ H2(k−nr+n)(Z(∆
∗(t))).

❚❤❡ ▲❡♠♠❛ ✸✳✷✳✶✱ ❞✉❡ t♦ ❘✳ ❈❛❧❧❡❥❛s✲❇❡❞r❡❣❛❧✱ ▼✳ ❋✳ ❩✳ ▼♦r❣❛❞♦ ❛♥❞ ❏✳❙❡❛❞❡✱ ✐s ✉s❡❞

✐♥ Pr♦♣♦s✐t✐♦♥s ✸✳✷✳✷ ❛♥❞ ✸✳✷✳✸✱ ✇❤✐❝❤ ❛r❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ❢♦r ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s

♦❢ r❡s✉❧ts ✐♥✈♦❧✈✐♥❣ t❤❡ r❡✜♥❡❞ ●②s✐♥ ❤♦♠♦♠♦r♣❤✐s♠ ❛❜♦✈❡ ❛♥❞ t❤❡ ❋✉❧t♦♥✲❏♦❤♥s♦♥

✹



❛♥❞ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥ ❝❧❛ss❡s✱ ❢♦✉♥❞ ✐♥ ❬❇✲▼✲❙❪✳ ❆♥❞ t❤✉s✱ t❤❡ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹✱

✇❤✐❝❤ st❛t❡s t❤❛t

∆!(M(Z(t);α)) = (−1)nr−nc
((
TM |Z(∆∗t)

)⊕r−1
)
∩M(Z(∆∗t);∆∗α),

❢♦❧❧♦✇s ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡s❡ ♣r♦♣♦s✐t✐♦♥s✱ ✇❤❡r❡ α ✐s ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥

M (r)✳

◆♦✇✱ ❢♦r ❡❛❝❤ i = 1, · · · , r✱ ❧❡t Ei ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ♦❢ r❛♥❦ di ♦✈❡r

M ❛♥❞ ❧❡t Xi := s−1
i (0) ❜❡ ❛ (n− di)✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❝❛❧ ❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥✱ ✇❤❡r❡ si

✐s ❛ r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦♥ Ei✳ ❙❡t X := X1∩· · ·∩Xr✳ ❚❤❡♥ ✇❡ ❣❡♥❡r❛❧✐③❡✱ ❢♦r

❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s✱ s♦♠❡ ✐♥t❡rs❡❝t✐♦♥ ❢♦r♠✉❧❛s ❞✉❡ t♦ ❘✳ ❈❛❧❧❡❥❛s✲❇❡❞r❡❣❛❧✱ ▼✳ ❋✳

❩✳ ▼♦r❣❛❞♦ ❛♥❞ ❏✳❙❡❛❞❡✱ ✐♥✈♦❧✈✐♥❣ t❤❡ ❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss✱ t❤❡ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥

❝❧❛ss ❛♥❞ t❤❡ ▼✐❧♥♦r ❝❧❛ss✳ ❊①♣❧✐❝✐t❧②✱ ❢♦r α1, · · · , αr ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ M ✱ ✇❡

❤❛✈❡ t❤❛t

cFJ(X;α) = c
(
(TM |X)⊕r−1

)−1 ∩ cFJ(X1;α1) · . . . · cFJ(Xr;αr),

cSM(X;α) = c
(
(TM |X)⊕r−1

)−1 ∩ cSM(X1;α1) · . . . · cSM(Xr;αr)

❛♥❞

M(X;α) = (−1)dimXc
(
(TM |X)⊕r−1

)−1 ∩ (cFJ(X1;α1) · · · cFJ(Xr;αr)−

−c∗(X1;α1) · · · c∗(Xr;αr))

✇❤❡r❡ α ❞❡♥♦t❡s t❤❡ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α1 ⊗ · · · ⊗ αr✳

■♥ t❤❡ ❈❤❛♣t❡r ✹✱ ✇❡ ❧♦♦❦ ❢♦r ❛ ♥♦t✐♦♥ ❢♦r ❙❡❣r❡ ❝❧❛ss r❡❧❛t✐✈❡ t♦ ❝♦♥str✉❝t✐❜❧❡

❢✉♥❝t✐♦♥s t❤❛t ❤❛❞ ✧❛ ❣♦♦❞ ❜❡❤❛✈✐♦r✧✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss r❡❧❛t✐✈❡

t♦ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ❞✉❡ t♦ ❙❝❤ür♠❛♥♥✳ ❚❤✐s r❡❛s♦♥ ✐s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝t✳ ▲❡t

X ❜❡ ❛ ♣r♦♣❡r ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ ♦❢ ❛ ✈❛r✐❡t② Y ✳ ❈♦♥s✐❞❡r Ỹ t❤❡ ❜❧♦✇✲✉♣ ♦❢ Y ❛❧♦♥❣

X✱ X̃ = P (NXY ) t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ❛♥❞ η : X̃ −→ X t❤❡ ♣r♦❥❡❝t✐♦♥✱ ✇❤❡r❡ NXY

✐s t❤❡ ♥♦r♠❛❧ ❜✉♥❞❧❡✳ ❚❤❡ ❙❡❣r❡ ❝❧❛ss ♦❢ X ✐♥ Y ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②

s(X, Y ) =
∑

i≥0

η∗

(
c1 (O(1))i ∩ [P (NXY )]

)

✇❤❡r❡ O(1) ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ P (NXY )✳ ❙✉♣♣♦s❡ t❤❛t Y = M ✐s ♥♦♥✲

s✐♥❣✉❧❛r✳ ❚❤❡ ❋✉❧t♦♥ ❝❧❛ss ♦❢ X ✐s ❞❡✜♥❡❞ ❜②

cF (X) = c(TM |X) ∩ s(X,M).

✺



■♥ t❤✐s ✇❛②✱ ♠♦t✐✈❛t❡❞ ❜② ❙❝❤ür♠❛♥♥✬s ❞❡✜♥✐t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❙❡❣r❡ ❝❧❛ss ♦❢X r❡❧❛t✐✈❡

t♦ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α ♦♥ M ❛s ❜❡✐♥❣

s(X ⊂M ;α) = η∗

(
∑

i≥0

c1
(
OP(NXM)(1)

)i ∩ η∗(c(TM |X)−1 ∩ ι∗c∗(α))
)
,

✇❤❡r❡ ι : X →֒ M ✐s t❤❡ r❡❣✉❧❛r ❡♠❜❡❞❞✐♥❣✳ ❆♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❋✉❧t♦♥ ❝❧❛ss ♦❢ X

r❡❧❛t✐✈❡ t♦ α ❛s

cF (X ⊂M ;α) = c(TM |X) ∩ s(X ⊂M ;α).

◆♦t❡ t❤❛t✱ t❤✐s ❞❡✜♥✐t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss r❡❧❛t✐✈❡

t♦ ❛ ❝♦♥str✉t✐❜❧❡ ❢✉♥❝t✐♦♥ ❞✉❡ t♦ ❙❝❤ür♠❛♥♥✳ ❆t ❧♦♥❣ ❧❛st✱ ✇❡ s❤♦✇ t✇♦ r❡s✉❧ts✳ Pr♦✲

♣♦s✐t✐♦♥ ✹✳✵✳✸ ✐s ❛❜♦✉t t❤❡ ❙❡❣r❡ ❝❧❛ss ♦❢ ❛ ♣r♦❞✉❝t ♦❢ s❝❤❡♠❡s ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✵✳✺ ✐s

❛❜♦✉t ❛ ♣✉❧❧❜❛❝❦ ♦❢ ❛ ❙❡❣r❡ ❝❧❛ss✳

❋✐♥❛❧❧②✱ t❤❡ ❈❤❛♣t❡r ✺ ✐s ❞❡❞✐❝❛t❡❞ t♦ s♦♠❡ ❛✉①✐❧✐❛r② ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s✳

✻



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r②

✶✳✶ ■♥❞❡① ♦❢ ✈❡❝t♦r ✜❡❧❞s

❆s r❡❢❡r❡♥❝❡s ✇❡ ❝✐t❡ ❬❇✲❙✲❙❪ ❛♥❞ ❬▼✲❚❪✳

▲❡t v =
∑m

i=1 fi∂/∂xi ❜❡ ❛ ✈❡❝t♦r ✜❡❧❞ ♦♥ ❛♥ ♦♣❡♥ U ⊂ Rm✳ ❖♥❡ s❛②s t❤❛t ❛

♣♦✐♥t p ∈ U ✐s ❛ s✐♥❣✉❧❛r✐t② ♦❢ v ✐❢ fi(p) = 0 ❢♦r ❛❧❧ i = 1, . . . ,m✳ ❚❤❡ s✐♥❣✉❧❛r✐t② ✐s

✐s♦❧❛t❡❞ ✐❢ ❛t ❡✈❡r② ♣♦✐♥t x ♥❡❛r p t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❝♦♠♣♦♥❡♥t ♦❢ v ✇❤✐❝❤ ✐s ♥♦t

③❡r♦✳ ❈♦♥s✐❞❡r v ❛ ❝♦♥t✐♥✉♦✉s ✈❡❝t♦r ✜❡❧❞ ♦♥ U ✇✐t❤ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ❛t p✱ ❛♥❞

❝♦♥s✐❞❡r Sǫ ❛ s♠❛❧❧ s♣❤❡r❡ ✐♥ U ❛r♦✉♥❞ p✳ ❚❤❡ P♦✐♥❝❛ré✲❍♦♣❢ ✐♥❞❡① ♦❢ v ❛t p✱ ❞❡♥♦t❡❞

❜② ■♥❞(v, p)✱ ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ●❛✉ss ♠❛♣ v/||v|| ❢r♦♠ Sǫ t♦ t❤❡ ✉♥✐t

s♣❤❡r❡ ✐♥ Rm✳

◆♦✇ ❧❡t M ❜❡ ❛♥ m✲❞✐♠❡♥s✐♦♥❛❧ s♠♦♦t❤ ♠❛♥✐❢♦❧❞✳ ❆ ✈❡❝t♦r ✜❡❧❞ v ♦♥ M ✐s

❧♦❝❛❧❧② ❡①♣r❡ss❡❞ ❛s ❛❜♦✈❡ ❛♥❞ ♦♥❡ ❞❡✜♥❡s ♦❢ t❤❡ ❧♦❝❛❧ ✐♥❞❡① ❛t ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t②

❡①t❡♥❞✐♥❣ ✐♥ t❤❡ ♥❛t✉r❛❧ ✇❛②✳ ◆♦t❡ t❤❛t✱ t❤✐s ❞❡✜♥✐t✐♦♥ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❧♦❝❛❧ ❝❤❛rt✳

❚❤❡ t♦t❛❧ ✐♥❞❡① ♦❢ v✱ ❞❡♥♦t❡❞ ❜② ■♥❞Mv✱ ✐s t❤❡ s✉♠ ♦❢ ❛❧❧ ✐ts ❧♦❝❛❧ ✐♥❞✐❝❡s ❛t t❤❡ s✐♥❣✉❧❛r

♣♦✐♥ts✳

❚❤❡♦r❡♠ ✶✳✶✳✶ ✭P♦✐♥❝❛ré✲❍♦♣❢✮ ▲❡t M ❜❡ ❛ ❝❧♦s❡❞ ♦r✐❡♥t❡❞ ♠❛♥✐❢♦❧❞ ❛♥❞ ❧❡t v ❜❡ ❛

❝♦♥t✐♥✉♦✉s ✈❡❝t♦r ✜❡❧❞ ♦♥ M ✇✐t❤ ✜♥✐t❡❧② ♠❛♥② ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡♥✱

■♥❞Mv = χ(M)

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ v✱ ✇❤❡r❡ χ(M) ❞❡♥♦t❡s t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ M ✳



❚❤❡s❡ ♥♦t✐♦♥s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ s❡❝t✐♦♥s ♦❢ ❛ ♦r✐❡♥t❡❞ ✈❡❝t♦r ❜✉♥❞❧❡ ❛s ❢♦❧❧♦✇s✳

▲❡t E ❜❡ ❛♥ ♦r✐❡♥t❡❞ ✈❡❝t♦r ❜✉♥❞❧❡ ♦✈❡r ❛ ❝♦♠♣❛❝t ♦r✐❡♥t❡❞ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ M ✱ ❛♥❞

❧❡t π : E −→ M ❜❡ ✐ts ♣r♦❥❡❝t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t r❛♥❦ ♦❢ E ✐s ❡q✉❛❧s t♦ dimM = m✳

❈♦♥s✐❞❡r s0 t❤❡ ③❡r♦ s❡❝t✐♦♥ ♦❢ E ❛♥❞ s ❛♥♦t❤❡r ❛r❜✐tr❛r② s♠♦♦t❤ s❡❝t✐♦♥ ♦❢ E✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳✷ ▲❡t p ∈ M ❜❡ ❛ ③❡r♦ ❢♦r s✱ ✇✐t❤ s(p) = s0(p)✳ ❖♥❡ s❛②s t❤❛t s ✐s

tr❛♥s✈❡rs❛❧ t♦ s0 ❛t p ✐❢

Dps(TpM) ∩Dps0(TpM) = 0 ✭✶✳✶✮

❛♥❞ s ✐s ❝❛❧❧❡❞ tr❛♥s✈❡rs❛❧ t♦ s0 ✐❢ t❤✐s ❤♦❧❞s ❢♦r ❛❧❧ ③❡r♦s ♦❢ s✳

❙❛② t❤❛t s ✐s tr❛♥s✈❡rs❛❧ t♦ s0 ❛t p ✐s ❡q✉✐✈❛❧❡♥t t♦ st❛t❡♠❡♥t t❤❛t Dps(TpM) ✐s t❤❡

❣r❛♣❤ ♦❢ ❛ ❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠ A ❢r♦♠ TpM t♦ t❤❡ ✜❜❡r Ep✳ ❇② ❛ss✉♠♣t✐♦♥✱ ❜♦t❤

✈❡❝t♦r s♣❛❝❡s ❛r❡ ♦r✐❡♥t❡❞✳ ■♥ t❤✐s ✇❛②✱ ♦♥❡ ❞❡✜♥❡s t❤❡ ❧♦❝❛❧ ✐♥❞❡① ι(s; p) t♦ ❜❡ +1 ✐❢ A

♣r❡s❡r✈❡s t❤❡ ♦r✐❡♥t❛t✐♦♥s✱ ❛♥❞ −1 ✐❢ ♥♦t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✭✶✳✶✮ ❢♦r❝❡s p t♦ ❜❡ ❛♥ ✐s♦❧❛t❡❞

③❡r♦ ♦❢ s✳ ▼♦r❡♦✈❡r✱ ✐❢ s ✐s tr❛♥s✈❡rs❛❧ t♦ t❤❡ ③❡r♦ s❡❝t✐♦♥ t❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ③❡r♦s ♦❢

s ✐s ✜♥✐t❡✱ s✐♥❝❡ M ✇❛s ❛ss✉♠❡❞ ❝♦♠♣❛❝t✳

❚❤❡♦r❡♠ ✶✳✶✳✸ ■❢ s ✐s tr❛♥s✈❡rs❡ t♦ t❤❡ ③❡r♦ s❡❝t✐♦♥✱ t❤❡♥

I(e(E)) =
∑

p

ι(s; p)

✇❤❡r❡ t❤❡ s✉♠ r✉♥s ♦✈❡r t❤❡ ③❡r♦s ♦❢ s✱ e(E) ✐s t❤❡ ❊✉❧❡r ❝❧❛ss ♦❢ E ❛♥❞ I : Hm(M) −→
R✳

Pr♦♦❢✳ ❙❡❡ ❬▼✲❚✱ ❚❤❡♦r❡♠ ✷✶✳✾ ❛♥❞ ❚❤❡♦r❡♠ ✷✶✳✶✶❪✳ �

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r ❛♥② ♦r✐❡♥t❡❞ ❝♦♠♣❛❝t s♠♦♦t❤ ♠❛♥✐❢♦❧❞M ✱ ♦♥❡ ❤❛s I(e(TM)) =

χ(M)✳

✶✳✷ ❍♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡s

▲❡t M ❜❡ ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ♠❛♥✐❢♦❧❞✳ ❆ C∞ ❝♦♠♣❧❡① ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ M ❝♦♥s✐st

♦❢ ❛ ❢❛♠✐❧② {Ex}x∈M ♦❢ ❝♦♠♣❧❡① ✈❡❝t♦r s♣❛❝❡s✱ t♦❣❡t❤❡r ✇✐t❤ ❛ C∞ ♠❛♥✐❢♦❧❞ str✉❝t✉r❡

♦♥ E = ∪x∈MEx s✉❝❤ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣ π : E −→ M t❛❦✐♥❣ Ex t♦ x ✐s C∞❀

❛♥❞ ❢♦r ❡✈❡r② x0 ∈M t❤❡r❡ ✐s ❛s ♦♣❡♥ s❡t U ✐♥ M ❝♦♥t❛✐♥✐♥❣ x0 ❛♥❞ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠

ϕU : π−1(U) −→ U×Cr✱ ❝❛❧❧❡❞ tr✐✈✐❛❧✐③❛t✐♦♥✱ t❛❦✐♥❣ t❤❡ ✈❡❝t♦r s♣❛❝❡ Ex ✐s♦♠♦r♣❤✐❝❛❧❧②

♦♥t♦ {x} × Cr ❢♦r ❡❛❝❤ x ∈ U ✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✜❜❡rs Ex ♦❢ E ✐s ❝❛❧❧❡❞ t❤❡ r❛♥❦

✽



♦❢ E✳ ❆ ✈❡❝t♦r ❜✉♥❞❧❡ ♦❢ r❛♥❦ ✶ ✐s ❝❛❧❧❡❞ ❛ ❧✐♥❡ ❜✉♥❞❧❡✳ ❆ s❡❝t✐♦♥ s ♦❢ t❤❡ ✈❡❝t♦r

❜✉♥❞❧❡ E ♦✈❡r U ⊂ M ✐s ❛ C∞ ♠❛♣ s : U −→ E s✉❝❤ t❤❛t s(x) ∈ Ex ❢♦r ❛❧❧ x ∈ U ✳

❆ ❢r❛♠❡ ❢♦r E ♦✈❡r U ⊂M ✐s ❛ ❝♦❧❧❡❝t✐♦♥ s1, . . . , sr ♦❢ s❡❝t✐♦♥s ♦❢ M ♦✈❡r U s✉❝❤ t❤❛t

{s1(x), . . . , sr(x)} ✐s ❛ ❜❛s✐s ❢♦r Ex ❢♦r ❛❧❧ x ∈ U ✳

◆♦✇ ❛ss✉♠❡ t❤❛t M ✐s ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞✳ ❆ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ π :

E −→M ✐s ❛ ❝♦♠♣❧❡① ✈❡❝t♦r ❜✉♥❞❧❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡ str✉❝t✉r❡ ♦❢ ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞

♦♥ E✱ s✉❝❤ t❤❛t ❢♦r ❛♥② x ∈M t❤❡r❡ ✐s ❛♥ ♦♣❡♥ s❡t U ✐♥ M ✇✐t❤ x ∈ U ❛♥❞ ❛ tr✐✈✐❛❧✐✲

③❛t✐♦♥ ϕU : π−1(U) −→ U ×Cr ✇❤✐❝❤ ✐s ❛ ❜✐❤♦❧♦♠♦r♣❤✐s♠ ♠❛♣ ♦❢ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞s✳

❆ s❡❝t✐♦♥ s ♦❢ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❜✉♥❞❧❡ E ♦✈❡r U ⊂ M ✐s s❛✐❞ t♦ ❜❡ ❤♦❧♦♠♦r♣❤✐❝ ✐❢

s : U −→ E ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ♠❛♣✳ ❆ ❢r❛♠❡ s = s1, . . . , sr ✐s ❝❛❧❧❡❞ ❤♦❧♦♠♦r♣❤✐❝ ✐❢ ❡❛❝❤

si ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ♠❛♣✳ ❆ ❤❡r♠✐t✐❛♥ ♠❡tr✐❝ ♦♥ M ✐s ❞❡✜♥❡❞ ❛s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡

❤❡r♠✐t✐❛♥ ✐♥♥❡r ♣r♦❞✉❝t

( ✱ )z : T
′
zM ⊗ T ′

zM −→ C

✇❤❡r❡ T ′
zM ❞❡♥♦t❡s t❤❡ ❤♦❧♦♠♦r♣❤✐❝ t❛♥❣❡♥t s♣❛❝❡ ❛t z ❢♦r ❡❛❝❤ z ∈M ✱ ❞❡♣❡♥❞✐♥❣ s♠♦✲

♦t❤❧② ♦♥ z✱ t❤❛t ✐s✱ ❢♦r ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s z ♦♥ M t❤❡ ❢✉♥❝t✐♦♥s hij(z) = (∂/∂zi, ∂/∂zj)

❛r❡ C∞✳

✶✳✸ ▲♦❣❛r✐t❤♠✐❝ ❢♦r♠s ❛♥❞ ❢r❡❡ ❞✐✈✐s♦rs

▲❡t U ❜❡ ❛ ❞♦♠❛✐♥ ♦❢ Cn✱ ❛♥❞ ❧❡t D ⊆ U ❜❡ ❛ ❞✐✈✐s♦r ♦❢ U ❞❡✜♥❡❞ ❜② ❛♥ ❡q✉❛t✐♦♥

h(z) = 0✱ ✇❤❡r❡ h ✐s ❤♦❧♦♠♦r♣❤✐❝ ♦♥ U ✳ ❆ ♠❡r♦♠♦r♣❤✐❝ q✲❢♦r♠ ω ♦♥ U ✐s ❝❛❧❧❡❞ ❛

q✲❢♦r♠ ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ♣♦❧❡ ❛❧♦♥❣ D ♦r ❧♦❣❛r✐t❤♠✐❝ q✲❢♦r♠ ✭❛❧♦♥❣ D✮ ✐❢ ✐t s❛t✐s✜❡s t❤❡

❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥s✿

✭❛✮ hω ❛♥❞ hdω ❛r❡ ❤♦❧♦♠♦r♣❤✐❝ ♦♥ U ✳

✭❜✮ hω ❛♥❞ dh ∧ ω ❛r❡ ❤♦❧♦♠♦r♣❤✐❝ ♦♥ U ✳

✭❝✮ ❚❤❡r❡ ❡①✐sts ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ g(z)✱ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✭q − 1✮✲❢♦r♠ ξ ❛♥❞ ❛

❤♦❧♦♠♦r♣❤✐❝ q✲❢♦r♠ η ♦♥ U ✱ s✉❝❤ t❤❛t

• dimCD ∩ {z ∈ U : g(z) = 0} ≤ n− 2,

• gω =
dh

h
∧ ξ + η✳

✾



✭❞✮ ❚❤❡r❡ ❡①✐sts ❛♥ (n − 2)✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②t✐❝ s❡t A ⊂ D s✉❝❤ t❤❛t t❤❡ ❣❡r♠ ♦❢

ω ❛t ❛♥② ♣♦✐♥t p ∈ D\A ❜❡❧♦♥❣s t♦
dh

h
∧ Ωq−1

U,p + Ωq
U,p✱ ✇❤❡r❡ Ωq

U,p ❞❡♥♦t❡s t❤❡

♠♦❞✉❧❡ ♦❢ ❣❡r♠s ♦❢ ❤♦❧♦♠♦r♣❤✐❝ q✲❢♦r♠s ♦♥ U ❛t p✳

▲❡t S ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ ❛♥❞ D ❜❡ ❛ ❞✐✈✐s♦r ♦❢ D✳ ❈♦♥s✐❞❡r

hp = 0 ❛ r❡❞✉❝❡❞ ❡q✉❛t✐♦♥ ❢♦r D✱ ❧♦❝❛❧❧② ❛t p ∈ D✳ ❆ ♠❡r♦♠♦r♣❤✐❝ q✲❢♦r♠ ω ✐s

❧♦❣❛r✐t❤♠✐❝ ❛❧♦♥❣ D ❛t p ✐❢ hpω ❛♥❞ hpdω ❛r❡ ❤♦❧♦♠♦r♣❤✐❝✳ ❲❡ ❞❡♥♦t❡ Ωq
S,p(logD) :=

{❣❡r♠ ♦❢ ❧♦❣❛r✐t❤♠✐❝ q✲❢♦r♠ ❛t p} ❛♥❞ Ωq
S(logD) :=

⋃
p∈S Ω

q
S,p(logD)✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✶ ▲❡t S ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ ❛♥❞ D ❜❡ ❛ ❞✐✈✐s♦r ♦❢ D✳

❈♦♥s✐❞❡r hp = 0 ❛ r❡❞✉❝❡❞ ❡q✉❛t✐♦♥ ❢♦r D✱ ❧♦❝❛❧❧② ❛t p ∈ D✳ ❆ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ✜❡❧❞

δ ♦♥ S ✐s ❧♦❣❛r✐t❤♠✐❝ ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥s✿

✭❛✮ ❋♦r ❛♥② s♠♦♦t❤ ♣♦✐♥t p ∈ D✱ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r δ(p) ♦❢ p ✐s t❛♥❣❡♥t t♦ D✱

✭❜✮ ❋♦r ❛♥② ♣♦✐♥t p ∈ D✱ t❤❡ ❞❡r✐✈❛t✐♦♥ δhp ♦❢ t❤❡ ❧♦❝❛❧ ❡q✉❛t✐♦♥ ❢♦r D ❜❡❧♦♥❣s t♦ t❤❡

✐❞❡❛❧ (hp)OS,p✳

❲❡ ❞❡♥♦t❡ ❉❡rS,p(logD) := {δ :❣❡r♠ ♦❢ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ✜❡❧❞ ♦♥ S ❛t p s✉❝❤

t❤❛t δ(hp) ∈ (hp)} ❛♥❞ ❉❡rS(logD) :=
⋃

p∈S ❉❡rS,p(logD)✳ ◆♦t❡ t❤❛t✱ ❉❡rS(logD) ✐s

❛ ❝♦❤❡r❡♥t OS✲s✉❜♠♦❞✉❧❡ ♦❢ ❉❡rS✱ ✇❤❡r❡ ❉❡rS ✐s ❛ s❤❡❛❢ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ✜❡❧❞s

♦♥ S✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✷ ▲❡t D ❜❡ ❛ ❞✐✈✐s♦r ✐♥ S ❛♥❞ ❧❡t p ∈ D✱ ✇❡ s❛② t❤❛t D ✐s ❛ ❢r❡❡ ❞✐✈✐s♦r

✐♥ p ✐❢ Ω1
S,p(logD) ✭♦r ✐ts ❞✉❛❧ ❉❡rS,p(logD)✮ ✐s ❛ OS,p✲❢r❡❡ ♠♦❞✉❧❡✳ ▼♦r❡♦✈❡r✱ ✇❡ s❛②

t❤❛t D ✐s ❛ ❢r❡❡ ❞✐✈✐s♦r ✐❢ Ω1
S,p′(logD) ✭♦r ✐ts ❞✉❛❧ ❉❡rS,p′(logD)✮ ✐s ❛ OS,p′✲❢r❡❡ ♠♦❞✉❧❡

❢♦r ❛❧❧ p′ ∈ D✳

✶✳✹ ❈♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s

❚❤❡ r❡❢❡r❡♥❝❡s ❛r❡ ❬❙❝❤❛❪ ❛♥❞ ❬❑✲❙❪✳

▲❡t X ❜❡ ❛ r❡❛❧ ❛♥❛❧②t✐❝ ♠❛♥✐❢♦❧❞✳ ❆ ❢✉♥❝t✐♦♥ α : X −→ Z ✐s ❝❛❧❧❡❞ ❝♦♥str✉❝t✐❜❧❡

✐❢ ❢♦r ❡❛❝❤ m ∈ Z✱ t❤❡ s❡t α−1(m) ✐s s✉❜❛♥❛❧②t✐❝ ❛♥❞ t❤❡ ❢❛♠✐❧② {α−1(m)}m∈Z ✐s ❧♦❝❛❧❧②

✜♥✐t❡✱ ♦r ❡q✉✐✈❛❧❡♥t✱ ❜② tr✐❛♥❣✉❧❛t✐♦♥ t❤❡♦r❡♠✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧❧② ✜♥✐t❡ ❝♦✈❡r✐♥❣

X =
⋃

i∈I Xi ❛♥❞

α =
∑

mi✶Xi

✇❤❡r❡ mi ❛r❡ ✐♥t❡❣❡rs✱ Xi ❛r❡ ✭❝❧♦s❡❞✮ ❛♥❛❧②t✐❝ s✉❜s❡t ♦❢ X ❛♥❞ ✶Xi
✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝

❢✉♥❝t✐♦♥s ♦❢ Xi✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ X✱ ❞❡♥♦t❡❞ ❜② CF (X)✱

✶✵



✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ str✉❝t✉r❡ ♦❢ ❛❧❣❡❜r❛✳ ■❢ α ❤❛s s✉♣♣♦rt ❝♦♠♣❛❝t✱ t❤❡♥ ❛❧❧ Xi ❛r❡

❝♦♠♣❛❝ts✳ ❚❤✉s ♦♥❡ ❞❡✜♥❡s t❤❡ ❲❡✐❣❤t❡❞ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ α ❛s ❜❡❡♥

χ(X;α) =
∑

i

miχ(Xi),

✇❤❡r❡ χ ✐s t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝✳ ◆♦✇✱ ❧❡t f : X −→ Y ❜❡ ❛ ♠♦r♣❤✐s♠

♦❢ ❛♥❛❧②t✐❝ ♠❛♥✐❢♦❧❞s✳ ●✐✈❡♥ β ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ Y ✱ ♦♥❡ ❞❡✜♥❡s t❤❡ ✐♥✈❡rs❡

✐♠❛❣❡✱ ♦r ♣✉❧❧❜❛❝❦✱ ♦❢ β ❜② f ❛s ❜❡❡♥ t❤❡ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ f ∗β ♦♥ X ❞❡✜♥❡❞ ❜②

f ∗β(x) = β(f(x))✱ ❢♦r ❛❧❧ x ∈ X✳ ❆ss✉♠❡ t❤❛t f : X −→ Y ✐s ♣r♦♣❡r ♠♦r♣❤✐s♠ ♦♥ t❤❡

s✉♣♣♦rt ♦❢ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α ♦♥ X✱ ♦♥❡ ❞❡✜♥❡s t❤❡ ❞✐r❡❝t ✐♠❛❣❡✱ ♦r ♣✉s❤❢♦✇❛r❞✱

❛s ❜❡❡♥ t❤❡ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ f∗α ♦♥ Y ❞❡✜♥❡❞ ❜②

f∗(α)(y) = χ(f−1(y);α|f−1(y)),

❢♦r ❛❧❧ y ∈ Y ✳ ◆♦t❡ t❤❛t✱ ❣✐✈❡♥ ❛ ❛♥❛❧②t✐❝ s✉❜s❡t W ♦❢ X✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥

✶W ✐s ❝♦♥str✉❝t✐❜❧❡✳

✶✳✺ ■♥t❡rs❡❝t✐♦♥ t❤❡♦r②

❚❤❡ r❡❢❡r❡♥❝❡s ❛r❡ ❬❋✉❧❪ ❛♥❞ ❬❍❪✳

✶✳✺✳✶ ❆❧❣❡❜r❛✐❝ ❙❝❤❡♠❡s

❲❡ s❛② t❤❛t ❛ s❝❤❡♠❡ X ✐s ❛❧❣❡❜r❛✐❝ ♦✈❡r ❛ ✜❡❧❞ K ✐❢ t❤❡r❡ ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ✜♥✐t❡

t②♣❡ ❢r♦♠ X t♦ ❙♣❡❝✭❑✮✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ X ❤❛s ❛ ✜♥✐t❡ ❝♦✈❡r✐♥❣ ❜② ❛✣♥❡ s❡ts ✇❤♦s❡

❝♦♦r❞✐♥❛t❡ r✐♥❣s ❛r❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ K✲❛❧❣❡❜r❛s✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❝♦♦r❞✐♥❛t❡ r✐♥❣ ♦❢

❛♥ ❛✣♥❡ ♦♣❡♥ U ❜② A(U)✳ ❍♦✇❡✈❡r✱ t❤❡ ✇♦r❞ s❝❤❡♠❡ ♠❡❛♥s ❛♥ ❛❧❣❡❜r❛✐❝ s❝❤❡♠❡ ♦✈❡r

s♦♠❡ ✜❡❧❞✳ ❆ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ Y ♦❢ ❛ s❝❤❡♠❡ X ✐s ❞❡✜♥❡❞ ❜② ❛♥ ✐❞❡❛❧ s❤❡❛❢ I(Y ) ✐♥

t❤❡ str✉❝t✉r❡ s❤❡❛❢ OX ♦❢ X✳

❆ ✈❛r✐❡t② ✐s ❛ r❡❞✉❝❡❞ ❛♥❞ ✐rr❡❞✉❝✐❜❧❡ ✭✐♥t❡❣r❛❧✮ ❛❧❣❡❜r❛✐❝ s❝❤❡♠❡✳ ❆ s✉❜✈❛r✐❡t②

V ♦❢ ❛ s❝❤❡♠❡ X ✐s ❛ r❡❞✉❝❡❞ ❛♥❞ ✐rr❡❞✉❝✐❜❧❡ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ ♦❢ X✳ ❖♥❡ ❤❛s t❤❛t

❛ s✉❜✈❛r✐❡t② V ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣r✐♠❡ ✐❞❡❛❧ ✐♥ t❤❡ ❝♦♦r❞✐♥❛t❡ r✐♥❣ ♦❢ ❛♥② ❛✣♥❡ ♦♣❡♥

s❡t ♠❡❡t✐♥❣ V ✳ ❚❤❡ ❧♦❝❛❧ r✐♥❣ ♦❢ X ❛❧♦♥❣ V ✱ ❞❡♥♦t❡❞ ❜② OV,X ✱ ✐s t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ♦❢

s✉❝❤ ❛ ❝♦♦r❞✐♥❛t❡ r✐♥❣ ❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r✐♠❡ ✐❞❡❛❧❀ ✐ts ♠❛①✐♠❛❧ ✐❞❡❛❧ ✐s ❞❡♥♦t❡❞

❜② MV,X ✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✜❡❧❞ ♦❢ V ✱ ❞❡♥♦t❡❞ ❜② R(V )✱ ✐s t❤❡ r❡s✐❞✉❡ ✜❡❧❞ OV,X/MV,X ✳
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❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ❛ s❝❤❡♠❡ X✱ ❞❡♥♦t❡❞ ❜② dimX✱ ✐s t❤❡ ♠❛①✐♠✉♠ ❧❡♥❣t❤ n ♦❢ ❛

❝❤❛✐♥

∅ $ V0 $ V1 $ . . . $ Vn ⊂ X

♦❢ s✉❜✈❛r✐❡t✐❡s ♦❢ X✳ ❆ s❝❤❡♠❡ X ✐s ♣✉r❡ ❞✐♠❡♥s✐♦♥❛❧ ✐❢ ❛❧❧ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢

X ❤❛✈❡ t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥✳ ❆ ♣♦✐♥t ♦♥ ❛ s❝❤❡♠❡ X ✐s ❛ 0✲❞✐♠❡♥s✐♦♥❛❧ s✉❜✈❛r✐❡t② ♦❢

X✳ ❲❡ s❛② t❤❛t ❛ ♣♦✐♥t p ♦❢ X ✐s r❡❣✉❧❛r ✐❢ Op,X ✐s ❛ r❡❣✉❧❛r ❧♦❝❛❧ r✐♥❣✳ ❚❤❡ ♦♣❡♥ s❡t

♦❢ r❡❣✉❧❛r ♣♦✐♥ts ✐♥ X ✐s ❞❡♥♦t❡❞ ❜② Xr❡❣✳

❚❤❡ ❛✣♥❡ n✲s♣❛❝❡✱ ❞❡♥♦t❡❞ ❜② An✱ ✐s t❤❡ ❛✣♥❡ ✈❛r✐❡t② ✇❤♦s❡ ❝♦♦r❞✐♥❛t❡ r✐♥❣

✐s t❤❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ K[x1, · · · , xn]✳ ❚❤❡ s✉❜s❝❤❡♠❡ ♦❢ An ❞❡✜♥❡❞ ❜② ❛♥ ✐❞❡❛❧ I =

(f1, · · · , fn) ✐♥ K[x1, · · · , xn] ✐s ❞❡♥♦t❡❞ ❜② V (I)✳

❆ ♠♦r♣❤✐s♠ f : X −→ Y ♦❢ ❛❧❣❡❜r❛✐❝ s❝❤❡♠❡s ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡

✇✐t❤ t❤❡ str✉❝t✉r❡ ♠♦r♣❤✐s♠ t♦ ❙♣❡❝✭❑✮✱ ✇❤❡r❡ K ✐s t❤❡ ❣r♦✉♥❞ ✜❡❧❞✳ ■❢ f ♠❛♣s ❛♥

❛✣♥❡ ♦♣❡♥ s✉❜s❡t U ′ ♦❢ X ✐♥t♦ ❛♥ ❛✣♥❡ ♦♣❡♥ s✉❜s❡t U ♦❢ Y ✱ t❤❡♥ f ❝♦rr❡s♣♦♥❞s t♦ ❛

❤♦♠♦♠♦r♣❤✐s♠ f ∗ : A(U) −→ A(U ′) ♦❢ K✲❛❧❣❡❜r❛s✳

▲❡t f : X −→ S ❛♥❞ g : Y −→ S ❜❡ ♠♦r♣❤✐s♠s✳ ❚❤❡ ✜❜r❡ ♣r♦❞✉❝t ♦❢ X ❛♥❞

Y ♦✈❡r S✱ ❞❡♥♦t❡❞ ❜② X ×S Y ✱ ❝♦♠❡s ❡q✉✐♣♣❡❞ ✇✐t❤ ♣r♦❥❡❝t✐♦♥s p : X ×S Y −→ X

❛♥❞ q : X ×S Y −→ Y ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt②✿ ❢♦r ❛♥② s❝❤❡♠❡

Z ✇✐t❤ ♠♦r♣❤✐s♠s u : Z −→ X ❛♥❞ v : Z −→ Y s✉❝❤ t❤❛t f ◦ u = g ◦ v✱ t❤❡r❡ ✐s ❛

✉♥✐q✉❡ ♠♦r♣❤✐s♠ (u, v) : Z −→ X ×S Y s✉❝❤ t❤❛t p ◦ (u, v) = u ❛♥❞ q ◦ (u, v) = v✳ ❆

❝♦♠♠✉t❛t✐✈❡ sq✉❛r❡ ♦❢ ♠♦r♣❤✐s♠

X ×S Y
q //

p

��

Y

g

��
X

f
// S

✐s ❝❛❧❧❡❞ ❛ ✜❜r❡ sq✉❛r❡✳ ■♥ ❛ ✜❜r❡ ❞✐❛❣r❛♠✱ ❛❧❧ sq✉❛r❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❞✐❛❣r❛♠ ❛r❡

r❡q✉✐r❡❞ t♦ ❜❡ ✜❜r❡ sq✉❛r❡s✳ ❲❤❡♥ S = ❙♣❡❝✭❑✮✱ ✇❤❡r❡ K ✐s t❤❡ ❣r♦✉♥❞ ✜❡❧❞✱ ✐t ✐s

❝❛❧❧❡❞ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ X ❛♥❞ Y ✱ ❞❡♥♦t❡s X × Y ✐♥ ♣❧❛❝❡ ♦❢ X ×S Y ✳

❆ ♠♦r♣❤✐s♠ f : X −→ Y ✐s s❡♣❛r❛t❡❞ ✐❢ t❤❡ ❞✐❛❣♦♥❛❧ ♠♦r♣❤✐s♠ ❢r♦♠ X t♦

X ×Y X ✐s ❛ ❝❧♦s❡❞ ✐♠❜❡❞❞✐♥❣✳ ❲❡ s❛② t❤❛t ❛ ♠♦r♣❤✐s♠ f : X −→ Y ✐s ♣r♦♣❡r ✐❢ ✐t

✐s s❡♣❛r❛t❡❞✱ ❛♥❞ ✉♥✐✈❡rs❛❧❧② ❝❧♦s❡❞✱ ✐✳❡✳✱ ❢♦r ❛❧❧ Y ′ −→ Y ✱ t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ ❢r♦♠

X ×Y Y
′ t♦ Y ′ t❛❦❡s ❝❧♦s❡❞ s❡ts t♦ ❝❧♦s❡❞ s❡ts✳ ❆ s❝❤❡♠❡ ✐s ❝♦♠♣❧❡t❡ ✐❢ t❤❡ str✉❝t✉r❛❧

♠♦r♣❤✐s♠ t♦ ❙♣❡❝✭❑✮ ✐s ♣r♦♣❡r✳
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❆ ♠♦r♣❤✐s♠ f : X −→ Y ✐s ✢❛t ✐❢ ❢♦r U ⊂ Y ✱ U ′ ⊂ X ❛✣♥❡ ♦♣❡♥ s❡ts ✇✐t❤

f(U ′) ⊂ U ✱ t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ f ∗ : A(U) −→ A(U ′) ♠❛❦❡s A(U ′) ❛ ✢❛t A(U)✲♠♦❞✉❧❡✳

❆ ♠♦r♣❤✐s♠ f : X −→ Y ❤❛s r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ n ✐❢ ❢♦r ❛❧❧ s✉❜✈❛r✐❡t✐❡s V ♦❢ Y ✱

❛♥❞ ❛❧❧ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts V ′ ♦❢ f−1(V )✱ dimV ′ = dimV + n✳ ❆ ♠♦r♣❤✐s♠

f : X −→ Y ✐s ❝❛❧❧❡❞ s♠♦♦t❤ ✐❢ f ✐s ✢❛t ♦❢ s♦♠❡ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ n✱ ❛♥❞ t❤❡ s❤❡❛❢

♦❢ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥t✐❛❧s Ω1
X/Y ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛❢ ♦❢ r❛♥❦ n✳ ❲❡ s❛② t❤❛t ❛ s❝❤❡♠❡ X

✐s ♥♦♥s✐♥❣✉❧❛r✱ ♦r s♠♦♦t❤✱ ✐❢ ✐t ✐s s♠♦♦t❤ ♦✈❡r ❙♣❡❝✭❑✮✳ ■❢ f : X −→ Y ✐s s♠♦♦t❤ ♦❢

r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ n✱ t❤❡ r❡❧❛t✐✈❡ t❛♥❣❡♥t ❜✉♥❞❧❡✱ ❞❡♥♦t❡❞ ❜② TX/Y ✱ ✐s t❤❡ ✈❡❝t♦r ✇❤♦s❡

s❤❡❛❢ ♦❢ s❡❝t✐♦♥s ✐s t❤❡ ❞✉❛❧ ❜✉♥❞❧❡ t♦ Ω1
X/Y ✳ ❲❤❡♥ Y = ❙♣❡❝✭❑✮✱ ❞❡♥♦t❡s TX ✐♥ ♣❧❛❝❡

♦❢ TX/Y ✳

▲❡t X ❜❡ ❛ s❝❤❡♠❡✳ ❆ s❝❤❡♠❡ E ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♠♦r♣❤✐s♠ π : E −→ X ✐s ❝❛❧❧❡❞

❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦❢ r❛♥❦ r ♦♥X ✐❢ t❤❡r❡ ❛r❡ ❛♥ ♦♣❡♥ ❝♦✈❡r✐♥❣ {Ui} ♦❢X ❛♥❞ ✐s♦♠♦r♣❤✐s♠s

Φi ♦❢ π−1(Ui) ✇✐t❤ Ui ×Ar ♦✈❡r Ui✱ s✉❝❤ t❤❛t ♦✈❡r Ui ∩ Uj t❤❡ ❝♦♠♣♦s✐t❡s ϕi ◦ ϕ−1
j ❛r❡

❧✐♥❡❛r✳ ❆ s❡❝t✐♦♥ ♦❢ E ✐s ❛ ♠♦r♣❤✐s♠ s : X −→ E s✉❝❤ t❤❛t π ◦ s = idX ✳ ❙❡✈❡r❛❧ ❜❛s✐❝

♦♣❡r❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❢♦r ✈❡❝t♦r ❜✉♥❞❧❡s✱ ❝♦♠♣❛t✐❜❧② ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦t✐♦♥s

❢♦r s❤❡❛✈❡s✿ ❞✐r❡❝t s✉♠ E⊕F ✱ t❡♥s♦r ♣r♦❞✉❝t E⊗F ✱ ❡①t❡r✐♦r ♣r♦❞✉❝t ∧iE✱ s②♠♠❡tr✐❝

♣r♦❞✉❝t ❙②♠iE✱ ❞✉❛❧ ❜✉♥❞❧❡ E∨✱ ♣✉❧❧✲❜❛❝❦ f ∗E ❢♦r ❛ ♠♦r♣❤✐s♠ f : X ′ −→ X✳ ■❢ E ✐s

❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦❢ r❛♥❦ n ♦♥ X✱ t❤❡♥ ✐ts s❤❡❛❢ ♦❢ s❡❝t✐♦♥s ♦❢ E ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛❢ E
♦❢ OX✲♠♦❞✉❧❡s ♦❢ r❛♥❦ r✳ ❈♦♥✈❡rs❡❧②✱ ❢♦r ❛♥② ❧♦❝❛❧❧② ❢r❡❡ ❝♦❤❡r❡♥t s❤❡❛❢ E ♦❢ r❛♥❦ n ♦♥

X✱ ♦♥❡ ❝❛♥ ♣r♦❞✉❝❡ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ E = ❙♣❡❝(❙②♠(E∨))✳ ❚❤❡ tr✐✈✐❛❧ ❜✉♥❞❧❡ ♦❢ r❛♥❦

♦♥❡ ♦♥ X ✐s ♦❢t❡♥ ❞❡♥♦t❡❞ ❜② 1✳ ▲❛st❧②✱ ❛ ❧✐♥❡ ❜✉♥❞❧❡ ✐s ❛ ✈❡❝t♦r ❜✉♥❞❧❡ L ♦❢ r❛♥❦ ♦♥❡✳

▲❡t X ❜❡ ❛ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ ♦❢ ❛ s❝❤❡♠❡ Y ✱ ❞❡✜♥❡❞ ❜② ❛♥ ✐❞❡❛❧ s❤❡❛❢ I✳
❚❤❡ ❜❧♦✇✲✉♣ ♦❢ Y ❛❧♦♥❣ X✱ ❞❡♥♦t❡❞ ❜② BlXY ✱ ✐s t❤❡ ♣r♦❥❡❝t✐✈❡ ❝♦♥❡ ♦✈❡r Y ♦❢

t❤❡ s❤❡❛❢ ♦❢ OY ✲❛❧❣❡❜r❛s
⊕

n≥0 In✱ t❤❛t ✐s✱ BlXY = Pr♦❥
(⊕

n≥0 In
)
✳ ▲❡t ✉s ❞❡✲

♥♦t❡ Ỹ = BlXY ❛♥❞ π t❤❡ ♣r♦❥❡❝t✐♦♥ ❢r♦♠ Ỹ t♦ Y ✳ ❚❤❡ ❝❛♥♦♥✐❝❛❧ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢

O(1) ♦♥ t❤❡ ♣r♦❥❡❝t✐✈❡ ❝♦♥❡ Ỹ ✐s t❤❡ ✐❞❡❛❧ s❤❡❛❢ ♦❢ π−1(X)✱ ✇❤✐❝❤ ✐s ❛ ❈❛rt✐❡r ❞✐✲

✈✐s♦r ♦♥ Ỹ ✱ ❝❛❧❧❡❞ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r✳ ▲❡t X̃ = π−1(X)✳ ◆♦t❡ t❤❛t✱ ♦♥❡ ❤❛s

X̃ =Pr♦❥
((⊕

n≥0 In
)
⊗OY

OX

)
=Pr♦❥

(⊕
n≥0 In/In+1

)
✱ ✇❤✐❝❤ ✐s t❤❡ ♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧

❝♦♥❡ t♦ X ✐♥ Y ✱ ❞❡♥♦t❡❞ ❜② P (CXY )✳

✶✸



✶✳✺✳✷ ❘❛t✐♦♥❛❧ ❊q✉✐✈❛❧❡♥❝❡

▲❡t X ❜❡ ❛♥ ❛❧❣❡❜r❛✐❝ s❝❤❡♠❡✳ ❆ k✲❝②❝❧❡ ♦♥ X ✐s ❛ ✜♥✐t❡ s✉♠
∑
ni[Vi]✱ ✇❤❡r❡

t❤❡ Vi ❛r❡ k✲❞✐♠❡♥s✐♦♥❛❧ s✉❜✈❛r✐❡t✐❡s ♦❢ X ❛♥❞ t❤❡ ni ❛r❡ ✐♥t❡❣❡rs✳ ❚❤♦ ❢r❡❡ ❛❜❡❧✐❛♥

❜r♦✉♣ ♦♥ t❤❡ k✲❞✐♠❡♥s✐♦♥❛❧ s✉❜✈❛r✐❡t✐❡s ♦❢ X ✐s ❝❛❧❧❡❞ ❣r♦✉♣ ♦❢ k✲❝②❝❧❡s ♦♥ X✱ ✇❤✐❝❤

✇❡ ❞❡♥♦t❡ ❜② ZkX✳ ❈♦♥s✐❞❡r ❛ ✭k+1✮✲❞✐♠❡♥s✐♦♥❛❧ s✉❜✈❛r✐❡t②W ♦❢ X ❛♥❞ r ∈ R(W )∗✳

❈❤♦♦s❡ f ❛♥❞ g ✐♥ OV,W s✉❝❤ t❤❛t r = f/g✳ ❚❤❡ ♦r❞❡r ♦❢ r ❛❧♦♥❣ V ✐s ❞❡✜♥❡❞ ❜②

♦r❞V (r) = l(OV,W/(f))− l(OV,W/(g)).

❉❡✜♥❡ ❛ k✲❝②❝❧❡ [❞✐✈(r)] ♦♥ X ❜② [❞✐✈(r)] =
∑

♦r❞V (r)[V ], t❤❡ s✉♠ r✉♥s ♦✈❡r ❛❧❧

❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ s✉❜✈❛r✐❡t✐❡s V ♦❢ W ✳ ▼♦r❡♦✈❡r✱ ❛ k✲❝②❝❧❡ α ✐s r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦

③❡r♦✱ ❞❡♥♦t❡❞ ❜② α ∼ 0✱ ✐❢ t❤❡r❡ ❛r❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ (k+1)✲❞✐♠❡♥s✐♦♥❛❧ s✉❜✈❛r✐❡t✐❡s

Wi ♦❢ X ❛♥❞ ri ∈ R(W )∗ s✉❝❤ t❤❛t α =
∑

[❞✐✈(ri)]. ❖♥❡ ❞❡♥♦t❡s ❜② ❘❛tk(X) t❤❡ ❣r♦✉♣

♦❢ ❚❤❡ ❝②❝❧❡s r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ③❡r♦ ❢♦r♠ ❛ s✉❜❣r♦✉♣ ❘❛tk(X) ♦❢ Zk(X)✳ ❚❤❡

❣r♦✉♣ ♦❢ k✲❝②❝❧❡s ♠♦❞✉❧♦ r❛t✐♦♥❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ X ✐s ❣✐✈❡♥ ❜②

AkX = ZkX/❘❛tkX.

▲❡t f : X −→ Y ❜❡ ❛ ♣r♦♣❡r ♠♦r✜s♠✳ ●✐✈❡♥ ❛♥② s✉❜✈❛r✐❡t② V ♦❢ X✱ t❤❡ ✐♠❛❣❡

W = f(V ) ✐s ❛ ✭❝❧♦s❡❞✮ s✉❜✈❛r✐❡t② ♦❢ X✳ ■t ✐s ❦♥♦✇♥ t❤❛t ✐❢ W ❤❛s t❤❡ s❛♠❡ ❞✐♠❡♥s✐♦♥

❛s V t❤❡♥ t❤❡ ✐♥❞✉❝❡❞ ✐♠❜❡❞❞✐♥❣ ♦❢ R(W ) ✐♥ R(V ) ✐s ❛ ✜♥✐t❡ ✜❡❧❞ ❡①t❡♥s✐♦♥✳ ❙❡t

deg(V/W ) =





[R(V ) : R(W )] ✐❢ dimW = V

0 ✐❢ dimW < dimV,

✇❤❡r❡ [R(V ) : R(W )] ❞❡♥♦t❡s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ✜❡❧❞ ❡①t❡♥s✐♦♥✳ ❲❡ ❞❡✜♥❡ f∗([V ]) =

deg(V/W )[W ]. ❲❡ ❝❛♥ ❡①t❡♥❞ ❧✐♥❡❛r❧② t♦ ❛ ❤♦♠♦♠♦r♣❤✐s♠ f∗ : ZkX −→ ZkY ✳

❚❤❡♦r❡♠ ✶✳✺✳✶ ▲❡t f : X −→ Y ❜❡ ❛ ♣r♦♣❡r ♠♦r♣❤✐s♠ ❛♥❞ ❧❡t α ❜❡ ❛ k✲❝②❝❧❡ ♦♥ X✱

s✉❝❤ t❤❛t α ✐s r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ③❡r♦✳ ❚❤❡♥ f ∗α ✐s r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ③❡r♦

♦♥ Y ✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❞✉❝❡❞ ❤♦♠♦♠♦r♣❤✐s♠

f∗ : AkX −→ AkY.

❙♦ t❤❡ A∗ ✐s ❛ ❝♦✈❛r✐❛♥t ❢✉♥❝t♦r ❢♦r ♣r♦♣❡r ♠♦r♣❤✐s♠s✳

Pr♦♦❢✳ ❙❡❡ ❬❋✉❧✱ ❚❤❡♦r❡♠ ✶✳✹❪✳ �

❙✉♣♣♦s❡ t❤❛t X ✐s ❝♦♠♣❧❡t❡✱ t❤❛t ✐s✱ X ✐s ♣r♦♣❡r ♦✈❡r S = ❙♣❡❝(K)✱ ✇✐t❤ K

❜❡✐♥❣ t❤❡ ❣r♦✉♥❞ ✜❡❧❞✳ ❈♦♥s✐❞❡r α =
∑

P nP [P ] ❛ ③❡r♦✲❝②❝❧❡ ♦♥ X✳

✶✹



❉❡✜♥✐t✐♦♥ ✶✳✺✳✷ ❚❤❡ ❞❡❣r❡❡ ♦❢ α✱ ❞❡♥♦t❡❞ deg(α)✱ ♦r
∫
X
α✱ ✐s ❞❡✜♥❡❞ ❜②

deg(α) =

∫

X

α =
∑

P

nP [R(P ) : K].

❊q✉✐✈❛❧❡♥t❧②✱ deg(α) = p∗(α)✱ ✇❤❡r❡ p ✐s t❤❡ str✉❝t✉r❡ ♠♦r♣❤✐s♠ ❢r♦♠ X t♦ S✱ ❛♥❞

A0S = Z[S] ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤ Z✳ ❖♥❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❞❡❣r❡❡ ❤♦♠♦♠♦r♣❤✐s♠ t♦ ❛❧❧ ♦❢

A∗X =
⊕dimX

k=0 AkX✱ ∫

X

: A∗X −→ Z

✇✐t❤
∫
X
α = 0 ✐❢ α ∈ A∗X✱ k > 0✳ ◆♦✇✱ ❢♦r ❛♥② ♠♦r♣❤✐s♠ f : X −→ Y ♦❢ ❝♦♠♣❧❡t❡

s❝❤❡♠❡s✱ ❛♥❞ ❛♥② α ∈ A∗X✱ ∫

X

α =

∫

Y

f∗(α).

◆♦✇✱ ❧❡t X ❜❡ ❛♥② s❝❤❡♠❡ ❛♥❞ ❧❡t X1, · · ·Xr ❜❡ t❤❡ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢

X✳ ◆♦t❡ t❤❛t✱ t❤❡ ❧♦❝❛❧ r✐♥❣s OXi,X ❛r❡ ❛❧❧ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧✳ ❲❡ ❞❡✜♥❡ t❤❡ ❣❡♦♠❡tr✐❝

♠✉❧t✐♣❧✐❝✐t② mi ♦❢ Xi ✐♥ X ❛s ❜❡✐♥❣ t❤❡ ❧❡♥❣t❤ ♦❢ OXi,X ✱ t❤❛t ✐s✱ mi = lOXi,X
(OXi,X)✳

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝②❝❧❡ ❬X❪ ♦❢ X ✐s t❤❡ ❝②❝❧❡

[X] =
r∑

i=1

mi[Xi].

▲❡t f : X −→ Y ❜❡ ❛ ✢❛t ♠♦r♣❤✐s♠ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ n✳ ❋♦r ❛♥② s✉❜✈❛r✐❡t②

V ♦❢ Y ✱ s❡t f ∗[V ] = [f−1(V )]✱ ✇❤❡r❡ f−1(V ) ✐s t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ s❝❤❡♠❡✱ ✇❤✐❝❤ ✐s ❛

s✉❜s❝❤❡♠❡ ♦❢ X ♦❢ ♣✉r❡ ❞✐♠❡♥s✐♦♥ dim(V )+n✳ ❇② ❧✐♥❡❛r✐t②✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t♦ ♣✉❧❧✲❜❛❝❦

❤♦♠♦♠♦r♣❤✐s♠s

f ∗ : ZkY −→ Zk+nX.

❚❤❡♦r❡♠ ✶✳✺✳✸ ▲❡t f : X −→ Y ❜❡ ❛ ✢❛t ♠♦r♣❤✐s♠ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ n ❛♥❞

❧❡t α ❜❡ ❛ k✲❝②❝❧❡ ♦♥ Y ✇✐❝❤ ✐s r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ③❡r♦✳ ❚❤❡♥ f ∗α ✐s r❛t✐♦♥❛❧❧②

❡q✉✐✈❛❧❡♥t t♦ ③❡r♦ ✐♥ Zk+nX✳

Pr♦♦❢✳ ❙❡❡ ❬❋✉❧✱ ❚❤❡♦r❡♠ ✶✳✼❪✳ �

❈♦♥s✐❞❡r X ❛♥❞ Y t✇♦ ❛❧❣❡❜r❛✐❝ s❝❤❡♠❡s ♦✈❡r ❛ ✜❡❧❞✳ ❉❡♥♦t❡ ❜② X × Y t❤❡

❈❛rt❡s✐❛♥ ✭✜❜❡r✮ ♣r♦❞✉❝t ♦❢ X ❛♥❞ Y ♦✈❡r t❤❡ ❣r♦✉♥❞ ✜❡❧❞✳ ❚❤❡ ❡①t❡r✐♦r ♣r♦❞✉❝t

ZkX ⊗ ZlY
×−→ Zk+l(X × Y )

✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛ [V ]× [W ] = [V ×W ]✱ ❢♦r V,W s✉❜✈❛r✐❡t✐❡s ♦❢ X, Y ✱ r❡s♣❡❝✲

t✐✈❡❧②❀ ❛♥❞ ❡①t❡♥❞✐♥❣ ❜✐❧✐♥❡❛r❧② t♦ ❣❡♥❡r❛❧ ❝②❝❧❡s✳

✶✺



Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✹ ✭❛✮ ■❢ α ∼ 0 ♦r β ∼ 0✱ t❤❡♥ α× β ∼ 0✳

✭❜✮ ▲❡t f : X ′ −→ X✱ g : Y ′ −→ Y ❜❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ ❛❧❣❡❜r❛✐❝ s❝❤❡♠❡s ♦✈❡r ❛

✜❡❧❞✳ ❉❡♥♦t❡ ❜② f × g t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ ❢r♦♠ X ′ × Y ′ t♦ X × Y ✳

✭✐✮ ■❢ f ❛♥❞ g ❛r❡ ♣r♦♣❡r✱ t❤❡♥ f × g ✐s ♣r♦♣❡r✱ ❛♥❞

(f × g)∗(α× β) = f∗α× g∗β

❢♦r ❛❧❧ ❝②❝❧❡s α ∈ X ′ ❛♥❞ β ∈ Y ′✳

✭✐✐✮ ■❢ f ❛♥❞ g ❛r❡ ✢❛t ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥s m ❛♥❞ n✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡♥ f × g

✐s ✢❛t ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ m+ n✱ ❛♥❞

(f × g)∗(α× β) = f ∗α× g∗β

❢♦r ❛❧❧ ❝②❝❧❡s α ∈ X ′ ❛♥❞ β ∈ Y ′✳

Pr♦♦❢✳ ❙❡❡ ❬❋✉❧✱ Pr♦♣♦s✐t✐♦♥ ✶✳✶✵❪✳ �

❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❛r❡ ❡①t❡r✐♦r ♣r♦❞✉❝ts

AkX ⊗ AlY
×−→ Ak+l(X × Y ).

✶✳✺✳✸ ●②s✐♥ ♠❛♣ ❢♦r ❞✐✈✐s♦rs

▲❡t D ❜❡ ❛♥ ❡✛❡❝t✐✈❡ ❈❛rt✐❡r ❞✐✈✐s♦r ♦♥ ❛ s❝❤❡♠❡ X ❛♥❞ i : D −→ X ❜❡ t❤❡

✐♥❝❧✉s✐♦♥✳ ❚❤❡r❡ ❛r❡ ●②s✐♥ ❤♦♠♦♠♦r♣❤✐s♠s

i∗ : ZkX −→ Ak−1D

❣✐✈❡♥ ❜② i∗(α) = D · α✱ ✇❤❡r❡ D · α ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❝❧❛ss ✐♥ Ak−1D✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✺ ✭❛✮ ■❢ α ✐s r❛t✐♦♥❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ③❡r♦ ♦♥ X✱ t❤❡♥ i∗α = 0✳

❚❤✉s✱ t❤❡r❡ ❛r❡ ✐♥❞✉❝❡❞ ❤♦♠♦♠♦r♣❤✐s♠s

i∗ : AkX −→ Ak−1D.

✭❜✮ ■❢ α ✐s ❛ k✲❝②❝❧❡ ♦♥ X✱ t❤❡♥

i∗i
∗(α) = c1(OX(D)) ∩ α.

✭❝✮ ■❢ α ✐s ❛ k✲❝②❝❧❡ ♦♥ D✱ t❤❡♥

i∗i
∗(α) = c1(i

∗OX(D)) ∩ α.

✶✻



✭❞✮ ■❢ X ✐s ♣✉r❡❧② n✲❞✐♠❡♥s✐♦♥❛❧✱ t❤❡♥

i∗[X] = [D] ∈ An−1D.

✭❡✮ ■❢ L ✐s ❛ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ X ❛♥❞ α ✐s ❛ k✲❝②❝❧❡ ♦♥ X✱ t❤❡♥

i∗(c1(L) ∩ α) = c1(i
∗L) ∩ i∗(α) ∈ Ak−2D.

Pr♦♦❢✳ ❙❡❡ ❬❋✉❧✱ Pr♦♣♦s✐t✐♦♥ ✷✳✻❪✳ �

✶✳✺✳✹ ❈❤❡r♥ ❝❧❛ss❡s

▲❡t E ❜❡ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ X ♦❢ r❛♥❦ r✳ ❲❡ ❞❡✜♥❡ ❙❡❣r❡ ❝❧❛ss ♦♣❡r❛t♦rs si(E)✱

si(E) ∩❴ : Ak(X) −→ Ak−i(X)

❛s ❢♦❧❧♦✇✳ ❈♦♥s✐❞❡r p : P(E) −→ X t❤❡ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ♦❢ E✱ OE(1) t❤❡ ❝❛♥♦♥✐❝❛❧

❧✐♥❡ ❜✉♥❞❧❡ ♦♥ P(E)✱ ❛♥❞ α ✐♥ AkX✳ ❙❡t

si(E) ∩ α = p∗(c1(OE(1))
r−1+i ∩ p∗α).

✇❤❡r❡ p∗ ✐s ✢❛t

◆♦t❡ t❤❛t si(E) = 0 ❢♦r i < 0 ❛♥❞ s0(E) = 1✳ ❲❡ ❞❡✜♥❡ ❈❤❡r♥ ❝❧❛ss ♦♣❡r❛t♦rs

ci(E) ∩❴ : Ak(X) −→ Ak−i(X)

❢♦r♠❛❧❧② ❜② 1 + c1(E) + c2(E) + · · · = (1 + s1(E) + s2(E) + · · · )−1. ❊①♣❧✐❝✐t②✱

c0(E) = 1, c1(E) = −s1(E)

c2(E) = s2(E)
2 − s1(E), · · ·

cn(E) = −s1(E)cn−1(E)− s2(E)cn−2(E)− · · · − sn(E).

❚❤❡ t♦t❛❧ ❈❤❡r♥ ❝❧❛ss ♦❢ E ✐s t❤❡ s✉♠

c(E) := 1 + c1(E) + · · ·+ cr(E).

❚❤❡♦r❡♠ ✶✳✺✳✻ ❲❡ ❤❛✈❡ t❤❛t✿

✭❛✮ ✭❱❛♥✐s❤✐♥❣✮ ❋♦r ❛❧❧ ✈❡❝t♦r ❜✉♥❞❧❡s E ♦♥ X✱ ❛❧❧ i > r❛♥❦(E)✱

ci(E) = 0.

✶✼



✭❜✮ ✭❈♦♠♠✉t❛t✐✈✐t②✮ ❋♦r ❛❧❧ ✈❡❝t♦r ❜✉♥❞❧❡s E,F ♦♥ X✱ ✐♥t❡❣❡rs i, j✱ ❛♥❞ ❝②❝❧❡s α ♦♥

X✱

ci(E) ∩ (cj(F ) ∩ α) = cj(F ) ∩ (ci(E) ∩ α).

✭❝✮ ✭Pr♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✮ ▲❡t E ❜❡ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ X ❛♥❞ ❧❡t f : X ′ −→ X ❜❡ ❛

♣r♦♣❡r ♠♦r♣❤✐s♠✳ ❋♦r ❛❧❧ ❝②❝❧❡s α ♦♥ X ′✱ ❛♥❞ ✐♥t❡❣❡rs i✱ ✇❡ ❤❛✈❡

f∗(ci(f
∗E) ∩ α) = ci(E) ∩ f∗(α).

✭❞✮ ✭P✉❧❧✲❜❛❝❦✮ ▲❡t E ❜❡ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ X ❛♥❞ ❧❡t f : X ′ −→ X ❜❡ ❛ ✢❛t

♠♦r♣❤✐s♠✳ ❋♦r ❛❧❧ ❝②❝❧❡s α ♦♥ X ′✱ ❛♥❞ ✐♥t❡❣❡rs i✱ ✇❡ ❤❛✈❡

ci(f
∗E) ∩ f ∗α = f ∗(ci(E) ∩ α).

✭❡✮ ✭❲❤✐t♥❡② s✉♠✮ ❋♦r ❛♥② ❡①❛❝t s❡q✉❡♥❝❡

0 −→ E ′ −→ E −→ E ′′ −→ 0

♦❢ ✈❡❝t♦r ❜✉♥❞❧❡s ♦♥ X✱ ✇❡ ❤❛✈❡

c(E) = c(E ′) · c(E ′′),

t❤❛t ✐s

ck(E) =
∑

i+j=k

ci(E
′)cj(E

′′).

✭❢✮ ✭◆♦r♠❛❧✐③❛t✐♦♥✮ ▲❡t L ❜❡ ❛ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ X ❛♥❞ ❧❡t D ❜❡ ❛ ❈❛rt✐❡r ❞✐✈✐s♦r ♦♥

X ✇✐t❤ O(D) ∼= L✳ ❚❤❡♥

c1(L) ∩ [X] = [D].

Pr♦♦❢✳ ❙❡❡ ❬❋✉❧✱ ❚❤❡♦r❡♠ ✸✳✷❪✳ �

✶✳✺✳✺ ❘❡✜♥❡❞ ●②s✐♥ ❤♦♠♦♠♦r♣❤✐s♠s

▲❡t i : X −→ Y ❜❡ ❛ r❡❣✉❧❛r ✐♠❜❡❞❞✐♥❣ ♦❢ ❝♦❞✐♠❡♥s✐♦♥ d✱ ❛♥❞ ❧❡t f : Y ′ −→ Y

❜❡ ❛ ♠♦r♣❤✐s♠✳ ❋♦r♠ t❤❡ ✜❜r❡ sq✉❛r❡

X ′ j //

g

��

Y ′

f
��

X
i

// Y

◆♦✇✱ ✇❡ ❞❡✜♥❡ ❤♦♠♦♠♦r♣❤✐s♠s i! : ZkY
′ −→ Ak−dX

′ ❣✐✈❡♥ ❜② i! (
∑
ni[Vi]) =

∑
niX ·

Vi✱ ✇❤❡r❡ X · Vi ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣r♦❞✉❝t✳ ❚❤❡ ✐♥❞✉❝❡❞ ❤♦♠♦♠♦r♣❤✐s♠s

i! : AkY
′ −→ Ak−dX

′

✐s ❝❛❧❧❡❞ r❡✜♥❡❞ ●②s✐♥ ❤♦♠♦♠♦r♣❤✐s♠✳

✶✽



❚❤❡♦r❡♠ ✶✳✺✳✼ ❈♦♥s✐❞❡r ❛ ✜❜r❡ ❞✐❛❣r❛♠

X ′′ i′′ //

q
��

Y ′′

p
��

X ′ i′ //

g

��

Y ′

f
��

X
i

// Y

✇❤❡r❡ i ✐s ❛ r❡❣✉❧❛r ✐♠❜❡❞❞✐♥❣ ♦❢ ❝♦❞✐♠❡♥s✐♦♥ d✳

✭❛✮ ✭P✉s❤✲❢♦r✇❛r❞✮ ■❢ p ✐s ♣r♦♣❡r✱ α ∈ AkY
′′✱ t❤❡♥

i!p∗(α) = q∗(i
!α)

✐♥ Ak−dX
′✳

✭❜✮ ✭P✉❧❧✲❜❛❝❦✮ ■❢ p ✐s ✢❛t ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ n✱ ❛♥❞ α ∈ AkY
′✱ t❤❡♥

i!p∗(α) = q∗(i!α)

✐♥ Ak+n−dX
′′✳

✭❝✮ ✭❝♦♠♣❛t✐❜✐❧✐t②✮ ▲❡t α ❜❡ ❛♥♦t❤❡r r❡❣✉❧❛r ✐♠❜❡❞❞✐♥❣ ♦❢ ❝♦❞✐♠❡♥s✐♦♥ d✳ ■❢ α ∈
AkY

′′✱ t❤❡♥

i!α = i′!α

✐♥ Ak−dX
′′✳

Pr♦♦❢✳ ❙❡❡ ❬❋✉❧✱ ❚❤❡♦r❡♠ ✻✳✷❪✳ �

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✽ ▲❡t i : X −→ Y ❜❡ ❛ r❡❣✉❧❛r ✐♠❜❡❞❞✐♥❣ ♦❢ ❝♦❞✐♠❡♥s✐♦♥ d✱

X ′ i′ //

��

Y ′

��
X

i
// Y

❛ ✜❜r❡ sq✉❛r❡✱ ❛♥❞ ❧❡t F ❜❡ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ Y ′✳ ❚❤❡♥✱ ❢♦r ❛❧❧ α ∈ Ak(Y
′)✱ ❛♥❞ ❛❧❧

m ≧ 0✱

i!(cm(F ) ∩ α) = cm(i
′∗F ) ∩ i!(α)

✐♥ Ak−d−m(X
′)✳

Pr♦♦❢✳ ❙❡❡ ❬❋✉❧✱ Pr♦♣♦s✐t✐♦♥ ✻✳✸❪✳ �
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❊①❛♠♣❧❡ ✶✳✺✳✾ ❬❋✉❧✱ ❊①❛♠♣❧❡ ✻✳✸✳✹❪ ❈♦♥s✐❞❡r E ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦❢ r❛♥❦ r ♦♥ ❛ s❝❤❡♠❡

Y ❛♥❞ ❝♦♥s✐❞❡r s ❛ r❡❣✉❧❛r s❡❝t✐♦♥ ♦❢ E✳ ❚❤❡♥✱ t❤❡ ✐♥❝❧✉s✐♦♥ ι ♦❢ t❤❡ ③❡r♦✲s❝❤❡♠❡

X = Z(s) ✐♥ Y ✐s ❛ r❡❣✉❧❛r ✐♠❜❡❞❞✐♥❣ ♦❢ ❝♦❞✐♠❡♥s✐♦♥ r ❛♥❞ NXY ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢

E t♦ X✳ ■❢ f : Y ′ −→ Y ✐s ❛ ♠♦r♣❤✐s♠✱ ❢♦r♠ t❤❡ ✜❜r❡ sq✉❛r❡

X ′ j //

g

��

Y ′

f
��

X ι
// Y

❚❤❡♥

j∗i
!(α) = cr(f

∗E) ∩ α

❢♦r ❛❧❧ α ∈ A∗Y
′✳

❊①❛♠♣❧❡ ✶✳✺✳✶✵ ▲❡t ij : Xj −→ Yj ❜❡ r❡❣✉❧❛r ✐♠❜❡❞❞✐♥❣ ♦❢ ❝♦❞✐♠❡♥s✐♦♥s dj✱ j =

1, . . . , r✳ ▲❡t fj : Y
′
j −→ Yj ❜❡ ♠♦r♣❤✐s♠s✱ αj ∈ Aki(Y

′
j )✳ ❚❤❡♥ i1 × . . .× ir ✐s ❛ r❡❣✉❧❛r

✐♠❜❡❞❞✐♥❣ ♦❢ X1 × . . .×Xr ✐♥ Y1 × . . .× Yr✱ ♦❢ ❝♦❞✐♠❡♥s✐♦♥
∑
di✱ ❛♥❞

(i1 × · · · × ir)
!(α1 × · · · × αr) = i1

!(α1)× · · · × ir
!(αr)

✐♥ A∑
(kj−dj)(X

′
1 × . . .×X ′

r)✱ ✇✐t❤ X
′
i = Xi ×Yi

Y ′
i ✳

❊①❛♠♣❧❡ ✶✳✺✳✶✶ ❈♦♥s✐❞❡r X✱ Y s❝❤❡♠❡s✱ p ❛♥❞ q t❤❡ ♣r♦❥❡❝t✐♦♥s ❢r♦♠ X × Y t♦ X

❛♥❞ Y ❛♥❞ E ❛♥❞ F ✈❡❝t♦r ❜✉♥❞❧❡s ♦♥ X ❛♥❞ Y ✳ ●✐✈❡♥ α ∈ A∗X ❛♥❞ β ∈ A∗Y ✱ ♦♥❡

❤❛s

(ci(E) ∩ α)× β = ci(p
∗E) ∩ (α× β)

❛♥❞

(c(E) ∩ α)× (c(F ) ∩ β) = c(p∗E ⊕ q∗F ) ∩ (α× β).

✶✳✺✳✻ ❙❡❣r❡ ❈❧❛ss❡s

▲❡t C ❜❡ ❛ ❝♦♥❡ ♦✈❡r ❛ s❝❤❡♠❡ X✱ t❤❛t ✐s✱ C = ❙♣❡❝(S•)✱ ✇❤❡r❡ S• ✐s ❛ s❤❡❛❢

♦❢ ❣r❛❞❡❞ OX✲❛❧❣❡❜r❛s✳ ▲❡t ✉s ❛ss✉♠❡ OX −→ S0 ✐s s✉r❥❡❝t✐✈❡✱ S1 ✐s ❝♦❤❡r❡♥t ❛♥❞ S•

✐s ❣❡♥❡r❛t❡❞ ❜② S1✳ ❋♦r ❛ ✈❛r✐❛❜❧❡ z✱ ❞❡♥♦t❡ ❜② S•[z] t❤❡ ❣r❛❞❡❞ ❛❧❣❡❜r❛ ✇❤♦s❡ nth

❣r❛❞❡❞ ♣❡❛❝❡ ✐s Sn ⊕ Sn−1z ⊕ · · · ⊕ S1zn−1 ⊕ S0zn✳ ▲❡t P (C ⊕ 1) = Pr♦❥(S•[z]) ❜❡ t❤❡

♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ C✱ ✇✐t❤ ♣r♦❥❡❝t✐♦♥ q : P (C ⊕ 1) −→ X✱ ❛♥❞ ❧❡t O(1) ❜❡ t❤❡

❝❛♥♦♥✐❝❛❧ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ P (C ⊕ 1)✳ ❚❤❡ ❙❡❣r❡ ❝❧❛ss ♦❢ C✱ ❞❡♥♦t❡❞ ❜② s(C)✱ ✐s t❤❡ ❝❧❛ss

✐♥ A∗X ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

s(C) = q∗

(
∑

i≥0

c1 (O(1))i ∩ [P (C ⊕ 1)]

)
.
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■❢ E ✐s ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ X✱ ♦♥❡ ❤❛s s(E) = c(E)−1∩ [X] s❡❡ ❬❋✉❧✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶✭❛✮❪✳

◆♦✇ s✉♣♣♦s❡ X ❝❛♥ ❜❡ ❛ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ ♦❢ ❛ s❝❤❡♠❡ Y ✳ ▲❡t CXY =

❙♣❡❝ (
∑∞

n=0 In/In+1) ❜❡ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ t♦ X ✐♥ Y ✳ ❚❤❡ ❙❡❣r❡ ❝❧❛ss ♦❢ X ✐♥ Y ✱

❞❡♥♦t❡❞ ❜② s(X, Y )✱ ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ❙❡❣r❡ ❝❧❛ss ♦❢ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ CXY ✱ t❤❛t ✐s✱

s(X, Y ) = s(CXY ) ∈ A∗X.

■❢ X ✐s r❡❣✉❧❛r❧② ✐♠❜❡❞❞❡❞ ✐♥ Y ✱ ✐t ❢♦❧❧♦✇ t❤❛t t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ✐s ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥

X✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ s(X, Y ) ✐s t❤❡ ❝❛♣ ♣r♦❞✉❝t ♦❢ t❤❡ t♦t❛❧ ✐♥✈❡rs❡ ❈❤❡r♥ ❝❧❛ss ♦❢ t❤❡

♥♦r♠❛❧ ❜✉♥❞❧❡ ✇✐t❤ [X]✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✶✷ ▲❡t X ❜❡ ❛ ♣r♦♣❡r ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ ♦❢ ❛ ✈❛r✐❡t② Y ✳ ❈♦♥s✐❞❡r

Ỹ t❤❡ ❜❧♦✇✲✉♣ ♦❢ Y ❛❧♦♥❣ X✱ X̃ = P (C) t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r✱ η : X̃ −→ X t❤❡

♣r♦❥❡❝t✐♦♥✳ ❚❤❡♥

s(X, Y ) =
∑

i≥0

η∗

(
c1 (O(1))i ∩ [P (C)]

)
.

❈♦♥s✐❞❡r F ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ♦♥ ❛ s❤❡♠❡ X ❛♥❞ ❝♦♥s✐❞❡r P (F) = Pr♦❥(❙②♠(F))✱

✇✐t❤ ♣r♦❥❡❝t✐♦♥ p : P (F) −→ X✳ ❉❡♥♦t❡ ❜② OF(1) t❤❡ ❝❛♥♦♥✐❝❛❧ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢ ✇❤✐❝❤

✐s t❤❡ ✉♥✐✈❡rs❛❧ q✉♦t✐❡♥t ♦❢ p∗(F)✳ ■❢ t❤❡ s✉♣♣♦rt ♦❢ F ✐s X✱ ♦♥❡ ❞❡✜♥❡s ✐ts ❙❡❣r❡ ❝❧❛ss

s(F) ✐♥ A∗(X) ❜② t❤❡ ❢♦r♠✉❧❛

s(F) = p∗

(
∑

i≥0

c1 (OF(1))
r ∩ [P (F)]

)

= p∗
(
c (OF(1))

−1 ∩ [P (F)]
)
.

✶✳✻ ▼✐❧♥♦r ♥✉♠❜❡r

❈♦♥s✐❞❡r f : (Cn+1, 0) −→ (C, 0) ❛ ❣❡r♠ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥✳ ❙❡t Z t♦ t❤❡

❝♦♠♣❧❡① ❤②♣❡rs✉r❢❛❝❡ ❣✐✈❡♥ ❜② t❤❡ ③❡r♦ s❡t ♦❢ f ✳ ❖♥❡ s❛②s t❤❛t Z ✐s s✐♥❣✉❧❛r ❛t 0 ✐❢ t❤❡

❞✐✛❡r❡♥t✐❛❧ ♦❢ f ✈❛♥✐s❤❡s ❛t 0✱ t❤❛t ✐s✱ t❤❡ ✈❡❝t♦r ✜❡❧❞ (∂f/∂z0, · · · , ∂f/∂zn) ✈❛♥✐s❤❡s
❛t 0✳ ❖♥❡ s❛②s t❤❛t 0 ✐s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ♦❢ Z ✐❢ t❤❡r❡ ✐s ❛♥ ♦♣❡♥ ♥❡✐❜♦✉r❤♦♦❞ U

♦❢ 0 s✉❝❤ t❤❛t U\{0} ✐s ♥♦♥✲s✐♥❣✉❧❛r✱ t❤❛t ✐s✱ 0 ✐s t❤❡ ♦♥❧② ♣♦✐♥t ✐♥ U t❤❛t t❤❡ ✈❡❝t♦r

✜❡❧❞ (∂f/∂z0, · · · , ∂f/∂zn) ✈❛♥✐s❤❡s✳ ■t ✐s ❦♥♦✇♥ t❤❛t✱ 0 ✐s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ♦❢

Z ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ q✉♦❝✐❡♥t❡ ❛❧❣❡❜r❛ On+1/(∂f/∂z0, . . . , ∂f/∂zn) ✐s ❛ C✲✈❡❝t♦r s♣❛❝❡

♦❢ ✜♥✐t❡ ❝♦♠♣❧❡① ❞✐♠❡s✐♦♥✱ s❡❡ ❬▲✱ Pr♦♣♦s✐t✐♦♥ ✶✳✷❪✳ ▼♦r❡♦✈❡r✱ ✐❢ 0 ✐s ❛♥ ✐s♦❧❛t❡❞

s✐♥❣✉❧❛r✐t② ♦❢ Z✱ t❤❡ ✐♥❞❡① ♦❢ t❤❡ ✈❡❝t♦r ✜❡❧❞ (∂f/∂z0, . . . , ∂f/∂zn) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡
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♥✉♠❜❡r dimC On+1/(∂f/∂z0, . . . , ∂f/∂zn)✳ ❚❤❡ st❛♥❞❛r❞ ❡①❛♠♣❧❡ ✐s P❤❛♠✲❇r✐❡s❦♦r♥

♣♦❧②♥♦♠✐❛❧ f(z0, . . . , zn) = za00 + · · · + zann ✱ ✇✐t❤ an > 1✳ ◆♦t❡ t❤❛t Z = f−1(0) ✐s ❛

❝♦♠♣❧❡① ❤②♣❡rs✉r❢❛❝❡ ✇✐t❤ ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ❛t ✵✳

❙✉♣♣♦s❡ t❤❛t 0 ✐s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ♦❢ Z✳ ❋♦r ❛ ε s♠❛❧❧ ❡♥♦✉❣❤✱ t❤❡ s♣❤❡r❡

Sε = {z ∈ Cn+1 ⑤ |z| = ε} ✐♥t❡rs❡❝ts tr❛♥s✈❡rs❛❧❧② Z✱ s❡❡ ❬▼✐❧♥♦r✱ ❈♦r♦❧❧❛r② ✷✳✾❪✳ ❚❤❡

s♠♦♦t❤ ♠❛♥✐❢♦❧❞ K := Sε ∩ Z ✐s ❝❛❧❧❡❞ t❤❡ ❧✐♥❦ ♦❢ t❤❡ s✐♥❣✉❧❛r✐t② ♦❢ Z ❛t 0✱ ❛♥❞ ✐ts

❞✐✛❡♦♠♦r♣❤✐s♠ t②♣❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε✳

▲❡t ✉s s❡❡ ❜❡❧♦✇ t❤❡ ❝❧❛ss✐❝ ▼✐❧♥♦r✬s ✜❜r❛t✐♦♥ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✶✳✻✳✶ ❬▼✐❧♥♦r✱ ❚❤❡♦r❡♠ ✹✳✽❪ ❚❤❡r❡ ✐s ε1 > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ε ✇✐t❤ ε1 >

ε > 0✱ t❤❡ ♠❛♣

ϕε =
f

|f | : Sε\K −→ S1

✐s ❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ s♠♦♦t❤ ✜❜r❛t✐♦♥✳

❋♦r ε1 > ε > 0✱ ❛❧❧ t❤❡ ✜❜r❛t✐♦♥s ϕε ❛r❡ ❞✐✛❡♦♠♦r♣❤✐❝✳ ◆♦✇ ❧❡t Bε(0) ❜❡ t❤❡ ♦♣❡♥

❜❛❧❧ ♦❢ Cn+1 ❝❡♥t❡r❡❞ ❛t 0 ✇✐t❤ r❛❞✐✉s ε ❛♥❞ ❧❡t ∂Dη ❜❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❝❧♦s❡❞

❞✐s❝ Dη ♦❢ C ❝❡♥t❡r❡❞ ❛t 0 ✇✐t❤ r❛❞✐✉s η✳ ❯s✐♥❣ t❤❡ ❊❤r❡s♠❛♥♥✬s ✜❜r❛t✐♦♥ ❧❡♠♠❛

♦♥ ♠❛♥✐❢♦❧❞s ✇✐t❤ ❜♦✉♥❞❛r② ♦r t❤❡ ❚❤♦♠✬s ✜rst ✐s♦t♦♣② ❧❡♠♠❛✱ ♦♥❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣

❛❧t❡r♥❛t✐✈❡ s❤❛♣❡✿

❚❤❡♦r❡♠ ✶✳✻✳✷ ✭▼✐❧♥♦r✲▲ê ✜❜r❛t✐♦♥ t❤❡♦r❡♠✮ ❚❤❡r❡ ✐s ε0 > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ε

✇✐t❤ 0 < ε ≤ ε0✱ t❤❡r❡ ✐s η > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ η ✇✐t❤ 0 < η ≤ ηε✳ ❚❤❡ ♠❛♣ f ✐♥❞✉❝❡s

❛ ❧♦❝❛❧❧② tr✐✈✐❛❧ s♠♦♦t❤ ✜❜r❛t✐♦♥ ψǫ,η : Bε(0) ∩ f−1(∂Dη) −→ ∂Dη✳

❋♦r s♠❛❧❧ ❡♥♦✉❣❤ ǫ > 0 ❛♥❞ η > 0✱ ϕǫ ❛♥❞ ψǫ,η ❛r❡ ❞✐✛❡♦♠♦r♣❤✐❝✳ ❚❤✉s✱ ϕǫ ✐s ❝❛❧❧❡❞

▼✐❧♥♦r ✜❜r❛t✐♦♥ ♦❢ f ❛t 0✳ ■❢ f ❤❛s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ❛t 0✱ t❤❡♥ ❡❛❝❤ ✜❜❡r ♦❢ t❤❡

▼✐❧♥♦r ✜❜r❛t✐♦♥ ❤❛s t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ ❛ ❜♦✉q✉❡t Sn ∨ . . . ∨ Sn ♦❢ n✲s♣❤❡r❡s✱ s❡❡

❬▼✐❧♥♦r✱ ❚❤❡♦r❡♠ ✻✳✺❪✳ ❚❤❡ ♥✉♠❜❡r ♦❢ s♣❤❡r❡s ✐♥ t❤✐s ❜♦✉q✉❡t ✐s ❝❛❧❧❡❞ t❤❡ ▼✐❧♥♦r

♥✉♠❜❡r ♦❢ f ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② µ(f)✳ ▼♦r❡♦✈❡r✱ t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r µ(f) ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ ♥✉♠❜❡r dimC On+1/(∂f/∂z0, . . . , ∂f/∂zn)✳ ■♥ t❤✐s ✇❛②✱ ❛ss✉♠✐♥❣ t❤❛t f ❤❛s

❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ❛t 0✱ t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r ♠❛② ❜❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❛❧❝✉❧❛t❡❞✳

❚❤❡r❡ ❛r❡ s♦♠❡ r❡❧❡✈❛♥t ❣❡♥❡r❛❧✐③❛t✐♦♥s t♦ ▼✐❧♥♦r ♥✉♠❜❡r✳ ■♥ ✶✾✼✶✱ ❍✳ ❍❛♠♠

❡①t❡♥❞❡❞ t❤❡ ▼✐❧♥♦r✬s ✜❜r❛t✐♦♥ t❤❡♦r❡♠ ❢♦r ■❈■❙✳ ❚❤❡ ▲ê ♥✉♠❜❡r ✇❛s ✐♥tr♦❞✉❝❡❞ ❜②

❉❛✈✐❞ ▼❛ss❡②✱ s✉❝❤ ♥✉♠❜❡rs ❡①t❡♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ ▼✐❧♥♦r ♥✉♠❜❡r t♦ ❛ s❡t✉♣ ♦❢ s✐♥❣✉❧❛✲

r✐t✐❡s ♥♦t ♥❡❝❡ss❛r✐❧② ✐s♦❧❛t❡❞✳ ■♥ ✶✾✽✽✱ ❆❞❛♠ P❛r✉s✐➠s❦✐ ♣r❡s❡♥t❡❞ ❛ ❣❧♦❜❛❧ ❞❡✜♥✐t✐♦♥

❢♦r ▼✐❧♥♦r ♥✉♠❜❡r✱ ✇❡ ✇✐❧❧ s❡❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳
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✶✳✼ ❇♦r❡❧✲▼♦♦r❡ ❤♦♠♦❧♦❣②

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛ ❜r✐❡❢ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ❤♦♠♦❧♦❣② ✇✐t❤ ❧♦❝❛❧❧② ✜♥✐t❡ s✉♣♣♦rts✱

❛❧s♦ ❦♥♦✇♥ ❛s ❇♦r❡❧✲▼♦♦r❡ ❤♦♠♦❧♦❣②✳ ❲❡ ✉s❡ ❛s r❡❢❡r❡♥❝❡s ❬❋✉❧❪ ❛♥❞ ❬❋✉❧✷❪✳

▲❡t X ❜❡ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ✐♠❜❡❞❞❡❞ ❛s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ Rn✳ ❖♥❡ ♠❛②

❞❡✜♥❡ t❤❡ ❇♦r❡❧✲▼♦♦r❡ ❤♦♠♦❧♦❣② ❣r♦✉♣s HiX ❜②

HiX ∼= Hn−i(Rn,Rn\X)

✇❤❡r❡ t❤❡ ❣r♦✉♣ ♦♥ t❤❡ r✐❣❤t ✐s t❤❡ r❡❧❛t✐✈❡ s✐♥❣✉❧❛r ❝♦❤♦♠♦❧♦❣② ✇✐t❤ ✐♥t❡❣❡r ❝♦❡✣✲

❝✐❡♥ts✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ X ✐s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ Y ✱ t❤❡r❡ ❛r❡

❝❛♣ ♣r♦❞✉❝ts Hj(Y n, Y n\X)⊗HkY
∩−→ Hk−jX✳ ◆♦✇ ❛ss✉♠✐♥❣ t❤❛t Y ✐s ❛♥ ♦r✐❡♥t❡❞

❝♦♥♥❡❝t❡❞ r❡❛❧ n✲♠❛♥✐❢♦❧❞✱ ♦♥❡ ❤❛s t❤❛t HnY ✐s ❢r❡❡❧② ❣❡♥❡r❛t❡❞ ❜② ❛ ❢✉♥❞❛♠❡♥t❛❧

❝❧❛ss µY ✱ ❛♥❞ ❝❛♣♣✐♥❣ µY ✇✐t❤ ❞❡t❡r♠✐♥❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ Hn−i(Y n, Y n\X)
∩µY−→ HiX✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ X = Y ♦♥❡ ❤❛s t❤❡ P♦✐♥❝❛ré ❞✉❛❧✐t②✱ t❤❛t ✐s✱ t❤❡ ✐s♦♠♦r♣❤✐s♠

Hn−iY ∼= HiY ✳

❋♦r ❛♥② n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① s❝❤❡♠❡ X✱ ✇❡ ❤❛✈❡ HiX = 0 ❢♦r ❛❧❧ i > 2n✱ ❛♥❞

H2nX ✐s ❛ ❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ✇✐t❤ ♦♥❡ ❣❡♥❡r❛t♦r ❢♦r ❡❛❝❤ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t ♦❢ X✳

❚❤✉s✱ t❤❡ ❣❡♥❡r❛t♦r ♦❢ H2nX ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥t

Xi✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② cl(Xi)✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ V ✐s ❛ k✲❞✐♠❡♥s✐♦♥❛❧ ❝❧♦s❡❞ s✉❜✈❛r✐❡t②

♦❢ X✱ ❞❡✜♥❡ t❤❡ ❝②❝❧❡ ❝❧❛ss ❜② clX(V ) = i∗cl(V ) ∈ H2kX✱ ✇❤❡r❡ i ✐s t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ V

✐♥ X✳ ❲❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ cl : ZkX −→ H2kX ❢r♦♠ t❤❡ ❛❧❣❡❜r❛✐❝ k✲

❝②❝❧❡s t♦ t❤❡ ❇♦r❡❧✲▼♦♦r❡ ❤♦♠♦❧♦❣②✱ ✇❤✐❝❤ t❛❦❡s
∑
ni[Vi] t♦

∑
niclX(Vi)✳ ❚❤✐s ✐♥❞✉❝❡s

❛ ❤♦♠♦♠♦r♣❤✐s♠ cl : A∗X −→ H∗X✱ t❤❡ s♦✲❝❛❧❧❡❞ ❝②❝❧❡ ♠❛♣✳ ❚❤❡ ❝②❝❧❡ ♠❛♣ ❤❛s

✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt✐❡s s✉❝❤ ❛s ❜❡✐♥❣ ❝♦✈❛r✐❛♥t ❢♦r ♣r♦♣❡r ♠♦r♣❤✐s♠s✱ ❛♥❞ ❝♦♠♣❛t✐❜❧❡

✇✐t❤ ❈❤❡r♥ ❝❧❛ss❡s ♦❢ ✈❡❝t♦r ❜✉♥❞❧❡s✳

✶✳✽ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥ ❝❧❛ss

▲❡t X ❜❡ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ✐rr❡❞✉❝✐❜❧❡ ❛♥❛❧②t✐❝ ✭♦r ❛❧❣❡❜r❛✐❝✮ ✈❛r✐❡t② ❡♠❜❡❞❞❡❞

✐♥ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ M ✳ ❖✈❡r t❤❡ s♠♦♦t❤ ♣❛rt Xreg ♦❢ X✱ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ X

❞❡✜♥❡s ❛ s❡❝t✐♦♥ ♦❢ t❤❡ ●r❛ss♠❛♥♥✐❛♥ ❜✉♥❞❧❡ Gn(TM)✳ ❲❡ ❞❡✜♥❡ t❤❡ ◆❛s❤ ❜❧♦✇✉♣ ♦❢

X ❛s ❜❡❡♥ ν : X̃ −→ X ✱ ✇❤❡r❡ X̃ ✐s t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ✐♠❛❣❡ ♦❢ t❤✐s s❡❝t✐♦♥ ❛♥❞ ν ✐s

t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥ X✳ ❚❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ t❛✉t♦❧♦❣✐❝❛❧ ❜✉♥❞❧❡ ♦✈❡r
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Gn(TM) ✐s ❞❡♥♦t❡❞ ❜② T̃ ♦r T̃X ✳ ❖♥❡ s❤♦✉❧❞ ♥♦t✐❝❡ t❤❛t✱ X̃✱ T̃ ❛♥❞ ν ❛r❡ ❛♥❛❧②t✐❝❛❧❧②

✐♥❞❡♣❡♥❞❡♥ts ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ ❝❤♦s❡♥ s✐♥❝❡✱ ♥❡❛r ❡❛❝❤ ♣♦✐♥t✱ X ❤❛s ❛ ✉♥✐q✉❡ ♠✐♥✐♠❛❧

❧♦❝❛❧ ❛♥❛❧②t✐❝ ❡♠❜❡❞❞✐♥❣✳ ❲❡ ❤❛✈❡ t❤❛t T̃ |ν−1(Xreg) ✐s ✐s♦♠♦r♣❤✐❝ t♦ ν∗T (Xreg)✳ ❲❡

❞❡✜♥❡ t❤❡ ❈❤❡r♥✲▼❛t❤❡r ❝❧❛ss ♦❢ X ❛s ❜❡❡♥ t❤❡ ❡❧❡♠❡♥t ♦❢ t❤❡ ❇♦r❡❧✲▼♦♦r❡ ❤♦♠♦❧♦❣②

H∗(X) ❣✐✈❡♥ ❛s

cM = ν∗(c(T̃ ) ∩ [X̃]),

✇❤❡r❡ [X̃] ✐s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝❧❛ss ♦❢ X̃✳ ❆♥ ❛♥❛❧②t✐❝ ❝②❝❧❡ ♦♥ ❛ ✈❛r✐❡t② X ✐s ❛♥ ❡❧❡♠❡♥t

♦❢ ❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ✇❤♦s❡ ❜❛s✐s ❝♦♥s✐sts ♦❢ ❛❧❧ ✐rr❡❞✉❝✐❜❧❡ s✉❜✈❛r✐❡t✐❡s ♦❢ X✳ ●✐✈❡♥

❛♥ ❛♥❛❧②t✐❝ ❝②❝❧❡
∑
niXi ♦♥ ❛ ✈❛r✐❡t② X✱ ✇✐t❤ ni ❛r❡ ✐♥t❡❣❡rs ❛♥❞ Xi ❛r❡ ✐rr❡❞✉❝✐❜❧❡

s✉❜✈❛r✐❡t✐❡s ♦❢ X✱ ♦♥❡ ❞❡✜♥❡s

cM

(∑
niXi

)
:=
∑

ni (incli)∗ cMa(Xi),

✇❤❡r❡ incli ✐s t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢Xi ✐♥X✳ ◆♦t❡ t❤❛t✱ ✐❢X ✐s s♠♦♦t❤✱ t❤❡♥ cMa = c(TX)∩[X]

✐s t❤❡ t♦t❛❧ ❈❤❡r♥ ❝❧❛ss ♦❢ X✱ ✇❤❡r❡ TX ✐s t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ X✳

❉❡❧✐❣♥❡ ❛♥❞ ●r♦t❤❡♥❞✐❡❝❦ ❝♦♥❥❡❝t✉r❡❞ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛✲

t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❝t♦r CF ✱ ✇❤✐❝❤ ❛ss✐❣♥s t♦ ❡❛❝❤ ✈❛r✐❡t② ✐ts ❣r♦✉♣ ♦❢ ❝♦♥str✉❝t✐❜❧❡

❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ ❢✉♥❝t♦r H∗ ♦❢ s♦♠❡ ❤♦♠♦❧♦❣② t❤❡♦r② s✉❝❤ ❛s ❇♦r❡❧✲▼♦♦r❡ ❤♦♠♦❧♦❣②

♦r r❛t✐♦♥❛❧ ❡q✉✐✈❛❧❡♥❝❡ t❤❡♦r②✱ s✉❝❤ t❤❛t ❛ss✐❣♥s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ ❛ ♥♦♥✲

s✐♥❣✉❧❛r ✈❛r✐❡t② t♦ t❤❡ P♦✐♥❝❛ré ❞✉❛❧ ♦❢ t❤❡ ✐ts t♦t❛❧ ❈❤❡r♥ ❝❧❛ss✳ ■♥ ❬▼❛❝❪✱ ❘♦❜❡rt

❉✳ ▼❛❝♣❤❡rs♦♥ r❡s♣♦♥❞❡❞ ❛✣r♠❛t✐✈❡❧② t♦ t❤❡ ❉❡❧✐❣♥❡ ❛♥❞ ●r♦t❤❡♥❞✐❡❝❦✬s ❝♦♥❥❡❝t✉r❡✳

▼❛❝♣❤❡rs♦♥ ❞❡✜♥❡❞✱ tr❛♥s❝❡♥❞❡♥t❛❧❧②✱ t❤❡ ❧♦❝❛❧ ❊✉❧❡r ♦❜str✉❝t✐♦♥ EuX(x) ♦❢ X ❛t

x ∈ X✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥t ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥ t♦ t❤❡ ❧♦❝❛❧ ❊✉❧❡r

♦❜str✉❝t✐♦♥ ♦❢ X ❛t x ❣✐✈❡♥ ❜②

EuX(x) =

∫

X

c(TX) ∩ s(ν−1(x), X̃),

✇❤❡r❡ ν : X̃ −→ X ✐s t❤❡ ◆❛s❤ ❜❧♦✇✉♣ ♦❢X✱ TX ✐s t❤❡ ◆❛s❤ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢X ❛♥❞ s

❞❡♥♦t❡s t❤❡ ❙❡❣r❡ ❝❧❛ss✱ s❡❡ ❬❋✉❧✱ ❈❤❛♣t❡r ✹❪✳ ❋♦r t❤✐s ❞❡✜♥✐t✐♦♥ ✇❛s ✉s❡❞ ❛s ♠♦t✐✈❛t✐♦♥

t❤❡ ❢♦r♠✉❧❛ ♦❢ ●♦♥③❛❧❡③✲❙♣r✐♥❜❡r❣ ❛♥❞ ❱❡r❞✐❡r✱ s❡❡ ❬●✲❙❪✳ ◆♦✇ ❢♦r ❡❛❝❤ V ✐rr❡❞✉❝✐❜❧❡

s✉❜✈❛r✐❡t② ♦❢ X✱ t❤❡ ❢✉♥❝t✐♦♥s EuV (−) ♦♥ X✱ ❞❡✜♥❡❞ ❛s EuV (x) ❢♦r ❛❧❧ x ∈ V ❛♥❞ ③❡r♦

♦t❤❡r✇✐s❡✱ ❛r❡ ❝♦♥str✉❝t✐❜❧❡✱ s❡❡ ❬▼❛❝❪ ❛♥❞ ❬❑❡♥❪✳ ▼❛❝P❤❡rs♦♥ ✉s✐♥❣ t❤❡ ❧♦❝❛❧ ❊✉❧❡r

♦❜str✉❝t✐♦♥ ❞❡✜♥❡❞ ❛♥ ✐s♦♠♦r♣❤✐s♠ T ❢r♦♠ ❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ♦❢ ❛♥❛❧②t✐❝ ❝②❝❧❡s ♦♥ X

✷✹



t♦ t❤❡ ❛❞❞✐t✐✈❡ ❣r♦✉♣ ♦❢ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ X ❜②

T
(∑

miVi

)
=
∑

niEuVi
(−).

❲❡ ❞❡✜♥❡ t❤❡ ▼❛❝P❤❡rs♦♥ ❝❧❛ss ♦❢ X ❛s ❜❡❡♥ t❤❡ ❡❧❡♠❡♥t ✐♥ H∗(X) ❣✐✈❡♥ ❜②

c∗(X) := cM(T−1(✶X)).

❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ tr❛♥❢♦r♠❛t✐♦♥ c∗ : CF −→ H∗✱ s✉❝❤ t❤❛t ✐❢ X ✐s s♠♦♦t❤

t❤❡♥ c∗(X) = c(TX)∩ [X] ∈ H∗(X)✱ ✇❤❡r❡ TX ✐s t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ X✳ ■♥ t❤✐s ✇❛②✱

✐❢ f : X −→ Y ✐s ❛ ♣r♦♣❡r ♠♦r♣❤✐s♠ ♦❢ ❛♥❛❧②t✐❝ ✈❛r✐❡t✐❡s t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠

❝♦♠♠✉t❡s
CF (X)

c∗ //

f∗
��

H∗(X)

f∗
��

CF (Y ) c∗
// H∗(Y )

t❤✐s ✐s✱ f∗(c∗(α)) = c∗(f∗(α))✱ ❢♦r ❛❧❧ α ∈ CF (X)✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛ ❝♦♠♣❛❝t ❛♥❛❧②t✐❝

✈❛r✐❡t②X✱ ✇❡ ❤❛✈❡ t❤❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ●❛✉ss✲❇♦♥♥❡t t❤❡♦r❡♠ t♦ t❤❡ s✐♥❣✉❧❛r s❡tt✐♥❣

χ(X) =

∫

X

c∗(X). ✭✶✳✷✮

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❣✐✈❡♥ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α ♦♥ X✱ ❝♦♥s✐❞❡r t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥

ρ : X −→ {p0}✳ ❚❤❡♥✱ ρ∗α(p0) = χ(X;α)✱ ❛♥❞ t❤✉s✱

∫

X

c∗(α) =

∫

{p0}

ρ∗c∗(α) =

∫

{p0}

c∗(ρ∗α) =

∫

{p0}

c∗(χ(X;α)✶p0) = χ(X;α).

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ α = ✶X ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛t✐♦♥ ✭✶✳✷✮✳

■♥ t❤❡ ✶✾✻✵s✱ ▼❛r✐❡✲❍é❧è♥❡ ❙❝❤✇❛rt③ ❞❡✜♥❡❞ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❈❤❡r♥ ❝❧❛ss❡s

t♦ s✐♥❣✉❧❛r ✈❛r✐❡t✐❡s✱ ❛ ✇♦r❦ ✐♥❞❡♣❡♥❞❡♥t❧② ✉s✐♥❣ ♦❜str✉❝t✐♦♥ t❤❡♦r② ❛♥❞ r❛❞✐❛❧ ✈❡❝t♦r

✜❡❧❞s✳ ■♥ ❬❇✲❙❪✱ ❏✳ P✳ ❇r❛ss❡❧❡t ❛♥❞ ▼✳✲❍✳ ❙❝❤✇❛rt③ s❤♦✇❡❞ t❤❛t ✐❢ X ✐s ❛ ❝♦♠♣❛❝t

❝♦♠♣❧❡① ✈❛r✐❡t② t❤❡♥✱ ❜② ❆❧❡①❛♥❞❡r ✐s♦♠♦r♣❤✐s♠✱ t❤❡ ▼❛❝P❤❡rs♦♥ ❝❧❛ss ♦❢ X ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ ❙❝❤✇❛rt③ ❝❧❛ss ♦❢ X✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝❧❛ss c∗(X) ✐s ❦♥♦✇♥ ❛s t❤❡ ❙❝❤✇❛rt③✲

▼❛❝P❤❡rs♦♥ ❝❧❛ss ♦❢ X✱ ❛❧s♦ ❞❡♥♦t❡s ❜② cSM(X)✳

▲❡t S ❜❡ ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ♦❢ X ❛♥❞ ❧❡t E ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡

♦♥ X✳ ❈♦♥s✐❞❡r ❛ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ s ♦❢ E s✉❝❤ t❤❛t s ✐♥t❡rs❡❝ts✱ ♦♥ ❡❛❝❤ str❛t✉♠

♦❢ S✱ t❤❡ ③❡r♦ s❡❝t✐♦♥ ♦❢ E tr❛♥s✈❡rs❡❧②✳ ❈♦♥s✐❞❡r Z = s−1(0) ❛♥❞ ι : Z −→ X t❤❡

✐♥❝❧✉s✐♦♥✳

✷✺



❈❛♣ít✉❧♦ ✷

▲♦❣❛r✐t❤♠✐❝ ▼✐❧♥♦r ♥✉♠❜❡r ❛♥❞ s♦♠❡

❣❡♥❡r❛❧✐③❛t✐♦♥s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ t♦ ❣❡♥❡r❛❧✐③❡

t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r t♦ ❛ ❧♦❣❛r✐t❤♠✐❝ s❡t✉♣✳ ❋♦r t❤✐s✱ ❧❡t ✉s r❡✈✐❡✇ t❤❡ ❛♣♣r♦❛❝❤ ♦♥

❝♦♥♥❡❝t✐♦♥s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ s❡♥s❡✳

✷✳✶ ❚❤❡ ❧♦❣❛r✐t❤♠✐❝ ▼✐❧♥♦r ♥✉♠❜❡r

❚❤❡ ♠❛✐♥ r❡❢❡r❡♥❝❡s ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ ❬●✲❍❪ ❛♥❞ ❬P❪✳

▲❡t E → M ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ k✲✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡①

♠❛♥✐❢♦❧❞ M ✳ ❆ ❝♦♥♥❡❝t✐♦♥ π ♦♥ E ✐s ❛ C✲❧✐♥❡❛r ♠❛♣

π : Γ(E) → Ω1(M)⊗ Γ(E)

s❛t✐s❢②✐♥❣ ▲❡✐❜♥✐t③✬ r✉❧❡

π(gs) = d(g)⊗ s+ gπ(s)

✇❤❡r❡ g : M → C ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ❛♥❞ s ∈ Γ(E)✳ ▲❡t s = s1, ..., sn : U → E

❜❡ ❛ ❢r❛♠❡✱ ✇❤❡r❡ U ✐s ♦♣❡♥ s✉❜s❡t ✐♥M ✳ ●✐✈❡♥ ❛ ❝♦♥♥❡❝t✐♦♥ π ♦♥ E✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡

π(si) ✐♥t♦ ✐ts ❝♦♠♣♦♥❡♥ts✱ ✇r✐t✐♥❣

π(si) =
n∑

j=1

θijsj.

❚❤❡ ♠❛tr✐① θ = (θij) ♦❢ 1✲❢♦r♠s ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♠❛tr✐① ♦❢ π ✇✐t❤ r❡♣❡❝t t♦ s✳



◆♦✇✱ ✇❡ ❛ss✉♠❡ t❤❛tM ✐s ❝♦♠♣❧❡① ❛♥❞ E ✐s ❤❡r♠✐t✐❛♥✳ ❙✐♥❝❡ Ω1(M) = Ω1,0(M)⊕
Ω0,1(M)✱ ✇❡ ❝❛♥ ✇r✐t❡ π = π′+π′′✱ ✇❤❡r❡ π′ : Γ(E) → Ω1,0(M)⊗Γ(E) ❛♥❞ π′′ : Γ(E) →
Ω0,1(M) ⊗ Γ(E)✳ ❲❡ s❛② t❤❛t ❛ ❝♦♥♥❡❝t✐♦♥ π ♦♥ E ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❝♦♠♣❧❡①

str✉❝t✉r❡ ✐❢ π′′ = ∂✳ ▼♦r❡♦✈❡r✱ ✐❢ E ✐s ❤❡r♠✐t✐❛♥✱ t❤❡ ❝♦♥♥❡❝t✐♦♥ π ✐s s❛✐❞ t♦ ❜❡

❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♠❡tr✐❝ ✐❢

d(ξ, η) = (π(ξ), η) + (ξ, π(η))

❢♦r ❛❧❧ ξ, η ∈ Γ(E)✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ❝♦♥♥❡❝t✐♦♥ t❤❛t s❛t✐s✜❡s t❤❡

❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s ✐s s♦♠❡t❤✐♥❣ t❤❛t ✐s ❛♥s✇❡r❡❞ ✐♥ t❤❡ r❡s✉❧t ❜❡❧♦✇✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶ ●✐✈❡♥ ❛ ❤❡r♠✐t✐❛♥ ✈❡❝t♦r ❜✉♥❞❧❡ E ♦♥ M ✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❝♦♥✲

♥❡❝t✐♦♥ ♦♥ E ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❜♦t❤ t❤❡ ♠❡tr✐❝ ❛♥❞ t❤❡ ❝♦♠♣❧❡① str✉❝t✉r❡✳

Pr♦♦❢✳ ❙❡❡ ❬●✲❍✱ P❛❣❡ ✼✸❪ ♦r ❬❍✉②✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶✹❪✳ �

❚❤❡ ✉♥✐q✉❡ ❝♦♥♥❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♠❡tr✐❝ ❛♥❞ t❤❡ ❝♦♠♣❧❡① str✉❝t✉r❡s ♦♥ E ✐s

❝❛❧❧❡❞ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ♦r ❈❤❡r♥ ❝♦♥♥❡❝t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ❞❡♣❡♥❞s

♦♥ t❤❡ ❤❡r♠✐t✐❛♥ str✉❝t✉r❡ ❛❞♦♣t❡❞ ❢♦r E✳

❋♦r ♦✉r ❣♦❛❧s✱ ✇❡ ✇✐❧❧ ♥❡❡❞ ❛ ♠♦r❡ ❣❡♥❡r❛❧ t②♣❡ ♦❢ ❝♦♥♥❡❝t✐♦♥✱ t❤❡ s♦✲❝❛❧❧❡❞ ❧♦❣❛✲

r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ♣♦❧❡s ❛❧♦♥❣ s♦♠❡ ❞✐✈✐s♦r✳ ❙✉❝❤ ❛ ❝♦♥❝❡♣t ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞

❜② P✐❡rr❡ ❉❡❧✐❣♥❡✱ ✐♥ ❬❉❡❧✐❣♥❡❪✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✷ ▲❡t E → M ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ♦❢ r❛♥❦ k ♦♥ ❛ n✲

❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ M ✱ ❛♥❞ ❧❡t D ❜❡ ❛ ❞✐✈✐s♦r ✭❤②♣❡rs✉r❢❛❝❡✮ ✐♥ M ✳ ❆

❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ♣♦❧❡s ❛❧♦♥❣ D ♦r✱ s✐♠♣❧②✱ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ ♦♥ E ✐s

❛ C✲❧✐♥❡❛r ♠❛♣

∇ : Γ(E) → Ω1
M(❧♦❣D)⊗ Γ(E)

s❛t✐s❢②✐♥❣

∇(gs) = d(g)⊗ s+ g∇(s)

✇❤❡r❡ g :M → C ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ❛♥❞ s ∈ Γ(E)✳

❈♦♥s✐❞❡r s = s1, . . . , sk : U → E ❛ ❢r❛♠❡✱ ✇❤❡r❡ U ✐s ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ M ✳

●✐✈❡♥ ω ∈ (Ω1
M(❧♦❣D) ⊗ Γ(E))(U)✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉♥✐q✉❡❧② ❛s

∑
ωi ⊗ si✱ ✇✐t❤ ωi ∈

Ω1
M(❧♦❣D)|U ✳ ❚❤❡♥✱ ❣✐✈❡♥ ∇ ❛ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ ♦♥ E✱ ✇❡ ❤❛✈❡

∇(si) =
k∑

j=1

ωij ⊗ sj

✷✼



✇❤❡r❡ (ωij) ✐s ❛ k×k✲♠❛tr✐① ♦❢ ❡❧❡♠❡ts ✐♥ Ω1
M(❧♦❣D)|U ✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ❧♦❣❛r✐t❤♠✐❝

❝♦♥♥❡❝t✐♦♥ ♠❛tr✐① ✇✐t❤ r❡s♣❡❝t t♦ s✳ ◆♦✇ ❝♦♥s✐❞❡r (ωij) t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥

♠❛tr✐① ✇✐t❤ r❡s♣❡❝t t♦ s✳ ❋♦r ❛♥② s ∈ Γ(E)✱ ✇❡ ❤❛✈❡ s =
∑k

i=1 fisi ❢♦r s♦♠❡ f1, . . . , fk ∈
Ω0(M)✱ ❛♥❞ t❤❡♥

∇(s) =
k∑

j=1

∇(fjsj) =
k∑

j=1

(
dfj +

k∑

i=1

fiωij

)
⊗ sj. ✭✷✳✶✮

■♥ t❤✐s ✇❛②✱ ❣✐✈❡♥ (ωij) ❛ k × k✲♠❛tr✐① ♦❢ ❡❧❡♠❡ts ✐♥ Ω1
M(❧♦❣D)✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛

❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✶✮✳

❋♦r ❡❛❝❤ r = 1, · · · , n✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ♠♦r♣❤✐s♠ C✲❧✐♥❡❛r

∇r : Ωr
M(❧♦❣D)⊗ Γ(E) −→ Ωr+1

M (❧♦❣D)⊗ Γ(E)

❛s ❢♦❧❧♦✇s✳ ●✐✈❡♥ ω ∈ Ωr
M(❧♦❣D) ❛♥❞ s ∈ Γ(E)✱ ❞❡✜♥❡

∇r(ω ⊗ s) = dω ⊗ s+ (−1)rω ∧∇(s).

❲❤❡♥ ∇r ◦∇r+1 = 0 ❢♦r ❛❧❧ r✱ ✇❡ s❛② t❤❛t t❤❡ ❝♦♥♥❡❝t✐♦♥ ∇ ✐s ✐♥t❡❣r❛❜❧❡✳ ■♥ t❤✐s ✇❛②✱

s❡ ∇ ✐s ✐♥t❡❣r❛❜❧❡✱ ♦♥❡ ❤❛s t❤❡ ❝♦♠♣❧❡① ♦❢ OM ✲♠♦❞✉❧❡s

0 −→ Γ(E)
∇−→ Ω1

M(❧♦❣D)⊗ Γ(E)
∇1

−→ · · · ∇r−1

−→ Ωr
M(❧♦❣D)⊗ Γ(E)

∇r

−→

Ωr+1
M (❧♦❣D)⊗ Γ(E)

∇r+1

−→ · · · ∇n+1

−→ Ωn
M(❧♦❣D)⊗ Γ(E) −→ 0.

❆ss✉♠✐♥❣ t❤❛t (E, h) ✐s ❛ ❤❡r♠✐t✐❛♥ ✈❡❝t♦r ❜✉♥❞❧❡✱ ✇❡ ❝❛♥ t♦ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣

♦♣❡r❛t✐♦♥✱ ❧♦❝❛❧❧② ❣✐✈❡♥ ❜②

h : Ω1(M)⊗O(D)⊗ Γ(E)× Ω1(M)⊗ Γ(E) −→ Ω1(M)⊗O(D)(
∑

i

wi

f
⊗ si,

∑

j

ηj ⊗ tj

)
7−→

∑

i,j

wi ∧ ηj
f

h(si, tj)

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ t♦ ❞❡✜♥❡ h : Ω1(M) ⊗ Γ(E) × Ω1(M) ⊗ O(D) ⊗ Γ(E) → Ω1(M) ⊗
O(D)✳ ❲❡ s❛② t❤❛t ❛ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ ∇ ♦♥ ❛ ❤❡r♠✐t✐❛♥ ✈❡❝t♦r ❜✉♥❞❧❡ (E, h) ✐s

❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♠❡tr✐❝ h ✇✐t❤ r❡s♣❡❝t t♦ ❞✐✈✐s♦r D ✐❢✱ ❧♦❝❛❧❧②✱ ✇❡ ❤❛✈❡

dh(si, sj)

f
= h(∇(si), sj) + h(si,∇(sj)),

✇❤❡r❡ f ✐s ❛ ❧♦❝❛❧ ❞❡✜♥✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ D ❛♥❞ s1, ..., sn ✐s ❛ ❧♦❝❛❧ ❢r❛♠❡ ❢♦r E✳ ▼♦t✐✈❛t❡❞

❜② t❤❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✱ ✐t ✐s ♥❛t✉r❛❧ t♦ ✐♥q✉✐r❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛

✷✽



❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ t❤❛t s❛t✐s✜❡s s✉❝❤ ❞❡✜♥✐t✐♦♥✳ ❙✉♣♣♦s❡ t❤❡r❡ ✐s s✉❝❤ ❝♦♥♥❡❝t✐♦♥✱

✇❡ s❛② ∇✳ ❈♦♥s✐❞❡r s = s1, ..., sn : U → E ❛ ❧♦❝❛❧ ❢r❛♠❡✱ ✇✐t❤ U ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ M ✳

▲❡t hij := h(si, sj) ❛♥❞ ❧❡t H = (hij)✳ ❚❤✉s✱

dhij
f

= h(∇(si), sj) + h (si,∇(sj))

=
∑

k

ωikhkj +
∑

k

ωkjhik.

❛♥❞ t❤❡♥ 



∂H
f

= ωH

∂H
f

= Hωt

✇❤❡r❡ ω = (ωij)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❛❜♦✈❡ ✐s w =
∂HH−1

f
✳

◆♦t❡ t❤❛t✱ t❤❡ ❢♦r♠ ω ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛s ❧♦❣❛r✐t❤♠✐❝ ♣♦❧❡s ❛❧♦♥❣ ♦❢ D✱ t❤✐s ✐s✱ t❤❡

❡①✐st❡♥❝❡ ♦❢ ❛ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♠❡tr✐❝ ✐s ♥♦t ❛❧✇❛②s ❣✉❛r❛♥✲

t❡❡❞✳ ■♥ s♦♠❡ ❝❛s❡s✱ ✇❡ ❝❛♥ ❞♦ ✐t✱ ❢♦r ❡①❡♠♣❧♦✱ ✐❢ t❤❡ ♠❛♥✐❢♦❧❞M ✐s ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡✱

s❡❡ ❬❙❛✐t♦✱ ♣❣ ✷✻✼❪✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡r❡ ✐s ❛ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ ♦♥ ❛ ❤❡r♠✐t✐❛♥ ✈❡❝✲

t♦r ❜✉♥❞❧❡ (E, h) ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♠❡tr✐❝ h ✇✐t❤ r❡s♣❡❝t t♦ ❞✐✈✐s♦r D✱ t❤❡♥ s✉❝❤

❝♦♥♥❡❝t✐♦♥ ✐s ✉♥✐q✉❡✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r M ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ ❛♥❞ (L, h) ❛

❤❡r♠✐t✐❛♥ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ M ✳ ▲❡t X := v−1(0) ❜❡ ❛ ✭♥♦✇❤❡r❡ ❞❡♥s❡✮ ❞✐✈✐s♦r ✐♥ M ✱

✇❤❡r❡ v ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ L✳ ▲❡t Y ❜❡ ❛ ❝♦♠♣❛❝t ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢

❙✐♥❣X ❛♥❞ U ❛ s♠❛❧❧ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ Y ✳ ■♥ ❬P❪✱ ❆✳ P❛r✉s✐➠s❦✐ ❞❡✜♥❡❞ t❤❡ µ✲♥✉♠❜❡r

♦❢ X ❛t Y ❛s ❜❡❡♥ µ(X, Y ) := ✐♥❞U π′v✱ ✇❤❡r❡ π = π′ + π′′ ✐s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢

♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ♦❢ L✳ ❚❤❡ ♦r✐❣✐♥❛❧ s❡t✉♣ ♦❢ ▼✐❧♥♦r ♥✉♠❜❡r ✐s ✇✐t❤ ❛♥ ✐s♦❧❛t❡❞ ♣♦✐♥ts✳

❚❤✐s ❝♦✈❡rs s❡✈❡r❛❧ ❝❛s❡s ❛♥❞ t❤❡r❡ ❛r❡ ♠❛♥② ✇♦r❦s ✐♥ t❤✐s s❡t✉♣✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛

µ✲♥✉♠❜❡r ❞✉❡ P❛r✉s✐➠s❦✐ ✐s ❛ r❡♠❛r❦❛❜❧❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ✐❢ x0 ✐s ❛♥ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t② ♦❢ X✱ t❤❡♥ µ(X, {x0}) ✐s ❡q✉❛❧s t❤❡

▼✐❧♥♦r ♥✉♠❜❡r ♦❢ X ❛t x0✱ s❡❡ ❬P✱ Pr♦♣♦s✐t✐♦♥ ✶✳✹❪✳

❚❤❡♦r❡♠ ✷✳✶✳✸ ❬P✱ Pr♦♣♦s✐t✐♦♥ ✶✳✻❪ ❙✉♣♣♦s❡ M ❜❡ ❝♦♠♣❛❝t✳ ❚❤❡♥✱

µ(X) = (−1)nχ(X) +

∫
cn(T

∗′M ⊗ L) ∩ [M ]− (−1)nχ(M).

❲✐t❤ ❛ ❝♦♠♣✉t❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ t✇♦ ❞✐✈✐s♦rs✱ ♦♥❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡q✉❡♥❝❡✿

✷✾



❈♦r♦❧❧❛r② ✷✳✶✳✹ ❬P✱ ❈♦r♦❧❧❛r② ✶✳✼❪ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡

µ(X)− µ(Z) = (−1)n(χ(X)− χ(Z)).

◆♦✇ ❧❡t D ❜❡ ❛♥♦t❤❡r ❞✐✈✐s♦r ✐♥ M ✳ ❆ss✉♠❡ t❤❛t X ❛♥❞ D ❛r❡ ❞✐s❥♦✐♥t✳ ❙✉♣♣♦s❡

t❤❡r❡ ❡①✐sts ❛ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ ∇ : Γ(L) → Ω1
M(❧♦❣D) ⊗ Γ(L) ❝♦♠♣❛t✐❜❧❡ ✇✐t❤

t❤❡ ♠❡tr✐❝ h ✇✐t❤ r❡s♣❡❝t t♦ ❞✐✈✐s♦r D✳ ◆♦t❡ t❤❛t✱ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥♥❡❝t✐♦♥ ❢♦r♠s ♦❢

∇ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥② ❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡s ❛r❡ ❤♦❧♦♠♦r♣❤✐❝ ♦✉ts✐❞❡ ♦❢ D ❛♥❞ t❤❡♥✱ ❜②

❛♥❛❧♦❣ ❛r❣✉♠❡♥ts t♦ ❬P❪✱ ✇❡ ❤❛✈❡ ❙✐♥❣X = {x ∈ X : ∇v(x) = 0} ❛♥❞ ❙✐♥❣X ✐s ❝❧♦s❡❞

❛♥❞ ♦♣❡♥ ✐♥ {x ∈M : ∇v(x) = 0}✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✺ ❲❡ ❞❡✜♥❡ t❤❡ µ✲♥✉♠❜❡r ♦❢ X ❛t Y ✇✐t❤ r❡s♣❡❝t t♦ D ❛s ❜❡❡♥ t❤❡

✐♥t❡rs❡❝t✐♦♥ ✐♥❞❡① indU∇v✳ ❲❡ ❞❡♥♦t❡ ❜② µD(X, Y )✳ ■❢ X ✐s ❝♦♠♣❛❝t✱ t❤❡♥ ✐♥t❡rs❡❝t✐♦♥

✐♥❞❡① ♦❢ t❤❡ ③❡r♦ s❡❝t✐♦♥ ♦❢ Ω1
M(❧♦❣D)⊗ L ❛♥❞ ∇v ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ µ✲♥✉♠❜❡r ♦❢ X ✇✐t❤

r❡s♣❡❝t t♦ D✱ ❛♥❞ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② µD(X)✳

◆♦t❡ t❤❛t✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✐♥❞❡① ♦✈❡r U ♦❢ ∇v ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ③❡r♦✱ ✐♥ U ✱

♦❢ ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ♦❢ ∇v tr❛♥s✈❡rs❛❧ t♦ t❤❡ ③❡r♦ s❡❝t✐♦♥ ✐♥ U ✱ ❝♦✉♥t❡❞ ✇✐t❤ s✐❣♥s✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

µD(X) =
r∑

i=1

µD(X, Yi)

✇❤❡r❡ Y1, . . . , Yr ❛r❡ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ❙✐♥❣X✳

❲❡ ✉s❡ ❛s ♠♦t✐✈❛t✐♦♥ t❤❡ ❚❤❡♦r❡♠ ✷✳✶✳✸ ❞✉❡ t♦ P❛r✉s✐➠s❦✐ t♦ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻ ❆ss✉♠❡ M ❝♦♠♣❛❝t✳ ❚❤❡♥✱

µD(X) =

∫

U

cn(Ω
1
M(❧♦❣ D)|U)∩ [U ] + (−1)n−1

∫

M

c(L)−1c1(L)c(❉❡rM(−❧♦❣ D))∩ [M ],

✇❤❡r❡ U = {x ∈M : |v(x)| ≤ ǫ}✱ ❢♦r ❛ ✜①❡❞ 0 < ǫ << 1✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r U = {x ∈M : |v(x)| ≤ ǫ} ❢♦r ❛ ǫ s✉✣❝✐❡♥t❧② s♠❛❧❧ s✉❝❤ t❤❛t U∩D = ∅✳
❚❤❡♥✱

µD(X) = indM∇v − indM\U∇v

= indM∇v − indM\Uh (∇v, v)

= indM∇′v − (−1)nindM\Ud|v|2

=

∫

M

cn(Ω
1
M(❧♦❣ D)⊗ L) ∩ [M ]−

−
(∫

M

cn(Ω
1
M(❧♦❣ D)) ∩ [M ]−

∫

U

cn(Ω
1
M(❧♦❣ D)|U) ∩ [U ]

)
.

✸✵



❚❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❜② ❚❤❡♦r❡♠ ✶✳✶✳✸✳ ▲❛st❧②✱ ♥♦t❡ t❤❛t
∫

M

c(L)−1c1(L)c(❉❡rM(−❧♦❣D)) ∩ [M ]

=

∫

M

(
∑

k≥0

(−1)kc1(L)
k+1

)(
∑

j≥0

cj(❉❡rM(−❧♦❣D))

)
∩ [M ]

=

∫

M

∑

k,j≥0

(−1)kc1(L)
k+1cj(❉❡rM(−❧♦❣❉)) ∩ [M ]

=

∫

M

n−1∑

k=0

(−1)kc1(L)
k+1cn−1−k(❉❡rM(−❧♦❣D)) ∩ [M ]

= (−1)n−1

∫

M

n−1∑

k=0

c1(L)
k+1cn−1−k(Ω

1
M(❧♦❣D)) ∩ [M ]

❛♥❞
∫

M

cn(Ω
1
M(❧♦❣D)⊗ L) ∩ [M ]

=

∫

M

n∑

i=0

c1(L)
icn−i(Ω

1
M(❧♦❣D)) ∩ [M ]

=

∫

M

cn(Ω
1
M(❧♦❣D)) ∩ [M ] +

∫

M

n∑

i=1

c1(L)
icn−i(Ω

1
M(❧♦❣D)) ∩ [M ]

=

∫

M

cn(Ω
1
M(❧♦❣D)) ∩ [M ] +

∫

M

n−1∑

k=0

c1(L)
k+1cn−k−1(Ω

1
M(❧♦❣D)) ∩ [M ].

�

❚❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ X ❛♥❞ D ❛r❡ ❞✐s❥♦✐♥t ✐s ♥♦t ✈❡r② ✐♥t❡r❡st✐♥❣✳ ❚❤❡♥✱ ✇❡ ✇♦✉❧❞

❧✐❦❡ t♦ ❞❡✜♥❡ ❛ ♥✉♠❜❡r ✐♥✈♦❧✈✐♥❣ t✇♦ ❞✐✈✐s♦rs ✐♥M ♥♦t ♥❡❝❡ss❛r✐❧② ❞✐s❥♦✐♥ts✳ ❚❤❡r❡❢♦r❡✱

❝♦♥s✐❞❡r M ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❧❡① ✈❛r✐❡t②✳ ▲❡t X := v−1(0) ❜❡ ❛ ❞✐✈✐s♦r

✐♥ M ✱ ✇❤❡r❡ v ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ ❛ ❤❡r♠✐t✐❛♥ ❧✐♥❡ ❜✉♥❞❧❡ L ♦♥ M ✱ ❛♥❞ ❧❡t D

❜❡ ❛♥♦t❤❡r ❞✐✈✐s♦r ✐♥ M ✳ ❚❤❡ ♥✉♠❜❡r

µD(X) = (−1)n
(∫

U

cn(❉❡rM(−❧♦❣D)|U) ∩ [U ]−

−
∫

M

c(L)−1c1(L)c(❉❡rM(−❧♦❣D)) ∩ [M ]

)

✐s ❝❛❧❧❡❞ ❧♦❣❛r✐t❤♠✐❝ ▼✐❧♥♦r ♥✉♠❜❡r ♦❢ X ✇✐t❤ ♣♦❧❡s ❛❧♦♥❣ D ♦r✱ s✐♠♣❧②✱ ❧♦❣❛r✐t❤♠✐❝

▼✐❧♥♦r ♥✉♠❜❡r ♦❢ X✱ ✇✐t❤ r❡s♣❡❝t t♦ ❛ 0 < ǫ≪ 1✳

■♥ ❬❆❧✉✷❪✱ P❛♦❧♦ ❆❧✉✣ ❡st❛❜❧✐s❤❡❞ t❤❡ ❢♦❧❧♦✇ ❝♦♥❥❡t✉r❡✿ ❢♦r D ❛ ❧♦❝❛❧❧② q✉❛s✐✲

❤♦♠♦❣❡♥❡♦✉s ❢r❡❡ ❞✐✈✐s♦r ✐♥ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥s✐♥❣✉❧❛r ✈❛r✐❡t② S✱ ✐s ✐t tr✉❡ t❤❛t

✸✶



c∗(✶S\D) = cn(❉❡rS(−❧♦❣D)) ∩ [S]❄ ❚❤✐s q✉❡st✐♦♥ ✇❛s ❛♥s✇❡r❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

s❡tt✐♥❣s✿

✭❉1✮ V ✐s ❛ ♥♦♥s✐♥❣✉❧❛r ❝♦♠♣❧❡① s✉r❢❛❝❡ ❛♥❞ t❤❡ ❚❥✉r✐♥❛ ♥✉♠❜❡r ❡q✉❛❧s t❤❡ ▼✐❧♥♦r

♥✉♠❜❡r ❢♦r ❛❧❧ s✐♥❣✉❧❛r✐t✐❡s ♦❢ D✱ ♦r t❤❡♥✱ D ✐s ❛ ❧♦❝❛❧❧② q✉❛s✐✲❤♦♠♦❣❡♥❡♦✉s

❞✐✈✐s♦rs✱ s❡❡ ❬▲✐❛♦✶❪✳

✭❉2✮ V ✐s ❛ ♥♦♥s✐♥❣✉❧❛r ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡① ✈❛r✐❡t② ❛♥❞D ✐s ❛ ❧♦❝❛❧❧② q✉❛s✐✲❤♦♠♦❣❡♥❡♦✉s

❢r❡❡ ❞✐✈✐s♦r✱ s❡❡ ❬▲✐❛♦✷❪✳

✭❉3✮ V ✐s ❛ ♥♦♥s✐♥❣✉❧❛r ❝♦♠♣❛❝t ❝♦♠♣❧❡① ✈❛r✐❡t② ❛♥❞ D ✐s ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ ❞✐✈✐s♦rs

t❤❛t ❆❧✉✣ ❝❛❧❧❡❞ ✧❢r❡❡ ❤②♣❡rs✉r❢❛❝❡ ❛rr❛♥❣❡♠❡♥t✧✱ s❡❡ ❬❆❧✉✶❪✳

✭❉4✮ V ✐s ❛ ♥♦♥s✐♥❣✉❧❛r ✭❝♦♠♣❧❡①✮ ✈❛r✐❡t② ❞❡✜♥❡❞ ♦✈❡r ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ✜❡❧❞ k

♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 0 ❛♥❞ D ✐s ❛ ❢r❡❡ ❞✐✈✐s♦r ✇✐t❤ ❏❛❝♦❜✐❛♥ ✐❞❡❛❧ ♦❢ ❧✐♥❡❛r t②♣❡✱ s❡❡

❬▲✐❛♦✸❪✳

❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✼ ▲❡t M ❜❡ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥♥❡❝t❡❞ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ ❛♥❞ ❧❡t D ❜❡

❛ ❞✐✈✐s♦r ✐♥ M ✳ ❲❡ s❛② t❤❛t D ✐s ❛ ❝❤❡r♥ ❧♦❣❛r✐t❤♠✐❝ ❞✐✈✐s♦r ✐♥ M ✐❢

c∗(1M\D) = c(❉❡rM(−❧♦❣D)) ∩ [M ].

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✽ ❈♦♥s✐❞❡r M ❛♥❞ U ❛s ✐♥ t❤❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✳ ❙✉♣♣♦s❡ t❤❛t D

✐s ❛ ❝❤❡r♥ ❧♦❣❛r✐t❤♠✐❝ ❞✐✈✐s♦r ✐♥ M ✱ s✉❝❤ t❤❛t c∗(1U\U∩D) = c(❉❡rM(−❧♦❣D)|U)∩ [U ]✳

❚❤❡♥

µD(X) = (−1)n
(
χ(X;1X\D)−

∫

M

c(L)−1c1(L)c( ❉❡rM(−❧♦❣D)) ∩ [M ]

)
.

Pr♦♦❢✳ ❚❤✉s✱

µD(X) = (−1)n
(∫

U

cn(❉❡rM(−❧♦❣ D)|U) ∩ [U ]−
∫

M

c(L)−1c1(L)c( ❉❡rM(−❧♦❣ D)) ∩ [M ]

)

= (−1)n
(∫

U

c∗(1U\U∩D)−
∫

M

c(L)−1c1(L)c( ❉❡rM(−❧♦❣ D)) ∩ [M ]

)

= (−1)n
(∫

U

c∗(U)−
∫

U

c∗(1U∩D)−
∫

M

c(L)−1c1(L)c( ❉❡rM(−❧♦❣ D)) ∩ [M ]

)

= (−1)n
(
χ(U)− χ(U ;1U∩D)−

∫

M

c(L)−1c1(L)c( ❉❡rM(−❧♦❣ D)) ∩ [M ]

)

= (−1)n
(
χ(X;✶X\D)−

∫

M

c(L)−1c1(L)c( ❉❡rM(−❧♦❣ D)) ∩ [M ]

)
.

�

✸✷



❉❡✜♥✐t✐♦♥ ✷✳✶✳✾ ❲❡ ❞❡✜♥❡ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ▼✐❧♥♦r ♥✉♠❜❡r ♦❢ X ✇✐t❤ ♣♦❧❡s ❛❧♦♥❣ D

♦r✱ s✐♠♣❧②✱ ❧♦❣❛r✐t❤♠✐❝ ▼✐❧♥♦r ♥✉♠❜❡r ♦❢ X ❛s ❜❡❡♥

µD(X) = (−1)n
(
χ(X;✶X\D)−

∫

M

c(L)−1c1(L)c(❉❡rM(−❧♦❣ D)) ∩ [M ]

)
.

❊①❛♠♣❧❡ ✷✳✶✳✶✵ ❈♦♥s✐❞❡r t❤❡ ❝r♦ss✐♥❣ ❞✐✈✐s♦r D = {xyz = 0} = {x = 0} ∪ {y =

0} ∪ {z = 0} ❛♥❞ t❤❡ ❤②♣❡rs✉r❢❛❝❡ X = {y2z − x3 = 0} ✐♥ P2✳ ❲❡ ❤❛✈❡ t❤❛t X ∩D =

{p = (0 : 0 : 1), q = (0 : 1 : 0)} ❛♥❞ ❙✐♥❣X = {p}✳ ❚❤❡♥✱ χ(X;✶X\D) = χ(X\{p, q}) =
χ(X)− χ({p})− χ({q}) = 0✱ ❜❡❝❛✉s❡ χ(X) = 2✳ ■t ✐s ❦♥♦✇♥ t❤❛t

c
(
Ω1

P2(❧♦❣D)
)
= c

(
Ω1

P2

) 3∏

i=1

c(ODi
)

✇❤❡r❡ D1 = {x = 0}, D2 = {y = 0} ❛♥❞ D3 = {z = 0}✱ s❡❡ ❬❆❧✉✺✱ ♣❣ ✶✷❪✱ ❬❙✐❧✱ ✸✳✶❪✱

❬❉✲❆✱ Pr♦♣♦s✐t✐♦♥ ✷✳✸❪✳ ❙❡t h = c1 (OP2(1)) t❤❡ ❝❧❛ss ♦❢ ❛ ❤②♣❡r♣❧❛♥❡ ✐♥ P2✳ ❚❤❡ ❧✐♥❡

❜✉♥❞❧❡ ♦❢ X ✐s L = O(3h)✳ ❍❡♥❝❡✱

c
(
Ω1

P2(❧♦❣D)
)
= c

(
Ω1

P2

) 3∏

i=1

c(ODi
) = (1− 3h+ 3h2)(1 + h)3 = 1− 3h2

❛♥❞ t❤❡♥ c(❉❡rM(−❧♦❣D)) = 1 − 3h2✳ ◆♦t❡ t❤❛t c(L) = 1 + 3h✱ ❛♥❞ t❤❡♥✱ c(L)−1 =

1− 3h+ 9h2✳ ❚❤❡r❡❢♦r❡✱

µD(X) = χ(X;✶X\D)−
∫

P2

c(L)−1c1(L)c(❉❡rP2(−❧♦❣D)) ∩ [P2]

= −
∫

P2

(
(1− 3h+ 9h2)3h(1− 3h2)

)
∩ [P2] = 9.

■♥ ❬P❪✱ P❛r✉s✐➠s❦✐ ♣r❡s❡♥t❡❞ ❛ r❡♠❛r❦❛❜❧❡ ❞❡✜♥✐t✐♦♥ t❤❛t ❣❡♥❡r❛❧✐③❡s t❤❡ ✐♥✐t✐❛❧

♥♦t✐♦♥ ♦❢ ▼✐❧♥♦r ♥✉♠❜❡r t♦ ❛ s❡t✉♣ ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥✈♦❧✈✐♥❣ ✐s♦❧❛t❡❞ s✐♥❣✉❧❛r✐t✐❡s

❛s ❢♦❧❧♦✇s✳ ▲❡t M ❜❡ ❛ ❝♦♠♣❛❝t n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ ❛♥❞ ❧❡t L ❜❡ ❛

❤♦❧♦♠♦r♣❤✐❝ ❧✐♥❡ ❜✉♥❞❧❡ ♦✈❡r M ✳ ❈♦♥s✐❞❡r X := v−1(0) ❛ ❞✐✈✐s♦r ✐♥ M ✱ ✇❤❡r❡ v ✐s

❛ r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ L✳ P❛r✉s✐➠s❦✐ ❞❡✜♥❡❞ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ▼✐❧♥♦r

♥✉♠❜❡r ❣✐✈❡♥ ❜②

µ(X) = (−1)n−1 (χ(M |L)− χ(X)) ,

✇❤❡r❡ ❢♦r ❛ ✈❡❝t♦r ❜✉♥❞❧❡ E ♦✈❡r M ✱

χ(M |E) :=
∫

M

c(E)−1ctop(E)c(M) ∩ [M ].

❉❡✜♥❡ χ : X −→ Z ❣✐✈❡♥ ❜② χ(x) := χ(Fx) ❢♦r ❛❧❧ x ∈ X✱ ✇❤❡r❡ Fx ❞❡♥♦t❡s

❞❡ ▼✐❧♥♦r ✜❜r❡ ❛t x ❛♥❞ χ(Fx) ❞❡♥♦t❡s t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ Fx✳ ◆♦✇ ❞❡✜♥❡ t❤❡

❢✉♥❝t✐♦♥ µ : X −→ Z ❜② µ = (−1)n−1(χ− ✶X).

✸✸



▲❡t ✉s ✜① ❛ str❛t✐✜❝❛t✐♦♥ S = {S} ♦❢ X s✉❝❤ t❤❛t µ ✐s ❝♦♥st❛♥t ♦♥ t❤❡ str❛t❛ ♦❢ S✳
■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ t♦♣♦❧♦❣✐❝❛❧ t②♣❡ ♦❢ t❤❡ ▼✐❧♥♦r ✜❜r❡s ✐s ❝♦♥st❛♥t ❛❧♦♥❣ t❤❡ str❛t❛

♦❢ ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ♦❢ X✳ ❚❤❡r❡❢♦r❡✱ ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ♦❢ X s❛t✐s✜❡s t❤❡

❝♦♥❞✐t✐♦♥ ❞❡s✐r❡❞ ❛❜♦✈❡✱ s❡❡ ❬P✸❪✱ ❬❇✲▼✲▼❪ ❛♥❞ ❬PP❪✳ ❚❤✉s✱ ❢♦r ❡❛❝❤ S ∈ S ✇❡ ❞❡♥♦t❡

❜② µS t❤❡ ✈❛❧✉❡ ♦❢ x 7−→ µ(X, x) ♦♥ S✳ ❙❡t

γ(S) = µS −
∑

S′ 6=S,S′⊃S

γ(S ′)

t❤❡ ♥✉♠❜❡rs ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② ♦♥ ❞❡s❝❡♥❞✐♥❣ ❞✐♠❡♥s✐♦♥ ♦❢ S✳

❚❤❡♦r❡♠ ✷✳✶✳✶✶ ▲❡t M ❜❡ ❛ ♥♦♥s✐♥❣✉❧❛r s✉✈❛r✐❡t② ♦❢ PN ❛♥❞ ❧❡t L ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝

❧✐♥❡ ❜✉♥❞❧❡ ♦♥ X✳ ❈♦♥s✐❞❡r X ❛s ❜❡✐♥❣ t❤❡ ③❡r♦ s❡t ♦❢ ❛ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ L✳

●✐✈❡♥ S ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ♦❢ X✱ ✇❡ ❤❛✈❡

µ(X) =
∑

s∈Z

γ(S)

∫

S

(c(L|S)−1 ∩ c∗(S))

✇❤❡r❡ γ(S) = µS −∑S′ 6=S,S′⊃S γ(S
′)✳

Pr♦♦❢✳ ❙❡❡ ❬PP✱ ❚❤❡♦r❡♠ ✹❪✳ �

❙✉♣♣♦s❡ t❤❛t ❙✐♥❣(X) = {x0}✳ ❚❤❡♥✱ ✇❡ ❝❛♥ t❛❦❡ t❤❡ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥

{S0 := X\{x0}, S1 := {x0}} ♦❢ X✳ ◆♦t❡ t❤❛t✱ γ(S0) = µS0 = µ(X, x) = 0 ✱ ❢♦r ❛❧❧

x ∈ X\{x0} ❛♥❞ γ(S1) = µS1 − γ(S0) = µS1 = µ(X, x0)✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❚❤❡♦r❡♠

✷✳✶✳✶✶✱ ✐t ❢♦❧❧♦✇ t❤❛t

µ(X) = γ(S1)

∫

S1

c(L|S1
)−1 ∩ c∗(S1)

= µ(X, x0)

∫

{x0}

[x0] = µ(X, x0)

❜❡❝❛✉s❡ c(L|S1
) = 1 ❛♥❞ c∗(S1) = c∗(x0) = [x0]✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❝❛♥ ❣❡♥❡r❛❧✐③❡ t❤✐s ❢❛❝t

❛s ❢♦❧❧♦✇s✳

❊①❛♠♣❧❡ ✷✳✶✳✶✷ ❬PP❪ ❆ss✉♠❡ t❤❛t t❤❡ ❙✐♥❣(X) = {x1, · · · , xr}✳ ❲❡ ❤❛✈❡ t❤❛t

µ(X) = (−1)n
r∑

i=1

µ(X, xi).

■♥ ❬❙❙✱ ❚❤❡♦r❡♠ ✷✳✹❪✱ ❙❡❛❞❡ ❛♥❞ ❙✉✇❛ ♣r❡s❡♥t❡❞ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤✐s ❢❛❝t t♦ ✧str♦♥❣✧❧♦❝❛❧

❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥s✳

■♥ t❤✐s ✇❛②✱ ✇❡ ❝❛♥ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ▼✐❧♥♦r ♥✉♠❜❡r ❞✉❡

t♦ P❛r✉s✐➠s❦✐ ❛♥❞ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ▼✐❧♥♦r ♥✉♠❜❡r ❞❡✜♥❡❞ ❛❜♦✈❡✿

✸✹



Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✸ ▲❡t D ❛ ❞✐✈✐s♦r ✐♥ M ✳ ■❢ D ✐s ❛ ❝❤❡r♥ ❧♦❣❛r✐t❤♠✐❝ ❞✐✈✐s♦r ✐♥ M ✱

t❤❡♥

µD(X) = µ(X)− (−1)nχ(X;✶X∩D) + (−1)n
∫

M

c(L)−1c1(L)c∗(D).

Pr♦♦❢✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡

µD(X) = (−1)n
(
χ(X;1X\X∩D)−

∫

M

c(L)−1c1(L)c(❉❡rM(− ❧♦❣D)) ∩ [M ]

)

= (−1)n
(∫

X

c∗(1X\X∩D)−
∫

M

c(L)−1c1(L)c∗(1M\D)

)

= (−1)n
(∫

X

c∗(1X)−
∫

X

c∗(1X∩D)−
∫

M

c(L)−1c1(L)c∗(1M\D)

)

= (−1)n
(
χ(X)−

∫

M

c(L)−1c1(L)c∗(M)− χ(X;1X∩D) +

∫

M

c(L)−1c1(L)c∗(D)

)

= µ(X)− (−1)nχ(X;1X∩D) + (−1)n
∫

M

c(L)−1c1(L)c∗(D).

�

◆♦✇ ❧❡t E ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ♦✈❡r M ♦❢ r❛♥❦ d✳ ❙❡t X := {p ∈M :

s(p) = 0}✱ ✇❤❡r❡ s ✐s ❛ r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ E✱ t❤❛t ✐s✱ ❛t ❛♥② ♣♦✐♥t p ∈ X✱

t❤❡ ❣❡r♠s ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ s ✇✐t❤ r❡♣❡❝t t♦ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡ ♥❡❛r p ❢♦r♠ ❛

r❡❣✉❧❛r s❡q✉❡♥❝❡ ✐♥ t❤❡ OM,p ♦❢ ❣❡r♠s ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ❛t p✳ ❚❤❡♥✱ X ✐s ❛ ❝❧♦s❡❞

s✉❜✈❛r✐❡t② ♦❢ M ♦❢ ♣✉r❡ ❞✐♠❡♥s✐♦♥ n− d✱ s❡❡ ❬❋✉❧✱ ❇✳✸❪✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✹ ●✐✈❡♥ α ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ M ✱ ✇❡ ❞❡✜♥❡ t❤❡ ▼✐❧♥♦r ♥✉♠✲

❜❡r r❡❧❛t✐✈❡ t♦ α ❛s ❜❡✐♥❣

µ(X;α) = (−1)dimX

(∫

M

c(E)−1ctop(E)c∗(α)− χ(X;α|X)
)
.

❋✐rst ❢❛❝t t❤❛t ✇❡ ❤✐❣❤❧✐❣❤t ❜❡❧♦✇ ✐s ❤♦✇ ✇❡ r❡❝♦✈❡r ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧♦❣❛✲

r✐t❤♠✐❝ ▼✐❧♥♦r ♥✉♠❜❡r✳

❊①❛♠♣❧❡ ✷✳✶✳✶✺ ▲❡t D ❜❡ ❛ ❝❤❡r♥ ❧♦❣❛r✐t❤♠✐❝ ❞✐✈✐s♦r ✐♥ M ✳ ❲❤❡♥ t❤❡ r❛♥❦ ♦❢ t❤❡

✈❡❝t♦r ❜✉♥❞❧❡ E ✐s 1✱ t❤✐s ✐s dim(X) = n− 1✱ ❛♥❞ α = ✶M\D✱ ✇❡ ❤❛✈❡ t❤❛t

µ(X;1M\D) = (−1)dimX

(∫

M

c(E)−1ctop(E)c∗(1M\D)− χ(X; (1M\D)|X)
)

= (−1)n−1

(∫

M

c(E)−1ctop(E)c( ❉❡rM(−❧♦❣D)) ∩ [M ]− χ(X;1X\D)

)

= µD(X).

✸✺



✷✳✷ ❖♥ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❙❝❤ür♠❛♥♥ ❢♦r ▼✐❧♥♦r

❝❧❛ss❡s

▲❡t X ❜❡ ❛ s❝❤❡♠❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♠❜❡❞❞❡❞ ❛s ❛ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ ♦❢ ❛ ♥♦♥s✐♥❣✉❧❛r

✈❛r✐❡t② M ✳ ❖♥❡ ❞❡✜♥❡ t❤❡ ❋✉❧t♦♥ ❝❧❛ss ♦❢ X ❛s ❜❡✐♥❣ t❤❡ ❝❧❛ss

cF (X) = c(TM |X) ∩ s(X,M)

✐♥ A∗(X)✳ ❋✉❧t♦♥ s❤♦✇❡❞ t❤❛t cFJ(X) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ✐♠❜❡❞❞✐♥❣✱

s❡❡ ❬❋✉❧✱ ❊①❛♠♣❧❡ ✹✳✷✳✻✭❛✮❪✳ ▼♦r❡♦✈❡r✱ t❤❡ ❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss ♦❢ X ✐s ❞❡✜♥❡❞ ❜②

cFJ(X) = c(TM |X) ∩ s(N )

✇❤❡r❡ s(N ) ✐s t❤❡ t♦t❛❧ ❈❤❡r♥ ❝❧❛ss ♦❢ t❤❡ ❝♦♥♦r♠❛❧ s❤❡❛❢ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ ♦❢ X

✐♥ M ✱ s❡❡ ❬❋❏❪✳ ❆ss✉♠✐♥❣ t❤❛t X ✐s ❛ ❧♦❝❛❧ ❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥✱ t❤❡ ❋✉❧t♦♥ ❛♥❞

❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss❡s ❝♦✐♥❝✐❞❡ ❛♥❞ ❛r❡ ❡q✉❛❧ t♦

c(TM |X)c(NXM)−1 ∩ [X] = c(TX) ∩ [X]

✇❤❡r❡ TX = TM |X −NXM ❞❡♥♦t❡s t❤❡ ✈✐rt✉❛❧ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦♥ X✱ ✇❤✐❝❤ ✐s ❛ ✇❡❧❧✲

❞❡✜♥❡❞ ❡❧❡♠❡♥t ♦❢ t❤❡ ●r♦t❤❡♥❞✐❡❝❦ ❣r♦✉♣ ♦❢ ✈❡❝t♦r ❜✉♥❞❧❡s ♦♥ X✱ s❡❡ ❬❋✉❧✱ ❊①❛♠♣❧❡

✸✳✷✳✼❪✳

▲❡t M ❜❡ ❛ ♥♦♥s✐♥❣✉❧❛r ❝♦♠♣❛❝t ❝♦♠♣❧❡① ❛♥❛❧②t✐❝ ✈❛r✐❡t② ♦❢ ♣✉r❡ ❞✐♠❡♥s✐♦♥ n

❛♥❞ ❧❡t L ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❧✐♥❡ ❜✉♥❞❧❡ ♦✈❡r M ✳ ❈♦♥s✐❞❡r X := v−1(0) ❛ ❞✐✈✐s♦r ✐♥ M ✱

✇❤❡r❡ v ✐s ❛ r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ L✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❤❛✈❡

cF (X) = c(TM |X − L|X) ∩ [X].

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶ ❬PP✸❪✱ ❬❇▲❙❙❪✱ ❬❨❪✱ ❬❆✹❪ ❚❤❡ ▼✐❧♥♦r ❝❧❛ss ♦❢ X ✐s ❞❡✜♥❡❞ ❛s ❜❡✐♥❣

M(X) = (−1)n−1(cFJ(X)− c∗(X)).

❉✉❡ t♦ P❛r✉s✐➠s❦✐ ❛♥❞ Pr❛❣❛❝③✱ t❤❡r❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ t♦ ▼✐❧♥♦r ♥✉♠❜❡r

M(X) ✐♥ t❡r♠s ♦❢ ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ♦❢ X✳

❚❤❡♦r❡♠ ✷✳✷✳✷ ❚❛❦❡ S = {S} ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ♦❢ X✳ ❚❤❡♥

M(X) =
∑

s∈S

γ(S)c(L|X)−1 ∩ (ιS,X)∗c∗(S)

✇❤❡r❡ γ(S) = µS −
∑

S′ 6=S,S′⊃S γ(S
′) ❛♥❞ t❤❡ ❛♣❧✐❝❛t✐♦♥ ιS,X ❞❡♥♦t❡s t❤❡ ✐♥❝❧✉s✐♦♥ ❢r♦♠

S t♦ X✳
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Pr♦♦❢✳ ❙❡❡ ❬PP✸✱ ❚❤❡♦r❡♠ ✵✳✷❪✳ �

■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❤❛s
∫

X

M(X) =
∑

s∈S

γ(S)

∫

S

c(L|S)−1 ∩ c∗(S).

◆♦t❡ t❤❛t P❛r✉s✐➠s❦✐ ❛♥❞ Pr❛❣❛❝③ ❤❛❞ ❛❧r❡❛❞② ♣r♦✈❡♥ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ t♦ M ♣r♦❥❡❝✲

t✐✈❡ ❛♥❞ X ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♠♣❛❝t✱ s❡❡ ❚❤❡♦r❡♠ ✷✳✶✳✶✶✳

❊①❛♠♣❧❡ ✷✳✷✳✸ ❬PP✸✱ ❊①❛♠♣❧❡ ✵✳✶❪ ❆ss✉♠❡ t❤❛t ❙✐♥❣(X) = {x1, · · · , xr}✳ ❚❤❡♥✱ ♦♥❡
❤❛s

M(X) =
r∑

i=1

µ(X, xi)[xi] ∈ H0(X).

❚❤❡r❡ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤✐s r❡s✉❧t ❢♦r ✧str♦♥❣✧❧♦❝❛❧ ❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥s✱ ❢♦r ♠♦r❡

❞❡t❛✐❧s s❡❡ ❬❙✉✇❛❪✳

▲❡t ι : X →֒ Z ❜❡ ❛ r❡❣✉❧❛r ❡♠❜❡❞❞✐♥❣ ❜❡t✇❡❡♥ ❛❧❣❡❜r❛✐❝ ✭♦r ❝♦♠♣❧❡①✮ ♣♦ss✐❜❧②

s✐♥❣✉❧❛r ✈❛r✐❡t✐❡s ❛♥❞ ❧❡t NXZ ❜❡ ❛ ♥♦r♠❛❧ ❜✉♥❞❧❡ ♦❢ X ✐♥ Z✳ ❚❤❡ ❞✐❛❣r❛♠

CF (Z)
c∗ //

ι∗

��

H∗(Z)

ι∗∩c(NXZ)−1

��
CF (X) c∗

// H∗(X)

❞♦❡s ♥♦t ❝♦♠♠✉t❡ ✐♥ ❣❡♥❡r❛❧✱ ✇❤❡r❡ ι∗ : H∗(Z) −→ H∗(X) ✐s t❤❡ ●②s✐♥ ❤♦♠♦♠♦r♣❤✐s♠✳

■♥❞❡❡❞✱ s✉♣♣♦s❡ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✐♥ ✇❤✐❝❤ Z = M ❛ s♠♦♦t❤ ✈❛r✐❡t②✳ ❖♥ t❤❡ ♦♥❡

❤❛♥❞✱ c∗(ι∗(✶M)) = c∗(✶X) ✇❤✐❝❤ ✐s ❡q✉❛❧s t♦ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥ ❝❧❛ss ♦❢ X✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱

c(NXM)−1 ∩ ι∗(c∗(1M)) = c(NXM)−1 ∩ ι∗(c(TM) ∩ [M ])

= c(NXM)−1 · c(ι∗TM) ∩ ι∗[M ]

= c(NXM)−1 · c(TM |X) ∩ [X] = cFJ(X)

❛♥❞ ✐t ✐s ❦♥♦✇♥ t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥ ❝❧❛ss ❛♥❞ t❤❡ ❋✉❧t♦♥✲

❏♦❤♥s♦♥ ❝❧❛ss ❛r❡ ❞✐✛❡r❡♥t✱ s❡❡ ❬❙❝❤ür✶❪✱ ❬PP✸❪✱ ❬❇▲❙❙❪✱ ❬❨❪✱ ❬❆✹❪✳ ❚❤✐s ♠♦t✐✈❛t❡❞

❏✳ ❙❝❤ür♠❛♥♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✷✳✷✳✹ ❬❙❝❤ür✶❪ ▲❡t ι : X →֒ Z ❜❡ ❛ r❡❣✉❧❛r ❡♠❜❡❞❞✐♥❣ ❛♥❞ ❧❡t α ❜❡ ❛

❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ Z✳ ❖♥❡ ❞❡✜♥❡s t❤❡ ▼✐❧♥♦r ❝❧❛ss ♦❢ t❤❡ ♣❛✐r X ⊂ Z r❡❧❛t✐✈❡

t♦ α ❛s ❜❡❡♥

M(X ⊂ Z;α) = (−1)dimX
(
c(NXZ)

−1 ∩ ι∗(c∗(α))− c∗(ι
∗(α))

)
∈ H∗(X),

✇❤❡r❡ NXZ ✐s t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ♦❢ X ✐♥ Z✳

✸✼



❲❤❡♥ Z ✐s ❛ s♠♦♦t❤ ✈❛r✐❡t②✱ ✇❡ ❛❧s♦ ❞❡♥♦t❡ M(X ⊂ Z;α) s✐♠♣❧② ❜② M(X;α)✳

❚❤❡♦r❡♠ ✷✳✷✳✺ ❙✉♣♣♦s❡ t❤❛t Z ✐s ❛ s♠♦♦t❤ ✈❛r✐❡t② ❛♥❞ s✉♣♣♦s❡ t❤❛t X ✐s t❤❡ ③❡r♦✲

s❝❤❡♠❡ ♦❢ ❛ r❡❣✉❧❛r s❡❝t✐♦♥ ♦❢ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ E ♦♥ Z✳ ●✐✈❡♥ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥

α ♦♥ Z✱ ✐t ❢♦❧❧♦✇s t❤❛t

µ(X;α) =

∫

X

M(X;α).

Pr♦♦❢✳ ❲❡ ✇✐❧❧ t❛❦❡ ❛ ♣❛rt✐❝✉❧❛r s✐t✉❛t✐♦♥ ♦❢ t❤❡ ❊①❛♠♣❧❡ ✶✳✺✳✾ ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

✜❜❡r sq✉❛r❡

X
ι //

Id
��

Z

Id
��

X ι
// Z

❚❤❡r❡❢♦r❡✱ ι∗ι∗(β) = ctop(Id
∗E) ∩ β = ctop(E) ∩ β✱ ❢♦r ❛❧❧ β ∈ A∗Z✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡

❤❛✈❡

µ(X;α) = (−1)dimX

(∫

X

c(E)−1ctop(E)c∗(α)− χ(X;α|X)
)
.

❚❤✉s✱ ✉s✐♥❣ t❤❡ ❊①❛♠♣❧❡ ✶✳✺✳✾ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✽✱ ✇❡ ♦❜t❛✐♥

µ(X;α) = (−1)dimX

(∫

X

c(E)−1 ∩ ι∗ι∗c∗(α)−
∫

X

c∗(ι
∗α)

)

= (−1)dimX

(∫

X

ι∗
(
c(ι∗E)−1 ∩ ι∗c∗(α)

)
−
∫

X

c∗(ι
∗α)

)

= (−1)dimX

(∫

X

c(NXZ)
−1 ∩ ι∗c∗(α)−

∫

X

c∗(ι
∗α)

)

=

∫

X

M(X;α)

❜❡❝❛✉s❡ ι∗E = E|X = NXZ ❛♥❞ χ(X;α|X) =
∫
X
c∗(ι

∗α). �

■♥ t❤✐s ✇❛②✱ t❤❡ ❝❧❛ss cFJ(X ⊂ Z;α) := c(NXZ)
−1 ∩ ι∗(c∗(α)) ✐s ❝❛❧❧❡❞ ❋✉❧t♦♥✲

❏♦❤♥s♦♥ ❝❧❛ss ♦❢ t❤❡ ♣❛✐r X ⊂ Z r❡❧❛t✐✈❡ t♦ α❀ ❛♥❞ t❤❡ ❝❧❛ss cSM(X ⊂ Z;α) = c∗(ι
∗α)

✐s ❝❛❧❧❡❞ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥ ❝❧❛ss ♦❢ t❤❡ ♣❛✐r X ⊂ Z r❡❧❛t✐✈❡ t♦ α✳

◗✉❡st✐♦♥✳ ▲❡t L ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❧✐♥❡ ❜✉♥❞❧❡ ♦✈❡r ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ M ❛♥❞ ❧❡t

X := v−1(0) ❜❡ ❛ ❞✐✈✐s♦r ✐♥M ✱ ✇❤❡r❡ v ✐s ❛ r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ L✳ ❈♦♥s✐❞❡r

D ❛♥♦t❤❡r ❞✐✈✐s♦r ✐♥ M ✳ ❆ss✉♠❡ t❤❛t ❙✐♥❣X = {x1, . . . , xs} ⊂ D✳ ❖♥❡ ❞❡✜♥❡s t❤❡

♥✉♠❜❡r

µBR(X,D) :=
s∑

i=1

µBR(fi, D),

✇❤❡r❡ f1, . . . , fs ❛r❡ ❧♦❝❛❧ ❞❡✜♥✐♥❣ ❢✉♥❝t✐♦♥s ♦❢ X ❛t x1, . . . , xs✱ r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ fi

❜❡✐♥❣ ✜♥✐t❡❧② R(D)✲❞❡t❡r♠✐♥❡❞✱ ❢♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❬❇❘❪✳

■s t❤❡r❡ ❛♥② r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡rs µBR(X,D) ❛♥❞ µD(X)❄

✸✽



❈❛♣ít✉❧♦ ✸

■♥t❡rs❡❝t✐♦♥ ♣r♦❞✉❝t ❢♦r♠✉❧❛s r❡❧❛t✐✈❡

t♦ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s

❚❤✐s ❝❤❛♣t❡r ✐s ❛❜♦✉t s♦♠❡ ♣r♦❞✉❝t ❢♦r♠✉❧❛s ❛♥❞ s♦♠❡ ✐♥t❡rs❡❝t✐♦♥ ❢♦r♠✉❧❛s ♦❢

✈❛r✐❡t✐❡s✱ ❣❡♥❡r❛❧✐③❡❞ ❢♦r ❛r❜✐tr❛r② ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s✳

✸✳✶ Pr♦❞✉❝t ❢♦r♠✉❧❛s ❢♦r t❤❡ ▼✐❧♥♦r ❝❧❛ss ♦❢ ❝♦♥str✉❝✲

t✐❜❧❡ ❢✉♥❝t✐♦♥s

▲❡t X ❛♥❞ Y ❜❡ ♠❛♥✐❢♦❧❞s ❛♥❞ ❧❡t α ❛♥❞ β ❜❡ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ X ❛♥❞

Y ✱ r❡s♣❡❝t✐✈❡❧②✳ ❖♥❡ ❞❡✜♥❡s (α⊗β)(x, y) := α(x)β(y)✱ ❢♦r ❛❧❧ (x, y) ∈ X×Y ✳ ❲❡ ❤❛✈❡

t❤❛t α⊗ β ✐s ❛ ❝♦♥st✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ X × Y ✳

❚❤❡♦r❡♠ ✸✳✶✳✶ ❬❑✇✐❡❪✱❬❑✇❡✐✲❨♦❦❛❪ ❈♦♥s✐❞❡r α ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ X ❛♥❞ β

❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ Y ✳ ❚❤❡♥✱

c∗(α⊗ β) = c∗(α)× c∗(β).

■♥ ♣❛rt✐❝✉❧❛r✱ c∗(X × Y ) = c∗(X)× c∗(Y ) ❛♥❞ cMa(X × Y ) = cMa(X)× cMa(Y )✱

❜❡❝❛✉s❡ 1X ⊗ 1Y = 1X×Y ❛♥❞ EuX×Y = EuX ⊗ EuY ✳

❋♦r ❡❛❝❤ i = 1, 2✱ ❧❡t Mi ❜❡ ❛♥ (ni + ki)✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❛❝t ❝♦♠♣❧❡① ❛♥❛❧②t✐❝

♠❛♥✐❢♦❧❞ ❛♥❞ ❧❡t Ei ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ♦✈❡r Mi ♦❢ r❛♥❦ ki✳ ❈♦♥s✐❞❡r si

❛ r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ Ei✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ni✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❝❛❧ ❝♦♠♣❧❡t❡

✐♥t❡rs❡❝t✐♦♥✳ ❋♦r ❡❛❝❤ i = 1, 2✱ ❝♦♥s✐❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥ pi : M1 ×M2 −→ Mi✳ ❚❤❡♥✱



❝♦♥s✐❞❡r t❤❡ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ s1 ⊕ s2 : M1 ×M2 −→ p∗1E1 ⊕ p∗2E2 ❣✐✈❡♥ ❜② (s1 ⊕
s2)(x, y) = (s1(x), s2(y))✱ ❢♦r ❛❧❧ (x, y) ∈M1×M2✳ ◆♦t❡ t❤❛t X1×X2 = (s1⊕s2)−1(0)✳

▲❡t α ❛♥❞ β ❜❡ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ M1 ❛♥❞ M2✱ r❡s♣❡❝t✐✈❡❧②✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷ ❲❡ ❤❛✈❡

c∗(X1 ×X2 ⊂M1 ×M2;α⊗ β) = c∗(X1 ⊂M1;α)× c∗(X2 ⊂M2; β).

Pr♦♦❢✳ ❋♦r ❛❧❧ (x1, x2) ∈ X1 ×X2✱ ✐t ❢♦❧❧♦✇s t❤❛t

(ι1 × ι2)
∗(α⊗ β)(x1, x2) = (α⊗ β)(ι1(x1), ι2(x2))

= α(ι1(x1))β(ι2(x2))

= ((ι1
∗α)⊗ (ι2

∗β))(x1, x2).

❚❤✉s✱ (ι1 × ι2)
∗(α⊗ β) = (ι1

∗α)⊗ (ι2
∗β)✳ ❚❤❡♥✱ ✉s✐♥❣ ❚❤❡♦r❡♠ ✸✳✶✳✶

c∗(X1 ×X2 ⊂M1 ×M2;α⊗ β) = c∗((ι1 × ι2)
∗(α⊗ β))

= c∗((ι1
∗α)⊗ (ι2

∗β))

= c∗(ι
∗
1α)× c∗(ι

∗
2β)

= c∗(X1 ⊂M1;α)× c∗(X2 ⊂M2; β).

�

❖♥❡ s❤♦✉❧❞ ♥♦t✐❝❡ t❤❛t t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥ ❣❡♥❡r❛❧✐③❡s t❤❡ ❚❤❡♦r❡♠ ✸✳✶✳✶✳ ❋♦r

t❤✐s✱ t❛❦❡ α = ✶X1 ❛♥❞ β = ✶X2 ✳ ◆♦✇ ✇❡ ❧♦♦❦ ❢♦r✱ ✐♥ s✐♠✐❧❛r ❢❛s❤✐♦♥✱ ❛ r❡s✉❧t ❢♦r t❤❡

❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss❡s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✸ ■♥ t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ❤❛✈❡

cFJ(X1 ×X2 ⊂M1 ×M2;α⊗ β) = cFJ(X1 ⊂M1;α)× cFJ(X2 ⊂M2; β).

Pr♦♦❢✳ ❇② ❞❡✜♥t✐♦♥✱

cFJ(X1 ×X2 ⊂M1 ×M2;α⊗ β) = c(NX1×X2M1 ×M2)
−1 ∩ (ι1 × ι2)

∗ (c∗(α⊗ β)).

❇② ❚❤❡♦r❡♠ ✸✳✶✳✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✹✭✐✐✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

(ι1 × ι2)
∗(c∗(α⊗ β)) = (ι1 × ι2)

∗(c∗(α)× c∗(β))

= (ι1)
∗(c∗(α))× (ι2)

∗(c∗(β)).

✹✵



❙✐♥❝❡ NX1×X2M1 ×M2 = p∗1 (NX1M1)⊕ p∗2 (NX2M2) ❛♥❞ ✉s✐♥❣ t❤❡ ❊①❛♠♣❧❡ ✶✳✺✳✶✶✱ ❢♦r

❛❧❧ γ ∈ A∗X1 ❛♥❞ η ∈ A∗X2✱ ✇❡ ❤❛✈❡

γ × η = ((c(NX1M1)c(NX1M1)
−1) ∩ γ)× ((c(NX2M2)c(NX2M2)

−1) ∩ η)

= c(p∗1 (NX1M1))c(p
∗
2 (NX2M2))(c(NX1M1)

−1 ∩ γ)× (c(NX2M2)
−1 ∩ η)

= c(p∗1 (NX1M1)⊕ p∗2 (NX2M2))(c(NX1M1)
−1 ∩ γ)× (c(NX2M2)

−1 ∩ η)

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❲❤✐t♥❡② ♣r♦❞✉❝t ❢♦r♠✉❧❛✳ ❈♦♥s❡q✉❡♥t❧②✱

c(p∗1 (NX1M1)⊕ p∗2 (NX2M2))
−1 ∩ (γ × η) = (c(NX1M1)

−1 ∩ γ)× (c(NX2M2)
−1 ∩ η).

❚❤❡r❡❢♦r❡✱

cFJ(X1 ×X2 ⊂M1 ×M2;α⊗ β) = c(p∗1 (NX1M1)⊕ p∗2 (NX2M2))
−1 ∩

∩(ι1∗(c∗(α))× ι2
∗(c∗(β)))

=
(
c(p∗1 (NX1M1))

−1 ∩ ι∗1(c∗(α))
)
×

×
(
c(p∗2 (NX2M2))

−1 ∩ ι∗2(c∗(β))
)

= cFJ(X1 ⊂M1;α)× cFJ(X2 ⊂M2; β).

�

❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ▼✐❧♥♦r ❝❧❛ss ✐s t❤❡ ❞✐✛❡r❡♥❝❡✱ ✉♣ t♦ s✐❣♥✱ ❜❡t✇❡❡♥ t❤❡ ❙❝❤✇❛rt③✲

▼❛❝P❤❡rs♦♥ ❝❧❛ss ❛♥❞ t❤❡ ❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❛❜♦✈❡ r❡s✉❧ts

t♦ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✶✳✹ ▲❡t M1, · · · ,Mr ❜❡ ❝♦♠♣❛❝t ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞s ♦❢ ❞✐♠❡♥s✐♦♥ ni✱ r❡s✲

♣❡❝t✐✈❡❧②✳ ❋♦r ❡❛❝❤ i✱ ❝♦♥s✐❞❡r ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ Ei ♦❢ r❛♥❦ di ♦✈❡r Mi✱ ❛

r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ si : Mi −→ Ei ❛♥❞ Xi := s−1
i (0) t❤❡ ❧♦❝❛❧ ❝♦♠♣❧❡t❡ ✐♥✲

t❡rs❡❝t✐♦♥ ♦❢ ❞✐♠❡♥s✐♦♥ ni − di✳ ❋♦r ❡❛❝❤ i✱ ❧❡t αi ❜❡ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ Mi✳

❚❤❡♥✱

M(X1 × · · · ×Xr;α1 ⊗ · · · ⊗ αr) =
∑

(−1)(n1−d1)ε1+···+(nr−dr)εrP1 · · · · · Pr

✇❤❡r❡ t❤❡ s✉♠ r✉♥s ♦✈❡r ❛❧❧ ❝❤♦✐❝❡s ♦❢ Pi ∈ {c∗(Xi;αi),M(Xi;αi)}✱ i = 1, · · · , r✱
❡①❝❡♣t (P1, · · · , Pr) = (c∗(X1;α1), · · · , c∗(Xr;αr)) ❛♥❞

εi =

{
1✱ ✐❢ Pi = c∗(Xi;αi)

0✱ ✐❢ Pi = M(Xi;αi).

✹✶



Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧✱ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ❤❛✈❡

M(X1 ×X2;α1 ⊗ α2) = (−1)n1+n2−d1−d2(cFJ(X1 ×X2;α1 ⊗ α2)−

−c∗(X1 ×X2;α1 ⊗ α2))

= (−1)n1+n2−d1−d2(cFJ(X1;α1)× cFJ(X2;α2)−

−c∗(X1;α1)× c∗(X2;α2).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

M(X1;α1)×M(X2;α2)+(−1)n1−d1c∗(X1;α1)×M(X2;α2) +

+(−1)n2−d2M(X1;α1)×c∗(X2;α2)

= (−1)n1−d1(cFJ(X1;α1)− c∗(X1;α1))×(−1)n2−d2(cFJ(X2;α2)− c∗(X2;α2))+

+(−1)n1−d1c∗(X1;α1)×(−1)n2−d2(cFJ(X2;α2)− c∗(X2;α2)) +

+(−1)n2−d2(−1)n1−d1(cFJ(X1;α1)− c∗(X1;α1))×c∗(X2;α2)

= (−1)n1+n2−d1−d2
(
cFJ(X1;α1)× cFJ(X2;α2)− cFJ(X1;α1)× c∗(X2;α2)−

− c∗(X1;α1)× cFJ(X2;α2) + c∗(X1;α1)× c∗(X2;α2)
)
+

+(−1)n1+n2−d1−d2(c∗(X1;α1)× cFJ(X2;α2)− c∗(X1;α1)× c∗(X2;α2)) +

+(−1)n1+n2−d1−d2(cFJ(X1;α1)× c∗(X2;α2)− c∗(X1;α1)× c∗(X2;α2)).

❚❤❡r❡❢♦r❡✱

M(X1 ×X2;α1 ⊗ α2) = (−1)n1−d1c∗(X1;α1)×M(X2;α2) +

+(−1)n2−d2M(X1;α1)×c∗(X2;α2) +M(X1;α1)×M(X2;α2).

◆♦✇ t❛❦❡ r > 2 ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡ r❡s✉❧t ❤♦❧❞s ❢♦r r − 1✳ ❚❤✉s✱

M(X1 × · · · ×Xr−1;α1 ⊗ · · · ⊗ αr−1) =
∑

(−1)n1ε1+···+nr−1εr−1P1 · · · · · Pr−1,

✇❤❡r❡ t❤❡ s✉♠ r✉♥s ♦✈❡r ❛❧❧ ❝❤♦✐❝❡s ♦❢ Pi ∈ {c∗(Xi;αi),M(Xi;αi)}✱ i = 1, · · · , r − 1✱

❡①❝❡♣t (P1, · · · , Pr−1) = (c∗(X1;α1), · · · , c∗(Xr−1;αr−1)) ❛♥❞

εi =





1✱ ✐❢ Pi = c∗(Xi;αi)

0✱ ✐❢ Pi = M(Xi;αi).

✹✷



❚❤❡♥✱ ✐t ❢♦❧❧♦✇s t❤❛t

M(X1 × · · · ×Xr;α1 ⊗ · · · ⊗ αr)

= (−1)n1+···+nr−1c∗(X1 × · · · ×Xr−1;α1 ⊗ · · · ⊗ αr−1)×M(Xr;αr)+

+(− 1)nrM(X1 × · · · ×Xr−1;α1 ⊗ · · · ⊗ αr−1)× c∗(Xr;αr)+

+M(X1 × · · · ×Xr−1;α1 ⊗ · · · ⊗ αr−1)×M(Xr;αr)

= (−1)n1+···+nr−1c∗(X1;α1)× · · · × c∗(Xr−1;αr−1)×M(Xr;αr)+

+(− 1)nr

∑
(−1)n1ε1+···+nr−1εr−1P1 · · · · · Pr−1 × c∗(Xr;αr)+

+
∑

(−1)n1ε1+···+nr−1εr−1P1 · · · · · Pr−1 ×M(Xr;αr)

=
∑

(−1)n1ε1+···+nrεrP1 · · · · · Pr.

�

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ αi = ✶Xi
✱ ❢♦r ❛❧❧ i✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♣r✐♥❝✐♣❛❧ r❡s✉❧t ♦❢ ❬❖✲❨❪✳

❊①♣❧✐❝✐t❧②✿

❈♦r♦❧❧❛r② ✸✳✶✳✺ ■♥ t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s✱ ♦♥❡ ❤❛s

M(X1 × · · · ×Xr) =
∑

(−1)(n1−d1)ε1+···+(nr−dr)εrP1 · · · · · Pr

✇❤❡r❡ t❤❡ s✉♠ r✉♥s ♦✈❡r ❛❧❧ ❝❤♦✐❝❡s ♦❢ Pi ∈ {c∗(Xi),M(Xi)}✱ i = 1, · · · , r✱ ❡①❝❡♣t

(P1, · · · , Pr) = (c∗(X1), · · · , c∗(Xr)) ❛♥❞

εi =

{
1✱ ✐❢ Pi = c∗(Xi)

0✱ ✐❢ Pi = M(Xi).

Pr♦♦❢✳ ◆♦t❡ t❤❛tM(X1×· · ·×Xr;1X1⊗· · ·⊗1Xr
) = M(X1×· · ·×Xr;1X1×···×Xr

) = M(X1×
· · · × Xr)✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡❛❝❤ i = 1, · · · , r✱ ✇❡ ❦♥♦✇ t❤❛t c∗(Xi;1Xi

) = c∗(Xi) ❛♥❞

M(Xi;1Xi
) = M(Xi)✳ �

✸✳✷ ❖♥ t❤❡ ❞✐❛❣♦♥❛❧ ❡♠❜❡❞❞✐♥❣

❈♦♥s✐❞❡r M ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ ❛♥❞ X ❛♥ ❛♥❛❧②t✐❝ s✉❜✈❛r✐❡t② ♦❢ M ✳ ▲❡t S ❜❡ ❛

❲❤✐t♥❡② str❛t✐❝❛t✐♦♥ ♦❢ M ❛❞❛♣t❡❞ t♦ X✳ ●✐✈❡♥ x ∈ X ∩ S ❢♦r s♦♠❡ S ∈ S✱ ❝♦♥s✐❞❡r
g : (M,x) −→ (C, 0) ❛ ❣❡r♠ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t dxg ✐s ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡

❝♦✈❡❝t♦r ❛t x ✇✐t❤ r❡s♣❡❝t t♦ S✱ t❤❛t ✐s✱ dxg ∈ T ∗
SM ❛♥❞ dxg /∈ T ∗

S′M ❢♦r ❛❧❧ str❛t✉♠

S ′ 6= S✳ ❋♦r N ❛ ❣❡r♠ ♦❢ ❛ ❝❧♦s❡❞ ❝♦♠♣❧❡① s✉❜♠❛♥✐❢♦❧❞ ♦❢ M ✇❤✐❝❤ ✐s tr❛♥s✈❡rs❛❧ t♦ S

✹✸



✇✐t❤ N ∩ S = {x}✱ ♦♥❡ ❞❡✜♥❡ t❤❡ ❝♦♠♣❧❡① ❧✐♥❦ lS ♦❢ S ❜②

lS := X ∩N ∩ Bδ(x) ∩ {g = ω}

❢♦r 0 < |ω| ≪ δ ≪ 1✱ ❛♥❞ ♦♥❡ ❞❡✜♥❡s t❤❡ ♥♦r♠❛❧ ▼♦rs❡ ✐♥❞❡①

η(S;F •) := χ(X ∩N ∩ Bδ(x), lS;F
•)

✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❤②♣❡r❝♦❤♦♠♦❧♦❣②✳

t❤❡ ♥✉♠❜❡r η(S;F •) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡s ♦❢ x ∈ S✱ g ❛♥❞ N ✱ s❡❡ ❬●✲▼✱

❙❡❝t✐♦♥ ✷✳✸❪✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

η(S;F •) := χ(X ∩N ∩ Bδ(x);F
•)− χ(lS;F

•).

❚❤❡ ❝♦♥♦r♠❛❧ ✈❛r✐❡t② ♦❢ ❛ s✉❜✈❛r✐❡t② X ✐♥ ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ M ✐s ❣✐✈❡♥ ❜②

T ∗
XM := ❝❧♦s✉r❡

{
(x, θ) ∈ T ∗M | x ∈ Xr❡❣ ❛♥❞ θ|TxXreg

≡ 0
}
.

▲❡t L(M) ❜❡ t❤❡ ❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② ❛❧❧ t❤❡ ❝♦♥♦r♠❛❧ s♣❛❝❡s T ∗
XM ✱ ✇❤❡r❡

X ✈❛r✐❡s ♦✈❡r ❛❧❧ s✉❜✈❛r✐❡t✐❡s ♦❢M ✳ ●✐✈❡♥ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α ♦♥M ✇✐t❤ r❡s♣❡❝t

t♦ ❛ ❲❤✐t♥❡② str❛t✐❝❛t✐♦♥ S ❞❡✜♥❡s ❛♥ ❡❧❡♠❡♥t ✐♥ L(M) ❜②

❈❤(α) :=
∑

S∈S

(−1)dimSη(S;α) · T ∗
S
M.

■♥❞✉❝✐♥❣ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❈❤ : CF (M) −→ L(M)✳

▲❡t M ❜❡ ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❛❝t ❝♦♠♣❧❡① ❛♥❛❧②t✐❝ ♠❛♥✐❢♦❧❞✳ ❉❡✜♥❡ M (r) :=

M×· · ·×M ✳ ❆♥❞ ❧❡t E ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ♦✈❡rM (r) ♦❢ r❛♥❦ d✳ ❈♦♥s✐❞❡r

∆ :M −→M (r) t❤❡ ❞✐❛❣♦♥❛❧ ♠♦r♣❤✐s♠✱ ✇❤✐❝❤ ✐s ❛ r❡❣✉❧❛r ❡♠❜❡❞❞✐♥❣ ♦❢ ❝♦❞✐♠❡♥s✐♦♥

nr−n✳ ▲❡t t ❜❡ ❛ r❡❣✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ E✳ ❚❤✐s ♠❡❛♥s t❤❛t s❡t Z(t) := {p ∈
M (r) : t(p) = 0} ✐s ❛ ❝❧♦s❡❞ s✉❜✈❛r✐❡t② ♦❢ M (r) ♦❢ ❞✐♠❡♥s✐♦♥ nr − d✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡

♠♦r♣❤✐s♠ ∆ ✐♥❞✉❝❡s t❤❡ r❡✜♥❡❞ ●②s✐♥ ❤♦♠♦♠♦r♣❤✐s♠

∆! : H2k(Z(t)) −→ H2(k−nr+n)(Z(∆
∗(t))).

❚❤❡ r❡✜♥❡❞ ✐♥t❡rs❡❝t✐♦♥ ♣r♦❞✉❝t ✐s ❞❡✜♥❡❞ ❜② γ1 · . . . · γr := ∆!(γ1 × · · · × γr)✱ s❡❡ ❬❋✉❧✱

❊①❛♠♣❧❡ ✽✳✶✳✾❪✳

✹✹



❈♦♥s✐❞❡r t❤❡ ♣r♦❥❡❝t✐✈✐③❡❞ ❝♦t❛♥❣❡♥t ❜✉♥❞❧❡s P(T ∗M) ❛♥❞ P(T ∗(M (r)))✳ ❲❡ ✇✐❧❧

❞❡♥♦t❡ t❤❡ ✈❡❝t♦r ❜✉♥❞❧❡ P(T ∗M ⊕· · ·⊕T ∗M) ❜② P(T ∗(M (r)))✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

✜❜r❡ sq✉❛r❡ ❞✐❛❣r❛♠✿

P((T ∗M)⊕r) δ //

p

��

P(T ∗M (r))

π(r)

��

M
∆

//M (r)

Z(∆∗t)
∆

//
?�

ι

OO

Z(t)
?�

ι

OO ✭✸✳✶✮

✇❤❡r❡ π(r) ✐s t❤❡ ♥❛t✉r❛❧ ♣r♦♣❡r ♠❛♣✳ ▲❡t i : P(T ∗M) −→ P((T ∗M)⊕r) ❜❡ t❤❡

♠♦r♣❤✐s♠ ✐♥❞✉❝❡❞ ❜② t❤❡ ❞✐❛❣♦♥❛❧ ❡♠❜❡❞❞✐♥❣ T ∗M −→ T ∗M ⊕ · · · ⊕ T ∗M ✳

▲❡♠♠❛ ✸✳✷✳✶ ▲❡t β ❜❡ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ M (r) ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❲❤✐t♥❡②

str❛t✐❝❛t✐♦♥ S✱ t❤❛t ✐s✱ β ✐s ❝♦♥st❛♥t ❛t ❡❛❝❤ str❛t✉♠ ♦❢ S✳ ❲❡ ❛ss✉♠❡ tr❛♥s✈❡rs❛❧ t♦

∆(M) ❛♥❞ s✉❝❤ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥s S ∩∆(M) ❛r❡ ❝♦♥♥❡❝t❡❞✳ ❚❤❡♥

δ![P(❈❤(β))] = (−1)nr−ni∗[P(❈❤(∆∗β))].

Pr♦♦❢✳ ❙❡❡ ❬❇✲▼✲❙✱ Pr♦♣♦s✐t✐♦♥ ✶✳✹❪✳ �

❚❤❡r❡ ✐s ❛ ❝❧❛ss✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥ ❝❧❛ss ❞✉❡ t♦ ❈✳ ❙❛❜✲

❜❛❤✱ s❡❡ ❬❙❛❜❪✳ ■♥ ♦✉r ❝♦♥t❡①t✱ s✉❝❤ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿ ❣✐✈❡♥ ❛ ❝♦♥str✉❝t✐❜❧❡

❢✉♥❝t✐♦♥ α ♦♥ M (r)✱ ✇❡ ❤❛✈❡

c∗(Z(t);α) = (−1)nr−1c
(
TM (r)|Z(t)

)
∩ π(r)

∗ (c(Or(1)
−1) ∩ [P(❈❤(α))]), ✭✸✳✷✮

✇❤❡r❡ Or(1) ✐s t❤❡ t❛✉t♦❧♦❣✐❝❛❧ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ t❤❡ ♣r♦❥❡❝t✐✈✐s❛t✐♦♥ P(T ∗M (r)) −→M (r)✱

s❡❡ ❬P✹✱ ♣❣ ✶✸❪✱ ❬P✺✱ ♣❣ ✸✺✷❪✱ ❬PP✸✱ ♣❣ ✹❪ ❛♥❞ ❬❑❡♥❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥✱ ✇❡ ❤❛✈❡

∆!(c∗(Z(t);α)) = c
((
TM |Z(∆∗t)

)⊕r−1
)
∩ c∗(Z(∆∗t);∆∗α).

Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ❞❡s❝r✐♣t✐♦♥ ✭✸✳✷✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✽✱ ♦♥❡ ❤❛s

∆!c∗(Z(t);α) = (−1)nr−1c
(
∆∗
(
TM (r)|Z(t)

))
∩∆!π(r)

∗ (c(Or(1))
−1 ∩ [P(❈❤(α))]).

❇② t❤❡ ❚❤❡♦r❡♠ ✶✳✺✳✼ ❛♥❞ t❤❡ Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✽ ✱ ✐t ❢♦❧❧♦✇s t❤❛t

∆!π(r)
∗ (c(Or(1))

−1 ∩ [P(❈❤(α))]) = p∗δ
!(c(Or(1))

−1 ∩ [P(❈❤(α))])

= p∗
(
c(δ∗Or(1))

−1
)
∩ δ![P(❈❤(α))].

✹✺



■t ✐s ❦♥♦✇♥ t❤❛t δ∗Or(1) = c(OP((T ∗M)⊕r)(1)) ✐s t❤❡ t❛✉t♦❧♦❣✐❝❛❧ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ t❤❡

♣r♦❥❡❝t✐✈✐t✐♦♥ P((T ∗M)⊕r) −→ M (r) ❛♥❞ c
(
∆∗
(
TM (r)|Z(t)

))
= c

((
TM |Z(∆∗t)

)⊕r
)
✳

❚❤✉s✱ ❜② ▲❡♠♠❛ ✸✳✷✳✶✱ ✇❡ ❤❛✈❡ t❤❛t δ![P(❈❤(α))] = (−1)nr−ni∗[P(❈❤(∆∗α))]✱ ❛♥❞

t❤❡♥

∆!c∗(Z(t);α) = (−1)n−1c(TM⊕r|Z(∆∗t)) ∩

∩p∗
(
c(OP((T ∗M)⊕r)(1))

−1
)
∩ i∗[P( ❈❤(∆∗α))]

= (−1)n−1c(TM⊕r|Z(∆∗t)) ∩

∩(p ◦ i)∗(c(i∗OP((T ∗M)⊕r)(1))
−1 ∩ [P( ❈❤(∆∗α))]),

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦❥❡❝t✐♦♥ ❢♦r♠✉❧❛✳ ❙✐♥❝❡ t❤❛t i∗OP((T ∗M)⊕r)(1) =

OP(T ∗M)(1) ❛♥❞ t❤❛t q := (p ◦ i) : P(T ∗M) −→ M ✐s t❤❡ ♣r♦❥❡❝t✐✈❡❞ ❝♦t❛♥❣❡♥t

♠♦r♣❤✐s♠✱ ♦♥❡ ❤❛s

∆!c∗(Z(t);α) = (−1)n−1c(TM⊕r|Z(∆∗t)) ∩ q∗(c(OP(T ∗M)(1))
−1 ∩ [P( ❈❤(∆∗α))])

= c
(
(TM |Z(∆∗t))

⊕r−1
)
∩ c∗(Z(∆∗t);∆∗α).

�

❚❤r♦✉❣❤ t❤✐s t❡①t ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t Z(t) ⊂ ❙✉♣♣(α)✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥✱ ✇❡ ❤❛✈❡

∆!(cFJ(Z(t);α)) = c
((
TM |Z(∆∗t)

)⊕r−1
)
∩ cFJ(Z(∆∗t);∆∗α).

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❋✉❧t♦♥✲❏♦❤♥s♦♥ ❝❧❛ss ♦❢ Z(t) r❡❧❛t✐✈❡ t♦ α ❛♥❞ ❜② t❤❡ ❝♦♠♠✉✲

t❛t✐✈✐t② ♦❢ t❤❡ ❞✐❛❣r❛♠ ✭✸✳✶✮✱ ♦♥❡ ❤❛s

∆!cFJ(Z(t);α) = ∆!(c(E|Z(t))
−1 ∩ ι∗c∗(α))

= c(∆∗(E|Z(t)))
−1 ∩∆!ι∗c∗(α)

= c(∆∗E|Z(∆∗t))
−1 ∩ ι∗∆!c∗(α).

■♥ ❬PP✸❪✱ t❤❡ ❙❝❤✇❛rt③✲▼❛❝P❤❡rs♦♥ ❝❧❛ss ♦❢ t❤❡ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α ❤❛s t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ❞❡s❝r✐♣t✐♦♥✿

c∗(α) = (−1)nr−1c
(
TM (r)|❙✉♣♣(α)

)
∩ π(r)

∗ (c(Or(1)
−1) ∩ [P(❈❤(α))]),

✹✻



✇❤❡r❡ Or(1) ✐s t❤❡ t❛✉t♦❧♦❣✐❝❛❧ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ t❤❡ ♣r♦❥❡❝t✐✈✐s❛t✐♦♥ P(T ∗M (r)) −→M (r)✳

❚❤❡♥✱

∆!c∗(α) = (−1)nr−1c
(
∆∗
(
TM (r)|❙✉♣♣(α)

))
∩∆!π(r)

∗ (c(Or(1))
−1 ∩ [P(❈❤(α))]).

❙✐♠✐❧❛r❧② t❤❡ ♣r♦♦❢ ♦❢ t❤❡ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷✱ ✇❡ ❤❛✈❡ t❤❛t

∆!π(r)
∗ (c(Or(1))

−1 ∩ [P(❈❤(α))]) = q∗(c(OP(T ∗M)(1))
−1 ∩ [P(❈❤(∆∗α))]

✇❤❡r❡ q : P(T ∗M) −→ M ✐s t❤❡ ♣r♦❥❡❝t✐✈❡❞ ❝♦t❛♥❣❡♥t ♠♦r♣❤✐s♠✳ ❙✐♥❝❡ t❤❛t

c
(
∆∗
(
TM (r)|❙✉♣♣(α)

))
= c

((
TM |❙✉♣♣(∆∗α)

)⊕r
)
✱ ✐t ❢♦❧❧♦✇s t❤❛t

∆!c∗(α) = (−1)n−1c
((
TM |❙✉♣♣(∆∗α)

)⊕r
)
∩ q∗(c(OP(T ∗M)(1))

−1 ∩ [P(❈❤(∆∗α))])

❛♥❞ t❤❡♥✱

∆!cFJ(Z(t);α) = (−1)n−1c(∆∗E|Z(∆∗t))
−1 ∩ ι∗

(
c
((
TM |❙✉♣♣(∆∗α)

)⊕r
)
∩

∩q∗(c(OP(T ∗M)(1))
−1 ∩ [P(❈❤(∆∗α))])

)

= (−1)n−1c(∆∗E|Z(∆∗t))
−1c
(
ι∗
(
TM |❙✉♣♣(∆∗α)

)⊕r
)
∩

∩ι∗q∗(c(OP(T ∗M)(1))
−1 ∩ [P(❈❤(∆∗α))])

= (−1)n−1c(∆∗E|Z(∆∗t))
−1c
(
ι∗
(
TM |❙✉♣♣(∆∗α)

)⊕r−1
)
·

·c
(
ι∗
(
TM |❙✉♣♣(∆∗α)

))
∩ ι∗q∗(c(OP(T ∗M)(1))

−1 ∩ [P(❈❤(∆∗α))])

= (−1)n−1c(∆∗E|Z(∆∗t))
−1c
((
TM |Z(∆∗t)

)⊕r−1
)
∩

∩ι∗
(
c
(
TM |❙✉♣♣(∆∗α)

)
∩ q∗(c(OP(T ∗M)(1))

−1 ∩ [P(❈❤(∆∗α))])
)

= c(∆∗E|Z(∆∗t))
−1c
((
TM |Z(∆∗t)

)⊕r−1
)
∩ ι∗c∗(∆∗α)

= c
((
TM |Z(∆∗t)

)⊕r−1
)
∩ cFJ(Z(∆∗t);∆∗α).

�

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥s✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦♥ t❤❡

▼✐❧♥♦r ❝❧❛ss✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹ ❲❡ ❤❛✈❡ t❤❛t✱

∆!(M(Z(t);α)) = (−1)nr−nc
((
TM |Z(∆∗t)

)⊕r−1
)
∩M(Z(∆∗t);∆∗α).

✹✼



Pr♦♦❢✳ ■♥❞❡❡❞✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ▼✐❧♥♦r ❝❧❛ss ❛♥❞ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥s✱ ✇❡

❤❛✈❡ t❤❛t

∆!(M(Z(t);α)) = ∆!
(
(−1)nr−n(cFJ(Z(t);α)− c∗(Z(t);α))

)

= (−1)nr−nc
((
TM |Z(∆∗t)

)⊕r−1
)
∩

∩
(
cFJ(Z(∆∗t);∆∗α)− c∗(Z(∆

∗t);∆∗α)
)

= (−1)nr−nc
((
TM |Z(∆∗t)

)⊕r−1
)
∩M(Z(∆∗t);∆∗α).

�

✸✳✸ ■♥t❡rs❡❝t✐♦♥ ♣r♦❞✉❝t ❢♦r♠✉❧❛s r❡❧❛t✐✈❡ t♦ ❝♦♥s✲

tr✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s

❈♦♥s✐❞❡r M ❛ ❝♦♠♣❛❝t ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ❡q✉❛❧s t♦ n✳ ❋♦r

❡❛❝❤ i = 1, · · · , r✱ ❧❡t Ei ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ♦❢ r❛♥❦ di ♦✈❡r M ❛♥❞ ❧❡t

Xi := s−1
i (0) ❜❡ ❛ (n−di)✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❝❛❧ ❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥✱ ✇❤❡r❡ si ✐s ❛ r❡❣✉❧❛r

❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦♥ Ei✳ ❍❡r❡ ✇❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ♣r♦❞✉❝t X1 × · · · × Xr ✐s

❡q✉✐♣❡❞ ✇✐t❤ ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ s✉❝❤ t❤❛t t❤❡ ❞✐❛❣♦♥❛❧ ❡♠❜❡❞❞✐♥❣ ∆ ✐s tr❛♥s✈❡r✲

s❛❧ t♦ ❛❧❧ str❛t❛✳ ❋♦r ❡❛❝❤ i✱ ❧❡t pi : M (r) −→ M ❜❡ t❤❡ ith✲♣r♦❥❡❝t✐♦♥✳ ◆♦✇✱ ❝♦♥s✐❞❡r

t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❡①t❡r✐♦r ♣r♦❞✉❝t s❡❝t✐♦♥

s = s1 ⊕ · · · ⊕ sr :M
(r) −→ (p∗1E1)⊕ · · · ⊕ (p∗rEr),

❣✐✈❡♥ ❜② s(x1, · · · , xr) = (s1(x1), · · · , sr(xr))✳ ❚❤❡r❡❢♦r❡✱ Z(s) = X1 × · · · × Xr ❛♥❞

X := Z(∆∗(s)) = X1 ∩ · · · ∩Xr✳

▲❡t α1, · · · , αr ❜❡ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ M ❛♥❞ ❧❡t ∆ : M −→ M (r) ❜❡ t❤❡

❞✐❛❣♦♥❛❧ ♠♦r♣❤✐s♠✳ ❙❡t α := α1⊗· · ·⊗αr t❤❡ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥M (r) s✉❝❤ t❤❛t

(α1 ⊗ · · · ⊗ αr) (x1, · · · , xr) = α1(x1) · · ·αr(xr), ❢♦r ❛❧❧ (x1, · · · , xr) ∈ M (r)✳ ◆♦t❡ t❤❛t✱

∆∗α(x) = (α1⊗· · ·⊗αr)◦∆(x) = α1(x) · · ·αr(x) ❢♦r ❛❧❧ x ∈M ✳ ▼♦r❡♦✈❡r✱ ∆∗α(x) = 0

✐❢ x /∈ X❀ ❛♥❞ ∆∗α(x) = α1(x) · · ·αr(x) ✐❢ x ∈ X✳ ■♥ t❤✐s ✇❛②✱ ∆∗(α1 ⊗ · · · ⊗αr) ✐s ❛❧s♦

❞❡♥♦t❡❞ ❜② α1 ⊗ · · · ⊗ αr✳

▲❡♠♠❛ ✸✳✸✳✶ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥✱ ✇❡ ❤❛✈❡

M(X;α) = (−1)nr−nc
(
(TM |X)⊕r−1

)−1∩
∑

(−1)(n−d1)ǫ1+···+(n−dr)ǫrP1·· · ··Pr ∈ H∗(X),

✹✽



✇❤❡r❡

ǫi =

{
1✱ ✐❢ Pi = c∗(Xi;αi)

0✱ ✐❢ Pi = M(Xi;αi).

Pr♦♦❢✳ ❯s✐♥❣ t❤❡ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✹✱

∆!(M(Z(s);α)) = (−1)nr−nc
((
TM |Z(∆∗s)

)⊕r−1
)
∩M(Z(∆∗s);∆∗α).

❚❤❡♥✱

M(X;α) = (−1)nr−nc(TM⊕r−1|X)−1 ∩∆!(M(X1 × · · · ×Xr;α))

❇② ❚❤❡♦r❡♠ ✸✳✶✳✹✱ ✐t ❢♦❧❧♦✇s t❤❛t

M(X;α) = (−1)nr−nc(TM⊕r−1|X)−1 ∩
∑

(−1)(n−d1)ǫ1+···+(n−dr)ǫr∆!(P1 × · · · × Pr)

✇❤❡r❡ t❤❡ s✉♠ r✉♥s ♦✈❡r ❛❧❧ ❝❤♦✐❝❡s ♦❢ Pi ∈ {c∗(Xi;αi),M(Xi;αi)}✱ i = 1, · · · , r − 1✱

❡①❝❡♣t (P1, · · · , Pr−1) = (c∗(X1;α1), · · · , c∗(Xr−1;αr−1)) ❛♥❞

ǫi =





1✱ ✐❢ Pi = c∗(Xi;αi)

0✱ ✐❢ Pi = M(Xi;αi).

❙✐♥❝❡ ∆!(P1 × · · · × Pr) = P1 · · · · · Pr✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

�

❚❤✐s ♠❡❛♥s t❤❛t✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r r = 2 ✇❡ ❤❛✈❡

M(X;α1 ⊗ α2) = c(TM |X)−1 ∩ ((−1)nM(X1;α1)M(X2;α2)+

+(−1)d1c∗(X1;α1)M(X2;α2) + (−1)d2M(X1;α1)c∗(X2;α2)).

▼♦r❡♦✈❡r✱ ❢♦r r = 3✱ ✇❡ ❤❛✈❡

M(X;α) = c
(
(TM |X)⊕2

)−1 ∩ (M(X1;α1)M(X2;α2)M(X3;α3)+

+(− 1)d1+d2c∗(X1;α1)c∗(X2;α2)M(X3;α3)+(−1)d1+d3c∗(X1;α1)M(X2;α2)c∗(X3;α3)+

+(− 1)d2+d3M(X1;α1)c∗(X2;α2)c∗(X3;α3)+(−1)n−d1c∗(X1;α1)M(X2;α2)M(X3;α3)+

+(− 1)n−d2M(X1;α1)c∗(X2;α2)M(X3;α3)+(−1)n−d3M(X1;α1)M(X2;α2)c∗(X3;α3)).

◆♦✇ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s t❡①t✳

❚❤❡♦r❡♠ ✸✳✸✳✷ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✿

cFJ(X;α) = c
(
(TM |X)⊕r−1

)−1 ∩ cFJ(X1;α1) · . . . · cFJ(Xr;αr), ✭✸✳✸✮

✹✾



cSM(X;α) = c
(
(TM |X)⊕r−1

)−1 ∩ cSM(X1;α1) · . . . · cSM(Xr;αr) ✭✸✳✹✮

❛♥❞

M(X;α) = (−1)dimXc
(
(TM |X)⊕r−1

)−1 ∩ (cFJ(X1;α1) · · · cFJ(Xr;αr)−
−c∗(X1;α1) · · · c∗(Xr;αr))

✇❤❡r❡ α ❞❡♥♦t❡s t❤❡ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α1 ⊗ · · · ⊗ αr✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✸✱ ♦♥❡ ❤❛s

∆!(cFJ(Z(s);α)) = c
((
TM |Z(∆∗s)

)⊕r−1
)
∩ cFJ(Z(∆∗s);∆∗α).

❚❤❡♥✱ ✉s✐♥❣ t❤❡ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✸✱ ✐t ❢♦❧❧♦✇s t❤❛t

cFJ(X;α) = c
(
(TM |X)⊕r−1)−1 ∩∆!(cFJ(X1 × · · · ×Xr;α1 ⊗ · · · ⊗ αr))

= c
(
(TM |X)⊕r−1)−1 ∩∆!

(
cFJ(X1;α1)× · · · × cFJ(Xr;αr)

)

❙✐♥❝❡ ∆!
(
cFJ(X1;α1)× · · · × cFJ(Xr;αr)

)
= cFJ(X1;α1)·. . .·cFJ(Xr;αr)✱ ♦♥❡ ❤❛s t❤❛t

cFJ(X;α) = c
(
(TM |X)⊕r−1)−1 ∩ cFJ(X1;α1) · . . . · cFJ(Xr;αr).

◆♦✇✱ t❤❡ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳✷ st❛t❡s t❤❛t

∆!(cSM(Z(s);α)) = c
((
TM |Z(∆∗s)

)⊕r−1
)
∩ cSM(Z(∆∗s);∆∗α).

■♥ s✐♠✐❧❛r ❢❛s❤✐♦♥✱ ✉s✐♥❣ t❤❡ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷✱ ✇❡ ❤❛✈❡

cSM(X;α) = c
(
(TM |X)⊕r−1

)−1 ∩ cSM(X1;α1) · . . . · cSM(Xr;αr).

▲❛st❧②✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ▼✐❧♥♦r ❝❧❛ss ♦❢ X r❡❧❛t✐✈❡ t♦ α ❛♥❞ t❤❡ ❢♦r♠✉❧❛s ✭✸✳✸✮

✭✸✳✹✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

M(X;α) = (−1)dimXc
(
(TM |X)⊕r−1

)−1 ∩ (cFJ(X1;α1) · · · cFJ(Xr;αr)−

−c∗(X1;α1) · · · c∗(Xr;αr)).

�

❚❤❡ ❛❜♦✈❡ r❡s✉❧t ❛❧s♦ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸✳✸✳✶✳ ❚♦ ❡①❡♠♣❧✐❢② t❤❡ ❛♣♣r♦❛❝❤ ♦❢

t❤❡ ❝♦♠♣✉t❛t✐♦♥✱ ❧❡t ✉s ❧♦♦❦ ❛t t❤❡ ❝❛s❡ r ❂ ✷✳ ❇② ▲❡♠♠❛ ✸✳✸✳✶✱ ✇❡ ❤❛✈❡

M(X;α1 ⊗ α2) = (−1)2n−nc(TM |X)−1 ∩ (M(X1;α1)M(X2;α2)+

+(−1)n−d1c∗(X1;α1)M(X2;α2) + (−1)n−d2M(X1;α1)c∗(X2;α2)).

✺✵



❋♦r ❡❛❝❤ i = 1, 2✱ ♦♥❡ ❤❛s M(Xi;αi) = (−1)n−di(cFJ(Xi;αi) − c∗(Xi;αi))✳ ❚❤❡♥✱ ✐t

❢♦❧❧♦✇s t❤❛t

M(X;α1 ⊗ α2) = (−1)2n−nc(TM |X)−1 ∩ ((−1)2n−d1−d2(cFJ(X1;α1)− c∗(X1;α1)) ·

·(cFJ(X2;α2)− c∗(X2;α2))+(−1)2n−d1−d2c∗(X1;α1)(c
FJ(X2;α2)−

−c∗(X2;α2))+(−1)2n−d1−d2(cFJ(X1;α1)− c∗(X1;α1))c∗(X2;α2))

= (−1)dimXc(TM |X)−1 ∩ (cFJ(X1;α1)c
FJ(X2;α2)−

−c∗(X1;α1)c∗(X2;α2))

❜❡❝❛✉s❡ dimX = n− d1 − d2✳

❋♦rt❤✇✐t❤✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡q✉❡♥❝❡✿

❈♦r♦❧❧❛r② ✸✳✸✳✸ ❚❤❡ ♥✉♠❜❡r (−1)dimXµ(X;α) ✐s ❡q✉❛❧s t♦ t❤❡ ❞❡❣r❡❡

∫

X

c
(
(TM |X)⊕r−1

)−1 ∩ (cFJ(X1;α1) · · · cFJ(Xr;αr)− c∗(X1;α1) · · · c∗(Xr;αr)).

Pr♦♦❢✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✷✳✺ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✸✳✷✳ �

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ ✇❡ ❤❛✈❡ αi = ✶Xi
❢♦r ❛❧❧ i = 1, . . . , r✱ ✇❡ r❡tr✐❡✈❡ t❤❡ ♦r✐❣✐♥❛❧

❢♦r♠✉❧❛s ♦❢ ❬❇✲▼✲❙❪✳

❈♦r♦❧❧❛r② ✸✳✸✳✹ ❲❡ ❤❛✈❡ t❤❛t

cFJ(X) = c
(
(TM |X)⊕r−1

)−1 ∩ cFJ(X1) · . . . · cFJ(Xr),

cSM(X) = c
(
(TM |X)⊕r−1

)−1 ∩ cSM(X1) · . . . · cSM(Xr)

❛♥❞

M(X) = (−1)dimXc
(
(TM |X)⊕r−1

)−1 ∩ (cFJ(X1) · · · cFJ(Xr)−
−c∗(X1) · · · c∗(Xr)).

✺✶



❈❛♣ít✉❧♦ ✹

❙❡❣r❡ ❝❧❛ss❡s r❡❧❛t✐✈❡ t♦ ❛

❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥

▲❡t X ❜❡ ❛ ♣r♦♣❡r ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ ♦❢ ❛ ✈❛r✐❡t② Y ✳ ❈♦♥s✐❞❡r Ỹ t❤❡ ❜❧♦✇✲✉♣ ♦❢

Y ❛❧♦♥❣ X✱ X̃ = P (NXY ) t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ❛♥❞ η : X̃ −→ X t❤❡ ♣r♦❥❡❝t✐♦♥✱

✇❤❡r❡ NXY ✐s t❤❡ ♥♦r♠❛❧ ❜✉♥❞❧❡✳ ■t ❝❛♥ ❜❡ ♦r❣❛♥✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠✿

P (NXY ) = // X̃ ι̃ //

η

��

Ỹ = //

��

BlXY

X ι
// Y

❚❤❡ ❙❡❣r❡ ❝❧❛ss ♦❢ X ✐♥ Y ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜②

s(X, Y ) =
∑

i≥0

η∗

(
c1 (O(1))i ∩ [P (NXY )]

)

✇❤❡r❡ O(1) ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ P (NXY )✳ ◆♦✇✱ ❛ss✉♠❡ t❤❛t Y = M ✐s

♥♦♥✲s✐♥❣✉❧❛r✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡ ❋✉❧t♦♥ ❝❧❛ss ♦❢ X ✐s ❞❡✜♥❡❞ ❜② cF (X) = c(TM |X) ∩
s(X,M) ∈ A∗(X)✳

❲❡ ❤❛✈❡ ❛❧r❡❛❞② ❝♦♠♠❡♥t❡❞ ♦♥ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ▼✐❧♥♦r ❝❧❛ss t♦ ❛♥

❛r❜✐tr❛r② ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ❞✉❡ t♦ ❙❝❤ür♠❛♥♥✳ ❙✉❝❤ ❛ ❞❡✜♥✐t✐♦♥ ♣r♦❞✉❝❡s t❤❡

❋✉❧t♦♥ ❝❧❛ss ♦❢ X r❡❧❛t✐✈❡ t♦ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α ♦♥ M ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

c(NXM)−1 ∩ ι∗(c∗(α))✱ ✇❤❡r❡ ι∗ ✐s t❤❡ ●②s✐♥ ❤♦♠♦♠♦r♣❤✐s♠✳ ❚❤✉s✱ ❣✐✈❡♥ ❛ ❝♦♥s✲

tr✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α ♦♥ M ✱ ✇❡ ❞❡✜♥❡ t❤❡ ❙❡❣r❡ ❝❧❛ss ♦❢ X ✐♥ M r❡❧❛t✐✈❡ t♦ α ❛s t❤❡



❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥t ✐♥ A∗X

s(X ⊂M ;α) = η∗

(
∑

i≥0

c1
(
OP(NXM)(1)

)i ∩ η∗(c(TM |X)−1 ∩ ι∗c∗(α))
)
,

✇❤❡r❡ c∗ r❡♣r❡s❡♥ts t❤❡ ▼❛❝P❤❡rs♦♥ ❝❧❛ss✳ ❲❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t② ✐♥ r❡❧❛t✐♦♥ t♦

t❤❡ ✈❛r✐❡t② M ✱ ✇❡ s❤❛❧❧ ❞❡♥♦t❡ s(X ⊂M ;α) ♦♥❧② ❜② s(X;α)✳

❘❡♠❛r❦ ✹✳✵✳✶ ❋♦r ❛♥② ✈❡❝t♦r ❜✉♥❞❧❡ E ♦❢ r❛♥❦ e+ 1 ♦♥ X ❛♥❞ ❢♦r ❛♥② β ∈ A∗(X)✱

✇❡ ❤❛✈❡

si(E) ∩ β = b∗

(
c1
(
OP (E)(1)

)e+i ∩ b∗(β)
)
,

✇❤❡r❡ P (E) ✐s t❤❡ ♣r♦❥❡❝t✐✈❡ ❜✉♥❞❧❡ ♦❢ ❧✐♥❡s ✐♥ E✱ b ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ❢r♦♠ P (E) t♦

X ❛♥❞ OP (E)(1) ❞❡♥♦t❡s t❤❡ ❝❛♥♦♥✐❝❛❧ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ P (E)✳ ❙✐♥❝❡ NXM ✐s ❛ ✈❡❝t♦r

❜✉♥❞❧❡ ♦♥ X✱ ✐t ❢♦❧❧♦✇s t❤❛t

s(X ⊂M ;α) = c(NXM)−1 · c(TM |X)−1 ∩ ι∗c∗(α),

❢♦r ❛❧❧ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α ♦♥ M ✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛r❡ ♠❛❦✐♥❣ E = NXM ❛♥❞

β = c(TM |X)−1 ∩ ι∗c∗(α)✳

▼♦t✐✈❛t✐♥❣ ✉s t♦ ❞❡✜♥❡ ❛ ❝❡rt❛✐♥ t②♣❡ ♦❢ ❋✉❧t♦♥ ❝❧❛ss ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❛r❜✐tr❛r②

❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✵✳✷ ●✐✈❡♥ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α ♦♥ M ✱ ✇❡ ❞❡✜♥❡ t❤❡ ❋✉❧t♦♥ ❝❧❛ss

♦❢ X r❡❧❛t✐✈❡ t♦ α ❛s

cF (X ⊂M ;α) = c(TM |X) ∩ s(X ⊂M ;α).

❲❤❡♥ t❤❡r❡ ✐s ♥♦ ❛♠❜✐❣✉✐t② ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ✈❛r✐❡t②M ✱ ✇❡ s❤❛❧❧ ❞❡♥♦t❡ cF (X ⊂
M ;α) ♦♥❧② ❜② cF (X;α)✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❤❛✈❡

cF (X ⊂M ;α) = c(TM |X) ∩ s(X ⊂M ;α)

= c(TM |X) ∩ η∗
(
∑

i≥0

c1
(
OP(NXM)(1)

)i ∩ η∗(c(TM |X)−1 ∩ ι∗c∗(α))
)

= c(TM |X)c(NXM)−1c(TM |X)−1 ∩ ι∗c∗(α)

= c(NXM)−1 ∩ ι∗c∗(α).

❚❤✐s s❤♦✇s t❤❛t ❉❡✜♥✐t✐♦♥ ✹✳✵✳✷ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❋✉❧t♦♥ ❝❧❛ss r❡❧❛t✐✈❡

t♦ ❛ ❝♦♥str✉t✐❜❧❡ ❢✉♥❝t✐♦♥ ❞✉❡ t♦ ❙❝❤ür♠❛♥♥✳

❚❤❡ ♥❡①t r❡s✉❧t s❤♦✇s ❛ r❡❧❡✈❛♥t ♣r♦♣❡rt② ♦❢ t❤❡ ❙❡❣r❡ ❝❧❛ss ♣r❡s❡♥t❡❞ ❛❜♦✈❡✳

✺✸



Pr♦♣♦s✐t✐♦♥ ✹✳✵✳✸ ▲❡t X1 ❛♥❞ X2 ❜❡ s❝❤❡♠❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♠❜❡❞❞❡❞ ❛s s✉❜s❤❡♠❡s

♦❢ ♥♦♥s✐♥❣✉❧❛r ✈❛r✐❡t✐❡s M1 ❛♥❞ M2✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡❛❝❤ i = 1, 2✱ ❝♦♥s✐❞❡r αi ❛

❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ Mi✳ ❚❤❡♥✱ ✇❡ ❣❡t

s(X1 ×X2;α1 ⊗ α2) = s(X1;α1)× s(X2;α2).

Pr♦♦❢✳ ❋♦r ❡❛❝❤ i = 1, 2✱ ❧❡t X̃i ❜❡ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ♦❢ t❤❡ ❜❧♦✇✲✉♣ ♦❢ Mi ❛❧♦♥❣

Xi✱ ✇✐t❤ ♣r♦❥❡❝t✐♦♥ ηi : X̃i −→ Xi✳ ❙❡t η = η1 × η2✳ ❇② ❞❡✜♥✐t✐♦♥✱ s(X1 ×X2;α1 ⊗α2)

✐s ❡q✉❛❧s t♦

η∗

(
∑

i≥0

c1 (O(1))i ∩ η∗(c(TM |X1×X2)
−1 ∩ (ι1 × ι2)

∗ c∗(α1 ⊗ α2))

)

✇❤❡r❡M ❞❡♥♦t❡s t❤❡ ♣r♦❞✉❝tM1×M2 ❛♥❞O(1) = OP(NX1×X2
M)(1)✳ ❯s✐♥❣ t❤❡ ❚❤❡♦r❡♠

✸✳✶✳✶ ❛♥❞ ❊①❛♠♣❧❡ ✶✳✺✳✶✵✱ ✐t ❢♦❧❧♦✇s t❤❛t s(X1 ×X2;α1 ⊗ α2) ✐s ❡q✉❛❧s t♦

η∗

(
∑

i≥0

c1 (O(1))i ∩ η∗(c(TM |X1×X2)
−1 ∩ (ι∗1c∗(α1)× ι∗2c∗(α2)))

)
.

◆♦t❡ t❤❛t TM |X1×X2 = TM1|X1 ⊕ TM2|X2 ✳ ❚❤✉s✱ s(X1 ×X2;α1 ⊗ α2) ✐s ❡q✉❛❧s t♦

η∗

(
∑

i≥0

c1 (O(1))i ∩ η∗(c(TM1|X1 ⊕ TM2|X2)
−1 ∩ (ι∗1c∗(α1)× ι∗2c∗(α2)))

)
.

❲✐t❤ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t t❤❛t ✇❡ ✉s❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✸✱ ✇❡ ❣❡t c(TM1|X1⊕
TM2|X2)

−1∩(ι∗1c∗(α1)× ι∗2c∗(α2)) = (c(TM1|X1)
−1 ∩ ι∗1c∗(α1))×(c(TM2|X2)

−1∩ι∗2c∗(α2))✳

❯s✐♥❣ s✉❝❝❡ss✐✈❡❧② t❤❡ ❊①❛♠♣❧❡ ✶✳✺✳✶✶✱ s(X1 ×X2;α1 ⊗ α2) ✐s ❡q✉❛❧s t♦

η∗

(
∑

i≥0

(
c1

(
OP(NX1

M1)(1)
)i

∩ η1∗(c(TM1|X1)
−1 ∩ ι∗1c∗(α1))

)
×

×
(
c1

(
OP(NX2

M2)(1)
)i

∩ η2∗(c(TM2|X2)
−1 ∩ ι∗2c∗(α2))

))
.

▲❛st❧②✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✺✳✹✭❜✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

s(X1 ×X2;α1 ⊗ α2)

= (η1)∗

(
∑

i≥0

(
c1

(
OP(NX1

M1)(1)
)i

∩ η1∗(c(TM1|X1)
−1 ∩ ι∗1c∗(α1))

))
×

×(η2)∗

(
∑

i≥0

(
c1

(
OP(NX2

M2)(1)
)i

∩ η2∗(c(TM2|X2)
−1 ∩ ι∗2c∗(α2))

))

= s(X1;α1)× s(X2;α2).

�

❲❡ ❝❛♥ ✉s❡ t❤❡ ❛❜♦✈❡ ♣r♦♣♦s✐t✐♦♥ t♦ ✐♥❞✉❝t✐✈❡❧② s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

✺✹



❈♦r♦❧❧❛r② ✹✳✵✳✹ ▲❡t X1, · · · , Xr ❜❡ s❝❤❡♠❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♠❜❡❞❞❡❞ ❛s s✉❜s❤❡♠❡s ♦❢

♥♦♥s✐♥❣✉❧❛r ✈❛r✐❡t✐❡s M1, · · · ,Mr✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡❛❝❤ i = 1, . . . , r✱ ❝♦♥s✐❞❡r αi ❛

❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ ♦♥ Mi✳ ❚❤❡♥

s(X1 × · · · ×Xr;α1 ⊗ · · · ⊗ αr) = s(X1;α1)× · · · × s(Xr;αr).

Pr♦♣♦s✐t✐♦♥ ✹✳✵✳✺ ❈♦♥s✐❞❡r f : M ′ −→ M ❛ ♣r♦♣❡r ❛♥❞ ✢❛t ♠♦r♣❤✐s♠ ♦❢ ♥♦♥✲

s✐♥❣✉❧❛r s❝❤❡♠❡s✱ X ⊂M ❛ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡✱ X ′ = f−1(X) t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ s❝❤❡♠❡✱

g : X ′ −→ X t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠✳ ●✐✈❡♥ ❛ ❝♦♥str✉❝t✐❜❧❡ ❢✉♥❝t✐♦♥ α′ ♦♥ M ′✱ s❡t

α = f∗α
′✳ ❚❤❡♥

g∗(s(X ⊂M ;α)) = c(NX′M ′)−1c(f ∗(TM)|X′)−1 ∩ ι′∗c∗(α′).

Pr♦♦❢✳ ▲❡t B ❜❡ t❤❡ ❜❧♦✇✲✉♣ ♦❢ M ❛❧♦♥❣ X ❛♥❞ ❧❡t B′ ❜❡ t❤❡ ❜❧♦✇✲✉♣ ♦❢ M ′ ❛❧♦♥❣ X ′✳

❉❡♥♦t❡ ❜② X̃ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ✐♥ B ✇✐t❤ ♣r♦❥❡❝t✐♦♥ η : X̃ −→ X✱ ❛♥❞ ❞❡♥♦t❡ ❜②

X̃ ′ t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❞✐✈✐s♦r ✐♥ B′ ✇✐t❤ ♣r♦❥❡❝t✐♦♥ η′ : X̃ ′ −→ X ′✳ ❈♦♥s✐❞❡r F : B′ −→ B

t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠ s✉❝❤ t❤❛t F ∗X̃ = X̃ ′ ❛♥❞ ❝♦♥s✐❞❡r G t❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠

❢r♦♠ X̃ ′ t♦ X̃✳ ▼♦r❡♦✈❡r✱ ❧❡t O(1) ❜❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ X̃✳ ■♥ t❤✐s ✇❛②✱

G∗O(1) ✐s t❤❡ ❝❛♥♦♥✐❝❛❧ ❧✐♥❡ ❜✉♥❞❧❡ ♦♥ X̃ ′✳ ▲❡t ✉s ❧♦♦❦ ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡

❞✐❛❣r❛♠✿

G∗O(1) // X̃ ′ G //

η′

��

X̃

η

��

O(1)oo

X ′ g //

ι′

��

X

ι
��

M ′ f //M

t❤❛t ✐s✱ g ◦ η′ = η ◦G ❛♥❞ f ◦ ι′ = ι◦ g✳ ❇❡❧♦✇ ✇❡ ❤❛✈❡ ❛ s❡q✉❡♥❝❡ ♦❢ ❡q✉❛❧✐t✐❡s ✐♥ ✇❤✐❝❤

✇❡ ✉s❡ s❡✈❡r❛❧ t✐♠❡s t❤❡ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐❛❣r❛♠ ❛♥❞ t❤❡ ♣r♦❥❡❝t✐♦♥

✺✺



❢♦r♠✉❧❛✿

g∗(s(X ⊂M ;α)) = g∗η∗

(
∑

i≥0

c1 (O(1))i ∩ η∗(c(TM |X)−1 ∩ ι∗c∗(α))
)

= g∗η∗

(
∑

i≥0

c1 (O(1))i ∩ η∗(c(ι∗(TM))−1 ∩ ι∗c∗(f∗α′))

)

= g∗η∗

(
∑

i≥0

c1 (O(1))i ∩ η∗(ι∗(TM))−1 ∩ ι∗f∗c∗(α′))

)

= g∗η∗

(
∑

i≥0

c1 (O(1))i ∩ η∗(c(ι∗(TM))−1 ∩ g∗ι′∗c∗(α′))

)

= g∗η∗

(
∑

i≥0

c1 (O(1))i ∩ η∗g∗(c(g∗ι∗(TM))−1 ∩ ι′∗c∗(α′))

)

= g∗η∗

(
∑

i≥0

c1 (O(1))i ∩G∗η
′∗(c(ι

′∗f ∗(TM))−1 ∩ ι′∗c∗(α′))

)

= η′∗

(
∑

i≥0

c1 (G
∗O(1))i ∩ η′∗(c(f ∗(TM)|X′)−1 ∩ ι′∗c∗(α′))

)

= c(NX
′M ′)−1c(f ∗(TM)|X′)−1 ∩ ι′∗c∗(α′).

�

✺✻



❈❛♣ít✉❧♦ ✺

❆♣ê♥❞✐❝❡ ❆

✺✳✶ ❆❧❣❡❜r❛✐❝ s❡ts

▲❡t ✉s ❞❡♥♦t❡ ❜② k t❤❡ ✜❡❧❞ ♦❢ r❡❛❧ ♥✉♠❜❡rs R ♦r t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs

C✳ ❆s r❡❢❡r❡♥❝❡s ✇❡ ❝✐t❡ ❬▼✐❧♥♦r❪ ❛♥❞ ❬❙✉✇❛✷❪✳

❆ s✉❜s❡t V ⊂ kn ✐s ❝❛❧❧❡❞ ❛♥ ❛❧❣❡❜r❛✐❝ s❡t ✐❢ V ✐s t❤❡ ❧♦❝✉s ♦❢ ❝♦♠♠♦♥ s❡r♦s

♦❢ s♦♠❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ♦♥ kn✳ ▲❡t I(V ) ⊂ k[x1, . . . , xn] ❜❡ t❤❡

✐❞❡❛❧ ❝♦♥s✐st✐♥❣ ♦❢ t❤♦s❡ ♣♦❧②♥♦♠✐❛❧s ✇❤✐❝❤ ✈❛♥✐s❤ t❤r♦✉❣❤♦✉t V ✳ ❇② t❤❡ ❍✐❧❜❡rt ❜❛s✐s

t❤❡♦r❡♠✱ ✇❡ ❦♥♦✇ t❤❛t I(V ) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ❆ ♥♦♥✲✈❛❝✉♦✉s ❛❧❣❡❜r❛✐❝ s❡t V ✐s

❝❛❧❧❡❞ ✈❛r✐❡t② ♦r ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❛❧❣❡❜r❛✐❝ s❡t ✐❢ ✐t ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡ ✉♥✐♦♥ ♦❢

t✇♦ ♣r♦♣❡r ❛❧❣❡❜r❛✐❝ s✉❜s❡t✳ ❖♥❡ ❤❛s t❤❛t✱ V ✐s ✐rr❡❞✉❝✐❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ I(V ) ✐s ❛

♣r✐♠❡ ✐❞❡❛❧✳

●✐✈❡♥ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❛❧❣❡❜r❛✐❝ s❡t V ✱ t❤❡ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ k[x1, . . . , xn]/I(V ) ✐s

❝❛❧❧❡❞ t❤❡ ✜❡❧❞ ♦❢ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s ♦♥ V ✳ ❈♦♥s✐❞❡r f1, . . . , fk ∈ k[x1, . . . , xn] ✇❤✐❝❤

s♣❛♥ t❤❡ ✐❞❡❛❧ I(V ) ❛♥❞✱ ❢♦r ❡❛❝❤ x ∈ V ✱ ❝♦♥s✐❞❡r t❤❡ k×n ♠❛tr✐① (∂fi/∂xj) ❡✈❛❧✉❛t❡❞

❛t x✳ ▲❡t r ❜❡ t❤❡ ❧❛r❣❡st r❛♥❦ ✇❤✐❝❤ t❤✐s ♠❛tr✐① ❛tt❛✐♥s ❛t ❛♥② ♣♦✐♥t ♦❢ V ✳ ■♥ t❤✐s

✇❛②✱ ❛ ♣♦✐♥t x ∈ V ✐s ❝❛❧❧❡❞ ♥♦♥✲s✐♥❣✉❧❛r ✐❢ t❤❡ ♠❛tr✐① (∂fi/∂xj) ❛tt❛✐♥s ✐ts ♠❛①✐♠❛❧

r❛♥❦ r ❛t x❀ ❛♥❞ s✐♥❣✉❧❛r ✐❢ r❛♥❦(∂f(x)/∂xi) < r✳ ◆♦t❡ t❤❛t✱ t❤❡ s❡t ♦❢ ❛❧❧ s✐♥❣✉❧❛r

♣♦✐♥ts ♦❢ V ❢♦r♠s ❛ ♣r♦♣❡r ❛❧❣❡❜r❛✐❝ s✉❜s❡t ♦❢ V ✳

◆♦✇ ❧❡t ✉s ❞❡✜♥❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ✐♥ t❤❡ s❡t ♦❢ s✉❜s❡ts ♦❢ kn✳ ▲❡t p ∈ kn✳

●✐✈❡♥ A ❛♥❞ B s✉❜s❡ts ♦❢ kn✱ ♦♥❡ ❞❡✜♥❡s A ∼p B ✐❢ t❤❡r❡ ✐s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ p



s✉❝❤ t❤❛t A ∩ U = B ∩ U ✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss r❡♣r❡s❡♥t❡❞ ❜② t❤❡ s❡t A ✐s ❞❡♥♦t❡❞

❜② (A, p) ♦r✱ s✐♠♣❧②✱ A✳ ▼♦r❡♦✈❡r✱ ❝♦♥s✐❞❡r t✇♦ ❢✉♥❝t✐♦♥s f, g : kn −→ km✿ f ❛♥❞ g

❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ U ♦❢ p s✉❝❤ t❤❛t f |U = g|U ✳ ❚❤✐s ✐s ❛♥

❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ f ✐s ❞❡♥♦t❡❞ ❜②

f : (kn, p) −→ km✳ ■♥ t❤✐s ❝❛s❡✱ ♦♥❡ s❛②s t❤❛t f : (kn, p) −→ km ✐s ❛ ❣❡r♠ ♦❢ ❢✉♥❝t✐♦♥

❛t p✳ ❲❤❡♥ f(p) = q✱ ✐t ✐s ❞❡♥♦t❡❞ ❜② f : (kn, p) −→ (km, q)✳

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ♠❛② ❞❡✜♥❡ ❛♥❛❧②t✐❝ s❡ts✱ t❛❦✐♥❣ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s ✐♥st❡❛❞ ♣♦❧②✲

♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s✳

✺✳✷ ❙❤❡❛✈❡s ❛♥❞ s❝❤❡♠❡s

❚❤❡ r❡❢❡r❡♥❝❡s ❛r❡ ❬❍❪ ❛♥❞ ❬●✲❲❪✳

▲❡t X ❜❡ ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✳ ❆ ♣r❡s❤❡❛❢ F ♦♥ X ❝♦♥s✐st ♦❢ t❤❡✿ ❢♦r ❡✈❡r② ♦♣❡♥

s❡t U ♦❢X ❛ s❡t F(U)❀ ❛♥❞ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ ♦♣❡♥ s❡t U ⊆ V ❛ ♠❛♣ ρVU : F(V ) −→ F(U)✱

❝❛❧❧❡❞ r❡str✐❝t✐♦♥ ♠❛♣✱ s✉❝❤ t❤❛t

✭✶✮ ρUU = idF(U) ❢♦r ❛❧❧ ♦♣❡♥ s❡t U ⊆ X✱

✭✷✮ ❢♦r U ⊆ V ⊆ W ♦♣❡♥ s❡ts ♦❢ X✱ ρWU = ρVU ◦ ρWV ✳

▲❡t F1 ❛♥❞ F2 ❜❡ ♣r❡s❤❡❛✈❡s ♦♥ X✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ♣r❡s❤❡❛✈❡s ϕ : F1 −→ F2 ✐s ❛

❢❛♠✐❧② ♦❢ ♠❛♣s ϕ(U) : F1(U) −→ F2(U) ❢♦r ❛❧❧ U ⊆ V ♦♣❡♥✱ s✉❝❤ t❤❛t ❢♦r ❛❧❧ ♣❛✐rs ♦❢

♦♣❡♥ s❡ts U ⊆ V ✐♥ X t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ❝♦♠♠✉t❡s

F1(V )
ϕ(V ) //

ρV
U

��

F2(V )

ρV
U

��
F1(U)

ϕ(U)
// F2(U)

❆ ♣r❡s❤❡❛❢ F ✐s ❝❛❧❧❡❞ ❛ s❤❡❛❢ ✐❢ ❢♦r ❛❧❧ ♦♣❡♥ s❡ts U ✐♥ X ❛♥❞ ❡✈❡r② ♦♣❡♥ ❝♦✈❡r✐♥❣

U = ∪iUi t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞

✭❛✮ ●✐✈❡♥ s, s′ ∈ F(U) ✇✐t❤ ρUUi
(s) = ρUUi

(s′) ❢♦r ❛❧❧ i✱ ♦♥❡ ❤❛s s = s′✳

✭❜✮ ●✐✈❡♥ si ∈ F(Ui) ❢♦r ❛❧❧ i s✉❝❤ t❤❛t ρUUi∩Uj
(si) = ρUUi∩Uj

(sj) ❢♦r ❛❧❧ i, j✱ t❤❡♥ t❤❡r❡

✐s ❛♥ s ∈ F(U) s✉❝❤ t❤❛t ρUUi
(s) = si✳

✺✽



❆ ♠♦r♣❤✐s♠ ♦❢ s❤❡❛✈❡s ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ♣r❡s❤❡❛✈❡s✳ ■♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛②✱ ♦♥❡ ❞❡✜♥❡s

t❤❡ ♥♦t✐♦♥ ♦❢ ❛ s❤❡❛❢ ♦❢ ❛❜❡❧✐❛♥ ❣r♦✉♣s✱ ❛ s❤❡❛❢ ♦❢ r✐♥❣s✱ ❛ s❤❡❛❢ ♦❢ ♠♦❞✉❧❡s✱ ♦r ❛ s❤❡❛❢

♦❢ ❛❧❣❡❜r❛s✳ ■❢ F ✐s ❛ ♣r❡s❤❡❛❢ ♦♥ X✱ ❛♥❞ ✐❢ x ✐s ❛ ♣♦✐♥t ♦❢ X✱ ✇❡ ❞❡✜♥❡ t❤❡ st❛❧❦ Fx ♦❢

F ❛t x t♦ ❜❡ t❤❡ ❞✐r❡❝t ❧✐♠✐t ♦❢ t❤❡ ❣r♦✉♣s F(U) ❢♦r ❛❧❧ ♦♣❡♥ s❡ts U ❝♦♥t❛✐♥✐♥❣ x✱ ✈✐❛

t❤❡ r❡str✐❝t✐♦♥ ♠❛♣s ρ✳

❊①❛♠♣❧❡ ✺✳✷✳✶ ▲❡t X ❜❡ ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞✳ ❉❡♥♦t❡ ❜② OX t❤❡ s❤❡❛❢ ♦❢ ❤♦❧♦♠♦r♣❤✐❝

❢✉♥❝t✐♦♥s ♦♥ X ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ●✐✈❡♥ ❛♥ ♦♣❡♥ s❡t U ✐♥ X ♦♥❡ ❤❛s

OX(U) = {f : U −→ C ⑤ f ✐s ❤♦❧♦♠♦r♣❤✐❝}.

❆ r✐♥❣❡❞ s♣❛❝❡ ✐s ❛ ♣❛✐r (X,OX)✱ ✇❤❡r❡ X ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ ❛♥❞ OX ✐s ❛ s❤❡❛❢

♦❢ ✭❝♦♠♠✉t❛t✐✈❡✮ r✐♥❣s ♦♥ X✳ ▲❡t (X,OX) ❛♥❞ (Y,OY ) ❜❡ r✐♥❣❡❞ s♣❛❝❡s✳ ❖♥❡ ❞❡✜♥❡s

❛ ♠♦r♣❤✐s♠ ♦❢ r✐♥❣❡❞ s♣❛❝❡s (X,OX) −→ (Y,OY ) ❛s ❛ ♣❛✐r ✭f, f#✮✱ ✇❤❡r❡ f : X −→ Y

✐s ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣ ❛♥❞ f# : OY −→ f∗OX ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ s❤❡❛✈❡s ♦❢ r✐♥❣s ♦♥ Y ✳

❚❤❡ s❤❡❛❢ f∗OX ✐s ❣✐✈❡♥ ❜② f∗OX(U) = OX(f
−1(U)) ❢♦r ❛❧❧ ♦♣❡♥ s❡t U ✐♥ Y ✳ ▼♦r❡♦✈❡r✱

❛ ❧♦❝❛❧❧② r✐♥❣❡❞ s♣❛❝❡ ✐s ❛ r✐♥❣❡❞ s♣❛❝❡ (X,OX) s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ X t❤❡ st❛❧❦ OX,x

✐s ❛ ❧♦❝❛❧ r✐♥❣✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ❧♦❝❛❧❧② r✐♥❣❡❞ s♣❛❝❡ (X,OX) −→ (Y,OY ) ✐s ❛ ♠♦r♣❤✐s♠

♦❢ r✐♥❣❡❞ s♣❛❝❡s ✭f, f#✮ s✉❝❤ t❤❛t ❢♦r ❛❧❧ x ∈ X t❤❡ ✐♥❞✉❝❡❞ ❤♦♠♦♠♦r♣❤✐s♠ ♦♥ st❛❧❦s

f#
x : OY,f(x) −→ OX,x ✐s ❛ ❧♦❝❛❧ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠✳ ❆♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❧♦❝❛❧❧② r✐♥❣❡❞

s♣❛❝❡s ✐s ❛ ♠♦r♣❤✐s♠ ✇✐t❤ ❛ t✇♦✲s✐❞❡❞ ✐♥✈❡rs❡✳

▲❡t (X,OX) ❜❡ ❛ r✐♥❣❡❞ s♣❛❝❡✳ ❆♥ OX✲♠♦❞✉❧❡ ✐s ❛ s❤❡❛❢ F ♦♥ X✱ s✉❝❤ t❤❛t ❢♦r

❡❛❝❤ ♦♣❡♥ s❡t U ⊆ X✱ t❤❡ ❣r♦✉♣ F(U) ✐s ❛♥ OX(U)✲♠♦❞✉❧❡✱ ❛♥❞ ❢♦r ❡❛❝❤ ✐♥❝❧✉s✐♦♥ ♦❢

♦♣❡♥ s❡ts U ⊆ V ✱ t❤❡ r❡str✐t✐♦♥ ♠❛♣ F(V ) −→ F(U) ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♠♦❞✉❧❡

str✉❝t✉r❡s✳

❋♦r ❛♥② r✐♥❣ A✱ ♦♥❡ ❝❛♥ ❛ss♦❝✐❛t❡ t❤❡ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡ SpecA✱ ✇❤✐❝❤ ✐s t❤❡ s❡t

♦❢ ❛❧❧ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ A ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ s♦✲❝❛❧❧❡❞ ❩❛r✐s❦✐ t♦♣♦❧♦❣②✳ ❖♥❡ ❝❛♥ ❛❧s♦

❞❡✜♥❡ O❙♣❡❝A ♦♥ ❙♣❡❝A✳ ●✐✈❡♥ ❛♥ ♦♣❡♥ s❡t U ⊆ ❙♣❡❝A✱ ❝♦♥s✐❞❡r O❙♣❡❝A(U) t❤❡ s❡t ♦❢

❢✉♥❝t✐♦♥s s : U −→∐
p∈U Ap✱ s✉❝❤ t❤❛t s(p) ∈ Ap ❢♦r ❡❛❝❤ p✱ ❛♥❞ s✉❝❤ t❤❛t s ✐s ❧♦❝❛❧❧②

❛ q✉♦t✐❡♥t ♦❢ ❡❧❡♠❡♥ts ♦❢ A✳ ◆♦t❡ t❤❛t✱ O❙♣❡❝A ❞❡✜♥❡s ❛ s❤❡❛❢ ♦❢ r✐♥❣s✳ ▼♦r❡♦✈❡r✱

(❙♣❡❝A,O❙♣❡❝A) ✐s ❛ ❧♦❝❛❧❧② r✐♥❣❡❞ s♣❛❝❡✱ ❝❛❧❧❡❞ t❤❡ ❛✣♥❡ s❝❤❡♠❡✳

❆ s❝❤❡♠❡ ✐s ❛ ❧♦❝❛❧❧② r✐♥❣❡❞ s♣❛❝❡ (X,OX) ✇❤✐❝❤ ❛❞♠✐ts ❛♥ ♦♣❡♥ ❝♦✈❡r✐♥❣ X =
⋃

i∈I Ui s✉❝❤ t❤❛t ❛❧❧ ❧♦❝❛❧❧② r✐♥❣❡❞ s♣❛❝❡s (Ui,OX |Ui
) ✇❤✐❝❤ ❛r❡ ✐s♦♠♦r♣❤✐❝ t♦ ❛✣♥❡

s❝❤❡♠❡s✳ ❆ ♠♦r♣❤✐s♠ ♦❢ s❝❤❡♠❡s ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ❧♦❝❛❧❧② r✐♥❣❡❞ s♣❛❝❡s✳

✺✾



✺✳✸ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥

▲❡t V ❜❡ ❛ ❝♦♠♣❧❡① ❛♥❛❧②t✐❝ ✈❛r✐❡t② V ♦❢ ❞✐♠❡♥s✐♦♥ n ✐♥ ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ M ✳

❆♥ ❛♥❛❧②t✐❝ str❛t✐✜❝❛t✐♦♥ ♦❢ V ✐s ❛ ❧♦❝❛❧❧② ✜♥✐t❡ ❢❛♠✐❧② ✭Vα✮α ♦❢ ♥♦♥✲s✐♥❣✉❧❛r ❛♥❛❧②t✐❝

s✉❜s♣❛❝❡s ♦❢ V ✱ ✇❤✐❝❤ ❛r❡ ❝❛❧❧❡❞ str❛t❛✱ s✉❝❤ t❤❛t✿

✭✶✮ ❚❤❡ ❢❛♠✐❧② ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ V ✳

✭✷✮ ❋♦r ❡❛❝❤ Vα✱ t❤❡ ❝❧♦s✉r❡s ✐♥ V ♦❢ ❜♦t❤ Vα ❛♥❞ Vα\Vα ❛r❡ ❛♥❛❧②t✐❝ ✐♥ V ✳

✭✸✮ ❋♦r ❡❛❝❤ ♣❛✐r (Vα, Vβ) s✉❝❤ t❤❛t Vα ∩ Vβ 6= ∅ ♦♥❡ ❤❛s Vα ⊂ Vβ✳

❆ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ✐s ❛ str❛t✐✜❝❛t✐♦♥ (Vα)α t❤❛t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✱

❦♥♦✇♥ ❛s t❤❡ ❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s ✭❛✮ ❛♥❞ ✭❜✮✱ ❢♦r ❡✈❡r② ♣❛✐r (Vα, Vβ) s✉❝❤ t❤❛t Vα ⊂ Vβ✳

●✐✈❡♥ y ∈ Vα✱ ❝♦♥s✐❞❡r xi ∈ Vβ ❛ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ t♦ y✱ ❛♥❞ yi ∈ Vα ❛♥♦t❤❡r

s❡q✉❡♥❝❡ t❤❛t ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ y✳ ❙✉♣♣♦s❡ t❤❡s❡ s❡q✉❡♥❝❡s ❛r❡ s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡

♦❢ s❡❝❛♥t ❧✐♥❡s li = xiyi ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ❧✐♠✐t✐♥❣ ❧✐♥❡ l✱ ❛♥❞ t❤❡ t❛♥❣❡♥t ♣❧❛♥❡s

Txi
Vβ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ❧✐♠✐t✐♥❣ ♣❧❛♥❡ τ ✳ ❚❤❡ ❲❤✐t♥❡② ❝♦♥❞✐t✐♦♥s ✭❛✮ ❛♥❞ ✭❜✮ ❛r❡ t❤❡

❢♦❧❧♦✇✐♥❣✿

✭❛✮ ❚❤❡ ❧✐♠✐t s♣❛❝❡ τ ❝♦♥t❛✐♥s t❤❡ t❛♥❣❡♥t s♣❛❝❡ ♦❢ t❤❡ str❛t✉♠ Vα ❛t y✱ t❤❛t ✐s✱

TyVα ⊂ τ ✳

✭❜✮ ❚❤❡ ❧✐♠✐t s♣❛❝❡ τ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ❧✐♠✐ts ♦❢ s❡❝❛♥ts✱ t❤❛t ✐s✱ l ⊂ τ ✳

❚❤❡r❡ ❛r❡ s♦♠❡ ✐♥t❡r❡st✐♥❣ ❢❛❝ts ❛❜♦✉t ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥✳ ❆♠♦♥❣ t❤❡♠✱ ✇❡

❤❛✈❡✿ ❊✈❡r② ❝❧♦s❡❞ ❛♥❛❧②t✐❝ s✉❜s❡t ♦❢ ❛♥ ❛♥❛❧②t✐❝ ♠❛♥✐❢♦❧❞ ❛❞♠✐ts ❛ ❲❤✐t♥❡② str❛t✐✜❝❛✲

t✐♦♥❀ ❲❤✐t♥❡② str❛t✐✜❡❞ s♣❛❝❡s ❝❛♥ ❜❡ tr✐❛♥❣✉❧❛t❡❞ ❝♦♠♣❛t✐❜❧② ✇✐t❤ t❤ str❛t✐❢❛❝❛t✐♦♥❀

❛♥❞ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥s ❛r❡ ❧♦❝❛❧❧② t♦♣♦❧♦❣✐❝❛❧ tr✐✈✐❛❧ ❛❧♦♥❣ t❤❡ str❛t❛✳

✺✳✹ ❈❤❡r♥✲❲❡✐❧ ❚❤❡♦r②

❚❤❡ ♠❛✐♥ r❡❢❡r❡♥❝❡s ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ ❬❈❤❡r♥❪ ❛♥❞ ❬▼✐❧♥♦r✲❙t❛s❤❡✛❪✳

▲❡t E ❜❡ ❛ ❝♦♠♣❧❡① r✲✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ M ✳

❉❡♥♦t❡ ❜② T ∗
CM = T ∗M ⊗ C t❤❡ ❝♦♠♣❧❡①✐✜❡❞ ❞✉❛❧ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ M ✱ Ω1(M) t❤❡

♠♦❞✉❧❡ ♦❢ s♠♦♦t❤ s❡❝t✐♦♥s ♦❢ T ∗
CM ❛♥❞ Γ(E) t❤❡ ♠♦❞✉❧❡ ♦❢ s♠♦♦t❤ s❡❝t✐♦♥s ♦❢ E✳

✻✵



❉❡✜♥✐t✐♦♥ ✺✳✹✳✶ ❆ ❝♦♥♥❡❝t✐♦♥ π ♦♥ E ✐s ❛ C✲❧✐♥❡❛r ♠❛♣ ∇ : Γ(E) −→ Ω1(M)⊗Γ(E)

s❛t✐s❢②✐♥❣ ▲❡✐❜♥✐t③✬ r✉❧❡

∇(fs) = df ⊗ s+ f∇(s)

✇❤❡r❡ s ∈ Γ(E) ❛♥❞ f :M −→ C ✐s s♠♦♦t❤✳

▲❡t s = s1, ..., sr : U −→ E ❜❡ ❛ ❢r❛♠❡✱ ✇❤❡r❡ U ✐s ♦♣❡♥ s✉❜s❡t ✐♥ M ✳ ●✐✈❡♥

❛ ❝♦♥♥❡❝t✐♦♥ ∇ ♦♥ E✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ ∇(si) ✐♥t♦ ✐ts ❝♦♠♣♦♥❡♥ts✱ ✇r✐t✐♥❣ ∇(si) =
∑r

j=1 θijsj. ❚❤❡ ♠❛tr✐① θ = (θij) ♦❢ 1✲❢♦r♠s ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♠❛tr✐① ♦❢ ∇ ✇✐t❤

r❡♣❡❝t t♦ s✳

❆ ❝♦♥♥❡❝t✐♦♥ ∇ ♦♥ E ✐♥❞✉❝❡s ❛ ✉♥✐q✉❡ C✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ ∇ : Ω1(M)⊗ Γ(E) −→
Ω2(M)⊗Γ(E) t❤❛t s❛t✐s✜❡s∇(ω⊗s) = dω⊗s−ω∧∇s ❢♦r ❛❧❧ ω ∈ Ω1(M) ❛♥❞ s ∈ Γ(E)✳

❚❤❡ C✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ K∇ := ∇2 ✐s ❝❛❧❧❡❞ t❤❡ ❝✉r✈❛t✉r❡ t❡♥s♦r ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥ ∇✳

❉❡♥♦t❡ ❜② Mn(C) t❤❡ ❛❧❣❡❜r❛ ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ n × n ❝♦♠♣❧❡① ♠❛tr✐❝❡s✳ ❆♥

✐♥✈❛r✐❛♥t ♣♦❧②♥♦♠✐❛❧ ♦♥Mn(C) ✐s ❛ ❢✉♥❝t✐♦♥ P :Mn(C) −→ C✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞

❛s ❛ ❝♦♠♣❧❡① ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡ ❡♥tr✐❡s ♦❢ t❤❡ ♠❛tr✐①✱ ❛♥❞ s❛t✐s✜❡s P (XY ) = P (Y X)✱

♦r ❡q✉✐✈❛❧❡♥t❧②✱ P (TXT−1) = P (X) ❢♦r ❛❧❧ ♥♦♥✲s✐♥❣✉❧❛r ♠❛tr✐① T ✳ ◆♦t❡ t❤❛t✱ t❤❡ tr❛❝❡

❛♥❞ ❞❡t❡r♠✐♥❛♥t ❢✉♥❝t✐♦♥s ❛r❡ ❡①❛♠♣❧❡s ♦❢ ✐♥✈❛r✐❛♥t ♣♦❧②♥♦♠✐❛❧s✳ ❋♦r ❛♥② ✐♥✈❛r✐❛♥t

♣♦❧②♥♦♠✐❛❧ P ✱ ✇❡ ❤❛✈❡ ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❣❧♦❜❛❧ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠✱ ❞❡♥♦t❡❞ ❜② P (K∇)✳

❚❤❡♦r❡♠ ✺✳✹✳✷ ●✐✈❡♥ P ❛♥ ✐♥✈❛r✐❛♥t ♣♦❧②♥♦♠✐❛❧✱ ✇❡ ❤❛✈❡

✭❛✮ ❚❤❡ ❢♦r♠ P (K∇) ✐s ❝❧♦s❡❞✱ t❤❛t ✐s dP (K∇) = 0✳

✭❜✮ ❚❤❡ ❝♦❤♦♠♦❧♦❣② ❝❧❛ss [P (K)] = [P (K∇)] ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥ ∇✳

●✐✈❡♥ ❛♥② A ∈Mn(C)✱ ❧❡t σk(A) t❤❡ k✲t❤ ❡❧❡♠❡♥t❛r② s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✲

✈❛❧✉❡s ♦❢ A✳ ❖♥❡ ❤❛s det(Id+ tA) = 1 + tσ1(A) + · · ·+ tnσn(A).

❉❡✜♥✐t✐♦♥ ✺✳✹✳✸ ❚❤❡ k✲t❤ ❈❤❡r♥ ❝❧❛ss ♦❢ E ✐s ❞❡✜♥❡❞ ❜②

ck(E) :=

[
σk

(√
−1

2π
K∇

)]
∈ H2k

DR(M ;C).

❚❤❡ t♦t❛❧ ❈❤❡r♥ ❝❧❛ss ♦❢ E ✐s ❞❡✜♥❡❞ ❜②

c(E) := 1 + c1(E) + · · ·+ cr(E) ∈ H❡✈❡♥
DR (M ;C).

❲❡ ❤❛✈❡ ❡①♣❡❝t❡❞ ♣r♦♣❡rt✐❡s✱ s✉❝❤ ❛s c(f ∗E) = f ∗c(E) ❢♦r ❛❧❧ s♠♦♦t❤ ♠❛♣ f :M ′ −→
M ❀ ❛♥❞ c(E ⊕ F ) = c(E)c(F )✱ ❦♥♦✇♥ ❛s t❤❡ ❲❤✐t♥❡② s✉♠ ❢♦r♠✉❧❛✳

✻✶



✺✳✺ ❉❡r✐✈❡❞ ❝❛t❡❣♦r✐❡s

▲❡t X ❜❡ ❛ ❝♦♠♣❧❡① ❛♥❛❧②t✐❝ s♣❛❝❡✳ ❖♥❡ ❞❡♥♦t❡s ❜② Db
c(X) t❤❡ ❞❡r✐✈❡❞ ❝❛t❡✲

❣♦r② ♦❢ ❜♦✉♥❞❡❞✱ ❝♦♥str✉❝t✐❜❧❡ ❝♦♠♣❧❡①❡s ♦❢ s❤❡❛✈❡s ♦❢ C✲✈❡❝t♦r s♣❛❝❡s ♦♥ X✳ ●✐✈❡♥

F •✱ t❤❡ s❤✐❢t❡❞ ❝♦♠♣❧❡① F •[l] ✐s ❞❡✜♥❡❞ ❜② (F •[l])kF k+l ✇✐t❤ ❞✐✛❡r❡♥t✐❛❧ ❣✐✈❡♥ ❜②

dk[l] = (−1)ldk+l✳ ❋♦r ❛♥② F • = Db
c(X) ❛♥❞ p ∈ X✱ ♦♥❡ ❞❡♥♦t❡s ❜② Hk(F •)p t❤❡ st❛❧❦

❝♦❤♦♠♦❧♦❣② ♦❢ F • ❛t p✱ ❛♥❞ t❤✉s✱ t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ F • ❛t p ✐s ❣✐✈❡♥ ❜②

χ(F •)p =
∑

k

(−1)k dimC Hk(F •)p.

▼♦r❡♦✈❡r✱ t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ X ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ F •✱ ❞❡♥♦t❡❞ ❜② χ(X,F •)✱

✐s ❣✐✈❡♥ ❜②

χ(X,F •) =
∑

k

(−1)k dimC Hk(X,F •)

✇❤❡r❡ H•(X,F •) ❞❡♥♦t❡s t❤❡ ❤②♣❡r❝♦❤♦♠♦❧♦❣② ❣r♦✉♣s ♦❢ X ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ F •✳

◆♦✇✱ ❝♦♥s✐❞❡r S ❛ ❲❤✐t♥❡② str❛t✐✜❝❛t✐♦♥ ♦❢ X✳ ●✐✈❡♥ p ∈ S✱ s❡t χ(F •
S) := χ(F •)p✳

❚❤❡♥✱ ✇❡ ❤❛✈❡

χ(X,F •) =
∑

S∈S

χ(F •
S)χ(S).
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