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“Give me a fulcrum, and I shall move the world.”

Archimedes of Syracuse (c. 287 BC — ¢. 212 BC)



Resumo

Este trabalho ¢é dividido em dois temas. O primeiro diz respeito as Desigualdades multilineares
de Bohnenblust-Hille e Hardy-Littlewood. Obtemos generalizagoes 6timas e definitivas para
ambas desigualdades. Mais ainda, a abordagem apresentada fornece demonstragoes mais sim-
ples e diretas do que as conhecidas anteriormente, além de sermos capazes de mostrar que os
expoentes envolvidos sao 6timos em varias situagoes. A técnica utilizada combina ferramen-
tas probabilisticas e interpolativas; esta tltima é ainda usada para melhorar as estimativas das
versoes vetoriais da desigualdade de Bohnenblust—Hille. O segundo tema possui como ponto
de partida a existéncia de espagos de Peano, ou seja, os espacos de Hausdorff que sao imagem
continua do intervalo unitario. Sob o ponto de vista da lineabilidade, analisamos o conjunto das
sobrejecoes continuas de um espaco euclidiano arbitrario em um espaco topoldgico que, de certa
forma, é coberto por espagos de Peano, e concluimos que grandes algebras sao encontradas nas
familias estudadas. Fornecemos varios resultados 6timos e definitivos em espagos euclideanos, e,

mais ainda, um resultado de lineabilidade étimo naqueles espacos vetoriais topoldgicos especiais.

Palavras-chave: Bohnenblust—Hille, Hardy—Littlewood, lineabilidade, curvas de Peano, espacos

vetoriais topologicos.
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Abstract

This work is divided in two subjects. The first concerns about the Bohnenblust—Hille and Hardy—
Littlewood multilinear inequalities. We obtain optimal and definitive generalizations for both
inequalities. Moreover, the approach presented provides much simpler and straightforward proofs
than the previous one known, and we are able to show that in most cases the exponents involved
are optimal. The technique used is a combination of probabilistic tools and of an interpolative
approach; this former technique is also employed in this thesis to improve the constants for
vector-valued Bohnenblust—Hille type inequalities. The second subject has as starting point
the existence of Peano spaces, that is, Haurdorff spaces that are continuous image of the unit
interval. From the point of view of lineability we analyze the set of continuous surjections from
an arbitrary euclidean spaces on topological spaces that are, in some natural sense, covered by
Peano spaces, and we conclude that large algebras are found within the families studied. We
provide several optimal and definitive result on euclidean spaces, and, moreover, an optimal

lineability result on those special topological vector spaces.

Keywords: Bohnenblust—Hille, Hardy—Littlewood, lineability, Peano curves, topological vector

spaces.
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Introduction

Part I: Hardy—Littlewood and Bohnenblust—Hille inequal-
ities

The subject of this part of the work was born with a problem stated in 1913 by Harald Bohr

in [35] concerning convergence of scalar valued Dirichlet series, which is a series with the form
[e.9]
1
2 ans
n=1

where the coefficients a,, are complex and s is a complex variable. H. F. Bohnenblust and E.

Hille in the notorious paper

[34] On the absolute convergence of Dirichlet series, Annals of Mathematics, vol. 32,
600-622, 1931,

solved the problem proposed by H. Bohr and for the proof they established in [34, Theorem I]

their famous multilinear inequality, which is of independent high interest:

Multilinear Bohnenblust—Hille’s inequality (1931). For each positive integer m > 1, there

exists a constant C,, > 1 such that

m—+1

( > IIA(eil,--.,eim)llﬁ) < Cu [lA]l, (1)

for all continuous m-linear forms A : cy X -+ x cg — C. Moreover, the exponent WQL—Tl 1 optimal.

The case m = 2 is the well-known Littlewood’s 4/3 inequality [86, Theorem 1]. These
inequalities, and the growth of the constants involved in it, have important applications in various
fields of analysis and mathematical physics (see, for instance, [29,32,41,51,53,56,57,62,89,102]).

Hardy and Littlewood (see [76] and [77, p.224]) provided an f,-version Littlewood’s 4/3
inequality and then Praciano-Pereira studied in [99, Theorems A and B] the effect of replacing
co by ¢, in the Bohnenblust-Hille inequality, obtaining an general forms of it for multilinear form
on ¢, spaces, nowadays (unfortunately) known as Hardy-Littlewood’s multilinear inequality (we
set a convenient notation: X, := {,, 1 < p < 400 and Xo = ¢o; for p := (p1,...,0m) €
[1, 400 1 ::L+..._|_1);

P p1 Pm

]m

| p
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Multilinear Hardy—Littlewood’s inequality. Let p € [1,+o0]™ with

1< % Then there
p

exists a constant Cp, > 0 such that, for every continuous m-linear form A : X, x---x X, — C,

_2| Ll
m+1 2|p|

( > \A(eil,...,eim>|m“|%|> < CyllA].

i1yeesim=1

This part of the thesis is devoted to generalize the previous notorious inequalities. In Chapter

1 we verse about a part of the paper

[5] Sharp generalizations of the multilinear Bohnenblust-Hille inequality, Journal of

Functional Analysis, vol. 266, no. 6, 3726-37/0, 2014.

which is an joint work with F. Bayart, D. Pellegrino and J. Seoane. We will prove that the
multilinear Bohnenblust—Hille inequality is, de facto, a particular case of a quite general family
of optimal inequalities (which will be a particular case of vector valued results present in the

Chapter 2). More precisely we obtain
Theorem. Let m > 1, let qi,...,qn € [1,2]. The following assertions are equivalent:

(1) There is a constant Cy, 4, > 1 such that

Im—1 3m72 % E "
00 00 oo () am m—1
91 DO P (D ol D oY RICRPTEY < CypanlA
=1 | iz=1 im—1=1 \im=1
for all continuous m-linear forms A :co X -+ X ¢g — K.

1 1 +1
(2) q—1+"‘+q—m§T.
Here, as usual, K denotes the field of real or complex scalars. The Bohnenblust—Hille inequal-

2m
m—+1"°

else than Minkowski’s inequality, a Holder’s interpolative inequality and a mixed (¢1, ¢5)-estimate

ity is just the particular case ¢ = --- = ¢q,, = The ingredients to attain this are nothing

consequence of Khintchine’s inequality.
In Chapter 2 we discourse about the results of the paper

[6] Optimal Hardy-Littlewood type inequalities for polynomials and multilinear oper-

ators, Israel Journal of Mathematics, in press.

which also is joint work with F. Bayart, D. Pellegrino and J. Seoane. It concerns about definitive
generalizations of the Littlewood’s 4/3 inequality. As soon as J. E. Littlewood proved his famous

inequality in [86, Theorem 1], it was rapidly extended to more general frameworks. For instance,

e The multilinear Bohnenblust—Hille inequality ([34, Theorem I], 1931)

e The multilinear Hardy—Littlewood inequality ([76], and [99, Theorems A and B], 1981)
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o (Defant and Sevilla-Peris, [57, Theorem 1], 2009) If 1 < s < ¢ < 2, there exists a constant

C > 0 such that, for every continuous m-linear mapping A : ¢y X - -+ X ¢g — {4, then

m+2 l,l)

s

Q

2m

+oo m 2m
( Z [Aess - ei)lle, ) < C||All.

1 eim=1

Furthermore, the previous results were generalized by the author, F. Bayart, D. Pellegrino

and J. Seoane and also by Dimant and Sevilla-Peris:

e ([5, Corollary 1.3], 2013) Let 1 < s < ¢ <2 and p € [1,+00]™ such that

Then there exists a constant C' > 0 such that, for every continuous m-linear mapping
A X, x---x X, — X, we have

S A el <CllAl

it yeemrim=1
and the exponent is optimal.

e (Dimant and Sevilla-Peris, [59, Proposition 4.4], 2013) Let p € [1, +o0]™ and s, ¢ € [1, +o0]
be such that s < g. Then there exists a constant C' > 0 such that, for every continuous

m-linear mapping A : X,,, x --- x X, — X, we have

=

+o0
( Z ||A(ei17"'7eim)||§q) SO||A||7

iyeyim=1
where p is given by

(i) If s < ¢ <2, and
(a) ifoﬁ‘%‘<%—l thenl:%+l<l—l—‘%‘>.
1

el 1 1 1,11 11,1 1
(b) lf;—aé‘B‘<§+;—a,then;—§+g—a—‘5‘.
(i) If s <2< g, and
() if0< |t <2 dthen =44 2 (-3 1)
ittt < |t <t thent o1 [1]
P S P s P

1

(iii) f2<s<gand 0 < S

<L theni=1_
E P

vl

Moreover, the exponents in the cases (ia),(iib) and (iii) are optimal. Also, the exponent in

(ib) is optimal for + — % < %‘ < 3.
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In Chapter 2 we investigate, among other results, in depth the remaining cases of the Dimant

and Sevilla-Peris result and obtain the following

Theorem. Let p € [1,+00

Ll <1 et
P 2

]m

and let p > 0. Assume moreover that either ¢ > 2 or ¢ < 2 and

A 2 s  min{q,2}
Then there exists C' > 0 such that, for every continuous m-linear operator A : X, x---x X, —

X, we have

+oo %
( >, \|A<ei1,---,eim)H§q> <A

i1 yeensim=1
iof and only of
m 1l _m=-1
p — A max{\s,2}

The following table summarizes the optimal value of % following the respective values of

$,4,P15 -+, Pm:

1 1 1 1 1
1<s<qg<2, A<?2 - — - — — = x|=
2 ms mq m |p
1 1 1 1
1<s<q<2, A>2 |3 <3 _+____H
p 2 s q P
—1 1 1 1
1<s<2<q A<?2 m-: ___X_’
2m ms m P
1 1
1<s<2<¢q, A>2 N
S p
1 1
2<s5<q Z |z
S p

The technique we used is a combination of probabilistic tools and of an interpolative approach;
this former technique is also employed in this paper to improve the constants for vector-valued

Bohnenblust—Hille type inequalities.

Part 1I: Peano curves on topological vector spaces

Throughout history there have always been mathematical objects that have contradicted
the intuition of the working mathematician. To cite some one these objects, let us recall the

famous Weierstrass Monster. It came as a general shock when, in 1872 and during a presentation

XV



before the Berlin Academy, K. Weierstrass provided a classical example of a function that was

continuous everywhere but differentiable nowhere. The particular example was defined as

+oo
flz) = Z a" cos(b"mx)
n=0
where 0 < a < 1, b is an odd integer and ab > 1+ 37/2 (see Figure 1). Although the first
published example is certainly due to Weierstrass, already in 1830 the Czech mathematician B.
Bolzano exhibited a continuous nowhere differentiable function (see [105] for a thorough study

of these citations).

-2

Figure 1: Weiestrass’ Monster

One may think that, once such an object is found, not many more like it can possibly exist.
History has proven this last statement wrong. For the last decade there has been a generalized
trend in mathematics toward the search for large algebraic structures of special objects (and
sometimes called pathological in the literature [68,104]). One of the first results illustrating this
was due to B. Levine and D. Milman [84].

Theorem (Levine and Milman, 1940). The subset of C[0, 1] of all continuous functions on [0, 1]

of bounded variation does not contains a closed infinite linear space.

Later, the following famous result on the set of continuous nowhere differentiable functions

was proved by V. I. Gurariy [74]:

Theorem (Gurariy, 1966). The set of continuous nowhere differentiable functions on [0, 1] con-

tains an infinite linear space.

Somehow, what we are seeing is that what one could expect to be an isolated phenomenon

can actually even have a nice algebraic structure (in the form of infinite dimensional subspaces).
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Let us provide a more formal and complete definition for the concepts motivated by this that,
by now, are widely known (see, e.g., [10-12,17,27,46,48,64]).

Definition (Lineability and spaceability, [10,104]). Let X be a topological vector space and M

a subset of X. Let u be a cardinal number.

(1) M s said to be p-lineable if M U {0} contains a vector space of dimension u. At times,
we shall be referring to the set M as simply lineable if the existing subspace is infinite

dimensional.

(2) When the above linear space can be chosen to be dense (infinite dimensional and closed,

resp.) in X we shall say that M is u-dense-lineable (spaceable, resp.).

Moreover, L. Bernal introduced in [25] the notion of mazimal lineable (and that of mazimal
dense-lineable) in X, meaning that, when keeping the above notation, the dimension of the
existing linear space equals dim(X). Besides asking for linear spaces one could also study other

structures, such as algebrability and some related ones, which were presented in [11,12,15,104].
Definition. Given an algebra A, a subset B C A, and a cardinal number k, we say that B is:

(1) algebrable if there is a subalgebra C of A so that C C BU {0} and the cardinality of any

system of generators of C is infinite.
(2) rk-algebrable if there exists a k-generated subalgebra C of A with C C BU{0}.
(3) strongly k-algebrable if there exists a k-generated free algebra C contained in BU {0}.

Lately the study of the linear structure of certain subsets of surjective functions in R® (such
as everywhere surjective functions, perfectly everywhere surjective functions, or Jones functions)
has attracted the attention of several authors working on Real Analysis and Set Theory (see, e.g.
[10,12,27,70,71]). The previously mentioned functions are, indeed, very “exotic”: for instance
an everywhere surjective function f in R® verifies that f(I) = R for every interval I C R and
the other classes (perfectly everywhere surjective functions and Jones functions) are particular
cases of everywhere surjective functions and, thus, with even “worse” behavior. It has been
shown [69] that there exists a 2°-dimensional vector space every non-zero element of which is
a Jones function and, thus, everywhere surjective (here, ¢ stands for the cardinality of R). Of
course, this previous result is optimal in terms of dimension since dim(R®)= 2¢. However, all the
previous classes are nowhere continuous, thus, it is natural to ask about the set of continuous
surjections.

In Chapter 3 we discourse about all the possible frameworks concerning lineability of the
continuous surjections on euclidean spaces (thus a more general framework than that of R¥).

For instance, we present the results of the paper

[4] Mazimal lineability of the set of continuous surjections, Bulletin of the Belgian
Mathematical Society Simon Stevin, vol. 21, 83-87, 2014.
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which solves (optimal and positively) the lineability problem. More precisely we prove that (for

a topological space X, CS(R™, X) denotes the set of continuous surjection from R™ on X)
Theorem. For every pair m,n € N, the set CS(R™,R") is mazimal lineable.
Still in Chapter 3, we go further and verse about a part of the paper

[7] Peano curves on topological vector spaces, Linear Algebra and its Applications,
vol. 460, 81-96, 2014,

which is a joint work with L. Bernal, D. Pellegrino and J. Seoane concerning Peano curves on
topological vector spaces. We bring comments on the positive answer of Bernal and Ordénez (see
[26, Theorem 3.2]) on the spaceability problem (for a topological space X, CSo(R™, X) gathers

the continous maps f : R™ — X such that each point a € X is assumed on an unbounded subset
of R™):

Theorem (Bernal and Ordénez, 2014). For each pair m,n € N, the set CSo(R™ R™) s
mazximal dense-lineable and spaceable in C (R™,R"™). In particular, it is mazimal lineable in

C (R™ R™).
We close Chapter 3 by proving the following complement of the previous results
Theorem. For every m € N, the set CSo, (R™,C") is maximal strongly algebrable in C (R™,C").

This solves the algebrability remaining problem on euclidean spaces. In order to attain this
we make use of some results and machinery from Complex Analysis, and we also provide some
new results from Complex Analysis which are of independent interest (see, e.g., Lemma 3.15).

Chapter 4 presents the remaining part of the paper [7]: it moves on to the next natural step
on trying to generalize the previous result to infinite dimensional spaces. In order to this, we

make use of the notorious

Hahn—Mazurkiewicz’s theorem. A non-empty Hausdorff topological space is a continuous
image of the unit interval if and only if it is a compact, connected, locally connected metrizable

topological space.

Hausdorff spaces that are the continuous image of the unit interval are called Peano spaces.
The Hahn-Mazurkiewicz’s theorem allows us to investigate topological vector spaces that are
continuous image of the real line, from which we introduce the notion of o-Peano space (see

Definition 4.1) and use it to provide an optimal general lineability result

Theorem. Let X' be a o-Peano topological vector space. Then CSy (R™, X) is maximal lineable
in C(R™ X).

In addition, we will show how, by just starting with separable normed spaces, one can obtain
o-Peano spaces. We analyze Peano spaces in the framework of sequence spaces and also study

Peano space in real and complex function spaces.
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Preliminaries and Notation

To seek conciseness and to avoid boring technicalities, we introduce here several useful no-

tations throughout this text.

e Our main interest are the Banach spaces over K, which shall stand for the complex C or
real R fields.

o multi-index notation: for a positive integer m and a non-void subset D C N we denote the

set of multi-indices i = (i1, ...,,), with each i, € D, by
M(m,D) :={i=(i1,...,in) EN"; iy €D, k=1,...,m}=D"

and it is also convenient set M(m, N) := M(m,{1,2,..., N}), and also Py (m) stands for
the set of subsets S C {1,...,m} with card(S)=k, S :={1,...,m}\ S and ig := (i5)

jes:
e multiple exponent notation: for a positive integer m, p stands for a multiple exponent

(p17 s 7pm> S []-700

™ and
o Weset X := ¢ and X, :={,, for 1 <p < oo.
. Eév denotes the scalar space K with the p-norm, for p € [1, 00].

e For m-linear vector valued operator A : X, x --- x X, — Y and a multi-index i :=

(i1, .. im), we set Ae; := A(ey,...,e;,).
e p* will denote the conjugate exponent of p € [1, o00].

e The symbol 2179 will always means that we are fixing the k-th index and that we are

summing over all the remaining indices.
e ¢ stands for the cardinality of R.

e For any topological spaces X,Y, C (X,Y’) denotes the set of continuous functions from X

to Y. The following notation it will be also useful on our purposes:

CSo(®R™ X):={f e C(R™ X): f~'({a}) is unbounded for every a € X } .
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Chapter 1

Sharp generalizations of the multilinear

Bohnenblust—Hille inequality

This chapter is devoted to part of the paper

[5] Sharp generalizations of the multilinear Bohnenblust-Hille inequality, Journal of
Functional Analysis, vol. 266, no. 6, 3726-37/0, 2014.

which is an joint work with F. Bayart, D. Pellegrino and J. Seoane. Here we verse about
scalar valued generalizations of the multilinear Bohnenblust—Hille inequality and prove that this
is, de facto, a particular case of a quite general family of optimal inequalities. In the next
chapter, among other results, we deal with the vector valued versions of the remaining part of

[5] concerning generalizations of the Hardy-Littlewood inequality.

1.1 Motivation and main results

The starting point of this chapter is the classical multilinear Bohnenblust—Hille inequality,

which has the following precise form

Theorem 1.1 (Multilinear Bohnenblust-Hille’s inequality, 1931, [34]). For each positive integer

m > 1, there exists a constant C,, > 1 such that

m—+41

( > IIA(ez’u-weim)llmﬁ) < Cnm [|A]l (1.1)

for all continuous m-linear forms A : ¢y X - -+ X ¢cg — K. Moreover, the exponent W%—Tl s optimal.

The case m = 2 is the well-known Littlewood’s 4/3 inequality [86, Theorem 1]. These
inequalities, and the growth of the constants involved in it, have important applications in various
fields of analysis and mathematical physics (see, for instance, [29,32,41,51,53,56,57,62,89,102]).

We will prove that the Bohnenblust—Hille inequality is a very particular case of a large family

of sharp inequalities. More precisely, we prove the following general result:



Theorem 1.2. Let m > 1, let qu,...,qm € [1,2]. The following assertions are equivalent:

(1) There is a constant Cy, 4, > 1 such that

q2 —_— q1
dm—2 a2 a2
9m—1 a3

Y ( > (Z ||A(eil,.,_,eim)||qm> " ) < Coygn || All

i1=1 | i2=1 im—1=1 \im=1

for all continuous m-linear forms A :co X -+ X ¢g — K.

(2) 4 o <

The Bohnenblust—Hille inequality is just the particular case

2m

(h:.”:qm:m——}-l'

This is a particular case of a more general version presented in [5, Theorem 1.2] concerning
l,-valued multilinear operator on ¢, spaces. We deal with this in the next chapter, when we
introduce generalizations of the Hardy—Littlewood inequality.

This kind of inequalities was already considered in [28] when m = 2, as generalizations of
Littlewood’s 4/3 inequality. The strategy for the proof of (2) = (1) in Theorem 1.2 will be
very simple, maybe simpler than all previous known proofs of the Bohnenblust-Hille inequality.
The starting point is the generalized Littlewood mixed ({1, ¢3)-norm inequality, that is that
Theorem 1.2 is true when (q1,...,¢y,) = (1,2,...,2). This property is “well-known” and it is a
consequence of Khintchine’s inequality. Using this and nothing else than Minkowski’s inequality

and an Holder’s interpolative inequality, we will infer the general case.

1.2 Interpolation on mixed norm sequence spaces

It will be useful deal with strongly summable sequences (for more details see [58, p.32]): for
a Banach space X and p € [1, 00], we shall denote by ¢,(X) the space of strongly p-summable
sequences (alternatively, strong ¢, sequences), that is, a vector sequence (z,,)neny € X" belongs
to £,(X) if the corresponding scalar sequence (||, x),cy is in £,. Naturally £,(X) equipped

with the p-norm
[(@n)nll, = [[([znllx), |,

it is a Banach space. For a multiple exponent p := (p1,...,pm) € [1,00]™, the mixed norm

sequence space
Cp(X) = Ly, (b, (- (65, (X)) )

(it is a Banach space when endowed with the norm || - ||, and) is formed by all multi-index vector

valued matrices (z;) with finite p-norm (recall the notation for multi-indexes i presented

ieN™



in Section “Preliminaries and Notation”). Namely, when p € [1,00)™, a vector valued matrix
(71);eym € p(X) if, and only if,

Pm—2 o p2

Pm—1

lel, = | (zuxiugg) R < oo.

11=1 | i2=1 tm—1=1 \im=1

When X =K, we just write ¢, instead of ¢, (K).
The next interpolation result on these mixed norm sequences spaces has a central role on

our techniques. We verse on this subject in Appendix A and present a proof of it therein (see
Corollary A.5).

Proposition 1.3 (Hélder’s interpolative inequality for mixed ¢, spaces). Let m,n, N be positive
integers, r,p(1),...,p(N) € [1,00]™ and by, ...,0n € [0,1] be such that 01 +---+ 6y =1 and

N
1 0y, 0, On ,
— = = +- 4+ , forg=1,...,m. (1.2)
T kz:;pj(/f) p;(1) p;i(N)
Then, for all scalar matrices a := (ai)ieM(mm), we have
0 0
lall, < flall5q - llally) -

In particular, if each p(k) € [1,00), the previous inequality means that

m

n n
E c E |ai
i1=1 im=1

W\ s
D k
P —1 () )

Pm (k)

< ﬂ zn: (zn: |aiypm<k>)

k= i1=1 im=1

—

Remark 1.4. The previous condition (1.2), means precisely that the point (%, cee %) belongs

to the convex hull of the points <m, ey ;%(k;)) , k=1,...,N. In this situation, we will stmple
say that the multiple exponent r := (ry,...,r,) “is obtained by interpolation” (or “comes by

interpolation” ) of the multiple exponents p(k) := (p1(k),...,pm(k)), k=1,..., N.

1.3 Applications of Minkowski’s inequality

Minkowski’s inequality is a very well-known result that helps to prove that L, spaces are

Banach spaces: it is the triangle inequality for L, spaces. We need a somewhat well known



result, which is a corollary of one of the many versions of Minkowski’s inequality, whose proof

can be found, for instance, in [72, Corollary 5.4.2].

Lemma 1.5 (Minkowski’s inequality). For any 0 < p < ¢ < oo and for any scalar matrix

(aij)i,j€N7

1/q 1/p

o 00 p/q
<[y (zw)
j=1 \i=1

Combining the Holder interpolative inequality for mixed ¢, spaces (Proposition 1.3) with the

> (f: |%,|p> N

i=1 \j=1
previous Minkowski inequality (Proposition 1.5) we have a very useful inequality (see [20, Remark
2.2]):

Corollary 1.6 (Blei’s general inequality). Let m,n be positive integers, 1 < k < m and 1 <

s < q. Then for all scalar matriz (ai)ieM(mm),

; ANEE)
S odal”] < IT D2 (D] 1l ,

ieM(m,n) SePr(m) is ig

where
msq

:kq+(m—k)s

p:

and Py (m) stands for the set of subsets S C {1,....m} with card(S)=k, S :={1,....m}\ S

and is := (1) ;cq-

The next proposition is simple multi-index variant of the previous Minkowski’s inequality. It

shows that an (¢,,¢,)-mixed norm inequality implies many other of this kind. Recall that the

symbol ka shall mean that we are fixing the k-th index summing over all the remaining indices.

Proposition 1.7. Let m, N > 1 be positive integers, 1 < p < q < 0o, for each k = 1,...,m,
let p(k) == (q,..-,4,p,q,-..,q) € [L,400)™ (p at k-th position) and also let (ai);c py(m ny bE @
scalar valued matriz. Then, for each k =1,...,m,
a\ 7 1
N N N ANAN N N A
|@evmm] = X [ X lal <[ tar
p it yein1=1 \ ig=1 \ipi1,im=1 =1 \i1=1

Proof. The result follows by induction on k combined with Minkowski’s inequality. Let us assume
that the property is true up to the (k — 1)-th position. The integers i1, ...,ix_; being fixed, we

set

N p/q

Q1,0 - Z |a;|*

Ut 15, tm=1



Applying Minkowski’s inequality with exponents 1 and ¢/p,

q/p
N N a/p N N p/a
2: 2: }: 2: a/p
Qi1 < Q1 ik
ir_1=1 \ip=1 ip=1 \ip_1=1
Hence,
1 1
p\ L\ 4 2\ L\ 4
p p
N N N q N N N q
q q
> |12 X < > X > il
i1,k —1=1 \ ixg=1 \ipt1,--im=1 i1yt —2=1 \ ixg=1 \itg—1,ik+41,-im=1

Defining the scalar matrix (bi)ieM(ij) with entries bi, i yipsim = Qiy..oosinip_10mrim s LHE DPIEVi-
ous inequality means that
SN R TS B
H( iemima|yy = [ Wieatonaoll oy
thus by the induction hypothesis, we conclude the result:
p L p
N N a\’ N N q
H(ai)ieM(m,N) < H(bi)ieM(m,N) < Z Z L2 = Z |a;|*
p(k) p(k—1) o\ = — \ =
t-1=1 \j =1 W= \ip=1
O

1.4 Applications of Khinchine’s inequality

The Khinchine inequality in its modern presentation has its roots in [107]. An accessible

proof (for Rademacher independet functions) is in [58, Theorem 1.10].

Lemma 1.8 (Khinchine’s inequality). For any p € [1,00), there exists a(n) (optimal) constant
Ag , with the following properties:

(1) (Real case) For any sequence (ay), of real numbers, we have

s 1/2 1 P 1/p
(zw) < An, ( / dt> |
n=1 0

with (rp)nen denoting the sequence of Rademacher functions ry, : [0,1] — {£1}. Moreover,

Z an T (1)

the optimal constants Ag, are



P2 < Apy =2, if 1< p<por 1.84T;

’
1

Ap,=1{923 (F({i)) L ifpo <p <2

\)

(2) (Complex case) For any sequence (ay), of complex numbers with finite support, we have

(Z \an|2> < Ac, (/ Zanzn dz) ,
n=1 Tee n=1

with T := {z = (2),,cn € CV ¢ |20] =1 for all n € N} (the infinite polycircle) and dz de-
noting the standard Lebesgque probability measure on T°°. Moreover, the optimal constants
Ac, are

1

F(z#)_g, if1<p<2;

Ac, =
1, if2<p<oo.

The (apparently) strange value py ~ 1.8474 is, to be precise, the unique number py € (1,2)
satisfying I’ (“’TH) = ‘/7% The notation Ak, for the optimal constants will be kept throughout
this. For complex scalars it more useful to use Steinhaus variables (also called Khinchine’s
inequality with Steinhaus variables) instead of the Rademacher functions, since it gives better
constants. The best constants Ag, and Ac, were obtained by Haagerup and Konig, respectively
(see [75] and [83]). The particular values of these when p = 1 will be very useful for the estimates
we will present:

Api=v2  and  Ac,=[1(3/2) " = %

Using Fubini’s theorem and Minkowski’s inequality (see, for instance, [54, Lemma 2.2] for
the real case and [93, Theorem 2.2] for the complex case), these inequalities have a multilinear

version.
Lemma 1.9 (Multilinear Khinchine’s inequality). Let N,m > 1 be positive integers.

(1) (Real case) For any real valued matriz (a;)ic m(m, Ny

1/2 P 1/p

Z |as)? < Ag, /[01]m Z ri(t1) i, (tm)ai| dty-- - dty,

ieM(m,N) ieM(m,N)

(2) (Complex case) For any complex valued matriz (a;)ic m(m, Ny

1/2 P 1/p

DR PN I I D L
'H'OO

ieM(m,N) " lieM(m,N)

With this we are able to prove the following “well-known” (¢1, f5)-norm inequality.

6



Proposition 1.10. Let m > 1 be a positive integer. Then, for any k € {1,...,m},

Z Z |Aes,...oe )] < (Ag)™ A,

ip=1 'L/I; 1
holds for all continuous m-linear forms A :cq X - -+ X ¢cg — K.

Proof. By symmetry, we just need to prove the result for £k = 1. Also we will just prove the
result for the real case (the argument is the same for the complex case). The multilinear version

of Khinchine’s inequality (Lemma 1.9) delivers

> Alen, el
n
< AgY! / er ta) - ri, (tm)A (€5, e; V| dby - dty,
[0,1}7”71
— Aﬁzfl/ A (eil,ZriQ(tg)eiQ, . Zrlm elm>
[071]777,71 in
<621,ZT12 t9)€iy, - - - me elm> .

Fixed ty, ... tm € [0,1], Aty = A (D, Tia(2)€ins -2 D5 Ty (tm)es,) defines a real
linear form on ¢y. Thus applying the Bohnenblust—Hille inequality for m = 1 (which in fact it is

dty---dt,,

(*)

a well known equality that holds with C} = 1) we get

Z A (61'1727“1‘2(252)6,-2,...,Zrim( m)€i )

i1 i2 im

< HA” H Zrn tk

n

So using this combined with the well-know fact

2 m(t)e

E QnCp

sup
t€[0,1]

< sup
|an|<1

7

we get that

2.

i1

< [lA].

A (eim Z Tig (tQ)eiza BRI Z Tim (tm)eiM>
12 im

Therefore, using this estimate combined with inequality (%) we conclude the result

[T

Z Z’A Ciyy--r€ 'm)|2 SAEIIHAH

i1



For a bounded m-linear form A : ¢y X -+ X ¢ — K and a multi-index i := (i1,...,%5), let
Ae; = Aleyy, ..., e, ). The following estimates will lead us to obtain the general Bohnenblust—

Hille inequality (Theorem 1.2).

Proposition 1.11 (Mixed ({1, {3)-estimates). Let p(k) :=(2,...,2,1,2,...,2) € [1,+00)™, for
k=1,...,m (1 at k-th position). Then,

1\ 2\ 2
2
2 m—1
[(Aeicwmllypy = | D | D > |Ag < (Aga)" (1A
ipeik1 \ ik \dkg1rmim=1
fork=1,...,m and for any bounded m-linear form A :cy X --- X cg — K.

Proof. The results follows by applying the multi-index Minkowski’s inequality (Proposition 1.7),
the (¢, ly)-estimates (Proposition 1.10), respectively:

1\ 2 3
2
2
[Aeicwnllpuy =1 2= |22 2= 4l
Byl ik Tt 1seeerbm=1
1
2
S Z Z|A(€i17"'7€i7rz)|2
ip=1 fk
< (Ax)" 1A

1.5 First part of the proof of Theorem 1.2

Now we will prove that (2) implies (1) in Theorem 1.2. By the monotonicity of the norm on

the sequences spaces, that is, || - ||s < || - || as soon as r < s, it is sufficient to deal with the
boundary situation:

1 1 m+1

q1 dm 2
which means that the exponent q := (q1,...,¢n) € [1,2]™ comes from the interpolation of the
multiple exponents p(k) := (2,...,2,1,2,...,2) € [1,2]™, k = 1,...,m where 1 is at the k-th

position (recall Remark 1.4), as guaranteed by the following straightforward characterization of

a convex hull:

Lemma 1.12. Let m > 2 be a positive integer, 0 < a < b be positive real numbers and also let
P, :=(a,...,a,b,a...,a), for k € {1,...,m}, where b is at the k-th position. Then the convex
hull of Py,..., P, is the set of points (x1,...,2y) such that xqy + -+ + 2, = (m — 1)a+ b and
xy € [a,b] for any k > 1.



Given a bounded m-linear forms A : ¢y X - -+ X ¢g — K, the mixed ({1, {5)-estimates (Propo-

sition 1.11) assures that
[ (Aes)ippn

for k = 1,...,m. Since q becames from the interpolation of the exponents p(k), we may

p(k) < (AKJ)m_l ||AH7

apply the Holder’s interpolative inequality for mixed ¢, spaces (Proposition 1.3) for the matrix

(Aé;);cpm, and combine with the previous ({1, {3)-estimates to conclude the result:

9m—1 e q1

oo [e’e) am a2
> ...<ZHA(eil,...,eim)qu>

i1=1 im=1

N
= [|(Aes)irnly < TT I (Aeicwn 12 < [(Ar)™ 1A = (Ar)™ " 1A
q p(k)

k=1

Remark 1.13. If we take care of the constant in the general Bohnenblust-Hille inequality (The-
orem 1.2), our method shows that it is valid with constant C,, < (v/2)™' in the real case and
Cp < (2/\/7_T)m71 in the complex. This constant comes from the best known constant in the
mized ({1, (s)-Littlewood inequality (Proposition 1.11). However, Bayart, Pellegrino and Seoane
provided subpolynomial constants for the multilinear case (see [20, Corollary 3.2 and 3.3] and
[94]) and, among other results, that the complex polynomial constants are actually subpolynomial

and solve a secular and outstanding problem concerning the Bohr radius (see [53]).

1.6 On the optimality of the exponents

1.6.1 A Kahane-Salem-Zygmund inequality

A way to prove that the exponent 22 is optimal in the Bohnenblust-Hille inequality is to

m+41
use the Kahane-Salem-Zygmund inequality, which allows to control the infinite norm of random
polynomials. We need a variant of this inequality for multilinear forms on ¢, which represents

K" with the p-norm.

Lemma 1.14 (Kahane-Salem-Zygmund’s multilinear inequality). Let m, N > 1, p1,...,pm €

[1,+00]™ and let, forp > 1,
1 1

== fp=2
a(p) =472 P
0, otherwise.
Then there exists a m-linear form A : KI]X X oo X Eévm — K which may be written as



such that
IA| < C, Nz ta@)+talom),

We present the proof this result in Appendix B.

1.6.2 Optimality of Theorem 1.2

Let q1,...,qm € [1,2] satisfying (1) of Theorem 1.2. Let A : /¥ x ... x ¥ — K be the

m-linear map given by the previous Lemma 1.14. Then

m+1
[All < Cqyoqu N 2
whereas, for any i,..., %,
N
‘A(eil7"'7eim>| - E i5i1j1 "'(Simjm =L
jl ----- jmfl
It is then easy to show by induction that
1
9m—1 % q1
N N am ’ 1 1
g E |A (e, ..,ei) = Na am
i1=1 im=1
So,
1 1
e —— m+1
qu am S O‘]l---QmN 2

holds for all positive integers NV and, therefore, we conclude that for the condition (1) of Theorem
1.2 to be true, it is necessary that
1 1 m+1

— 4 — < :
qQ1 qm 2

10



Chapter 2

Optimal Hardy—Littlewood type

inequalities for multilinear operators

In this chapter is we present the results of the paper

[6] Optimal Hardy-Littlewood type inequalities for polynomials and multilinear oper-

ators, Israel Journal of Mathematics, in press.

a joint work with F. Bayart, D. Pellegrino and J. Seoane which concerning general and definitive
forms of the Hardy—Littlewood inequality, which provides much simpler and straightforward
proofs when restricted to the original particular cases, and we are able to show that in most
cases the exponents involved are optimal. The technique we used is a combination of probabilistic
tools and of an interpolative approach; this former technique is also employed in this paper to

improve the constants for vector-valued Bohnenblust—Hille type inequalities.

2.1 Motivation and main results

This part of the thesis has as the starting point a result of 1930 due to J. E. Littlewood
[86, Theorem 1] which is the following result concerning bilinear forms on ¢y X ¢y, now called

Littlewood’s 4/3 inequality:

Theorem 2.1 (Littlewood, 1930 [86]). For any bounded bilinear form A : ¢y x ¢g — C,

w

(Z |A<ei,ej>|3) <V2||A|

ij=1
and, moreover, the exponent 4/3 is optimal.

As soon as Littlewood’s 4/3 inequality appeared, it was rapidly extended to more general
frameworks. For instance, the first step was to generalize to multilinear forms, which is due to
Bohnenbluts and Hille [34, Theorem I,

11



Multilinear Bohnenblust—Hille’s inequality (1931). For each positive integer m > 1, there

exists a constant C,, > 1 such that

m—+41

i1 yeim=1
for all continuous m-linear forms A : co X -+ x cg — C. Moreover, the exponent nf—fl 18 optimal.

Hardy-Littlewood (see [76] and [77, p.224]) provided an ¢,-version Littlewood’s 4/3 inequality
and then Praciano-Pereira studied in [99, Theorems A and B] the effect of replacing ¢y by ¢,
in the Bohnenblust-Hille inequality, obtaining a general form of it for multilinear form on ¢,
spaces, nowadays (unfortunately) known as Hardy—Littlewood’s multilinear inequality (recall
that X, :=¢,, 1 <p < +ooand X = ¢o; forp := (p1,...,pm) € [1,+] ’ = pil—k- : -—I—[%):

mo1
p

Multilinear Hardy—Littlewood’s inequality (1981). Let p € [1,+oo]™ with ‘%‘ < 1. Then
there exists a constant Cp > 0 such that, for every continuous m-linear form A : X, X --- X
X, — C,

_o| L
m+41 2|p|

( > |A<eil,...,eim>|'"+”|é|> < CyllAll. (2.2)

21,eeytm=1

A. Defant and P. Sevilla-Peris in [57, Theorem 1] provided a vector valued form of the
Bohnenblust-Hille inequality,

Theorem 2.2 (Defant and Sevilla-Peris, 2009). If 1 < s < ¢ < 2, there exists a constant C > 0

such that, for every continuous m-linear mapping A : co X - -+ X ¢g — Us, then
(+-7)

~+o0 7+2ET£7L) 2m

( > A, el ) < C|A]l.

11

Very recently the previous results were generalized by the author, F. Bayart, D. Pellegrino

and J. Seoane in [5, Corollary 1.3] and also by Dimant and Sevilla-Peris [59, Proposition 4.4]:

Theorem 2.3 (-, Bayart, Pellegrino and Seoane, 2013). Let 1 < s < ¢ <2 and p € [1,+0o0]™
such that

1
____H>0. (2.3)

Then there exists a constant C > 0 such that, for every continuous m-linear mapping A :

Xp X - x X, — Xs, we have

400 W 2m
( > A e, T ) < CllA]l

i1y =1
and the exponent is optimal.

12



This extends Defant and Sevilla-Peris result to the ¢,-case (and we get the same result if
we choose p; = -+ = p,, = 00) and also implies the Hardy—Littlewood(/Praciano-Pereira)’s
inequality. To show this, it suffices to choose ¢ = 2, s = 1 and to consider only m-linear
mappings which have their range in the span of the first basis vector.

The generalization of Dimant and Sevilla-Peris is the following.

Theorem 2.4 (Dimant and Sevilla-Peris, 2013). Let p € [1,400]™ and s,q € [1,+00] be such
that s < q. Then there exists a constant C' > 0 such that, for every continuous m-linear mapping

A Xy x---x X, — X, we have

=

+oo
( > HA&W-~x%MZ) < Al

i1peim=1

where p is given by
(i) If s < q <2, and

(a) if0< |t

(b) if =3 <

11 1_1,1(1_1_|1
<< -2 then;—2+m< ‘p‘).

q}

111 11,11
<35 +3 q,thenp—2+

1
P
(1) If s <2 <gq, and

(@) f0< |t <t-d tent=3+ 2 (13- 1).

(b) if ;=3 <

=

<L thenl=1_—
S S

=

1
p

1

(iii) If2 < s < q and 0 < <§,then%:§—

1
P

Moreover, the exponents in the cases (ia),(iib) and (iii) are optimal. Also, the exponent in
(ib) is optimal for * — % < ’%’ < 3.

Our main intention in this chapter, is to improve the previous theorems in three directions.

(I) We study in depth the remaining cases of the Dimant and Sevilla-Peris result. Surprisingly,
we show that in case (iia), the exponent given above is optimal whereas it is not optimal in
case (ib) when é‘ > % We give a better exponent in that case and show a necessary condition
on it. These two bounds coincide when s = 1. We can summarize this into the two following

statements.

Theorem 2.5. Let p € [1,+00]™ and let p > 0. Assume moreover that either ¢ > 2 or q < 2
and |£| < %. Let

1
P



Then there exists C' > 0 such that, for every continuous m-linear operator A : X, x --- X

Xp,, — X5, we have

|

+o00o p
( >, ||A(€z'17--~,6z'm)”§q> < C|A]

if and only iof

m—1

m
p max{\,s,2}

<1—|—
- A

The following table summarizes the optimal value of fl) following the respective values of

S$,4,P15 -+, Pm:
1 1 1 1 1
1<s5<g<2 A<2 —+—————><—‘
2 ms mq m |p
1 1 1 1 1 1
1<s<q<2 222 Y <t Seo-o—s
p 2 s q P
—1 1 1 1
1<s<2<q A<?2 m—+___><H
2m ms m P
1 1
1<s5<2<q A>2 f
S p
1 1
2<s<gq Z_ |z
s p

We note that (1.1) and (2.2) are recovered by Theorem 2.5 just by choosing s = 1 and ¢ = 2.

When ¢ < 2 and ’%‘ > % (observe that this automatically implies A > 2), the situation is

more difficult and we get the following statement.

Theorem 2.6. Let p € 1,400
following property.

™ > %, 1<s<qg<2andlet p>0. Let us consider the

1
7 p

There exists C' > 0 such that, for every continuous m-linear operator A : X,, x --- X
Xp,, —+ X5, we have

+00 %
( >, IIA(eil,---,eim)||§q> < C||All

i1seim=1

(A) The property is satisfied as soon as

T =

IN

/N
®» =

|
Q=
[ AN /
| |
n =

|

N | =
[

14



(B) If the property is satisfied, then

<o E-2)

In particular, if s = 1, then the property is satisfied if and only if

(o) (-8

(IT) We give a simpler proof of the sufficient part of the Dimant and Sevilla-Peris theorem. It

turns out that it is easier to prove a more general result.

Theorem 2.7. Let p € [1,+00]™ and 1 < s < q < oo be such that

1 - 1 i 1 1
p 2 s  min{q,2}
Also let
111 1 1
AT 2 s min{g,2} |p|
If X >0 and ty,... t, € [\,max{\,s,2}] are such that
1 T 1 < 1 n m—1
ty tm — A max{\ s,2}’

(2.4)

then there exists C' > 0 satisfying, for every continuous m-linear map A : X, x---x X, — X,

t1 t1

t"ni_l to
—+00 +00 tm
> ...(Z\]A(eil,...,eim)]]e’;> < C||A]|.
i1=1 im=1
Moreover, the exponents are optimal except eventually if ¢ < 2 and ﬁ > %

(2.5)

Remark 2.8. The optimality in the above theorem shall be understood in a strong sense: when
A < 2, we prove that if ty,...,t, € [1,+00) are so that (2.5) holds then (2.4) is valid. When
A > 2, note that A = max {\,s,2} and we prove that if t = t; = -+ = t,, are in [1,+00) and

(2.5) is valid, then we have (2.4) and, as a direct consequence, t > \.

(IIT) We prove similar results for m-linear mappings with arbitrary codomains which assume

their cotype. For a Banach space X, let ¢x = inf{q > 2; X has cotype ¢}.

The proof that (B) implies (A) in the theorem below appears in [59, Proposition 4.3].
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Theorem 2.9. Let p € [2,+00

% < i, and let p > 0. The following assertions are equivalent:

(A) Every bounded m-linear operator A : X, x --- x X, — X is such that

™, let X be an infinite dimensional Banach space with cotype

ax,

—+00

Z ||A(6i1,...,62‘m>Hp < +00.

01 yeeeytm=1
1 1 1
B i<t -3.
Finally, in the last section of the paper we obtain better estimates for the constants of

vector-valued Bohnenblust—Hille inequalities.

We conclude this introduction by noting that our theorems can be naturally stated in the
context of homogeneous polynomials. Given an m-homogeneous polynomial P : X — Y, we

denote its coefficients (c,(P)). In [57, Lemma 5], it is shown that an inequality

(Z ||ca<P>||ﬂ>p <o)

holds for every m-homogeneous polynomial P : X — Y if and only if a similar inequality

( > IIA(em.--,eim)ll”> < 7|

215-5tm

is satisfied for every m-linear mapping A : X x --- x X — Y, where X is a Banach sequence

space.

2.2 Proof of Theorem 2.7 (sufficiency)

Let 1 < ¢ < +o00. We recall that a Banach space X has cotype q if there is a constant x > 0

such that, no matter how we select finitely many vectors x4, ..., z, € X,

n 1 n 2 3
(Z rmuq) <w| [t a
k=1 Il k=1
where I = [0,1] and r, denotes the k-th Rademacher function. To cover the case ¢ = +o0,

the left hand side should be replaced by maxi<g<y ||zk||. The smallest of all these constants is
denoted by C,(X) and named the cotype g constant of X.
An operator between Banach spaces v : X — Y is (r, s)-summing (with s < r < +o00) if

there exists C' > 0 such that, for all n > 1 and for all vectors z1,...,x, € X,

E]

(vaxknr)r <C sup (Z |x*<xk>|s)

T*EBx*

16



The smallest constant in this inequality is denoted by 7, s(v).
We need a cotype ¢ version of [5, Proposition 4.1], whose proof can be found in [59, Propo-
sition 3.1]:

Proposition 2.10. Let X be a Banach space, let Y be a cotype q space, let v € [1,q] and let
p € [1,+o00]™ with

‘ 1 ‘ 1 1
< ===
p T q
Define

1 1

Ao P
Then, for every continuous m-linear map A : X,, X --- x X, — X and every (r,1)-summing
operator v : X — Y, we have

Va\ VA

1k

> X e en )l < (vao,)" ma@lAl @6

forallk=1,...,m.

Recall that the symbol ka means that we are fixing the k-th index and that we are summing
over all the remaining indices. We shall deduce from this lemma the following theorem, which
extends results of [5] and [59]:

Theorem 2.11. Let p € [1,+00]™, X be a Banach space, Y be a cotype q space and 1 < r < g,

with % < % Define

11 ‘1‘

Ifty,... ty, € [\, max {\, q}] are such that

1 P 1 < 1 Lom= 1
ty tm — A max{\ ¢}’
then, for every continuous m-linear map A : X, x --- x X, — X and every (r,1)-summing
operator v : X — 'Y, we have
b 2\
400 +o00 7;Liml ? 1 m—1
S (Z oA <e@-p...,eim>||t¢> < (VECuumppay ™))" 7 @) 4] (2.7)
i1=1 im=1

Proof. If A < ¢, from Lemma 2.10, we have (2.7) for

(t1, ey tm) = (A, ¢y -y q)

Since A < ¢, the mixed (¢,, ¢,) — norm inequality (the multi-index Minkowski inequality, Propo-
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sition 1.7), we also have (2.7) for the exponents

(tIJ "'7tm) - <QJ "'7q7 >\7q7 "‘7Q)

with A in the k-th position, for all £k = 1, ..., m. Now, using the Hélder’s interpolative inequality
for mixed ¢, spaces (Proposition 1.3), we get (2.7) for all (t1,...,t,) € [, ¢J™ such that
1 1

1+m—1 1+ m—1
t1 tm, A ¢ A max{\q}

IfA>gq, forany e >0, let g. = A+ ¢. So A < ¢. and this automatically implies that

Since Y has cotype ¢. > ¢, we may apply Lemma 2.10 to get

Z( > \|vA<em...,eim>H“€) < (VI0.)) " w4l

i1=1 \dz,...,im=1

for all positive integer N. Making ¢ — 0, we get

( > ||vA<eh,...,eim>||A) < (Viesm)) " ma ) Al,

iy =1
for all N and the proof is done. O

Remark 2.12. If we taket; = - -+ = t,,, then, upon polarization, we recover exactly [59, Theorem
1.2] with a much simpler proof due to the fact that the inequality is simpler to prove for the

extremal values of (t1,...,tm).

We are now ready for the proof of the sufficient part of Theorem 2.7. We split the proof
into three cases, and we combine Theorem 2.11 with the inequalities due (independently) to G.
Bennet and B. Carl ([22,23,47]):

Bennett-Carl’s inequalities. For 1 < s < g < +o0, the inclusion map s — {, is (r,1)-

summing, where the optimal r is given by

111 1
r’ 2 s min{2 ¢}

(1) s < q < 2: The Bennet-Carl-inequalities ensure that the inclusion map ¢, — ¢, is (r, 1)-

summing with % = % + % — é, so the results follow from Theorem 2.11, with ¢4,...,t,, satisfying
1 T 1 N 1 1 1 n m— 1
t tm 2 s q |p| max{\2}



(i) s < 2 < q: Also by using Bennet-Carl inequalities, ¢; < {5 is (s, 1)-summing, thus we get
(2.5) applying Theorem 2.11, with ¢y,...,t,, satisfying

1 1 1 1 m—1
tl tm S P

‘+"‘+—=“"+m-

(iii) 2 < s < q: Since ly — {4 is (s, 1)-summing, the result follows from Theorem 2.11, with

ty=---=t,=Xand A > s, since r = s and
1 1 1 1
= _ |l <
A s Pl s

Remark 2.13. Let us set
q, ifs<q<2,

Cqs = 27 ZfSSZSQ7
s, if2<s<q.

With the above notations, a careful look at the proof shows that the constant C' which appears

in Theorem 2.7 is dominated by

m—1
(\/Ecmax{)\,sﬁ} (écqs)> 7T7‘,1(€S — Ecqs)'

2.3 Proof of Theorem 2.7 (optimality)

In this section we show that the exponents in Theorem 2.7 are optimal except when ¢ < 2 and
‘%‘ > % More precisely, if (¢1,...,t,) € [1,+00)™ are such that there exists C' > 1 satisfying,

for any continuous multilinear map A : X, x --- x X, — X,

oo oo t’Zﬁl T
Sl (Z A (e, ... ,eim)“Z") < C|A]], (2.8)
ir=1 im=1

then we prove that (2.4) holds. When A > 2, we will always assume that t; = --- = t,,, = t,

since A = max {\, s, 2} and our inequality holds true when all the exponents are equal. We split
the proof into several cases. Most of the cases are a consequence of a random construction. The
main tool is the following lemma, which is a vector-valued version of the Kahane-Salem-Sygmund

multilinear inequality presented in Lemma 1.14:

Lemma 2.14 (Vector valued Kahane-Salem-Zygmund’s multilinear inequality). Let d, N > 1,
DP1y-- -, Pd+1 € [L +oo]d+1 and l€t, forp > 17

1 1 :

otherwise.
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Then there exists a d-linear mapping A : EZ]X X +ee X E;Xl — EévdH which may be written

A(J}(l),...,l’(d)) = | Z j:xgll)-'~x§j)eid+1

such that
|A]| < C N3+ ttapa)ta®i,)

Proof. There is an isometric correspondence between d-linear maps Eﬁ X oo X 611)\2 — (Y and

(d + 1)-linear maps £ x --- x £) x ¢} — K. The correspondence is given by

1) (d) 1) (d+1)
Z = Z Qiy,.igy1 @iy " Rig Cigpr | 7R Z Qiyyoiar1 @iy "7 Rigyy
U1 5eenyid 41 1155 0d 41
Therefore, the result follows by combining this isometry with Lemma 1.14. O

2.3.1 Casel: 1<s<¢g<2and A<2

This case follows by using Lemma 2.14 with d = m and (p1,...,pm+1) = (P1,---,Dm, S). Let
t1, ... tm € [X, 2] satisfying (1) of Theorem 2.7. Let A : £ x - x £} — (Y be given by Lemma
2.14. Then

Al < CuNFF TR < o, N sl
whereas, for any i1, ..., %y,
NA(ess -y ei)llq = NVa
Then,
9m—1
S o Im—1 9m—1
Z HA(eiu'”aeim)Hgm :Nw+T,
im=1

It is then easy to show by induction that

dm—1 an q1
am

S . 1 1 1
Z (Z A (ejs -5 €5,) Hgm) — Nttt tan

J1=1 Jm=1

For (1) of Theorem 2.7 to be true, it is necessary that

1 1 m ‘ 1
q1 qm 2

232 Case2 1<s<q<2\>2and |} <}

This case has already been solved in [59, Proposition 4.4(ib)] using a Fourier matrix. We

shall give an alternative probabilistic proof. Let p € [2,+0c| be such that % = ’%‘ By Lemma
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2.14, there exists a linear map 7' : () — (7 which may be written T'(z) = Z” €ijrie; with
g;; = =1 and such that

5|

IT) < Crd*h=3+i= = cnd+i-l3l,

Let A: 07 x---x £y — {7 defined by

(2

A(a:(l), . ,x(m)) = Z a,ja:z(l) . x(.m)ej.
(2]

By Holder’s inequality, it is plain that ||A]| < [|T] < On2ti 15l On the other hand, since
A(esyy ... e;,) #0if and only if iy = ... =4, and

||A<€i7 s 7€i)||€q = nl/q’

we have

o=

t 141
Z ”A(eim"'aeim)”gq anﬁt.
ieM(m,n)
This clearly implies
1<
P

233 Case3d: 1<s<2<g¢gand )\ <?2

Let p € [0, +00] be defined by

+ =
P DPm S
Since \ < 2, it is easy to check that p > 2 and that p; > 2 for any ¢ = 1, ..., m. We then apply
Lemma 2.14 with d = m—1 and (q1,...,qm) = (P1, -+, Pm—1,p"). We get an (m — 1)-linear form
Ty x---x Ly  — L. which can be written

T(Q?(l), Ce ,x(mfl)) = Z Eil,...,imx(l) e gj(mil)ei

il Tm—1 m

i15estm

and such that
1 m—1_|l|+l
14

IT| < onzt %Il = op™s - lal+,

We then define A : €7 x --- x € — £ by

Az, am) = Z Eiryin Ty, T

U15estim
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Then, for any ™0, ... 2™ ¢ ngl X oo X B,

HA(QJ(D, o ’x(m)) | = sup Z 51.17“_’%:61(11) .. '%(‘Zb)yim
YEBem, |, i
< sup Z 5i1,...,imx§11) " '371(:;11)2’%
ZEBZ? i1,..50m
< 7.
Moreover, given any i € M(m,n), ||A(e;,--.,¢€i,.)llq = ||€i.llq = 1, so that
t1 ti
tm—1 5 1
o= o= t " ST
Dl (Do A, el =i T
i1=1 im=1

Hence, provided (2.8) is satisfied, (¢, ...,t,) has to satisfy

4+ =< +
tl tm_ 2 S

1 1 m—1 1 '1'
p

2.3.4 Cased4and Case 5: 1 <s<2<gand A >2,2<s<q

These cases have a deterministic proof, as noted in [59, Proposition 4.4 (iib), (iii)], considering

A by x - xly  — l7 given by
A(I(l), o ,:z:(m)) = Z W -x(m)ei.
i=1

2.3.5 The proof of Theorem 2.5

From Theorem 1.3, by choosing t; = ... =t,, we conclude that provided
1 - 1 N 1 1
p 2 s min{q,2}’

the best exponent p in Theorem 2.5 satisfies

_1+ m— 1
p A max{\s,2}

To conclude the proof, it remains to prove that, whenever

’1‘ 1 1
>4
S

1
p 2 - min{q, 2}’

we cannot find an exponent p > 0 such that (2.5) is satisfied for all m-linear operators A :

Xp, x -+ x X, — X,. In fact, everything has already been done before: if ¢ < 2, then we have
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just to follow the lines of Case 2 and if ¢ > 2, then we may consider the m-linear mapping of
Cases 4 and 5.

2.4 Thecasel1 <s<¢g<2, A\>2and ‘%‘>%

2.4.1 A reformulation of the Hardy-Littlewood type inequalities

We shall improve in this section the bound given by Theorem 2.5. We shall proceed by
interpolation. To do this, we need a reformulation of the result of this theorem, as Villanueva
and Perez-Garcia reformulated the Bohnenblust-Hille inequality in [98]. The forthcoming result

is a variant of [38, Proposition 2.2]; its proof will be omitted.

Theorem 2.15. Let 1 < py,...;pm < 400, 1 < s < g < o0 and let p > 0. The following
assertions are equivalent.

(A) There ezists C > 0 such that, for every continuous m-linear mapping A : X, x---x X, —

X, we have

1/p
(Z IIA(eiI,‘-',ez’m)IIZq> < ClAll

----- im

(B) There exists C > 0 such that, for any n > 1, for any Banach spaces Y1, ..., Y., for any

continuous m-linear mapping S : Y7 X --- X Y,, = X, the induced operator

T: E;;,w(yl) X oo Xl (Vi) — g;ﬂ"(Xq)

(@2 ™) s (@2

satisfies | T|| < CS||.

We recall that, for any p € [1,+o00] and any Banach space Y,

gOeBy*

n 1/p
oY) = 9 ()52 C Y5 [[(@))]lwp = sup (Z !w(fﬂj)!p) < 400
j=1
with the appropriate modifications for p = oc.

2.4.2 Proof of the sufficient condition

1 1

> 5 (namely we

prove the first part of Theorem 2.6). Let n > 1, let Yi,...,Y,, be Banach spaces and let
S:Y, x---xY, - X be bounded. Let n > 1 and let T" be the operator induced by S on

Y=L (Y1) X oo x e (Yrn), defined by

We now prove our better upper bound in the case 1 < s < g < 2,

T(:):(l),...,x(m)) = (S(x(l) ,:p(m)))

i1 )
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Then T is bounded as an operator from Y into % (X,). T is also bounded as an operator from
Y into ;" (X) with . = | — %’ (this is Theorem 2.5 for 1 < s < 2 and ¢ > 2). We can
interpolate between these two extreme situations. Hence, let ¢ € [s,2] and let 6 € [0, 1] be such
that

1 1
¢ s 2 573

By [24, Theorem 4.4.1], T' is bounded as an operator from ) into ¢/ (X,) where

BRI Cht) A Ched )}

1

P

w |
N

Remark 2.16. [t is easy to check that, for 1 < s < q < 2 and

(-3)C-15D

1> %, then the bound
P

1

is always better (namely larger) than the bound 5+ % —u L

obtained in Theorem

@ |
NI

2.5.

2.4.3 The necessary condition

We now prove the second part of Theorem 2.6. It also uses a probabilistic device for linear
maps when the two spaces do not need to have the same dimension. The forthcoming lemma

can be found in [23, Proposition 3.2].

Lemma 2.17. Let n,d > 1, 1 < p,s < 2. There exists T : (§ — (2, T(x) = > i Fxe; such
that

1

ITI < Cpomax (@, n* 2d2 %)

Coming back to the proof of Theorem 2.6, we first observe that we may always assume that

‘%‘ < 1. Otherwise, we can consider the m-linear map A : X,, x--- x X, — X, defined by

A(:E(l), . ,x(m)) = ngl) . .:L‘Em)eo

i>1

and observe that it is bounded whereas it has infinitely many coefficients equal to 1. We then

define p € [1,2] by 110 = ;

and we consider T : ¢4 — (7, T'(x) = i €ijTje; the map given by
Lemma 2.17. We then define

. pd d n
Al X-ooxly  — L]

(x(l), o ,m(m)) —> Z 5z-7jx§-1) . -xém)ei
4,J

and we observe that, by Holder’s inequality, ||A|| < ||T'||. Furthermore,

1/t
( Z ||A<€i17"'7eim)”zq> :nl/tdl/q.
T1yeeeylm
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Taking d'/? = n'"w (this is the optimal relation between d and n), we get that if

1/t
< > |!A(6i1,---,eim)|\éq> < A,

11 5eeeytm

1 1 1 1
—<2(1==)(===).
t D s q

1

Remark 2.18. This last condition is optimal when s = 1 or when >

then it is necessary that

= % (with, in fact, the
same proof as in Case 2 above). When 1 < s < 2, another necessary condition is

1
- <
t p

VI

(see Case 4 or Case 5 above).

2.5 Optimal estimates under cotype assumptions

For a Banach space X, let gx := inf{q > 2; X has cotype ¢}. For scalar-valued multilinear
operators it is easy to observe that summability in multiple indexes behaves in a quite different
way than summability in just one index. For instance, for any bounded bilinear form A : coxc¢y —
C,

(Z rA<ei7ej>\i> < V2|4

ij=1
and the exponent 4/3 is optimal. But, if we sum diagonally (i = j) the exponent 4/3 can be

reduced to 1 since

+oo
> JA(er )] < [|All
i=1

for any bounded bilinear form A : ¢y X ¢g — C. Now we prove Theorem 2.9 which shows that

when replacing the scalar field by infinite-dimensional spaces the situation is quite different.

Proof. (A) = (B). From a deep result of Maurey and Pisier ([88] and [58, Section 14]), £,
is finitely representable in X, which means that, for any n > 1, one may find unit vectors

21y ..., 2n € X such that, for any aq,...,a, € C,

n n 1/‘]X
S Jasslx <2 (z wx) |
=1 =1

We then consider the m-linear map A : £ X ---x {3 — X defined by

A (x(l)7 . ’x(m)) — Zn:%('l) . xl(m)zZ
i=1
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Then, for any (z, ..., 2(™) belonging to By XX By
n 1/ax
a0 )] <2 (Sl
i=1
1 1
< 2n§7|§|

where the last inequality follows from Holder’s inequality applied to the exponents

On the other hand,

and we obtain (3).
(B) = (A). This implication is proved in [59, Proposition 4.3]. ]

If X does not have cotype ¢x, the condition remains necessary. But now we just have the

following sufficient condition:

<
p ax
Of course, it would be nice to determine what happens in this case. A look at [58, page 304]

shows that the situation does not look simple.

As a consequence of the previous result we conclude that under certain circumstances the
concepts of absolutely summing multilinear operator and multiple summing multilinear operator

(see [39,87,97]) are precisely the same.

Corollary 2.19. Let p € [2,4+00], let X be an infinite dimensional Banach space with cotype
qx < L and let p > 0. The following assertions are equivalent:
(A) Every bounded m-linear operator A : X, x --- x X, = X is absolutely (p; p*)-summing.

(B) Every bounded m-linear operator A : X, x --- x X, = X is multiple (p; p*)-summing.
(0) ledl _m

P T 4x p
We stress the equivalence between (A) and (B) is not true, in general. For instance, every

bounded bilinear operator A : ly X 5 — {5 is absolutely (1;1)-summing but this is no longer

true for multiple summability.
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2.6 Constants of vector-valued Bohnenblust—Hille inequal-
ities
A particular case of our main result is the following vector-valued Bohnenblust—Hille inequal-

ity (see [57, Lemma 3] and also [103, Section 2.2]):

Theorem 2.20. Let X be a Banach space, Y a cotype q space and v : X — 'Y an (r,1)-summing

operator with 1 < r < q. Then, for all m-linear operators T : co X --- X ¢g — X,

too g+(m—1)r

grm qrm
( 2. ||UT(€Z-1,~-76¢m)Hffﬂm_l)r) < Cymmra (0) [T
01yeeytm=1

with Cym = (V2C, V)"

In this section, in Theorem 2.21, we improve the above estimate for Cy,,. The proof of
Theorem 2.21 follows almost word by word the proof of [20, Proposition 3.1] using [54, Lemma
2.2] and Kahane’s inequality instead of the Khinchine inequality. We present the proof for the

sake of completeness. We need the following inequality due to Kahane:

Kahane’s Inequality. Let 0 < p,q < +0o. Then there is a constant K, , > 0 for which

(fgzone]) s (f[Somel )

regardless of the choice of a Banach space X and of finitely many vectors xy,...,x, € X.

Q[

n

> rilt)ry dt

k=1

Z ’l“k(t)itk dt

k=1

Theorem 2.21. For allm and all 1 < k < m,

Cym < (cq(Y)K - Q)m_k Cy .

q+(k—1)r’

Proof. Let p := +(qgf1)r and to simplify notation let us write

vTe; = vT (€5),...,¢€;,) -

Let us make use of the general Blei inequality (Proposition 1.6) with m > 2, 1 <k <m—1 and

s = qrk

= m SO we have

(Srran) < TS (Sereain) | e

SEPk(m) iS

Q|w

where P;(m) denotes the set of all subsets of {1,...,m} with cardinality k. For sake of clarity,
we shall assume that S = {1,...,k}. By the multilinear cotype inequality (see [54, Lemma 2.2])
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and the Kahane inequality, we have

Qo

Z ”UT (eisv 6ig) ||§/
ig

S (Cq(Y)KSQ)s(WL*k) / Z Tig (tg)’UT <6i5‘7 eig) dtS«
Jm—k N
IS v
s(m—k
= (C,(Y)K,») (m—Fk) / B oT | eiq, ZTiS (tg)ei, dtg,
I " .
which the term inside the || - ||y in the last inequality is precisely

v T ey,... ‘%vE Tt (trs1)€rrt, - - - E Tm(tm)

Tk+1

But for a fixed choice of (t11,...,t,) € I™* =1[0,1]™*, we know, by Theorem 2.20, that

S

Z v T | e, eZkaZTkJrl tk+1 Ck+1, - - - Zrm m €m S(CY,kWTJ(U)”TH)S'

T1yennsl 7
yeeesll k+1 Y

Q

Z Z HUT (6i576i§) HqY
ig i

< (Cq(Y>Ks,2)S(m_k) X (2.10)
X Z v | T eila"'7€ikazrk+l<tk+l)ek+l7’”7zrm(tm>em
11,...0k Tt im y
< (G0N Ke)"F ma(0)CyilITI) (211)
namely
m—k
S D T (esgoe,) 1% < (Co(Y) K 2)™ " w1 (v)Cyi[| T
is \ i

From (2.9) we conclude that

(Z IIUTeiIIQ?) < (Co(Y)Ky2)™ ™" Oy (0)|IT].
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When m is even, the case k = % recovers the constants from [103].

Corollary 2.22. For all m,

m—1

CY,?’)’L S Cq(Y)m_l H K qrk 9°

po1 TFeDm

2.7 Other exponents

From now on 1 <r < qand (qi,...,¢n) € [r,q]™ so that

1 1 g+(m-1)r 1 m-—1
__|_..._|__:—:_+
a1 m qr r q

are called vector-valued Bohnenblust—Hille exponents. From Theorem 2.11 we have:

Theorem 2.23 (Multiple exponent vector-valued Bohnenblust—Hille inequality). Let X be a
Banach space and'Y a cotype q space with 1 <r < q. If (q1,...,qm) € [r,q]™ are vector-valued
Bohnenblust-Hille exponents, then there exists Cy.q,. 4. = 1 such that, for all m-linear operators

T:cogx---xcy— X and every (r,1)-summing operator v : X — Y, we have

d9m—1

1
a1

+o0 400 am
Z...(aniuém) ] <O @T], (2.12)

i1=1 im=1

, ~1
Our final result gives better estimates for the constants Cy, . 4.

Theorem 2.24. If (q1,...,qn) is a vector-valued Bohnenblust-Hille exponent, then

m m—k Ok
OKQ1...,qm < H <(Oq(Y)Kq+(’§fT1)T,2) OY,k:)

with )
1 1\ 1 1
em:m(___) ( __) (2.13)
r q Go(m) q
and .
1 1\ 1 1
Ok:k(———) ( — ), fork=1,....m—1. (2.14)
r o q 9o (k) Qo (k+1)
where o is a permutation of the indexes {1,...,m} such that g-q) < -+ < o(m)-

Proof. First let us suppose that ¢; < g; whenever ¢ < j. For each k =1,...,m, define

kqr

%= k-
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From the proof of Theorem 2.21 we have (2.12) for each exponent (sk, ktimes o g, ... ,q). More

precisely, from (2.11) we have

Yo 2 el < (Co(Y) Ky 2)™ ™" Cyampa (0T

Consequently,
m—k
C’Y,sk,’C times ¢, q....q < (CQ(Y)KSk72) OY,k’a
for each k = 1,...,m. Since every vector-valued Bohnenblust-Hille exponent (qi, ..., ¢,) with
q1 < --- < ¢, could be obtained by interpolation of aq, . . ., a,,, with ay 1= (sk, ktimes g q, ... ,q),

and 6y, ...,0, as in (2.13) and (2.14), we conclude that

m 0, m . 0x
CYlevqum S H <CY,Sk,k t.i.r‘nes7sk7q7“'7q> S H <(Cq(Y>Ksk72)m Cyvk) °
k=1 k=1
When the indexes i € {1, ..., m} does not match with de order of the ¢;’s, one just need to use

the result to the exponents ¢,1) < -+ < ¢o(m) and apply the Minkowski inequality successively
(Proposition 1.5). O

A particular case of Kahane’s inequality is Khintchine’s inequality (Proposition 1.8), whose
optimal constants Ak, we will use here also. Taking X =Y =K and r = 1 we obtain estimates

for the constants of the scalar-valued Bohnenblust—Hille inequality with multiple exponents:

Corollary 2.25. If (q1,...,qm) € [1,2]™ are such that gyq) < -+ < go(m) and

1 1 m+1
q1 dm 2 ’
then
+o0 +oo et a
S .(z 7 (e ,ezmwm)
11=1 I =

Tk+1

(1) (T (e g, \ o o)
<Cxm I (A2 Cra 17,

K 2k
k=1

for all m-linear operators T : co X --- X ¢cg — K. In particular, for complex scalars, the left hand
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side of the above inequality can be replaced by

m—1 k=LY (m—k) K 5755 %(%tk) a qa<;+1))
3k+1 ( 2k 1)\ 2-2;
X r | | r{2-- 7.
( <2k+2) 4 ( j) > Tl




Part 11

Peano curves on topological vector

spaces
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Chapter 3
Peano curves on Euclidean spaces

In this chapter is we present the results of the papers

[4] Mazimal lineability of the set of continuous surjections, Bulletin of the Belgian
Mathematical Society Simon Stevin, vol. 21, 83-87, 2014.

and some portion of

[7] Peano curves on topological vector spaces, Linear Algebra and its Applications,

vol. 460, 81-96, 201/.

Tthe last one is a joint work with L. Bernal, D. Pellegrino and J. Seoane. We deal with Peano
curves on FEuclidean spaces. The topological and algebraic structure of the set of these functions
(as well as extensions to spaces with higher dimensions) is analyzed from the modern point
of view of lineability, from which large dense vector spaces and algebras are found within the

families studied.

3.1 Motivation and main results

Lately, many authors have been interested in the study of the set of surjections in K¥. From
this study, many different classes of functions have been either recovered from the old literature

or introduced. Some of these classes are, for instance, we say that f € R¥ is

(i) everywhere surjective functions (ES, see [10]): (f € ES(R)) if f(I) = R for every nontrivial
interval I C R;

(i) strongly everywhere surjective functions (SES, see [71]): (f € SES(R)) if f takes all values

¢ times on any interval (where ¢ stands for the cardinality of R), i.e.,

VI C R (non-trivial) , Va € R, card (f'(a)N 1) =rc.

(iii) perfectly everywhere surjective functions (PES, see [71]): (f € PES(R)) if f(P) =R, for

every perfect set P;
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(iv) Jones functions (J, see [69,70,81]): (f € J(R)) if its graph intersects every closed subset

of R? with uncountable projection on the z-axis.

If S and CS stand, respectively, for the set of surjections and continuous surjections on R,

the above functions (when defined on R) enjoy the following strict inclusions:

J=——=PES SES ES

|

Authors have studied the previous classes of functions in depth, to the point of even finding

large algebraic structures (infinite dimensional linear spaces or infinitely generated algebras)
inside the previous sets of functions. However, “most” of these functions, although surjective,
also are nowhere continuous on their domains (as expected). Thus, a natural question rises when

one tries to consider continuous surjections.

Inspired by Cantor’s counterintuitive result stating that the unit interval [0, 1] has the same
cardinality as the infinite number of points in any finite-dimensional manifold (such as the unit
square), Peano constructed the (no doubt!) most famous space filling curve, also known as the
Peano curve [95,101] (see Figure 3.1).

Figure 3.1: Sketch of an iteration of a tridimensional space-filling curve.

Later on, the Hahn-Mazurkiewicz theorem (see, e.g., [106, Theorem 31.5] or [80]) helped
in characterizing the Hausdorff spaces that are the continuous image of [0, 1], which are called

Peano spaces, namely:

Theorem 3.1 (Hahn-Mazurkiewicz). A non-empty Hausdorff topological space is a continuous

34



image of the unit interval if and only if it is a compact, connected, locally connected, and second-

countable space.

Hausdorft spaces that are the continuous image of the unit interval will be called Peano
spaces, so that, a Peano space is a Hausdorff, compact, connected, locally connected second-
countable topological space. Equivalently, by well-known metrization theorems, a Peano space
is a compact, connected, locally connected metrizable topological space. From Peano’s example
one can easily construct a continuous function from the real line R onto the plane R? (see,
e.g., [4]). If X and Y are topological spaces, by C(X,Y) and CS(X,Y) we will denote,
respectively, the set of all continuous mappings X — Y and the subfamily of all continuous
surjective mappings.

This chapter focuses on studying the algebraic structure of the set of continuous surjections

between Euclidean spaces. Before carrying on, let us recall some concepts that, by now, are
widely known (see, e.g., [10-12,17,27,46,48,64]).

Definition 3.2 (Lineability and spaceability, [10,104)). Let X be a topological vector space and
M a subset of X. Let pu be a cardinal number.

(1) M is said to be p-lineable if M U {0} contains a vector space of dimension u. At times,
we shall be referring to the set M as simply lineable if the existing subspace is infinite

dimensional.

(2) When the above linear space can be chosen to be dense (infinite dimensional and closed,

resp.) in X we shall say that M is p-dense-lineable (spaceable, resp.).

Moreover, L. Bernal introduced in [25] the notion of mazimal lineable (and that of mazimal
dense-lineable) in X, meaning that, when keeping the above notation, the dimension of the
existing linear space equals dim(X). Besides asking for linear spaces one could also study other

structures, such as algebras and some related ones, which were presented in [11,12,15,104].
Definition 3.3. Given an algebra A, a subset B C A, and a cardinal number k, we say that B
18:
(1) algebrable if there is a subalgebra C of A so that C C BU {0} and the cardinality of any
system of generators of C is infinite.
(2) rk-algebrable if there exists a k-generated subalgebra C of A with C C BU{0}.

(3) strongly k-algebrable if there exists a k-generated free algebra C contained in BU {0}.

If A is commutative, the last sentence means that there is a set C' C A with card(C) = &
such that, for every finite set {z1,...,2y} C C and every nonzero polynomial P of N variables
without constant term, one has P(xy,...,zx) € B\{0}. Being strongly algebrable implies being
algebrable (the converse is not true, see [15]). When, in part (3) of Definition 3.3, one can take
as k the supremum of the cardinalities of all algebraically free systems in A, then B will be

called mazimal strongly algebrable in A.
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This chapter is arranged in four sections. Section 3.2 is devoted to the study the lineability
of the set CS(R™,R"™) of continuous surjections from R™ to R", for any pair (m,n) of posi-
tive integers. In Section 3.3 we comment how Bernal and Ordénez solved the spaceability of
CS(R™,R™) as a particular case of a more general problem, which is presented in the ingenious
paper [26]. In Section 3.4 we deal with the algebrability of the set of continuous surjections from
R™ to C", where we improve the results from [4,26] by showing that the subset of continuous
surjections from R™ to C" such that each value a € C" is assumed on an unbounded set of R™
is, actually, (maximal) strongly algebrable (Theorem 3.17). In order to achieve this we shall
need to make use of some results and machinery from Complex Analysis, such as the order of
growth of an entire function. While doing this, we also provide some new results from Complex

Analysis which are of independent interest (see, e.g., Lemma 3.15).

3.2 Lineability of the set CS(R"”, R")

Our starting point is to build a curve from the real that fills the plane, that is, to prove
that CS(R,R?) # @. In the next chapter we will indicate a similar construction on special
topological spaces, but for the lack of references on the subject, we write here a prove of this

simple situation. Recall the I denote the unit compact interval [0, 1].

Lemma 3.4. There exists a continuous surjection from the real line R to the plane R?, i.e., the
family CS(R, R?) is non-void.

Proof. Let us fix a Peano curve ¢ : I — I?. We may assume that the curve ¢ starts and ends at
origin. For each positive integer n, I and I,, = [n,n + 1], as I? and [—n, n|?, are homeomorphic.
Thus we may assume that the continuous function ¢ maps I onto [—1, 1], with the origin (of R?)
being the start and end point. Thus the map h,, : I, — [—n, n]* defined by h,,(t) o n-¢(t—n)is
a CS map (a continuous surjection) that starts and ends at origin. Pasting the maps h,, (hy = ¢),
one after another, we get a CS H : [0, +00) — R%. We may take an extension H:R —— R2of
H mapping all (—oo, 0] into the origin and pasting with H (or just by using Tiestz’s extension
theorem). Explicitly, H may be defined by H(t) = 0, if t € (—00,0], and H(t) = hy(t), if

t € [n,n+ 1], with n > 0. O

The following result guarantees that, de facto, there exists a continuous surjection beetween
any Euclidean spaces. It uses the fact that CS(R,R?) # &.

Proposition 3.5. For any pair (m,n) of positive integers, there exists a continuous surjection
from R™ to R", i.e., CS(R™ R") # @.

Proof. Let us take f € CS(R,R?). If f; := m; o f, i = 1,2 denotes the i-coordinates functions of
f (f = (f1, f2)), then the map idg x f : R? — R3 defined by (idr x f) (t,s) := (, fi(s), f2(5))
is a continuous surjection. Thus, (idg x f) o f belongs to CS(R,R3). Proceeding by induction,

we can assure the existence of a function g belonging to CS(R,R"™) for every n € N. Hence,
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defining I : R™ — R" by F :=gomy, i.e.,
F(z)=F(xq,...,2m) =g(z1), forallxz = (z1,...,2,) € R™

(m : R™ — R denotes the canonical projection over the first coordinate), we conclude that
F € CS(R™,R"). ]

Attempting maximal lineability of CS(R™,R™) (that is, c-lineability, with ¢ standing for the
cardinality of R) we make use of the following remark (inspired in a result from [10]), which

indicates a method to obtain our main result.

Remark 3.6. Given a continuous surjection f : R™ — R", suppose we have X C C (R™;R™)
a subset of c-many linearly independent functions such that every nonzero element of span(X)

1S a continuous surjection. Then, we have that
Y:={Fo ftrex CC(R™R")

has cardinality ¢, is linearly independent and is formed just by continuous surjections. Moreover,
span()) C CS(R™, R"™) U {0},

obtaining the c-lineability of CS(R™,R™).

In order to continue we shall need two lemmas and some notation. First, let us consider (for

r > 0) the homeomorphism ¢, : R — R given by
b (t) =€t —e

Lemma 3.7. The subset 2 := {¢, }rer+ of RR is linearly independent, has cardinality ¢, and

every nonzero element of span(2A) is continuous and surjective.

Proof. First let us prove that every nonzero element ¢ = Zle a; - ¢, € span() is surjective.

We may suppose that ry > ry > -+ > r, and ay # 0. Writing

we conclude that tLifrnoo o(t) = sign(ay) - 0o and tLiznoo ¢(t) = —sign(ay) - 0o. Thus, the continuity
of ¢ assures its surjection. Now let us see that 2l is linearly independent: suppose that ¢ =
SN+ ¢s, = 0. If there is some \; # 0, we may suppose that s; > -+ > s, and A\; # 0.
Repeating the argument above, we obtain

lim 9(t) = sign(A;) - oo and tEI_n Y(t) = —sign(A;) - oo,

t——+o0

which contradicts ¢ = 0. This proves that 2 is linearly independent. The other assertions are

easy to prove. O
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For each r = (r1,...,7,) € (RT)™, let ¢, be the homeomorphism from R" to R" defined by
QDT - (¢T17 Tt ¢7‘n)7 7/"6"

or(x) = (P (1), ..., O, (xy)), forall z = (21,...,2,) € R™.

Working on each coordinate, and using the previous lemma, we have the following.

Lemma 3.8. The set B = {¢,}remt)yn of C(R™;R") is linearly independent, has cardinality c,

and every nonzero element of span(*B) is continuous and surjective.

The following is a well know result which will guarantees that the lineability result is optimal,

i.e., the result is the best possible in terms of dimension. We sketch the proof.

Lemma 3.9. dimC(R™,R") = .

Proof. Since each point of R™ may be see as a constant function in C(R™, R™), we get a injection
R™ «— C(R™,R™), and thus

card R™ = ¢ < card C(R™,R").

On the other hand, R™ is separable (Q™ is dense in R™) and we may enumerate Q™ = {r, } en.
Defining a map that assigns each continuous function f € C(R™,R™) to the sequence of its ratio-

nal points images (f(ry)), ey, We get a map C(R™, R") — (R")N that is injective as consequence

of the separability of R™. Since card (R™)" = card RN = card RN = ¢, we get
card C(R™,R") < c,

and therefore conclude that card C(R™,R") = c. O

Now it is time to state and prove the main lineability result.

Theorem 3.10 (Albuquerque, 2014). For every pair m,n € N, the set CS(R™,R") is mazimal

lineable.

Proof. Let f € CS(R™,R"). Using the notation of the previous lemma and the ideas of the
Remark 3.6, we now prove that the set € = {F o f}rey is so that span(€) is the space we are
looking for.

The surjectivity of f assures that G o f = 0 implies G = 0, for every function G from R" to
R™ Thus, if G; €8, i=1,...,k and

k k
O:Zai-Gisz (ZO@GZ) o f,
=1 i=1

then Zle a;G; = 0; so since ‘B is linearly independent, we conclude that a; =0, 1 =1,...,k

and thus, € is linearly independent. Clearly, it has cardinality ¢. Furthermore, any nonzero
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function l l
Z)\i'Fz’Of: (Z&E) of
i=1 i=1

of span(€) is continuous and surjective, since it is the composition of continuous surjective
functions (recall that, from Lemma 3.8, 22:1 Ai F; is a continuous surjective function). Therefore,

span(€) only contains, except for the zero function, continuous surjective functions. n

Remark 3.11. The case of injective functions deserves some comments. In RR® the set of
surjective functions is 2°-lineable, while the set of injective functions is only 1-lineable and,
consequently, also the set of bijections in RX. In fact, given two linearly independent injective
functions f,g : R — R, take x # y in R and a = % € R. Then the function h :=
f+ ag € span(f,g) satisfies h(x) = h(y) and, therefore, is not injective. This argument can be

easily adapted to functions from R™ to R.

3.3 Spaceability of CS, (R, R")

In [26, Theorem 3.2] Bernal and Ordénez provide the following general spaceability criteria.
Let us recall some concepts and notation: P(£2) denotes, as usual, the family of subsets of a set (2;
o(f) will denote the support of a function f : Q — K, that is, the set o(f) = {x € Q; f(x) # 0};
an F-space is a complete metrizable topological vector space; an F-norm on a vector space X
is a functional || - || : X — [0, 00) satisfying, for all z,y € X and A € K, the following properties
e+ yll < [lzll + [yl [[Azll < [lzf] if |A] <1, ||z]| = 0 only if 2 = 0, and [[Az]] = 0if A — 0.

Theorem 3.12 (Bernal,Ordénez, 2014). Let Q be a nonempty set and Z a topogical vector space
on K. Assume that X is an F-space on K consisting of Z-valued functions on £ and that || - || is
an F-norm defining the topology of X. Suppose, in addition, that S is a nonempty subset of X
and S : P(Q) — P() is a set function with A C S(A) for all A € P(Q2) satisfying the following
properties:

(1) If (gn)n C X satisfies g, — g in X, then there is a subsequence (ny) C N such that, for
every x € Q, gn, (x) — g(z);

(i) There is a constant C € (0,+00) such that ||f + g|| > C||f|| for all f,g € X with o(f) N
olg) = 0;

(i) af € S for allao € K and all f € S;
(w) If f,g € X are such that f +g € S and S (o(f)) No(g) =0, then f € S;

(v) There is a sequence of functions (f,)n C X \'S, such that S (o(fm)) No(fn) =0, for all
m # n.

Then X \ S is spaceable in X.
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For each pair m,n € N, setting
CSo(R™ R") := {f € C(R™,R") : f~'({a}) is unbounded for every a € R"}.

(obviously) we have that CS.(R™,R") is a “smaller” part of CS(R™, R"). Endowing C (R™, R™)
with the compact-open topology and using the previous spaceability criteria, Bernal and Ordénez

solved problem of spaceability of the set of continuous surjections between Euclidean spaces:

Theorem 3.13 (Bernal and Ordénez, 2014). For each pair m,n € N, the set CS.(R™, R")
is mazximal dense-lineable and spaceable in C (R™,R™). In particular, it is mazimal lineable in
C (R™ R™).

3.4 Algebrability of CS. (R™,C")
Let N:={1,2,...} and Ny := NU{0}. Recall that, for any topological space X, we set
CSo(R™ X):={f e C(R™ X): f~'({a}) is unbounded for every a € X } .

Once solved the lineability and spaceability (Theorems 3.10 and 3.13 respectively), a natural
question would be to ask about the algebrability of the set CS.(R™,R"). Clearly, algebrability
cannot be obtained in the real context, since for any f € R¥, f? is always non-negative. However,
in the complex frame it is actually possible to obtain algebrability. Before that, let us recall

some results related to the growth of an entire function (see, e.g., [30, p.9]).

Remark 3.14. (Order of an entire function and consequences). By H (C) we denote the space
of all entire functions from C to C. For r > 0 and f € H (C), we set M (f,r) := max; = |f(2)|.

The function M (f,-) increases strictly towards oo as soon as f is non-constant.

(a) The (growth) order p(f) of an entire function f € H (C) is defined as the infimum of all
positive real numbers o with the following property: M (f,r) < e™ for all r > r(a) > 0.
Note that p(f) € [0, +oc]. Trivially, the order of a constant map is 0. If f is non-constant,

we have low loa 1]
r—-+00 1Og r

(b) If f(2z) =327, anz" is the MacLaurin series expansion of f then

n=1

nlogn

pU) = imsup (o Ty

In particular, given o > 0, f,(2) := ; # satisfies p(fa) = a.
(¢) For every f € H(C), every N € N and every a € C\ {0},
plaf™)=p(f).
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(d) For every f,g € H(C),
p(f - g) < max{p(f), p(g)}

and
p(f + g) < max{p(f), p(g)}.

Moreover, if f and g have different orders, then

p(f +g) = max{p(f), p(9)} = p(f - 9),

where it is assumed f # 0 # g for the second equality.

(e) (Corollary to Hadamard’s theorem): Every non-constant entire function f with co >
p(f) ¢ N is surjective (see, e.g., [2, Corollary, p.211] or [73, Thm 9.3.10]).

As a consequence of the previous properties, we obtain the following result (of independent
interest) concerning the order of a polynomial of several variables evaluated on entire functions
with different orders. First, we need to establish some notation: for a non-constant polynomial
in M complex variables P € Clzy,...,2y], let Zp C {1,..., M} be the set of indexes k such
that the variable z; explicitly appears in some monomial (with non-zero coefficient) of P; that

is, Ip = {n € {1,...,M} : 2£ #0}.

Lemma 3.15. Let f1,..., fu € H(C) such that p(f;) # p(f;) whenever i # j. Then

p(P(fi, -, fu)) = maxp(fy),

keIp

for all non-constant polynomials P € C|zy, ..., zp]|. Moreover, (fk)ivil 15 algebraically indepen-

dent and generates a free algebra.

Proof. The second part of the statement follows straightforwardly from the first one. In order
to prove the first part, it is clear that we may assume, without loss of generality, that M >
1 and the entire functions fi,..., far satisfy p(fi1) < p(fa) < -+ < p(fm). Given a non-
constant polynomial P € Clzy,...,zy], properties (c¢) and (d) of Remark 3.14 assure that
p(P(fi,..., fm)) < maxger, p (fr). Therefore, we just need to prove that

p(P(fr,.... fu)) = maxp (fi).

T k€Ip

Let be N = maxyez, (so that maxgez, p(fr) = py > 0). We can write

P(fy,.. fa) =Y Pilfi o fv) - fa (1)

1=0

with some m > 0 and P,, € C[z,...,2zy-1] \ {0}. Let € > 0 such that

p(fv-1) < p(fn) —2e < p(fn) =: pn.
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Now, parts (c¢) and (d) of Remark 3.14 allow us to estimate the order of each one of terms of
the sum in (1):

p(pi(fla"'afol)) < p(fol) < PN for all 7 = 07"'7m and

p(Pu(fi,- . fno1) - fn) = pw-

By the definition of order, there exist a sequence of positive real numbers, (r,),,, going to 400
and complex numbers z,, of modulus r,, such that, for n large enough, the following inequalities
hold:

[P (frs s fv-1)(zn)| - [ (z)| > e and
[Bi(frs - ) (2n)] < eTZNizs forall:=0,...,m.

In particular,
—€ —2e
|fn(zn)| > e for n large.

Thus,

[P(f1;- - fa)(z0)| 2

m—1

> |Polfis s fv-) @) - )™ = D 1P v (za)l - ()|

1=0

PN —2¢

m—1
PN —E _ ;
> e ()T = e v (za) |
=0

Note that the expression inside the brackets in the last formula tends to 1 as n — oo: indeed,
—2¢e —€ —2¢ —€

e 50 and [ fa(za)| "t < e YT 0. Thus, it is greater than some constant

C € (0,1) for n large enough. Furthermore, we also have

T ()T > YT gl T m N

— —2 —
— e == T (my/2) N

for n large enough. Consequently, one has for n large that

PN—€

M (P(f1,..., fu), ) = C - elm/Pm
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which implies

loglog M (P(f1,..., fm),7)

p(P(fi,-.., fu)) = limsup

r——+00 log r
log log M (P e
thsup og log ( (f17 7fM))Tn)
n—00 logry
log'1 . pm/2)rpN F

> lim oglog(C - e )

n—00 logry,
= PN — E.

Letting ¢ — 0, the above inequalities prove

p(P(fi,--.  fu)) = pn = kr&%)p(fk) :

as required. 0

Remark 3.16. Lemma 3.15 very probably plays the same role in the complex case as the
exponential-like functions method plays in the real case. The last method was developed in the

paper [13] by Balcerzak et al. and it has numerous applications, see for instance [14].

From this lemma we can prove that CS., (R™,C") is maximal strongly algebrable, which

means that the set is strongly c-algebrable.

Theorem 3.17. For every m € N, the set CSo (R™,C") is mazimal strongly algebrable in
C (R™ C™).

Proof. Tt suffices to consider the case n = m = 1. In fact, the case m > 1 follows from the
m = 1 by considering the projection map from R™ to R. The case n > 1 is obtained from n = 1

by working on each coordinate.

For each s > 0, select an entire function ¢, : C — C of order s > 0. Let A := (0,+00) \ N.

Lemma 3.15 assures that the set {¢,} ., is a system of cardinality ¢ generating a free algebra

A.

Next, notice that any element ¢ € A\ {0} may be written as a non-constant polynomial P

without constant term evaluated on some ¢g,, @s,, ..., Psy:

(P:P(gﬁsl,QOSQ,--.,@sN): Z Ca'(p;l '90?22'”90?13"

la|<m

By Lemma 3.15, there exists j € {1,..., N} such that p(p) = p(¢s,) = s; ¢ No. Thus Remark
3.14 (e) guarantees that ¢ is surjective. Finally, take any F' € CS (R,C) and consider the
algebra

B:={poF} 4

Then it is plain that B is freely c-generated and that B\ {0} C CS, (R,C), as required. [
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Chapter 4

Peano curves on topological vector

spaces

In this chapter is we present the remaining results of the paper

[7] Peano curves on topological vector spaces, Linear Algebra and its Applications,
vol. 460, 81-96, 2014.

(which is a joint work with L. Bernal, D. Pellegrino and J. Seoane) concerning Peano curves on
topological vector spaces. The Hahn-Mazurkiewicz’s theorem allows us to investigate topological
vector spaces that are continuous image of the real line, from which we provide an optimal

lineability result.

4.1 Motivation and main results

This chapter moves on to the study of generalizations of the previous results to topological
vector spaces that are, in some natural sense, covered by Peano spaces. We introduce the notion
of o-Peano space (see Definition 4.1) and use it to show (among other results) that given any

topological vector space X that is also a o-Peano space, then the set
CSo(R™, X) :={f € C(R™, X): f~'({a}) is unbounded for every a € X'}

is ¢-lineable (hence maximal lineable in C (R™, X)), where ¢ stands for the continuum (see The-
orem 4.6). In addition, we will show how, by just starting with separable normed spaces, one
can obtain o-Peano spaces. We analyze Peano spaces in the framework of sequence spaces and

also study Peano space in real and complex function spaces.

4.2 o-Peano spaces

As mentioned in the introduction, the theorem of Hahn and Mazurkiewicz provides a topo-

logical characterization of Hausdorff topological spaces that are continuous image of the unit
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interval I := [0, 1]: these are precisely the Peano spaces. In this section we investigate topolo-
gical spaces that are continuous image of the real line and for this task the following definition

seems natural.

Definition 4.1. A topological space X is a o-Peano space if there exists an increasing sequence
of subsets
KicKyc---CK,C--CX,

such that each one of them is a Peano space (endowed with the topology inherited from X) and
its union amounts to the whole space, that is, |, .y Kn = X.

From now on, CS will stand for an abbreviation of “continuous surjective”.
Proposition 4.2. Let X be a Hausdorff topological space. The following assertions are equiva-

lent:
(a) X is a 0-Peano space.
(b) CSw (R, X) # 2.
(c) CS(R,X) £ 2.

Proof. (a) = (b): Let K1 C Ky C --- be an increasing sequence of Peano spaces in X such that
its union is the whole X. Fix a point zy € X. Without loss of generality, we may suppose that
xg € K, for all n > 1. Since Peano spaces are arcwise connected [106, Theorem 31.2], for each
n > 1 there is a Peano map f, : [n,n + 1] — K,,, that starts and ends at xg, i.e., f,(n) = 2o =
fa(n 4+ 1). Joining all these Peano maps with the constant path ¢t € (—oo,1] — zg € Kj, one
obtains a CS map F': R — X.

(c) = (a): Let f be amap in CS (R, X). Therefore,

neN neN
Since (b) = (c) is obvious, the proof is done. O
Example 4.3. (Spaces that are o-Peano).

(a) Trivially, Euclidean spaces R™ and Peano spaces are o-Peano. For 1 < p < oo, the Hilbert

cube

considered as a topological subspace of /,, is a compact metric space, so it is a Peano
space. For each natural £, let k C, be the Hilbert cube after applying an “k-homogeneous
dilation” to it. Therefore, the union of Hilbert cubes (J, .y k C, is a o-Peano topological

vector space, when endowed with the topology inherited from £,,.
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(b) Let X be a separable topological vector space and X’ be its topological dual endowed
with the weak*-topology. If X’ is covered by an increasing sequence of (weak*-)compact
subsets, then it is o-Peano. Indeed, when the topological dual is endowed with the weak*-
topology, its weak*-compact subsets are metrizable (see, for instance, [100, Theorem 3.16]).
Therefore, it will be a o-Peano space. Clearly, this holds on the topological dual (endowed

with weak*-topology) of separable normed spaces.

Recall that an F-space is a topological vector space with complete translation-invariant metric

which provides its topology.
Example 4.4. (Spaces that are not o-Peano).

(a) Ewery o-Peano space is separable. Indeed, continuity preserves separability. In particular,

l~ s not o-Peano.

(b) No infinite dimensional F-space is o-compact (i.e., a countable union of compact spaces),
and, therefore, is not o-Peano. This is a consequence of the Baire category theorem com-
bined with the fact that on infinite dimensional topological vector spaces, compact sets have

empty interior. In particular, no infinite dimensional Banach space is o-Peano.

Remark 4.5. If X is a 0-Peano space, then card C (R, X) < ¢. The argument is similar to
Lemma 3.9: indeed, this is consequence of card X < ¢ (as an image of the real line), in tandem
with the fact that the separability of R implies that each map of C (R, X)) is uniquely determined
the sequence of its rational images, which defines an injective map C (R, X) < XN and, therefore,
card C (R, X) < card X" < c.

Now we state and prove the main result of this section, which provides maximal lineability
of Peano curves on arbitrary topological vector spaces that are also o-Peano spaces. As in [26],
we work with some particular Peano maps, namely, with those continuous surjections assuming

each value on an unbounded set.

It is convenient to recall a well-known fact from set theory: a family {A)}xea of infinite
subsets of N is called almost disjoint if Ay N Ay is finite whenever A # X'. The usual procedure
to generate such a family is the following (see, e.g., [3]): denote by {gn}neny an enumeration of
the rational numbers. For every irrational a, we choose a subsequence {gy,, }xen 0f {@n }nen such
that limg_ o ¢n, = @ and define A, := {ny}ren. By construction, we obtain that {Aq}acr\g is

an almost disjoint uncountable family of subsets of N.

Theorem 4.6. Let X be a o-Peano topological vector space. Then CS (R™, X) is mazimal
lineable in C (R™, X).

Proof. 1t is sufficient to prove the result for m = 1. Take g : Ny — N x N a bijection, and set

[k,n = [gil(k%n)?gil(k?n) + 1] )

forall k,n € N, thus {I} »}, oy is a family of compact intervals of [0, +-00) such that (U, ey Tkn =

[0, +00), the intervals I}, , having pairwise disjoint interiors, and (J,c Ik, is unbounded for every
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n. Proceeding as in the construction presented in Proposition 4.2, for each n, we can build a CS

map f, : R — & with the following properties:

o fo UsenTren) = 5

e for each k € N, on the interval I, , f,, starts and ends at the origin Oy € X and covers

the k-th Peano subset of X;
o fn=0o0n ey Lem, for all m # n.

Notice that each f, € CS« (R, X), since (J,cy Ik,n is unbounded.

Now let {J)},c, be an almost disjoint family with cardinality ¢ consisting of infinite subsets
of N. Define, for each A € A,

FA::Z]‘}L:R%X.

nedy

The pairwise disjointness of the interior of the intervals I, (together with the above properties

of f,) guarantees that F) is well-defined, as well as continuous. We assert that the set

{F/\},\eA

provides the desired maximal lineability. The crucial point is the following argument: let
P\, ...,y be distinct and a4, ..., ay € R, with ay # 0. Since Jy, \ (Uj;'Jy,) is infinite, we
may fix ng € Jy, \ (Ui;"Jy,). Notice that

F)\1:~'-ZF)\N_IEO and }71)\N:-]l.7L0 on UIk’nO'
keN

Consequently,
N
Zak~F>\k:aN-an on UIkJ?O‘
k=1

keN
Then F := Z]kvz1 ay - F, is an element of CS (R, X'), because the image of R under F' contains
N fro(Uren Trno) = anX = & and each vector of X' is the image by f,, of an unbounded set.
Hence, one may easily prove that the set {F)}, ., has c-many linearly independent elements, and
each non-zero element of its linear span also belongs to CS, (R, X'). The maximal lineability
follows from Remark 4.5. [

Observe that this result recovers Theorem 3.10 and the second part of Theorem 3.13. More-

over, together with Example 4.3, item (b), provides,

Corollary 4.7. Let N be a separable normed space and N’ be its topological dual endowed with
the weak*-topology. Then CSo (R™, N") is mazimal lineable.

Notice that this result holds in a more general framework: if X is a separable topological
vector space and its topological dual X’ (endowed with the weak*-topology) is covered by an

increasing sequence of (weak*-)compact subsets, then CS,, (R™, X”) is maximal lineable.
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4.3 Peano curves on sequence spaces

Throughout this section we shall deal with the space of real sequences RY and some of its

variants. Recall that RY is an F-space under the metric

1 |xn - yn|
d ((xn)n ) (yn)n) = o )
neN 2n 1+|xn_yn|

and also this metric provides the product topology on RY (see [92, p.175]). From Example 4.4,

it is clear that RY is not a o-Peano space.

Looking for infinite dimensional “smaller” subspaces of RY that could be o-Peano, we easily

find the following example.

Example 4.8. The space coo of eventually null sequences (with its natural topology induced by
the sup mnorm) is a o-Peano space. Indeed, I, = [—n,n|" x {0} C ¢y defines a increasing

sequence of Peano spaces in cyy, whose union results in the entire space.
Therefore, Theorem 4.6 immediately gives the following:
Proposition 4.9. The set CSo (R™, coo) is maximal lineable.

It possible to provide a more “constructive” proof of the previous result, by just making some
adjustments to an argument provided in [4]. The proof is presented below and will be used later

in order to obtain algebrability results.

2nd proof of Proposition 4.9. Let Rt := (0, 4+00) and (& := (R*)" N{,. Forr = (Tn) pen € €%,
let us define @, : RY — RN by

P ((tn)nen) = (D1, (tn)) nen -

where ¢,.(t) := e™ — e™" for each r € R*. Observe that each ¢, is a homeomorphism from R to
R and, consequently, @, is a bijection. Notice that the restriction ®, : /. — /, is well defined

and surjective because, for (t,), € l, one has
’¢Tn(tn>’ e |e7"ntn _ e*’rntn S ern‘tn‘ S eC (n — 1’ . ')’

for some positive constant C. Moreover, the map @, : (o, — l is continuous (when /., is
endowed with its natural topology). Indeed, fix s € R and let ¢ € [s — 1, s 4+ 1]. By the mean
value theorem, there exists ( = ((¢,s,n) € [s — 1, s+ 1] such that

|60, (1) = D1, (5)] = | @), (O] - |t — 5] .

But since r € (L,

Tn

|¢/ (u>| =r, (emu _ e—rnu) < Tnern|u| < ||r||oo€Hr”°O|u|7
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for all real numbers u. Thus,

|60, (8) = Gr, (8)] < ||l CF0 |1 — o]
If now we fix s = (S, )nen € loo and consider t = (t,)nen € loo With ||t — s|joc < 1 then we get

[6r(t) = 0u(5)] < frfloe! M=)t — 5o,

which yields the desired continuity. Since ¢,.(0) = 0 for all » € R, we may restrict again to
D, : oo — Coo, being a continuous mapping as well. Then, for a fixed map F' € CS+ (R, ¢qp), it

is plain that the set
{CDT © F}reéio

only contains functions in CS, (R, cgo). Working on each coordinate and using the properties of
the maps ¢, as in [4], this family provides the desired maximal lineability. O
The following result extends Theorem 3.17 to the framework of sequence spaces.

Proposition 4.10. The set CS (R™, coo (C)) is mazimal strongly algebrable in C (R™, coo (C)).

Proof. 1t is sufficient to deal with the case m = 1. The argument combines the previous con-
structive proof and the ideas of Theorem 3.17: let A := (0, +00) \ N, and let ¢4 : C — C stand
for an entire function of order s > 0 such that ¢,(0) = 0. For each r = (r,),, € AY, the map

Dy = (@ry ) pen : €00 (C) = oo (C)

is well-defined, continuous and surjective. Therefore, for a fixed map
FeCSx (R, e (C)),

the set {&, o F'},_ v generates a free algebra, which provides the strong maximal algebrability.
]

From Example 4.4, item (a), we know that ¢, is not o-Peano. On the other hand, if we
consider the product topology inherited from RY, it is obvious that it becomes o-Peano. In
fact, b = U, [—n,n]". Consequently, Theorem 4.6 provides the maximal lineability of the set
CSoo (R ly) in C(R™, o).

Notice that, as we did earlier when we dealt with cyy, one could also present a constructive
proof of this lineability result: for a fixed F' € CS, (R, {+) the set

{®ele, 0 F}reéjo

provides the desired maximal lineability. With appropriate adaptations, a similar argument as
the one employed in the proof of the algebrability of CS (R™, ¢y (C)) will prove that the set
CS (R™, l (C)) is maximal strongly algebrable in C (R™, ¢, (C)), when /., is endowed with the
product topology inherited from RN,
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4.4 Peano curves on function spaces

Let A be an infinite index set. Recall that the space R* of real functions f : A — R is a

complete metric space when endowed with the metric given by
d(f,9) = supmin {1, [f(A) —g(N[},
€

which provides the uniform topology on R, strictly finer that the product topology (see [92,
p. 124] for more details). Note that R* is not o-compact and, thus, cannot be o-Peano. Indeed,
suppose that R* = Unen K- We may regard N as a subset of A, and consider the standard
n-projection 7, : R* — R, which is continuous and, so there is z,, € R\ 7,(K,). However, the
function f : A — R defined by f(n) = z,, for n € N, and f(A) =0, if A ¢ N, does not belong to
U, K. =R

Let A, T be infinite index sets. Clearly, if card A > card T, then S(R*,R") # @, i.e., the set of
surjective maps from from R? onto RT is non-empty. In this situation, I' may be seen as a subset
of A. Keeping the notation of the proof of Proposition 4.9, for each r = (r,)_ . € (0, 1)F, define
P, : RY — R by ©,(f)(v) := ¢r, (f(7)). Since the set of coordinate maps {¢, := m, o Dr} cp is
equicontinuous, P, is continuous. Working with the set {CIDr RA — Rr}re 0.7 and with entire

maps as in Section 2, we obtain
Proposition 4.11. Let card A > cardl’. Then
(a) CS (RY,R") is 2¢™T - lineable.

(b) CS (CA,CT) is 2¢T_glgebrable.
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Appendix A

The L, spaces with mixed norm and an

interpolative Holder’s inequality

This appendix is devoted for an approach that represents fundamental role to obtain our
results concerning the first part of this thesis (the Hardy-Littlewood multilinear type inequal-
ities): Holder’s interpolative inequality. Since there exists a lack of references on this subject,

we verse a little bit about the mixed norm spaces introduced in [21] (see also [67]).

A.1 L, spaces with mixed norm

From now on, (X;,%;, ), ¢ =1,...,m shall be m given o-finite measurable spaces,

(X,3, 1) (HXHEHM>

shall be the product space endowed with the product measure and p := (p1,...,pn) € [1,00]™.
The space L,(X) consists in all (equivalence classes of) measurable functions f : X — K with
the following property: for any (x1,...,2,_1) € X3 X -+ x X,,,_1 the function f (z1,...,%mp_1,")
belongs to L, (X,,), that is,

1f (1, @, )], < 00,
and | ]|, results in a measurable function defined in (]}, 1X“Hm 1 > 110 Mz)' ——
sively, for 1 <k <m and for any (zy,...,2,%) € X1 X - -+ X X;, g, the measurable function
||f (xla <oy Tm—k, ‘)||pm—k+2 _____ D . Xm—k+1 — K

belongs to Ly, . (Xm—kt1), i€,

||f(~r17'~~7xm—k7"')||pm_k+1 ,,,,, Dm, = H”f(xh’"axm—k7"')||pm_k+2
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results in a measurable function defined in <Hf:1 X, Hle i, Hle ,uz-); fi-
: X7 — K belongs to Ly, (X;), which means

aIld ||f||pm7k+1,...,pm

nally for k£ = m the measurable function || f||
that

P2;---sPm

< Q.

1l = 1l = 1

For instance, when all p; < oo a measurable function f : X — K it is an element of L,(X) if,

‘pmk+1

and only if,

P
Pm—1 2L

£l = Lﬁ<~</mWMMM>p .)de m<a1

Successive applications of Minkowski’s inequality will allow us to conclude that [|-||, defines

a norm on Ly(X). Indeed, let f, g € Ly(X). Applying Minkowski’s inequality with the p,,-norm
of f+g¢, f and g (evaluated in a fixed vector (z1,...,Tm_1) € Xy X -+ x X,,,_1 that we will omit
for the sake of clarity), we get

1F+gll,,, <A, + lgll,,, -

By hypothesis, || f[l, +gll,, ;I fll,, :llgll,, are measurable functions on L,,, ,(X;—1), thus the

monotonicity and the Minkowski inequality now with the p,,_;-norm lead us to

||f+g||pm,1,pm = ‘||f+g||pm ‘p R monotonicity
<[l + Dl | Minkowski
'm—1
<| . |
T [

: ||f||pm_1,pm _I_ ||g||pm—17pm ’

Thereby, making use of Minkowski’s inequality successively we conclude that

1 +gll, <A1l + Mgl »

and, therefore, that L,(X) is a normed vector space.

A. Benedek and R. Panzone, on [21], established several properties and deep results concern-
ing the Ly spaces, among others, the correspondent of the Monotone and Lebesgue’s dominated
convergence classical theorems, and, as expected, they also proved that L,(X) is a Banach space
(see [21, Theorem 1.b]).

We are interested on a version of Holder’s inequality for these mixed norm spaces, which
implies an interpolative inequality which in turn has a crucial role in our results concerning
the Hardy—Littlewood multilinear inequality. First, let us recall that given two functions f,g €
L, (X), the product function fg: X — K it is defined by the pointwise product, that is,

fo(zy, .. xm) = flay, .. zm) - g(T1, -y ), (A.1)
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for each (z1,...,2,) € X = X7 x -+ x X,,. Also let us recall the classical one variable version

of the Holder inequality.

Theorem A.1 (Classical Holder’s inequality '). Let (X, X, 1) be a measure space and let p,q €
[1,00] with 1/p+ 1/q = 1 (Hélder’s conjugates exponents). Then, for all measurable (real or
complez valued) functions f € L,(X) and g € L,(X), we have that fg € L;(X). Moreover,

/X Falda = 1£glly < 11, - gl (A.2)

A more general version is also very useful: let r € [1,00), p1,...,py € [1,00] such that
1= pil +oeet ]%. If fie L, (X),i=1,...,N, then f;--- fy € L.(X) and, moreover,

T

Ly Il < Uflly - 1Nl (A.3)

By making use of induction on N, this is a straightforward consequence of the classical version.

First we prove the result for N = 2: since 1 = r/p; + r/p2, we have

/X [fufol"dp = L frfel "l S WS lpase - 15 lpa e = (LA, - (12115,

and from this we conclude that ||fifall, < [[fillp, - | f2llp,- Now let us suppose that the result
is true for N — 1. If py = oo, then then result follows by |fy| < ||fn]|e and the induction
hypothesis:

- Inlle < W Fvealle - N lloo < Ul - v —allpw s - 1Nl

If py < oo, then note that p := py/(py — ) and g := py/r are Holder’s conjugates exponents
in (1, 00), thus applying Holder’s inequality with the exponents 1/r = 1/rp+1/rq and then the

induction hypothesis with T—lp = <pi1 +---+ }ﬁ), we conclude the result (note that rq = py)

1) - Il < W fae vl - LN llg < Ll - 1 v—allony - [Nl

The corresponding result on multiple variables with mixed norm is the following.

Theorem A.2 (General mixed Holder’s inequality). Let r € [1,00)™ and ,p(1),...,p(N) €
[1,00]™ be such that

forj=1,...,m.
ri - pi(1)

If fv € Lpg)(X) fork=1,...,N, then fifs--- fy € L:(X) and, moreover,

e Il < fallpy - v llp ey - (A.4)

Leonard James Rogers (1862-1933) and Otto Holder (1859-1937) discovered, independently, the famous
inequality that (nowadays) holds Holder’s name (1889, [79]), they could have never imagined that, at that
precise moment, they had just started a “revolution” in Functional Analysis.
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Proof. The result follows by iterating each single-variable case and making use of the general

version of Holder’s inequality (A.3). Indeed, since each measurable map fj (evaluated in a fixed

vector (Z1,...,%m-1) € X1 X -+ x X,,_1 that we will omit) belongs to L, ) (X.) and since
that % = zﬁ(l) +e m, by the inequality (A.3) we get that f--- fy € L, (X,,) and

||f‘1 e fNHTm S ||f‘1 pm(l) e ||fN an(N)'
Now since || f1|lp,.(1)s - - - | /v ||pm () are measurable functions in Ly, ., ) (X;n—1), the monotonic-

. .. 5 . . . 1 1 1
ity of the r,,_1-norm and general Holder’s inequality (A.3) with iy 6D MR erweey o 1

lead us to
1 s = A menotoniciy
<Al Il Holder
< |[Allonll,, o NN, a0
= Mfrllp sy = 1N s 00y )
Repeating this argument successively on each variable x,, o, ..., x;, we conclude the result. [

The next interpolation result it is a general version for L, spaces of the interpolative approach

we used for sequences spaces in the papers [5, 6].

Corollary A.3 (Mixed interpolative Holder’s inequality). Let r,p(1),...,p(NN) € [1,00]™ and
61,...,0n €10,1] be such that 6, +---+ 60y =1 and

1 Qk 01 QN .
i =——t it ——, forj=1,...,m.
rj ;pj(k) p;(1) p;i(N)

If f € Lpwy(X) fork=1,...,N, then f € L.(X) and, moreover,
£l < 1 gy =~ 1 Ity -

Proof. This follow straightforward from the previous result combined with the following fact: for
a real positive number 6 € (0,1], p € [1,00]™ and p/0 := (p1/6,...,pm/0), it is straightforward
verify that

110 = 115 -
Since we have that, for j =1,... m,
R S N
ri - pi(1)/0 pi(N) /0N

the inequality (A.4) will lead us to conclude the result

1 = AL < I e, I Moy ay = 1 gy =~ 1Ty
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A.2 Sequences spaces with mixed norm

We shall now work with mixed normed sequence spaces, once it is the case we are interested
in. We may define these spaces by considering on N the power set P(N) as being the sigma
algebra and the counting measure p.(A) defined as the cardinality of each subset A of N. In this
fashion, (N, P(N), u1.) becomes a measurable space and, for each p € [1,00], ¢, = L,(N) gathers
all sequences (a,) € KY with finite p-norm.

Now let us consider p € [1,00]™. Using the definitions of mixed norm L, spaces of the

preceding section, the mixed norm sequence space
ly = Ly (N™)

gathers all multi-index scalars valued matrices a := (a;);c M(m,yy With finite p-norm (recall the
multi-index notation established: M(m,N) := N™). For instance, when p € [1,00)™ a scalar

matrix a belongs to ¢ if, and only if,

Pm—2 o p2

Pm—1

= | S| 3 (fju) ) <oo

i1=1 | i2=1 tm—1=1 \im=1

Therewith, the mixed norm sequence space

lo(Z) = Ly, (bp, (- (6, (2)) ),

with Z a Banach space, introduced on Section 1.2, coincides with the class built previously since,
for Z =K,
lp(K) = Lp(N™) =: £,
We will close this appendix with the version for mixed norm sequences spaces of the mixed

Holder inequality and its interpolation consequence (Theorem A.2 and Corollary A.3, respec-

tively). Before that, note that the product of two multi-indexes scalar matrices a := (a;);c M(mn)

and b := (bi)icvqn,py (recall that M(m,n) :={1,2,...,n}™) defined in (A.1) turns in pointwise
product, that is,

ab := (aibi)ieM(mﬂ) )

Therefore, the versions of Theorem A.2 and Corollary A.3 for mixed ¢, spaces turns in

Theorem A.4 (Holder’s inequality for mixed ¢, spaces). Let m,n, N be positive integers, r €

56



[1,00)™ and ,p(1),...,p(NV) € [1,00]™ be such that

, forg=1,....m,
p;i(N)

and also let a(k) := (a(k)i)icpmm) » k¥ = 1. .-, N be scalar matrices. Then,
lar - - anll, < flaullp) - lanllp -

In particular, if each p(k) € [1,00), then we have

n n Tm—1 E 1
> ...<Z|a(1)i---a(zv)i|’“m>
i1=1 im=1
N P (R) "
<T35S o)
k=1 i1=1 im=1

Corollary A.5 (Hélder’s interpolative inequality for mixed ¢, spaces). Let m,n, N be positive
integers, r,p(1),...,p(N) € [1,00]™ and by,...,0n € [0,1] be such that 01 + ---+ 60y =1 and

N
Ok 0, On .
;Pj(k) pi(1) p;i(N)

Then, for all scalar matriz a := (ai)ie./\/l(m,n)? we have

0
lall, < llallg - lall iy

In particular, if each p(k) € [1,00), the previous inequality means that

Tm—1 — 1
n n Tm 2
T
E E |ag|"™
i1=1 im=1
1 Gk
p1(k) 1 (k)
) i\
N n n pm (k)
pm (k)
<TI0 D0 el
k=1 i1=1 im=1

Under the point of view of interpolation theory it is not a complicated result but, just in
march of 2014, the authors of [6] known the article [21] which bring more acessible techniques
to prove the previous results. But for the sake of completeness of this article, we would also

like to present the following proof of the previous result, which is based on interpolation theory
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presented in [24].

2nd proof (using interpolative approach). We just follow the lines of [5, Proposition 2.1].

ceeding by induction on N and using that, for any Banach space Z and 6 € [0, 1],

with + = g + lq;?, for i =1,...,m (see, for instance, [24, Theorems 5.1.1 and 5.1.2]). If

T

¢ a(1) i(N)’
with 32 8, = 1 and each 6 € [0,1], then we also have

1 0, 1—6;

qi Qi(l) Di 7

setting
1 (6%) an

— = o s
pi @(2) ¢i(N)’

and O{j:ﬁ,
— V1

Pro-

fori=1,...,mand j=2,...,N. So a; € [0,1] and Z;VZZ a; = 1. Therefore, by the induction

hypothesis, we conclude that

N 1-6: N
0 1-6 0 ~ )
lally < llallgq - lall, ™ < llallgq) - [H HaHij)] = [ lall, -
=2
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Appendix B

Kahane—Salem—Zygmund’s inequality

The essence of the Kahane-Salem—Zygmund inequalities, as we describe below, probably
appeared for the first time in [82], but our approach follows the lines of Boas’ paper [31]. Para-
phrasing Boas, the Kahane-Salem-Zygmund inequalities use probabilistic methods to construct
a homogeneous polynomial (or multilinear operator) with a relatively small supremum norm but
relatively large majorant function. Both the multilinear and polynomial versions are needed for
our goals.

In this appendix we present and prove Lemma 1.14. Recall that (] stands for the complex
space C" with the p-norm, p € [1,00] (the same argument with the same constants will provide

the result for real scalars). We will need following results.

Chebyshev—Markov’s Inequallity. Let (2, %, 1) be a measure space. For every measurable
numerical functions f,g on , with g nonnegative and nondecreasing on the range of f, and

every positive real number «,
(fza) <o [ gofd
] 20])s ——= | goJap
9(@) Jo
holds. In particular,
1
> < — Pd

n(1 =) < o [ \rPan

holds for every real p > 0.

Proof. (see [18, Lemma 20.1]). Let A= {x € Q; f(z) > atand B={z € Q; (go f) (z) > g(a)}.
Since ¢ is nondecreasing on the range of f, A C B and, consequently, pu(A) < pu(B). Thus, the

result is concluded using monotonicity of integration with respect to p and the following inequal-

ity:

/Q go fdu> /[ R /[ o= / dyi = g(@)u(B) > g(a)u(A).

[gof>a]

The final assertion is obtained defining the map g(t) = |¢[". O

Lemma B.1 (Covering argument). Let r be a positive real number. Then the unit open ball B

of £ can be covered by a collection of open €} balls of radius r, with the numbers of balls in the
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collection not exceeding (1 + 27“’1)2”, and the centers of the balls lying in the closed unit ball B
of £;.
d_cf

Proof. Place arbitrarily in the open ball B (1+ %) = {z € C"; ||z]|, < 1+ r/2} a collection B
of disjoint open £ balls By = BP (x3,7/2) of radius /2 (obviously the centers z;, lies in the

closed unit ball B). The (Euclidean) volume of a ¢2 ball of radius r > 0 is

(2R-T (14 1/p)*"

Vaul(R) = T (14 2n/p)

Comparing the volumes of B (1 + %) and By,

VE(Lr2) _ (LT
= () =

> 1f the collection B

if made maximal, then every point of B must lies within /2 of some point of one ball in B

we conclude that the number of disjoint balls cannot exceed (1 + 2r~!)

(otherwise we would get some ball of radious 7/2 in B (1+ %), being not in B). So the balls
B, ¥ B (z,r), k=1,...,(1+2r )" must cover B. O

H. P. Boas presented in [31, Theorem 4] the following

Multilinear Kahane-Salem-Zygmund’s inequality (by Boas). Let p € [1,p]|, and integers
n,d > 1. Then exists a symmetric multi-linear map F : (fg)d — C of the form

such that the supremum of |F (z1,...,za)| when every n-vector z, € £y lies in the unit ball of £}

18 at most

\/32d1og (6d) -

When all the vectors z; are equal, the theorem provides a special d-homogeneous polynomial.
Observe that the sum that composes F' has n? monomials of degree d, and some of these are
repeated. Indeed, if «aj denotes the numbers of times the integer k appears in the d-tuple
(J1,---,Ja), then the number of d-tuples that are permutations of the list is the multinomial
coefficient (g), with o = (o, ..., a,). Consequently, we have the following consequence of the

previous result.

Corollary B.2. Let p € [1,p|, and integers n,d > 1. Then there ezists a homogeneous polyno-

maal of degree d in the variable z in C" of the form

> o+ (Z) 2®

|ar|=d
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such that the supremum of the modulus of the polynomial when z lies in the unit ball of £} is no

greater than the same bound of the previous theorem.
The following is precisely Lemma 1.14.

Multilinear Kahane-Salem-Zygmund’s inequality. Letd,n > 1, py, ..., pq € [1, +00]* and,
forp > 1, define

, ifp>2;

1
a(p) ¥ {2
0, otherwise.

Then there exists a d-linear map A : €3 X --- X {7 — K of the form

such that
|A| < Cy - nato)t-talp),

where Cy = (d!)l_m%m \/32dlog(6d), and p = max{p1,...,px}-

Proof. Let’s stablish the following notation: z denotes a d-tuple z1, ..., z4 of n-vectors, j denotes

a d-tuple ji,...,jq of integers between 1 and n, sums and products run over all such d-tuples of
integers, a prime on a sums or product means that it is restricted to d-tuples of integers that are
arranged in non-decreasing order, and j ~ k indicates that the d-tuples j and k are permutations
of each other. The symbol z; is shorthand for the monomial 231‘1 e z;id. Thus, fixed a multi-linear

map like in the statement, it can be written in the form

/
10-3 (£34).
Kk j~k
and in this expression, all of the plus and minus signs are independent of each other.
The proof consists of a probabilistic estimate and a covering argument.
To begin the probabilistic argument, fix a point z € ((Cd) such each z; lies in the £ unit ball

B} For each d-tuple k in non-decreasing order, choose a different Rademacher function ry, and

Altz) =Y (rk(t) sz) :

k j~k

consider the random sum

where ¢t lies in the interval ] £ [0,1]. The immediate goal is to make an upper estimate on the
probability that this sum has large modulus. Let A be an arbitrary positive number (after we
will specify a value for A in terms of n, d and p). Invoking the independence of the Rademacher
functions, we may compute the expectation (that is, the integral with respect to t) of the

exponential of the real part of AA (¢, z), by computing the product over non-decreasing d-tuples
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k of the expectation of e i) More precisely:
!/
Re[MA(t, 2)] = Z ()\rk ZRe ZJ> = RePA®2)] — H e(Ar® ReZJ)
k j~k

denoting ay = A ijk Re 7, using the independence and orthogonality properties of Rademacher

functions, and

+oo m.m +oo 2m
/I Bri®) gt = /1(2 BTz'(t)> dt = Z:: (gm)! = cosh (B)

we get

/ ReMA(t2)] g — /Heak”‘(t dt = H/ ari(t) Jp — Hcosh (AZRe ZJ> )

i~k

In view of the inequality coshx < e (that follows by k!-2F < k! (k+1)---(2k) = (2k)! and

series comparison argument), we get a upper bound for the expectation of Re [AA (¢, z)]:

/
[ e gy < TS’ = 4SSy s)” ®.1)
I

def

Define p = max{p,...,pr}, m(t) = min(¢,2) and M(t) = min(t,2), for a real positive t.

Holder’s inequality assures

2
(ZRG Zj) = ZRG Zj
j~k

i~k

2 2
§<Z|Rezj|>
jk
Holder %
Z\Zﬂ < (@) 3yl - (B.2)

i~k Jj~k

The exponent 2/m(p) is equal to 1 when p € [2,00]. When p € [1,2], it is equal to 2/p and
belongs to [1, 2], so replacing it by 1 can only increase the right-hand side, since > ; , %" <1,
wich is obtained from the following argument: each n-vector z; lies in B , so Z?:l !zﬂpk <1

and, using the fact that “r <s = |- |lm < | - |l (p-norm is nondecreasing)”,

n d n
SlsP= S et < Y et P
’ZJ’ - ’Zh “ja < “j1 “ial = ik

i~k =01, Ja)~k J1yenja=1 k=1 \jr=1

_ P P
= (Il -+ zall)” < (g, -+ lzally, ) < 1. (B3)
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Inequalities (B.2) and (B.3), lead us to conclude, for both cases 1 < p <2 and 2 < p < oo, that

Z(ZRezJ> < (an?(t) Z(Z\ZJ\ >m<>

i~k I
< (a)*0-=m) . Z > lmm
K jk
_ (d!)g(l—ﬁ) ) Z }2]11 ) ..ng m(p)
Jisenja=1
1 1m(p) d m(p)
_( m(p) (Z}]l‘ ) <Z| )
j1=1 Ja=1
1 m m
= (@*C76) o[ - |zl
m(p) m(P)

Using the following facts: m(py) < m(p) and |2F| < 2kl < 1 = |zk‘mp) < | ﬂmpk
m(px) - M(pr)/2 = px; and once more applying Holder’s inequallity; we increase further the
bound:

2
3 ( >M< )\ M)
|ZkHen Z ’zk| < Z |Z]l§}m(pk) < nl_ﬁpw ‘ ( |z m(p) M (py) )
=1 Z

o) _2pp
— "W Z\z’“\”’“ — !0 |z HM‘W <n'" W0, (B.A4)

Therefore, (B.1) is bounded above by

/eARe[A(t’Z)] dt < e Zie(TyurcRe 5)’ < exp BM (d!)Q(l_ﬁ) 2 (Gt ) | (B.5)
I

Let R be an arbitrary positive real number (it will be specified a value for R in terms of
n,d and p). Using the previous upper bound and applying Chebyshev—Markov inequality with
g(t) = e, we obtain a upper bound for the measure of the set A= {t € I ; Re[A(t,2)] > R} =
{tel; )\Re[A( ,2)] > AR}:

1 1 1 1__ 1
p(A) < 5 /IBARG[A“»ZN dt < exp |—RA+ 5 (@)2(-wtm)  2ZiGowmen) | (Bg)

An similar argument (symmetric reasoning) gives the same estimate for the measure of the points
t € I that Re[A (¢, 2)] is less than — R, wich is the same set of points that (—\) Re [A (t,2)] > AR
(we may initiate the previous argument working with —ARe[A (¢, z)] and obtain the inequal-
ity (B.5) with —X). Since [|[Re[A(t,2)]| > R] = [Re[A(t,2)] > R] U [Re[A(t, z)] < —R], we
get that this set has measure at most 2 times the bound in (B.6). The same argument ap-

plies to the imaginary part of A(t,z). In view of the inequality (for complex numbers) |w| <

63



v2max {|Rew|, [Imwl|}, |A(t,2)| > V2R implies |Re [A (t,2)]| > R or [Im[A (¢, 2)]| > R, thus
14(t,2)| > V2R| < [IRe[A (£, 2)]| = R]U [llm[A (£, 2)]| > R].
Therefore, the probability (or measure, since p(I) = 1) that |A (¢, 2)| exceeds V2R is at most
1-exp {_m 4 L3 (@yatn) 2t (1)

This probabilistic estimate holds for an arbitrary but fixed z. The second part of the proof
use the covering argument of the lemma initially presented, and a simple lipschitz estimate for
A(t,z). Suppose that z and w are points of (C")? such that all of the component n-vectors z,
and wy, lie in B}, and ||z — wg|| < ¢ for every k = 1,...,n. The multi-linearity of A implies
that

At z1, ..y 2q) = Atz —wy,, 20, .., 2q) + A(t,wy, 29 —wo, 2300, 2q) + - -

A+ At wy, . we, 29 — wg) + A (L we, .. wy)
Consequently, the boundedness of A guarantees

|A(t, z) — A(t,w)| <e-d- sup |A (t,2)].
zeBglx-angd
Now let z € B} x---x By be an arbitrary and fixed point. Taking r = 1/2d, the lemma assures
that each open ball B} is covered by a collection of at most (1 + 4d)®™ ball of radius 1/2d and
with centers lying on the in the closed unit ball B_;}k. Let W = {w} be the collection of points

w = (wy,...,wy) € B} x---xBp such that each component wy being the center of a ball from
the cover of the ball By , k= 1,...,d. Thus W do not exceed (1 + 4d)2”d points. Consequently,
each component n-vectors zj, must not exceed at most 1/2d of some wy e wy, and, therefore,

w = (wy,...,wy) € Bp x---x By, z,w fulfils the above lipschitz property and

1
|A(t, 2)| < JA(t,w)| + |A(t, 2) — A(t, w)| < max |A(t, w)| + 3 sup |A (t,2)].

weW zeB;}lx---ngd
Since z is an arbitrary point, we get

sup |A(t,z)| <2-max|A(t,w)|,

weWw
zeB;;}1 X ><B{}d

which implies

s |A(t2)| = 2V2R

zeBp1 X ><de

-y [yA(t,w)| > \/§R] .

wew

Hence, applying the preceding probabilistic estimate to each point of the finite collection W, we
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get that the measure (probability) of the set [smpZe B sxpn At 2)] > 2\/§R] is at most
P1 g

4(1 +4d)*™ - exp {_RA + %AQ (a2 (=) nzzz‘l(é_mw .

Now taking the followings values for the parameters R and A,

=

2

R (2 (d)2(=t) 2 (5= 38) 1og (s0+ 4d)2”d)) ,
R
(@2 =6) 2o (3 wr)

2\

we conclude that, with these choices, the probability that the supremum of A (t,-)| over B} x
-+ X Bl exceeds 2v/2R is at most 1/2 (this is achieved looking for values for R and A such that
the previous probability is 1/2, i.e.,

B o 1
CRA+2N?) = —
exp ( + 5 20
d
with o & 4 (1 +4d)*™ and g & (d!)z(l_ﬁ) n’ Zk:l(é_M&’k)); this is equivalent to solves the

following equation with respect to A

§A2 — RA+1log (2a) =0
which provides, imposing the condition R? — 28log (2a/) = 0, the unique solution A = R/j3, and
these are precisely the values presented previously). Therefore, we are sure that there exists a

particular value ¢, such that the supremum of |A (¢,,-)| over B} x ---x B} is no more than

1
2\/§R = (16 (d!)z(l—ﬁ) nQZ‘;ﬁ:l(%‘kaJ log (8 (1 + 4d)2nd)> '

The values of the Rademacher functions at this particular value ¢, produce the pattern of
plus and minus signs indicated in the statement of theorem. Moreover, 8 (14 4d)*"* < (6d)*™
when n and d are both at least 2, so the previous upper bound is even smaller than the bound
stated. O]
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