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Resumo

O objetivo desta tese é a controlabilidade de alguns modelos da mecénica dos fluidos.
Vamos provar a existéncia de controles que conduzem a solugao do nosso sistema de um
estado inicial prescrito a um estado final desejado em um tempo positivo dado.

Os dois primeiros Capitulos preocupam-se com a controlabilidade dos modelos de Burgers-
a e Leray-a. O modelo de Leray-a é uma variante regularizada do sistema de Navier-Stokes
(o ¢ um parametro positivo pequeno) que pode também ser visto como um modelo de fluxos
turbulentos; o modelo Burgers-a pode ser visto como um modelo simplificado de Leray-
«. Provamos que os modelos de Leray-a e Burgers-a sao localmente controlaveis a zero,
com controles limitados independentes de a. Também provamos que, se os dados iniciais
sao suficientemente pequenos, o controle nulo do sistema de Leray-a (resp. da equagao de
Burgers-a) converge quando o — 07 a um controle nulo das equagoes de Navier-Stokes
(resp. da equagao de Burgers).

O terceiro Capitulo preocupa-se com a controlabilidade nula de fluidos incompressiveis
inviscidos nos quais efeitos térmicos sao importantes. Estes fluidos sao modelados através da
entdo chamada Aproximacao de Boussinesq. No caso em que néo ha difusdo de calor, adap-
tando e estendendo algumas idéias de J.-M. Coron [13, 15| e O. Glass [43, 44, 45|, estabelece-
mos a controlabilidade exata global simultaneamente do campo velocidade e da temperatura
nos casos 2D e 3D. No entanto, quando o coeficiente de difusao do calor é positivo, apre-
sentamos alguns resultados sobre a controlabilidade exata global para o campo velocidade e
controlabilidade nula local para a temperatura.

O quarto Capitulo é dedicado & provar a controlabilidade exata local as trajetérias de um
sistema acoplado do tipo Boussinesq, com um ntmero reduzido de controles. Nesse sistema, as
variaveis desconhecidas sao: o campo velocidade e a pressao do fluido (y,p), a temperatura 6
e uma variavel adicional ¢ que pode ser vista como a concentragao de um soluto contaminante.
Provamos varios resultados, que essencialmente mostram que é suficiente atuar localmente no
espago sobre as equagoes satisfeitas por 6 e c.

Palavras-chave: desigualdade de Carleman; controlabilidade nula; sistema Burgers-«; sis-
tema de Boussinesq inviscido; sistema Leray-a; sistemas acoplados do tipo Boussinesq.



Abstract

The aim of this thesis is the controllability of some fluid mechanic models. We are going to
prove the existence of controls that drive the solution of our system from a prescribed initial
state to a desired final state at a given positive time.

The two first Chapters deal with the controllability of the Burgers-a and Leray-a models.
The Leray-a model is a regularized variant of the Navier-Stokes system (« is a small positive
parameter) that can also be viewed as a model for turbulent flows; the Burgers-a model can
be viewed as a related toy model of Leray-a. We prove that the Leray-a and Burgers-a
models are locally null controllable, with controls bounded independently of a. We also prove
that, if the initial data are sufficiently small, the control of the Leray-a equations (resp. the
Burgers-a equation) converge as o — 07 to a null control of the Navier-Stokes equations
(resp. the Burgers equation).

The third Chapter deals with the boundary controllability of inviscid incompressible fluids
for which thermal effects are important. They will be modeled through the so called Boussi-
nesq approximation. In the zero heat diffusion case, by adapting and extending some ideas
from J.-M. Coron [13, 15| and O. Glass [43, 44, 45|, we establish the simultaneous global
exact controllability of the velocity field and the temperature for 2D and 3D flows. When
the heat diffusion coeflicient is positive, we present some additional results concerning exact
controllability for the velocity field and local null controllability of the temperature.

The fourth Chapter is devoted to prove the local exact controllability to the trajectories
for a coupled system of the Boussinesq kind, with a reduced number of controls. In the state
system, the unknowns are the velocity field and pressure of the fluid (y, p), the temperature ¢
and an additional variable ¢ that can be viewed as the concentration of a contaminant solute.
We prove several results, that essentially show that it is sufficient to act locally in space on
the equations satisfied by 6 and c.

Keywords: Carleman inequality; null controllability; Burgers-a system; inviscid Boussinesq
system; Leray-a system; coupled systems of Boussinesq type.



Agradecimentos

Aos meus Pais (Antonio e Antonia) e aos meus irmaos (Denis, Darielson e Daniele), por
sempre acreditarem em mim, pelos incentivos e por todo o amor que temos compartido.

Aos meus Pais (Antonio e Antonia) e aos meus irmaos (Denis, Darielson e Daniele), por
sempre acreditarem em mim, pelos incentivos e por todo o amor que temos compartido.

Aos amigos de longa data, que hoje em dia sdo parte de minha familia: Fagner (Fa-
guim), Felipe (Filipao), José Francisco (Zé), Mauricio (Mauri¢ao), Roberto (Robertim)
e Pitagoras (Pita).

Ao professor Marcondes Rodrigues Clark que sempre foi excelente orientador, conselheiro
e um bom amigo.

Ao professor Fagner Dias Araruna, orientador desta Tese, por abrir as portas do mundo
para mim, pela paciéncia, pela confianca, pela amizade, por apresentar temas bastante
motivadores a todos os seus alunos. Muito obrigado!

Ao professor Enrique Fernandez Cara, co-orientador desta Tese, pela excelente assistén-
cia dada durante os dois anos que estive em Sevilla, permitindo reforgar ainda mais os
resultados desta tese. Muito obrigado!

Aos professores da poés-graduacdo da UFPB, que acreditando na minha dedicagéo e
trabalho, incentivaram-me e sempre me ajudaram de alguma forma. Especialmente, aos
professores: Daniel Pellegrino, Everaldo e Joao Marcos.

A CAPES pelo apoio financeiro.






Dedicatoria

A minha familia e aos meus amigos.



Sumario

Introducao

1

3 On the boundary controllability of incompressible Euler fluids with Bous-

On the control of the Burgers-a model
1.1 Introduction and main results . . . . . . . . ... ... L.
1.2 Preliminaries . . . . . . . .. L
1.3 Controllability of the Burgers-a model . . . . . . . . .. .. ... ... ....
1.4 Large time null controllability . . . . . . .. ... .. ... ... ... ...
1.5 Controllability in the limit . . . . . . . ... ... ... L
1.6 Additional comments and questions . . . . . .. ... ...
1.6.1 A boundary controllability result . . . . .. . ... ... ... ... ..
1.6.2 No global null controllability? . . . . . . ... ... ... ... ... ...
1.6.3 The situation in higher spatial dimensions. The Leray-a system . . . .

Uniform local null control of the Leray-a model

2.1 Imtroduction. The main results . . . . .. ... .. .. ... ... ...

2.2 Preliminaries . . . . . . . . .. L
2.2.1 The Stokes operator . . . . . . .. ...
2.2.2  Well-posedness for the Leray-a system . . . . ... ... ... .....
2.2.3 Carleman inequalities and null controllability . . . .. ... ... ...

2.3 The distributed case: Theorems 6 and 8 . . . . . . . .. ... .. ... ....

2.4 The boundary case: Theorems 7and 9 . . . . . . ... .. ... ... .....

2.5 Additional comments and questions . . . . .. ... ..o
2.5.1  Controllability problems for semi-Galerkin approximations . . . . . . .
2.5.2  Another strategy: applying an inverse function theorem . . . .. . ..
2.5.3  On global controllability properties . . . . . . . .. .. ... ... ...
2.5.4 The Burgers-a system . . . . . .. ... Lo
2.5.5 Local exact controllability to the trajectories . . . .. .. .. .. ...
2.5.6  Controlling with few scalar controls . . . . . . . .. .. .. ... ....
2.5.7 Other related controllability problems . . . . . ... ... ... ....

sinesq heat effects
3.1 Introduction . . . . . . . . . . ...

X

47



3.2 Preliminary results . . . . . . . ... 51

3.2.1 Construction of a trajectory when N =2 . . . .. ... ... ..... 52
3.2.2 Construction of a trajectory when N =3 . . ... ... ... .. ... 56
3.3 Proof of theorem 13 . . . . . . . . . . . 58
3.4 Proof of Proposition 9. The 2D case . . . . . .. . ... ... ... ...... 59
3.5 Proof of theorem 2 - Tridimensional case . . . . . . . .. ... .. ... .... 67
3.6 Additional Comments . . . . . . . . ... ... 71

4 On the control of some coupled systems of the Boussinesq kind with few

controls 73
4.1 Introduction . . . . . . . . . . .. 75
4.2 A preliminary result . . . . . .. ... 78
4.3 Proof of theorem 15 . . . . . . . . . . . .. 80
4.4 Proof of Theorem 16 . . . . . . . . . . . . . . . . . 87
4.5 Proof of Theorem 17 . . . . . . . . . . . . . 89
4.6 Final comments and questions . . . . . .. ... oo 93
4.6.1 Thecase N =2 . .. . . . . . . . . e 93
4.6.2 Nonlinear F and geometrical conditionson O . . . . .. ... .. ... 93
4.6.3 Generalizations to coupled systems with more unknowns . . . . . . . . 93
4.6.4 Local null controllability without geometrical hypotheses . . . . . . . . 94

4.7 Appendix . . ... 94
Referéncias 97



Introducao

Generalidades

O principal objetivo desta tese é analisar e controlar (em um sentido que se definira logo)
alguns problemas de valor inicial e contorno para equagoes diferenciais parciais com origem
na mecénica dos fluidos. Ao longo das proximas linhas, apresentaremos uma dedugdo (nao
muito profunda) de tais equagdes, que nos permitira, & continuagao, descrever com precisdo
os problemas que trataremos.

Podemos dizer que a teoria matemaética da dindmica dos fluidos teve seu inicio no século
XVII com os trabalhos de Isaac Newton, que aplicou as suas leis da mecanica ao movimento
dos fluidos. Pouco tempo depois, Leonhard Paul Euler escreveu (1755) as equagoes diferenciais
que descrevem o movimento de um fluido ideal, isto é, um fluido ausente de dissipacao devido a
interagao entre as moléculas (ou seja, um fluido inviscido), essas equagoes sao conhecidas como
equagoes de Euler). E finalmente, Claude-Louis Henri Navier (1822) e, independentemente,
George Gabriel Stokes (1845) introduziram no modelo o termo de viscosidade e chegaram
as equagoes que hoje denominamos Fquacoes de Navier-Stokes. O modelo unidimensional
dessas equagoes foi proposto por Andrew Russell Forsyth (1906). Devido aos varios trabalhos
de Johannes Martinus Burgers (1948) o modelo unidimensional das equagoes de Navier-Stokes
é conhecido como equacdo de Burgers.

As equagoes de Burgers, Euler e Navier-Stokes formam um dos conjuntos mais tteis de
equagoes diferenciais, pois descrevem fisicamente um grande ntimero de fenémenos de interes-
ses econOmicos e da natureza. Por exemplo, as equagoes de Euler e Navier-Stokes sdo usadas
para modelar o clima, correntes oceénicas, fluxos da dgua em oceanos, estuarios, lagos e rios,
movimentos das estrelas dentro e fora da galaxia, fluxo ao redor de aerof6lios de automoveis
e de avides, propagacao de fumaga em incéndios e em chaminés industriais. Também sao
usadas diretamente nos projetos de aeronaves e carros, nos estudos do fluxo sangiiineo (hemo-
dinamica), no projeto de usinas hidrelétricas, nos projetos de hidraulica maritima, na analise
dos efeitos da poluicao hidrica em rios, mares, lagos, oceanos e da dispersao da poluicao at-
mosférica, etc. Ja a equagdo de Burgers aparece em varias dreas da matematica aplicada, tais
como em modelos da dindmica dos gases e no fluxo de trafego.

Um dos principais desafio para os pesquisadores que trabalham com fluidos é entender
bem o fenémeno de turbuléncia. Podemos dizer que a turbuléncia é o comportamento cao-
tico que varia ao longo do tempo observado em muitos fluidos. Quase todos os fluxos que
encontramos no dia-a-dia sao turbulentos. Tipicos exemplos sdo os fluxos que rodeiam carros,



avides e edificios. A solugdo numérica das equagoes de Navier-Stokes para um fluxo turbu-
lento é extremamente dificil de calcular e, devido & ampla gama de escalas de comprimento de
mistura, que estao relacionadas ao fluxo turbulento, a solucao estavel deste fluxo requer uma
resolugdo do problema numérico em uma malha muito fina, tornando o tempo computacional
inviavel para o calculo (simulagao numeérica direta). Isto quer dizer que simular um fenémeno
de turbuléncia usando as equagoes de Navier-Stokes é bastante complicado visto que requer
computadores super potentes e muito tempo. Assim, para resolver essa situacdo, as equacoes
média tais como as equagdes médias de Reynolds, complementadas com modelos de turbulén-
cia, sao utilizadas como aplicagoes da dindmica de fluidos computacional para modelar fluxos
turbulentos. Outra técnica para resolver numericamente as equagoes de Navier-Stokes é a
simulacao de grandes escalas. Esta abordagem é computacionalmente mais custosa do que
o método com equagoes médias de Reynolds (em tempo de célculo e memoria do computa-
dor), mas produz melhores resultados desde que as escalas turbulentas maiores sao resolvidas
explicitamente.

Antes de entrar nos detalhes da dedugao das equagoes de Navier-Stokes, é necessario fazer
varias hipoteses sobre os fluidos. A primeira é que um fluido é um meio continuo. Isto
significa que ele ndo contém vazios, como por exemplo, bolhas dissolvidas no gas, ou que ele
nao consiste de particulas como a neblina. Outra hipotese necesséria é que todas as varidveis
de interesse tais como pressao, velocidade, densidade, temperatura, etc., sao diferenciaveis.

Estas equacoes sao obtidas de principios bésicos de conservacao da massa e momento.
Para este objetivo, algumas vezes é necesséario considerar um volume arbitrariamente finito,
chamado de volume de controle, sobre o qual estes principios possam ser facilmente aplicados.
Este volume é representado por € e sua superficie de confinamento por I'. O volume de
controle permanece fixo no espago ou pode mover-se como o fluido. Isto conduz, contudo, &
consideragoes especiais, como mostraremos a seguir (seguiremos um esquema parecido ao das
referéncias [11, 27]).

a) O problema fundamental em mecanica dos continuos

Para fixar as idéias, vamos primeiramente adotar o ponto de vista de um fisico. Assim,
seja © € RY um conjunto aberto conexo e limitado e seja T > 0 dado. Assumimos que um
continuo ocupa o conjunto durante o intervalo de tempo (0,7"). Isto significa que o meio que
estudaremos é composto de particulas e que existem funcoes suficientemente regulares p e y
verificando:

e A massa das particulas do meio cuja posicao no tempo t sdo pontos do conjunto aberto
W C Q é dada por
m(W,t) = // p(x,t) dx.
4%
e O momento linear associado as particulas em W C 2 no tempo t é

L) = [ (wixax.

ii



As fungdes p e y sdo chamadas de densidade de massa e campo velocidade, respectivamente.
Para cada t, as fungoes p(-,t) e y(+,t) fornecem uma completa descri¢do do estado mecénico

do meio no tempo ¢t. O problema fundamental da mecanica dos continuos (PFM) é o seguinte:

Assumamos que, para um dado meio, o estado mecdanico no tempo t = 0 e as
propriedades fisicas para todo t sao conhecidas. Entdo, o problema € determinar

o estado mecdnico deste meio para todo t.

b) Coordenadas Lagrangianas e o Lema do transporte

Para qualquer x € €2, consideramos o problema de Cauchy:

{ Xt(x7 t) = Y(X(Xv t)a t)a
X(x,0) =x.

Dizemos que t — X(x,t) é a trajetoria da particula do fluido que inicialmente (¢ = 0) estava
em x. A trajetoria X é conhecida como a funcdo fluxo do meio. Vamos supor que para cada
te (0,T), X(-,t)(Q) C Qe X(-,t) & bijetiva.

Para qualquer conjunto aberto W C €2, o conjunto

Wy = {X(x,t) : xe W}

deve ser visto como o conjunto das posi¢oes, no tempo ¢, das particulas do meio que estavam
em um ponto de W no tempo t = 0.
O seguinte resultado é conhecido como Lema do transporte.

Lema (Lema do transporte). Suponhamos que f = f(x,t) estd dada, com f € C*(Q2x(0,T)).
Seja W C Q e definamos

F(t) ;:/W F(x,t) dx

para todo t € [0,T). Entio F :[0,T] — R ¢ uma fungao C' bem definida. Além disso,
dF
GO= [ GHv-uyxnax vie )
Wi

c) Leis de conservagao
e Conservagao da massa: Seja W C ) um conjunto aberto. Entao,

% </W p(%,1) dx> —0 Vielo,T].

Gragas ao Lema do transporte, podemos deduzir a seguinte equagao
pe+V-(py)=0 in Qx(0,7).
Esta é a primeira EDP para p e y, freqiilentemente chamada de equacdo de continuidade.
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e Conservacao do momento linear: Seja W C ) um conjunto aberto. Entao,

% </Wt(py)(x,t) d,x> =F(W,t), Vte[0,T],

onde F(Wy,t) é, por defini¢ao, a resultante das forcas agindo sobre as particulas que
estao em W; no tempo t. Na verdade, esta lei é a versdao em mecénica dos continuos da
famosa segunda lei de Newton.

A forga resultante F (W3, t) pode ser decomposta como soma de duas fungoes vetoriais:
F := Fien + Feyy, onde Fyep, € a resultante das forgas tensoriais (i.e. as forgas exercidas
pelas particulas localizadas fora de W} sobre as particulas localizadas dentro de W;) e
F..: é a resultante de todas as forcas externas.

Usualmente, temos que

Ften(Wta t) - / g - nd’%
oWy

onde 0 = o(x,t) é uma fun¢do matricial de classe C!, usualmente chamada de tensor
tensao.

Também, podemos ver que

PalWert) = [ (o)1) x.

para alguma f = f(x,t).

Gragas ao Lema do transporte, podemos deduzir a seguinte equagao
(Py)i+ V- (py®@y)=V-o+pf in Qx(0,T).

Esta é a segunda EDP para p e y, freqiientemente chamada de equagcio do movimento.

Deste modo, obtemos N + 1 equagdes (a equacao de continuidade e as N equagdes que
compdem a equacdo do movimento) para N2 4+ N + 1 fungoes desconhecidas (o escalar p, as
N componentes de y e as N? componentes de 0. E Claro que somente essas equagoes nao
sao suficientes por si s6 para fornecer uma descrigao completa do comportamento do meio.

A fim de obter uma descricdo completa, devemos particularizar e introduz algumas leis
adicionais.

d) Um conjunto particular de leis constitutivas

e Conservacao do volume: Seja W C {2 um conjunto aberto. Entao,

d
— = t T].
: ( /Wt dx) 0, Vitel0,T]

Gragas ao Lema do transporte, podemos deduzir a seguinte equagao
V.y=0 in Qx(0,7).
Esta equagao é frequentemente chamada de equac¢do de incompressibilidade.

iv



e Lei Newtoniana: O campo velocidade y é de classe C? e satisfaz
2
o = —pld+ u(Vy + Vy') = Su(V - y)Id

para alguma funcdo p de classe C! (a pressdo) e uma constante positiva u (a viscosidade
do fluido).

Assim, fazendo o uso de todas as leis descritas acima, podemos chegar ao seguinte conjunto

de equagoes:

pt+ V- (py) =0 em Qx(0,7),
(py)e +V - (py ®y) = pAy — Vp+pf em Qx (0,7),
V.y=0 em € x(0,7).

Essas sao as equagoes de Navier-Stokes para fluidos incompressiveis nao-homogéneos (ou equa-
¢oes de Navier-Stokes com densidade variavel). Assim, encontramos um sistema de N + 2
EDPs para N + 2 variaveis desconhecidas.

d) Turbuléncia

A palavra turbuléncia tem diferentes significados, sempre indicando que a turbuléncia é um
fendomeno complicado e multifasico. Um dos principais objetivos de realizar pesquisas sobre
turbuléncia é obter simulagoes computacionais confidveis e segura dos fluxos turbulentos.

As principais questoes relacionadas com a turbuléncia foram levantadas desde o inicio do
século XX, e um grande ntimero de resultados empiricos e heuristicas foram obtidos, motivados
principalmente por aplicacoes a engenharia.

Ao mesmo tempo, em matematica, aparecem os trabalhos pioneiros de Jean Leray de 1933—
1934 (veja [64, 65, 66]) sobre as equagoes de Navier-Stokes. Leray especulou que a turbuléncia
aparece devido a formagao de ponto ou “linhas de vortices” no qual alguma componente da
velocidade torna-se infinita.

Para poder lidar com tal situagao, Leray introduziu o conceito de solugoes fracas, solucoes
nao-classicas para as equagoes de Navier-Stokes, e este tornou-se o ponto de partida da teoria
matematica das equacoes de Navier-Stokes. E importante ressaltar que as idéias de Leray
serviram também como ponto de partida para varios elementos importantes da teoria moderna
das equagoes diferenciais parciais. Ainda hoje, apesar de muito esforco, a conjectura de Leray
sobre o aparecimento de singularidades nos fluxos turbulentos no caso tridimensional nao foi
nem provada nem refutada.

Para mais detalhes, consideremos um fluido newtoniano, incompressivel e homogéneo go-

vernado pelo sistema:
yvi+(y - V)y=vAy—-Vp em Qx(0,7),
V.y=0 em x(0,7), (1)
y=0 sobre 0§ x (0,7,

onde se tomou, por simplicidade, p =1 and v = u > 0.
Um fluido pode fluir (evoluir) de duas maneiras completamente diferentes:



e Para viscosidade cinemética v “grande”, as particulas fluidas seguem trajetorias mais ou

menos ordenadas. Entao dizemos que o fluido se encontra em um regime laminar.

e Para v suficientemente pequeno, a velocidade e a pressao exibem variagbes extrema-
mente rapidas e oscilagoes em tempo e espaco, observando assim um comportamento
cadtico no movimento das particulas. Neste caso, dizemos que o fluxo se encontra em

um regime turbulento.

Usualmente, nos fluxos turbulentos dividimos o campo velocidade em uma parte média y e
uma parte flutuante y’ tal que y :=y +y’. Assim,

Y+ (- V)y+V-(y®y)=vAy-Vp em Qx (0,7),
V.-y=0 em §x(0,7), (2)
y=0 sobre 99 x (0,T).

Nota-se a presenga de um termo adicional de esforgos devido a turbuléncia (velocidades flutu-
antes) e este é desconhecido. Necessitamos uma expressdo para o termo V- (y’ ® y’) a fim de
fechar o sistema de equagoes acima. Portanto, os modelos de turbuléncia baseiam-se em fazer
hipéteses sobre o termo V - (y/ ® y’) a fim de fechar o problema e, assim, poder resolvé-lo.

Por definicdo, o tensor de Reynolds é R := —y’ ® y’. Existem (ao menos) duas maneiras
de fechar o problema:

e Em primeiro lugar, fazendo o uso da hipdtese de Boussinesq, isto é, escrevendo que o
tensor R é da forma:
R =vrDy,

onde Dy = Vy + Vy! é a parte simétrica do gradiente espacial de y (também chamado
tensor de deformagées) e vp é uma fun¢do (mais ou menos complicada) de y. Isto
conduz aos distintos modelos de Reynolds (modelos algébricos do tipo Smagorinski,
modelos com N equagoes, modelo k — ¢, etc.).

e QOutra forma de fechar o problema consiste em supor que
y®y=(z-V)y,

onde z é um novo campo velocidade obtido regularizando y. Este modelo sera estudado
nesta tese.

Para mais detalhes sobre turbuléncia, podemos citar as referéncias [35, 70, 73, 74, 75].

Agora, vamos apresentar alguns modelos particulares relacionados as equagoes de Navier-
Stokes:

e Equacao de Burgers:

Yt + YYo = VYpe + f em Qx(0,T).

vi



e Equagoes de Euler:

vi+(y - V)y=-Vp+f em Qx(0,7),
V.y=0 em x(0,7).

e Equacoes de Navier-Stokes (densidade constante):

yi+(y V)y=vAy—Vp+f em Qx(0,7T),
V.y=0 em € x(0,7).

e Equagoes de Boussinesq:

vi+(y - V)y=vAy —Vp+f+0ey em Qx(0,7),
V.y=0 em € x(0,7),
0y —kAO+y -VO=g em € x(0,7).

Neste sistema, a variavel 6 representa a temperatura do fluido, ey é o n-ésimo vetor da
base canonica de RV, k > 0 é o coeficiente de difusdo e g representa uma fonte de calor.

e Sistema Burgers-a:

Yt + 2Ys = VYge + f em Qx (0,7),
2= %2 =y em Qx(0,7).

e Sistema Leray-a:

yi+(z-V)y=vAy —Vp+f em Qx(0,7),
z—a’Az+Vr=y em x (0,7,
V.y=V-y=0 em € x(0,7).

Esses dois tltimos sao motivados pelo fenémeno de turbuléncia e serao tratados neste
trabalho.

Em geral, para sistemas como os anteriores, o objetivo consistird em encontrar uma fungao
controle v que, atuando de algum modo sobre o sistema, conduzira a solugao deste sistema a
um comportamento desejado no instante de tempo final T'.

Diremos que temos a controlabilidade aproximada do sistema se a solugao, partindo de
um estado inicial arbitrario, pode ser conduzida arbitrariamente proximo (com respeito a uma
determinada norma) a um estado desejado arbitrario no instante final.

Por outro lado, a controlabilidade exata indicaré que a solugao pode ser conduzida exata-
mente a todo estado desejado no instante final de tempo.

Como caso particular da controlabilidade exata, se diz que o sistema possui a proprie-
dade de controlabilidade nula se, partindo de um estado inicial arbitrario, a solugao pode ser
conduzida ao estado nulo no tempo final.

Finalmente, outro caso interessante de controlabilidade exata é a controlabilidade exata as
trajetorias, que indica que podemos fazer que a solugao do nosso sistema controlado coincida,
no tempo final, com uma trajetéria do mesmo sistema, isto é, uma solugdo nao controlada.
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Para provar resultados de controlabilidade para problemas lineares, a principal ferramenta
é provar uma desigualdade de observabilidade. Esta desigualdade surge quando formulamos
o problema de controlabilidade de maneira abstrata e utilizamos classicos resultados da ané-
lise funcional. Outra importante ferramenta é a desigualdade global de Carleman. Essas
desigualdades de Carleman sdo estimacdes de normas L? ponderadas globais por normas L?
ponderadas locais.

No entanto, para provar resultados de controlabilidade de problemas nao-lineares os ar-
gumentos sao bem mais complicados. Em geral, as técnicas se baseiam em algum dos dois
seguintes argumentos: aplicar um teorema de ponto fixo ou aplicar um teorema de fungao
inversa. Uma questao interessante é que a maioria dos resultados de controlabilidade para
problemas nao-lineares sao do tipo locais.

Resultados anteriores

Nesta tese, uma das principais ferramentas para obter resultados de controlabilidade seré
a desigualdade de Carleman cujo uso popularizou-se gragas aos trabalhos de Fursikov e Ima-
nuvilov, veja [40]. Também, podemos mencionar o trabalho de Lebeau e Robbiano [63] para
a equagao do calor linear no qual combinaram o método de Russell, transformada integral
e uma desigualdade de Carleman para equagoes elipticas para obter a controlabilidade nula
para a equagao do Calor. Para a controlabilidade aproximada da equacao do calor semilinear,
onde o termo nao-linear satisfaz uma condicao de crescimento sublinear, veja o trabalho [25],
de Fabre, Puel e Zuazua.

Lembremos que, no contexto das equagoes de Navier-Stokes, Lions conjecturou em [67]
a controlabilidade aproximada fronteira e distribuida global; desde entao, a controlabilidade
dessas equacgoOes tem sido intensivamente estudadas, mas até o momento somente resultados
parciais sao conhecidos.

Em [38], Fursikov e Imanuvilov provaram a controlabilidade exata local a trajetorias C'™°
do sistema de Navier-Stokes, usando uma desigualdade de Carleman e um teorema de fungao
inversa. Posteriormente, Fernandez-Cara, Guerrero, Imanuvilov e Puel, em [29], melhoraram
este resultado provando o mesmo resultado para trajetérias L°°. Em seguida, inspirado em
[29, 38|, Guerrero prova, em [49], a controlabilidade exata local as trajetorias do sistema de
Boussinesq. E por tultimo, usando os resultados dados em [29], Fernandez-Cara, Guerrero,
Imanuvilov e Puel provaram, sob algumas condigbes geométricas, a controlabilidade exata
local para as trajetorias dos sistemas IN-dimensionais de Navier-Stokes e Boussinesq com uma
quantidade reduzida de controles escalares, veja [30]. Vamos mencionar também |7, 18, 19, 30],
onde resultados analogos sao obtidos com um nimero reduzido de controles escalares.

Em relagao aos trabalhos sobre as equagoes de Euler podemos destacar [13, 15] de Coron.
Nestes trabalhos, Coron provou a controlabilidade exata na fronteira global para a equagao
de Euler bidimensional usando o método do retorno. Dali, estendeu esses resultados para
provar um resultado de controlabilidade aproximada global para o sistema de Navier-Stokes
bidimensional com condigdes de fronteira do tipo Navier slip, veja [14]. Além disso, combi-
nando resultados sobre controlabilidade global e local, a controlabilidade nula global para as
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equagoes de Navier-Stokes sobre uma variedade bidimensional sem fronteira foi estabelecida
por Coron e Fursikov em [17]; Veja também Guerrero et al. [51] para um outro resultado
de controlabilidade global para Navier-Stokes. Posteriormente Glass, nos trabalhos [43, 44],
provou a controlabilidade exata na fronteira global para a equagao de Euler tridimensional.

Os resultados de controlabilidade nula local para a equagdo de Burgers foram obtidos
por Fursikov e Imanuvilov em [39]. Podemos citar também outros trabalhos que trataram a
controlabilidade da equagao de Burgers, veja [8, 22, 28, 40, 50, 55]. Destes trabalhos podemos
destacar 28], em que os autores provam um resultado 6timo para a controlabilidade nula da
equacao de Burgers.

Descricao dos resultados

Nesta tese, apresentaremos resultados locais e globais de controlabilidade para problemas
nao-lineares com origem em mecéanica dos fluidos. Todos os resultados constam em artigos
publicados, aceitos e em preparacao. Mencionaremos a referéncia precisa ao final da descrigao
de cada capfitulo.

Capitulo 1: Controlabilidade do sistema Burgers-a

Sejam L > 0 e T' > 0 nmeros reais positivos. Seja (a,b) C (0, L) um subconjunto aberto
nao-vazio que sera chamado de dominio de controle.
Consideramos a seguinte equagao de Burgers controlada:

Yt — Yz + YYz = vl(a,b) €m (07 L) X (07 T)7
y(0,-) =y(L,")=0 sobre (0,7, (3)
y(',O) = Yo cm (O’L)'

Em (3), a fungdo y = y(x,t) pode ser interpretada como uma velocidade unidimensio-
nal de um fluido e yo = yo(x) é uma velocidade inicial. A func¢do v = v(z,t) (usualmente
em L?((a,b) x (0,T))) ¢ o controle atuando sobre o sistema ¢ 1, ) denota a fungao caracte-
ristica de (a, b).

Neste capitulo da tese vamos considerar um sistema semelhante a (3), em que o termo de
transporte é da forma zy, e z é a solugao de uma equagao eliptico governado por y. A saber,
nos consideramos a seguinte versao regularizada de (3), com « > 0:

Yt — Yoz + 2Yx = V(g em (0,L) x (0,7,

z— %2, =y em (0,L) x (0,7), ()
y(0,-) =y(L,) = 2(0,-) = z(L,-) =0 sobre (0,7),

y(-0) = o em (0,L).

Como ja foi dito antes, este sistema é chamado de sistema Burgers-a.
A seguir, introduzimos a propriedade de controlabilidade nula para (3) e (4) no tempo
T > 0:
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Para qualquer yo € HL(0, L), encontrar v € L?((a,b) x (0,T)) tal que a solugdo
associada a (3) (resp. (4)) satisfaz
y(T)=0 em (0,L). (5)
Notemos que (4) é diferente de (3) pelo menos em dois aspectos: primeiro, o aparecimento
de termos nao-lineares que sao nao-locais na variavel espacial; segundo, o fato que o paradmetro

o aparece.
Nossos primeiros resultados principais sao os seguintes:

Teorema (Controlabilidade nula local uniforme). Para cada T > 0, o sistema (4) € localmente
controldvel a zero no tempo T. Mais precisamente, eziste 6 > 0 (independente de ) tal que,
para qualquer yo € HE(0, L) com ||yolleo < &, existem controles v, € L®((a,b) x (0,T)) e

estados associados (Ya, 2a) satisfazendo (5). Além disso, temos
lvalloo < C, Ya > 0. (6)

Teorema (Controlabilidade para tempo grande). Para cadayo € H(0, L) com ||yolleo < 7/L,
o sistema (4) € controldvel a zero para tempo grande. Em outras palavras, existe T > 0
(independente de o), controles vy, € L*®((a,b) x (0,T)) e estados associados (Yo, za) satisfa-
zendo (5) e (6).

Lembremos que 7/L é a raiz quadrada do primeiro autovalor do operador Laplaciano.

Por outro lado, notemos que esses resultados fornecem controles em L*((a,b) x (0,T)) e
nio somente em L2((a,b)x (0,T)). De fato, isto ¢ muito conveniente ndo somente em (3) e (4),
mas também em alguns problemas intermediarios que aparecem nas demonstracoes, desde
que desta maneira obtemos melhores estimativas para os estados, tornando as afirmagoes de
convergéncia e existéncia facilmente estabelecidas.

A principal novidade desses resultados é que eles garantem o controle de um tipo de
equacoes parabolicas nao-lineares que sao nao-locais. Na anélise da controlabilidade de EDPs,
este tipo de equacbes nao sao freqiientes. De fato, em geral quando tratamos com nao-
linearidades nao locais, nao parece ser facil transmitir a informacao fornecida por controles
localmente suportados ao dominio inteiro de maneira satisfatoria.

Também vamos provar um resultado relacionado & controlabilidade nula local no limite,
quando o — 07. Mais precisamente, o seguinte resultado é valido:

Teorema (Controlabilidade local no limite). Seja T' > 0 dado e seja § > 0 a constante for-
necida pelo Teorema da controlabilidade nula local uniforme. Suponhamos que yo € H& (0,L),
com ||yollzee < 6, seja vy um controle nulo para (4) satisfazendo (6) e seja (Yo, 2a) um estado

associado satisfazendo (5). Entao, ao menos para uma subseqiiéncia, temos

Vo — v fraco-x em L*°((a,b) x (0,T)),

2o = Y € Ya — Y fraco-x em L>®((0,L) x (0,T)) Q

quando o — 07, onde (v,y) € um par controle-estado para (3) que verifica (5).

Estes resultados foram publicados em [3].



Capitulo 2: Controle nulo local uniforme do modelo Leray-a

Seja © € RY(N = 2,3) um conjunto aberto e conexo cuja fronteira I' ¢ de classe C?.
Sejam w C €2 um conjunto aberto nao-vazio, v C I' um subconjunto aberto nao-vazio de I' e
T > 0. Usaremos as notagoes Q = x (0,7) e ¥ =T x (0,7, e denotaremos por n = n(x)
o vetor normal exterior a ) nos pontos x € I'; Os espagos de fungoes vetoriais, assim como
os seus elementos, serao representados por letras em negrito.

O sistema de Navier-Stokes para um fluido incompressivel viscoso homogéneo (com den-
sidade unitéaria e viscosidade cinematica unitaria) sujeito as condigoes de fronteira do tipo
Dirichlet homogénea é dado por

yi— Ay +(y-V)y+Vp=f em Q,
V-y=0 em Q, (8)
y=0 sobre X,
y(0) =yo em Q,

onde y (o campo velocidade) e p (a pressao) sao as variaveis desconhecidas, f = f(x,t) é uma
termo forga e yg = yo(x) é um campo velocidade inicial dado.

Para provar a existéncia de uma solugao para o sistema de Navier-Stokes, Leray em [66]
teve a idéia de criar um modelo fechado de turbuléncia sem aumentar a dissipagdo viscosa.

Assim, ele introduziu uma variante “regularizada” de (8) modificando o termo nao-linear como
segue:
yi—Ay +(z-V)y +Vp=£f em Q,

{ V.y=0 em @,
onde y e z estao relacionados por
Z= Qo *y
e ¢o € um nicleo regular. Ao menos formalmente, as equagoes de Navier-Stokes sdo recupe-
radas no limite quando o — 07, z — y.
Aqui, consideraremos um nucleo regular especial, associado ao operador do tipo Stokes

Id + o?A, onde A é o operador de Stokes. Isto leva as seguintes equacoes de Navier-Stokes
modificadas, chamadas sistema Leray-a (veja [10]):

yt—Ay+(z-V)y+Vp=f em Q,
z—a’Az+Vr=y em Q,
V.y=0,V.-z=0 em @, 9)
y=z=0 sobre 3,
y(0) = yo em (.
Neste capitulo, vamos trabalhar com os seguintes sistemas de controlabilidade:
yi—Ay+(z-V)y+Vp=vl, em Q,
z—a’Az+Vr =y em Q,
V.y=0,V-.z=0 em Q, (10)
y=z=0 sobre X,
y(0) =vo em
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vi—Ay+(z-V)y+Vp=0 em Q,

z—-a’Az+Vr=y em  Q,
V.y=0,V.-z2=0 em Q, (11)
y =z =hl, sobre X,
y(0) = ¥o em

onde v = v(x,t) (respectivamente h = h(x,t)) representa o controle, atuando somente em
um pequeno conjunto w (respectivamente sobre «) durante todo o intervalo de tempo (0,7).

O simbolo 1, (respectivamente 1) representa a funcao caracteristica de w (respectivamente

de 7).
Nas aplicagoes, o controle interno v1, pode ser visto como um campo gravitacional ou
eletromagnético. Enquanto, o controle fronteira hl, é o traco do campo velocidade sobre .

Observagao. E natural supor que y e z satisfazem as mesmas condigoes de fronteira sobre X
desde que, no limite, deveriamos ter z = y. Consequentemente, vamos supor que o controle

fronteira hl, atua simultaneamente sobre ambas variaveis y e z.

Relembrando algumas defini¢oes usuais de alguns espagos no contexto de fluidos incom-

pressiveis:
H={ucl?):V-u=0em, u-n=0sobre '},

V={uceH}(Q):V-u=0em Q}.

Notemos que, para todo yg € H e todo v € L?(w x (0,7)), existe uma tnica solugio
(y,p,z,m) para (10) que satisfaz (entre outras coisas)

y,z € C°([0,T]; H).

Isto esta em desacordo com a falta de unicidade do sistema de Navier-Stokes quando N = 3.
Os principais objetivos desde capitulo sao analisar as propriedades de controlabilidade
de (10) e (11) e determinar a forma que eles dependem de o quando a — 0.
O problema de controlabilidade nula para (10) no tempo 7' > 0 é a seguinte:

Para qualquer yo € H, encontrar v € L*(w x (0,T)) tal que o correspondente

estado (a correspondente solugao para (10)) satisfaz
y(T)=0 em Q. (12)

O problema de controlabilidade nula para (11) no tempo 7" > 0 é a seguinte:

Para qualquer yo € H, encontrar h € L2(0,T; H_I/z(fy)) com fwh -ndll =0 e

um estado associado (a correspondente solug¢ao para (11)) satisfazendo
y,z € C°((0,T]; L*(2))
e (12).
Nosso primeiro resultado principal deste capitulo é:
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Teorema (Controlabilidade interna nula local uniforme). Eriste € > 0 (independente de «)
tal que, para cada yo € H com |yol| < €, existem controles v, € L®(0,T;L?(w)) tais
que as solugoes associadas para (10) verificam (12). Além disso, esses controles podem ser

encontrados satisfazendo a estimativa
[Valleoey < C, (13)
onde C € também independente de «.

Nosso segundo resultado principal é o andlogo ao Teorema anterior no &mbito da contro-
labilidade fronteira:

Teorema (Controlabilidade fronteira nula local uniforme). Existe 6 > 0 (independente de )
tal que, para cada yo € H com |yo|| < 6, existem controles h, € L>®(0,T; H™Y2(v)) com
f7 h, -ndl’ =0 e solugdes associadas para (11) que verificam (12). Além disso, esses controles

podem ser encontrados satisfazendo a estimativa
B llpoozr-172) < C (14)
onde C' € também independente de .

As provas se baseiam em argumentos de ponto fixo. A idéia base tem sido aplicada em
muitos outros problemas de controle nao-linear. No entanto, nos presentes casos, encontramos
duas dificuldades especificas:

e Para encontrar espagos e aplicagoes de ponto fixo adequadas para o Teorema do ponto
fixo de Schauder, o dado inicial y( deve ser suficientemente regular. Consequentemente,
devemos estabelecer propriedades de regularidade para (10) e (11).

e Para a prova das estimativas uniformes (13) e (14), cuidadosas estimativas dos controles
nulos e dos estados associados de alguns problemas lineares serao necessarias.

Também provaremos resultados relacionados a controlabilidade no limite, quando o — 0.
Sera mostrado que os controles nulos para (10) podem ser escolhidos de tal maneira que eles
convergem para controles nulos do sistema de Navier-Stokes

vi—Ay+(y-V)y+Vp=vl, em Q,

V.y=0 em Q, (15)
y=0 sobre X,
yv(0) = yo em Q.

Também, sera visto que os controles nulos para (11) podem ser escolhidos tais que eles
convergem a controles nulos fronteira do sistema de Navier-Stokes

yi—Ay+(y-V)y+Vp=0 em Q,
V.y=0 em O,
y = hl, sobre 3,
yv(0) =yo em €.

(16)

Mais precisamente, temos os seguintes resultados:
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Teorema (Convergéncia no caso da controlabilidade interna). Seja € > 0 fornecido pelo Teo-
rema sobre controlabilidade interna nula local uniforme do sistema Leray-a. Suponhamos que
vo € H e |lyol| <€, seja vy um controle nulo para (10) satisfazendo (13) e seja (Yo, Pas Zas Tar)

o estado associado. Entao, ao menos para um subseqiiéncia, temos

Vo — V fraco-+ em L*(0,T;L%(w)),

Zo =Y €Yo — Y fortemente em L?(Q),

quando o — 0%, onde (y,Vv) €, junto com alguma pressao p, um par estado-controle para (15)
satisfazendo (12).

Teorema (Convergéncia no caso da controlabilidade fronteira). Seja 6 > 0 fornecido pelo
Teorema sobre a Controlabilidade fronteira nula local uniforme do sistema de Leray-a.. Supo-
nhamos que yo € H e ||yo|| <9, seja hy um controle nulo para (11) satisfazendo (14) e seja

(Yo, Pas Za, Ta) 0 estado associado. Entao, ao menos para um subseqiiéncia, temos

h, — h fraco-x em L>(0,T; H-'/?(v)),
Zo =Y €Ya — Yy fortemente em L2(Q),

quando o — 0%, onde (y,h) €, junto com alguma pressao p, um par estado-controle para (16)
satisfazendo (12).

Estes resultados encontram-se em |[2].

Capitulo 3: Sobre a controlabilidade fronteira de fluidos Euler incompres-
siveis com efeitos de calor Boussinesq

Seja Q um subconjunto aberto, limitado e nao-vazio de RY de classe O (N = 2 ou
N = 3). Suponhamos que € é conexo e (por simplicidade) simplesmente conexo. Seja I'g um
subconjunto aberto e nao-vazio da fronteira I' de 2.

Neste capitulo, estamos preocupados com a controlabilidade fronteira do sistema:

i+ (y-V)y= —Vp+ﬁ9 em € x(0,7),
V.y=0 em Qx(0,7), (17)
0 +y-VO=0 em x(0,7),

y(x,0) = yo(x), 0(x,0) =0p(x) em €,
onde:

e y e a funcdo escalar p representam o campo velocidade e a pressao de um fluido incom-
pressivel inviscido em 2 x (0,7).

A funcéo 6 fornece a distribui¢do de temperatura de um fluido.

k6 pode ser visto como a densidade da forca de flutuacao (E é um vetor nao nulo de
RM).
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O sistema (17) é chamado de Boussinesq inviscido incompressivel.
De agora em diante, suponhamos que « € (0,1) e definamos

C(m,o,Tp) :={ue C™(GLRY) : V.-u=0em Qe u-n=0sobre '\Iy }, (18)

onde C™°(; RY) denota o espago das fungdes em C™(Q; RY) em que as derivadas de ordem
m sao Holder-continuas com expoente «.
O problema de controlabilidade fronteira exata para (17) pode ser formulado como segue:

Dados yo, y1 € C(2,a,Tg) e by, 01 € C>%(Q;R), encontrary € C°([0,T]; C(1,a,Ty)),
6 € CO0,T); L (4 R)) e p € D'(Q x (0,7)) tal que (17) vale e

yv(x,T)=yi(x), 0(x,T)=01(x) em Q. (19)

Se & sempre possivel encontrar y, 6 e p verificando (17) e (19), dizemos que o sistema de
Boussinesq inviscido incompressivel éexatamente controldvel para (2,Ty) no tempo T.

Observagao. Para determinar, sem ambigiiidade, uma tnica solugao regular local no tempo
para (17), é suficiente prescrever a componente normal do campo velocidade sobre a fronteira
de uma regiao fluida e todo o campo y e a temperatura 6 somente sobre a secao de entrada
de fluido, i.e. somente onde y - n < 0, veja por exemplo [68, 59|. Assim, em (17), podemos

supor que os controles sao dados por:

y - n sobre I'g x (0,7), com y -ndl' =0;
To
y em qualquer ponto de I’y x (0,T1]) satisfazendo y - n < 0;

0 em qualquer ponto de I'g x (0,7) satisfazendo y - n < 0.
O

O significado das propriedades de controlabilidade exata é que, quando valem, podemos
dirigir exatamente um fluido, atuando somente sobre uma parte arbitrariamente pequena
Iy da fronteira durante um intervalo de tempo arbitrariamente pequeno (0,7), de qualquer
estado inicial (yg,f0p) a qualquer estado final (y1,61).

O sistema de Boussinesq é potencialmente relevante para o estudo da turbuléncia atmos-
férica e oceanografica, bem como para outras situagoes astrofisicas onde a rotagao e estra-
tificacdo desempenham um papel dominante (ver, e.g. [71]). Em mecanica dos fluidos, (17)
¢ utilizado no campo de fluxo orientado a flutuabilidade. Ele descreve o movimento de um
fluido viscoso incompressivel sujeito a transferéncia de calor por conveccao sob a influéncia de
forgas gravitacionais, veja [69].

A controlabilidade de sistemas governados por EDPs (lineares e nao-lineares) tem sido
foco de atencao de muitos pesquisadores nas tltimas décadas. Alguns resultados relacionados
podem ser encontrados em [16, 47, 62, 81]. No contexto de fluidos incompressiveis ideais, este
assunto tem sido principalmente investigado por Coron [13, 15] e Glass [43, 44, 45].

Neste capitulo, vamos adaptar as técnicas e argumentos de [15] e [45] as situagdes mode-
ladas por (17).

O principal resultado é o seguinte:
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Teorema. O sistema de Boussinesq inviscido incompressivel (17) é exatamente controldvel

para (2,Tg) no tempo T > 0.

A prova deste Teorema se baseia nos métodos de extensdo e do retorno. Esses métodos
tem sido aplicados em varios contextos diferentes para estabelecer controlabilidade; veja o
pioneiro trabalho [72]| e as contribuigdes [13, 15, 43, 44].

Vamos dar um esbogo da estratégia:

e Primeiro, construimos uma “boa” trajetéria conectando 0 a 0.

Apliquemos o método de extensao de David L. Russell [72].

e Usamos um teorema de ponto-fixo para obter um resultado de controlabilidade local.

Finalmente, usamos um argumento de mudanca de escala apropriado para deduzir o
resultado global desejado.

De fato, o Teorema acima é uma consequéncia do seguinte resultado:

Proposigao. Eziste 6 > 0 tal que, para qualquer 6y € C**(;R) e yo € C(2,,Tg) com

max {[|yoll2,a, [[foll2,a} <6,

ezitem y € C°(]0,1]; C(1,a,Tp)), 0 € C°([0,1]; C+*(Q;R)) e p € D'(Q x [0,1]) satisfazendo
(17) (para T =1) em Q2 x (0,1) e

y(x,1) =0, 0(x,1) =0 em Q. (20)

Estes resultados podem ser vistos em [31].

Capitulo 4: Sobre o controle de alguns sistemas acoplados do tipo Boussi-

nesq com poucos controles

Seja © € RY um conjunto aberto conexo e limitado cuja fronteira 9 é suficientemente
regular (por exemplo de classe C?; N = 2 ou N = 3). Seja O C © um subconjunto aberto
nao-vazio e suponha que 7" > 0. Usaremos a notagdo Q@ = Q x (0,7) e ¥ = 992 x (0,T) e
denotaremos por n = n(x) o vetor normal exterior a {2 em qualquer ponto x € 9f).

Vamos tratar com o seguinte sistema de controle

yi — Ay +(y-V)y+Vp=vio +F(#,c) em Q,
V-y=0 em Q,
0, — A +y-VO=wlp+ fi(0,c) em Q, (21)
et —Ac+y-Ve=wylp + fa(b,c) em Q,
y=0,0=c=0 sobre X,
L ¥(0) = yo, 6(0) =6, c(0) =co em

onde v = v(x,t), w; = wi(xX,t) e wy = wa(x,t) representam as fungoes controle. Elas
atuam sobre o pequeno conjunto O durante todo o intervalo de tempo (0,7). O simbolo 1¢
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representa a fungao caracteristica de . Vamos assumir que as fungdes F = (Fi,..., Fn), fi
e fo satisfazem:

{ Fi)flva S CI(R27R)7 com VF’H vflv vf2 S LOO(RQ’RQ) € (22)

F;(0,0) = f1(0,0) = f2(0,0) =0 (1 < i < N).

Em (21), y e p podem ser interpretadas, respectivamente, como o campo velocidade e a
pressao de um fluido. A fungao 6 (resp. ¢) pode ser vista como a temperatura de um fluido
(resp. a concentragdo de um soluto contaminante). Por outro lado, v, w; e we devem ser
vistos como termos de forga, localmente suportados no espago, respectivamente para as EDPs
satisfeitas por (y,p), 0 e c.

Do ponto de vista da teoria do controle, (v, w;,ws) é o controle e (y,p,d,c) é o estado.
Nos problemas considerados neste capitulo, o principal objetivo sempre estara relacionado a
escolher (v, wy,ws) tal que (y,p,,c) satisfaga uma propriedade desejada em t = T.

Mais precisamente, apresentaremos alguns resultados que mostram que o sistema (21) pode
ser controlado, ao menos localmente, com somente N controles escalares em L?(O x (0,T)).
Também veremos que, quando N = 3, (21) pode ser controlado, ao menos sobre algumas
suposigoes geométricas, com somente 2 (i.e. N — 1) controles escalares.

Assim, vamos introduzir os espacos H, E ¢ V, com

V={peH|(Q):V-¢o=0emQ },
H={pecL}Q):V-p=0em Qe ¢ n=0sobre 99 }

H, se N =2,
E= 4
L*(Q)NH, se N=3

e vamos fixar uma trajetoria (y,p,0,¢), isto é, uma solugao suficientemente regular para o
sistema nao-controlavel:

Vi—AY+ (¥ -V)y+Vp=F(0,¢) em Q,
V.y=0 em Q,
9, —AG+y-VO=f1(8,0) em  Q, o)
¢ — Ac+y-Ve= f(0,¢) em  Q,
y=0,0=¢c=0 sobre X,
\ y(O) = y()v 0(0) = 007 E(O) =0 em Q.
Vamos supor que
Yis 57 ce LOO(Q) e (@i)tagtaét S L2 (OaT; LK(Q))v 1<:i< Na (25)
com
1 se N=2
9y ) 26
K>{6/5, se N =3. (26)

Notemos que, se os dados iniciais em (24) satisfazem condigbes de regularidade adequadas
e (¥,D,0,¢) resolve (24) (por exemplo no sentido fraco usual) e 7;,0,¢ € L>(Q), entdo temos
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(25). Por exemplo, se ¥y € V e 0y, ¢ € Hi(Q), temos da teoria de regularidade parabélica

que (G, i, @ € L*(Q).
No nosso primeiro resultado principal, vamos supor o seguinte:

%
fi=fa=0eF(a1,a2) = arey +azh, onde:
e ey ¢ 0 N-ésimo vetor da base canoénica de RV e (27)

7 .. .
e ey e h sao linearmente independentes.

Entao, temos o seguinte resultado:

Teorema. Suponhamos que T'> 0 € dado e que (24)—(27) sao satisfeitas. Entao existe 6 > 0
tal que, sempre que (yo, 0o, co) € E x L?*(Q) x L*(Q) e

1(yo, 6o, co) — (Fo, bo, )| <6,

podemos encontrar controles L? v, wi e wy com v; = vy = 0 para algum i < N e estados

associados (y,p, 0, c) satisfazendo
y(T) =¥(T), 0(T) =0(T) e (T)=¢(T). (28)

No nosso segundo resultado, vamos considerar fungoes mais gerais (e talvez ndo-lineares) F.
Denotaremos por G e L as derivadas parciais de F com respeito a 6 e a c:

OF OF

Suporemos o seguinte:

Existe um conjunto aberto nao-vazio O, C O tal que (20)
G(0,¢) e L(f,¢) sdo continuas e linearmente independentes em O, x (0, 7).

Entao, conseguimos um generalizagao do Teorema anterior:

Teorema. Suponhamos que T' > 0 é dado e que (24)—(26) and (29) sao satisfeitas. Entao
existe § > 0 tal que, sempre quando (yo, 0o, co) € E x L*(Q) x L3(Q) e

I(yo, 6o, co) — (Fo, B0, )|l <6,

podemos encontrar controles L? v, wy e wy com v; = v; = 0 para algum i # j e estados

associados (y,p,0,c) satisfazendo (28).

No caso tridimensional, podemos melhorar o primeiro Teorema apresentado se adicionamos
as hipdteses uma apropriada condigdo geométrica sobre (J. Mais precisamente, vamos supor
que

32° € 99, Ja >0 tal que O NN D By(2¥) NN (30)

(aqui, By (2°) ¢ a bola centrada em z° de raio a).

Entao o seguinte vale:
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Figura 1: O dominio 2

Teorema. Suponhamos que N = 3, T > 0 € dado, as suposi¢oes do primeiro Teorema $Go
satisfeitas, (30) vale e que

hlng(xo) — hgnl(azo) 7é 0. (31)

Entao, a conclusio do primeiro Teorema continua vdlida com controles L? v, wy e wy tais
que v = 0.

Estes resultados foram publicados em [32].

Comentarios adicionais e trabalhos futuros

a) Controlabilidade fronteira para o sistema Burgers-«

Podemos usar um argumento de extensao para provar resultados de controlabilidade fron-
teira para o sistema Burgers-a.
Assim, vamos introduzir o sistema

Yt — Yoz + 2Yzs =0 em  (0,L)x(0,7),
2= %2 =y em (0,L) x (0,7),
(32)
Z(Oa ) = y(O, ) =0, Z(La ) = y(L7 ) =u sobre (Oa T):
y(+,0) = vo em  (0,L),

onde u = u(t) representa a fungdo controle e yo € H}(0, L) esta dado.
Seja a, b e L dados, com L < a < b < L. Entdo, vamos definir §o : [0,L] — R, com
9o = yolp,r)- Pode ser provado que existe (g, 2,9), com ¢ € L*((a,b) x (0,T)),

Gt — Gaw + 2o 1) Tz = Dl (0 p) em  (0,L) x (0,7),
2 — %2 =7 em  (0,L)x(0,7),
7(0,) = 2(0,-) = §(L,-) =0, 2(L,-) = §(L,-) sobre (0,T),
?](,0) - gO em (OaL)7

e §(x,T) = 0. Entdo, y := §l(o,1), 2 e u(t) := §(L,t) satisfaz (32).

b) Controlabilidade nula global para o sistema Burgers-a?

Para nosso conhecimento, nao se sabe se um resultado de controlabilidade nula global
geral vale para (4).
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Note que nao podemos esperar que (4) seja globalmente controlavel a zero com contro-
les limitados independentemente de «, desde que o problema limite (3) nao é globalmente
controlavel a zero, veja [28, 50].

c) Sobre as propriedades globais de controlabilidade para o sistema Leray-a

Nao se sabe se um resultado de controlabilidade nula global geral vale para (10). Isto
nao é uma surpresa, desde que a mesma questao estd também aberta para as equagoes de
Navier-Stokes.

O que se pode provado (bem como para as equagoes de Navier-Stokes) é a controlabilidade
nula para tempo grande: para qualquer yog € H, existe T, = Ti(||yo]|) tal que (10) pode ser
dirigido exatamente a zero com controles v, uniformemente limitados em L>(0, T\; L%(w)).

Observagoes analogas podem ser feitas para o sistema (11).

d) Controlando (10) e (11) com poucos controles

A controlabilidade nula local com N — 1 ou menos controles escalares é também uma
questao interessante.

Em vista dos resultados de [7] e [19] para as equagoes de Navier-Stokes, é razoavel esperar
que resultados semelhantes aos do capitulo 2 valem com controles v tais que v; = 0 para
algum 4; Sob algumas restrigdes geométricas no dominio de controle, é também esperado que
a controlabilidade exata local as trajetorias vale com controles do mesmo tipo, veja [30].

e) E possivel obter para as solugdes de (17) a mesma regularidade dos dados?

Mais precisamente, dados yo, y1 € C(2,a,T¢) e 0y, 01 € C?>*(;R), encontrar y €
C°([0,T); C(2,a,Ty)), 0 € C°([0, T); C>*(;R)) e p € D'(2 x (0,T)) tais que (17) vale e

y(x,T) =yi(x), 0(x,T)=061(x) em Q.

Esta questao seré tratada em um trabalho futuro.

f) O que podemos dizer sobre a controlabilidade do sistema de Boussinesq invis-

cido, calor difusivo, incompressivel?

Mais precisamente, o sistema de Boussinesq inviscido com calor difusivo e incompressivel

¢é dado por:
yi+ (v V)y =—Vp+kf em x(0,7),
V-y=0 em Qx(0,7), (33)
0 +y-VO=rA0 em x(0,7),

Y(Xa 0) = YO(X)> H(Xa 0) = HO(X) em €,

onde k > 0 pode ser visto com um coeficiente de difusao.
Esta questao seré tratada em um trabalho futuro.
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g) O caso N =2 do sistema (21)

Os resultados que apresentamos para o sistema (21), no caso N = 2, mesmo sem impor
condigao geométrica sobre O, tal como (4.10), valem com somente dois controles escalares wy
e wo. Em outras palavras, neste caso, temos controles atuando somente nas EDPs satisfeitas
por 6 e ¢ (isto que dizer que para controlar este sistema nao é necessaria uma agao puramente
mecénica).

Uma questao natural é se esses resultados valem com somente um controle escalar, mesmo
que seja necessario impor uma condigao geométrica ou qualquer outra.

h) Controlabilidade nula para (21) sem condigdes geométricas

Os teoremas do capitulo 4, supondo que a trajetoria é (¥,p,0,¢) = (0,0,0,0). Usando os
argumentos de [18], a controlabilidade nula local com controles L? v = 0, w; and ws, sem
qualquer condigao sobre O, pode ser obtida.
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Capitulo 1

On the control of the Burgers-a model






On the control of the Burgers-a model

Fagner D. Araruna, Enrique Fernandez-Cara and Diego A. Souza

Abstract. This work is devoted to prove the local null controllability of the Burgers-a« model.

The state is the solution to a regularized Burgers equation, where the transport term is of the
2 92

922
concerning the behavior of the null controls and associated states as o — 0.

form zyz, z = (Id — « )71y and a > 0 is a small parameter. We also prove some results

1.1 Introduction and main results

Let L > 0 and T > 0 be positive real numbers. Let (a,b) C (0, L) be a (small) nonempty
open subset which will be referred as the control domain.
We will consider the following controlled system for the Burgers equation:

Yt — Yzz + YYo = Ul(a,b) in (07 L) X (Oa T)?
y(Ov ) = y(L¢ ) =0 on (07 T)a (11)
y(-,0) = yo in (0,L).

In (1.1), the function y = y(x,t) can be interpreted as a one-dimensional velocity of a fluid
and yo = yo(z) is an initial datum. The function v = v(x,t) (usually in L?((a,b) x (0,T))) is
the control acting on the system and 1(, ) denotes the characteristic function of (a, b).

In this paper, we will also consider a system similar to (1.1), where the transport term
is of the form zy,, where z is the solution to an elliptic problem governed by y. Namely, we
consider the following regularized version of (1.1), where o > 0:

Yt — Yoz + 2Yz = V1(ap) in (0,L) x (0,7),

z — azzzx =Y in (07 L) X (O7T)a (1 2)
y(O, ) :y(La) :Z(Ov ) :Z(La ) =0 on (OaT)7 .
y(70) = %Yo in (07L)

This will be called in this paper the Burgers-« system. It is a particular case of the systems
introduced in [54] to describe the balance of convection and stretching in the dynamics of
one-dimensional nonlinear waves in a fluid with small viscosity. It can also be viewed as
a simplified 1D version of the so called Leray-a system, introduced to describe turbulent
flows as an alternative to the classical averaged Reynolds models, see [34]; see also [10]. By
considering a special kernel associated to the Green’s function for the Helmholtz operator,
this model compares successfully with empirical data from turbulent channel and pipe flows
for a wide range of Reynolds numbers, at least for periodic boundary conditions, see [10] (the
Leray-a system is also closely related to the systems treated by Leray in [66] to prove the
existence of solutions to the Navier-Stokes equations; see [53]).

Other references concerning systems of the kind (1.2) in one and several dimensions are [9,
41] and [76, 80|, respectively for numerical and optimal control issues.
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Let us present the notations used along this work. The symbols C, C and Ci,i=0,1,...
stand for generic positive constants (usually depending on a, b, L and T'). For any r € [1, 0]
and any given Banach space X, || - |[zrx) will denote the usual norm in L"(0,T;X). In
particular, the norms in L"(0,L) and L"((0,L) x (0,7)) will be denoted by | - ||,. We will
also need the Hilbert space K2(0, L) := H*(0,L) N H}(0,L).

The null controllability problems for (1.1) and (1.2) at time 7" > 0 are the following:

For any yo € H}(0,L), findv € L*((a,b) x (0,T)) such that the associated solution
to (1.1) (resp. (1.2)) satisfies

y(,T)=0 in (0,L). (1.3)

Recently, important progress has been made in the controllability analysis of linear and
semilinear parabolic equations and systems. We refer to the works [23, 26, 33, 40, 82, 83]. In
particular, the controllability of the Burgers equation has been analyzed in [8, 22, 28, 40, 50,
55]. Consequently, it is natural to try to extend the known results to systems like (1.2). Notice
that (1.2) is different from (1.1) at least in two aspects: first, the occurrence of non-local in
space nonlinearities; secondly, the fact that a small paramter a appears.

Our first main results are the following:

Theorem 1. For each T > 0, the system (1.2) is locally null-controllable at time T. More
precisely, there exists § > 0 (independent of «) such that, for any yo € HE(0, L) with ||yo|lec <
J, there exist controls vy, € L*®((a,b) x (0,T)) and associated states (Yo, za) Satisfying (2.7).
Moreover, one has

|valloo < C Va > 0. (1.4)

Theorem 2. For each yo € Hg(0, L) with ||yo|lee < 7/L, the system (1.2) is null-controllable
at large time. In other words, there exist T > 0 (independent of «), controls va, € L ((a,b) X
(0,T)) and associated states (Yo, za) satisfying (2.7) and (2.8).

Recall that 7/L is the square root of the first eigenvalue of the Dirichlet Laplacian in this
case. On the other hand, notice that these results provide controls in L*°((a,b) x (0,7")) and
not only in L?((a,b) x (0,7T)). In fact, this is very convenient not only in (1.1) and (1.2),
but also in some intermediate problems arising in the proofs, since this way we obtain better
estimates for the states and the existence and convergence assertions are easier to establish.

The main novelty of these results is that they ensure the control of a kind of nonlocal
nonlinear parabolic equations. This makes the difference with respect to other previous works,
such as [26] or [23, 33]. This is not frequent in the analysis of the controllability of PDEs.
Indeed, in general when we deal with nonlocal nonlinearities, it does not seem easy to transmit
the information furnished by locally supported controls to the whole domain in a satisfactory
way.

We will also prove a result concerning the controllability in the limit, as o — 0%. More
precisely, the following holds:

Theorem 3. Let T > 0 be given and let § > 0 be the constant furnished by Theorem 1.
Assume that yo € H}(0, L) with ||yol|ze < 6, let v be a null control for (1.2) satisfying (2.8)
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and let (Yo, 2za) be an associated state satisfying (2.7). Then, at least for a subsequence, one

has
Vo — v weakly-x in L*>((a,b) x (0,T)),

1.5
Za =y and yo — y weakly-+ in L>°((0, L) x (0,7T)) (1:5)

as a — 0%, where (v,y) is a control-state pair for (1.1) that verifies (2.7).

The rest of this paper is organized as follows. In Section 4.2, we prove some results
concerning the existence, uniqueness and regularity of the solution to (1.6). Sections 4.3, 4.4,
and 4.5 deal with the proofs of Theorems 1, 2 and 3, respectively. Finally, in Section 4.6, we
present some additional comments and questions.

1.2 Preliminaries

In this Section, we will first establish a result concerning global existence and uniqueness

for the Burgers-a system

Yt — Yoo T 2Yz = f in (07 L) X (O’T)a

2 — 022 =Yy in (0,L) x (0,T), (1.6)
y(0> ) :y(La') :Z(Ov ) :z(La ) =0 on (07T)7 '
y(-,0) = yo in  (0,L).

It is the following:

Proposition 1. Assume that o > 0. Then, for any f € L>°((0, L)x(0,T)) and yo € H}(0, L),

there exists exactly one solution (Yo, za) to (1.6), with
Yo € L*(0,T5 H*(0, L)) N C2([0, TT; Hy (0, L)),
2o € L*(0,T; H*(0,L)) N L>*(0,T; Hy (0, L) N H*(0, L)),
(o) € L*((0,L) x (0,7)), (za)e € L*(0,T; H*(0, L)).
Furthermore, the following estimates hold:

2
1adellz + lyall 22y + 19all Loeqrgy < Cllyoll g + 1f112)eH O,

lzalZ o2 + 20220 2o i) < IalZoz2):
207 (20)ell 22y T 04| (2a)az 2o (z2) < [Walleoz2): (17)
[9alloe < M(T),
2alloe < M(T),
where M(t) := [[yolloc + ]/ oc-

Demonstrag¢ao. A) EXISTENCE: We will reduce the proof to the search of a fixed point of an
appropriate mapping A,.



Thus, for each 7 € L*((0,L) x (0,T)), let z = z(z,t) be the unique solution to

{ 2 QP =3, in (0,L)x (0,T), (1.8)

2(0,-) =2(L,-)=0 on (0,7).
Since 7 € L*((0,L) x (0,T)), it is clear that z € L>(0,7; K2(0,L)). Then, thanks to the
Sobolev embedding, we have z, z, € L>((0,L) x (0,7)) and the following is satisfied:
0z + 202020 gty < 1Ty
202 |2 2y + 020 |2 g2) < T2 g (1.9
12]lo0 < [1Flloo-

From this 2z, we can obtain y as the unique solution to the linear problem

Yt — Ypo + 2Yz = f in (Oa L) X (OvT)a
y(0,) =y(L,)=0 on (0,7), (1.10)
y('70) = Yo in (O,L)

Since z, f € L>=((0,L) x (0,T)) and yo € H}(0, L), it is clear that
y € L*(0,T; K*(0, L)) N C°([0, T); Hy (0, L)),
ye € L*((0,L) x (0,T))

and we have the following estimate:

2
lyellz + 1l a2y + Iyl ooy < Cllyollag + [1F[12)e 1. (1.11)

Indeed, this can be easily deduced, for instance, from a standard Galerkin approximation and
Gronwall’s Lemma; see for instance [21].

We will use the following result, whose proof is given below, after the proof of this Theorem.

Lemma 1. The solution y to (1.10) satisfies
[Ylloo < M(T). (1.12)
Now, we introduce the Banach space
W = {w € L>(0,T; H3(0,L)) : wy € L*((0,L) x (0,T))}, (1.13)

the closed ball
K ={we L>((0,L) x (0,T)) : [[w]lec < M(T)}

and the mapping A, with Ay (7) = y for all § € L°((0,L) x (0,T)). Obviously A, is well

defined and, in view of Lemma 1, maps the whole space L*°((0,L) x (0,7")) into W N K.
Let us denote by A, the restriction to K of A,. Then, thanks to Lemma 1, A, maps K into

itself. Moreover, it is clear that A, : K — K satisfies the hypotheses of Schauder’s Theorem.
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Indeed, this nonlinear mapping is continuous and compact (the latter is a consequence of the
fact that, if B is bounded in L*°((0, L) x (0,7")), then Ay (B) is bounded in W and therefore
it is relatively compact in the space L>°((0,L) x (0,T)), in view of the classical results of the
Aubin-Lions’ kind, see for instance |77]). Consequently, A, possesses at least one fixed point
in K.

This immediately achieves the proof of existence.

B) UNIQUENESS: Let (z/,,y.) be another solution to (1.6) and let us introduce u := yo —y),

and m := z, — z},. Then

Ut — Ugg + ZoUzs = _m(y&)ﬂc in (07 L) X (O> T)7
m— a®me, = u in (0,L) x (0,7),
u(0,-) =u(L,-) =m(0,-) =m(L,-) =0 on (0,7),
u(-,0) =0 in (0,L).

Since y!, € L*(0,T; H%(0, L)), thanks to the Sobolev embedding, we have v/, € L?(0,T; C[0, L]).

Therefore, we easily get from the first equation of the previous system that

1d

5 77 1ul3 + lluallz < llzalloolluall2llullz + | We)elloollmllz ull2-

Since ||m/||2 < ||ul|2, we have

d
Ll + sl < (nzanio n 2||<y;>x||oo) 2

Therefore, in view of Gronwall’s Lemma, we necessarily have u = 0. Accordingly, we also

obtain m = 0 and uniqueness holds. O

Let us now return to Lemma 1 and establish its proof.

Proof of Lemma 1. Let y be the solution to (1.10) and let us set w = (y — M (t))+. Notice
that w(z,0) =0 and w(0,t) = w(L,t) = 0.

Let us multiply the first equation of (1.10) by w and let us integrate on (0, L). Then we
obtain the following for all ¢:

L L L
/ (yew + zy,w) dx + / Yp Wy dT = / fwdz.
0 0 0

This can also be written in the form

L L L
/ (wpw + zwyw) dac—}—/ |we|? dz = / (f — My)wdx
0 0 0

and, consequently, we obtain the identity

2 2 1 o 2 o
flf+ el =5 [ zohofde = [ =17l da
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and, therefore,

Ld, o S 2
5%““’”2 + wallz = 2/, z|w]* dx < 0. (1.14)
Since z, € L>((0,L) x (0,7)), it follows by (1.14) that

d
—lwllz < lzelloollwll3.

Then, using again Gronwall’s Lemma, we see that w = 0.
Analogously, if we introduce w = (y + M (t))—, similar computations lead to the identity
w = 0. Therefore, y satisfies (1.12) and the Lemma is proved.
O

We will now see that, when f is fixed and o — 0%, the solution to (1.6) converges to the
solution to the Burgers system

Yt — You +yyz = f in (0,L) x (0,7),
y(07 ) = y(La ) =0 on (Oa T)v (1'15)
y('70) =% in (O,L).

Proposition 2. Assume that yo € H}(0,L) and f € L>=((0,L) x (0,T)) are given. For each
a >0, let (Yo, 2a) be the unique solution to (1.6). Then

Zo =y and Yo — y strongly in L*(0,T; H} (0, L)) (1.16)
as o — 07, where y is the unique solution to (1.15).

Demonstragao. Since (Ya, 2o) is the solution to (1.6), we have (1.7). Therefore, there exists

y such that, at least for a subsequence, we have

Yo — y weakly in L2(0,T; H*(0, L)),
Yo — y weakly- x in L>°(0,T; HE(0, L)), (1.17)
(Yo )t — v weakly in L2((0, L) x (0,7)).

The Hilbert space
Y ={w e L*0,T; K*0,L)) : w; € L*((0,L) x (0,T)) }
is compactly embedded in L?(0,T; H}(0, L)). Consequently,
Yo — y strongly in L?(0,T; H:(0,L)). (1.18)

Let us see that y is the unique solution to (1.15).

Using the second equation in (1.6), we have

(za - 3/) - a2(2a - y):vac = (ya - y) + a2yxx-
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Multiplying this equation by —(zo — y)z: and integrating in (0, L) x (0,7), we obtain

// Y)e|? dzdt + o // Y ee|? dzdt
:// (ya—y)x(za—y)mdxdt
-« // yac;t [e% :vacdxdt

// |2dxdt<// Y)z|? dz dt + o]y ||3-

This shows that

whence

Zo — y strongly in L?(0,T; H3(0, L)) (1.19)
and, consequently,
Za(Ya)z = YYx, strongly in L'((0, L) x (0,T)). (1.20)

Finally, for each v € L>(0,T; H}(0, L)), we have

T oL T oL
/ / (Ya)t¥ + (Ya)2¥z + 2a(Ya)2¥) dxdt = / / fdxdt. (1.21)
0Jo 0Jo

Using (1.17) and (1.20), we can take limits in all terms and find that

/OT/OL (Yt + Yatz + yyatp) dadt = /OT/OL foduxdt, (1.22)

that is, y is the unique solution to (1.15).
This proves that (1.16) holds at least for a subsequence. But, in view of uniqueness, not

only a subsequence but the whole sequence converges. ]

Remark 1. In fact, a result similar to Proposition 2 can also be established with varying f

and yo. More precisely, if we introduce data f, and (yp)q with
fa — f weakly-* in L>((0, L) x (0,T))
and
(Y0)a — Yo weakly-+ in L>°(0, L),
then we find that the associated solutions (ya, 2o) satisfy again (1.16). O

To end this Section, we will now recall a result dealing with the null controllability of
general parabolic linear systems of the form

Yt — Yoz + AYz = Ul(a,b) in (07 L) X (Oa T)a
y(07 ) = y(La ) =0 on (07 T)a (123)
y(ao) =1%o in (07L)



where yo € L?(0,L), A € L=((0,L) x (0,T)) and v € L?((a,b) x (0,T)).
It is well known that there exists exactly one solution y to (1.23), with

y € C°([0,T); L*(0, L)) N L*(0,T; Hy (0, L))
Related to controllabilty result, we have the following:

Theorem 4. The linear system (1.23) is null controllable at any time T > 0. In other words,
for each yo € L%*(0,L) there exists v € L?((a,b) x (0,T)) such that the associated solution
to (1.23) satisfies (2.7). Furthermore, the extremal problem

1 T rb
Minimize 2/0/a |v|? dx dt (1.24)

Subject to: v € L?((a,b) x (0,T)), (1.23), (2.7)
possesses exactly one solution U satisfying
o]z < Collyoll2, (1.25)

where
Cy = C1(+1/T+(+T)AlIZ,)

and C1 only depends on a, b and L.

The proof of this result can be found in [58].

1.3 Local null controllability of the Burgers-a model

In this Section, we present the proof of Theorem 1.

Roughly speaking, we fix 7, we solve (1.8), we control exactly to zero the linear system
(1.23) with A = z and we set A, () = y. Then the task is to solve the fixed point equation
y = Aa(y)

Several fixed point theorems can be applied. In this paper, we have preferred to use
Schauder’s Theorem, although other results also lead to the good conclusion; for instance, an
argument relying on Kakutani’s Theorem, like in [23], is possible.

As mentioned above, in order to get good properties for A, it is very appropriate that
the control belongs to L*. This can be achieved by several ways; for instance, using an
“Improved” observability estimate for the solutions to the adjoint of (1.23) and arguing as
in [23]. We have preferred here to use other techniques that rely on the regularity of the
states and were originally used in [5]; see also [6].

Let yo € H}(0,L) and o', a”, ¥/ and b” be given, with 0 < a < a’ <a” <V’ <b <b< L.
Let 6 and n satisfy

0 C®([0,T]), 0=1in [0,T/4], =0 in [3T/4,T],
n € D(a,b), n =1 in a neighborhood of [a’, V'], 0 <n < 1.
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As in the proof of Proposition 1, we can associate to each 7 € L*((0,L) x (0,7)) the
function z through (1.8). Recall that z,z, € L*°((0,L) x (0,7)) and the inequalities (1.9)
are satisfied. In view of Theorem 4, we can associate to z the null control © of minimal norm
in L2((a”,b") x (0,T)), that is, the solution to (1.23)-(2.31) with a, b and A respectively
replaced by a”, V" and z. Let us denote by ¢ the corresponding solution to (1.23).

Then, we can write that § = 6(t)4 + w, where 4 and @ are the unique solutions to the

linear systems

Up — Ugy + 20, =0 in  (0,L) x (0,7,
4(0,-) =u(L,-) =0 on (0,7), (1.26)
’Il(,O) = %Yo m (OvL)
and
UAJt — UA]xx + wa = @1(a”,b”) — 0,512 in (0, L) X (O, T),
w(0,-) =w(L,-)=0 on (0,7, (1.27)
w(-,0) =0, w(-,T)=0 in (0,L),
respectively.

If we now set w := (1 —mn(z))w, then we have that w is the unique solution of the parabolic
system
W — Wey + 2w, =v — 604 in (0,L) x (0,7),
w(0,) =w(L,-) =0 on (0,7), (1.28)
w(-,0) =0, w(-,T)=0 in (0,L),

where v 1= 00yl — 1020 + 21 Wy + Nee + (1 = 1(2))01 (gr yr).-
Notice that (1 —7)01 gy =0, since = 1 in [a’,d]. Therefore, one has

v = Nlilt — Ny 2W + 20 We + NepW (1.29)

and then supp v C (a,b).
Let us prove that v € L*((a,b) x (0,7")) and

v]lo0 < Cllyolloo, (1.30)

for some
(' = Clab L)(1+1/T+A+T)|[F12) (1.31)

First, note that @ € L>((0,L) x (0,7)) and ||%]/co < ||yol|co- Defining
G = (a,d") U (V,0),

we see that it suffices to check that n,zw, n,w, and 7,,w belong to L>®(G x (0,T)), with
norms in L*(G x (0,7)) bounded by a constant times the L?-norm of ¥ and the L°°-norm
of yo, since 1, and 7, are identically zero in a neighborhood of [da/, ']

From the usual parabolic estimates for (1.27) and the estimate (1.9), we first obtain that

N N N N N 12
[t p2r2) + ([ @]l 22y + @] oo (13) < 1010 prr) — 6’tUHL2(L2)€C”y||°°- (1.32)
In particular, we have @ € L*((a,b) x (0,T)), with appropriate estimates.
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On the other hand, 6;u € L*°((0,L) x (0,7)) and, from the equation satisfied by w, we

have
W — Weg + 20, = —01 in [(0,a”) U (D", L)] x (0,T).

Hence, from standard (local in space) parabolic estimates, we deduce that @ belongs to
the space XP(0,T;G) = {w € LP(0,T; W?P(G)) : iy € LP(0,T; LP(G))} for all 2 < p < +oo0.

Then, using Lemma 3.3 (p. 80) of [61], we can take p > 3 to get the embedding X?(0,7; G) —
C9([0,T); CY(@G)) and 1, € C°(G x [0,T]). This proves that w0, € L®(G), again with the
appropriate estimates.

Therefore, if we define y := 0(t)4 + w, one has

Yt = Yoz + 2Yz = Ul(a,b) in (Oa L) X (OvT)a
y(oa ) - y(La ) =0 on (Oa T)v (133)
y(vo) =1%o in (OaL)v
and (2.7). Moreover, the control v satisfies (1.30)—(1.31).
Let us set Ay (7) = y. In this way, we have been able to introduce a mapping
Aq : L7((0, L) x (0,T)) = L>((0, L) x (0,T))

for which the following properties are easy to check:

a) A, is continuous and compact. The compactness can be explained as follows: if
B C L*>*((0,L) x (0,T)) is bounded, then A,(B) is bounded in the space W in (1.13)
and, therefore, it is relatively compact in L*((0, L) x (0,7)), in view of classical results
of the Aubin-Lions’ kind, see for instance [77]).

L>((0,L) x (0,7)) : [|[ylloo < R} into itself.

b) If R > 0 and ||yo||cc < e(R) (independent of a!), then A, maps the ball Br := {y €

The consequence is that, again, Schauder’s Theorem can be applied and there exists
controls v, € L>((0,L) x (0,7")) such that the corresponding solutions to (1.2) satisfy (2.7).
This achieves the proof of Theorem 1.

1.4 Large time null controllability of the Burgers-a system

The proof of Theorem 2 is similar. It suffices to replace the assumption “yq is small” by
an assumption imposing that T is large enough. Again, this makes it possible to apply a fixed
point argument.

More precisely, let us accept that, if yo € Hg(0,L) and ||yo||ec < 7/L, then the associted
uncontrolled solution y, to (1.2) satisfies

(-, £)ll 2 < Clyo)e™ /DI~ lwollic)t (1.34)

where C(yp) is a constant only depending on ||ypl||s and HyOHHé. Then, if we first take v = 0,
the state ya (-, t) becomes small for large ¢. In a second step, when ||ya (-, ¢)||z; is sufficiently
small, we can apply Theorem 1 and drive the state exactly to zero.
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Let us now see that (1.34) holds. Arguing as in the proof of Proposition 1, we see that

d
@HyaH% + H(ya)xH% < Hy0||go||ya||%
and, using Poincaré’s inequality, we obtain:
d 2 2 2 2 2
2 Wallz + (/L) llyallz < llvollellvalla:
Let us introduce r = (/L)% — |lyo||%). It then follows that

lya (- O3 < llyoll3e™"

Hence, by combining (1.35) and (1.36), it is easy to see that

dt

Integrating from 0 to ¢ yields

¢ ro 2 ”yOHZO 2
€7 |(ya)zllado < 2+ lvoll2-
0

r

Now, we take the L%-inner product of (1.6) and —(ya)zz and get

d

21 wa)al3 < lyollcll (¥a)zll*.
Multiplying this inequality by €™, we deduce that

d ., ;
7 (€ l@a)allz) < (r + lIgoll5) € Nl (ya)ell2

and, consequently, we see from (1.37) that

r

P ]
e)e )18 < |0+ Dol (24 L2005 ) ol + ol e

which implies (1.34).

d _
= (" lyall3) + €l (ya)zl3 < (r+ llyoll3e) Iyoll3 €.

(1.35)

(1.36)

(1.37)

Remark 2. To our knowledge, it is unknown what can be said when the smallness assumption

llyolleo < 7/L is not satisfied. In fact, it is not clear whether or not the solutions to (1.2) with

large initial data and v = 0 decay as t — +o0.

1.5 Controllability in the limit

In this Section, we are going to prove Theorem 3.

d

For the null controls v, furnished by Theorem 1 and the associated solutions (yu,2q)
to (1.2), we have the uniform estimates (1.30) and (1.7) with f = va1(45). Then, there exists

13



y € L?(0,T; K?(0, L)), with y, € L?((0,L) x (0,T)), and v € L>=((a,b) x (0,T)) such that, at
least for a subsequence, one has:

Yo — y weakly in L2(0,T; K%(0, L)),
(Ya)t — y¢ weakly in L2((0,L) x (0,T)) (1.38)
Vo — v weakly — x in L*((a,b) x (0,7)).

As before, the Aubin-Lions’ Lemma implies that
Yo — y strongly in L?(0,T; H3 (0, L)). (1.39)
Using the second equation in (1.2), we see that

(2a — y) - a2(za — Yz = (ya - y) + 042y33x-

Multiplying this equation by —(z4 — ¥)zz and integrating in (0, L) x (0,7), we deduce

// Y)z|? dx dt 4 o // Y)ax|® dz dt
-/ / (9o = 920 — 0o du dt
-« // Yza(2a — Y) ez dz dt.

// al? dxdt<// Yzl da dt + 02|yagl|2.

This shows that

Whence,

Zo — ¥y strongly in L(0,T; H3(0, L)). (1.40)

and the transport terms in (1.2) satisfy
Za(Ya )z — YYe strongly in L1 ((0,L) x (0,7)). (1.41)
In this way, for each v € L>(0,T; H}(0, L)), we obtain
T rL T (L
/0 /O (W)t + (Ya)z¥z + 2a(Ya)2¥) dzdt = /0 /0 Ual(a,b)w dz dt. (1.42)

Using (1.38) and (1.41), we can pass to the limit, as o — 0%, in all the terms of (1.42) to find

T prL T prL
/ / (yet) + yatho + yyoth) da dt = / / oy da dt, (1.43)
0J0 0J0

that is, y is the unique solution of (1.1) and y satisfies (2.7).
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1.6 Additional comments and questions

1.6.1 A boundary controllability result

We can use an extension argument to prove local boundary controllability results similar
to those above.

For instance, let us see that the analog of Theorem 1 remains true. Thus, let us introduce
the controlled system

— Ypz + 2y =0 in (O, L) X (O,T),
2 — %2 =y in (0,L) x (0,7),
20,) = 2(L, ) = 9(0,) = 0, y(L,-) =u on (0,T), (1.44)
y(',O) = Yo in (O7L)a

where u = u(t) stands for the control function and yo € HE (0, L) is given.

Let a, b and L be given, with L < a < b < L. Then, let us define o : [0 ,~] — R,
with go := yoljp,z). Arguing as in Theorem 1, it can be proved that there exists (9,0), with
v € L*((a,b) x (0,T)),

it = faw + 21jo.1) iz = Tl (ap) in (0,L) x (0,7),
2 — 022 =7 in (0,L) x (0,7),
g(ov ) :Z(O,) :Z(L7> :g(Lv) =0 on (077:‘)7

and g(x,T) = 0. Then, y := §l(o 1), z and u(t) := F(L,t) satisfy (1.44).

Notice that the control that we have obtained satisfies u € C°([0,T]), since it can be
viewed as the lateral trace of a strong solution of the heat equation with a L* right hand
side.

1.6.2 No global null controllability?

To our knowledge, it is unknown whether a general global null controllability result holds
for (1.2). We can prove global null controllability “for large o”.
More precisely, the following holds:
Theorem 5. Let yg € HE(0,L) and T > 0 be given. There exists ag = ap(yo, T) such that
(1.2) can be controlled to zero for all o > «y.
Demonstragio. The main idea is, again, to apply a fixed point argument in L°°(0,T; L?(0, L)).
For each 3 € L>(0,T; L*(0, L)), we introduce the solution z to (1.8). We notice that z
satisfies
12113 + 202|213 < |73,
2021213 + o[z 13 < [I713-
Then, as in the proof of Theorem 1, we consider the solution (y,v) to the system
Yt = Yoz + 2Yz = Ul(a,b) in (07 L) X (OaT)7
y(07 ) = y(Lv ) =0 on (OvT)7 (145>
y('ao) = Yo in (OvL)v
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where we assume that y satisfies (2.7) and v satisfies the estimate
[v]loe < Cllyolloo, (1.46)

with
O = (Cab L) (A+1/T+0+T)|2]1%)

It is then clear that

lyell2 + HyHLQ(H2) + HyHLOO(Hé) < CHyO”Hé60(a7b7L)(1+1/T+(1+T)HZ”gO)' (1.47)

Since ||z]|2, < %H@H%, we have

(@b L) (141 T+04T) B 312 2

C
lyell2 + Nyl p2cm2y + Wl oo a2y < Cllyoll gre
We can check that there exist R and ag such that

CH?JO HHé eC(“’b’L) (1+1/T+(1+T)£Rz) <R

for all & > . Therefore, we can apply the fixed point argument in the ball Bg of L2((0, L) x
(0, 7)) for these a. This ends the proof. O

Notice that we cannot expect (1.2) to be globally null-controllable with controls bounded
independently of «, since the limit problem (1.1) is not globally null-controllable, see |28, 50].
More precisely, let yo € Hg(0,L) and T > 0 be given and let us denote by G(yo,T) the
infimum of all ag furnished by Theorem 5. Then, either &(yo,T) > 0 or the associated cost
of null controllability grows to infinity as o — 0, i.e. the null controls of minimal norm v,
satisfy

lim sup ||va | oo ((a,6)x (0,7)) = +00-
a—0t

1.6.3 The situation in higher spatial dimensions. The Leray-a system

Let © € RY be a bounded connected and regular open set (N = 2 or N = 3) and let w C Q
be a (small) open set. We will use the notation @ := Q x (0,7) and ¥ := 9Q x (0,T) and we
will use bold symbols for vector-valued functions and spaces of vector-valued functions.

For any f and any yq in appropriate spaces, we will consider the Navier-Stokes system

ye—Ay+(y-V)y+Vp=f in Q,
V.-y=0 in Q,
y=0 on X,
y(0) =yo in Q.

As before, we will also introduce a smoothing kernel and a related modification of (1.48).

(1.48)

More precisely, the following so called Leray-a model will be of interest:

yt — Ay +(z-V)y+Vp=1f in Q,

V.y=V.-z=0 in Q,
z—a’Az+Vr=y in Q, (1.49)
y=z=0 on X,
y(0) =yo in Q.

16



Let us recall the definitions of some function spaces that are frequently used in the analysis
of incompressible fluids:

H:{<p€L2(Q):V-cp:OinQ, ¢-n=00ndQ},
V={peH)Q):V-¢=0inQ}.

It is not difficult to prove that, for any a > 0, under some reasonable conditions on f
and yp, (2.3) possesses a unique global weak solution.  This is stated rigorously in the
following proposition, that we present without proof (the arguments are similar to those
in [79]; the detailed proof will appear in a forthcoming paper):

Proposition 3. Assume that o > 0. Then, for any f € L?(0,T;H1(2)) and any yo € H,

there exists exactly one solution (Yu, P, Za, Ta) to (2.3), with
Ya € L(0,75V) N CY([0,T1: H), (ya): € L'(0,T3 V"),
zo € L?(0,T;H*(Q) N'V) N L>®(0,T; H).
Furthermore, the following estimates hold:

1(a)ellrevny + Iyallz2evy + [[yalle @y < Cllyoll2 + £l r2a-1)),
|1Za 7 ex) + 20° 120l Foe vy < ¥al7o0 (ery: (1.50)

20| (2o e ety + 01 A ) 2o ger) < ¥al2e -

In view of the estimates (2.14), there exists y € L? (0,T;V)) with y; € L'(0,T;V’) such
that, at least for a subsequence,

Ya — y weakly in L2 (0,T;V)),
(va)e = ye weakly-* in L1(0,T; V).

(1.51)
Thanks to the Aubin-Lions’ Lemma, the Hilbert space
W ={weL*0,T;V);w € L'(0,T;V')}

is compactly embedded in L?(Q) and we thus have

Yo — y strongly in L?(Q). (1.52)
Also, using the second equation in (2.3) we see that

(2o —y) — *A(za —y) + V7 = (ya —¥) + &*Ay.

Therefore, after some computations, we deduce that

zo, — y strongly in L*(Q). (1.53)

This proves that we can find p such that (y,p) is solution to (1.48).
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In other words, at least for a subsequence, the solutions to the Leray-a system converge
(in the sense of (1.51)) towards a solution to the Navier-Stokes system.
Let us now consider the following controlled systems for the Navier-Stokes and Leray-a

systems:
(yi— Ay +(y-V)y+Vp=vl, in Q,
vVy=0 o Q (1.54)
y=0 on 2,
L ¥(0) =yo in Q
and
yvi—Ay+(z-V)y+Vp=vl, in Q,
V.y=V.z=0 in @,
z—-a’Az+Vr=y in Q, (1.55)
y=z=0 on X,
y(0) = yo in  Q,

where v = v(x,t) stands for the control function.

With arguments similar to those in [29], it can be proved that, for any T > 0, there exists
e > 0 such that, if |lyo|| < ¢, for each @ > 0 we can find controls v, € L?(w x (0,T)) and
associate states (Yo, Pas Zas To) Satisfying

Yo(z,T)=0 in Q.

In a forthcoming paper, we will show that these null controls v, can be bounded indepen-

dently of o and a result similar to Theorem 3 holds for (2.5).
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Uniform local null control of the

Leray-a model

Fagner D. Araruna, Enrique Fernandez-Cara and Diego A. Souza

Abstract. This paper deals with the distributed and boundary controllability of the so called
Leray-a model. This is a regularized variant of the Navier-Stokes system (« is a small positive
parameter) that can also be viewed as a model for turbulent flows. We prove that the Leray-a
equations are locally null controllable, with controls bounded independently of a. We also prove
that, if the initial data are sufficiently small, the controls converge as o — 0 to a null control
of the Navier-Stokes equations. We also discuss some other related questions, such as global null

controllability, local and global exact controllability to the trajectories, etc.

Keywords: Null controllability, Carleman inequalities, Leray-« model, Navier-Stokes equa-
tions.

Mathematics Subject Classification: 93B05, 35Q35, 35G25, 93B07.

2.1 Introduction. The main results

Let Q ¢ RNV(N = 2,3) be a bounded connected open set whose boundary T is of class C?.
Let w C © be a (small) nonempty open set, let v C I" be a (small) nonempty open subset
of I" and assume that 7" > 0. We will use the notation Q@ = Q x (0,7) and ¥ =T x (0,7
and we will denote by n = n(x) the outward unit normal to € at the points x € I'; spaces of
R¥-valued functions, as well as their elements, are represented by boldface letters.

The Navier-Stokes system for a homogeneous viscous incompressible fluid (with unit den-
sity and unit kinematic viscosity) subject to homogeneous Dirichlet boundary conditions is

given by
yi—Ay+(y-V)y+Vp=£f in Q,
V-y=0 in Q, (2.1)
y=0 on X,
y(0) = yo in 9,

where y (the velocity field) and p (the pressure) are the unknowns, f = f(x,t) is a forcing
term and yo = yo(x) is a prescribed initial velocity field.

In order to prove the existence of a solution to the Navier-Stokes system, Leray in [66] had
the idea of creating a turbulence closure model without enhancing viscous dissipation. Thus,
he introduced a “regularized” variant of (2.1) by modifying the nonlinear term as follows:

yvi—Ay+(z-V)y+Vp=f in Q,
V-y=0 in Q,
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where y and z are related by
Z = Qn*y (2.2)

and ¢, is a smoothing kernel. At least formally, the Navier-Stokes equations are recovered in
the limit as a — 0T, so that z — y.

In this paper, we will consider a special smoothing kernel, associated to the Stokes-like
operator Id + a?A, where A is the Stokes operator (see Section 4.2). This leads to the
following modification of the Navier-Stokes equations, called the Leray-a system (see [10]):

yt — Ay +(z-V)y+Vp=f in Q,

z—a’Az+Vr=y in Q,
V.y=0,V-z=0 in Q, (2.3)
y:z:O on E,
y(0) = yo in Q.

In almost all previous works found in the literature, ) is either the N-dimensional torus
and the PDE’s in (2.3) are completed with periodic boundary conditions or the whole space
RY. Then, z satisfies an equation of the kind

z—o’Az=y (2.4)

and the model is (apparently) slightly different from (2.3). However, since V-y = 0, it is easy
to see that (2.4), in these cases, is equivalent to the equation satisfied by z and 7 in (2.3).

It has been shown in [10] that, at least for periodic boundary conditions, the numerical
solution of the equations in (2.3) matches successfully with empirical data from turbulent
channel and pipe flows for a wide range of Reynolds numbers. Accordingly, the Leray-a
system has become preferable to other turbulence models, since the associated computational
cost is lower and no introduction of ad hoc parameters is required.

In [42], the authors have compared the numerical solutions of three different a-models
useful in turbulence modelling (in terms of the Reynolds number associated to a Navier-
Stokes velocity field). The results improve as one passes from the Navier-Stokes equations to
these models and clearly show that the Leray-a system has the best performance. Therefore,
it seems quite natural to carry out a theoretical analysis of the solutions to (2.3).

We will be concerned with the following controlled systems

yt— Ay +(z-V)y+Vp=vl, in Q,

z—a’Az+Vr=y in @,
V.y=0 V-z=0 in Q, (2.5)
y=z=0 on X,
y(0) = yo in Q,
and
vi—Ay+(z-V)y+Vp=0 in Q,
z—o?Az+Vr=y in @,
V-y=0,V-.-z=0 in @, (2.6)
y =z =hl, on X,
y(0) =yo in Q,
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where v = v(x,t) (respectively h = h(x,t)) stands for the control, assumed to act only in
the (small) set w (respectively on «) during the whole time interval (0,7"). The symbol 1,
(respectively 1,) stands for the characteristic function of w (respectively of 7).

In the applications, the internal control v1, can be viewed as a gravitational or electro-
magnetic field. The boundary control hl, is the trace of the velocity field on 3.

Remark 3. It is completely natural to suppose that y and z satisfy the same boundary
conditions on ¥ since, in the limit, we should have z = y. Consequently, we will assume that

the boundary control hl, acts simultaneously on both variables y and z.

In what follows, (-,-) and || - || denote the usual L? scalar products and norms (in L?(2),
L2(Q), L*(Q), etc.) and K, C, Cy, Oy, ... denote various positive constants (usually de-
pending on w, 2 and T'). Let us recall the definitions of some usual spaces in the context of
incompressible fluids:

H={ucl?):V-u=0inQ, u-n=0onT},
V={ucH}(Q):V-u=0in Q}.

Note that, for every yo € H and every v € L?(w x (0,T)), there exists a unique solution
(y,p,z,m) for (2.5) that satisfies (among other things)

y,z € C°([0,T]; H);

see Proposition 6 below. This is in contrast with the lack of uniqueness of the Navier-Stokes
system when N = 3.

The main goals of this paper are to analyze the controllability properties of (2.5) and (2.6)
and determine the way they depend on v as o — 0.

The null controllability problem for (2.5) at time 7" > 0 is the following:

For any yo € H, find v € L?(w x (0,T)) such that the corresponding state (the

corresponding solution to (2.5)) satisfies
y(T)=0 in Q. (2.7)
The null controllability problem for (2.6) at time 7" > 0 is the following:

For any yo € H, findh € L2(0,T; H'/2(v)) with f7 h-ndl’ =0 and an associated
state (the corresponding solution to (2.6)) satisfying

y,z € C°([0, T}; L*(Q2))
and (2.7).

Recall that, in the context of the Navier-Stokes equations, J.-L. Lions conjectured in [67]
the global distributed and boundary approximate controllability; since then, the controllability
of these equations has been intensively studied, but for the moment only partial results are
known.
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Thus, the global approximate controllability of the two-dimensional Navier-Stokes equa-
tions with Navier slip boundary conditions was obtained by Coron in [14]. Also, by com-
bining results concerning global and local controllability, the global null controllability for
the Navier-Stokes system on a two-dimensional manifold without boundary was established
in Coron and Fursikov [17]; see also Guerrero et al. [51] for another global controllability
result.

The local exact controllability to bounded trajectories has been obtained by Fursikov
and Imanuvilov [40, 38|, Imanuvilov [56] and Fernandez-Cara et al. [29] under various cir-
cumstances; see Guerrero [49] and Gonzalez-Burgos et al. [48] for similar results related to the
Boussinesq system. Let us also mention |7, 18, 19, 30|, where analogous results are obtained
with a reduced number of scalar controls.

For the (simplified) one-dimensional viscous Burgers model, positive and negative results
can be found in [28, 46, 50]; see also [24], where the authors consider the one-dimensional
compressible Navier-Stokes system.

Our first main result in this paper is the following:

Theorem 6. There exists € > 0 (independent of «) such that, for eachyo € H with ||yo| < e,
there exist controls vo € L®°(0,T;L?(w)) such that the associated solutions to (2.5) fulfill

(2.7). Furthermore, these controls can be found satisfying the estimate
Wall gy < €, (2.8)
where C' is also independent of c.

Our second main result is the analog of Theorem 6 in the framework of boundary control-
lability. It is the following:

Theorem 7. There exists § > 0 (independent of «) such that, for each yo € H with ||yol| <9,
there exist controls h, € L®(0,T; H™/2(v)) with fv h, - ndl' = 0 and associated solutions
to (2.6) that fulfill (2.7). Furthermore, these controls can be found satisfying the estimate

Ihall oo (rr-1/2) < C, (2.9)
where C' is also independent of .

The proofs rely on suitable fixed-point arguments. The underlying idea has applied to
many other nonlinear control problems. However, in the present cases, we find two specific
difficulties:

e In order to find spaces and fixed-point mappings appropriate for Schauder’s Theorem,
the initial state yg must be regular enough. Consequently, we have to establish regula-
rizing properties for (2.5) and (2.6); see Lemmas 2 and 5 below.

e For the proof of the uniform estimates (2.8) and (2.9), careful estimates of the null
controls and associated states of some particular linear problems are needed.
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We will also prove results concerning the controllability in the limit, as o — 0. It will
be shown that the null-controls for (2.5) can be chosen in such a way that they converge to
null-controls for the Navier-Stokes system

yi—Ay+(y-V)y+Vp=vl, in Q,

Viy=0 - Q (2.10)
y=0 on X,
y(0) = ¥yo in Q.

Also, it will be seen that the null-controls for (2.6) can be chosen such that they converge
to boundary null-controls for the Navier-Stokes system

yi—Ay+(y-V)y+Vp=0 in Q,
V.y=0 in Q,
y:h]_,y on E,
yv(0) =yo in Q.

(2.11)

More precisely, our third and fourth main results are the following:

Theorem 8. Let € > 0 be furnished by Theorem 6. Assume that yo € H and ||yo|l < €, let
Vo be a null control for (2.5) satisfying (2.8) and let (Yo, Pa,Za, Ta) be the associated state.

Then, at least for a subsequence, one has

Vo — v weakly-+ in L0, T; L%(w)),
Zo =y and yo — y strongly in L?(Q),

as a — 07, where (y, v) is, together with some p, a state-control pair for (2.10) satisfying (2.7).

Theorem 9. Let 6 > 0 be furnished by Theorem 7. Assume that yo € H and |lyo|| < 0, let
h, be a null control for (2.6) satisfying (2.9) and let (Yo, Pa, Za, Ta) be the associated state.

Then, at least for a subsequence, one has

h, — h weakly-+ in L=(0,T; H-/2(v)),
Zo =y and yo — y strongly in L?(Q),

as a — 07, where (y,h) is, together with some p, a state-control pair for (2.11) satisfying (2.7).

The rest of this paper is organized as follows. In Section 4.2, we will recall some properties
of the Stokes operator and we will prove some results concerning the existence, uniqueness
and regularity of the solution to (2.3). Section 4.3 deals with the proofs of Theorems 6 and 8.
Section 4.4 deals with the proofs of Theorems 7 and 9. Finally, in Section 4.5, we present
some additional comments and open questions.

2.2 Preliminaries

In this section, we will recall some properties of the Stokes operator. Then, we will prove
that the Leray-a system is well-posed. Also, we will recall the Carleman inequalities and null
controllability properties of the Oseen system.
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2.2.1 The Stokes operator

Let P : L?(Q2) — H be the orthogonal projector, usually known as the Leray Projector.
Recall that P maps H*(Q2) into H*(2) N H for all s > 0.

We will denote by A the Stokes operator, i.e. the self-adjoint operator in H formally given
by A = —PA. For any u € D(A) := VNH?(Q) and any w € H, the identity Au = w holds
if and only if

(Vu,Vv) = (w,v) VveV.

It is well known that A : D(A) — H can be inverted and its inverse A~! is self-adjoint,
compact and positive. Consequently, there exists a nondecreasing sequence of positive num-
bers A; and an associated orthonormal basis of H, denoted by (w;)32,, such that

AWj = )\jo V] > 1.

Accordingly we can introduce the real powers of the Stokes operator. Thus, for any r € R,

we set
[e.9] o0
DA")={uceH:u= Zujwj, with Z)\?T\uj\z < 400}
j=1 J=1
and
o o
A'u=) Nujw;, VYu=>)» uw; € D(A").
j=1 g=1

Let us present a result concerning the domains of the powers of the Stokes operator.

Theorem 10. Let r € R be given, with —% <r <1. Then

D(A™?) =H"(Q) NH whenever — = <r <

9

—_
N | —

1
2
<

D(A™?) = H(Q) NH  whenever r<1.

Moreover, u — (u, A™u)'/? is a Hilbertian norm in D(A™/?), equivalent to the usual Sobolev

H"-norm. In other words, there exist constants ci(r), ca(r) > 0 such that
a(m)lufar < (u, A™a)Y2 < cy(r)|jullgr Yu € D(A™/?).

The proof of Theorem 10 can be found in [37]. Notice that, in view of the interpolation
K-method of Lions and Peetre, we have D(A”/2) = D((—A)"/2) N H. Hence, thanks to an
explicit description of D((—A)"/?), the stated result holds.

Now, we are going to recall an important property of the semigroup of contractions e *4
generated by A, see [36]:
Theorem 11. For any r > 0, there exists C(r) > 0 such that
JAe™ | s < C(r)t™" V> 0. (2.12)
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In order to prove (2.12), it suffices to observe that, for any u = Z;’j ujw; € H, one has

“+00
r_—tA__ __ ro—tAi,
ATe u= E )\je Tuj W
=1

Consequently,
+oo

||AT6—tAuH2 — Z

9 2
)\ge_ﬂjuj‘ < <max )\re_t)‘> [u)|?
j=1

AER

and, since max Ne T = (r/e)"t7", we get easily (2.12).
€

2.2.2 Well-posedness for the Leray-a system

Let us see that, for any a > 0, under some reasonable conditions on f and yq, the Leray-«
system (2.3) possesses a unique global weak solution. Before this, let us introduce oy given

by
_f2 in=2
NTY 43 it N =3

Then, we have the following result:

Proposition 4. Assume that o > 0 is fived. Then, for any £ € L*(0,T;H~Y(Q)) and any
vo € H, there exists exactly one solution (Yo, Pa,Za, Ta) to (2.3), with

Yo € L*(0,T; V)N C°([0,T]; H), (ya): € L*(0,T; V"),

(2.13)
zo € L*(0,T; D(A*?)) N C°([0,T]; D(A)).
Furthermore, the following estimates hold:
HYaHL2 (v) T HychO (o.77:1) < CBo(yo, ),
(2.14)

2

)

120|700 1) + 20% (120l 1 (v) < CBo(yo, £

o(yo, )
[(ya)tll Low (vry < CBo(yo, £)(1 + Bo(yo, f)),

0o(¥o, f)

o(yo, £)°.

202|120 Foe vy + @l|Zall70 (p(a)) < CBo(yo,

Here, C is independent of a and we have introduced the notation

Bo(yo, £) == [lyoll + [Ifll 2 ez-1)-

Demonstracdo. The proof follows classical and rather well known arguments; see for ins-
tance [20, 79]. For completeness, they will be recalled.

e EXISTENCE: We will reduce the proof to the search of a fixed point of an appropriate
mapping Aqy.

1 Alternatively, we can prove the existence of a solution by introducing adequate Galerkin approximations

and applying (classical) compactness arguments.

27



Thus, for each ¥ € L?(0,T;H), let (z,7) be the unique solution to

z—a?Az+Vr=y in Q,
V.-z=0 in Q,
z=0 on .

It is clear that z € L%(0,7; D(A)) and then, thanks to the Sobolev embedding, we have
z € L?(0,T;L>(£2)). Moreover, the following estimates are satisfied:

121 + 20 ||2l|72v) < IF]°,
20|27z vy + a2l 72 peay < 17117

From this z, we can obtain the unique solution (y,p) to the linear system of the Oseen kind

yvi—Ay+(z-V)y+Vp=f in Q,

V.y=0 in Q,
y=0 on X,
yv(0) =yo in Q.

Since f € L?(0,T; H1(2)) and yo € H, it is clear that
y € L*(0,T; V) N C°([0,T); H), y: € L*(0,T; V')

and the following estimates hold:

Iy llcoqo,mim) + 1Y ll2(vy < CiBo(yo, 1),

(2.15)
Iyillz2cvry < Co(1+ |lz]l 12(pay) Bo(yo, £) < Ca(1 4 o~ ?||¥])Bo(yo, f).

Now, we introduce the Banach space
W = {w e L*0,T;V) : w; € L*(0,T; V')},

the closed ball
K= {y e L*0,T;H) : |[y| < C1VTBy(yo.f) }

and the mapping Ay, with A (¥) =y, for all ¥ € L?(0,T;H). Obviously A, is well defined
and maps continuously the whole space L?(0,T; H) into W N K.

Notice that any bounded set of W is relatively compact in the space L?(0,T; H), in view
of the classical results of the Aubin-Lions kind, see for instance [77].

Let us denote by A, the restriction to K of A,. Then, thanks to (2.15), A, maps K into
itself. Moreover, it is clear that A, : K +— K satisfies the hypotheses of Schauder’s Theorem.
Consequently, A, possesses at least one fixed point in K.

This immediately achieves the proof of the existence of a solution satisfying (2.13).
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The estimates (2.14),,, (2.14), and (2.14), are obvious. On the other hand,

I(ya)ilzow vy < C ([[ll2@—y + 1Vall2evy + 1(Za - V)YallLon @)
< C (Bo(yo, f + ZallLsn @woyllyallLsn L4))
< C [Bo(yo,f) + ([1zall Ly + I2allL2v)) (1Yol Loy + 1yallzevy)]
< CBy (YO,f)(l + Bo(yo, f)),

where sy = 2o0y. Here, the third inequality is a consequence of the continuous embedding
L>®(0,T;H) N L*(0,T; V) < L*N(0,T; L4(Q)).

This estimate completes the proof of (2.14).

e UNIQUENESS: Let (Yo, Pa, Zas Ta) and (Y, 0y, 7z, ™ o) be two solutions to (2.3) and let

us introduce u:=y, —y,, ¢ = pa — P, M =z, — z,, and h = 7, — 7). Then

—Au+ (2o V)u+Vg=—(m-V)y, in Q,
m—o’Am+Vh=u in @,
V-u=0,V-m=0 in @,
u=m=20 on X,

[ u(0)=0 in Q.

Since u € L*°(0,T;H), we have m € L*>(0,T; D(A)) (where the estimate of this norm
depends on «). Therefore, we easily deduce from the first equation of the previous system

that
1d

5 g7 il + [ Vall? < flmlloo [ V5 [l

for all ¢. Since [|ml|o < Cflmlpa) < Ca™ 2||ul|, we get

1d

5 oellul? + [Vul? < Ca=2| vy jul?®

Therefore, in view of Gronwall’s Lemma, we see that u = 0. Accordingly, we also have m = 0

and uniqueness holds. ]

We are now going to present some results concerning the existence and uniqueness of a
strong solution. We start with a global result in the two-dimensional case.

Proposition 5. Assume that N = 2 and o > 0 is fized. Then, for any £ € L?(0,T;L?(Q2))
and any yo € V, there exists exactly one solution (Ya, PasZas Ta) to (2.3), with

Ya € L*(0,T; D(A)) N C°([0,T]; V), (ya): € L*(0, T3 H),

, , (2.16)
zo € L?(0,T; D(A?)) N C°([0,T); D(A/?)).
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Furthermore, the following estimates hold:

1(ya)ill + [Iyallcoqomvy + [IyallLzpay < Billlyollv, [I£[]), (2.17)

1Za | Zogo vy + 2012l B0 o rsp(ay < 1¥allEogorvy:

where we have introduced the notation
Bulrs) 1= (4 9) [14 (4 82] O+

Demonstracido. First, thanks to Proposition 4, we see that there exists a unique weak solution
(Yo, Pa, Za, To) satisfying (2.13)—(2.14). In particular, z, € L?(0,T; V) and we have

1za ()] < llya®)] and |za(t)[lv < lya(®)llv, ¥t e[0,T].

As usual, we will just check that good estimates can be obtained for y,, (ya): and z,.
Thus, we assume that it is possible to multiply by —Ay, the motion equation satisfied by
Y. Taking into account that N = 2, we obtain:

1d
§%HV3’aH2 + HAYQHZ = — (f,Aya) + ((Za - V)¥a, Aya)
1 1/2 1/2
< £ + 718yl + I12alI2al*1¥allv 1 Ayal*
1
< IF1? + S11AYall + Cllzalllzal 1yall3-
Therefore,

d
ZNVyal® + 1Ayal® < CIEI + (lyal*lyalR)IVYal] -

In view of Gronwall’s Lemma and the estimates in Proposition 4, we easily deduce (2.16)
and (2.17). O

Notice that, in this two-dimensional case, the strong estimates for y, in (2.17) are inde-
pendent of «; obviously, we cannot expect the same when N = 3.
In the three-dimensional case, what we obtain is the following:

Proposition 6. Assume that N = 3 and o > 0 is fized. Then, for any £ € L?(0,T;L%(Q))
and any yo € V, there exists exactly one solution (Yo, PasZas Ta) to (2.3), with
Yo € L*(0,T; D(A)) N CY([0,T); V), (ya): € L*(0,T; H),
zo € L*(0,T; D(A%) N C([0, T]; D(A*/?)).

Furthermore, the following estimates hold:

Iyallzee(vy + I¥allz2(pay) + 1(ya)dll < Ba(llyollv, If]l, ), (2.18)

|Zall7 oo (v + 20°]|Zall7 o (pay) < I1¥allZoo(vys

where we have introduced

B2(7‘, S, Oé) = C('f' 4 S)eca74(7”+s)2‘
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Demonstrag¢ao. Thanks to Proposition 4, there exists a unique weak solution (yq, Pa, Za, Ta)
satisfying (2.13) and (2.14).
In particular, we obtain that z, € L*(Q), with

C
IZalloc < =5 (lyoller + 1] 21 -

On the other hand, yo € V. Hence, from the usual (parabolic) regularity results for Oseen
systems, the solution to (2.3) is more regular, i.e. y, € L?(0,7; D(A)) N C°([0,T]; V) and
(Ya)t € L?(0,T;H). Moreover, y, verifies the first estimate in (2.18). This achieves the
proof. O

Let us now provide a result concerning three-dimensional strong solutions corresponding
to small data, with estimates independent of a:

Proposition 7. Assume that N = 3. There exists Cy > 0 such that, for any a > 0,
any £ € L>(0,T;L%(Q)) and any yo € V with

1
M::maX{V 21823 }<—, 2.19
190l 16120} < —prer (2.19)
the Leray-a system (2.3) possesses a unique solution (Yo, PasZas Ta) Satisfying
Yo € L*(0,T; D(A)) N C°([0,T); V), (ya): € L*(0,T; H),
zo € L?(0,T; D(A)) N C°([0,T); V).
Furthermore, in that case, the following estimates hold:
2 2
Ya . + Yo < B3(M7T)>
[yallcoqo,rvy T 1¥allzenay) (2.20)

120120 0. 13:v) + 20°M1Zall72(pay) < I1ValTo vy,

where we have introduced

3
Bs(M,T) :=2 M3+M+COT< M )
V1—2(1+ Co)M2T

Demonstracao. The proof is very similar to the proof of the existence of a local in time strong
solution to the Navier-Stokes system; see for instance [12, 79].

As before, there exists a unique weak solution (ya,Pa,Za, 7o) and this solution satis-
fies (2.13) and (2.14).

By multiplying by Ay, the motion equation satisfied by y., we see that

1d

§£Hvya”2 + HAyaHQ = (f,Aya) — ((Za - V)Ya, Aya)

IN

1 1
SN+ S1AYal? + [lza]ls | Vallee [ Ayal

IN

1 1 1/2
S8R + = Ayall? + Cllzallv lyal v 1 Ayal?>.
2 2
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Then,
L 19yall? + 3 IAyal? < 12+ Coll Vel (2.21)
for some Cy > 0.
Let us see that, under the assumption (2.19), we have

M
T V12014 Co)M2T’

IVyal? < € [0,77. (2.22)

Indeed, let us introduce the real-valued function v given by
Y(t) = max { M, ||Vya(t)|*}, Vte[0,T].

Then, v is almost everywhere differentiable and, in view of (2.19) and (2.21), one has

W _

yr < (14 Co)y®,  9(0) = M.

Therefore,
M M
t) <
V1-=2(1+Co)M2t — \/1—2 + Co)M2T

and, since | Vyq||? < 1, (2.22) holds. From this estimate, it is very easy to deduce (2.20). O

The following lemma is inspired by a result by Constantin and Foias for the Navier-Stokes
equations, see [12]:

Lemma 2. There exists a continuous function ¢ : Ry — Ry, with ¢(s) — 0 as s — 0T,
satisfying the following properties:

a) For f =0, any yo € H and any o > 0, there exist arbitrarily small times t* € (0,T/2)
such that the corresponding solution to (2.3) satisfies ||ya(t*)||2D(A) < o([lyoll)-

b) The set of these t* has positive measure.

Demonstracao. We are only going to consider the three-dimensional case; the proof in the
two-dimensional case is very similar and even easier.

The proof consists of several steps:

e Let us first see that, for any £ > 3/2 and any 7 € (0,7'/2], the set

k
Ra(k,7) = {t €[0,7]: [Vya(®)* < = [lyol*}
is non-empty and its measure |R,(k, 7)| satisfies |Rq(k, 7)| > 7/k.

Obviously, we can assume that yo # 0. Now, if we suppose that |Ry(k,7)| < 7/k, we

T ™ k
[ iwsaipacz [ oya@Paez (r- ) Syl
0 R (k,T)e T

1
= (k—1)lyol* > 5”3’0”2-

have:
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But, since f = 0 in (2.3), we also have the following estimate:

i 1 T 1
[ 19vaPdt < Slyam)P+ [ I95a(0IP = 5ol
0 0
So, we get a contradiction and, necessarily, |Rq(k,7)| > 7/k.

e Let us choose 7 € (0,7/2], k > 3/2, to.o € Ra(k,T) and

2 37_2
T S |:t0a + . 7t00¢ + y
: T A+ Co)Rlyoll*T T 8((1+ Co)k?lyoll*

Iyoll?,

where Cj is the constant furnished by Proposition 7. Since |[Vya(to.a)? < é
there exists exactly one strong solution to (2.3) in [tga, 1] starting from yq (o) at

time tg o and satisfying
2k _
IVya(t)]* < 7||.Yo||2, vt € [to,a, Tal-

Obviously, it can be assumed that T, < T.

Let us introduce the set

_ E\3
Galtoab7) = (€ ftonn T+ [8¥aOIF < 05(1+C) (£) Iol®.

Then, again G4 (to.q, k, 7) is non-empty and possesses positive measure. More precisely,

one has

7_2

(14 Co)k2[|yol|*

|Galtoa, k, ) > 3 (2.23)

Indeed, otherwise we would get

1 [Ta 1
! / |Aya(®)2dt > - / |Aya(®)]? dt
2 tO,a 2 Ga to,a,kﬂ')c

2

— T E\?
> Ta_ a 1 — 0
> 65 (Tetoa= gy ) (00 o

65k k
> ——|lyoll* > 4=|lyoll*-
167 T

However, arguing as in the proof of Proposition 7, we also have

1T 2 e, LT 2
3 | IAva0de < [Oya TP+ 5 [ Iaya(0)]P d

2 to,a to,a

Ta
1Vya(to.a)l” + Co / IVya(®)]© dt

tO,a

IN

IN

k k s k

Elvoll +8 (ZIvoll ) (Ta = to) < 25150l

T T T
Consequently, we arrive again to a contradiction and this proves (2.23).
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e Let us fix 7 € (0,7/2] and k > 3/2. We can now define ¢ : Ry — R, as follows:

3
sC.

6(s) 1= 65(1 + Cp)

.
Then, as a consequence of the previous steps, the set

{t" €[0,7/2]: [|Aya(t")II” < ¢(llyol)) }

is non-empty and it measure is bounded from below by a positive quantity independent

of a. This ends the proof. O
We will end this section with some estimates:

Lemma 3. Let s € [1,2] be given, and let us assume that f € H*(Q). Then there exist unique
functions u € D(A%/?) and © € H*™' (1 is unique up to a constant) such that

u—a?Au+Vr =a?Af in Q,
V-u=0 i Q, (2.24)

u=0 on T

and there exists a constant C' = C(s, ) independent of o such that

lullpasrzy < Clifllas @) (2.25)

Moreover, by interpolation arguments, £ € H*(Q), s € (m,m + 1) then there exist unique
functions u € D(A®/?) and m € H*"Y(Q) (7 is unique up to a constant) which are solution of
the problem above and there exists a constant C = C(m, Q) such that

[ullpasrzy < Clifllas @) (2.26)

When s is an integer (s = 1 or s = 2), the proof can be obtained by adapting the proof
of Proposition 2.3 in [79]. For other values of s, it suffices to use a classical interpolation
argument (see [78]).

2.2.3 Carleman inequalities and null controllability

In this subsection, we will recall some Carleman inequalities and a null controllability
result for the Oseen system

yvi—Ay+ (h-V)y+Vp=vl, in Q,

Vey=0 n @ (2.27)
y=0 on X,
y(0) =yo in Q,

where h = h(x,t) is given. The null controllability problem for (2.27) at time T > 0 is the
following:

34



For any yo € H, find v € L?(w x (0, 7)) such that the associated solution to (2.27)
satisfies (2.7).

We have the following result from [29] (see also [56]):

Theorem 12. Assume that h € L*(Q) and V -h = 0. Then, the linear system (2.27)
is null-controllable at any time T > 0. More precisely, for each yo € H there exists v €
L>(0,T;L%(w)) such that the corresponding solution to (2.27) satisfies (2.7). Furthermore,

the control v can be chosen satisfying the estimate
2
V| oo 2y < e HIRIR) |y, (2.28)

where K only depends on Q, w and T.

The proof is a consequence of an appropriate Carleman inequality for the adjoint system
of (2.27).
More precisely, let us consider the backwards in time system

¢ —Ap—(h-V)p+Vg=G in @,
V.p=0 in Q,
p=0 on X,
SO(T):SOOa in Q.

(2.29)

The following result is established in [29]:

Proposition 8. Assume that h € L*°(Q) and V - h = 0. There exist positive continuous
functions «, o, &, &, £* (mdé and positive constants §, \ and 6, only depending on ) and
w, such that, for any ¢, € H and any G € L*(Q), the solution to the adjoint system (2.29)

satisfies:
/ /Q 20 [s7Le N (2 + |A@[?) + SVl + PN o] dxc i

< 6(1 —|—T2) (815/2>\20 //Q e—4sd+25a*£*15/2|G|2 dx dt (230)

+Sl6)\40 // (0 T) 6785&+65a*5*16‘(‘0|2 dx dt) ,
wx(0,

Jor all s > §(T* +T*) and for all A > A(1+ |[hlog + e IR ).

Now, we are going to construct the a null-control for (2.27) like in [29]|. First, let us
introduce the auxiliary extremal problem

1
Minimize = // ﬁ2y2dxdt+// PE|v|? dx dt
2{ Q i wx(0,T) ol (2.31)

Subject to (y,v) € M(yo,T),
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where the linear manifold M(yo,T') is given by
M(yo,T) = {(y.v): v e L} (wx (0,T)), (v,p) solves (2.27) }

and p, pg are respectively given by

_ _ A * —_ ~ _ _ A — * —
15/4)\ 10,256 —sa ¢ 15/4 po = s 8\ ~20 4sa—3sa ¢ 8

p=s

)

It can be proved that (2.31) possesses exactly one solution (y, v) satisfying

(1+Ih|1Z

IV 2@ew) < e ol

where K only depends on €2, w and 7.
Moreover, thanks to the Euler-Lagrange characterization, the solution to the extremal
problem (2.31) is given by

~

y=p"2(—p;—Ap— (h-V)p+Vq) and v=—p;pl,.
From the Carleman inequality (2.30), we can conclude that py ‘e € L®(0,T;L3(Q)) and

193 '@l ey < Clipg ' ellr2wzw)),

where py = s1/261/2¢52,
Hence,
v =—(po) el, = —(py p2)(p3 "plu) € L7(0,T; L7(Q))

and, therefore,

(1+[Ih]1%

IVl 2wy < ClVIze@e)) < e* Niyoll-

2.3 The distributed case: Theorems 6 and 8

This section is devoted to prove the local null controllability of (2.5) and the uniform
controllability property in Theorem 8.

Proof of Theorem 6: We will use a fixed point argument. Contrarily to the case of
the Navier-Stokes equations, it is not sufficient to work here with controls in L?(w x (0,T)).
Indeed, we need a space Y for y that ensures z in L°°(Q) and a space X for v guaranteeing
that the solution to (2.27) with h = z belongs to a compact set of Y. Furthermore, we want
estimates in Y and X independent of «.
In view of Lemma 2, in order to prove Theorem 6, we just need to consider the case in
which the initial state yo belongs to D(A) and possesses a sufficiently small norm in D(A).
Let us fix o with N/4 < ¢ < 1. Then, for each y € L>(0,7; D(A?)), let (z,7) be the
unique solution to
z—a?Az+Vr=y in Q,
V.-z=0 in Q,
z=0 on .
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Since y € L*>(0,T; D(A?)), it is clear that z € L°>°(0,7; D(A?)). Then, thanks to Theorem
10, we have z € L*>°(Q) and the following is satisfied:

HZH%OO(O,T;D(AG)) "‘2“2”Z”ioo(D(A1/2+a)) < ||5’||%°°(0,T;D(AU))’ (2.32)
2042||Z||%M(D(A1/2+o)) + a4||Z||%oo(D(A1+v)) < HS’H%OO(O,T;D(AU))‘

In particular, we have:
|1zl Lo (0.7;D(A7)) < ¥ Lo (0,750 (A7))-

Let us consider the system (2.27) with h replaced by z. In view of Theorem 12, we can
associate to z the null control v of minimal norm in L°°(0,7T;L?(w)) and the corresponding
solution (y,p) to (2.27).

Since yg € D(A), z € L*(Q) and v € L>(0, T; L?(w)), we have

y € L*(0,T; D(A)) N C°([0,T]; V), y: € L*(0, T; H)
and the following estimate holds:
1¥ell 72 + 19 1172(pa)) + V17 vy < Clllyolly + ||V||%oo(L2(w)))€C”ZHg°- (2.33)
We will use the following result:
Lemma 4. One hasy € L>®(0,T; D(A")), for all o' € (0,1), with

Clly112 o0 o
191l (piary < Cllyollpeay + IVl (maey)e” ¥ Exwan.

Demonstragao. In view of (2.27), y solves the following abstract initial value problem:

{ yi = —Ay — P((z-V)y)+ P(vl,) in [0,7],
y(0) = yo.

This system can be rewritten as the nonlinear integral equation

y(t) = e Ayg - /O t e =IAP((z - V)y)(s) ds + /0 t e mIAP(v1,)(s) ds.
Consequently, applying the operator A? to both sides, we have

A%y(t) = A% e My + /O CAT (A [—P((z- V)y)(s) + P(v1y,)(s)] ds.
Taking norms in both sides and usin% Theorem 11, we see that

1A y1I(t) < [[yoll pea +/0 (t = 5)"" (2l VY ($)I| + [Iv(s)L]l] ds

< Clolloia) + Ul lim) + Wlamsion) [ - 9)7 ds

Now, using (2.32) and (2.33) and taking into account that o’ < 1, we easily obtain that

a,/ ~ C y 200 o
IA7Y1(8) < Cllyollpea) + IVl (magy) |1+ 19 (peary eI = wann]

This ends the proof. O
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Now, let us set
W = {w e L=(0,T; D(A”)) : w, € L*(0,T; H) }
and let us consider the closed ball
K ={y e L*(0,T;D(A?)) : [[¥llL=(n(as)) <1}

and the mapping Ao, with Ay (¥) = y for all § € L>®°(0,T; D(A?)). Obviously, A, is well
defined; furthermore, in view of Lemma 4 and (2.33), it maps the whole space L>(0,T; D(A?))
into W.

Notice that, if U is bounded set of W then it is relatively compact in the space L>(0,T; D(A?)),
in view of the classical results of the Aubin-Lions kind, see for instance [77].

Let us denote by A, the restriction to K of A,. Then, thanks to Lemma 4 and (2.28),
if [[yollpay < € (independent of a!) A, maps K into itself. Moreover, it is clear that
A, : K — K satisfies the hypotheses of Schauder’s Theorem. Indeed, this nonlinear mapping
is continuous and compact (the latter is a consequence of the fact that, if B is bounded in
L>®(0,T; D(A?)), then A,(B) is bounded in W). Consequently, A, possesses at least one
fixed point in K, and this ends the proof of Theorem 6. O

Proof of Theorem 8: Let v,, be a null control for (2.5) satisfying (2.8) and let (ya, Pa; Za, Ta)
be the state associated to v,. From (2.8) and the estimates (2.14) for the solutions y,, there
exist v € L*® (O,T; LQ(w)) and y € L>*(0,T;H) N L?(0,T; V) with y; € L°N(0,T; V') such
that, at least for a subsequence
Vo — v weakly-x in L™ (O, T, L2(w)) ,
Yo — y weakly-x in L (0, T; H) and weakly in L? (0,T;V),
(Ya)t — yt weakly in L7¥(0,T; V).

Since W := {m € L?(0,T;V) : m; € L°¥(0,T;V')} is continuously and compactly
embedded in L2(Q), we have that

Yo — y in L%(Q) and a.e.

This is sufficient to pass to the limit in the equations satisfied by y,, v, and z,. We conclude
that y is, together with some pressure p, a solution to the Navier-Stokes equations associated
to a control v and satisfies (2.7). O

2.4 The boundary case: Theorems 7 and 9

This section is devoted to prove the local boundary null controllability of (2.6) and the
uniform controllability property in Theorem 9.

Proof of Theorem 7: Again, we will use a fixed point argument. Contrarily to the case
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of distributed controllability, we will have to work in a space Y of functions defined in an
extended domain.

Let Q be given, with © € Q and 9QNT =T\ v such that 9 is of class C2 (sce Fig. 2.1).
Let w C Q \ © be a non-empty open subset and let us introduce Q = O x (0,7) and
Y = 90 x (0,T). The spaces and operators associate to the domain Q will be denoted by ﬁ,
V, A, etc.

Remark 4. In view of Lemma 2, for the proof of Theorem 7 we just need to consider the
case in which the initial state yg belongs to V and possesses a sufficiently small norm in V.

Indeed, we only have to take initially h, = 0 and apply Lemma 2 to the solution to (2.6). O

Let yg € V be given and let us introduce the extension by zero yq of yg. Then yqo € V.
® |‘

'Y |

Figura 2.1: The domain O

We will use the following result, similar to Lemma 2, whose proof is postponed to the end
of the section:

Lemma 5. There exists a continuous function ¢ : Ry — Ry satisfying ¢(s) — 0 as s — 07T
with the following property:

a) For anyyo € V and any a > 0, there exist times Ty € (0,T), controls h, € L?(0, Ty; HY/?(T))
with f,y h, - ndl’ = 0, associated solutions (Ya,PasZa,Ta) to (2.6) in Q~>< (0,Tp) and
arbitrarily small times t* € (0,T/2) such that the y, can be extended to 2 x (0,Ty) and
the extensions satisfy Hya(t*)H%(A) < ¢(llyollv)-

b) The set of these t* has positive measure.

¢) The controls hy, are uniformly bounded, i.e.

Bl pos (0,1p;m1/2(7)) < C-
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In view of Lemma 5, for the proof of Theorem 7, we just need to consider the case in
which the initial state yq is such that its extension yo to € belongs to D(A) and possesses a
sufficiently small norm in D(A).

We will prove that there exists (Yo, P Za, Tas V), With v € L2(0, T; L?(w)), satisfying

( ~

~Ay+(z-V)y+Vp=vl, in Q,
z—o?Az+Vr=y in @,
V.y=0 in Q,
V.z= in Q, (2.34)
y=0 on f],
Z=Yy on X,
y(0) = ¥o in O

and y(7) = 0 in ﬁ, where z is the extension by zero of z. Obviously, if this were the case, the
restriction (y,p) of (¥,5) to @, the couple (z,7) and the lateral trace h := y|, (o) would
satisfy (2.6) and (2.7).

Let us fix o with N/4 < o < 8 < 1. Then, for each ¥ € L®(0,T; D(A?)), let w = w(x, )
and m = 7(x,t) be the unique solution to

w— a?Aw + V71 = o?Ay in Q,
V-w=0 in Q,
w=0 on .

Since ¥ € L*®(0,T; D(A?)), its restriction to @ belongs to L>(0,T;H?(Q)). Then,
Lemma 3 implies w € L>°(0,T; D(A?)) and, thanks to Theorem 10, we also have w € L*>(Q)
and

||W||%°°(O,T;D(A‘T)) < CHsz 00(07T;D(Aa))7

where C' is independent of «.

Let w be the extension by zero of w and let us set z := y + w. Let us consider the system
(2.27) with h replaced by z and Q replaced by Q. In view of Theorem 12, we can associate
to z the null control v of minimal norm in LOO(O T;L?(®)) and the corresponding solution
(7,5) to (2.27). Since yo € D(A), z € L=(Q) and v € L°°(0,T; L2(©)), we have

y € L*(0,T; D(A)) n C°([0,T); V), y: € L*(0,T; H)
and the following estimate holds:
~ ~ 5112
19425050 + 191 20may + 1912y < UG + 19 o). (235)
Also, in account of Lemma 4, one has ¥ € L>(0,T; D(A®)) and
~ ~ ~ Clly oo . AC

HYHLOO(D(AB)) < C(HYOHD(A) F 1Vl e 2@y e I¥llzoe0.1:02 ")

Now, let us set

W={m¢e LOO(O,T;D(Aﬂ)) tmy € LZ(O,T;I]I) }
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and let us consider the closed ball
K = {y € L®(0,T; D(A”)) : ¥l oo (pary) <1}

and the mapping A,, with ]\a(y) =y forally € L>(0,T; D(A")). Obviously, Ag is well
defined and maps the whole space L>®(0,T; D(A?)) into W. Furthermore, any bounded set
U C W then it is relatively compact in L>®(0,T; D(A%)).

Let us denote by A, the restriction to K of A,. Thanks to Lemma 4 and (2.28), there
exists € > 0 (independent of «) such that if ||yol| p(A) < & Ao maps K into itself and it is
clear that A, : K — K satisfies the hypotheses of Schauder’s Theorem. Consequently, A,
possesses at least one fixed point in K and (2.34) possesses a solution.This ends the proof of
Theorem 7. U

Proof of Theorem 9. The proof is easy, in view of the previous uniform estimates. It suffices
to adapt the argument in the proof of Theorem 8 and deduce the existence of subsequences
that converge (in an appropriate sense) to a solution to (2.11) satisfying (2.7). For brevity,

we omit the details. O

Proof of Lemma 5. For instance, let us only consider the case N = 3. We will reduce the
proof to the search of a fixed point of another mapping ®,,.
For any yo € V, any Ty € (0,T) and any y € L4(O,T0;{7)), let (w,7) be the unique

solution to
w — a?Aw + Vr = a?Ay in Q x (0,Tp),

V-w=0 in Qx(0,7Tp),
w=20 on I'x (0,7p),
let W be the extension by zero of w, let us set z := y + w and let us introduce the Oseen
system
Vi—Ay+ (Z-V)y+Vp=0 in Qx(0,Tp),
V-y=0 in Qx(0,Tp),
y=0 on  9Q x (0,Tp),
y(0) = o in Q.

It is clear that the restriction of ¥ to € x (0,Tp) belongs to L*(0,Ty; H(R2)), whence we
have from Lemma 3 that w € L*(0,Tp; V) and

HW”L4(0,T0;V) S C||?||L4(0,T0;{7) .

It is also clear that we can get estimates like those in the proof of Proposition 7 for y. In

other words, for any yg € V, we can find a sufficiently small T > 0 such that
y € L*(0.To; D(A) N C°([0, o] V), 3 € L*(0, Ty; H)
and
191 2000 + Fleogoimysw) + 17tz gy < € (T I¥0lv- 191 o0 ) -
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where C' is nondecreasing with respect to all arguments and goes to zero as ||yo||v — 0.
Now, let us introduce the mapping ®,, : L*(0, Tp; \Nf) — L*(0, Tp; \Nf), with ®,(y) =y for
all y € L0, T ,\7) This is a continuous and compact mapping. Indeed, from well known

interpolation results, we have that the embedding
L2(0, Tp; D(A)) N L>(0, Tp; V) < L*(0, Ty; D(A**))

is continuous and this shows that, if y is bounded in L?(0, Tp; D(A)) N C°([0, Tp); \N/') and y;
is bounded in L2(0, Tp; ﬁ), then y belongs to a compact set of L*(0, Tp; \7)

Then, as in the proofs of Theorems 6 and 7, we immediately deduce that, whenever
llyollv < 9 (for some d independent of «), @, possesses at least one fixed point. This shows
that the nonlinear system (2.34) is solvable for v =0 and ||yo|v < d.

Now, the argument in the proof of Lemma 2 can be applied in this framework and, as a

consequence, we easily deduce Lemma 5. O

2.5 Additional comments and questions

2.5.1 Controllability problems for semi-Galerkin approximations

Let {w!, w2, ...} be a basis of the Hilbert space V. For instance, we can consider the
orthogonal base formed by the eigenvectors of the Stokes operator A. Together with (2.5),

we can consider the following semi-Galerkin approximated problems:

yi — Ay + (2" - V)y + Vp =vl, in Q,
(z™(t), w)+a?(Vz™(t),w) = (y(t),w) VW € V., 2™(t) € V,, t € (0,7),
V.y=0, in Q, (2.36)
y=0 on X,
y(0) =yo in €,

where V,,, denotes the space spanned by w', ..., w™

Arguing as in the proof of Theorem 6, it is possible to prove a local null controllability
result for (2.36). More precisely, for each m > 1, there exists €, > 0 such that, if ||yo|| < em,

m

we can find controls v and associated states (y™,p"™,z™) satisfying (2.7). Notice that, in
view of the equivalence of norms in V,,, the fixed point argument can be applied in this case
without any extra regularity assumption on yg; in other words, Lemma 2 is not needed here.

On the other hand, it can also be checked that the maximal €, are bounded from below by
some positive quantity independent of m and « and the controls v can be found uniformly
bounded in L*°(0,T;L?(w)). As a consequence, at least for a subsequence, the controls
converge weakly-* in that space to a null control for (2.5).

However, it is unknown whether the problems (2.36) are globally null-controllable; see
below for other considerations concerning global controllability.
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2.5.2 Another strategy: applying an inverse function theorem

There is another way to prove the local null controllability of (2.5) that relies on Lius-
ternik’s Inverse Function Theorem, see for instance [1]. This strategy has been introduced
in [40] and has been applied successfully to the controllability of many semilinear and nonli-
near PDE’s. In the framework of (2.5), the argument is as follows:

1. Introduce an appropriate Hilbert space Y of state-control pairs (Yu,Pa,Zas Tas Va) Sa-
tisfying (2.7).

2. Introduce a second Hilbert space Z of right hand sides and initial data and a well-defined
mapping F : Y — Z such that the null controllability of (2.5) with state-controls in Y
is equivalent to the solution of the nonlinear equation

F(Ya7paaza77raava) = (07y0)7 (Ya7paaza77raava) €Y. (2~37)
3. Prove that F is C! in a neighborhood of (0,0, 0,0,0) and F’(0,0,0,0,0) is onto.

Arguing as in [29], all this can be accomplished satisfactorily. As a result, (2.37) can be
solved for small initial data yo and the local null controllability of (2.5) holds.

2.5.3 On global controllability properties

It is unknown whether a general global null controllability result holds for (2.5). This is
not surprising, since the same question is also open for the Navier-Stokes system.

What can be proved (as well as for the Navier-Stokes system) is the null controllability
for large time: for any given yo € H, there exists T = T, (||yo||) such that (2.5) can be driven
exactly to zero with controls v, uniformly bounded in L>(0, T}; L?(w)).

Indeed, let € be the constant furnished by Theorem 6 corresponding to the time T' = 1
(for instance). Let us first take v, = 0. Then, since the solution to (2.3) with f = 0 satisfies
lya(®)|l \¢ 0, there exists Ty (depending on |lyo| but not on «) such that ||y, (7p)] < e.
Therefore, there exist controls v/, € L>(Ty, Ty + 1; L?(w)) such that the solution to (2.5) that
starts from yo(Tp) at time T satisfies y,(Tp + 1) = 0. Hence, the assertion is fulfilled with
T,=Ty+ 1 and

0 for 0<t < Ty,
V =
@ v; for Tp<t<T,.

A similar argument leads to the null controllability of (2.5) for large a. In other words, it
is also true that, for any given yo € H and 7' > 0, there exists o = aw(||yol|, ') such that, if
a > ay, then (2.5) can be driven exactly to zero at time 7.
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2.5.4 The Burgers-a system

There exist similar results for a regularized version of the Burgers equation, more precisely
the Burgers-a system

Yt — Yoz + 2Yz = V() in (0,L) x (0,7,

2 — %2 =y in (0,L) x (0,7), (2.38)
y(0,t) = y(L,t) = 2(0,t) = 2(L,t) =0 on (0,7), )
y(.%',()) = yo(-f) in (07 L)'

These have been proved in [3].
This system can be viewed as a toy or preliminary model of (2.5). There are, however,
several important differences between (2.5) and (2.38):

e The solution to (2.38) satisfies a maximum principle that provides a useful L>-estimate.

e There is no apparent energy decay for the uncontrolled solutions. As a consequence,
the large time null controllability of (2.38) is unknown.

e [t is known that, in the limit o = 0, i.e. for the Burgers equation, global null control-
lability does not hold; consequently, in general, the null controllability of (2.38) with
controls bounded independently of « is impossible.

We refer to [3] for further details.

2.5.5 Local exact controllability to the trajectories

It makes sense to consider not only null controllability but also exact to the trajectories
controllability problems for (2.5). More precisely, let yo € H be given and let (y,p,2z,7) a
sufficiently regular solution to (2.3) for f = 0 and y¢ = yo. Then the question is whether, for
any given yo € H, there exist controls v such that the associated states, i.e. the associated

solutions to (2.5), satisfy
y(T) = (T) in 9.

The change of variables
y=y+u z=z+w,

allows to rewrite this problem as the null controllability of a system similar, but not identical,
to (2.5). It is thus reasonable to expect that a local result holds.

2.5.6 Controlling with few scalar controls

The local null controllability with NV — 1 or even less scalar controls is also an interesting
question.

In view of the achievements in [7] and [19] for the Navier-Stokes equations, it is reasonable
to expect that results similar to Theorems 6 and 8 hold with controls v such that v; = 0 for
some 7; under some geometrical restrictions, it is also expectable that local exact controllability
to the trajectories holds with controls of the same kind, see [30].
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2.5.7 Other related controllability problems

There are many other interesting questions concerning the controllability of (2.5) and
related systems.

For instance, we can consider questions like those above for the Leray-a equations com-
pleted with other boundary conditions: Navier, Fourier or periodic conditions for y and z,
conditions of different kinds on different parts of the boundary, etc. We can also consider

Boussinesqg-a systems, i.e. systems of the form

yvi—Ay+(z-V)y+Vp=0k+vl, in Q,
0y — AO+z- -V =wl, in Q,
z—a’Az+Vr =y in @,
V.y=0,V-.-z2=0 in @,
y=z=0,60=0 on X,
y(0) = yo, 0(0) =09 in Q.

Some of these results will be analyzed in a forthcoming paper.
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Boussinesq heat effects

Enrique Fernandez-Cara, Mauricio C. Santos and Diego A. Souza

Abstract. This paper deals with the boundary controllability of inviscid incompressible fluids
for which thermal effects are important and are modelled through the Boussinesq approximation.
Almost all our results deal with zero heat diffusion. By adapting and extending some ideas from
Coron and Glass, we establish the simultaneous global exact controllability of the velocity field

and the temperature for 2D and 3D flows.

3.1 Introduction

Let Q be a nonempty bounded open subset of RY of class C® (N = 2 or N = 3). We
assume that Q is connected and (for simplicity) simply connected. Let I'g be a nonempty
open subset of the boundary I' = 02. Bold letters will denote vector-valued functions; for

instance, the vector function v € C°(Q;RY) will be of the form v = (v1,...,vy), where
v1,..., vn € C°(Q;R). Let us denote by n(x) the outward unit normal vector to 2 at any
point x € T".

In this work, we are concerned with the boundary controllability of the system:

vi+(y -V)y= —Vp+E9 in Qx(0,7),
V.y=0 i Qx(0,7), 1)
0y +y-Vo=0 in Qx(0,7),

yv(x,0) = yo(x), 0(x,0) =0p(x) in €,
where:

e y and the scalar function p stand for the velocity field and the pressure of an inviscid
incompressible fluid in Q x (0,7).

e The function @ provides the temperature distribution of the fluid.
e k0 can be viewed as the buoyancy force density (E is a nonzero vector of RYV).

The system (3.76) is called the incompressible inviscid Boussinesq system.
For now on, we assume that o € (0,1) and we set

C(m,o,Tp) :={uec C™(LRY) : V-u=0in Qand u-n=0onT'\Tp}, (3.2)
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where C"™%(Q; R") denotes the space of functions in C™(2; RY) whose m-th order derivatives
are Holder-continuous with exponent a.
The exact boundary controllability problem for (3.76) can be stated as follows:

Given'yo, y1 € C(2,a,Tq) and 0y, 01 € C**(Q;R), findy € C°([0,T]; C(1,,T)),
0 € C°([0,T]; CH2(;R)) and p € D'(Q x (0,T)) such that (3.76) holds and

v(x,T) =yi(x), 0(x,T)=0:1(x) in Q. (3.3)

If it is always possible to find y, 8 and p, we say that the incompressible inviscid Boussinesq
system is ezactly controllable for (2,T) at time 7.

Remark 5. In order to determine without ambiguity a unique local in time regular solution
to (3.76), it is sufficient to prescribe the normal component of the velocity vector on the
boundary of the flow region and the full field y and the temperature € only on the inflow
section, i.e. only where y - n < 0, see for instance [68|. Hence, in (3.76), we can assume that

the controls are given by:

y-non 'y x (0,7), with / y -ndl' = 0;
o
y at any point of I'g x (0,77]) satisfying y - n < 0;

0 at any point of I'g x (0,7") satisfying y - n < 0.
Il

The meaning of the exact controllability property is that, when it holds, we can drive
exactly the fluid, acting only on an arbitrary small part I'g of the boundary during an arbitrary
small time interval (0,7), from any initial state (yo, fp) to any final state (y1,61).

The Boussinesq system is potentially relevant to the study of atmospheric and oceano-
graphic turbulence, as well as to other astrophysical situations where rotation and stratifi-
cation play a dominant role (see e.g. [71]). In fluid mechanics, (3.76) is used in the field of
buoyancy-driven flow. It describes the motion of an incompressible inviscid fluid subject to
convective heat transfer under the influence of gravitational forces, see [69].

The controllability of systems governed by (linear and nonlinear) PDEs has focused the
attention of a lot of researchers the last decades. Some related results can be found in [16, 47,
62, 81|. In the context of incompressible ideal fluids, this subject has been mainly investigated
by Coron [13, 15] and Glass [43, 44, 45].

In this paper, we are going to adapt the techniques and arguments of [15] and [45] to the
situations modelled by (3.76).

The first main result is the following:

Theorem 13. The incompressible inviscid Boussinesq system (3.76) is exactly controllable
for (,Tg) at any time T > 0.

The proof of Theorem 13 relies on the extension and return methods. These have been
applied in several different contexts to establish controllability; see the seminal work 72| and
the contributions [13, 15, 43, 44].

Let us give a sketch of the strategy:
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First, we construct a “good"trajectory connecting 0 to 0 (see sections 3.2.1 and 3.2.2).

We apply the extension method of David L. Russell [72].

We use a Fixed-Point Theorem to obtain a local exact controllability result.

Finally, we use an appropriate scaling argument to deduce the desired global result.

In fact, Theorem 13 is a iconsequence of the following result:

Proposition 9. There exists § > 0 such that, for any 6y € C**(Q;R) and yo € C(2,a,T)
with

2.as [|0oll2,a} < 0,

there ezist y € C°([0,1];C(1, o, Ty)), 6 € C°([0,1]; CH*(;R)) and p € D'(Q x [0,1]) sa-
tisfying (3.76) in Q x (0,1) and

max {|[yo

y(x,1) =0, 0(x,1) =0 in Q. (3.4)

The rest of this paper is organized as follows. In Section 4.2, we recall the results needed
to prove Theorem 9. In Section 4.3, we give the proof of Theorem 13. In Section 4.4, we prove
Proposition 9 in the 2D case. It will be seen that the main ingredients of the proof are the
construction of a nontrivial trajectory that starts and ends at 0 and a Fixed-Point Theorem
(the key ideas of the return method). In Section 4.5, we give the proof of Theorem 9 in the
3D case. Finally, in Section 4.6, we present some additional comments and open questions.

3.2 Preliminary results

In this section, we are going to recall some results used in the proofs of the main results.
Also, we are going to indicate how to construct an appropriate trajectory in order to apply
the return method.

The first one is a immediate consequence of the well known Banach Fixed Point Theorem.

Theorem 14. Let (By,| - |[1) and (Ba, || - ||]2) Banach spaces with By continuously embedded
in By. Let B be a subset of Bo and let G : B — B be a mapping such that

|G(u) = G)|l1 <vllu—v|1 Y u,ve B, for some0 <~y <1.

Then, G has a unique fixed point in E”Illl.

The following lemma will be very important to deduce later appropriate estimates. The
proof can be found in [4].

Lemma 6. Let m be a positive integer. Assume that u,g € C°([0,T]; C™1(Q;R)) and
v € C([0, T]; C™H1o(Q; RN)) are given, with v-n =0 on T x (0,T) and

%;—i-v-Vu:g in Qx(0,T). (3.5)
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Then,

dtt
where K is a constant only depending on o and m.
In the case m = 0, we have:
d
dt+

[uCs Ollma < N9CsOllma + KNV Ollm,alluls Ollma in (0,T),

[u(, B)llo.0 < [lg( Dlloa + KV Dllallul,Olloa in (0,T).

(3.6)

In the following sections, we will frequently use a technical lemma whose proof can be

found in [43]:
Lemma 7. Let us assume that
wo € CLYQRY), V.-wo=0 in Q,
uec C%0,T];C**(Q;RY)), u-n=0 on T x(0,T),
g e C%[0,T];Co(Q,RY)), V-g=0 in Qx(0,7).

Let w be a function in C°([0, T]; CH* (4 RN)) satisfying

wi+(u-Viw=(w-Viu—(V-uyw+g n Qx(0,7),

{ w(-,0) = wyo in Q.

Then
V-w=0 in Qx(0,7).

Moreover, there exists v € CO([0,T]; C>*(Q; RY)) such that

w=Vxv in Qx(0,7).

3.2.1 Construction of a trajectory when N = 2

Our trajectory will be associated to a domain Q C R%. To do this, we will argue as in

[15]. Thus, let £; be a bounded, Lipschitz contractible subset of R? whose boundary consists

of two disjoint closed line segments I'™ and I'"™ and two disjoint closed curves ¥/ and ¥” of
class C* such that 9%’ U 9%” = 9I'~ U OT'". We also impose that there is a neighborhood
U~ of T (resp. Ut of I'") such that Q3 NU™ (resp. Q3 NU™T) coincides with the intersection
of U~ (resp. U™), an open semi-plane limited by the line containing I'~ (resp. I'") and the

band limited by the two straight lines orthogonal to I'™ (resp. I'") and passing through oI'~

(resp. OT'"); see Figure 3.1.
Let ¢ be the solution to

Ap=0 in q,

o= on I'f,
=—1 on I'",

Ip

— =0 by

o, on X,

(3.7)

where n; is the outward unit normal vector field on 9 and ¥ = ¥/ UX". Then we have the

following result from J.-M. Coron [15]:
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Figura 3.1: The domain €y

Lemma 8. One has ¢ € C®(Q1;R), —1 < p(x) < 1 for all x € Q1 and
Vo(x)#0 Vx € Q. (3.8)

Let v € C*(]0,1]; R") be a non-zero function such that supp v C (0,1/2) U (1/2,1) and
the subsets supp v N (0,1/2) and supp v N (1/2,1) are non-empty.

Let M > 0 (it will be chosen below) and set y(x,t) := M~(t)Vp(x), p(x,t) := =M~ (t)p(x)—
MTQV(t)Q\Vgo(x)\Q and @ = 0. Then, (3.76) is satisfied fory =y, p=p, 0 =0, T =1, yo =0
and 6y = 0. The solution (¥, p, 0) is thus a trajectory of (3.76) that connects the zero state
to itself.

Let Q3 be a bounded open set of class C* such that ; CC Q3. We extend ¢ to (3 as
a C'* function with compact support in (23 and we still denote this extension by ¢. Let us
introduce y*(x,t) := M~(t)Vp(x) (observe that ¥ is the restriction of y* to Q x [0, 1]). Also,
we consider the associated fluz function Y* : Qg x [0,1] x [0,1] = g3, defined as follows:

{ Yi(x,t,8) =y (Y*(x,t,5),t) (3.9)

Y*(x,s,8) = x.

The mapping Y* contains all the information on the trajectories of the particles transported
by the velocity field y*. It is customary to label the particles with the positions x at the
beginning of observation (¢t = s). This system of ODEs express the fact that the particles
travel with velocity y*. The flux Y* is of class C* in Q3 x [0,1] x [0,1]. Furthermore,
Y*(-,t,s) is a diffeomorphism of Q3 onto itself for each s,t € [0,1]. Finally,

(Y*(,t,8) "1 = Y*(,5,1), Vs,t € [0,1].

Remark 6. From the definition of Y* and the boundary conditions on 2 satisfied by ¢, we

observe that:

e The condition y* - n; = 0 on ¥ means that the particles cannot cross X:;
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e Since ¢ is constant on '™, the gradient V¢ is parallel to the normal vector on I'". As ¢
attains a maximum at any point of I'", we have Vi -n; > 0 on I'", whence, y*-n; > 0
on I't x [0,1]. Similary, y*-n <0 on I'" x [0, 1].

Consequently, the particles moving with velocity field y* can leave Q7 only through I'™ and
can enter {21 only through I'". O

The following lemma shows that the particles that travel with velocity y* and are inside
Qy at time t = 0 (resp. t = 1/2) will be outside Q; at time t = 1/2 (resp. t = 1).

Lemma 9. There exist M > 0 (large enough) and a bounded open subset Qo satisfying
Q1 CC Qo CC N3 and
X € ﬁg - Y*(x, 1/2,0) gﬁz,

* - (3.10)
X € = Y*(X,l, 1/2) ¢ Q.

The proof is given in [15] and relies on the properties of y* and, more precisely, on the
fact that t — o(Y*(x,t,s)) is nondecreasing.

The next step is to introduce appropriate extension mappings from 2 to {23. More preci-
sely, we have the following result from [52]:

Lemma 10. For i = 1,2, there exists m; : C°(Q;RY) — C%(Q3;RY), linear and continuous,
such that

m(f) =f in Q, Vf € CO(;RY),
supp m;i(f) C Qo Vf € Co(ﬁ; ]Ri), (3.11)
m; maps continuously C(Q; RY) into C™M(Q3;RY) VYo >0, YA e (0,1).

The next lemma says that (3.10) holds not only for y* but also for any appropriate
extension of any flow z sufficiently close to y:

Lemma 11. For each z € C°([0,1]; C1*(Q;R?)), let us set z* = y* +ma(z—7Y). There exists
v > 0 such that, if |z — ¥l||o < v and Z* is the flux function associated to z*, then

X € QQ — Z*(X, 1/2,0) ¢§2

- = (3.12)
X €y — Z*(X,1,1/2) Q Q.

Demonstracao. Let us set
F={Y"(x,1/2,0) : x€ Qo } U{Y"(x,1,1/2) : x € Qp}.

Since F and €y are compact subsets of R? and, in view of Lemma 9, F N Qs = (), we have
d :=dist (F, Q) > 0.

54



Let us introduce W := Y* — Z*. Then, in view of the Mean Value Theorem and the

properties of o, we have:
t
W t,9)] < M [ 1(0) V(Y (x.0:5)) = V(' (x,0,5)| dor
t
+ [ Irala - 9)(2 (x.0,5).0)| do
t t
< M|Vl / ()W (x, 0, 5)| do + / Ima(z — 7)ol dor

t t
< M|Vl / ()W (x,0,8)|do + C / 2 — Fllo(o)do,
S S

where (x,t,s) € Q3 x [0,1] x [0, 1].
Hence, from Gronwall’s Lemma, we see that

W) < € ([ la=5la(oldo) exp (219l [ 2(0) o)

< ceMIVelolhlo|z — vl

and, therefore, there exists v > 0 such that, if ||z — ¥||o < v, then

d _
[W(x,t,s)] < > V(x,t,s) € Q3 x[0,1] x [0,1]. (3.13)

Thanks to Lemma 9 and (3.13), we necessarily have (3.12) and the proof is done. O

Now, we will introduce a mollifier and we will state a result that will be useful in Secti-

ons 4.4 and 4.5. Let p € C®(R?;R) be given by

Ix|2
el-Ixl” if x| <1,

p(x) :=
0 if |x|>1

and let the p,, € C®(R%R) be defined as follows:

pm(x) := m?p(mx).

Lemma 12. For each vo € C>*(Q;RY), let us set
Vi = (pm * (Vo)) |-
Then vi* — vo in C3*(Q;RY) as m — +oo and
Ve ll2.0 < Cllvollza  [1V6' 3.0 < mCllvoll2,a-
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3.2.2 Construction of a trajectory when N =3

In this section, we will follow [45]. As in the two-dimensional case, ¥ will be of the potential
form “V¢”, with the property that any particle travelling with velocity y must leave Q at an
appropriate time. The main difference is that, in this three-dimensional case, “V¢” can no
longer be chosen independent of ¢.

We first recall a lemma:

Lemma 13. Let G be a reqular bounded open set, with G O Q. For each a € Q, there exists
#® € C°(G x [0,1];R) such that supp ¢ C G x (1/4,3/4),

A =0 in Qx][0,1],

a 3.14
ag; =0 on (I'\Ty) x[0,1], (344

and
X?2(a,1,0) € G\ Q,

where X2 = X?(x,t, s) is the flux associated to V¢?, that is, the unique function that satisfies

%Xa(x, t,s) = VO*(X?*(x,t,s),t),

X?(x,s,8) = x.

(3.15)

The proof is given in [45].

With the help of these X2, we can construct a vector field y* in G x (0,1) that drives the
particles out of 2 and then makes then come back the same way.

Indeed, from the continuity of the functions X2 and the compactness of Q, we can find
aj,as, ...,a; in €, real numbers rq,...,7, smooth functions ®! = ¢21, ... ®F = @2
satisfying Lemma 13 and a bounded open set Gg with Q CC Gy CC G, such that

k
Qc|JB' ccGy and X/(B,1,0)C G\ G, (3.16)
i=1
where B' := B(a;;r;) and X% := X% fori=1,...,k.
As in [45], the definition of y* is as follows: let the ¢; be given by

1
" 4?““’ 21_01’ 2 (3.17)
tip1 = Z+(z‘+§)@, i=0,...,2k—1
and let us set
0, (x,t) € G x ([0,1/4] x [3/4,1]),
(1) = { SK®I(x,8k(t—1;1)), (x,8) € G x [ty1,t; 1], (3.18)

—8kDI (x, 8k(t; — 1)), (x,t) € G x {t];%,tj}
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for j = 1,...,2k; then, we set y* = VO, y = y*|§x[071} and we denote by X* the flux
associated to VO.

If we set p(x,t) := —®4(x,t) — 3|V®(x,t)|> and § = 0, then (3.76) is verified for y =¥,
p=p,0=0,T=1yo=y1=0andfy =60, =0.

Thanks to (3.16) and (3.18), the particles of the fluid that travel with velocity y* and
are located in the ball B® at t = 0 go out of G at t = ti_% and again at t = tkﬂ_%. More
precisely, one has:

Lemma 14. The following properties hold for all i =1,..., k:

x€B = X*(x,t,_1,0) € G\ Gy,
2

- i} (3.19)
x€eB = X*(x,tka%,l/Q) € G\ Gp.

For the proof, it suffices to notice that Y* = X% in G x [1/4,3/4] x [1/4,3/4], where

XO(x,t,8) 1=

\
for [,j =1,...,2k. Indeed, one has the following for each x € B':
X (x,t;_1,0) = X*(x,t;_1,t0) = X(x,1,0) € G\ Gy

and
. 1 . . _
X <X7tk+i—;?2> =X (thk.t,_i_%vtk) = Xl(x,l,(]). € G\GO

A result similar to Lemma 10 also holds here:
Lemma 15. There exist m and w3 with
mi(F)(x) = f(x) Vx € Q, Vf € CO(;RY),

supp mi(f) € Gy VE e CO(Q;RY), (3.20)
m; maps continuously C™(Q;RY) into C™(G;RY) ¥Yn >0, VA € (0,1).

Finally, we also have a property similar to (16) for any flux corresponding to a velocity
field sufficiently close to y:

Lemma 16. For eachy € C([0,1], CY*(Q;R?)), let us set y = y* + w3(y — ). There exists
v > 0 such that, if ||y — ¥|lo < v, X is the fluz associated to y and 1 < i < k, one has:

xcB — X*(x,ti_%,O) € G\ Go,
x€B = X*(x,ti+k_%,1/2) € G\ Gy.
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Demonstracao. It is easy to see that

X, 1,5) — Y*(xt,5)| = /(y(i(x,ﬁ 9.7) — y* (Y*(x,7, ), 7)) dr

< /:Iy*(f(((XmS),T)—y*(Y*(X,T’S),T))IdT
# [ Iraty = 9K )l e
< C /t X (x,7,5) — Y*(x,7,8)| dT + C|ly — ¥llo-
For Gronwall’s Lemma, we have
[X(x. 1) ~ X*(x.1.8)| < Clly ~ ¥
Let us set

k
F = U <X(Bl,ti_é,0) UX <Bl,tk+i_;, 2) >

Since F and Gg are compact and F NG = 0, we have d' := dist (F, §1> > 0. There exists
v > 0 such that, if ||y — ¥||o < v, then

U

X (x,t,5) — Y*(x,t,5)| < % Y(x,t,5) € G x [0,1] x [0,1]. (3.21)

Consequently, for this v we get the desired result. O

3.3 Proof of theorem 13

This section is devoted to prove the exact controllability result Theorem 13, we use a
scaling argument from Proposition 9.
Let T > 0, 0, 01 € C**(Q;R) and yo, y1 € C(2,a,T) be given. Let us see that, if

1yollz.a + [Iy1ll2.0 + 160ll2.0 + [161]l2.0

is small enough, we can construct a triplet (y,p, ) satisfying (3.76) and (3.75).
If € € (0,7/2) is sufficiently small to have

{elyollza, [lboll2a} <& (resp. {e]lyillzas *[l61]l2a} < 0),
then, thanks to Proposition 9, there exist (y°, 6°) in C°([0,1]; CH*(Q; RY*1)) and a pres-
sure p° (resp. (y!, ') and p') solving (3.76), with y°(x,0) = eyo(x) and §°(x,0) = £26
(resp. y'(x,0) = —ey1(x) and 01(x,0) = £201(x)) and satisfying (3.4).
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Let us choose € of this form and let us introduce y : Q x [0,7] — RY, p: Q x [0,T] — R
and 0 : Q x [0,T] = R as follows:

;

y(x,t) = e 1yO(x,e7 1),

p(x,t) = e 2p°(x,e711) (x,t) € 2 x [0,¢],
| 0(x,t) =20 (x,e7't),
[ yix.t) =0,

p(x,t) =0, (x,t) € Q x (¢,T —¢),
[ O(x,t) =0,

y(x,t) = —e 'y (x,e (T — 1)),
p(x,t) = 2pl(x,e (T —1),  (x,1)€Qx[T—eT]
0(x,t) =20 (x,e (T — 1)),

Then, (y,0) € C°([0,T]; CH*(; RN¥+1) and the triplet (y, p,6) satisfies (3.76) and (3.75).

3.4 Proof of Proposition 9. The 2D case

Let u € C*°(]0,1]; R) a function such that p = 1in [0,1/4], x =0in[1/2,1] and 0 < p < 1.
The proof of Proposition 9 is a consequence of the following result:

Proposition 10. There exists § > 0 such that if max {||yol/2,a, [|fo||2,a} < 9, then the system

(

G+y-Vi=-kxV0 in Qx(0,1),

0 +y-V0=0 in Qx(0,1),

y-n=(y+uyo) n on T x(0,1), (3.22)
V.y=0, Vxy=¢( in Qx(0,1),

¢(0) =V xyo, 0(0) =6y in Q,

possesses at least one solution
(¢,0,y) € C°([0,1]; C**(;R)) x CO([0,1]; CV*(%R)) x C°([0,1]; CH*(%4R?))  (3.23)
such that 0(x,t) =0 in Q x [1/2,1] and {(x,1) =0 in Q.

The reminder of this section is devoted to prove Proposition 10. We are going to adapt
some ideas from Bardos and Frisch [4] and Kato [60] already used in [15] and [43].

Let us give a sketch.
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We will start from an arbitrary flow z := z(x,t) in a suitable class S of continuous
functions. Together with this z, we will construct a scalar function 6 verifying

0, +z-VO=0 in ?x [0,1], (3.24)
0(0) = 6y in €.
and
0 =0inQx[1/2,1].
Then, with this 6§ we construct a function ¢ satisfying
Ct+z.V<:—EXVO in ?X [071]’ (3.25)
¢(0) = V x ¥o i

and
¢(-,1)=01in Q.

In this way, we shall have assigned ( to each z € S. Now, we can construct a flow y such
that V x y = ¢ and, therefore, we will have defined a mapping F' with F(z) = y. We will
choose the class S in such a way that F' maps S into itself and satisfies the conditions of
Banach’s Fixed Point Theorem.

Let y be the unique fixed point of F' in S and let # and { be the associated temperature
and vorticity. Then, the triplet (¢, 6,y) should solve (3.54) and satisfy (3.55).

Let us now give the details. Consider yo € C*%(Q) and § € C>%(Q2) and let us introduce
S'={zeC%[0,1; C>*((LR?*)) : V-z=0in Qx [0,1],z-n = (¥ + pyo) -nonT x[0,1]}.
For v > 0, we will denote by S, the set

S, ={zeS :|z(,t) = ¥(-, )|l2.a <v, VE€[0,1] }.

Let v > 0, be the constant furnished by Lemma 11 and let us carry out the previous process
forz €S, (S=S,). Notice that, if ||yoll2,a < v then ¥ + pyo € S,.

First, let us set z* = y* 4+ mo(z — y). Then, we have the estimate
12°( D20 < IY* (5 B)ll2a + Cll(z = ¥) (5 2,0, V€ [0,1] (3.26)
and the following result:

Lemma 17. There exists a unique global solution Z* € C*([0,1] x [0, 1]; C>*(Q3; R?))

Z;(x,t,s) = 2"(Z*(x,t,5),t), (3.27)

Z*(x,s,s) = x,

with
Z*(x,t,5) € Q3 V(x,t,8) € Q3 x[0,1] x [0,1].
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For the proof, it is suffices to apply directly the well known (classical) existence, uniqueness
and regularity theory of ODEs.

Since Z* € C1([0,1] x [0, 1]; C>*(Q3; R?)) and 6y € C>%(Q;R), from the properties of 7y,
we can obtain a unique solution §* € C°([0,1/2]; C3%(Q3;R)) to the problem

0*(x,0) = 1 (6p)(x) in Q3.

Note that, in (3.28), boundary condition on € does not appear. Obviously, this is because
z* has support contained in 3.
The solution to (3.28) verifies

0*(Z*(x,t,0),t) = m1(0o)(x) V(x,t) € Q3 x [0,1/2] (3.29)

and, consequently,
supp 0%(-,t) C Z*(Q9,t,0) in [0,1/2].

In particular, in view of the choice of v, we get:
supp 0*(-,1/2) C Z*(92,1/2,0) C Q3 \ Qa.

Therefore, 6*(-,1/2) = 0 in Q.
Now, applying Lemma 6 to the equation verified for 6*, we have:

d * * *
2 1070 Oll2.a < Kll27(, )ll2.al107( t)ll2.a- (3.30)
Then, from Gronwall’s Lemma, we obtain:
¢
167, D) l[2.0 < [l71(60)[[ 2,0 exp <K/ 12" (- 7)ll2,a dT) : (3.31)
0
Let 8 be the function
oy [ 070D, (e €D 0.1/ 5
0, (x,t) € Q x [1/2,1].
Then 6 € C°([0,1]; C3*(;R)) and
+z-VO=0 in Qx(0,1), (3.33)
0(x,0) = 0p(x), in Q.

Now, we set (§ := V x (ma(yo)) and ¢* € C°([0,1/2]; C**(Q3;R)) unique solution to the
problem

{ G et VC = KX V0 i @ [0,1/2) (334
¢*(x,0) = (5(x) in Q.
Applying again Lemma 6, we get:

d * * * *

dtng ('at)Hl,a < CHH ('7t)”2,a +K||Z ('7t)||2,a||c ('7t)H1,a- (335)
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From Gronwall’s Lemma and (3.31), we obtain:

1€7 (- 2)

La < C(||m2(yo0)

2.0 + [|71(00)||2,a) €xp <K/o lz* (-, 7)l2,a d7>. (3.36)

With this ¢*, we define ¢/, € C22(Q;R) given by q/2(x) = (*(x,1/2) for all x € Q.
Then, we can obtain a unique solution ¢** € C°([1/2,1]; C?*%(Q3;R)) of the problem

{ gt +2z"- VT =0, in Q3 x [1/2,1], (3.37)

(x,1/2) = m((fp)(x), in Qs.
Also, we have that the solution of the problem (3.37) verifies
CH 2 (x,£,1/2),8) = (G ) (%), V(x,1) € Q3 x [1/2,1]

and then
supp ¢**(-,t) C Z¥(Q9,t,1/2) in [1/2,1].

Again, by the choose of v and the identity above, we have
supp ¢ (- t) C Z*(R2,1,1/2) C Q3\ Q.
Therefore, (**(-,1) = 0 in Q.

With similar arguments to get (3.31) and combining with (3.36), we have:

1€ D e < Clllma(yo)l2a + [[71(60)[[2.0) exp (K/O HZ*(-J)Hz,a(T)dT), (3-38)

for all t € [1/2,1].
So, we can define ¢ € C°([0,1]; C*%(Q;R)) given by

Cr(x, ), (x,1) € 2 x[0,1/2],
t) = — 3.39
{e.t) { CHt), (ko0 €D x [1/2,1] (339
and we have that ( is solution of

G+2z-V(=-kxVl, in gx[o,u, (3.40)

¢(0) =V x yo, in Q.

Therefore, thanks to (3.36) and (3.38), we obtain the for (:
t

1€ DllLa < Clllyoll2.a + [[6oll2.a) exp <K/O ||z*||2,a(7)d7>. (3.41)

Whence, with this ¢ we get a unique y € C°([0, 1]; C>*(Q; R?)) such that V x y = ¢ and
y-n=(y+pyo) -nonl x[0,1]. In fact, let ©» € C°([0,1]; C**(2;R)) a unique solution of
the elliptic equation

—AYp=(—pV xyp, inQx]0,1],

(3.42)
Y =0, on T x [0,1].
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Then, we define y := V X ¢ +y + uyo. Obviously, we have that y is a flow, y €
C9(]0,1]; C>* ([ R?)), y -n = (¥ + uyo) -non T x [0,1] and V x y = (. Also, easily we can
see that y is unique.

Therefore, since y is determined by z, we write

F:8, —» S

z — F(z):=Yy. (343)

The following result holds:

Lemma 18. There exists § > 0 such that if

max {|yol|1,a: [|0oll1,a} <6

then F(S,) C S,.

Demonstragao. Let z € S, then F(z) — y =V X ¥ + pyo and we have:
1F(2) (1) =¥ 20 < CUCE D1 + [[yoll2.a)-

Therefore, using (3.41), (3.26) and the definition of S,,, we obtain

t
s+ 0 120) exp (02 [ 1.0 =56k dT)
0

2.0 1 [[0oll2,0) exp(Cav).

1E(2) (1) =¥ ()20 < Ci(llyo

< Ci(llyo

So, we take d > 0 such that

Ci(llyoll2,a + [100l2,a) exp(Cov) < v.

In this way, if z € S, then we have that

1F(z)( 1) =5 (, D20 <v, VEE0,1].
Then, F : S, — S, is a well-defined application. O
Now, to apply the Banach’s fixed point Theorem to F', we have the result:

Lemma 19. For z, z' € S, we have the inequalities

(S OIN]

t
0a < Cy(llyollan + [Boll2e) /0 (2 — 2)(-, )| 1.0 ds.

Demonstragdo. The equation verified by ©* = 6* — 6* is
O; +z"-VO* = -Z*. Vo™, (3.44)
where Z :=z — 7.
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Applying the lemma 6 to the equation above, we have

a * * * * *
57 107G 0lha < CIZTC)[all0™ (D20 + K2 (5 D)ll,a1©7 (5 D)o (3.45)
Since,
0 ) < K ) ol
O+ ; 2,00 > ) 2,a ) 2,
we have ,
107 (-, ) ]|2.0e < Cll0o]|2,0 €xpP (K/ 12 (-, 72,0 dT) . (3.46)
0
The equation verified by A* = (* — (" and A** = (** — ("** are, respectively,
Af 42" VA = —Z* -V —k x VO* (3.47)
and
A +2* VA = -Z* . V(™. (3.48)

Applying the Lemma 6 to the equations above, we have

a * * 1% * * *
5 IV G Dlloa < 1Z7CH)lloallC™ C )lla + 107C Dlla + 112 OllallAC Do (3.49)

<CIZ(, ol D)l + 1107 )lla + CA+ V) [A(C Do.a

and

0
7 *k < *( Ik () * () *k
e A7 0lloa < 127G D)llo,alle™ (5 Olla + 1127 ¢, D)ll1allA™C Dlloa (3.50)

<CIIZ(-,)]l0,allC" ()10 + CA+)A (D)0,

We sum the inequalities (3.45) and (3.49) to obtain

0

a7 IV G Dl +107C Dlla) < CIZ]1alIC™ C t)lla + 107 )ll2.0)

+CA+ V(A D)oo + 107 1)

l,a)-

Applying the Gronwall’s Lemma, we deduce

A" )loa + 1O( 1))

t
La < Cu(llyoll2ta +||90|!2+a)/0 1Z(, )10 dr.

Also, applying the Gronwall’s Lemma to (3.50) and using the inequality above, we deduce

A ) llo.a < Culllyo

t
2.0 T0oll2.0) /1/2 1Z( Dll1a dr + CU|A™(, 1/2) 0,0

t
< Cu(llyollz+a +H90||2+a)/0 1Z (-, 7)]1,0 dT.
Therefore, we can define A = ¢ — ¢’. We can see that

A(x, 1) —{ A(x,1),  (x,1) € 2x[0,1/2],

= =~ (3.51)
A (x,t), (x,t) € Qx[1/2,1]
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and then

IACloa < Culyollza + 160la) [ TG dr
O
Note that y —y’ =V x (¢p —4’). We can note that
V- (Vx(=¢)=0, Vx(Vx@—=9¢)) ==, Vx (@ —=¢) nlrp=0.
Then we have that
1y =y Dle = 11C =) Dlloa
is a norm equivalent to the norm || - ||1 4.
Lemma 20. For each z, 7' € S,, if C = C,( a+100l2,a) then we have that
/ ctm

[[(F™(z) = F™ (@) Dlha < iz = 2l oo (3.52)
for all m € N.
Demonstracao. We are going to prove by induction.
» m =1
Thanks to the lemma 19;
» We suppose that it is true for m = k and we want to prove for m =k + 1:
Applying the lemma 19 to y = F¥(z) and y’ = F¥(z') we have

1) = F D Alla®) < C [ 1 =206 lads.

so, using the induction hypothesis, we obtain

k+1 k+1/,/ =~ / tOgk

F*(2) = F*(2)|[[1.0 < Cllz — 2 cocro) ; s

Therefore, (3.52) holds for all m =1,2,.... O

So, how C < K := K(v, )

We fix this m, so we have that F : S, — S, is a contraction in C’O([O 1]; C1 2 (Q)).

Then, defining B := S, and applying the theorem 14 to G := F™ we obtain that F™ has
a unique fixed point y € ST,HIHCO(CLQ), This ends the proof.

Therefore, (y,(,0) verifies

(¢ +y V(=—Fx V6, in Qx[0,1],
O, +y-V0=0, in Qx[0,1],
y(x.1) n(x) = (F(x,£) + p(t)yo(x) -n(x), on I x[0,1], (3.53)
Vy=0, Vxy=¢( in  Qx[0,1],
¢(0) =V x yo, 6(0) = 6o, in Q,
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From the first and fourth equation of (3.53), we have
V x (yt—(y-V)y—EH) =0
and then there exists a pressure p € D'(Q2 x [0,1]) such that
vi—(y-V)y= —Vp+k6, in Q x [0, 1].
From the fourth and fifth equation of (3.53), we have
V x (y(0) = y0) =0
and then there exists a function g € D’(Q) such that
y(0) —yo = Vg.

How V-y =V -yo=0and (y(0) —yo) -n=0in I" we have that g is solution of the elliptic
problem

Ag=0 in Q,
@—0 on I
on ’

Whence, ¢ is constant and then y(0) = yp.
From the fact that ¢(-,1) = 0 in Q and the fourth equation of (3.53), we have

V X }’(', 1) =0
and then there exists a function h € D’(Q) such that

(1) = Vh.

<

How V-y =0and y(-,1) -n =0 in I" we have that h is solution of the elliptic problem

Ah=0 in £,
h
gn =0 on T,

Whence, h is constant and then y(-,1) =0 in Q.

Remark 7. The condition yo € C>*(Q2) and 0 € C3*(Q) can be relazed. In fact, if yo €
C22(Q) and 0 € C**(Q), for the Lemma 12, we can construct a sequence (y&), € C>%(Q)
and (0F),, € C>*(Q) such that

yi = yo in C*(Q) and 60 — 6y in C**(Q).

Then, from the previous result, we obtain (y™,p™, 0™) a fixed point for F that is a solution of
(3.54). This solution is bounded by a constant which depends of the C*“-norm of the data.

So, we can pass the limit obtained the Proposition 11.
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3.5 Proof of theorem 2 - Tridimensional case

In this section, we will use the notations of Section 3.2.2. Let {1’} a partition of the unity
associated to the balls B* such that > " = 1.

i=1
The 3D version of proposition 9 is given by the following result:

Proposition 11. There exists 6 > 0 such that if max {||yoll2,a, [|fo||2,a} < 9, then the system

(wt+y-Vw:w-Vy—ExV0 in Qx(0,1),
0r+y-VO0=0 in Qx(0,1),
y n=(y+uyo) n on T x(0,1), (3.54)
V.y=0, Vxy=w in Qx(0,1),
w(0) =V x yo, 0(0) = o in Q,

possesses at least one solution
(w,0,y) € C°([0,1]; C**(E;R?)) x C°([0,1]; CV*(E;R)) x C°([0,1]; CM (O3 R?))  (3.55)
such that 0(x,t) =0 in Q x [1/2,1] and w(x,1) =0 in Q.

Demonstragao. In this existence result, we will follow the ideas from Bardos and Frisch (see

[41)-

First, we consider the class
R = {z € C%([0,1;C**(Q)); V-z=0in Q2 x [0,1] and z-n = (§ + pyo) - n on F}.
For v > 0 we are going to denote by

R, ={z € R;||z(-,t) = ¥(- ,t)|2.a <v Vte][0,1]}.

For now on, R, is fixed for the value of v > 0 guaranteed by the lemma 16. As in the 2D case,
the idea is to define a application F': R, — R, and show that it has a fixed point. We start
from a arbitrary vector function z = z(x,t) € R,. With this z we define Z as in the Lemma
16 and then find 6* verifying

0 +7-VO =0 in G x[0,1/2],
0*(x,0) = Y, vim (fo)(x) in G.

For x € Q, let 0}(x) = 6*(x,1/4) and consider, for i = 1,....k, the functions #° €
([0, 1]; C*%(G;R)) solutions to the following problem

0 (x,1/4) = im (03)(x) in G.
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The function € of Proposition 11 will be constructed as a restriction of a function defined

in G. This extension will still be denoted in the same way as 8. We start defining:
0=06* in G x|[0,1/4]
k 3.57
0,+%-VO=0 in G><<[1/4,1/2]\U{ti;}>. (3:57)
i=1

To define 6 properly, we have yet to define it on the values ¢, 1. This follows by an induction
2

argument. Indeed, in the first interval we can write

k
O(x,t) =Y _0'(x,t), (x,t) € G x [1/4,ty5]. (3.58)
=1
The equality
0 (X5(x,t,0),t) = ' (x)71(0y) (x) (3.59)
implies that
supp Gi(',t;l) C Xg(Bi,ti_%,O). (3.60)
2

Using Lemma 16 and the inclusion (3.60) we have that
6 (x, t-1)=0, xe (3.61)
2

This shows that it is natural to define

0(x,t7,) =Y 0'(x,tf,), xeG. (3.62)
=2

More generally, in a analogous way, we can ask that

l
Xt ) Ze x5, xeq. (3.63)
l=i+1

with the convention

9(X,tk7%)::0 in G.

We remark that 6 defined in this way is not necessarily continuous at the points {¢;_; /2},
but the restriction to Q is indeed a function in C°([0,7]; C%(Q)). In this way, we clearly

have

k
O(x,t)= > O(x,t) in Qx[t,_ Ltal, (3.64)
I=i+1

in particular

(3.65)

6i+2-VO=0, in Qx[0,1/2],
6(0) = by, in Q.

with §(x,t) := 0 in Q x [tk—%’ 1].
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With this 6, we obtain w* given by
Wi+ (E V)t = (- V)E— (V- 2w — K x Vm(0) in G x[0,1/2],
w*(x,0) =V x m3(yo)(x) in G.

By Lemma 7, there exist v € C3%(2) such that w*(-,1/2) = V x v. In this way, consider

the solution of the problem

w4+ (z - V)w™ = (W™ -V)z— (V- -z2)w™ in GxI[1/2,1],

w™(x,1/2) = iv x (P'ms3(v))(x) in G. (3.66)
Fori=1,.. k, let
{ Wi+ (@ V' = (@' V)z — (V- 2)o ?n G x [1/2,1], (5.67)
w'(x,1/2) =V x (P'm3(v))(x) in G.

The solutions w’ are divergence free and moreover has the property

wi(XE(Xa t, 1/2)7 t) = wi(xv 1/2) =+ / [(wl : V)E - (V : E)wz](Xi(Xv g, 1/2)7 O')dO'.
1/2
Then,

t

W' (X (x, t,1/2), 8)] < w'(x,1/2)] + C\|§\|CO([0,1};CI(Q))/ (Xz(x,0,1/2),0)|do.

w?
1/2

Notice that if x ¢ B’ we have
W (Xz(x,t,1/2),1)| < Cllzllcoo,11:01 () /1; W' (X5(x,0,1/2),0)|do.
From the Gronwall’s Lemma, we see that
wi(Xz(x,t,1/2),t) =0, (x,t) € (G\ B x (1/2,1)

whence
supp w'(-,t) C X5(B,t,1/2).

Using Lemma 14 we get
wi(x,tk+i_%) =0, Vx € Q.
Then, we can define w by
w(x,t) :=w*(x,t) in G x[0,1/2]. (3.68)
To define properly w in [1/2, 1], we proceed as for the temperature. Precisely we have:
wt (@ Viw=w-V)z—(V-2)w in Gx <[1/2,1] \iQ {tk+i_;}> :
Wt ) =Yk el ) i G B

(3.69)
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In particular, we have:

k
W(X7 t) = Z wl(x7t) in Q X [tk+i_l7tk+i+l] (370)
l=i+1 2 2
and

w(x,t%_%) = 0. (3.71)

In this way, we get that the restriction of w to Q x [0,1] is C°([0, 1]; C**(Q2)) and the pair
(w, 0) satisfies:

wt—l—(z-V)w:(w-V)z—(V~z)w—ﬁxV6 in Qx][0,1],
0, +2-V0=0 in Qx[0,1],
6(0) =6y, w(0) =V xyq in Q.

Moreover w(x,t) := 0 in Q X [tzk—%> 1] and O(x,t) :==0in Q x ﬁk—%? 1].

The task now is to recover the velocity field in order to well define the fixed point appli-
cation.

Firstly, thanks to (3.68),(3.69) and Lemma 7, w stays divergence-free in G x [0, 1].

Consider ¥*, the unique solution of the problem

—AV* =w—uV xXyp, in Qx][0,1],
V-0*=0 in Qx][0,1],
(VX ¥*) n=0, on 0 x [0,1].

So, with this U*, there exists a unique y in C([0, 1]; C***(Q)) such that

VXxy=w in Qx[0,1],
V.y=0 in Qx0,1], (3.72)
y-n=(uyo+y)-n on 0Qx]|0,1].

In fact, y = V X ¥* +§ + uyo.

Therefore, since y is uniquely determined by z, we write

F:R, - R (3.73)
z — F(z)=y .

and we have the following Lemma:

Lemma 21. There exists § > 0 such that if {||yo|
defined.

205 |0oll2,0} <6 F: R, = R, is well

In order to prove that F' has a fixed point, we need to prove that, in some sense, F' is a
contraction. For this purpose, we will apply the Theorem 14, as was done before.

Using the same ideas of Lemma 20 and recalling remark 7, we can prove the result:
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Lemma 22. For each z, 2’ € R, if C = C,(|lyol|2.a + [|60]l2.0) then we have that

- . ctm
(F™(z) = F™(2") (-, t)]|[1,0 < —llz—zllcocre (3.74)

for all m € N.

Then, if m is great enough, we have that F" : R, — R, is a contraction map. Therefore,
applying the theorem 14 to F™ we obtain that F™ has a unique fixed point y € Ri,,H'HO’l’O‘.
This ends the proof. O

3.6 Additional Comments

e An interesting question which arise if it is possible to obtain for the solution the same
regularity of the data. More precisely, given yo, y1 € C(2,a, o) and 6y, ; € C>*(Q;R),
find y € C°([0,T]; C(2,,T)), 0 € CY([0,T); C*>*(4;R)) and p € D'(Q x (0,7T)) such
that (3.76) holds and

y(x,T)=yi(x), 0(x,T)=0601(x) in Q. (3.75)

e Another interesting question is about controllability of the incompressible, heat conduc-
tive, inviscid Boussinesq system given by:

yi+ (y-V)y = —Vp + ké in Qx(0,7),
V-y=0 in Qx(0,7T), (3.76)
04y -V = KA in Qx(0,7),

yv(x,0) = yo(x), 0(x,0) =0y(x) in £,
where k > 0 can be viewed as the heat diffusion coefficient.

Both question will be subject of a forthcoming paper.
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On the control of some coupled
systems of the Boussinesq kind with

few controls

Enrique Fernandez-Cara and Diego A. Souza

Abstract. This paper is devoted to prove the local exact controllability to the trajectories for a
coupled system, of the Boussinesq kind, with a reduced number of controls. In the state system,
the unknowns are the velocity field and pressure of the fluid (y,p), the temperature 6 and an
additional variable ¢ that can be viewed as the concentration of a contaminant solute. We prove
several results, that essentially show that it is sufficient to act locally in space on the equations
satisfied by 6 and c.

4.1 Introduction

Let © ¢ RY be a bounded connected open set whose boundary 95 is regular enough (for
instance of class C%; N =2 or N = 3). Let O C Q be a (small) nonempty open subset and
assume that 7" > 0. We will use the notation @ = Q x (0,7") and ¥ = 9Q x (0,T) and we
will denote by n = n(z) the outward unit normal to Q at any point = € 9.

In the sequel, we will denote by C, C1, Cs,... various positive constants (usually depen-
ding on ©Q, O and T)).

We will be concerned with the following controlled system

yi— Ay +(y-V)y +Vp=vlp +F(0,c) in Q,

V-y=0 in Q,

0, —AO+y-VO0=wlp+ fi(0,c) in @, (4.1)
¢t —Ac+y-Ve=wslop + fa(0,c) in Q, '
y=0,0=c=0 on X,

¥(0) = yo, 0(0) = 0o, c(0) = co in Q,

where v = v(z,t), wy = wi(x,t) and wy = wy(z,t) stand for the control functions. They
are assumed to act on the (small) set O during the whole time interval (0,7'). The symbol
1p stands for the characteristic function of @. It will be assumed that the functions F =

(Fl, ey FN), f1 and f2 Satisfy:

{ Fi7f17f2 € CI(R2)7 with VEa vfla VfQ € Loo(Rz) and (4 2)

F,(0,0) = £1(0,0) = f2(0,0) =0 (1< i < N).

In (4.1), y and p can be respectively interpreted as the velocity field and the pressure
of a fluid. The function 6 (resp. ¢) can be viewed as the temperature of the fluid (resp. the
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concentration of a contaminant solute). On the other hand, v, w; and wy must be regarded
as source terms, locally supported in space, respectively for the PDEs satisfied by (y,p), 6
and c.

From the viewpoint of control theory, (v, w1, ws) is the control and (y, p, 8, c¢) is the state.
In the problems considered in this paper, the main goal will always be related to choose
(v, w1, wsq) such that (y,p, 0, c) satisfies a desired property at t = T

More precisely, we will present some results that show that the system (4.1) can be con-
trolled, at least locally, with only N scalar controls in L?(O x (0,T)). We will also see that,
when N = 3, (4.1) can be controlled, at least under some geometrical assumptions, with only
2 (i.e. N — 1) scalar controls.

Thus, let us introduce the spaces H, E and V, with

V={peH|(Q):V-¢=0inQ },
H={pecLl?Q):V-¢=0inQand p-n=0on N}
and (4.3)
E:{H, if N=2
LYQ)NH, if N=3

and let us fix a trajectory (y,Dp,0,¢), that is, a sufficiently regular solution to the related
noncontrolled system:

V.- AV +(¥-V)F+VP=F(@) in Q
V-y=0 in Q,
@—A?Jr?-vngl(?,é) in @, (4.4)
¢ — At+y-Ve= fo(0,0) in Q, '
y =0, f=c=0 on X,
¥(0) =¥, 6(0) =6, ¢(0) =7 in Q.
It will be assumed that
Vi, 0, ¢€ L™(Q) and (¥,)¢, 01, € L?(0,T; L"(Q)), 1 <i < N, (4.5)
with
1 if N=2
> ’ ’ 4.6
" {6/5, it N=3. (46)

Notice that, if the initial data in (4.4) satisfy appropriate regularity conditions and
(¥,D,0,¢) solves (4.4) (for instance in the usual weak sense) and y;,0,¢ € L>(Q), then we
have (4.5). For example, if ¥, € V and 6y, ¢y € Hg(Q), we actually have from the parabolic
regularity theory that (y,):, 0, ¢ € L*(Q).

In our first main result, we will assume the following:

ﬁ
fi = fo=0and F(a1,a2) = ajeny + agh, where:
e ey is the N-th vector of the canonical basis of RV and (4.7)
%
e ey and h are linearly independent.

Then, we have the following result:
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Theorem 15. Assume that T > 0 is given and the assumptions (4.4)—(4.7) are satisfied.
Then there exists 6 > 0 such that, whenever (yq, 0o, co) € E x L?2(Q) x L*(Q) and

1(yo, 0o, o) — (Fo, 0o, o)Lz <9

we can find L? controls v, wy and wy with v; = vy = 0 for some i < N and associated states

(y,p,0,c) satisfying
y(T) = ¥(T), 6(T) =0(T) and c(T)=7¢(T). (4.8)

In our second result, we will consider more general (and maybe nonlinear) functions F.
We will denote by G and L the partial derivatives of F with respect to 8 and c:

OF OF
G=— =—.
90’ dc
The folowing will be assumed:

There exists a non-empty open set O, C O such that (4.9)
G(0,¢) and L(0,¢) are continuous and linearly independent in O, x (0,T). '

Then, we get a generalization of theorem 15:

Theorem 16. Assume that T > 0 is given and the assumptions (4.4)—(4.6) and (4.9) are
satisfied. Then there exists § > 0 such that, whenever (yo, 0o, co) € E x L*(Q) x L*(Q) and

1(yo, 6o, o) — (Fo, bo, o)Lz <9

we can find L? controls v, wy and wy with v; = v; =0 for some @ # j and associated states

(y,p,0,c) satisfying (4.8).

In the three-dimensional case, we can improve theorem 15 if we add to the hypotheses an
appropriate geometrical assumption on O. More precisely, let us assume that

32° € 99, Ja > 0 such that O NN D B,(z%) NoQ (4.10)

(here, B,(2") is the ball centered at 2° of radius a).
Then the following holds:

Theorem 17. Assume that N = 3, T > 0 is given, the assumptions in theorem (15) are
satisfied, (4.10) holds and

h1n2<$0) - hgl’ll(.’ljo) 7é 0. (411)

Then, the conclusion of theorem (15) holds good with L? controls v, wi and wq such that

v=0.
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The rest of this paper is organized as follows. In Section 4.2, we recall a previous result,
needed for the proofs of theorems 15 to 17. In Section 4.3, we give the proof of theorem 15.
We will adapt the arguments in [29] and [30], that lead to the local exact controllability to the
trajectories for Navier-Stokes and Boussinesq systems; see also [38, 49, 56]. It will be seen that
the main ingredients of this proof are appropriate global Carleman estimates for the solutions
to linear systems similar to (4.1) and an inverse mapping theorem of the Liusternik kind.
Sections 4.4 and 4.5 respectively deal with the proofs of theorems 16 and 17. In Section 4.6,
we present some additional questions and comments. Finally, for completeness, we recall
the main ideas of the proof of the Carleman estimates that serve as a starting point in an
Appendix (see Section 4.7).

4.2 A preliminary result

A considerable part of this paper follows from the arguments and results in [29] and [30]
adapted to the present context. Thus, let usset y =y 4+u, p=p+q, 0 =0+ ¢, c=¢+ 2
and let us use these identities in (4.1). Taking into account that (¥, P, 0, €) solves (4.4), we
find:

w—Au+ (u-V)y+(y -Vu+ (u-V)u+Vg=vlp+F@l,¢c)-F in Q,
V-u=0 n Q,
qﬁt—A¢+u-V§+V-V<b+u-qu:wll@—i—fl(G,C)—7?1 in Q, (4.12)
z2—Az+u-Ve+y-Vz+u-Vz=uwalp + fa(0,¢c) — fs in Q, ’
u=0,¢p=2=0 on X,

\u(O) =Yo— Yo, (25(0) =0y —go, Z(O) =y — Cp in Q,

where we have introduced F := F(0,¢), f,:= f1(6,¢) and f,:= f2(0,2).
This way, the local exact controllability to the trajectories for the system (4.1) is reduced to
a local null controllability problem for the solution (u, ¢, ¢, z) to the nonlinear problem (4.12).
In order to solve the latter, following a standard approach, we will first deduce the (global)
null controllability of a suitable linearized version, namely:

w—Au+ (u-V)y+ (¥-V)u+Vg=S+vlp+Gop+Lz in Q,
V-u=0 in @,
gbt—Agb—i—u.V@—i—y.V(b:rl+w11@+§¢+ﬁz in Q, (4.13)
z—Az4+u-Ve+y -Vz=ro4+wslo + gad+ loz in Q,
u=0, ¢=2=0 on X,
u(0) = ug, ¢(0) = ¢o, 2(0) = 2o in €,

where

é:G(gaé)a EZL(§76>7 E:gi(§76)a E:li(§76)7

g; and I; denote the partial derivatives of f; with respect to 6 and ¢, ug, ¢g and 2y are the initial
data and S, r1 and 7y are appropriate functions that decay exponentially as ¢ — T~. Then,
appropriate and rather classical arguments will be used to deduce the local null controllability
of the nonlinear system (4.12).
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In this Section, we will present a suitable Carleman inequality for the so called adjoint
of (4.13). This will lead easily to the null controllability result.
Thus, let us first introduce some weight functions:

65/4/\m|\n0 [loo _e/\(ml\no lloo +n° ()

AT ;
eMmln” lloo+n" (x))
E(xaw = ﬁv
A . 65/4)‘m”770H0° — eA(mJ’_l)”nO”OO
a(t) = Te% alz,t) = AT — 1y ,
. eB/mln%loe _ pAmIn°[loo
ar(t) = rggga(ﬂf, t) = G — , (4.14)
. A1 lloo
t = i )= ——
£(t) ﬁ%g(x’ ) AT — 1"
eMm+1)[In°
£ (t) Ifggf(x, ) AT — 17
ﬂ(t) — S)\e_S&f*, N(t) — 815/46_28&+Sa*€*15/4,
where m > 4 is a fixed real number, 7° € C?(Q) is a function that verifies
n° > 01in Q, n° =0 on 92 and |Vn°| > 0 in Q\ Oy
and Oy is a non-empty open subset of O such that Og C O.
The adjoint system of (4.13) is:
—p1—ANp— Doy +Vr =G+ 0V +eV( in Q,
V- Y = 0 in Q7
- AY-F V=G + Gt i Q. 15)
—G—AC-Y V(=g +L-o+hp+k({ in Q,
p=0,9v=(=0 on X,
SD(T) = o, ¢(T) = ¢07 C(T) = CO n Q7

where Dy = Vi + (V)T denotes the symmetric part of the gradient of . Here, the final
and right hand side data are assumed to satisfy:

vo € H, 1o, Co € L), (G)i, 1,02 € LA(Q) (1<i<N).

Let us introduce the following notation:

Isxig) = 57t [[ emoetgvst [ ctmgtagp
Q Q
+ S)\Q// e—25a£|vg|2+83>\4// 6_2‘9&53’9’2
Q Q

for any s, A > 0 and for any function g = g(x,t) such that these integrals of g make sense.
Let us also set

K(p, %, ¢) = 1(8,\90) + I(s, A590) + I(s, X5 ). (4.16)

For the moment, we will accept the following proposition, whose proof is sketched in the
Appendix:
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Proposition 12. Assume that (Y, p, 0, ¢) satisfies (4.4)—(4.6). There exist positive constants
3, A and C, only depending on Q and O such that, for any (o, 1o, (o) € H x L?(Q) x L?(£2)
and any (G,g1,92) € L2(Q) x L2(Q) x L2(Q), the solution to the adjoint system (4.15)

satisfies:

Kb, ¢) < G(1+T2) (A // ~asat2sa” e F (G2 4 5,2 + [f?)
(4.17)

4 816)\48 //0 or 6785d+68a*€*16(|¢‘2 + W]|2 + |C|2)>
X

for any s > 5(T* +T?) and any
A2 A1+ Flloo + 1Bl + elloo + G + ITIL + 172132 + g2

+ T2+ Il 27+ HVt”%%O,T;LH(Q)) + HatH%Q(O,T;L”(Q))
161 0.m, () + exB {ATQ+ T + 1012 + el%) } )

4.3 Proof of theorem 15

Without any lack of generality, we can assume that N = 3 and hs # 0. In order to prove
the result, we have to establish some new Carleman estimates. The first one is given in the

following result:

Lemma 23. Assume that (¥, D, 0, ¢) satisfies (4.4)—~(4.6). Under the assumptions of theo-
rem 15, there exist positive constants C, @ and & only depending on Q, O, T, ¥, 0 and ¢ and
satisfying 0 < & < @ and 16& — 15a > 0 such that, for any (o, o, (o) € H x L2(2) x L*(Q)
and any (G,§1,92) € L2(Q) x L2(Q) x L3(Q), the solution to the adjoint system (4.15)

satisfies:
—4at2a .
K(p,9,¢) < C(// €t4(T*t>4t_30(T—t)—30\G|2)
+ [ R P + P

—8a+6a
Ox(0,T)

732a+30a
4 // ¢ T (82T _ 18212 1 ().
Ox(0,T)

(4.18)

Demonstracao. By choosing

o = 80(65/4>‘1mH770H00

a Mmlllle) = 5o (5 PminCllee _ Mt DI lloc).

C1 = C(1 + T2)si7ABI M (mA Dln’ oo
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and w CC O, we see from (4.17) that
—2a
S T Gl nl? G+ 861+ 180 1A
// eTTTTA(T — )Tl + [V + [VCP2)
+ / / T I(T — )2 (gl + 912 + 1)
—4a+2a ~
// e =0T T — )G + |G + 92
—8a+6a
// €t4(T t)4t 64(T )—64(|90’2+ ‘w|2+ |<—|2)>
wx(0,T)
Notice that 0 < a < @. Moreover, by taking A\; large enough, it can be assumed that

16a — 15a > 0.
Since hy # 0, we have

(4.19)

%
o1 + lal? + lsl” < Ca(leal” + - B + |ios]*). (4.20)

Thus, by combining (4.20) with (4.19), the task is reduced to prove an estimate of the integrals

—8a+6a
// 0T =64(T _ )64 5,2 (4.21)
(0,7)

and
him [[ ST o H (129
wx(0,T)
of the form
Is+In <eK(p, 9, Q) + Ce(.....),

where the dots contain local integrals of 1, (, g1 and gs.
To do this, let us set

—8a+6a
B(t) = et T-0i=64(T —)=64 vt € (0,T)

and let us introduce a cut-off function ¥ € C2(O) such that
9=1linw, 0 <Y < 1.

For instance, from the differential equation satisfied by (, see (4.15), we have:

//wX(O,T) Bl WP //OX(OT B(p- B)(—G — AC—F - VC— )

— o ~
_ C//MOT b - [B0p(—C — AC—F - VC — o).

IN

(4.23)

To get the estimate of Iy, we will now perform integrations by parts in the last integral and
we will “pass” all the derivatives from ¢ to ¢:
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e First, we integrate by parts with respect to t, taking into account that

B(0) = B(T) = 0:

_o//m L B 00) C//@ oy B O00C+ 300)
< eK(p,1,Q) (4.24)

—32a+30a
+ C // e t4(T t)4 t_132(T )—132|<—|2.
Ox(0,T)

e Next, we integrate by parts twice with respect to x. Here, we use the properties of the

cut-off function 9J:

_C//OX o (BIQAC) = —C//OX - - [BAMWe)(]

+C / / - [BCOn (V) — BIpOC] dS dt (4.25)
00 x(0,T)

e / / B - {Bl= Ay — 2V - Vior, Vi - Viga, VI - Vipy) — DAQ]CH
(9>< OT

IN

K(p,1,¢) +Cle // e;i?;+§)4 182 ) 71822,
Ox(0,T)

e We also integrate by parts in the third term with respect to x and we use the incom-

pressibility condition on y:

e / /O o B 1895350 (4.26)
- —c //O o - {6;  (W0:C) — (V) - F1C — 90(V - F)C] e}

—32a+30a
< (‘P w C +C // e ATt t)4 t—132(T )—132’4’2.
Ox(0,T)
e We finally apply Young’s inequality in the last term and we get:

- / / B (8005) < eK(pw,0) (4.27)
Ox(0,T)

—32a+30a
€) // e A(T-0* t— 116(T t)7116|§2|2.
Ox(0,T)

From (4.19) and (4.23)-(4.27), by choosing £ > 0 sufficiently small, it is easy to deduce
the desired estimate of (4.22). We can argue in the same way starting from (4.21) and the

equation satisfied by 1, which leads to a similar estimate.

Finally, putting all these inequalities together, we find (4.18). O
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We will now deduce a second Carleman inequality with weights that do not vanish at
= 0. More precisely, let us consider the function

) = T2 /4 for 0<t<T/2,
] (T —t) for T/2<t<T

and the following associated weight functions:

_a a 2a—a
Br= TR IO, Ba(t) = TP [(1))°,  Ba(t) = el [1(6)]",
16a—15a 4a6—3a 16a—15a

Bat) = e O I, B5(t) = e WO [I($)]** and  Fo(t) = el OTOI [1(2)].

By combining lemma 23 and the classical energy estimates satisfied by ¢, ¥ and (, we
easily deduce the following:

Lemma 24. Assume that (¥, D, 0, ) satisfies (4.4)~(4.6). Under the assumptions of the-
orem 15, there exist positive constants C, @ and & depending on Q, O, T, ¥, 0 and ¢ and
satisfying 0 < & < @ and 16& — 15a > 0 such that, for any (o, 1o, (o) € H x L2() x L*(Q)
and any (G,31,92) € L2(Q) x L2(Q) x L(Q), the solution to the adjoint system (4.15)

satisfies:

/ /Q (B2 2 + [V 2 + [VCP) + 85 2 (1ol + [ + 1¢12)]
P (0) 220 + I1(O)] 2y + ICO) e
9, = 9, - 4.
§C< [ (55216 + 52 + ) (425)

92 2 _9 9 5
+//OX(O’T) 185 e l* + B (I [* + [¢] )]>.

The next step is to prove the null controllability of the linear system (4.13). Of course, we
will need some specific conditions on the data S, r; and ro. Thus, let us introduce the linear
operators M;, with

Mi(u)=w—Au+ (u-V)y+ (y-V)u, M(¢)=¢—Ap+u-Vl (4.29)

and
Ms(z) =2z — Az+u-Ve

and the spaces

EO = {(u’ QZ),Z,V,U)]_,U)Q) : /6311 € L2(Q)7 B4¢a B4Z S L2(Q))
Bsvlo € LA(Q), Bewilo, Bewalo € LA(Q),
vo = vy =0, B1/%u e L2(0,T; V) N L®(0, T; H),

120, 8122 € L0, T; HY(Q)) N L™(0,T; LA(R)) }
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and

Es = {(u,q,0,2,v,w,wy): (a,¢,z,v,w,ws) € Ey,
8% u e LY(0, T;L2(9)), ¢ € L2,(Q),
Bi(Miu+ Vg — den — 21 —vie) € L2(0,T; W-16()),
Bi(Map+5 -V —wile) € L*(0,T; H (),
Bi(Msz +5-Vz—wslp) € L*(0,T; H1(Q)) }.

It is clear that Fy and E3 are Banach spaces for the norms || - || g, and || - || g5, where

[(u, 9,2, v, w1, w2)|| B, = (||B3u|‘i2(Q) + ||54¢||%2(Q) + ||54Z||%2(Q)

+Bsviollizg) + 18swilolZz o) + Bsw2lolliz g

1/2 1/2
18122 0 rovy + 18103 0 sy

1/2 1/2
H181 261320 11130y + 1818l 3o 072200

1/2

1/2 1/2
+H51/ Z’\%2(0,T;H5(Q)) + 118 ZH%oo(o,T;m(Q))) /

and

1/2
H(uv q, ¢,Z,V,QU1,’U)2)HE3 = (H(u7 ¢,Z,V,U)1,QU2)H2EO + ”61/ u”%4(07T;L12(Q))

_>
+B1(Miu+ Vg — gen — 210 —v10)|[72(0 1ew 1.6
+H/81(M2¢ +y- V(;5 - wllo)H%ﬂ(O,T;H—l(Q))
_ 1/2
+HB1(Mzz +5 - Vz — w2lo)| 20 m-1())) .

Proposition 13. Assume that (¥,p,0,¢) satisfies (4.4)—(4.6). Also, assume that ug € E,
¢0,20 € L*(Q) and

Bi(S,r1,m2) € L2(0, T; W15(Q)) x L0, T; H~Y(Q)) x L*(0,T; H1(Q)).

Then, there exist controls v, wy and wa such that the associated solution to (4.13) belongs
to Es. In particular, vo =v3 =0, u(T)) =0 and ¢(T) = 2(T) = 0.

Demonstragiao. We will follow the general method introduced and used in [40] for linear
parabolic scalar problems.

Thus, let us introduce the auxiliary extremal problem

Minimize J(u,gq,®,z,v,wy, ws)
Subject to v € L*(Q), wy, wy € L*(Q),
supp(v), supp(wy ), supp(wsz) C O x (0,T), va =v3 =0 and
—
Mi(u)+Vg=S+vlp+den+zh in Q,
V-u=0 in Q, (4.30)
MQ(¢)+y'V¢:T1+w110 in @,
Ms3(z) +y-Vz=ry+wlp in Q,
u=0,¢0=2=0 on X,
u(0) = ug, ¢(0) = ¢o,2(0) = 20 in Q.
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Here, we have used the notation

J( 7q7¢72 v ’UJl,U]Q {/ /832’u‘2+ﬁ4 (‘¢’2+’Z‘ )]

4 / /O N oy e |w2|2>}}.

Observe that a solution (u,g, $, Z,V,wi,wsz) to (4.30) is a good candidate to satisfy
(ﬁ7 QA, st /Z\a va ’L/ﬁa 1/1}\2) € E3'
Let us suppose for the moment that (u,q, ¢,z, Vv, wy, ws) solves (4.30). Then, in view of

Lagrange’s multipliers theorem, there must exist dual variables @, T, 12 and Esuch that

U= 2(M;p+ V7 -0V —ev(), V-$=0 inQ,
6= B2 (Mj— 3 en) in Q,
2=62(M;0 -5 1) in 0, (4.31)
V=—p5°0, @ =P 2, @y = —Bgza in O x (0,7),
| $=0,¢=(=0 on s,

where M} is the adjoint operator of M; (i = 1,2,3), i.e

Mip=—pi — Ap — Dpy, Mytp=—1py — A =y -V

and
M3¢ =~ —AC—y- V(.

Let us introduce the linear space

P0:{((pa,]rvw?C)GCQ(Q):V'QD:OHIQ) (P‘Z:O,

1/}’2 :C’E =0, /077('%'7t) :0}7

the bilinear form

(3,7, ¥, C), (19, 7,9, )

// B32(M;3 + V7 — 0V —eV{) - (Mip + Vi — 0V — eV()
+f [ 5720055~ 5 - en) (M — g o)
+//Qﬂ;2<M§E—a-ﬁ><M§<—so-ﬁ>
+f /O NG R I s
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and the linear form

T T
<l0)(@7ﬂ7¢ag)> :/0 <S7QO>H_1,H(1) dt+/(] <T17¢>H_1,H& dt

T
+/ <T2,<>H 1H1dt+/QlI0'<p(0)dl‘

/¢0 da:—I—/zoC(O)dx
Then we must have

b((.7.9.0), (9. m1,.0) = {lo, (9. m,,€)) ¥, 4,) € P, (432)
i.e., the solution to (4.30) satisfies (4.32).

Conversely, if we are able to solve (4.32) in some sense and then use (4.31) to define
(1, q, $,2,v, 01, w3), we will have probably found a solution to (4.30).

It is clear that b(-,-) : Py x Py — R is a symmetric, definite positive and bilinear form
on Py, i.e., a scalar product in this linear space. We will denote by P the completion of P, for
the norm induced by b(-,-). Then P is a Hilbert space for b(-,-). On the other hand, in view
of the Carleman estimate (4.28), the linear form (¢, m, 9, () — (lo, (¢, 7,9, ()) is well-defined
and continuous on P. Hence, from Laz-Milgram’s lemma, we deduce that the variational

problem

{w@aiawmwo>< 0: (£, 7,4, ), (4.33)
V(e,m9,¢) € C

(@7 v,Q)er
possesses exactly one solution.

Let (p,, 1/} C) be the unique solution to (4.33) and let u, gb,z v,w; and wy be given by
(4.31). Then, it is readily seen that

/ %M“ﬂuW+F\+// BsI9P + B(1@ + @) < 400 (4.34)
Ox(0,7)

and, also, that u, qﬁ,? is, together with some ¢, the unique weak solution (belonging to
L*(0,T;V) N L>(0,T; H) x [L?(0,T; H(Q)) N L>=(0,T; L*(2))]?) to the system in (4.30)
for v=v, w; = wy and wy = ws.

From the arguments in [40], we also see that (u, g, g/g, Z,V,wi,ws) € E3 and, consequently,

the proof is achieved. O

We can now end the proof of theorem 15.
We will use the following inverse mapping theorem (see [1]):

Theorem 18. Let B and G be two Banach spaces and let A : B v G satisfy A € C1(B; Q).
Assume that eg € B, Aleyg) = wo and A'(eg) : B — G is surjective. Then there exists 6 > 0

such that, for every w € G satisfying ||w — wol|a < 0, there exists a solution to the equation

Ale) =w, e€ B.
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We will apply this result with B = E3, G = G1 X G2 and

./4(6) = (Al(U, q, ¢>Z7V)1A2(ua ¢7w1)>“43(u7Z7w2)7u(0>7¢(0)>z(0))
for any e = (u,q, ¢, z, v, w1, ws) € E3, where

G1 = L2(B1(0,T); W15(Q)) x L2(B1(0, T); H=H(R) x L2(81(0,T); H()),

Go = (L4(Q) N H) x L2(Q) x L*(Q) (4.35)

and
Al(u7Q7¢7Z’v) = Mlll + (ll : V)u+ vq - V1O - ¢9N - Zh7
A2(u, ¢, w1) = Map+y - Vo +u- Vo —wilo (4.36)
As(u, z,wy) = M3z +y-Vz+u-Vz—wslp,

for all (u,q, ¢, z, v, wi,ws) € Es.

It is not difficult to check that A is bilinear and satisfies A € C'(B,G). Let ey be
the origin of B. Notice that .4'(0,0,0,0,0,0,0) : B — G is the mapping that, to each
(u,q,0,z,v,wi,wy) € B, associates the function in G whose components are

Miu+Vqg—vlp—¢en—=zh,
M2¢+y : vqb—wl]-(?a
Ms3z4y - Vz—wslp

and the initial values u(0), ¢(0) and z(0). In view of the null controllability result for (4.13)
given in proposition 13, A’(0,0,0,0,0,0,0) is surjective.

Consequently, we can indeed apply theorem 18 with these data and, in particular, there
exists § > 0 such that, if

H(0,0707YO = Yo, 00 _50760 - EO)HG = H(YO —¥o0,00 — 50700 _EO)HEXLQ(Q)XLZ(Q) <4,

we can find controls v, wy and wy with vo = v3 = 0 and associated solutions to (4.12) that
satisfy u(T) = 0, ¢(T') = 0 and 2(T") = 0.
This ends the proof of theorem 15.

4.4 Proof of Theorem 16

Again, it is not restrictive to assume that N = 3. We will provisionally impose something
stronger than (4.9):

Jk € R®, Jag >0 such that det [G|L|k] >ao in O x (0,7). (4.37)
We will need a new different Carleman estimate, which is given in the following lemma:

Lemma 25. Assume that (¥,D,0,¢) satisfies (4.4)—(4.6) and (4.37) holds. There exist three
positive constants C, @ and &, depending on Q, O, T, y, 0 and ¢ with 0 < & < @ and
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166 — 15a > 0 such that, for any (go,v0,¢o) € H x L2(Q) x L2(Q) and any (G, g1, 52) €
L2(Q) x L*(Q) x L*(Q), the solution to the adjoint system (4.15) satisfies:

—4at2a .
K(%WO S C (// 614(T*t)4t_30(T _ t)—30‘G|2)
—32a+30a 116 116 ) o
+// e i@t ¢~ (T —t)"°(|1]* + |92/*)
Q
—8a+6a 64 64 )
Ox(0,T)

—326+430a
// e AT T — )T (P - [¢P) )
Ox(0,7)

(4.38)

Demonstra¢ao. As in the proof of lemma 23, by choosing

— 0
o = 80(65/4)‘17-"‘“77 HOO

eMmln’loe) g = gq(5/AMmIn’lleo _ M (mAD)Inllooy
Cy = O(1 + T2) sl A8 (mt )]l
and w CC O, we see from (4.17) that
d (@) f; 4.17) th
—2a
//Q e @-0T (T — 4 (|2 + [Wef? + |G + | Ap + Ay + |AC?)
—2a
4 / /Q T T — ) (Tl + [Tyl + V)
—2a
[ FTEIEE ) ol 4 o+ ) (4.3
—4a+4+2a . ~
=G (// e T80T — ) OGP + G + [G2])
e S —64/( |2 2 2
+ e a0t =0T — )= (|2 + [ 2 + [¢[?) |-
wx (0,77

Notice that 0 < & < @. Moreover, taking A; large enough, it can be assumed that
16 — 15a > 0.
Recall that F satisfies (4.37). Let us suppose that, for instance, k = e;. Then we have:
o1* + lo2l* + @3l* < Co(|G - o + L - 9* + [1]*) in O x(0,T) (4.40)

for some Cy > 0. Combining (4.39) and (4.40), we thus see that the task is reduced to estimate
the integrals

—8a+6a
// etA(T—n4 = 64(T )_64|G . @‘2 (4.41)
(0,7)
and
Too08 64 64T (2
et =27 — )7L - ¢ (4.42)
wx(0,T)

in terms of e K (¢, 1, () and a constant C. local integrals of ¥, {, g1 and gs.
These estimates can be obtained by following the final steps of lemma 23; as a result, we
obtain the inequality (4.38). O
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Let us now give the proof of theorem 16.

First, it is not restrictive to assume that we have (4.37) instead of (4.9). Indeed, if (4.9)
holds, since G and L are continuous, there exist 7,a9 > 0, a non-empty open set w CC O,
and a vector k € R? such that

det [G|L|k] >ag in @x[r,T —1].

We can first take v = 0 and w; = wy = 0 for ¢ € [0, 7]; then, we can try to get local exact
controllability to (¥,p,0,¢) at time T — 7. If appropriate controls are found, they serve to
prove theorem 16.

Hence, we can assume that (4.37) is satisfied. Arguing as in Section 4.3, we can deduce
from lemma 25 the null controllability of the linearized system (4.13) with controls like in
theorem 16 (that is, an analog of proposition 13); then, using again the inverse mapping
theorem, we can easily achieve the proof of the desired result.

4.5 Proof of Theorem 17

The proof of our third main result, theorem 17, relies on a different and stronger Carleman
estimate:

Lemma 26. Assume that N =3 and (¥,p,0,¢) satisfies (4.4)—(4.6). Under the assumptions
of theorem 17, there exist three positive constants C, @ and & depending on 2, O, T, y, 6 and
¢ satisfying 0 < & < @ and 16& — 15 > 0 such that, for any (po, Vo, (o) € H x L2(Q) x L?(Q)
and any (G,G1,92) € L2(Q) x L2(Q) x L%(Q), the solution to the adjoint system (4.15)

satisfies:

—4a+2a "
K(SO7¢7<) < C (// et (T-0)4 t*30(T_t)730‘G|2
Q
_22&-&-3045 _959 om0~ 1 o
—i—//@e (-0t ¢ (T —1) (lgil* + 1921%) (4.43)

_325430a
+ // e 0T BT — )28 (P 1 |CP) )
Ox(0,T)

Demonstrag¢ao. Again, by choosing

@ = so(e/PmIn’llos _ amlnllooy g — g (¢8/4Mmln oo _ A (mt 1) o).

C1 = C(1 + T2) st A1 T (m D)0’ e
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and w C O, we obtain:
—2a
// e TT-0TtH (T — t)4(|oe? + [ + |G [? + |Ap]? + [AY[% + |AC?)
Q
—2a
+// e AT HT — 1) 74|V l? + [Vy|? + [VC[?)
Q
—2a
+ [ TTTRT ol 4 + P (4
Q
—4a+2a ~
=G <// e @=0T L30T — 1) =(|GI + [G1]* + [52/)
—8a+6a
+ / / -0t ¢~ 64<T—t>64<|s02+w\2+|<|2>>.
wx (0,1

We notice that 0 < a < @ and, by taking A\; large enough, it can be assumed that
16a — 15@ > 0.

Using the incompressibility condition (we can assume that h; # 0), we get
(—h2,h1,0) - Vo = 01 (h - ¢) + (h3,0,—h1) - Vips. (4.45)

We will apply (4.44) for the open set w defined as follows. By assumption, ny(z°) # 0 or
ny(2°) # 0; for example, let us assume that the former holds. First, we choose v > 0 such
that

ni(z) #0 Vax €T, := B,(2°) N o0 N oN.
Then, we introduce
w:={ZecQ: T=x+7(-hy,hy,0), z€T,, |7| <7},
with v, 70 > 0 small enough, so that we still have

w C O and d := dist(w,00 N Q) > 0.

Observe that, with this choice, each point z, € w has the property that one of the point
at which the straight line { x. + r(—hg,h;,0) : » € R} intersects 92 belongs to dw.
Once w is defined, we apply the inequality (4.44) in this open set and we try to bound the

wx(0,T)

in terms of e K (¢, 1, () and local integrals of h - ¢ and 3.

To this end, for each (z,t) € w x (0, T) we denote by I(z,t) (resp. I(z,t)) the segment that
starts from (x,t) with direction (—hs, hy,0) in the positive (resp. negative) sense and ends at
Ow x {t}. Then, since ¢ verifies (4.45) and ¢ = 0 on X, it is not difficult to see that

term

ool t) = /( 1B 0) (0, ) ) (1) V(o) €0 (0T

90



Applying at this point Holder’s inequality and Fubini’s formula, we obtain:

/ / Beal (4.46)
wx(0,T)
<C a h 2 h ’0’ _h v 2 m
scff .o (/W) 1028 )+ [(h3.0.~hy) - Vigy m)
= - p)|? —hy)- 2 _
_C//WX(O,T) [[01(h- )|* + [(h3, 0, —hy) - Vis|?] </i(x,t)ﬂdm> dz dt

< C//wX o B101(h- )% + |(hs,0,~hy) - Vi3] .

Then, let us introduce an appropriate non-empty open set wq verifying w C wg C O,
dy := dist(wy, 00 N Q) > 0 and dy := dist(w, dwy N Q) > 0 and a cut-off function ¥y € C?(wp)
such that

Yo=1linw, 0 <9y <1 and
Yo(x) = 0 whenever z € wp and dist(z, dwp N Q) < da/2.

In particular, ¥y and its derivatives vanish on dwg N €. This and the fact that ¢ = 0 on X

imply:
o1 ( W< 03|01 (
//wx(OT)ﬁ| ()] //on(OT) oPIo1 (k- )
/ / [ (9001 (h - 9)[2) — 90d1(h - 2)(h - ) (4.47)
wo % (0,T")
52Ol )P + Jouli- )]
¢ 2 . .
<< //wow)ﬂuh o)l *C/Lox<O,T)5'all(h o)(h- )|
and

// B|(h3,0,—hy) - Vips|? < C// Do B|Ves|?
wx(0,T) wo % (0,T")

//WOXOT [ (9005 103]*) — D00j;(p3) s (4.48)

1 1
- 300 0uleal®) + 305,00l

N 1
cy =Bles|* — By; :
< 2 //wox(o,T) [25’903| B 13(903)903]
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Finally, in view of Young’s inequality and classical Sobolev estimates, we see that

C
J[  samear<S [ sweop
wx(0,7) wo % (0,T")
—2a
+1// 0T (T — )| o
C wOX(O,T

—16a+14a
+20// e AT =B _ )12 (h. )| (4.49)
w0>< OT
—l16a+1l4a
gc// e =T 13T _ 47182 (. )2
on(OT

/ T T — 1) Agl?

// <@ h3)07 _hl) : v903’2
N

et4Tt tYT — )10;03*
<X 60//W(OT (T = )10y

—l6a+14a
+60 // t4(T 75)4 t—132(T )—132“03‘2
wo>< OT

—16a+1l4a
< C// e tA(T—d t_132(T )_132|§03|2
wo % (0,T)

o0 [ / CFTTT — 1) Agl?

Therefore, combining (4.44), (4.46), (4.49) and (4.50), we obtain

and

S eTTETET a0l 1GE  Apl + 86 + 1ACE)

[ AT (Tl VU £ V)

[ TR )l 4 o+ o) (1.51)
=€ (//Q T T — () (G + [ + [P

—16a+14a
+// e Tt BT — )T (- o) P + 3]
LUOX(O T)

/ / 0T (T >64<rw\2+\<\2>>.
w>< OT
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Once more, our task is reduced to estimate the integrals

—16a+14a
// e tH(r—t)1 t_132(T t)_132|(h . 30)‘2 (452>
wox(0,T)

and

_16a+t144a 132 132, |2
AT=OTTEHT — 1) gy (4.53)
w0>< O T

in terms of e K (¢, 1, () and local integrals of ¥, (, g1 and go.
To this end, we can again follow the steps of lemma 23; after some work, we are led

0 (4.43). 0

4.6 Final comments and questions

4.6.1 The case N =2

We see from theorems 15 and 16 that, for N = 2, even without imposing geometrical
hypotheses to O like (4.10) the local exact controllability to the trajectories holds with two
scalar controls wi and ws. In other words, in this case, we only have to act on the PDEs
satisfied by € and ¢ (no purely mechanical action is needed).

A natural question is thus whether theorem 16 can be improved (in the sense that the
whole system can be controlled with just one scalar control by imposing (4.10) or any other
condition.

4.6.2 Nonlinear F and geometrical conditions on O

In theorem 17, we have assumed that F depends linearly on # and ¢. This allowed to use
the incompressibility condition (written in the form (4.45)) and, after several integrations by
parts and estimates, led to (4.51).

It is thus reasonable to ask whether a similar result holds for more general functions F
satisfying (4.9) and maybe other conditions. But this is to our knowledge an open question.

4.6.3 Generalizations to coupled systems with more unknowns

The results in this paper admit several straightforward generalizations. For instance, let
us assume that N = 3. With suitable hypotheses, we can obtain a result similar theorem 16
for the following system in Q)

- Ay + (y : V)y_'_ VP =vlp + F(9701762)7

V-y=0,
0 alAf 0 f(0,ct,c?) wle
ct —| @A | +y-V| | =] 19,3 |+ | wie |,
c? aAc? c? 2(0,ct, c?) w?lp

t

completed with homogeneous Dirichlet boundary conditions and initial conditions at t = 0.
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This means that the whole system can be controlled, at least locally, by acting on the
PDEs satisfied by 6, ¢' and ¢, but not on the motion equation.

Nevertheless, it is unknown whether this can be improved and local controllability can
also hold, under some specific assumptions, with at most two scalar controls.

4.6.4 Local null controllability without geometrical hypotheses

Let us come back to theorem 15. Suppose that (¥,p,0,¢) = 0 and let us try to prove a
local null controllability result with L? controls v = 0, w; and ws, without any assumption
on O.

Arguing as in Section 4.3, we readily see that the task is reduced to the proof of a Carleman
inequality for the solutions to (4.15) with only local integrals of ¢ and ¢ in the right hand
side.

But this inequality is true. Indeed, with a self-explained notation, the following holds:

a) 1(s,\;¢) <C// 2 (leal® + s +

(from the results in [18]; here and below, the dots contain weighted integrals of |G|
and [g1]* +[g2[?).

b) K(,0) < (s, A ) +c// S22+ [¢) +

(from the usual Carleman estlmates for the heat equation).

Using in a) the arguments in the final part of the proof of lemma 23, we obtain an estimate
of the form

T(s, X 0) < (s, A 0) + C / / (03 21? + p321C12) +
Ox(0,T)
Then, after addition, we find:
I(s, M 0) + K@, 0) < C / / P22 +1C1?) +
Ox(0,T)

which easily leads to the desired estimates.

4.7 Appendix

Let us now present a sketch of the proof of proposition 12.
o FIRST ESTIMATES:
In view of the usual Carleman estimates for the heat equations, we easily obtain

K C —2sa 2 —2s« éQ ~ 2 ~ 12
(0 h,0) < (//Q vl +//Q (G2 + 512 + [5)
A / / e (o[ + |2 + [¢[2) da dt) (4.54)
Ox(0,T)
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for all s > so(T7 + T%) and

A > ML+ I9]loo + 1180 + [[elloo + [|GI2% + |IT][27
HG11182 + 11921187 + 1121357 + [1E21227).

e ELIMINATING THE GLOBAL INTEGRAL OF VT
Let us look at the (weak) equation satisfied by the pressure, which can be found by
applying the divergence operator to the motion equation of (4.15):

An(t) = V- [Dp(t)F(t) + G(t) + 0(t)Vab(t) + E(t)VC(t)] inQ, te(0,T)ac (4.55)

Regarding the right hand side of (4.55) like a H~! term, we can apply the main result
in [57] and deduce that

K(p,$,¢) < c<s3xl //O o &Il WP +ICP)
—2s0 ¢ | £ 2 —2sa (| |12 ~ |2
o [ eeela] + [ eo@mr s )

0|2 V|2 4.56

+//OIX(O’T) af?| w\) (4.56)

A > A1+ [Flloo + [10lloo + 11l loo + [[GII22 + [T 12
G2 + 1[Gl X2 + [T ]152 + |[T21|222).

for all s > so(T7 + T%) and all

Taking into account the motion equation in (4.15), we have:

~12 2 ~12 | 2
[ ik vs sc(// P |G
01 x(0,T) 01 x(0,T)
L Pl [ 1P (4.57)
01x(0,T) 01x(0,T)

=112 N _ ~
O o T2 A T
O1 X(O,T) O1 X(O,T)

] \ﬂ\Q\AW)-
O1><(0,T)

for all s > so(T7 + T%) and all

A2 ML I]loo + 118]]so + [[elloo + |G + |ITI[27
G112 + 11920187 + 1121357 + [1E211227).

e KSTIMATES OF THE LOCAL TERMS ON Ay AND ¢4
The remainder of the proof is devoted to estimate the local terms on Ay and ¢;. To do
this, we can follow the ideas in [49], which gives
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a) An estimate of |Apl|?:

// APIAGR < c<1+T>< // AP (Dy P+ BV + Ve ?)
01 % (O,T) Og x (O,T)

T / / (ol + gl + ﬂém) ; (4.58)
OQX(O,T)

b) An estimate of |p;|?:

JL bl < et (|ug
(91><(0,T)

Hleelz20,rme04) T 1101120, m02(05))
HuVelLa0rn200) + 1BVEIL2 0 mn205) (4.59)
+||MVCH%2(O,T;L2((93))) +eK(p, 9, 0),

2
~ 12 ~ |2
o 1111720y + 1921172 )

with Oy cC Oy CcC O3 CcC O.

Combining (4.54) and (4.56)—(4.59), after several additional computations, we find (4.17).
This ends the proof.
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