
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❙♦❜r❡ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❈♦♠♣❧❡t❛s ❡♠
Pr♦❞✉t♦s ❘✐❡♠❛♥♥✐❛♥♦s

♣♦r

❆r❧❛♥❞s♦♥ ▼❛t❤❡✉s ❙✐❧✈❛ ❖❧✐✈❡✐r❛ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❍❡♥r✐q✉❡ ❋❡r♥❛♥❞❡s ❞❡ ▲✐♠❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙



❙♦❜r❡ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❈♦♠♣❧❡t❛s ❡♠
Pr♦❞✉t♦s ❘✐❡♠❛♥♥✐❛♥♦s

♣♦r

❆r❧❛♥❞s♦♥ ▼❛t❤❡✉s ❙✐❧✈❛ ❖❧✐✈❡✐r❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧

❆♣r♦✈❛❞❛ ♣♦r✿

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

✵✷✴✷✵✶✺

✐✐



❘❡s✉♠♦

◆♦ ❝♦♠❡ç♦ ❞♦ sé❝✉❧♦ ♣❛ss❛❞♦✱ ❙✳ ❇❡r♥st❡✐♥ ♣r♦✈♦✉ s❡✉ ❝❡❧❡❜r❛❞♦ t❡♦r❡♠❛✱ ♦ q✉❛❧

❛ss❡✈❡r❛ s❡r❡♠ ♦s ♣❧❛♥♦s ♦s ú♥✐❝♦s ❣rá✜❝♦s ✐♥t❡✐r♦s ❡ ♠í♥✐♠♦s ❡♠ R
3✳ ❉❡s❞❡ ❡♥tã♦✱

✉♠ ❞♦s tó♣✐❝♦s ❞❡ ♣❡sq✉✐s❛ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ t❡♦r✐❛ ❞❡ ✐♠❡rsõ❡s ✐s♦♠étr✐❝❛s

sã♦ ❛s ♣♦ssí✈❡✐s ❡①t❡♥sõ❡s ❞❡ss❡ t❡♦r❡♠❛ ♣❛r❛ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s ♦✉ ♣❛r❛ ♦✉tr♦s ❡s✲

♣❛ç♦s ❛♠❜✐❡♥t❡✳ ❖s ❡s❢♦rç♦s ❝♦♥s✐❣♥❛❞♦s ♣♦r ❡s❝r✐t♦ ♥❡st❛ ❞✐ss❡rt❛çã♦ sã♦ ❞❡✈♦t❛❞♦s

à s❡❣✉♥❞❛ ✈❡rt❡♥t❡✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❧❡t❛s✱ ❝♦♥❡①❛s✱ ♦r✐❡♥tá✈❡✐s

❡ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✱ ψ : Σn # M
n+1

✱ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛s ❡♠ ✉♠

♣r♦❞✉t♦ ❘✐❡♠❛♥♥✐❛♥♦ ❞❛ ❢♦r♠❛ M
n+1

= R ×Mn✱ ❡♠ q✉❡ Mn é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡✲

♠❛♥♥✐❛♥❛ ❝♦♥❡①❛ ❡ ❝♦♠♣❧❡t❛✱ ♣❛r❛ ❛s q✉❛✐s s❡♠♣r❡ ❡s❝♦❧❤❡r❡♠♦s ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

s✉❛✈❡✱ ♥♦r♠❛❧ ❡ ✉♥✐tár✐♦ N ✱ ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ Σn✳ ❈♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❡st✉❞❛r

❛ ❣❡♦♠❡tr✐❛ ❞❡ ✉♠❛ t❛❧ Σn✱ ❧❛♥ç❛r❡♠♦s ♠ã♦ ❞❛ ❛♥á❧✐s❡ ❞❡ ❞✉❛s ❢✉♥çõ❡s ♥❛t✉r❛❧♠❡♥t❡

r❡❧❛❝✐♦♥❛❞❛s ❛ ❡❧❛✱ ❛ s❛❜❡r✿ ❛ ❢✉♥çã♦ ❛❧t✉r❛ ✈❡rt✐❝❛❧ h := (πI)
∣∣
Σ
❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦

η := 〈N, ∂t〉✱ ❡♠ q✉❡ ∂t r❡♣r❡s❡♥t❛ ♦ ✈❡t♦r ✉♥✐tár✐♦ q✉❡ ❞❡t❡r♠✐♥❛ ❡♠ M
n+1

✉♠❛ ❢♦✲

❧❤❡❛çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✶ ♣♦r s❧✐❝❡s t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝♦s Mn
t := {t} ×Mn✳ ❆ ♣❛rt✐r

❞❡ r❡str✐çõ❡s ❛♣r♦♣r✐❛❞❛s s♦❜r❡ ❡ss❛s ❢✉♥çõ❡s ❡ s✉❛s ❞❡r✐✈❛❞❛s✱ ❛❧✐❛❞❛s ❛ ❡①✐❣ê♥❝✐❛s

❜❛st❛♥t❡ r❛③♦á✈❡✐s s♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ M ❡ s♦❜r❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞♦ ❡♥❞♦♠♦r✜s♠♦

✐✐✐



✐✈

❞❡ ❲❡✐♥❣❛rt❡♥ ❛ss♦❝✐❛❞♦ à ♦r✐❡♥t❛çã♦ N ✱ ❡♠♣r❡❣❛r❡♠♦s ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s ✭❡ss❡♥❝✐❛❧✲

♠❡♥t❡✱ ♦s ♣r✐♥❝í♣✐♦s ❞♦ ♠á①✐♠♦ ❞❡✈✐❞♦s ❛♦ ❖♠♦r✐ ❡ ❛♦ ❨❛✉✮ ♣❛r❛ ❛ss❡❣✉r❛r q✉❡ Σn s❡❥❛

✭✐s♦♠étr✐❝❛ ❛✮ ✉♠ s❧✐❝❡✳ ◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ Σ é ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ s♦❜r❡ Mn✱

✐✳❡✳✱ Σn = Σn(u) = {(u(x), x) ∈ Mn+1
: x ∈ Mn}✱ ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ u ∈ C∞(M)✱

♠♦str❛r❡♠♦s q✉❡ ✉♠ ❝♦♥tr♦❧❡ ❛❞❡q✉❛❞♦ ❞❛ ♥♦r♠❛ ❞♦ ❣r❛❞✐❡♥t❡ ❞❡ u ❡♠Mn é s✉✜❝✐❡♥t❡

♣❛r❛ q✉❡ t❡♥❤❛♠♦s u ≡ t0 ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ Σn =Mn
t0
✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ Pr♦❜❧❡♠❛s t✐♣♦✲❇❡r♥st❡✐♥✱ ♣r♦❞✉t♦s r✐❡♠❛♥♥✐❛♥♦s✱ ♣r✐♥❝í♣✐♦s

❞♦ ♠á①✐♠♦✳



❆❜str❛❝t

■♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♣❛st ❝❡♥t✉r②✱ ❙✳ ❇❡r♥st❡✐♥ ♣r♦✈❡❞ ❤✐s ❝❡❧❡❜r❛t❡❞ t❤❡♦r❡♠

✇❤✐❝❤ ❛ss❡rts t❤❛t t❤❡ ♣❧❛♥❡s ❛r❡ t❤❡ ♦♥❧② ❡♥t✐r❡ ♠✐♥✐♠❛❧ ❣r❛♣❤s ✐♥ R
3✳ ❙✐♥❝❡ t❤❡♥✱ ♦♥❡

♦❢ r❡s❡❛r❝❤ t♦♣✐❝s ♦❢ ❣r❡❛t❡st ✐♥t❡r❡st ✐♥t♦ t❤❡ t❤❡♦r② ♦❢ ■s♦♠❡tr✐❝ ■♠♠❡rs✐♦♥s ❛r❡ t❤❡

♣♦ss✐❜❧❡s ❡①t❡♥s✐♦♥s ♦❢ t❤✐s t❤❡♦r❡♠ ❡✐t❤❡r t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s ♦r t♦ ♦t❤❡r ❛♠❜✐❡♥t

s♣❛❝❡s✳ ❚❤❡ ❡✛♦rts r❡❣✐st❡r❡❞ ✐♥ ✇r✐t✐♥❣ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ s❡❝♦♥❞

♣❡rs♣❡❝t✐✈❡✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❝♦♠♣❧❡t❡ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛❜❧❡ ❝♦♥st❛♥t ♠❡❛♥ ❝✉r✈❛t✉r❡

❤②♣❡rs✉r❢❛❝❡s ψ : Σn # M
n+1

✐s♦♠❡tr✐❝❛❧❧② ✐♠♠❡rs❡❞ ✐♥ ❛ ❘✐❡♠❛♥♥✐❛♥ ♣r♦❞✉❝t s♣❛❝❡

♦❢ t❤❡ ❢♦r♠ M
n+1

= R×Mn ✭Mn ❜❡✐♥❣ ❛ ❝♦♠♣❧❡t❡ ❝♦♥♥❡❝t❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✮✱

❢♦r ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❝❤♦s❡ ❛ s♠♦♦t❤ ♥♦r♠❛❧ ✉♥✐t❛r② ✈❡❝t♦r ✜❡❧❞ N ❣❧♦❜❛❧❧② ❞❡✜♥❡❞

✐♥ Σn✳ ❲✐t❤ t❤❡ ♣✉r♣♦s❡ ♦❢ st✉❞②✐♥❣ t❤❡ ❣❡♦♠❡tr② ♦❢ s✉❝❤ ❛ Σn✱ ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ t✇♦

❢✉♥❝t✐♦♥s ♥❛t✉r❛❧❧② r❡❧❛t❡❞ t♦ ✐t✱ ♥❛♠❡❧②✱ t❤❡ ✈❡rt✐❝❛❧ ❤❡✐❣❤t ❢✉♥❝t✐♦♥ h := (πI)
∣∣
Σ
❛♥❞

t❤❡ ❛♥❣❧❡ ❢✉♥❝t✐♦♥ η := 〈N, ∂t〉 ✭❤❡r❡ ∂t st❛♥❞s ❢♦r t❤❡ ✉♥✐t❛r② ✈❡❝t♦r ✜❡❧❞ ✇❤✐❝❤ ❞❡t❡r✲

♠✐♥❡s ✐♥ M
n+1

❛ ❝♦❞✐♠❡♥s✐♦♥✲♦♥❡ ❢♦❧✐❛t✐♦♥ ❜② t♦t❛❧❧② ❣❡♦❞❡s✐❝ s❧✐❝❡s Mn
t := {t}×Mn✳

❆❢t❡r ✐♠♣♦s✐♥❣ ❛♣♣r♦♣r✐❛t❡❞ r❡str✐❝t✐♦♥s ♦♥ t❤❡s❡ ❢✉♥❝t✐♦♥s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✈❡r② r❡❛✲

s♦♥❛❜❧❡ r❡q✉✐r❡♠❡♥ts ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ Mn ❡ ♦♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❲❡✐♥❣❛rt❡♥

❡♥❞♦♠♦r♣❤✐s♠ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❣✐✈❡♥ ❜② N ✱ ✇❡ ✇✐❧❧ ❛♣♣❧② ❛♥❛❧②t✐❝ t❡❝❤♥✐✲

✈



✈✐

q✉❡s ✭❡ss❡♥t✐❛❧❧②✱ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡s ❞✉❡ t♦ ❖♠♦r✐ ❛♥❞ ❨❛✉✮ t♦ ❡♥s✉r❡ t❤❛t Σn ✐s

✭✐s♦♠❡tr✐❝ t♦✮ ❛ s❧✐❝❡✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✐♥ ✇❤✐❝❤ Σn ✐s ❛♥ ❡♥t✐r❡ ❣r❛♣❤ ❞❡✜♥❡❞ ♦♥

Mn✱ ✐✳❡✳ Σn = Σn(u) = {(u(x), x) ∈ Mn+1
: x ∈ Mn}✱ ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ u ∈ C∞(M)✱

✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ❛♥ ❛❞❡q✉❛t❡ ❝♦♥tr♦❧ ♦✈❡r t❤❡ ♥♦r♠ ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ u ✐s ❡♥♦✉❣❤ t♦

❡♥s✉r❡ t❤❛t u ≡ t0 ♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ Σn =Mn
t0
✱ ❢♦r s♦♠❡ t0 ∈ R✳

❑❡②✇♦r❞s✿ ❇❡r♥st❡✐♥✲t②♣❡ ♣r♦❜❧❡♠s✱ ❘✐❡♠❛♥♥✐❛♥ ♣r♦❞✉❝ts✱ ♠❛①✐♠✉♠ ♣r✐♥❝✐✲

♣❧❡s✳



❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦ ♣r♦❢❡ss♦r ❈❧á✉❞✐♦ ❉✐❛s✱ ❞❡ ❛❧❣✉♠❛ ♠❛♥❡✐r❛ ♣♦♥t♦ ③❡r♦ ♠❛q✉í♥✐❝♦ ❞❡st❡ t❡①t♦✳

❆♦ ♣r♦❢❡ss♦r ❘✉❜❡♥s ▲❡ã♦ ❞❡ ❆♥❞r❛❞❡✱ ♣♦r ♠❡ ❤❛✈❡r ❡♥s✐♥❛❞♦ ♦s r✉❞✐♠❡♥t♦s ❞❡

❚♦♣♦❧♦❣✐❛✳

❆♦ ♣r♦❢❡ss♦r ❘♦♥❛❧❞♦ ❋r❡✐r❡ ❞❡ ▲✐♠❛✱ ♣♦r ❤❛✈❡r ♠❡ ✐♥s♣✐r❛❞♦ ♦ ❞❡s❡❥♦ ❞❡ ❝♦♥st❛r

♥✬❖ ▲✐✈r♦✳

❆♦ ♣r♦❢❡ss♦r ❍❡♥r✐q✉❡ ❋❡r♥❛♥❞❡s ❞❡ ▲✐♠❛✱ ♣❡❧❛ ❝♦♥✜❛♥ç❛ ❡ ♣❡❧❛ ♦r✐❡♥t❛çã♦✳

❆♦ ♣r♦❢❡ss♦r ▼❛r❝♦ ❆♥tô♥✐♦✱ ♣❡❧♦ ③❡❧♦ ❡ ♣❡❧❛ ❝♦♦r✐❡♥t❛çã♦✳

❆♦ ♣r♦❢❡ss♦r ❆♥tô♥✐♦ ❇r❛♥❞ã♦✱ ❝♦♠ q✉❡♠ ❛♣r❡♥❞✐ q✉❡ ▼❛t❡♠át✐❝❛ é✱ ❛♥t❡s ❞❡

♠❛✐s✱ ❝r✐❛çã♦ ❡ ❡♠♣❡♥❤♦✳

❆♦ ♣r♦❢❡ss♦r ▼❛r❝♦ ❆✉ré❧✐♦✱ ♣♦r t❡r ♠❡ ❡♥s✐♥❛❞♦ ❛ ✐♥t❡❣r❛r ❡ ❛ s❡r ♣♦♥t✉❛❧ µ✲❛✳❡✳

❆♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠✲

♣✐♥❛ ●r❛♥❞❡✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦s ❞❡♣❛rt❛♠❡♥t♦s ❞❡ ▼❛t❡♠át✐❝❛ ❞❛ ❯♥✐✈❡rs✐✲

❞❛❞❡s ❋❡❞❡r❛✐s ❞♦ ❘✐♦ ●r❛♥❞❡ ❞♦ ◆♦rt❡ ❡ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ❡♠ ♣❛rt✐❝✉❧❛r ❛♦s

♣r♦❢❡ss♦r❡s ▼❛r❝❡❧♦ ❡ ❱✐✈✐❛♥❡✱ ❛ ❆♥❞r❡③③❛ ❡ ❛ ❆♥✐♥❤❛✳

➚ ❈❆P❊❙✱ ♣❡❧♦ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦✳

❆♦ ❍✉❣♦ ❘♦♠❡r♦ ✭✐♥ ♠❡♠♦r✐❛♥✮✱ ♣❡❧♦s ♠♦r❛♥❣♦s ♠♦❢❛❞♦s✳

❆♦s ❛♠✐❣♦s ❝♦♠ q✉❡♠ ♣❛rt✐❧❤❡✐ ❛s ♠❛✐s ❞✐✈❡rs❛s ❛❧❡❣r✐❛s ❡ ❛❣r✉r❛s ❞❡s❞❡ q✉❡

❝❤❡❣✉❡✐ ❡♠ ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ❡♠ ❡s♣❡❝✐❛❧✱ ❛♦ ❆✐❧t♦♥✱ ❛♦ ❋á❜✐♦✱ à ❉é❜♦r❛ ❡ à ▼❛♥✉✳

▲❛st✱ ❜✉t ♥♦t ❧❡❛st✱ à ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡ à ♠✐♥❤❛ ♠ã❡ ✭s✐♥❡ q✉❛ ♥♦♥✮✱

à ♠✐♥❤❛ ✐r♠ã✱ ❛♦ ♠❡✉ ♣❛✐ ❡ às ♠✐♥❤❛s t✐❛s ▲í✈✐❛ ❡ ❉❛❣♠❛r✱ ♣♦r ♠❛✐s ❞❡ ❞✉❛s ❞é❝❛❞❛s

❞❡ ✐♥❝❡♥t✐✈♦✱ ❝✉✐❞❛❞♦ ❡ ❛♠♦r✳

✈✐✐



❉❡❞✐❝❛tór✐❛

❆♦ ❇❡r♥st❡✐♥✱ ❛♦ ❨❛✉✱ ❛♦s ♠❡✉s

♣❛✐s ✭❙❛♥❞r❛ ❡ ❆♥t❡♥♦r✮ ❡ à ♠✐✲

♥❤❛ ✐r♠ã ❈❛♠✐❧❛✳

✈✐✐✐



■ ♠♦❞✐ ✐♥ ❝✉✐ ✐❣♥♦r✐❛♠♦ q✉❛❧❝♦s❛ s♦♥♦ ❛❧tr❡tt❛♥t♦ ❡ ❢♦rs❡ ♣✐ù ✐♠♣♦rt❛♥t✐ ❞❡✐ ♠♦❞✐ ✐♥

❝✉✐ ❧♦ ❝♦♥♦s❝✐❛♠♦✳ ❱✐ s♦♥♦ ♠♦❞✐ ❞❡❧ ♥♦♥ s❛♣❡r❡ ✕ s❜❛❞❛t❛❣❣✐♥✐✱ ❞✐s❛tt❡♥③✐♦♥✐✱

❞✐♠❡♥t✐❝❛♥③❡ ✕ ❝❤❡ ♣r♦❞✉❝♦♥♦ ❣♦✛❛❣❣✐♥❡ ❡ ❜r✉tt✉r❛❀ ♠❛ ❞✐ ❛❧tr✐ ✕ ❧❛ s✈❛❣❛t❡③③❛ ❞❡❧

❣✐♦✈✐♥❡tt♦ ❞✐ ❑❧❡✐st✱ ❧❛ s♣❡③③❛t✉r❛ ✐♥❝❛♥t❛t❛ ❞✐ ✉♥ ❜❛♠❜✐♥♦ ✕ ♥♦♥ ❝✐ st❛♥❝❤✐❛♠♦ ♠❛✐

❞✐ ❛♠♠✐r❛r❡ ❧❛ ❝♦♠♣✐✉t❡③③❛✳ [. . .] ❱✐ s♦♥♦✱ ❞✉♥q✉❡✱ ♠♦❞✐ r✐✉s❝✐t✐ ❞✐ ✐❣♥♦r❛rs✐ ❡ ❧❛

❜❡❧❧❡③③❛ è ✉♥♦ ❞✐ q✉❡st✐✳ ➱ ♣♦ss✐❜✐❧❡✱ ❛♥③✐✱ ❝❤❡ s✐❛ ♣r♦♣r✐♦ ✐❧ ♠♦❞♦ ✐♥ ❝✉✐ r✐✉s❝✐❛♠♦ ❛

✐❣♥♦r❛r❡ ❛ ❞❡✜♥✐r❡ ✐❧ r❛♥❣♦ ❞✐ ❝✐ò ❝❤❡ r✐✉s❝✐❛♠♦ ❛ ❝♦♥♦s❝❡r❡ ❡ ❝❤❡ ❧✬❛rt✐❝♦❧❛③✐♦♥❡ ❞✐

✉♥❛ ③♦♥❛ ❞✐ ♥♦♥ ❝♦♥♦s❝❡♥③❛ s✐❛ ❧❛ ❝♦♥❞✐③✐♦♥❡ ✕ ❡✱ ✐♥s✐❡♠❡✱ ❧❛ ♣✐❡tr❛ ❞✐ ♣❛r❛❣♦♥❡ ✕ ❞✐

♦❣♥✐ ♥♦str♦ s❛♣❡r❡✳ [. . .] ❊♣✐st❡♠♦❧♦❣✐❛ ❡ s❝✐❡♥③❛ ❞❡❧ ♠❡t♦❞♦ ✐♥❞❛❣❛♥♦ ❡ ✜ss❛♥♦ ❧❡

❝♦♥❞✐③✐♦♥✐✱ ✐ ♣❛r❛❞✐❣♠✐ ❡ ❣❧✐ st❛t✉t✐ ❞❡❧ s❛♣❡r❡✱ ♠❛ ♣❡r ❝♦♠❡ s✐❛ ♣♦ss✐❜✐❧❡ ❛rt✐❝♦❧❛r❡

✉♥❛ ③♦♥❛ ❞✐ ♥♦♥ ❝♦♥♦s❝❡♥③❛ ♥♦♥ ✈✐ s♦♥♦ r✐❝❡tt❡✳ ❆rt✐❝♦❧❛r❡ ✉♥❛ ③♦♥❛ ❞✐ ♥♦♥

❝♦♥♦s❝❡♥③❛ ♥♦♥ s✐❣♥✐✜❝❛✱ ✐♥❢❛tt✐✱ s❡♠♣❧✐❝❡♠❡♥t❡ ♥♦♥ s❛♣❡r❡✱ ♥♦♥ s✐ tr❛tt❛ s♦❧t❛♥t♦ ❞✐

✉♥❛ ♠❛♥❝❛♥③❛ ♦ ✉♥ ❞✐❢❡tt♦✳ ❙✐❣♥✐✜❝❛✱ ❛❧ ❝♦♥tr❛r✐♦✱ t❡♥❡rs✐ ♥❡❧❧❛ ❣✐✉st❛ r❡❧❛③✐♦♥❡ ❝♦♥

✉♥✬✐❣♥♦r❛♥③❛✱ ❧❛s❝✐❛r❡ ❝❤❡ ✉♥✬✐♥❝♦♥♦s❝❡♥③❛ ❣✉✐❞✐ ❡ ❛❝❝♦♠♣❛❣♥✐ ✐ ♥♦str✐ ❣❡st✐✱ ❝❤❡ ✉♥

♠✉t✐s♠♦ r✐s♣♦♥❞❛ ❧✐♠♣✐❞❛♠❡♥t❡ ♣❡r ❧❡ ♥♦str❡ ♣❛r♦❧❡✳ ❖✱ ♣❡r ✉s❛r❡ ✉♥ ✈♦❝❛❜♦❧❛r✐♦

❞❡s✉❡t♦✱ ❝❤❡ ❝✐ò ❝❤❡ ❝✐ è ♣✐ù ✐♥t✐♠♦ ❡ ♥✉tr✐❡♥t❡ ❛❜❜✐❛ ❧❛ ❢♦r♠❛ ♥♦♥ ❞❡❧❧❛ s❝✐❡♥③❛ ❡ ❞❡❧

❞♦❣♠❛✱ ♠❛ ❞❡❧❧❛ ❣r❛③✐❛ ❡ ❞❡❧❧❛ t❡st✐♠♦♥✐❛♥③❛✳ ▲✬❛rt❡ ❞✐ ✈✐✈❡r❡ è✱ ✐♥ q✉❡st♦ s❡♥s♦✱ ❧❛

❝❛♣❛❝✐tà ❞✐ t❡♥❡rs✐ ✐♥ ❛r♠♦♥✐❝❛ r❡❧❛③✐♦♥❡ ❝♦♥ ❝✐ò ❝❤❡ ❝✐ s❢✉❣❣❡✳ ❆♥❝❤❡ ✐❧ s❛♣❡r❡ s✐

t✐❡♥❡✱ ✐♥ ✉❧t✐♠❛ ❛♥❛❧✐s✐✱ ✐♥ r❛♣♣♦rt♦ ❝♦♥ ✉♥✬✐❣♥♦r❛♥③❛✳ ▼❛ ❧♦ ❢❛ ♥❡❧ ♠♦❞♦ ❞❡❧❧❛

r✐♠♦③✐♦♥❡ ♦ ✐♥ q✉❡❧❧♦✱ ♣✐ù ❡✣❝❛❝❡ ❡ ♣♦t❡♥t❡✱ ❞❡❧❧❛ ♣r❡s✉♣♣♦s✐③✐♦♥❡✳ ■❧ ♥♦♥ s❛♣❡r❡ è ❝✐ò

❝❤❡ ✐❧ s❛♣❡r❡ ♣r❡s✉♣♣♦♥❡ ❝♦♠❡ ✐❧ ♣❛❡s❡ ✐♥❡s♣❧♦r❛t♦ ❝❤❡ s✐ tr❛tt❛ ❞✐ ❝♦♥q✉✐st❛r❡✱

❧✬✐♥❝♦♥s❝✐♦ è ❧❛ t❡♥❡❜r❛ ✐♥ ❝✉✐ ❧❛ ❝♦s❝✐❡♥③❛ ❞♦✈rà ♣♦rt❛r❡ ❧❛ s✉❛ ❧✉❝❡✳ ■♥ ❡♥tr❛♠❜✐ ✐

❝❛s✐ q✉❛❧❝♦s❛ ✈✐❡♥❡ s❡♣❛r❛t♦✱ ♣❡r ♣♦✐ ❡ss❡r❡ ❝♦♠♣❡♥❡tr❛t♦ ❡ r❛❣❣✐✉♥t♦✳ ▲❛ r❡❧❛③✐♦♥❡

❝♦♥ ✉♥❛ ③♦♥❛ ❞✐ ♥♦♥ ❝♦♥♦s❝❡♥③❛ ✈❡❣❧✐❛✱ ❛❧ ❝♦♥tr❛r✐♦✱ ❛ ❝❤❡ ❡ss❛ r❡st✐ t❛❧❡✳ ❊ ♥♦♥ ♣❡r

❡s❛❧t❛r♥❡ ❧✬♦s❝✉r✐tà✱ ❝♦♠❡ ❢❛ ❧❛ ♠✐st✐❝❛✱ ♥é ♣❡r ❣❧♦r✐✜❝❛r♥❡ ❧✬❛r❝❛♥♦✱ ❝♦♠❡ ❢❛ ❧❛

❧✐t✉r❣✐❛✳ ❊ ♥❡♠♠❡♥♦ ♣❡r r✐❡♠♣✐r❧❛ ❞✐ ❢❛♥t❛s♠✐✱ ❝♦♠❡ ❢❛ ❧❛ ♣s✐❝❛♥❛❧✐s✐✳ ◆♦♥ s✐ tr❛tt❛

❞✐ ✉♥❛ ❞♦ttr✐♥❛ s❡❣r❡t❛ ♦ ❞✐ ✉♥❛ s❝✐❡♥③❛ ♣✐ù ❛❧t❛✱ ♥é ❞✐ ✉♥ s❛♣❡r❡ ❝❤❡ ♥♦♥ s✐ s❛✳ ➱

♣♦ss✐❜✐❧❡✱ ❛♥③✐✱ ❝❤❡ ❧❛ ③♦♥❛ ❞✐ ♥♦♥ ❝♦♥♦s❝❡♥③❛ ♥♦♥ ❝♦♥t❡♥❣❛ ♣r♦♣r✐♦ ♥✉❧❧❛ ❞✐ s♣❡❝✐❛❧❡✱

❝❤❡✱ s❡ s✐ ♣♦t❡ss❡ ❣✉❛r❞❛r✈✐ ❞❡♥tr♦✱ s✬✐♥tr❛✈❡❞r❡❜❜❡ s♦❧t❛♥t♦ ✕ ♠❛ ♥♦♥ è ❝❡rt♦ ✕ ✉♥

✈❡❝❝❤✐♦ s❧✐tt✐♥♦ ❛❜❜❛♥❞♦♥❛t♦✱ s♦❧t❛♥t♦ ✕ ♠❛ ♥♦♥ è ❝❤✐❛r♦ ✕ ✐❧ ❝❡♥♥♦ s❝♦♥tr♦s♦ ❞✐ ✉♥❛

✐①



①

❜❛♠❜✐♥❛ ❝❤❡ ❝✐ ✐♥✈✐t❛ ❛ ❣✐♦❝❛r❡✳ ❋♦rs❡ ♥♦♥ ❡s✐st❡ ♥❡♠♠❡♥♦ ✉♥❛ ③♦♥❛ ❞✐ ♥♦♥

❝♦♥♦s❝❡♥③❛✱ ❡s✐st♦♥♦ s♦❧t❛♥t♦ ✐ s✉♦✐ ❣❡st✐✳ ❈♦♠❡ ❑❧❡✐st ❛✈❡✈❛ ❝❛♣✐t♦ ❝♦sì ❜❡♥❡✱ ❧❛

r❡❧❛③✐♦♥❡ ❝♦♥ ✉♥❛ ③♦♥❛ ❞✐ ♥♦♥ ❝♦♥♦s❝❡♥③❛ è ✉♥❛ ❞❛♥③❛✳

●✐♦r❣✐♦ ❆❣❛♠❜❡♥✱ ◆✉❞✐tà✳

◆♦s♦tr♦s ✭❧❛ ✐♥❞✐✈✐s❛ ❞✐✈✐♥✐❞❛❞ q✉❡ ♦♣❡r❛ ❡♥ ♥♦s♦tr♦s✮ ❤❡♠♦s s♦ñ❛❞♦ ❡❧ ♠✉♥❞♦✳ ▲♦

❤❡♠♦s s♦ñ❛❞♦ r❡s✐st❡♥t❡✱ ♠✐st❡r✐♦s♦✱ ✈✐s✐❜❧❡✱ ✉❜✐❝✉♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ② ✜r♠❡ ❡♥ ❡❧ t✐❡♠♣♦❀

♣❡r♦ ❤❡♠♦s ❝♦♥s❡♥t✐❞♦ ❡♥ s✉ ❛rq✉✐t❡❝t✉r❛ t❡♥✉❡s ② ❡t❡r♥♦s ✐♥t❡rst✐❝✐♦s ❞❡ s✐♥r❛③ó♥

♣❛r❛ s❛❜❡r q✉❡ ❡s ❢❛❧s♦✳

❏✳ ▲✳ ❇♦r❣❡s✱ ❆✈❛t❛r❡s ❞❡ ❧❛ t♦rt✉❣❛✳

❆s ❧✉③❡s ❞♦ ❝❛s❛r✐♦✱ ❛♦s ♣♦✉❝♦s s❡ ❛♣❛❣❛r❛♠✳

❙♦♠❡♥t❡ ♥♦ ❛❧t♦ ❞❡ ✉♠ sótã♦ ❜r✐❧❤❛ ✉♠❛ ❧â♠♣❛❞❛❀

❊✱ ❛tr❛✈és ❞❛ ❥❛♥❡❧❛✱ s❡ ✈ê ✉♠ ❥♦✈❡♠ ❡st✉❞❛♥t❡✱

✕ ❈❛❜❡❧♦s ❞❡s♣❡♥t❡❛❞♦s✱ ❝❛í❞♦s s♦❜r❡ ❛ t❡st❛❀

❊stá ❧❡♥❞♦✿ ❡st✉❞❛ ✉♠ t❡♦r❡♠❛ ❞❡ ❣❡♦♠❡tr✐❛✳

❏♦❛q✉✐♠ ❈❛r❞♦③♦✱ ❱✐sã♦ ❞♦ ú❧t✐♠♦ tr❡♠ s✉❜✐♥❞♦ ❛♦ ❝é✉✳



❈♦♥t❡ú❞♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶ ❇r❡✈íss✐♠❛ ❡①❝✉rsã♦ ♣❡❧❛ ❆♥á❧✐s❡ ●❡♦♠étr✐❝❛ ✶✵

✶✳✶ Pr♦❞✉t♦s ✇❛r♣❡❞ s❡♠✐✲r✐❡♠❛♥♥✐❛♥♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✷ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✸ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✸✳✶ ❖ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❖♠♦r✐✲❨❛✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✸✳✷ ❖ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❍♦♣❢✲❈❛❧❛❜✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✶✳✸✳✸ ❆ ❢ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✶✳✸✳✹ ❖ ❧❛♣❧❛❝✐❛♥♦ ❞❛s ❢✉♥çõ❡s ❛❧t✉r❛ ❡ s✉♣♦rt❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✶✳✹ ❖s t❡♥s♦r❡s ❞❡ ◆❡✇t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✷ ❘❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ✻✶

✷✳✶ ❘❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✷✳✷ ❆♣❧✐❝❛çõ❡s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✸ ●rá✜❝♦s ✈❡rt✐❝❛✐s ✐♥t❡✐r♦s ✽✸

✸✳✶ ●rá✜❝♦s ❡♠ R×M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✸✳✷ ❯♠ r❡s✉❧t❛❞♦ ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✸✳✸ ❯♠ ♣♦✉❝♦ ❞❡ ❤❡✉ríst✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✸✳✹ ❘❡s✉❧t❛❞♦s t✐♣♦✲▼♦s❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✸✳✺ ❈♦❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

❇✐❜❧✐♦❣r❛✜❛ ✶✵✶



■♥tr♦❞✉çã♦

◆♦ ❝♦♠❡ç♦ ❞♦ sé❝✉❧♦ ♣❛ss❛❞♦✱ ❙✳ ❇❡r♥st❡✐♥ ❬✶✶❪ ♣r♦✈♦✉ s❡✉ ❝❡❧❡❜r❛❞♦ t❡♦r❡♠❛

✭♠♦❞✐✜❝❛❞♦ ♣♦r ❊✳ ❍♦♣❢ ❬✹✶❪✮✱ ♦ q✉❛❧ ❛ss❡✈❡r❛ s❡r❡♠ ♦s ♣❧❛♥♦s ♦s ú♥✐❝♦s ❣rá✜❝♦s ✐♥t❡✐r♦s

❡ ♠í♥✐♠♦s ❡♠ R
3✳✶ ❉❡s❞❡ ❡♥tã♦✱ ✉♠ ❞♦s tó♣✐❝♦s ❞❡ ♣❡sq✉✐s❛ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛

t❡♦r✐❛ ❞❡ ✐♠❡rsõ❡s ✐s♦♠étr✐❝❛s sã♦ ❛s ♣♦ssí✈❡✐s ❡①t❡♥sõ❡s ❞❡ss❡ t❡♦r❡♠❛ ♣❛r❛ ❞✐♠❡♥sõ❡s

♠❛✐♦r❡s ♦✉ ♣❛r❛ ♦✉tr♦s ❡s♣❛ç♦s✲❛♠❜✐❡♥t❡✳ ◆♦s ❛♥♦s s✉❜s❡q✉❡♥t❡s✱ ❤♦✉✈❡ ✉♠ ❝r❡s❝❡♥t❡

✐♥t❡r❡ss❡ ♥♦ ❡st✉❞♦ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ✐♠❡rs❛s ❡♠ ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞ R×f M
n✱ ♦ q✉❡

❝♦rr❡s♣♦♥❞❡ à s❡❣✉♥❞❛ ✈❡rt❡♥t❡ ♦r✐✉♥❞❛ ❞♦ r❡s✉❧t❛❞♦ ❞❡ ❇❡r♥st❡✐♥✳ ◆❡st❡ ❝♦♥t❡①t♦✱

❛ss✐♥❛❧❛♠♦s ♦ ❛rt✐❣♦ s❡♠✐♥❛❧ ❞❡ ❯✳ ❆❜r❡s❝❤ ❡ ❍✳ ❘♦s❡♥❜❡r❣ ❬✶❪ q✉❡ ❣❡♥❡r❛❧✐③❛ ♦ t❡♦r❡♠❛

❞❡ ❍♦♣❢ ♣❛r❛ ♣r♦❞✉t♦s r✐❡♠❛♥♥✐❛♥♦s ✭♥♦s q✉❛✐s f ≡ constante✮ ❤♦♠♦❣ê♥❡♦s✳ ◆♦ q✉❡

t❛♥❣❡ às s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ♥❡st❡s ❡s♣❛ç♦s ♣r♦❞✉t♦✱ ❡ss❡ ❛rt✐❣♦ é ❞❡ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛✱

✶❏✳ ❙✐♠♦♥s ❬✻✹❪ ♣r♦✈♦✉ ✉♠ r❡s✉❧t❛❞♦ q✉❡✱ ❝♦♠❜✐♥❛❞♦ ❝♦♠ ❛❧❣✉♥s t❡♦r❡♠❛s ❞❡ ❊✳ ❞❡ ●✐♦r❣✐ ❬✸✼❪ ❡

❲✳ ❍✳ ❋❧❡♠✐♥❣ ❬✸✶❪✱ ❢♦r♥❡❝❡ ✉♠❛ ♣r♦✈❛ ❞❛ ❡①t❡♥sã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❇❡r♥st❡✐♥ ♣❛r❛ R
n✱ ❝♦♠ n ≤ 7✳ ◆♦

❡♥t❛♥t♦✱ ❊✳ ❇♦♠❜✐❡r✐✱ ❊✳ ❞❡ ●✐♦r❣✐ ❡ ❊✳ ●✐✉st✐ ❬✶✸❪ s✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡ ♠♦str❛r❛♠ q✉❡ ❡ss❡ t❡♦r❡♠❛

♥ã♦ ✈❛❧❡ ♣❛r❛ n ≥ 8✳ ❉❡s❞❡ ❡♥tã♦✱ ✉♠ ✐♥t❡r❡ss❛♥t❡ tó♣✐❝♦ ❞❡ ♣❡sq✉✐s❛ ❡♠ ❆♥á❧✐s❡ ●❡♦♠étr✐❛ tê♠

s✐❞♦ ❛s ♣♦ssí✈❡✐s ❡①t❡♥sõ❡s ❞♦ r❡s✉❧t❛❞♦ ❞❡ ❇❡r♥st❡✐♥ ♣❛r❛ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s ♦✉ ♣❛r❛ ♦✉tr♦s ❡s♣❛ç♦s✲

❛♠❜✐❡♥t❡✳ ❯♠❛ ❝♦♥tr✐❜✉✐çã♦ ♥♦tá✈❡❧ ❢♦✐ ❞❛❞❛ ♣♦r ❏✳ ▼♦s❡r ❬✹✽❪✱ q✉❡ ♠♦str♦✉ q✉❡ ♦s ❤✐♣❡r♣❧❛♥♦s sã♦

♦s ú♥✐❝♦s ❣rá✜❝♦s ✐♥t❡✐r♦s ❡ ♠í♥✐♠♦s ❞❡ R
n t❛✐s q✉❡ ♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ t❡♠ ♥♦r♠❛

❧✐♠✐t❛❞❛✳ ▼❛✐s s✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡ ❛✐♥❞❛✱ ❉✳ ❚✳ ❍✐❡✉ ❡ ❚✳ ▲✳ ◆❛♠ ❬✸✾❪ ♠♦str❛r❛♠ q✉❡ ♦ t❡♦r❡♠❛ ❞❡

❇❡r♥st❡✐♥ é ✈❡r❞❛❞❡✐r♦ ♣❛r❛ G × R✱ q✉❡ é R
n+1 ❝♦♠ ❛ ❞❡♥s✐❞❛❞❡ ♠✐st❛ ❡✉❝❧✐❞✐❛♥❛ ❡ ❣❛✉ss✐❛♥❛✳ ❉❡

❢♦r♠❛ ♣r❡❝✐s❛✱ ❡❧❡s ♣r♦✈❛r❛♠ ♦ s❡❣✉✐t❡✿ ❖ ❣rá✜❝♦ Σ ❞❡ ✉♠❛ ❢✉♥çã♦ u(x1, . . . , xn) = xn+1 s♦❜r❡ G
n

é Hf−♠í♥✐♠♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❡ é ✉♠ ❤✐♣❡r♣❧❛♥♦ xn+1 = a✱ ✐✳❡✳✱ u é ❝♦♥st❛♥t❡✳ ✭❆q✉✐✱ Gn é ♦

❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ R
n ❝♦♠ ❛ ❞❡♥s✐❞❛❞❡ ♣r♦❜❛❜✐❧íst✐❝❛ ❣❛✉ss✐❛♥❛ e−f = (2π)−

n

2 e−
|x|2

2 ✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦

❡s♣❛ç♦ ❞❡ ●❛✉ss✱ ❡ Hf−♠í♥✐♠♦ q✉❡r ❞✐③❡r q✉❡ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♣♦♥❞❡r❛❞❛ Hf := H + 〈∇f,N〉 é
✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✱ ❡♠ q✉❡ N é ♦ ❝❛♠♣♦ ✉♥✐tár✐♦ ♥♦r♠❛❧ ❛ Σ✳✮ P❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❜❛st❛♥t❡

❡❧❡❣❛♥t❡ ❞♦ t❡♦r❡♠❛ ❞❡ ❇❡r♥st❡✐♥ ❡♠ R
3✱ ✈❡❥❛ ❬✷✸❪✳ P❛r❛ ✉♠❛ ♥ã♦ ♠❡♥♦s ❡❧❡❣❛♥t❡ ❞♦ t❡♦r❡♠❛ ❞❡

❇❡r♥st❡✐♥✲❈❛❧❛❜✐ ✭✉♠❛ ✈❡rsã♦ ▲♦r❡♥t③✐❛♥❛ ❞♦ r❡s✉❧t❛❞♦ ❞❡ ❇❡r♥st❡✐♥✮✱ ✈❡❥❛ ❬✺✺❪✳ ❱❡❥❛ t❛♠❜é♠ ❬✷❪✳



■♥tr♦❞✉çã♦ ✼

s❡ ❧❡✈❛r♠♦s ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦ tr❛❜❛❧❤♦ ❛♥t❡r✐♦r ❞❡ ❍✳ ❘♦s❡♥❜❡r❣ ❬✺✻❪✱ q✉❡ ♠♦str♦✉

q✉❡✱ q✉❛♥❞♦M2 é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛ ❝♦♠ ❝✉r✈❛t✉r❛ ●❛✉ss✐❛♥❛ ♥ã♦ ♥❡❣❛t✐✈❛✱ ✉♠

❣rá✜❝♦ ✐♥t❡✐r♦ ❡ ♠í♥✐♠♦ ❡♠ R ×M2 é t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝♦✳ P♦rt❛♥t♦✱ ♥❡st❡ ❝❛s♦✱ ♦

❣rá✜❝♦ é ✉♠ s❧✐❝❡ ❤♦r✐③♦♥t❛❧ ♦✉ M2 é ✉♠ R
2 ♣❧❛♥♦ ❡ ♦ ❣rá✜❝♦ é ✉♠ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦✳

❆❧❣✉♠ t❡♠♣♦ ❞❡♣♦✐s✱ ▲✳ ❏✳ ❆❧í❛s✱ ▼✳ ❉❛❥❝③❡r ❡ ❏✳ ❘✐♣♦❧❧ ❬✺❪ ❣❡♥❡r❛❧✐③❛r❛♠ ♦

r❡s✉❧t❛❞♦ ❞❡ ❍✳ ❘♦s❡♥❜❡r❣ ❬✺✻❪ ♣❛r❛ ❣rá✜❝♦s ✐♥t❡✐r♦s ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡

✐♠❡rs♦s ♥✉♠ ❡s♣❛ç♦ r✐❡♠❛♥♥✐❛♥♦ ♠✉♥✐❞♦ ❞❡ ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣✳ ❆ s❡❣✉✐r✱ ❏✳ ▼✳

❊s♣✐♥❛r ❡ ❍✳ ❘♦s❡♥❜❡r❣ ❬✷✾❪ ❝❧❛ss✐✜❝❛r❛♠ ❛s s✉♣❡r❢í❝✐❡s ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡

❡♠ R ×M2 s❡❣✉♥❞♦ ♦ í♥✜♠♦ ❞❡ s✉❛s ♣r♦❥❡çõ❡s ❤♦r✐③♦♥t❛✐s✳ ❈✳ P✳ ❆q✉✐♥♦ ❡ ❍✳ ❋✳ ❞❡

▲✐♠❛ ❬✻❪ ❛♣❧✐❝❛r❛♠ ♦ ❝♦♥❤❡❝✐❞♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❍✳ ❖♠♦r✐ ❬✺✵❪ ❡ ❙✳ ❚✳ ❨❛✉

❬✻✻❪ ♣❛r❛ ♦❜t❡r r❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ❝♦♥❝❡r♥❡♥t❡s ❛ ❣rá✜❝♦s ✈❡rt✐❝❛✐s ❝♦♠♣❧❡t♦s ❡♠ ✉♠

♣r♦❞✉t♦ r✐❡♠❛♥♥✐❛♥♦ R×Mn✱ ❝✉❥❛ ✜❜r❛Mn é ♦✉ ✐s♦♠étr✐❝❛ ❛ S
n ♦✉ é ♣❧❛♥❛✳✷ ❊♠ ❬✹✺❪✱

❍✳ ❋✳ ❞❡ ▲✐♠❛ ❡ ❯✳ P❛r❡♥t❡ ♦❜t✐✈❡r❛♠ ✉♠ t❡♦r❡♠❛ t✐♣♦✲❇❡r♥st❡✐♥ ❡♠ R×H
n✳ ❈♦♠♦

❛♣❧✐❝❛çã♦ ❞❡ s❡✉ r❡s✉❧t❛❞♦✱ ❡❧❡s ❡st✉❞❛r❛♠ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ❣rá✜❝♦s ✈❡rt✐❝❛✐s ❝♦♠♣❧❡t♦s

❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❡♠ t❛❧ ❡s♣❛ç♦✳ ❍✳ ❘♦s❡♥❜❡r❣✱ ❋✳ ❙❝❤✉❧③❡ ❡ ❏✳ ❙♣r✉❝❦

❬✺✽❪ ♠♦str❛r❛♠ q✉❡ ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ ♠í♥✐♠♦ ❝♦♠ ❢✉♥çã♦ ❛❧t✉r❛ ♥ã♦ ♥❡❣❛t✐✈❛ ❡♠ ✉♠

♣r♦❞✉t♦ r✐❡♠❛♥♥✐❛♥♦ R ×Mn✱ ❝✉❥❛ ✜❜r❛ Mn é ❝♦♠♣❧❡t❛ ❝♦♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦

♥❡❣❛t✐✈❛ ❡ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ ❞❡✈❡ s❡r ✉♠ s❧✐❝❡✳ ❊♠ ❬✹✸❪✱ ❍✳

❋✳ ❞❡ ▲✐♠❛✱ ✉s❛♥❞♦ ✉♠❛ ❡①t❡♥sã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❙t♦❦❡s✲❨❛✉ ❞❡✈✐❞❛ ❛ ❆✳ ❈❛♠✐♥❤❛✱

♣r♦✈♦✉ q✉❡ ❡♠ ✉♠ ♣r♦❞✉t♦ R×Mn ❝✉❥❛ ✜❜r❛Mn t❡♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛✱

♦s ❣rá✜❝♦s ✐♥t❡✐r♦s q✉❡ tê♠ s❡❣✉♥❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ ♥♦r♠❛

❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛ ✐♥t❡❣rá✈❡❧ à ▲❡❜❡s❣✉❡ ❡♠ Mn sã♦ t♦t❛❧♠❡♥t❡

❣❡♦❞és✐❝♦s❀ ❡♠ ♣❛rt✐❝✉❧❛r✱ s❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ Mn é ♣♦s✐t✐✈❛✱ ❡♥tã♦ t❛✐s ❣rá✜❝♦s

sã♦ s❧✐❝❡s✳ ❈✳ P✳ ❆q✉✐♥♦✱ ❍✳ ❋✳ ❞❡ ▲✐♠❛ ❡ ❊✳ ❆✳ ▲✐♠❛ ❏r✳ ❬✼❪ ✜③❡r❛♠ ✉s♦ ❞♦ r❡❢❡r✐❞♦

♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❖♠♦r✐✲❨❛✉ ❡ ❞❛ ❢ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r ❛ ✜♠ ❞❡ ♦❜t❡r

r❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ❡♠ ❡♠ ♣r♦❞✉t♦ r✐❡♠❛♥♥✐❛♥♦ R×Mn ❡ ❛♣r❡s❡♥t❛r❛♠ ✉♠ ❡①❡♠♣❧♦

♥ã♦ tr✐✈✐❛❧ ❞❡ ✉♠ ❣rá✜❝♦ ✈❡rt✐❝❛❧ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❡♠ R × H
2✳ ▼❛✐s

r❡❝❡♥t❡♠❡♥t❡✱ ❍✳ ❋✳ ❞❡ ▲✐♠❛✱ ❊✳ ❆✳ ▲✐♠❛ ❏r✳ ❛♥❞ ❯✳ ▲✳ P❛r❡♥t❡ ❬✹✹❪ tr❛❜❛❧❤❛r❛♠ ❝♦♠

❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❧❡t❛s ❡ t✇♦✲s✐❞❡❞ ✐♠❡rs❛s ❡♠ ✉♠ ♣r♦❞✉t♦ r✐❡♠❛♥♥✐❛♥♦ M
n+1

=

✷◆♦ ❚❡♦r❡♠❛ ✷✳✼ ❞❡st❛ ❞✐ss❡rt❛çã♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ✉♠ ♣♦✉❝♦ ♠❛✐s ❣❡r❛❧✱ ♦❜t✐❞♦ ❛

♣❛rt✐r ❞❡st❡ ❞❡ ❆q✉✐♥♦ ❡ ❞❡ ▲✐♠❛✳
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R ×Mn✱ ❝✉❥❛ ✜❜r❛ Mn t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ ❡ ♠♦str❛r❛♠

q✉❡ ❝♦♥tr♦❧❡s ❛❞❡q✉❛❞♦s ♥❛ ♥♦r♠❛ ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❛❧t✉r❛ ❡ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❛ ❢✉♥çã♦ â♥❣✉❧♦✱ ❛❧✐❛❞♦s ❛ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❣❡♦♠étr✐❝❛s ✭q✉❛✐s s❡❥❛♠✱ ❛ ❝✉r✈❛t✉r❛

♠é❞✐❛ ♥ã♦ ♠✉❞❛r ❞❡ s✐♥❛❧ ✕ ❡♠ ♣❛rt✐❝✉❧❛r✱ s❡r ❝♦♥st❛♥t❡ ✕ ❡ s❡❣✉♥❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛

❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✮✱ sã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❛ss❡❣✉r❛r q✉❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ✐♠❡rs❛s ❡♠

M
n+1

sã♦ s❧✐❝❡s✳

❉✐❧❧❡♥ ❡t ❛❧✳ ❡st✉❞❛r❛♠ s✉♣❡r❢í❝✐❡s ❞❡ â♥❣✉❧♦ ❝♦♥st❛♥t❡ ✐♠❡rs❛s ❡♠ ✉♠ ❡s♣❛ç♦

♣r♦❞✉t♦ R ×M2✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡ ❛q✉❡❧❛s s✉♣❡r❢í❝✐❡s ♣❛r❛ ❛s q✉❛✐s ♦ ❝❛♠♣♦ ✉♥✐tár✐♦

♥♦r♠❛❧ ❢❛③ ✉♠ â♥❣✉❧♦ ❝♦♥st❛♥t❡ ❝♦♠ ❛ ❞✐r❡çã♦ t❛♥❣❡♥t❡ ❛ R ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✷✺❪✱

❬✷✻❪ ❡ ❬✷✼❪✮✳ ❊st❡♥❞❡♥❞♦ t❛✐s ❡st✉❞♦s✱ ❊✳ ●❛r♥✐❝❛✱ ❖✳ P❛❧♠❛s ❡ ●✳ ❘✉✐③✲❍❡r♥á♥❞❡③ ❬✸✻❪

❡st❛❜❡❧❡❝❡r❛♠ q✉❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❧❡t❛s✱ ❝♦♠ â♥❣✉❧♦ ❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥✲

t❡s✱ ✐♠❡rs❛s ❡♠ ✉♠ ♣r♦❞✉t♦ R×Mn✱ ❝✉❥❛ ✜❜r❛Mn t❡♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛✱

❞❡✈❡♠ s❡r ♦✉ t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛s ♦✉ ♣❛rt❡ ❞❡ ✉♠ ❝✐❧✐♥❞r♦ s♦❜r❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡

❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ✐♠❡rs❛ ❡♠ Mn✳

❖s ❡s❢♦rç♦s ❝♦♥s✐❣♥❛❞♦s ♣♦r ❡s❝r✐t♦ ♥❡st❛ ❞✐ss❡rt❛çã♦ sã♦ ❞❡✈♦t❛❞♦s à s❡❣✉♥❞❛

✈❡rt❡♥t❡✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♥❡①❛s✱ ❝♦♠♣❧❡t❛s✱ t✇♦✲s✐❞❡❞ ❡ ❝♦♠ ❝✉r✲

✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✱ ψ : Σn # M
n+1

✱ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛s ❡♠ ✉♠ ♣r♦❞✉t♦

r✐❡♠❛♥♥✐❛♥♦ ❞❛ ❢♦r♠❛ M
n+1

= R ×Mn✱ ❡♠ q✉❡ Mn é ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛

❝♦♥❡①❛ ❡ ❝♦♠♣❧❡t❛✱ ♣❛r❛ ❛s q✉❛✐s s❡♠♣r❡ ❡s❝♦❧❤❡r❡♠♦s ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s s✉❛✈❡✱

♥♦r♠❛❧ ❡ ✉♥✐tár✐♦ N ✱ ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ Σn✳ ❈♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❡st✉❞❛r ❛

❣❡♦♠❡tr✐❛ ❞❡ ✉♠❛ t❛❧ Σn✱ ❧❛♥ç❛r❡♠♦s ♠ã♦ ❞❛ ❛♥á❧✐s❡ ❞❡ ❞✉❛s ❢✉♥çõ❡s ♥❛t✉r❛❧♠❡♥t❡

r❡❧❛❝✐♦♥❛❞❛s ❛ ❡❧❛✱ ❛ s❛❜❡r✿ ❛ ❢✉♥çã♦ ❛❧t✉r❛ ✈❡rt✐❝❛❧ h := (πI)
∣∣
Σ
❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦

η := 〈N, ∂t〉✱ ❡♠ q✉❡ ∂t r❡♣r❡s❡♥t❛ ♦ ✈❡t♦r ✉♥✐tár✐♦ q✉❡ ❞❡t❡r♠✐♥❛ ❡♠ M
n+1

✉♠❛ ❢♦✲

❧❤❡❛çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✶ ♣♦r s❧✐❝❡s t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝♦s Mn
t := {t} ×Mn✳ ❆ ♣❛rt✐r

❞❡ r❡str✐çõ❡s ❛♣r♦♣r✐❛❞❛s s♦❜r❡ ❡ss❛s ❢✉♥çõ❡s ❡ s✉❛s ❞❡r✐✈❛❞❛s✱ ❛❧✐❛❞❛s ❛ ❡①✐❣ê♥❝✐❛s

❜❛st❛♥t❡ r❛③♦á✈❡✐s s♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ Mn ❡ s♦❜r❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞♦ ❡♥❞♦♠♦r✜s♠♦

❞❡ ❲❡✐♥❣❛rt❡♥ ❛ss♦❝✐❛❞♦ à ♦r✐❡♥t❛çã♦ N ✱ ❡♠♣r❡❣❛r❡♠♦s ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s ✭❡ss❡♥❝✐❛❧✲

♠❡♥t❡✱ ♦s ♣r✐♥❝í♣✐♦s ❞♦ ♠á①✐♠♦ ❞❡✈✐❞♦s ❛♦ ❖♠♦r✐ ❡ ❛♦ ❨❛✉✮ ♣❛r❛ ❛ss❡❣✉r❛r q✉❡ Σn é

✭✐s♦♠étr✐❝❛ ❛✮ ✉♠ s❧✐❝❡✳ ◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ Σn é ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ s♦❜r❡ Mn✱

✐✳❡✳✱ Σn = Σn(u) = {(u(x), x) ∈ Mn+1
: x ∈ Mn}✱ ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ u ∈ C∞(M)✱



■♥tr♦❞✉çã♦ ✾

♠♦str❛r❡♠♦s q✉❡ ✉♠ ❝♦♥tr♦❧❡ ❛❞❡q✉❛❞♦ ❞❛ ♥♦r♠❛ ❞♦ ❣r❛❞✐❡♥t❡ ❞❡ u ❡♠Mn é s✉✜❝✐❡♥t❡

♣❛r❛ q✉❡ t❡♥❤❛♠♦s u ≡ t0 ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ Σ =Mn
t0
✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳

❖ t❡①t♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳ ◆♦ ❈❛♣ít✉❧♦ ✶ ✕ ❇r❡✈íss✐♠❛

❡①❝✉rsã♦ ♣❡❧❛ ❆♥á❧✐s❡ ●❡♦♠étr✐❝❛✱ ❡st❛❜❡❧❡❝❡r❡♠♦s ♦ ❛r❝❛❜♦✉ç♦ ❛♥❛❧ít✐❝♦ q✉❡ s❡rá ✉t✐✲

❧✐③❛❞♦ ♥❛ ♦❜t❡♥çã♦ ❞♦s r❡s✉❧t❛❞♦s ❞♦s ❞❡♠❛✐s ❝❛♣ít✉❧♦s✳ ◆♦ ❈❛♣ít✉❧♦ ✷ ✕ ❘❡s✉❧t❛❞♦s

♣r✐♥❝✐♣❛✐s✱ ❜❛s❡❛❞♦ ❡♠ ❬✻✱ ✼✱ ✹✹❪✱ ✈❛♠♦s ♥♦s ❞❡❞✐❝❛r ❛♦ ❡st✉❞♦ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s Σn

✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛s ❡♠ ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞ R×fM
n✳ ❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❈❛♣ít✉❧♦ ✸

✕ ●rá✜❝♦s ✈❡rt✐❝❛✐s ✐♥t❡✐r♦s✱ t❡❝✐❞♦ ❛ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s ❞❡ ❬✻✱ ✼✱ ✹✸✱ ✹✹✱ ✹✾❪✱ ❧✐❞❛r❡♠♦s

❝♦♠ ❣rá✜❝♦s ✈❡rt✐❝❛✐s ✐♥t❡✐r♦s ❡♠ ♣r♦❞✉t♦s r✐❡♠❛♥♥✐❛♥♦s✳



❈❛♣ít✉❧♦ ✶

❇r❡✈íss✐♠❛ ❡①❝✉rsã♦ ♣❡❧❛ ❆♥á❧✐s❡

●❡♦♠étr✐❝❛

✶✳✶ Pr♦❞✉t♦s ✇❛r♣❡❞ s❡♠✐✲r✐❡♠❛♥♥✐❛♥♦s

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣r♦❞✉t♦ ✇❛r♣❡❞ s❡♠✐✲r✐❡♠❛♥♥✐❛♥♦ ❡

❡st❛❜❡❧❡❝❡r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❝♦♥❝❡r♥❡♥t❡s às ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛❧ ❡ ❞❡ ❘✐❝❝✐ ❞❡ss❡

❛♠❜✐❡♥t❡✳ ❖ ❡st✉❞♦ ❞❛ ❣❡♦♠❡tr✐❛ ❞❡ ❡s♣❛ç♦s ❞❛ ❢♦r♠❛ R ×f M
n é ♣❛rt✐❝✉❧❛r♠❡♥t❡

♣r♦❢í❝✉♦ ❡ r❡❧❡✈❛♥t❡ ❡♠ ❞❡❝♦rrê♥❝✐❛ ❞♦ ❢❛t♦ ❞❡ ❡ss❡s ❡s♣❛ç♦s ♣♦ss✉ír❡♠ ♥❛t✉r❛❧♠❡♥t❡✱

❝♦♠♦ ✈❡r❡♠♦s✱ ✉♠ ❝❛♠♣♦ ❝♦♥❢♦r♠❡ ❡ ❢❡❝❤❛❞♦ ✕ ♦ ❝❛♠♣♦ f∂t✳

❘❡❝♦r❞❛♠♦s q✉❡ ✉♠ t❡♥s♦r ♠étr✐❝♦ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡ M é ✉♠ 2 −
−t❡♥s♦r ❝♦✈❛r✐❛♥t❡ ❡ s✐♠étr✐❝♦ g s♦❜r❡ M ✱ t❛❧ q✉❡ gp é ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ♣❛r❛ t♦❞♦

♣♦♥t♦ p ∈ M ✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲r✐❡♠❛♥♥✐❛♥❛ é ✉♠ ♣❛r (M, g)✱ ❡♠ q✉❡ M é ✉♠❛

✈❛r✐❡❞❛❞❡ s✉❛✈❡ ❡ g = 〈·, ·〉 é ✉♠ t❡♥s♦r ♠étr✐❝♦ ❞❡ í♥❞✐❝❡✶ ❝♦♥st❛♥t❡ s♦❜r❡ M ✳

❉❡✜♥✐çã♦ ✶✳✶ ✭Pr♦❞✉t♦ ✇❛r♣❡❞ s❡♠✐✲r✐❡♠❛♥♥✐❛♥♦✮ ❙❡❥❛♠ (M, gM) ❡ (N, gN)

✈❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ❡ s❡❥❛ f : M → R ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡ ♣♦s✐t✐✈❛✳ ❖

♣r♦❞✉t♦ ✇❛r♣❡❞ M =M ×f N é ❛ ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦ M ×N ♠✉♥✐❞❛ ❞♦ t❡♥s♦r ♠étr✐❝♦

g = π∗(gM) + (f ◦ π)2σ∗(gN), ✭✶✳✶✮

✶❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ❡ β ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s♦❜r❡ X✳ ❘❡❝♦r❞❛♠♦s q✉❡ ♦ í♥❞✐❝❡ ❞❡ β

é✱ ♣♦r ❞❡✜♥✐çã♦✱ ❛ ♠❛✐♦r ❞✐♠❡♥sã♦ ❞♦s s✉❜❡s♣❛ç♦s Y ≤ X t❛✐s q✉❡ β
∣∣
Y×Y

é ♥❡❣❛t✐✈❛✲❞❡✜♥✐❞❛✳



❈❛♣ít✉❧♦ ✶✳ Pr♦❞✉t♦s ✇❛r♣❡❞ s❡♠✐✲r✐❡♠❛♥♥✐❛♥♦s ✶✶

❡♠ q✉❡ π ❡ σ sã♦ ❛s ♣r♦❥❡çõ❡s s♦❜r❡ M ❡ N ✱ ♥❡st❛ ♦r❞❡♠✳ ❊①♣❧✐❝✐t❛♠❡♥t❡✱ ❞❡♥♦t❛♥❞♦

♣♦r 〈·, ·〉M ❡ 〈·, ·〉N ❛s ♠étr✐❝❛s ❞❡ M ❡ N ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❡ v ❡ w sã♦ t❛♥❣❡♥t❡s ❛

M ×N ❡♠ r = (p, q)✱ ❡♥tã♦

〈v, w〉r = 〈dπr(v), dπr(w)〉Mp + f 2(p)〈dσr(v), dσr(w)〉Nq .

❆ ✈❛r✐❡❞❛❞❡ M é ❞✐t❛ ❛ ❜❛s❡ ❞❡ M =M ×f N ❡ ❛ ✈❛r✐❡❞❛❞❡ N ✱ ❛ ✜❜r❛✳

❙❡ f ≡ 1✱ ❡♥tã♦ M ×f N é s✐♠♣❧❡s♠❡♥t❡ ❛ ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é

❡①♣r❡ss❛r ❛ ❣❡♦♠❡tr✐❛ ❞❡ M ❡♠ t❡r♠♦s ❞❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ f ❡ ❞❛s ❣❡♦♠❡tr✐❛s ❞❡ M ❡

N ✳

❖❜s❡r✈❛çã♦ ✶✳✶ ❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦✱ ❛s ✜❜r❛s {p}×N =

π−1(p) ❡ ❛s ❢♦❧❤❛s M × {q} = σ−1(q) sã♦ s✉❜✈❛r✐❡❞❛❞❡s s❡♠✐✲r✐❡♠❛♥♥✐❛♥❛s ❞❡ M ✱ ❡ ❛

♠étr✐❝❛ ✇❛r♣❡❞ é t❛❧ q✉❡ s❡ ✈❡r✐✜❝❛♠ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ P❛r❛ ❝❛❞❛ ♣♦♥t♦ q ∈ N ✱ ❛ ❛♣❧✐❝❛çã♦ π
∣∣
M×{q} é ✉♠❛ ✐s♦♠❡tr✐❛ s♦❜r❡ M ✳

✭✐✐✮ P❛r❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M ✱ ❛ ❛♣❧✐❝❛çã♦ σ
∣∣
{p}×N

é ✉♠❛ ❤♦♠♦t❡t✐❛ ♣♦s✐t✐✈❛ s♦❜r❡ N ✱

❝♦♠ ❢❛t♦r ❞❡ ❤♦♠♦t❡t✐❛ 1/f(p)✳

✭✐✐✐✮ P❛r❛ ❝❛❞❛ ♣♦♥t♦ (p, q) ∈ M ✱ ❛ ❢♦❧❤❛ M × {q} ❡ ❛ ✜❜r❛ {p} × N sã♦ ♦rt♦❣♦♥❛✐s

❡♠ (p, q)✳

❈♦♠ ❡❢❡✐t♦✱ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ q ∈ N ✱ ❛ ❛♣❧✐❝❛çã♦ Πq := π
∣∣
M×{q} : M × {q} → M é

✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ r = (p, q) ∈ M × {q} ❡ ♣❛r❛ t♦❞♦s

x, y ∈ Tr(M × {q}) ≤ TrM ✱ t❡♠♦s

〈x, y〉r = 〈dπr(x), dπr(y)〉Mp + f 2(p)〈dσr(x), dσr(y)〉Nq
= 〈d(Πq)p(x), d(Πq)p(y)〉Mp ,

♣♦✐s d(Πq)p = dπr
∣∣
Tr(M×{q}) ❡ σ é ❝♦♥st❛♥t❡ ♥❛ ❢♦❧❤❛M×{q}✱ ❧♦❣♦ ✐♥❞✉③ ❡♠ Tr(M×{q})

❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ♥✉❧❛✳ ■ss♦ ♣r♦✈❛ ✭✐✮✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♣♦❞❡♠♦s ❞❡♠♦♥str❛r ✭✐✐✮✿

❜❛st❛ ❝♦♥s✐❞❡r❛r♠♦s✱ ♣❛r❛ ❝❛❞❛ p ∈M ✱ ♦ ❞✐❢❡♦♠♦r✜s♠♦ Σp := σ
∣∣
{p}×N

: {p}×N → N ✳

❆ ❝♦♥❞✐çã♦ ✭✐✐✐✮ é ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ❞❡✜♥✐çã♦ ❞♦ t❡♥s♦r ♠étr✐❝♦ g ❞❛❞❛ ❡♠

✭✶✳✶✮✳



❈❛♣ít✉❧♦ ✶✳ Pr♦❞✉t♦s ✇❛r♣❡❞ s❡♠✐✲r✐❡♠❛♥♥✐❛♥♦s ✶✷

❱❡t♦r❡s t❛♥❣❡♥t❡s às ❢♦❧❤❛s s❡rã♦ ❞✐t♦s ❤♦r✐③♦♥t❛✐s❀ ✈❡t♦r❡s t❛♥❣❡♥t❡s às ✜❜r❛s

s❡rã♦ ❞✐t♦s ✈❡rt✐❝❛✐s✳ ❉❡♥♦t❛r❡♠♦s ♣♦r nor ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡ TrM, r = (p, q) ∈
M ✱ s♦❜r❡ s❡✉ s✉❜❡s♣❛ç♦ ❤♦r✐③♦♥t❛❧ Tr(M × {q}) ∼= TpM ❡ ♣♦r tan ❛ ♣r♦❥❡çã♦ s♦❜r❡ ♦

s✉❜❡s♣❛ç♦ ✈❡rt✐❝❛❧ Tr({p} ×N) ∼= TqN ✳ P❡❧♦ ✐t❡♠ ✭✐✐✐✮ ❞❛ ❖❜s❡r✈❛çã♦ ✶✳✶✱ t❡♠♦s

(Tr({p} ×N))⊥ = Tr(M × {q}).

P♦rt❛♥t♦✱ ♣❛r❛ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ✈❡rt✐❝❛✐s V,W ❡♠ M ✱ ❛ ❢ór♠✉❧❛

α(V,W ) = nor∇VW,

❡♠ q✉❡ ∇ ❞❡♥♦t❛ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ M ✱ ❢♦r♥❡❝❡ ♦ t❡♥s♦r ❞❡ ❢♦r♠❛ ❞❡ t♦❞❛s

❛s ✜❜r❛s✳

❖ ❡s♣❛ç♦ ❞♦s ❝❛♠♣♦s ❞❡ M = M ×f N q✉❡ sã♦ ❧❡✈❛♥t❛♠❡♥t♦✷ ❞❡ ❝❛♠♣♦s ❞❡ M

✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ N✮ s❡rá ❞❡♥♦t❛❞♦ ♣♦r L (M) ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ L (N)✮✳ ➱ ❝❧❛r♦ q✉❡

L (M) é ✉♠ C∞
M (M)✕♠ó❞✉❧♦✱ ❡♠ q✉❡ C∞

M (M) é ♦ ❛♥❡❧ ❞❛s ❢✉♥çõ❡s C∞(M) q✉❡ sã♦

❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❢✉♥çõ❡s C∞(M)✳ ❉❡ ♠♦❞♦ s✐♠✐❧❛r✱ L (N) é ✉♠ C∞
N (M)✕♠ó❞✉❧♦✱ ❡♠

q✉❡ C∞
N (M) é ♦ ❛♥❡❧ ❞❛s ❢✉♥çõ❡s C∞(M) q✉❡ sã♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❢✉♥çõ❡s C∞(N)✳

❆ r❡❧❛çã♦ ❞♦ ♣r♦❞✉t♦ ✇❛r♣❡❞ ♣❛r❛ ❝♦♠ ❛ ❜❛s❡ M é q✉❛s❡ tã♦ s✐♠♣❧❡s q✉❛♥t♦

♥♦ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞♦ ♣r♦❞✉t♦ s❡♠✐✲r✐❡♠❛♥♥✐❛♥♦❀ ❛ r❡❧❛çã♦ ♣❛r❛ ❝♦♠ ❛ ✜❜r❛ N ✱ ♣♦r s❡✉

t✉r♥♦✱ ❣❡r❛❧♠❡♥t❡ ❡♥✈♦❧✈❡ ❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ f ✳

▲❡♠❛ ✶✳✶ ❙❡❥❛ h ∈ C∞(M)✳ ❊♥tã♦ ♦ ❣r❛❞✐❡♥t❡ ❞♦ ❧❡✈❛♥t❛♠❡♥t♦ h◦π ❡♠M =M×fN

é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ♣❛r❛ M ❞♦ ❣r❛❞✐❡♥t❡ ❞❡ h ❡♠ M ✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ ✉♠ ✈❡t♦r ✈❡rt✐❝❛❧ v✱ t❡♠♦s q✉❡ 〈❣r❛❞(h◦π), v〉 = v(h◦π) =
dπ(v)(h) = 0✱ ♣♦✐s dπ(v) = 0✳ ▲♦❣♦✱ ❣r❛❞(h ◦ π) é ❤♦r✐③♦♥t❛❧✳ ❆❣♦r❛✱ ❞❛❞♦ ✉♠ ✈❡t♦r

❤♦r✐③♦♥t❛❧ x✱ t❡♠♦s

〈dπ(❣r❛❞(h ◦ π)), dπ(x)〉 = 〈❣r❛❞(h ◦ π), x〉 = x(h ◦ π) = dπ(x)h = 〈❣r❛❞h, dπ(x)〉.

❆ss✐♠✱ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡M ✱ dπ(❣r❛❞(h◦π)) = ❣r❛❞h✱ ✐✳❡✳✱ ❣r❛❞(h◦π) é π✕r❡❧❛❝✐♦♥❛❞♦
❛ ❣r❛❞h ❡♠ M ✳

Pr♦♣♦s✐çã♦ ✶✳✷ ❙❡ X, Y ∈ L (M) ❡ V,W ∈ L (N)✱ ❡♥tã♦✿

✷❱❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✺✷❪✱ ♣✳ ✷✹✕✷✺✳



❈❛♣ít✉❧♦ ✶✳ Pr♦❞✉t♦s ✇❛r♣❡❞ s❡♠✐✲r✐❡♠❛♥♥✐❛♥♦s ✶✸

✭✐✮ ∇XY é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ∇M
X Y ❡♠ M ❀

✭✐✐✮ ∇XV = ∇VX = (X(f ◦ π)/f ◦ π)V ❀

✭✐✐✐✮ nor∇VW = α(V,W ) = −(〈V,W 〉/f ◦ π)❣r❛❞(f ◦ π)❀

✭✐✈✮ tan∇VW ∈ L (N) é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ∇N
V W ❡♠ N ✳

❉❡♠♦♥str❛çã♦✳

✭✐✮ ❆ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧✸ ♣❛r❛ 2〈∇XY, V 〉 s❡ r❡❞✉③ ❛

−V 〈X, Y 〉+ 〈V, [X, Y ]〉,

✉♠❛ ✈❡③ q✉❡ [X, V ] = [Y, V ] = 0✳ ❈♦♠♦ X ❡ Y sã♦ ❧❡✈❛♥t❛♠❡♥t♦s ❛ ♣❛rt✐r ❞❡

M ✱ 〈X, Y 〉 é ❝♦♥st❛♥t❡ ♥❛s ✜❜r❛s✳ ❙❡♥❞♦ V ✈❡rt✐❝❛❧✱ t❡♠♦s V 〈X, Y 〉 = 0✳ ▼❛s

[X, Y ] é t❛♥❣❡♥t❡ às ❢♦❧❤❛s✱ ❧♦❣♦ 〈V, [X, Y ]〉 = 0✳ P♦rt❛♥t♦ 〈∇XY, V 〉 = 0✱ ♣❛r❛

t♦❞♦ V ∈ L (N)✱ ❞♦♥❞❡ ∇XY é ❤♦r✐③♦♥t❛❧✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉❡✱ ❡♥tã♦✱ ❞♦ ❢❛t♦ ❞❡

❝❛❞❛ Πq s❡r ✉♠❛ ✐s♦♠❡tr✐❛✳

✭✐✐✮ ∇XV = ∇VX✱ ♣♦✐s [X, V ] = 0✳ ❊ss❡s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s sã♦ ✈❡rt✐❝❛✐s✱ ♣♦✐s✱ ♣♦r

✭✐✮✱ 〈∇XV, Y 〉 = −〈V,∇XY 〉 = 0✳ ❚♦❞♦s ♦s t❡r♠♦s ♥❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧ ♣❛r❛

2〈∇XV,W 〉 s❡ ❛♥✉❧❛♠✱ à ❡①❝❡çã♦ ❞❡ X〈V,W 〉✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞♦ t❡♥s♦r ♠étr✐❝♦

✇❛r♣❡❞✱ 〈V,W 〉(p,q) = f(p)2〈Vq,Wq〉M ✳ ❊s❝r❡✈❡♥❞♦ f ❡♠ ❧✉❣❛r ❞❡ f ◦ π✱ t❡♠♦s

〈V,W 〉 = f 2(〈V,W 〉M ◦σ)✳ ❆ ❡①♣r❡ssã♦ ❡♥tr❡ ♣❛rê♥t❡s❡s ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ú❧t✐♠❛

✐❣✉❛❧❞❛❞❡ é ❝♦♥st❛♥t❡ ♥❛s ❢♦❧❤❛s✱ às q✉❛✐s X é t❛♥❣❡♥t❡✳ ❆ss✐♠✱

X〈V,W 〉 = X
[
f 2(〈V,W 〉M ◦ σ)

]

= 2fXf(〈V,W 〉M ◦ σ)

= 2(Xf/f)〈V,W 〉.

P♦rt❛♥t♦✱ ∇XV = (Xf/f)V ✳

✸❊♠ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧✱ ♣r♦✈❛✲s❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿ ❙❡❥❛ (M, 〈·, ·〉) ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲

r✐❡♠❛♥♥✐❛♥❛✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❝♦♥❡①ã♦ ∇ ❡♠ M ✱ ❞✐t❛ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ M ✱ q✉❡ é

s✐♠étr✐❝❛ ❡ ❝♦♠♣❛tí✈❡❧ ❝♦♠ 〈·, ·〉✳ ❊ss❛ ❝♦♥❡①ã♦ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧✱

2〈∇V W,X〉 = V 〈W,X〉+W 〈X,V 〉 −X〈V,W 〉 − 〈V, [W,X]〉+ 〈W, [X,V ]〉+ 〈X, [V,W ]〉,

♣❛r❛ t♦❞♦s X,V,W ∈ TM ✳ ❱❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❚❡♦r❡♠❛ ✶✶ à ♣á❣✐♥❛ ✻✶ ❞❡ ❬✺✷❪✳
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✭✐✐✐✮ P♦r ✭✐✐✮✱

〈∇VW,X〉 = −〈W,∇VX〉

= −〈W, (Xf/f)V 〉

= (Xf/f)〈V,W 〉.

P❡❧♦ ▲❡♠❛ ✶✳✶✱ Xf = 〈❣r❛❞ f,X〉✱ ❡♠ M ❝♦♠♦ ❡♠ M ✳ ❆ss✐♠✱ ♣❛r❛ t♦❞♦ X✱

〈∇VW,X〉 = −〈(〈V,W 〉/f)❣r❛❞ f,X〉.

✭✐✈✮ ❈♦♠♦ V ❡ W sã♦ t❛♥❣❡♥t❡s ❛ t♦❞❛s ❛s ✜❜r❛s✱ ❡♠ ✉♠❛ ❞❛❞❛ ✜❜r❛ tan∇VW é

❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛♣❧✐❝❛❞❛ às r❡str✐çõ❡s ❞❡ V ❡ W àq✉❡❧❛ ✜❜r❛✳ ❖ ❢❛t♦ ❞❡

tan∇VW ❡ ∇N
V W s❡r❡♠ σ−r❡❧❛❝✐♦♥❛❞♦s s❡❣✉❡✱ ❡♥tã♦✱ ❞♦ ❢❛t♦ ❞❡ ❛s ❤♦♠♦t❡t✐❛s

♣r❡s❡r✈❛r❡♠ ❛s ❝♦♥❡①õ❡s ❞❡ ▲❡✈✐✲❈✐✈✐t❛✳

❈♦r♦❧ár✐♦ ✶✳✸ ❆s ❢♦❧❤❛s M×{q} ❞❡ ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞ M =M×f N sã♦ t♦t❛❧♠❡♥t❡

❣❡♦❞és✐❝❛s ❡ ❛s ✜❜r❛s {p} ×N sã♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s✳

❖❜s❡r✈❛çã♦ ✶✳✷ ❊♠ ✈✐rt✉❞❡ ❞♦ ▲❡♠❛ ✶✳✶✱ ♥ã♦ ❞❡✈❡rá ❤❛✈❡r ❝♦♥❢✉sã♦✱ s❡ s✐♠♣❧✐✜✲

❝❛r♠♦s ❛ ♥♦t❛çã♦ ❡s❝r❡✈❡♥❞♦ h ❡ ❣r❛❞h ❡♠ ❧✉❣❛r ❞❡ h ◦ π ❡ ❣r❛❞(h ◦ π)✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ■❣✉❛❧♠❡♥t❡ ❝♦♠ ♦ ✐♥t❡♥t♦ ❞❡ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ ✭❡ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦

❛ Pr♦♣♦s✐çã♦ ✶✳✷✮✱ ❞♦r❛✈❛♥t❡ ❡s❝r❡✈❡r❡♠♦s X ♣❛r❛ ❞❡s✐❣♥❛r t❛♥t♦ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

X ∈ X(M) q✉❛♥t♦ s❡✉ ❧❡✈❛♥t❛♠❡♥t♦ X ∈ L (M)✱ ❛ss✐♠ ❝♦♠♦ ❞❡♥♦t❛r❡♠♦s ♣♦r V

t❛♥t♦ V ∈ X(M) q✉❛♥t♦ V ∈ L (M)✳

❊①❡♠♣❧♦ ✶

✭✐✮ ❯♠❛ s✉♣❡r❢í❝✐❡ ❞❡ r❡✈♦❧✉çã♦ é ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞✱ ❛s ❢♦❧❤❛s s❡♥❞♦ ❛s ❞✐❢❡r❡♥t❡s

♣♦s✐çõ❡s ❞❛ ❝✉r✈❛ r♦t❛❝✐♦♥❛❞❛ ❡ ❛s ✜❜r❛s ♦s ❝ír❝✉❧♦s ❞❡ r❡✈♦❧✉çã♦✳ ❊①♣❧✐❝✐t❛♠❡♥t❡✱

s❡ M é ♦❜t✐❞❛ ♣❡❧❛ r♦t❛çã♦ ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ C ❡♠ t♦r♥♦ ❞❡ ✉♠ ❡✐①♦ ❡♠ R
3 ❡

f : C → R
+ ❞á ❛ ❞✐stâ♥❝✐❛ ❛ ❡ss❡ ❡✐①♦✱ ❡♥tã♦ M = C ×f S

1(1)✳

✭✐✐✮ R
3 \{0} ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞✿ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s✱ ♦ ❡❧❡♠❡♥t♦ ❞❡ ❧✐♥❤❛

❞❡ R
3 \ {0} é

ds2 = dr2 + r2(dϑ2 + sin2 ϑdϕ2).



❈❛♣ít✉❧♦ ✶✳ Pr♦❞✉t♦s ✇❛r♣❡❞ s❡♠✐✲r✐❡♠❛♥♥✐❛♥♦s ✶✺

❋❛③❡♥❞♦ r = 1✱ ♦❜t❡♠♦s ♦ ❡❧❡♠❡♥t♦ ❞❡ ❧✐♥❤❛ ❞❛ ❡s❢❡r❛ ✉♥✐tár✐❛ S
2✳ ❊✈✐❞❡♥t❡♠❡♥t❡

R
3 \ {0} é ❞✐❢❡♦♠♦r❢♦ ❛ R

+ × S
2 s♦❜ ❛ ❛♣❧✐❝❛çã♦ ♥❛t✉r❛❧ (t, p) ↔ tp✳ ❆ss✐♠✱ ❛

❢ór♠✉❧❛ ♣❛r❛ ds2 ♠♦str❛ q✉❡ R
3 \ {0} ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✇❛r♣❡❞

R
+×r S

2✳ ❊♠ R
3 \ {0}✱ ❛s ❢♦❧❤❛s sã♦ ♦s r❛✐♦s ♣❛rt✐♥❞♦ ❞❛ ♦r✐❣❡♠ ❡ ❛s ✜❜r❛s sã♦

❛s ❡s❢❡r❛s S
2(r), r > 0✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ Rn \ {0} é ♥❛t✉r❛❧♠❡♥t❡ ✐s♦♠étr✐❝♦ ❛

R
+ ×r S

n−1✳

✭✐✐✐✮ ❖s ♠♦❞❡❧♦s ❞❡ ❡s♣❛ç♦✲t❡♠♣♦ st❛♥❞❛r❞ ❞♦ ✉♥✐✈❡rs♦ sã♦ ♣r♦❞✉t♦s ✇❛r♣❡❞✱ ❜❡♠ ❝♦♠♦

♦s ♠♦❞❡❧♦s ♠❛✐s s✐♠♣❧❡s ❞❡ ✈✐③✐♥❤❛♥ç❛s ❞❡ ❡str❡❧❛s ❡ ❜✉r❛❝♦s ♥❡❣r♦s✳ ✭❱❡❥❛✱ ♣♦r

❡①❡♠♣❧♦✱ ♦s ❝❛♣ít✉❧♦s 12 ❡ 13 ❞❡ ❬✺✷❪✳✮

✭✐✈✮ ❖ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ H
n+1 é ✐s♦♠étr✐❝♦ ❛♦s ♣r♦❞✉t♦s ✇❛r♣❡❞ R×etR

n ❡ R×cosh tH
n✳

✭❱❡❥❛ ♦ ❊①❡♠♣❧♦ ✹✳✸ ❞❡ ❬✹✻❪✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❡①♣❧í❝✐t❛ ❡♥tr❡ Hn+1 ❡ R×et R
n ♣♦❞❡

s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✹❪✳✮

❖ ♣r♦❜❧❡♠❛ é ❡①♣r❡ss❛r ❛ ❝✉r✈❛t✉r❛ ❞❡ ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞ M = M ×f N ❡♠

t❡r♠♦s ❞❡ s✉❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ f ❡ ❞❛s ❝✉r✈❛t✉r❛s ❞❡ M ❡ N ✳

P❛r❛ ✉♠ t❡♥s♦r ❝♦✈❛r✐❛♥t❡ A ❡♠ M ✱ s❡✉ ❧❡✈❛♥t❛♠❡♥t♦ A ♣❛r❛ M é s✐♠♣❧❡s✲

♠❡♥t❡ s❡✉ ♣✉❧❧❜❛❝❦ π∗(A) s♦❜ ❛ ♣r♦❥❡çã♦ π : M → M ✳ ◆♦ ❝❛s♦ ❞❡ ✉♠ (1, s)−t❡♥s♦r
A : X(M) × · · · × X(M) → X(M)✱ s❡ v1, . . . , vs ∈ TrM, r = (p, q) ∈ M ❞❡✜✲

♥✐♠♦s A(v1, . . . , vs) ❝♦♠♦ s❡♥❞♦ ♦ ✈❡t♦r ❤♦r✐③♦♥t❛❧ ❡♠ r ❝✉❥❛ ♣r♦❥❡çã♦ ❡♠ TpM é

A(dπ(v1), . . . , dπ(vs))✳ ❊ss❛s ❞❡✜♥✐çõ❡s ♥ã♦ ❡♥✈♦❧✈❡♠ ♥❡♥❤✉♠❛ ❣❡♦♠❡tr✐❛✱ ❧♦❣♦ ❝♦♥✲

t✐♥✉❛♠ ✈á❧✐❞❛s✱ ♠✉t❛t✐s ♠✉t❛♥❞✐s✱ ♣❛r❛ ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ N ✳

❙❡❥❛♠ RM ❡ RN ♦s ❧❡✈❛♥t❛♠❡♥t♦s ♣❛r❛ M ❞♦s t❡♥s♦r❡s ❝✉r✈❛t✉r❛ ❞❡ M ❡ N ✳

❈♦♠♦ ❛ ♣r♦❥❡çã♦ π é ✉♠❛ ✐s♦♠❡tr✐❛ ❡♠ ❝❛❞❛ ❢♦❧❤❛✱ RM ❞á ❛ ❝✉r✈❛t✉r❛ ❞❡ ❝❛❞❛ ❢♦❧❤❛✳

❆ ❛ss❡rçã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ✈❛❧❡ ♣❛r❛ RN ✱ ✉♠❛ ✈❡③ q✉❡ ❛ ♣r♦❥❡çã♦ σ é ✉♠❛ ❤♦♠♦t❡t✐❛✳

❈♦♠♦ ❛s ❢♦❧❤❛s sã♦ t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛s✱ RM ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ R ❞❡

M ❡♠ ✈❡t♦r❡s ❤♦r✐③♦♥t❛✐s✳ ❆ ❛ss❡rçã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ♣❛r❛ RN ❡ R✱ ❝♦♥t✉❞♦✱ ❢❛❧❤❛✱

♣♦✐s ❛s ✜❜r❛s sã♦✱ ❡♠ ❣❡r❛❧✱ ❛♣❡♥❛s ✉♠❜í❧✐❝❛s✳

❙❡ h ∈ C∞(M)✱ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ♣❛r❛ M ❞❡ Hessh s❡rá ❞❡♥♦t❛❞♦ ♣♦r Hh✳ ❊❧❡

❝♦♥❝♦r❞❛ ❝♦♠ ♦ ❤❡ss✐❛♥♦ ❞♦ ❧❡✈❛♥t❛♠❡♥t♦ h ◦π ❣❡r❛❧♠❡♥t❡ ❛♣❡♥❛s ❡♠ ✈❡t♦r❡s ❤♦r✐③♦♥✲

t❛✐s✳

Pr♦♣♦s✐çã♦ ✶✳✹ ❙❡❥❛ M = M ×f N ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞ ❝♦♠ t❡♥s♦r ❝✉r✈❛t✉r❛ R✳ ❙❡

X, Y, Z ∈ L (M) ❡ U, V,W ∈ L (N)✱ ❡♥tã♦✿
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✭✐✮ R(X, Y )Z ∈ L (M) é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ RM(X, Y )Z ❡♠ M ❀

✭✐✐✮ R(V,X)Y = (Hf (X, Y )/f)V ✱ ❡♠ q✉❡ Hf é ♦ ❍❡ss✐❛♥♦ ❞❡ f ❀

✭✐✐✐✮ R(X, Y )V = R(V,W )X = 0❀

✭✐✈✮ R(X, V )W = (〈V,W 〉/f)∇X❣r❛❞ f ❀

✭✈✮ R(V,W )U = RN(V,W )U − (〈∇f,∇f〉/f 2){〈V, U〉W − 〈W,U〉V }✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛ Pr♦♣♦s✐çã♦ 42 às ♣á❣✐♥❛s ✷✶✵✕✷✶✶ ❞❡ ❬✺✷❪✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ Ric ❞❡ ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞✱ ❡s❝r❡✈❡♥❞♦

RicM ♣❛r❛ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ✭♣✉❧❧❜❛❝❦ ♣♦r π✮ ❞❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡M ✱ ❡ s✐♠✐❧❛r♠❡♥t❡

♣❛r❛ RicN ✳

❈♦r♦❧ár✐♦ ✶✳✺ ❊♠ ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞ M = M ×f N ✱ ❝♦♠ d := dimN > 1✱ s❡❥❛♠

X, Y ❤♦r✐③♦♥t❛✐s ❡ V,W ✈❡rt✐❝❛✐s✳ ❊♥tã♦✿

✭✐✮ Ric(X, Y ) = RicM(X, Y )− (d/f)Hf (X, Y )❀

✭✐✐✮ Ric(X, V ) = 0❀

✭✐✐✐✮ Ric(V,W ) = RicN(V,W )− 〈V,W 〉f#✱ ❡♠ q✉❡

f# =
∆f

f
+ (d− 1)

〈∇f,∇f〉
f 2

❡ ∆f é ♦ ❧❛♣❧❛❝✐❛♥♦ ❡♠ M ✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✺✷❪✱ ♣✳ ✷✶✶✳

✶✳✷ ❍✐♣❡rs✉♣❡r❢í❝✐❡s

❈♦♠❡❝❡♠♦s ♣♦r r❡❝♦r❞❛r ❛ s❡❣✉✐♥t❡

❉❡✜♥✐çã♦ ✶✳✻ ❙❡❥❛♠ (Mn, g) ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❡ (M
n+p

, g) ✉♠❛ ✈❛r✐❡❞❛❞❡

s❡♠✐✲r✐❡♠❛♥♥✐❛♥❛✳ ❯♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ ψ : Mn → M
n+p

é ✉♠❛ ✐♠❡rsã♦ ✭✐✳❡✳✱ ψ

é ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❡ s✉❛ ❞✐❢❡r❡♥❝✐❛❧ é ✐♥❥❡t✐✈❛ ❡♠ t♦❞♦ ♣♦♥t♦ x ∈ M✮ q✉❡ s❛t✐s❢❛③

ψ∗g = g✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡♥♦t❛r❡♠♦s ♦s t❡♥s♦r❡s ♠étr✐❝♦s ❞❡ M ❡ M ♣❡❧♦ ♠❡s♠♦

sí♠❜♦❧♦ 〈·, ·〉✳ ❉✐r❡♠♦s q✉❡ ψ(M) ⊂ M é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ s❡ p = 1✱ ✐✳❡✳✱ s❡ ❛

❝♦❞✐♠❡♥sã♦ ❞❛ ✐♠❡rsã♦ ψ ❢♦r ✐❣✉❛❧ ❛ ✶✳
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❙❡❥❛ ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ ψ : Σn → M
n+1

✳ ❙❡♠♣r❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

❧♦❝❛❧♠❡♥t❡ ✉♠ ❝❛♠♣♦ s✉❛✈❡ ❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ❡ ✉♥✐tár✐♦s✱ ✐✳❡✳✱ ✉♠ ❝❛♠♣♦ s✉❛✈❡ ❞❡

✈❡t♦r❡s ξ ∈ TΣ⊥ ❞❡✜♥✐❞♦ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ ❝❛❞❛ x ∈ Σn t❛❧ q✉❡ 〈ξy, ξy〉 = 1 ♣❛r❛

t♦❞♦ y ∈ U ✳✹ ✭❉❡ ❢❛t♦✱ ❡①✐st❡♠ ❛♣❡♥❛s ❞✉❛s ♣♦ssí✈❡✐s ❡s❝♦❧❤❛s ♣❛r❛ ξ✳✮ ❙❡ X ∈ TxΣ ❡

Y ∈ TΣ✱ ❡♥tã♦ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss é ❞❛❞❛ ♣♦r

∇XY = ∇XY + 〈AξX, Y 〉ξ, ✭✶✳✷✮

❡♠ q✉❡ Aξ : TΣ ←֓ é ♦ ❡♥❞♦♠♦r✜s♠♦ ❞❡ ❲❡✐♥❣❛rt❡♥ ✭♦✉ ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛✮✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ξ é ✉♠ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦✱ t❡♠♦s 〈∇Xξ, ξ〉 = 0✱ ❞♦♥❞❡ ∇⊥
Xξ = 0

♣❛r❛ t♦❞♦ X ∈ TM ✳ ▲♦❣♦✱ ❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡♥ é ❞❛❞❛ ♣♦r

∇Xξ = −AξX, ∀X ∈ TΣ. ✭✶✳✸✮

❖❜s❡r✈❛çã♦ ✶✳✸ ❉♦r❛✈❛♥t❡✱ ♥❡st❛ ❞✐ss❡rt❛çã♦✱ t♦❞❛s ❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ψ : Σn →
M

n+1
❝♦♠ ❛s q✉❛✐s ❧✐❞❛r❡♠♦s s❡rã♦ s✉♣♦st❛s ❝♦♥❡①❛s ❡ ♦r✐❡♥tá✈❡✐s✳ ❆❞❡♠❛✐s✱ s✉♣♦r❡✲

♠♦s q✉❡ ❢♦✐ ✜①❛❞❛ ✉♠❛ ♦r✐❡♥t❛çã♦ N ✭✐✳❡✳✱ ✉♠ ❝❛♠♣♦ s✉❛✈❡ ♥♦r♠❛❧ ❡ ✉♥✐tár✐♦✱ ❣❧♦❜❛❧✲

♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ Σn✮ ❡ ❞❡♥♦t❛r❡♠♦s s✐♠♣❧❡s♠❡♥t❡ ♣♦r A = AN ♦ ❡♥❞♦♠♦r✜s♠♦ ❞❡

❲❡✐♥❣❛rt❡♥ ❛ss♦❝✐❛❞♦ ❛ N ✳ ■❞❡♥t✐✜❝❛♥❞♦ Σn ❝♦♠ s✉❛ ✐♠❛❣❡♠ ♣♦r ψ✱ ψ(Σn) ⊆ M
n+1

✱

✈❛♠♦s ♥♦s r❡❢❡r✐r à ❤✐♣❡rs✉♣❡r❢í❝✐❡ Σn✳ ❆ss✐♠✱ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H ❞❡ Σn é ❞❛❞❛ ♣♦r

H :=
1

n
tr❛ç♦(A).

❖ t❡♥s♦r ❝✉r✈❛t✉r❛ R ❞❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ψ : Σn →M
n+1

é ❞❛❞♦ ♣♦r

R(X, Y )Z = ∇[X,Y ]Z − [∇X ,∇Y ]Z,

❡♠ q✉❡ [·, ·] é ♦ ❝♦❧❝❤❡t❡ ❞❡ ▲✐❡ ❡ X, Y, Z ∈ TΣ✳ ❆ ❡q✉❛çã♦ ❞❡ ●❛✉ss✱ q✉❡ ❞❡s❝r❡✈❡

♦ t❡♥s♦r ❝✉r✈❛t✉r❛ R ❞❡ Σn ❡♠ t❡r♠♦s ❞♦ ❡♥❞♦♠♦r✜s♠♦ ❞❡ ❲❡✐♥❣❛rt❡♥ ❡ ❞♦ t❡♥s♦r

❝✉r✈❛t✉r❛ R ❞♦ ❛♠❜✐❡♥t❡ M
n+1

✱ é ❞❛❞❛ ♣♦r

R(X, Y )Z = (R(X, Y )Z)⊤ + 〈AX,Z〉AY − 〈AY,Z〉AX, ∀X, Y, Z ∈ TΣ. ✭✶✳✹✮

✹❆q✉✐✱ ❝♦♠♦ ❞❡ ♣r❛①❡ ♥♦s t❡①t♦s ❞❡ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧✱ TΣ ❡ TΣ⊥ ❞❡♥♦t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

♦s ✜❜r❛❞♦s t❛♥❣❡♥t❡ ❡ ♥♦r♠❛❧ ❞❡ Σn✳ ❆s q✉❛♥t✐❞❛❞❡s ❝♦♠ ⊥ s♦❜r❡s❝r✐t♦ ❞✐rã♦ r❡s♣❡✐t♦ ❛♦s ❡❧❡♠❡♥t♦s

❞❡ TΣ⊥✳ P❛r❛ ❞❡✜♥✐çõ❡s ❡ ❞❡t❛❧❤❡s✱ s✉❣❡r✐♠♦s ❛♦ ❧❡✐t♦r q✉❡ ✈❡❥❛ ❬✶✽❪✱ ❬✷✹❪ ♦✉ ❬✹✷❪✳



❈❛♣ít✉❧♦ ✶✳ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ✶✽

✶✳✸ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦

❊st❛♠♦s✱ ✜♥❛❧♠❡♥t❡✱ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❞❡s❝r❡✈❡r ♥♦ss♦ ♦❜❥❡t♦ ❞❡ ✐♥t❡r❡ss❡✱ ❛ s❛❜❡r✿

❤✐♣❡rs✉♣❡r❢í❝✐❡s ψ : Σn # M
n+1

✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛s ❡♠ ✉♠ ♣r♦❞✉t♦ ❘✐❡♠❛♥♥✐✲

❛♥♦ ❞❛ ❢♦r♠❛ M
n+1

= R × Mn✱ ❡♠ q✉❡ ❛ ✜❜r❛ Mn é ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛✳

❉✐r❡♠♦s q✉❡ ✉♠❛ t❛❧ ❤✐♣❡rs✉♣❡r❢í❝✐❡ Σn é t✇♦✲s✐❞❡❞ s❡ s❡✉ ✜❜r❛❞♦ ♥♦r♠❛❧ ❢♦r tr✐✈✐❛❧✱

♦ q✉❡✱ ♥❡st❡ ❝❛s♦✱ é ❡q✉✐✈❛❧❡♥t❡ à ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝❛♠♣♦ s✉❛✈❡ ♥♦r♠❛❧ ❡ ✉♥✐tár✐♦

N ✱ ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ Σn ✭❡ ❡stá ❡♠ ❝♦♥❝♦r❞â♥❝✐❛ ❝♦♠ ❛ ❞❡❧✐♠✐t❛çã♦ q✉❡ ✜③❡✲

♠♦s ♥❛ s❡çã♦ ♣r❡❝❡❞❡♥t❡ ❛❝❡r❝❛ ❞❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠ ❛s q✉❛✐s tr❛❜❛❧❤❛r❡♠♦s❀ ❝❢✳

❖❜s❡r✈❛çã♦ ✶✳✸✮✳

❈♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❡st✉❞❛r ❛ ❣❡♦♠❡tr✐❛ ❞❡ ✉♠❛ t❛❧ Σn✱ ❧❛♥ç❛r❡♠♦s ♠ã♦ ❞❛

❛♥á❧✐s❡ ❞❡ ❞✉❛s ❢✉♥çõ❡s ♥❛t✉r❛❧♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛s ❛ Σn✿ ❛ ❢✉♥çã♦ ❛❧t✉r❛ h := (πI)
∣∣
Σ
❡

❛ ❢✉♥çã♦ â♥❣✉❧♦ η := 〈N, ∂t〉✱ ❡♠ q✉❡ ∂t r❡♣r❡s❡♥t❛ ♦ ✈❡t♦r ✉♥✐tár✐♦ q✉❡ ❞❡t❡r♠✐♥❛ ❡♠

M
n+1

✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✶ ♣♦r s❧✐❝❡s t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝♦s Mn
t := {t}×M

✭❝❢✳ ❈♦r♦❧ár✐♦ ✶✳✸✮✳ ❊♠ s✉♠❛✱ ♣r♦❝✉r❛r❡♠♦s r❡s♣♦st❛s s❛t✐s❢❛tór✐❛s ♣❛r❛ ❛ s❡❣✉✐♥t❡

q✉❡stã♦✿ ❙♦❜ q✉❡ r❡str✐çõ❡s s♦❜r❡ ❛s ❢✉♥çõ❡s ❛❧t✉r❛ ❡ â♥❣✉❧♦ ✭❡ s♦❜r❡ ❛s ❣❡♦♠❡tr✐❛s ❞❡

Σn ❡ ❞❡ Mn✮✱ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛ ψ : Σn # M
n+1

❞❡✈❡✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱

s❡r ✉♠ s❧✐❝❡❄

◆❡st❛ s❡çã♦✱ ❡st❛❜❡❧❡❝❡r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s q✉❡ ❡♠♣r❡❣❛r❡♠♦s ♥♦ ❡st✉❞♦

❞❛s ❢✉♥çõ❡s ❛❧t✉r❛ ❡ â♥❣✉❧♦✳

✶✳✸✳✶ ❖ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❖♠♦r✐✲❨❛✉

❊♠ ✶✾✻✼✱ ❍✳ ❖♠♦r✐ ❬✺✵❪✱ ❡st✉❞❛♥❞♦ ✐♠❡rsõ❡s ❡♠ ❡s♣❛ç♦s ❡✉❝❧✐❞✐❛♥♦s✱ ♣r♦✈♦✉ ♦

s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛✱ ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝✲

❝✐♦♥❛❧ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ f é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ s♦❜r❡ M ❧✐♠✐t❛❞❛

s✉♣❡r✐♦r♠❡♥t❡✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ p ∈M ✱ t❛❧ q✉❡✿

sup f − f(p) < ǫ,

|∇f(p)| < ǫ
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❡

Hess f(p)(X,X) < ǫ, ∀X ∈ TpM, |X| = 1.

❆ ❛❜♦r❞❛❣❡♠ ❞❡ ❖♠♦r✐✱ ♥♦ ❡♥t❛♥t♦✱ é ❛ss❛③ ❝♦♠♣❧✐❝❛❞❛ ❡ t❡♠ ♦ ✐♥❝♦✈❡♥✐❡♥t❡ ❞❡

❡♥✈♦❧✈❡r ❛♣❡♥❛s ♦ ❤❡ss✐❛♥♦✳ ❊♠ ✶✾✼✺✱ ❙✳ ❚✳ ❨❛✉ ❬✻✻❪✱ ♦❜t❡✈❡ ✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦

♠❛✐s s✐♠♣❧❡s✱ ❡♥✈♦❧✈❡♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐✱ ♣❛r❛ ✈❛r✐❡❞❛❞❡s ❝♦♠♣❧❡t❛s

❝♦♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❨❛✉ ♣r♦✈♦✉ ❡st❡

t❡♦r❡♠❛✿

❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ f ∈ C2(M) ❧✐♠✐t❛❞❛

s✉♣❡r✐♦r♠❡♥t❡✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ p ∈ M ✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s

(pk)k∈N ⊂M ✱ t❛❧ q✉❡✿

lim
k
f(pk) = sup

M
f,

|∇f(pk)| =
2(f(pk)− f(p) + 1)ρp(pk)

k(ρp(pk)2 + 2) ln(ρp(pk)2 + 2)

❡

∆f(pk) ≤
2(f(pk)− f(p) + 1)(ρp(pk)K(pk) + 1)

k(ρp(pk)2 + 2) ln(ρp(pk)2 + 2)

+
4(f(pk)− f(p) + 1)ρp(pk)

k2(ρp(pk)2 + 2)2[ln(ρp(pk)2 + 2)]2
,

❡♠ q✉❡ ρp(x) = d(p, x) é ❛ ❞✐stâ♥❝✐❛ ❛ ♣❛rt✐r ❞❡ p✳

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ t❡♦r❡♠❛ ❡ ♦❜t❡r❡♠♦s✱ ❝♦♠♦

❝♦r♦❧ár✐♦✱ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✱ ❛ q✉❡ ♥♦s r❡❢❡r✐r❡♠♦s ❝♦♠♦ ♦ ✏♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦

❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❖♠♦r✐✲❨❛✉✑ ❡ q✉❡ s❡rá ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♣r♦✈❛r♠♦s ♦s r❡s✉❧t❛❞♦s ❞♦

♣ró①✐♠♦ ❝❛♣ít✉❧♦✿

❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❝✉❥❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ é

❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ f é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C2(M)✱ ❧✐♠✐t❛❞❛

s✉♣❡r✐♦r♠❡♥t❡ ❡♠ M ✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s (pk)k∈N ⊂ M ✱

t❛❧ q✉❡✿

lim
k
f(pk) = sup

M
f, lim

k
|∇f(pk)| = 0 ❡ lim sup

k
∆f(pk) ≤ 0.
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❖ ❝✉t ❧♦❝✉s

Pr❡❝✐s❛r❡♠♦s ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❝✉t ❧♦❝✉s✱ ✐♥tr♦❞✉③✐❞♦ ♣❛r❛ s✉♣❡r❢í❝✐❡s s♦❜ ♦ ♥♦♠❡ ❧✐❣♥❡ ❞❡

♣❛rt❛❣❡ ♣♦r ❍✳ P♦✐♥❝❛ré ❡♠ ✶✾✵✺ ❡ ♣❛r❛ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ♣♦r ❏✳❍✳ ❲❤✐t❡❤❡❛❞

❡♠ ✶✾✸✺✳

❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛✱ p ∈ M ❡ γ : [0,+∞)→ M ✉♠❛

❣❡♦❞és✐❝❛ ♥♦r♠❛❧✐③❛❞❛ ❝♦♠ γ(0) = p✳ ❙❛❜❡♠♦s q✉❡ s❡ τ > 0 é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱

❡♥tã♦ d(γ(0), γ(τ)) = τ ✱ ✐✳❡✳✱ γ
∣∣
[0,τ ]

é ✉♠❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡✳ ❆❞❡♠❛✐s✱ s❡ γ
∣∣
[0,τ0]

♥ã♦ é ♠✐♥✐♠✐③❛♥t❡✱ ♦ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ♣❛r❛ t♦❞♦ τ > τ0✳ P♦r ❝♦♥t✐♥✉✐❞❛❞❡✱ ♦ ❝♦♥❥✉♥t♦

❞♦s ♥ú♠❡r♦s τ > 0 ♣❛r❛ ♦s q✉❛✐s d(γ(0), γ(τ)) = τ é ❞❛ ❢♦r♠❛ [0, τ0] ♦✉ [0,+∞)✳ ■ss♦

♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡

❉❡✜♥✐çã♦ ✶✳✼ ✭♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ✫ ❝✉t ❧♦❝✉s✮ ❙❡❥❛♠M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥✲

♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ p ∈M ✳ ❉❡♥♦t❡♠♦s ♣♦r UM ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ✉♥✐tár✐♦ ❞❡ M ✱

⊔

p∈M
UpM,

❡♠ q✉❡ UpM = {u ∈ TpM : |u| = 1}✳ ❉❛❞♦ u ∈ UpM ✱ s❡❥❛ γu : [0,+∞) → M ♦ r❛✐♦

❣❡♦❞és✐❝♦ ♥♦r♠❛❧✐③❛❞♦✱ γu(t) = expp(tu)✳ ❙❡

τ(u) := sup{t : γu
∣∣
[0,t]

é ✉♠❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡} < +∞,

❡♥tã♦ ❞✐r❡♠♦s q✉❡ γu(τ(u)) é ♦ ♣♦♥t♦ ♠í♥✐♠♦ ❞❡ p ♥❛ ❞✐r❡çã♦ u✳ ❖ ❝✉t ❧♦❝✉s ❞❡ p✱ q✉❡

❞❡♥♦t❛r❡♠♦s ♣♦r Cut(p)✱ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ ♠í♥✐♠♦ ❞❡ p✱ ❡♠ t♦❞❛s ❛s

❞✐r❡çõ❡s u ∈ UpM ✳

❖❜s❡r✈❛çã♦ ✶✳✹ ❙❡ M é ❝♦♠♣❛❝t❛✱ ❡♥tã♦ Cut(p) 6= ∅ ♣❛r❛ t♦❞♦ p✳ ❬❈♦♠ ❡❢❡✐t♦✱

❞❛❞♦ p ∈M ✱ s❡❥❛ ρp ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛ ♣❛rt✐r ❞❡ p✳ ❙❡♥❞♦ ✐♠❛❣❡♠ ❝♦♥tí♥✉❛ ❞❡ M ✱ ♦

❝♦♥❥✉♥t♦ ρp(M) ⊂ R é ❝♦♠♣❛❝t♦ ❡✱ ♣♦rt❛♥t♦✱ ❧✐♠✐t❛❞♦✳ ❙❡❥❛ u ∈ UpM ✳ ❙❡ ♥ã♦ ❡①✐st✐ss❡

♣♦♥t♦ ♠í♥✐♠♦ ♥❛ ❞✐r❡çã♦ u✱ ❡♥tã♦ ρp ◦ γu : [0,+∞) → R s❡r✐❛ t❛❧ q✉❡ ρp ◦ γu(t) = t

♣❛r❛ t♦❞♦ t ∈ [0,+∞)✳ ❆ss✐♠✱ ❡st❛ s❡r✐❛ ✉♠❛ ❢✉♥çã♦ ✐❧✐♠✐t❛❞❛ ❝♦♠ ✐♠❛❣❡♠ ❝♦♥t✐❞❛

♥♦ ❝♦♠♣❛❝t♦ ρp(M)✳ ❆❜s✉r❞♦✳❪ ❆ r❡❝í♣r♦❝❛ é ✈❡r❞❛❞❡✐r❛✳

❊①❡♠♣❧♦ ✷

✭✐✮ ❊♠ R
n ❡ H

n ✭❝❛❞❛ ✉♠ ♠✉♥✐❞♦ ❞❡ s✉❛ ♠étr✐❝❛ ❝❛♥ô♥✐❝❛✮✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❣❡♦❞é✲

s✐❝❛ ♥♦r♠❛❧ ♠✐♥✐♠✐③❛♥t❡ ❧✐❣❛♥❞♦ ❞♦✐s q✉❛✐sq✉❡r ♣♦♥t♦s ❞❛❞♦s✳ ▲♦❣♦ Cut(p) = ∅✱
♣❛r❛ t♦❞♦ p✳



❈❛♣ít✉❧♦ ✶✳ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ✷✶

✭✐✐✮ ❙❡ M é ❝♦♠♣❧❡t❛✱ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ❡ t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ♥ã♦✲♣♦s✐t✐✈❛✱

s❡❣✉❡ ❞♦ t❡♦r❡♠❛ ❞❡ ❍❛❞❛♠❛r❞ q✉❡ M é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♥♦r♠❛❧ ❞❡ ❝❛❞❛ ✉♠ ❞❡

s❡✉s ♣♦♥t♦s✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱ s❡ p ∈ M ❡ u ∈ UpM ✱ ❡♥tã♦ γu(t) = expp(tu) é

♠✐♥✐♠✐③❛♥t❡ ❡♠ [0,+∞)✱ ❞♦♥❞❡ ✐♥❢❡r✐♠♦s q✉❡ Cut(p) = ∅✱ ♣❛r❛ t♦❞♦ p ∈M ✳

✭✐✐✐✮ P❛r❛ ♦ ❝✐❧✐♥❞r♦ S
1 × R ♠✉♥✐❞♦ ❞❛ ♠étr✐❝❛ ❝❛♥ô♥✐❝❛✱ s❡ p = (eiϑ0 , z0)✱ ❡♥tã♦

Cut p =
{
(ei(ϑ0+π), z) : z ∈ R

}
é ❛ ❧✐♥❤❛ ✈❡rt✐❝❛❧ ✏♦♣♦st❛ ❛ p✑✳ ◆♦t❡ q✉❡ p ♥ã♦

t❡♠ ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✳

✭✐✈✮ P❛r❛ S
n ❝♦♠ ❛ ♠étr✐❝❛ ❡✉❝❧✐❞✐❛♥❛✱ Cut(p) = {p}✱ ❡♠ q✉❡ p = −p é ♦ ♣♦♥t♦

❛♥tí♣♦❞❛ ❞❡ p✳ ◆♦t❡ q✉❡ p é t❛♠❜é♠ ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦ ❝♦♥❥✉❣❛❞♦ ❞❡ p✳

❖❜s❡r✈❛çã♦ ✶✳✺ ❯♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ M ♣❛r❛ ❛ q✉❛❧ ♦ ❝✉t ❧♦❝✉s ❞❡

t♦❞♦ ♣♦♥t♦ p ∈ M s❡ r❡❞✉③ ❛ ✉♠ ú♥✐❝♦ ♣♦♥t♦ é ❝❤❛♠❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❲✐❡❞❡rs❡❤❡♥✳

❯♠ r❡s✉❧t❛❞♦ ❞❡✈✐❞♦ ❛ ▲✳ ●r❡❡♥ ❛ss❡✈❡r❛ q✉❡ ❛s s✉♣❡r❢í❝✐❡s ✭dimM = 2✮ ❲✐❡❞❡rs❡❤❡♥

sã♦ ✐s♦♠étr✐❝❛s às ❡s❢❡r❛s✳ ❊ss❡ r❡s✉❧t❛❞♦ ❢♦✐ ❣❡♥❡r❛❧✐③❛❞♦ ♣♦r ▼✳ ❇❡r❣❡r ❡ ❏✳ ❑❛③❞❛♥✺

♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ dimM é ♣❛r ❡ ♣♦r ❈✳❚✳ ❨❛♥❣✻ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ dimM é í♠♣❛r✳

Pr♦♣♦s✐çã♦ ✶✳✽ ❙✉♣♦♥❤❛♠♦s q✉❡ γ(τ0) é ♦ ♣♦♥t♦ ♠í♥✐♠♦ ❞❡ p = γ(0) ❛♦ ❧♦♥❣♦ ❞❛

❣❡♦❞és✐❝❛ ♥♦r♠❛❧✐③❛❞❛ γ✳ ❊♥tã♦✿

✭✐✮ ♦✉ γ(τ0) é ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦ ❝♦♥❥✉❣❛❞♦ ❞❡ p ❛♦ ❧♦♥❣♦ ❞❡ γ❀

✭✐✐✮ ♦✉ ❡①✐st❡ ✉♠❛ ❣❡♦❞és✐❝❛ σ 6= γ✱ ❞❡ p ❛ γ(τ0)✱ t❛❧ q✉❡ L(σ) = L(γ)✳

✭❆q✉✐✱ L(·) ❞❡♥♦t❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠❛ ❝✉r✈❛✳✮ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ (i) ♦✉ (ii) s❡

✈❡r✐✜❝❛✱ ❡♥tã♦ ❡①✐st❡ τ ❡♠ (0, τ0]✱ t❛❧ q✉❡ γ(τ) é ♦ ♣♦♥t♦ ♠í♥✐♠♦ ❞❡ p ❛♦ ❧♦♥❣♦ ❞❡ γ✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛ Pr♦♣♦s✐çã♦ ✷✳✷ às ♣á❣✐♥❛s ✷✾✻✲✷✾✼ ❞❡ ❬✶✽❪✳

❈♦r♦❧ár✐♦ ✶✳✾ ❙❡ q ∈ Cut(p)✱ ❡♥tã♦ p ∈ Cut(q)✳

❉❡♠♦♥str❛çã♦✳ ❙❡ q é ♦ ♣♦♥t♦ ♠í♥✐♠♦ ❞❡ p ❛♦ ❧♦♥❣♦ ❞❡ γ✱ ❡♥tã♦ γ é ♠✐♥✐♠✐③❛♥t❡

❡♥tr❡ p ❡ q✳ ❙❡❣✉❡ q✉❡ ❛ ✏❣❡♦❞és✐❝❛ ♦♣♦st❛✑ −γ é t❛♠❜é♠ ♠✐♥✐♠✐③❛♥t❡ ❡♥tr❡ q ❡ p✳ P❡❧❛

Pr♦♣♦s✐çã♦ ♣r❡❝❡❞❡♥t❡✱ ♦✉ q é ❝♦♥❥✉❣❛❞♦ ❛ p✱ ♦✉ ❡①✐st❡ ✉♠❛ ❣❡♦❞és✐❝❛ σ 6= γ✱ ❧✐❣❛♥❞♦

p ❛ q✱ t❛❧ q✉❡ L(σ) = L(γ) = d(p, q)✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ♦ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❞❡ q

❛♦ ❧♦♥❣♦ ❞❡ −γ ♥ã♦ ♦❝♦rr❡ ❞❡♣♦✐s ❞❡ p✳ ❈♦♠♦ L(−γ) = d(p, q)✱ ❝♦♥❝❧✉í♠♦s q✉❡ p é ♦

♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❞❡ q ❛♦ ❧♦♥❣♦ ❞❡ −γ✳
✺❱❡❥❛ ❏✳ ▲✳ ❑❛③❞❛♥✱ ❆♥ ✐s♦♣❡r✐♠❡tr✐❝ ✐♥❡q✉❛❧✐t② ❛♥❞ ✇✐❡❞❡rs❡❤❡♥ ♠❛♥✐❢♦❧❞s✳ ■♥✿ ❙✳ ❚✳ ❨❛✉ ✭❡❞✳✮✱

❙❡♠✐♥❛r ♦♥ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr②✱ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ Pr✐♥❝❡t♦♥✱ ◆❡✇ ❏❡rs❡②✱ ✶✾✽✷✱ ♣♣✳ ✶✹✸✕

✶✺✼✳
✻❱❡❥❛ ❈✳ ❚✳ ❨❛♥❣✱ ❖❞❞✲❞✐♠❡♥s✐♦♥❛❧ ✇✐❡❞❡rs❡❤❡♥ ♠❛♥✐❢♦❧❞s ❛r❡ s♣❤❡r❡s✱ ❏✳ ❉✐✛✳ ●❡♦♠❡tr②✱ ✶✺

✭✶✾✽✵✮✱ ✾✶✕✾✻✳



❈❛♣ít✉❧♦ ✶✳ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ✷✷

❈♦r♦❧ár✐♦ ✶✳✶✵ ❙❡ q /∈ Cut(p)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡ ❧✐❣❛♥❞♦

p ❛ q✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ t❡♦r❡♠❛ ❞❡ ❍♦♣❢ ❡ ❘✐♥♦✇✱ ❡①✐st❡ ✉♠❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐✲

③❛♥t❡ γ : [0, τ ]→M ❝♦♠ γ(0) = p ❡ γ(τ) = q✳ ❙❡ ❡①✐st✐ss❡ ♦✉tr❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡

σ 6= γ ❧✐❣❛♥❞♦ p ❛ q✱ ❡♥tã♦✱ ♣❡❧❛ r❡❝í♣r♦❝❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽✱ ❡①✐st✐r✐❛ τ ∈ [0, τ ] t❛❧ q✉❡

γ(τ) é ♦ ♣♦♥t♦ ♠í♥✐♠♦ ❞❡ p ❛♦ ❧♦♥❣♦ ❞❡ γ✳ ❈♦♠♦ q /∈ Cut(p)✱ t❡rí❛♠♦s τ < τ ✳ ▼❛s✱

❡♥tã♦✱ γ ♥ã♦ s❡r✐❛ ♠✐♥✐♠✐③❛♥t❡ ❡♠ [0, τ ]✳ ❈♦♥tr❛❞✐çã♦✳

❖❜s❡r✈❛çã♦ ✶✳✻ ➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ❛ ❢✉♥çã♦ τ : UM → R∪ {+∞}✱ ❞❡✜♥✐❞❛ ♣♦r

τ(p, u) =

{
τ0, s❡ γp,u(τ0) = expp(τ0u) ∈ Cut(p),

+∞, s❡ p ♥ã♦ t❡♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ♥❛ ❞✐r❡çã♦ u,

é ❝♦♥tí♥✉❛✳ ❯♠ ❝♦r♦❧ár✐♦ ❞✐ss♦ é q✉❡ Cut(p) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ ♠❡❞✐❞❛ ③❡r♦

❡♠ M ✳

❋✐①❡♠♦s ✉♠ ♣♦♥t♦ p ∈ M ✳ ❖ ❝✉t ❧♦❝✉s ❡stá ♣r♦❢✉♥❞❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ à s✉❛✈✐✲

❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛ ♣❛rt✐r ❞❡ p✱

ρp :M → R

x 7→ ρp(x) = d(p, x).

❙❛❜❡♠♦s q✉❡ ρp é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳ ❈♦♥t✉❞♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ρp ♥ã♦ é s✉❛✈❡

❡♠ M ✳ ❉❡ ❢❛t♦✱ ρp ♥✉♥❝❛ é s✉❛✈❡ ❡♠ p✦ ◆❡st❡ ❝♦♥t❡①t♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡

Pr♦♣♦s✐çã♦ ✶✳✶✶

✭✐✮ ρp é ❞❡ ❝❧❛ss❡ C∞ ❡♠ M \ (Cut(p) ∪ {p})✱ ❡ s❡✉ ❣r❛❞✐❡♥t❡ ∇ρp(q) ❡♠ q ∈ M \
Cut(p) ∪ {p}) é ❞❛❞♦ ♣♦r

∇ρp(q) = γ′pq(ρ(q)),

❡♠ q✉❡ γpq ❞❡♥♦t❛ ❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡ ❞❡ p ❛ q ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ |∇ρp(q)| = 1✳

✭✐✐✮ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠ ♣❡❧♦ ♠❡♥♦s ❞✉❛s ❣❡♦❞és✐❝❛s ♠✐♥✐♠✐③❛♥t❡s ♥♦r♠❛❧✐③❛❞❛s ❧✐✲

❣❛♥❞♦ p ❛ q✳ ❊♥tã♦ ρp ♥ã♦ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ q✳



❈❛♣ít✉❧♦ ✶✳ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ✷✸

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛ Pr♦♣♦s✐çã♦ ✹✳✽ às ♣á❣✐♥❛s ✶✵✽✕✶✵✾ ❞❡ ❬✺✾❪✳

❖❜s❡r✈❛çã♦ ✶✳✼

✭✐✮ ❖ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s q s❛t✐s❢❛③❡♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✭✐✐✮ é ❞❡♥s♦ ❡♠ Cut(p)✳ ❈♦♠♦

Cut(p) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ M ✱ ✐ss♦ ❢♦r♥❡❝❡ ❛ s❡❣✉✐♥t❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦

❝✉t ❧♦❝✉s✿ Cut(p) é ♦ ❢❡❝❤♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ M q✉❡ ♣♦❞❡♠ s❡r

❧✐❣❛❞♦s ❛ p ♣♦r ♣❡❧♦ ♠❡♥♦s ❞✉❛s ❣❡♦❞és✐❝❛s ♠✐♥✐♠✐③❛♥t❡s✳ P♦❞❡✲s❡ ♣r♦✈❛r q✉❡ s❡

q ♣♦❞❡ s❡r ❧✐❣❛❞♦ ❛ p ♣♦r ♣❡❧♦ ♠❡♥♦s ❞✉❛s ❣❡♦❞és✐❝❛s ♠✐♥✐♠✐③❛♥t❡s✱ ❡♥tã♦ ρ2p ♥ã♦

♣♦ss✉✐ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ❡♠ q ♣❛r❛ ✈❡t♦r❡s ♥❛ ❞✐r❡çã♦ ❞❡ss❛s ❞✉❛s ❣❡♦❞és✐❝❛s✳

❊ss❡s ❞♦✐s ❢❛t♦s✱ ❝♦♠❜✐♥❛❞♦s✱ ✐♠♣❧✐❝❛♠ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ✭❚❡♦r❡♠❛ ✷ ❞❡ ❬✻✺❪✮✿

❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❞❡ ❞✐♠❡♥sã♦ n✳ ❆ss✉♠❛

q✉❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ p ∈ M t❛❧ q✉❡ ρ2p ♣♦ss✉✐ ❞❡r✐✈❛❞❛s ❞✐r❡❝✐♦♥❛✐s ❡♠

t♦❞❛ ❛ M ✳ ❊♥tã♦ M é ❞✐❢❡♦♠♦r❢❛ ❛ R
n✳

✭✐✐✮ ❯s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❛ s❡❣✉♥❞❛ ✈❛r✐❛çã♦✱ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ♦ ❤❡ss✐❛♥♦ ❞❡ ρp ❡♠

M \ (Cut(p) ∪ {p})✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ ✭✈❡❥❛ ❬✺✾❪✱ ♣✳

✶✵✾✕✶✶✵✮✿

❙❡ γ : [0, τ ] −→ M é ✉♠❛ ❣❡♦❞és✐❝❛ ♥♦r♠❛❧✐③❛❞❛ ♣❛rt✐♥❞♦ ❞❡ γ(0) = p

q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ Cut(p)✳ ❙❡ τ0 ∈ (0, τ ] ❡ X ∈ Tγ(τ0)M é ♦rt♦❣♦♥❛❧ ❛

γ′(τ0)✱ ❡♥tã♦

(Hess ρp)γ(τ0)(X,X) = 〈J̇ , J〉γ(τ0),
❡♠ q✉❡ J é ♦ ú♥✐❝♦ ❝❛♠♣♦ ❞❡ ❏❛❝♦❜✐ ❛♦ ❧♦♥❣♦ ❞❡ γ t❛❧ q✉❡ J(0) = 0 ❡

J(τ0) = X✳

❙❡ γ : [0, τ ] → M é ✉♠❛ ❣❡♦❞és✐❝❛ ♥♦r♠❛❧✐③❛❞❛ ❧✐❣❛♥❞♦ p ❛ x✱ ❞❡✜♥✐♠♦s ✭✈❡❥❛

❬✻✻❪✮

Kγ(x) := min
t∈[0,τ ]

{
n− 1

τ − t −
1

(τ − t)2
∫ τ

t

(ζ − t)2 Ric(γ′(ζ))dζ
}
.

❊st❛ q✉❛♥t✐❞❛❞❡ Kγ(x) é ❜❡♠✲❞❡✜♥✐❞❛✱ ✉♠❛ ✈❡③ q✉❡

1

(τ − t)2
∫ τ

t

(ζ − t)2 Ric(γ′(ζ))dζ ≤ 1

(τ − t)2 sup
ζ∈[0,τ ]

Ric(γ′(ζ))

∫ τ

t

(ζ − t)2dζ

=
τ − t
3

sup
ζ∈[0,τ ]

Ric(γ′(ζ)),

❞♦♥❞❡



❈❛♣ít✉❧♦ ✶✳ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ✷✹

Kγ(x) ≥ min
t∈[0,τ ]

{
n− 1

τ − t −
(
τ − t
3

)
sup

ζ∈[0,τ ]
Ric(γ′(ζ))

}
.

❖ ♠í♥✐♠♦ ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡①✐st❡✱ ♣♦✐s ❛ ❡①♣r❡ssã♦ ❡♥tr❡ ❝❤❛✈❡s

é ✉♠❛ ❢✉♥çã♦ g(t)✱ ❝♦♥tí♥✉❛ ❡♠ [0, τ) ❡ t❛❧ q✉❡ limt→τ− g(t) = +∞.
❈❛s♦ x ∈ M \ Cut(p)✱ s❡❥❛ γ ❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡ ❧✐❣❛♥❞♦ p ❛ x✳ ❉❡✜✲

♥✐♠♦s K(x) := Kγ(x)✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♣♦♠♦s K(x) := infγ Kγ(x)✱ ❡♠ q✉❡ ♦ í♥✜♠♦ é

t♦♠❛❞♦ s♦❜r❡ t♦❞❛s ❛s ❣❡♦❞és✐❝❛s ♠✐♥✐♠✐③❛♥t❡s γ ❧✐❣❛♥❞♦ p ❛ x✳

❖ ♣ró①✐♠♦ ❧❡♠❛ ❝♦❧❡❝✐♦♥❛ ❛❧❣✉♥s ❢❛t♦s s♦❜r❡ ❛ q✉❛♥t✐❞❛❞❡ K q✉❡ ❛❝❛❜❛♠♦s ❞❡

❞❡✜♥✐r✳

▲❡♠❛ ✶✳✷

✭✐✮ P❛r❛ t♦❞♦ x ∈M \ Cut(p)✱ t❡♠♦s q✉❡ ∆ρp(x) ≤ K(x)❀

✭✐✐✮ ❙❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ M é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ ❡♥tã♦

sup
x∈M

K(x) <∞.

❉❡♠♦♥str❛çã♦✳

✭✐✮ ❙❡❥❛♠ γ : [0, ρp(x)] −→ M ❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡ ❧✐❣❛♥❞♦ p ❛ x ❡ J1, . . . , Jn−1

♦s ú♥✐❝♦s ❝❛♠♣♦s ❞❡ ❏❛❝♦❜✐ ❛♦ ❧♦♥❣♦ ❞❡ γ q✉❡ s❡ ❛♥✉❧❛♠ ❡♠ γ(0) ❡ t❛✐s q✉❡

Ji(ρp(x)) = ei(ρp(x))✱ i = 1, . . . , n − 1✱ ❡♠ q✉❡ {e1, . . . , en−1, en = γ′} é ✉♠

r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡ ♣❛r❛❧❡❧♦ ❛♦ ❧♦♥❣♦ ❞❡ γ✳ ❈♦♠♦ Ji(0) = 0 ❡ 〈Ji, γ′〉x = 0✱

i = 1, . . . , n− 1✱ t❡♠♦s✼

(Hess ρp)x(Ji, Ji) = 〈J ′
i , Ji〉x,

✼❈❢✳ ❖❜s❡r✈❛çã♦ ✶✳✼−✭✐✐✮✳



❈❛♣ít✉❧♦ ✶✳ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ✷✺

❞♦♥❞❡

∆ρp(x) =
n∑

i=1

〈∇ei∇ρp, ei〉x

=
n−1∑

i=1

〈∇ei∇ρp, ei〉x

=
n−1∑

i=1

(Hess ρp)x(ei, ei)

=
n−1∑

i=1

(Hess ρp)x(Ji, Ji)

=
n−1∑

i=1

〈J ′
i , Ji〉x.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❏❛❝♦❜✐✱

〈J ′′
i , Ji〉 = −〈R(γ′, Ji)γ′, Ji〉.

❆ss✐♠✱

Iρp(x)(Ji, Ji) =

∫ ρp(x)

0

{〈J ′
i , J

′
i〉 − 〈R(γ′, Ji)γ′, Ji〉}dt

=

∫ ρp(x)

0

{〈J ′
i , J

′
i〉+ 〈J ′′

i , Ji〉}dt

=

∫ ρp(x)

0

〈J ′
i , Ji〉′dt

= 〈J ′
i , Ji〉x.

▲♦❣♦✱

∆ρp(x) =
n−1∑

i=1

Iρp(x)(Ji, Ji).

❋✐①❛❞♦ τ0 ∈ [0, ρp(x))✱ s❡ f : [0, ρp(x)] −→ R é ❞❛❞❛ ♣♦r

f(t) =





0, s❡ 0 ≤ t ≤ τ0,

t−τ0
ρp(x)−τ0

, s❡ τ0 ≤ t ≤ ρp(x),

❡♥tã♦ f é s❡❝❝✐♦♥❛❧♠❡♥t❡ s✉❛✈❡ ❡ t❛❧ q✉❡ f(0) = 0 ❡ f(ρp(x)) = 1✳ ❈♦♠♦ 〈Ji, γ′〉 =
0✱ Vi := fei é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s s❡❝❝✐♦♥❛❧♠❡♥t❡ s✉❛✈❡ ❛♦ ❧♦♥❣♦ ❞❡ γ✱ ❝♦♠



❈❛♣ít✉❧♦ ✶✳ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ✷✻

〈Vi, γ′〉 = 0✱ Ji(0) = Vi(0) = 0 ❡ Ji(ρp(x)) = Vi(ρp(x)) = ei(ρp(x))✳ ❆♣❧✐❝❛♥❞♦ ♦

❧❡♠❛ ❞♦ í♥❞✐❝❡✱ é ❢á❝✐❧ ✈❡r q✉❡

∆ρp(x) ≤
n− 1

ρp(x)− τ0
− 1

(ρp(x)− τ0)2
∫ ρp(x)

τ0

(ζ − τ0)2 Ric(γ′(ζ))dζ.

❇❛st❛✱ ♣♦r ✜♠✱ t♦♠❛r♠♦s ♦ ♠í♥✐♠♦ ❡♠ τ0 ∈ [0, ρp(x)) , τ0 → ρp(x)
−✳

✭✐✐✮ P♦❞❡♠♦s s✉♣♦r q✉❡ RicM ≥ C✱ ❡♠ q✉❡ C < 0 é ✉♠❛ ❝♦♥st❛♥t❡ ❛ s❡r ❡s❝♦❧❤✐❞❛

♣♦st❡r✐♦r♠❡♥t❡✳ ❙❡ γ : [0, τ ] → M é ✉♠❛ ❣❡♦❞és✐❝❛ ♥♦r♠❛❧✐③❛❞❛ ❧✐❣❛♥❞♦ p ❛ x✱

❡♥tã♦

Kγ(x) ≤ min
t∈[0,τ ]

{
n− 1

τ − t −
C

(τ − t)2
∫ τ

t

(ζ − t)2dζ
}

✭✶✳✺✮

= min
t∈[0,τ ]

{
n− 1

τ − t −
C(τ − t)

3

}
. ✭✶✳✻✮

❊st✉❞❡♠♦s ❛ ❢✉♥çã♦

f : t 7→ f(t) =
n− 1

τ − t −
C(τ − t)

3
, t 6= τ.

❉❡r✐✈❛♥❞♦✱ ♦❜t❡♠♦s f ′(t) = n−1
(τ−t)2

+ C
3
. ❆ss✐♠✱ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ f sã♦

t1 = τ −
√
−3(n− 1)

C

❡

t2 = τ +

√
−3(n− 1)

C
.

➱ ❢á❝✐❧ ✈❡r q✉❡

f ′(t) < 0⇐⇒ t ∈ (−∞, t1) ∪ (t2,+∞)

❡ q✉❡

f ′(t) > 0⇐⇒ t ∈ (t1, t2), t 6= τ.

P♦rt❛♥t♦✱ t1 é ✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧ ♣❛r❛ f
∣∣
(−∞,τ)

✳ ❚♦♠❛♥❞♦ |C| s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✱ t❡♠♦s 0 ≤ t1 < τ ✳ ❈♦♠♦ limt→τ− f(t) = +∞✱ s❡❣✉❡ ❞❡ ✭✶✳✺✮ q✉❡ Kγ(x) ≤
f(t1)✳
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▲❡♠❛ ✶✳✸ ❙❡❥❛ γ : [0, τ ]→ M ✉♠❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡✱ t❛❧ q✉❡ γ(0) = p ❡ γ(τ) ∈
M \ Cut(p)✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ❛❜❡rt♦ U ❝♦♥t❡♥❞♦ Γ := γ([0, τ ]) t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦

x ∈ U ✱ ❤á ❡♠ U ♥♦ ♠á①✐♠♦ ✉♠❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡ ❧✐❣❛♥❞♦ x ❛ p✳

❉❡♠♦♥str❛çã♦✳ P♦❞❡♠♦s s✉♣♦r q✉❡ γ ❡st❡❥❛ ♥♦r♠❛❧✐③❛❞❛✳ P♦r ❝♦♥tr❛❞✐çã♦✱ s❡

♥❡♥❤✉♠ t❛❧ U ❡①✐st✐r✱ ♣❛r❛ t♦❞♦ j ∈ N✱ ❡①✐st✐r✐❛ xj ∈M ✱ t❛❧ q✉❡ limj d(xj,Γ) = 0 ❡ xj

é ❧✐❣❛❞♦ ❛ q ♣♦r ♣❡❧♦ ♠❡♥♦s ❞✉❛s ❣❡♦❞és✐❝❛s ♠✐♥✐♠✐③❛♥t❡s ❞✐st✐♥t❛s✱ ❞✐❣❛♠♦s αj ❡ βj✱

❝♦♠ |α′
j(0)| = |β′

j(0)| = 1✳

P❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ❡①✐st❡♠ τ0 ∈
(0, τ ] ❡ v, w ∈ UpM ✱ t❛✐s q✉❡

lim xj = γ(τ0), limα′
j(0) = v, lim β′

j(0) = w.

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛✱ ♣❛r❛ t ∈ [0, τ0]✱ t❡♠♦s q✉❡ γv(t) = expp(tv)

❡ γw(t) = expp(tw) sã♦ ❣❡♦❞és✐❝❛s ♠✐♥✐♠✐③❛♥t❡s ❧✐❣❛♥❞♦ p ❛ γ(τ0)✳

❍á ❞♦✐s ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✳

■ ❈❛s♦✿ v 6= γ′(0) ♦✉ w 6= γ′(0)✳ ❙✉♣♦♥❤❛♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡

v 6= γ′(0)✳ ❊♥tã♦ γ(τ0) é ❧✐❣❛❞♦ ❛ p ♣❡❧❛s ❣❡♦❞és✐❝❛s ♠✐♥✐♠✐③❛♥t❡s ❞✐st✐♥t❛s γ ❡ γv✳

▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✽✱ ❡①✐st❡ τ ∈ (0, τ0] t❛❧ q✉❡ γ(τ) é ♦ ♣♦♥t♦ ♠í♥✐♠♦ ❞❡ p ❛♦

❧♦♥❣♦ ❞❡ γ✱ ❝♦♥tr❛❞✐③❡♥❞♦ ♥♦ss❛s ❤✐♣ót❡s❡s✳

■■ ❈❛s♦✿ v = w = γ′(0)✳ ❊♥tã♦

lim
j

expp(τ0α
′
j(0)) = expp(τ0γ

′(0)) = lim
j

expp(τ0β
′
j(0)).

❈♦♠♦ γ é ♠✐♥✐♠✐③❛♥t❡ ❡ γ(τ) ∈ M \ Cut(p)✱ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✽✱ t❡♠♦s

q✉❡ γ(τ0) ♥ã♦ é ❝♦♥❥✉❣❛❞♦ ❛ p ❛♦ ❧♦♥❣♦ ❞❡ γ ❡✱ ♣♦rt❛♥t♦✱ τ0γ′(0) ♥ã♦ é ✉♠ ♣♦♥t♦

❝rít✐❝♦ ❞❡ expp✳ ▲♦❣♦ expp é ✐♥❥❡t✐✈❛ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ τ0γ′(0)✱ ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛ j

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡r❡♠♦s τ0α′
j(0) = τ0β

′
j(0)✳ ❈♦♥tr❛❞✐çã♦✳
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❖ t❡♦r❡♠❛ ❞❡ ❨❛✉ ❡ s❡✉s ❝♦r♦❧ár✐♦s

❚❡♦r❡♠❛ ✶✳✶✷ ✭❨❛✉ ❬✻✻❪✮ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ f ∈
C2(M) ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ p ∈ M ✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

♣♦♥t♦s (pk)k∈N ⊂M t❛❧ q✉❡

lim
k
f(pk) = sup

M
f, ✭✶✳✼✮

|∇f(pk)| =
2(f(pk)− f(p) + 1)ρp(pk)

k(ρp(pk)2 + 2) ln(ρp(pk)2 + 2)
✭✶✳✽✮

❡

∆f(pk) ≤
2(f(pk)− f(p) + 1)(ρp(pk)K(pk) + 1)

k(ρp(pk)2 + 2) ln(ρp(pk)2 + 2)

+
4(f(pk)− f(p) + 1)ρp(pk)

k2(ρp(pk)2 + 2)2[ln(ρp(pk)2 + 2)]2
,

✭✶✳✾✮

❡♠ q✉❡ ρp(x) = d(p, x) é ❛ ❞✐stâ♥❝✐❛ ❛ ♣❛rt✐r ❞❡ p✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ k ∈ N✱ ❞❡✜♥✐♠♦s

gk(x) :=
f(x)− f(p) + 1

[ln(ρp(x)2 + 2)]
1
k

.

❖❜✈✐❛♠❡♥t❡✱ gk é ❝♦♥tí♥✉❛ ❡✱ s❡ f(x) ≤ C ♣❛r❛ t♦❞♦ x ∈M ✱ ❡♥tã♦

gk(x) ≤
C − f(p) + 1

[ln(ρp(x)2 + 2)]
1
k

,

❞❡ ♠❛♥❡✐r❛ q✉❡

lim sup
ρp(x)→+∞

gk(x) ≤ 0. ✭✶✳✶✵✮

❆❢✐r♠❛çã♦✳ gk ❛ss✉♠❡ s❡✉ ♠á①✐♠♦ ✭❛❜s♦❧✉t♦✮ ❡♠ ❛❧❣✉♠ pk ∈M ✳

❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦ gk(p) > 0✱ s❡❣✉❡ ❞❡ ✭✶✳✶✵✮ q✉❡ ❡①✐st❡ R > 0 t❛❧ q✉❡ ρp(x) > R ⇒
gk(x) < gk(p)✳ ❈♦♠♦ BR(p) é ❧✐♠✐t❛❞♦ ❡ ❢❡❝❤❛❞♦ ❡ M é ❝♦♠♣❧❡t❛✱ ♦ t❡♦r❡♠❛ ❞❡ ❍♦♣❢

❡ ❘✐♥♦✇ ❣❛r❛♥t❡ q✉❡ BR(p) é ❝♦♠♣❛❝t♦✳ P♦r ❝♦♥t✐♥✉✐❞❛❞❡✱ gk ❛ss✉♠❡ ✉♠ ♠á①✐♠♦

pk ∈ BR(p)✱ ♦ q✉❛❧ é✱ ♣♦rt❛♥t♦✱ ✉♠ ♠á①✐♠♦ ❣❧♦❜❛❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ f(pk)−f(p)+1 > 0✳

❆❣♦r❛✱ ❤á ❞♦✐s ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✳
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■ ❈❛s♦✿ pk ∈M \ Cut(p)✳ ❙❡ v ∈ TxM ✱ ❝♦♠♦ ✭♦♠✐t✐♥❞♦ x ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✮

v(gk) =
v(f)

[
ln(ρ2p + 2)

] 1
k

− 2(f − f(p) + 1)ρpv(ρp)
[
k(ρ2p + 2) ln(ρ2p + 2)

] 1
k
+1
, ✭✶✳✶✶✮

♦❜t❡♠♦s✱ ❡♠ pk✱

0 = ∇gk =
∇f

[
ln(ρ2p + 2)

] 1
k

− 2(f − f(p) + 1)ρp∇ρp
[
k(ρ2p + 2) ln(ρ2p + 2)

] 1
k
+1
. ✭✶✳✶✷✮

❈♦♠♦ |∇ρp(pk)| = 1✱ ♦❜t❡♠♦s ✭✶✳✽✮✳

P❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ ❧❛♣❧❛❝✐❛♥♦✱ ❛ ❡q✉❛çã♦ ✭✶✳✶✶✮ ♥♦s ❞á

v(v(gk)) =
v(v(f))

[
ln(ρ2p + 2)

] 1
k

− 2ρpv(f)v(ρp)

k(ρ2p + 2)
[
ln(ρ2p + 2)

] 1
k
+1

− 2{ρpv(f)v(ρp) + (f − f(p) + 1) [v(ρp)
2 + ρpv(v(ρp))]}

k(ρ2p + 2)
[
ln(ρ2p + 2)

] 1
k
+1

+
4(f − f(p) + 1)ρ2pv(ρp)

2

k(ρ2p + 2)2
[
ln(ρ2p + 2)

] 1
k
+2

(
1

k
+ 1 + ln(ρ2p + 2)

)
.

✭✶✳✶✸✮

P♦rt❛♥t♦✱ ❡♠ pk✱

0 ≥ ∆gk =
∆f

[
ln(ρ2p + 2)

] 1
k

− 4ρp〈∇f,∇ρp〉
k(ρ2p + 2)

[
ln(ρ2p + 2)

] 1
k
+1

− 2(f − f(p) + 1)(1 + ρp∆ρp)

k(ρ2p + 2)
[
ln(ρ2p + 2)

] 1
k
+1

+
4(f − f(p) + 1)ρ2p

k(ρ2p + 2)2
[
ln(ρ2p + 2)

] 1
k
+2

(
1

k
+ 1 + ln(ρ2p + 2)

)
.

✭✶✳✶✹✮

◆♦✈❛♠❡♥t❡ ✉s❛♥❞♦ q✉❡ |∇ρp(pk)| = 1✱ s❡❣✉❡ ❞❡ ✭✶✳✶✷✮ q✉❡✱ ❡♠ pk✱

〈∇f,∇ρp〉 =
2(f − f(p) + 1)ρp
k(ρ2p + 2) ln(ρ2p + 2)

.

❙✉❜st✐t✉✐♥❞♦ ❡ss❛ ❡①♣r❡ssã♦ ❡♠ ✭✶✳✶✹✮ ❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✷✕✭✐✮✱ ♦❜t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡

✭✶✳✾✮✳

■■ ❈❛s♦✿ pk ∈ Cut(p)✳ ❊♥tã♦ p ∈ Cut(pk)✳ ❙❡ γ é ✉♠❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡

♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❧✐❣❛♥❞♦ pk = γ(0) ❛ p✱ t❛❧ q✉❡ p é ♦ ♣♦♥t♦ ❞❡

♠í♥✐♠♦ ❞❡ pk ❛♦ ❧♦♥❣♦ ❞❡ γ✱ ❡♥tã♦ q /∈ Cut(pk) ♣❛r❛ t♦❞♦ q ∈ Γ, q 6= p, pk✳ ❋✐①❛♥❞♦ ✉♠
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t❛❧ q = γ(τ0)✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✱ ♣♦❞❡♠♦s t♦♠❛r ✉♠ ❛❜❡rt♦ U ⊃ Γ̃✱ ❡♠ q✉❡ Γ̃ = γ([0, τ0])✱

t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ U ✱ ❤á ♥♦ ♠á①✐♠♦ ✉♠❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡ ❧✐❣❛♥❞♦ q ❛ x✳

❉❡♥♦t❡♠♦s ♣♦r ρ̃q ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛ q ♥❛ ✈❛r✐❡❞❛❞❡ U ✳ ❚❡♠♦s q✉❡ ρ̃q é s✉❛✈❡

♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ pk✱ ♣♦✐s pk /∈ Cut(q) ∪ {q}✳ ❉❛ ❞❡✜♥✐çã♦ ❞❡ ❞✐stâ♥❝✐❛✱ ✐♥❢❡r✐♠♦s

q✉❡ ρ̃q(x) ≥ ρq(x)✱ ♣❛r❛ t♦❞♦ x ∈ U ✳

❉❡✜♥✐♠♦s g̃k : U → R ♣♦r

g̃k(x) =
f(x)− f(p) + 1

{ln [(ρ̃q(x) + ρp(q))2 + 2]} 1
k

, x ∈ U .

❆❢✐r♠❛çã♦✳ g̃k ❛t✐♥❣❡ s❡✉ ♠á①✐♠♦ ❡♠ pk✳

❉❡ ❢❛t♦✱ ❝♦♠♦ gk ❛ss✉♠❡ s❡✉ ♠á①✐♠♦ ❡♠ pk✱ t❡♠♦s✱ ♣❛r❛ t♦❞♦ x ∈ U ✱ q✉❡

g̃k(pk) =
f(pk)− f(p) + 1

{ln [(ρ̃q(pk) + ρp(q))2 + 2]} 1
k

=
f(pk)− f(p) + 1

[ln(ρp(pk)2 + 2)]
1
k

= gk(pk)

≥ gk(x) =
f(x)− f(p) + 1

[ln(ρp(x)2 + 2)]
1
k

≥ f(x)− f(p) + 1

{ln [(ρ̃q(x) + ρp(q))2 + 2]} 1
k

= g̃k(x).

✭◆❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ✉s❛♠♦s q✉❡ ρ̃q(x) + ρp(q) ≥ ρq(x) + ρp(q) ≥ ρp(x)✳✮ ▲♦❣♦✱

∇g̃k(pk) = 0 ❡ ∆g̃k(pk) ≤ 0✳

◆♦t❡ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❡①♣r❡ssõ❡s ❞❡ gk ❡ g̃k é ❛ tr♦❝❛ ❞❡ ρp(x) ♣♦r ρ̃q(x)+

ρp(q)✳ ❈♦♠♦ ρp(q) é ❝♦♥st❛♥t❡✱ ✉♠ ❝á❧❝✉❧♦ s❡♠❡❧❤❛♥t❡ àq✉❡❧❡ q✉❡ ♥♦s ❝♦♥❞✉③✐✉ à

❡①♣r❡ssã♦ ✭✶✳✶✶✮ ♠♦str❛ q✉❡✱ ♣❛r❛ v ∈ TxU ✱ ❡ ♦♠✐t✐♥❞♦ x ♣♦r ❝❧❛r❡③❛✱ t❡♠♦s

v(g̃k) =
v(f)

{ln [ρ̃q + ρp(q)] + 2} 1
k

− 2(f − f(p) + 1)(ρ̃q + ρp(q))∇ρ̃q
k [(ρ̃q + ρp(q))2 + 2] {ln [ρ̃q + ρp(q) + 2]} 1

k
+1
.

❆ss✐♠✱ ❡♠ pk✱
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0 = v(g̃k) =
v(f)

{ln [ρ̃q + ρp(q)] + 2} 1
k

− 2(f − f(p) + 1)(ρ̃q(pk) + ρp(q))∇ρ̃q(pk)
k [(ρ̃q(pk) + ρp(q))2 + 2] {ln [ρ̃q(pk) + ρp(q) + 2]} 1

k
+1
.

❈♦♠♦ |∇ρ̃q| = 1✱ ♦❜t❡♠♦s

|∇f(pk)| =
2(f(pk)− f(p) + 1)(ρ̃q(pk) + ρp(q))

k [(ρ̃q(pk) + ρp(q))2 + 2] ln [(ρ̃q(pk) + ρp(q))2 + 2]
,

❉❡ ρ̃q(pk) = ρq(pk) ❡ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ d : M ×M → R✱ ❢❛③❡♥❞♦

q → p✱ s❡q✉❡ q✉❡

|∇f(pk)| =
2(f(pk)− f(p) + 1)ρ(pk)

k(ρp(pk)2 + 2) ln(ρp(pk)2 + 2)

q✉❡ é ♣r❡❝✐s❛♠❡♥t❡ ✭✶✳✽✮✳ ❉❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r✱ ♦❜té♠✲s❡ ✭✶✳✾✮✳

P❛r❛ ♣r♦✈❛r ✭✶✳✼✮✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r♠♦s q✉❡ lim sup f(pk) = supM f ✳ ❙❡ ✐ss♦

♥ã♦ ❢♦ss❡ ✈❡r❞❛❞❡✱ ❡♥tã♦ ❡①✐st✐r✐❛♠ δ > 0 ❡ x ∈M ✱ t❛✐s q✉❡

f(x) > lim sup f(pk) + δ,

❞♦♥❞❡

f(x) > f(pk) + δ/2, ✭✶✳✶✺✮

♣❛r❛ t♦❞♦ k s✉✜❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❙❡ ρp(pk)→∞✱ q✉❛♥❞♦ k →∞✱ ❡♥tã♦

gk(x) =
f(x)− f(p) + 1

[ln(ρp(x)2 + 2)]
1
k

>
f(pk)− f(p) + 1

[ln(ρp(pk)2 + 2)]
1
k

= gk(pk),

q✉❛♥❞♦ ρp(pk) > ρp(x)✳ ■ss♦ ❝♦♥tr❛❞✐r✐❛ ❛ ❞❡✜♥✐çã♦ ❞❡ pk✳

❙❡✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ k✱ (pk) ❝♦♥✈❡r❣✐ss❡ ♣❛r❛ ✉♠ ♣♦♥t♦ x0✱ ❡♥tã♦✱ ❞❡

✭✶✳✶✺✮✱ t❡rí❛♠♦s
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f(x) ≥ f(x0) + δ/2. ✭✶✳✶✻✮

❈♦♠♦

f(x)− f(p) + 1

[ln(ρp(x)2 + 2)]
1
k

→ f(x)− f(p) + 1, q✉❛♥❞♦ k →∞,

t❡♠♦s

f(x)− f(p) + 1

[ln(ρp(x)2 + 2)]
1
k

> f(x)− f(p) + 1− δ/4, ✭✶✳✶✼✮

♣❛r❛ j s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❉❡

f(pk)− f(p) + 1

[ln(ρp(pk)2 + 2)]
1
k

→ f(x0)− f(p) + 1, q✉❛♥❞♦ k →∞,

s❡❣✉❡ q✉❡

f(x0)− f(p) + 1 >
f(pk)− f(p) + 1

[ln(ρp(pk)2 + 2)]
1
k

− δ/4. ✭✶✳✶✽✮

❉❡ ✭✶✳✶✻✮✱ ✭✶✳✶✼✮ ❡ ✭✶✳✶✽✮✱ ❞❡❝♦rr❡ q✉❡

f(x)− f(p) + 1

[ln(ρp(x)2 + 2)]
1
k

+ δ/4 > f(x)− f(p) + 1

> f(x0)− f(p) + 1 + δ/2

>
f(pk)− f(p) + 1

[ln(ρp(pk)2 + 2)]
1
k

+ δ/4,

✐✳❡✳

f(x)− f(p) + 1

[ln(ρp(x)2 + 2)]
1
k

>
f(pk)− f(p) + 1

[ln(ρp(pk)2 + 2)]
1
k

,

♥♦✈❛♠❡♥t❡ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳



❈❛♣ít✉❧♦ ✶✳ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ✸✸

❚❡♦r❡♠❛ ✶✳✶✸ ✭Pr✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❖♠♦r✐✲❨❛✉✮ ❙❡❥❛M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐✲

❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❝✉❥❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ f ∈ C2(M)

é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ❡♠ M ✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s (pk)k∈N ⊂ M

t❛❧ q✉❡

lim
k
f(pk) = sup

M
f, lim

k
|∇f(pk)| = 0 ❡ lim sup

k
∆f(pk) ≤ 0.

❉❡♠♦♥str❛çã♦✳ ❈❛s♦ f ❛t✐♥❥❛ ♠á①✐♠♦ ❡♠ M ✭❡♠ ♣❛rt✐❝✉❧❛r✱ s❡ M ❢♦r ❝♦♠✲

♣❛❝t❛✮✱ ♦ r❡s✉❧t❛❞♦ é tr✐✈✐❛❧✿ ❞❡ ❢❛t♦✱ ❜❛st❛ t♦♠❛r♠♦s p∗ ∈ M t❛❧ q✉❡ f(p∗) = supM f

❡ pk = p✱ ♣❛r❛ t♦❞♦ k ∈ N✳ ❈❛s♦ ❝♦♥trár✐♦✱ ✜①❡♠♦s p ∈ M ✱ ❡ s❡❥❛ (pk)k∈N ⊂ M ✉♠❛

s❡q✉ê♥❝✐❛ s❛t✐s❢❛③❡♥❞♦ ✭✶✳✼✮✱ ✭✶✳✽✮ ❡ ✭✶✳✾✮✱ ❝✉❥❛ ❡①✐stê♥❝✐❛ é ❛ss❡❣✉r❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛

✶✳✶✷✳ ❊♥tã♦✱ ♣♦♥❞♦ C1 := sup f ✱ ❞❡ ✭✶✳✽✮✱ s❡❣✉❡ q✉❡

|∇f(pk)| ≤
2(C1 − f(p) + 1)

k
· ρp(pk)

ρp(pk)2 + 2
· 1

ln(ρp(pk)2 + 2)

≤ 2(C1 − f(p) + 1)

k
· 1√

2
· 1

ln 2
,

❞♦♥❞❡

lim
k
|∇f(pk)| = 0.

❈♦♠♦ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ M é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ ❡①✐st❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✱

✉♠❛ ❝♦♥st❛♥t❡ ✭♣♦s✐t✐✈❛✮ C2✱ t❛❧ q✉❡ K(pk) ≤ C2✱ ♣❛r❛ t♦❞♦ k ∈ N✳ ❉❛í ❡ ❞❡ ✭✶✳✾✮✱

✐♥❢❡r✐♠♦s q✉❡

∆f(pk) ≤
2(C1 − f(p) + 1)

k
· C2ρp(pk) + 1

ρp(pk)2 + 2
· 1

ln(ρp(pk)2 + 2)

+
4(C1 − f(p) + 1)

k2
·
(

ρp(pk)

ρp(pk)2 + 2

)2

· 1

ln(ρp(pk)2 + 2)

≤ 2(C1 − f(p) + 1)C3

k ln 2
+
C1 − f(p) + 1

2k2 ln2 2
,

❡♠ q✉❡ C3 é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✱ ❞❡ ♠♦❞♦ q✉❡

lim sup
k

∆f(pk) ≤ 0.

◆♦ ❝❛s♦ ❡♠ q✉❡ f ∈ C2(M) é ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ ❛♣❧✐❝❛♥❞♦ ♦

❚❡♦r❡♠❛ ✶✳✶✸ à ❢✉♥çã♦ −f ✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡
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❈♦r♦❧ár✐♦ ✶✳✶✹ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❝✉❥❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐

é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ f ∈ C2(M) é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ M ✱ ❡♥tã♦ ❡①✐st❡

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s (pk)k∈N ⊂M t❛❧ q✉❡

lim
k
f(pk) = inf

M
f, lim

k
|∇f(pk)| = 0 ❡ lim inf

k
∆f(pk) ≥ 0.

❈♦r♦❧ár✐♦ ✶✳✶✺ ✭❈❤❡♥❣✲❨❛✉ ❬✷✶❪✮ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛✱

❝♦♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ f : M → R é ✉♠❛ ❢✉♥çã♦ ♥ã♦✲

♥❡❣❛t✐✈❛ ❞❡ ❝❧❛ss❡ C2✱ t❛❧ q✉❡ ∆f ≥ αfβ ♣❛r❛ ❛❧❣✉♠ ♣❛r ❞❡ ♥ú♠❡r♦s α > 0 ❡ β > 1

✭❡♠ ♣❛rt✐❝✉❧❛r✱ s❡ f ❢♦r s✉❜❤❛r♠ô♥✐❝❛✮✱ ❡♥tã♦ f ≡ 0✳

❆♥t❡s ❞❡ ♣❛ss❛r♠♦s à ❞❡♠♦♥str❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✶✺✱ r❡❝♦r❞❛♠♦s ❛s s❡❣✉✐♥t❡s

❡①♣r❡ssõ❡s ♣❛r❛ ♦ ❣r❛❞✐❡♥t❡ ❡ ♦ ❧❛♣❧❛❝✐❛♥♦ ❞❡ ✉♠❛ ❢✉♥çã♦ F = ϕ◦f ✱ ❡♠ q✉❡ f ∈ C∞(M)

❡ ϕ : S ⊆ R→ R é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✿

∇F = ϕ′(f)∇f, ∆F = ϕ′(f)∆f + ϕ′′(f)|∇f |2. ✭✶✳✶✾✮

❉❡♠♦♥str❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✶✺✳

❉❡✜♥✐♠♦s F := ϕ ◦ f ✱ ❡♠ q✉❡

ϕ : t ∈ R
∗
+ 7→

1

(1 + t)λ
∈ R

∗
+, λ :=

β − 1

2
> 0.

❯s❛♥❞♦ ❛s ❢ór♠✉❧❛s ❡♠ ✭✶✳✶✾✮ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ ϕ(t) > 0✱ ♣❛r❛ t♦❞♦ t ∈ R+✱ ♦❜t❡♠♦s

∆F = ϕ′(f)∆f +
ϕ′′(f)

ϕ′(f)2
|∇f |2,

❞❡ ♠♦❞♦ q✉❡

− ϕ
′′(f)

ϕ′(f)2
|∇f |2 +∆F = ϕ′(f)∆f.

❆❣♦r❛✱ é ❢á❝✐❧ ✈❡r q✉❡

ϕ′(t) = −λϕ(t)λ+1
λ ,

ϕ′′(f)

ϕ′(f)2
=

(
λ+ 1

λ

)
1

ϕ(t)
.

❆ss✐♠✱
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(
λ+ 1

λ

)
|∇f |2 − f∆f = λϕ(f)

2λ+1
λ ∆f

≥ αλ
fβ

(1 + f)2λ+1

= αλ

(
f

1 + f

)β

;

❡♠ s✉♠❛✱

(
λ+ 1

λ

)
|∇f |2 − f∆f ≥ αλ

(
f

1 + f

)β

. ✭✶✳✷✵✮

❈♦♠♦ F é✱ ❝❧❛r❛♠❡♥t❡✱ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ✭F ≥ 0✮✱ s❡❥❛ (pk)k∈N ⊂M ✉♠❛ s❡q✉ê♥✲

❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ F ♥♦ s❡♥t✐❞♦ ❞❡ ❖♠♦r✐✲❨❛✉✱ ❝✉❥❛ ❡①✐stê♥❝✐❛ é ❛ss❡❣✉r❛❞❛ ♣❡❧♦

❈♦r♦❧ár✐♦ ✶✳✶✹✳ ❆✈❛❧✐❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s❡✐❣✉❛❧❞❛❞❡ ✭✶✳✷✵✮ ❡♠ pk ❡ ❢❛③❡♥❞♦

k →∞✱ ✈❡♠♦s q✉❡

lim
k

[
αλ

(
f(pk)

1 + f(pk)

)β
]
= 0,

❞♦♥❞❡ limk f(pk) = 0✳ ❖r❛✱ ❝♦♠♦ limk F (pk) = infM F ❡ ϕ é ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡✱

limk f(pk) = supM f ✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉❡✳

■♥s♣✐r❛❞♦s ♥❛ ♣r♦✈❛ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✶✺✱ s❡ ❛❝r❡s❝❡♥t❛r♠♦s às ❤✐♣ót❡s❡s ❞❡st❡ ❝♦r♦✲

❧ár✐♦ ❛ ❤✐♣ót❡s❡ ❞❡ f s❡r ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡st❡♥❞❡r ♦ r❡s✉❧t❛❞♦

♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ β = 1✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ t❡♠♦s ♦ s❡❣✉✐♥t❡

❈♦r♦❧ár✐♦ ✶✳✶✻ ❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❝✉❥❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐

é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ f é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C2✱ ♥ã♦✲♥❡❣❛t✐✈❛✱ ❧✐♠✐t❛❞❛

s✉♣❡r✐♦r♠❡♥t❡ ❡ t❛❧ q✉❡ ∆f ≥ cf ✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c > 0✱ ❡♥tã♦ f ≡ 0✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥✐♠♦s F : M → R
∗
+ ♣♦r F (x) = 1/

√
1 + f(x)✳ ❙❡ A > 0 é

t❛❧ q✉❡ f(x) ≤ A✱ ♣❛r❛ t♦❞♦ x ∈M ✱ ❡♥tã♦

0 <
1√

1 + A
≤ 1√

1 + f
= F ≤ 1.

❆❞❡♠❛✐s✱ ♥♦t❡ q✉❡ F = ϕ(f)✱ ❡♠ q✉❡ ϕ : t 7→ 1/
√
1 + t✳ ❊♥tã♦

∇F = ϕ′(f)∇f =
−∇f

2(1 + f)3/2
=
−F 3∇f

2
,
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✐✳❡✳✱

∇f =
−2
F 3
∇F.

P♦r ♦✉tr♦ ❧❛❞♦✱

∆F = ϕ′(f)∆f + ϕ′′(f)|∇f |2 = −∆f
2(1 + f)3/2

+
3|∇F |2

(1 + f)3/5F 6
,

✐✳❡✳✱

F∆F =
−1
2
F 4∆f + 3|∇F |2,

♦✉ ❛✐♥❞❛✱

F 4∆f = 6|∇F |2 − 2F∆F.

❙❡❥❛ (pk)k∈N ⊂M ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ F ♥♦ s❡♥t✐❞♦ ❞❡ ❖♠♦r✐✲❨❛✉✳ ❊♥tã♦✱

❛✈❛❧✐❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❡♠ pk✱ ❢❛③❡♥❞♦ k →∞ ❡ ❧❡✈❛♥❞♦ ❡♠

❝♦♥s✐❞❡r❛çã♦ q✉❡ F é ❧✐♠✐t❛❞❛✱ ♦❜t❡♠♦s limk [F (pk)
4∆f(pk)] = 0✳ ❈♦♠♦ F (pk) 6→ 0✱

s❡❣✉❡ q✉❡ limk ∆f(pk) = 0✳ ❉❛í ❡ ❞❡ ∆f ≥ cf ✱ ❞❡❝♦rr❡ q✉❡ lim f(pk) = 0✳ ❖r❛✱

lim f(xk) = sup f ✳

❖❜s❡r✈❛çã♦ ✶✳✽ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛✳ ❉✐r❡♠♦s q✉❡ ♦ ♣r✐♥✲

❝í♣✐♦ ❞♦ ♠á①✐♠♦ ✭❢♦rt❡✮ ❞❡ ❖♠♦r✐✲❨❛✉ ✈❛❧❡ ♣❛r❛ ▼ s❡✱ ♣❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ f ∈
C2(M) ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✐♥❢❡r✐♦r♠❡♥t❡✮✱ ❢♦r ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❞❡ M s❛t✐s❢❛③❡♥❞♦ ❛s três ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✶✸ ✭r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ ❈♦r♦❧ár✐♦ ✶✳✶✹✮✳ ❯♠ t❛❧ s❡q✉ê♥❝✐❛ s❡rá ❞✐t❛ ✉♠❛ s❡q✉ê♥❝✐❛ ♠❛①✐♠✐③❛♥t❡ ✭r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡✮ ♣❛r❛ f ✳ ◆♦t❡ q✉❡ ♦ ❚❡♦r❡♠❛ ✶✳✶✸ ❡st❛❜❡❧❡❝❡ ✉♠❛

❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛ ✈❛❧✐❞❛❞❡ ❞♦ ❖♠♦r✐✲❨❛✉✱ q✉❛❧ s❡❥❛✱ ❛ ❞❡ q✉❡ ❛ ❝✉r✈❛t✉r❛ ❞❡

❘✐❝❝✐ ❞❡ M s❡❥❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❊♠ s❡✉ ❜❡❧♦ ♦♣ús❝✉❧♦ ❬✺✹❪✱ ❙✳ P✐❣♦❧❛✱ ▼✳ ❘✐✲

❣♦❧✐ ❡ ❆✳●✳ ❙❡tt✐ ♣r♦✈❛r❛♠ q✉❡ ❛ ✈❛❧✐❞❛❞❡ ❞♦ ❖♠♦r✐✲❨❛✉ ❞❡♣❡♥❞❡ ♠❡♥♦s ❞❛ ❝✉r✈❛t✉r❛

❞❡ ❘✐❝❝✐ ✭❡ ♠❡s♠♦ ❞❛ ❣❡♦♠❡tr✐❛✮ ❞❡ M ❞♦ q✉❡ ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ s❡çã♦

♥♦s ❧❡✈❛r✐❛♠ ❛ ❝r❡r✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡❧❡s ♣r♦✈❛r❛♠ ♦ s❡❣✉✐♥t❡

❙❡❥❛ (M, 〈·, ·〉) ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❡ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦

C2 ♥ã♦✲♥❡❣❛t✐✈❛ ν s❛t✐s❢❛③❡♥❞♦ ❛s ❡①✐❣ê♥❝✐❛s ❛ s❡❣✉✐r✿

ν(x)→ +∞ q✉❛♥❞♦ x→∞,

∃A > 0 t❛❧ q✉❡ |∇ν| ≤ Aν1/2 ❢♦r❛ ❞❡ ✉♠ ❝♦♠♣❛❝t♦,

∃B > 0 t❛❧ q✉❡ ∆ν ≤ Bν1/2G(ν1/2)1/2 ❢♦r❛ ❞❡ ✉♠ ❝♦♠♣❛❝t♦,

❡♠ q✉❡ G é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡♠ [0,+∞) s❛t✐s❢❛③❡♥❞♦✿



❈❛♣ít✉❧♦ ✶✳ ❆ ❛♥á❧✐s❡ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ✸✼

✭●✶✮ G(0) > 0❀

✭●✷✮ G′(t) ≥ 0 ❡♠ [0,+∞)❀

✭●✸✮ G(t)−1/2 /∈ L1(+∞)❀

✭●✹✮ lim supt→+∞
tG(t1/2)
G(t)

< +∞✳

❊♥tã♦✱ ❞❛❞❛ q✉❛❧q✉❡r ❢✉♥çã♦ u ∈ C2(M) ❝♦♠ u∗ = supM u < +∞✱ ❡①✐st❡

✉♠❛ s❡q✉ê♥❝✐❛ (xk)k∈N ⊂M ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭❖❨✶✮ u(xk) > u∗ − 1
k
❀

✭❖❨✷✮ |∇u(xk)| < 1
k
❀

✭❖❨✸✮ ∆u(xk) <
1
k

♣❛r❛ ❝❛❞❛ k ∈ N✳ ❙❡ s✉❜st✐t✉✐r♠♦s ❛ ú❧t✐♠❛ ❡①✐❣ê♥❝✐❛ s♦❜r❡ ❛ ❢✉♥çã♦ ν ♣♦r

∃B > 0 t❛❧ q✉❡ Hess ν ≤ Bν1/2G(ν1/2)1/2〈·, ·〉 ❢♦r❛ ❞❡ ✉♠ ❝♦♠♣❛❝t♦,

♥♦ s❡♥t✐❞♦ ❞❡ ❢♦r♠❛s q✉❛❞rát✐❝❛s✱ ♦❜t❡r❡♠♦s✱ ❡♠ ❧✉❣❛r ❞❡ (OY3)✱ ❛ s❡❣✉✐♥t❡

❝♦♥❝❧✉sã♦ ♠❛✐s ❢♦rt❡

Hessu(xk) <
1

k
〈·, ·〉.

❊①❡♠♣❧♦s ❡s♣❡❝✐❛❧♠❡♥t❡ s✐❣♥✐✜❝❛t✐✈♦s ❞❡ ❢✉♥çõ❡s s❛t✐s❢❛③❡♥❞♦ (G1)− (G4)

sã♦ ❞❛❞♦s ♣♦r

G(t) = t2
N∏

j=1

(
ln(j)(t)

)2
, t≫ 1,

❡♠ q✉❡ ln(j) ❞❡♥♦t❛ ♦ j✕és✐♠♦ ✐t❡r❛❞♦ ❞❛ ❢✉♥çã♦ ❧♦❣❛r✐t♠♦✳ ❆s ❞✉❛s ♣r✐✲

♠❡✐r❛s ❝♦♥❞✐çõ❡s s♦❜r❡ ❛ ❢✉♥çã♦ ν ✐♠♣❧✐❝❛♠ q✉❡ (M, 〈·, ·〉) é ❝♦♠♣❧❡t❛✳

❊①❡♠♣❧♦ ✸ ❯♠❛ ✈❛r✐❡❞❛❞❡ ♥❛ q✉❛❧ ♥ã♦ ✈❛❧❡ ♦ ♣r✐♥❝í♣✐♦ ❞❡ ❖♠♦r✐✲❨❛✉✳ ❙❡❥❛ M ♦

♣❧❛♥♦ R
2 ❝♦♠ ❛ ♠étr✐❝❛ g = dr2+h2(r)dθ2✱ ❡♠ q✉❡ h ∈ C∞([0,+∞)) é t❛❧ q✉❡ h(r) > 0

♣❛r❛ r > 0 ❡

h(r) =

{
r, s❡ 0 ≦ r ≦ 1,

3r2er
3
, s❡ r ≧ 3.

❆ ♠étr✐❝❛ g é s✉❛✈❡ ❡ ❝♦♠♣❧❡t❛✳ ❉❡✜♥✐♠♦s f :M → R ♣♦r

f(x) =

∫ r(x)

0

(
1

h(t)

∫ t

0

h(s)ds

)
dt.

❊♥tã♦ f ∈ C2(M)✱ supM f < +∞ ❡ ∆f ≡ 1✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥ã♦ ❡①✐st❡ ♥❡♥❤✉♠❛

s❡q✉ê♥❝✐❛ (pk) ❡♠ M t❛❧ q✉❡ lim supk ∆f(pk) ≦ 0✳ P❛r❛ r > 3✱ ❛ ❝✉r✈❛t✉r❛ ❣❛✉ss✐❛♥❛

❞❡ M é ❞❛❞❛ ♣♦r

K(r) = −h
′′(r)

h(r)
= −

(
9r2 + 18r +

2

r2

)
,

❞♦♥❞❡ K(r)→ −∞ q✉❛♥❞♦ r → +∞✳
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✶✳✸✳✷ ❖ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❍♦♣❢✲❈❛❧❛❜✐

▲❡♠❛ ✶✳✹ ❙❡ f, g : (M, g) −→ R sã♦ ❢✉♥çõ❡s C2 t❛✐s q✉❡ f(p) = g(p) ❡ f(x) ≥ g(x)✱

♣❛r❛ t♦❞♦ x ♣ró①✐♠♦ ❞❡ p✱ ❡♥tã♦

∇f(p) = ∇g(p),
Hess f(p) ≥ Hess g(p),

∆f(p) ≥ ∆g(p).

❉❡♠♦♥str❛çã♦✳ ❙❡ (M, g) ⊂ (R, ❝❛♥)✱ ❡♥tã♦ ♦ r❡s✉❧t❛❞♦ é s✐♠♣❧❡s ❝á❧❝✉❧♦✳ ❊♠

❣❡r❛❧✱ t♦♠❛♥❞♦ ✉♠❛ ❣❡♦❞és✐❝❛ α : (−ǫ, ǫ) → M ❝♦♠ α(0) = p✱ ♣♦❞❡♠♦s ✉s❛r ❡ss❛

♦❜s❡r✈❛çã♦ ♣❛r❛ f ◦ α ❡ g ◦ α✱ ❛ ✜♠ ❞❡ ✈❡r q✉❡

df(α′(0)) = dg(α′(0))

Hess f(α′(0), α′(0)) ≥ Hess g(α′(0), α′(0)).

❈❧❛r❛♠❡♥t❡✱ ✐ss♦ ✐♠♣❧✐❝❛ ♦ ❧❡♠❛✱ s❡ ✜③❡r♠♦s v = α̇(0) ♣❡r❝♦rr❡r t♦❞♦s ♦s v ∈ TpM ✳

❉❡ss❡ ❧❡♠❛ ❞❡❝♦rr❡ q✉❡ ✉♠❛ ❢✉♥çã♦ f :M → R ❞❡ ❝❧❛ss❡ C2 t❡♠ Hess f(p) ≥ B✱

❡♠ q✉❡ B é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❡♠ TpM ✭♦✉ ∆f(p) ≥ a ∈ R✮ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ fǫ(x)✱ ❞❡✜♥✐❞❛ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p✱ t❛❧ q✉❡

✭✐✮ fǫ(p) = f(p)❀

✭✐✐✮ f(x) ≥ fǫ(x) ❡♠ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p❀

✭✐✐✐✮ Hess fǫ(p) ≥ B − ǫ · g
∣∣
p
✭♦✉ ∆fǫ(p) ≥ a− ǫ✮✳

❆s ♣ró①✐♠❛s ❞❡✜♥✐çõ❡s ✈✐s❛♠ ❞❛r s❡♥t✐❞♦ ❛ ❡ss❡s ❢❛t♦s ✭r❡♣r♦❞✉③✐✲❧♦s✱ s❡ ❛ss✐♠ ♣♦❞❡♠♦s

❞✐③❡r✮ q✉❛♥❞♦ f é ❛♣❡♥❛s ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳

❉❡✜♥✐çã♦ ✶✳✶✼ ✭❋✉♥çã♦✲s✉♣♦rt❡✮ ❙❡❥❛M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛✳ ❯♠❛ ❢✉♥çã♦✲

s✉♣♦rt❡ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ f ❡♠ ✉♠ ♣♦♥t♦ x0 ∈ M é ✉♠❛ ❢✉♥çã♦ g ❞❡ ❝❧❛ss❡

C2✱ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x0✱ t❛❧ q✉❡ g(x0) = f(x0) ❡ g(x) ≤ f(x) ♥❡ss❛

✈✐③✐♥❤❛♥ç❛✳

❉❡✜♥✐çã♦ ✶✳✶✽ ✭❙✉❜✴s✉♣❡r❤❛♠♦♥✐❝✐❞❛❞❡ ♥♦ s❡♥t✐❞♦ ❞❡ ❢✉♥çõ❡s✲s✉♣♦rt❡✮

❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❡ f ∈ C0(M)✳ ❙❡❥❛ a ∈ R✳ ❉✐r❡♠♦s q✉❡ ∆f ≥ a
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❡♠ x0 ♥♦ s❡♥t✐❞♦ ❞❡ ❢✉♥çõ❡s✲s✉♣♦rt❡ s❡✱ ♣❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st✐r ✉♠❛ ❢✉♥çã♦✲s✉♣♦rt❡

f̃ = fx0,ǫ ❞❡ f ❡♠ x0 t❛❧ q✉❡

∆f̃ ≥ a− ǫ,

❡♠ q✉❡✱ ♥❡st❛ ú❧t✐♠❛ ♦❝♦rrê♥❝✐❛✱ ∆ ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐✳ ❉✐r❡♠♦s

q✉❡ ∆f ≥ a s❡ ∆f ≥ a ❡♠ t♦❞♦ x ∈ M ✳ ❯♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ f ❝♦♠ ∆f ≥ 0

✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ∆f ≤ 0✮ s❡rá ❞✐t❛ s✉❜❤❛r♠ô♥✐❝❛ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s✉♣❡r❤❛r♠ô♥✐❝❛✮✳

❚❡♦r❡♠❛ ✶✳✶✾ ✭Pr✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❍♦♣❢✲❈❛❧❛❜✐ ❬✶✹✱ ✹✵❪✮ ❙❡❥❛♠Mn ✉♠❛

✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♥❡①❛ ❞❡ ❞✐♠❡♥sã♦ n ❡ f ∈ C0(M) ✉♠❛ ❢✉♥çã♦ s✉❜❤❛r♠ô♥✐❝❛

✭♥♦ s❡♥t✐❞♦ ❞❡ ❢✉♥çõ❡s✲s✉♣♦rt❡✮✳ ❊♥tã♦ f ♥ã♦ ❛t✐♥❣❡ ♠á①✐♠♦ ❡♠ Mn✱ ❛ ♠❡♥♦s q✉❡ f

s❡❥❛ ❝♦♥st❛♥t❡✳

❆ ❞❡♠♦♥str❛çã♦ q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s é ❞❡✈✐❞❛ ❛ ❏✳ ❊s❝❤❡♥❜✉r❣ ❡ ❊✳ ❍❡✐♥t③❡ ❬✷✽❪✳

✭❱❡❥❛ t❛♠❜é♠ ❬✶✾✱ ✷✵✱ ✺✾❪✳✮

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p ✉♠ ♠á①✐♠♦ ❧♦❝❛❧✱ ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ f(p) ≥ f(x) ♣❛r❛

t♦❞♦ x ♣ró①✐♠♦ ❞❡ p✳ ❚♦♠❡♠♦s ✉♠❛ ♣❡q✉❡♥❛ ❜♦❧❛ ❝♦♦r❞❡♥❛❞❛ ♥♦r♠❛❧ Bδ(p)✱ ❡ ✈❛♠♦s

s✉♣♦r q✉❡ ❡①✐st❛ ✉♠ ♣♦♥t♦ z ∈ ∂Bδ(p) t❛❧ q✉❡ f(p) > f(z)✳ ❊♥tã♦✱ ♣♦r ❝♦♥t✐♥✉✐❞❛❞❡✱

f(p) > f(z′) ♣❛r❛ z′ ∈ ∂Bδ(p) s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ z✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠ s✐st❡♠❛

❞❡ ❝♦♦r❞❡♥❛❞❛s ♥♦r♠❛❧ {xi}ni=1 t❛❧ q✉❡ z = (δ, 0, . . . , 0)✳ P♦♥❤❛♠♦s φ(x) := x1 −
d((x2)2 + · · ·+ (xn)2)✱ ❡♠ q✉❡ d é ✉♠ ♥ú♠❡r♦ tã♦ ❣r❛♥❞❡ q✉❡✱ s❡ y ∈ ∂Bδ(p) ❡ f(y) =

f(p)✱ ❡♥tã♦ φ(y) < 0✳ ◆♦t❡ q✉❡

∇φ =
∂

∂x1
− · · · 6= 0.

❙❡❥❛ ψ := eaφ−1✳ ❊♥tã♦ ∆ψ = (a2|∇φ|2+a∆φ)eaφ✳ ▲♦❣♦✱ ♣❛r❛ a s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✱ ∆ψ > 0✳ ❆❞❡♠❛✐s✱ ψ(p) = 0✳ ❆ss✐♠✱ ♣❛r❛ µ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱

(f + µψ)
∣∣
∂Bδ(p)

< f(p), (f + µψ)(p) = f(p).

P♦r ❝♦♥s❡❣✉✐♥t❡✱ f + µψ t❡♠ ✉♠ ♠á①✐♠♦ ✐♥t❡r✐♦r ❡♠ ❛❧❣✉♠ ♣♦♥t♦ q ∈ Bδ(p)✳

❙❡ f̃ = fq,ǫ é ✉♠❛ ❢✉♥çã♦✲s✉♣♦rt❡ ♣❛r❛ f ❡♠ q ❝♦♠ ∆f̃ ≥ −ǫ✱ ❡♥tã♦ f̃ + µψ é

t❛♠❜é♠ ✉♠❛ ❢✉♥çã♦✲s✉♣♦rt❡ ♣❛r❛ f+µψ ❡♠ q✳ P❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s

q✉❡ ∆(f̃ + µψ) > 0✳ ❈♦♠♦ f + µψ t❡♠ ✉♠ ♠á①✐♠♦ ❧♦❝❛❧ ❡♠ q ❡

f̃ + µψ < f + µψ, (f̃ + µψ)(q) = (f + µψ)(q),
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s❡❣✉❡ q✉❡ f̃ + µψ t❡♠ ✉♠ ♠á①✐♠♦ ❧♦❝❛❧ ❡♠ q✳ ■ss♦ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ✉♠❛ ✈❡③ q✉❡

♦ ❍❡ss✐❛♥♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❡♠ ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ é ♥❡❣❛t✐✈♦ s❡♠✐✲❞❡✜♥✐❞♦✱ ❧♦❣♦ s❡✉

tr❛ç♦ é ≤ 0✳

P♦rt❛♥t♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦s q✉❛✐s f ❛t✐♥❣❡ ✉♠ ♠á①✐♠♦ é ❛❜❡rt♦ ❡ ❢❡❝❤❛❞♦

❡✱ ♣♦r ❤✐♣ót❡s❡✱ ❝♦✐♥❝✐❞❡ ❝♦♠ t♦❞❛ ❛ ✈❛r✐❡❞❛❞❡✳

✶✳✸✳✸ ❆ ❢ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r

❚❡♦r❡♠❛ ✶✳✷✵ ✭❇♦❝❤♥❡r ❬✶✵✱ ✶✷❪✮ ❙❡❥❛Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❞✐♠❡♥✲

sã♦ n ❡ s❡❥❛ f ∈ C2(M)✳ ❊♥tã♦

1

2
∆|∇f |2 = Ric(∇f,∇f) + 〈∇f,∇(∆f)〉+ |❍❡ss f |2. ✭✶✳✷✶✮

❉❡♠♦♥str❛çã♦✳ ❋✐①❡♠♦s p ∈ M ✱ ❡ s❡❥❛ {Ei}ni=1 ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡♠

✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂M ❞❡ p✱ ❣❡♦❞és✐❝♦ ❡♠ p✳ ❊♥tã♦✱ ❡♠ p✱ t❡♠♦s

1

2
∆|∇f |2 = 1

2

∑

i

(❍❡ss |∇f |2)(Ei, Ei)

=
1

2

∑

i

Ei(Ei〈∇f,∇f〉) =
∑

i

Ei(〈∇Ei
∇f,∇f〉)

=
∑

i

〈∇Ei
∇Ei
∇f,∇f〉+

∑

i

|∇Ei
∇f |2

=
∑

i

〈∇Ei
∇Ei
∇f,∇f〉+ |❍❡ss f |2.

✭✶✳✷✷✮

❆❣♦r❛✱ ♣❛r❛ X ∈ TM ✱ t❡♠♦s q✉❡

∑

i

〈R(Ei, X)∇f, Ei〉 =
∑

i

〈∇X∇Ei
∇f −∇Ei

∇X∇f +∇[Ei,X]∇f, Ei, Ei〉. ✭✶✳✷✸✮

❈♦♠♦ ♦ r❡❢❡r❡♥❝✐❛❧ é ❣❡♦❞és✐❝♦ ❡♠ p✱ t❡♠♦s q✉❡ ∇XEi(p) = 0 ❡✱ ❞❛í✱ ❡♠ p✱

∑

i

〈∇X∇Ei
∇f, Ei〉 =

∑

i

X〈∇Ei
∇f, Ei〉 = X(∆f) = 〈X,∇(∆f)〉. ✭✶✳✷✹✮

◆♦✈❛♠❡♥t❡ ❡♠ ✈✐rt✉❞❡ ❞❡ ♦ r❡❢❡r❡♥❝✐❛❧ s❡r ❣❡♦❞és✐❝♦ ❡♠ p✱ ❥✉♥t♦ ❝♦♠ ♦ ❢❛t♦ ❞❡ ❍❡ssf
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s❡r ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❛✉t♦✲❛❞❥✉♥t♦✱ ♦❜t❡♠♦s✱ ❡♠ p✱

〈∇Ei
∇X∇f −∇[Ei,X]∇f, Ei〉 = Ei〈∇X∇f, Ei〉 − 〈∇X∇f,∇Ei

Ei〉

− 〈∇Ei
∇f, [Ei, X]〉

= Ei〈∇Ei
∇f,X〉

− 〈∇Ei
∇f,∇Ei

X −∇XEi〉

= 〈∇Ei
∇Ei
∇f,X〉+ 〈∇Ei

∇f,∇Ei
X〉

− 〈∇Ei
∇f,∇Ei

X〉

= 〈∇Ei
∇Ei
∇f,X〉.

✭✶✳✷✺✮

❙✉❜st✐t✉✐♥❞♦ ✭✶✳✷✹✮ ❡ ✭✶✳✷✺✮ ❡♠ ✭✶✳✷✸✮✱ ♦❜t❡♠♦s

∑

i

〈R(Ei, X)∇f, Ei〉 = 〈X,∇(∆f)〉 −
∑

i

〈∇Ei
∇Ei
∇f,X〉

♦✉✱ ❛✐♥❞❛✱
∑

i

〈∇Ei
∇Ei
∇f,X〉 = Ric(X,∇f) + 〈X,∇(∆f)〉.

❇❛st❛ t♦♠❛r X = ∇f ♥❛ ú❧t✐♠❛ r❡❧❛çã♦ ❡ s✉❜st✐t✉✐r ♦ r❡s✉❧t❛❞♦ ❡♠ ✭✶✳✷✷✮✳

❖❜s❡r✈❛çã♦ ✶✳✾ ❊♠ ❬✸✹❪✱ ❛ ❢ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r é ❞❡❞✉③✐❞❛ ❞❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡

♣❛r❛ 1✲❢♦r♠❛s ❞✐❢❡r❡♥❝✐❛✐s✿

((DXDY −DYDX)α)(Z) = α(R(X, Y )Z),

q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ ♦s ❝❛♠♣♦s X, Y, Z ❡♠ (M, g) ❡ ❛ 1−❢♦r♠❛ α✳ ❆♣❧✐❝❛♥❞♦ ❡ss❛

❢ór♠✉❧❛ ❛ α = df ✱ ♦❜t❡♠♦s

DDdf(X, Y, Z)−DDdf(Y,X, Z) = df(R(X, Y )Z).

❚♦♠❛♥❞♦ tr❛ç♦s ❝♦♠ r❡s♣❡✐t♦ ❛ X ❡ ❛ Z ❡ ♦❜s❡r✈❛♥❞♦ q✉❡

DDdf(X, Y, Z) = DDdf(X,Z, Y )

✭♣♦✐s df é ❢❡❝❤❛❞❛✮✱ ✈❡♠♦s q✉❡

tr12DDdf(Y ) = −d∆f(Y ) + Ric(∇f, Y ).

P♦r ♦✉tr♦ ❧❛❞♦✱ DX |df |2 = 2g(DXdf, df)✱ ❞♦♥❞❡

D2
X,Y |df |2 = 2g(DXdf,DY df) + 2g(DXDY df, df).
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❚♦♠❛♥❞♦ ♦ tr❛ç♦✱ ♦❜t❡♠♦s

−1

2
∆|df |2 = |Ddf |2 + tr12DDdf(∇f).

❆ ❢ór♠✉❧❛ ❞❡s❡❥❛❞❛ s❡❣✉❡✱ ❜❛st❛♥❞♦ ♣❛r❛ ✐ss♦ ❡❧✐♠✐♥❛r ♦ t❡r♠♦ DDdf(∇f)✳

❈♦♠❜✐♥❛r❡♠♦s ♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❖♠♦r✐ ❡ ❨❛✉ ✭✶✳✶✸✮ ❡ ❛ ❢ór♠✉❧❛ ❞❡

❇♦❝❤♥❡r ✭✶✳✷✵✮ ♣❛r❛ ♦❜t❡r ❛ s❡❣✉✐♥t❡ ❡①t❡♥sã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡✱ ❞❡✈✐❞❛ ❛♦ ❙✳

❚✳ ❨❛✉ ✭❬✻✻❪✮✳

Pr♦♣♦s✐çã♦ ✶✳✷✶ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛✱ ❝♦♠ ❝✉r✈❛t✉r❛ ❞❡

❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛✳ ❆s ú♥✐❝❛s ❢✉♥çõ❡s ❤❛r♠ô♥✐❝❛s ❧✐♠✐t❛❞❛s ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ Mn sã♦

❛s ❝♦♥st❛♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ infM f > 0✳

P❛r❛ a > 0✱ ❞❡✜♥✐♠♦s ✉♠❛ ❢✉♥çã♦ g :M → R ♣♦r

g(x) =
f(x)√

|∇f(x)|2 + a
. ✭✶✳✷✻✮

❉❛ ❞❡✜♥✐çã♦ ❞❡ g ❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣r❛♥❞✐❡♥t❡✱ s❡❣✉❡ q✉❡

∇g = ∇f√
|∇f |2 + a

− f∇|∇f |2
2(|∇f |2 + a)3/2

. ✭✶✳✷✼✮

❯s❛♥❞♦ ❞✐✈(hX) = 〈∇h,X〉+ h❞✐✈X ❡ ❛ ❢ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r ✭✶✳✷✶✮✱ ♦❜t❡♠♦s q✉❡

∆g = −〈∇|∇f |
2,∇f〉

|∇f |2 + a)3/2
+

∆f√
|∇f |2 + a

+
3f |∇|∇f |2|2

4(|∇f |2 + a)5/2

− f

|∇f |2 + a)3/2
{|❍❡ssf |2 + 〈∇∆f,∇f〉+ Ric(∇f,∇f)}.

✭✶✳✷✽✮

❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱ ∆f = 0 ❡ RicM ≥ 0✱ s❡❣✉❡ q✉❡

∆g ≤ −〈∇|∇f |
2,∇f〉

|∇f |2 + a)3/2
+

3f |∇|∇f |2|2
4(|∇f |2 + a)5/2

− f

|∇f |2 + a)3/2
|❍❡ssf |2. ✭✶✳✷✾✮

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ ✭✶✳✷✼✮ ❝♦♠∇f ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲

❙❝❤✇❛r③✱ ♦❜t❡♠♦s
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−〈∇|∇f |
2,∇f〉

|∇f |2 + a)3/2
≤ 2

f

{
|∇g||∇f | − |∇f |2√

|∇f |2 + a

}
. ✭✶✳✸✵✮

❉❡ ✭✶✳✷✼✮✱ ✈❡♠ t❛♠❜é♠ q✉❡

3f |∇|∇f |2|2
4(|∇f |2 + a)5/2

=
3
√
|∇f |2 + a

f

∣∣∣∣
f∇|∇f |2

2(|∇f |2 + a)3/2

∣∣∣∣
2

≤ 3
√
|∇f |2 + a

f

[
|∇f |√
|∇f |2 + a

+ |∇g|
]2
.

✭✶✳✸✶✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ ✭✶✳✷✾✮ ♣♦r g ❡ ✉s❛♥❞♦ ✭✶✳✷✻✮✱ ✭✶✳✸✵✮ ❡ ✭✶✳✸✶✮✱

♦❜t❡♠♦s

g∆g ≤ 2

(
|∇g||∇f |√
|∇f |2 + a

− |∇f |2
|∇f |2 + a

)
+ 3

(
|∇f |√
|∇f |2 + a

+ |∇g|
)2

− f 2

|∇f |2 + a)3/2
|❍❡ssf |2.

✭✶✳✸✷✮

P♦rt❛♥t♦✱

f |∇f ||❍❡ssf |
(|∇f |2 + a)3/2

≤
√
8|∇g|+ 1 + 3|∇g|2 − g∆g |∇f |√

|∇f |2 + a
. ✭✶✳✸✸✮

❆❣♦r❛✱ ❞❛❞♦ x ∈ M ❝♦♠ ∇f(x) 6= 0✱ ❡s❝♦❧❤❡♠♦s ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ {ei}ni=1

❞❡ TxM t❛❧ q✉❡ e1 = ∇f(x)/|∇f(x)|✳ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡
(∑k

1=1 ci

)2
≤ k

∑k
i=1 c

2
i ✱

♦❜t❡♠♦s✱ ❡♠ x✱

|❍❡ssf |2 =
n∑

i,j=1

f 2
ij ≥

n∑

i=1

f 2
ii = f 2

11 +
n∑

i=2

f 2
ii ≥ f 2

11 +
1

n− 1

(
n∑

i=2

fii

)2

= f 2
11 +

1

n− 1
(∆f − f11) = f 2

11 +
f 2
11

n− 1
=

n

n− 1
f 2
11.

✭✶✳✸✹✮

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ ✭✶✳✷✼✮ ❝♦♠ e1✱ t❡♠♦s

〈∇g, e1〉 =
|∇f |√
|∇f |2 + a

− f〈∇e1∇f,∇f〉
(|∇f |2 + a)3/2

=
|∇f |√
|∇f |2 + a

− f |∇f |f11
(|∇f |2 + a)3/2
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❡✱ ❞❛í✱

f |∇f ||f11|
(|∇f |2 + a)3/2

≥ |∇f |√
|∇f |2 + a

− |〈∇g, e1〉| ≥
|∇f |√
|∇f |2 + a

− |∇g|. ✭✶✳✸✺✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✸✹✮ ❡ ✭✶✳✸✺✮✱ ♦❜t❡♠♦s

f |∇f ||❍❡ssf |
(|∇f |2 + a)3/2

≥
√

n

n− 1

(
|∇f |√
|∇f |2 + a

− |∇g|
)
. ✭✶✳✸✻✮

❉❡ ✭✶✳✸✸✮ ❡ ✭✶✳✸✻✮✱ t❡♠♦s

√
8|∇g|+ 1 + 3|∇g|2 − g∆g |∇f |√

|∇f |2 + a
≥
√

n

n− 1

(
|∇f |√
|∇f |2 + a

− |∇g|
)
,

q✉❡ ✐♠♣❧✐❝❛

√
n

n− 1
|∇g| ≥

|∇f |√
|∇f |2 + a

(√
n

n− 1
−
√
8|∇g|+ 1 + 3|∇g|2 − g∆g

)
.

✭✶✳✸✼✮

❙❡❥❛✱ ❛❣♦r❛✱ (pk) ⊂ M ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ g ♥♦ s❡♥t✐❞♦ ❞♦ ❖♠♦r✐✲

❨❛✉✳ ❉❛❞♦ ǫ > 0✱ ❡①✐st❡ k0 ∈ N t❛❧ q✉❡

|∇g(pk)| < ǫ, −g(pk)∆g(pk) < ǫ, ∀k ≧ k0.

❉❛í ❡ ❞❡ ✭✶✳✸✼✮✱ t❡♠♦s
√

n

n− 1
ǫ >

|∇f |√
|∇f |2 + a

(pk)

(√
n

n− 1
−
√
1 + 9ǫ+ 3ǫ2

)
,

✐♠♣❧✐❝❛♥❞♦

lim sup
k

|∇f |√
|∇f |2 + a

(pk) ≤
√

n
n−1

ǫ
√

n
n−1
−
√
1 + 9ǫ+ 3ǫ2

.

❋❛③❡♥❞♦ ǫ→ 0+ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣r❡❝❡❞❡♥t❡✱ ❡♥❝♦♥tr❛♠♦s q✉❡

lim sup
k

|∇f |√
|∇f |2 + a

(pk) = 0.
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P♦rt❛♥t♦✱ ❡①✐st❡ k1 ∈ N t❛❧ q✉❡

|∇f |√
|∇f |2 + a

(pk) <

√
2

2
, ∀k ≥ k1

❡✱ ❛ss✐♠✱ |∇f(pk)|2 < a, ∀k ≥ k1✳ ❖r❛✱

g(pk) =
f(pk)√

|∇f(pk)|2 + a
>
f(pk)√

2a
≥ inf f√

2a
, ∀k ≧ k1.

❈♦♠♦ g(pk)→ inf g✱ s❡❣✉❡ q✉❡ inf g ≥ inf f√
2a
✳ P♦rt❛♥t♦✱

|∇f(p)|
f(p)

<

√
|∇f(p)|2 + a

f(p)
=

1

g(p)
≤ 1

inf g
≤
√
2a

inf f
, ∀p ∈M,a > 0.

❋❛③❡♥❞♦ a→ 0+✱ ♦❜t❡♠♦s q✉❡ |∇f(p)| = 0✱ ♣❛r❛ t♦❞♦ p ∈M ✳

❊①❡♠♣❧♦ ✹ ❈♦♠ ♦ ❛✉①í❧✐♦ ❞♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❍♦♣❢✲❈❛❧❛❜✐ ❡ ❞❛ ❋ór♠✉❧❛ ❞❡

❇♦❝❤♥❡r ❡st❛❜❡❧❡❝❡r❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✱ ❞❡✈✐❞♦ ❛ ▼②❡rs ❡ ❛ ❈❤❡♥❣✿

❙❡❥❛ (M, g) ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❝✉❥❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐

s❛t✐s❢❛③ ❘✐❝M ≥ (n − 1)κ = ❘✐❝Sn(κ)✳ ❊♥tã♦ ❞✐❛♠(M) ≤ π/
√
κ✱ ❡ ❛ ✐❣✉❛❧✲

❞❛❞❡ ✈❛❧❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (M, g) é ✐s♦♠étr✐❝❛ ❛ S
n(κ)✳

◆❡❝❡ss✐t❛r❡♠♦s ❞❡st❛

Pr♦♣♦s✐çã♦ ✶✳✷✷ ✭❈♦♠♣❛r❛çã♦ ❞♦ ❧❛♣❧❛❝✐❛♥♦✮ ❙❡❥❛♠ M ❝♦♠♣❧❡t❛ ❡ p ∈ M ✳

❉❡♥♦t❡ ♣♦r r(x) := d(p, x), x ∈ M ✱ ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛ ♣❛rt✐r ❞❡ p✳ ❙❡ ❘✐❝(v, v) ≥
(n− 1)κ✱ ♣❛r❛ t♦❞♦ v ∈ UM ✱ ❡♥tã♦✱ ❡♠ M \ (❈✉t(p) ∪ {p})✱ t❡♠♦s

∆r ≤ ∆κr =





(n− 1)
√
κ cot(

√
κr), s❡ κ > 0,

(n− 1)/r, s❡ κ = 0,

(n− 1)
√−κ coth(√−κr), s❡ κ < 0.

✭✶✳✸✽✮

❆q✉✐ ∆κ ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ♥❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ s✐♠♣❧❡s✲

♠❡♥t❡ ❝♦♥❡①❛ M(κ) ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ κ✳

❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✷✳ ❆♣❧✐❝❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r

✭✶✳✷✶✮ à ❢✉♥çã♦ f(x) = r(x) ❡♠ M \ (❈✉t(p) ∪ {p})✱ ♦♥❞❡ r é s✉❛✈❡ ❡ |∇r| = 1✱

♦❜t❡♠♦s

|❍❡ss r|2 + ∂

∂r
(∆r) + ❘✐❝(

∂

∂r
,
∂

∂r
) = 0.

❙❡❥❛♠ λ1, . . . , λn ♦s ❛✉t♦✲✈❛❧♦r❡s ❞❡ ❍❡ss r✱ ✐✳❡✳✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

❛✉t♦✲❛❞❥✉♥t❛

v 7→ ∇v∇r.
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❈♦♠♦ ∇r(x) =
(

∂
∂r

)
x
= γ′r(x)✱ ❡♠ q✉❡ γ é ❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ♥♦r♠❛❧✐③❛❞❛ ❧✐❣❛♥❞♦ p ❛

x✱ t❡♠♦s

∇∇r∇r = 0.

❙❡❣✉❡ q✉❡ ✉♠ ❞♦s ❛✉t♦✲✈❛❧♦r❡s✱ ❞✐❣❛♠♦s λ1✱ é ③❡r♦✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③

❞á
(∆r)2

n− 1
=

(tr❛ç♦(❍❡ss r))2

n− 1
=

(λ2 + · · ·+ λn)
2

n− 1
≤ λ22 + · · ·λ2n = |❍❡ssr|2.

❈♦♠♦ ❘✐❝(∇r,∇r) ≥ (n− 1)κ✱ ♦❜t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❘✐❝❝❛t✐

(∆r)2

n− 1
+

∂

∂r
+ (n− 1)κ ≤ 0. ✭✶✳✸✾✮

❉❡✜♥✐♠♦s

s♥κ(t) :=





1√
κ
sin(
√
κt), s❡ κ > 0,

t, s❡ κ = 0,
1√−κ

sinh(
√−κt), s❡ κ < 0,

❝tκ(t) :=
s♥′

κ(t)

s♥κ(t)

❡

ψκ(t) := (n− 1)❝tκ(t).

◆♦t❡ q✉❡ ψκ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❘✐❝❝❛t✐✱

ψ′
κ +

ψ2
κ

n− 1
+ (n− 1)κ = 0.

❙❡❥❛♠ x ∈M \(❈✉t(p)∪{p})✱ γ ❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡ ❧✐❣❛♥❞♦ p ❛ x✱ v := γ′(0)

❡ ϕ(t) = ∆r(γ(t))✳ ❖❜s❡r✈❡ q✉❡ ϕ s❛t✐s❢❛③

ϕ′ +
ϕ2

n− 1
+ (n− 1)κ ≤ 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

∆r =
n− 1

r
+O(r), q✉❛♥❞♦ r → 0, ✭✶✳✹✵✮

✐✳❡✳✱ ϕ(t) = n−1
t

+O(t)✱ ❡①✐st❡ r0 ≤ d(v) t❛❧ q✉❡

ϕ(t)2

n− 1
+ (n− 1)κ > 0, ∀t ∈ (0, r0). ✭✶✳✹✶✮

❆ss✐♠✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✸✾✮✱ ♦❜t❡♠♦s

−ϕ′

ϕ2

n−1
+ (n− 1)κ

≥ 1 ❡♠ (0, r0).
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P♦r ✐♥t❡❣r❛çã♦✱ ♦❜t❡♠♦s
∫ t

0

−ϕ′

ϕ2

n−1
+ (n− 1)κ

ds ≥ t, ∀t ∈ (0, r0] ,

❞♦♥❞❡

❛r❝ ❝tκ

(
ϕ(t)

n− 1

)
≥ t, ∀t ∈ (0, r0] .

✭❆q✉✐ ❛r❝ ❝tκ ❞❡♥♦t❛ ❛ ❢✉♥çã♦ ✐♥✈❡rs❛ ❞❡ ❝tκ✳✮ ❉❛í✱

ϕ(t) ≤ (n− 1)❝tκ(t) = ψκ(t), t ∈ (0, r0] .

P♦♠♦s

t0 := sup{0 < t < τ(v) : ϕ ≤ ψκ ❡♠ (0, t)}.

❙❡ t0 = τ(v)✱ ♦❜t❡♠♦s ✭✶✳✸✽✮✳ ❙❡ t0 < τ(v)✱ ❡♥tã♦ ϕ(t0) = ψκ(t0) ❡✱ ❛ss✐♠✱

ψ(t0)
2

n− 1
+ (n− 1)κ =

ψκ(t0)
2

n− 1
+ (n− 1)κ > 0.

▼❛s✱ ❡♥tã♦✱ ✭✶✳✹✶✮ ✈❛❧❡ ❡♠ (0, t0 + ǫ) ♣❛r❛ ❛❧❣✉♠ ǫ > 0 ❡✱ ♣♦rt❛♥t♦✱ ϕ(t) ≤ ψκ(t)✱ ♣❛r❛

t♦❞♦ t ∈ (0, t0 + ǫ)✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❞❡✜♥✐çã♦ ❞❡ t0✳ ▲♦❣♦✱ ϕ(t) ≤ ψκ(t)✱ ♣❛r❛ t♦❞♦

t ∈ (0, τ(v))✳ ❊♠ M(κ)✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✸✾✮ é✱ ♥❛ ✈❡r❞❛❞❡✱ ✉♠❛ ✐❣✉❛❧❞❛❞❡✳ ❈♦♠♦

∆κr s❛t✐s❢❛③ ✭✶✳✹✵✮✱ t❡♠♦s ∆κ(x) = ψκ(x)✳

P❛ss❡♠♦s ❛♦ r❡s✉❧t❛❞♦ ♣r♦♠❡t✐❞♦✿

❉❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❞❡ ▼②❡rs ❡ ❈❤❡♥❣✳ ❆ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦

t❡♦r❡♠❛ é ❥á ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞❛✳ Pr♦✈❛r❡♠♦s ❛ ♣❛rt❡ ❞❛ r✐❣✐❞❡③✳ P♦❞❡♠♦s s✉♣♦r q✉❡

κ = 1✳ ❙❡❥❛♠ p, q ∈ M t❛✐s q✉❡ d(p, q) = π✳ ❉❡♥♦t❡ ♣♦r r ❡ r̃ ❛s ❢✉♥çõ❡s ❞✐stâ♥❝✐❛ ❛

♣❛rt✐r ❞❡ p ❡ q✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ t❡♠♦s r + r̃ ≥ π✱ ❡ ❛

✐❣✉❛❧❞❛❞❡ ✈❛❧❡ ♣❛r❛ q✉❛❧q✉❡r x ∈M \{p, q} q✉❡ ♣❡rt❡♥ç❛ ❛ ✉♠❛ s❡❣♠❡♥t♦ ❧✐❣❛♥❞♦ p ❡ q✳

❉❡✜♥❛ f := r+r̃−π✳ ❊♥tã♦ f ≥ 0✳ ❈♦♠♦ r̃ ≥ π−r✱ t❡♠♦s cot r̃ ≤ cot(π−r) = − cot r✳

❙❡❣✉❡ ❞❛í ❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✷ q✉❡

∆f ≤ (n− 1)(cot r + cot r̃) ≤ 0.

❆ss✐♠✱ f é ✉♠❛ ❢✉♥çã♦ s✉♣❡r✲❤❛r♠ô♥✐❝❛ q✉❡ ❛t✐♥❣❡ s❡✉ ♠í♥✐♠♦ ❡♠ M ✳ ❖ ❚❡♦r❡♠❛

✶✳✶✾✱ ❛♣❧✐❝❛❞♦ à ❢✉♥çã♦ −f ✱ ❣❛r❛♥t❡ q✉❡ f ≡ 0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ r + r̃ = π✱ ❡

q✉❛❧q✉❡r ❣❡♦❞és✐❝❛ ♥♦r♠❛❧✐③❛❞❛ ♣❛rt✐♥❞♦ ❞❡ p ❡♥❝♦♥tr❛ q ❛ ✉♠❛ ❞✐stâ♥❝✐❛ π✳ ▲♦❣♦✱

❈✉t(p) = {q} ❡ ❈✉t(q) = {p}✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ r ❡ r̃ sã♦ s✉❛✈❡s ❡♠ M \ {p, q}✳ ❆

♣❛rt✐r ❞❛í✱ é ♣♦ssí✈❡❧ ♣r♦✈❛r q✉❡ ❍❡ss r = cot(r)ds2n−1 ❡♠ M \ {p, q} ❡ q✉❡ g = dr2 +

sin(r)ds2n−1✳ ❖r❛✱ ❡st❛ ú❧t✐♠❛ ❝♦♥❞✐çã♦ ✐♠♣❧✐❝❛ q✉❡ M ❞❡✈❡ s❡r ✭✐s♦♠étr✐❝❛ ❛✮ Sn ✭✈❡❥❛✱

♣♦r ❡①❡♠♣❧♦✱ ❬✺✸❪✱ ♣✳ ✶✸✻✕✶✸✼✱ ✷✼✵✕✷✼✷ ❡ ✷✽✹✕✷✽✺✮✳
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✶✳✸✳✹ ❖ ❧❛♣❧❛❝✐❛♥♦ ❞❛s ❢✉♥çõ❡s ❛❧t✉r❛ ❡ s✉♣♦rt❡

❙❡❥❛ M
n+1

✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲r✐❡♠❛♥♥✐❛♥❛ ❝♦♥❡①❛ ❝♦♠ ♠étr✐❝❛ g = 〈·, ·〉 ❞❡
í♥❞✐❝❡ ν ≤ 1 ❡ ❝♦♥❡①ã♦ s❡♠✐✲r✐❡♠❛♥♥✐❛♥❛ ∇✳ P❛r❛ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X ∈ TM ✱ s❡❥❛

ǫ(X) = 〈X,X〉✳
❯♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s V ❡♠ M

n+1
é ❞✐t♦ ❝♦♥❢♦r♠❡ s❡

LV 〈·, ·〉 = 2ϕ〈·, ·〉,

♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ ϕ ∈ ❈∞(M)✱ ❡♠ q✉❡ L ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❛ ♠étr✐❝❛ ❞❡

M ✳ ❆ ❢✉♥çã♦ φ é ❝❤❛♠❛❞❛ ❞❡ ❢❛t♦r ❝♦♥❢♦r♠❡ ❞❡ V ✳

❈♦♠♦ LV (X) = [X,X] ♣❛r❛ t♦❞♦ X ∈ TM ✱ s❡❣✉❡ ❞♦ ❝❛rát❡r t❡♥s♦r✐❛❧ ❞❡ LV q✉❡

V ∈ TM é ❝♦♥❢♦r♠❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

〈∇XV, Y 〉+ 〈X,∇Y V 〉 = 2ϕ〈X, Y 〉,

♣❛r❛ t♦❞♦s X, Y ∈ TM ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ V é ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ r❡❧❛t✐✈❛♠❡♥t❡ ❛ g s❡✱ ❡

s♦♠❡♥t❡ s❡✱ φ ≡ 0✳

◆♦ q✉❡ s❡❣✉❡✱ ❝♦♥s✐❞❡r❛r❡♠♦s ✐♠❡rsõ❡s r✐❡♠❛♥♥✐❛♥❛s ψ : Σn → M
n+1

✱ ♦✉ s❡❥❛✱

✐♠❡rsõ❡s ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡ n−❞✐♠❡♥s✐♦♥❛❧✱ ♦r✐❡♥tá✈❡❧ ❡ ❝♦♥❡①❛✱ Σn ❡♠M
n+1

✱ t❛❧

q✉❡ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ g = ψ∗(g) ❢❛③ ❞❡ Σn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛✱ ❝♦♠ ❝♦♥❡①ã♦

❞❡ ▲❡✈✐✲❈✐✈✐t❛ ∇✳ ❖r✐❡♥t❛♠♦s Σn ♣❡❧❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛❧ ❡

✉♥✐tár✐♦ N ✱ ❡ s❡❥❛♠ A ♦ ❡♥❞♦♠♦r✜s♠♦ ❞❡ ❲❡✐♥❣❛rt❡♥ ❡ H = (ǫtr❛ç♦(A))/n ❛ ❝✉r✈❛t✉r❛

♠é❞✐❛ ❝♦rr❡s♣♦♥❞❡♥t❡s✳

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ❛♣❛r❡❝❡✉ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❡♠ ❬✻✵❪✱ ♥♦ ❝♦♥t❡①t♦ r✐❡♠❛♥♥✐✲

❛♥♦✳ ❊♠ ❬✾❪✱ ❆✳ ❇❛rr♦s✱ ❆✳ ❇r❛s✐❧ ❡ ❆✳ ❈❛♠✐♥❤❛ ❣❡♥❡r❛❧✐③❛r❛♠✲♥♦ ♣❛r❛ ♦ ❝♦♥t❡①t♦

❧♦r❡♥t③✐❛♥♦✳ ❆♣r❡s❡♥t❛♠♦s ❛q✉✐ ❛ ✈❡rsã♦ ✉♥✐✜❝❛❞❛ q✉❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✼❪✳

❚❡♦r❡♠❛ ✶✳✷✸ ✭Pr♦♣♦s✐çã♦ ✷✳✶ ❞❡ ❬✶✼❪✮ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲r✐❡♠❛♥♥✐❛♥❛

❞❡ ❞✐♠❡♥sã♦ n + 1 q✉❡ ❛❞♠✐t❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❝♦♥❢♦r♠❡ V ✱ ❝♦♠ ❢❛t♦r ❝♦♥❢♦r♠❡

φ ∈ C∞(M)✱ ❡ s❡❥❛ ψ : Σn →M
n+1

✉♠❛ ✐♠❡rsã♦ r✐❡♠❛♥♥✐❛♥❛✳ ❙❡ η := 〈V,N〉✱ ❡♥tã♦

∆η = −ǫn〈V,∇H〉 − ǫη{Ric(N,N) + |A|2} − n{ǫHϕ+N(ϕ)}, ✭✶✳✹✷✮

❡♠ q✉❡ ǫ = ǫ(N)✱ ∇H é ♦ ❣r❛❞✐❡♥t❡ ❞❡ H ♥❛ ♠étr✐❝❛ ❞❡ Σn✱ Ric é ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐

❞❡ M
n+1

❡ |A| é ❛ ♥♦r♠❛ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞❡ A✳
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❉❡♠♦♥str❛çã♦✳ ❋✐①❡♠♦s p ∈ Σn✱ ❡ s❡❥❛ {Ei}ni=1 ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡♠

✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p ❡♠ Σn✱ ❣❡♦❞és✐❝♦ ❡♠ p✱ ❡ t❛❧ q✉❡✱ t❛♠❜é♠ ❡♠ p✱ AEi = λiEi, i =

1, . . . , n ✭✐✳❡✳✱ {Ei

∣∣
p
} é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ TpM ❢♦r♠❛❞❛ ♣♦r ❛✉t♦✈❡t♦r❡s ❞❡ A✱

❝♦♠ ❛✉t♦✈❛❧♦r❡s {λi}✮✳ ❊st❡♥❞❡♠♦s Ei ❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p ❡♠ M ❞❡ t❛❧ ❢♦r♠❛ q✉❡

∇NEi(p) = 0✳ P♦❞❡♠♦s ❡s❝r❡✈❡r

V =
∑

i

αiEi + ǫηN.

❊♥tã♦

η = 〈N, V 〉 =⇒ Ei(η) = 〈∇Ei
N, V 〉+ 〈N,∇Ei

V 〉

= −〈AEi, V 〉+ 〈N,∇Ei
V 〉,

❞♦♥❞❡

∆η =
∑

i

Ei(Ei(η)) = −
∑

i

Ei〈AEi, V 〉+
∑

i

Ei〈N,∇Ei
V 〉

= −
∑

i

〈∇Ei
AEi, V 〉 − 2

∑

i

〈AEi,∇Ei
V 〉+

∑

i

〈N,∇Ei
∇Ei

V 〉.
✭✶✳✹✸✮

❆❣♦r❛✱ ❞❡r✐✈❛♥❞♦ AEi =
∑

j hijEj ❝♦♠ r❡❧❛çã♦ ❛ Ei✱ ♦❜t❡♠♦s ❡♠ p

∑

i

〈∇Ei
AEi, V 〉 =

∑

i,j

Ei(hij)〈Ej, V 〉+
∑

i,j

〈∇Ei
Ej, V 〉

=
∑

i,j

αjEi(hij) + ǫ
∑

i,j

〈∇Ei
Ej, N〉〈V,N〉

=
∑

i,j

αjEi(hij) + ǫ
∑

i,j

h2ijη

=
∑

i,j

αjEi(hij) + ǫη|A|2.

✭✶✳✹✹✮

❯s❛♥❞♦ q✉❡ AEi = λiEi ❡♠ p✱ t❡♠♦s q✉❡✱ ❡♠ p✱

∑

i

〈AEi,∇Ei
V 〉 =

∑

i

λi〈Ei,∇Ei
V 〉 =

∑

i

λiϕ = ǫnHϕ. ✭✶✳✹✺✮

❆ ✜♠ ❞❡ ❝♦♠♣✉t❛r ♦ ú❧t✐♠♦ s♦♠❛tór✐♦ ❞❡ ✭✶✳✹✸✮✱ ♥♦t❡ q✉❡ ❛ ❝♦♥❢♦r♠✐❞❛❞❡ ❞❡ V

❞á

〈∇NV,Ei〉+ 〈N,∇Ei
V 〉 = 0
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♣❛r❛ t♦❞♦ k✳ ❉❡r✐✈❛♥❞♦ ❛ r❡❧❛çã♦ ♣r❡❝❡❞❡♥t❡ ♥❛ ❞✐r❡çã♦ ❞❡ Ei✱ t❡♠♦s

〈∇Ei
∇NV,Ei〉+ 〈∇NV,∇Ei

Ei〉+ 〈∇Ei
N,∇Ei

V 〉+ 〈N,∇Ei
∇Ei

V 〉 = 0.

❈♦♥t✉❞♦✱ ❡♠ p✱ t❡♠♦s

〈∇NV,∇Ei
Ei〉 = ǫ〈∇NV, 〈∇Ei

Ei, N〉N〉 = ǫ〈∇NV, λiN〉

= ǫλiϕ〈N,N〉 = λiϕ.

❡

〈∇Ei
N,∇Ei

V 〉 = −λi〈Ei,∇Ei
V 〉 = −λiϕ,

❞♦♥❞❡

〈∇Ei
∇NV,Ei〉+ 〈N,∇Ei

∇Ei
V 〉 = 0. ✭✶✳✹✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

[N,Ei] (p) = ∇NEi(p)−∇Ei
N(p) = λiEi(p),

s❡❣✉❡ ❞❡ ✭✶✳✹✻✮ q✉❡

〈R(N,Ei)V,Ei〉p = 〈∇Ei
∇NV −∇N∇Ei

V +∇[N,Ei]V,Ei〉p
= −〈N,∇Ei

∇Ei
V 〉p −N〈∇Ei

V,Ei〉p + 〈∇λiEi
V,Ei〉p

= −〈N,∇Ei
∇Ei

V 〉p −N(ϕ) + λiϕ,

❡✱ ♣♦rt❛♥t♦✱

∑

i

〈N,∇Ei
∇Ei

V 〉p = −nN(ϕ) + ǫnHϕ− Ric(N, V )p. ✭✶✳✹✼✮

❋✐♥❛❧♠❡♥t❡✱

Ric(N, V ) =
∑

j

αjRic(N, ej) + ǫηRic(N,N)

=
∑

i,j

〈R(Ei, Ej)Ei, N〉+ ǫηRic(N,N)

❡

〈R(Ei, Ej)Ei, N〉p = 〈∇Ej
∇Ei

Ei −∇Ei
∇Ej

Ei, N〉p.
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❉❛í✱

Ric(N, V )p =
∑

i,j

αjEj(hii)−
∑

i,j

αjEi(hij) + ǫηRic(N,N)p.

❙❡❣✉❡ ❞❡ ✭✶✳✹✾✮ q✉❡

∑

i

〈N,∇Ei
∇Ei

V 〉p =− nN(ϕ) + ǫnHϕ− V ⊤(ǫnH)

+
∑

i,j

αjEi(hi,j)− ǫηRic(N,N).
✭✶✳✹✽✮

❙✉❜st✐t✉✐♥❞♦ ✭✶✳✹✹✮✱ ✭✶✳✹✻✮ ❡ ✭✶✳✹✽✮ ❡♠ ✭✶✳✹✸✮✱ ♦❜t❡♠♦s ❛ ❞❡s❡❥❛❞❛ ❢ór♠✉❧❛ ✭✶✳✹✷✮✳

❊①❡♠♣❧♦ ✺ ✭❈♦r♦❧ár✐♦ ✶ ❞❡ ❬✸✷❪✮ ❙❡❥❛ M
n+1

✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❞✐✲

♠❡♥sã♦ (n + 1)✱ ❛❞♠✐t✐♥❞♦ ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ K✳ ❙❡❥❛ ψ : Σn # M
n+1

✉♠❛ ❤✐✲

♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥tá✈❡❧✱ ❝♦♠ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ N ❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛

❝♦♥st❛♥t❡ H✳ ❙✉♣♦♥❤❛ q✉❡

Ric(V, V ) ≧ −nH2, ∀V ∈ UM.

❙❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦ η = 〈N,K〉 ❞❡ ψ ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ Σn✱ ❡♥tã♦ Σn é ✐♥✈❛r✐❛♥t❡

♣❡❧♦ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡M
n+1

❞❡t❡r♠✐♥❛❞♦ ♣♦r K ♦✉ Σn é ✉♠❜í❧✐❝❛

❡ M
n+1

t❡♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♣♦s✐t✐✈❛ Ric(N,N) = −nH2 ♥❛ N−❞✐r❡çã♦✳
❉❡♠♦♥str❛çã♦✳ ◆ã♦ ❤á ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❡♠ s✉♣♦r♠♦s q✉❡ η ≥ 0✳ ◆♦t❡

q✉❡ 〈K,∇H〉 ≡ 0✱ ϕ ≡ 0 ❡✱ ♣♦r ✭✶✳✹✷✮✱

Ric(N,N) + |A|2 ≥ Ric(N,N) + nH2 ≥ 0.

❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✷✸ q✉❡ ∆η ≤ 0✳ ❈♦♠♦ M é ❝♦♠♣❛❝t❛✱ ❞❡❝♦rr❡ ❞♦ t❡♦r❡♠❛ ❞❡ ❍♦♣❢

q✉❡ η = constante ❡✱ ❛ss✐♠✱ ∆η ≡ 0✳ ▲♦❣♦✱ η ≡ 0 ♦✉ Ric(N,N) + |A|2 ≡ 0✳ ◆♦

♣r✐♠❡✐r♦ ❝❛s♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ K é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ Σn✱ ❞♦♥❞❡ Σn é ✐♥✈❛r✐❛♥t❡

♣❡❧♦ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r K✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ t❡r❡♠♦s

|A|2 = nH2 = −Ric(N,N)✱ ❡ ❛ ✐❣✉❛❧❞❛❞❡ |A|2 = nH2 ✐♠♣❧✐❝❛ q✉❡ Σn é ✉♠❜í❧✐❝❛✳

❊①❡♠♣❧♦ ✻ ✭❈♦r♦❧ár✐♦ ✷ ❞❡ ❬✸✷❪✮ ❙❡❥❛ M
3
✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❞✐♠❡♥✲

sã♦ ✸✳ ❙❡❥❛ M2 ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛✱ ❝♦♥❡①❛✱ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ❡ ❞❡ ❝✉r✈❛t✉r❛

♠é❞✐❛ ❝♦♥st❛♥t❡ H ✐♠❡rs❛ ❡♠ M
3
✱ t❛❧ q✉❡

Ric(V, V ) ≥ −2H2, ∀V ∈ UM.

❙❡❥❛ K ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ ❡♠ M
3
❡ s✉♣♦♥❤❛ q✉❡ ❛ ❢✉♥çã♦ η = 〈N,K〉 ♥ã♦ ♠✉❞❛ ❞❡

s✐♥❛❧ ❡♠ M2✳ ❙❡
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✭✐✮ M2 t❡♠ ♦ t✐♣♦ ❝♦♥❢♦r♠❡ ❞♦ ❞✐s❝♦ ♦✉ ❞❛ ❡s❢❡r❛✱ ♦✉

✭✐✐✮ M2 t❡♠ ♦ t✐♣♦ ❝♦♥❢♦r♠❡ ❞♦ ♣❧❛♥♦ ❡ |K| é ❧✐♠✐t❛❞♦ ❡♠ M2✱

❡♥tã♦ M é ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡ M
3
❞❡t❡r♠✐♥❛❞♦

♣♦r K ♦✉ M2 é ✉♠❜í❧✐❝❛ ❡ M
3
t❡♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♣♦s✐t✐✈❛ Ric(N,N) = −2H2

♥❛ N−❞✐r❡çã♦✳
❉❡♠♦♥str❛çã♦✳ ❙❡ M2 é ❛ ❡s❢❡r❛✱ ❡♥tã♦ ❡st❡ ❡①❡♠♣❧♦ s❡ r❡❞✉③ ❛♦ ❛♥t❡r✐♦r✳

❈♦♥s✐❞❡r❡♠♦s q✉❡ M2 é ❞♦ t✐♣♦ ❝♦♥❢♦r♠❡ ❞♦ ❞✐s❝♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ η ≤ 0✳ ❊♥tã♦

∆η = −(Ric(N,N) + |A|2)η ≥ −(Ric(N,N) + 2H2)η ≥ 0;

❧♦❣♦ η é s✉❜❤❛r♠ô♥✐❝❛✳ P♦rt❛♥t♦✱ s❡ η = 0 ❡♠ ❛❧❣✉♠ ♣♦♥t♦ ❞❡ M2✱ ❡♥tã♦ η ≡ 0

♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❡✱ ❞❛í✱ M2 é ✐♥✈❛r✐❛♥t❡ ♣♦r K✳ ❱❛♠♦s ♣r♦✈❛r q✉❡ ♦ ❝❛s♦

η < 0 ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r✳ P♦r ❝♦♥tr❛❞✐çã♦✱ s✉♣♦♥❤❛♠♦s q✉❡ η < 0 ❡♠ M2✳ ❚❡♠♦s✱ ♣❡❧❛

❡q✉❛çã♦ ❞❡ ●❛✉ss✱

|A|2 = 4H2 − 2(K −K),

❡♠ q✉❡ K é ❛ ❝✉r✈❛t✉r❛ ❣❛✉ss✐❛♥❛ ❞❡ M2 ❡ K é ❛ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❞❡ M
3
✳ ❉❛

❡①♣r❡ssã♦ ♣❛r❛ ♦ ❧❛♣❧❛❝✐❛♥♦ ❞❡ η ❢♦r♥❡❝✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✸✱ ♦❜t❡♠♦s

∆η − 2Kη + (Ric(N,N) + 2K + 4H2)η = 0. ✭✶✳✹✾✮

❈♦♥s✐❞❡r❛♥❞♦ {E1, E2} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❡♠ TM ✱ ♦❜t❡♠♦s

Ric(N,N) + 2K = 〈R(N,E1)N,E1〉+ 〈R(N,E2)N,E2〉+ 2〈R(E1, E2)E1, E2〉
= 〈R(N,E1)N,E1〉+ 〈R(E1, E2)E1, E2〉

+〈R(N,E2)N,E2〉+ 〈R(E2, E1)E2, E1〉
= Ric(E1) + Ric(E2).

❊♥tã♦

Ric(N,N) + 2K + 4H2 ≥ 0.

❈♦♥t✉❞♦✱ ✭✶✳✹✾✮ ❝♦♥tr❛❞✐③ ♦ ❈♦r♦❧ár✐♦ ✸ ❞❡ ❬✸✵❪✱ q✉❡ ❡st❛❜❡❧❡❝❡ q✉❡ q✉❛♥❞♦ K é ❛

❝✉r✈❛t✉r❛ ❣❛✉ss✐❛♥❛ ❞❡ ✉♠❛ ♠étr✐❝❛ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❢♦r♠❡ ♥♦ ❞✐s❝♦ ✉♥✐tár✐♦✱ ♥ã♦ ❡①✐st❡

s♦❧✉çã♦ ♥ã♦ ♣♦s✐t✐✈❛ ❞❡ ✭✶✳✹✾✮ s❡ Ric(N,N) + 2K + 4H2 ≥ 0✳

❋✐♥❛❧♠❡♥t❡✱ ✈❛♠♦s s✉♣♦r q✉❡ M2 = R
2 ✭❝♦♥❢♦r♠❡♠❡♥t❡✮ ❡ q✉❡ |K| é ❧✐♠✐t❛❞❛

❡♠ M2✳ ❊♥tã♦ η é ❧✐♠✐t❛❞❛ ❡ s✉❜❤❛r♠ô♥✐❝❛ ❡♠ R
2✳ ❉❡❝♦rr❡ q✉❡ η = constante✳

❊♥tã♦ ∆η ≡ 0✱ ❞♦♥❞❡ (Ric(N,N) + |A|2)η ≡ 0✳ ❆ ❝♦♥❝❧✉sã♦ s❡❣✉❡ ❝♦♠♦ ♥♦ ❡①❡♠♣❧♦

♣r❡❝❡❞❡♥t❡✳
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❙❡❥❛♠✱ ❛❣♦r❛✱ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ n−❞✐♠❡♥s✐♦♥❛❧✱ ♦r✐❡♥tá✈❡❧ ❡ ❝♦✲

♥❡①❛✱ I ⊆ R ✉♠ ✐♥t❡r✈❛❧♦ ❡ f : I → R ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ♣♦s✐t✐✈❛✳ ❈♦♥s✐❞❡r❡♠♦s ♦

♣r♦❞✉t♦ ✇❛r♣❡❞ M
n+1

= ǫI ×f M
n ♠✉♥✐❞♦ ❞❛ ♠étr✐❝❛

〈v, w〉p = ǫ〈(dπI(v), dπI(w)〉+ (f ◦ πI)(p)2〈(dπM(v), dπM(w)〉,

❡♠ q✉❡ ǫ = −1 ♦✉ ǫ = 1 ♣❛r❛ t♦❞♦ p ∈M ❡ ♣❛r❛ t♦❞♦s v, w ∈ TpM ✱ ❡ πI ❡ πM ❞❡♥♦t❛♠

❛s ♣r♦❥❡çõ❡s s♦❜r❡ I ❡ M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

V := (f ◦ πI)∂t

é ❝♦♥❢♦r♠❡ ❡ ❢❡❝❤❛❞♦ ✭♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ s✉❛ 1−❢♦r♠❛ ❞✉❛❧ é ❢❡❝❤❛❞❛✮✱ ❝♦♠ ❢❛t♦r

❝♦♥❢♦r♠❡ ϕ = f ′✱ ❡♠ q✉❡ ❛ ❧✐♥❤❛ ❞❡♥♦t❛ ❞❡r✐✈❛çã♦ ❝♦♠ r❡s♣❡✐t♦ ❛ t ∈ I✳
❙❡ ψ : Σn → M

n+1
é ✉♠❛ ✐♠❡rsã♦ r✐❡♠❛♥♥✐❛♥❛✱ ❝♦♠ Σn ♦r✐❡♥t❛❞❛ ♣❡❧♦ ❝❛♠♣♦

❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ❡ ✉♥✐tár✐♦s N ✱ t❡♠♦s q✉❡ ǫ = ǫ(∂t) = ǫ(N)✳ ❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡

r❡st❛❜❡❧❡❝❡ ♦ ❚❡♦r❡♠❛ ✶✳✷✸ ♥❡ss❡ ❝♦♥t❡①t♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✹ ✭Pr♦♣♦s✐çã♦ ✸✳✶ ❞❡ ❬✶✼❪✮ ❙❡❥❛ M
n+1

= ǫI ×f M
n✳ ◆❛s ♥♦t❛çõ❡s

❞♦ ❚❡♦r❡♠❛ ✶✳✷✸✱ s❡ Σn t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H✱ ❡♥tã♦

∆η = −ǫη
{
RicM(N⊤, N⊤) + (n− 1)(ln f)′′(1− 〈N, ∂t〉2) + |A|2

}
− ǫnHf ′, ✭✶✳✺✵✮

❡♠ q✉❡ RicM ❞❡♥♦t❛ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❞❡ Mn ❡ N⊤ = dπM(N)✳

❉❡♠♦♥str❛çã♦✳ ❆♥t❡s ❞❡ ♠❛✐s✱ η = 〈V,N〉 = f〈N, ∂t〉 ❡ s❡❣✉❡ ❞❡ ✭✶✳✹✷✮ q✉❡

∆η = −ǫη{Ric(N,N) + |A|2} − n{ǫHf ′ +N(f ′)}.

❆❣♦r❛✱ N(f ′) = ǫf ′′〈N, ∂t〉 = ǫ(f ′′/f)η✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ N = N⊤ + ǫ〈N, ∂t〉∂t✱
s❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✺ q✉❡

Ric(N,N) = Ric(N⊤, N⊤) + 〈N, ∂t〉2Ric(∂t, ∂t)

= Ric(N⊤, N⊤)− ǫ〈N⊤, N⊤〉
{
f ′′

f
+ (n− 1)

(f ′)2

f

}
− nf ′′

f
〈N, ∂t〉2

= Ric(N⊤, N⊤)−
{
f ′′

f
+ (n− 1)

(f ′)2

f

}
− (n− 1)

(
f ′

f

)′
〈N, ∂t〉2

✭✉s❛♠♦s q✉❡ 〈N⊤, N⊤〉 ♥❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✮✳ ❆ss✐♠✱
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∆η = −ǫη
{
Ric(N⊤, N⊤)−

{
f ′′

f
+ (n− 1)

(f ′)2

f

}
− (n− 1)

(
f ′

f

)′
〈N, ∂t〉2

}

−ǫη|A|2 − ǫn
{
Hf ′ +

f ′′

f
η

}

= −ǫη
{
RicM(N⊤, N⊤) + (n− 1)(ln f)′′(1− 〈N, ∂t〉2) + |A|2

}
− ǫnHf ′.

Pr♦♣♦s✐çã♦ ✶✳✷✺ ✭Pr♦♣♦s✐çã♦ ✸✳✷ ❞❡ ❬✶✼❪✮ ◆❛ ♥♦t❛çã♦ ♣r❡❝❡❞❡♥t❡✱

∆h = (ln f)′(h){ǫn− |∇h|2}+ ǫnH〈N, ∂t〉, ✭✶✳✺✶✮

❡♠ q✉❡ H ❞❡♥♦t❛ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ Σn ❝♦♠ r❡❧❛çã♦ ❛ N ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ h = πI
∣∣
Σ
✱ t❡♠♦s

∇h = ∇(πI
∣∣
Σ
) = (∇πI)⊤ = ǫ∂⊤t

= ǫ∂t − 〈N, ∂t〉N,

❡♠ q✉❡ ∇ ❞❡♥♦t❛ ♦ ❣r❛❞✐❡♥t❡ ❝♦♠ r❡❧❛çã♦ à ♠étr✐❝❛ ❞♦ ❡s♣❛ç♦✲❛♠❜✐❡♥t❡ ❡ (·)⊤ ❞❡♥♦t❛

❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❞❡ TM ❡♠ Σn✳ ❆❣♦r❛ ✜①❡ p ∈ M, v ∈ TpM ❡

s❡❥❛ A ♦ ❡♥❞♦♠♦r✜s♠♦ ❞❡ ❲❡✐♥❣❛rt❡♥ ❛ss♦❝✐❛❞♦ ❛ N ✳ ❊s❝r❡✈❡♠♦s v = w + ǫ〈v, ∂t〉∂t✱
❡♠ q✉❡ w ∈ TpM é t❛♥❣❡♥t❡ à ✜❜r❛ ❞❡ M

n+1
♣❛ss❛♥❞♦ ❡♠ p✳ P♦r r❡♣❡t✐❞♦s ✉s♦s ❞❛

Pr♦♣♦s✐çã♦ ✶✳✷✱ ♦❜t❡♠♦s

∇v∂t = ∇w∂t + ǫ〈v, ∂t〉∇∂t∂t = ∇w∂t

= (ln f)′w = (ln f)′(v − ǫ〈v, ∂t〉∂t),

❞♦♥❞❡
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∇v∇h = ∇v∇h− ǫ〈Av,∇h〉N

= ∇v(ǫ∂t − 〈N, ∂t〉N)− ǫ〈Av,∇h〉N

= ǫ(ln f)′w − v(〈N, ∂t〉)N + 〈N, ∂t〉Av − ǫ〈Av,∇h〉N

= ǫ(ln f)′w + (〈Av, ∂t〉 − 〈N,∇v∂t〉)N + 〈N, ∂t〉Av − ǫ〈Av,∇h〉N

= ǫ(ln f)′w + (〈Av, ∂⊤t 〉 − 〈N, (ln f)′w〉)N + 〈N, ∂t〉Av − ǫ〈Av,∇h〉N

= ǫ(ln f)′w + ǫ(ln f)′〈v, ∂t〉〈N, ∂t〉N + 〈N, ∂t〉Av

= ǫ(ln f)′{v − 〈v, ∂t〉(ǫ∂t − 〈N, ∂t〉N)}+ 〈N, ∂t〉Av

= (ln f)′(ǫv − ǫ〈v, ∂⊤t 〉∇h) + 〈N, ∂t〉Av

= (ln f)′(ǫv − 〈v,∇h〉∇h) + 〈N, ∂t〉Av.

❆❣♦r❛✱ ✜①❛♥❞♦ p ∈ Σn ❡ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ {ei} ❞❡ TpΣ✱ ♦❜t❡♠♦s

∆h = tr(∇2h) =
n∑

i=1

〈∇ei∇h, ei〉

=
n∑

i=1

〈(ln f)′(ǫei − 〈ei,∇h〉∇h) + 〈N, ∂t〉Aei, ei〉

= (ln f)′{ǫn− |∇h|2}+ 〈N, ∂t〉tr(A)

= (ln f)′{ǫn− |∇h|2}+ ǫnH〈N, ∂t〉.

✶✳✹ ❖s t❡♥s♦r❡s ❞❡ ◆❡✇t♦♥

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❞❡✜♥✐r ❛s ❝✉r✈❛t✉r❛s ♠é❞✐❛s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❞❡ ✉♠❛ ❤✐✲

♣❡rs✉♣❡r❢í❝✐❡✱ ❜❡♠ ❝♦♠♦ ♦s t❡♥s♦r❡s ❞❡ ◆❡✇t♦♥ ❡ ♦s ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛✐s ❧✐♥❡❛r❡s ❞❡

s❡❣✉♥❞❛ ❛ ❡❧❡s ❛ss♦❝✐❛❞♦s✳ ❉❛r❡♠♦s ❞❡st❛q✉❡ ❛♦ ♦♣❡r❛❞♦r q✉❛❞r❛❞♦ ❞❡ ❈❤❡♥❣✲❨❛✉✱ q✉❡

❞❡s❡♠♣❡♥❤❛rá ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡

❝♦♥t✐❞♦ ♥❛ ❙❡çã♦ ✸✳✷✳

❉❛❞❛ ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ ψ : Σn # M
n+1

✱ s❡❥❛ A ♦ ❡♥❞♦♠♦r✜s♠♦ ❞❡ ❲❡✐♥✲

❣❛rt❡♥ ❛ss♦❝✐❛❞♦ à ❡s❝♦❧❤❛ ❞❡ ✉♠ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ N ∈ TΣ⊥ q✉❡ ❞❡t❡r♠✐♥❛ ❛
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♦r✐❡♥t❛çã♦ ❞❡ Σn✳ ❆ss♦❝✐❛❞♦s ❛ A✱ t❡♠♦s ♦s n ✐♥✈❛r✐❛♥t❡s ❛❧❣é❜r✐❝♦s Sr✱ 1 ≤ r ≤ n✱

❞❛❞♦s ♣❡❧❛s ✐❣✉❛❧❞❛❞❡s

det(tI − A) =
n∑

r=0

(−1)rSrt
n−r,

❡♠ q✉❡ S0 = 1 ♣♦r ❞❡✜♥✐çã♦✳ ◗✉❛♥❞♦ {ek} é ✉♠❛ ❜❛s❡ ❞❡ TpΣ ❢♦r♠❛❞❛ ♣♦r ❛✉t♦✈❡t♦r❡s

❞❡ Ap✱ ❝♦♠ ❛✉t♦✈❛❧♦r❡s ✭♦✉ ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s✮ ❝♦rr❡s♣♦♥❞❡♥t❡s {λk}✱ t❡♠♦s

Sr = σr(λ1, . . . , λn),

❡♠ q✉❡ σr ∈ R [X1, . . . , Xn] é ♦ r−és✐♠♦ ♣♦❧✐♥ô♠✐♦ s✐♠étr✐❝♦ ❡❧❡♠❡♥t❛r ♥❛s n ✐♥❞❡t❡r✲

♠✐♥❛❞❛s X1, . . . , Xn✱ ✐✳❡✳✱

Sr =
∑

i1<...<ir

λi1 · · ·λir .

P❛r❛ ❝❛❞❛ 0 ≤ r ≤ n✱ ❛ r−és✐♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ Hr ❞❡ Σn é ❞❡✜♥✐❞❛ ♣♦r
(
n

r

)
Hr = Sr.

❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ r = 1✱

H1 =
1

n

n∑

i=1

λi = H

é ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ Σn ❡✱ q✉❛♥❞♦ r = n✱

Hn = λ1 · · ·λn

é ❛ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss✲❑r♦♥❡❝❦❡r✳

❖❜s❡r✈❛çã♦ ✶✳✶✵ ❆s ❝✉r✈❛t✉r❛s ♠é❞✐❛s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❝✉♠♣r❡♠

H2
j ≥ Hj−1Hj+1,

♣❛r❛ t♦❞♦ 1 ≤ j ≤ n − 1✳ ❆❞❡♠❛✐s✱ ❝❛s♦ ♦❝♦rr❛ ❛ ✐❣✉❛❧❞❛❞❡ ♣❛r❛ r = 1 ♦✉ ❛❧❣✉♠

1 < r < n ❝♦♠ Hr+1 6= 0✱ t❡♠♦s λ1 = · · · = λn✳ ❊ss❛s ❞❡s✐❣✉❛❧❞❛❞❡s sã♦ ❝♦♥❤❡❝✐❞❛s

❝♦♠♦ ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ◆❡✇t♦♥✳ ❱❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ Pr♦♣♦s✐çã♦ ✶ ❞❡ ❬✶✺❪ ❡ ♦ ❚❡♦r❡♠❛

✺✶ ❞❡ ❬✸✽❪✳

❯s❛♥❞♦ r❡str✐çõ❡s ❛♣r♦♣r✐❛❞❛s s♦❜r❡ ❛s r−❝✉r✈❛t✉r❛s✱ ♠✉✐t♦s ❛✉t♦r❡s tê♠ ♦❜t✐❞♦s

✐♥t❡r❡ss❛♥t❡s r❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③✳ P♦r ❡①❡♠♣❧♦✱ ▲✳ ❏✳ ❆❧í❛s✱ ❆✳ ●✳ ❈♦❧❛r❡s ❡ ❆✳ ❇r❛s✐❧

❏r✳ ❬✸❪ ♣r♦✈❛r❛♠ q✉❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ❡ ❢❡❝❤❛❞♦ ✐♠❡rs❛ ♥✉♠❛ ✈❛r✐❡❞❛❞❡

❝♦♥❢♦r♠❡♠❡♥t❡ ❡st❛❝✐♦♥ár✐❛ M
n+1

(c)✱ ❞❡ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ c✱ ❡ q✉❡ ♣♦ss✉❛
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❝✉r✈❛t✉r❛s Hr ❡ Hr+1 ❝♦♥st❛♥t❡s ✭♥ã♦ ♥✉❧❛s✮✱ ♣❛r❛ ❛❧❣✉♠ 1 ≤ r ≤ n − 1✱ ❞❡✈❡ s❡r

t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳ ◆♦ ❝❛s♦ ❘✐❡♠❛♥♥✐❛♥♦✱ ♦ tr❛❜❛❧❤♦ ❞❡ ❙✳ ▼♦♥t✐❡❧ ❡ ❆✳ ❘♦s ❬✹✼❪

♥♦s ♦❢❡r❡❝❡ ✉♠❛ ❜❡❧❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❡s❢❡r❛s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❝♦♠♦ ❛s ú♥✐❝❛s

❤✐♣❡rs✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♠❡r❣✉❧❤❛❞❛s ❡♠ H
n+1✱ R

n+1 ♦✉ ♥✉♠ ❤❡♠✐s❢ér✐♦ ❛❜❡rt♦ ❞❡

S
n+1 ❡ q✉❡ ♣♦ss✉❡♠ ❛❧❣✉♠❛ ❝✉r✈❛t✉r❛ Hr ❝♦♥st❛♥t❡✳

❱❛♠♦s r❡str✐♥❣✐r ♥♦ss❛ ❛t❡♥çã♦ ❛♦ ❝♦♥t❡①t♦ r✐❡♠❛♥♥✐❛♥♦ ✭♦ q✉❡ ❥á s❡ ❛♣❡r❝❡❜❡

❞❛ ❛✉sê♥❝✐❛ ❞❡ ǫ ♥❛ ❞❡✜♥✐çã♦ ❞❡ Hr✮✳

P❛r❛ ❝❛❞❛ 0 ≤ r ≤ n✱ ❞❡✜♥✐♠♦s ♦s t❡♥s♦r❡s ❞❡ ◆❡✇t♦♥

Pr : TΣ ←֓

♣♦♥❞♦ P0 = I ❡✱ ♣❛r❛ 1 ≤ r ≤ n✱

Pr = SrI − APr−1,

♦♥❞❡ I : TΣ ←֓ é ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡✳ ❆ss♦❝✐❛❞♦ ❛ ❝❛❞❛ Pr✱ t❡♠♦s ♦ ♦♣❡r❛❞♦r

❞✐❢❡r❡♥❝✐❛❧ ❧✐♥❡❛r ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ Lr : C
∞(Σ) ←֓ ✱ ❞❛❞♦ ♣♦r

Lr(u) = tr❛ç♦(Pr ◦ ❍❡ssu), ∈ C∞(Σ).

❊♠ ♣❛rt✐❝✉❧❛r✱ L0(u) = tr❛ç♦(❍❡ssu) = ∆u✳

❯♠❛ ✐♥❞✉çã♦ tr✐✈✐❛❧ ♠♦str❛ q✉❡

Pr =
r∑

j=0

(−1)jSr−jA
j,

❞❡ ♠♦❞♦ q✉❡ ♦ t❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ❛ss❡❣✉r❛ q✉❡ Pn = 0✳ ❆❞❡♠❛✐s✱ ❝♦♠♦ ❝❛❞❛

Pr é ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ A ♣❛r❛ ❝❛❞❛ r✱ ❝❛❞❛ Pr é ✉♠ ♦♣❡r❛❞♦r ❛✉t♦✲❛❞❥✉♥t♦ q✉❡ ❝♦♠✉t❛

❝♦♠ A✱ ♣❛r❛ t♦❞♦ r✳ ▲♦❣♦✱ s❡ B = {ei} é ✉♠❛ ❜❛s❡ q✉❡ ❞✐❛❣♦♥❛❧✐③❛ A ❡♠ p ∈ Σ✱ ❡♥tã♦

B t❛♠❜é♠ ❞✐❛❣♦♥❛❧✐③❛ Pr ❡♠ p✳ ◆♦t❡ ❛✐♥❞❛ q✉❡✱ s❡ ❡s❝r❡✈❡r♠♦s Aei = λiei✱ ♣❛r❛ t♦❞♦

i✱ ❡ ❞❡♥♦t❛r♠♦s ♣♦r Ai ❛ r❡str✐çã♦ ❞❡ A ❛♦ s✉❜❡s♣❛ç♦ s♣❛♥{ei}⊥ ≤ TpΣ✱ ❡♥tã♦

det(tI − Ai) =
n−1∑

k=0

(−1)kSk(Ai)t
n−1−k,

❡♠ q✉❡

Sk(Ai) =
∑

1≤j1<···<jm≤n
j1,...,jm 6=i

λj1 · · ·λjm .



❈❛♣ít✉❧♦ ✶✳ ❖s t❡♥s♦r❡s ❞❡ ◆❡✇t♦♥ ✺✽

❈♦♠ ❡ss❛s ♥♦t❛çõ❡s é ❢á❝✐❧ ✈❡r q✉❡

Prei = Sr(Ai)ei

❡✱ ❞❛í ✭❝❢✳ ▲❡♠❛ ✷✳✶ ❞❡ ❬✽❪✮✱





tr❛ç♦(Pr) = (n− r)Sr = brHr;

tr❛ç♦(APr) = (r + 1)Sr+1 = brHr+1;

tr❛ç♦(A2Pr) = S1Sr+1 − (r + 2)Sr+2 = n br
r+1

HHr+1 − br+1Hr+2,

❡♠ q✉❡ br = (r + 1)
(

n
r+1

)
= (n− r)

(
n
r

)
✳

◗✉❛♥❞♦ M
n+1

é ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡✱

❍✳ ❘♦s❡♥❜❡r❣ ❬✺✼❪ ♣r♦✈♦✉ q✉❡

Lr(u) = Div(Pr∇u),

❡♠ q✉❡ Div ❞❡♥♦t❛ ❛ ❞✐✈❡r❣ê♥❝✐❛ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ s♦❜r❡ Σn✳

❱♦❧t❡♠♦s ♥♦ss❛ ❛t❡♥çã♦ ♣❛r❛ ♦ t❡♥s♦r P1✳ ◆♦t❡ q✉❡

P1 = nHI − A. ✭✶✳✺✷✮

❖ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❧✐♥❡❛r ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥❛t✉r❛❧♠❡♥t❡ ❛ss♦❝✐❛❞♦ ❛ P1 é

❝❤❛♠❛❞♦ ❞❡ ♦♣❡r❛❞♦r q✉❛❞r❛❞♦ ❞❡ ❈❤❡♥❣✲❨❛✉ ❬✷✷❪ ❡ é ❞❛❞♦ ♣♦r

� : C∞(Σ) ←֓

f 7→ �f = tr❛ç♦(P1 ◦ ∇2f),
✭✶✳✺✸✮

❡♠ q✉❡ ∇2f : TΣ ←֓ ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❛✉t♦✲❛❞❥✉♥t♦ ♠❡tr✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡

❛♦ ❍❡ss✐❛♥♦ ❞❡ f ❡ é ❞❡✜♥✐❞♦ ♣♦r

〈∇2f(X), Y 〉 = 〈∇X(∇f), Y 〉, X, Y ∈ TΣ.

❈♦♥s✐❞❡r❛♥❞♦ ❡♠ Σn ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, · · · , En}✱ ❞❡ ✭✶✳✺✸✮

s❡❣✉❡ q✉❡



❈❛♣ít✉❧♦ ✶✳ ❖s t❡♥s♦r❡s ❞❡ ◆❡✇t♦♥ ✺✾

�f =
n∑

i=1

〈P1(∇Ei
∇f), Ei〉 =

n∑

i=1

〈∇Ei
∇f, P1(Ei)〉

=
n∑

i=1

〈∇P1(Ei)∇f, Ei〉 = tr❛ç♦(∇2f ◦ P1).

❆❞❡♠❛✐s✱

❞✐✈(P1(∇f)) =
n∑

i=1

〈(∇Ei
P1)(∇f), Ei〉+

n∑

i=1

〈P1(∇Ei
∇f), Ei〉

= 〈DivP1,∇f〉+�f,

❡♠ q✉❡

DivP1 := tr❛ç♦(∇P1) =
n∑

i=1

(∇Ei
P1)(Ei).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✶✳✺✷✮ t❡♠♦s

(∇XP1)Y = n〈∇H,X〉Y − (∇XA)Y, ∀X, Y ∈ TΣ.

❆ss✐♠✱ t♦♠❛♥❞♦ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En} ❡♠ Σn✱ ♦❜t❡♠♦s

DivP1 = n∇H +
n∑

i=1

(∇Ei
A)Ei.

❯s❛♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ❈♦❞❛③③✐✱ ♣❛r❛ X ∈ TΣ✱ ♦❜t❡♠♦s

〈(∇Ei
A)Ei, X〉 = 〈(∇Ei

A)Ei, X〉

= 〈(∇XA)Ei, Ei〉+ 〈R(X,Ei)Ei, N〉

= 〈(∇XA)Ei, Ei〉 − 〈R(N,Ei)X,Ei〉.

❉❛í✱

〈DivP1, X〉 = n〈∇H,X〉 −
n∑

i=1

〈(∇E1A)Ei, X〉

= n〈∇H,X〉 −
n∑

i=1

〈(∇XAEi, Ei〉+
n∑

i=1

〈R(N,Ei)X,Ei〉

= n〈∇H,X〉 − tr❛ç♦(∇XA) + Ric(N,X).



❈❛♣ít✉❧♦ ✶✳ ❖s t❡♥s♦r❡s ❞❡ ◆❡✇t♦♥ ✻✵

❚❡♠♦s✱ ❛✐♥❞❛✱

tr❛ç♦(∇XA) = n〈∇H,X〉.

P♦rt❛♥t♦✱

〈DivP1, X〉 = Ric(N,X).
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❘❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s

❈♦♠❡❝❡♠♦s ♣♦r r❡❣✐str❛r ❞♦✐s ❧❡♠❛s ❝✉❥❛s ❝♦♥❝❧✉sõ❡s✱ ✉♠❛ ✈❡③ ❡st❛❜❡❧✐❝✐❞❛s✱ s❡rã♦

tr❛t❛❞❛s ❝♦♠♦ ❛r❣✉♠❡♥t♦s ❝❛♥ô♥✐❝♦s ❡ ❡♠♣r❡❣❛❞❛s t❛❝✐t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❡ ❡♥tã♦✳

▲❡♠❛ ✷✳✶ ❙❡❥❛♠ M,N ✈❛r✐❡❞❛❞❡s r✐❡♠❛♥♥✐❛♥❛s✱ N ❝♦♥❡①❛✱ ❝♦♠ M ⊆ N ✳ ❙❡ M é

❝♦♠♣❧❡t❛✱ ❡♥tã♦ M = N ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ♦s ❡s♣❛ç♦s ♠étr✐❝♦s (M, dM) ⊆ (N, dN)✱ ❡♠ q✉❡

dN é ❛ ❞✐stâ♥❝✐❛ r✐❡♠❛♥♥✐❛♥❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ N ❡ dM é ❛

❞✐stâ♥❝✐❛ r✐❡♠❛♥♥✐❛♥❛ ✐♥❞✉③✐❞❛ ♣♦r dN ❡♠ M ✳ ❊♠ ✈✐rt✉❞❡ ❞♦ t❡♦r❡♠❛ ❞❡ ❍♦♣❢ ❡

❘✐♥♦✇✱ (M, dM) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✳ ❚❡♠♦s q✉❡M é ✉♠ s✉❜❝♦♥❥✉t♦ ❛❜❡rt♦

❞❡ N ✳ ❆✜r♠❛♠♦s q✉❡ M é✱ t❛♠❜é♠✱ ❢❡❝❤❛❞♦ ❡♠ N ✳ ❆ ❝♦♥❝❧✉sã♦ ❞❡❝♦rr❡rá✱ ❡♥tã♦✱ ❞❛

❝♦♥❡①✐❞❛❞❡ ❞❡ N ✳ ❙❡ M ♥ã♦ ❢♦ss❡ ❢❡❝❤❛❞♦✱ ❡①✐st✐r✐❛ p0 ∈ ❇❞M \M ✳ ❆ss✐♠✱ ❡①✐st✐r✐❛

✉♠❛ s❡q✉ê♥❝✐❛ (pn) ⊂M ✱ t❛❧ q✉❡ pn → p0 s❡❣✉♥❞♦ ❛ ❞✐stâ♥❝✐❛ dN ✳ ❈♦♥tr❛❞✐çã♦✳

❖ ♣ró①✐♠♦ ❧❡♠❛ ❝♦♥té♠ ❛s r❡str✐çõ❡s q✉❡ ❢❛r❡♠♦s s♦❜r❡ ❛s ❣❡♦♠❡tr✐❛s ❞❛ ✜❜r❛

Mn ❞❡ ✉♠ ♣r♦❞✉t♦ M
n+1

= R×Mn ❡ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ Σn #M
n+1

✳

▲❡♠❛ ✷✳✷ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝✉❥❛s ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s KM sã♦

t❛✐s q✉❡ KM ≥ −K0✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ K0 > 0✳ ❙❡❥❛ ψ : Σn # R ×Mn ✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ t✇♦✲s✐❞❡❞ ❝♦♠♣❧❡t❛✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❡ s❡❣✉♥❞❛ ❝✉r✈❛t✉r❛

♠é❞✐❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❊♥tã♦ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ Σn é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r✲

♠❡♥t❡✳
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❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❡♠♦s ♣♦r RicΣ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ Σn✳ P❛r❛ ❝♦♥✈❡✲

♥✐ê♥❝✐❛ ❞♦ ❧❡✐t♦r✱ r❡❝♦r❞❛♠♦s q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss✱ ♣♦r ✐♥t❡r♠é❞✐♦ ❞❛ q✉❛❧ ♣♦❞❡♠♦s

❞❡s❝r❡✈❡r ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ ❞❡ Σ ❡♠ t❡r♠♦s ❞♦ t❡♥s♦r ❝✉r✈❛t✉r❛ R ❞❡ R×M ✱ é ❞❛❞❛

♣♦r

R(X, Y )Z = (R(X, Y )Z)⊤ + 〈AX,Z〉AY − 〈AY,Z〉AX, X, Y, Z ∈ TΣ. ✭✷✳✶✮

❈♦♥s✐❞❡r❡♠♦s ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ TΣ ❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧

{E1, . . . , En} ⊂ TΣ✳ ❙❡❣✉❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✮ q✉❡

RicΣ(X,X) =
n∑

i=1

〈R(X,Ei)X,Ei〉+ nH〈AX,X〉 − 〈AX,AX〉. ✭✷✳✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ ✈✐rt✉❞❡ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✺✱ t❡♠♦s

〈R(X,Ei)X,Ei〉 = 〈RM(X∗, E∗
i )X

∗, E∗
i 〉M

= KM(X∗, E∗
i )(〈X∗, X∗〉M〈E∗

i , E
∗
i 〉M − 〈X∗, E∗

i 〉2M),
✭✷✳✸✮

❡♠ q✉❡ X∗ = X − 〈X, ∂t〉∂t ❡ E∗
i = Ei − 〈E∗

i , ∂t〉∂t sã♦ ❛s ♣r♦❥❡çõ❡s ❞❡ X ❡ Ei s♦❜r❡

M ❡ RM ❡ KM ❞❡♥♦t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ ❡ ❛ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧

❞❡ M ✳

❈♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡KM ≥ −K0✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡K0 > 0✱ s♦♠❛♥❞♦

❛ r❡❧❛çã♦ ✭✷✳✸✮ ❡♠ i = 1, . . . , n✱ ♦❜t❡♠♦s

∑

i

〈R(X,Ei)X,Ei〉 ≥ −K0((n− 1)|X|2 − |∇h|2|X|2 − (n− 2)〈X,∇h〉2)

≥ (n− 1)K0(1− |∇h|2)|X|2

≥ −K0(n− 1)|X|2,

✭✷✳✹✮

♣❛r❛ t♦❞♦ X ∈ TΣ✳
❉❡ ✭✷✳✷✮ ❡ ✭✷✳✹✮✱ ✈❡♠♦s q✉❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ Σ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛

RicΣ(X,X) ≥ {(n− 1)K0(1− |∇h|2)−
∣∣∣∣AX −

nH

2
X

∣∣∣∣
2

+
n2H2

4
|X|2, ✭✷✳✺✮



❈❛♣ít✉❧♦ ✷✳ ❘❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ✻✸

❋❛③❡♥❞♦✱ ❛❣♦r❛✱ ✉s♦ ❞❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❛❧❣é❜r✐❝❛

|A|2 = n2H2 − n(n− 1)H2, ✭✷✳✻✮

❞❡ ✭✷✳✷✮ ✐♥❢❡r✐♠♦s q✉❡ ♥♦ss❛s r❡str✐çõ❡s s♦❜r❡ H ❡ H2 ❛ss❡❣✉r❛♠ q✉❡ ❛ ❝✉r✈❛t✉r❛ ❞❡

❘✐❝❝✐ ❞❡ Σn é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳

✷✳✶ ❘❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③

❙❡❥❛ ψ : Σn # R × Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✇♦✲s✐❞❡❞✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛

❝♦♥st❛♥t❡ H✳ ❉❡✜♥✐♠♦s ❛ ❢✉♥çã♦ ❛r❣✉♠❡♥t♦ ❞❡ Σn ❝♦♠♦ s❡♥❞♦ ❛ ❢✉♥çã♦ s✉❛✈❡ θ :

Σn → [0, π] ❞❛❞❛ ♣♦r

θ = arccos η.

❘❡❝♦r❞❛♠♦s q✉❡ ♦ ❣r❛❞✐❡♥t❡ ❡ ♦ ❧❛♣❧❛❝✐❛♥♦ ❞❛ ❢✉♥çã♦ ❛❧t✉r❛ h = πR
∣∣
Σ
❞❡ Σn sã♦

❞❛❞♦s ♣♦r

∇h = (∇πR)⊤ = ∂⊤t = ∂t − ηN. ✭✷✳✼✮

❡

∆h = nHη, ✭✷✳✽✮

❡♠ q✉❡ η = 〈N, ∂t〉 é ❛ ❢✉♥çã♦ â♥❣✉❧♦ ❞❡ Σn✱ ❞❡✜♥✐❞❛ ❝♦♠ r❡❧❛çã♦ ❛♦ ❝❛♠♣♦ ♥♦r♠❛❧ ❡

✉♥✐tár✐♦ N q✉❡ ❞á ❛ ♦r✐❡♥t❛çã♦ ❞❡ Σn✳ ❖ ❧❛♣❧❛❝✐❛♥♦ ❞❡ η é ❞❛❞♦ ♣♦r

∆η = −(RicM(N∗, N∗) + |A|2)η, ✭✷✳✾✮

❡♠ q✉❡ RicM é ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❞❛ ✜❜r❛ Mn✱ N∗ é ❛ ♣r♦❥❡çã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ N

s♦❜r❡ TM ❡ |A| é ❛ ♥♦r♠❛ ❞♦ ❡♥❞♦♠♦r✜s♠♦ ❞❡ ❲❡✐♥❣❛rt❡♥✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r é ❛ ♣❡❞r❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❚❡♦r❡♠❛ ✷✳✶ ✭❚❡♦r❡♠❛ ✶ ❞❡ ❬✼❪✮ ❙❡❥❛♠ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛

❝✉❥❛s ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s KM sã♦ t❛✐s q✉❡ KM ≥ K0✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ K0 ∈
R+✱ ❡ ψ : Σn # R × Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛ ❡ t✇♦✲s✐❞❡❞✱ ❝♦♠ ❝✉r✈❛t✉r❛

♠é❞✐❛ ❝♦♥st❛♥t❡ H ❡ s❡❣✉♥❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H2 ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ ❛ ❢✉♥çã♦

❛r❣✉♠❡♥t♦ ❞❡ ψ é t❛❧ q✉❡ 0 ≤ θ ≤ π/4 ♦✉ 3π/4 ≤ θ ≤ π✱ ❡♥tã♦ Σn é ✉♠ s❧✐❝❡ {t0}×Mn✳



❈❛♣ít✉❧♦ ✷✳ ❘❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ✻✹

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❢ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r ✭❝❢✳ ❚❡♦r❡♠❛ ✶✳✷✵✮✱ t❡♠♦s

1

2
∆|∇h|2 = |∇2h|2 + Ric(∇h,∇h) + 〈∇∆h,∇h〉, ✭✷✳✶✵✮

❡♠ q✉❡ ∇2h : TΣ ←֓ ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❛✉t♦✲❛❞❥✉♥t♦✱ ♠❡tr✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡

❛♦ ❍❡ss✐❛♥♦ ❞❡ h✱ ❞❛❞♦ ♣♦r

〈∇2h(X), Y 〉 = 〈∇X(∇h), Y 〉, X, Y ∈ TΣ.

❙❡❣✉❡ ❞❡ ✭✷✳✷✮ ❡ ✭✷✳✹✮ q✉❡

Ric(∇h,∇h) ≥ (n− 1)K0(1− |∇h|2)|∇h|2 + nH〈A(∇h),∇h〉

− 〈A(∇h), A(∇h)〉

≥ (n− 1)K0(1− |∇h|2)|∇h|2 + nH〈A(∇h),∇h〉

− |A|2|∇h|2.

✭✷✳✶✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ H é ❝♦♥st❛♥t❡✱ ♣♦r ✭✷✳✼✮ t❡♠♦s

∇∆h = nH∇η. ✭✷✳✶✷✮

❆❣♦r❛✱ ✈❡❥❛ q✉❡

X(η) = X〈N, ∂t〉 = 〈∇XN, ∂t〉+ 〈N,∇X∂t〉

= −〈A(X), ∂t〉 = −〈A(X), ∂⊤t 〉

= −〈X,A(∂⊤t )〉 = −〈X,A(∇h)〉,

♣❛r❛ t♦❞♦X ∈ TΣ✳ ◆♦t❡ q✉❡ ✉s❛♠♦s q✉❡∇X∂t = 0✱ ♣❛r❛ t♦❞♦X ∈ TΣ ✭❝❢✳ Pr♦♣♦s✐çã♦

✶✳✷✮✳ ❉❛í✱

∇η = −A(∇h). ✭✷✳✶✸✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞❡ ✭✷✳✶✷✮ ❡ ✭✷✳✶✸✮✱ ♦❜t❡♠♦s



❈❛♣ít✉❧♦ ✷✳ ❘❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ✻✺

∇∆h = −nHA(∇h). ✭✷✳✶✹✮

❚❡♠♦s✱ ❛✐♥❞❛✱ q✉❡

0 = ∇X∂t = ∇X(∂
⊤
t + ηN)

= ∇X∂
⊤
t +∇XηN

= ∇X∂t + 〈A(X), ∂⊤t 〉N + η∇XN +X〈N, ∂t〉N,

q✉❛❧q✉❡r q✉❡ s❡❥❛ X ∈ TΣ ✭✜③❡♠♦s ✉s♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss✮✳ ❈♦♠♦✱ ❝❧❛r❛♠❡♥t❡✱

〈A(X), ∂⊤t 〉 = X〈N, ∂t〉✱ ❝♦♥❝❧✉í♠♦s q✉❡

∇X(∇h) = ∇X(∂
⊤
t ) = ηA(X).✶ ✭✷✳✶✺✮

❉❛í✱ t❡♠♦s

|∇2h|2 = |A|2η2. ✭✷✳✶✻✮

❯s❛♥❞♦✱ ✜♥❛❧♠❡♥t❡✱ q✉❡

|∇h|2 = 1− η2, ✭✷✳✶✼✮

♣♦❞❡♠♦s r❡s❝r❡✈❡r ✭✷✳✶✻✮ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

|∇2h|2 = |A|2 − |∇h|2|A|2. ✭✷✳✶✽✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✶✶✮✱ ✭✷✳✶✹✮ ❡ ✭✷✳✶✽✮ ❡♠ ✭✷✳✶✵✮✱ ♦❜t❡♠♦s

1

2
∆|∇h|2 ≥ (n− 1)K0(1− |∇h|2)|∇h|2 + |A|2(1− 2|∇h|2). ✭✷✳✶✾✮

▲❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♥♦ss❛ ❤✐♣ót❡s❡ s♦❜r❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦✱ θ✱ ❞❡ ψ✱ ❞❡ ✭✷✳✶✼✮ ❡ ❞❡

✭✷✳✶✾✮ ✈❡♠ q✉❡

✶◆♦t❡ q✉❡✱ ❛ ♣❛rt✐r ❞❡ss❛ r❡❧❛çã♦✱ ♣♦❞❡♠♦s ♦❜t❡r ❞✐r❡t❛♠❡♥t❡ ✭✐✳❡✳✱ s❡♠ ♦ ❛✉①í❧✐♦ ❞❛ Pr♦♣♦s✐çã♦

✶✳✷✺✮ ❛ ❡①♣r❡ssã♦ ✭✷✳✽✮ ♣❛r❛ ♦ ❧❛♣❧❛❝✐❛♥♦ ❞❡ h✳



❈❛♣ít✉❧♦ ✷✳ ❘❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ✻✻

1

2
∆|∇h|2 ≥ (n− 1)K0(1− |∇h|2)|∇h|2. ✭✷✳✷✵✮

❙❡❥❛ (pk)k∈N ⊂ Σ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s✱ t❛❧ q✉❡

lim
k
|∇h|2(pk) = sup

Σ
|∇h|2 ❡ lim sup

k
∆|∇h|2(pk) ≤ 0.

◆♦t❡ q✉❡ é ❞❡ ❢❛t♦ ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r ✉♠❛ t❛❧ s❡q✉ê♥❝✐❛✱ ✉♠❛ ✈❡③ q✉❡ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐

❞❡ Σ é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ q✉❡ |∇h|2 ≤ 1/2✳ ❆✈❛❧✐❛♥❞♦ ❛s ❛♣❧✐❝❛çõ❡s ❡♠ ❛♠❜♦s

♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✷✵✮ ❡♠ pk ❡ t♦♠❛♥❞♦ ♦ lim sup ❡♠ k✱ ♦❜t❡♠♦s

0 ≥ lim sup
k

∆|∇h|2(pk) ≥ (n− 1)K0(1− sup
Σ
|∇h|2) sup

Σ
|∇h|2 ≥ 0. ✭✷✳✷✶✮

◆♦✈❛♠❡♥t❡ ❡♠ ✈✐rt✉❞❡ ❞❡ ♥♦ss❛ ❤✐♣ót❡s❡ s♦❜r❡ θ✱ ✐♥❢❡r✐♠♦s ❞❡ ✭✷✳✷✶✮ q✉❡ supΣ |∇h|2 =
0✳ ▲♦❣♦✱ h é ❝♦♥st❛♥t❡ Σ ❡✱ ❛ss✐♠✱ ψ(Σ) é ✉♠ s❧✐❝❡ {t} ×Mn✱ ♣❛r❛ ❛❧❣✉♠ t ∈ R✳

❖❜s❡r✈❛çã♦ ✷✳✶ ❙❡❥❛ Mn ❝♦♠♦ ♥♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❈♦♠♦ Mn é ❝♦♠♣❧❡t❛ ❡ t❛❧ q✉❡

KM ≥ K0 > 0✱ s❡❣✉❡ ❞♦ t❡♦r❡♠❛ ❞❡ ❇♦♥♥❡t q✉❡ Mn é ❝♦♠♣❛❝t❛✳ ❙❡ ❛❝r❡s❝❡♥t❛r♠♦s ❛

❤✐♣ót❡s❡ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ Σn ✭❢❛t♦ q✉❡ s❡rá ❝♦♥st❛t❛❞♦ ❛ ♣♦st❡r✐♦r✐✮✱ ♣♦❞❡♠♦s ♦❢❡r❡❝❡r

♦✉tr❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ◆❛ ✈❡r❞❛❞❡✱ s♦❜ ❡ss❛ ❤✐♣ót❡s❡ ❛❞✐❝✐♦♥❛❧✱ ♣♦❞❡♠♦s

♣r♦✈❛r ✉♠ ♣♦✉❝♦ ♠❛✐s✱ ❛ s❛❜❡r✿

❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❝✉❥❛s ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s

sã♦ ❧✐♠✐t❛❞❛s ✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡ K0 ∈ R+✳ ❙❡❥❛ ψ : Σn #

R×Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛✱ ❝♦♠♣❛❝t❛ ❡ t✇♦✲s✐❞❡❞✳ ❙✉♣♦♥❤❛ q✉❡ ❛

❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡ q✉❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦ ♥ã♦ ♠✉❞❛♠ ❞❡ s✐♥❛❧ ❡♠ Σn✳ ❊♥tã♦

Σ é ✉♠ s❧✐❝❡ ♠❡r❣✉❧❤❛❞♦ Mn
t0
✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳

❈♦♠ ❡❢❡✐t♦✱ s❛❜❡♠♦s q✉❡ ♦ ❧❛♣❧❛❝✐❛♥♦ ❞❛ ❢✉♥çã♦ ❛❧t✉r❛ h é ❞❛❞♦ ♣♦r ∆h = nHη✳ ❈♦♠♦

H ❡ η ♥ã♦ ♠✉❞❛♠ ❞❡ s✐♥❛❧ ❡♠ Σn✱ ♦ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ❝♦♠ ∆h✳ ❆♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛

❞❡ ❍♦♣❢ à ❢✉♥çã♦ h✱ ❝♦♥❝❧✉í♠♦s q✉❡ h ≡ t0✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳

❚❡♦r❡♠❛ ✷✳✷ ✭❚❡♦r❡♠❛ ✷ ❞❡ ❬✼❪✮ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛✱

❝♦♠ ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s ♥ã♦ ♥❡❣❛t✐✈❛s✳ ❙❡❥❛ ψ : Σn # R ×Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡

❝♦♠♣❧❡t❛ ❡ t✇♦✲s✐❞❡❞✱ ❝♦♠ s❡❣✉♥❞❛ ❝✉r✈❛t✉r❛ H2 ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ ❛ ❢✉♥çã♦

❛r❣✉♠❡♥t♦ ❞❡ ψ ❡stá ❧♦♥❣❡ ❞❡ π/2✱ ❡♥tã♦ ψ(Σn) é ♠í♥✐♠❛✳
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❉❡♠♦♥str❛çã♦✳ ❙✉❜st✐t✉✐♥❞♦ ✭✷✳✷✮✱ ✭✷✳✶✶✮✱ ✭✷✳✶✹✮ ❡ ✭✷✳✶✽✮ ❡♠ ✭✷✳✶✵✮ ❡ ❧❡✈❛♥❞♦

❡♠ ❝♦♥s✐❞❡r❛çã♦ q✉❡ ❛ ✜❜r❛ Mn t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ♥ã♦ ♥❡❣❛t✐✈❛✱ ♦❜t❡♠♦s

1

2
∆|∇h|2 ≥ |A|2(1− |∇h|2)− 〈A(∇h), A(∇h)〉. ✭✷✳✷✷✮

❆ss✐♠ ❝♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✱ ♥♦ss❛s r❡str✐çõ❡s s♦❜r❡ H ❡ H2✱

❥✉♥t♦ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ Mn t❡♠ ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s ≥ 0✱ ♥♦s ♣❡r♠✐t❡♠ ❛♣❧✐❝❛r

♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❖♠♦r✐ ❡ ❨❛✉ ✭❝❢✳ ✶✳✶✸✮ à ❢✉♥çã♦ |∇h|2✳ ❙❡❥❛ (pk)k∈N ⊂ Σn

✉♠❛ s❡q✉ê♥❝✐❛ ♠❛①✐♠✐③❛♥t❡ ♣❛r❛ |∇h|2 ♥♦ s❡♥t✐❞♦ ❞♦ ❖♠♦r✐✲❨❛✉✳ ❚❡♠♦s

lim
k
|∇|∇h|2(pk)| = 0. ✭✷✳✷✸✮

❉❡ ✭✷✳✶✸✮✱ ✭✷✳✶✼✮ ❡ ✭✷✳✷✸✮✱ ♦❜t❡♠♦s

lim
k
|η(pk)A(∇h)(pk)| = 0. ✭✷✳✷✹✮

❖r❛✱ ♥♦ss❛ ❤✐♣ót❡s❡ s♦❜r❡ ♦ â♥❣✉❧♦✱ θ ❞❡ ψ ❣❛r❛♥t❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛

δ✱ t❛❧ q✉❡ η ≥ δ✳ ❆ss✐♠✱ ❞❡ ✭✷✳✷✹✮ ✈❡♠ q✉❡

lim
k
|A(∇h)(pk)| = 0. ✭✷✳✷✺✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✶✼✮✱ ✭✷✳✷✸✮ ❡ ✭✷✳✷✹✮✱ ♦❜t❡♠♦s

0 ≥ lim sup
k

1

2
∆|∇h|2(pk) ≥ lim

k
|A|2(pk)(1− |∇h|2(pk)) ≥ lim

k
|A|2(pk)δ2. ✭✷✳✷✻✮

❈♦♠♦ |A|2 ≥ nH2✱ s❡❣✉❡ ❞❡ ✭✷✳✷✻✮ q✉❡

0 ≥ lim sup
k

1

2
∆|∇h|2(pk) ≥ nH2δ2 ≥ 0,

❞♦♥❞❡ H = 0✱ ✐✳❡✳✱ ψ é ♠í♥✐♠❛✳

❈♦r♦❧ár✐♦ ✷✳✸ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✱ t❡♠♦s✿

✭✐✮ s❡ h ❛t✐♥❣❡ ♠á①✐♠♦ ❡♠ Σn ✭❡♠ ♣❛rt✐❝✉❧❛r✱ s❡ Σn é ❝♦♠♣❛❝t❛✮✱ ❡♥tã♦ Σn é ✉♠

s❧✐❝❡ {t0} ×Mn❀
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✭✐✐✮ s❡ h é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ Σn ❡ s❡ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❞❡ Σn é ♥ã♦ ♥❡❣❛t✐✈♦✱

❡♥tã♦ Σn é s❧✐❝❡ {t0} ×Mn✳

❉❡♠♦♥str❛çã♦✳ ❙❛❜❡♠♦s q✉❡✱ s♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✱ ψ é ♠í♥✐♠❛✳

❙❛❜❡♠♦s✱ ✐❣✉❛❧♠❡♥t❡✱ q✉❡ ∆h = nHη✳ ❆ss✐♠✱ ∆h = 0✱ ✐✳❡✳✱ h é ❤❛r♠ô♥✐❝❛ ❡♠ Σn✳ ❖s

✐t❡♥s ✭✐✮ ❡ ✭✐✐✮ s❡❣✉❡♠✱ ❡♥tã♦✱ ♥❡st❛ ♦r❞❡♠✱ ❞♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❍♦♣❢✲❈❛❧❛❜✐ ✭❝❢✳

❚❡♦r❡♠❛ ✶✳✶✾✮ ❡ ❞♦ r❡s✉❧t❛❞♦ ❞❡ ▲✐♦✉✈✐❧❧❡✲❨❛✉ ✭❝❢✳ Pr♦♣♦s✐çã♦ ✶✳✷✶✮✳

❚❡♦r❡♠❛ ✷✳✹ ✭❚❡♦r❡♠❛ ✶ ❞❡ ❬✹✹❪✮ ❙❡❥❛ M
n+1

= R×Mn ✉♠ ♣r♦❞✉t♦ r✐❡♠❛♥♥✐❛♥♦✱

❝✉❥❛ ✜❜r❛ Mn t❡♠ ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s KM t❛✐s q✉❡ KM ≥ −K0✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥s✲

t❛♥t❡ K0 ∈ R+✱ ❡ s❡❥❛ ψ : Σn # M
n+1

✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛ ❡ t✇♦✲s✐❞❡❞✱ ❝♦♠

H ❝♦♥st❛♥t❡ ❡ H2 ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦ η ❞❡ Σn ❡stá

❧♦♥❣❡ ❞❡ ③❡r♦ ❡ q✉❡ s✉❛ ❢✉♥çã♦ ❛❧t✉r❛ h s❛t✐s❢❛③ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

|∇h|2 ≤ α

(n− 1)K0

|A|2, ✭✷✳✷✼✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ 0 < α < 1❀ ♦✉

|∇h|2 ≤ n

(n− 1)K0

H2. ✭✷✳✷✽✮

❊♥tã♦ Σn é ✉♠ s❧✐❝❡ ❞❡ M
n+1

✳

❉❡♠♦♥str❛çã♦✳ P♦❞❡♠♦s s✉♣♦r q✉❡ inf η > 0✳ ❖ ❧❛♣❧❛❝✐❛♥♦ ❞❡ η é ❞❛❞♦ ♣♦r

∆η = −(RicM(N∗, N∗) + |A|2)η. ✭✷✳✷✾✮

❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱ ❛s ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s KM ❞❛ ✜❜r❛Mn sã♦ t❛✐s q✉❡ KM ≥ −K0✱

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ K0 ∈ R+✱ é ❢á❝✐❧ ✈❡r q✉❡

RicM(N∗, N∗) ≥ −(n− 1)K0|N∗|2 = −(n− 1)K0(1− η2) = −(n− 1)K0|∇h|2.

❆ss✐♠✱

∆η ≤ −(|A|2 − (n− 1)K0|∇h|2)η. ✭✷✳✸✵✮

❙❡ ❛ ❢✉♥çã♦ ❛❧t✉r❛ ❞❡ Σn s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭✷✳✷✼✮✱ ❡♥tã♦ ❞❡ss❛ ❝♦♥❞✐çã♦ ❡ ❞❡

✭✷✳✹✶✮ s❡❣✉❡ q✉❡
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∆η ≤ −(n− 1)|A|2η. ✭✷✳✸✶✮

❙❡❥❛ (pk)k∈N ⊂ Σn ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ η ♥♦ s❡♥t✐❞♦ ❞♦ ❖♠♦r✐✲❨❛✉✳

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❝♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ♦ ♦♣❡r❛❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ A é ❧✐♠✐t❛❞♦✱

❞❡ ✭✷✳✹✷✮✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ ♦❜t❡♠♦s

0 ≤ lim inf
k

∆η(pk) ≤ −(1− α) lim
k
|A|2(pk) inf

Σ
η ≤ 0,

❞♦♥❞❡ limk |A|2(pk) = 0 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦r ✭✷✳✷✼✮✱ limk |∇h|(pk) = 0✳ P♦rt❛♥t♦✱

❞❡ ✭✷✳✶✼✮ ❝♦♥❝❧✉í♠♦s q✉❡ infΣ η = 1✱ ❧♦❣♦ η ≡ 1✳

❘❡❝♦r❞❡ q✉❡

|A|2 = n2H2 − n(n− 1)H2 = nH2 + n(n− 1)(H2 −H2). ✭✷✳✸✷✮

❙❡ s✉♣✉s❡r♠♦s ❛❣♦r❛ q✉❡ ❛ ❢✉♥çã♦ ❛❧t✉r❛ ❞❡ Σn s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭✷✳✷✽✮✱ ❡♥tã♦✱ ❞❡

✭✷✳✹✶✮ ❡ ✭✷✳✸✷✮✱ ♦❜t❡♠♦s

∆η ≤ −n(n− 1)(H2 −H2)η. ✭✷✳✸✸✮

❙❡❥❛ (pk)k∈N ⊂ Σn ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ η ♥♦ s❡♥t✐❞♦ ❞♦ ❖♠♦r✐✲❨❛✉✳ ❊♥tã♦

0 ≤ lim inf
k

∆η(pk) ≤ −n(n− 1) lim inf(H2 −H2)(pk) inf
Σ
η ≤ 0.

❉❛í✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ t❡♠♦s q✉❡ limk(H
2 − H2)(pk) = 0✳

❆❞❡♠❛✐s✱ ❝♦♠♦ H é ❝♦♥st❛♥t❡✱ ❞❡ ✭✷✳✸✷✮ ✈❡♠ q✉❡

lim
k
|A|2(pk) = nH2. ✭✷✳✸✹✮

❈♦♠♦ |A|2 =
∑

i λ
2
i ✱ ❡♠ q✉❡ λi sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A✱ ♥♦✈❛♠❡♥t❡ ♣❛ss❛♥❞♦ ❛ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ ♣❛r❛ t♦❞♦ 1 ≤ i ≤ n✱ t❡♠♦s q✉❡ limλi(pk) = λ∗i ✱ ♣❛r❛

❛❧❣✉♥s λ∗i ∈ R✳ ▼♦t✐✈❛❞♦s ♣♦r ✐ss♦✱ ♣♦♠♦s

n(n− 1)

2
H2 =

∑

i<j

λ∗iλ
∗
j .
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◆♦t❡ q✉❡ H = 1/n
∑

i λ
∗
i ✳ P♦rt❛♥t♦✱ H2 = H2 ❡ λ∗i = H✱ ♣❛r❛ t♦❞♦ 1 ≤ i ≤ n✳ ❙❡❥❛

{Ei} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❞❡ ❛✉t♦✈❡t♦r❡s✱ ❛ss♦❝✐❛❞♦ ❛♦s ❛✉t♦✈❛❧♦r❡s {λi} ❞❡
A✳ P♦❞❡♠♦s ❡s❝r❡✈❡r ∇h =

∑
i hiEi✱ ❡♠ q✉❡ ❝❛❞❛ hi é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡♠ Σn✳ ❯♠❛

✈❡③ q✉❡

∇η = −A(∇h),

t❡♠♦s q✉❡

0 = lim
k
|∇η|2(pk) = lim

k
|A(∇h)|2(pk) =

∑

i

lim
k
(λ2ih

2
i )(pk)

=
∑

i

(λ∗i )
2 lim

k
h2i (pk) = H2

∑

i

lim
k
h2i (pk),

♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s✉❝❡ssã♦✱ s❡ ♣r❡❝✐s♦✳ ❙❡ H = 0✱ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❡ ✭✷✳✷✽✮

q✉❡ Σn é ✉♠ s❧✐❝❡ ❞❡ M
n+1

✳ ❙❡ H2 > 0✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ 1 ≤ i ≤ n✱ t❡♠♦s q✉❡

limk λi(pk) = 0✱ ❞♦♥❞❡ limk |∇h|(pk) = 0✳ ❖r❛✱ ♣♦r ✭✷✳✶✼✮✱

inf
Σ
η = lim

k
η(pk) = 1.

▲♦❣♦ η ≡ 1 ❡♠ Σn ❡✱ ❛ss✐♠✱ Σn é ✉♠ s❧✐❝❡✳

❈♦r♦❧ár✐♦ ✷✳✺ ✭❈♦r♦❧ár✐♦ ✷ ❞❡ ❬✹✹❪✮ ❙❡❥❛ Σn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛ ❡ two−
sided ❞❡ R

n+1✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❡ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r✲

♠❡♥t❡✳ ❙❡ ♦ ❢❡❝❤♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ❞❡ Σn ❡stá ❝♦♥t✐❞♦ ♥✉♠ ❤❡♠✐s❢ér✐♦ ❛❜❡rt♦ ❞❡

S
n✱ ❡♥tã♦ Σn é ♠í♥✐♠❛✳

❖❜s❡r✈❛çã♦ ✷✳✷ ❆♣r❡s❡♥t❛r❡♠♦s ♦✉tr❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ❚❡♦r❡♠❛

✷✳✷✳ P♦❞❡♠♦s s✉♣♦r q✉❡ supΣ η < 0✳ ❉❡✜♥✐♠♦s ξ : Σn → R ♣♦r ξ = (1 + η)2✳

❖❜✈✐❛♠❡♥t❡✱ t❛❧ ξ é ❧✐♠✐t❛❞❛ ❡♠ Σn✳ ❚❡♠♦s q✉❡

∆ξ = 2|∇η|2 + 2(1 + η)∆η

= 2|∇η|2 − 2(1 + η){RicM(N∗, N∗) + |A|2}η
≥ −2η︸︷︷︸

>0

(1 + η)︸ ︷︷ ︸
≥0

RicM(N∗, N∗)︸ ︷︷ ︸
≥−(n−1)K0|∇h|2

−2η(1 + η)|A|2

≥ −2η(1 + η)(−α|A|2)− 2η(1 + η)|A|2

= 2η(1 + η)(α− 1)|A|2

≥ 0.



❈❛♣ít✉❧♦ ✷✳ ❘❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ✼✶

❙❡❥❛ (pk)k∈N ⊂ Σn ✉♠❛ s❡q✉ê♥❝✐❛ ♠❛①✐♠✐③❛♥t❡ ♣❛r❛ ξ ♥♦ s❡♥t✐❞♦ ❞♦ ❖♠♦r✐✲❨❛✉✳ P❡❧❛s

❡st✐♠❛t✐✈❛s ♣r❡❝❡❞❡♥t❡s✱ t❡♠♦s✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s✉❝❡ssã♦ s❡ ♥❡❝❡ssár✐♦✱ q✉❡

0 ≥ lim sup
k

∆ξ(pk) ≥ lim
k
(2(α− 1)η(1 + η)|A|2)(pk) ≥ 0.

❉❛í✱ limk |A|2(pk) = 0 ♦✉ limk(1 + η)(pk) = 0✳ ❖ ♣r✐♠❡✐r♦ ❝❛s♦ r❡❞✉③✲s❡ ❛♦ s❡❣✉♥❞♦✱

♣♦✐s limk |A|2(pk) = 0 ✐♠♣❧✐❝❛✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ✭✷✳✷✼✮✱ limk |∇h|2(pk) = 0✱

❞♦♥❞❡ lim η2(pk) = 1✳ ❈♦♠♦ η < 0 ❡♠ Σn✱ s❡❣✉❡ q✉❡ limk(1 + η)(pk) = 0✳ ❆ss✐♠✱ ❡st❛

ú❧t✐♠❛ ❝♦♥❞✐çã♦ ❞❡✈❡ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✈❛❧❡r✳ ❖r❛✱

lim
k
(1 + η)(pk) = 0 =⇒ 0 = lim

k
(1 + η)2(pk) = lim

k
ξ(pk) = sup

Σ
ξ.

❯♠❛ ✈❡③ q✉❡ ξ ≥ 0✱ ✐♥❢❡r✐♠♦s q✉❡ ξ ≡ 0 ❡♠ Σn✱ ✐✳❡✳✱ η ≡ −1✳ ▲♦❣♦ Σn é ✉♠ s❧✐❝❡✳

◆❡st❡ ♣♦♥t♦✱ ❝♦♥✈é♠ ♦❜s❡r✈❛r♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦ η ❞❡ ✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ Σn ♥ã♦ ♠✉❞❛r ❞❡ s✐♥❛❧ é ♠❛✐s ❢r❛❝❛ q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ Σn s❡r ❧♦❝❛❧♠❡♥t❡

✉♠ ❣rá✜❝♦✳ ❆ss✐♠✱ ♥♦ q✉❡ s❡❣✉❡✱ s✉♣♦r❡♠♦s ❛ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦✱ ❡♠ ✈✐rt✉❞❡ ❞❛ q✉❛❧

♣♦❞❡♠♦s s❡♠♣r❡ s✉♣♦r q✉❡ η ≤ 0✱ ❡ é ✐ss♦ q✉❡ ❢❛r❡♠♦s✱ s❛❧✈♦ ♠ê♥çã♦ ❡①♣❧í❝✐t❛ ❡♠

❝♦♥trár✐♦✳

P♦r ❜❡♠ ❞❛ ❤❡✉ríst✐❝❛✱ ♣❛ss❛r❡♠♦s ♣❡❧♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❛♥t❡s ❞❡ ❝❤❡❣❛r♠♦s

❛♦ ❚❡♦r❡♠❛ ✷✳✼✱ ♥♦ q✉❛❧ ♦❢❡❝❡r❡♠♦s ✉♠❛ ♠❡❧❤♦r✐❛ ♥♦ ❝♦♥tr♦❧❡ ✐♠♣♦st♦ s♦❜r❡ ❛ ❢✉♥çã♦

â♥❣✉❧♦ ♥♦ ❚❡♦r❡♠❛ ✺✳✶ ❞❡ ❬✻❪✳

❚❡♦r❡♠❛ ✷✳✻ ❙❡❥❛ M
n+1

= I ×Mn ✉♠ ♣r♦❞✉t♦ r✐❡♠❛♥♥✐❛♥♦✱ ❡♠ q✉❡ I ⊆ R é ✉♠

✐♥t❡r✈❛❧♦ ❡ ❛ ✜❜r❛ Mn é ✐s♦♠étr✐❝❛ ❛ S
n ♦✉ é ♣❧❛♥❛✳ ❙❡❥❛ ψ : Σn # M

n+1
✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡✱ ❝♦♠ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛❞❛ ❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✳

❙❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦ ❞❡ Σn ❡stá ❧♦♥❣❡ ❞❡ ③❡r♦ ❡✱ ❛❧é♠ ❞✐ss♦✱ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛

η ≤ |A|2 − 1, ✭✷✳✸✺✮

❡♥tã♦ Σn é ✉♠ s❧✐❝❡✳

❉❡♠♦♥str❛çã♦✳ P♦❞❡♠♦s ❡s❝♦❧❤❡r ❛ ♦r✐❡♥t❛çã♦ ❞❡ Σn ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ s✉❛

❢✉♥çã♦ â♥❣✉❧♦ s❛t✐s❢❛ç❛ −1 ≤ η < 0✳ ❉❡ss❡ ♠♦❞♦✱ ❝♦♠♦ ♣♦r ❤✐♣ót❡s❡ η é ❧✐♠✐t❛❞❛ ❧♦♥❣❡

❞❡ ③❡r♦✱ t❡r❡♠♦s supΣ η < 0✳ ❉❡✜♥✐♠♦s ✉♠❛ ❢✉♥çã♦ ξ : Σn → R ♣♦r

ξ = (1 + η)2.



❈❛♣ít✉❧♦ ✷✳ ❘❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ✼✷

❈❧❛r❛♠❡♥t❡✱ t❛❧ ξ é ❧✐♠✐t❛❞❛ ❡♠ Σn✳ ❚❡♠♦s

∆ξ = 2|∇η|2 + 2(1 + η)∆η

= 2|∇η|2 − 2(1 + η){RicSn(N∗, N∗) + |A|2}η.

◆♦t❡ q✉❡ RicSn(N
∗, N∗) = (n− 1)|N∗|2 = (n− 1)|∇|2✳ ❆ss✐♠✱

∆ξ = 2|∇η|2 − 2(1 + η){RicSn(N∗, N∗) + |A|2}η

= 2|∇η|2 − 2(1 + η){(n− 1)|∇h|2 + |A|2}η

= 2|∇η|2 + {(n− 1)|∇h|2 + |A|2}(|∇h|2 − ξ).

❱❡❥❛ q✉❡

|∇h|2 − ξ = (1− η2)− (1 + η)2 = (1− η2)− (1 + 2η + η2)

= −2η︸︷︷︸
>0

(1 + η)︸ ︷︷ ︸
≥0

.
✭✷✳✸✻✮

P♦r ❝♦♥s❡❣✉✐♥t❡✱ t❡♠♦s

∆ξ ≥ {(n− 1)|∇h|2 + |A|2}(|∇h|2 − ξ). ✭✷✳✸✼✮

❙❡❥❛✱ ❛❣♦r❛✱ (pk)k∈N ⊂ Σn ✉♠❛ s❡q✉ê♥❝✐❛ ♠❛①✐♠✐③❛♥t❡ ♣❛r❛ ξ ♥♦ s❡♥t✐❞♦ ❞♦

❖♠♦r✐✲❨❛✉✳ ❆✈❛❧✐❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ ✭✷✳✸✼✮ ❡♠ pk ❡ ❢❛③❡♥❞♦ k →∞✱ ♦❜t❡♠♦s

lim
k

[
((n− 1)|∇h|2 + |A|2)(|∇h|2 − ξ)

]
(pk) = 0.

❉❛í✱

lim
k
((n− 1)|∇h|2 + |A|2)(pk) = 0

♦✉

lim
k
(|∇h|2 − ξ)(pk) = 0.



❈❛♣ít✉❧♦ ✷✳ ❘❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ✼✸

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ limk |A|2(pk) = 0✱ ❞♦♥❞❡✱ ♣♦r ✭✷✳✸✾✮✱ limk η(pk) = −1✳
◆♦ s❡❣✉♥❞♦✱ r❡❝♦rr❡♠♦s ❛ ✭✷✳✸✻✮ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ limk(1 + η)(pk) = 0✳ ❊♠ ❛♠❜♦s ♦s

❝❛s♦s✱ ✐♥❢❡r✐♠♦s q✉❡ limk ξ(pk) = 0✳ ❖r❛✱ limk ξ(pk) = supΣ ξ✳ ❙❡♥❞♦ ξ ✉♠❛ ❢✉♥çã♦ ♥ã♦

♥❡❣❛t✐✈❛✱ ❞❡✈❡♠♦s ♥❡❝❡ss❛r✐❛♠❡♥t❡ t❡r ξ ≡ 0✱ ♦ q✉❡ ✐♠♣❧✐❝❛ η ≡ −1✳
❯♠❛ ❛♥á❧✐s❡ ❝✉✐❞❛❞♦s❛ ❞❛ ❞❡♠♦♥str❛çã♦ ♣r❡❝❡❞❡♥t❡ ♥♦s ❝♦♥❞✉③ ✐♠❡❞✐❛t❛♠❡♥t❡ à

s❡❣✉✐♥t❡ ❡①t❡♥sã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✻✿

❚❡♦r❡♠❛ ✷✳✼ ❙❡❥❛ M
n+1

= I ×Mn ✉♠ ♣r♦❞✉t♦ r✐❡♠❛♥♥✐❛♥♦✱ ❡♠ q✉❡ I ⊆ R é ✉♠

✐♥t❡r✈❛❧♦ ❡ ❛ ✜❜r❛ Mn t❡♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛✳ ❙❡❥❛ ψ : Σn #M
n+1

✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡✱ ❝♦♠ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛❞❛ ❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✳

❙❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦ ❞❡ Σn ❡stá ❧♦♥❣❡ ❞❡ ③❡r♦ ❡✱ ❛❧é♠ ❞✐ss♦✱ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛

η ≤ |A|2 − 1, ✭✷✳✸✽✮

❡♥tã♦ Σn é ✉♠ s❧✐❝❡✳

❈♦r♦❧ár✐♦ ✷✳✽ ❙❡❥❛ ψ : Σn # R
n+1 ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥s✲

t❛♥t❡ H ❡ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r R ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦ ❞❡ Σn ❡stá

❧♦♥❣❡ ❞❡ ③❡r♦ ❡✱ ❛❧é♠ ❞✐ss♦✱ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛

η ≤ −1− n(n− 1)R, ✭✷✳✸✾✮

❡♥tã♦ Σn é ✉♠ ❤✐♣❡r♣❧❛♥♦✳

❖❜s❡r✈❛çã♦ ✷✳✸ ◗✉❛♥❞♦ ❛ ❝✉r✈❛t✉r❛ H ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♥st❛♥t❡✱ ♠❛s ❛♣❡♥❛s

❧✐♠✐t❛❞❛ ❡ ❝♦♠ s✐♥❛❧ ❞❡✜♥✐❞♦✱ ❡♥tã♦ é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ H ♥ã♦ ♣♦❞❡ ❡st❛r ❣❧♦❜❛❧✲

♠❡♥t❡ ❧♦♥❣❡ ❞♦ ③❡r♦✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦

s❡rá ❛♣r❡s❡♥t❛❞❛ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✿

❙❡❥❛ M
n+1

= R ×Mn ✉♠ ♣r♦❞✉t♦ r✐❡♠❛♥♥✐❛♥♦✱ ❝✉❥❛ ✜❜r❛ Mn t❡♠ ❝✉r✲

✈❛t✉r❛s s❡❝❝✐♦♥❛✐s ❧✐♠✐t❛❞❛s ✐♥❢❡r✐♦r♠❡♥t❡✱ ❡ s❡❥❛ ψ : Σn # M
n+1

✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ two− sided ❡ ❝♦♠♣❧❡t❛✱ ❝♦♥t✐❞❛ ♥✉♠ slab✱

[t1, t2]×Mn, t1, t2 ∈ R,

❞❡ M
n+1

✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦ ❞❡ Σn ❡stá ❧♦♥❣❡ ❞❡ 1 ♦✉ ❞❡ −1✳
❙❡ H2 é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ H é ❧✐♠✐t❛❞❛ ❡ ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ Σn✱

❡♥tã♦ infΣH = 0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ H é ❝♦♥st❛♥t❡✱ ❡♥tã♦ Σn é ♠í♥✐♠❛✳

❆✈❡r✐❣✉❡♠♦s ♦ q✉❡ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❢❛③ ✉♠ â♥❣✉❧♦ ❝♦♥st❛♥t❡

❝♦♠ ❛ R−❞✐r❡çã♦✳



❈❛♣ít✉❧♦ ✷✳ ❘❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ✼✹

❚❡♦r❡♠❛ ✷✳✾ ✭❚❡♦r❡♠❛ ✶✺ ❞❡ ❬✸✻❪✮ ❙❡❥❛♠ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠

❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ ψ : Σn # R ×Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛ q✉❡

❢❛③ ✉♠ â♥❣✉❧♦ ❝♦♥st❛♥t❡ ❝♦♠ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ∂t t❛♥❣❡♥t❡ à R−❞✐r❡çã♦✳ ❙❡ Σn t❡♠

❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✱ ❡♥tã♦ Σn é t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛ ♦✉ é ♣❛rt❡ ❞❡ ✉♠ ❝✐❧✐♥❞r♦

s♦❜r❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ✐♠❡rs❛ ❡♠ Mn✳

❉❡♠♦♥str❛çã♦✳ P♦r ❤✐♣ót❡s❡✱ ♦ â♥❣✉❧♦ η ❡♥tr❡ Σn ❡ ∂t é ❝♦♥st❛♥t❡✳ ❙❡ η = 0✱

❡♥tã♦ ∂t é t❛♥❣❡♥t❡ ❛ Σn✱ ✐✳❡✳✱ Σn é ❢♦❧❤❡❛❞❛ ♣❡❧❛s ❧✐♥❤❛s ✐♥t❡❣r❛✐s ❞❡ ∂t✱ q✉❡ sã♦

❣❡♦❞és✐❝❛s ❡♠ R ×Mn✳ P♦r tr❛♥s✈❡rs❛❧✐❞❛❞❡✱ ❛ ✐♥t❡rs❡çã♦ ❞❡ Σn ❝♦♠ ✉♠ s❧✐❝❡ Mn
t0

é ✭✐s♦♠étr✐❝❛ ❛✮ ✉♠ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❞❡ Σn✳ ❈♦♠♦ ∂t é ❣❧♦❜❛❧♠❡♥t❡ t❛♥❣❡♥t❡ ❛ Σn✱

♣♦❞❡♠♦s r❡❝♦♥str✉✐r Σn ❛ ♣❛rt✐r ❞❡ss❛ ✐♥t❡rs❡çã♦ ❡ s❡❣✉✐♥❞♦ ♦ ✢✉①♦ ❞❡ ∂t✱ ♦❜t❡♥❞♦ ♦

❝✐❧✐♥❞♦ r❡❢❡r✐❞♦ ♥♦ ❡♥✉♥❝✐❛❞♦ ❞♦ t❡♦r❡♠❛✳ ❈♦♠♦ Σn t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✱ ♦

♠❡s♠♦ ❞❡✈❡rá ❛❝♦♥t❡❝❡r ❝♦♠ ❡ss❡ ❝✐❧✐♥❞r♦✳

❙❡ η 6= 0✱ ❡♥tã♦ Σn é ❧♦❝❛❧♠❡♥t❡ ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ f : U ⊂ M → R✳

❖ ❚❡♦r❡♠❛ ✷✳✸ ❞❡ ❬✸✺❪ ❡st❛❜❡❧❡❝❡ q✉❡ |∇f | = c✱ ✉♠❛ ❝♦♥st❛♥t❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛

❝✉r✈❛t✉r❛ ♠é❞✐❛ H ❞♦ ❣rá✜❝♦ ❞❡ f é ❞❛❞❛ ♣♦r

H = ❞✐✈

(
∇f√

1 + |∇f |2M

)
.

❈♦♠♦ Σn t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❡ ♦ ❣r❛❞✐❡♥t❡ ❞❡ f t❡♠ ♥♦r♠❛ ❝♦♥st❛♥t❡✱

s❡❣✉❡ q✉❡ ∆f = ❞✐✈∇f é ✉♠❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡✳ P❡❧❛ ❢ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r✱

1

2
∆|∇f |2 = 〈∇f,∇∆f〉 − Ric(∇f,∇f)− |❍❡ssf |2,

❡ ♣❡❧❛ ❤✐♣ót❡s❡ s♦❜r❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ Mn✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❍❡ssf s❡ ❛♥✉❧❛

✐❞❡♥t✐❝❛♠❡♥t❡✳ ❈♦♠♦ ❍❡ssf(X, Y ) = 〈∇X∇f, Y 〉✱ t❡♠♦s q✉❡ ∇f é ✉♠ ❝❛♠♣♦ ♣❛r❛❧❡❧♦

❡♠ Mn✳

■ss♦ ✐♠♣❧✐❝❛ q✉❡ ❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❞❡ ♥í✈❡❧ Lt = f−1(t) ❞❡ f sã♦ t♦t❛❧♠❡♥t❡

❣❡♦❞és✐❝❛s ❡♠Mn❀ ❧♦❣♦ {t}×Lt é t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛ ❡♠ R×Mn ✭♣♦✐s ❝❛❞❛ {t}×Mn é

t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝♦ ❡♠ R×Mn✮✳ ❈♦♥❝❧✉í♠♦s q✉❡ Σn é ❢♦❧❤❡❛❞❛ ♣❡❧❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s

t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛s {t} × Lt✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❛❜❡♠♦s q✉❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧

N =
1√

1 + |∇f |2M
(∂t −∇f)



❈❛♣ít✉❧♦ ✷✳ ❆♣❧✐❝❛çõ❡s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ✼✺

❞á ✉♠❛ ♦r✐❡♥t❛çã♦ ♣❛r❛ ♦ ❣rá✜❝♦ ❞❡ f ✭♥❛ q✉❛❧ η > 0✮✳ ❈♦♠♦ |∇f | é ❝♦♥st❛♥t❡✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r N = λ∂t − λ∇f ✱ ❡♠ q✉❡ λ = (1 + |∇f |2M)−1/2✳ ❙❡❣✉❡ q✉❡ N é

♣❛r❛❧❡❧♦✱ ♣♦r s❡r ❛ s♦♠❛ ❞❡ ❞♦✐s ❝❛♠♣♦s ♣❛r❛❧❡❧♦s ❡✱ ♣♦rt❛♥t♦✱ q✉❡ Σn é t♦t❛❧♠❡♥t❡

❣❡♦❞és✐❝❛✳

✷✳✷ ❆♣❧✐❝❛çõ❡s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦

❖ ♣r♦♣ós✐t♦ ❞❡st❛ s❡çã♦ é ❡st❛❜❡❧❡❝❡r ♦ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ❡✱ ❛ ♣❛rt✐r ❞❡❧❡✱ ❞❡r✐✈❛r

❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦✳

❚❡♦r❡♠❛ ✷✳✶✵ ✭❚❡♦r❡♠❛ ✸✳✹ ❞❡ ❬✻❪✮ ❙❡❥❛ M
n+1

= I ×f M
n✱ ❡♠ q✉❡ I ⊆ R é ✉♠

✐♥t❡r✈❛❧♦✱ ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞✱ q✉❡ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

KM ≥ sup
I
(ḟ 2 − ff̈) ✭✷✳✹✵✮

❡ ❝✉❥❛ ✜❜r❛ Mn t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛✐s ♥ã♦ ♥❡❣❛t✐✈❛s✳ ❙❡❥❛ ψ : Σn # M
n+1

✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛ ❡ two − sided✱ ❝♦♠ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛❞❛ ❡

❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✳ ❙✉♣♦♥❤❛ q✉❡ Σn ❡stá ❝♦♥t✐❞❛ ♥✉♠ s❧❛❜ ❞❡ M
n+1

❡ q✉❡

0 ≤ H ≤ inf
Σ

f ′

f
. ✭✷✳✹✶✮

❙❡ ❛ ❢✉♥çã♦ ❛❧t✉r❛ ❞❡ Σn s❛t✐s❢❛③

|∇h|2 ≤ α

(
inf
Σ

f ′

f
−H

)β

, ✭✷✳✹✷✮

♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s α ❡ β✱ ❡♥tã♦ Σn é ✉♠ s❧✐❝❡✳

Pr❡❝✐s❛r❡♠♦s ❞❡ ✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ❛♦ ▲❡♠❛ ✷✳✷✳

▲❡♠❛ ✷✳✸ ❙❡❥❛ M
n+1

= I ×f M
n✱ ❡♠ q✉❡ I ⊆ R é ✉♠ ✐♥t❡r✈❛❧♦✱ ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞

q✉❡ ❛ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ✭✷✳✹✵✮✱ ❡♠ q✉❡ KM ❞❡♥♦t❛ ❛ ❝✉r✲

✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❞❛ ✜❜r❛ Mn✳ ❙❡❥❛ ψ : Σn #M
n+1

✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛✱ ❝♦♠

❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛❞❛s✳ ❙❡ ❛ ❢✉♥çã♦ f ′′/f é ❧✐♠✐t❛❞❛

❡♠ Σn✱ ❡♥tã♦ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ Σn é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❡♠♦s ♣♦r RicΣ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❞❡ Σn ❡ ❝♦♥s✐❞❡r❡♠♦s

X ∈ TΣ ❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En} ❞❡ TΣ✳ ❘❡✈✐s✐t❛♥❞♦ ♦s ❝á❧❝✉❧♦s
❢❡✐t♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✷✱ t❡♠♦s q✉❡



❈❛♣ít✉❧♦ ✷✳ ❆♣❧✐❝❛çõ❡s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ✼✻

RicΣ(X,X) ≥
n∑

i=1

〈R(X,Ei)X,Ei〉 −
∣∣∣∣AX −

nH

2
X

∣∣∣∣
2

+
n2H2

4
|X|2

❆ss✐♠✱ ❝♦♠♦ ♣♦r ❤✐♣ót❡s❡ H ❡ A sã♦ ❧✐♠✐t❛❞❛s✱ ✈❡♠♦s q✉❡ RicΣ(X,X) s❡rá ❧✐♠✐t❛❞❛

✐♥❢❡r✐♦r♠❡♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
∑

i〈R(X,Ei)X,Ei〉 ♦ ❢♦r✳

▲❛♥ç❛♥❞♦ ♠ã♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ t❡♥s♦r ❝✉r✈❛t✉r❛✱ ♦❜t❡♠♦s

R(X,Ei)X = R(X∗, E∗
i )X

∗ + 〈X, ∂t〉R(X∗, E∗
i )∂t + 〈Ei, ∂t〉R(X∗, ∂t)X

∗

+ 〈X, ∂t〉〈Ei, ∂t〉R(X∗, ∂t)∂t + 〈X, ∂t〉R(∂t, E∗
i )X

∗

+ 〈X, ∂t〉2R(∂t, E∗
i )∂t + 〈X, ∂t〉〈Ei, ∂t〉R(∂t, ∂t)X∗

+ 〈X, ∂t〉2〈Ei, ∂t〉R(∂t, ∂t)∂t,

❡♠ q✉❡ X∗ = X − 〈X, ∂t〉∂t ❡ E∗
i = Ei − 〈Ei, ∂t〉∂t sã♦ ❛s ♣r♦❥❡çõ❡s ❞♦s ❝❛♠♣♦s ❞❡

✈❡t♦r❡s X ❡ Ei✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s♦❜r❡ ❛ ✜❜r❛ M ✳

❆ Pr♦♣♦s✐çã♦ ✶✳✹ ♥♦s ❢♦r♥❡❝❡

✭✐✮ R(X∗, E∗
i )∂t = 0❀

✭✐✐✮ R(X∗, ∂t)X∗ = −R(∂t, X∗)X∗ = −|X∗|2 f ′′

f
∂t = −(|X|2 − 〈X, ∂t〉2)f

′′

f
∂t❀

✭✐✐✐✮ R(X∗, ∂t)∂t =
f̈
f
X∗ = f̈

f
(X − 〈X, ∂t〉∂t)❀

✭✐✈✮ R(∂t, E∗
i )X

∗ = 〈E∗
i , X

∗〉f ′′

f
∂t = (〈X,Ei〉 − 〈X, ∂t〉〈Ei, ∂t〉)f

′′

f
∂t❀

✭✈✮ R(∂t, E∗
i )∂t = −R(E∗

i , ∂t)∂t = −f ′′

f
E∗

i = −f ′′

f
(Ei − 〈Ei, ∂t〉∂t)❀

✭✈✐✮ R(∂t, ∂t) = 0✳

❆❞❡♠❛✐s✱ t❡♠♦s

∑

i

〈R(X,Ei)X,Ei〉 =
∑

i

〈RM(X∗, E∗
i )X

∗, E∗
i 〉 −

ff ′′

f 2
|X|2

+
(f ′)2

f 2
(|∇h|2 − (n− 1))|X|2

+(n− 2)

(
(f ′)2 − ff ′′

f2

)
〈X,∇h〉2.
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❉❡ss❡ ♠♦❞♦✱ ✉s❛♥❞♦ t❛♠❜é♠ q✉❡ ∇h = ∂⊤t = ∂t − 〈N, ∂t〉N ✱ t❡♠♦s q✉❡

R(X∗, E∗
i )X

∗ = RM(X∗, E∗
i )X

∗ −
(
f ′

f

)2 (
|X|2Ei − 〈X,Ei〉X

)

+

(
f ′

f

)2

|X|2〈Ei, ∂t〉∂t +
(
f ′

f

)2

〈X, ∂t〉2Ei

−
(
f ′

f

)2

〈X,Ei〉〈X, ∂t〉∂t −
(
f ′

f

)2

〈Ei, ∂t〉〈X, ∂t〉X.

❯♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ♠♦str❛ q✉❡

∑

i

〈RM(X∗, E∗
i )X

∗, E∗
i 〉 =

1

f 2

∑

i

KM(X∗, E∗
i )
(
|X|2 − 〈∇h,Ei〉2|X|2

)

− 1

f 2

∑

i

KM(X∗, E∗
i )
(
〈X,Ei〉2 + 〈X,∇h〉2

)

+
2

f 2

∑

i

KM(X∗, E∗
i )〈X,∇h〉〈X,Ei〉〈∇h,Ei〉.

▲♦❣♦✱ ✉s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ✭✷✳✹✵✮✱ ❡ ❛tr❛✈és ❞❡ ♦✉tr♦ ❝á❧❝✉❧♦ s✐♠✲

♣❧❡s✱ ♦❜t❡♠♦s

∑

i

〈R(X,Ei)X,Ei〉 ≧ −
f ′′

f
(n− |∇h|2)|X|2 ≧ −(n− 1)

|f ′′|
f
|X|2,

❞♦♥❞❡ s❡ ✐♥❢❡r❡ q✉❡ RicΣ é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ ❝♦♠♦ ❛✜r♠❛❞♦✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✵✳ ❉❡✜♥✐♠♦s ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦

g : Σ → R

p 7→ g(p) = f(1 + 〈N, ∂t〉)(p).

❈♦♠♦ ❡st❛♠♦s ❛ s✉♣♦r q✉❡ Σ ❡stá ❝♦♥t✐❞❛ ♥✉♠ s❧❛❜ ❞❡ I ×f M ✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

♣♦s✐t✐✈❛ C t❛❧ q✉❡ g ≤ C ❡♠ Σ✳

❈❛❧❝✉❧❛♥❞♦ ♦ ❧❛♣❧❛❝✐❛♥♦ ❞❡ g ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❛s Pr♦♣♦s✐çõ❡s ✶✳✷✹ ❡ ✶✳✷✺✱ ♦❜t❡♠♦s
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∆g = −
(
RicM(N∗, N∗)− (n− 1)

(f ′)2 − ff ′′

f 2
|∇h|2

)
f〈N, ∂t〉

+

(
ff ′′ − (f ′)2

f

)
|∇h|2 + n

(f ′)2

f
− nHf ′

+ (nHf ′ − f |A|2)〈N, ∂t〉.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❣r❛ç❛s à ❝♦♥❞✐çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ✭✷✳✹✵✮✱ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ♥♦s ❢♦r♥❡❝❡

❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛

RicM(N∗, N∗) ≥ (n− 1)

f 2
sup
I
((f ′)2 − ff ′′)|∇h|2.

▲♦❣♦✱ ❝♦♠♦ 〈N, ∂t〉 < 0✱ ♦❜t❡♠♦s

∆g ≥
(
ff ′′ − (f ′)2

f

)
|∇h|2 + n

(f ′)2

f
− nHf ′ + (nHf ′ − f |A|2)〈N, ∂t〉.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠♦ ♣♦r ❤✐♣ót❡s❡ KM ≤ 0✱ s❡❣✉❡ q✉❡

∆g ≥ n
(f ′)2

f
− nHf ′ + (nHf ′ − f |A|2)〈N, ∂t〉.

❙❛❜❡♠♦s q✉❡ |A|2 ≥ nH2✳ ❉❛í ❡ ❞❛ ❡st✐♠❛t✐✈❛ ♣r❡❝❡❞❡♥t❡✱ ♣♦r ✐♥t❡r♠é❞✐♦ ❞❡ ✉♠

❝á❧❝✉❧♦ s✐♠♣❧❡s✱ ♦❜t❡♠♦s

∆g ≥ n

(
f ′

f
−H

)
(f ′ +Hf〈N, ∂t〉).

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛✱ ❛ ♣❛rt✐r ❞❡ ✭✷✳✹✶✮✱ ❡ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ H < infΣ(f
′/f)✳ ❆ss✐♠✱

∆g ≥ n inf
Σ

f ′

f

(
inf
Σ

f ′

f
−H

)
g ≥ n

C
inf
Σ

f ′

f

(
inf
Σ

f ′

f
−H

)
g2.

P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✶✺✱ ❞❡✈❡♠♦s t❡r g ≡ 0✳ ▲♦❣♦✱ 〈N, ∂t〉 ≡ −1✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ Σn é

✉♠ s❧✐❝❡✳ ❈♦♥t✉❞♦✱ ✉♠ s❧✐❝❡ Mn
t t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ (f ′/f)(t)✳ ■ss♦

♥♦s ❞á ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❉❡ss❛ ♠❛♥❡✐r❛✱ H = infΣ(f
′/f) ❡✱ ♣♦r ✭✷✳✹✷✮✱ Σn é ✉♠ s❧✐❝❡✳
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❖❜s❡r✈❛çã♦ ✷✳✹ ❖ ❚❡♦r❡♠❛ ✷✳✶✵ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❚❡♦r❡♠❛ ✸ ❞❡

❬✹✻❪✳

❊♠ ❬✹✻❪✱ ❙✳ ▼♦♥t✐❡❧ ♣r♦✈♦✉ ♦s r❡s✉❧t❛❞♦s q✉❡ ❝♦❧❡❝✐♦♥❛♠♦s ♥❛ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r✳

Pr♦♣♦s✐çã♦ ✷✳✶✶ ❙❡❥❛ Mn+1✱ n ≥ 1✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ♠✉♥✐❞❛

❞❡ ✉♠ ❝❛♠♣♦ ❢❡❝❤❛❞♦✱ ❝♦♥❢♦r♠❡ ❡ ♥ã♦✲tr✐✈✐❛❧ X✳ ❊♥tã♦✿

✶✳ ❖ ❝♦♥❥✉♥t♦ Z(X) ❢♦r♠❛❞♦ ♣❡❧♦s ♣♦♥t♦s ❞❡ Mn+1 ♥♦s q✉❛✐s X s❡ ❛♥✉❧❛ é ❞✐s❝r❡t♦✳

✷✳ ❖ ❝❛♠♣♦ ✉♥✐tár✐♦ N = X/|X| ❞❡✜♥✐❞♦ ♥♦ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❞❡♥s♦ M ′ =Mn+1 \
Z(X) s❛t✐s❢❛③

∇NN = 0, ∇uN =
ϕ

|X|u s❡ 〈u,N〉 = 0.

✹✳ ❆ ❞✐str✐❜✉✐çã♦ ❞❡ ❞✐♠❡♥sã♦ n D ❞❡✜♥✐❞❛ ❡♠ M ′ ♣♦r

p ∈M ′ 7→ D(p) = {v ∈ TpMn+1 : 〈X(p), v〉 = 0}

❞❡t❡r♠✐♥❛ ✉♠❛ ❢♦❧❤❡❛çã♦ ✉♠❜í❧✐❝❛ F(X) ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ q✉❡ é ♦r✐❡♥t❛❞❛ ♣♦r

N ✳ ❆❞❡♠❛✐s✱ ❛s ❢✉♥çõ❡s |X|✱ DivX ❡ Xϕ sã♦ ❝♦♥st❛♥t❡s ♥❛s ❢♦❧❤❛s ❝♦♥❡①❛s ❞❡

F(X) ❡ ❝❛❞❛ ❢♦❧❤❛ t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H = −DivX/(n+ 1)|X|✳

✺✳ X t❡♠ ♥♦ ♠á①✐♠♦ ❞♦✐s ③❡r♦s ❡ ❛s ❛❧t❡r♥❛t✐✈❛s ❛ s❡❣✉✐r sã♦ ❛s ú♥✐❝❛s ♣♦ssí✈❡✐s✱

❝♦rr❡s♣♦♥❞❡♥❞♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛♦s ❝❛s♦s ❡♠ q✉❡ X t❡♠ ✉♠✱ ❞♦✐s ♦✉ ♥❡♥❤✉♠

③❡r♦ ❡♠ Mn+1✿

✭✐✮ Mn+1 é ✉♠ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ ❝♦♠ ✉♠❛ ♠étr✐❝❛ r♦t❛❝✐♦♥❛❧♠❡♥t❡ ✐♥✈❛r✐❛♥t❡✱

✐✳❡✳✱ Mn+1 = R
n+1 ❡ ❛ ♠étr✐❝❛✱ ❡♠ t❡r♠♦s ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s (x = rp)

❡♠ R
n+1 \ {0} = R+ × S

n✱ é✱ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t❡t✐❛s✱

dr2 + f(r)2dσ2
n,

❡♠ q✉❡ dσ2
n é ❛ ♠étr✐❝❛ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ ❡ ✐❣✉❛❧ ❛ ✉♠ ✶ ❡♠ S

n ❡ f é

❛ r❡str✐çã♦ ♣♦s✐t✐✈❛ ❛ R+ ❞❡ ✉♠❛ ❢✉♥çã♦ s✉❛✈❛ í♠♣❛r ❝♦♠ f ′(0) = 1✳ ❆❧é♠

❞✐ss♦✱ ♦ ❝❛♠♣♦ X é ❞❛❞♦ ♣♦r X(r, p) = f(r)p ♣❛r❛ r ∈ R+ ❡ p ∈ S
n ⊂ R

n+1

❡ ❛s ❢♦❧❤❛s ❞❛ ❢♦❧❤❡❛çã♦ F(X) sã♦ ❛s ❡s❢❡r❛s ❝❡♥tr❛❞❛s ♥❛ ♦r✐❣❡♠ r = r0✳

✭✐✐✮ Mn+1 é ✉♠❛ ❡s❢❡r❛ ❝♦♠ ✉♠❛ ♠étr✐❝❛ r♦t❛❝✐♦♥❛❧♠❡♥t❡ ✐♥✈❛r✐❛♥t❡✱ ✐✳❡✳✱Mn+1 =

S
n+1 ❡ ❛ ♠étr✐❝❛✱ ❡♠ t❡r♠♦s ❞❛s ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s (x = a cos θ + p sin θ)

❡♠ S
n+1 \ {a,−a} = (0, π) × S

n✱ ❡♠ q✉❡ a ∈ S
n+1 é ❛r❜✐trár✐♦ ❡ S

n é ♦

❡q✉❛❞♦r ♦rt♦❣♦♥❛❧ ❛ a✱ é ❞❛❞❛✱ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t❡t✐❛s✱ ♣♦r

dθ2 + f(θ)dσ2
n,
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❡♠ q✉❡ f é ❛ r❡str✐çã♦ ❛ (0, π) ❞❡ ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛ í♠♣❛r✱ ❞❡ ♣❡rí♦❞♦

2π✱ ❝♦♠ f ′(0) = 1 ❡ s❡♠ ③❡r♦s ❡♠ (0, π)✳ ❆❞❡♠❛✐s✱ ♦ ❝❛♠♣♦ X é ❞❛❞♦ ♣♦r

X(θ, p) = f(θ)(a sin θ − p cos θ)✱ ♣❛r❛ ❝❛❞❛ θ ∈ (0, π) ❡ p ∈ S
n ⊂ S

n+1✳

◆❡st❡ ❝❛s♦✱ ❛s ❢♦❧❤❛s ❞❡ F(X) sã♦ ❛s ♣❡q✉❡♥❛s ❡s❢❡r❛s ❞❡ S
n+1 ♣❛r❛❧❡❧❛s ❛♦

❡q✉❛❞♦r S
n✳

✭✐✐✐✮ ❖ r❡❝♦❜r✐♠❡♥t♦ r✐❡♠❛♥♥✐❛♥♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❞❡ Mn+1 é ✉♠ ♣r♦❞✉t♦

✇❛r♣❡❞ R ×f P
n✱ ❡♠ q✉❡ P n é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡

s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✱ ❞❡ ❞✐♠❡♥sã♦ n✱ ❡ f é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛

❡♠ R✳ ❆❞❡♠❛✐s✱ ♦ ❣r✉♣♦ Γ ❞❡ ❛✉t♦♠♦r✜s♠♦s ✐s♦♠étr✐❝♦s é ✉♠ s✉❜❣r✉♣♦ ❞❡

■s♦(R) × ■s♦(P n)✳ ◆❡st❡ ❝❛s♦✱ ❛ ❢✉♥çã♦ f é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛s tr❛♥s❧❛çõ❡s ♥❛

♣r♦❥❡çã♦ ❞❡ Γ ❡♠ ■s♦(R)✱ ♦ ❝❛♠♣♦ X é ❞❡t❡r♠✐♥❛❞♦ ❝♦♠♦ s❡♥❞♦ ❛ ♣r♦❥❡çã♦

❞❡ f(s)∂s(s,p)✱ ♣❛r❛ t♦❞♦ s ∈ R ❡ t♦❞♦ p ∈ P n✱ ❡ ❛ ❢♦❧❤❡❛çã♦ F(X) ❝♦♥s✐st❡

♥❛s ♣r♦❥❡çõ❡s ❞♦s s❧✐❝❡s {s} × P n✱ s ∈ R✳

❖s ❡s♣❛ç♦s ❤✐♣❡r❜ó❧✐❝♦s Hn+1 ♣♦❞❡♠ s❡r ♣❡♥s❛❞♦s ❝♦♠♦ ✉♠❛ ❝❧❛ss❡ ❞❡ ❤✐♣❡rs✉✲

♣❡r❢í❝✐❡s ♥♦ ❡s♣❛ç♦ ❞❡ ▼✐♥❦♦✇s❦✐✳ ❉❡ ❢❛t♦✱ ❞❡♥♦t❛♥❞♦ ♣♦r 〈·, ·〉 ❛ ♠étr✐❝❛ ❝❛♥ô♥✐❝❛ ❞❡

▲♦r❡♥t③ ❞❡ í♥❞✐❝❡ 1 ❡♠ R
n+2✱ t❡♠♦s q✉❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❛ ❤✐♣❡rq✉á❞r✐❝❛

{p ∈ R
n+2 : 〈p, p〉 = −1},

♠✉♥✐❞❛ ❞❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛✱ é ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ s✐♠♣❧❡s♠❡♥t❡

❝♦♥❡①❛ ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ ❡ ✐❣✉❛❧ ❛ −1✳ ❈♦♠ ❡ss❛ r❡♣r❡s❡♥t❛çã♦ ♣❛r❛

H
n+1✱ ♥ã♦ é ❞✐❢í❝✐❧ ❛❝r❡❞✐t❛r q✉❡

X(p) = a+ 〈a, p〉, p ∈ H
n+1,

♣❛r❛ ✉♠ ✈❡t♦r a ∈ R
n+2 ✜①❛❞♦✱ ♣r♦✈ê ❝❛♠♣♦s ❝♦♥❢♦r♠❡s ❡ ❡①❛t♦s q✉❡ sã♦ q✉❛❧✐t❛t✐✈❛✲

♠❡♥t❡ ❞✐st✐♥t♦s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❝❛rát❡r ❝❛✉s❛❧ ❞♦ ✈❡t♦r a✳ ❆ss✐♠✱ ❝❛❞❛ X ♦r✐❣✐♥❛ ✉♠❛

❢♦❧❤❡❛çã♦ F(X) ❞❡ Hn+1 ♣♦r ❡s❢❡r❛s✱ q✉❛♥❞♦ a é ✉♠ ✈❡t♦r t✐♣♦✲t❡♠♣♦❀ ♣♦r ❤♦r♦❡s❢❡r❛s✱

q✉❛♥❞♦ a é t✐♣♦✲❧✉③❀ ❡ ♣♦r ❤✐♣❡r♣❧❛♥♦s ❤✐♣❡r❜ó❧✐❝♦s t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝♦s✱ q✉❛♥❞♦ a

é t✐♣♦✲❡s♣❛ç♦✳ ❆ ♣r✐♠❡✐r♦ s✐t✉❛çã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ Pr♦♣♦s✐çã♦

✷✳✶✶−5✭✐✮✱ ❡♠ q✉❡ s❡ t❡♠ ❛ ♠étr✐❝❛ r♦t❛❝✐♦♥❛❧♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ dr2 + f(r)2dσ2
n✱ ❝♦♠

f(r) = sinh r✳ ❆ s❡❣✉♥❞❛ s✐t✉❛çã♦ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✶−5✭✐✐✐✮✱ ♣♦r✲
q✉❡✱ ❞❡ss❡ ♣♦♥t♦ ❞❡ ✈✐st❛✱ Hn+1 ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ♦ ♣r♦❞✉t♦ ✇❛r♣❡❞ R×f R

n

❝♦♠ f(t) = et ♣❛r❛ ❝❛❞❛ t ∈ R✳ ❆ t❡r❝❡✐r❛ s✐t✉❛çã♦ ❝♦rr❡s♣♦♥❞❡ à ❞❛ Pr♦♣♦s✐çã♦



❈❛♣ít✉❧♦ ✷✳ ❆♣❧✐❝❛çõ❡s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ✽✶

✷✳✶✶−5✭✐✐✮ ❡ ❞❡s❝r❡✈❡ Hn+1 ❝♦♠♦ R×f R
n✱ ❝♦♠ f(t) = cosh t ♣❛r❛ ❝❛❞❛ t ∈ R✳ ❯♠❛ ✐s♦✲

♠❡tr✐❛ ❡①♣❧í❝✐t❛ ❡♥tr❡ ♦ ♠♦❞❡❧♦ ❞♦ s❡♠✐✲❡s♣❛ç♦ ♣❛r❛ H
n+1 ❡ ♦ ♣r♦❞✉t♦ ✇❛r♣❡❞ R×et R

n

é ❞❛❞❛ ❝♦♠♦ s❡❣✉❡✳ ❙❡❥❛ M
n+1

= R×f M
n ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞✳ ❆ ❢❛♠í❧✐❛ ❞❡ ❤✐♣❡rs✉✲

♣❡r❢í❝✐❡s Mt := {t}×M ❝♦♥st✐t✉✐ ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ M ♣♦r ❢♦❧❤❛s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s

❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡

H(t) = (ln f)′(t) = (f ′/f)(t).

❙❡❥❛ s : R → J ❛ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r s(t) = s(0) =
∫ t

0
f−1(u)du✱ ❡♠ q✉❡ J = s(R)✳

❊♥tã♦ ❛ ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦ ✇❛r♣❡❞ R×f M
n é ✐s♦♠étr✐❝❛ à ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦ J ×Mn✱

♠✉♥✐❞❛ ❞❛ ♠étr✐❝❛ ❝♦♥❢♦r♠❡

〈·, ·〉 = λ2(s)(ds2 + 〈·, ·〉M), ❝♦♠ λ(s) = f(t(s)),

♣♦r ♠❡✐♦ ❞❛ ✐s♦♠❡tr✐❛ τ(t, p) = (s(t), p) q✉❡ r❡✈❡rt❡ ❛ ♦r✐❡♥t❛çã♦✱ ❥á q✉❡ r❡✈❡rt❡ ❛

♦r✐❡♥t❛çã♦ ♥❛ ❞✐r❡çã♦ ❞♦ ❝❛♠♣♦ ∂t✳ ❚❡♠♦s q✉❡ Hn+1 = R×et R
n✱ ✉♠❛ ✈❡③ q✉❡ τ é ✉♠❛

✐s♦♠❡tr✐❛ ❡♥tr❡ R×et R
n ❡ H

n ♥♦ ♠♦❞❡❧♦ ❞♦ s❡♠✐✲❡s♣❛ç♦✳

◆❡st❡ ❝♦♥t❡①t♦✱ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✵ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡①t❡♥sã♦ ❞♦ ❚❡♦r❡♠❛ ✺✳✷ ❞❡

❬✶✼❪✳

❈♦r♦❧ár✐♦ ✷✳✶✷ ✭❈♦r♦❧ár✐♦ ✹✳✶ ❞❡ ❬✻❪✮ ❙❡❥❛ ψ : Σn # H
n+1 ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡

♦r✐❡♥tá✈❡❧✱ ❝♦♠ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ N ✱ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛❞❛ ❡ ❝✉r✲

✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ 0 ≤ H ≤ 1✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❢✉♥çã♦ Σn ∋ p 7→ 〈N, ∂t〉(p) t❡♠

s✐♥❛❧ ❞❡✜♥✐❞♦ ❡♠ Σn✳ ❙❡ Σn ❡stá ❝♦♥t✐❞❛ ❡♥tr❡ ❞✉❛s ❤♦r♦❡s❢❡r❛s ❡ s✉❛ ❢✉♥çã♦ ❛❧t✉r❛

s❛t✐s❢❛③

|∇h|2 ≤ α(1−Hβ),

♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s α ❡ β✱ ❡♥tã♦ Σn é ✉♠❛ ❤♦r♦❡s❢❡r❛✳

❖ ❝♦r♦❧ár✐♦ ♣r❡❝❡❞❡♥t❡ é ♠❛✐s ❡①❛t❛♠❡♥t❡ ✉♠ ❡s❝ó❧✐♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦✲

r❡♠❛ ✷✳✶✵✳ ❉❡ ❢❛t♦✱ é s✉✜❝✐❡♥t❡ ♥♦t❛r q✉❡✱ s♦❜ ❛s ❤✐♣ót❡s❡s ❞❡ss❡ ❝♦r♦❧ár✐♦✱ ♦s ❝á❧❝✉❧♦s

❢❡✐t♦s ♥❛ r❡❢❡r✐❞❛ ❞❡♠♦♥str❛çã♦✱ ♥♦s ♣❡r♠✐t❡♠ ❝♦♥❝❧✉✐r q✉❡Hβ = 1✱ ❧♦❣♦H = 1✱ ❡ ❝♦♠♦

|∇h|2 ≤ α(1 − Hβ)✱ s❡❣✉❡ Σn é ✉♠❛ ❤♦r♦❡s❢❡r❛✳ ❈♦♥✈é♠ ❡♥❢❛t✐③❛r♠♦s q✉❡✱ ♣❛r❛ ♥ã♦

s❡r♠♦s ❝♦♥❞✉③✐❞♦s ❛ ✉♠❛ ❧♦♥❣❛ ❞✐❣r❡ssã♦ s♦❜r❡ ♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦✱ ♣♦r ❤♦r♦❡s❢❡r❛✱

❡♥t❡❞❡♠♦s s✐♠♣❧❡s♠❡♥t❡ ✉♠ s❧✐❝❡ {t} × R
n ❞❛ r❡♣r❡s❡♥t❛çã♦ R×et R

n✳

P❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ R×cosh t R
n ❞❡ H

n+1✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡



❈❛♣ít✉❧♦ ✷✳ ❆♣❧✐❝❛çõ❡s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ✽✷

❈♦r♦❧ár✐♦ ✷✳✶✸ ✭❈♦r♦❧ár✐♦ ✹✳✷ ❞❡ ❬✻❪✮ ❙❡❥❛ ψ : Σ # H
n+1 ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ♦r✐✲

❡♥tá✈❡❧✱ ❝♦♠ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ N ✱ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛❞❛ ❡ ❝✉r✈❛✲

t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❢✉♥çã♦ Σn ∋ p 7→ 〈N, ∂t〉(p) t❡♠ s✐♥❛❧ ❞❡✜♥✐❞♦

❡♠ Σn✳ ❙✉♣♦♥❤❛✱ ❛✐♥❞❛✱ q✉❡ Σn ❡stá ❝♦♥t✐❞❛ ❡♥tr❡ ❞✉❛s ❤✐♣❡r❡s❢❡r❛s ❡ q✉❡

0 ≤ H ≤ inf
Σ
(tanh t).

❙❡ ❛ ❢✉♥çã♦ ❛❧t✉r❛ ❞❡ Σn s❛t✐s❢❛③

|∇h|2 ≤ α(inf
Σ
(tanh t)−H)β,

♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s α ❡ β✱ ❡♥tã♦ Σn é ✉♠❛ ❤✐♣❡r❡s❢❡r❛✳ ✭❆q✉✐✱ ♣♦r

❤✐♣❡r❡s❢❡r❛✱ ❡♥t❡♥❞❡♠♦s ✉♠ s❧✐❝❡ {t} × R
n ❞❛ r❡♣r❡s❡♥t❛çã♦ R×cosh t R

n ❞❡ H
n+1✳✮

❋❛③❡♥❞♦ ✉♠❛ ❛♥á❧✐s❡ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✵✱ ✈❡♠♦s q✉❡ ❛ ❤✐♣ót❡s❡ ❞❡

Σn ❡st❛r ❡♥tr❡ ❞♦✐s s❧✐❝❡s é ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ t❛♥t♦ f q✉❛♥t♦

f ′′ sã♦ ❧✐♠✐t❛❞❛s ❡♠ Σn✳ ❈♦♠♦ ♥♦s ♠♦❞❡❧♦s ✇❛r♣❡❞ ❞❡ Hn+1 t❡♠♦s f = f ′′✱ é s✉✜❝✐❡♥t❡

❣❛r❛♥t✐r♠♦s q✉❡ ❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ f é ❧✐♠✐t❛❞❛✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ♠❛✐s

✉♠❛ ✈❡③ H
n+1 = R×et R

n✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡①t❡♥sã♦ ❞♦ ❚❡♦r❡♠❛ ✺✳✶ ❞❡ ❬✶✼❪✳

❈♦r♦❧ár✐♦ ✷✳✶✹ ✭❈♦r♦❧ár✐♦ ✹✳✸ ❞❡ ❬✻❪✮ ❙❡❥❛ ψ : Σn # H
n+1 ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡

♦r✐❡♥tá✈❡❧✱ ❝♦♠ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ N ✱ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❧✐♠✐t❛❞❛ ❡ ❝✉r✲

✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ 0 ≤ H ≤ 1✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❢✉♥çã♦ Σn ∋ p 7→ 〈N, ∂t〉(p) t❡♠

s✐♥❛❧ ❞❡✜♥✐❞♦ ❡♠ Σn✳ ❙❡ ❛ ❢✉♥çã♦ ❛❧t✉r❛ ❞❡ Σn é t❛❧ q✉❡

h ≤ C − ln(1 + 〈N, ∂t〉),

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C✱ ❡ |∇h|2 ≤ α(1−Hβ)✱ ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s α ❡

β✱ ❡♥tã♦ Σ é ✉♠❛ ❤♦r♦❡s❢❡r❛✳

❖❜s❡r✈❛çã♦ ✷✳✺ ◆♦ ❈♦r♦❧ár✐♦ ✷✳✶✹✱ ♦ t❡r♠♦ − ln(1 + 〈N, ∂t〉) ❞❡✈❡ s❡r ✐♥t❡r♣r❡t❛❞♦

❝♦♠♦ +∞ q✉❛♥❞♦ 〈N, ∂t〉 = −1✳
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●rá✜❝♦s ✈❡rt✐❝❛✐s ✐♥t❡✐r♦s

❖ ❡st✉❞♦ ❞❛ ❣❡♦♠❡tr✐❛ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ✐♠❡rs❛s ❡♠ ✉♠ ❡s♣❛ç♦ r✐❡♠❛♥♥✐❛♥♦

❝♦♥st✐t✉✐ ✉♠ ❝❧áss✐❝♦ ❡ ♣r♦❢í❝✉♦ t❡♠❛ ♥❛ ❚❡♦r✐❛ ❞❡ ■♠❡rsõ❡s ■s♦♠étr✐❝❛s✳ ❯♠ ❞♦s

♠❛✐s ❝❡❧❡❜r❛❞♦s r❡s✉❧t❛❞♦s ❞❡ss❡ r❛♠♦ é✱ s❡♠ ❞ú✈✐❞❛✱ ♦ t❡♦r❡♠❛ ❞❡ ❇❡r♥st❡✐♥ ❬✶✶❪

✭♠♦❞✐✜❝❛❞♦ ♣♦r ❍♦♣❢ ❬✹✶❪✮✱ ♦ q✉❛❧ ❡st❛❜❡❧❡❝❡ q✉❡ ♦s ú♥✐❝♦s ❣rá✜❝♦s ✐♥t❡✐r♦s ❡ ♠í♥✐♠♦s

❡♠ R
3 sã♦ ♦s ♣❧❛♥♦s✳

❆❧❣✉♠ t❡♠♣♦ ❞❡♣♦✐s✱ ❏✳ ❙✐♠♦♥s ❬✻✹❪ ♣r♦✈♦✉ ✉♠ r❡s✉❧t❛❞♦ q✉❡✱ ❝♦♠❜✐♥❛❞♦ ❝♦♠

❛❧❣✉♥s t❡♦r❡♠❛s ❞❡ ❊✳ ❞❡ ●✐♦r❣✐ ❬✸✼❪ ❡ ❲✳ ❍✳ ❋❧❡♠✐♥❣ ❬✸✶❪✱ ❢♦r♥❡❝❡ ✉♠❛ ♣r♦✈❛ ❞❛

❡①t❡♥sã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❇❡r♥st❡✐♥ ♣❛r❛ R
n✱ ♣❛r❛ n ≤ 7✳ ◆♦ ❡♥t❛♥t♦✱ ❊✳ ❇♦♠❜✐❡r✐✱ ❊✳

❞❡ ●✐♦r❣✐ ❡ ❊✳ ●✐✉st✐ ❬✶✸❪ s✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡ ♠♦str❛r❛♠ q✉❡ ❡ss❡ t❡♦r❡♠❛ ♥ã♦ ✈❛❧❡

♣❛r❛ n ≥ 8✳ ❉❡s❞❡ ❡♥tã♦✱ ✉♠ ✐♥t❡r❡ss❛♥t❡ tó♣✐❝♦ ❞❡ ♣❡sq✉✐s❛ ❡♠ ❆♥á❧✐s❡ ●❡♦♠étr✐❛

tê♠ s✐❞♦ ❛s ♣♦ssí✈❡✐s ❡①t❡♥sõ❡s ❞♦ r❡s✉❧t❛❞♦ ❞❡ ❇❡r♥st❡✐♥ ♣❛r❛ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s ♦✉

♣❛r❛ ♦✉tr♦s ❡s♣❛ç♦s✲❛♠❜✐❡♥t❡✳ ❯♠❛ ❝♦♥tr✐❜✉✐çã♦ ♥♦tá✈❡❧ ❢♦✐ ❞❛❞❛ ♣♦r ❏✳ ▼♦s❡r ❬✹✽❪✱

q✉❡ ♠♦str♦✉ q✉❡ ♦s ❤✐♣❡r♣❧❛♥♦s sã♦ ♦s ú♥✐❝♦s ❣rá✜❝♦s ✐♥t❡✐r♦s ❡ ♠í♥✐♠♦s ❞❡ R
n t❛✐s

q✉❡ ♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ t❡♠ ♥♦r♠❛ ❧✐♠✐t❛❞❛✳

❊st❡ ❝❛♣ít✉❧♦ é ❞❡✈♦t❛❞♦ ❛♦ ❡st✉❞♦ ❞❡ ❣rá✜❝♦s ✐♥t❡✐r♦s

Σn(u) := {(u(x), x) : x ∈Mn} ⊂ R×Mn, u ∈ C∞(M).

❊ss❡♥❝✐❛❧♠❡♥t❡✱ ❡♠♣r❡❣❛r❡♠♦s ♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❍✳ ❖♠♦r✐ ❬✺✵❪ ❡ ❙✳ ❚✳ ❨❛✉

❬✻✻❪ ❡ ❛ ❡①♣r❡ssã♦ ❞❛❞❛ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✹ ♣❛r❛ ♦ ❧❛♣❧❛❝✐❛♥♦ ❞❛ ❢✉♥çã♦ â♥❣✉❧♦ ❞❡ ✉♠❛
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❤✐♣❡rs✉♣❡r❢í❝✐❡ Σn ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛ ❡♠ R×Mn ♣❛r❛ ♦❜t❡r r❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③

♣❛r❛ ♦s r❡❢❡r✐❞♦s ❣rá✜❝♦s✳ ❆✈❡r✐❣✉❛r❡♠♦s ♦ q✉❡ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ❛ ❝✉r✈❛t✉r❛ ♥ã♦ é

♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♥st❛♥t❡ ❡ ❞✐s❝✉t✐r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ✭é ❜❛st❛♥t❡

♥❛t✉r❛❧ ♥♦s ✈♦❧t❛r♠♦s ♣❛r❛ L1(M) q✉❛♥❞♦ q✉❡r❡♠♦s ♦❜t❡r✱ ✈✐❛ ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s✱

✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ♥ã♦ ❝♦♠♣❛❝t❛ Mn✮✳

❋✐♥❛❧♠❡♥t❡✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞♦✐s r❡s✉❧t❛❞♦s ❞♦ t✐♣♦✲▼♦s❡r✱ ♦ s❡❣✉♥❞♦ ❞♦s q✉❛✐s é✱ ❡♠

❝❡rt♦ s❡♥t✐❞♦✱ ✉♠❛ ❡①t❡♥sã♦ ❞♦ r❡s✉❧t❛❞♦ ♦r✐❣✐♥❛❧ ❞❡ ▼♦s❡r✳

✸✳✶ ●rá✜❝♦s ❡♠ R×M

❈♦♥s✐❞❡r❡♠♦s Ω ⊆ Mn ✉♠ ❞♦♠í♥✐♦ ✭✐✳❡✳✱ ✉♠ ❛❜❡rt♦ ❝♦♥❡①♦✮✳ ❚♦❞❛ ❢✉♥çã♦ u ∈
C∞(Ω) ❞❡t❡r♠✐♥❛ ✉♠ ❣rá✜❝♦ s♦❜r❡ Ω ❞❛❞♦ ♣♦r

Σn(u) = {(u(x), x) : x ∈ Ω} ⊂ R×Mn.

❉✐③❡♠♦s q✉❡ ♦ ❣rá✜❝♦ é ✐♥t❡✐r♦ q✉❛♥❞♦ Ω =Mn✳

❙❡❥❛ Σn(u) = {(u(x), x) : x ∈ Mn} ⊂ R × Mn ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦✳ ❆ ❢✉♥çã♦

g : (t, x) ∈ R×Mn 7→ g(t, x) = t−u(x) ∈ R é t❛❧ q✉❡ Σn(u) = g−1(0)✳ ❙❡❥❛ p ∈ Σn(u)✳

❉❛❞♦ v ∈ TpΣn(u)✱ t♦♠❡♠♦s ✉♠❛ ❝✉r✈❛ s✉❛✈❡ α : (−ǫ, ǫ) → Σn(u) t❛❧ q✉❡ α(0) = p ❡

α′(0) = v✳ ❚❡♠♦s

v(g) =
d

dt
(g ◦ α)(t)

∣∣∣∣
t=0

= 0.

❈♦♠♦ v(g) = 〈v,∇g〉✱ ✐♥❢❡r✐♠♦s q✉❡∇g(p) ⊥ v✱ ♣❛r❛ t♦❞♦ v ∈ TpΣn(u)✳ ✭❆q✉✐✱ ❝♦♠♦ ❞❡

♣r❛①❡ ♥❡st❛ ❞✐ss❡rt❛çã♦✱ ♦❜❥❡t♦s ❛ss✐♥❛❧❛❞♦s ♣♦r (·) ❞✐③❡♠ r❡s♣❡✐t♦ ❛♦ ❡s♣❛ç♦✲❛♠❜✐❡♥t❡

R×Mn✳✮ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❡s❝r❡✈❡r♠♦s v = (λ∂t, w)✱ ❡♠ q✉❡ w ∈ TqMn, q = πM(p)✱

❡♥tã♦

v(g) = λ∂t(g) + w(g)

= λ+ w(u)

= 〈∂t, v〉 − 〈Du,w〉

= 〈∂t −Du, v〉,
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❡♠ q✉❡ Du ❞❡♥♦t❛ ♦ ❣r❛❞✐❡♥t❡ ❞❡ u ❡♠ Mn✳ P♦rt❛♥t♦✱ ❝♦♠♦ p ∈ Σn(u) é ❛r❜✐trár✐♦✱

∇g(u(x), x) = ∂t
∣∣
(u(x),x)

−Du(x), ∀x ∈Mn,

❡ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ✉♥✐tár✐♦s

N(x) =
1√

1 + |Du|2M
(∂t
∣∣
(u(x),x)

−Du(x)), x ∈Mn, ✭✸✳✶✮

❞á ✉♠❛ ♦r✐❡♥t❛çã♦ ♣❛r❛ Σn(u) ♥❛ q✉❛❧ t❡♠♦s η > 0✳ ❉❛í ❡ ❞❛ r❡❧❛çã♦ η2 = 1− |∇h|2✱
s❡❣✉❡ q✉❡

|∇h|2 = |Du|2M
1 + |Du|2M

. ✭✸✳✷✮

❆♣❡s❛r ❞❡ s❡r ❝♦rr✐q✉❡✐r❛ ❡♠ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✉♠ ♦❜❥❡t♦

❝♦♠ s✉❛ ✐♠❛❣❡♠ ♣♦r ✉♠❛ ✐♠❡rsã♦ s✉❛✈❡ − ❡✱ ❞❡ ❢❛t♦✱ ❢♦✐ ✐ss♦ q✉❡ ❛té ❛❣♦r❛ ✜③❡♠♦s

❡ ❝♦♥t✐♥✉❛r❡♠♦s ❛ ❢❛③❡r s✐st❡♠❛t✐❝❛♠❡♥t❡ −✱ ❡♠ ❝❡rt❛s ♦❝❛s✐õ❡s é ❡ss❡♥❝✐❛❧ s❡r ♣r❡❝✐s♦

❝♦♠ ❛ ♥♦t❛çã♦ ❡♠♣r❡❣❛❞❛✳ ❚♦❞♦ ❣rá✜❝♦ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❛ ✐♠❛❣❡♠ ❞❛ ✐♠❡rsã♦

Γu : Ω→ R×Mn ❞❛❞❛ ♣♦r

Γu(x) = (u(x), x), x ∈ Ω.

❉❛❞♦s x ∈ Ω ❡ v ∈ TxM ✱ t❡♠♦s ♣♦r ❞❡✜♥✐çã♦ q✉❡

dΓu(v) =
d

dt
Γu(α(t))

∣∣∣∣
t=0

,

♣❛r❛ q✉❛❧q✉❡r ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ α : (−ǫ, ǫ)→Mn ❝♦♠ α(0) = x ❡ α′(0) = v✳ ❊♥tã♦

dΓu(v) =
d

dt
(u(α(t)), α(t))

∣∣∣∣
t=0

= (v, dux(v)) = v + 〈Du(x), v〉M∂t
∣∣
(u(x),x)

. ✭✸✳✸✮

❆ ♣❛rt✐r ❞❛ ❡①♣r❡ssã♦ ♦❜t✐❞❛ ♣❛r❛ dΓu✱ ❝♦♠♣r♦✈❛♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡ Γu é✱ ❡♠

✈❡r❞❛❞❡✱ ✉♠❛ ✐♠❡rsã♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❛♠❜é♠ ❛ ♣❛rt✐r ❞❛í ♣♦❞❡♠♦s ♦❜t❡r ❛ ❡①♣r❡ssã♦

❣❡r❛❧ ❞❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ❡♠ Ω ♣♦r Σn(u)✳ P❛r❛ v, w ∈ TxM ✱ t❡♠♦s

〈v, w〉 = 〈dΓu(v), dΓu(w)〉 = 〈v, w〉M + 〈Du(x), v〉M〈Du(x), w〉M ,



❈❛♣ít✉❧♦ ✸✳ ●rá✜❝♦s ❡♠ R×M ✽✻

✐✳❡✳✱ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ s♦❜r❡ Ω ❞❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ R×Mn

✈✐❛ Σn(u) é ❞❛❞❛ ♣♦r

〈·, ·〉 = 〈·, ·〉M + du2.

➱ ✐♠❡❞✐❛t♦✱ ❡♥tã♦✱ q✉❡ ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ é ❝♦♠♣❧❡t♦✱ s❡ M ♦ ❢♦r✱ ♣♦✐s

〈X,X〉 = 〈X,X〉M + 〈Du,X〉2M ≥ 〈X,X〉M ,

❡✱ ❛ss✐♠✱ ❝✉r✈❛s ❞✐✈❡r❣❡♥t❡s ♥❛ ♠étr✐❝❛ ♦r✐❣✐♥❛❧ ❞❡Mn t❛♠❜é♠ ♦ s❡rã♦ ♥❛ ♥♦✈❛ ♠étr✐❝❛✳

❱❛♠♦s ❡♠♣r❡❣❛r ❛ ✐♠❡rsã♦ Γu ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ Σn(u)✳ ❆ ❢ór♠✉❧❛

❞❡ ❲❡✐♥❣❛rt❡♥ ❡st❛❜❡❧❡❝❡ q✉❡✱ ❞❛❞♦ q✉❛❧q✉❡r ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ TM ✱ t❡♠♦s

∇dΓu(X)N = −dΓu(AX). ✭✸✳✹✮

❈❛❧❝✉❧❡♠♦s ∇dΓu(X)N ✳ ❚❡♥❞♦ ❡♠ ❝♦♥t❛ ❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲

❈✐✈✐t❛ ❡ ❞❡♥♦t❛♥❞♦ ξ := ∂t −Du✱ t❡♠♦s

∇dΓu(X)N = ∇dΓu(X)

(
1

|ξ|ξ
)

=
1

|ξ|∇dΓu(X)ξ + dΓu(X)

(
1

ξ

)
ξ. ✭✸✳✺✮

P♦r ✉♠ ❧❛❞♦✱ t❛♠❜é♠ t❡♠♦s

∇dΓu(X)ξ = ∇(X+〈Du,X〉∂t)(∂t −Du) = −DXDu,

❡♠ q✉❡ D ❞❡♥♦t❛ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ M ❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱

dΓu(X)

(
1

|ξ|

)
= X

(
1√

1 + |Du|2M

)
= −〈DXDu,Du〉M

(1 + |Du|2M)3/2

❙✉❜st✐t✉✐♥❞♦ ❛s ❞✉❛s ú❧t✐♠❛s ❡①♣r❡ssõ❡s ❡♠ ✭✸✳✺✮✱ ♦❜t❡♠♦s

∇dΓu(X)N = − DXDu√
1 + |Du|2M

− 〈DXDu,Du〉M
(1 + |Du|2M)3/2

(∂t −Du). ✭✸✳✻✮

❉❛ ❡q✉❛çã♦ ✸✳✸✱ ❞❡❞✉③✐♠♦s q✉❡

dΓu(AX) = AX + 〈Du,AX〉M∂t. ✭✸✳✼✮

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✻✮ ❡ ✭✸✳✼✮ ♥❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✹✮ ❡ ✐❞❡♥t✐✜❝❛♥❞♦ ❛s ♣❛rt❡s t❛♥❣❡♥t❡s✱ ✜♥❛❧✲

♠❡♥t❡ ♦❜t❡♠♦s q✉❡



❈❛♣ít✉❧♦ ✸✳ ❯♠ r❡s✉❧t❛❞♦ ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ✽✼

AX =
1√

1 + |Du|2M
DXDu−

〈DXDu,Du〉M
(1 + |Du|2M)3/2

Du, ✭✸✳✽✮

♣❛r❛ q✉❛❧q✉❡r ❝❛♠♣♦ ✈❡t♦r✐❛❧ t❛♥❣❡♥t❡ X s♦❜r❡ Ω✳

❙❡❥❛✱ ❛❣♦r❛✱ {E1, . . . , En} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❞❡ TM ✭❝♦♠ r❡❧❛çã♦ à

♠étr✐❝❛ 〈·, ·〉M✮✳ ❚♦♠❛♥❞♦ tr❛ç♦s r❡❧❛t✐✈❛♠❡♥t❡ ❛ ❡ss❡ r❡❢❡r❡♥❝✐❛❧ ♥❛ ❡①♣r❡ssã♦ ✭✸✳✽✮✱

♦❜t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ Hu ❞❡ ✉♠ ❣rá✜❝♦ Σn(u) é ❞❛❞❛ ♣♦r

nHu(1 + |Du|2M)3/2 = (1 + |Du|2M)∆Mu− |Du|2MD2u(Du,Du),

❡♠ q✉❡ ∆M ❡ D2 r❡♣r❡s❡♥t❛♠✱ ♥❡st❛ ♦r❞❡♠✱ ♦s ♦♣❡r❛❞♦r❡s ❧❛♣❧❛❝✐❛♥♦ ❡ ❤❡ss✐❛♥♦ s♦✲

❜r❡ (Mn, 〈·, ·〉M)✳ ❊st❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❞❡ ♠♦❞♦ ♠❛✐s ❝♦♥❞❡♥s❛❞♦

✉s❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞✐✈❡r❣ê♥❝✐❛✳ ❆ss✐♠✱ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ Σn(u) é ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡

❡q✉❛çã♦

nHu = Div

(
Du√

1 + |Du|2M

)
, ✭✸✳✾✮

❡♠ q✉❡ Div ❞❡♥♦t❛ ♦ ❞✐✈❡r❣❡♥t❡ ♥❛ ✜❜r❛ Mn✳

✸✳✷ ❯♠ r❡s✉❧t❛❞♦ ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡

❊♠ ✶✾✼✻✱ ❙✳ ❚✳ ❨❛✉ ❬✻✼❪ ♦❜t❡✈❡ ❛ s❡❣✉✐♥t❡ ❡①t❡♥sã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❍♦♣❢✿

Pr♦♣♦s✐çã♦ ✸✳✶ ❙❡❥❛♠ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ n✱ ❝♦♠♣❧❡t❛ ❡

♦r✐❡♥t❛❞❛✱ ❡ u :M → R ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✳ ❙❡ u é s✉❜❤❛r♠ô♥✐❝❛ ✭♦✉ s✉♣❡r❤❛r♠ô♥✐❝❛✮

❡ |∇u| ∈ L1(M)✱ ❡♥tã♦ u é ❤❛r♠ô♥✐❝❛✳ ❆q✉✐✱ L1(M) ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s

❢✉♥çõ❡s f :M → R q✉❡ sã♦ ✐♥t❡❣rá✈❡✐s ♥♦ s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡✳

❆ ❢❡rr❛♠❡♥t❛ ❡ss❡♥❝✐❛❧ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ s✉♣r❛❝✐t❛❞♦ r❡s✉❧t❛❞♦ é ❛ s❡✲

❣✉✐♥t❡ ❡①t❡♥sã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙t♦❦❡s ♣❛r❛ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ❡ ♥ã♦ ❝♦♠♣❛❝t❛s✱

t❛♠❜é♠ ❞❡✈✐❞❛ ❛ ❙✳ ❚✳ ❨❛✉❬✻✼❪✶✿

✶❊s❜♦ç♦ ❞❛ ❞❡♠♦♥str❛çã♦✳ ❙❡❥❛ r ❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③✐❛♥❛ ❞❡✜♥✐❞❛ ❡♠ Mn q✉❡ ❛ ❝❛❞❛ ♣♦♥t♦ ❢❛③

❝♦rr❡s♣♦♥❞❡r ❛ ❞✐stâ♥❝✐❛ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ ✜①❛❞♦ p✳ P❛r❛ ❝❛❞❛ R > 0✱ s❡❥❛ B(R) ❛ ❜♦❧❛ ❞❡ r❛✐♦ R

❝❡♥tr❛❞❛ ❡♠ p✳ ❆♣r♦①✐♠❛♥❞♦ ❛ ❢✉♥çã♦ r✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ♥ã♦ ♥❡❣❛t✐✈❛ gR t❛❧ q✉❡✿

✭✶✮ ❊①❝❡t♦✱ ♣♦ss✐✈❡❧✈❡♠❡♥t❡✱ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ t < R✱ g−1
R (t) é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ r❡❣✉❧❛r ❡

❝♦♠♣❛❝t❛❀ ✭✷✮ |dgR| ≤ 3/2 ❡♠ g−1
R ([0, R])❀ ✭✸✮ g−1

R (t) ⊂ B(t+1)\B(t−1) ♣❛r❛ t ≤ R✳ P♦r ♦✉tr♦ ❧❛❞♦✱



❈❛♣ít✉❧♦ ✸✳ ❯♠ r❡s✉❧t❛❞♦ ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ✽✽

❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ n✱ ❝♦♠♣❧❡t❛ ❡ ♥ã♦ ❝♦♠✲

♣❛❝t❛✳ ❙❡ ω ∈ Ωn−1(M) é ✉♠❛ (n−1)−❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ✐♥t❡❣rá✈❡❧ ❡♠ Mn✱

❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (Bi)i∈N ❞❡ ❞♦♠í♥✐♦s ❡♠ Mn✱ t❛❧ q✉❡ Bi ⊂ Bi+1✱

M = ∪iBi ❡

lim
i

∫

Bi

dω = 0.

❈♦♠ ❡❢❡✐t♦✱ ❢❛③❡♥❞♦ ω = ι∇udΣ✱ ❡♠ q✉❡ u ∈ C∞(Σ)✱ ι∇u é ❛ ❝♦♥tr❛çã♦ ♥❛

❞✐r❡çã♦ ❞♦ ❣r❛❞✐❡♥t❡ ❞❡ u ❡ dΣ é ♦ ❡❧❡♠❡♥t♦ ❞❡ ✈♦❧✉♠❡ ❞❡ Σ✱ ♦❜t❡♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡

❛ Pr♦♣♦s✐çã♦ ✸✳✶✳

❙❡❣✉✐♥❞♦ ❛s ✐❞❡✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♣♦r ❨❛✉✱ ❆✳ ❈❛♠✐♥❤❛ ❬✶✻❪ ♠♦str♦✉ ❛ s❡❣✉✐♥t❡

Pr♦♣♦s✐çã♦ ✸✳✷ ❙❡❥❛ X ✉♠ ❝❛♠♣♦ s✉❛✈❡ ❞❡✜♥✐❞♦ ♥✉♠❛ ❘✐❡♠❛♥♥✐❛♥❛ n−❞✐♠❡♥s✐♦♥❛❧

Mn✱ ❝♦♠♣❧❡t❛✱ ♥ã♦ ❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥t❛❞❛✳ ❙✉♣♦♥❤❛ q✉❡ DivX ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠

Mn ❡ q✉❡ |X| ∈ L1(M)✳ ❊♥tã♦ DivX ≡ 0✳

❉❡♠♦♥str❛çã♦✳ P♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ DivX ≥ 0 ❡♠

Mn✳ ❙❡❥❛ ω ❛ (n − 1)−❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❡♠ M ❞❛❞❛ ♣♦r ιXdM ✱ ✐✳❡✳✱ ω é ❛ ❝♦♥tr❛çã♦

❞❡ dM ♥❛ ❞✐r❡çã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ TM ✳ ❙❡ {E1, . . . , En} é ✉♠ r❡❢❡r❡♥❝✐❛❧

♦rt♦♥♦r♠❛❧ ❡♠ ✉♠ ❛❜❡rt♦ U ⊂M ✱ ❝♦♠ ❢♦r♠❛s ❞✉❛✐s {ω1, . . . , ωn}✱ ❡♥tã♦

ιXdM =
n∑

i=1

(−1)i−1〈X,Ei〉ω1 ∧ · · · ∧ ω̂i ∧ · · · ∧ ωn.

❯♠❛ ✈❡③ q✉❡ ❛s (n− 1)−❢♦r♠❛s ω1 ∧ · · · ∧ ω̂i ∧ · · · ∧ ωn sã♦ ♦rt♦♥♦r♠❛✐s ❡♠ Ωn−1(M)✱

t❡♠♦s

|ω|2 =
n∑

i=1

〈X,Ei〉2 = |X|2,

❞♦♥❞❡ |ω| ∈ L1(M)✳ ❆❞❡♠❛✐s✱ dω = d(ιXdM) = (DivX)dM ✳ ❊①✐st❡✱ ♣♦✐s✱ ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ❞♦♠í♥✐♦s Bi ⊂M t❛❧ q✉❡ M = ∪iBi✱ Bi ⊂ Bi+1 ❡

∫

Bi

(❞✐✈X)dM =

∫

Bi

dω
i−→ 0.

t❡♠♦s q✉❡
∫
g
−1

R
([0,R])

|dgR||ω| =
∫ R

0

(∫
g
−1

R
(t)
|ω|
)
dt✳ ❙❡❣✉❡ ❞❡ ✭✷✮ q✉❡

∫ R

0

(∫
g
−1

R
(t)
|ω|
)
dt ≤ 3/2

∫
M
|ω|✳

❆ss✐♠✱ ♣❛r❛ ❛❧❣✉♠ R/2 ≤ tR ≤ R ❡♠ q✉❡ g−1
R (tR) é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ r❡❣✉❧❛r ❡ ❝♦♠♣❛❝t❛✱ t❡♠♦s

q✉❡
∫
g
−1

R
(tR)
|ω| ≤ 3/R

∫
M
|ω|✳ ❉♦ t❡♦r❡♠❛ st❛♥❞❛r❞ ❞❡ ❙t♦❦❡s ❡ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ✐♥❢❡r✐♠♦s

q✉❡
∣∣∣
∫
g
−1

R
([0,tR])

dω
∣∣∣ ≤

∫
g
−1

R
(tR)
|ω| ≤ 3/R

∫
M
|ω|✳ ❉❛ ♣r♦♣r✐❡❞❛❞❡ ✭✸✮ ❞❡ gR✱ ❝♦♥❝❧✉í♠♦s✱ ❡♥tã♦✱ q✉❡

Mn = ∪ig−1
i ([0, ti]) ❡ q✉❡ limi

∫
g
−1

i
([0,ti])

dω = 0✳ ◗✳❊✳❉✳
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❈♦♠♦ DivX ≥ 0 ❡♠ M ✱ ❝♦♥❝❧✉í♠♦s q✉❡ DivX ≡ 0✳

◆❡st❛ s❡çã♦✱ s❡❣✉✐♥❞♦ ♦ ❡s♣ír✐t♦ ❞♦s r❡s✉❧t❛❞♦s ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ❞✐s❝✉t✐❞♦s ❛té

❛q✉✐✱ ❡st❛❜❡❧❡❝❡r❡♠♦s ♦ s❡❣✉✐♥t❡

❚❡♦r❡♠❛ ✸✳✸ ✭❚❡♦r❡♠❛ ✶✳✶ ❞❡ ❬✹✸❪✮ ❙❡❥❛ Σn(u) = {(u(x), x) : x ∈Mn} ✉♠ ❣rá✜❝♦

✈❡rt✐❝❛❧ ✐♥t❡✐r♦ ❡♠ R × Mn✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❧✐♠✐t❛❞❛✳ ❙✉♣♦♥❤❛ q✉❡ ✉♠❛ ❞❛s

s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s é s❛t✐s❢❡✐t❛✿

✭✐✮ Mn t❡♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥❡❣❛t✐✈❛ ❡ H2 é ♥ã♦ ♥❡❣❛t✐✈❛ ❡♠ Σn(u)❀

✭✐✐✮ Mn t❡♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♣♦s✐t✐✈❛ ❡ H2 é ♥ã♦ ♣♦s✐t✐✈❛ ❡ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡

❡♠ Σn(u)✳

❙❡ |Du| ∈ L1(M)✱ ❡♥tã♦ Σn(u) é ✉♠ s❧✐❝❡ {t0} ×Mn✳

❆♥t❡s✱ ❝♦♥t✉❞♦✱ ❞❡ ♣❛ss❛r♠♦s à ♣r♦✈❛ ❞❡st❡ t❡♦r❡♠❛✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠❛ ❡①♣r❡s✲

sã♦ ❛♣r♦♣r✐❛❞❛ ♣❛r❛ ♦ ♦♣❡r❛❞♦r q✉❛❞r❛❞♦ ❞❡ ❈❤❡♥❣✲❨❛✉ ✭❝❢✳ ❙❡çã♦ ✶✳✹✮ ❞❛ ❢✉♥çã♦

❛❧t✉r❛✳ ❊ss❛ ❡①♣r❡ssã♦ s❡rá ❝r✉❝✐❛❧ ♣❛r❛ ❛ ♣r♦✈❛✳

❘❡❝♦r❞❛♠♦s q✉❡

∇X∇h = ηAX, ∀X ∈ TΣ. ✭✸✳✶✵✮

▲❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ q✉❡

tr❛ç♦(A ◦ P1) = n(n− 1)H2,

❡♠ q✉❡ H2 =
2

n(n−1)
S2 ❞❡♥♦t❛ ♦ ✈❛❧♦r ♠é❞✐♦ ❞❛ s❡❣✉♥❞❛ ❢✉♥çã♦ s✐♠étr✐❝❛ ❡❧❡♠❡♥t❛r S2

❞♦s ✈❛❧♦r❡s ❞♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ Σn✱ ❞❛ ❡①♣r❡ssã♦ ♣❛r❛ ♦ ♦♣❡r❛❞♦r q✉❛❞r❛❞♦ ❞❡

❈❤❡♥❣✲❨❛✉ ❞❛❞❛ ❡♠ ✭✶✳✺✸✮ ❡ ❞❡ ✭✸✳✶✵✮✱ ♦❜t❡♠♦s

�h = n(n− 1)H2〈N, ∂t〉. ✭✸✳✶✶✮

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ✭✐✮ é s❛t✐s❢❡✐t❛✳ ❖❜s❡r✈❡

q✉❡ s❡ A é ❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ✐♠❡rsã♦✱ ❡♥tã♦ s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦ ❢✉♥çõ❡s

❝♦♥tí♥✉❛s ❡♠ Σn(u)✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ P1 q✉❡ |P1| é ❧✐♠✐t❛❞❛ ❡♠ Σn(u)✱ s❡♠♣r❡

q✉❡ ❛ ♥♦r♠❛ |A| ❢♦r ❧✐♠✐t❛❞❛ ❡♠ Σn(u)✳ P♦rt❛♥t♦✱ ❝♦♠♦

|A|2 = n2H2 − n(n− 1)H2,
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❞❛s ❤✐♣ót❡s❡s ❞❡ q✉❡ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ é ❧✐♠✐t❛❞❛ ❡ ❞❡ q✉❡ H2 é ♥ã♦ ♥❡❣❛t✐✈❛✱ ✐♥❢❡r✐♠♦s

q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡ |P1| ≤ C ❡♠ Σn(u)✳ ❉❛í✱

|P1(∇h)| ≤ |P1||∇h| ≤ C|∇h|. ✭✸✳✶✷✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞❡

|∇h|2 = |Du|2M
1 + |Du|2M

❡ ❞❡ ✭✸✳✶✷✮✱ ✈❡♠♦s q✉❡ ❛ ❤✐♣ót❡s❡ |Du| ∈ L1(M) ❛ss❡❣✉r❛ q✉❡ |P1(∇h)| ∈ L1(Σ)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ ✈✐rt✉❞❡ ❞❛s ❡q✉❛çõ❡s 〈DivP1, X〉 = Ric(N,X)✱ ♣❛r❛ t♦❞♦

X ∈ TΣ ✭❝❢✳ ❙❡çã♦ ✶✳✹✮✱ ❡ ∇h = ∂t − ηN ✱ t❡♠♦s

〈DivP1,∇h〉 = Ric(N,∇h)

= Ric(N, ∂t)− 〈N, ∂t〉Ric(N,N),

❡♠ q✉❡ Ric ❞❡♥♦t❛ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❞❡ R×Mn✳ ❆ss✐♠✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ q✉❡

R(X, Y )Z = RM(X∗, Y ∗)Z∗,

♣❛r❛ q✉❛✐sq✉❡r ❝❛♠♣♦s ✈❡t♦r✐❛✐s X, Y, Z ❡♠ R × Mn✱ ❡♠ q✉❡ RM ❞❡♥♦t❛ ♦ t❡♥s♦r

❝✉r✈❛t✉r❛ ❞❛ ✜❜r❛ Mn ❡ X∗ = X − 〈X, ∂t〉∂t é ❛ ♣r♦❥❡çã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X s♦❜r❡

Mn ✭❝❢✳ ❈♦r♦❧ár✐♦ ✶✳✺✮✱ ♦❜t❡♠♦s

〈DivP1,∇h〉 = −〈N, ∂t〉RicM(N∗, N∗), ✭✸✳✶✸✮

❡♠ q✉❡ RicM é ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❞❛ ✜❜r❛ Mn✳

P♦rt❛♥t♦✱ ❞❛s ❡q✉❛çõ❡s DivP1(∇f) = 〈DivP1,∇f〉+�f ✱ ♣❛r❛ t♦❞❛ f ∈ C∞(Σ)

✭❝❢✳ ❙❡çã♦ ✶✳✹✮✱ ✭✸✳✶✶✮ ❡ ✭✸✳✶✸✮✱ ♦❜t❡♠♦s

DivP1 = 〈DivP1,∇h〉+�h

= 〈N, ∂t〉(n(n− 1)H2 − RicM(N∗, N∗)).
✭✸✳✶✹✮

❆❣♦r❛✱ ❝♦♠♦ ❛ ❢✉♥çã♦ â♥❣✉❧♦ 〈N, ∂t〉 t❡♠ s✐♥❛❧ ❡str✐t♦ ❡♠ Σn(u)✱ ♥♦ss❛s ❤✐♣ót❡s❡s s♦❜r❡

❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❛ ✜❜r❛ Mn ❡ s♦❜r❡ ♦ s✐♥❛❧ ❞❡ H2 ❣❛r❛♥t❡♠ q✉❡ ❞✐✈P1(∇h) ♥ã♦
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♠✉❞❛ ❞❡ s✐♥❛❧✳ ✭◆♦t❡ q✉❡ s❡ ✭✐✐✮ ❢♦r s❛t✐s❢❡✐t❛✱ ❛✐♥❞❛ s❡ ♣♦❞❡ ❞✐③❡r ♦ ♠❡s♠♦ s♦❜r❡ ❛

✐♥✈❛r✐â♥❝✐❛ ❞❡ s✐♥❛❧✳✮

P♦❞❡♠♦s ❛♣❧✐❝❛r ❛ Pr♦♣♦s✐çã♦ ✸✳✷ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ DivP1 ≡ 0 ❡♠ Σn(u)✳ ❘❡t♦r✲

♥❡♠♦s ❛ ✭✸✳✶✹✮✳ ❈♦♠♦ ♦ s✐♥❛❧ ❞❡ RicM é ❡str✐t♦ ✭♥❡❣❛t✐✈♦✱ ♥♦ ❝❛s♦ ❝♦♠ q✉❡ ❡st❛♠♦s ❛

❧✐❞❛r✮✱ ✐♥❢❡r✐♠♦s q✉❡N∗ é ✐❞❡♥t✐❝❛♠❡♥t❡ ③❡r♦ ❡♠ Σn(u)✱ ✐✳❡✳✱ Σn(u) é ✉♠ s❧✐❝❡ {t0}×Mn✳

P❛r❛ ♦ ❝❛s♦ ❞❡ ❣rá✜❝♦s ✐♥t❡✐r♦s ♠í♥✐♠♦s✱ ❞❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✸ ♦❜t❡♠♦s ❛

s❡❣✉✐♥t❡ ❡①t❡♥sã♦ ❢r❛❝❛ ❞♦ t❡♦r❡♠❛ ❞❡ ❇❡r♥st❡✐♥ ❝❧áss✐❝♦✿

❈♦r♦❧ár✐♦ ✸✳✹ ✭❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✮ ❙❡❥❛ Σn(u) ✉♠ ❣rá✜❝♦ ✈❡r✲

t✐❝❛❧ ✐♥t❡✐r♦ ❡ ♠í♥✐♠♦ ❡♠ R×Mn✱ ❝♦♠ s❡❣✉♥❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳

❙✉♣♦♥❤❛ q✉❡ Mn t❡♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛✳ ❙❡ |Du| ∈ L1(M)✱ ❡♥tã♦ Σn(u)

é t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ Mn é ♣♦s✐t✐✈❛✱ ❡♥tã♦

Σn(u) é ✉♠ s❧✐❝❡ {t0} ×Mn✳

◗✉❛♥❞♦ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ é ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ R
n+1✱ ♦ ❈♦r♦❧ár✐♦ ✸✳✹ ❛ss✉♠❡ ❛

s❡❣✉✐♥t❡ ❝♦♥✜❣✉r❛çã♦✿

❈♦r♦❧ár✐♦ ✸✳✺ ❖s ú♥✐❝♦s ❣rá✜❝♦s ✐♥t❡✐r♦s ❡ ♠í♥✐♠♦s Σn(u) ❡♠ R
n+1✱ ❝♦♠ ❝✉r✈❛t✉r❛

❡s❝❛❧❛r ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ t❛✐s q✉❡ |Du| ∈ L1(Rn)✱ sã♦ ♦s ❤✐♣❡r♣❧❛♥♦s✳

❖❜s❡r✈❛çã♦ ✸✳✶ ❯♠ ❣rá✜❝♦ ✈❡rt✐❝❛❧ ✐♥t❡✐r♦ Σn(u) # R ×Mn✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛

❝♦♥st❛♥t❡ H ❡ t❛❧ q✉❡ |Du| ∈ L1(M)✱ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♠í♥✐♠♦✳ ❈♦♠ ❡❢❡✐t♦✱ t❡♠♦s

q✉❡ ♦ ❧❛♣❧❛❝✐❛♥♦ ❞❛ ❢✉♥çã♦ ❛❧t✉r❛ ❞❡ Σn(u) é ❞❛❞♦ ♣♦r ∆h = nHη✳ ❊s❝♦❧❤❡♥❞♦ ♣❛r❛

Σn(u) ❛ ♦r✐❡♥t❛çã♦ ❞❛❞❛ ❡♠ ✭✸✳✶✮✱ ❝♦♠ r❡s♣❡✐t♦ à q✉❛❧ η > 0✱ ✈❡♠♦s q✉❡ ∆h ♥ã♦

♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ Σn(u)✳ ❊♠ ✈✐rt✉❞❡ ❞❡ ✭✸✳✷✮✱ t❡♠♦s q✉❡ |Du| ∈ L1(M) ✐♠♣❧✐❝❛

|∇h| ∈ L1(Σ(u))✳ P♦❞❡♠♦s✱ ❡♥tã♦✱ ❛♣❧✐❝❛r ❛ ❡①t❡♥sã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❍♦♣❢ ❝♦♠ ❛ q✉❛❧

✐♥✐❝✐❛♠♦s ❡st❛ s❡çã♦ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ h é ❤❛r♠ô♥✐❝❛ ❡♠ Σn(u)✳ ❘❡t♦r♥❛♥❞♦ à r❡❧❛çã♦

∆h = nHη✱ ✐♥❢❡r✐♠♦s q✉❡ H = 0✳

✸✳✸ ❯♠ ♣♦✉❝♦ ❞❡ ❤❡✉ríst✐❝❛

❖s ❞♦✐s r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r ✭❚❡♦r❡♠❛s ✸ ❡ ✹ ❞❡ ❬✼❪✮✱ ❛❝❤❛♠♦s ♣♦r ❜❡♠ ✐♥❝❧✉í✲❧♦s

❛ ✜♠ ❞❡ ❞❡✐①❛r tr❛♥s♣❛r❡❝❡r ♦ ♣r♦❝❡ss♦ ❤❡✉ríst✐❝♦ q✉❡ ♥♦s ❝♦♥❞✉③✐✉ ❛♦s t❡♦r❡♠❛s ❞❛

♣ró①✐♠❛ s❡çã♦✳
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❚❡♦r❡♠❛ ✸✳✻ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ❝♦♠ ❝✉r✈❛t✉r❛s s❡❝❝✐✲

♦♥❛✐s ♣♦s✐t✐✈❛s✳ ❙❡❥❛ Σn(u) # R ×Mn ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ s♦❜r❡ Mn✱ ❝♦♠ ❝✉r✈❛t✉r❛

♠é❞✐❛ ❝♦♥st❛♥t❡ ❡ s❡❣✉♥❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ |Du|M ≤ 1✱

❡♥tã♦ u ≡ t0✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ Σn(u) ❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ❞❛❞❛ ♣♦r ✭✸✳✶✮✳ ❙❛❜❡♠♦s

q✉❡

|∇h|2 = |Du|2M
1 + |Du|2M

.

❆ss✐♠✱ |Du|M ≤ 1 ✐♠♣❧✐❝❛ |∇h|2 ≤ 1
2
✳ ❈♦♠♦ Σn(u) é ❝♦♠♣❧❡t♦✱ ♣♦❞❡♠♦s ✐♥✈♦❝❛r ♦

❚❡♦r❡♠❛ ✷✳✶✱ ♦ q✉❛❧ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡ u ≡ t0✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳

❚❡♦r❡♠❛ ✸✳✼ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ❝♦♠ ❝✉r✈❛t✉r❛s s❡❝❝✐✲

♦♥❛✐s ♣♦s✐t✐✈❛s✳ ❙❡❥❛ Σn(u) # R ×Mn ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ s♦❜r❡ Mn✱ ❝♦♠ ❝✉r✈❛t✉r❛

♠é❞✐❛ ❝♦♥st❛♥t❡ ❡ s❡❣✉♥❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ |Du|M é ❧✐♠✐✲

t❛❞❛✱ ❡♥tã♦ Σn(u) é ♠í♥✐♠♦✳ ❆❞❡♠❛✐s✱ s❡ u ≥ 0✱ ❡♥tã♦ u ≡ t0✱ ♣❛r❛ ❛❧❣✉♠ t0 ≥ 0✳

Pr❡❝✐s❛r❡♠♦s ❞♦ s❡❣✉✐♥t❡

▲❡♠❛ ✸✳✶ ✭❚❡♦r❡♠❛ ✶✳✸ ❞❡ ❬✺✽❪✮ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛

❝♦♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s Kπ ≥ −K0✱ ♣❛r❛ ❛❧❣✉♠❛

❝♦♥st❛♥t❡ ♥ã♦ ♥❡❣❛t✐✈❛ K0✳ ❙❡❥❛ S ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ ❡ ♠í♥✐♠♦ ❡♠ M ×R ❝♦♠ ❢✉♥çã♦

❛❧t✉r❛ u ≥ 0✳ ❊♥tã♦ S =M × {c}✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c ≥ 0✳✷

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✼✳ ❉❛s r❡❧❛çõ❡s |∇h|2 = 1− η2 ❡

|∇h|2 = |Du|2M
1 + |Du|2M

,

✈❡♠♦s q✉❡ ❛ ❤✐♣ót❡s❡ ❞❡ |Du|M s❡r ❧✐♠✐t❛❞❛ ✐♠♣❧✐❝❛ q✉❡ ♦ â♥❣✉❧♦ ❞❡ Σn(u) ❡stá ❧♦♥❣❡

❞❡ 1 ✭❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♦ ❛r❣✉♠❡♥t♦ ❞❡ Σn(u) ❡stá ❧♦♥❣❡ ❞❡ π
2
✳ ❊♥tã♦✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r

✷❊s❜♦ç♦ ❞❛ ❞❡♠♦♥str❛çã♦✳ ❙❡❥❛ S ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ ❡ ♠í♥✐♠♦ ❝♦♠ ❢✉♥çã♦ ❛❧t✉r❛ u ≥ 0✳ ❙❡❥❛

(x1, . . . , xn) ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ♣❛r❛ M ❝♦♠ ♠étr✐❝❛ ❝♦rr❡s♣♦♥❞❡♥t❡ σij ✳ ❆ ♠étr✐❝❛

✐♥❞✉③✐❞❛ ❡♠ S é ❡♥tã♦ gij = 〈Xi, Xj〉 = σij + uiuj ✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❈♦r♦❧ár✐♦ ✹✳✹ ❞❡ ❬✺✽❪✱ |Du| ≤
C1 ❣❧♦❜❛❧♠❡♥t❡ ❡♠ M ✭Du ❞❡♥♦t❛ ♦ ▲❛♣❧❛❝✐❛♥♦ ❞❡ u ❡♠ M✮✳ P♦rt❛♥t♦✱ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ gij é

✉♥✐❢♦r♠❡♠❡♥t❡ ❡❧í♣t✐❝❛ ❡ ♦ ❧❛♣❧❛❝✐❛♥♦ ∆S ❡♠ S✱ ❞❛❞♦ ♣♦r ∆S = ❞✐✈S(DS ·) = 1√
g
Di(
√
ggijDj ·) =

gijDiDj ✱ ❡♠ q✉❡ D ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❡♠ M ✱ g = det(gij) ❡ (gij) é ❛ ✐♥✈❡rs❛ ❞❡ (gij)✱ é

✉♠ ♦♣❡r❛❞♦r ✉♥✐❢♦r♠❡♠❡♥t❡ ❡❧í♣t✐❝♦ ❡♠ ❢♦r♠❛ ❞❡ ❞✐✈❡r❣ê♥❝✐❛✳ P♦r tr❛♥s❧❛çã♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡

infM u = 0✳ ❆ss✐♠✱ ❞❛❞♦ ǫ > 0✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ p ∈ M ❝♦♠ u(p) ≤ ǫ✳ ❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❍❛r♥❛❝❦ ✭❚❡♦r❡♠❛ ✼✳✹ ❞❡ ❬✻✸❪✮✱ ♣❛r❛ t♦❞♦ R t❡♠♦s q✉❡ supBR(p) u ≤ C infBR(p) u ≤ Cǫ✱ ♣❛r❛ ✉♠❛

❝♦♥st❛♥t❡ ✉♥✐❢♦r♠❡ C ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ R✳ ❋❛③❡♥❞♦ R→∞ ❡ ❡♥tã♦ ǫ→ 0✱ ✈❡♠♦s q✉❡ u ≡ 0✳ ◗✳❊✳❉✳
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♦ ❚❡♦r❡♠❛ ✷✳✷ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ Σn(u) é ♠í♥✐♠♦✳ ❆❞❡♠❛✐s✱ s❡ u ≥ 0✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛

✸✳✶✱ ❞❡✈❡♠♦s t❡r u ≡ t0✱ ♣❛r❛ ❛❧❣✉♠ t0 ≥ 0✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛✱ ♦ ú❧t✐♠♦ ❞❡st❛ s❡❝çã♦✱ t❛❧✈❡③ t❡♥❤❛ s❡✉ ❧✉❣❛r ❞❡ ❞✐r❡✐t♦ ❡♥tr❡

♦s r❡s✉❧t❛❞♦s ❞♦ ❝❛♣ít✉❧♦ ♣r❡❝❡❞❡♥t❡✳ ◆♦ ❡♥t❛♥t♦✱ ♣♦r ❝❛✉s❛ ❞♦s ✐♥t❡r❡ss❛♥t❡s ❝♦r♦❧ár✐♦s

q✉❡ ❞❡❧❡ ❞❡❝♦rr❡♠ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❣rá✜❝♦s✱ ❞❡❝✐❞✐♠♦s ❛❧♦❝á✲❧♦ ❛q✉✐✳

❚❡♦r❡♠❛ ✸✳✽ ✭❚❡♦r❡♠❛ ✸ ❞❡ ❬✹✹❪✮ ❙❡❥❛ M
n+1

= R×Mn ✉♠ ♣r♦❞✉t♦ r✐❡♠❛♥♥✐❛♥♦

❝✉❥❛ ✜❜r❛Mn t❡♠ ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s ❧✐♠✐t❛❞❛s ✐♥❢❡r✐♦r♠❡♥t❡✱ ❡ s❡❥❛ ψ : Σn #M
n+1

✉♠ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛ ❡ t✇♦✲s✐❞❡❞ q✉❡ ❡stá ❝♦♥t✐❞❛ ❡♥tr❡ ❞♦✐s s❧✐❝❡s ❞❡ M
n+1

✳

❙✉♣♦♥❤❛ q✉❡ ±1 /∈ {η(p) : p ∈ Σn}R✳ ❙❡ H2 é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ H é ❧✐♠✐t❛❞❛ ❡

♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ Σn✱ ❡♥tã♦ infΣH = 0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ H é ❝♦♥st❛♥t❡✱ ❡♥tã♦

Σn é ♠í♥✐♠❛✳

❉❡♠♦♥str❛çã♦✳ ❆♥t❡s ❞❡ ♠❛✐s✱ ♥♦t❡ q✉❡ ❡st❛♠♦s s♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✷✱

♦ q✉❡ ♥♦s ❛ss❡❣✉r❛ q✉❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ Σn é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s ♣♦r ❡①❡♠♣❧♦ q✉❡ H ≥ 0 ❡♠ Σn✳ ❘❡❝♦r❞❡ q✉❡ ∆h = nHη✳

❈♦♥s✐❞❡r❡ (pk) ⊂ Σn t❛❧ q✉❡

0 ≥ lim sup
k

∆h(pk) = n lim sup
k

(Hη)(pk).

❚❛♠❜é♠ t❡♠♦s

0 = lim
k
|∇h(pk)|2 = 1− lim

k
η2(pk).

▲♦❣♦✱ s❡ s✉♣✉s❡r♠♦s ♣♦r ❡①❡♠♣❧♦ q✉❡ −1 ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ ❢❡❝❤♦ ❞❛ ✐♠❛❣❡♠ ❞❡ η✱

♦❜t❡♠♦s limk η(pk) = 1✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

0 ≥ lim sup
k

∆h(pk) = n lim sup
k

H(pk) ≥ 0,

❡✱ ❛ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡

lim sup
k

H(pk) = 0.

✭❙❡ 1 ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ ❢❡❝❤♦ ❞❛ ✐♠❛❣❡♠ ❞❡ η✱ ❡♥tã♦ limk η(pk) = −1 ❡✱ ❛ss✐♠✱ 0 ≥
lim supk ∆h(pk) = −n lim supkH(pk) = n lim infkH(pk) ≥ 0✳✮

❙❡ H ≤ 0✱ ❡♥tã♦ s❡❥❛ (qk) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❞❡ Σn t❛❧ q✉❡

0 ≤ lim inf
k

∆h(qk) = n lim inf
k

(Hη)(qk).
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❙✉♣♦♥❞♦ ♥♦✈❛♠❡♥t❡ q✉❡ −1 ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ ❢❡❝❤♦ ❞❛ ✐♠❛❣❡♠ ❞❡ η✱ ♦❜t❡♠♦s

0 ≤ lim inf
k

∆h(qk) = n lim inf
k

H(qk) ≤ 0.

✭❙❡ 1 ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ ❢❡❝❤♦ ❞❛ ✐♠❛❣❡♠ ❞❡ η✱ ❡♥tã♦ limk η(pk) = −1 ❡✱ ❞❛í✱ 0 ≤
lim infk ∆h(qk) = −n lim infkH(qk) = n lim supkH(qk) ≤ 0✳✮ P♦rt❛♥t♦✱ t❛♠❜é♠ ♥❡st❡

❝❛s♦ ❝♦♥❝❧✉ír❡♠♦s q✉❡ infΣH = 0✳

❊♠ ✶✾✺✾✱ ❘✳ ❖ss❡r♠❛♥ ❬✺✶❪ r❡s♣♦♥❞❡✉ ✉♠❛ ❝♦♥❥❡❝t✉r❛ ❞❡ ◆✐r❡♥❜❡r❣✱ ♠♦str❛♥❞♦

q✉❡ s❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ ❡ ❝♦♠♣❧❡t❛ Σ2 ❡♠ R
3 ♥ã♦ é ✉♠ ♣❧❛♥♦✱ ❡♥tã♦ ❛ ✐♠❛❣❡♠

❞❛ ❛♣❧✐❝❛çã♦ ♥♦r♠❛❧ ❞❡ ●❛✉ss ❞❡ Σ2 é ❞❡♥s❛ ♥❛ ❡s❢❡r❛ ✉♥✐tár✐❛ S
2✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱

❍✳ ❋✉❥✐♠♦t♦ ❬✸✸❪ ♣r♦✈♦✉ q✉❡ s❡ ❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡

❞❡✐①❛ ❞❡ ❝♦♥t❡r ♠❛✐s q✉❡ q✉❛tr♦ ♣♦♥t♦s✱ ❡♥tã♦ ❡ss❛ s✉♣❡r❢í❝✐❡ é ✉♠ ♣❧❛♥♦✳ ●r❛ç❛s ❛♦

r❡s✉❧t❛❞♦ ❞❡ ❖ss❡r♠❛♥✱ ❞❡❝♦rr❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✽ ♦ s❡❣✉✐♥t❡

❈♦r♦❧ár✐♦ ✸✳✾ ✭❈♦r♦❧ár✐♦ ✹ ❞❡ ❬✹✹❪✮ ❆s ú♥✐❝❛s s✉♣❡r❢í❝✐❡s ❞❡ R3 ❝♦♠♣❧❡t❛s✱ t✇♦−s✐❞❡❞
❡ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✱ ❝♦♠ ❝✉r✈❛t✉r❛ ●❛✉ss✐❛♥❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ ❝♦♥✲

t✐❞❛s ❡♥tr❡ ❞♦✐s ♣❧❛♥♦s ❡ t❛✐s q✉❡ ❛♠❜♦s ♦s ♣ó❧♦s ❞❡ S
2 − q✉❡ sã♦ ♦rt♦❣♦♥❛✐s àq✉❡❧❡s

♣❧❛♥♦s − ♥ã♦ ❡stã♦ ♥♦ ❢❡❝❤♦ ❞❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss✱ sã♦ ♦s ♣❧❛♥♦s ❞❡ R
3✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ❡①❡♠♣❧♦ ❞❛ ❙❡çã♦ ✸✳✺ ♠♦str❛rá q✉❡ ❛ ❤✐♣ót❡s❡ ❞❡ Σn ❡st❛r

❝♦♥t✐❞❛ ❡♥tr❡ ❞♦✐s s❧✐❝❡s ❞❡ R×Mn é ♥❡❝❡ssár✐❛ ♥♦ ❚❡♦r❡♠❛ ✸✳✽✱ ❛ ✜♠ ❞❡ ❝♦♥❝❧✉✐r♠♦s

q✉❡ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ Σn ♥ã♦ ♣♦❞❡ ❡st❛r ❣❧♦❜❛❧♠❡♥t❡ ❧♦♥❣❡ ❞❡ ③❡r♦✳ ❆❞❡♠❛✐s✱

♦❜s❡r✈❡ q✉❡ ♦ ❝✐❧✐♥❞r♦ ❝✐r❝✉❧❛r ❤♦r✐③♦♥t❛❧ C ⊂ R
3 s❛t✐s❢❛③ q✉❛s❡ t♦❞❛s ❛s ❤✐♣ót❡s❡s ❞♦

❈♦r♦❧ár✐♦ ✸✳✾✱ ❡①❝❡t♦ ❛ q✉❡ ❡①✐❣❡ q✉❡ ♥❡♥❤✉♠ ❞♦s ♣ó❧♦s ❞❡ S2✱ ♦rt♦❣♦♥❛✐s ❛ C ✱ ♣❡rt❡♥ç❛

❛♦ ❢❡❝❤♦ ❞❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N ❞❡ C ✳ ◆❛ ✈❡r❞❛❞❡✱ C é ✐❧✐♠✐t❛❞♦ ❡♠

t♦❞❛s ❛s ❞✐r❡çõ❡s ♥❛s q✉❛✐s N é ✐s♦❧❛❞❛✳

❊♠ ✈✐rt✉❞❡ ❞♦ ▲❡♠❛ ✸✳✶✱ ♦ ❚❡♦r❡♠❛ ✸✳✽ t❛♠❜é♠ ❢♦r♥❡❝❡ ❡st❡

❈♦r♦❧ár✐♦ ✸✳✶✵ ✭❈♦r♦❧ár✐♦ ✺ ❞❡ ❬✹✹❪✮ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠✲

♣❧❡t❛ ❝♦♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r✲

♠❡♥t❡✳ ❙❡❥❛ Σn(u) # R×Mn ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ ❞❡ ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡ ♥ã♦ ♥❡❣❛t✐✈❛

u ∈ C∞(M)✱ ❝♦♠ H ❝♦♥st❛♥t❡ ❡ H2 ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ u é ❧✐♠✐t❛❞❛✱ ❡♥tã♦

u ≡ t0✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳



❈❛♣ít✉❧♦ ✸✳ ❯♠ ♣♦✉❝♦ ❞❡ ❤❡✉ríst✐❝❛ ✾✺

❆✐♥❞❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✽✱ ❞❡st❛ ✈❡③ ❝♦♠❜✐♥❛❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✷ ❞❡ ❬✺✽❪✸✱ ♦❜t❡♠♦s

♦ s❡❣✉✐♥t❡

❈♦r♦❧ár✐♦ ✸✳✶✶ ✭❈♦r♦❧ár✐♦ ✻ ❞❡ ❬✹✹❪✮ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠✲

♣❧❡t❛ ❡ r❡❝♦rr❡♥t❡✱ ❝♦♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❧✐♠✐t❛❞❛

✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡❥❛ Σn(u) ⊂ R ×Mn ♦ ❣rá✜❝♦ ✐♥t❡✐r♦ ❞❡ ✉♠❛ ❢✉♥çã♦ u ∈ C∞(M)✱

❝♦♠ H ❝♦♥st❛♥t❡ ❡ H2 ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ u é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ u ≡ t0✱ ♣❛r❛

❛❧❣✉♠ t0 ∈ R✳

❖❜s❡r✈❛çã♦ ✸✳✷ ■✳ ❙❛❧❛✈❡ss❛ ❬✻✷❪ ♣r♦✈♦✉ q✉❡ q✉❛♥❞♦ ❛ ✜❜r❛ Mn é ❝♦♠♣❧❡t❛ ❡ ♥ã♦

❝♦♠♣❛❝t❛✱ ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ Σn(u) ❡♠ R ×Mn ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H é

♠í♥✐♠♦✱ s❡ ❛ ❝♦♥st❛♥t❡ ❞❡ ❈❤❡❡❣❡r h(M) ❞❛ ✜❜r❛ Mn s❡ ❛♥✉❧❛✳ ❘❡❝♦r❞❛♠♦s q✉❡

h(M) = inf
D

A(∂D)

V (D)
,

❡♠ q✉❡ D ♣❡r❝♦rr❡ t♦❞❛s ❛s s✉❜✈❛r✐❡❞❛❞❡s ❛❜❡rt❛s ❞❡ Mn ❝♦♠ ❢❡❝❤♦ ❝♦♠♣❛❝t♦ ❡♠ Mn

❡ ❜♦r❞♦ s✉❛✈❡✱ ❡ V (D) ❡ A(∂D) sã♦ ♦ ✈♦❧✉♠❡ ❞❡ D ❡ ❛ ár❡❛ ❞❡ ∂D✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❝❛❧❝✉❧❛❞♦s ♥❛ ♠étr✐❝❛ ❞❡ Mn✳

❘❡t♦r♥❛♥❞♦ ❛♦ ❝♦♥t❡①t♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ♦ â♥❣✉❧♦

η ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ Σn ❡st❛r ❧♦♥❣❡ ❞❡ ③❡r♦ ❛ss❡❣✉r❛ q✉❡ Σn é✱ ❞❡ ❢❛t♦✱ ✭❧♦❝❛❧♠❡♥t❡✮ ♦

❣rá✜❝♦ Σn(u) ❞❡ ❛❧❣✉♠❛ ❢✉♥çã♦ u ∈ C∞(M)✳ ❙❡ ✭✷✳✷✽✮ ✈❛❧❡✱ ❞❡ ✭✸✳✷✮ ❡ ✭✸✳✾✮ ✈❡♠♦s

q✉❡ ♦ ❛r❣✉♠❡♥t♦ ❞❡ ❙❛❧❛✈❡ss❛ ♥♦s ♣❡r♠✐t❡ ♦❜t❡r q✉❡

nHV (D) =

∫

D

nHdV =

∫

D

❞✐✈

(
∇u√

1 + |∇u|2

)
dV

=

∮

∂D

〈
∇u√

1 + |∇u|2
, ν

〉
dA ≤

√
n

(n− 1)K0

HA(∂D),

❡♠ q✉❡ ν é ♦ ✈❡t♦r ✉♥✐tár✐♦ ♥♦r♠❛❧ q✉❡ ❛♣♦♥t❛ ♣❛r❛ ❢♦r❛ ❞❡ ∂D✳ ■ss♦ ❢♦r♥❡❝❡ ❛ s❡❣✉✐♥t❡

❡st✐♠❛t✐✈❛ ♣❛r❛ ❛ ❝♦♥st❛♥t❡ ❞❡ ❈❤❡❡❣❡r ❞❛ ✜❜r❛ Mn✿

√
n(n− 1)K0 ≤ h(M).

✸❉✐③❡♠♦s q✉❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ Mn t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ s❡♠✐✲❡s♣❛ç♦ s❡ ♦s s❧✐❝❡s Mn × {t} sã♦ ❛s

ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ♣r♦♣r✐❛♠❡♥t❡ ✐♠❡rs❛s ❡♠ Mn × R+✳ Mn é ❞✐t❛ r❡❝♦rr❡♥t❡ s❡ ♣❛r❛

q✉❛❧q✉❡r ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ∅ 6= U j Mn✱ t♦❞❛ ❢✉♥çã♦ ❤❛r♠ô♥✐❝❛ ❧✐♠✐t❛❞❛ ❡♠ Mn \ U é ❞❡t❡r♠✐♥❛❞❛

♣♦r s❡✉s ✈❛❧♦r❡s ❞❡ ❢r♦♥t❡✐r❛✳ ❖ ❚❡♦r❡♠❛ ✶✳✷ ❞❡ ❬✺✽❪ ❡st❛❜❡❧❡❝❡ ♦ s❡❣✉✐♥t❡✿ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡

r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ r❡❝♦rr❡♥t❡✱ ❝♦♠ ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s ❧✐♠✐t❛❞❛s |Kπ| ≤ K0✱ ♣❛r❛ ❛❧❣✉♠❛

❝♦♥st❛♥t❡ K0✳ ❊♥tã♦ Mn t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ s❡♠✐✲❡s♣❛ç♦✳



❈❛♣ít✉❧♦ ✸✳ ❘❡s✉❧t❛❞♦s t✐♣♦✲▼♦s❡r ✾✻

❆❞❡♠❛✐s✱ r❡❝♦r❞❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ ❡st❛❜✐❧✐❞❛❞❡ L = −∆ − Ric(N,N) − |A|2✱
✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ Σn ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H é ❞✐t❛ ❡stá✈❡❧ s❡

∫

Σ

(L f)f ≥ 0, ∀f ∈ C2
0(Σ).

◆♦t❡ q✉❡✱ s♦❜ ❛ r❡❢❡r✐❞❛ ❤✐♣ót❡s❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✱ ❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ é ✉♠ s❧✐❝❡ ❡✱ ♣♦r✲

t❛♥t♦✱ Ric(∂t, ∂t) = 0 ❡ |A|2 = 0✳ ▲♦❣♦✱ ♥❡st❡ ❝❛s♦✱ ✈❡♠♦s q✉❡ ❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ♠í♥✐♠❛

é ❡stá✈❡❧✳

✸✳✹ ❘❡s✉❧t❛❞♦s t✐♣♦✲▼♦s❡r

❖s r❡s✉❧t❛❞♦s ❞❡st❛ s❡çã♦ ❝♦♠♣õ❡♠ ♦ ♣❛♣❡r ❬✹✾❪✳

❚❡♦r❡♠❛ ✸✳✶✷ ❙❡❥❛♠ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ❝♦♠ ❝✉r✈❛t✉r❛s s❡❝✲

❝✐♦♥❛✐s ♣♦s✐t✐✈❛s ❡ Σn(u) # R×Mn ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ s♦❜r❡ Mn✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛

H ❝♦♥st❛♥t❡ ❡ s❡❣✉♥❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H2 ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ |Du|M ≤ C✱

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ ❡♥tã♦ u ≡ t0✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳

❚❡♦r❡♠❛ ✸✳✶✸ ❙❡❥❛♠ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❝♦♠ ❝✉r✈❛t✉r❛ ❞❡

❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ Σn(u) # R ×Mn ✉♠ ❣rá✜❝♦ ✐♥t❡✐r♦ s♦❜r❡ Mn✱ ❝♦♠ ❝✉r✈❛t✉r❛

♠é❞✐❛ H ❝♦♥st❛♥t❡ ❡ s❡❣✉♥❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H2 ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡ |Du|M ≤
α|A|✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ α > 0✱ ❡♥tã♦ u ≡ t0✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳

❉❡♠♦♥str❛çã♦ ❞♦s ❚❡♦r❡♠❛s ✸✳✶✷ ❡ ✸✳✶✸✳ ❙❛❜❡♠♦s q✉❡ Σn(u) é ✉♠❛

✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡t❛ ❡ q✉❡ ♦ ❝❛♠♣♦ ✉♥✐tár✐♦

N =
1√

1 + |Du|2M
(∂t −Du)

❞á ✉♠❛ ♦r✐❡♥t❛çã♦ ♣❛r❛ Σ(u) ❝♦♠ r❡❧❛çã♦ à q✉❛❧ t❡♠♦s 0 < η ≤ 1✳ ❈♦♥s✐❞❡r❛♥❞♦ Σn(u)

❝♦♠ ❡ss❛ ♦r✐❡♥t❛çã♦✱ ❞❡✜♥✐♠♦s ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛ ❡ s✉❛✈❡ g : Σn(u)→ R ♣♦r

g = −eη.

❚❡♠♦s

∇g = −eη∇η

❡✱ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✹✱

∆g = eη{−|∇η|2 + (RicM(N∗, N∗) + |A|2)η}.



❈❛♣ít✉❧♦ ✸✳ ❘❡s✉❧t❛❞♦s t✐♣♦✲▼♦s❡r ✾✼

➱ ✐♠❡❞✐❛t♦ q✉❡ N∗⊤ = η∇u ❡ |∇u|2 = 〈N∗, N∗〉M ✳ ❆q✉✐✱ ❡st❛♠♦s ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐✲

❞❡r❛çã♦ q✉❡ ❛ ❢✉♥çã♦ ❛❧t✉r❛ h ❞❡ Σ(u) ♥ã♦ é s❡♥ã♦ ❛ ❢✉♥çã♦ u ✈✐st❛ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦

❡♠ Σ(u)✳ ❉❛ ❡①♣r❡ssã♦ ♣❛r❛ ♦ ❝❛♠♣♦ N ✱ ♦❜t❡♠♦s

|∇u|2 = |Du|2M
1 + |Du|2M

. ✭✸✳✶✺✮

❆ ♥♦r♠❛ ❞♦ ❡♥❞♦♠♦r✜s♠♦ ❞❡ ❲❡✐♥❣❛rt❡♥ A ❞❡ Σ(u) s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡

❛❧❣é❜r✐❝❛

|A|2 = n2H2 − n(n− 1)H2,

❞♦♥❞❡ ✐♥❢❡r✐♠♦s✱ ✉♠❛ ✈❡③ q✉❡ ♣♦r ❤✐♣ót❡s❡H é ❝♦♥st❛♥t❡ ❡ H2 é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱

q✉❡ supp∈Σ(u) |A(p)|2 < +∞✳

❈♦♠♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C t❛❧ q✉❡ |Du|M ≤ C ✭♥♦ ❝♦♥t❡①t♦ ❞♦

❚❡♦r❡♠❛ ✸✳✶✸✱ ♣♦❞❡♠♦s t♦♠❛r C = α supp∈Σ(u) |A(p)|2✮✱ ❞❡ η2 = 1− |∇u|2 ❡ ❞❡ ✭✸✳✶✺✮✱
✈❡♠ q✉❡

η ≥ 1√
1 + C2

> 0. ✭✸✳✶✻✮

◆♦t❡ q✉❡ ❡st❛♠♦s s♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✷✱ ♦ q✉❛❧ ❛ss❡❣✉r❛ q✉❡ ❛ ❝✉r✈❛t✉r❛

❞❡ ❘✐❝❝✐ ❞❡ Σn(u) é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❊①✐st❡✱ ♣♦✐s✱ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s

(pk)k∈N ⊂ Σn(u)✱ t❛❧ q✉❡ limk g(pk) = supΣ(u) g✱ limk |∇g(pk)| = 0 ❡ lim supk ∆g(pk) ≤
0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡♠♦s

0 ≥ lim sup
k

∆g(pk) = lim
k
eη(pk)(RicM(N∗, N∗)|A|2)η(pk)

≥ einfp∈Σ(u) η(p) · lim
k
(RicM(N∗, N∗)|A|2)(pk) · inf

p∈Σ(u)
η(p)

≥ 0.

✭✸✳✶✼✮

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ ❛s ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s ❞❡ M sã♦ ❧✐♠✐t❛❞❛s ♣♦r ✉♠❛ ❝♦♥s✲

t❛♥t❡ ♣♦s✐t✐✈❛ β✳ ❊♥tã♦✱ ♥❡st❡ ❝❛s♦✱

RicM(N∗, N∗) ≥ β|∇u|2.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠♦ ✭✸✳✶✻✮ ❣❛r❛♥t❡ q✉❡ infp∈Σ(u) η(p) > 0✱ ❝♦♥❝❧✉í♠♦s q✉❡

lim
k
|∇u(pk)|2 = 0.
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❉❛í ❡ ❞❡ η2 = 1− |∇u|2✱ s❡❣✉❡ q✉❡ η ≡ 1✱ ✐✳❡✳✱ u ≡ t0✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳

❋✐♥❛❧♠❡♥t❡✱ s✉♣♦♥❞♦ q✉❡Mn t❡♠ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ♥ã♦ ♥❡❣❛t✐✈❛✱ ❞❡ ✭✸✳✶✼✮ ✈❡♠

q✉❡ limk |A(pk)| = 0✳ ▲♦❣♦✱ ❝♦♠♦ ♣♦r ❤✐♣ót❡s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ α t❛❧

|Du|M ≤ α|A|✱ ❞❡ ✭✸✳✶✺✮ ✐♥❢❡r✐♠♦s q✉❡ limk |∇u(pk)|2 = 0✳ ❆ss✐♠✱ t❛♠❜é♠ ♥❡st❡ ❝❛s♦✱

t❡♠♦s u ≡ t0✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ R✳

✸✳✺ ❈♦❞❛

❋✐♥❛❧✐③❡♠♦s ❝♦♠ ✉♠ ❡①❡♠♣❧♦✳ ◆♦ q✉❡ s❡❣✉❡✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ♠♦❞❡❧♦ ❞♦ s❡♠✐✲

❡s♣❛ç♦ ♣❛r❛ ♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ❞✐♠❡♥sã♦ ✷✱ ✐✳❡✳✱ H2 = {(x, y) ∈ R
2 : y > 0}

♠✉♥✐❞♦ ❞❛ ♠étr✐❝❛ 〈·, ·〉H2 = (dx2 + dy2)/y2✳

◆❡st❡ ❛♠❜✐❡♥t❡✱ ❡st✉❞❡♠♦s ❛ ❢✉♥çã♦ s✉❛✈❡ u : H2 → R ❞❛❞❛ ♣♦r u(x, y) = a · ln y✱
♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ ♥ã♦ ♥✉❧❛ a ∈ R✳ ❙❡✉ ❣rá✜❝♦ é

Σ2(u) = {(a · ln y, x, y) : y > 0}# R×H
2.

❚❡♠♦s Du(x, y) = (0, ay) ❡✱ ♣♦rt❛♥t♦✱ |Du|2
H2 = a2✳ ❆❞❡♠❛✐s✱ ❛ ❢✉♥çã♦ ❛❧t✉r❛ h ❞❡

Σ2(u) s❛t✐s❢❛③

|∇h|2 = |Du|2
H2

1 + |Du|2
H2

=
a2

1 + a2
.

▲♦❣♦✱ ❛ ❢✉♥çã♦ â♥❣✉❧♦ η ❞❡ Σn(u) ❝♦♠ r❡❧❛çã♦ à ♦r✐❡♥t❛çã♦ ✭✸✳✶✮ é ❞❛❞❛ ♣♦r

η =
1√

1 + a2
.

❊♠ ♣❛rt✐❝✉❧❛r✱ Σn(u) t❡♠ ❛r❣✉♠❡♥t♦ ❝♦♥st❛♥t❡

θ = arccos

(
1√

1 + a2

)
.

❆✜r♠❛♠♦s q✉❡ Div = Div0− 2
y
dy✱ ❡♠ q✉❡ ❉✐✈0 ❞❡♥♦t❛ ❛ ❞✐✈❡r❣ê♥❝✐❛ ❡♠ R

2✳ ❈♦♠

❡❢❡✐t♦✱ ♥♦t❡ q✉❡ {y∂x, y∂y} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❣❧♦❜❛❧ ❡♠ H
2✳ ❙❡❥❛ X ∈ TH2✳

❚❡♠♦s

DivX = 〈∇y∂xX, y∂x〉+ 〈∇y∂yX, y∂y〉

= y2(〈∇∂xX, ∂x〉+ 〈∇∂yX, ∂y〉).
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P❡❧❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧✱ t❡♠♦s

2〈∇∂xX, ∂x〉 = ∂x〈X, ∂x〉+X〈∂x, ∂x〉 − ∂x〈∂x, X〉

−〈∂x, [X, ∂x]〉+ 〈X, [∂x, ∂x]〉+ 〈∂x, [∂x, X]〉

= X

(
1

y2

)
+

2

y2
〈∂x, [∂x, X]〉0.

▲♦❣♦

〈∇∂xX, ∂x〉 =
1

y2
〈∇0

∂xX, ∂x〉0 +
X

2

(
1

y2

)
.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s

〈∇∂yX, ∂y〉 =
1

y2
〈∇0

∂yX, ∂y〉0 +
X

2

(
1

y2

)
.

P♦rt❛♥t♦✱

Div(X) = Div0(X) + y2X

(
1

y2

)

= Div0(X)− 2

y
Xy

= Div0(X)− 2

y
dy(X),

❞♦♥❞❡

Div = Div0−
2

y
dy.

❉❡ss❛ ✐❞❡♥t✐❞❛❞❡ q✉❡ r❡❧❛❝✐♦♥❛ ❛s ❞✐✈❡r❣ê♥❝✐❛s ❡♠ H
2 ❡ R

2 ❡ ❞❡ ✭✸✳✾✮✱ s❡q✉❡ q✉❡

2Hr3 = r2y2∆0u− y3(yQ(u) + uy|D0u|20),

❡♠ q✉❡ ❛s q✉❛♥t✐❞❛❞❡s ❝♦♠ ♦ ③❡r♦ s✉❜s❝r✐t♦ ❞✐③❡♠ r❡s♣❡✐t♦ ❛ (R2, 〈·, ·〉❝❛♥)✱

r =
√

1 + |Du|2
H2 =

√
1 + a2
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❡

Q(u) = u2xuxx + 2uxuyuxy + u2yuyy.

❙✉❜st✐t✉✐♥❞♦ u(x, y) = a · ln y✱ ♦❜t❡♠♦s

H =
a

2
√
1 + a2

❡✱ ❝♦♠♦ η é ❝♦♥st❛♥t❡✱

0 = ∆η = −(|A|2 − |∇h|2)η

❡✱ ❛ss✐♠✱

|A|2 = a2

1 + a2
.

❆❞❡♠❛✐s✱ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❛❧❣é❜r✐❝❛ |A|2 = n2H2 − n(n − 1)H2✱ ✈❡♠♦s q✉❡ H2 = 0 ❡♠

Σ2(u)✳ ▼❛s H2 = λ1λ2✱ ❡♠ q✉❡ λ1, λ2 sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦

λ2 = 0 ❡ ✉s❛♥❞♦ q✉❡ H = λ1+λ2

2
= λ1

2
✱ ♦❜t❡♠♦s λ1 = a√

1+a2
✳

❖❜s❡r✈❛çã♦ ✸✳✸ ❊♠ ❬✻✶❪✱ ■✳ ❙❛❧❛✈❡ss❛ ♣r♦✈♦✉ q✉❡ ♣❛r❛ ❝❛❞❛ c ❝♦♠ |c| ∈ [0, n− 1]✱ ❛

❢✉♥çã♦ u : Hn → R ❞❛❞❛ ♣♦r

u(x) =

∫ r(x)

0

c
(sinh r)n−1

∫ r

0
(sinh t)n−1dt

√
1−

(
c

(sinh r)n−1

∫ r

0
(sinh t)n−1dt

)2dr,

❡♠ q✉❡

r(x) = ln

(
1 + |x|
1− |x|

)
,

é s✉❛✈❡ ❡♠ H
n✱ ❡ Σn(u) ⊂ H

n × R t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ♣♦r |H| = |c|
n
✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ n = 2 ❡ c = 1✱ u ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

u(x) =

∫ r(x)

0

√
1

2
(cosh r − 1)dr.
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