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❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❊♥❣❡♥❤❛r✐❛ ❊❧étr✐❝❛

▲✉❝❛s ❖♠❡♥❛ ❈❛✈❛❧❝❛♥t❡ ❈❛❜r❛❧

❚r❛❜❛❧❤♦ ❞❡ ❈♦♥❝❧✉sã♦ ❞❡ ❈✉rs♦

▼♦❞❡❧❛❣❡♠✱ ❙✐♠✉❧❛çã♦ ❡ ❈♦♥tr♦❧❡ ❞❡
Pr♦❝❡ss♦s ❞❛ ■♥❞ústr✐❛ P❡tr♦q✉í♠✐❝❛

❈❛♠♣✐♥❛ ●r❛♥❞❡
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▲✉❝❛s ❖♠❡♥❛ ❈❛✈❛❧❝❛♥t❡ ❈❛❜r❛❧

▼♦❞❡❧❛❣❡♠✱ ❙✐♠✉❧❛çã♦ ❡ ❈♦♥tr♦❧❡ ❞❡ Pr♦❝❡ss♦s ❞❛
■♥❞ústr✐❛ P❡tr♦q✉í♠✐❝❛
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Pr♦❢❡ss♦r ●❡♦r❣❡ ❆❝✐♦❧✐ ❏ú♥✐♦r✱ ❉✳ ❙❝

❈❛♠♣✐♥❛ ●r❛♥❞❡

▼❛✐♦ ✷✵✶✹
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❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ à ♠✐♥❤❛ ❢❛♠í❧✐❛✱

♣♦r s❡♠♣r❡ t❡r ♠❡ ❞❛❞♦ ❛♣♦✐♦ ❡

❡♥❝♦r❛❥❛❞♦ ❡♠ ♠❡✉s ❡st✉❞♦s✳

✶



❘❡s✉♠♦

❊st❡ tr❛❜❛❧❤♦ ❞❡ ❝♦♥❝❧✉sã♦ ❞❡ ❝✉rs♦ t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ❛ ♠♦❞❡❧❛❣❡♠✱ s✐♠✉❧❛çã♦ ❡ ❝♦♥tr♦❧❡ ❞❡ ♣r♦❝❡ss♦s

❞❛ ✐♥❞ústr✐❛ ♣❡tr♦q✉í♠✐❝❛✳ ❙❡rã♦ ❞❡s❡♥✈♦❧✈✐❞♦s ♦s ♠♦❞❡❧♦s ❞♦s s✐st❡♠❛s ❡ t❛♠❜é♠ ❛♥❛❧✐s❛❞❛s ❛s ❡q✉❛çõ❡s

❞❡✜♥❡♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❡s ♣r♦❝❡ss♦s✳ ❆♣ós ♦ ❡st✉❞♦ ♦s ♠♦❞❡❧♦s s❡rã♦ s✐♠✉❧❛❞♦s ♥♦ ❛♠❜✐❡♥t❡

▼❛t▲❛❜✱ ❝♦♠♦ t❛♠❜é♠ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❛❧t❡r♥❛t✐✈❛s ❞❡ ❝♦♥tr♦❧❡ ♣❛r❛ ❡st❡s ♣r♦❝❡ss♦s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ♠♦❞❡❧❛❣❡♠✱ s✐♠✉❧❛çã♦✱ ❝♦♥tr♦❧❡ ♣r❡❞✐t✐✈♦✱ P■❉✱ ❖P❈✳



❆❜str❛❝t

❚❤✐s ♣r♦❥❡❝t✬s ♦❜❥❡❝t✐✈❡ ❛✐♠s ❛t ♠♦❞❡❧✐♥❣✱ s✐♠✉❧❛t✐♥❣ ❛♥❞ ❝♦♥tr♦❧✐♥❣ ♣❡tr♦❝❤❡♠✐❝❛❧ ✐♥❞✉str② ♣r♦❝❡ss❡s✳

▼♦❞❡❧s ♦❢ t❤❡ s②st❡♠s ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❛❧s♦ t❤❡ ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ❛♥❛❧②③❡❞ ❞❡✜♥✐♥❣ t❤❡ ❜❡❤❛✈✐♦r

♦❢ t❤❡s❡ ♣r♦❝❡ss❡s✳ ❆❢t❡r t❤❡ st✉❞② t❤❡ ♠♦❞❡❧s ✇✐❧❧ ❜❡ s✐♠✉❧❛t❡❞ ✐♥ ▼❛t▲❛❜ ❡♥✈✐r♦♥♠❡♥t✱ ❛❧t❡r♥❛t✐✈❡s t♦

❝♦♥tr♦❧ t❤❡s❡ ♣r♦❝❡ss❡s ✇✐❧❧ ❛❧s♦ ❜❡ ♣r❡s❡♥t❡❞✳

❑❡②✲✇♦r❞s✿ ♠♦❞❡❧✐♥❣✱ s✐♠✉❧❛t✐♦♥✱ P■❉✱ ♣r❡❞✐❝t✐✈❡ ❝♦♥tr♦❧✱ ❖P❈✳
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✶ ⑤ ■♥tr♦❞✉çã♦

❯♠ ♠♦❞❡❧♦ é ✉♠❛ ✐♠❛❣❡♠ ❞❛ r❡❛❧✐❞❛❞❡ ✭✉♠ ♣r♦❝❡ss♦ ♦✉ s✐st❡♠❛✮✱ ✈♦❧t❛❞❛ ♣❛r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ♣r❡❞❡✲

t❡r♠✐♥❛❞❛✳ ❊st❛ ✐♠❛❣❡♠ t❡♠ s✉❛s ❧✐♠✐t❛çõ❡s✱ ♣♦✐s é ❣❡r❛❧♠❡♥t❡ ❜❛s❡❛❞❛ ❡♠ ✐♥❢♦r♠❛çõ❡s ✐♥❝♦♠♣❧❡t❛s ❞♦

s✐st❡♠❛ ❡✱ ♣♦rt❛♥t♦✱ ♥✉♥❝❛ r❡♣r❡s❡♥t❛ ❛ r❡❛❧✐❞❛❞❡ ❝♦♠♣❧❡t❛✳

◆♦ ❡♥t❛♥t♦✱ ♠❡s♠♦ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ✐♠❛❣❡♠ ✐♥❝♦♠♣❧❡t❛ ❞❛ r❡❛❧✐❞❛❞❡✱ é ♣♦ssí✈❡❧ ❛♣r❡♥❞❡r ✈ár✐❛s

❝♦✐s❛s✳ ❯♠ ♠♦❞❡❧♦ ♣♦❞❡ s❡r t❡st❛❞♦ s♦❜ ❝✐r❝✉♥stâ♥❝✐❛s ❡①tr❡♠❛s✱ ♦ q✉❡ é ♣♦r ✈❡③❡s ❞✐❢í❝✐❧ ❞❡ r❡❛❧✐③❛r

♣❛r❛ ♦ ✈❡r❞❛❞❡✐r♦ ♣r♦❝❡ss♦ ♦✉ s✐st❡♠❛✳ ➱✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦ssí✈❡❧ ✐♥✈❡st✐❣❛r ❝♦♠♦ ✉♠❛ ❢á❜r✐❝❛ ❞❡ ♣r♦❞✉t♦s

q✉í♠✐❝♦s r❡❛❣❡ ❛ ❞✐stúr❜✐♦s✳ ❚❛♠❜é♠ é ♣♦ssí✈❡❧ ♠❡❧❤♦r❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞❡ ✉♠ s✐st❡♠❛✱

❛❧t❡r❛♥❞♦ ❛❧❣✉♥s ♣❛râ♠❡tr♦s ❞❡ ♣r♦❥❡t♦✳ ❯♠ ♠♦❞❡❧♦ ❞❡✈❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ ❝❛♣t✉r❛r ❛ ❡ssê♥❝✐❛ ❞❛

r❡❛❧✐❞❛❞❡ q✉❡ ♥ós q✉❡r❡♠♦s ✐♥✈❡st✐❣❛r✳

❯♠❛ ❛♣❧✐❝❛çã♦ ✐♠♣♦rt❛♥t❡ ❞♦s ♠♦❞❡❧♦s é ❛ ♦t✐♠✐③❛çã♦ ❞❡ ♣r♦❝❡ss♦s✳ ❊st❡s ♠♦❞❡❧♦s sã♦ ♠♦❞❡❧♦s ❢ís✐❝♦s✱

❡♠ s✉❛ ♠❛✐♦r✐❛ ❡stát✐❝♦s✱ ❡♠❜♦r❛ ♣❛r❛ ♣❧❛♥t❛s ❞❡ ♣r♦❝❡ss♦s ♠❡♥♦r❡s ♣❡❞❡♠ s❡r ♠♦❞❡❧♦s ❞✐♥â♠✐❝♦s✳

◆❡st❡ tr❛❜❛❧❤♦ s❡rã♦ ❡st✉❞❛❞♦s ❝♦♠♦ ♠♦❞❡❧♦s✿ ❆♥á❧✐s❡ ❉✐♥â♠✐❝❛ ❞❡ ❘❡❛t♦r❡s ❚✉❜✉❧❛r❡s✱ ❉✐♥â♠✐❝❛ ❞❡

❊✈❛♣♦r❛❞♦r❡s ❡ ❙❡♣❛r❛❞♦r❡s ❡ ❆♥á❧✐s❡ ❉✐♥â♠✐❝❛ ❞❡ ❚r♦❝❛❞♦r❡s ❞❡ ❈❛❧♦r✳ ❙❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♦s ♠♦❞❡❧♦s

❞❡ ❝❛❞❛ ♣r♦❝❡ss♦ ❡ s❡rã♦ ❝♦♠♣✉t❛❞♦s ♥♦ ▼❛t▲❛❜✳ ❊♠ s❡❣✉✐❞❛✱ s❡rã♦ ❛♣❧✐❝❛❞❛s ❛❧t❡r♥❛t✐✈❛s ❞❡ ❝♦♥tr♦❧❡

❝♦♠♦✿ ♦ ❝♦♥tr♦❧❡ P■❉ ót✐♠♦ ❡ ♦ ❝♦♥tr♦❧❡ ♣r❡❞✐t✐✈♦✳ ❆❧é♠ ❞✐ss♦✱ s❡rá ❛♣r❡s❡♥t❛❞♦ ♦ ♣❛❞rã♦ ❖P❈ ♦ q✉❛❧

♣♦ss✐❜✐❧✐t❛ ❝♦♠ q✉❡ ❛s ✈❛r✐á✈❡✐s ❞❡ ❡♥tr❛❞❛ ❡ ❞❡ s❛í❞❛ ❞♦ s✐st❡♠❛ ❡st❡❥❛♠ ❧✐❣❛❞❛s ❛ ✉♠ s❡r✈✐❞♦r ❖P❈ ♣❛r❛

❛ s✐♠✉❧❛çã♦ ❞♦ ❝♦♥tr♦❧❡ r❡♠♦t♦ ❞❛ ♣❧❛♥t❛✳

✻



✷ ⑤ ▼♦❞❡❧❛❣❡♠ ❡ ❆♥á❧✐s❡ ❉✐♥â♠✐❝❛

◆❡st❛ s❡çã♦ s❡rã♦ ♠♦str❛❞♦s ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ♦❜t❡♥çã♦ ❞♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s q✉❡ r❡♣r❡s❡♥t❛♠

❛ ❞✐♥â♠✐❝❛ ❞❡ ♣r♦❝❡ss♦s ✐♥❞✉str✐❛✐s q✉❡ sã♦ ❝✐t❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳

✷✳✶ ❘❡❛t♦r❡s ❚✉❜✉❧❛r❡s

❯♠ r❡❛t♦r t✉❜✉❧❛r ❝♦♥s✐st❡ ❞❡ ✉♠ t✉❜♦ ♣♦r ♦♥❞❡ ♣❛ss❛ ❛ ♠✐st✉r❛ r❡❛❝✐♦♥❛❧✳ ❖s r❡❛❣❡♥t❡s sã♦ ❝♦♥t✐♥✉❛✲

♠❡♥t❡ ❝♦♥s✉♠✐❞♦s à ♠❡❞✐❞❛ q✉❡ ❛✈❛♥ç❛♠ ♥♦ r❡❛t♦r ❛♦ ❧♦♥❣♦ ❞❡ s❡✉ ❝♦♠♣r✐♠❡♥t♦✳ ❆q✉✐ ♦ r❡❛t♦r ❞❛ ✜❣✉r❛

✷✳✶ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦❬✶❪✱ ♦♥❞❡ ✉♠ ❝♦♠♣♦♥❡♥t❡ ❆ é tr❛♥s❢♦r♠❛❞♦ ❡♠ ❝♦♠♣♦♥❡♥t❡ ❇ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡ ❞❡

✈❡❧♦❝✐❞❛❞❡ ❞❡ r❡❛çã♦ k1✿

❋✐❣✉r❛ ✷✳✶✿ ❘❡❛çã♦ ❞❡ Pr✐♠❡✐r❛ ❖r❞❡♠ ❡♠ ❈♦♥❞✐çõ❡s ■s♦tér♠✐❝❛s ❡♠ ❘❡❛t♦r ❚✉❜✉❧❛r

P❛r❛ ❧✐♠✐t❛r ❛ ❝♦♠♣❧❡①✐❞❛❞❡✱ sã♦ ❢❡✐t❛s ❛s s❡❣✉✐♥t❡s ❝♦♥s✐❞❡r❛çõ❡s✿

❛✳ ❆s ❝♦♥❞✐çõ❡s ❞❡ r❡❛çã♦ sã♦ ✐s♦tér♠✐❝❛s❀

❜✳ ❆ t❛①❛ ❞❡ r❡❛çã♦ é ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦ ❝♦♠♣♦♥❡♥t❡ ❆❀

❝✳ ❆ ❞❡♥s✐❞❛❞❡ ❞❡ t♦❞♦s ♦s ❝♦♠♣♦♥❡♥t❡s é ❝♦♥st❛♥t❡ ❡ ✐❣✉❛❧❀

❞✳ ❆ ♠✐st✉r❛ ♥❛ ❞✐r❡çã♦ r❛❞✐❛❧ é ✐❞❡❛❧❀

❡✳ ◆ã♦ ❤á ♠✐st✉r❛ ♥❛ ❞✐r❡çã♦ ❛①✐❛❧❀

❢✳ ❆ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ♠❡✐♦ é ❝♦♥st❛♥t❡ ♥❛ ❞✐r❡çã♦ ❛①✐❛❧❀

❣✳ ❆ ❞✐s♣❡rsã♦ ♥♦ r❡❛t♦r ♣♦❞❡ s❡r ❞❡s♣r❡③❛❞❛✳

❆s ❝♦♥s✐❞❡r❛çõ❡s ❞ ❡ ❣ s✐❣♥✐✜❝❛♠ q✉❡ ♦ ✢✉①♦ ♥♦ r❡❛t♦r é ✢✉①♦ ❡♠ ♣✐stã♦✱ ♦✉ s❡❥❛✱ ❝♦♥st❛♥t❡ ❡♠

q✉❛❧q✉❡r ♣♦♥t♦ ❞♦ r❡❛t♦r✳

✼



✷✳✶✳ ❘❊❆❚❖❘❊❙ ❚❯❇❯▲❆❘❊❙ ✽

✷✳✶✳✶ ❘❡❛çã♦ ❞❡ Pr✐♠❡✐r❛ ❖r❞❡♠

❙❡♥❞♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ r❡❛t♦r L (m) ❡ ❛ ár❡❛ ❞❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ Ac (m2)✳ ❆ ❝♦♥❝❡♥tr❛çã♦ ❞♦

❝♦♠♣♦♥❡♥t❡ ❆ ♥❛ ❡♥tr❛❞❛ é CAin✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ✢✉✐❞♦ é v (m/s)✳ ❆ ❡q✉❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♣❛r❛ ♦

❝♦♠♣♦♥❡♥t❡ ❆ ❡♠ ✉♠ ♣❡rí♦❞♦ ∆t ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ✈♦❧✉♠❡ Ac∆z é✿










❆❝✉♠✉❧❛çã♦ ❞♦

❝♦♠♣♦♥❡♥t❡ ❆

❞✉r❛♥t❡ ♦ t❡♠♣♦ ∆t











=











❊♥tr❛❞❛ ❞❡

❝♦♠♣♦♥❡♥t❡ ♥♦

t❡♠♣♦ ∆t











−











❙❛í❞❛ ❞❡

❝♦♠♣♦♥❡♥t❡ ♥♦

t❡♠♣♦ ∆t











−











❉❡s❛♣❛r❡❝✐♠❡♥t♦

❞♦ ❝♦♠♣♦♥❡♥t❡ ♥♦

t❡♠♣♦ ∆t











✭✷✳✶✮

❊♠ t❡r♠♦s ♠❛t❡♠át✐❝♦s✿

Ac∆z[CA,t+∆t − CA,t] = vAcCA,z∆t− vAcCA,z+∆z∆t− rAc∆z∆t ✭✷✳✷✮

❆ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛✿

CA,t+∆t − CA,t

∆t
= v

CA,z − CA,z+∆z

∆z
− r ✭✷✳✸✮

❈♦♠♦ ❛ r❡❛çã♦ é ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❛ t❛①❛ ❞❡ r❡❛çã♦ r✱ ♣♦❞❡ s❡r ❡s❝r✐t❛✿

r = k1CA ✭✷✳✹✮

❆ ❝♦♥❝❡♥tr❛çã♦ ♥❛ ❧♦❝❛❧✐③❛çã♦ z + ∆z ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ♥❛ ❧♦❝❛❧✐③❛çã♦ z✱

✉s❛♥❞♦ ❛ ❡①♣❛♥sã♦ ❞❛ sér✐❡ ❞❡ ❚❛②❧♦r ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✿

CA,z+∆z = CA,z +
∂CA

∂z
∆z ✭✷✳✺✮

❈♦♠❜✐♥❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✹✮ ❡ ✭✷✳✺✮ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✷✳✸✮✿

∂CA

∂t
+ v

∂CA

∂z
+ k1CA = 0 ✭✷✳✻✮

■♥tr♦❞✉③✐♥❞♦ ✈❛r✐á✈❡✐s ❞❡ ❞❡s✈✐♦ δCA ❡ t♦♠❛♥❞♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡✱ ♦❜t❡♠♦s✿

d(δCA)

dz
+

(

k1 + s

v

)

δCA = 0 ✭✷✳✼✮

❆ s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ é✿

δCA(z, s) = δCA(0, s)e
−

k1+s

v
z ✭✷✳✽✮

❆ r❡s♣♦st❛ ♣❛r❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ♥❛ s❛í❞❛✱ q✉❛♥❞♦ z = L✿

δCA(L, s)

δCA(0, s)
=

δCA,out

δCA,in
= e−k1τRe−sτR ✭✷✳✾✮

♦♥❞❡ τR = L/v ✱ é ♦ t❡♠♣♦ ❞❡ ♣❡r♠❛♥ê♥❝✐❛ ❞♦ ♠❛t❡r✐❛❧ ♥♦ r❡❛t♦r✳

❖ t❡r♠♦ e−k1τR é ♦ ❣❛♥❤♦ ❞♦ ♣r♦❝❡ss♦✱ ♦ t❡r♠♦ e−sτR ✐♥❞✐❝❛ ✉♠ ❛tr❛s♦ ❞❡ t❡♠♣♦✳ ◗✉❛♥❞♦ ❛ ❝♦♥✲

❝❡♥tr❛çã♦ ✈❛r✐❛ ♥♦ ✐♥í❝✐♦ ❞♦ r❡❛t♦r✱ ❧❡✈❛✲s❡ τR ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦ ❛♥t❡s q✉❡ ❛ ✈❛r✐❛çã♦ ❛t✐♥❥❛ ♦ ✜♠ ❞♦

r❡❛t♦r✳

❙❡ ♦ t❡♠♣♦ ❞❡ ♣❡r♠❛♥ê♥❝✐❛ τR = 10s ❡ k1 = 0, 2s−1 ✱ ❡♥tã♦✱ τRk1 = 2✳ P♦rt❛♥t♦✱ ♦ ❣❛♥❤♦ ❞♦ ♣r♦❝❡ss♦

é e−2 = 0, 135✱ ♦✉ s❡❥❛✱ ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ ✈❛r✐❛çã♦ ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❡♥tr❛❞❛ ❞❡ ✶✱✵ r❡s✉❧t❛ ♥✉♠❛ ✈❛r✐❛çã♦

♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s❛í❞❛ ❞❡ ✵✱✶✸✺✳ ❆ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ♣❛r❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s❛í❞❛ é ♠♦str❛❞❛ ♥❛

❋✐❣✉r❛ ✷✳✷✳



✷✳✶✳ ❘❊❆❚❖❘❊❙ ❚❯❇❯▲❆❘❊❙ ✾

❋✐❣✉r❛ ✷✳✷✿ ❘❡s♣♦st❛ ❞❛ ❈♦♥❝❡♥tr❛çã♦ ❞❡ ❙❛í❞❛ ♣❛r❛ ✉♠ ❉❡❣r❛✉ ♥❛ ❊♥tr❛❞❛

P❛r❛ ♦ ♣r♦❞✉t♦ ❇✱ ❛ ❡q✉❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ é✿

Ac∆z [CB,t+∆t − CB,t] = vAcCB,z∆t− vAcCB,z+∆z∆t+ rAc∆z∆t ✭✷✳✶✵✮

P♦❞❡ s❡r ❡s❝r✐t❛✿
∂CB

∂t
+ v

∂CB

∂z
− k1CA = 0 ✭✷✳✶✶✮

▲✐♥❡❛r✐③❛♥❞♦ ❡ t♦♠❛♥❞♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✶✮✿

sδCB + v
d(δCB)

dz
= k1δCA ✭✷✳✶✷✮

❆ s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✷✳✶✷✮ ♣♦❞❡ s❡r ❞❛❞❛ ♣♦r✿

δCB(z, s) = C1e
−

s
v
z + C2e

−
k1+s

v
z ✭✷✳✶✸✮

❖ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ r❡♣r❡s❡♥t❛ ❛ s♦❧✉çã♦ ♣❛r❛ ❛ ♣❛rt❡ ❤♦♠♦❣ê♥❡❛ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✷✮

✭❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✷✮✮ ❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ r❡♣r❡s❡♥t❛ ❛ s♦❧✉çã♦ ♣❛r❛ δCA ❛ q✉❛❧ ❡♥❝♦♥tr❛♠♦s

❛♥t❡r✐♦r♠❡♥t❡ ♥❛ ❡q✉❛çã♦ ✭✷✳✽✮✳ C1 ❡ C2 sã♦ ❝♦♥st❛♥t❡s ❞❡ ✐♥t❡❣r❛çã♦ q✉❡ ❞❡✈❡♠ s❡r ❞❡t❡r♠✐♥❛❞❛s ♣❡❧❛s

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✳ ❊♠ z = 0✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

δCB(0, s) = C1 + C2 = 0 ⇒ C1 = −C2 ✭✷✳✶✹✮

❆ ❡q✉❛çã♦ ✭✷✳✶✸✮✱ ❛❣♦r❛✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

δCB(z, s) = C1e
−

s
v
z
(

1− e−
k1
v
z
)

✭✷✳✶✺✮

C1 ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✱ ♦♥❞❡ z = ∞✿

δCB(∞, s) = C1 = δCA,in ✭✷✳✶✻✮

❆ss✐♠✱ ❛ r❡s♣♦st❛ ♣❛r❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ♥❛ s❛í❞❛ ♣❛r❛ ♦ ❝♦♠♣♦♥❡♥t❡ ❇ (z = L)✿

δCB(L, s)

δCA(0, s)
=

δCB,out

δCA,in
= e−sτR(1− e−k1τR) ✭✷✳✶✼✮

P♦❞❡♠♦s ✈❡r ❞❛ ❡q✉❛çã♦ ✭✷✳✶✼✮ q✉❡ ♦ ❛tr❛s♦ ❞❡ t❡♠♣♦ t❛♠❜é♠ ❡stá ♣r❡s❡♥t❡ ❛q✉✐ ❡ ❛❧t❡r❛çõ❡s ♥❛

❝♦♥❝❡♥tr❛çã♦ ❞❡ ❡♥tr❛❞❛ sã♦ ❛t❡♥✉❛❞❛s ♣♦r ✉♠ ❢❛t♦r (1− e−k1τR)✳



✷✳✶✳ ❘❊❆❚❖❘❊❙ ❚❯❇❯▲❆❘❊❙ ✶✵

✷✳✶✳✷ ❘❡❛çã♦ ❞❡ ❊q✉✐❧í❜r✐♦

❆ r❡❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♣♦ss✉✐ ❛ ❝♦♥st❛♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ k1 ♣❛r❛ ❛ r❡❛çã♦ ❞✐r❡t❛ ❡ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡

✈❡❧♦❝✐❞❛❞❡ k2 ♣❛r❛ ❛ r❡❛çã♦ ✐♥✈❡rs❛✳ ❆ ❡q✉❛çã♦ ✭✷✳✻✮✱ ❝♦♠♣♦♥❡♥t❡ ❆✱ ♣♦❞❡ ♥❡st❡ ❝❛s♦ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

∂CA

∂t
+ v

∂CA

∂z
+ k1CA − k2CB = 0 ✭✷✳✶✽✮

❙✐♠✐❧❛r♠❡♥t❡✱ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✷✳✶✶✮✱ ❝♦♠♣♦♥❡♥t❡ ❇✿

∂CB

∂t
+ v

∂CB

∂z
+ k2CB − k1CA = 0 ✭✷✳✶✾✮

❆♠❜❛s ❛s ❡q✉❛çõ❡s ❞❡✈❡♠ s❡r r❡s♦❧✈✐❞❛s s✐♠✉❧t❛♥❡❛♠❡♥t❡✳ ❚♦♠❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡♠

❝♦♥t❛✱ ❛ s♦❧✉çã♦ ♣❛r❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣r♦❞✉t♦ ♣♦❞❡ s❡r ❞❛❞❛ ♣♦r✿

δCB(L, s)

δCA(0, s)
=

δCB,out

δCA,in
=

k1
k1 + k2

(

1− e−(k1+k2)τR
)

e−sτR ✭✷✳✷✵✮

❈♦♠♦ ♣♦❞❡♠♦s ✈❡r✱ ❛ r❡s♣♦st❛ é ♥♦✈❛♠❡♥t❡ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ✉♠ ❣❛♥❤♦ ❡ ✉♠ ❛tr❛s♦ ♥♦ t❡♠♣♦✳

✷✳✶✳✸ ❘❡❛çõ❡s ❈♦♥s❡❝✉t✐✈❛s

❈♦♥s✐❞❡r❡ ❛ r❡❛çã♦ ❝♦♥s❡❝✉t✐✈❛✿

A →k1 B →k2 C ✭✷✳✷✶✮

❖ ❡q✉✐❧í❜r✐♦ ♣❛r❛ ♦ ❝♦♠♣♦♥❡♥t❡ ❆ é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✻✮✱ ♦ ❡q✉✐❧í❜r✐♦ ♣❛r❛ ♦ ❝♦♠♣♦♥❡♥t❡ ❇ é

❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✾✮✳ ❈♦♠♦ ❛ ❡q✉❛çã♦ ✭✷✳✻✮ ❛♣❡♥❛s ❞❡♣❡♥❞❡ ❞❡ CA✱ ❡❧❛ ♣♦❞❡ s❡r r❡s♦❧✈✐❞❛ ❞❡ ❢♦r♠❛

✐♥❞❡♣❡♥❞❡♥t❡✳ ❆ s♦❧✉çã♦ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ δCAin ♣❛r❛ δCB ✱ t❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t♦r♥♦ ❛❞❡q✉❛❞❛s ❡♠ ❝♦♥s✐❞❡r❛çã♦✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

δCB(L, s)

δCA(0, s)
=

δCB,out

δCA,in
=

k1
k1 + k2

(

e−k2τR − e−k1τR
)

e−sτR ✭✷✳✷✷✮

❖ ❝♦♠♣♦♥❡♥t❡ ❇ é ❝♦♠♣♦♥❡♥t❡ ❞❡ ✐♥t❡r❡ss❡❀ ❡ ♦ ❝♦♠♣♦♥❡♥t❡ ❈ é ✉♠ s✉❜♣r♦❞✉t♦ ✐♥❞❡s❡❥á✈❡❧✳ ▼❛✐s

✉♠❛ ✈❡③✱ ♦ ♠♦❞❡❧♦ ❝♦♥s✐st❡ ❡♠ ✉♠ ❣❛♥❤♦ ❞❡ t❡♠♣♦ ❡ ❞❡ ✉♠ ❛tr❛s♦✳ ❚❛♠❜é♠ ♣♦❞❡ s❡r ✈✐st♦ ❛ ♣❛rt✐r

❞❛s ❡q✉❛çõ❡s ✭✷✳✶✼✮✱ ✭✷✳✷✵✮ ❡ ✭✷✳✷✷✮ q✉❡ ♣♦r ❞✐❢❡r❡♥t❡s ♠❡❝❛♥✐s♠♦s ❞❡ r❡❛çã♦✱ ❛s ❞✐♥â♠✐❝❛s ❞♦ ♣r♦❝❡ss♦

✭❛tr❛s♦ ♥♦ t❡♠♣♦✮ sã♦ ❛ ♠❡s♠❛s✱ ♦s ❣❛♥❤♦s ❞♦ ♣r♦❝❡ss♦ sã♦✱ ♥♦ ❡♥t❛♥t♦✱ ❞❡♣❡♥❞❡♥t❡s ❞♦ ♠❡❝❛♥✐s♠♦ ❞❡

r❡❛çã♦✳

✷✳✶✳✹ ❘❡❛t♦r ❚✉❜✉❧❛r ❝♦♠ ❉✐s♣❡rsã♦

❆♥t❡r✐♦r♠❡♥t❡ ❢♦✐ ❞❡s♣r❡③❛❞❛ ❛ ❞✐s♣❡rsã♦ ♥♦ r❡❛t♦r✱ ✐st♦ é✱ ❛ ♠✐st✉r❛ ❛①✐❛❧✱ ❞❡✈✐❞♦ à ❞✐❢✉sã♦✳ ◆❛

r❡❛❧✐❞❛❞❡✱ ✐st♦ ♥✉♥❝❛ é ♦ ❝❛s♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛ r❡❧❡✈â♥❝✐❛ ❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✳

❙✉♣♦♥❞♦ q✉❡ ❛ r❡❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ A →k1 B ♣♦ss✉✐ ❞✐s♣❡rsã♦✱ ♦ t❡r♠♦ ❞❡ ❞✐❢✉sã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t♦

♣♦r ✉♠❛ ❞❡r✐✈❛❞❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥♦ s❡♥t✐❞♦ ❛①✐❛❧ Dd2CA/dz
2✳ ❊st❡ t❡r♠♦ ❞❡✈❡ s❡r ❛❞✐❝✐♦♥❛❞♦ ❛

❡q✉❛çã♦ ✭✷✳✷✮✱ ❧♦❣♦✿
∂CA

∂t
+ v

∂CA

∂z
+ k1CA −D

∂2CA

∂z2
= 0 ✭✷✳✷✸✮

♦♥❞❡ D é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❡♠ (m2/s)✳

◗✉❛♥❞♦ ♥ã♦ ❡①✐st❡ ✉♠❛ ❞✐s♣❡rsã♦ ♥❛ s❡çã♦ ❛ ♠♦♥t❛♥t❡ ❞♦ r❡❛t♦r✱ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ♥❛ ❡♥tr❛❞❛

♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠ ❡q✉✐❧í❜r✐♦ ❡♠ t♦r♥♦ ❞❛ ❡♥tr❛❞❛✿



✷✳✶✳ ❘❊❆❚❖❘❊❙ ❚❯❇❯▲❆❘❊❙ ✶✶

Ac∆z

(

∂CA

∂t

)

0+
= AcvCA(0

−, t)−AcvCA(0
+, t) +AcD

(

∂CA

∂z

)

0+
−Ac∆zk1CA(0

+, t) ✭✷✳✷✹✮

♦♥❞❡✿

0− é ♣♦s✐çã♦ ♥❛ ❡♥tr❛❞❛ ❞♦ ❧❛❞♦ ❞❡ ❢♦r❛ ❞♦ r❡❛t♦r✳

0+ é ♣♦s✐çã♦ ♥❛ ❡♥tr❛❞❛ ♥♦ ✐♥t❡r✐♦r ❞♦ r❡❛t♦r✳

Ac é ár❡❛ ❞❡ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞♦ r❡❛t♦r✳

CA(0
−, t) é ❝♦♥❝❡♥tr❛çã♦ ♥❛ ❡♥tr❛❞❛ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ∆z✱ q✉❡ é ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡

❡♥tr❛❞❛✳

CA(0
+, t) é ❝♦♥❝❡♥tr❛çã♦ ♥❛ s❛í❞❛ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ∆z✳

❙✉♣õ❡✲s❡ q✉❡ ♥ã♦ ❤á ♥❡♥❤✉♠❛ ❞✐s♣❡rsã♦ ♥❛ s❡çã♦ ❛ ♠♦♥t❛♥t❡ ❞♦ r❡❛t♦r✳ ◆♦ ❝❛s♦ ❧✐♠✐t❡✱ q✉❛♥❞♦ ∆z s❡

❛♣r♦①✐♠❛ ❞❡ ③❡r♦✱ ❛ ❡q✉❛çã♦ ✭✷✳✷✹✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

vCA(0
−, t)− vCA(0

+, t) +D

(

∂CA

∂z

)

0+
= 0 ✭✷✳✷✺✮

❙✐♠✐❧❛r♠❡♥t❡✱ ♥♦ ✜♠ ❞♦ r❡❛t♦r t❡♠♦s✿

vCA(L
−, t)− vCA(L

+, t) +D

(

∂CA

∂z

)

L+

= 0 ✭✷✳✷✻✮

◆❡st❡ ❝❛s♦✱ ❛ ❞✐s♣❡rsã♦ ♥♦ ❡①t❡r✐♦r ❞♦ r❡❛t♦r ❢♦✐ ♥♦✈❛♠❡♥t❡ ✐❣♥♦r❛❞❛✳ ❉❡s❞❡ q✉❡ CA(L
−, t) = CA(L

+, t)✱

❧♦❣♦ ♣♦❞❡♠♦s r❡❞✉③✐r ❛ ❡q✉❛çã♦ ✭✷✳✷✻✮ ♣❛r❛✿

D

(

∂CA

∂z

)

L

= 0 ✭✷✳✷✼✮

❖ ♠♦❞❡❧♦ ♣❛r❛ ♦ r❡❛t♦r ❝♦♥s✐st❡ ❛❣♦r❛ ♥❛s ❡q✉❛çõ❡s ✭✷✳✷✸✮✱ ✭✷✳✷✺✮ ❡ ✭✷✳✷✼✮✳ ❆♣ós ❛ ❛♣❧✐❝❛çã♦ ❞❛

tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡✱ ❛ ❡q✉❛çã♦ ✭✷✳✷✸✮ ♣♦❞❡ s❡r ❡s❝r✐t❛✿

sδCA(z, s)− δCA(z, 0
+) = −v

dδCA(z, s)

dz
+D

d2δCA(z, s)

dz2
− k1δCA(z, s) ✭✷✳✷✽✮

❆ s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✷✳✷✽✮ é ❞❡t❡r♠✐♥❛❞❛ s❡❣✉♥❞♦ ❛ ❡q✉❛çã♦ ❝❛r❛❝t❡ríst✐❝❛✿

DJ2 − vJ − (k1 + s) = 0 ✭✷✳✷✾✮

❆ ♣❛rt✐r ❞❛ q✉❛❧ ❛s s❡❣✉✐♥t❡s r❛í③❡s ♣♦❞❡♠ s❡r ❞❡t❡r♠✐♥❛❞❛s✿

J1,2 =
v

2D
± 1

2D

√

v2 + 4D(k1 + s) ✭✷✳✸✵✮

▲♦❣♦✱ ❛ s♦❧✉çã♦ ❣❡r❛❧ t❡♠ ❛ ❢♦r♠❛✿

δCA(z, s) = C1e
J1z + C2e

J2z ✭✷✳✸✶✮

❖s ❝♦❡✜❝✐❡♥t❡s C1 ❡ C2✱ ♣♦❞❡♠ s❡r ❞❡t❡r♠✐♥❛❞♦s ❛tr❛✈és ❞❛ ❞✐❢❡r❡♥❝✐❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✸✶✮✱ ❡♠

r❡❧❛çã♦ ❛ z ❡ ✐❣✉❛❧❛♥❞♦✲❛ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ❡q✉❛çã♦ ✭✷✳✷✺✮ ❡ ✭✷✳✷✼✮✳ ❖ r❡s✉❧t❛❞♦ ♣❛r❛ ❛

s♦❧✉çã♦ t♦r♥❛✲s❡ ❡♥tã♦✿

δCA(z, s)

δCA,in
=

J2e
−J1(L−z) − J1e

−J2(L−z)

J2(1− J1D/v)e−J1L − J1(1− J2D/v)e−J2L
✭✷✳✸✷✮

✷✳✶✳✺ ❆♥á❧✐s❡ ❊stát✐❝❛

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❡stát✐❝♦ ♣♦❞❡ s❡r ❡st✉❞❛❞♦✱ ❞❡✜♥✐♥❞♦ s = 0 ♥❛s ❡q✉❛çõ❡s ✭✷✳✸✵✮ ❡ ✭✷✳✸✷✮✳ ❖s s❡❣✉✐♥t❡s

♣❛râ♠❡tr♦s sã♦ ✐♥tr♦❞✉③✐❞♦s✱ ♦ ♥ú♠❡r♦ ❞❡ Pé❝❧❡t✿
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Pe = vL/D ✭✷✳✸✸✮

❡ ✉♠ ♣❛râ♠❡tr♦ a✿

a =
√

1 + 4k1D/v2 ✭✷✳✸✹✮

q✉❡ ♥♦s ♣❡r♠✐t❡ ❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✷✳✸✷✮ ❝♦♠♦✿

CA(z)

CA(0−)
= 2 exp

(

Pe.
z

2L

) (1 + a) exp
[

Pea
2 (1− z

L )
]

− (1− a) exp
[

Pea
2 (

z
L − 1)

]

(1 + a)2 exp
(

Pea
2

)

− (1− a)2 exp
(

−Pea
2

) ✭✷✳✸✺✮

◆❛ ✜❣✉r❛ ✷✳✸ é ❛♣r❡s❡♥t❛❞❛ ❛ ❝♦♥❝❡♥tr❛çã♦ CA(z) ❡♠ ✭✷✳✸✺✮ ❝♦♠ a = 1, 3 ❡ três ♥ú♠❡r♦s ❞❡ Pé❝❧❡t

❞✐❢❡r❡♥t❡s✳ ❱❡♠♦s q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s❛í❞❛ ❞✐♠✐♥✉✐ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ Pé❝❧❡t✳

❋✐❣✉r❛ ✷✳✸✿ P❡r✜❧ ❞❡ ❈♦♥❝❡♥tr❛çã♦ ❞♦ ❘❡❛t♦r ♣❛r❛ a = 1, 3 ❡ ❉✐❢❡r❡♥t❡s ◆ú♠❡r♦s ❞❡ Pé❝❧❡t

✷✳✶✳✻ ❈❛s♦s ❊s♣❡❝✐❛✐s

❈♦♥s✐❞❡r❡♠♦s ❞♦✐s ❝❛s♦s ❡s♣❡❝✐❛✐s✱ ♦ ♣r✐♠❡✐r♦ ❡♠ q✉❡ ❛ ❞✐s♣❡rsã♦ s❡ t♦r♥❛ ♠✉✐t♦ ♣❡q✉❡♥❛✱ ❡ ♦ s❡❣✉♥❞♦

❡♠ q✉❡ ❛ ❝♦♥✈❡rsã♦ t♦r♥❛✲s❡ ♠✉✐t♦ ❣r❛♥❞❡✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ q✉❛♥❞♦ ❛ ❞✐s♣❡rsã♦ t♦r♥❛✲s❡ ♠✉✐t♦ ♣❡q✉❡♥❛✱ a ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞♦ ♣♦r✿

a =
√

1 + 4k1D/v2 ≃ 1 + 2k1D/v2 ✭✷✳✸✻✮

▲♦❣♦✱ ❛ ❡q✉❛çã♦ ✭✷✳✸✺✮ ♣♦❞❡ s❡r ❡s❝r✐t❛✿

CA(z)

CA(0−)
= e−k1z/v ✭✷✳✸✼✮

❆ ❝♦♥✈❡rsã♦ ❞♦ r❡❛t♦r s❡ t♦r♥❛✿

C = 1− CA(L)/CA(0
−) = 1− e−k1L/v = 1− e−k1τR ✭✷✳✸✽✮

q✉❡ é ❛ ❡q✉❛çã♦ ❜❡♠ ❝♦♥❤❡❝✐❞❛ ♣❛r❛ ❛ ❝♦♥✈❡rsã♦ ❞❡ ✉♠ r❡❛t♦r ❞❡ ✢✉①♦ ❡♠ ♣✐stã♦✳

◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ❡♠ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ D t♦r♥❛✲s❡ ❣r❛♥❞❡✱ Pe(a/2) é ♣r♦♣♦r❝✐♦♥❛❧ ❛

D−1/2✱❛ss✐♠ s❡ ❛♣r♦①✐♠❛ ❞❡ ③❡r♦✳ ❙❡✱ ❛❧é♠ ❞✐ss♦✱ ❛ s❡❣✉✐♥t❡ ❛♣r♦①✐♠❛çã♦ é ❢❡✐t❛✿

ex ≃ 1 + x ✭✷✳✸✾✮
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e−x ≃ 1− x

❆ ❡q✉❛çã♦ ✭✷✳✸✺✮ ♣♦❞❡ s❡r ❡s❝r✐t❛✿
CA(z)

CA(0−)
≃ v

v + k1L
✭✷✳✹✵✮

❞❛í ❛ ❝♦♥✈❡rsã♦ t♦r♥❛✲s❡✿

C = 1− CA(L)/CA(0
−) =

k1L

v + k1L
=

k1τR
1 + k1τR

✭✷✳✹✶✮

q✉❡ é ❛ ❡q✉❛çã♦ ❜❡♠ ❝♦♥❤❡❝✐❞❛ ♣❛r❛ ❛ ❝♦♥✈❡rsã♦ ❞❡ ✉♠ r❡❛t♦r ✐❞❡❛❧♠❡♥t❡ ♠✐st✉r❛❞♦✳

❆ ❝♦♥✈❡rsã♦ ♣❛r❛ ♦ r❡❛t♦r ❞❡ ✢✉①♦ ❡♠ ♣✐stã♦ ❡ r❡❛t♦r ✐❞❡❛❧♠❡♥t❡ ♠✐st✉r❛❞♦ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s

❣r❛✜❝❛♠❡♥t❡ ♥❛ ❋✐❣✳ ✷✳✹ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ k1τR✳

❋✐❣✉r❛ ✷✳✹✿ ❈♦♥✈❡rsã♦ ❞♦ r❡❛t♦r ❡♠ ❢✉♥çã♦ ❞❡ k1τR

✷✳✶✳✼ ❆♥á❧✐s❡ ❉✐♥â♠✐❝❛

❆ ❡q✉❛çã♦ ✭✷✳✸✷✮ ♣♦❞❡ s❡r s✐♠♣❧✐✜❝❛❞❛ q✉❛♥❞♦ z = L✳ ❊❧❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

δCA(L, s)

δCA,in
= exp(−Pe/2)

{

exp

[

1

2
Pe
√

1 + 4(s+ k1)τR/Pe

]

+ exp

[

−1

2
Pe
√

1 + 4(s+ k1)τR/Pe

]}

✭✷✳✹✷✮

❯s❛♥❞♦ ❛s t❛❜❡❧❛s ❞❡ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡✱ ❛ ❢✉♥çã♦ ♣♦❞❡ s❡r tr❛♥s❢♦r♠❛❞❛ ❞❡ ✈♦❧t❛ ♣❛r❛ ♦

❞♦♠í♥✐♦ ❞♦ t❡♠♣♦✱ ♦ r❡s✉❧t❛❞♦ ❞❛ r❡s♣♦st❛ ❛ ✉♠ ✐♠♣✉❧s♦ ♥❛ ❡♥tr❛❞❛ é ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛✿

h(t) =
τR
2t

√

τRPe

πt
exp

{

−1

4
Pe

(

τR
t

+
t

τR
− 2

)

− 1

4
k1t

}

✭✷✳✹✸✮

❆ ❡q✉❛çã♦ ✭✷✳✹✸✮ é ✉s❛❞❛ ♣❛r❛ ❣❡r❛r ❛ ✜❣✉r❛ ✷✳✺ ♣❛r❛ k1 = 0, 1 ❡ ♣❛r❛ q✉❛tr♦ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞♦

♥ú♠❡r♦ ❞❡ Pé❝❧❡t✳
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❋✐❣✉r❛ ✷✳✺✿ ❘❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ❞❡ ✉♠ r❡❛t♦r t✉❜✉❧❛r ❝♦♠ r❡tr♦♠✐st✉r❛✱ k1 = 0, 1

❱❡♠♦s q✉❡ ♣❛r❛ ✈❛❧♦r❡s ♣❡q✉❡♥♦s ❞♦ ♥ú♠❡r♦ ❞❡ Pé❝❧❡t✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✈❛❧♦r❡s ❡❧❡✈❛❞♦s ❞❡

❞✐❢✉sã♦✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♣r♦①✐♠❛✲s❡ ❛ r❡s♣♦st❛ ❞❡ ✉♠ r❡❛t♦r ✐❞❡❛❧♠❡♥t❡ ♠✐st✉r❛❞♦✳ P❛r❛ ✉♠ ♥ú♠❡r♦

❞❡ Pé❝❧❡t ❣r❛♥❞❡✱ ♦✉ s❡❥❛✱ ✈❛❧♦r❡s ♣❡q✉❡♥♦s ❞❡ ❞✐❢✉sã♦✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♣r♦①✐♠❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡

✉♠ ♣r♦❝❡ss♦ ❡♠ t❡♠♣♦ ♠♦rt♦ ✭❛tr❛s♦✮ ♣✉r♦✳



✷✳✷✳ ❚❘❖❈❆❉❖❘❊❙ ❉❊ ❈❆▲❖❘ ✶✺

✷✳✷ ❚r♦❝❛❞♦r❡s ❞❡ ❈❛❧♦r

❙❡r✐❛ ♠✉✐t♦ ❞✐❢í❝✐❧ ❞❡s❝r❡✈❡r ♦ ♠♦❞❡❧♦ ❞❡ ✉♠ ♣❡r♠✉t❛❞♦r ❞❡ ❝❛❧♦r✱ ✉♠❛ ✈❡③ q✉❡ ❡①✐st❡♠ ♠✉✐t♦s t✐♣♦s

❞✐❢❡r❡♥t❡s✳ ❖ t✐♣♦ ♠❛✐s ❝♦♠✉♠ é ♦ ❞❛ ❜♦❜✐♥❛ ❞❡ ❛rr❡❢❡❝✐♠❡♥t♦ ♦✉ ❞❡ ❛q✉❡❝✐♠❡♥t♦ ❡♠ ✉♠ t❛♥q✉❡ ♦✉

r❡❛t♦r✱ ❞❡st✐♥❛✲s❡ ❛ tr❛♥s❢❡r✐r ♦ ❝❛❧♦r ❡♠ q✉❛❧q✉❡r ❞✐r❡çã♦✳ ◆♦ ✐♥t❡r✐♦r ❞❛ ❜♦❜✐♥❛ ❛ t❡♠♣❡r❛t✉r❛ ✈❛r✐❛ ❝♦♠

♦ t❡♠♣♦ ❡ ❛ ❞✐r❡çã♦ ❛①✐❛❧❀ ❢♦r❛ ❞❛ ❜♦❜✐♥❛ ❣❡r❛❧♠❡♥t❡ ❛ t❡♠♣❡r❛t✉r❛ é ✉♥✐❢♦r♠❡✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❝♦♥t❡ú❞♦

❞♦ r❡❛t♦r ♦✉ t❛♥q✉❡ é ♥♦r♠❛❧♠❡♥t❡ ♠✐st✉r❛❞♦✳ P♦rt❛♥t♦ ❡st❡ t✐♣♦ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞♦ ❢❛❝✐❧♠❡♥t❡ ❡ ❛

❧✐♥❡❛r✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ ♣♦❞❡ ❞❛r ✉♠❛ ❜♦❛ ❡st✐♠❛t✐✈❛ ❞❛ ❞✐♥â♠✐❝❛ ❞❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r✳

❖ s❡❣✉♥❞♦ t✐♣♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ é ♦ tr♦❝❛❞♦r ❞❡ ❝❛❧♦r ♠♦♥t❛❞♦ ❡♠ t✉❜♦ ♥♦ q✉❛❧ ♦ ♠❡✐♦ ❞❡ s❡r ❛q✉❡❝✐❞♦

✢✉✐ ❛tr❛✈és ❞♦s t✉❜♦s ❡ ♦ ✈❛♣♦r s❡ ❝♦♥❞❡♥s❛ ❢♦r❛ ❞♦s t✉❜♦s✳ ❊st❡ t✐♣♦ é às ✈❡③❡s ❝❤❛♠❛❞♦ ❞❡ tr♦❝❛❞♦r ❞❡

❝❛❧♦r ❞❡ ❝❛s❝♦ ❡ t✉❜♦✳ ▼❡s♠♦ q✉❡ ❡st❡ t✐♣♦ ❛ss❡♠❡❧❤❛✲s❡ ✉♠ ♣♦✉❝♦ ❛♦ t✐♣♦ ❛♥t❡r✐♦r✱ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦

❞✐♥â♠✐❝♦ é ❞✐❢❡r❡♥t❡✳

✷✳✷✳✶ ❇♦❜✐♥❛ ❞❡ ❆q✉❡❝✐♠❡♥t♦

◆❡st❡ ❝❛s♦✱ ❛ss✉♠❡✲s❡ q✉❡ ♦ ❝❛❧♦r é tr❛♥s❢❡r✐❞♦ ❞❛ ❜♦❜✐♥❛ ♣❛r❛ ♦ ❝♦♥t❡ú❞♦ ❞♦ t❛♥q✉❡✱ ❛ ❞✐s❝✉ssã♦ ♣❛r❛

❛ r❡t✐r❛❞❛ ❞❡ ❝❛❧♦r é s✐♠✐❧❛r❬✶❪✳ ❆ s✐t✉❛çã♦ é ♠♦str❛❞❛ ♥❛ ❋✐❣✳ ✷✳✻✳

❋✐❣✉r❛ ✷✳✻✿ ❚❛♥q✉❡ ❝♦♠ ❇♦❜✐♥❛ ❞❡ ❆q✉❡❝✐♠❡♥t♦

❙✉♣♦♥❞♦ q✉❡✿

• ❊①✐st❡ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❚ ✉♥✐❢♦r♠❡ ♥♦ t❛♥q✉❡✳

• ❖ ✈♦❧✉♠❡ ❞❡ ❧íq✉✐❞♦ ♥♦ t❛♥q✉❡ é ❝♦♥st❛♥t❡✱ ✐st♦ é✱ ♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛ ❡ ❞❡ s❛í❞❛ ❞❡ ✢✉①♦ sã♦ ♦s

♠❡s♠♦s✳

• ❱❛♣♦r ❝♦♥❞❡♥s❛ ❞❡♥tr♦ ❞❛ ❜♦❜✐♥❛✱ ❧♦❣♦ ✉♠❛ t❡♠♣❡r❛t✉r❛ ✉♥✐❢♦r♠❡ Ts ❞❡ ❝♦♥❞❡♥s❛çã♦ ♣♦❞❡ s❡r

❛ss✉♠✐❞❛✳

• ❖s ❝♦❡✜❝✐❡♥t❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❞❡♥tr♦ ❡ ❢♦r❛ ❞❛ ❜♦❜✐♥❛ sã♦ ❝♦♥st❛♥t❡s✱ ♦✉ s❡❥❛✱ ♦ ❝♦❡✜❝✐❡♥t❡

❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❣❧♦❜❛❧ t❛♠❜é♠ é ❝♦♥st❛♥t❡✳

• ❆ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r ❞❛ ❜♦❜✐♥❛ (Mcoilcp,coil) é ♣❡q✉❡♥♦ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r

❞♦ ❧íq✉✐❞♦ ❡ ♣♦❞❡✱ ♣♦rt❛♥t♦✱ s❡r ✐❣♥♦r❛❞♦✳
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• ❆ ❞✐♥â♠✐❝❛ ❞♦ ❧❛❞♦ ❞♦ ✈❛♣♦r ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛✱ ✐st♦ é✱ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r r❡❛❣❡ ✐♥st❛♥t❛♥❡❛✲

♠❡♥t❡ ❛ ❛❧t❡r❛çõ❡s ♥♦ ❢♦r♥❡❝✐♠❡♥t♦ ❞❡ ✈❛♣♦r✳

❖ ❡q✉✐❧í❜r✐♦ ❞❡ ❡♥❡r❣✐❛ ♣♦❞❡ s❡r ❡s❝r✐t♦✿

ρV cp
dT

dt
= Fρcp(Tin − T ) + UA(Ts − T ) ✭✷✳✹✹✮

❖ t❡r♠♦ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ é ❛ ❛❝✉♠✉❧❛çã♦ ❞❡ ❡♥❡r❣✐❛✱ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ é

♦ tr❛♥s♣♦rt❡ ❞❡ ❡♥❡r❣✐❛ ♣❡❧♦ ✢✉①♦ ❞♦ ✢✉✐❞♦ ❡ ♦ ú❧t✐♠♦ t❡r♠♦ é ❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❡♥❡r❣✐❛ ♣r♦✈❡♥✐❡♥t❡ ❞❛

❜♦❜✐♥❛✳ ❆ ♥♦♠❡♥❝❧❛t✉r❛ ❛ s❡❣✉✐r é ✉s❛❞❛✿

ρ ✲ ❞❡♥s✐❞❛❞❡ ❞♦ ✢✉✐❞♦✱ kg/m3

V ✲ ✈♦❧✉♠❡ ❞♦ ✢✉✐❞♦ ♥♦ t❛♥q✉❡✱ m3

cp ✲ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ ✢✉✐❞♦✱ J/kg.K

F ✲ ✢✉①♦ ❛tr❛✈és ❞♦ t❛♥q✉❡✱ ❡♠ m3/s

Tin ✲ t❡♠♣❡r❛t✉r❛ ❞❡ ❡♥tr❛❞❛ ❞♦ ✢✉✐❞♦✱ K

UA ✲ ♣r♦❞✉t♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❣❧♦❜❛❧ ❡ ár❡❛✱ W/K

●❡r❛❧♠❡♥t❡✱ ♥♦s ✐♥t❡r❡ss❛ ❛ r❡s♣♦st❛ ❞❛ t❡♠♣❡r❛t✉r❛ T ♣❛r❛ ♠✉❞❛♥ç❛s ♥♦ ✢✉①♦ F ✱ ♥❛ t❡♠♣❡r❛t✉r❛

❞❡ ❡♥tr❛❞❛ Tin ❡ ♥❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r Ts✳ ❊st❛s r❡❧❛çõ❡s ♣♦❞❡♠ s❡r ❢❛❝✐❧♠❡♥t❡ ❞❡r✐✈❛❞❛s ❛ ♣❛rt✐r ❞❛

❡q✉❛çã♦ ✭✷✳✹✹✮ ♣♦r ❧✐♥❡❛r✐③❛çã♦ ❡ t♦♠❛♥❞♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡✱ ♦ r❡s✉❧t❛❞♦ é✿

δT =
K1

τT s+ 1
δTs +

K2

τT s+ 1
δTin − K3

τT s+ 1
δF ✭✷✳✹✺✮

♦♥❞❡✿

τT =
ρV cp

ρF0cp + UA

K1 =
UA

ρF0cp + UA
< 1 ✭✷✳✹✻✮

K2 =
ρF0cp

ρF0cp + UA
< 1

K3 =
ρcp(Tin0 − T0)

ρF0cp + UA
< 1

♦♥❞❡ ♦ s✉❜s❝r✐t♦ ✬✵✬ ✐♥❞✐❝❛ ♦ ✈❛❧♦r ❞❛ ✈❛r✐á✈❡❧ ♥❛ s✐t✉❛çã♦ ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✳

❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✹✺✮✱ ❛ t❡♠♣❡r❛t✉r❛ ✐rá ♠♦str❛r ✉♠❛ r❡s♣♦st❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

♣❛r❛ t♦❞❛s ❛s ♠✉❞❛♥ç❛s✳ ❆ ❡q✉❛çã♦ ✭✷✳✹✻✮ ♠♦str❛ q✉❡ ♦ ❣❛♥❤♦ ♣❛r❛ ♠✉❞❛♥ç❛s ❞❡ t❡♠♣❡r❛t✉r❛✱ t❛♥t♦ ❛

t❡♠♣❡r❛t✉r❛ ❞❡ ❡♥tr❛❞❛ ❡ t❡♠♣❡r❛t✉r❛ ❞❡ ✈❛♣♦r✱ é s❡♠♣r❡ ✐♥❢❡r✐♦r ❛ ✶✳

❆ r❡❧❛çã♦ ❡♥tr❡ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ t❛♥q✉❡ ❡ ❛ ✈❛r✐á✈❡❧ ❞❡ ❡♥tr❛❞❛ ♠♦str❛❞❛ ♥❛ ❡q✉❛çã♦ ✭✷✳✹✺✮ s❡rá

❛❧t❡r❛❞❛ s❡ ❢♦r ❛ss✉♠✐❞♦ q✉❡ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r ❞❛ ❜♦❜✐♥❛ ❥á ♥ã♦ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛✳

❙✉♣õ❡✲s❡ ❛✐♥❞❛ q✉❡ ❛ ❝♦♥❞✉çã♦ ❞❡ ❝❛❧♦r r❛❞✐❛❧ ❛tr❛✈és ❞❛ ♣❛r❡❞❡ é ✐❞❡❛❧✱ ❡ q✉❡ ❛ ❝♦♥❞✉çã♦ ❞❡ ❝❛❧♦r

❛①✐❛❧ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛ ❡ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❞❛ ♣❛r❡❞❡ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ✉♠❛ t❡♠♣❡r❛t✉r❛

♠é❞✐❛ ❞❛ ♣❛r❡❞❡ Tw✱ q✉❡ é✱ ♣r♦✈❛✈❡❧♠❡♥t❡✱ ✉♠ ♣r❡ss✉♣♦st♦ r❛③♦á✈❡❧✱ ❞❛❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❝♦♥❞✉çã♦ ❞❡

❝❛❧♦r é r❡❧❛t✐✈❛♠❡♥t❡ rá♣✐❞❛ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r✳ ❆ ❡q✉❛çã♦ ✭✷✳✹✹✮ ♣♦❞❡ ❡♥tã♦

s❡r ♠♦❞✐✜❝❛❞❛ ♣❛r❛✿

ρV cp
dT

dt
= Fρcp(Tin − T ) + αoAo(Tw − T ) ✭✷✳✹✼✮
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♦♥❞❡ αoAo é ♦ ♣r♦❞✉t♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❡ ❛ ár❡❛ ❞♦ ❧❛❞♦ ❞❡ ❢♦r❛ ❞❛ ❜♦❜✐♥❛✱ ❡ Tw

r❡♣r❡s❡♥t❛ ❛ t❡♠♣❡r❛t✉r❛ ❞❛ ♣❛r❡❞❡ ❞❛ ❜♦❜✐♥❛✳ ❙❡♠❡❧❤❛♥t❡ ❛ ❡q✉❛çã♦ ✭✷✳✹✼✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ❜❛❧❛♥ç♦

❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ❛ ♣❛r❡❞❡✿

Mwcpw
dTw

dt
= αiAi(Ts − Tw)− αoAo(Tw − T ) ✭✷✳✹✽✮

♦ s✉❜s❝r✐t♦ ✬✇✬ r❡♣r❡s❡♥t❛ ♣❛r❡❞❡✳

❆s ❡q✉❛çõ❡s ✭✷✳✹✼✮ ❡ ✭✷✳✹✽✮ ❢♦r♠❛♠ ♦ ♥♦✈♦ ♠♦❞❡❧♦ ❞♦ tr♦❝❛❞♦r ❞❡ ❝❛❧♦r ❝♦♠ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r ❞❛

♣❛r❡❞❡ t✐❞♦ ❡♠ ❝♦♥t❛✳ ❚♦♠❛♥❞♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❡ ❧✐♥❡❛r✐③❛♥❞♦ ❛♠❜❛s ❡q✉❛çõ❡s r❡s✉❧t❛ ❡♠✿

δT =
K1

τT s+ 1
δTw +

K2

τT s+ 1
δTin − K3

τT s+ 1
δF ✭✷✳✹✾✮

δTw =
K4

τws+ 1
δTs +

K5

τws+ 1
δT

♦♥❞❡ ❛s ❝♦♥st❛♥t❡s ❞❡ t❡♠♣♦ ❡ ❣❛♥❤♦s sã♦ ❞❡✜♥✐❞♦s ♣♦r✿

τT =
ρV cp

ρF0cp + αoAo
; τw =

Mwcpw
αiAi + αoAo

K1 =
αoAo

ρF0cp + αoAo
; K4 =

αiAi

αiAi + αoAo
✭✷✳✺✵✮

K2 =
ρF0cp

ρF0cp + αoAo
; K5 =

αoAo

αiAi + αoAo

K3 =
ρcp(Tin0 − T0)

ρF0cp + αoAo

❆ ❡q✉❛çã♦ ✭✷✳✹✾✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❡❧✐♠✐♥❛♥❞♦ δTw✿

δT =
K1K4

(τT s+ 1)(τws+ 1)−K1K5
δTs+

K2(τws+ 1)

(τT s+ 1)(τws+ 1)−K1K5
δTin−

K3(τws+ 1)

(τT s+ 1)(τws+ 1)−K1K5
δF

✭✷✳✺✶✮

❆ ❡q✉❛çã♦ ✭✷✳✺✶✮ ♠♦str❛ q✉❡ ❛ r❡s♣♦st❛ ❞❡ δT ♣❛r❛ ♠✉❞❛♥ç❛s ♥❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r δTs é ✉♠❛

r❡s♣♦st❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❛ r❡s♣♦st❛ ❛ ♠✉❞❛♥ç❛s ❡♠ δTin ❡ δF sã♦ r❡s♣♦st❛s ❞❡ ♣s❡✉❞♦✲♣r✐♠❡✐r❛ ♦r❞❡♠✳

✷✳✷✳✷ ❚r♦❝❛❞♦r ❞❡ ❈❛❧♦r ❞❡ ❈❛s❝♦ ❡ ❚✉❜♦ ❝♦♠ ❈♦♥❞❡♥s❛çã♦ ❞❡ ❱❛♣♦r

❆ ✜❣✉r❛ ✷✳✼ ♠♦str❛ ✉♠ tr♦❝❛❞♦r ❞❡ ❝❛❧♦r ❞❡ ❝❛s❝♦ ❡ t✉❜♦ ♥♦ q✉❛❧ ♦ ✈❛♣♦r s❡ ❝♦♥❞❡♥s❛ ♥♦ ❡①t❡r✐♦r ❞♦s

t✉❜♦s ❡ ♦ ✢✉✐❞♦ ❡stá ✢✉✐♥❞♦ ❛tr❛✈és ❞♦s t✉❜♦s❬✶❪✳
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❋✐❣✉r❛ ✷✳✼✿ ❚r♦❝❛❞♦r ❞❡ ❈❛❧♦r ❞❡ ❈❛s❝♦ ❡ ❚✉❜♦

❆s s❡❣✉✐♥t❡s ♣r❡♠✐ss❛s sã♦ ❝♦♥s✐❞❡r❛❞❛s✿

• ❆ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r Ts ❢♦r❛ ❞♦s t✉❜♦s é ✉♥✐❢♦r♠❡✳

• ❖ ✢✉①♦ ❞♦ ✢✉✐❞♦ ❛tr❛✈és ❞♦s t✉❜♦s é ✉♠ ❞❡ ✢✉①♦ ❡♠ ♣✐stã♦ ✐❞❡❛❧✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠ ❣r❛❞✐❡♥t❡ ❞❡

t❡♠♣❡r❛t✉r❛ ❛①✐❛❧ ♠❛s ♥❡♥❤✉♠ ❣r❛❞✐❡♥t❡ ❞❡ t❡♠♣❡r❛t✉r❛ r❛❞✐❛❧✳

• ❆s ♣r♦♣r✐❡❞❛❞❡s ❢ís✐❝❛s✱ t❛✐s ❝♦♠♦ ❛ ❞❡♥s✐❞❛❞❡ ❡ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ sã♦ ❝♦♥st❛♥t❡s✳

• ❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r α é ❝♦♥st❛♥t❡✳

• ❆ ❞✐♥â♠✐❝❛ ❞♦ ❧❛❞♦ ❞♦ ✈❛♣♦r ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛✱ ✐st♦ é✱ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r r❡❛❣❡ ✐♥st❛♥t❛♥❡❛✲

♠❡♥t❡ ❛ ❛❧t❡r❛çõ❡s ♥♦ ❢♦r♥❡❝✐♠❡♥t♦ ❞❡ ✈❛♣♦r✳

• ❆ ❝♦♥❞✉çã♦ ❞❡ ❝❛❧♦r r❛❞✐❛❧ ❛tr❛✈és ❞❛ ♣❛r❡❞❡ ❞♦ t✉❜♦ é ✐❞❡❛❧ ❡ ❛ ❝♦♥❞✉çã♦ ❞❡ ❝❛❧♦r ❛①✐❛❧ ♣♦❞❡ s❡r

✐❣♥♦r❛❞❛✳

❙✉♣õ❡✲s❡ q✉❡ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r ❞❛ ♣❛r❡❞❡ (Mwcw) ♥ã♦ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à

❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r ❞♦ ❧íq✉✐❞♦ (Mfcf )✳ ❙❡ ❢♦r ✐❣♥♦r❛❞❛✱ ♠❛✐s t❛r❞❡✱ ❡st❡ ✐rá s❡r ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡st❡

♣r♦❝❡ss♦ ♠❛✐s ❣❡r❛❧✳ ❖ ❜❛❧❛♥ç♦ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ✉♠❛ s❡çã♦ ❞❛ ♣❛r❡❞❡ ❡♠ ❝❛❞❛ ♣♦♥t♦ z ♣♦❞❡ s❡r ❡s❝r✐t♦

❝♦♠♦✿

Mwcw
∂Tw

∂t
= αsAs(Ts − Tw)− αfAf (Tw − T ) ✭✷✳✺✷✮

♦♥❞❡✿

Af ✲ ár❡❛ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ♣♦r ✉♥✐❞❛❞❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♥♦ ❧❛❞♦ ❞♦ ✢✉✐❞♦✱ m✳

As ✲ ár❡❛ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ♣♦r ✉♥✐❞❛❞❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♥♦ ❧❛❞♦ ✈❛♣♦r✱ m✳

cw ✲ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞❛ ♣❛r❡❞❡✱ J/kg.K✳

Mw ✲ ♠❛ss❛ ❞♦s t✉❜♦s ♣♦r ✉♥✐❞❛❞❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦✱ kg/m✳

T ✲ t❡♠♣❡r❛t✉r❛ ❞♦ ✢✉✐❞♦✱ K✳

Tw ✲ t❡♠♣❡r❛t✉r❛ ❞❛ ♣❛r❡❞❡✱ K✳

αs ✲ ❝♦❡✜❝✐❡♥t❡ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ♥♦ ❧❛❞♦ ❞♦ ✈❛♣♦r✱ W/m2K✳

αf ✲ ❝♦❡✜❝✐❡♥t❡ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ♥♦ ❧❛❞♦ ❞♦ ✢✉✐❞♦✱ W/m2K✳

❖ t❡r♠♦ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✺✷✮ r❡♣r❡s❡♥t❛ ❛ ❛❝✉♠✉❧❛çã♦ ❞❡ ❡♥❡r❣✐❛✱ ♦ ♣r✐♠❡✐r♦ t❡r♠♦

♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❛ ♣❛rt✐r ❞❛ ❝♦♥❞❡♥s❛çã♦ ❞❡ ✈❛♣♦r ♣❛r❛ ❛ ♣❛r❡❞❡ ❡ ♦ ú❧t✐♠♦ t❡r♠♦

❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❛ ♣❛rt✐r ❞❛ ♣❛r❡❞❡ ♣❛r❛ ♦ ✢✉✐❞♦ ❛ s❡r ❛q✉❡❝✐❞♦✳

❖ ❡q✉✐❧í❜r✐♦ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ♦ ✢✉✐❞♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

Mfcf
∂T

∂t
+ Fcf

∂T

∂z
= αfAf (Tw − T ) ✭✷✳✺✸✮
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♦♥❞❡✿

Mf ✲ ♠❛ss❛ ❞♦ ❧íq✉✐❞♦ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦✱ kg/m✳

cf ✲ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ ✢✉✐❞♦✱ J/kg.K✳

F ✲ ✢✉①♦ ❞❡ ♠❛ss❛ ❞♦ ✢✉✐❞♦✱ kg/s✳

❖ ♣r✐♠❡✐r♦ t❡r♠♦ r❡♣r❡s❡♥t❛ ❛ ❛❝✉♠✉❧❛çã♦ ❞❡ ❡♥❡r❣✐❛✱ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❡ tr❛♥s♣♦rt❡ ❞❡ ❡♥❡r❣✐❛

❞❡✈✐❞♦ ❛♦ ✢✉①♦ ❡ ♦ t❡r❝❡✐r♦ t❡r♠♦ ♦ ✢✉①♦ ❞❡ ❡♥❡r❣✐❛ ❛ ♣❛rt✐r ❞❛ ♣❛r❡❞❡ ♣❛r❛ ♦ ✢✉✐❞♦✳

❆s ❡q✉❛çõ❡s ✭✷✳✺✷✮ ❡ ✭✷✳✺✸✮ ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ❞❡ ✉♠❛ ❢♦r♠❛ s✐♠♣❧✐✜❝❛❞❛ q✉❛♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥s✲

t❛♥t❡s ❞❡ t❡♠♣♦ τ ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ✢✉✐❞♦ v sã♦ ✐♥tr♦❞✉③✐❞❛s✿

τf =
Mfcf
αfAf

; τwf =
Mwcw
αfAf

✭✷✳✺✹✮

τws =
Mwcw
αsAs

; v =
F

Mf

❖ ❜❛❧❛♥ç♦ ❞❡ ❡♥❡r❣✐❛ s❡ t♦r♥❛✿

τws
∂Tw

∂t
= Ts − Tw − τws

τwf
(Tw − T ) ✭✷✳✺✺✮

❡

τf
∂T

∂t
+ vτf

∂T

∂z
= Tw − T ✭✷✳✺✻✮

❆ ❞❡s❝r✐çã♦ ❞♦ ♠♦❞❡❧♦ ♣♦❞❡ s❡r ❝♦♠♣❧❡t❛❞❛ ♣♦r ✉♠❛ ❞❡✜♥✐çã♦ ❛❞❡q✉❛❞❛ ❞❡ ❝♦♥t♦r♥♦ ✭♣❛r❛ T ✮ ❡

❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ✭♣❛r❛ T ❡ Tw✮✳

❆♥á❧✐s❡ ❞♦ ▼♦❞❡❧♦ ❊stát✐❝♦

❖ ♠♦❞❡❧♦ ❡stát✐❝♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❞❡✜♥✐♥❞♦ ❛s ❞❡r✐✈❛❞❛s ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ t❡♠♣♦ ✐❣✉❛❧ ❛

③❡r♦✳ ❆ ❡q✉❛çã♦ ✭✷✳✺✷✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

Tw0(z) =
αsAsTs0 + αfAfT0(z)

αsAs + αfAf
✭✷✳✺✼✮

♦ s✉❜s❝r✐t♦ ✬✵✬ ❢♦✐ ❛❞✐❝✐♦♥❛❞♦ ♣❛r❛ ✐♥❞✐❝❛r ♦s ✈❛❧♦r❡s ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡❀ Ts0 é ❛ss✉♠✐❞♦ s❡r ✉♥✐❢♦r♠❡

❛♦ ❧♦♥❣♦ ❞♦ ❡①t❡r✐♦r ❞♦ t✉❜♦✱ ♣♦rt❛♥t♦✱ Ts0(z) = Ts0

❊♠ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✱ ❛ ❡q✉❛çã♦ ✭✷✳✺✸✮ ♣♦❞❡✱ ❛♣ós ❝♦♠❜✐♥❛çã♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✷✳✺✼✮✱ s❡r ❡s❝r✐t❛

❝♦♠♦✿

v0τf0
dT0(z)

dz
+ T0(z) = Ts0 ✭✷✳✺✽✮

❝♦♠

τf0 = Mfcf

[

1

αfAf
+

1

αsAs

]

✭✷✳✺✾✮

τf0 é ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞❡ ❛q✉❡❝✐♠❡♥t♦✱ ♦ q✉❛❧ é ♦ ♣r♦❞✉t♦ ❞❛ ❝❛♣❛❝✐❞❛❞❡ ❝❛❧♦rí✜❝❛ ❞♦ ✢✉✐❞♦ ✈❡③❡s

❛ r❡s✐stê♥❝✐❛ ❞❡ ❝❛❧♦r ❞♦ ✈❛♣♦r ♣❛r❛ ♦ ✢✉✐❞♦✳

❆ s♦❧✉çã♦ ❞❡st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❤♦♠♦❣ê♥❡❛ ❡ ❛❞✐❝✐♦✲

♥❛♥❞♦ ❛ s♦❧✉çã♦ ♣❛rt✐❝✉❧❛r✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ T0 = Tin ♣❛r❛ z = 0✿
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T0(z) = Ts0 − (Ts0 − Tin0)e
−z/v0τf0 ✭✷✳✻✵✮

❆ t❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ♣❛r❛ z = L é ❡♥tã♦ ❞❛❞❛ ♣♦r✿

T0(L) = Tout = Ts0 − (Ts0 − Tin0)e
−τR0/τf0 ✭✷✳✻✶✮

τR0 é ♦ t❡♠♣♦ ❞❡ tr❛♥s♣♦rt❡ ❞♦ ❧íq✉✐❞♦ ❛ ♣❛rt✐r ❞❛ ❡♥tr❛❞❛ ❞♦ t✉❜♦ ♣❛r❛ ❛ s❛í❞❛ ❡♠ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✳ ❆

✜❣✉r❛ ✷✳✽ ♠♦str❛ ♦ ♣❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ❡stát✐❝♦ ❛♦ ❧♦♥❣♦ ❞♦ t✉❜♦ ♣❛r❛ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿ Ts0 = 380

K✱ Tin0 = 250 K✱ v0 = 1 m/s✱ τf0 = 10 s✱ L = 12 m✳

❖ ♣❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ❞❛ ♣❛r❡❞❡ ❞❡ ✉♠❛ s✐t✉❛çã♦ ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ❝❛❧❝✉❧❛❞♦

❛ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ✭✷✳✺✼✮ ❡ ✭✷✳✻✵✮❀

Tw0(z) = Ts0 −
αfAf

αsAs + αfAf
(Ts0 − Tin0)e

−z/v0τf0 ✭✷✳✻✷✮

❋✐❣✉r❛ ✷✳✽✿ P❡r✜❧ ❞❡ t❡♠♣❡r❛t✉r❛ ❡stát✐❝♦ ❞♦ ✢✉✐❞♦ ❛♦ ❧♦♥❣♦ ❞❛ t✉❜✉❧❛çã♦

❆♥á❧✐s❡ ❞♦ ▼♦❞❡❧♦ ❉✐♥â♠✐❝♦

◆❡st❛ s❡çã♦✱ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❛ ❛s ♠✉❞❛♥ç❛s ❞❡ t❡♠♣❡r❛t✉r❛ ❞♦ ✢✉✐❞♦ ❡♠

❢✉♥çã♦ ❞❛s ♠✉❞❛♥ç❛s ♥❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r ♦✉ ❞♦ ✢✉①♦ s❡rã♦ ❛♥❛❧✐s❛❞❛s✳ ❱❛♠♦s s✉♣♦r ♣r✐♠❡✐r♦ q✉❡

❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r ❞❛ ♣❛r❡❞❡ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛✱ ✉♠❛ ✈❡③ q✉❡ ♦s r❡s✉❧t❛❞♦s sã♦ ❡♥❝♦♥tr❛❞♦s✱ ♦ ❡❢❡✐t♦

❞❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r s♦❜r❡ ♦ r❡s✉❧t❛❞♦ s❡rá ❛♥❛❧✐s❛❞♦✳

❙❡ ❛ ❞✐♥â♠✐❝❛ ❞❛ ♣❛r❡❞❡ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛✱ Tw s❡ ❛♣r♦①✐♠❛ ❞❡ Ts ❡ ❛ ❡q✉❛çã♦ ✭✷✳✺✻✮ ♣♦❞❡ s❡r ❡s❝r✐t❛

❝♦♠♦✿
τf

∂T

∂t
+ vτf

∂T

∂z
= Ts − T ✭✷✳✻✸✮

❆s ✈❛r✐á✈❡✐s ❞♦ ♣r♦❝❡ss♦ ♣♦❞❡♠ s❡r r❡♣r❡s❡♥t❛❞❛s ♣❡❧♦s s❡✉s ✈❛❧♦r❡s ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡ ❡ ✉♠❛

♣❡q✉❡♥❛ ✈❛r✐❛çã♦ ❡♠ t♦r♥♦ ❞♦ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✿

Ts = Ts0 + δTs, T = T0 + δT, v = v0 + δv ✭✷✳✻✹✮
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P♦r ❡♥q✉❛♥t♦✱ ❛s ♠✉❞❛♥ç❛s ♥♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r s❡rã♦ ✐❣♥♦r❛❞❛s✱ ♣♦st❡r✐♦r♠❡♥t❡

s❡rã♦ ❛♣♦♥t❛❞♦s ♦s ✐♠♣❛❝t♦s s♦❜r❡ ♦ r❡s✉❧t❛❞♦ ✜♥❛❧✳

❆ ❧✐♥❡❛r✐③❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✻✸✮✱ ♥♦ ♣♦♥t♦ ❞❡ ♦♣❡r❛çã♦ r❡s✉❧t❛✿

τf
∂(δT )

∂t
+ (v0 + δv)τf

∂(T0 + δT )

∂z
= Ts0 − T0 + δTs − δT ✭✷✳✻✺✮

❆ ❡q✉❛çã♦ ✭✷✳✻✺✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ t❡r♠♦s ✐♥❞✐✈✐❞✉❛✐s ❡ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ❛s ❡q✉❛çõ❡s ✭✷✳✺✽✮ ❡ ✭✷✳✻✵✮✱

♦ q✉❡ r❡s✉❧t❛ ❡♠✿

∂(δT )

∂t
+ v0

∂(δT )

∂z
+

1

τf
δT =

1

τf
δTs −

1

τf
(Ts0 − Tin0)e

−z/v0τf
δv

v0
✭✷✳✻✻✮

♦♥❞❡ τf = τf0✱ ✉♠❛ ✈❡③ q✉❡ s❡ ❛ss✉♠✐✉ q✉❡ ❛ ❞✐♥â♠✐❝❛ ❞❛ ♣❛r❡❞❡ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛✱ ✐st♦ é✱ ❛ t❡♠♣❡r❛t✉r❛

❞❛ ♣❛r❡❞❡ ❢♦✐ ❛♣r♦①✐♠❛❞❛ ♣❡❧❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r✱ ♦ q✉❡ é ♦ ❝❛s♦ s❡ αsAs ≫ αfAf ✳

❙❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ♥ã♦ sã♦ ❝♦♥st❛♥t❡s✱ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦ s❡❣✉♥❞♦ t❡r♠♦ ❞♦ ❧❛❞♦

❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✻✻✮ ✈❛✐ s❡ t♦r♥❛r ♠❡♥♦r✱ ❞❛í ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❛s ♠✉❞❛♥ç❛s ♥♦ ✢✉①♦ ✭♦✉ ✈❡❧♦❝✐❞❛❞❡✮

s♦❜r❡ ♠✉❞❛♥ç❛s ♥❛ t❡♠♣❡r❛t✉r❛ ❞✐♠✐♥✉✐rá✳

■♥tr♦❞✉çã♦ ❞♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝❡ s ♥❛ ❡q✉❛çã♦ ✭✷✳✻✻✮ r❡s✉❧t❛ ❡♠✿

v0
d(δT )

dz
+

(

s+
1

τf

)

δT =
1

τf
δTs −

1

τf
(Ts0 − Tin0)e

−z/v0τf
δv

v0
✭✷✳✻✼✮

❆ ❡q✉❛çã♦ ❛♥t❡r✐♦r é ✉♠❛ ❡q✉❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠✉♠ ❡♠ δT ❡ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ r❡s♦❧✈✐❞❛✳

❯♠❛ s♦❧✉çã♦ ❣❡r❛❧ ❞❡✈❡ s❡r ❛ss✉♠✐❞❛ ❡ ✉♠❛ s♦❧✉çã♦ ♣❛rt✐❝✉❧❛r✱ q✉❡ t❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

δTgeral = A1e
−(s+τ−1

f
)z/v0 ✭✷✳✻✽✮

δTparticular = A2δTs +A3e
−z/v0τf (δv/v0)

❆ ❡q✉❛çã♦ ✭✷✳✻✽✮ ❞❡✈❡ s❡r s✉❜st✐t✉í❞❛ ♥❛ ❡q✉❛çã♦ ✭✷✳✻✼✮✱ ❛ ❝♦♠❜✐♥❛çã♦ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦

δT = δT (0, s) ❡♠ z = 0 ❞á ❡♥tã♦ ❛ ❡①♣r❡ssã♦ ✜♥❛❧ ♣❛r❛ δT ✿

δT (z, s) = e−z/v0τf e−sz/v0δT (0, s) +
1

1 + τfs

[

1− e−z/v0τf e−sz/v0

]

δTs ✭✷✳✻✾✮

− 1

τfs
(Ts0 − Tin0)e

−z/v0τf
(

1− e−sz/v0
)

(δv/v0)

◆♦t❡ q✉❡ Tin0 é ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❡♥tr❛❞❛ ❞♦ ✢✉✐❞♦ ❡♠ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✱ δT (0, s) r❡♣r❡s❡♥t❛ ❛

✈❛r✐❛çã♦ ❞❡ t❡♠♣❡r❛t✉r❛ ❞♦ ✢✉✐❞♦ ❞❡ ❡♥tr❛❞❛✱ q✉❡ ♣♦❞❡ s❡r ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✳

❆ ❡q✉❛çã♦ ✭✷✳✻✾✮ ❛✐♥❞❛ é ✉♠ ♣♦✉❝♦ ❞✐❢í❝✐❧ ❞❡ ✐♥t❡r♣r❡t❛r✱❡♥tã♦ ♦ t❡r♠♦ e−z/v0τf s❡rá ❡❧✐♠✐♥❛❞♦ ✉s❛♥❞♦

❛ ❡q✉❛çã♦ ✭✷✳✻✵✮ ❡ ❛✈❛❧✐❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ z = L✳ ❆ r❡s♣♦st❛ ❞❛ t❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ♣♦❞❡ s❡r ❞❡s❝r✐t❛

❝♦♠♦✿
δTout =

δTout

δTin
δTin +

δTout

δTs
δTs +

δTout

(δv/v0)
(δv/v0) ✭✷✳✼✵✮

♦♥❞❡✿
δTout

δTin
=

Ts0 − Tout0

Ts0 − Tin0
e−sτR

δTout

δTs
=

1

1 + τfs

(

1− Ts0 − Tout0

Ts0 − Tin0
e−sτR

)

✭✷✳✼✶✮

δTout

(δv/v0)
= − 1

τf
(Ts0 − Tout0)

1− e−sτR

s
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❖ t❡♠♣♦ ❞❡ ♣❡r♠❛♥ê♥❝✐❛ τR é ♦ t❡♠♣♦ ❞❡ tr❛♥s♣♦rt❡ ❞♦ ✢✉✐❞♦ ❛ ♣❛rt✐r ❞❛ ❡♥tr❛❞❛ ❞♦ t✉❜♦ ♣❛r❛ ❛

s❛í❞❛ ❞♦ t✉❜♦ ♣❛r❛ ❛ s✐t✉❛çã♦ ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡ ❛t✉❛❧✳ ❆ r❛③ã♦ τR/τf ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❛ ♣❛rt✐r ❞❛

❊q ✷✳✻✶✿
τR
τf

= ln
Ts0 − Tin0

Ts0 − Tout0
✭✷✳✼✷✮

❯t✐❧✐③❛♥❞♦ ♦s ❞❛❞♦s ❞❛ s❡çã♦ ❛♥t❡r✐♦r ❡ ♦❜s❡r✈❛♥❞♦ q✉❡ τR = 12 s ❡ Tout0 = 340.84 K✱ ❛ ❡q✉❛çã♦

✭✷✳✼✶✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿
δTout

δTin
= 0.30e−12s

δTout

δTs
=

1

1 + 10s

(

1− 0.30e−12s
)

✭✷✳✼✸✮

δTout

(δv/v0)
= −3.92

1− e−12s

s

❆s ✜❣✉r❛s ✷✳✾ ✲ ✷✳✶✶ ♠♦str❛♠ ❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛✳ ❈♦♠♦ ♣♦❞❡ s❡r

✈✐st♦ ❛ ♣❛rt✐r ❞❛ ❋✐❣✳ ✷✳✾✱ ♦ ♠♦❞❡❧♦ ❞❡ s❛í❞❛ ❡♥tr❡ ❛s ♠✉❞❛♥ç❛s ❞❡ t❡♠♣❡r❛t✉r❛ ❞♦ ✢✉✐❞♦ ❡ ❛s ♠✉❞❛♥ç❛s

❞❡ t❡♠♣❡r❛t✉r❛ ❞❡ ❡♥tr❛❞❛ ❞♦ ✢✉✐❞♦ é ✉♠ ❛tr❛s♦ ❞❡ ✶✷ s❡❣✉♥❞♦s ♥♦ t❡♠♣♦✳ ■st♦ ♣♦❞❡ s❡r ❡s♣❡r❛❞♦ ✉♠❛

✈❡③ q✉❡ ♦ ✢✉✐❞♦ t❡♠ ❞❡ ♣❛ss❛r ❛tr❛✈és ❞♦ t✉❜♦✱ ❛♥t❡s ❞❛ ♠✉❞❛♥ç❛ ❞❡ ❡♥tr❛❞❛ ❛t✐♥❥❛ ❛ s❛í❞❛✳

❖ ♠♦❞❡❧♦ ❡♥tr❡ ❛ ♠✉❞❛♥ç❛ ❞❛ t❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ❡ ❛ ♠✉❞❛♥ç❛ ♥❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r

é ✐♥✐❝✐❛❧♠❡♥t❡ ✉♠❛ r❡s♣♦st❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞❡ ✶✵ s❡❣✉♥❞♦s✳ ▼❡❞✐❛♥t❡

✉♠ ❛✉♠❡♥t♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r✱ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✢✉✐❞♦ ❝♦♠❡ç❛ ❛ ❛✉♠❡♥t❛r ❛♦ ❧♦♥❣♦ ❞❡ t♦❞♦ ♦

❝♦♠♣r✐♠❡♥t♦ ❞♦ t✉❜♦✳ ❖ ✢✉✐❞♦ ♥♦ ✐♥í❝✐♦ ❞♦ t✉❜♦ é ♠❛✐s ❡①♣♦st♦ ❛♦ ❛✉♠❡♥t♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r ❞❡

✢✉✐❞♦ ❞♦ q✉❡ ♦ ❞❛ s❛í❞❛ ❞♦ t✉❜♦✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ t❡♠♣❡r❛t✉r❛ ❝♦♥t✐♥✉❛ ❛ ❛✉♠❡♥t❛r✳ ❆♣ós ♦ t❡♠♣♦

❞❡ ♣❡r♠❛♥ê♥❝✐❛✱ ♥♦ ❡♥t❛♥t♦✱ ♦ ♥♦✈♦ ✢✉✐❞♦ q✉❡ ❡♥tr❛ ♥♦ t✉❜♦ ❢♦✐ ❛♣❡♥❛s ❡①♣♦st♦ à ♥♦✈❛ t❡♠♣❡r❛t✉r❛ ❞❡

✈❛♣♦r❀ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ♣❡r♠❛♥❡❝❡ ❝♦♥st❛♥t❡✳

❆ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❡♥tr❡ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ❡ ❛s ♠✉❞❛♥ç❛s ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ✢✉✐❞♦

♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠ ✐♥t❡❣r❛❞♦r ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ✉♠❛ r❡s♣♦st❛ ✐♠❡❞✐❛t❛ ❡ ❛ ❛tr❛s❛❞❛✳ ❆

✐♥t❡❣r❛çã♦ ❞✉r❛ ✶✷ s❡❣✉♥❞♦s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ú❧t✐♠❛ ♠✉❞❛♥ç❛ ❞❡ t❡♠♣❡r❛t✉r❛ ❞♦ ✢✉✐❞♦ ❡♠ ✉♠❛

♠✉❞❛♥ç❛ ❞❡ 20% ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ✢✉✐❞♦ s❡rá −3, 92× 12× 0, 2 = −9, 4 K✳
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❋✐❣✉r❛ ✷✳✾✿ ❚❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ❞❡ t❡♠♣❡r❛t✉r❛ ❛♣❧✐❝❛❞♦ ♥♦ ✢✉✐❞♦ ❞❡ ❡♥tr❛❞❛

❋✐❣✉r❛ ✷✳✶✵✿ ❚❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ❞❡ t❡♠♣❡r❛t✉r❛ ❛♣❧✐❝❛❞♦ ♥♦ ✈❛♣♦r
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❋✐❣✉r❛ ✷✳✶✶✿ ❚❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ✢✉✐❞♦

◆❛ ❛♥á❧✐s❡ ❛♥t❡r✐♦r ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❞❛ ♣❛r❡❞❡ ❞♦ t✉❜♦ ❢♦✐ ✐❣♥♦r❛❞❛✳ ▲❡✈❛♥❞♦ ✐ss♦ ❡♠ ❝♦♥t❛

♥ã♦ r❡s✉❧t❛ ❡♠ ♣r♦❜❧❡♠❛s ❡s♣❡❝í✜❝♦s✳ ❆s ❡q✉❛çõ❡s ✭✷✳✺✺✮ ❡ ✭✷✳✺✻✮ t❡rã♦ ❛❣♦r❛ ❞❡ s❡r❡♠ ❧✐♥❡❛r✐③❛❞❛s✳ ❆

❧✐♥❡❛r✐③❛çã♦ ❞❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦✱ t❡♠♦s✿

τws
∂(δTw)

∂t
+

(

1 +
τws

τwf

)

δTw − τws

τwf
δT = δTs ✭✷✳✼✹✮

❆ ❧✐♥❡❛r✐③❛çã♦ ❞❛ s❡❣✉♥❞❛ ❡q✉❛çã♦✿

v0
∂(δT )

∂z
+

∂(δT )

∂z
+ τ−1

f (δT − δTw) = −(Ts0 − Tin0)τ
−1
f e−z/v0τf (δv/v0) ✭✷✳✼✺✮

❊s❝r❡✈❡♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✼✹✮ ❡ ✭✷✳✼✺✮ ❝♦♠ ♦♣❡r❛❞♦r s ❡ ❝♦♠❜✐♥❛♥❞♦✲❛s✿

v0
∂(δT )

∂z
+ g1(s)δT = g2(s)δTs − g3(s)(Ts0 − Tin0)e

−z/v0τf (δv/v0) ✭✷✳✼✻✮

♦♥❞❡✿

g1(s) = s+ τ−1
f

1 + τwss

1 + τwsτ
−1
f + τwss

g2(s) =
τ−1
f

1 + τwsτ
−1
f + τwss

✭✷✳✼✼✮

g3(s) = τ−1
f

❆ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✼✻✮ r❡s✉❧t❛✿

δT = e−g1z/v0δTin +
g2
g3

(1− e−g1z/v0)δTs −
g3

g1 − τ−1
f

(Ts0 − Tin0)(e
−z/v0τf − e−g1z/v0)(δv/v0) ✭✷✳✼✽✮

❙❡ αsAs ≫ αfAf ❡♥tã♦ τws ≪ τwf q✉❡ ♥♦ ❝❛s♦ ❞❛ ❡①♣r❡ssã♦ ❞❡ g1(s) ♥❛ ❡q✉❛çã♦ ✭✷✳✼✼✮ ♣♦❞❡ s❡r

❛♣r♦①✐♠❛❞❛ ♣♦r✿

g1(s) = s+ τ−1
f ✭✷✳✼✾✮



✷✳✷✳ ❚❘❖❈❆❉❖❘❊❙ ❉❊ ❈❆▲❖❘ ✷✺

❆ ❡q✉❛çã♦ ✭✷✳✼✽✮ ♣♦❞❡ ❡♥tã♦ s❡r ❡s❝r✐t❛✿

δTout

δTin
≈ Ts0 − Tout0

Ts0 − Tin0
e−sτR

δTout

δTs
≈ 1

1 + s(τf + τws + τwsτ
−1
wf τf ) + s2τwsτf

(

1− Ts0 − Tout0

Ts0 − Tin0
e−sτR

)

✭✷✳✽✵✮

δTout

δv/v0
≈ − 1

τf

1 + τwsτ
−1
wf + sτws

1 + τwsτ
−1
wf (1 + τwsτ

−1
f ) + sτws

(Ts0 − Tout0)
1− e−sτR

s

❆ ♣r✐♠❡✐r❛ ❡①♣r❡ssã♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✽✵✮ ❝♦rr❡s♣♦♥❞❡ à ❡q✉❛çã♦ ✭✷✳✼✶✮✳

❆ ♣r✐♥❝✐♣❛❧ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✽✵✮ ❡ ❞♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✼✶✮

é ❞❡ q✉❡ ♦ t❡r♠♦ ❡♥tr❡ ♣❛rê♥t❡s✐s é ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛

❡q✉❛çã♦ ✭✷✳✼✶✮ ❡ ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥❛ ❡q✉❛çã♦ ✭✷✳✽✵✮✳

❖ t❡r❝❡✐r♦ t❡r♠♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✽✵✮ é s✐♠✐❧❛r ❛♦ t❡r❝❡✐r♦ t❡r♠♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✼✶✮✱ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s✲

❢❡rê♥❝✐❛ ♦r✐❣✐♥❛❧ é ♠✉❧t✐♣❧✐❝❛❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ ❛❞✐❝✐♦♥❛❧✳ ❆♣❛r❡♥t❡♠❡♥t❡✱ ♦ ❡❢❡✐t♦ ❞❡ t❡r ❛ ❝❛♣❛❝✐❞❛❞❡

❞❡ ❝❛❧♦r ❞❛ ♣❛r❡❞❡ ❞♦ t✉❜♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ é ♣❡q✉❡♥♦✱ ❛♣❡♥❛s ❞❡ ✉♠ ❡❢❡✐t♦ ❞❡ ♣r✐♠❡✐r❛✲♦r❞❡♠ ❛❞✐❝✐♦♥❛❧

❡stá ♣r❡s❡♥t❡ ♥❛ r❡s♣♦st❛ ❞❛ t❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ♣❛r❛ ♠✉❞❛♥ç❛s ♥❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r✳
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✷✳✸ ❊✈❛♣♦r❛❞♦r❡s ❡ ❙❡♣❛r❛❞♦r❡s

❊✈❛♣♦r❛❞♦r❡s ❡ s❡♣❛r❛❞♦r❡s ❞❡ ❢❛s❡ ú♥✐❝❛ sã♦ ❜❛st❛♥t❡ s❡♠❡❧❤❛♥t❡s✳ ❆♠❜♦s tr❛❜❛❧❤❛♠ ♥♦ ♣♦♥t♦ ❞❡

❡❜✉❧✐çã♦ ❞♦ ❧íq✉✐❞♦✳ ❆ ♣r✐♥❝✐♣❛❧ ❞✐❢❡r❡♥ç❛ é q✉❡✱ ❡♠ ❡✈❛♣♦r❛❞♦r❡s ❣❡r❛❧♠❡♥t❡ ❧íq✉✐❞♦s ♣✉r♦s sã♦ ❡✈❛♣♦r❛✲

❞♦s ❡♥q✉❛♥t♦ ❡♠ s❡♣❛r❛❞♦r❡s ❣❡r❛❧♠❡♥t❡ ✉♠ ❝♦♠♣♦♥❡♥t❡ ✭❧❡✈❡✮ é s❡♣❛r❛❞♦ ❞♦s ♦✉tr♦s ❝♦♠♣♦♥❡♥t❡s✳ ■st♦

❧❡✈❛ ❛ ❞✐❢❡r❡♥ç❛ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦✳ ❆q✉✐ ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ✈❛✐ s❡r ❛♥❛❧✐s❛❞♦ ♣❛r❛ ♦ ❝❛s♦

❣❡r❛❧ ❡♠ q✉❡ ♦ ♥í✈❡❧ ❞♦ ❧íq✉✐❞♦ ♣♦❞❡ ✈❛r✐❛r✳ ❙❡ ♦ ♥í✈❡❧ ❞♦ ❧íq✉✐❞♦ é ❝♦♥st❛♥t❡✱ é ❛♣❡♥❛s ✉♠❛ s✐♠♣❧✐✜❝❛çã♦

❞♦ ♣r✐♠❡✐r♦ ❝❛s♦✳

✷✳✸✳✶ ▼♦❞❡❧♦ ❞♦ ❊✈❛♣♦r❛❞♦r

❖ ♦❜❥❡t✐✈♦ ❞♦ ♠♦❞❡❧♦ ❞♦ ❡✈❛♣♦r❛❞♦r é ♦ ❞❡ ❞❡t❡r♠✐♥❛r s❡ ❛s ✈❛r✐❛çõ❡s ❞❡ ❝❛r❣❛ sã♦ ❛✉t♦❝♦♥tr♦❧á✈❡✐s

❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ♣r♦❥❡t♦✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ❛ r❡❧❛çã♦ ❡♥tr❡ Fin ❡ Fout t❡♠ ❞❡ s❡r

❞❡t❡r♠✐♥❛❞♦❬✶❪✳

❋✐❣✉r❛ ✷✳✶✷✿ ❊✈❛♣♦r❛❞♦r ❝♦♠ s✉♣❡r❢í❝✐❡ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ✈❛r✐á✈❡❧

❖ ♠♦❞❡❧♦ é ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✷✳✶✷✳ ◆❡st❡ ♠♦❞❡❧♦✱ ♦ ♥í✈❡❧ ❞❡ ❞❡t❛❧❤❡ ❢♦✐ r❡str✐♥❣✐❞♦✱ ♣♦rq✉❡ só ❛

❢❛✐①❛ ❞❡ ❢r❡q✉ê♥❝✐❛ ❜❛✐①❛ ❞❛s ♣❡rt✉r❜❛çõ❡s é ❞❡ ✐♠♣♦rtâ♥❝✐❛✳ ❆s s❡❣✉✐♥t❡s s✐♠♣❧✐✜❝❛çõ❡s ❡ s✉♣♦s✐çõ❡s sã♦

❢❡✐t❛s✿

✶✳ ❖ ❧íq✉✐❞♦ ♥♦ t❛♥q✉❡ é ✐❞❡❛❧♠❡♥t❡ ♠✐st✉r❛❞♦✳

✷✳ ❖ ❡q✉✐❧í❜r✐♦ ❧íq✉✐❞♦✲✈❛♣♦r é ✐♥st❛♥tâ♥❡♦✳

✸✳ ❖ ✈❛♣♦r ♥ã♦ tr♦❝❛ ❝❛❧♦r ❝♦♠ ❛ ❜♦❜✐♥❛✳

✹✳ Fout ❞❡♣❡♥❞❡ ❞❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ q✉❡❞❛ ❞❡ ♣r❡ssã♦✳

✺✳ ◆❛ ❜♦❜✐♥❛ ❛ ♠❡s♠❛ t❡♠♣❡r❛t✉r❛ ❡①✐st❡ ❡♠ t♦❞❛ ♣❛rt❡✳

✻✳ ❖ ❡❢❡✐t♦ ❜♦✐❧✲✉♣ é ✐❣♥♦r❛❞♦✳

✼✳ ❚♦❞❛s ❛s ❝❛♣❛❝✐❞❛❞❡s ❞❡ ❝❛❧♦r ❞♦ ❡q✉✐♣❛♠❡♥t♦ ♣♦❞❡♠ s❡r ✐❣♥♦r❛❞❛s✳

✽✳ ❆ ♠❛ss❛ ❞❡ ✈❛♣♦r ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ ♠❛ss❛ ❞♦ ❧íq✉✐❞♦✳

✾✳ ❚♦❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s ❢ís✐❝❛s ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ❝♦♥st❛♥t❡s ♥❛ ❢❛✐①❛ ❞❡ ♦♣❡r❛çã♦✳

✶✵✳ ❆ ár❡❛ ❞❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❞♦ r❡❝✐♣✐❡♥t❡ é ❝♦♥st❛♥t❡✳

❖s ❡❢❡✐t♦s ❞❡ ❛❧❣✉♥s ❞❡st❡s ♣r❡ss✉♣♦st♦s ♣♦❞❡♠ s❡r ❞✐❢í❝❡✐s ❞❡ ❞❡t❡r♠✐♥❛r✳ ❆ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r ❞❛

❜♦❜✐♥❛ ♥♦r♠❛❧♠❡♥t❡ r❡s✉❧t❛r✐❛ ❡♠ ✉♠❛ ♣❡q✉❡♥❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❛❞✐❝✐♦♥❛❧✳ ❆ ❝❛♣❛❝✐❞❛❞❡ ❞❛ ♣❛r❡❞❡

♣♦❞❡ s❡r ❛❞✐❝✐♦♥❛❞❛ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞♦ ❧íq✉✐❞♦✳ ❖ ♣♦♥t♦ ❢r❛❝♦ ❞❡ss❡ ♠♦❞❡❧♦ é ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ❡❢❡✐t♦ ❜♦✐❧✲✉♣

é ✐❣♥♦r❛❞♦✳ ❖ ✈♦❧✉♠❡ ❞❛s ❜♦❧❤❛s ❞❡ ✈❛♣♦r ♣♦❞❡ ✈❛r✐❛r ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❛ ♣r❡ssã♦ ❡ t❡♠♣❡r❛t✉r❛✳ ◆♦
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❡♥t❛♥t♦✱ ♠❡s♠♦ ✉♠❛ ❛♥á❧✐s❡ s✐♠♣❧✐✜❝❛❞❛ ♥♦s ❞á ✉♠❛ ❜♦❛ ✐♠♣r❡ssã♦ ❞❡ ❛❧❣✉♥s ❞♦s ❡❢❡✐t♦s ❞✐♥â♠✐❝♦s q✉❡

♣♦❞❡♠ ♦❝♦rr❡r✳

❯♠❛ ✈❡③ q✉❡ ♦ ♥í✈❡❧ ♣♦❞❡ ✈❛r✐❛r✱ ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ♠❛ss❛ é r❡❧❡✈❛♥t❡ ❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

dM

dt
= Fin − Fout ✭✷✳✽✶✮

P♦r ❝❛✉s❛ ❞♦s ❞♦✐s ú❧t✐♠♦s ♣r❡ss✉♣♦st♦s✱ ♦ ❜❛❧❛♥ç♦ ❞❡ ♠❛ss❛ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❝♦♠♦✿

ρAc
dh

dt
= Fin − Fout ✭✷✳✽✷✮

♦♥❞❡ ρ é ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ❧íq✉✐❞♦✱ Ac ❛ ár❡❛ ❞❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❞♦ t❛♥q✉❡✱ h ♦ ♥í✈❡❧ ❞❡ ❧íq✉✐❞♦ ❡ F ♦

✢✉①♦ ❞❡ ♠❛ss❛✳ ❖s s✉❜s❝r✐t♦s ✬✐♥✬ ❡ ✬♦✉t✬ r❡❢❡r❡♠✲s❡ às ❝♦♥❞✐çõ❡s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❜❛❧❛♥ç♦ ❞❡ ❡♥❡r❣✐❛ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

ρcpAc
d(hT )

dt
= cpFinTin − cpFoutT − Fout∆H + UA

h

hmax
(Tsteam − T ) ✭✷✳✽✸✮

❊♠ q✉❡ T é ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ❧íq✉✐❞♦ ♥♦ t❛♥q✉❡✱ cp é ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ ❧íq✉✐❞♦✱ hmax é ❛ ❛❧t✉r❛

♠á①✐♠❛ ❞❛ ár❡❛ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ✭♣❛rt❡ s✉♣❡r✐♦r ❞♦ ♣❡r♠✉t❛❞♦r ❞❡ ❝❛❧♦r✮✱ Tsteam é ❛ t❡♠♣❡r❛t✉r❛

❞❡ ❝♦♥❞❡♥s❛çã♦ ❞♦ ✈❛♣♦r✱ UA é ♦ ♣r♦❞✉t♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❡ ❞❛ ár❡❛ ❞❡ tr❛♥s❢❡rê♥❝✐❛

❞❡ ❝❛❧♦r ❡ ∆H é ♦ ❝❛❧♦r ❞❡ ✈❛♣♦r✐③❛çã♦✳ ❙❡ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r ❞❛ ♣❛r❡❞❡ ♥ã♦ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛✱ ❛

t❡♠♣❡r❛t✉r❛ ❞❛ ♣❛r❡❞❡✱ ❡♠ ✈❡③ ❞❡ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r ❞❡✈❡r✐❛ s❡r ✉t✐❧✐③❛❞❛ ♥❛ ❡q✉❛çã♦ ✭✷✳✽✸✮ ❡ ✉♠

❜❛❧❛♥ç♦ ❞❡ ❡♥❡r❣✐❛ ❛❞✐❝✐♦♥❛❧ ♣❛r❛ ❛ ♣❛r❡❞❡ s❡r✐❛ ♥❡❝❡ssár✐♦✳

❊q✉❛çõ❡s ❛❞✐❝✐♦♥❛✐s sã♦ ♥❡❝❡ssár✐❛s ♣❛r❛ ❝♦♠♣❧❡t❛r ❛ ❞❡s❝r✐çã♦ ❞♦ ♠♦❞❡❧♦✳ ❆ ♣r✐♠❡✐r❛ ❞❡❧❛s é ❛

r❡❧❛çã♦ ❡♥tr❡ ♦ ✢✉①♦ ❞❡ s❛í❞❛ ❡ ❛ ♣r❡ssã♦✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ ♣r❡ss✉♣♦st♦ q✉❛tr♦✿

Fout = cv
√

P − Pnet ✭✷✳✽✹✮

❯♠❛ ✈❡③ q✉❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠ ❝♦♠♣♦♥❡♥t❡ ♣r❡s❡♥t❡ ♥♦ t❛♥q✉❡ ✭❧íq✉✐❞♦ ❢❡r✈❡♥t❡ ♣✉r♦✮✱ t❛♠❜é♠ ❡①✐st❡

✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ♣r❡ssã♦ ♥♦ t❛♥q✉❡ ❡ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r ✭❡ ❧íq✉✐❞♦✱ ♦ q✉❡ é ♦ ♠❡s♠♦✮✳ ❊ss❛

r❡❧❛çã♦ ♣♦❞❡ s❡r ❜❡♠ ❞❡s❝r✐t❛ ♣❡❧❛ ❧❡✐ ❞❡ ❈❧❛✉s✐✉s✲❈❧❛♣❡②r♦♥✳

P = Prefexp

(

∆H

R

(

1

Tref
− 1

T

))

✭✷✳✽✺✮

❆❣♦r❛✱ ❝♦♠❜✐♥❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✽✷✮ ❡ ✭✷✳✽✸✮✿

ρcpAch
dT

dt
= cpFin(Tin − T )− Fout∆H + UA

h

hmax
(Tsteam − T ) ✭✷✳✽✻✮

❖ ♠♦❞❡❧♦ ❝♦♥s✐st❡ ❛❣♦r❛ ♥❛s ❡q✉❛çõ❡s ✭✷✳✽✷✮ ❡ ✭✷✳✽✹✮✲✭✷✳✽✻✮✳ ❖ ♠♦❞❡❧♦ ❝♦♠♣♦rt❛♠❡♥t❛❧ ❡stá r❡♣r❡✲

s❡♥t❛❞♦ ♥❛ ❋✐❣✳ ✶✸✳ ❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦✱ ♦ ❡q✉✐❧í❜r✐♦ ❞❡ ♠❛ss❛ ❛❢❡t❛ ♦ ❡q✉✐❧í❜r✐♦ ❞❡ ❡♥❡r❣✐❛✱ ❞❡✈✐❞♦ à

✈❛r✐❛çã♦ ❞♦ ♥í✈❡❧✱ ♦ ❡q✉✐❧í❜r✐♦ ❞❡ ❡♥❡r❣✐❛ ❛❢❡t❛ ❛ ♣r❡ssã♦ ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ❞❡ ❈❧❛✉s✐✉s✲❈❧❛♣❡②r♦♥✱ ❡

✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ♣r❡ssã♦ ❛❢❡t❛ ♦ ✢✉①♦ ❞❡ s❛í❞❛✱ ♦ q✉❡ ♣♦r s✉❛ ✈❡③ ❛❢❡t❛ ♦ ❡q✉✐❧í❜r✐♦ ❞❡ ♠❛ss❛✳



✷✳✸✳ ❊❱❆P❖❘❆❉❖❘❊❙ ❊ ❙❊P❆❘❆❉❖❘❊❙ ✷✽

❋✐❣✉r❛ ✷✳✶✸✿ ▼♦❞❡❧♦ ❝♦♠♣♦rt❛♠❡♥t❛❧ ❞♦ ❡✈❛♣♦r❛❞♦r ❝♦♠ s✉♣❡r❢í❝✐❡ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ✈❛r✐á✈❡❧

▲✐♥❡❛r✐③❛çã♦ ❡ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡

▲✐♥❡❛r✐③❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✽✷✮ r❡s✉❧t❛ ❡♠✿

ρAcsδh = δFin − δFout ✭✷✳✽✼✮

❡♠ q✉❡ δ é ✉♠❛ ✈❛r✐❛çã♦ ❡♠ t♦r♥♦ ❞♦ ✈❛❧♦r ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✳

❯♠❛ ✈❡③ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❛♣❡♥❛s ❡♠ ♠✉❞❛♥ç❛s ❞❡ Fout ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡ ♠✉❞❛♥ç❛s ❞❡ Fin✱

♠✉❞❛♥ç❛s ♥❛s ❡♥tr❛❞❛s Tsteam ❡ Tin ♥ã♦ s❡rã♦ ❝♦♥s✐❞❡r❛❞❛s✳ ▲✐♥❡❛r✐③❛çã♦ ❞♦ ❜❛❧❛♥ç♦ ❞❡ ❡♥❡r❣✐❛✱ ❡q✉❛çã♦

✭✷✳✽✻✮ r❡s✉❧t❛ ❡♥tã♦ ❡♠✿
(

ρcpAch0s+ cpFin0 +
UAh0

hmax

)

δT = −cp(T0 − Tin0)δFin −∆HδFout +
UA

hmax
(Tsteam0 − T0)δh ✭✷✳✽✽✮

♦♥❞❡ ♦ í♥❞✐❝❡ ✬✵✬ r❡❢❡r❡✲s❡ ❛♦ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✳

▲✐♥❡❛r✐③❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✽✹✮✱ t❡♠♦s✿

δFout =

(

∂
(

cv
√
P − Pnet

)

∂ (P − Pnet)

)

(δP − δPnet)
1
2cv√

P0 − Pnet0

=
1

2

Fout0

(P0 − Pnet0)
(δP − δPnet) ✭✷✳✽✾✮

▲✐♥❡❛r✐③❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✽✺✮ ♥♦s ❞á✿

δP = Pref
∂

∂T

[

exp

(

∆H

R

(

1

Tref
− 1

T

))]

δT = ✭✷✳✾✵✮

Prefexp

(

∆H

R

(

1

Tref
− 1

T

))

∂

∂T

[

exp

(

∆H

R

(

1

Tref
− 1

T

))]

0

δT

❚♦♠❛♥❞♦ Tref = T0 ❡ Pref = P0✱ ❡st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

δP = P0
∆H

RT 2
0

δT ✭✷✳✾✶✮



✷✳✸✳ ❊❱❆P❖❘❆❉❖❘❊❙ ❊ ❙❊P❆❘❆❉❖❘❊❙ ✷✾

❊①❡♠♣❧♦✿ ❯s❛♥❞♦ ❡st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ❝❛❧❝✉❧❛❞♦ q✉❛❧ ♠✉❞❛♥ç❛ ♥♦ ♣♦♥t♦ ❞❡ ❡❜✉❧✐çã♦

❞❛ á❣✉❛ ❛ 100◦C ❡ ✶✵✶✺ ♠❜❛r✿

δP = P0
∆H

RT 2
0

δT = 1015[mbar]
40.103[J.mol−1]

8.3[J.mol−1K−1]3732[K2]
= 35[mbar.K−1] ✭✷✳✾✷✮

◗✉❛♥❞♦ ❛ ♣r❡ssã♦ ❞♦ ❛r ❛♦ ♥í✈❡❧ ❞♦ ♠❛r ♠✉❞❛ ❝♦♠ ✸✺ ♠❜❛r✱ ♦ q✉❡ ♥ã♦ é r❛r♦✱ ♦ ♣♦♥t♦ ❞❡ ❡❜✉❧✐çã♦

♠✉❞❛ ❝❡r❝❛ ❞❡ ✶ ❑✳

❆ ❡q✉❛çã♦ ✭✷✳✽✾✮ ♣♦❞❡ s❡r ❝♦♠❜✐♥❛❞❛ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✷✳✾✶✮✱ r❡s✉❧t❛♥❞♦✿

δFout =
1

2

Fout0

(P0 − Pnet0)
δP =

1

2
Fout0

P0

(P0 − Pnet0)

∆H

RT 2
0

δT = β
Fout0

T0
δT ✭✷✳✾✸✮

♦♥❞❡✿
β =

1

2

P0

(P0 − Pnet0)

∆H

RT0
✭✷✳✾✹✮

q✉❡ é ✉♠❛ ❝♦♥st❛♥t❡ ❛❞✐♠❡♥s✐♦♥❛❧✳

❉❡r✐✈❛çã♦ ❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ♥♦r♠❛❧✐③❛❞❛

◆♦ ♣♦♥t♦ ❞❡ ♦♣❡r❛çã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡ Fin0 = Fout0 = F0✳ ❖ ❡q✉✐❧í❜r✐♦ ❞❡ ♠❛ss❛ ♣♦❞❡ ❡♥tã♦ s❡r

♥♦r♠❛❧✐③❛❞♦ ♣❛r❛✿

τ1s
δh

h0
=

δFin

F0
− δFout

F0
τ1 =

ρAch0

F0
✭✷✳✾✺✮

❆ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ τ1 é ♦ t❡♠♣♦ ❞❡ ♣❡r♠❛♥ê♥❝✐❛ ♥♦ t❛♥q✉❡ ♥❛ s✐t✉❛çã♦ ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✳ ❆

❡q✉❛çã♦ ✭✷✳✽✽✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠ ❛ ❛❥✉❞❛ ❞❛ ❡q✉❛çã♦ ✭✷✳✾✸✮ ♣❛r❛✿

(

ρcpAch0s+ cpF0 + β∆H
F0

T0
+

UAh0

hmax

)

δT = −cp(T0 − Tin0)δFin +
UA

hmax
(Tsteam0 − T0)δh ✭✷✳✾✻✮

❉❡✜♥✐♥❞♦ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ♣❛r❛ ♦ t❡♠♣♦ t♦t❛❧ ❞❡ ❛q✉❡❝✐♠❡♥t♦ τ2 ✿

τ2 =
ρcpAch0

cpF0 + β∆H F0

T0
+ UAh0

hmax

✭✷✳✾✼✮

❊♥tã♦ ❛ ❡q✉❛çã♦ ✭✷✳✽✻✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

(τ2s+ 1)δT = −τ2
τ1

(T0 − Tin)
δFin

F0
+ τ2

UA/hmax

ρcpAch0
(Tsteam0 − T0)δh ✭✷✳✾✽✮

❉❡✜♥✐♥❞♦ ♦ t❡♠♣♦ ❞❡ ❛q✉❡❝✐♠❡♥t♦ ❞♦ r❡❝✐♣✐❡♥t❡ ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ❞❡ ❛q✉❡❝✐♠❡♥t♦ ❞❛ ❜♦❜✐♥❛

❝♦♠♦✿

τ3 =
ρcpAch0T0

UAh0

hmax
(Tsteam0 − T0)

✭✷✳✾✾✮

❊♥tã♦ ❛ ❡q✉❛çã♦ ✭✷✳✾✽✮ ♣♦❞❡ s❡r s✐♠♣❧✐✜❝❛❞❛ ♣❛r❛✿

(τ2s+ 1)δT = −τ2
τ1

(T0 − Tin0)
δFin

F0
+

τ2
τ3

T0
δh

h0
✭✷✳✶✵✵✮

❆ s✉❜st✐t✉✐çã♦ ❞♦ ❜❛❧❛♥ç♦ ❞❡ ♠❛ss❛s ❡ ❛ ❡q✉❛çã♦ ♣❛r❛ ♦ ✢✉①♦ ❞❡ s❛í❞❛✱ ✜♥❛❧♠❡♥t❡✱ r❡s✉❧t❛ ❡♠✿

(

τ1(τ2s+ 1) +
τ2
τ3

β

)

δT

T0
=

(

−τ2
(T0 − Tin0)

T0
s+

τ2
τ3

)

δFin

F0
✭✷✳✶✵✶✮
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❆ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ s❡ t♦r♥❛✿

δT

δFin
=

T0

F0

−τ2s
(T0−Tin0)

T0
+ τ2

τ3

τ1s(τ2s+ 1) + τ2
τ3
β

=
T0

F0

−τ3s
(T0−Tin0)

T0
+ 1

τ1τ3s2 +
τ1τ3
τ2

s+ β
✭✷✳✶✵✷✮

❆ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡s❡❥❛❞❛ ♣♦❞❡ s❡r ♦❜t✐❞❛ s✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ♣❛r❛ ♦ ✢✉①♦ ❞❡ s❛í❞❛

♥♦✈❛♠❡♥t❡✿
δFout

δFin
=

−τ3s
(T0−Tin0)

T0
+ 1

τ1τ3
β s2 + τ1τ3

τ2β
s+ 1

✭✷✳✶✵✸✮

❆♥á❧✐s❡ ❞❛ ❘❡s♣♦st❛

❆ r❡s♣♦st❛ ✐♥✐❝✐❛❧ ❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♠ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡ sã♦ ✐♥t❡r❡ss❛♥t❡s ♥♦ ❝❛s♦ ❞❡ ✉♠❛ ♠✉❞❛♥ç❛ ♥❛

❢♦r♠❛ ❞❡ ✉♠ ❞❡❣r❛✉ ♥♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛✳ P❛r❛ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✉♥✐❞❛❞❡ ♥♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛ δFin = 1/s✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ✐♥✐❝✐❛❧ t♦r♥❛✲s❡ ❡♥tã♦✿

lim
t→0

(
dFout

dt
) = lim

s→∞

[

s2

[

−(T0 − Tin0)/T0τ3s+ 1
τ1τ3
β s2 + τ1τ3

τ2β
s+ 1

]

1

s

]

=
−β(T0 − Tin0)/T0

τ1
✭✷✳✶✵✹✮

◗✉❛♥❞♦ T0 > Tin0✱ ❛ r❡s♣♦st❛ é ✐♥✐❝✐❛❧♠❡♥t❡ ♥❡❣❛t✐✈❛✱ ✉♠❛ ✈❡③ q✉❡ ♠❡♥♦s ❝❛❧♦r ❡stá ❞✐s♣♦♥í✈❡❧ ♣❛r❛

❡✈❛♣♦r❛çã♦✳ ❉❡✈✐❞♦ à ♣r❡ssã♦ ❞❡❝r❡s❝❡♥t❡✱ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ♣♦♥t♦ ❞❡ ❡❜✉❧✐çã♦ ✐rá ❞✐♠✐♥✉✐r✳ ❊♠ ✉♠

❛✉♠❡♥t♦ ♥♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛✱ ♦ ✢✉①♦ ❞❡ ✈❛♣♦r ❞❡ s❛í❞❛✱ ♣♦rt❛♥t♦✱ ✐rá ✐♥✐❝✐❛❧♠❡♥t❡ ❞✐♠✐♥✉✐r✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡ ♣❛r❛ t −→ ∞ t♦r♥❛✲s❡✿

lim
t→∞

(δFout) = lim
s→0

[

s

[

−(T0 − Tin0)/T0τ3s+ 1
τ1τ3
β s2 + τ1τ3

τ2β
s+ 1

]

· 1
s

]

= 1 ✭✷✳✶✵✺✮

P❛r❛ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡❣r❛✉ ♥♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛✱ ♦ ✢✉①♦ ❞❡ s❛í❞❛✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ t♦r♥❛r✲s❡ ✐❣✉❛❧ ❛♦

✢✉①♦ ❞❡ ❡♥tr❛❞❛✳

❈♦♠♣♦rt❛♠❡♥t♦ ●❡r❛❧

◆♦ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✱ ♦ ✢✉①♦ ❞❡ s❛í❞❛ t♦r♥❛✲s❡ ✐❣✉❛❧ ❛♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛✳ ❆ ♣❡r❣✉♥t❛ q✉❡ ♣♦❞❡rí❛♠♦s

❢❛③❡r é✿ ♦ s✐st❡♠❛ é ❡stá✈❡❧ ❡ ❝♦♠♦ é q✉❡ ♦ ✢✉①♦ ❞❡ s❛í❞❛ ✈❛✐ ♣❛r❛ ♦ s❡✉ ✈❛❧♦r ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡❄

P❛r❛ ✐♥✈❡st✐❣❛r ✐ss♦✱ ♦ ❞❡♥♦♠✐♥❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✷✳✶✵✸✮ ♣r❡❝✐s❛ s❡r ❛♥❛❧✐s❛❞♦✳ ❖ ❞❡♥♦♠✐♥❛❞♦r ♥♦r♠❛❧✐③❛❞♦

♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❛ ❡q✉❛çã♦ ❜ás✐❝❛ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✿

denominador =
τ1τ3
β

s2 +
τ1τ3
τ2β

s+ 1 = τ2s2 + 2ζτs + 1 ✭✷✳✶✵✻✮

❯♠❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ τ ❡ ✉♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ζ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s✿

τ =

√

τ1τ3
β

ζ =
1

2

τ1τ3
τ2β

/

√

τ1τ3
β

=
1

2τ2

√

τ1τ3
β

✭✷✳✶✵✼✮
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P❛r❛ ❝♦♠♣r❡❡♥❞❡r ♦ ♠❡❝❛♥✐s♠♦ ❞❛ r❡s♣♦st❛✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ t❡♠ ❞❡ s❡r ❡①♣r❡ss♦ ♥❛s

✈❛r✐á✈❡✐s ❞❡ ♣r♦❥❡t♦✿

ζ =
1

2

cpF0 +∆Hβ F0

T0
+ UAh0

hmax

ρcpAch0

√

1

β

ρAch0

F0

ρcpAch0T0

UAh0

hmax
(Tsteam0 − T0)

=
1

2

cpF0 +∆Hβ F0

T0
+ UAh0

hmax
√

βcp
F0

T0

UAh0

hmax
(Tsteam0 − T0)

✭✷✳✶✵✽✮

❖ ❞❡♥♦♠✐♥❛❞♦r é ♦ r❡s✉❧t❛❞♦ ❞❡ ❞♦✐s ❜❛❧❛♥ç♦s ✐♥t❡r❛❣✐♥❞♦✿ ♦ ❜❛❧❛♥ç♦ ❞❡ ❡♥❡r❣✐❛ ❡ ♦ ❜❛❧❛♥ç♦ ❞❡

♠❛ss❛✳ ❊st❛ ✐♥t❡r❛çã♦ é ✉♠ r❡s✉❧t❛❞♦ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r q✉❡ ♠✉❞❛✳ ❙❡ ❛ s✉♣❡r❢í❝✐❡

❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r é ❝♦♥st❛♥t❡ ✭❝♦♥tr♦❧❡ ❞❡ ♥í✈❡❧✮ ✱ ❛ ✐♥t❡r❛çã♦ é ❡❧✐♠✐♥❛❞❛✳ ❙❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

❛♠♦rt❡❝✐♠❡♥t♦ 0 < ζ < 1✱ ❛ ✐♥t❡r❛çã♦ r❡s✉❧t❛ ❡♠ ♦s❝✐❧❛çã♦✳ ❙❡ ♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛ ❛✉♠❡♥t❛✱ ♦ ♥í✈❡❧

✐rá ❛✉♠❡♥t❛r t❛♥t♦ q✉❡ ♦ ✢✉①♦ ❞❡ s❛í❞❛ ✐rá ❡①❝❡❞❡r ♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛✳ ❖ ♥í✈❡❧ ✐rá ♦s❝✐❧❛r ♣♦r ❛❧❣✉♠

t❡♠♣♦ ❛té ✉♠ ♥♦✈♦ ✈❛❧♦r ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡ s❡r ❛t✐♥❣✐❞♦✳ ❙❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ζ > 1✱

♦ ♥í✈❡❧ ✐rá ❛♣r♦①✐♠❛r✲s❡ ♣r♦❣r❡ss✐✈❛♠❡♥t❡ ❞❡ ✉♠ ♥♦✈♦ ✈❛❧♦r ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✳ ❆s ú♥✐❝❛s ✈❛r✐á✈❡✐s

❞❡ ♣r♦❥❡t♦ sã♦ UA/hmax ❡ ♦ ♣❛râ♠❡tr♦ ❞❡ s❛í❞❛ β = (T0/Fout0)(∂Fout/∂T )✳ ◆♦r♠❛❧♠❡♥t❡✱ ♦ ú❧t✐♠♦

t❡r♠♦ ♥♦ ♥✉♠❡r❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✷✳✶✵✽✮ é ♠✉✐t♦ ♠❛✐♦r ❞♦ q✉❡ ♦s ♦✉tr♦s ❞♦✐s t❡r♠♦s✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡

♣❛r❛ ✉♠ ❛✉♠❡♥t♦ ❞❡ β ♦ ❛♠♦rt❡❝✐♠❡♥t♦ ❞✐♠✐♥✉✐✳ ❙❡ UA/hmax ❛✉♠❡♥t❛✱ ♥♦ ❡♥t❛♥t♦ ♦ ❛♠♦rt❡❝✐♠❡♥t♦ ✐rá

❛✉♠❡♥t❛r✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❡❢❡✐t♦ ❞❡ UA/hmax ♥♦ ♥✉♠❡r❛❞♦r é ♠❛✐s ❢♦rt❡ ❞♦ q✉❡ ♥♦ ❞❡♥♦♠✐♥❛❞♦r✳

❊①❡♠♣❧♦ ❞❡ ❆❧❣✉♠❛s ❘❡s♣♦st❛s

P❛r❛ ✈✐s✉❛❧✐③❛r ❛❧❣✉♠❛s r❡s♣♦st❛s✱ ♦s s❡❣✉✐♥t❡s ♣❛râ♠❡tr♦s sã♦ ❛ss✉♠✐❞♦s✿ τ1 = 2.5min✱ τ2 = 1.25min

✭❛ss✉♠✐♥❞♦ q✉❡ ♦ ❡❢❡✐t♦ ❞❛s ❛❧t❡r❛çõ❡s ❡♠ β s♦❜r❡ τ2 ♣♦❞❡♠ s❡r ❞❡s♣r❡③❛❞❛s✮✱ τ3 = 5min✱ (T0 −
Tin0)/T0) = 0.4 ❡ β = 5✱ 15 ❡ 25✳ ❆s r❡s♣♦st❛s sã♦ ♠♦str❛❞❛s ♥❛ ❋✐❣✳ ✶✹✳

❋✐❣✉r❛ ✷✳✶✹✿ ❘❡s♣♦st❛ ❞❡ δFout ♣❛r❛ ✉♠ ❞❡❣r❛✉ ❛♣❧✐❝❛❞♦ ❡♠ δFin ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ β

P♦❞❡♠♦s ❝❧❛r❛♠❡♥t❡ ✈❡r q✉❡✱ q✉❛♥❞♦ ♦ ✈❛❧♦r ❞❡ β ❛✉♠❡♥t❛✱ ❛ r❡s♣♦st❛ r❡❝❡❜❡ ✉♠ ❝❛rát❡r ✐♥✈❡rs♦

✐♥✐❝✐❛❧♠❡♥t❡ ❡ ❝♦♠❡ç❛ ❛ ♦s❝✐❧❛r✳ ❆ ❢♦r♠❛ ❞❛ r❡s♣♦st❛ ❞❡♣❡♥❞❡ ❢♦rt❡♠❡♥t❡ ♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s ✭τ ❡

β✮✳
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❋✐s✐❝❛♠❡♥t❡ ❡st❡ ❢❡♥ô♠❡♥♦ ♣♦❞❡ s❡r ❡①♣❧✐❝❛❞♦ ❝♦♠♦ ❛ s❡❣✉✐r✳ ❯♠❛ ✈❡③ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❡♥tr❛❞❛

é ♠❡♥♦r ❞♦ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ♥♦ t❛♥q✉❡✱ ✉♠ ❛✉♠❡♥t♦ ♥♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛✱ ✈❛✐ ❧❡✈❛r ❛ ✉♠❛ ❞✐♠✐♥✉✐çã♦

♥❛ t❡♠♣❡r❛t✉r❛✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ❛✉♠❡♥t♦ ❞♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ ❧❡✈❛ ❛ ✉♠ ❛✉♠❡♥t♦ ❞♦ ✢✉①♦

❞❡ s❛í❞❛ ✉♠❛ ✈❡③ q✉❡ ✉♠ ♥♦✈♦ ❡q✉✐❧í❜r✐♦ s❡rá ❡♥❝♦♥tr❛❞♦ ❡ ♦ ✢✉①♦ ❞❡ s❛í❞❛ s❡rá ✐❣✉❛❧ ♥♦✈❛♠❡♥t❡ ❛♦ ✢✉①♦

❞❡ ❡♥tr❛❞❛ ❛✉♠❡♥t❛❞♦✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❛✉♠❡♥t❛rá✱ ❜❡♠ ❝♦♠♦ ♦ ♥í✈❡❧✳ ❆❧é♠ ❞✐ss♦✱ ❛

♣r❡ssã♦ ✈❛✐ ❛✉♠❡♥t❛r✱ r❡s✉❧t❛♥❞♦ ♥♦ ❛✉♠❡♥t♦ ❞♦ ✢✉①♦ ❞❡ ✈❛♣♦r ❞❡ s❛í❞❛✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ♦s❝✐❧❛tór✐♦

é ♦ r❡s✉❧t❛❞♦ ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ ❜❛❧❛♥ç♦ ❞❡ ♠❛ss❛ ❡ ❜❛❧❛♥ç♦ ❡♥❡r❣ét✐❝♦✳

P❛r❛ ❛ ♠❛✐♦r✐❛ ❞♦s ❡✈❛♣♦r❛❞♦r❡s ✐♥❞✉str✐❛✐s✱ τ2 é ♣❡q✉❡♥❛ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ τ1✱ ❞❛í ❛ r❡s♣♦st❛ ❞❡

Fout ♣❛r❛ Fin ✈❛✐ ❛❜♦r❞❛r ✉♠❛ r❡s♣♦st❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ♥♦ ❡♥t❛♥t♦✱ ❡♠ ❡✈❛♣♦r❛❞♦r❡s ❞❡ ♣❡q✉❡♥❛

❡s❝❛❧❛✱ ❛ s✐t✉❛çã♦ ♣♦❞❡ s❡r ❞✐❢❡r❡♥t❡ ❡ τ2 ♣♦❞❡ s❡r s✐❣♥✐✜❝❛t✐✈♦ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ τ1✳

✷✳✸✳✷ ❙❡♣❛r❛çã♦ ❞❡ ❙✐st❡♠❛s ▼✉❧t✐❢❛s❡s

◗✉❛♥❞♦ ♠❛✐s ❞❡ ✉♠ ❝♦♠♣♦♥❡♥t❡ ❡stá ♣r❡s❡♥t❡ ♥❛ ♠✐st✉r❛ ❧íq✉✐❞❛✱ ♦s ❝♦♠♣♦♥❡♥t❡s ♣♦❞❡♠ s❡r s❡♣❛r❛❞♦s✱

✉♠❛ ✈❡③ q✉❡ ❡❧❡s tê♠ ❞✐❢❡r❡♥t❡s ✈♦❧❛t✐❧✐❞❛❞❡s r❡❧❛t✐✈❛s✳ ❱❛♠♦s ❛ss✉♠✐r q✉❡ ✉♠❛ ♠✐st✉r❛ ❜✐♥ár✐❛ é

s❡♣❛r❛❞❛✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✷✳✶✺ ❬✶❪✳

❋✐❣✉r❛ ✷✳✶✺✿ ❙❡♣❛r❛çã♦ ❞❡ ♠✐st✉r❛ ❜✐♥ár✐❛

❖ ❝♦♠♣♦♥❡♥t❡ ❧❡✈❡ ✈❛✐ s❛✐r ❞♦ s❡♣❛r❛❞♦r ♣♦r ❝✐♠❛ ❝♦♠ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ xD✱ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦

❝♦♠♣♦♥❡♥t❡ ❧❡✈❡✭♠❛✐s ✈♦❧át✐❧✮ ♥♦ ✢✉①♦ ❞♦ ❢✉♥❞♦ é xB ✳ ❖s ✢✉①♦s ❞❡ ❛❧✐♠❡♥t❛çã♦✱ ♣❛rt❡ s✉♣❡r✐♦r ❡ ✐♥❢❡r✐♦r

sã♦ F ✱ D ❡ B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ t❡♠♣❡r❛t✉r❛ ❞❡ ❛❧✐♠❡♥t❛çã♦ TF ♣♦❞❡ s❡r ❞✐❢❡r❡♥t❡ ❞❛ t❡♠♣❡r❛t✉r❛ ❚

❞♦ r❡❝✐♣✐❡♥t❡✳

❆ss✐♠✱ ♣❛r❛ ♥ã♦ ❝♦♠♣❧✐❝❛r ♠✉✐t♦ ♦ ♠♦❞❡❧♦✱ ♦s s❡❣✉✐♥t❡s ♣r❡ss✉♣♦st♦s s❡rã♦ ❛ss✉♠✐❞♦s✿

• ❆ ♠❛ss❛ ❞❡ ✈❛♣♦r ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ ♠❛ss❛ ❧íq✉✐❞❛✳

• ❖ ❧íq✉✐❞♦ é ✐❞❡❛❧♠❡♥t❡ ♠✐st✉r❛❞♦✳

• ❆ ❞❡♥s✐❞❛❞❡✱ ♦ ❝❛❧♦r ❞❡ ✈❛♣♦r✐③❛çã♦ ❡ ♦ ❝❛❧♦r ❡s♣❡❝✐✜❝♦ ♣♦❞❡♠ s❡r ❛ss✉♠✐❞♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❛

t❡♠♣❡r❛t✉r❛ ❡ ❝♦♠♣♦s✐çã♦✳
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• ❍á ✉♠❛ r❡❧❛çã♦ ✜①❛ ❡♥tr❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ❝♦♠♣♦♥❡♥t❡ ❧❡✈❡ ♥❛ ❢❛s❡ ❞❡ ✈❛♣♦r ❡ ♥❛ ❢❛s❡ ❧íq✉✐❞❛✿xD =

f(xB , T )✳

• ❆s ❝❛♣❛❝✐❞❛❞❡s ❞❡ ❝❛❧♦r ❞❛ ♣❛r❡❞❡ ❡ ❞❛ ❜♦❜✐♥❛ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛ ❝❛♣❛❝✐❞❛❞❡

❞❡ ❝❛❧♦r ❞♦ ❧íq✉✐❞♦✳

• ❆s ♣❡r❞❛s ❞❡ ❝❛❧♦r ♣♦❞❡♠ s❡r ✐❣♥♦r❛❞♦s✳

• ❆ ❜♦❜✐♥❛ ❞❡ ❛q✉❡❝✐♠❡♥t♦ é s❡♠♣r❡ ❝♦❜❡rt❛ ♣❡❧♦ ❧íq✉✐❞♦✳

• P❛r❛ r❡❛❧✐③❛r ♦ ♣r❡ss✉♣♦st♦ ❛♥t❡r✐♦r ✱ ♦ ♥í✈❡❧ é ✐❞❡❛❧♠❡♥t❡ ❝♦♥tr♦❧❛❞♦ ❛tr❛✈és ❞❛ ♠❛♥✐♣✉❧❛çã♦ ❞♦

✢✉①♦ ❞❡ s❛í❞❛ ❇✳

• ❖ ❝❛❧♦r ❞❛ ♠✐st✉r❛ ♣♦❞❡ s❡r ✐❣♥♦r❛❞♦✳

❖ ❞✐❛❣r❛♠❛ ❞♦ s❡♣❛r❛❞♦r é ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✷✳✶✻✿

❋✐❣✉r❛ ✷✳✶✻✿ ❉✐❛❣r❛♠❛ ❞♦ s❡♣❛r❛❞♦r

❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦✱ ♣r❡s✉♠❡✲s❡ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r ✭♦✉ ♣r❡ssã♦✮ ❡ ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❛❧✐♠❡♥✲

t❛çã♦ ✭❝♦♠♣♦s✐çã♦ ❡ t❡♠♣❡r❛t✉r❛✮ sã♦ ❛ss✉♠✐❞♦s ❝♦♠♦ s❡♥❞♦ ❛s ✈❛r✐á✈❡✐s ❞❡ ♣❡rt✉r❜❛çã♦✳

▼♦❞❡❧♦ ❞♦ ❙❡♣❛r❛❞♦r

❖♠♦❞❡❧♦ ♣❛r❛ ♦ s❡♣❛r❛❞♦r ❝♦♥s✐st❡ ♥❛ ♠❛ss❛✱ ❝♦♠♣♦♥❡♥t❡s ✱ ❡♥❡r❣✐❛ ❞❡ ❡q✉✐❧í❜r✐♦ ❡ ❡q✉❛çõ❡s ❛❞✐❝✐♦♥❛✐s✳

❉❡✈✐❞♦ ❛♦ ❝♦♥tr♦❧❡ ❞♦ ♥í✈❡❧ ✐❞❡❛❧✱ ♦ ❜❛❧❛♥ç♦ ❞❡ ♠❛ss❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

F −D −B = 0 ✭✷✳✶✵✾✮

❡♠ q✉❡ F ✱ D ❡ B sã♦ ♦s ✢✉①♦s ♠♦❧❛r❡s ❞❡ ❛❧✐♠❡♥t❛çã♦✱ s✉♣❡r✐♦r ❡ ✐♥❢❡r✐♦r✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ (mol/s)✳ ❖

❡q✉✐❧í❜r✐♦ ❞❡ ❝♦♠♣♦♥❡♥t❡ ♣❛r❛ ♦ ❝♦♠♣♦♥❡♥t❡ ❧❡✈❡ é✿

ρLAch
dxB

dt
= FxF −DxD −BxB ✭✷✳✶✶✵✮

❡♠ q✉❡ x é ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ❝♦♠♣♦♥❡♥t❡ ❧❡✈❡✱ ρL = ❞❡♥s✐❞❛❞❡ (mo1/m3)✱ Ac ❂ ár❡❛ ❞❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧

❞♦ r❡❝✐♣✐❡♥t❡ (m2) ❡ h r❡♣r❡s❡♥t❛ ♦ ♥í✈❡❧ ❞♦ ❧íq✉✐❞♦ ✭♠✮✳

❖ ❜❛❧❛♥ç♦ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ ❡st❡ ❝❛s♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

ρLcpAch
dT

dt
= FcpTF −BcpT −D(cpT +∆H) + UA(Tsteam − T ) ✭✷✳✶✶✶✮

❡♠ q✉❡ cp é ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ ❧íq✉✐❞♦ (J/mo1.K) ✱ ∆H ♦ ❝❛❧♦r ❞❡ ✈❛♣♦r✐③❛çã♦ (J/mo1)✱ ❡ ❯❆ ♦ ♣r♦❞✉t♦

❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❡ ❞❛ ár❡❛ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r (J/K.s)✳
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❖ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ r❡♣r❡s❡♥t❛ ❛ ♠✉❞❛♥ç❛ ♥❛ ❡♥❡r❣✐❛ ❞♦ ❧íq✉✐❞♦✱ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦

❞✐r❡✐t♦ r❡♣r❡s❡♥t❛ ♦ ❝❛❧♦r s❡♥sí✈❡❧ q✉❡ ❡♥tr❛ ♥♦ r❡❛t♦r ❝♦♠ ♦ ✢✉①♦ ❞❡ ❛❧✐♠❡♥t❛çã♦✱ ♦ s❡❣✉♥❞♦ t❡r♠♦ é ♦

❝❛❧♦r s❡♥sí✈❡❧ s❛✐♥❞♦ ❞♦ r❡❛t♦r ❝♦♠ ♦ ✢✉①♦ ❞❡ ❢✉♥❞♦✱ ♦ t❡r❝❡✐r♦ t❡r♠♦ é ♦ ❝❛❧♦r s❡♥sí✈❡❧ s❛✐♥❞♦ ❞♦ r❡❛t♦r

❝♦♠ ♦ ✢✉①♦ s✉♣❡r✐♦r✱ ❡ ♦ q✉❛rt♦ t❡r♠♦ é ♦ ❝❛❧♦r tr❛♥s❢❡r✐❞♦ ❞♦ ✈❛♣♦r ♣❛r❛ ♦ ❧íq✉✐❞♦✳ ❉❡✈✐❞♦ à s✉♣♦s✐çã♦

❞❡ q✉❡ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝❛❧♦r ❞❛ ♣❛r❡❞❡ ♣♦❞❡ s❡r ✐❣♥♦r❛❞❛✱ ♦ ú❧t✐♠♦ t❡r♠♦ ❝♦♥té♠ ❛ t❡♠♣❡r❛t✉r❛ ❞♦

✈❛♣♦r✱ ❡♠ ✈❡③ ❞❛ t❡♠♣❡r❛t✉r❛ ❞❛ ❜♦❜✐♥❛✳

❆ ❡q✉❛çã♦ ✭✷✳✶✶✵✮ ♣♦❞❡✱ ❛♣ós ❝♦♠❜✐♥❛çã♦ ❝♦♠ ♦ ❜❛❧❛♥ç♦ ❞❡ ♠❛ss❛✱ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

ρLAch
dxB

dt
= F (xF − xB)−D(xD − xB) ✭✷✳✶✶✷✮

❙✐♠✐❧❛r♠❡♥t❡✱ ♦ ❜❛❧❛♥ç♦ ❞❡ ❡♥❡r❣✐❛ ✷✳✶✶✶✿

ρLcpAch
dT

dt
= Fcp(TF − T )−D∆H + UA(Tsteam − T ) ✭✷✳✶✶✸✮

❯♠❛ ✈❡③ q✉❡ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❡♥tr❡ xD, xB ❡ T ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

xD = f(xB , T ) ✭✷✳✶✶✹✮

❖ ♠♦❞❡❧♦ ❝♦♠♣♦rt❛♠❡♥t❛❧ ♣❛r❛ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s é ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✷✳✶✼✳

❋✐❣✉r❛ ✷✳✶✼✿ ▼♦❞❡❧♦ ❝♦♠♣♦rt❛♠❡♥t❛❧ ❞♦ s❡♣❛r❛❞♦r

❆♥á❧✐s❡ ❞♦ ▼♦❞❡❧♦

➱ ♣♦ssí✈❡❧ ❛♥❛❧✐s❛r ✈ár✐❛s s✐t✉❛çõ❡s ❡♠ q✉❡ ✈❛r✐á✈❡✐s ❞❡ ♣❡rt✉r❜❛çã♦ ♠✉❞❛♠✳ P♦❞❡rí❛♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱

❛♥❛❧✐s❛r ❛ ♠✉❞❛♥ç❛ ♥❛ ❝♦♠♣♦s✐çã♦ ❞♦ ❢✉♥❞♦✱ ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡ ✉♠❛ ❛❧t❡r❛çã♦ ♥♦ ✢✉①♦ ❞❡ ❛❧✐♠❡♥t❛çã♦✳

❙❡ s✉♣♦r♠♦s q✉❡ ♥ã♦ ❤á ♠✉❞❛♥ç❛s ♥❛ ❛❧✐♠❡♥t❛çã♦ ❡ ♥❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r ❡ ♥♦ ❢✉♥❞♦ ❡ ✢✉①♦ ❞❡

❞❡st✐❧❛❞♦✱ ❝♦♠♦ é q✉❡ ❛ ❝♦♠♣♦s✐çã♦ ❞♦ ❢✉♥❞♦ xB r❡s♣♦♥❞❡r✐❛ ♣❛r❛ ❛s ♠✉❞❛♥ç❛s ♥❛ ❛❧✐♠❡♥t❛çã♦❄ P❛r❛

❛♥❛❧✐s❛r ✐ss♦✱ ♦ ♠♦❞❡❧♦ s❡rá ❧✐♥❡❛r✐③❛❞♦ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ δTsteam = δTF = δxF = 0✳

▲✐♥❡❛r✐③❛çã♦ ❞♦ ❜❛❧❛♥ç♦ ❞❡ ♠❛ss❛✱ ❡q✉❛çã♦ ✭✷✳✶✵✾✮✿

δF − δD − δB = 0 ✭✷✳✶✶✺✮

▲✐♥❡❛r✐③❛çã♦ ❞♦ ❜❛❧❛♥ç♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s✱ ❡q✉❛çã♦ ✭✷✳✶✶✷✮✿

(ρLAch0s+B0)δxB = (xF0 − xB0)δF −D0δxD − (xD0 − xB0)δD ✭✷✳✶✶✻✮
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▲✐♥❡❛r✐③❛çã♦ ❞♦ ❜❛❧❛♥ç♦ ❞❡ ❡♥❡r❣✐❛✱ ❡q✉❛çã♦ ✭✷✳✶✶✸✮✿

(ρLcpAch0s+ F0cp + UA)δT = cp(TF0 − T0)δF −∆HδD ✭✷✳✶✶✼✮

▲✐♥❡❛r✐③❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✶✹✮✿

δxD = βδxB + γδT ✭✷✳✶✶✽✮

κ = (
∂f

∂xB
) , λ = (

∂f

∂T
)

❋✐❣✉r❛ ✷✳✶✽✿ ❈✉r✈❛s ❞❡ ❡q✉✐❧í❜r✐♦ ✐s♦❜ár✐❝♦ ✈❛♣♦r✲❧íq✉✐❞♦

❈✉r✈❛s tí♣✐❝❛s ❞❡ ❡q✉✐❧í❜r✐♦ ❧íq✉✐❞♦✲✈❛♣♦r ❛ ♣r❡ssã♦ ❝♦♥st❛♥t❡ sã♦ ♠♦str❛❞♦s ♥❛ ❋✐❣✳ ✷✳✶✽✳ ❈♦♠♦ ♣♦❞❡

s❡r ✈✐st♦✱ κ > 0 ❡ λ < 0✳ ■st♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ❡①♣❧✐❝❛❞♦✿ q✉❛♥❞♦ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ✉♠ ❝♦♠♣♦♥❡♥t❡

♥♦ ❧íq✉✐❞♦ ❛✉♠❡♥t❛✱ ❛ s✉❛ ❝♦♥❝❡♥tr❛çã♦ ♥♦ ✈❛♣♦r t❛♠❜é♠ ❛✉♠❡♥t❛rá✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ κ é ♣♦s✐t✐✈♦✳ ❆

❋✐❣✳ ✷✳✶✽ ♠♦str❛ q✉❡✱ s❡ ❛ t❡♠♣❡r❛t✉r❛ ❛✉♠❡♥t❛✱ xD ❞✐♠✐♥✉✐✱ ❛ss✐♠ λ é ♥❡❣❛t✐✈♦✳

❉❡r✐✈❛çã♦ ❞❛ ❋✉♥çã♦ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛

P❛r❛ ✐♥✈❡st✐❣❛r ❝♦♠♦ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❢✉♥❞♦ ♠✉❞❛✱ ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡ ✉♠❛ ♠✉❞❛♥ç❛ ♥♦ ✢✉①♦ ❞❡

❛❧✐♠❡♥t❛çã♦ F ✱ ♦ ❜❛❧❛♥ç♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s✱ ❡q✉❛çã♦ ✭✷✳✶✶✻✮✱ é ❝♦♠❜✐♥❛❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✷✳✶✶✽✮ ♣❛r❛

❞❛r✿

δxB =
τc/M0

τcs+ 1
[(xF0 − xB0)δF − λD0δT − (xD0 − xB0)δD]

τc =
M0

B0 + κD0
✭✷✳✶✶✾✮

M0 = ρLAch0
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❖ ❜❛❧❛♥ç♦ ❞❡ ❡♥❡r❣✐❛✱ ❡q✉❛çã♦ ✭✷✳✶✶✼✮✱ ♣♦❞❡ s❡r ❡s❝r✐t♦✿

δT =
τT /cpM0

τT s+ 1
[cp(TF0 − T0)δF −∆HδD]

τT =
cpM0

F0cp + UA
✭✷✳✶✷✵✮

❈♦♠❜✐♥❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✶✶✾✮ ❡ ✭✷✳✶✷✵✮ r❡s✉❧t❛ ❡♠✿

δxB =
τcM0

τcs+ 1

(

xF0 − xB0 −
τT (TF0 − T0)λD0

M0(τT s+ 1)

)

δF − τcM0

τcs+ 1

(

xD0 − xB0 −
τT∆HλD0

cpM0(τT s+ 1)

)

δD

✭✷✳✶✷✶✮

❆ r❡s♣♦st❛ ❞❡ xB ❛ ❛❧t❡r❛çõ❡s ♥❛ ❛❧✐♠❡♥t❛çã♦ F ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✷✳✶✷✶✮✳

P❛r❛ s❡ t❡r ✉♠❛ ✐❞❡✐❛ ♠❛✐s ❝❧❛r❛✱ ❡❧❛ é r❡❡s❝r✐t❛ ❝♦♠ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦✿

δxB

δF
=

τc[τTM0(xF0 − xB0)S +M0(xF0 − xB0)− τT (TF0 − T0)λD0]

(τcs+ 1)(τT s+ 1)
= K

τs+ 1

(τcs+ 1)(τT s+ 1)
✭✷✳✶✷✷✮

❆ r❡s♣♦st❛ ❣❧♦❜❛❧ ❞❡ xB ❛ ♠✉❞❛♥ç❛s ❡♠ F ❞❡♣❡♥❞❡ ❞♦ s✐♥❛❧ ❞♦ t❡r♠♦M0(xF0−xB0)−τT (TF0−T0)γD0✳

❙❡ TF0−T0 > 0 ❡♥tã♦ ♦ t❡r♠♦ é ♣♦s✐t✐✈♦ ❡ ❛ r❡s♣♦st❛ ❞❡ xB ❛ ♠✉❞❛♥ç❛s ♥❛ ❋ s❡rá ✉♠❛ ♣s❡✉❞♦✲♣r✐♠❡✐r❛✲

♦r❞❡♠✱ ✉♠❛ ✈❡③ q✉❡ τ é ♣♦s✐t✐✈♦✳ ❙❡✱ ♥♦ ❡♥t❛♥t♦✱ TF0 − T0 < 0 ✱ ♦ t❡r♠♦ ♣♦❞❡ s❡ t♦r♥❛r ♥❡❣❛t✐✈♦✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ τ s❡ t♦r♥❛r✐❛ ♥❡❣❛t✐✈♦✱ r❡s✉❧t❛♥❞♦ ❡♠ ✉♠❛ r❡s♣♦st❛ ✐♥✈❡rs❛✳ ❆ ✜❣✉r❛ ✷✳✶✾ ♠♦str❛

❛❧❣✉♠❛s r❡s♣♦st❛s ♣❛r❛ τC = τT = 2, K = 1 ❡ τ = 1, 0,−1,−2✳

❋✐❣✉r❛ ✷✳✶✾✿ ▼✉❞❛♥ç❛s ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❢✉♥❞♦ ♣❛r❛ ♠✉❞❛♥ç❛s ♥❛ ❛❧✐♠❡♥t❛çã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❡q✉❛çã♦

✭✷✳✶✷✷✮✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ τ

❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦✱ ❛ r❡s♣♦st❛ ❝❛❞❛ ✈❡③ ♠❛✐s r❡❝❡❜❡ ✉♠ ❝❛rá❝t❡r ✐♥✈❡rs♦ q✉❛♥❞♦ ❛ ❝♦♥st❛♥t❡ ❞❡

t❡♠♣♦ τ t♦r♥❛✲s❡ ♠❛✐s ♥❡❣❛t✐✈❛✳

◆♦ ❝❛s♦ ❤✐♣♦tét✐❝♦ ❡♠ q✉❡ τT (TF0−T0)λD0 = M0(xF0−xB0)✱ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❢✉♥❞♦ só ♠♦str❛ ✉♠❛

r❡s♣♦st❛ ❞✐♥â♠✐❝❛✱ ♥♦ ❡♥t❛♥t♦✱ ♥ã♦ ❤á ✐♠♣❛❝t♦ ❡stát✐❝♦ ❞❡ ♠✉❞❛♥ç❛s ❞❡ ❛❧✐♠❡♥t❛çã♦ ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡
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❢✉♥❞♦✳ ❆ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ♣♦❞❡ ❛❣♦r❛ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

δxB

δF
=

Ks

(τcs+ 1)(τT s+ 1)
✭✷✳✶✷✸✮

❆ r❡s♣♦st❛ é ♠♦str❛❞❛ ♥❛ ❋✐❣✳ ✷✳✷✵✱ ♣❛r❛ ✉♠ ✈❛❧♦r ❞❡ τC = 2, τT = 2 ❡ K = 1✳ ➱ ó❜✈✐♦ q✉❡✱ ♣❛r❛

❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ K✱ r❡s♣♦st❛s ❝♦♠ ✉♠❛ ❛❧t✉r❛ ❞❡ ♣✐❝♦ ❞✐❢❡r❡♥t❡ s❡rã♦ ♦❜t✐❞❛s✳

❋✐❣✉r❛ ✷✳✷✵✿ ▼✉❞❛♥ç❛s ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❢✉♥❞♦ ♣❛r❛ ♠✉❞❛♥ç❛s ♥❛ ❛❧✐♠❡♥t❛çã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❡q✉❛çã♦

✭✷✳✶✷✸✮



✸ ⑤ ❙✐♠✉❧❛çã♦

❆ ♣❛rt✐r ❞♦s ♠♦❞❡❧♦s ❞❡s❡♥✈♦❧✈✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ❢♦✐ ♣♦ssí✈❡❧ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✲

❢❡rê♥❝✐❛✱ q✉❡ r❡♣r❡s❡♥t❛♠ ❛ ❞✐♥â♠✐❝❛ ❞♦s ♣r♦❝❡ss♦s✱ ❡♠ ❝ó❞✐❣♦ ❞♦ ▼❛t▲❛❜✳ ❉❡st❛ ♠❛♥❡✐r❛ ❢♦✐ ♣♦ssí✈❡❧

♦❜t❡r ❛s r❡s♣♦st❛s ❞♦s s✐st❡♠❛s ❛ ♠✉❞❛♥ç❛s ♥❛ ❡♥tr❛❞❛✳

✸✳✶ ▼♦❞❡❧♦s ❙✐♠✉❧❛❞♦s

✸✳✶✳✶ ❘❡❛t♦r ❚✉❜✉❧❛r

❆q✉✐ ❢♦✐ s✐♠✉❧❛❞❛ ❛ ❡q✉❛çã♦ ✭✷✳✷✷✮ ♥♦✈❛♠❡♥t❡ ❛♣r❡s❡♥t❛❞❛ ❝♦♠♦ ❡q✉❛çã♦ ✭✸✳✶✮✳

δCB(L, s)

δCA(0, s)
=

δCB,out

δCA,in
=

k1
k1 + k2

(

e−k2τR − e−k1τR
)

e−sτR ✭✸✳✶✮

❘❡❛çõ❡s ❈♦♥s❡❝✉t✐✈❛s

❈♦♠♦ ❞✐s❝✉t✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ❡q✉❛çã♦ ✭✸✳✶✮ ♠♦str❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s❛í❞❛ ❞♦ ❝♦♠♣♦♥❡♥t❡ ❞❡ ✐♥t❡✲

r❡ss❡✱ ❝♦♠♣♦♥❡♥t❡ B✱ ❡♠ r❛③ã♦ ❛♦ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❡♥tr❛❞❛✱ A✳ ❖s s❡❣✉✐♥t❡s ♣❛râ♠❡tr♦s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s✿

❚❛❜❡❧❛ ✸✳✶✿ P❛râ♠❡tr♦s ❘❡❛t♦r ❚✉❜✉❧❛r

❈♦♥st❛♥t❡ ❞❡ ❱❡❧♦❝✐❞❛❞❡ ✲ k1 ✵✱✷

❈♦♥st❛♥t❡ ❞❡ ❱❡❧♦❝✐❞❛❞❡ ✲ k2 ✵✱✵✶

❈♦♠♣r✐♠❡♥t♦ ❘❡❛t♦r ✲ L ✶✵ m

❱❡❧♦❝✐❞❛❞❡ ❞♦ ❋❧✉✐❞♦ ✲ v ✶ m/s

❘❡s✉❧t❛♥❞♦ ♥❛ ❢✉♥çã♦✿
δCB,out

δCA,in
= 0, 7329e−10s ✭✸✳✷✮

✸✽
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❆ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❡ ❡♥tr❛❞❛ ❞♦ ❝♦♠♣♦♥❡♥t❡ A é ♠♦str❛❞❛ ♥❛ ✜❣✉r❛ ❛❜❛✐①♦✿

❋✐❣✉r❛ ✸✳✶✿ ❘❡s♣♦st❛ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ❝♦♠♣♦♥❡♥t❡ B ♣❛r❛ ✉♠ ❞❡❣r❛✉ ♥♦ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❡♥tr❛❞❛✱ A

❈♦♠♦ ❡r❛ ❡s♣❡r❛❞♦✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ❛ r❡s♣♦st❛ ❝♦♥s✐st❡ ❡♠ ✉♠ ❣❛♥❤♦ ❡ ✉♠ ❛tr❛s♦ ♥♦ t❡♠♣♦✳

✸✳✶✳✷ ❚r♦❝❛❞♦r ❞♦ ❚✐♣♦ ❇♦❜✐♥❛ ❞❡ ❆q✉❡❝✐♠❡♥t♦

δT =
K1K4

(τT s+ 1)(τws+ 1)−K1K5
δTs+

K2(τws+ 1)

(τT s+ 1)(τws+ 1)−K1K5
δTin−

K3(τws+ 1)

(τT s+ 1)(τws+ 1)−K1K5
δF

✭✸✳✸✮

❆ ❡q✉❛çã♦ ✭✸✳✸✮ s❡ r❡❢❡r❡ ❛ ❡q✉❛çã♦ ✭✷✳✺✶✮✱ ♥❡❧❛ ♣♦❞❡♠♦s ♦❜t❡r ❛ r❡s♣♦st❛ ♣❛r❛ ♠✉❞❛♥ç❛s ♥❛ t❡♠✲

♣❡r❛t✉r❛ ❞❡ ✈❛♣♦r✱ ♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❡♥tr❛❞❛ ❡ ♥♦ ✢✉①♦✳ ❋♦r❛♠ ❞❡✜♥✐❞♦s ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s ♣❛r❛

s✐♠✉❧❛çã♦✿
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❚❛❜❡❧❛ ✸✳✷✿ P❛râ♠❡tr♦s ❇♦❜✐♥❛ ❞❡ ❆q✉❡❝✐♠❡♥t♦

❉❡♥s✐❞❛❞❡ ❞♦ ❋❧✉✐❞♦ ✲ ρ ✶✵✵✵ kg/m3

❱♦❧✉♠❡ ❞♦ ❋❧✉✐❞♦ ♥♦ ❚❛♥q✉❡ ✲ V ✵✱✵✶✺ m3

❋❧✉①♦ ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ F0 ✵✱✵✵✶ m3/s

❈❛❧♦r ❊s♣❡❝í✜❝♦ ❞♦ ❋❧✉✐❞♦ ✲ cp ✹✶✾✵ J/kg.K

▼❛ss❛ ❞♦s ❚✉❜♦s ♣♦r ❯♥✐❞❛❞❡ ❞❡ ❈♦♠♣r✐♠❡♥t♦ ✲ Mw ✺ kg/m

❈❛❧♦r ❊s♣❡❝í✜❝♦ ❞❛ P❛r❡❞❡ ✲ cw ✸✾✵ J/kg.K

❈♦❡✜❝✐❡♥t❡ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ❞❛ ❇♦❜✐♥❛ ❞♦ ▲❛❞♦ ❞❡ ❋♦r❛ ❞❛ ❇♦❜✐♥❛ ✲ αo ✷✵ W/m2K

➪r❡❛ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ❞♦ ▲❛❞♦ ❞❡ ❋♦r❛ ❞❛ ❇♦❜✐♥❛ ✲ Ao ✼ m2

❈♦❡✜❝✐❡♥t❡ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ❞❛ ❇♦❜✐♥❛ ❞♦ ▲❛❞♦ ❞❡ ❉❡♥tr♦ ❞❛ ❇♦❜✐♥❛ ✲ αi ✷✺ W/m2K

➪r❡❛ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ❞♦ ▲❛❞♦ ❞❡ ❉❡♥tr♦ ❞❛ ❇♦❜✐♥❛ ✲ Ai ✻✳✻ m2

❚❡♠♣❡r❛t✉r❛ ❞❡ ❊♥tr❛❞❛ ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ Tin0 ✸✵✵ K

❚❡♠♣❡r❛t✉r❛ ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ T0 ✸✼✸ K

❈♦♠ ♦s ✈❛❧♦r❡s ❞❛ t❛❜❡❧❛ ✸✳✷ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ sã♦✿

δT

δTs
=

0, 01749

92, 8s2 + 20, 91s+ 0, 9852
;

δT

δTin
=

6, 187s+ 0, 9677

92, 8s2 + 20, 91s+ 0, 9852
;

δT

δTF
=

451600s+ 70640

92, 8s2 + 20, 91s+ 0, 9852
✭✸✳✹✮

❆s r❡s♣♦st❛s ♦❜t✐❞❛s sã♦ ♠♦str❛❞❛s ❛❜❛✐①♦✳

❋✐❣✉r❛ ✸✳✷✿ ❘❡s♣♦st❛ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✈❛♣♦r
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❋✐❣✉r❛ ✸✳✸✿ ❘❡s♣♦st❛ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❡♥tr❛❞❛

❋✐❣✉r❛ ✸✳✹✿ ❘❡s♣♦st❛ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ♥♦ ✢✉①♦

❈♦♠♦ sã♦ ♠♦str❛❞❛s ♥❛s ✜❣✉r❛s ❛❝✐♠❛✱ ♣❛r❛ ♠✉❞❛♥ç❛s ♥❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r δTs é ♦❜t✐❞❛ ✉♠❛

r❡s♣♦st❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❛ r❡s♣♦st❛ ❛ ♠✉❞❛♥ç❛s ❡♠ δTin ❡ δF sã♦ r❡s♣♦st❛s ❞❡ ♣s❡✉❞♦✲♣r✐♠❡✐r❛ ♦r❞❡♠✳

✸✳✶✳✸ ❚r♦❝❛❞♦r ❞❡ ❈❛s❝♦ ❡ ❚✉❜♦

P❛r❛ ♦ tr♦❝❛❞♦r ❞❡ ❝❛❧♦r ❞❡ ❝❛s❝♦ ❡ t✉❜♦ ❢♦✐ s✐♠✉❧❛❞❛ ❛ ❡q✉❛çã♦ ✭✷✳✽✵✮ q✉❡ ❧❡✈❛ ❡♠ ❝♦♥t❛ ❛ ❝❛♣❛❝✐❞❛❞❡

tér♠✐❝❛ ❞❛ ♣❛r❡❞❡ ❞♦ t✉❜♦✱ ❛ ♠❡s♠❛ é ♠♦str❛❞❛ ❛ s❡❣✉✐r✿

δTout

δTin
≈ Ts0 − Tout0

Ts0 − Tin0
e−sτR

δTout

δTs
≈ 1

1 + s(τf + τws + τwsτ
−1
wf τf ) + s2τwsτf

(

1− Ts0 − Tout0

Ts0 − Tin0
e−sτR

)

✭✸✳✺✮
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δTout

δv/v0
≈ − 1

τf

1 + τwsτ
−1
wf + sτws

1 + τwsτ
−1
wf (1 + τwsτ

−1
f ) + sτws

(Ts0 − Tout0)
1− e−sτR

s

P❛r❛ ❡st❛ s✐♠✉❧❛çã♦ ♦s ✈❛❧♦r❡s ❞❛ t❛❜❡❧❛ ❛❜❛✐①♦ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s✳

❚❛❜❡❧❛ ✸✳✸✿ P❛râ♠❡tr♦s ❈❛s❝♦ ❡ ❚✉❜♦

➪r❡❛ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ♣♦r ❯♥✐❞❛❞❡ ❞❡ ❈♦♠♣r✐♠❡♥t♦ ♥♦ ▲❛❞♦ ❞♦ ❋❧✉✐❞♦ ✲ Af ✶✵ m

➪r❡❛ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ♣♦r ❯♥✐❞❛❞❡ ❞❡ ❈♦♠♣r✐♠❡♥t♦ ♥♦ ▲❛❞♦ ❞♦ ❱❛♣♦r ✲ As ✾ m

❈❛❧♦r ❊s♣❡❝í✜❝♦ ❞❛ P❛r❡❞❡ ✲ cw ✸✾✵ J/kg.K

▼❛ss❛ ❞♦s ❚✉❜♦s ♣♦r ❯♥✐❞❛❞❡ ❞❡ ❈♦♠♣r✐♠❡♥t♦ ✲ Mw ✺ kg/m

❈♦❡✜❝✐❡♥t❡ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ❞♦ ▲❛❞♦ ❞♦ ❱❛♣♦r ✲ αs ✷✺ W/m2K

❈♦❡✜❝✐❡♥t❡ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ❞♦ ▲❛❞♦ ❞♦ ❋❧✉✐❞♦ ✲ αf ✷✵ W/m2K

▼❛ss❛ ❞♦ ▲íq✉✐❞♦ ♣♦r ❯♥✐❞❛❞❡ ❞❡ ❈♦♠♣r✐♠❡♥t♦ ✲ Mf ✶✵✵✵ kg/m

❋❧✉①♦ ❞❡ ▼❛ss❛ ❞♦ ❋❧✉✐❞♦ ✲ F ✶✵✵✵ kg/s

❈❛❧♦r ❊s♣❡❝í✜❝♦ ❞♦ ❋❧✉✐❞♦ ✲ cp ✹✶✾✵ J/kg.K

❈♦♠♣r✐♠❡♥t♦ P❡r❝♦rr✐❞♦ ✲ L ✶✷ m

❚❡♠♣❡r❛t✉r❛ ❞♦ ❱❛♣♦r ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ Ts0 ✸✽✵ K

❚❡♠♣❡r❛t✉r❛ ❞❡ ❊♥tr❛❞❛ ❞♦ ❋❧✉✐❞♦ ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ Tin0 ✷✺✵ K

❚❡♠♣❡r❛t✉r❛ ❞❡ ❙❛í❞❛ ❞♦ ❋❧✉✐❞♦ ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ Tout0 ✸✸✵ K

❆s ✜❣✉r❛s ✸✳✺✲✸✳✼ ♠♦str❛♠ ❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛✳

❋✐❣✉r❛ ✸✳✺✿ ❚❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ❞❡ t❡♠♣❡r❛t✉r❛ ❛♣❧✐❝❛❞♦ ♥❛ ❡♥tr❛❞❛
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❋✐❣✉r❛ ✸✳✻✿ ❚❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ❞❡ t❡♠♣❡r❛t✉r❛ ❛♣❧✐❝❛❞♦ ♥♦ ✈❛♣♦r

❋✐❣✉r❛ ✸✳✼✿ ❚❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ✢✉✐❞♦

❆s ✜❣✉r❛s ♠♦str❛♠ ❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛✳ ❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ❛

♣❛rt✐r ❞❛ ✜❣✉r❛ ✸✳✺✱ ♦ ♠♦❞❡❧♦ ❞❡ s❛í❞❛ ❡♥tr❡ ❛s ♠✉❞❛♥ç❛s ❞❡ t❡♠♣❡r❛t✉r❛ ❞♦ ✢✉✐❞♦ ❡ ❛s ♠✉❞❛♥ç❛s ❞❡

t❡♠♣❡r❛t✉r❛ ❞❡ ❡♥tr❛❞❛ ❞♦ ✢✉✐❞♦ é ✉♠ ❛tr❛s♦ ❞❡ ✶✷ s❡❣✉♥❞♦s ♥♦ t❡♠♣♦✳

❖ ♠♦❞❡❧♦ ❡♥tr❡ ❛ ♠✉❞❛♥ç❛ ❞❛ t❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ❡ ❛ ♠✉❞❛♥ç❛ ♥❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r

é ✐♥✐❝✐❛❧♠❡♥t❡ ✉♠❛ r❡s♣♦st❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ▼❡❞✐❛♥t❡ ✉♠ ❛✉♠❡♥t♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❞♦ ✈❛♣♦r✱ ❛

t❡♠♣❡r❛t✉r❛ ❞♦ ✢✉✐❞♦ ❝♦♠❡ç❛ ❛ ❛✉♠❡♥t❛r ❛♦ ❧♦♥❣♦ ❞❡ t♦❞♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ t✉❜♦✳ ❆♣ós ♦ t❡♠♣♦ ❞❡

♣❡r♠❛♥ê♥❝✐❛✱ ♥♦ ❡♥t❛♥t♦✱ ♦ ♥♦✈♦ ✢✉✐❞♦ q✉❡ ❡♥tr❛ ♥♦ t✉❜♦ ❢♦✐ ❛♣❡♥❛s ❡①♣♦st♦ à ♥♦✈❛ t❡♠♣❡r❛t✉r❛ ❞❡

✈❛♣♦r❀ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ♣❡r♠❛♥❡❝❡ ❝♦♥st❛♥t❡✳

❆ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❡♥tr❡ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ ❞♦ ✢✉✐❞♦ ❡ ❛s ♠✉❞❛♥ç❛s ♥❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ✢✉✐❞♦

♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠ ✐♥t❡❣r❛❞♦r ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ✉♠❛ r❡s♣♦st❛ ✐♠❡❞✐❛t❛ ❡ ❛ ❛tr❛s❛❞❛✳ ❆

✐♥t❡❣r❛çã♦ ❞✉r❛ ✶✷ s❡❣✉♥❞♦s✳
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✸✳✶✳✹ ❊✈❛♣♦r❛❞♦r

❖ ♠♦❞❡❧♦ ❞♦ ❡✈❛♣♦r❛❞♦r ❢♦✐ ♠♦str❛❞♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✶✵✸✮✱ r❡♣r❡s❡♥t❛❞❛ ❛❜❛✐①♦✿

δFout

δFin
=

−τ3s
(T0−Tin0)

T0
+ 1

τ1τ3
β s2 + τ1τ3

τ2β
s+ 1

✭✸✳✻✮

❆ t❛❜❡❧❛ s❡❣✉✐♥t❡ ❢♦✐ ✉t✐❧✐③❛❞❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛s ❝♦♥st❛♥t❡s✿

❚❛❜❡❧❛ ✸✳✹✿ P❛râ♠❡tr♦s ❊✈❛♣♦r❛❞♦r

❉❡♥s✐❞❛❞❡ ❞♦ ▲íq✉✐❞♦ ✲ ρ ✶✵✵✵ kg/m3

➪r❡❛ ❞❡ ❙❡çã♦ ❚r❛♥s✈❡rs❛❧ ❞♦ ❚❛♥q✉❡ ✲ Ac ✵✱✷✺π m2

❈❛❧♦r ❊s♣❡❝í✜❝♦ ❞♦ ❋❧✉✐❞♦ ✲ cp ✹✶✾✵ J/kg.K

❆❧t✉r❛ ▼á①✐♠❛ ❞❛ ➪r❡❛ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ✲ hmax ✶ m

❆❧t✉r❛ ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ h0 ✵✱✺ m

❈♦❡✜❝✐❡♥t❡ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ✲ U ✻✵✵ W/m2K

➪r❡❛ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ✲ A ✶✺ m2

❝❛❧♦r ❞❡ ✈❛♣♦r✐③❛çã♦ ✲ DH ✹✵✱✶✵✸ J/mol

❋❧✉①♦ ❞❡ ▼❛ss❛ ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ F0 ✸ kg/s

❚❡♠♣❡r❛t✉r❛ ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ T0 ✷✼✸ K

❈♦♥st❛♥t❡ ❯♥✐✈❡rs❛❧ ❞♦s ●❛s❡s P❡r❢❡✐t♦s ✲ R ✽✱✸✶ m3.Pa/K.mol

❚❡♠♣❡r❛t✉r❛ ❞❡ ❊♥tr❛❞❛ ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ Tin0 ✷✺✵ K

❈♦♠ ♦s ♣❛râ♠❡tr♦s ❞❛ t❛❜❡❧❛ ❛❝✐♠❛✱ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛✱ ❡q✉❛çã♦ ✭✸✳✻✮✱ é✿

δFout

δFin
=

−66, 22s+ 1

3810s2 + 39, 55s+ 1
✭✸✳✼✮

❆ss✐♠✱ ❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ é✿

❋✐❣✉r❛ ✸✳✽✿ ❋❧✉①♦ ❞❡ sá✐❞❛ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ♥♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛ ❞♦ ❊✈❛♣♦r❛❞♦r
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❱❡♠♦s ❞❛ ✜❣✉r❛ ✸✳✽ q✉❡ ❝♦♠♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦✭ζ✮✱ ❞♦ ❞❡♥♦♠✐♥❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✸✳✼✮✱ é

0 < ζ < 1✱ ❛ss✐♠ ❛ ✐♥t❡r❛çã♦ r❡s✉❧t❛ ❡♠ ♦s❝✐❧❛çã♦✳ ❙❡ ♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛ ❛✉♠❡♥t❛✱ ♦ ♥í✈❡❧ ✐rá ❛✉♠❡♥t❛r

t❛♥t♦ q✉❡ ♦ ✢✉①♦ ❞❡ s❛í❞❛ ✐rá ❡①❝❡❞❡r ♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛✳ ❖ ♥í✈❡❧ ✐rá ♦s❝✐❧❛r ♣♦r ❛❧❣✉♠ t❡♠♣♦ ❛té ✉♠

♥♦✈♦ ✈❛❧♦r ❞❡ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡ s❡r ❛t✐♥❣✐❞♦

✸✳✶✳✺ ❙❡♣❛r❛❞♦r

P❛r❛ ♦ s❡♣❛r❛❞♦r ♦❜t❡♠♦s ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛✱ ❡q✉❛çã♦ ✭✷✳✶✷✷✮✱ q✉❡ r❡♣r❡s❡♥t❛ ❝♦♠♦ ❛ ❝♦♥✲

❝❡♥tr❛çã♦ r❡s♣♦♥❞❡ ❛ ✉♠❛ ♠✉❞❛♥ç❛ ♥♦ ✢✉①♦ ❞❡ ❛❧✐♠❡♥t❛çã♦✳ ❆ ❢✉♥çã♦ é ♠❛✐s ✉♠❛ ✈❡③ ❛♣r❡s❡♥t❛❞❛ ❛

s❡❣✉✐r✿

δxB

δF
=

τc[τTM0(xF0 − xB0)S +M0(xF0 − xB0)− τT (TF0 − T0)λD0]

(τcs+ 1)(τT s+ 1)
= K

τs+ 1

(τcs+ 1)(τT s+ 1)
✭✸✳✽✮

❖s ♣❛râ♠❡tr♦s s✐♠✉❧❛❞♦s ❢♦r❛♠ ❞❡✜♥✐❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❛❜❡❧❛ ✸✳✹✳

❚❛❜❡❧❛ ✸✳✺✿ P❛râ♠❡tr♦s ❙❡♣❛r❛❞♦r

K ✶

κ ✷

➪r❡❛ ❞❡ ❙❡çã♦ ❚r❛♥s✈❡rs❛❧ ❞♦ ❚❛♥q✉❡ ✲ Ac ✵✱✷✺π m2

❈❛❧♦r ❊s♣❡❝í✜❝♦ ❞♦ ❋❧✉✐❞♦ ✲ cp ✹✶✾✵ J/kg.K

❉❡♥s✐❞❛❞❡ ✲ ρL ✺✺✺✻ mol/m3

◆í✈❡❧ ❞♦ ❧íq✉✐❞♦ ❡♠ ❘❡❣✐♠❡ P❡r♠❛♥❡♥t❡ ✲ h0 ✶ m

❈♦❡✜❝✐❡♥t❡ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ✲ U ✻✵✵ W/m2K

➪r❡❛ ❞❡ ❚r❛♥s❢❡rê♥❝✐❛ ❞❡ ❈❛❧♦r ✲ A ✶✺ m2

❝❛❧♦r ❞❡ ✈❛♣♦r✐③❛çã♦ ✲ DH ✹✵✱✶✵✸ J/mol

❋❧✉①♦ ▼♦❧❛r ❞❡ ❆❧✐♠❡♥t❛çã♦ ✲ F0 ✷✵✵✵ mol/s

❋❧✉①♦ ▼♦❧❛r ❞❡ ❆❧✐♠❡♥t❛çã♦ ❙✉♣❡r✐♦r ✲ D0 ✼✵✵ mol/s

❋❧✉①♦ ▼♦❧❛r ❞❡ ❆❧✐♠❡♥t❛çã♦ ■♥❢❡r✐♦r ✲ B0 ✼✵✵ mol/s

❊♥tã♦ ❛ ❡q✉❛çã♦ ✭✸✳✽✮ s❡ t♦r♥❛✿

δxB

δF
=

−s+ 1

4, 529s2 + 4, 257s+ 1
✭✸✳✾✮

❉❡st❛ ♠❛♥❡✐r❛✱ ❛ s✐♠✉❧❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✾✮ ♥♦s ❞á ❛ ✜❣✉r❛ ✸✳✾✳
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❋✐❣✉r❛ ✸✳✾✿ ▼✉❞❛♥ç❛ ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❢✉♥❞♦ ♣❛r❛ ✉♠ ❞❡❣r❛✉ ♥❛ ❛❧✐♠❡♥t❛çã♦

❆ r❡s♣♦st❛ ❞❡ xB ❛ ♠✉❞❛♥ç❛s ❡♠ F ❞❡♣❡♥❞❡ ❞♦ s✐♥❛❧ ❞♦ t❡r♠♦ M0(xF0 − xB0)− τT (TF0 − T0)γD0✳

❈♦♠♦ TF0 − T0 < 0 ✱ ♦ t❡r♠♦ é ♥❡❣❛t✐✈♦✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ τ é ♥❡❣❛t✐✈♦✱ r❡s✉❧t❛♥❞♦ ❡♠ ✉♠❛ r❡s♣♦st❛

✐♥✈❡rs❛✳
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✸✳✷ ❚❡❝♥♦❧♦❣✐❛ ❖P❈

❆♣ós ❛ s✐♠✉❧❛çã♦ ❢♦✐ ❢❡✐t♦ ❝♦♠ q✉❡ ❛s ✈❛r✐á✈❡✐s ❞❡ ❡♥tr❛❞❛ ❡ ❞❡ s❛í❞❛ ❞♦s ♠♦❞❡❧♦s ❢♦ss❡♠ ❧✐❣❛❞❛s ❛

✉♠ s❡r✈✐❞♦r ❖P❈ ♣♦ss✐❜✐❧✐t❛♥❞♦ ❛ss✐♠ ❝♦♥❡❝t❛r ❡q✉✐♣❛♠❡♥t♦s ❞❡ ❝♦♥tr♦❧❡✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ✉♠ P▲❈ ❡

❛♣❧✐❝❛r ❡str❛té❣✐❛s ❞❡ ❝♦♥tr♦❧❡ ❝♦♠♦ s❡ ❢♦ss❡ ✉♠ ♣r♦❝❡ss♦ r❡❛❧✳

✸✳✷✳✶ ❉❡✜♥✐çã♦

❖▲❊ ❢♦r Pr♦❝❡ss ❈♦♥tr♦❧ ✭❖P❈✮ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛ ❝♦♥❡❝t❛r s♦❢t✇❛r❡s ❜❛s❡❛❞♦s ❡♠ ❲✐♥❞♦✇s ❡

❤❛r❞✇❛r❡ ❞❡ ❝♦♥tr♦❧❡❬✹❪✳ ❖ ♣❛❞rã♦ ❞❡✜♥❡ ♠ét♦❞♦s ❝♦♥s✐st❡♥t❡s q✉❡ ❛❝❡ss❛♠ ♦s ❞❛❞♦s ❞❡ ❞✐s♣♦s✐t✐✈♦s ♥ã♦

✐♠♣♦rt❛♥❞♦ ♦ s❡✉ t✐♣♦✱ ❢❛❜r✐❝❛♥t❡ ♦✉ ✈❡rsã♦✳ ❆ss✐♠ ♣❡r♠✐t✐♥❞♦ q✉❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠ s♦❢t✇❛r❡

♥ã♦ ♣r❡❝✐s❡ s❡ ♣r❡♦❝✉♣❛r ❝♦♠ ♦ ❤❛r❞✇❛r❡ ❛ q✉❡ ❡❧❡ ✈❛✐ s❡ ❝♦♥❡❝t❛r✳ ❆ss✐♠ ♦ ♣r♦❣r❛♠❛ ♣♦❞❡ s❡r ❡s❝r✐t♦

❛♣❡♥❛s ✉♠❛ ✈❡③ ❡ ❞❡♣♦✐s s❡r r❡✉t✐❧✐③❛❞♦ ❡♠ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s✳

❯♠❛ ✈❡③ q✉❡ ✉♠ s❡r✈✐❞♦r ❖P❈ é ❝r✐❛❞♦ ♣❛r❛ ✉♠ ❞✐s♣♦s✐t✐✈♦ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❡❧❡ ♣♦❞❡ s❡r ❝♦♥❡❝t❛❞♦

♣♦r q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ q✉❡ s❡❥❛ ❝❛♣❛③ ❞❡ s❡ ❝♦♥❡❝t❛r ❝♦♠ ❡st❡ ❞✐s♣♦s✐t✐✈♦ ❝♦♠♦ ✉♠ ❝❧✐❡♥t❡ ❖P❈✳ ❊st❡s

s❡r✈✐❞♦r❡s ✉s❛♠ ❛ t❡❝♥♦❧♦❣✐❛ ❖▲❊ ❞❛ ▼✐❝r♦s♦❢t q✉❡ é ❜❛s❡❛❞❛ ♥❛ ❈❖▼ ✭t❡❝♥♦❧♦❣✐❛ q✉❡ ♣❡r♠✐t❡ ❛ ❝♦♠✉✲

♥✐❝❛çã♦ ❡♥tr❡ s♦❢t✇❛r❡s ✈❛r✐❛❞♦s✮ ♣❛r❛ s❡ ❝♦♥❡❝t❛r ❝♦♠ ♦s ❝❧✐❡♥t❡s✳ ❆ t❡❝♥♦❧♦❣✐❛ ❈❖▼ ♣❡r♠✐t❡ ✉♠ ♣❛❞rã♦

❞❡ tr♦❝❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❡♠ t❡♠♣♦ r❡❛❧ ❡♥tr❡ ❛s ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ♦ s♦❢t✇❛r❡ ❡ ♦ ❤❛r❞✇❛r❡ q✉❡ ❝♦♥tr♦❧❛ ♦

♣r♦❝❡ss♦ ❛ s❡r ♠♦♥✐t♦r❛❞♦✳

◆❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ♦ ❖P❈ ❚♦♦❧❜♦① ❞✐s♣♦♥í✈❡❧ ♣❡❧♦ s♦❢t✇❛r❡ ▼❛t▲❛❜✴❙✐♠✉❧✐♥❦✳ ❆tr❛✈és ❞❡ss❡

❚♦♦❧❜♦① ❢♦✐ ❝r✐❛❞♦ ✉♠ ❝❧✐❡♥t❡ ❖P❈ q✉❡ s❡ ❝♦♥❡❝t❛ ❛ ✉♠ s❡r✈✐❞♦r ❧♦❝❛❧ ♥♦ ❝♦♠♣✉t❛❞♦r q✉❡✱ ❞❡st❛ ♠❛♥❡✐r❛✱

t❡♠ ❛❝❡ss♦ ❛♦s ❞❛❞♦s✳

✸✳✷✳✷ ❈♦♥✜❣✉r❛çõ❡s ❞♦ ❖P❈ ❚♦♦❧❜♦①

Pr✐♠❡✐r❛♠❡♥t❡ ♣❛r❛ ❛ ✉t✐❧✐③❛çã♦ ❞❡st❛ ❢❡rr❛♠❡♥t❛ ❢♦✐ ✐♥st❛❧❛❞♦ ♦ ▼❛tr✐❦♦♥ ❖P❈ ❙✐♠✉❧❛t✐♦♥ ❙❡r✈❡r q✉❡

♣♦ss✐❜✐❧✐t❛ ❛ s✐♠✉❧❛çã♦ ❞❡ ✉♠ s❡r✈✐❞♦r ❖P❈ ❧♦❝❛❧ ♥♦ ❝♦♠♣✉t❛❞♦r✳ ❖ ❞♦✇♥❧♦❛❞ ❞❡st❡ s♦❢t✇❛r❡ é ❣r❛t✉✐t♦

❡ ♣♦❞❡ s❡r ❢❡✐t♦ ♥♦ s✐t❡ ❞❛ ▼❛tr✐❦♦♥ ❖P❈❬✺❪✳

◆♦ ❛♠❜✐❡♥t❡ ❙✐♠✉❧✐♥❦ ❞♦ ▼❛t▲❛❜ ♣♦❞❡♠♦s ❛❝❡ss❛r ❛ ❜✐❜❧✐♦t❡❝❛ ❖P❈ ❚♦♦❧❜♦①✳◆❡❧❛ ❡♥❝♦♥tr❛♠♦s ♦s

❜❧♦❝♦s ❖P❈ ❈♦♥✜❣✉r❛t✐♦♥✱ ❖P❈ ❘❡❛❞ ❡ ❖P❈ ❲r✐t❡ q✉❡ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♥❛s s✐♠✉❧❛çõ❡s✳ ❆ ✜❣✉r❛ ✸✳✶✵

♠♦str❛ ❛ s✐♠✉❧❛çã♦ ❞♦ ❊✈❛♣♦r❛❞♦r ✉t✐❧✐③❛♥❞♦ ❛ t❡❝♥♦❧♦❣✐❛ ❖P❈ ♣❛r❛ ♦s ❞❛❞♦s ❞❛ ❡♥tr❛❞❛ ❞♦ s✐st❡♠❛✳



✸✳✷✳ ❚❊❈◆❖▲❖●■❆ ❖P❈ ✹✽

❋✐❣✉r❛ ✸✳✶✵✿ ❆♣❧✐❝❛çã♦ ❞❡ ✉♠ ❞❡❣r❛✉ ♥❛ ❡♥tr❛❞❛ ❞♦ ♠♦❞❡❧♦ ✉t✐❧✐③❛♥❞♦ ♦ ❖P❈ ❚♦♦❧❜♦①

◆❛ s✐♠✉❧❛çã♦ ❛❝✐♠❛ ✈❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ❝♦♠♦ ♣♦❞❡♠♦s ❝♦♥tr♦❧❛r r❡♠♦t❛♠❡♥t❡ ❛ ❡♥tr❛❞❛ ❞♦ s✐st❡♠❛✳

◆❡❧❡ ♦s ❜❧♦❝♦s ❢♦r❛♠ ❝♦♥✜❣✉r❛❞♦s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

• ❖P❈ ❈♦♥✜❣✿ ◆❡st❡ ❜❧♦❝♦ ❝♦♥✜❣✉r❛♠♦s ♦ ❝❧✐❡♥t❡ q✉❡ ✐rá s❡r ❝♦♥❡❝t❛❞♦ ❛♦ s❡r✈✐❞♦r ❧♦❝❛❧ ✭▼❛tr✐❦♦♥

❖P❈✮ q✉❡ ❢♦✐ ❝♦♥✜❣✉r❛❞♦ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✶✶✳



✸✳✷✳ ❚❊❈◆❖▲❖●■❆ ❖P❈ ✹✾

❋✐❣✉r❛ ✸✳✶✶✿ P❛râ♠❡tr♦s ❜❧♦❝♦ ❖P❈ ❈♦♥✜❣

• ❖P❈ ❲r✐t❡✿ ❆q✉✐ ❛❞✐❝✐♦♥❛♠♦s q✉❛❧ ✐t❡♠ r❡❝❡❜❡rá ♦s ❞❛❞♦s ❛ s❡r❡♠ ❡s❝r✐t♦s✱ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛

✸✳✶✷✳



✸✳✷✳ ❚❊❈◆❖▲❖●■❆ ❖P❈ ✺✵

❋✐❣✉r❛ ✸✳✶✷✿ P❛râ♠❡tr♦s ❜❧♦❝♦ ❖P❈ ❲r✐t❡

• ❖P❈ ❘❡❛❞✿ ◆❡st❡ ❜❧♦❝♦ ♦s ❞❛❞♦s ❡s❝r✐t♦s ♥♦ ✐t❡♠ ❡s♣❡❝✐✜❝❛❞♦ sã♦ ❧✐❞♦s✳ ❆ss✐♠ ❧❡♠♦s ♦ ♠❡s♠♦

✐t❡♠ q✉❡ ❡s❝r❡✈❡♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❝♦♠♦ ❞❡✜♥✐❞♦ ♥❛ ✜❣✉r❛ ❛❜❛✐①♦✳

❋✐❣✉r❛ ✸✳✶✸✿ P❛râ♠❡tr♦s ❜❧♦❝♦ ❖P❈ ❘❡❛❞



✸✳✷✳ ❚❊❈◆❖▲❖●■❆ ❖P❈ ✺✶

❈♦♠ t♦❞♦s ♦s ♣❛râ♠❡tr♦s ❞❡✜♥✐❞♦s ❡ ❛♣❧✐❝❛♥❞♦ ✉♠ ❞❡❣r❛✉ ❛tr❛✈és ❞♦ ❜❧♦❝♦ ❙✐❣♥❛❧ ❇✉✐❧❞❡r ♦❜t❡♠♦s ❛

s❡❣✉✐♥t❡ r❡s♣♦st❛ ❞♦ ♠♦❞❡❧♦✿

❋✐❣✉r❛ ✸✳✶✹✿ ❘❡s♣♦st❛ ❛ ✉♠ ❞❡❣r❛✉ ❞❡ ❡♥tr❛❞❛ ❛♣❧✐❝❛❞♦ ❛trá✈❡s t❡❝♥♦❧♦❣✐❛ ❖P❈

❱❡♠♦s q✉❡ ❛ r❡s♣♦st❛ ❞♦ ♠♦❞❡❧♦ ❞♦ ❡✈❛♣♦r❛❞♦r é ❛ ♠❡s♠❛ ♦❜t✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ♥❛ ✜❣✉r❛ ✸✳✽ ❝♦♠♦

❡r❛ ❡s♣❡r❛❞♦✳ P♦❞❡♠♦s ♦❜s❡r✈❛r t❛♠❜é♠ ♦ s✐♥❛❧ ❞❡ r❡❢❡rê♥❝✐❛ q✉❡ é ♦ ❞❡❣r❛✉ ❛♣❧✐❝❛❞♦ ♥❛ ❡♥tr❛❞❛ ❞♦

s✐st❡♠❛✱ ❛ss✐♠✱ ❞❡♠♦♥str❛♥❞♦ q✉❡ ♦ s✐♥❛❧ é ❡s❝r✐t♦ ❡♠ ✉♠ ✐t❡♠ ❖P❈ ❡ ❞❡♣♦✐s ❧✐❞♦ ♣❛r❛ s❡r ❛♣❧✐❝❛❞♦ ♥❛

❡♥tr❛❞❛ ❞♦ ♠♦❞❡❧♦✳



✹ ⑤ ❈♦♥tr♦❧❡

❖s ♣r♦❝❡ss♦s ❞✐s❝✉t✐❞♦s ♥❡st❡ tr❛❜❛❧❤♦ sã♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❛ ✐♥❞✉str✐❛ ♣❡tr♦q✉í♠✐❝❛✱ ♣♦r

❡st❛ r❛③ã♦ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ♦ ❝♦♥tr♦❧❡ ❞♦s ♠❡s♠♦s ♣❛r❛ ❛ ♠❛①✐♠✐③❛çã♦ ❞❛ ♣r♦❞✉t✐✈✐❞❛❞❡ ❡ ❞♦s ❧✉❝r♦s✳

❙❡♥❞♦ ❛ss✐♠✱ ❛♣ós ♦s ♠♦❞❡❧♦s s❡r❡♠ ♦❜t✐❞♦s ❡ s✐♠✉❧❛❞♦s ❢♦r❛♠ ❛♣❧✐❝❛❞❛s té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧❡ ♥♦s ♣r♦❝❡ss♦s

♠❛✐s ✉s✉❛✐s✱ ❡ q✉❡ ❛♣r❡s❡♥t❛♠ ❛ ❞✐♥â♠✐❝❛ ❢á❝✐❧ ❞❡ s❡r ❡♥t❡♥❞✐❞❛✳ ◆❛s s❡çõ❡s ❛ s❡❣✉✐r s❡rã♦ ✐♥tr♦❞✉③✐❞♦s

❡ ❛♣❧✐❝❛❞♦s ♦ ❝♦♥tr♦❧❡ P■❉ ót✐♠♦ ❡ ♦ ❈♦♥tr♦❧❡ Pr❡❞✐t✈♦✳

✹✳✶ P■❉ Ót✐♠♦

✹✳✶✳✶ ❈♦♥tr♦❧❛❞♦r P■❉

❯♠ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s ♠❛✐s ✉t✐❧✐③❛❞♦s ♥❛ ✐♥❞✉str✐❛ é ♦ ❝♦♥tr♦❧❛❞♦r P■❉✳❆ ♣♦♣✉❧❛r✐❞❛❞❡ ❞♦s ❝♦♥tr♦❧❛❞♦✲

r❡s P■❉ ♣♦❞❡ s❡r ❛tr✐❜✉í❞❛ ♣❛r❝✐❛❧♠❡♥t❡ ❛♦ s❡✉ ❞❡s❡♠♣❡♥❤♦ r♦❜✉st♦ s♦❜r❡ ✉♠❛ ❣r❛♥❞❡ ❢❛✐①❛ ❞❡ ❝♦♥❞✐çõ❡s

♦♣❡r❛❝✐♦♥❛✐s ❡ ❛ s✉❛ s✐♠♣❧✐❝✐❞❛❞❡ ♦♣❡r❛❝✐♦♥❛❧✳

❆ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ✉♠ ❝♦♥tr♦❧❛❞♦r P■❉ t❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

GPID(s) = Kp +
Ki

s
+Kd.s ✭✹✳✶✮

❉❡st❛ ♠❛♥❡✐r❛ é ♥❡❝❡ssár✐♦ q✉❡ s❡❥❛♠ ❞❡t❡r♠✐♥❛❞♦s três ♣❛râ♠❡tr♦s ♣❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ✉♠

❈♦♥tr♦❧❛❞♦r P■❉✱ sã♦ ❡❧❡s✿ ●❛♥❤♦ Pr♦♣♦r❝✐♦♥❛❧ Kp✱ ●❛♥❤♦ ■♥t❡❣r❛❧ Ki ❡ ●❛♥❤♦ ❉❡r✐✈❛t✐✈♦ Kd✳

❖ ✈❛❧♦r ♥✉♠ér✐❝♦ ❞❡ss❛s três ❝♦♥st❛♥t❡s ❞❡✈❡ s❡r ❞❡t❡r♠✐♥❛❞♦ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦ ❝♦♥tr♦❧❛❞♦r t❡♥❤❛ ✉♠

❜♦♠ ❞❡s❡♠♣❡♥❤♦ ❡ ♥✉♥❝❛ ✐♥tr♦❞✉③❛ ✐♥st❛❜✐❧✐❞❛❞❡s ♥♦ ♣r♦❝❡ss♦✳ ❊ss❡ é ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❝❧áss✐❝♦✱ ♦

♣r♦❜❧❡♠❛ ❞❡ s✐♥t♦♥✐❛ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉✳

✹✳✶✳✷ ❙✐♥t♦♥✐❛ ❞♦ ❈♦♥tr♦❧❛❞♦r

❯♠❛ ❢♦r♠❛ ❞❡ s✐♥t♦♥✐③❛r ❝♦♥tr♦❧❛❞♦r P■❉ ❝♦♥s✐st❡ ❡♠ ♣❡sq✉✐s❛r ✈❛❧♦r❡s ❞❛s ❝♦♥st❛♥t❡s Kc✱ Ki ❡ Kd

q✉❡ ♠✐♥✐♠✐③❡♠ ♦ ❡rr♦ ❞❡ ❞❡s❡♠♣❡♥❤♦✳ ❊st❡ ❡rr♦ ❞❡❝♦rr❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ q✉❛❧q✉❡r ❛❥✉st❡ ♣r♦♠♦✈✐❞♦ ♣♦r

✉♠ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❧❡✈❛ ✉♠ t❡♠♣♦ ♣❛r❛ s❡r ❝♦♥❝❧✉í❞♦ ❡✱ ❛♦ ❧♦♥❣♦ ❞❡ss❡ t❡♠♣♦✱ ❛❝✉♠✉❧❛♠✲s❡ ❡rr♦s ❞❡

❝♦♥tr♦❧❡ ✭✈❛❧♦r ❞❡s❡❥❛❞♦✱ s❡t ✲ ♣♦✐♥t✱ ♠❡♥♦s ✈❛❧♦r ♠❡❞✐❞♦✮✳

✺✷



✹✳✶✳ P■❉ Ó❚■▼❖ ✺✸

❋✐❣✉r❛ ✹✳✶✿ ❊rr♦ ❞❡ ❝♦♥tr♦❧❡

P❛r❛ q✉❛♥t✐✜❝❛r ♦ ❡rr♦ ♦❝♦rr✐❞♦ ❡♠ ❢✉♥çã♦ ❞❡ ✉♠❛ ♣❡rt✉r❜❛çã♦ ✉t✐❧✐③❛♠✲s❡ ❝r✐tér✐♦s ❜❛s❡❛❞♦s ♥❛

✐♥t❡❣r❛❧ ❞♦ ❡rr♦✳ ❆ s❡❣✉✐r três ❝r✐tér✐♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ❬✷❪✿

✶✳ ■♥t❡❣r❛❧ ❆❜s♦❧✉t❛ ❞♦ ❊rr♦ ✲ ■♥t❡❣r❛t❡❞ ❆❜s♦❧✉t❡ ❊rr♦r ✲ ■❆❊✿

IAE =

∞
∫

0

| e(t) | dt ✭✹✳✷✮

✷✳ ■♥t❡❣r❛❧ ❞♦ ❊rr♦ ◗✉❛❞rát✐❝♦ ✲ ■♥t❡❣r❛t❡❞ ❙q✉❛r❡ ❊rr♦r ✲ ■❙❊✱ s❡♥❞♦ ♠❛✐s ✐♥❞✐❝❛❞♦ ♣❛r❛ ♠❛❧❤❛s ❝♦♠

❝❛r❛❝t❡ríst✐❝❛s ♠❡♥♦s ♦s❝✐❧❛tór✐❛s✳

ISE =

∞
∫

0

e2(t)dt ✭✹✳✸✮

✸✳ ■♥t❡❣r❛❧ ❞♦ ❊rr♦ ❆❜s♦❧✉t♦ ✈❡③❡s ♦ ❚❡♠♣♦ ✲ ■♥t❡❣r❛t❡❞ ♦❢ t❤❡ ❚✐♠❡ ▼✉❧t✐♣❧✐❡❞ ❜② ❆❜s♦❧✉t❡ ❊rr♦r ✲

■❚❆❊✿

ITAE =

∞
∫

0

t | e(t) | dt ✭✹✳✹✮

❉❡♥tr❡ ♦s ❝r✐tér✐♦s ❛❝✐♠❛ ♦ ■❚❆❊ é ♦ ♠❛✐s s❡❧❡t✐✈♦✱ ♣♦✐s ♦ s❡✉ ✈❛❧♦r ♠í♥✐♠♦ é ❢❛❝✐❧♠❡♥t❡ ✐❞❡♥t✐✜❝á✈❡❧ ❡♠

❢✉♥çã♦ ❞❡ ♣❛râ♠❡tr♦s ❞♦ s✐st❡♠❛✳ P♦r ❡st❛ r❛③ã♦ ✉t✐❧✐③❛♠♦s ♦ ❝r✐tér✐♦ ■❚❆❊ ♥❛ s✐♥t♦♥✐❛ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s

P■❉ ❞❡st❡ tr❛❜❛❧❤♦✳

❉❡st❛ ♠❛♥❡✐r❛ ✉♠ ❜♦♠ ❝♦♥tr♦❧❛❞♦r ❞❡✈❡ ♠✐♥✐♠✐③❛r ♦ ❝r✐tér✐♦ ■❚❆❊✳ ❯♠ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ é ❞✐t♦

s❡r ót✐♠♦ q✉❛♥❞♦ ♦ ✈❛❧♦r ❞❡st❡ í♥❞✐❝❡ é ♠✐♥✐♠✐③❛❞♦ ♦✉ ❛té ♠❡s♠♦ ♥✉❧♦✳

✹✳✶✳✸ ❖t✐♠✐③❛çã♦

❖ ❝♦♥tr♦❧❡ ót✐♠♦ é ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ ♦t✐♠✐③❛çã♦ ❞❡ ❛❧❣✉♥s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱

♦s í♥❞✐❝❡s ♠♦str❛❞♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳ P❛r❛ ✐ss♦✱ ♣♦❞❡♠ s❡r ✉s❛❞❛s ❢✉♥çõ❡s ♦❜❥❡t✐✈♦ ♣❛r❛♠étr✐❝❛s✳
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❆ ❢♦r♠✉❧❛çã♦ ♠❛t❡♠át✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ s❡♠ r❡str✐çõ❡s é✿

min
x

F (x) ✭✹✳✺✮

♦♥❞❡ x = [x1, x2, ..., xn]
T ✳ ❆ ✐♥t❡r♣r❡t❛çã♦ ❞❛ ❢ór♠✉❧❛ é✿ ❡♥❝♦♥tr❛r ♦ ✈❡t♦r x ❞❡ ♠♦❞♦ ❛ q✉❡ ❛ ❢✉♥çã♦

♦❜❥❡t✐✈♦ F (x) s❡❥❛ ♠✐♥✐♠✐③❛❞❛✳ ❙❡ ❤♦✉✈❡r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛çã♦ é tr❛t❛❞♦✱ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦

♣♦❞❡ s❡r ❛❧t❡r❛❞❛ ♣❛r❛ −F (x) t❛❧ q✉❡ ❡❧❡ ♣♦❞❡ s❡r ❝♦♥✈❡rt✐❞♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦✳

P❛r❛ ❡♥❝♦♥tr❛r ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✺✮ ✉♠❛ ❢✉♥çã♦ ❞♦ ▼❛t▲❛❜ fminsearch() é ❢♦r♥❡❝✐❞❛ ✉s❛♥❞♦

♦ ❛❧❣♦r✐t♠♦ ❜❡♠ ❡st❛❜❡❧❡❝✐❞♦ ❬✻❪✳

[x, fopt✱ ❦❡②✱ c] = ❢♠✐♥s❡❛r❝❤ (Fun , x0, OPT)

♦♥❞❡ ♦ Fun é ✉♠❛ ❢✉♥çã♦ ❞♦ ▼❛t▲❛❜✱ ✉♠❛ ❢✉♥çã♦ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ❆ ✈❛r✐á✈❡❧ x0 é ♦

♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ♣❡sq✉✐s❛✳ ❖ ❛r❣✉♠❡♥t♦ OPT ❝♦♥té♠ ♠❛✐s ♦♣çõ❡s ❞❡ ❝♦♥tr♦❧❡ ♣❛r❛ ♦

♣r♦❝❡ss♦ ❞❡ ♦t✐♠✐③❛çã♦✳ ❆❜❛✐①♦ é ♠♦str❛❞♦ ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦✳

❊①❡♠♣❧♦✿ ❙❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s é ❞❛❞❛ ♣♦r z = f(x, y) = (x2−2x)e−x2
−y2

−xy ❡ q✉❡r❡♠♦s

❡♥❝♦♥tr❛r ♦ ♣♦♥t♦ ♠í♥✐♠♦✱ ❞❡✈❡♠♦s ♣r✐♠❡✐r♦ ✐♥tr♦❞✉③✐r ✉♠ ✈❡t♦r x ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ❞❡s❝♦♥❤❡❝✐❞❛s

x ❡ y✳ P♦❞❡♠♦s ❞✐③❡r q✉❡ x1 = x ❡ x2 = y✳ ❆ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦ f(x) =

(x2
1 − 2x)e−x2

1−x2
2−x1x2 ✳ ❆ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♣♦❞❡ s❡r ❡①♣r❡ss❛ ❡♠ ❝ó❞✐❣♦ ▼❛t▲❛❜ ❝♦♠♦✿

>> f = @(x)[x(1)
∧
2 −2⋆x(1))⋆ exp(−x(1)∧2− x(2)∧2− x(1)⋆x(2))] ;

❙❡ s❡❧❡❝✐♦♥❛r♠♦s ✉♠ ♣♦♥t♦ ❞❡ ♣❡sq✉✐s❛ ✐♥✐❝✐❛❧ ❡♠ (0, 0)✱ ♦ ♣♦♥t♦ ♠í♥✐♠♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❝♦♠ ♦

❞❡❝❧❛r❛çõ❡s✿

>> ①✵ ❂ ❬✵ ❀ ✵❪ ❀ ① ❂ ❢♠✐♥s❡❛r❝❤ ✭❢✱①✵✮ ❀

❆ss✐♠ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ é x = [0.6110,−0.3055]T ✳

✹✳✶✳✹ Pr♦❥❡t❛♥❞♦ ♦ ❈♦♥tr♦❧❛❞♦r Ót✐♠♦

❈♦♠ ❛s ❢❡rr❛♠❡♥t❛s ♣♦❞❡r♦s❛s ❢♦r♥❡❝✐❞❛s ♣❡❧♦ ▼❛t▲❛❜ ♠♦str❛❞❛s ♥❛ ❢✉♥çõ❡s ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞❛s✱

❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ót✐♠♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ r❡s♦❧✈✐❞♦s✳ ❆♣❡s❛r ❞❡ ♥ã♦ ♣❡r♠✐t✐r

s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s ❡❧❡❣❛♥t❡s✱ ♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s sã♦ té❝♥✐❝❛s ♣rát✐❝❛s ❡①tr❡♠❛♠❡♥t❡ ♣♦❞❡r♦s❛s ♣❛r❛

♦ ♣r♦❥❡t♦ ❞❡ ✉♠ ❝♦♥tr♦❧❛❞♦r✳

❉❛❞♦ ♦ ♠♦❞❡❧♦ ❞♦ ❡✈❛♣♦r❛❞♦r q✉❡ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✷✱ ❡♠ ❞✐❛❣r❛♠❛s

❞❡ ❜❧♦❝♦s ❞♦ ❙✐♠✉❧✐♥❦✱ ♥♦ q✉❛❧ ♦ ❝r✐tér✐♦ ■❚❆❊ ♣♦❞❡ s❡r ❛✈❛❧✐❛❞♦ ♣❛r❛ ♦t✐♠✐③❛çã♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉

❝♦♠♦ ❡st❛❜❡❧❡❝✐❞♦ ♥❛ ✜❣✉r❛✳
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❋✐❣✉r❛ ✹✳✷✿ ❙✐♠✉❧❛çã♦ ❞♦ P■❉ ót✐♠♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞♦ ❊✈❛♣♦r❛❞♦r

❉❡ ♠♦❞♦ ❛ ♠✐♥✐♠✐③❛r ♦ ❝r✐tér✐♦ ■❚❆❊✱ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦ ▼❛t▲❛❜ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♣❛r❛ ❞❡s❝r❡✈❡r ❛

❢✉♥çã♦ ♦❜❥❡t✐✈♦✿

❢✉♥❝t✐♦♥ ② ❂ P■❉❡✈❛♣♦r❛❞♦r✭①✮

❛ss✐❣♥✐♥✭′❜❛s❡′✱′❑♣′✱①✭✶✮✮❀ ❛ss✐❣♥✐♥✭′❜❛s❡′✱′❑✐′✱①✭✷✮✮❀

❛ss✐❣♥✐♥✭′❜❛s❡′✱′❑❞′✱①✭✸✮✮❀ % ❛tr✐❜✉✐ ❛ ✈❛r✐á✈❡❧ ❛♦ ✇♦r❦s♣❛❝❡ ❞♦ ▼❛t▲❛❜

[t✱ ①①✱ ②②]❂s✐♠✭′P■❉❡✈❛♣♦r❛❞♦r✳♠❞❧′✱ ✸✮❀ ②❂②②✭❡♥❞✮❀ % ❛✈❛❧✐❛ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦

❆ ❢✉♥çã♦ assignin() ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛tr✐❜✉✐r ❛s ✈❛r✐á✈❡✐s ❛♦ ✇♦r❦s♣❛❝❡ ❞♦ ▼❛t▲❛❜✱ ❡ ♦s

♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s ♥♦ ✈❡t♦r ❞❡ ✈❛r✐á✈❡✐s ❞❡ ♦t✐♠✐③❛çã♦ x✳ ❆ ❝♦♠❛♥❞♦ ❛ s❡❣✉✐r

♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦✿

>> ①✵ ❂ ♦♥❡s ✭✸✱✶✮❀ ① ❂ ❢♠✐♥s❡❛r❝❤ ✭′P■❉❡✈❛♣♦r❛❞♦r′✱ ①✵✮❀

❛ss✐♠ ♦s ♣❛râ♠❡tr♦s ❞♦ P■❉ sã♦ ❞❡✈♦❧✈✐❞♦s ♥❛ ✈❛r✐á✈❡❧ x✱ ❛ ♣❛rt✐r ❞♦ q✉❛❧ ♦ ❝♦♥tr♦❧❛❞♦r é ❞❡✜♥✐❞♦✳

❆ss✐♠ ♣❛r❛ s♦❧✉çã♦ ❛q✉✐ ♦❜t✐❞❛✱ x = [1.0663, 0.0077, 61.3375]T ✱ ♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ót✐♠♦

sã♦✿ Kp = 1, 0663✱ Ki = 0, 0077 ❡ Kd = 61, 3375✳

✹✳✶✳✺ Pr♦❣r❛♠❛ ♣❛r❛ Pr♦❥❡t❛r ♦ ❈♦♥tr♦❧❛❞♦r Ót✐♠♦

❆♣ós ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡ ❝♦♠♦ ❞❡s❡♥✈♦❧✈❡r ✉♠ P■❉ ót✐♠♦✱ ❛q✉✐ ♥❡st❛ s❡çã♦✱ é ✐♥tr♦❞✉③✐❞♦ ✉♠ ♣r♦❣r❛♠❛

❜❛s❡❛❞♦ ❡♠ ▼❛t▲❛❜✴❙✐♠✉❧✐♥❦✱ ♦ ❖♣t✐♠❛❧ ❈♦♥tr♦❧❧❡r ❉❡s✐❣♥❡r ✭❖❈❉✮ ❬✷❪✱ ✜❣✉r❛ ✹✳✸✱ q✉❡ ♥♦s ♣❡r♠✐t❡

❡♥❝♦♥tr❛r ♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r ❞❡ ♠❛♥❡✐r❛ s✐♠♣❧❡s✳



✹✳✶✳ P■❉ Ó❚■▼❖ ✺✻

❋✐❣✉r❛ ✹✳✸✿ ■♥t❡r❢❛❝❡ ❞♦ ❖❈❉

❖s ♣r♦❝❡❞✐♠❡♥t♦s ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♣r♦❣r❛♠❛ ❖❈❉ sã♦ ❝♦♠♦ s❡ s❡❣✉❡✿

✶✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❞❡✈❡✲s❡ ❛❞✐❝✐♦♥❛r ♦ ❞✐r❡tór✐♦ ♦♥❞❡ s❡ ❡♥❝♦♥tr❛ ♦ ❝ó❞✐❣♦ ❞♦ ♣r♦❣r❛♠❛ ❛♦ ▼❛t▲❛❜✳

❆♣ós ✐ss♦ ❜❛st❛ ❞✐❣✐t❛r ❖❈❉ ♥❛ ❧✐♥❤❛ ❞❡ ❝♦♠❛♥❞♦ ❡ ❡♥tã♦ ♦ ♣r♦❣r❛♠❛ s❡rá ❛❜❡rt♦ ❝♦♠♦ ♠♦str❛❞♦

♥❛ ✜❣✉r❛ ✹✳✸✳

✷✳ ❯♠ ♠♦❞❡❧♦ ❞♦ ❙✐♠✉❧✐♥❦ ❞❡✈❡ s❡r ❢❡✐t♦ ❝♦♥t❡♥❞♦ ❛s ✈❛r✐á✈❡✐s ❞♦ ❝♦♥tr♦❧❛❞♦r ❡ ✉♠❛ ♣♦rt❛ ❞❡ s❛í❞❛

❛ q✉❛❧ r❡✢❡t❡ ♦ ❝r✐tér✐♦ ❞❡ ♦t✐♠✐③❛çã♦✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ♥❛ ✜❣✉r❛ ✹✳✷✱ ❢♦r❛♠

✉t✐❧✐③❛❞❛s ❛s ✈❛r✐á✈❡✐s Kp✱ Ki ❡ Kd ❞❡ ✉♠ P■❉ ❡ ♦ ❝r✐tér✐♦ ■❚❆❊ q✉❡ é r❡♣r❡s❡♥t❛❞♦ ♥♦ ♠♦❞❡❧♦ ❞♦

❙✐♠✉❧✐♥❦ ♣❡❧❛ ♦✉t♣♦rt ✶✳

✸✳ ❉❡✈❡✲s❡ s❡❧❡❝✐♦♥❛r ✉♠ ♠♦❞❡❧♦ ❞♦ ❙✐♠✉❧✐♥❦ ♥♦ ❝❛♠♣♦ ❙❡❧❡❝t ❛ ❙✐♠✉❧✐♥❦ ♠♦❞❡❧✳

✹✳ ❉❡✈❡✲s❡ ♣r❡❡♥❝❤❡r ♦ ❝❛♠♣♦ ❙♣❡❝✐❢② ❱❛r✐❛❜❧❡s t♦ ❜❡ ♦♣t✐♠✐③❡❞✱ ❝♦♠ ❛s ✈❛r✐á✈❡✐s ❛ s❡r❡♠ ♦t✐♠✐③❛❞❛s

✭Kp✱ Ki ❡ Kd✮ s❡♣❛r❛❞❛s ♣♦r ✈ír❣✉❧❛s✳

✺✳ ❉❡✜♥✐r ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ♦ ❡rr♦ s❡ t♦r♥❛r ③❡r♦ ♥♦ ❝❛♠♣♦ ❙✐♠✉❧❛t✐♦♥ t❡r♠✐♥❛t❡ t✐♠❡✳

✻✳ Pr❡❡♥❝❤✐❞♦s ♦s ❝❛♠♣♦s✱ ❞❡✈❡✲s❡ ❝❧✐❝❛r ❡♠ ❈r❡❛t❡ ❋✐❧❡ ♣❛r❛ ❣❡r❛r ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ✉♠❛ ❢✉♥çã♦

optfun.m✳ ❊st❛ ❢✉♥çã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ ❝♦♠♦ ❢❡✐t♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳ ❖ ❜♦tã♦ ❈❧❡❛r

❚r❛s❤ ❛♣❛❣❛ ❢✉♥çõ❡s ♦❜❥❡t✐✈♦ ❛♥t✐❣❛s✳
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✼✳ P❛r❛ ✜♥❛❧✐③❛r✱ ❞❡✈❡✲s❡ ❝❧✐❝❛r ❡♠ ❖♣t♠✐③❡ ♣❛r❛ ✐♥✐❝✐❛r ♦ ♣r♦❝❡ss♦ ❞❡ ♦t✐♠✐③❛çã♦✳ ❆♦ ❛♣❡rt❛r ❡st❡

❜♦tã♦ ❛s ❢✉♥çã♦ fminsearch() é ❝❤❛♠❛❞❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ♣❛r❛ ❛ ♦t✐♠✐③❛çã♦ ❞♦s ♣❛râ♠❡tr♦s✳

✽✳ P♦❞❡✲s❡ ❞❡✜♥✐r ♦s ❧✐♠✐t❡s s✉♣❡r✐♦r❡s ❡ ✐♥❢❡r✐♦r❡s ❞❛s ✈❛r✐á✈❡✐s✱ ❡ t❛♠❜é♠ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❞❛ ❜✉s❝❛

♣♦❞❡ s❡r ❡s♣❡❝✐✜❝❛❞♦✱ s❡ ♥❡❝❡ssár✐♦✳

✹✳✶✳✻ ❘❡s✉❧t❛❞♦s

❚r♦❝❛❞♦r ❞❡ ❈❛❧♦r t✐♣♦ ❇♦❜✐♥❛ ❞❡ ❆q✉❡❝✐♠❡♥t♦

P❛r❛ ♦ tr♦❝❛❞♦r ❞❡ ❝❛❧♦r ❞♦ t✐♣♦ ❇♦❜✐♥❛ ❞❡ ❆q✉❡❝✐♠❡♥t♦✱ ❝♦♠ ♦s ♣❛râ♠❡tr♦s ❞❡✜♥✐❞♦s ♥❛ ❚❛❜❡❧❛ ✸✳✷✱

t❡♠♦s q✉❡ ♦ ♠♦❞❡❧♦ ❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ t❡♠♣❡r❛t✉r❛ ❞❡ s❛í❞❛ s♦❜r❡ ❛ ❞❡ ❡♥tr❛❞❛✭✜❣✉r❛ ✸✳✸✮ é

♦ s❡❣✉✐♥t❡✿

G(s) =
T

Tin
=

0.06667(s+ 0.1564)

(s+ 0.1582)(s+ 0.0671)
✭✹✳✻✮

❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✹✳✻✮ ❢♦✐ ❝♦♥str✉í❞♦ ✉♠ ♠♦❞❡❧♦ ♥♦ ❙✐♠✉❧✐♥❦ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ót✐♠♦ ❞♦ ♣r♦❝❡ss♦✱

❝♦♠♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ❛❜❛✐①♦✳

❋✐❣✉r❛ ✹✳✹✿ ▼♦❞❡❧♦ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ót✐♠♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❞❛ tr♦❝❛❞♦r ❞❡ ❝❛❧♦r t✐♣♦ ❜♦❜✐♥❛

❈♦♥❢♦r♠❡ ❢♦✐ ❡①♣❧✐❝❛❞♦ ♥♦ ♣r♦❣r❛♠❛ ❖❈❉✱ ❢♦✐ s❡❧❡❝✐♦♥❛❞♦ ♦ ♠♦❞❡❧♦ ❙✐♠✉❧✐♥❦✱ ❢♦r❛♠ ❡s♣❡❝✐✜❝❛❞❛s ❛s

✈❛r✐á✈❡✐s ❛ s❡r❡♠ ♦t✐♠✐③❛❞❛s✿ Kp✱ Ki ❡ Kd✱ ❡ ❞❡t❡r♠✐♥❛❞♦ ♦ t❡♠♣♦ ❞❡ s✐♠✉❧❛çã♦ ✻✺ s❡❣✉♥❞♦s✳ ❊♥tã♦ ❛♦

❝❧✐❝❛r ♥♦ ❜♦tã♦ ❈r❡❛t❡ ❋✐❧❡ ❢♦✐ ❝r✐❛❞♦ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ♦ ❝ó❞✐❣♦ ♣❛r❛ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❝♦♠♦ s❡ s❡❣✉❡✿

❢✉♥❝t✐♦♥ ②❂♦♣t❢✉♥❴✶✭①✮

% ❖P❚❋❯◆❴1 ❆♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ♦♣t✐♠❛❧ ❝♦♥tr♦❧❧❡r ❞❡s✐❣♥

% ❚❤❡ ❢✉♥❝t✐♦♥ ✐s ❝r❡❛t❡❞ ❜② ❖❈❉✳

% ❉❛t❡ ♦❢ ❝r❡❛t✐♦♥ ✶✽✲❆♣r✲✷✵✶✹

❛ss✐❣♥✐♥✭′❜❛s❡′✱′❑♣′✱①✭✶✮✮❀

❛ss✐❣♥✐♥✭′❜❛s❡′✱′❑✐′✱①✭✷✮✮❀

❛ss✐❣♥✐♥✭′❜❛s❡′✱′❑❞′✱①✭✸✮✮❀

❬t❴t✐♠❡✱①❴st❛t❡✱②❴♦✉t❪❂s✐♠✭′❇❖❇■◆❆❴❚✐♥✳♠❞❧′✱❬✵✱✻✺✳✵✵✵✵✵✵❪✮❀

②❂②❴♦✉t✭❡♥❞✮❀
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P♦❞❡♠♦s ✈❡r q✉❡ ♦ ❝ó❞✐❣♦ ❣❡r❛❞♦ ❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❞✐s❝✉t✐❞♦ ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✳ ❊♥tã♦ ✜♥❛❧✐✲

③❛♠♦s ♦ ❝❧✐❝❛♥❞♦ ❡♠ ❖♣t♠✐③❡ q✉❡ ♥♦s r❡s✉❧t❛ ♥♦ ❝♦♥tr♦❧❛❞♦r✿

Gc = 285, 6532 +
70, 8552

s
+

0, 05355

0.01s+ 1
✭✹✳✼✮

♦ q✉❛❧ ♠✐♥✐♠✐③❛ ♦ í♥❞✐❝❡ ■❚❆❊✳ ❆ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ é ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✹✳✺✳

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ ❝♦♥tr♦❧❡ é ❜❛st❛♥t❡ ❡❢❡t✐✈♦✳

❋✐❣✉r❛ ✹✳✺✿ ❘❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❛ ♣❧❛♥t❛ ❝♦♥tr♦❧❛❞❛ ❞♦ tr♦❝❛❞♦r ❞♦ t✐♣♦ ❇♦❜✐♥❛

❊✈❛♣♦r❛❞♦r

❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛ q✉❡ ❢♦✐ ❢❡✐t♦ ♦ ❝♦♥tr♦❧❡ ♥♦ ♣r♦❝❡ss♦ ❛♥t❡r✐♦r ❢♦✐ ❢❡✐t♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞♦ ❡✈❛♣♦r❛❞♦r✳

❖ ♠♦❞❡❧♦✱ q✉❡ r❡♣r❡s❡♥t❛ ♦ ✢✉①♦ ❞❡ s❛í❞❛ ❡♠ r❛③ã♦ ❞♦ ✢✉①♦ ❞❡ ❡♥tr❛❞❛✱ ❝♦♥❢♦r♠❡ ♦s ❞❛❞♦s ❞❛ ❚❛❜❡❧❛

✸✳✹ é ♠♦str❛❞♦ ♥❛ ❡q✉❛çã♦ ✭✹✳✽✮✳

G(s) =
Fout

Fin
=

−66.22s+ 1

3810s2 + 39, 55s+ 1
✭✹✳✽✮

❖ ♠♦❞❡❧♦ ❙✐♠✉❧✐♥❦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❥á ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ✜❣✉r❛ ✹✳✷✳

❊♥tã♦ ✉t✐❧✐③❛♥❞♦ ❡ss❡ ♠♦❞❡❧♦ ❡ ❢❛③❡♥❞♦ ♦s ♣r♦❝❡❞✐♠❡♥t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦❜t❡♥çã♦ ❞❛s ❝♦♥st❛♥t❡s ❞♦

❝♦♥tr♦❧❛❞♦r ❛tr❛✈és ❞♦ ❖❈❉✱ ❡ ❞❡✜♥✐♥❞♦ ♦ t❡♠♣♦ ❞❡ s✐♠✉❧❛çã♦ ❞❡ ✶✷✵✵ s❡❣✉♥❞♦s✱ t❡♠♦s✿

Gc = 1, 0633 +
0, 0077

s
+

61, 3375

0.01s+ 1
✭✹✳✾✮

❖ ❝♦♥tr♦❧❛❞♦r r❡♣r❡s❡♥t❛❞♦ ♥❛ ❡q✉❛çã♦ ✭✹✳✾✮✱ ❝♦♥✜r♠❛ ❛ r❡s♣♦st❛ ♦❜t✐❞❛ ♥❛ s❡çã♦ ✹✳✶✳✹ ❝♦♠♦ ❡r❛ ❞❡

s❡ ❡s♣❡r❛r✳ ❆❜❛✐①♦✱ ♥❛ ✜❣✉r❛ ✹✳✻✱ ✈❡♠♦s ❛ r❡s♣♦st❛ ❞♦ s✐st❡♠❛ ❝♦♥tr♦❧❛❞♦ ♣❡❧♦ P■❉ ♦t✐♠✐③❛❞♦✳
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❋✐❣✉r❛ ✹✳✻✿ ❘❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❛ ♣❧❛♥t❛ ❝♦♥tr♦❧❛❞❛ ❞♦ ❊✈❛♣♦r❛❞♦r

❙❡♣❛r❛❞♦r

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❛❜❡❧❛ ✸✳✹✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ♣❧❛♥t❛ ❞♦ s❡♣❛r❛❞♦r✱ ❛ q✉❛❧ r❡♣r❡s❡♥t❛ ❝♦♠♦ ❛ ❝♦♥❝❡♥✲

tr❛çã♦ r❡s♣♦♥❞❡ ❛♦ ✢✉①♦ ❞❡ ❛❧✐♠❡♥t❛çã♦ ❞♦ s✐st❡♠❛✳ ❆ ♣❧❛♥t❛ é ❛♣r❡s❡♥t❛❞❛ ❛ s❡❣✉✐r✿

G(s) =
xB

F
=

−s+ 1

4, 529s2 + 4, 257s+ 1
✭✹✳✶✵✮

❈♦♠ ❛ ❡q✉❛çã♦ ✭✹✳✶✵✮✱ ❢♦✐ ❢❡✐t♦ ♦ ♠♦❞❡❧♦ ❙✐♠✉❧✐♥❦✱ ✜❣✉r❛ ✹✳✼✱ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ❝♦♥tr♦❧❛❞♦r P■❉ ót✐♠♦✱

s❡❣✉✐♥❞♦ ♦ r❛❝✐♦❝í♥✐♦ ❛♥t❡r✐♦r✳

❋✐❣✉r❛ ✹✳✼✿ ▼♦❞❡❧♦ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ót✐♠♦ ❞♦ ❙❡♣❛r❛❞♦r

❆tr❛✈és ❞♦ ❖❈❉✱ ❞❡✜♥✐♥❞♦ ♦ t❡♠♣♦ ❞❡ s✐♠✉❧❛çã♦ ❝♦♠♦ ✸✵ s❡❣✉♥❞♦s✱ ♦ ❝♦♥tr♦❧❛❞♦r ♦t✐♠✐③❛❞♦ ❝❛❧❝✉❧❛❞♦

é✿

Gc = 3, 5649 +
0, 4806

s
+

3, 1958

0.01s+ 1
✭✹✳✶✶✮
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❆♣❧✐❝❛♥❞♦ ♦ ❝♦♥tr♦❧❡ ♥♦ ♣r♦❝❡ss♦✱ ❛ r❡s♣♦st❛ ❞♦ s✐st❡♠❛ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ❛♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛

✹✳✽✳

❋✐❣✉r❛ ✹✳✽✿ ❘❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❛ ♣❧❛♥t❛ ❝♦♥tr♦❧❛❞❛ ❞♦ ❙❡♣❛r❛❞♦r

✹✳✷ ❈♦♥tr♦❧❡ Pr❡❞✐t✐✈♦

✹✳✷✳✶ ■♥tr♦❞✉çã♦

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❝♦♥tr♦❧❡ ❢❡❡❞❜❛❝❦ ❝❧áss✐❝♦ P■❉✱ ❡♠ q✉❡ ♦ ❝♦♥tr♦❧❛❞♦r ❛t✉❛ s♦❜r❡ ♦s ❡rr♦s ♣❛r❛ ❝❛❧❝✉❧❛r

❛s ❛çõ❡s ❞❡ ❝♦♥tr♦❧❡✱ ♦ ❝♦♥tr♦❧❡ ❜❛s❡❛❞♦ ❡♠ ♠♦❞❡❧♦ é ✉♠❛ té❝♥✐❝❛ ❞❡ ❝♦♥tr♦❧❡ ❡♠ q✉❡ ❤á ❛ ✉t✐❧✐③❛çã♦

❞✐r❡t❛ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞♦ ♣r♦❝❡ss♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❡ss❛s ❛çõ❡s✳ ❊♥tr❡ ❛s té❝♥✐❝❛s ❜❛s❡❛❞❛s ❡♠ ♠♦❞❡❧♦✱ ❛

q✉❡ ✈❡♠ s❡♥❞♦ ♠❛✐s ✉s❛❞❛ ♥❛ ✐♥❞ústr✐❛ ❞❡ ♣r♦❝❡ss♦s é ♦ ❝♦♥tr♦❧❡ ♣r❡❞✐t✐✈♦ ❝♦♠ ♠♦❞❡❧♦ ✭▼P❈✱ ❞♦ ✐♥❣❧ês

▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ ❈♦♥tr♦❧✮ ❬✸❪✳

❆ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ▼P❈ é q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❢✉t✉r♦ ❞♦ ♣r♦❝❡ss♦ é ♣r❡❞✐t♦ ✉s❛♥❞♦ ✉♠

♠♦❞❡❧♦ ❞✐♥â♠✐❝♦ ❡ ❝♦♠ ♦s ❞❛❞♦s ❞✐s♣♦♥í✈❡✐s✳ ❆s s❛í❞❛s ❞♦ ❝♦♥tr♦❧❛❞♦r sã♦ ❝❛❧❝✉❧❛❞❛s ❞❡ ♠♦❞♦ ❛ ♠✐♥✐♠✐③❛r

❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ r❡s♣♦st❛ ♣r❡❞✐t❛ ❞♦ ♣r♦❝❡ss♦ ❡ ❛ r❡s♣♦st❛ ❞❡s❡❥❛❞❛✳ ❆ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ ❛♠♦str❛❣❡♠✱

♦s ❝á❧❝✉❧♦s ❞❡ ❝♦♥tr♦❧❡ sã♦ r❡♣❡t✐❞♦s ❡ ❛s ♣r❡❞✐çõ❡s sã♦ ❛t✉❛❧✐③❛❞❛s ❝♦♠ ❜❛s❡ ❡♠ ♠❡❞✐❞❛s ❛t✉❛✐s✳ ❊♠

❛♣❧✐❝❛çõ❡s ✐♥❞✉str✐❛✐s tí♣✐❝❛s✱ ♦s s❡t✲♣♦✐♥ts ♣❛r❛ ♦s ❝á❧❝✉❧♦s ❞♦ ▼P❈ sã♦ ❛t✉❛❧✐③❛❞♦s ✉s❛♥❞♦ ♦t✐♠✐③❛çã♦

♦♥✲❧✐♥❡ ❝♦♠ ❜❛s❡ ❡♠ ♠♦❞❡❧♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❝❡ss♦✳ ❘❡str✐çõ❡s ♥❛s ✈❛r✐á✈❡✐s ❝♦♥tr♦❧❛❞❛s ❡ ♠❛♥✐♣✉❧❛❞❛s

♣♦❞❡♠ s❡r ✐♥❝❧✉í❞❛s r♦t✐♥❡✐r❛♠❡♥t❡ ❡♠ ❛♠❜♦s ♦s ❝á❧❝✉❧♦s ❞❡ ♦t✐♠✐③❛çã♦ ❡ ▼P❈✳
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❋✐❣✉r❛ ✹✳✾✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s r❡♣r❡s❡♥t❛♥❞♦ ♦ ▼P❈

❱❛♥t❛❣❡♥s ❡ ❉❡s✈❛♥t❛❣❡♥s ❞♦ ▼P❈

❖ ❝♦♥tr♦❧❡ ♣r❡❞✐t✐✈♦ ❝♦♠ ♠♦❞❡❧♦ ❛♣r❡s❡♥t❛ ✐♥ú♠❡r❛s ✈❛♥t❛❣❡♥s ✐♠♣♦rt❛♥t❡s✿

✶✳ ➱ ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❝♦♥tr♦❧❡ ❣❡r❛❧ ♣❛r❛ ♣r♦❝❡ss♦s ▼■▼❖ ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ♥❛s ✈❛r✐á✲

✈❡✐s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛✳

✷✳ P♦❞❡ ❛❝♦♠♦❞❛r ❢❛❝✐❧♠❡♥t❡ ❝♦♠♣♦rt❛♠❡♥t♦s ❞✐♥â♠✐❝♦s ♣♦✉❝♦ ❝♦♠✉♥s ♦✉ ❞✐❢í❝❡✐s✱ t❛✐s ❝♦♠♦ t❡♠♣♦

♠♦rt♦ ❣r❛♥❞❡ ❡ r❡s♣♦st❛ ✐♥✈❡rs❛✳

✸✳ ❖ ▼P❈ ♣♦❞❡ s❡r ✐♥t❡❣r❛❞♦ ❝♦♠ ❡str❛té❣✐❛s ❞❡ ♦t✐♠✐③❛çã♦ ♦♥✲❧✐♥❡ ♣❛r❛ ♦t✐♠✐③❛r ❛ ♣❡r❢♦r♠❛♥❝❡ ❞❛

♣❧❛♥t❛✳

✹✳ ❆ ❡str❛té❣✐❛ ❞❡ ❝♦♥tr♦❧❡ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ❛t✉❛❧✐③❛❞❛ ❡♠ ❧✐♥❤❛ ♣❛r❛ ❝♦♠♣❡♥s❛r ♠✉❞❛♥ç❛s ♥❛s

❝♦♥❞✐çõ❡s ❞♦ ♣r♦❝❡ss♦✱ r❡str✐çõ❡s ♦✉ ❝r✐tér✐♦ ❞❡ ♣❡r❢♦r♠❛♥❝❡✳

❆❧❣✉♠❛s ❞❡s✈❛♥t❛❣❡♥s sã♦ ♣♦❞❡♠ s❡r ♦❜s❡r✈❛❞❛s✿

✶✳ ❆ ❡str❛té❣✐❛ ▼P❈ é ❜❛st❛♥t❡ ❞✐❢❡r❡♥t❡ ❞❛s ❡str❛té❣✐❛s ❞❡ ❝♦♥tr♦❧❡ ♠✉❧t✐♠❛❧❤❛s ❝♦♥✈❡♥❝✐♦♥❛✐s ❡✱

❛ss✐♠✱ ✐♥✐❝✐❛❧♠❡♥t❡ ♥ã♦ é ❢❛♠✐❧✐❛r ❛♦s ♦♣❡r❛❞♦r❡s ❞❛ ♣❧❛♥t❛✳

✷✳ ❖s ❝á❧❝✉❧♦s ▼P❈ ♣♦❞❡♠ s❡r r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❧✐❝❛❞♦s✱ ♣♦✐s ❞❡♠❛♥❞❛♠✱ ♣♦r ❡①❡♠♣❧♦✱ r❡s♦❧✈❡r ✉♠

♣r♦❜❧❡♠❛ ▲P ✭❞♦ ✐♥❣❧ês ▲✐♥❡❛r Pr♦❣r❛♠♠✐♥❣✮ ♦✉ ◗P ✭❞♦ ✐♥❣❧ês ◗✉❛❞r❛t✐❝ Pr♦❣r❛♠♠✐♥❣✮ ❛ ❝❛❞❛

✐♥st❛♥t❡ ❞❡ ❛♠♦str❛❣❡♠✱ ♥❡❝❡ss✐t❛♥❞♦✱ ❛ss✐♠✱ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ s✐❣♥✐✜❝❛t✐✈❛ ❞❡ ❡s❢♦rç♦ ❡ r❡❝✉rs♦s

❝♦♠♣✉t❛❝✐♦♥❛✐s✳

✸✳ ❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ❞✐♥â♠✐❝♦ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❞❛ ♣❧❛♥t❛ ❝♦♥s♦♠❡ ♠✉✐t♦ t❡♠♣♦✳

✹✳ ❖s ♠♦❞❡❧♦s✱ ♣♦r s❡r❡♠ ❡♠♣ír✐❝♦s✱ só sã♦ ✈á❧✐❞♦s ♥❛ ❢❛✐①❛ ❞❡ ❝♦♥❞✐çõ❡s q✉❡ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞❛s

❞✉r❛♥t❡ ♦s t❡st❡s✳
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✹✳✷✳✷ ▼♦❞❡❧♦ ❉✐♥â♠✐❝♦

❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ▼P❈ é ♦ ❢❛t♦ ❞❡ s❡r ✉s❛❞♦ ✉♠ ♠♦❞❡❧♦ ❞✐♥â♠✐❝♦ ♣❛r❛ ♣r❡✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❢✉t✉r♦ ❞♦ ♣r♦❝❡ss♦✱ ✐st♦ é✱ ♦s ✈❛❧♦r❡s ❢✉t✉r♦s ❞❛s s❛í❞❛s ❝♦♥tr♦❧❛❞❛s✳ ◆♦ ♠♦❞❡❧♦ ❞❡ ❝♦♥✈♦❧✉çã♦ ❞✐s❝r❡t♦

♦s ❝♦❡✜❝✐❡♥t❡s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❞❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ s❡♠ ❛ss✉♠✐r ✉♠❛ ❡str✉t✉r❛

♣❛r❛ ♦ ♠♦❞❡❧♦✳ ❖ ♠♦❞❡❧♦ ❡♠♣ír✐❝♦ ♣♦❞❡ s❡r s❡r ✉♠ ♠♦❞❡❧♦ ❧✐♥❡❛r ✭♣♦r ❡①❡♠♣❧♦✱ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛✱

♠♦❞❡❧♦ ❞❡ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ♦✉ ♠♦❞❡❧♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦ ❧✐♥❡❛r✮ ♦✉ ✉♠ ♠♦❞❡❧♦ ♥ã♦ ❧✐♥❡❛r ✭♣♦r

❡①❡♠♣❧♦✱ ♠♦❞❡❧♦ ❞❡ r❡❞❡s ♥❡✉r❛✐s ♦✉ ♠♦❞❡❧♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦ ♥ã♦✲❧✐♥❡❛r✮✳ ❊♥tr❡t❛♥t♦✱ ❛ ♠❛✐♦r✐❛

❞❛s ❛♣❧✐❝❛çõ❡s ✐♥❞✉str✐❛✐s ❞❡ ▼P❈✳ t❡♠ s✐❞♦ ❜❛s❡❛❞❛ ❡♠ ♠♦❞❡❧♦s ❡♠♣ír✐❝♦s ❧✐♥❡❛r❡s q✉❡ ♣♦❞❡♠ ✐♥❝❧✉✐r

tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s s✐♠♣❧❡s ❞❛s ✈❛r✐á✈❡✐s ❞♦ ♣r♦❝❡ss♦✳

▼♦❞❡❧♦ ❞❡ ❘❡s♣♦st❛ ❛♦ ❉❡❣r❛✉

❯♠❛ ♣r♦♣r✐❡❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❡st❛ ♠♦❞❡❧❛❣❡♠ é ♦ ♣r✐♥❝í♣✐♦ ❞❛ s✉♣❡r♣♦s✐çã♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❛

r❡s♣♦st❛ ❛ q✉❛❧q✉❡r ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ s❡q✉ê♥❝✐❛s ❞❡ ❡♥tr❛❞❛s é s✐♠♣❧❡s♠❡♥t❡ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r

❞❡ s❡q✉ê♥❝✐❛s ❞❡ s❛í❞❛s✱ ♦✉ s❡❥❛✱

u = α1u
(1) + α2u

(2) + . . . → y = α1y
(1) + αy(2) + . . . ✭✹✳✶✷✮

❊♥tã♦ ❞❡s❡♥✈♦❧✈❡♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❝♦♥✈♦❧✉çã♦✱ q✉❡ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ❛ s♦♠❛ ❞❡ ✉♠❛ sér✐❡

❞❡ ✈❛r✐❛çõ❡s✲❞❡❣r❛✉ ❝♦♠♦ ♠♦str❛❞♦ ❛ s❡❣✉✐r✳

ŷk =

N
∑

i=1

aj△uk−i ✭✹✳✶✸✮

♦♥❞❡ ŷk é ♦ ✈❛❧♦r ♣r❡❞✐t♦ ❞❛ s❛í❞❛✱ △uk = uk − uk−1ea1, a2, . . . , aN sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ r❡s♣♦st❛ ❛♦

❞❡❣r❛✉✳ ❆❧é♠ ❞✐ss♦✱ △uk−1 = 0✱ s❡ k − i < 0 ❡ △u0 = u0✳

▼♦❞❡❧♦ ❞❡ ❘❡s♣♦st❛ ❛♦ ■♠♣✉❧s♦

❖s ❝♦❡✜❝✐ê♥t❡s ❞❛ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ✉♥✐tár✐♦ ❞♦ ♣r♦❝❡ss♦✱ h1, h2, . . . , hN sã♦ ❡①♣r❡ss♦s ♣♦r

hk = ak − ak−1, k = 1, 2, . . . , N e h0 = 0 ✭✹✳✶✹✮

❡ ♦ ♠♦❞❡❧♦ ❞❡ ❝♦♥✈♦❧✉çã♦ ❞✐s❝r❡t♦✱ ✉s❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦✱ é✿

ŷk =
N
∑

i=1

hjuk−i ✭✹✳✶✺✮
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✹✳✷✳✸ ❈♦♥tr♦❧❡ ♣♦r ▼❛tr✐③ ❞✐♥â♠✐❝❛ ✭❉▼❈✮

❍♦r✐③♦♥t❡ ▼ó✈❡❧

❖ ❝♦♥tr♦❧❡ ♣r❡❞✐t✐✈♦✱ t❛❧ ❝♦♠♦ ♦ ❉▼❈✱ ❡♥✈♦❧✈❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♦♣❡r❛çõ❡s

✶✳ ❆ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ ❛♠♦str❛❣❡♠ ✉♠ ♠♦❞❡❧♦ ❞❡ ❝♦♥✈♦❧✉çã♦ ❞✐s❝r❡t♦ é ✉s❛❞♦ ♣❛r❛ ♣r❡❞✐③❡r ❛s tr❛✲

❥❡tór✐❛s ❞❛s s❛í❞❛s ❞♦ ♣r♦❝❡ss♦ s♦❜r❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❢✉t✉r♦ ✜♥✐t♦✱ ❞❛❞♦ ❡♠ t❡r♠♦s ❞❡ ❘

✐♥t❡r✈❛❧♦s ❞❡ ❛♠♦str❛❣❡♠ ✭♣❛râ♠❡tr♦ ❞❡ ♣r♦❥❡t♦ ❝❤❛♠❛❞♦ ❤♦r✐③♦♥t❡ ❞❡ ♣r❡❞✐çã♦✮✳

✷✳ ❯♠❛ ❙❡q✉ê♥❝✐❛ ❞❡ ▲ ♠♦✈✐♠❡♥t♦s ❞❡ ❝♦♥tr♦❧❡ é ❞❡t❡r♠✐♥❛❞❛ t❛❧ q✉❡ ✉♠❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ s❡❥❛

♠✐♥✐♠✐③❛❞❛✳ P♦ré♠ ❞❡✈✐❞♦ ❛ ❞✐stúr❜✐♦s ❡ ❡rr♦s ❞❡ ♠♦❞❡❧❛❣❡♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♣r❡❞✐t♦ ✐rá ❞✐❢❡r✐r

❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ r❡❛❧✱ ❞❡ ♠♦❞♦ q✉❡ ♦s ♠♦✈✐♠❡♥t♦s ❞❡ ❝♦♥tr♦❧❡ ❞❡t❡r♠✐♥❛❞♦s ♣♦❞❡♠ ♥ã♦ s❡r

❛♣r♦♣r✐❛❞♦s ❡♠ s❡✉ t♦❞♦✳

✸✳ P♦rt❛♥t♦✱ t✐♣✐❝❛♠❡♥t❡ ❛♣❡♥❛s ♦ ♣r✐♠❡✐r♦ ♠♦✈✐♠❡♥t♦ ❝❛❧❝✉❧❛❞♦ ❞❛s ❡♥tr❛❞❛s ❞♦ ♣r♦❝❡ss♦ é ✐♠♣❧❡✲

♠❡♥t❛❞♦ ❞❡ ❢❛t♦✱ ❛♣ós ♦ q✉❡✱ t♦❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ é r❡♣❡t✐❞♦ ♥♦ ♣ró①✐♠♦ ✐♥st❛♥t❡ ❞❡ ❛♠♦str❛❣❡♠✱

❝♦♠❡ç❛♥❞♦ ❡♠ ✶✱ q✉❛♥❞♦ ✉♠❛ ♥♦✈❛ ♠❡❞✐❞❛ é t♦♠❛❞❛✳ ❊st❛ ❝♦rr❡s♣♦♥❞❡ à ❡str❛té❣✐❛ ❞♦ ❡♥❢♦q✉❡ ❞❡

❤♦r✐③♦♥t❡ ♠ó✈❡❧✳

❖ ✉s♦ ❞❡ss❡ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ♦t✐♠✐③❛çã♦ ❡ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❛♣❡♥❛s ❞♦ ♣r✐♠❡✐r♦ ✈❛❧♦r ❞❛

s❡q✉ê♥❝✐❛ ❞❡ ♠♦✈✐♠❡♥t♦s ❞❛s ❡♥tr❛❞❛s ❝♦rr❡s♣♦♥❞❡♠ à ❡str❛té❣✐❛ ❞♦ ❡♥❢♦q✉❡ ❞❡ ❤♦r✐③♦♥t❡ ♠ó✈❡❧✳

❈♦♥tr♦❧❛❞♦r ❉▼❈

P❛r❛ ♣r♦❝❡ss♦s ❙■❙❖✱ ♦ ❉▼❈ ✉t✐❧✐③❛ ♦ s❡❣✉✐♥t❡ ♠♦❞❡❧♦ ❞❡ ❝♦♥✈♦❧✉çã♦ ❞✐s❝r❡t♦ ♣❛r❛ ♣r❡❞✐③❡r ❛ s❛í❞❛

♥♦ ♣ró①✐♠♦ ✐♥st❛♥t❡ ❞❡ ❛♠♦str❛❣❡♠ k + 1 ♦✉ ♣r❡❞✐çã♦ ♣❛ss♦ s✐♠♣❧❡s✿

ŷk+1 =
N
∑

i=1

hjuk+1−i ✭✹✳✶✻✮

◆♦t❡ q✉❡ ♣❛r❛ ♣r❡❞✐③❡r ❛ s❛í❞❛✱ é ♣r❡❝✐s♦ ❢♦r♥❡❝❡r ♦ ✈❛❧♦r ❞❛ ❡♥tr❛❞❛ ♣r❡s❡♥t❡ uk ❡ ♦s ✈❛❧♦r❡s ♣❛ss❛✲

❞♦s✳ ❖s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ hj sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ✉♥✐tár✐♦✳ ❖✉tr❛ ♠❛♥❡✐r❛

❡q✉✐✈❛❧❡♥t❡ ❞❡ r❡♣r❡s❡♥t❛r ❛ s❛í❞❛ ♣r❡❞✐t❛ ŷk+1 é ✉s❛r ❛ ❢♦r♠❛ r❡❝✉rs✐✈❛ ❞♦ ♠♦❞❡❧♦ ❡①♣r❡ss❛ ❡♠ t❡r♠♦s

❞❡ ✈❛r✐❛çõ❡s ✐♥❝r❡♠❡♥t❛✐s✳

ŷk+1 = ŷk +

N
∑

i=1

hj△uk+1−i ✭✹✳✶✼✮

♦♥❞❡ △uk = uk − uk−1

❊♠ s❡❣✉✐❞❛ ❡st❡♥❞❡♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❝♦♥✈♦❧✉çã♦ ♣❛r❛ R ✐♥st❛♥t❡s ❢✉t✉r♦s

ŷk+j = ŷk+j−1 +
N
∑

i=1

hj△uk+j−i ✭✹✳✶✽✮

P❛r❛ j = 1, 2, ..., R✱ ❡♠ q✉❡ R < N ✳
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❆ ✐♥❢♦r♠❛çã♦ r❡❛❧✐♠❡♥t❛❞❛ yk ♣❡r♠✐t❡ q✉❡ ❛ ♣r❡❞✐çã♦ s❡❥❛ ❝♦rr✐❣✐❞❛ r❡❝✉rs✐✈❛♠❡♥t❡✳

yck+j = ŷk+j + (yck+j−1 − ŷk+j−1) ✭✹✳✶✾✮

♣❛r❛ j = 1, 2, . . . , R ❡ yck = yk✳ ■st♦ ❡q✉✐✈❛❧❡ ❛ ❛❞♠✐t✐r q✉❡ ♦ ❡rr♦ ❞❡ ♣r❡❞✐çã♦ ✐♥trí♥s❡❝♦ à ❡q✉❛çã♦

❛♥t❡r✐♦r ❝♦rr❡s♣♦♥❞❡ ❛♦ ❡rr♦ ♦❜s❡r✈❛❞♦ ♥♦ ✐♥st❛♥t❡ ❛t✉❛❧✱ ✐st♦ é✱ yk−ŷk, e q✉❡ ♦ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ q✉❛❧q✉❡r

✈❛❧♦r ❞❡ j✳ ❙✉❜st✐t✉✐♥❞♦ ❛ s❛í❞❛ ❡st✐♠❛❞❛ ♥❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r ♦❜t❡♠♦s

yck+j = yck+j−1 +

N
∑

i=1

hj△uk+j−i ✭✹✳✷✵✮

❆ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❞❡ ✈❡t♦r✲♠❛tr✐③ ♣❛r❛ ♦s R ✐♥st❛♥t❡s ❢✉t✉r♦s✳ ❆ss✐♠✱























yck+1

yck+2

✳✳✳

yck+R−1

yck+R























=























a1 0 ... 0 0

a2 a1 ... 0 0
✳✳✳

aR−1 aR−2 ... a1 0

aR aR−1 ... a1 0













































△uk

△uk+1

✳✳✳

△uk+R−2

△uk+R−1























+























yk + P1

yk + P2

✳✳✳

yk + PR−1

yk + PR























✭✹✳✷✶✮

❡♠ q✉❡ ♦s aj sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❡✜♥✐❞♦s ♣♦r

aj =

i
∑

j=1

hj ✭✹✳✷✷✮

❡

Pi =

j
∑

m=1

Sm i = 1, 2, ..., R ✭✹✳✷✸✮

Sm =

N
∑

i=m+1

hj△uk+m−i m = 1, 2, ..., R ✭✹✳✷✹✮

❖s ✈❛❧♦r❡s ❞❡s❡❥❛❞♦s ♣❛r❛ ❛ ✈❛r✐á✈❡❧ ❝♦♥tr♦❧❛❞❛ ydk+j(j = 1, 2, . . . , R) ♣♦❞❡♠ s❡r ❡s♣❡❝✐✜❝❛❞♦s ♣♦r

✉♠❛ tr❛❥❡tór✐❛ ❞❡ r❡❢❡rê♥❝✐❛ ✭O ♣ró♣r✐♦ s❡t✲♣♦✐♥t ♦✉ ✉♠❛ ❛♣r♦①✐♠❛çã♦ s✉❛✈❡ ♣❛r❛ ❡st❡✮✿

ydk+j = αjyk + (1− αj)rk para j = 1, 2, . . . , R e 0 ≤ α < 1. ✭✹✳✷✺✮

O ♣❛râ♠❡tr♦ α ❞❡t❡r♠✐♥❛ ♦ q✉ã♦ r❛♣✐❞❛♠❡♥t❡ ❛ tr❛❥❡tór✐❛ ❛t✐♥❣❡ ♦ s❡t✲♣♦✐♥t rk✳ ❊♠ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✿























ydk+1

ydk+2

✳✳✳

ydk+R−1

ydk+R























=























α1yk + (1− α1)rk

α2yk + (1− α2)rk
✳✳✳

αR−1yk + (1− αR−1)rk

αRyk + (1− αR)rk























✭✹✳✷✻✮
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❙✉❜tr❛✐♥❞♦ ❛ ❡q✉❛çã♦ ❞♦ ✈❛❧♦r ❞❡s❡❥❛❞♦ ♣❛r❛ ❛ s❛í❞❛ ❞♦ ✈❛❧♦r ♣r❡❞✐t♦ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛✱ t❡♠✲s❡✿

Ê = −A′△u+ ✃
′

✭✹✳✷✼✮

♦♥❞❡ A′ é ❛ ♠❛tr✐③ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉✱ △u é ♦ ✈❡t♦r R✲❞✐♠❡♥s✐♦♥❛❧ ❞❛s ✈❛r✐❛çõ❡s ♥❛

❡♥tr❛❞❛✳ ❖s ❞❡♠❛✐s ✈❡t♦r❡s sã♦ ❞❡✜♥✐❞♦s ♣♦r✿

Ê =























ydk+1 − yck+1

ydk+2 − yck+2

✳✳✳

ydk+R−1 − yck+R−1

ydk+R − yck+R























Ê′ =























(1− α1)Ek − P1

(1− α2)Ek − P2

✳✳✳

(1− αR−1)Ek − PR−1

(1− αR)Ek − PR























✭✹✳✷✽✮

♦♥❞❡ Ek = rk − yk✳ ◆♦t❡ q✉❡ Ê ❡ ✃
′

sã♦ ✈❡t♦r❡s ❞❡ ❡rr♦s ♣r❡❞✐t♦s✳ ✃
′

é ✉♠❛ ♣r❡❞✐çã♦ ❡♠ ♠❛❧❤❛ ❛❜❡rt❛

✉♠❛ ✈❡③ q✉❡ é ❝❛❧❝✉❧❛❞♦ ❝♦♠ ❜❛s❡ ♥❛s ❛çõ❡s ❞❡ ❝♦♥tr♦❧❡ ♣❛ss❛❞❛s e r❡♣r❡s❡♥t❛ ♦ ❞❡s✈✐♦ ♣r❡❞✐t♦ ❞❛ s❛í❞❛ ❡♠

r❡❧❛çã♦ à tr❛❥❡tór✐❛ ❞❡s❡❥❛❞❛✳ ❊❧❡ ♥ã♦ ✐♥❝❧✉✐ ❛s ❛çõ❡s ❞❡ ❝♦♥tr♦❧❡ ❝♦rr❡♥t❡ e ❢✉t✉r❛s (△uk+j , para j ≥ 0)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ Ê é r❡❢❡r✐❞♦ ❝♦♠♦ ✉♠❛ ♣r❡❞✐çã♦ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ✉♠❛ ✈❡③ q✉❡ é ❜❛s❡❛❞♦ ❡♠ ❛çõ❡s ❞❡

❝♦♥tr♦❧❡ ❝♦rr❡♥t❡ e ❢✉t✉r❛s✳

❙❡ ❢♦r ❡①✐❣✐❞♦ q✉❡ ❛ s❛í❞❛ ♣r❡❞✐t❛ s❡❥❛ ✐❣✉❛❧ à s❛í❞❛ ❞❡s❡❥❛❞❛✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣r♦❥❡t♦ ♣r♦tót✐♣♦

♠í♥✐♠♦✱ ❡♥tã♦ ✃=✵ e

0 = −A′△u+ ✃
′

✭✹✳✷✾✮

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

△u = (A′)−1✃
′

✭✹✳✸✵✮

❆ ❡str❛té❣✐❛ ❉▼❈ ❝♦♥s✐st❡ ❡♠ ♦❜t❡r ✉♠ s✐st❡♠❛ s♦❜r❡❞❡t❡r♠✐♥❛❞♦✱ r❡❞✉③✐♥❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ❛

❞✐♠❡♥sã♦ ❞♦ ✈❡t♦r △u ❞❡ R ♣❛r❛ L✱ ❛❞♠✐t✐♥❞♦ q✉❡ △uk+j = 0 ♣❛r❛ j ≥ L✳ ❆ss✐♠✱ ❛♣❡♥❛s ▲ ❛çõ❡s

❢✉t✉r❛s ❞❡ ❝♦♥tr♦❧❡ sã♦ ❝❛❧❝✉❧❛❞❛s e ❛ ❡q✉❛çã♦ ♣❛ss❛ ❛ s❡r























yck+1

yck+2

✳✳✳

yck+R−1

yck+R























=























a1 0 ... 0

a2 a1 ... 0
✳✳✳

aR−1 aR−2 ... aR−L

aR aR−1 ... aR−L+1













































△uk

△uk+1

✳✳✳

△uk+L−2

△uk+L−1























+























yk + P1

yk + P2

✳✳✳

yk + PR−1

yk + PR























✭✹✳✸✶✮

❆❣♦r❛ ❛ ❡q✉❛çã♦ ❞♦ ❡rr♦ é ❞❛❞❛ ♣♦r ✃ = −A△u + ✃
′

✱ ❡♠ q✉❡ A é ❛ ♠❛tr✐③ ❞✐♥â♠✐❝❛ ❞❡ dimensão

R①L✱ ❞❡✜♥✐❞❛ ❝♦♠♦ ❛s L ♣r✐♠❡✐r❛s ❝♦❧✉♥❛s ❞❡ A′

O s✐st❡♠❛ s♦❜r❡❞❡t❡r♠✐♥❛❞♦ ♥ã♦ t❡♠ ✉♠❛ s♦❧✉çã♦ ❡①❛t❛✳ ➱ ♣♦ssí✈❡❧✱ ❡♥tr❡t❛♥t♦✱ ♦❜t❡r ❛ ♠❡❧❤♦r

s♦❧✉çã♦ ♥♦ s❡♥t✐❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✱ ♠✐♥✐♠✐③❛♥❞♦ ♦ í♥❞✐❝❡ ❞❡ ♣❡r❢♦r♠❛♥❝❡✿

J(△u) = ✃
T
QTQ✃+△uTR△u ✭✹✳✸✷✮
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♦♥❞❡ Q é ✉♠❛ ♠❛tr✐③ ❞❡ ♣♦♥❞❡r❛çã♦ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ❝♦♠ ❞✐♠❡♥sã♦ ❘①❘✳ ◗ ✐rá ♣❡r♠✐t✐r ❛ ✐♥tr♦❞✉çã♦

❞❡ ♣❡♥❛❧✐❞❛❞❡s ♥♦s ❡rr♦s ♣r❡❞✐t♦s ❡ ❘ é ✉♠❛ ♠❛tr✐③ ❞❡ ♣♦♥❞❡r❛çã♦ ▲①▲ q✉❡ ✐rá ♣❡♥❛❧✐③❛r ♦s ♠♦✈✐♠❡♥t♦s

❞❛ ✈❛r✐á✈❡❧ ♠❛♥✐♣✉❧❛❞❛✳ ❆ s♦❧✉çã♦ ót✐♠❛ é

△u = (ATQTQA+R)−1ATQTQÊ′ = KCÊ
′ ✭✹✳✸✸✮

❡♠ q✉❡ KC é ❛ ♠❛tr✐③ ❞❡ ❣❛♥❤♦s ❢❡❡❞❜❛❝❦ ▲①❘✳ P❛r❛ s✐st❡♠❛s ❧✐♥❡❛r❡s✱ ❡♠ q✉❡ ❛ ♠❛tr✐③ A é ❝♦♥st❛♥t❡

e ❛ ♠❛tr✐③ KC ♣r❡❝✐s❛ s❡r ❝❛❧❝✉❧❛❞❛ ❛♣❡♥❛s ✉♠❛ ✈❡③✳ ◆♦r♠❛❧♠❡♥t❡ ❛♣❧✐❝❛✲s❡ ❛♣❡♥❛s ❛ ♣r✐♠❡✐r❛ ❛çã♦ ❞❡

❝♦♥tr♦❧❡ △uk✳

❆♦ ✉t✐❧✐③❛r ♦ ❤♦r✐③♦♥t❡ ♠ó✈❡❧✱ ❛♣❡♥❛s ❛ ♣r✐♠❡✐r❛ ✜❧❛ ❞❛ ♠❛tr✐③ KC ✱ ❝♦♥t❡♥❞♦ R ❡❧❡♠❡♥t♦s✱ é ✉s❛❞❛

♥❛ ❡q✉❛çã♦ ✭✹✳✸✸✮✳ ❉❡♥♦t❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ✜❧❛ ❞❡ KC ❝♦♠♦ KT
cl ✱ t❡♠✲s❡✿

△uk = KT
clÊ

′ ✭✹✳✸✹✮

✹✳✷✳✹ ❘❡s✉❧t❛❞♦s ♥♦ ▼❛t▲❛❜

❚r♦❝❛❞♦r ❞❡ ❈❛❧♦r t✐♣♦ ❇♦❜✐♥❛ ❞❡ ❆q✉❡❝✐♠❡♥t♦

❆q✉✐ t❛♠❜é♠ ❛♣❧✐❝❛r❡♠♦s ♦ ❝♦♥tr♦❧❡ ♣r❡❞✐t✐✈♦ ❛♦ ♠♦❞❡❧♦ ❛♥t❡r✐♦r♠❡♥t❡ ♠♦str❛❞♦ ♥❛ s❡çã♦✱ ❞♦ P■❉

Ót✐♠♦✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✻✮✳ ■st♦ s❡rá ❢❡✐t♦ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ ❚♦♦❧❜♦① ▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ ❈♦♥tr♦❧ ❞♦ ▼❛t▲❛❜

q✉❡ ❢♦r♥❡❝❡ ❢✉♥çõ❡s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ❉▼❈✳

❆ s❡❣✉✐r sã♦ ♠♦str❛❞♦s ♦s ♣❛ss♦s ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ♠❛tr✐③ ❞❡ ❣❛♥❤♦s ❢❡❡❞❜❛❝❦ ❡ ❛ r❡s♣♦st❛ ❞✐♥â♠✐❝❛ ❞❡

♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞♦ ♣r♦❝❡ss♦ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ❉▼❈✳ ❋♦r❛♠ ✉t✐❧✐③❛❞♦s ♦s ♣❛râ♠❡tr♦s ❞❡ ♣r♦❥❡t♦ ❘❂ ✶✶✱

▲❂ ✹ ❡ t❡♠♣♦ ❞❡ s✐♠✉❧❛çã♦ ❞❡ ✻✵ s❡❣✉♥❞♦s✳

❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ❛♦ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ é ♦❜t❡r ❛s ♠❛tr✐③❡s ❞❡ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❛ ♣❧❛♥t❛ r❡❛❧ ❡

❞♦ ♠♦❞❡❧♦✳ ❊ss❡s ❞♦✐s ♠♦❞❡❧♦s r❡q✉❡r✐❞♦s ❞❡✈❡♠ ❡st❛r ♥❛ ❢♦r♠❛ ❞❡ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉✳

P❛r❛ ♦❜t❡r ♦s ♠♦❞❡❧♦s ♥❛ ❢♦r♠❛ ❞❡ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉✱ ✉s❛✲s❡ ❛ r♦t✐♥❛ t❢❞✷st❡♣✱ q✉❡ ❣❡r❛ ❡ss❡s ♠♦❞❡❧♦s

❛ ♣❛rt✐r ❞❡ ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛s✱ ❛s q✉❛✐s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ✉s❛♥❞♦ ❛ r♦t✐♥❛ ♣♦❧②✷t❢❞✳ ❖ ✉s♦ ❞❡ss❛

r♦t✐♥❛ ♣❛r❛ ♦❜t❡r ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ●✭s✮ é ♠♦str❛❞♦ ❛❜❛✐①♦✳

●s ❂ ♣♦❧②✷t❢❞✭♥✉♠✱❞❡♥✱❚s✱t❞✮❀

♦♥❞❡ ♥✉♠ ❡ ❞❡♥ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ ♥✉♠❡r❛❞♦r ❡ ❞❡♥♦♠✐♥❛❞♦r ❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ❡q✉❛çã♦

✭✹✳✻✮✳ ❚s é ♦ t❡♠♣♦ ❞❡ ❛♠♦str❛❣❡♠✱ ♥♦ ❝❛s♦ ✵ ♣♦r s❡r ✉♠ s✐st❡♠❛ ❝♦♥tí♥✉♦✳ ❊ t❞ r❡♣r❡s❡♥t❛ ♦ ❛tr❛s♦ ❞♦

s✐st❡♠❛✱ ♥❡st❡ ♠♦❞❡❧♦ é ❞❡✜♥✐❞♦ ✵✱ ♣♦r ♥ã♦ ♣♦ss✉✐r ❛tr❛s♦✳

❆❣♦r❛✱ ♣♦❞❡♠♦s ♦❜t❡r ♦ ♠♦❞❡❧♦ ♥❛ ❢♦r♠❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉✳ P❛r❛ ✐ss♦ ❞❡✜♥✐♠♦s✿ ❚s❴st❡♣ = ✵✳✸

❡ t✜♥❛❧ = ✻✵✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛♦ ✐♥t❡r✈❛❧♦ ❞❡ ❛♠♦str❛❣❡♠ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉ ❡ ♦ t❡♠♣♦ ❞❡ s✐♠✉❧❛çã♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ❝♦♠❛♥❞♦ é ❡s❝r✐t♦ ❝♦♠♦✿

♠♦❞❡❧♦ ❂ t❢❞✷st❡♣✭t✜♥❛❧✱❚s❴st❡♣✱✶✱●s✮❀

❈♦♠ ❛ r♦t✐♥❛ ♣❧♦tst❡♣✭♠♦❞❡❧♦✮ ♣♦❞❡♠♦s ♦❜t❡r ❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉✳ ❈♦♠♦ ♠♦str❛❞♦

♥❛ ✜❣✉r❛ ✹✳✶✵✳ P♦❞❡♠♦s ♦❜s❡r✈❛r t❛♠❜é♠ q✉❡ ❛ ✜❣✉r❛ é ❡q✉✐✈❛❧❡♥t❡ à r❡s♣♦st❛ ❞❛ ♣❧❛♥t❛ ❞❛ ✜❣✉r❛ ✹✳✺✱

❝♦♠♦ é ❞❡ s❡ ❡s♣❡r❛r✳
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❋✐❣✉r❛ ✹✳✶✵✿ ❘❡s♣♦st❛ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉ ❞❛ ♣❧❛♥t❛ ❞♦ tr♦❝❛❞♦r ❞❡ ❝❛❧♦r ❞♦ t✐♣♦ ❇♦❜✐♥❛

➱ ♥❡❝❡ssár✐♦✱ ❛✐♥❞❛✱ ❢♦r♥❡❝❡r ❛ ♠❛tr✐③ ❞❡ ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r ❑♠♣❝✱ q✉❡ é ♦❜t✐❞❛ ✉s❛♥❞♦ ❛ r♦t✐♥❛

♠♣❝❝♦♥✱ q✉❡ t❡♠ ❝♦♠♦ ❛r❣✉♠❡♥t♦s✿ ♠♦❞❡❧ ✭♠❛tr✐③ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ ♠♦❞❡❧♦✮✱

②✇t ✭♠❛tr✐③ ❞❡ ♣♦♥❞❡r❛çã♦✱ ◗✱ ❞❛s s❛í❞❛s✮✱ ✉✇t ✭♠❛tr✐③ ❞❡ ♣♦♥❞❡r❛çã♦✱ ❘✱ ❞❛s ❡♥tr❛❞❛s✮✱ ▲ ✭❤♦r✐③♦♥t❡

❞❡ ❝♦♥tr♦❧❡✮ ❡ ❘ ✭❤♦r✐③♦♥t❡ ❞❡ ♣r❡❞✐çã♦✮✳ P❛r❛ ❝❛❧❝✉❧❛r ❡st❛ ♠❛tr✐③✱ ♦ ❝ó❞✐❣♦ ▼❛t▲❛❜ é✿

②✇t❂✶❀ ✪ ♠❛tr✐③ ❞❡ ♣♦♥❞❡r❛çã♦✱ ◗✱ ❞❛s s❛í❞❛s

✉✇t❂✵❀ ✪ ♠❛tr✐③ ❞❡ ♣♦♥❞❡r❛çã♦✱ ❘✱ ❞❛s ❡♥tr❛❞❛s

▲❂✹❀ ✪ ❤♦r✐③♦♥t❡ ❞❡ ❝♦♥tr♦❧❡

❘❂✶✶❀ ✪ ❤♦r✐③♦♥t❡ ❞❡ ♣r❡❞✐çã♦

▲❂✹❀ ✪ ❤♦r✐③♦♥t❡ ❞❡ ❝♦♥tr♦❧❡

✪ ❈❛❧❝✉❧♦ ❞❛ ♠❛tr✐③ ❞❡ ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r ✭❑♠♣❝✮

❑♠♣❝ ❂ ♠♣❝❝♦♥✭♠♦❞❡❧♦✱②✇t✱✉✇t✱▲✱❘✮❀

❈❛❧❝✉❧❛❞❛ ❛ ♠❛tr✐③ ❞❡ ❣❛♥❤♦s ♣♦❞❡♠♦s s✐♠✉❧❛r ♦ s✐st❡♠❛ ❝♦♥tr♦❧❛❞♦ ❝♦♠ ❛ r♦t✐♥❛ ♠♣❝s✐♠✱ q✉❡ r❡s♦❧✈❡

♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ♣r❡❞✐t✐✈♦ s❡♠ r❡str✐çõ❡s✳

✪ ❙✐♠✉❧❛çã♦ ❞♦ ❝♦♥tr♦❧❛❞♦r

♣❧❛♥t❛❂♠♦❞❡❧♦❀

r❂✶❀ ✪ ❚r❛❥❡tór✐❛ ❞❡ r❡❢❡rê❝✐❛

t❡♥❞ ❂ ✶✵❀ ✪ t❡♠♣♦ ❞❡ s✐♠✉❧❛çã♦

❬②✱✉❪ ❂ ♠♣❝s✐♠✭♣❧❛♥t❛✱♠♦❞❡❧♦✱❑♠♣❝✱t❡♥❞✱r✮❀

♣❧♦t❛❧❧✭②✱✉✱❚s❴st❡♣✮

♦♥❞❡ r é tr❛❥❡tór✐❛ ❞❡ r❡❢❡rê♥❝✐❛ ❞♦ s✐st❡♠❛✱ t❡♥❞ é ♦ t❡♠♣♦ t♦t❛❧ ❞❡ s✐♠✉❧❛çã♦✳ ❋♦✐ ❞❡✜♥✐❞♦ ✶✵ s❡❣✉♥❞♦s

♣❛r❛ t❡♥❞ ❡ ♥ã♦ ✻✵ s❡❣✉♥❞♦s ❝♦♠♦ t✜♥❛❧✱ ♣❛r❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛r ❛ r❡s♣♦st❛ ❞♦ s✐st❡♠❛ ❝♦♥tr♦❧❛❞♦ q✉❡

é ♠✉✐t♦ ♠❛✐s rá♣✐❞❛ q✉❡ ♦ ♠♦❞❡❧♦ ♥ã♦ ❝♦♥tr♦❧❛❞♦✳ ❖ ❛r❣✉♠❡♥t♦ ♣❧❛♥t❛ s❡ r❡❢❡r❡ ❛ ♣❧❛♥t❛ ❞♦ ♣r♦❝❡ss♦✱

♥❡st❡ ❝❛s♦ ❛ ♣❧❛♥t❛ ❡ ♦ ♠♦❞❡❧♦ ✉t✐❧✐③❛❞♦s sã♦ ♦s ♠❡s♠♦s✳
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❈♦♠ ♦ ❝♦♠❛♥❞♦ ♣❧♦t❛❧❧✱ ♠♦str❛❞♦ ♥♦ ❝ó❞✐❣♦ ❛❝✐♠❛✱ sã♦ ❝♦♥str✉í❞❛s ❛s r❡s♣♦st❛s ❞❛s ✈❛r✐á✈❡✐s ❝♦♥tr♦✲

❧❛❞❛ ❡ ♠❛♥✐♣✉❧❛❞❛✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ❛❜❛✐①♦✳

❋✐❣✉r❛ ✹✳✶✶✿ ❘❡s♣♦st❛ ❞✐♥â♠✐❝❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞♦ tr♦❝❛❞♦r ❞❡ ❝❛❧♦r t✐♣♦ ❇♦❜✐♥❛ ❝♦♠

✉♠ ❝♦♥tr♦❧❛❞♦r ▼P❈

❱❡♠♦s ❞❛ ✜❣✉r❛ ✹✳✶✶ q✉❡ ❛ r❡s♣♦st❛ ❞♦ tr♦❝❛❞♦r ❞❡ ❝❛❧♦r ♣❡❧♦ ❝♦♥tr♦❧❡ ♣r❡❞✐t✐✈♦ é s✉♣❡r✐♦r ❛ ❛♣r❡✲

s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ✹✳✺✱ ♣❡❧♦ ❝♦♥tr♦❧❡ P■❉ ót✐♠♦✱ ✉♠❛ ✈❡③ q✉❡ ❛ r❡s♣♦st❛ é ✉♠ ♣♦✉❝♦ ♠❛✐s rá♣✐❞❛ ❡ ♥ã♦

❛♣r❡s❡♥t❛ ♦✈❡rs❤♦♦t ❝♦♠♦ ♥❛ r❡s♣♦st❛ ❞♦ P■❉✳

❊✈❛♣♦r❛❞♦r

❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ❢❡✐t❛ ♣❛r❛ ♦ tr♦❝❛❞♦r ❞❡ ❝❛❧♦r ❢♦✐ ❢❡✐t♦ ♦ ♠♦❞❡❧♦ ♣r❡❞✐t✐✈♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞♦

❡✈❛♣♦r❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✹✳✽✮✳ ❋♦r❛♠ ✉t✐❧✐③❛❞♦s ♦s ♣❛râ♠❡tr♦s ❞❡ ♣r♦❥❡t♦ ❘❂ ✶✶✱ ▲❂ ✹ ❡ t❡♠♣♦ ❞❡

s✐♠✉❧❛çã♦ ❞❡ ✶✵✵✵ s❡❣✉♥❞♦s✳ ❆q✉✐ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❛♠♦str❛❣❡♠ ♣❛r❛ ♦❜t❡♥çã♦ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉ é ✶✺✳ ❆

r❡s♣♦st❛ ❞♦ ♠♦❞❡❧♦ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉ ❞❛ ♣❧❛♥t❛ ♦❜t✐❞♦ é✿

❋✐❣✉r❛ ✹✳✶✷✿ ❘❡s♣♦st❛ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉ ❞❛ ♣❧❛♥t❛ ❞♦ ❊✈❛♣♦r❛❞♦r
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❈♦♠♦ ♣♦❞❡♠♦s ✈❡r ♥❛ ✜❣✉r❛ ✹✳✶✷ ❤á ✉♠❛ ♣❡q✉❡♥❛ r❡s♣♦st❛ ✐♥✈❡rs❛ ♥❛ ❝✉r✈❛✳ ❊ss❛ r❡s♣♦st❛ ✐♥✈❡rs❛

♣♦❞❡ ❢❛③❡r ❝♦♠ q✉❡ ❛ ✈❛r✐á✈❡❧ ♠❛♥✐♣✉❧❛❞❛ ❞♦ ❝♦♥tr♦❧❛❞♦r ✈á ♣❛r❛ ♥ú♠❡r♦s ♥❡❣❛t✐✈♦s✳ ❈♦♠♦ ♥ã♦ ❢❛r✐❛

s❡♥t✐❞♦ ❛ ✈❛r✐á✈❡❧✭✢✉①♦ ❞❡ ❡♥tr❛❞❛✮ s❡r ♥❡❣❛t✐✈❛ ❢♦✐ ✉t✐❧✐③❛❞♦ ✉♠ ♠♦❞❡❧♦ ❞✐❢❡r❡♥t❡ ❞❛ ♣❧❛♥t❛ ♣❛r❛ ❝❛❧❝✉❧❛r

❛ ♠❛tr✐③ ❞❡ ❣❛♥❤♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ▼P❈✳ ❊ss❡ ♠♦❞❡❧♦ ❢♦✐ ♦❜t✐❞♦ ❛❧t❡r❛♥❞♦ ♦s ♣r✐♠❡✐r♦s ❡❧❡♠❡♥t♦s ♥❡❣❛t✐✈♦s

q✉❡ ❝♦♥st✐t✉❡♠ ❛ ❢✉♥çã♦ ❞❡❣r❛✉ ❞❛ ♣❧❛♥t❛✱ ❞❡✜♥✐♥❞♦ ✈❛❧♦r❡s ♣♦s✐t✐✈♦s✳ ❆ r❡s♣♦st❛ ❞♦ ♠♦❞❡❧♦ ✉t✐❧✐③❛❞♦ é

❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✶✸✳

❋✐❣✉r❛ ✹✳✶✸✿ ❘❡s♣♦st❛ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉ ❞♦ ♠♦❞❡❧♦ ❞♦ ❊✈❛♣♦r❛❞♦r ♣❛r❛ ❝á❧❝✉❧♦ ❞♦ ▼P❈

❉❡✜♥✐❞♦ ♦ ♠♦❞❡❧♦ ♦s ♣❛ss♦s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦ ❝♦♥tr♦❧❛❞♦r sã♦ ♦s ♠❡s♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ♠♦str❛❞♦✳

❆♣ós ❢❡✐t♦ t♦❞♦s ♦s ♣❛ss♦s ♥❡❝❡ssár✐♦s ❛s r❡s♣♦st❛s ♦❜t✐❞❛s sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ✜❣✉r❛ ✹✳✶✹✳ ■♠♣♦rt❛♥t❡

♦❜s❡r✈❛r q✉❡ ❛ ✈❛r✐á✈❡❧ ♠❛♥✐♣✉❧❛❞❛ só ❛ss✉♠❡ ✈❛❧♦r❡s ♣♦s✐t✐✈♦s✱ ❝♦♠♦ ❞❡s❡❥❛❞♦✳

❋✐❣✉r❛ ✹✳✶✹✿ ❘❡s♣♦st❛ ❞✐♥â♠✐❝❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞♦ ♠♦❞❡❧♦ ❞♦ ❊✈❛♣♦r❛❞♦r ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ▼P❈
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❙❡♣❛r❛❞♦r

P❛r❛ ♦ ♠♦❞❡❧♦ ❞♦ s❡♣❛r❛❞♦r✱ ❡q✉❛çã♦ ✭✹✳✶✵✮✱ ♦s ♣❛râ♠❡tr♦s ❞❡ ♣r♦❥❡t♦ ❢♦r❛♠ ❞❡✜♥✐❞♦s ❘❂ ✶✶✱ ▲❂ ✹

❡ t❡♠♣♦ ❞❡ s✐♠✉❧❛çã♦ ❞❡ ✸✵ s❡❣✉♥❞♦s✳ ❋♦✐ ✉t✐❧✐③❛❞♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❛♠♦str❛❣❡♠ ♣❛r❛ ♦❜t❡♥çã♦ ❞❛ ❢✉♥çã♦

❞❡❣r❛✉ é ✵✱✸✳ ❆ r❡s♣♦st❛ ❞♦ ♠♦❞❡❧♦ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉ ❞❛ ♣❧❛♥t❛ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ q✉❡ s❡ s❡❣✉❡✿

❋✐❣✉r❛ ✹✳✶✺✿ ❘❡s♣♦st❛ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉ ❞❛ ♣❧❛♥t❛ ❞♦ ❙❡♣❛r❛❞♦r

❈♦♠♦ ♦❜s❡r✈❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✶✺✱ ✈❡♠♦s q✉❡ t❛♠❜é♠ ❡①✐st❡ ✉♠❛ r❡s♣♦st❛ ✐♥✈❡rs❛ ♥♦ s✐st❡♠❛✳ ❈♦♠

♠❡s♠♦ ✐♥t✉✐t♦ ❛♥t❡r✐♦r ✉t✐❧✐③❛♠♦s ♦✉tr♦ ♠♦❞❡❧♦✱ ❞✐❢❡r❡♥t❡ ❞❛ ♣❧❛♥t❛✱ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ ▼P❈✳ ❆q✉✐ ♦s

✈❛❧♦r❡s ♥❡❣❛t✐✈♦s ❢♦r❛♠ ❛❧t❡r❛❞♦s ♣❛r❛ ③❡r♦✱ ❝♦♠♦ é ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✶✻✳

❋✐❣✉r❛ ✹✳✶✻✿ ❘❡s♣♦st❛ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉ ❞♦ ♠♦❞❡❧♦ ❞♦ ❙❡♣❛r❛❞♦r ♣❛r❛ ❝á❧❝✉❧♦ ❞♦ ▼P❈

❊♥tã♦ s❡❣✉✐♥❞♦ ♦ r❛❝✐♦❝í♥✐♦✱ ❛ ♠❛tr✐③ ❞❡ ❣❛♥❤♦s é ❝❛❧❝✉❧❛❞❛ ❡ ❡♠ s❡❣✉✐❞❛ ❢❡✐t❛ ❛ s✐♠✉❧❛çã♦ ❞♦ s✐st❡♠❛

❝♦♥tr♦❧❛❞♦ ♣❡❧♦ ▼P❈✱ ❝♦♠♦ ♠♦str❛ ❛s r❡s♣♦st❛s ❞❛ ✜❣✉r❛ ✹✳✶✼✳



✹✳✸✳ ❈❖◆❚❘❖▲❊ ❘❊▼❖❚❖ ✲ ❖P❈ ✼✶

❋✐❣✉r❛ ✹✳✶✼✿ ❘❡s♣♦st❛ ❞✐♥â♠✐❝❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞♦ ❙❡♣❛r❛❞♦r ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ▼P❈

✹✳✸ ❈♦♥tr♦❧❡ ❘❡♠♦t♦ ✲ ❖P❈

❈♦♠♦ ❢♦✐ ❡①♣❧✐❝❛❞♦ ♥❛ s❡çã♦ ✸✳✷✱ ❛ t❡❝♥♦❧♦❣✐❛ ❖P❈ ♣❡r♠✐t❡ q✉❡ ❡q✉✐♣❛♠❡♥t♦s ❞❡ ❝♦♥tr♦❧❡ s❡❥❛♠ ❛❝♦♣❧❛✲

❞♦s ❛s ♣❧❛♥t❛s ✐♥❞✉str✐❛✐s✱ ❛ss✐♠✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ♦ ❝♦♥tr♦❧❡ r❡♠♦t♦ ❞❡ss❛s ♣❧❛♥t❛s ♦ q✉❡ ❢❛❝✐❧✐t❛ ❜❛st❛♥t❡

♥❛ ❝♦♥❢❡rê♥❝✐❛ ❞♦s ♣r♦❝❡ss♦s q✉í♠✐❝♦s✳

❙❛❜❡♥❞♦ ❞♦s ❜❡♥❡❢í❝✐♦s ❞♦ ❖P❈✱ ❢♦✐ s✐♠✉❧❛❞❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♣❛❞rã♦ ❖P❈ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ♣r❡✲

❞✐t✐✈♦ r❡♠♦t♦✱ ♦♥❧✐♥❡✱ ❞♦ ❙❡♣❛r❛❞♦r✳ P❛r❛ ✐ss♦ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❞❡ ▼❛t▲❛❜✴❙✐♠✉❧✐♥❦

♠♦str❛❞♦s ❞✉r❛♥t❡ ♦ tr❛❜❛❧❤♦✳ ❆ ✜❣✉r❛ ✹✳✶✽ ♠♦str❛ ❛ ♦r❣❛♥✐③❛çã♦ ❞♦s ❜❧♦❝♦s ❙✐♠✉❧✐♥❦ ♣❛r❛ ❛ s✐♠✉❧❛çã♦✳

❋✐❣✉r❛ ✹✳✶✽✿ ❊sq✉❡♠❛ ❞❡ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❙✐♠✉❧✐♥❦ ♣❛r❛ ♦ ❈♦♥tr♦❧❡ ❘❡♠♦t♦



✹✳✸✳ ❈❖◆❚❘❖▲❊ ❘❊▼❖❚❖ ✲ ❖P❈ ✼✷

P❡❧❛ ✜❣✉r❛ ✹✳✶✽✱ ♣♦❞❡♠♦s ♣❡r❝❡❜❡r ❞♦✐s ❜❧♦❝♦s ♥♦✈♦s✱ q✉❡ ♥ã♦ ❢♦r❛♠ ✐♥tr♦❞✉③✐❞♦s ❛♥t❡s✳ ❖ ♣r✐♠❡✐r♦

é ♦ ❙✐❣♥❛❧ ❇✉✐❧❞❡r ♥♦ q✉❛❧ é ♣♦ssí✈❡❧ ❞❡s❡♥❤❛r ✈ár✐♦s t✐♣♦s ❞❡ s✐♥❛✐s✳ ❊❧❡ é ✉s❛❞♦ ♣❛r❛ ❝r✐❛r ♦ s✐♥❛❧ ❞❡

r❡❢❡rê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦✭♦ s✐♥❛❧ ✉t✐❧✐③❛❞♦ é ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✶✾✮✳ ❖ s❡❣✉♥❞♦ ❜❧♦❝♦✱ ▼P❈ ❈♦♥tr♦❧❧❡r✱

é ❜❛st❛♥t❡ s✐♠♣❧❡s ❞❡ ✉t✐❧✐③❛r ❡ ♥❡❧❡ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ♦ ❝♦♥tr♦❧❛❞♦r ▼P❈ ❝r✐❛❞♦ ♣❛r❛ ♦ ❙❡♣❛r❛❞♦r ♥❛

s❡çã♦ ✹✳✷✳ ❖ ❜❧♦❝♦ ▼♦❞❡❧♦ ❙❡♣❛r❛❞♦r ❥á ❢♦✐ ♠♦str❛❞♦ ❡ ❡❧❡ r❡♣r❡s❡♥t❛ ❛ ♣❧❛♥t❛ ❞♦ ❙❡♣❛r❛❞♦r ♠♦❞❡❧❛❞❛

❛♥t❡r✐♦r♠❡♥t❡✳

❋✐❣✉r❛ ✹✳✶✾✿ ❙✐♥❛❧ ❞❡ r❡❢❡rê♥❝✐❛ ❝r✐❛❞♦ ♥♦ ❙✐❣♥❛❧ ❇✉✐❧❞❡r

❖❜s❡r✈❛♠♦s q✉❡ ❡①✐st❡♠ ❞♦✐s ✐t❡♥s ❖P❈ ♥❛ ✜❣✉r❛ ✹✳✶✽✳ ❙ã♦ ❛tr❛✈és ❞❡ss❡s ✐t❡♥s q✉❡ ♦s s✐♥❛✐s ❞❡

❝♦♥tr♦❧❡ ❡ r❡s♣♦st❛ ❞♦ s✐st❡♠❛ sã♦ ❡s❝r✐t♦s ❡ ❧✐❞♦s r❡♠♦t❛♠❡♥t❡✳ ❖ ❢✉♥❝✐♦♥❛♠❡♥t♦ é ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

❖ ❝♦♥tr♦❧❛❞♦r ▼P❈ r❡❝❡❜❡ ♦ s✐♥❛❧ ❞❡ r❡❢❡rê♥❝✐❛✱ ♦ s❡t✲♣♦✐♥t ❞❡s❡❥❛❞♦✱ ❡ t❛♠❜é♠ ❧❡r ❛ r❡s♣♦st❛ ❛t✉❛❧ ❞❛

♣❧❛♥t❛ ❛tr❛✈és ❞♦ ✐t❡♠ ❖P❈ ❘❡❛❧✽✳ ❖ ❝♦♥tr❛❧❛❞♦r ❡♥tã♦ ❝❛❧❝✉❧❛ ♦ ❝♦♠❛♥❞♦ ❞❡ ❝♦♥tr♦❧❡ ❡ ❡s❝r❡✈❡ ♥♦ ✐t❡♠

❖P❈ ❘❡❛❧✹ q✉❡ ❞❡ ♠❛♥❡✐r❛ r❡♠♦t❛ ✐rá ❛t✉❛r ♥❛ ♣❧❛♥t❛✱ ♣♦✐s ❛ ♠❡s♠❛ ❧❡r ♦ ✐t❡♠ ❘❡❛❧✹✳ P♦r s✉❛ ✈❡③ ❛

r❡s♣♦st❛ ❞❛ ♣❧❛♥t❛ é ❡s❝r✐t❛ ♥♦ ✐t❡♠ ❘❡❛❧✽ ❢❡❝❤❛♥❞♦ ❛ ♠❛❧❤❛✳

❉❡st❛ ♠❛♥❡✐r❛✱ ♦s r❡s✉❧t❛❞♦s ❞❛ s✐♠✉❧❛çã♦ sã♦ ♠♦str❛❞♦s ♥❛s ✜❣✉r❛s ❛❜❛✐①♦✳ ◆❛ ✜❣✉r❛ ✹✳✷✵ ❡stã♦

♣r❡s❡♥t❡s ♦s s✐♥❛✐s ❞❡ r❡❢❡rê♥❝✐❛✱ ❡♠ ❛③✉❧✱ ❡ ❞❛ r❡s♣♦st❛ ❞❛ ♣❧❛♥t❛ ❝♦♥tr♦❧❛❞❛✱ ❡♠ ✈❡r♠❡❧❤♦✳ ❆ ✜❣✉r❛ ✹✳✷✶

❛♣r❡s❡♥t❛ ♦ ❝♦♠❛♥❞♦ ❞❡ ❝♦♥tr♦❧❡ ❡①❡❝✉t❛❞♦ ♣❡❧♦ ❝♦♥tr♦❧❛❞♦r ▼P❈✳

❋✐❣✉r❛ ✹✳✷✵✿ ❙✐♥❛✐s ❞❡ ❘❡❢❡rê♥❝✐❛✱ ❡♠ ❛③✉❧✱ ❡ ❘❡s♣♦st❛✱ ❡♠ ✈❡r♠❡❧❤♦✱ ❞♦ ❝♦♥tr♦❧❡ ▼P❈ r❡♠♦t♦



✹✳✸✳ ❈❖◆❚❘❖▲❊ ❘❊▼❖❚❖ ✲ ❖P❈ ✼✸

❋✐❣✉r❛ ✹✳✷✶✿ ❙✐♥❛❧ ❞❡ ❝♦♠❛♥❞♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ▼P❈

❆tr❛✈és ❞❡st❛ s✐♠✉❧❛çã♦ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ❝♦♥tr♦❧❡ é ❜❛st❛♥t❡ s❛t✐s❢❛tór✐♦✱ ❝♦♠♦ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r✱

♣♦✐s ❡❧❡ ❥á ❤❛✈✐❛ s✐❞♦ s✐♠✉❧❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✭✜❣✉r❛ ✹✳✶✼✮ ♣❛r❛ ✉♠❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉✳ ❖ q✉❡ é ✐♠♣♦r✲

t❛♥t❡ r❡ss❛❧t❛r ❛q✉✐ é ❛ t❡❝♥♦❧♦❣✐❛ ❖P❈✱ q✉❡ ❢❛❝✐❧✐t❛ ♦ ❝♦♥tr♦❧❡ ❞❡ ♣r♦❝❡ss♦s ✐♥❞✉str✐❛✐s r❡♠♦t❛♠❡♥t❡ ❡

❡✜❝❛③♠❡♥t❡✳



✺ ⑤ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❆ ♠♦❞❡❧❛❣❡♠ ♠❛t❡♠át✐❝❛ ❞❡ s✐st❡♠❛s ❡ ❛ s✐♠✉❧❛çã♦ sã♦ ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ♠♦♠❡♥t♦ ❞❡

❡st✉❞❛r ✉♠ ♣r♦❝❡ss♦✱ ✉♠❛ ✈❡③ q✉❡ é ♣♦ssí✈❡❧ ❛♣r❡♥❞❡r s♦❜r❡ s✉❛ ❞✐♥â♠✐❝❛✱ r❡s♣♦st❛ ❛ ♣❡rt✉r❜❛çõ❡s

❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♠ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✳ ❆❧é♠ ❞♦ ♠❛✐s✱ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ r❡❛❧✐③❛r ❡①♣❡r✐♠❡♥t♦s ❞❡

♠❛♥❡✐r❛ s✐♠♣❧❡s ❡ ♥✉♠ ❝♦♠♣✉t❛❞♦r é ❞❡ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡✱ ✉♠❛ ✈❡③ q✉❡ ❛❧❣✉♥s ❡♥s❛✐♦s ♣♦❞❡♠ ❧❡✈❛r ❛

♣❧❛♥t❛ r❡❛❧ ❛ ❝♦♥❞✐çõ❡s ❝rít✐❝❛s ✐rr❡✈❡rsí✈❡✐s✳

❋♦✐ t❛♠❜é♠ ❛♣r❡s❡♥t❛❞♦ ♥♦ tr❛❜❛❧❤♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ❡ ✉s❛❜✐❧✐❞❛❞❡ ❞❛ t❡❝♥♦❧♦❣✐❛ ❖P❈✱ q✉❡ ❛♦ ❝♦♥❡❝t❛r

✉♠❛ ♣❧❛♥t❛ ❛ ✉♠❛ r❡❞❡ ✉s❛♥❞♦ ❡st❡ ♣❛❞rã♦✱ é ♣♦ssí✈❡❧ q✉❡ s❡❥❛ ❝♦♥tr♦❧❛❞❛ ❞❡ ♠❛♥❡✐r❛ r❡♠♦t❛✱ ♦ q✉❡ ❢❛❝✐❧✐t❛

❛❧t❡r❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ❝♦♠♦✱ ❛ ❡♥tr❛❞❛ ❞♦ s✐st❡♠❛ ❡ ♦ ❝♦♠❛♥❞♦ ❞♦ ❝♦♥tr♦❧❛❞♦r✱ ♣♦✐s ✐st♦ ♣♦❞❡r✐❛ s❡r

❢❡✐t♦ ❛tr❛✈és ❞❡ ✉♠ s♦❢t✇❛r❡ ❡♠ ❝♦♠♣✉t❛❞♦r q✉❡ ❡stá ♥❛ r❡❞❡ ❖P❈✳

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡✲s❡ ♥♦t❛r ❝♦♠♦ ♦ s♦❢t✇❛r❡ ✉t✐❧✐③❛❞♦✱ ▼❛t▲❛❜✱ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣♦❞❡r♦s❛ q✉❡ ♣❡r♠✐t❡

❛ s✐♠✉❧❛çã♦ ❞❡ ✈ár✐♦s t✐♣♦s ❞❡ s✐st❡♠❛s ❝♦♠♣❧❡①♦s✱ ♣r♦❝❡ss♦s ✐♥❞✉str✐❛✐s ❡ ❛té ♠❡s♠♦ ❝❛r♦s q✉❡ ♠✉✐t❛s

✈❡③❡s ♥ã♦ sã♦ ♣♦ssí✈❡✐s ❞❡ s❡r❡♠ ❛❞q✉✐r✐❞♦s✳

❆♥❛❧✐s❛♥❞♦ ♦s r❡❧✉t❛❞♦s ♦❜t✐❞♦s✱ ♥♦t❛✲s❡ q✉❡ sã♦ s❛t✐s❢❛tór✐♦s✱ ❝♦♥✜r♠❛♥❞♦ ❛ss✐♠✱ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡
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