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Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛
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♣♦r

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❉✐♦❣♦ ❉✐♥✐③ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛ ❡ ❙✐❧✈❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❛♣❡s



■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ P♦❧✐♥ô♠✐♦s
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❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ➪❧❣❡❜r❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖
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✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖
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❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❋❡✈❡r❡✐r♦✴✷✵✶✹
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❘❡s✉♠♦

◆❡st❛ ❞✐ss❡rt❛çã♦ sã♦ ❞❡s❝r✐t❛s ❜❛s❡s ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡ ♦s ♣♦❧✐♥ô✲

♠✐♦s ❝❡♥tr❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s 2× 2 s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦

K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p 6= 2✱ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛✱ ❞❡♥♦t❛❞❛ ♣♦r t✱ ❡

t❛♠❜é♠ ❛ ✐♥✈♦❧✉çã♦ s✐♠♣❧ét✐❝❛✱ ❞❡♥♦t❛❞❛ ♣♦r s✳ ➱ ❝♦♥❤❡❝✐❞♦ q✉❡✱ ❝♦♠♦ ♦ ❝♦r♣♦ K é

✐♥✜♥✐t♦✱ s❡ ∗ é ✉♠❛ ✐♥✈♦❧✉çã♦ ❡♠M2(K)✱ ❡♥tã♦ ♦ ✐❞❡❛❧ ❞❡ ✐❞❡♥t✐❞❛❞❡s (M2(K), ∗) ❝♦✐♥✲

❝✐❞❡ ❝♦♠ (M2(K), t) ♦✉ ❝♦♠ (M2(K), s)✳ ❈♦♥s✐❞❡r❛♠♦s t❛♠❜é♠ ❛s á❧❣❡❜r❛s Mn(E)✱

Mk,l(E) ❡ M1,1(E) s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 0✳ P❛r❛ ❛s á❧❣❡❜r❛sMn(E) ❡ Mk,l(E)✱

♣r♦✈❛♠♦s q✉❡ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❛♠♣❧❛ ❞❡ ✐♥✈♦❧✉çõ❡s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠

✐♥✈♦❧✉çã♦ ❝♦✐♥❝✐❞❡♠ ❝♦♠ ❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s✱ ❡ ♣❛r❛ ❛ á❧❣❡❜r❛ M1,1(E) ❝♦♠ ❛ ✐♥✲

✈♦❧✉çã♦ ∗ ✐♥❞✉③✐❞❛ ♣❡❧❛ s✉♣❡r✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ ♥❛ s✉♣❡rá❧❣❡❜r❛ M1,1(K)✱ ❡①✐❜✐♠♦s

✉♠❛ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ ❛s ∗✲✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳

P❛❧❛✈r❛s✲❈❤❛✈❡✿ P■✲➪❧❣❡❜r❛s✱ ➪❧❣❡❜r❛s ❝♦♠ ■♥✈♦❧✉çã♦✱ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s

❝♦♠ ■♥✈♦❧✉çã♦✱ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ❝♦♠ ■♥✈♦❧✉çã♦✳

✐✐✐



❆❜str❛❝t

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❡ ❞❡s❝r✐❜❡ ❜❛s✐s ❢♦r t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t✐❡s ❛♥❞ ❝❡♥tr❛❧

♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ❢♦r t❤❡ ❛❧❣❡❜r❛ ♦❢ 2 × 2 ♠❛tr✐❝❡s ♦✈❡r ❛♥ ✐♥✜♥✐t❡ ✜❡❧❞ K

♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p 6= 2 ❝♦♥s✐❞❡r✐♥❣ t❤❡ tr❛♥s♣♦s❡ ✐♥✈♦❧✉t✐♦♥✱ ❞❡♥♦t❡❞ ❜② t✱ ❛♥❞ ❛❧s♦

t❤❡ s②♠♣❧❡❝t✐❝ ✐♥✈♦❧✉t✐♦♥✱ ❞❡♥♦t❡❞ ❜② s✳ ■t ✐s ❦♥♦✇♥ t❤❛t✱ s✐♥❝❡ t❤❡ ✜❡❧❞ K ✐s ✐♥✜♥✐t❡✱

✐❢ ∗ ✐s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ M2(K)✱ t❤❡♥ t❤❡ ✐❞❡❛❧ ♦❢ ✐❞❡♥t✐t✐❡s (M2(K), ∗) ❝♦✐♥❝✐❞❡s ✇✐t❤

(M2(K), t) ♦r ✇✐t❤ (M2(K), s)✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❛❧❣❡❜r❛s Mn(E)✱ Mk,l(E) ❛♥❞

M1,1(E) ♦✈❡r ✜❡❧❞s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 0✳ ❋♦r t❤❡ ❛❧❣❡❜r❛s Mn(E) ❛♥❞ Mk,l(E) ✇❡ ♣r♦✈❡

t❤❛t ❢♦r ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ✐♥✈♦❧✉t✐♦♥s t❤❡ ♣♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t✐❡s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥ ❝♦✐♥❝✐❞❡

✇✐t❤ t❤❡ ♦r❞✐♥❛r② ✐❞❡♥t✐t✐❡s✱ ❛♥❞ ❢♦r t❤❡ ❛❧❣❡❜r❛M1,1(E) ✇✐t❤ t❤❡ ✐♥✈♦❧✉t✐♦♥ ∗ ✐♥❞✉❝❡❞

❜② t❤❡ tr❛♥s♣♦s✐t✐♦♥ s✉♣❡r✐♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ s✉♣❡r❛❧❣❡❜r❛M1,1(K) ✇❡ ❡①❤✐❜✐t ✜♥✐t❡ ❜❛s✐s

❢♦r t❤❡ ∗✲♣♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t✐❡s✳

❑❡②✇♦r❞s✿ P■✲❆❧❣❡❜r❛s✱ ❆❧❣❡❜r❛s ✇✐t❤ ■♥✈♦❧✉t✐♦♥✱ P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t✐❡s ✇✐t❤

■♥✈♦❧✉t✐♦♥✱ ❈❡♥tr❛❧ P♦❧②♥♦♠✐❛❧s ✇✐t❤ ■♥✈♦❧✉t✐♦♥✳
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❆❣r❛❞❡❝✐♠❡♥t♦s

❈♦♥s✐❞❡r❛♥❞♦ ❡st❛ ❞✐ss❡rt❛çã♦ ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡ ✉♠❛ ❝❛♠✐♥❤❛❞❛ q✉❡ ♥ã♦ ❝♦♠❡✲

ç♦✉ ♥❛ ❯❋❈●✱ ❛❣r❛❞❡❝❡r ♣♦❞❡ ♥ã♦ s❡r t❛r❡❢❛ ❢á❝✐❧✱ ♥❡♠ ❥✉st❛✳ P❛r❛ ♥ã♦ ❝♦rr❡r ♦ r✐s❝♦

❞❛ ✐♥❥✉st✐ç❛✱ ❛❣r❛❞❡ç♦ ❞❡ ❛♥t❡♠ã♦ ❛ t♦❞♦s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ♣❛ss❛r❛♠ ♣❡❧❛ ♠✐♥❤❛

✈✐❞❛ ❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ q✉❡♠ s♦✉ ❤♦❥❡✳

❊ ❛❣r❛❞❡ç♦✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡✱ ❛ ❛❧❣✉♠❛s ♣❡ss♦❛s ♣❡❧❛ ❝♦♥tr✐❜✉✐çã♦ ❞✐r❡t❛ ♥❛ ❝♦♥s✲

tr✉çã♦ ❞❡st❡ tr❛❜❛❧❤♦✿

➚ ❉❡✉s✱ ♦ q✉❡ s❡r✐❛ ❞❡ ♠✐♠ s❡♠ ❛ ❢é q✉❡ ❡✉ t❡♥❤♦ ♥❡❧❡✳

➚ ♠✐♥❤❛ q✉❡r✐❞❛ ❡s♣♦s❛ ❊❧✐s✱ ♣♦r ❡st❛r s❡♠♣r❡ ❛♦ ♠❡✉ ❧❛❞♦✱ ♥♦s ♠♦♠❡♥t♦s ❛❧❡❣r❡s

❡ tr✐st❡s✱ s❡♠♣r❡ ♠❡ ✐♥❝❡♥t✐✈❛♥❞♦ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞♦s ♠❡✉s ✐❞❡❛✐s✱ ❛ ♠✐♥❤❛ ♣r✐♥❝✐♣❛❧

r❛③ã♦ ♣❛r❛ ♣❡rs✐st✐r ❡ ♣r♦ss❡❣✉✐r✳

❆♦s ♠❡✉s ♣❛✐s✱ ▼❛r✐❛ ❞♦ ▲✐✈r❛♠❡♥t♦ ❡ ❈❧❛✉❞❡♠✐r✱ q✉❡ ♠❡ ❛✉①✐❧✐❛r❛♠ ♥❛ ♠✐♥❤❛

✈✐❞❛ ❛❝❛❞ê♠✐❝❛✱ ♣r♦✜ss✐♦♥❛❧✱ ✜♥❛♥❝❡✐r❛ ❡ ❛❢❡t✐✈❛✳ ➚ ♠✐♥❤❛ ✐r♠ã✱ ▲✐❧✐❛♥❡ ♣♦r ❡st❛r♠♦s

s❡♠♣r❡ ❥✉♥t♦s ♥♦s ♠♦♠❡♥t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s✳

❆♦s ❛♠✐❣♦s ❉✐❡❣♦✱ ❑❡♥♥❡❞②✱ ❘❡✐♥❛❧❞♦ ❡ ❆♥tô♥✐♦✱ ♣♦r ♠❡ ♠♦str❛r q✉❡ ❛♠✐③❛❞❡s

s✐♥❝❡r❛s ❡ ♣✉r❛s ❢❛③ ✉♠❛ ❞✐❢❡r❡♥ç❛ ❡♥♦r♠❡ ❡ ❝♦♠♦ ♣♦❞❡♠ s❡r ✐♠♣♦rt❛♥t❡s ❡♠ ♥♦ss❛s

✈✐❞❛s✳

❆♦s ❛♠✐❣♦s ❘❛❢❛❡❧✱ ▲✉❝✐❛♥♦✱ ❆❧❡①✱ ❆♥❛①s✉❡❧ ❡ ❊r✐✈❛❧❞♦✱ ♣❡❧❛ ❝♦♥✈✐✈ê♥❝✐❛✱ ❛❥✉❞❛s

❡ ♣❡❧♦s ♠♦♠❡♥t♦s ❞❡ ❞✐str❛çã♦ ♥❡st❡s ❞♦✐s ❛♥♦s✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦ ❛♠✐❣♦ ❇r✐t♦✱ ♠❛✐s q✉❡

❛♠✐❣♦✱ ✉♠ ✐r♠ã♦ q✉❡ ❡st❛✈❛ ❝♦♠✐❣♦ ❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s ❞❡st❡ ♠❡str❛❞♦✳ ❆♦s ♠❡✉s

✐r♠ã♦s ❞❡ ❡♥tr❛❞❛ ❏♦❣❧✐ ❡ ▼✐❝❤❡❧ q✉❡ ♠❡ ❛❥✉❞❛r❛♠ ❛ ❡♥t❡♥❞❡r ❝♦♥❝❡✐t♦s ❛❜str❛t♦s✱ ♠❡

❛✉①✐❧✐❛♥❞♦ ♥♦s ❡st✉❞♦s ❞❡st❡ ♠❡str❛❞♦✳ ❆♦s ❝♦❧❡❣❛s ❞♦ ♠❡str❛❞♦✱ ◆❛♥❝②✱ ▲✉✐s✱ ▲✉❝✐❛♥♦✱

❘♦♠✐❧❞♦✱ P❛trí❝✐♦✱ ❉é❜♦r❛✱ ❊❧✐③❛❜❡t❤✱ ❋❛❜rí❝✐♦✱ ❆❧❛♥ ❞❡ ❆r❛ú❥♦✱ ❆❧❛♥ ❈❛r❧♦s✱ ❈❛r❧♦s✱

❆r❧❛♥❞s♦♥✱ ▲❡✈✐✱ ❇r✉♥♦ ❡ ▼✐s❛❡❧❧❡✱ ♣❡❧❛s tr♦❝❛s ❞❡ ❡①♣❡r✐ê♥❝✐❛ ♥❛ s❛❧❛ ❞❡ ❡st✉❞♦ ❡

♣❡❧♦ ❜♦♠ ❝♦♥✈í✈✐♦✳ ❊♠ ❡s♣❡❝✐❛❧ ❛ ❊♠❛♥✉❡❧❛✱ ❆rt❤✉r✱ ❆♥tô♥✐♦ ▼❛r❝♦s ❡ ❋á❜✐♦ ♣❡❧♦s

❝♦♥s❡❧❤♦s ❡ ❛♠✐③❛❞❡✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❡ ❣r❛❞✉❛çã♦ ♥❛ ❯❋P❇✲▲◆ ❈❛r❧♦s✱ ▼❛r❝♦s ❡ ❈r✐st✐❛♥❡ q✉❡ ❛❧é♠

✈



✈✐

❞❛ ❛♠✐③❛❞❡✱ s❡♠♣r❡ ♠❡ ✐♥❝❡♥t✐✈❛r❛♠ ❡ ❝♦♠ ❝❡rt❡③❛ sã♦ ♦s ❣r❛♥❞❡s r❡s♣♦♥sá✈❡✐s ♣♦r ❡✉

❡st❛r ❛q✉✐ t❡r♠✐♥❛♥❞♦ ♠❡✉ ♠❡str❛❞♦✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞❛ ♣ós✲❣r❛❞✉❛çã♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ➶♥❣❡❧♦ ❡ ▼❛r❝♦ ❆♥tô♥✐♦✱

♣❡❧❛s ❧✐çõ❡s ❞❡ ❛♥á❧✐s❡ ❡ ❣❡♦♠❡tr✐❛✱ ❡ t❛♠❜é♠ ❛♦ ♣r♦❢❡ss♦r ❏❡✛❡rs♦♥ ♣❡❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡

❡ ❜♦❛ ✈♦♥t❛❞❡ ❞❡ ❛✉①✐❧✐❛r♠♦s ♥❛s ❧✐çõ❡s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✳

❆♦ ♣r♦❢❡ss♦r ❇r❛♥❞ã♦ ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s ❡♠ á❧❣❡❜r❛✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ♦ ♠❡✉ ❞❡✲

s❡♥✈♦❧✈✐♠❡♥t♦ ❝♦♠♦ ❡st✉❞❛♥t❡ ❡ ♣❡❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❞❡ ♣❛rt✐❝✐♣❛r ❞❛ ♠✐♥❤❛ ❞❡❢❡s❛ ❞❡

❞✐ss❡rt❛çã♦ ❝♦♠♦ ❡①❛♠✐♥❛❞♦r✳

❆♦ ♣r♦❢❡ss♦r ❉✐♦❣♦✱ só t❡♥❤♦ q✉❡ ❛❣r❛❞❡❝❡r✱ ♣♦r ♠❡ ❛❝❡✐t❛r ❝♦♠♦ ♦r✐❡♥t❛♥❞♦✱

♣♦r t♦❞❛ ♣❛❝✐ê♥❝✐❛ ❡ ❞✐s♣♦s✐çã♦ ❞❡❞✐❝❛❞❛ ❛ ♠✐♠✱ q✉❡ ♠❡ ❛❥✉❞♦✉ ❝♦♠ ❝♦♥✈❡rs❛s ❢♦r❛

❡ ❞❡♥tr♦ ❞❛ s❛❧❛ ❞❡ ❛✉❧❛✱ s❡♠♣r❡ ❛❝r❡❞✐t❛♥❞♦ ❡ ❝♦♥✜❛♥❞♦ ❡♠ ♠✐♥❤❛s ❤❛❜✐❧✐❞❛❞❡s ❡

❛♣t✐❞õ❡s✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r t❡r s✐❞♦ ❝♦♠♣❛♥❤❡✐r♦ ♥❛ ♦r✐❡♥t❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ♥♦ q✉❛❧

❢♦✐ ♠❛✐s q✉❡ ✉♠ ♦r✐❡♥t❛❞♦r✱ ❢♦✐ ✉♠ ❛♠✐❣♦✱ ✉♠ ✏♣❛✐ ❛❝❛❞ê♠✐❝♦✑✳ ▼✉✐t♦ ❖❜r✐❣❛❞♦✦

➚ ♣r♦❢❡ss♦r❛ ▼❛♥✉❡❧❛ ♣♦r t❡r ❛❝❡✐t❛❞♦ ♣❛rt✐❝✐♣❛r ❞❛ ♠✐♥❤❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛ ❡

♣❡❧❛s ❝♦♥tr✐❜✉✐çõ❡s ❢❡✐t❛ ❛ ❡st❡ tr❛❜❛❧❤♦✳

❆♦ ❞❡♣❛rt❛♠❡♥t♦ ❞❡ ♠❛t❡♠át✐❝❛ ♣♦r t❡r ♠❡ ❛❝♦❧❤✐❞♦ ♣❡❧❛ ♣❡ss♦❛ ❞♦ ♣r♦❢❡ss♦r

➶♥❣❡❧♦ ❡ ❛♦s ❢✉♥❝✐♦♥ár✐♦s ❆♥❞r❡③③❛✱ ❆♥✐♥❤❛✱ ❙✉ê♥✐❛✱ ❘♦❞r✐❣♦✱ ❉❛✈✐❞ ❡ ❘❡♥❛t♦ ♣♦r

s❡♠♣r❡ ❡st❛r ❞✐s♣♦st♦s ❛ ❛❥✉❞❛r ♥❛ ♠❡❞✐❞❛ ❞♦ ♣♦ssí✈❡❧✳

❊ ♣♦r ✜♠✱ ♠❛s ♥ã♦ ♠❡♥♦s ✐♠♣♦rt❛♥t❡✱ à ❈❆P❊❙ ♣❡❧♦ ✐♥❝❡♥t✐✈♦ ✜♥❛♥❝❡✐r♦✳

▼❡✉s s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s ❛ t♦❞♦s✳



✏◗✉❛♥❞♦ t✉❞♦ ♥♦s ♣❛r❡❝❡ ❞❛r ❡r✲

r❛❞♦ ❛❝♦♥t❡❝❡♠ ❝♦✐s❛s ❜♦❛s q✉❡

♥ã♦ t❡r✐❛♠ ❛❝♦♥t❡❝✐❞♦ s❡ t✉❞♦ t✐✲

✈❡ss❡ ❞❛❞♦ ❝❡rt♦✳✑

❘❡♥❛t♦ ❘✉ss♦

✈✐✐



❉❡❞✐❝❛tór✐❛

➚ ♠✐♥❤❛ ♠❛r❛✈✐❧❤♦s❛ ❡s♣♦s❛✱ ❊❧✐s

❋✐❞❡❧❡s✱ q✉❡ s❡♠♣r❡ ♠❡ ✐♥❝❡♥t✐✲

✈♦✉ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞♦s ♠❡✉s

✐❞❡❛✐s✱ ❡♥❝♦r❛❥❛♥❞♦✲♠❡ ❛ ❡♥❢r❡♥✲

t❛r t♦❞♦s ♦s ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s

❞❛ ✈✐❞❛✱ ❛ ♠✐♥❤❛ ♣r✐♥❝✐♣❛❧ r❛③ã♦

♣❛r❛ ♣❡rs✐st✐r ❡ ♣r♦ss❡❣✉✐r✳

✈✐✐✐
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✸✳✶✳✸ ❚❛❜❡❧❛s ❆❞♠✐ssí✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✸✳✷ ■♥✈♦❧✉çã♦ ❙✐♠♣❧ét✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✐①



①

✹ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ❝♦♠ ■♥✈♦❧✉çã♦ ♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❛s ▼❛tr✐③❡s ❞❡

❖r❞❡♠ 2 ✽✺

✹✳✶ ❆ ■♥✈♦❧✉çã♦ ❚r❛♥s♣♦st❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✹✳✷ ❆ ■♥✈♦❧✉çã♦ ❙✐♠♣❧ét✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✺ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❝♦♠ ■♥✈♦❧✉çã♦ ♣❛r❛ ❛ ➪❧❣❡❜r❛ M1,1(E) ✾✸

✺✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✺✳✷ ■❞❡♥t✐❞❛❞❡s ❝♦♠ ■♥✈♦❧✉çã♦ s♦❜r❡ Mn(E) ❡ Mk,l(E) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✺✳✸ ❯♠ ■❞❡❛❧ ❞❡ ∗✲■❞❡♥t✐❞❛❞❡s ♣❛r❛ ✭M1,1(E), ∗✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✺✳✹ ❖s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✺✳✺ ❆ ■♥❞❡♣❡♥❞ê♥❝✐❛ ▲✐♥❡❛r ❞♦s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

❇✐❜❧✐♦❣r❛✜❛ ✶✸✼



■♥tr♦❞✉çã♦

❆ ❚❡♦r✐❛ ❞❛s ➪❧❣❡❜r❛s ❝♦♠ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s✱ ♦✉ P■✲➪❧❣❡❜r❛s ✭❞♦

✐♥❣❧ês P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t✐❡s✮✱ é ✉♠❛ ♣❛rt❡ ✐♠♣♦rt❛♥t❡ ❞❛ ❚❡♦r✐❛ ❞❡ ❆♥é✐s✳ ❆ ❝❧❛ss❡ ❞❛s

P■✲➪❧❣❡❜r❛s é ❛♠♣❧❛ ❡ ❡♥❣❧♦❜❛ ❛s á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s✱ á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱

á❧❣❡❜r❛s ♥✐❧♣♦t❡♥t❡s✱ ❡♥tr❡ ♦✉tr❛s✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ❞✉❛s P■✲➪❧❣❡❜r❛s✱

❛s s✉❜á❧❣❡❜r❛s ❡ ✐♠❛❣❡♥s ❤♦♠♦♠ór✜❝❛s ❞❡ ✉♠❛ P■✲á❧❣❡❜r❛ ❡ ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ ✉♠❛

❢❛♠í❧✐❛ ❞❡ P■✲á❧❣❡❜r❛s sã♦ t❛♠❜é♠ á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳

❆s ♣r✐♥❝✐♣❛✐s ❧✐♥❤❛s ❞❡ ♣❡sq✉✐s❛ ❡♥✈♦❧✈❡♠ ❛ t❡♦r✐❛ ❡str✉t✉r❛❧ ❞❛s P■✲á❧❣❡❜r❛s ❞❡♥✲

tr♦ ❞❛ q✉❛❧ ♣♦❞❡♠♦s ❞❡st❛❝❛r ♦ ❚❡♦r❡♠❛ ❞❡ ❑❛♣❧❛♥s❦② ❡ ❛ t❡♦r✐❛ ❝♦♠❜✐♥❛tór✐❛ ❞❛s

P■✲á❧❣❡❜r❛s✱ ❞❡♥tr♦ ❞❛ q✉❛❧ ♣♦❞❡♠♦s ❞❡st❛❝❛r ♦ ❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r ❡ ▲❡✈✐ts❦②✳ ❖

❚❡♦r❡♠❛ ❞❡ ❑❛♣❧❛♥s❦② ❛✜r♠❛ q✉❡ q✉❛❧q✉❡r P■✲á❧❣❡❜r❛ ♣r✐♠✐t✐✈❛ é ❝❡♥tr❛❧ s✐♠♣❧❡s ❡ ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦✱ ❢♦✐ ❞❡♠♦♥str❛❞♦ ❡♠ ✶✾✹✽ ♥♦ ❛rt✐❣♦ ❬✷✻❪ ♦♥❞❡ ♦ ❛✉t♦r

✐♥tr♦❞✉③✐✉ ♦ t❡r♠♦ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✳ ❉♦✐s ❛♥♦s ❞❡♣♦✐s✱ ❡♠ ❬✸❪✱ ❆♠✐ts✉r ❡ ▲❡✲

✈✐ts❦② ♣r♦✈❛r❛♠✱ ✉s❛♥❞♦ ♠ét♦❞♦s ♣✉r❛♠❡♥t❡ ❝♦♠❜✐♥❛tór✐♦s✱ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞

❞❡ ❣r❛✉ 2k é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❣r❛✉ ♠í♥✐♠♦ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s k × k✳

◆♦s ú❧t✐♠♦s ❛♥♦s ✈ár✐❛s ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ tê♠

s✐❞♦ ❡st✉❞❛❞❛s t❛✐s ❝♦♠♦✿ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s✱ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛✐s

❝♦♠ tr❛ç♦ ❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ ✭♦✉ ∗✲✐❞❡♥t✐❞❛❞❡s✮✱ s❡♥❞♦ ❡st❛ ú❧✲

t✐♠❛ ♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❑❡♠♠❡r ✉t✐❧✐③♦✉ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♥❛

s✉❛ ❚❡♦r✐❛ ❞♦s ■❞❡❛✐s ❞❡ ■❞❡♥t✐❞❛❞❡s ❡♠ ➪❧❣❡❜r❛s ❆ss♦❝✐❛t✐✈❛s ✭✐♥❞✐❝❛♠♦s ❬✷✼❪ ♣❛r❛

♠❛✐s ❞❡t❛❧❤❡s✮✳ ❆s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ♣♦r ❘❛③♠②s❧♦✈ ❡♠ ❬✸✶❪

❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❞❡✉ ✉♠❛ ♥♦✈❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛

❞❡ ❆♠✐ts✉r✲▲❡✈✐ts❦②✳ ❏á ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ tê♠ r❡❧❛çã♦ ❝♦♠

❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✭♦r❞✐♥ár✐❛✮✳ ❊♠ ❬✷❪✱ ❆♠✐ts✉r ❞❡♠♦♥str♦✉ q✉❡ ✉♠❛ á❧❣❡❜r❛

s❛t✐s❢❛③❡♥❞♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ ✐♥✈♦❧✉çã♦ é ✉♠❛ P■✲á❧❣❡❜r❛✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



■♥tr♦❞✉çã♦ ✶✷

▼✉✐t♦s ❞♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s s♦❜r❡ á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s tê♠

s✐❞♦ ❡st✉❞❛❞♦s ♥♦ ❝♦♥t❡①t♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦✳ ❊♠ ❬✷✶❪ ❛ t❡♦r✐❛

❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦ ❤✐♣❡r♦❝t❛❡❞r❛❧ é ❛♣❧✐❝❛❞❛ ❛♦ ❡st✉❞♦ ❞❛s ∗✲✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ✐♥✈♦❧✉çã♦ (R, ∗) s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦

❡ ❡♠ ❬✸✸❪ ❛ ❛✉t♦r❛ ❡st❡♥❞❡ ✉♠ ❞♦s t❡♦r❡♠❛s ❞❡ ❑❡♠❡r ♣❛r❛ ♦ ❝❛s♦ ❞❡ á❧❣❡❜r❛s ❝♦♠

✐♥✈♦❧✉çã♦✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❞❡s❝r❡✈❡r ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ✐♥✈♦❧✉çã♦ (R, ∗) ❢♦✐

r❡s♦❧✈✐❞♦ ♣❛r❛ ❛❧❣✉♥s ❝❛s♦s ❛♣❡♥❛s✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❬✶✶❪ sã♦ ❞❡s❝r✐t❛s ❛s ✐❞❡♥t✐❞❛❞❡s

❝♦♠ ✐♥✈♦❧✉çã♦ ❞❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s 2 × 2✱ s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛

❞✐❢❡r❡♥t❡ ❞❡ ✷✱ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ ❡ t❛♠❜é♠ ❛ ✐♥✈♦❧✉çã♦ s✐♠♣❧ét✐❝❛✳

❊♠ ❬✶✻❪ sã♦ ❞❡s❝r✐t❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛M1,1(E) ❝♦♠ ❛ ✐♥✈♦❧✉çã♦ ∗ ✐♥❞✉③✐❞❛ ♣❡❧❛

s✉♣❡r✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ ♥❛ s✉♣❡rá❧❣❡❜r❛ M1,1(K)✳ ❆❧é♠ ❞✐ss♦ é ❞❡♠♦♥str❛❞♦ q✉❡

♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❛♠♣❧❛ ❞❡ ✐♥✈♦❧✉çõ❡s ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ ✐♥✈♦❧✉çã♦ ♥❛s á❧❣❡❜r❛sMn(E)

❡Mk,l(E) sã♦ ❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s✳ ❊st❡s sã♦ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛

❞✐ss❡rt❛çã♦✳ ❆❧é♠ ❞❛s ❞✉❛s r❡❢❡rê♥❝✐❛s ❛♥t❡r✐♦r❡s✱ ❛♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ❛ ❞❡s❝r✐çã♦

❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ ♣❛r❛ ❛ á❧❣❡❜r❛ M2(K) q✉❡ ❢♦✐ ❞❛❞❛ ❡♠ ❬✾❪✳

❆ ❞✐ss❡rt❛çã♦ ❝♦♥s✐st❡ ❡♠ ✺ ❝❛♣ít✉❧♦s ❡ ❛ s❡❣✉✐r ❞❡s❝r❡✈❡r❡♠♦s ❝♦♠♦ ❡❧❛ ❡stá

♦r❣❛♥✐③❛❞❛✳

◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱ ✐♥tr♦❞✉③✐♠♦s ✈ár✐♦s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ♦ ❞❡s❡♥✲

✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✳ ❉❡❝✐❞✐♠♦s ✐♥❝❧✉✐r ❛s ♣r✐♥❝✐♣❛✐s ❞❡✜♥✐çõ❡s ❡ ♥♦t❛çõ❡s ❞❛ P■✲

t❡♦r✐❛✱ ♣❛r❛ t♦r♥❛r ❛ ❞✐ss❡rt❛çã♦ ♠❛✐s ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ♦✉tr❛s ❢♦♥t❡s✳ ▼❛s ♣❛r❛ ♥ã♦

❡①❛❣❡r❛r ♠✉✐t♦ ♥♦ ✈♦❧✉♠❡ ❞❛ ❞✐ss❡rt❛çã♦✱ ♦♣t❛♠♦s ♣♦r ♦♠✐t✐r ❛❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s

q✉❡ ♣♦❞❡♠ s❡r ❝♦♥s✉❧t❛❞❛s ♥♦s ❧✐✈r♦s ❬✶✼❪✱ ❬✶✾❪ ❡ ❬✷✵❪ ❡ t❛♠❜é♠ ♥❛ ❞✐ss❡rt❛çã♦ ❬✶✺❪✳

❆ss✐♠✱ ✐♥tr♦❞✉③✐♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧✱ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✱ ✐❞❡♥t✐✲

❞❛❞❡ ♠✉❧t✐❤♦♠♦❣ê♥❡❛ ❡ ♠✉❧t✐❧✐♥❡❛r✱ ❡ ♣♦r ✜♠✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡

♠❛tr✐③❡s ❣❡♥ér✐❝❛s q✉❡ sã♦ ✐♠♣♦rt❛♥t❡s ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s ❈❛♣ít✉❧♦s ✸ ❡ ✺✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ❡st✉❞❛♠♦s ♦s ❢❛t♦s ❜ás✐❝♦s s♦❜r❡ á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦✱

❜❛s❡❛❞♦ ♥♦ ❧✐✈r♦ ❬✸✷❪✱ ♥❛s t❡s❡s ❬✶✵❪ ❡ ❬✶✸❪ ❡ ♥♦ ❛rt✐❣♦ ❬✸✸❪✳ ❆♣r❡s❡♥t❛♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡

✐❞❡♥t✐❞❛❞❡ ❡ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❝♦♠ ✐♥✈♦❧✉çã♦ ❡ t❛♠❜é♠ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❛s ✐♥✈♦❧✉çõ❡s

❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s✳ ❆❧é♠ ❞✐ss♦✱ ❢❛③❡♠♦s ✉♠ ❜r❡✈❡ ❡st✉❞♦ s♦❜r❡ ♣♦❧✐♥ô♠✐♦s

∗✲♣ró♣r✐♦s✱ ❡st✉❞♦ ❡st❡ ✐♠♣♦rt❛♥t❡ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ t♦❞❛ ❞✐ss❡rt❛çã♦✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❝♦♥s✐❞❡r❛♥❞♦ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



■♥tr♦❞✉çã♦ ✶✸

✷✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡s❝r✐çã♦ ❢❡✐t❛ ♣♦r ❈♦❧♦♠❜♦ ❡ ❑♦s❤❧✉❦♦✈ ❡♠ ❬✶✶❪✱ ❞❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ ♣❛r❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ✷✳ ❖s ♣r✐♥❝✐♣❛✐s r❡s✉❧✲

t❛❞♦s ❞♦ ❝❛♣ít✉❧♦ ❞❡s❝r❡✈❡♠ ❜❛s❡s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ ✐♥✈♦❧✉çã♦ ♣❛r❛ ❡st❛ á❧❣❡❜r❛✳

❈♦♥s✐❞❡r❛♠♦s ♦s ❞♦✐s t✐♣♦s ❞❡ ✐♥✈♦❧✉çã♦✱ ❛ tr❛♥s♣♦st❛ ❡ ❛ s✐♠♣❧ét✐❝❛✳ ◆♦ ♣r✐♠❡✐r♦

❝❛s♦✱ ✉t✐❧✐③❛♠♦s ♠ét♦❞♦s ❛✜♠ ❞❡ ❞✐♠✐♥✉✐r ♦ ❡st✉❞♦ ♣❛r❛ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s q✉❡

❞❡♣❡♥❞❛♠ ❛♣❡♥❛s ❞❡ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✱ ❡ ❡♠ s❡❣✉✐❞❛ ❞❡✜♥✐♠♦s ✉♠ ♦♣❡r❛❞♦r L ❡

❡st✉❞❛♠♦s ❛s t❛❜❡❧❛s ❛❞♠✐ssí✈❡✐s ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❝♦♥❝❧✉✐r ♦ r❡s✉❧t❛❞♦✱ ❜❛s❡❛❞♦ ♥♦s

❛rt✐❣♦s ❬✷✽❪✱ ❬✷✾❪ ❡ ❬✸✹❪✳ ❖ s❡❣✉♥❞♦ ❝❛s♦✱ r❡s♦❧✈❡✲s❡ ❛tr❛✈és ❞❛ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s

❢r❛❝❛s ❞❡ M2(K) ❢❡✐t❛ ❡♠ ❬✷✾❪✳

◆♦ ❈❛♣ít✉❧♦ ✹✱ ❝♦♠♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ K s❡rá ❝♦♥s✐❞❡r❛❞♦ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦

❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡s❝r✐çã♦ ❢❡✐t❛ ♣♦r ❇r❛♥❞ã♦ ❡ ❑♦s❤✲

❧✉❦♦✈✱ ❡♠ ❬✾❪✱ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡

♦r❞❡♠ ✷✱ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛s ✐♥✈♦❧✉çõ❡s tr❛♥s♣♦st❛ ❡ s✐♠♣❧ét✐❝❛✳ ◆❡st❛s ❞❡s❝r✐çõ❡s sã♦

✉s❛❞❛s ✐❞❡✐❛s ❡ r❡s✉❧t❛❞♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥♦ ❝❛♣✐t✉❧♦ ❛♥t❡r✐♦r✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ q✉✐♥t♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡s❝r✐çã♦ ❢❡✐t❛ ♣♦r ❉✐ ❱✐♥❝❡♥③♦

❡ ❑♦s❤❧✉❦♦✈✱ ❡♠ ❬✶✻❪✱ s♦❜r❡ ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ ✐♥✈♦❧✉çã♦ ❞❛s á❧❣❡❜r❛sMn(E)✱ Mk,l(E)

❡ M1,1(E) s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 0✳ Pr✐♠❡✐r❛♠❡♥t❡✱ é ❢❡✐t♦ ✉♠ ❡st✉❞♦ s♦❜r❡

❛❧❣✉♥s ❝♦♥❝❡✐t♦s q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ♥♦ ❞❡❝♦rr❡r ❞♦ ❝❛♣ít✉❧♦✱ t❛✐s ❝♦♠♦ s✉♣❡rá❧❣❡✲

❜r❛s✱ s✉♣❡r✐♥✈♦❧✉çã♦✱ ❡♥tr❡ ♦✉tr♦s✱ ❡st✉❞♦ ❡st❡ ❜❛s❡❛❞♦ ♥♦ ❛rt✐❣♦ ❬✷✹❪✳ ❊♠ s❡❣✉✐❞❛✱

❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛s á❧❣❡❜r❛s Mn(E) ❡ Mk,l(E)✱ ♣r♦✈❛♠♦s q✉❡ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❛♠♣❧❛

❞❡ ✐♥✈♦❧✉çõ❡s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ ❝♦✐♥❝✐❞❡♠ ❝♦♠ ❛s ✐❞❡♥t✐❞❛❞❡s

♦r❞✐♥ár✐❛s✳ P♦r ✜♠✱ ❝♦♥s✐❞❡r❛♠♦s ❛ á❧❣❡❜r❛ M1,1(E) ❝♦♠ ❛ ✐♥✈♦❧✉çã♦ ∗ ✐♥❞✉③✐❞❛ ♣❡❧❛

s✉♣❡r✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ ♥❛ s✉♣❡rá❧❣❡❜r❛M1,1(K) ❡ ❡①✐❜✐♠♦s ✉♠❛ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ ❛s

∗✲✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ss❛ á❧❣❡❜r❛✳ P❛r❛ ✐st♦ ❞❡t❡r♠✐♥❛♠♦s ❛❧❣✉♠❛s ∗✲✐❞❡♥t✐❞❛❞❡s

s❛t✐s❢❡✐t❛s ❡♠ (M1,1(E), ∗) ❡ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ T∗✲✐❞❡❛❧ I ❣❡r❛❞♦ ♣♦r ❡st❛s ✐❞❡♥t✐❞❛❞❡s✳

❊♠ s❡❣✉✐❞❛✱ t♦♠❛r❡♠♦s ♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ∗✲♣ró♣r✐♦s ♥❛ á❧❣❡❜r❛

r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ K〈X ∪ Y 〉/I✱ ✜①❛r❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ♣❛r❛ ❝❛❞❛ ✉♠

❞❡ss❡s ❡s♣❛ç♦s✱ ♣r♦✈❛r❡♠♦s q✉❡ ❡st❡s ♣♦❧✐♥ô♠✐♦s sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦

T∗(M1,1(E)) ❡ ❝♦♥❝❧✉✐r❡♠♦s q✉❡ I = T∗(M1,1(E))✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✶

❈♦♥❝❡✐t♦s Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❡st❛❜❡❧❡❝❡r ❛s ♥♦t❛çõ❡s✱ ♦s ❝♦♥❝❡✐t♦s

❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s ♥❡❝❡ssár✐♦s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ♥♦s ❞❡♠❛✐s ❝❛♣ít✉❧♦s ❞❡st❡ tr❛❜❛✲

❧❤♦✳ ❱❛♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❢❛❧❛r s♦❜r❡ P■✲á❧❣❡❜r❛s✱ q✉❡ é ♦ ♥♦ss♦ ♦❜❥❡t♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡

❡st✉❞♦✳ ❊♠ t♦❞♦ ♦ ❝❛♣ít✉❧♦✱ K é ✉♠ ❝♦r♣♦ q✉❛❧q✉❡r✱ charK ❞❡♥♦t❛rá ❛ ❝❛r❛❝t❡ríst✐❝❛

❞♦ ❝♦r♣♦ K ❡✱ ❛ ♠❡♥♦s q✉❡ s❡ ❞✐❣❛ ♦ ❝♦♥trár✐♦✱ t♦❞❛s ❛s á❧❣❡❜r❛s ❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s

s❡rã♦ s♦❜r❡ K✳

✶✳✶ ➪❧❣❡❜r❛

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❉❡✜♥❡✲s❡ ✉♠❛ K✲á❧❣❡❜r❛✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ á❧❣❡❜r❛✱ ❝♦♠♦ s❡♥❞♦ ✉♠

♣❛r (A; ∗)✱ ♦♥❞❡ A é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ✏∗✑ é ✉♠❛ ♦♣❡r❛çã♦ ❡♠ A q✉❡ é ✉♠❛ ❛♣❧✐❝❛çã♦

❜✐❧✐♥❡❛r✱ ♦✉ s❡❥❛✱ ∗ : A× A→ A s❛t✐s❢❛③✿

✭✐✮ a ∗ (b+ c) = a ∗ b+ a ∗ c❀

✭✐✐✮ (a+ b) ∗ c = a ∗ c+ b ∗ c❀

✭✐✐✐✮ (λa) ∗ b = a ∗ (λb) = λ(a ∗ b)✱

♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ❡ λ ∈ K✳

◆❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ✏∗✑ ❝❤❛♠❛✲s❡ ♣r♦❞✉t♦ ♦✉ ♠✉❧t✐♣❧✐❝❛çã♦✳ ❊♠ ❣❡r❛❧✱ ❞❡♥♦t❛r❡✲

♠♦s a ∗ b✱ ❝♦♠ a, b ∈ A✱ s✐♠♣❧❡s♠❡♥t❡ ♣♦r ab✳ ❉❡✜♥✐♠♦s a1a2a3 ❝♦♠♦ s❡♥❞♦ (a1a2)a3

❡✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱ a1a2 . . . an−1an ❝♦♠♦ s❡♥❞♦ (a1a2 . . . an−1)an✱ ♣❛r❛ a1, . . . , an ∈ A✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ β ❞❛ á❧❣❡❜r❛ A é ✉♠❛ ❜❛s❡ s❡ β é ✉♠❛ ❜❛s❡ ❞❡ A ❝♦♠♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ❞❡✜♥✐♠♦s ❛ ❞✐♠❡♥sã♦ ❞❡ A ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞❡ A ❝♦♠♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧✳

❉❡✜♥✐çã♦ ✶✳✶✳✷ ❯♠❛ á❧❣❡❜r❛ ❆ s❡rá ❞✐t❛✿

✭✐✮ ❆ss♦❝✐❛t✐✈❛✱ s❡ (ab)c = a(bc)✱ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A❀

✭✐✐✮ ❈♦♠✉t❛t✐✈❛✱ s❡ ab = ba✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A❀

✭✐✐✐✮ ❯♥✐tár✐❛ ✭♦✉ ❝♦♠ ✉♥✐❞❛❞❡✮✱ s❡ ❡①✐st✐r 1A ∈ A t❛❧ q✉❡ 1Aa = a1A = a✱ ♣❛r❛ t♦❞♦

a ∈ A❀

✭✐✈✮ ➪❧❣❡❜r❛ ❞❡ ▲✐❡ s❡ ✈❛❧❡♠ a2 = aa = 0 ❡ (ab)c + (bc)a + (ca)b = 0 ✭✐❞❡♥t✐❞❛❞❡

❞❡ ❏❛❝♦❜✐✮✱ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A✳ ❖❜s❡r✈❡ q✉❡ a2 = 0 ✐♠♣❧✐❝❛ q✉❡ ab = −ba✱

♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é ❛❜❡❧✐❛♥❛ s❡ ab = 0✱

♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A✳

❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ ❡ λ ∈ K✱ ✐❞❡♥t✐✜❝❛r❡♠♦s λ ❝♦♠♦ s❡♥❞♦ ♦ ❡❧❡♠❡♥t♦

λ1A ❞❡ A ❡ ♦ ❝♦r♣♦ K ❝♦♠♦ ♦ s✉❜❝♦♥❥✉♥t♦ {λ1A ; λ ∈ K} ✭s✉❜❡s♣❛ç♦ ❞❡ A ❣❡r❛❞♦

♣❡❧♦ ❡❧❡♠❡♥t♦ 1A✮✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ❞❡ á❧❣❡❜r❛s✳

❊①❡♠♣❧♦ ✶✳✶✳✸ ✭➪❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s✮ ❙❡♥❞♦ K ✉♠ ❝♦r♣♦ ❡ n ∈ N✱ ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ Mn(K) ♠✉♥✐❞♦ ❞❡ s❡✉ ♣r♦❞✉t♦ ✉s✉❛❧ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡

✭❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ In✮✳ ❉❡st❛❝❛♠♦s ♥❡st❛ á❧❣❡❜r❛ ❛s ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s Eij✱ q✉❡

♣♦ss✉❡♠ 1 ♥❛ ❡♥tr❛❞❛ ❞❛ ✐✲és✐♠❛ ❧✐♥❤❛ ❡ ❥✲és✐♠❛ ❝♦❧✉♥❛ ❡ 0 ♥❛s ❞❡♠❛✐s✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r

q✉❡ ❡❧❛s ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ Mn(K)✳ ❉❡ ♠♦❞♦ ♠❛✐s ❣❡r❛❧✱ s❡ A é ✉♠❛ á❧❣❡❜r❛✱

❝♦♥s✐❞❡r❛♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(A) ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ❝♦♠ ❡♥tr❛❞❛s

❡♠ A✳ ❖ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ❡♠Mn(A) é ❛♥á❧♦❣♦ ❛♦ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ❝♦♠ ❡♥tr❛❞❛s

❡♠ K✳ ❚❡♠♦s ❡♥tã♦ ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❡♠ Mn(A)✳

❊①❡♠♣❧♦ ✶✳✶✳✹ ✭➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✮ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ❡ V ♦ ❡s♣❛ç♦ ✈❡t♦✲

r✐❛❧ s♦❜r❡ K ❝♦♠ ❜❛s❡ {e1, e2, e3, . . .}✳ ❉❡✜♥✐♠♦s ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✭♦✉ á❧❣❡❜r❛

❡①t❡r✐♦r✮ ❞❡ V ✱ ❞❡♥♦t❛❞❛ ♣♦r E = E(V )✱ ❝♦♠♦ s❡♥❞♦ ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛

❝♦♠ ❜❛s❡

{1, ei1ei2 . . . eik ; i1 < i2 < . . . < ik; k ≥ 1},

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❛tr❛✈és ❞♦ ♣r♦❞✉t♦ ✐♥❞✉③✐❞❛ ♣❡❧❛ r❡❧❛çã♦ eiej = −ejei✱ ♣❛r❛ q✉❛✐sq✉❡r i, j ∈ N✳ ❉❡st❛✲

❝❛♠♦s ❡♠ E ♦s s✉❜❡s♣❛ç♦s✿

E(0) = 〈1E, ei1ei2 . . . eim ; m é ♣❛r✱ i1 < i2 < . . . < im〉

❡

E(1) = 〈ei1ei2 . . . eim ; m é í♠♣❛r✱ i1 < i2 < . . . < im〉✳

❈❧❛r❛♠❡♥t❡✱ E = E(0) ⊕ E(1)✳ ❯♠❛ ✈❡③ q✉❡ eiej = −ejei✱ t❡♠♦s

(ei1ei2 . . . eim)(ej1ej2 . . . ejn) = (−1)mn(ej1ej2 . . . ejn)(ei1ei2 . . . eim),

♣❛r❛ q✉❛✐sq✉❡r m,n ∈ N✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ax = xa ♣❛r❛ q✉❛✐sq✉❡r a ∈ E(0)

❡ x ∈ E✱ ❡ xy = −yx ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ E(1)✳ ◆♦t❡ q✉❡✱ s❡ charK = 2✱ ❡♥tã♦ E é

✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✳

❈♦♥s✐❞❡r❡ E ′ ♦ s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦ ♣♦r

{ei1ei2 . . . eim ; m ∈ N, i1 < i2 < . . . < im}.

❚❡♠♦s q✉❡ E ′✱ ♠✉♥✐❞♦ ❞❛ ♦♣❡r❛çã♦ ❞❡ E✱ é ✉♠❛ á❧❣❡❜r❛ ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❡①t❡r✐♦r

s❡♠ ✉♥✐❞❛❞❡✳ ❖❜s❡r✈❡ q✉❡ E ′ = E ′(0) ⊕ E(1)✱ ♦♥❞❡ E ′(0) é ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r

{ei1ei2 . . . eim ; m é ♣❛r✱ i1 < i2 < . . . < im}✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ♣❡r♠✐t❡ ♦❜t❡r ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❛ ♣❛rt✐r ❞❡ ✉♠

❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✺ ❙❡❥❛♠ A ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ β ✉♠❛ ❜❛s❡ ❞❡ A✳ ❉❛❞❛

f : β × β → A✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r · : A × A → A t❛❧ q✉❡

u1 · u2 = f(u1, u2) ♣❛r❛ q✉❛✐sq✉❡r u1, u2 ∈ β✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❛ ♣r♦✈❛ ❡♠ ❬✶✺❪✱ ♣✳✶✸✳ �

❆ss✐♠✱ ♣❛r❛ ❞❡✜♥✐r ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❡♠ A ❜❛st❛ ❞❡✜♥✐r ♦ ♣r♦❞✉t♦ ♣❛r❛

♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❜❛s❡✳ ❯♠❛ ✈❡③ ❞❡✜♥✐❞♦ ♦ ♣r♦❞✉t♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡ A é ✉♠❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (v1v2)v3 = v1(v2v3)✱ ♣❛r❛ q✉❛✐sq✉❡r v1, v2, v3 ∈ β✳

❊①❡♠♣❧♦ ✶✳✶✳✻ ✭Pr♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ á❧❣❡❜r❛s✮ ❙❡❥❛♠ A ❡ B á❧❣❡❜r❛s✳ ❘❡❝♦r✲

❞❛♠♦s q✉❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s A ❡ B✱ ❞❡♥♦t❛❞♦ ♣♦r A ⊗ B✱ é ♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣♦r {a ⊗ b ; a ∈ A, b ∈ B}✳ ❖s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ a ⊗ b sã♦

❝❤❛♠❛❞♦s ❞❡ t❡♥s♦r❡s ❡ s❛t✐s❢❛③❡♠✿

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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✭✐✮ (a1 + a2)⊗ b = (a1 ⊗ b) + (a2 ⊗ b)❀

✭✐✐✮ a⊗ (b1 + b2) = (a⊗ b1) + (a⊗ b2)❀

✭✐✐✐✮ λ(a⊗ b) = (λa)⊗ b = a⊗ (λb)✱

♣❛r❛ q✉❛✐sq✉❡r a1, a2, a ∈ A, b1, b2, b ∈ B ❡ λ ∈ K✳

➱ ✉♠ ❢❛t♦ ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦ q✉❡ s❡ β1 ❡ β2 sã♦ ❜❛s❡s ❞❡ A ❡ B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ {u ⊗ v ; u ∈ β1, v ∈ β2} é ✉♠❛ ❜❛s❡ ❞❡ A ⊗ B✳ ❙❡ V é ✉♠ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ❡ f : A × B → V é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r✲

♠❛çã♦ ❧✐♥❡❛r Tf : A⊗ B → V s❛t✐s❢❛③❡♥❞♦ Tf (a⊗ b) = f(a, b) ✭♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧

❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✮✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✶❪✱ ❈❛♣ít✉❧♦ 2✳

P❛r❛ ❞❡✜♥✐r ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❡♠ A⊗B✱ ✜①❡♠♦s ❞✉❛s ❜❛s❡s β1 ❡ β2 ❞❡ A

❡ B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❞❡✜♥❛♠♦s (u1⊗v1)(u2⊗v2) = u1u2⊗v1v2✱ ♣❛r❛ t♦❞♦ u1, u2 ∈ β1

❡ v1, v2 ∈ β2✳ ❙❡ A ❡ B sã♦ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡♥tã♦ A⊗ B✱ ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦✱

é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳ ❆❧é♠ ❞✐ss♦✱ s❡ A ❡ B sã♦ á❧❣❡❜r❛s

❝♦♠ ✉♥✐❞❛❞❡✱ ❛ ✉♥✐❞❛❞❡ ❞❛ á❧❣❡❜r❛ A⊗ B é 1A ⊗ 1B✳

❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ a, b ∈ A✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r ❞❡ a ❡ b✱

❞❡♥♦t❛❞♦ ♣♦r [a, b]✱ ❡ ♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥ ❞❡ a ❡ b✱ ❞❡♥♦t❛❞♦ ♣♦r a◦ b✱ ❝♦♠♦ s❡♥❞♦

[a, b] = ab− ba ❡ a ◦ b = (ab+ ba).

❉❡ ♠♦❞♦ ❣❡r❛❧✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ n ❝♦♠♦ s❡♥❞♦

[a1, a2, . . . , an] = [[a1, . . . , an−1], an],

♣❛r❛ ai ∈ A✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡

[ab, c] = a[b, c] + [a, c]b, ♣❛r❛ a, b, c ∈ A. ✭✶✳✶✮

❋❛③❡♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ n ♣♦❞❡♠♦s ♠♦str❛r q✉❡✿

[a1a2 . . . an, c] =
n∑

i=1

a1 . . . ai−1[ai, c]ai+1 . . . an, ✭✶✳✷✮

♣❛r❛ ❝❛❞❛ ai, c ∈ A✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✼ ❈❛s♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ s❡❥❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥ ❞❡ a ❡ b ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

a ◦ b = (1/2)(ab+ ba).

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❉❡✜♥✐çã♦ ✶✳✶✳✽ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡✿

✭✐✮ ❯♠ s✉❜❡s♣❛ç♦ B ❞❡ A é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✱ s❡ é ❢❡❝❤❛❞♦ ❝♦♠ r❡s♣❡✐t♦ ❛

♠✉❧t✐♣❧✐❝❛çã♦✱ ✐st♦ é✱ b1b2 ∈ B ♣❛r❛ q✉❛✐sq✉❡r b1, b2 ∈ B❀

✭✐✐✮ ❯♠ s✉❜❡s♣❛ç♦ I ❞❡ A é ✉♠ ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ❞❡ A s❡ AI ⊆ I ❡ IA ⊆ I✱ ♦✉ s❡❥❛✱

s❡ ax, xa ∈ I ♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ x ∈ I✳

P♦❞❡♠♦s ❞❡✜♥✐r ✐❞❡✐❛s ✉♥✐❧❛t❡r❛✐s✳ ❯♠ s✉❜❡s♣❛ç♦ I é ❞✐t♦ ✐❞❡❛❧ à ❞✐r❡✐t❛ ✭r❡s♣❡❝✲

t✐✈❛♠❡♥t❡ à ❡sq✉❡r❞❛✮ s❡ IA ⊆ I ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ AI ⊆ I✮✳

❊①❡♠♣❧♦ ✶✳✶✳✾ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❡①t❡r✐♦r E ✭❊①❡♠♣❧♦ ✶✳✶✳✹✮✳ ❉❛❞♦ k ∈ N✱ t♦♠❡✲

♠♦s ♦ s✉❜❡s♣❛ç♦ Ek ❞❡ E ❣❡r❛❞♦ ♣♦r

{1, ei1ei2 . . . eil ; i1 < i2 < . . . < il ≤ k}.

❚❡♠♦s q✉❡ Ek é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ E ❞❡ ❞✐♠❡♥sã♦ 2k ❡ é ❛ á❧❣❡❜r❛ ❡①t❡r✐♦r ❞♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ {e1, e2, . . . , ek}✳

❊①❡♠♣❧♦ ✶✳✶✳✶✵ ✭❈❡♥tr♦ ❞❡ ✉♠❛ á❧❣❡❜r❛✮ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❖

❝♦♥❥✉♥t♦

Z(A) = {a ∈ A ; ax = xa, ♣❛r❛ t♦❞♦ x ∈ A}

é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A ❝❤❛♠❛❞♦ ❞❡ ❝❡♥tr♦ ❞❡ A✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❞❛❞♦ n ∈ N✱

Z(Mn(K)) = {λIn ; λ ∈ K} ❡ q✉❡ Z(E) = E(0)✳

❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❉❡✜♥✐♠♦s ✉♠❛ r❡❧❛çã♦ ❡♠ A ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿ ❉❛❞♦s a, b ∈ A✱ a é ❞✐t♦ ❝♦♥❣r✉❡♥t❡ ❛ b ♠ó❞✉❧♦ I s❡✱ ❡ s♦♠❡♥t❡ s❡✱ a−b ∈ I✳ ❚❛❧

r❡❧❛çã♦ s❡rá ❞❡♥♦t❛❞❛ ♣♦r a ≡ b (mod I) ♦✉ a ≡I b✳ ❖ ❝♦♥❥✉♥t♦ a+ I = {a+ i ; i ∈ I}

é ❝❤❛♠❛❞♦ ❞❡ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ a ♠ó❞✉❧♦ I ❡ ♣♦❞❡ s❡r ❞❡♥♦t❛❞♦ ♣♦r ā✳

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♠ó❞✉❧♦ I ❞❡ A s❡rá r❡♣r❡s❡♥t❛❞♦ ♣♦r

A/I✳

❈♦♥s✐❞❡r❡ ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ A/I✱ ❝♦♠ ❛s ♦♣❡r❛çõ❡s s♦♠❛ ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r

❡s❝❛❧❛r ✉s✉❛✐s ✭ā + b̄ = a+ b ❡ λā = λa✱ ♣❛r❛ t♦❞♦ λ ∈ K ❡ q✉❛✐sq✉❡r a, b ∈ A✮✱

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ♦♣❡r❛çã♦ ♠✉❧t✐♣❧✐❝❛çã♦

· : A/I × A/I → A/I

(ā, b̄) → ā · b̄ = āb.

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❈♦♠♦ I é ✉♠ ✐❞❡❛❧✱ t❡♠♦s q✉❡ ❡st❛ ♦♣❡r❛çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❢❛③ ❞❡ A/I ✉♠❛

á❧❣❡❜r❛ ❝❤❛♠❛❞❛ ➪❧❣❡❜r❛ ◗✉♦❝✐❡♥t❡ ❞❡ A ♣♦r I✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✶ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ A✳ ❉❡✜♥✐✲

♠♦s✿

✭✐✮ ❙✉❜á❧❣❡❜r❛ ❞❡ A ❣❡r❛❞❛ ♣♦r S✱ ❞❡♥♦t❛❞❛ ♣♦r K(S)✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦

❞❡ t♦❞❛s ❛s s✉❜á❧❣❡❜r❛s ❞❡ A q✉❡ ❝♦♥tê♠ S ✭♦✉ S ∪ {1A}✱ ❝❛s♦ A s❡❥❛ ✉♥✐tár✐❛✮✳

✭✐✐✮ ■❞❡❛❧ ❞❡ A ❣❡r❛❞♦ ♣♦r S✱ ❞❡♥♦t❛❞♦ ♣♦r IS✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s

♦s ✐❞❡❛✐s ❞❡ A q✉❡ ❝♦♥tê♠ S✳

❈❧❛r❛♠❡♥t❡✱ ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ K(S) é ❛ ♠❡♥♦r s✉❜á❧❣❡❜r❛ ❞❡ A q✉❡ ❝♦♥té♠

S✱ ❡ ♦ ✐❞❡❛❧ ❞❡ A ❣❡r❛❞♦ ♣♦r S é ♦ ♠❡♥♦r ✐❞❡❛❧ ❞❡ A ❝♦♥t❡♥❞♦ S✳ ❙❡♥❞♦ A ✉♠❛

á❧❣❡❜r❛✱ ❞✐③❡♠♦s q✉❡ S ⊆ A ❣❡r❛ A✱ ❝♦♠♦ á❧❣❡❜r❛✱ ♦✉ é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣❛r❛

❛ á❧❣❡❜r❛ A✱ s❡ K(S) = A✳ ❆❧é♠ ❞✐ss♦✱ A é ❞✐t❛ ✉♠❛ á❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛

s❡ ❡①✐st❡ S ⊆ A✱ ✜♥✐t♦✱ t❛❧ q✉❡ K(S) = A✳ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛

❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ A✱ ♥ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ K(S) ❝♦✐♥❝✐❞❡ ❝♦♠ ♦

s✉❜❡s♣❛ç♦ ❞❡ A ❣❡r❛❞♦ ♣♦r {1, s1s2 . . . sn ; n ∈ N, si ∈ S} ❡ ♦ ✐❞❡❛❧ ❞❡ A ❣❡r❛❞♦ ♣♦r S

❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❡s♣❛ç♦ ❞❡ A ❣❡r❛❞♦ ♣♦r {asb ; a, b ∈ A, s ∈ S}✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✷ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

ϕ : A → B é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✱ s❡ ϕ(a1a2) = ϕ(a1)ϕ(a2)✱ ♣❛r❛

q✉❛✐sq✉❡r a1, a2 ∈ A✳ ❙❡ A ❡ B ♣♦ss✉❡♠ ✉♥✐❞❛❞❡✱ ❡①✐❣✐♠♦s q✉❡ ϕ(1A) = 1B✳

❈❤❛♠❛♠♦s ϕ ❞❡ ♠♦♥♦♠♦r✜s♠♦ ✭♦✉ ♠❡r❣✉❧❤♦✮ s❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥✲

❥❡t✐✈♦✱ ❞❡ ❡♣✐♠♦r✜s♠♦ s❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t✐✈♦✱ ❡ ❞❡ ✐s♦♠♦r✜s♠♦ s❡ ϕ

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❜✐❥❡t✐✈♦✳ ❉✐③❡♠♦s q✉❡ ϕ é ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❞❡ A✱ s❡ ϕ é ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ A ❡♠ A ❡ q✉❡ é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ A s❡ ϕ é ✉♠ ❡♥❞♦♠♦r✜s♠♦

❜✐❥❡t✐✈♦ ❞❡ A✳ ❉❡♥♦t❛♠♦s ♣♦r End(A) ❡ Aut(A) ♦s ❝♦♥❥✉♥t♦s ❞♦s ❡♥❞♦♠♦r✜s♠♦s ❡ ❛✉t♦✲

♠♦r✜s♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ á❧❣❡❜r❛ A✳ ◗✉❛♥❞♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ϕ : A→ B✱

❞✐③❡♠♦s q✉❡ ❛s á❧❣❡❜r❛s A ❡ B sã♦ ✐s♦♠♦r❢❛s ❡ ❞❡♥♦t❛♠♦s ♣♦r A ≃ B✳

❙❡❥❛ ϕ : A → B ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❉❡♥♦t❛♠♦s ♦ ♥ú❝❧❡♦ ❞❡ ϕ ♣♦r

Kerϕ = {a ∈ A ; ϕ(a) = 0} ❡ ❛ ✐♠❛❣❡♠ ❞❡ ϕ ♣♦r Imϕ = {ϕ(a) ; a ∈ A}✳ ➱ ❞❡ ❢á❝✐❧

✈❡r✐✜❝❛çã♦ q✉❡ Kerϕ é ✉♠ ✐❞❡❛❧ ❞❡ A ❡ ❛ Imϕ é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ B✳

❆♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ❞❡ ❤♦♠♦♠♦r✜s♠♦s✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✶✳ ➪❧❣❡❜r❛ ❆ss♦❝✐❛t✐✈❛ ▲✐✈r❡ ✷✵

❊①❡♠♣❧♦ ✶✳✶✳✶✸ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❆ ❛♣❧✐❝❛çã♦ π : A→ A/I✱

❞❡✜♥✐❞❛ ♣♦r π(a) = ā✱ é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❝❤❛♠❛❞♦ ❞❡ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳

❊①❡♠♣❧♦ ✶✳✶✳✶✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡✲

♠❡♥t♦ a ∈ A é ✐♥✈❡rtí✈❡❧ s❡ ❡①✐st❡ a−1 ∈ A t❛❧ q✉❡ aa−1 = a−1a = 1✳ ❱❛♠♦s ❞❡♥♦t❛r

♣♦r U(A) ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s ✐♥✈❡rtí✈❡✐s ❞❡ A✳ ❚♦♠❛♥❞♦ r ∈ U(A)✱ ♣♦❞❡♠♦s

❝♦♥s✐❞❡r❛r ❛ ❛♣❧✐❝❛çã♦

ζr : A → A

x → ζr(x) = r−1xr.

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❡st❛ ❛♣❧✐❝❛çã♦ é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ A✱ ❝❤❛♠❛❞♦ ❞❡ ❛✉t♦♠♦r✲

✜s♠♦ ✐♥t❡r♥♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r r✳

❊①❡♠♣❧♦ ✶✳✶✳✶✺ ❙❡❥❛ A′ ✉♠❛ á❧❣❡❜r❛ s❡♠ ✉♥✐❞❛❞❡✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

A = K ⊕ A′ = {(λ, a)|λ ∈ K, a ∈ A′}

❉❡✜♥✐♠♦s ❡♠ A ♦ s❡❣✉✐♥t❡ ♣r♦❞✉t♦ (λ1, a1)(λ2, a2) = (λ1λ2, λ1a2 + λ2a1 + a1a2)✳ ❖

❝♦♥❥✉♥t♦ A ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ✭✶✱✵✮✳ ❆

❛♣❧✐❝❛çã♦ φ : A′ → A ❞❡✜♥✐❞❛ ♣♦r φ(a) = (0, a) é ✉♠ ♠♦♥♦♠♦r✜s♠♦✳ ❉✐③❡♠♦s q✉❡ A

é ♦❜t✐❞❛ ❞❡ A′ ♣♦r ❛❞❥✉♥çã♦ ❞❛ ✉♥✐❞❛❞❡✳

✶✳✷ ➪❧❣❡❜r❛ ❆ss♦❝✐❛t✐✈❛ ▲✐✈r❡

◆❡st❛ s❡çã♦ ❝♦♥str✉✐r❡♠♦s ❛s ➪❧❣❡❜r❛s ❆ss♦❝✐❛t✐✈❛s ▲✐✈r❡s✱ ❝✉❥❛ ✐♠♣♦rtâ♥❝✐❛ ❡stá

♥♦ ❢❛t♦ ❞❡ s❡r❡♠ ♦s ❛♠❜✐❡♥t❡s ♦♥❞❡ sã♦ ✐♥tr♦❞✉③✐❞♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐✲

♥♦♠✐❛✐s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ✉t✐❧✐③❛❞♦s ❡♠ t♦❞♦ ❡st❡ tr❛❜❛❧❤♦✳ ❈♦♠❡ç❛r❡♠♦s ❝♦♠ ❛

❞❡✜♥✐çã♦ ❞❡ ➪❧❣❡❜r❛s ▲✐✈r❡s✳

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❙❡❥❛ B ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s ❡ F ∈ B ✉♠❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r

✉♠ ❝♦♥❥✉♥t♦ X ⊆ F ✳ ❆ á❧❣❡❜r❛ F é ❞✐t❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ B✱ s❡ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡

♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿ ♣❛r❛ ❝❛❞❛ á❧❣❡❜r❛ A ∈ B ❡ ❝❛❞❛ ❛♣❧✐❝❛çã♦ h : X −→ A

❡①✐st✐r ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ F → A ❡st❡♥❞❡♥❞♦ h✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ F é

❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ |X| ❞♦ ❝♦♥❥✉♥t♦ X

s❡rá ❝❤❛♠❛❞❛ ❞❡ ♣♦st♦ ❞❡ F ✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✶✳ ➪❧❣❡❜r❛ ❆ss♦❝✐❛t✐✈❛ ▲✐✈r❡ ✷✶

❊①❡♠♣❧♦ ✶✳✷✳✷ ❆ á❧❣❡❜r❛ ✉♥✐tár✐❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❛ss♦❝✐❛t✐✈♦s ❡ ❝♦♠✉t❛t✐✈♦ ♥❛s ✈❛✲

r✐á✈❡✐s x1, . . . , xn✱ ❞❡♥♦t❛❞❛ ♣♦rK[x1, . . . , xn]✱ é ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X = {x1, . . . , xn}✳

❙❡❥❛♠ ❆ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛s✱ ❝♦♠✉t❛t✐✈❛s ❡ ✉♥✐tár✐❛s✱ ai ∈ A ❡ ❛ ❛♣❧✐❝❛çã♦ ϕ :

X → A✱ ϕ(xi) = ai✳ ❖ ❤♦♠♦♠♦r✜s♠♦ φ : K[x1, . . . , xn] → A ❞❛❞♦ ♣♦r φ(f(x1, . . . , xn)) =

f(a1, . . . , an) ❡st❡♥❞❡ ϕ✳ P♦rt❛♥t♦✱ K[x1, . . . , xn] é ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦

❝♦♥❥✉♥t♦ X ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✱ ❝♦♠✉t❛t✐✈❛s ❡ ✉♥✐tár✐❛s✳

❆❣♦r❛ ❝♦♥str✉✐r❡♠♦s ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

✉♥✐tár✐❛s✳ ❆ ♠❡♥♦s ❞❡ ♠❡♥çã♦ ❝♦♥trár✐❛✱ ❛s á❧❣❡❜r❛s ❝♦♥s✐❞❡r❛❞❛s s❡rã♦ ❛ss♦❝✐❛t✐✈❛s

❝♦♠ ✉♥✐❞❛❞❡✳

❙❡❥❛X = {x1, x2, . . .} ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❡ ❡♥✉♠❡rá✈❡❧ ❝✉❥♦s ❡❧❡♠❡♥t♦s ✐r❡♠♦s

❝❤❛♠❛r ❞❡ ✈❛r✐á✈❡✐s ♥ã♦ ❝♦♠✉t❛t✐✈❛s✳ ❉❡✜♥✐♠♦s ✉♠❛ ♣❛❧❛✈r❛ ❡♠ X ❞❡ ❝♦♠♣r✐♠❡♥t♦

n ∈ N ❝♦♠♦ s❡♥❞♦ ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ xi1xi2 . . . xin ❡ xij ∈ X✳ ◗✉❛♥❞♦ n = 0✱ ✈❛♠♦s

❝❤❛♠❛r ❡st❛ ♣❛❧❛✈r❛ ❞❡ ♣❛❧❛✈r❛ ✈❛③✐❛✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r ✶✳ ❉✐③❡♠♦s q✉❡ ❞✉❛s

♣❛❧❛✈r❛s xi1xi2 . . . xin ❡ xj1xj2 . . . xjm sã♦ ✐❣✉❛✐s s❡ n = m ❡ i1 = j1✱ i2 = j2, . . . , in = jn✳

❈♦♥s✐❞❡r❡♠♦s K〈X〉 ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❡ t❡♠ ❝♦♠♦ ❜❛s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s

♣❛❧❛✈r❛s ❡♠ X✳ ❚❛❧ ❡s♣❛ç♦ ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✭❝❤❛♠❛❞♦ ❞❡ ❝♦♥❝❛t❡♥❛çã♦✮

(xi1xi2 . . . xin)(xj1xj2 . . . xjm) = xi1xi2 . . . xinxj1xj2 . . . xjm

é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛ ❡ X ❣❡r❛ K〈X〉 ❝♦♠♦ á❧❣❡❜r❛✳

❖s ❡❧❡♠❡♥t♦s ❞❡ K〈X〉✱ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✱ sã♦ s♦♠❛s ✭❢♦r♠❛✐s✮ ❞❡

t❡r♠♦s ✭♦✉ ♠♦♥ô♠✐♦s✮ q✉❡ ♣♦r s✉❛ ✈❡③ sã♦ ♣r♦❞✉t♦s ✭❢♦r♠❛✐s✮ ❞❡ ✉♠ ❡s❝❛❧❛r ♣♦r ✉♠❛

♣❛❧❛✈r❛ ❡♠ X✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸ ❆ á❧❣❡❜r❛ K〈X〉 é ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X ♥❛ ❝❧❛ss❡ ❞❛s

á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ❡ h : X → A ✉♠❛

❛♣❧✐❝❛çã♦ q✉❛❧q✉❡r✳ P❛r❛ ❝❛❞❛ i ∈ N✱ ❞❡♥♦t❛r❡♠♦s ♣♦r ai ❛ ✐♠❛❣❡♠ ❞❡ xi ♣♦r h✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ϕh : K〈X〉 → A t❛❧ q✉❡ ϕh(1) = 1A ❡

ϕh(xi1xi2 . . . xin) = ai1ai2 . . . ain ✳ ❚❡♠♦s q✉❡ ϕh é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡

é ♦ ú♥✐❝♦ s❛t✐s❢❛③❡♥❞♦ ϕh|X = h✳ �

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✶✳ ➪❧❣❡❜r❛ ❊♥✈♦❧✈❡♥t❡ ✷✷

❖❜s❡r✈❛çã♦ ✶✳✷✳✹ ❆ ✐♠❛❣❡♠ ❞❡ f(x1, x2, . . . , xn) ♣❡❧♦ ❤♦♠♦♠♦r✜s♠♦ ϕh s❡rá ❞❡♥♦✲

t❛❞❛ ♣♦r f(a1, a2, . . . , an)✱ ♦✉ s❡❥❛✱ ♦ ❡❧❡♠❡♥t♦ f(a1, a2, . . . , an) é ♦❜t✐❞♦ ♣❡❧❛ s✉❜st✐t✉✐✲

çã♦ ❞❛s ✈❛r✐á✈❡✐s x1, x2, . . . , xn ♣❡❧♦s ❡❧❡♠❡♥t♦s a1, a2, . . . , an ♥♦ ♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛t✐✈♦

f(x1, x2, . . . , xn)✳

✶✳✸ ➪❧❣❡❜r❛ ❊♥✈♦❧✈❡♥t❡

❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ P♦❞❡♠♦s ♦❜t❡r ✉♠❛ ♥♦✈❛ á❧❣❡❜r❛ A(−) ♠✉♥✐❞❛

❞♦ ♣r♦❞✉t♦ [a1, a2] = a1a2 − a2a1✳ ❈♦♠ ❡st❡ ♣r♦❞✉t♦ A(−) é ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❉✐r❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A é ✉♠❛ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡

♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ L✱ s❡ L é ✐s♦♠♦r❢❛ ❛ ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A(−)✳

❊①❡♠♣❧♦ ✶✳✸✳✷ ❙❡❥❛ L ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♠ ❜❛s❡ {u, v} t❛❧ q✉❡ u ∗ v = v✳ ❆

á❧❣❡❜r❛ M2(K) é ✉♠❛ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ L✱ ♣♦✐s ❛ s✉❜á❧❣❡❜r❛ M2(K)(−) ❣❡r❛❞❛ ♣♦r

{E11, E12} é ✐s♦♠♦r❢❛ ❛ L✳

❉❡✜♥✐çã♦ ✶✳✸✳✸ ❙❡❥❛ L ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❉✐③❡♠♦s q✉❡ ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛

U = U(L) é ✉♠❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ ❞❡ L✱ s❡ L é ✉♠❛ s✉❜á❧❣❡❜r❛

❞❡ U (−) ❡ U s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛ ❛ss♦❝✐✲

❛t✐✈❛ A ❡ q✉❛❧q✉❡r ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ φ : L → A(−) ❡①✐st❡ ✉♠ ú♥✐❝♦

❤♦♠♦♠♦r✜s♠♦ ψ : U(L) → A q✉❡ ❡st❡♥❞❡ φ✳

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s s❡rã♦ út❡✐s ♣❛r❛ ♦ ❈❛♣ít✉❧♦ ✷✱ ♣r❡❝✐s❛♠❡♥t❡ ♣❛r❛ ❛ s❡çã♦

✷✳✹✳

▲❡♠❛ ✶✳✸✳✹ ❙❡ U1 ❡ U2 sã♦ á❧❣❡❜r❛s ✉♥✐✈❡rs❛✐s ❡♥✈♦❧✈❡♥t❡s ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ L✱ ❡♥tã♦

U1 ≃ U2✳

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♥❞♦ q✉❡ U1 ❡ U2 sã♦ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✭♣♦r ❞❡✜♥✐çã♦✮✱ ♣♦✲

❞❡♠♦s ❝♦♥s✐❞❡r❛r φ1 : L→ U1
(−) ❡ φ2 : L→ U2

(−) ♦s ❤♦♠♦♠♦r✜s♠♦s ✐♥❝❧✉sõ❡s✳ ❈❧❛r❛✲

♠❡♥t❡✱ φ1 ❡ φ2 sã♦ ❤♦♠♦♠♦r✜s♠♦s ❞❡ ▲✐❡ ❡ ♣♦❞❡♠♦s t♦♠❛r ψ1 : U2 → U1 ❡ ψ2 : U1 → U2

❛s ❡①t❡♥sõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ (ψ1 ◦ψ2)(x) = ψ1(x) = x✱ ♣❛r❛ q✉❛✐s✲

q✉❡r x ∈ L✳ P♦rt❛♥t♦✱ ψ1 ◦ ψ2 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❡ ❡st❡♥❞❡ ❛ ✐❞❡♥t✐❞❛❞❡ ❡ ❛ss✐♠

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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ψ1 ◦ψ2 = IdU1 ✳ ❉❡ ♠♦❞♦ t♦t❛❧♠❡♥t❡ ❛♥á❧♦❣♦ ♦❜t❡♠♦s ψ2 ◦ψ1 = IdU2 ❡ ❝♦♥❝❧✉í♠♦s q✉❡

U1 ≃ U2✳ �

❚❡♦r❡♠❛ ✶✳✸✳✺ ✭P♦✐♥❝❛ré✲❇✐r❦♦✛✲❲✐tt✮ ❚♦❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ L ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛

✭❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✮ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ U = U(L)✳ ❙❡ L é ✉♠ á❧❣❡❜r❛

❞❡ ▲✐❡ ❡ ♦ ❝♦♥❥✉♥t♦ {ei ; i ∈ I} é ✉♠❛ ❜❛s❡ ❞❡ L ♦r❞❡♥❛❞❛ ♣♦r ✉♠❛ ♦r❞❡♠ ♥♦ ❝♦♥❥✉♥t♦

❞♦s í♥❞✐❝❡s I✱ ❡♥tã♦ U(L) t❡♠ ✉♠❛ ❜❛s❡ ❞❛❞❛ ♣♦r

{ei1 . . . eip ; i1 ≤ . . . ≤ ip, p = 0, 1, . . .}

♦♥❞❡ p = 0 ♥♦s ❞á ❛ ✉♥✐❞❛❞❡ ❞❡ U(L)✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❛ ♣r♦✈❛ ❡♠ ❬✶✾❪✱ ♣✳✶✶✳ �

❚❡♦r❡♠❛ ✶✳✸✳✻ ✭❲✐tt✮ ❆ s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ L(X) ❞❡ K〈X〉(−) ❣❡r❛❞❛ ♣♦r X é ❧✐✈r❡

♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❝♦♠ X ❝♦♠♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❧✐✈r❡s✳ ❆❧é♠ ❞✐ss♦✱

U(L(X)) = K〈X〉✳

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡ ♠♦str❛r❡♠♦s q✉❡ L(X) é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s

❞❡ ▲✐❡✳ ❈♦♥s✐❞❡r❡ G ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❡ ❛ ❛♣❧✐❝❛çã♦ h : X → G✱ ❞❛❞❛ ♣♦r

h(xi) = gi✳ ❙❡❥❛♠ A = U(G) ❡ ❛ ❤♦♠♦♠♦r✜s♠♦ ✐♥❝❧✉sã♦ G →֒ A✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

♦ ❤♦♠♦♠♦r✜s♠♦ ϕ : K〈X〉 → A q✉❡ ❡st❡♥❞❡ h✳ ❖❜t❡♠♦s ❡♥tã♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦

ϕ̃ : K〈X〉(−) → A(−) ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r φ : L(X) → A(−) ❛ r❡s✲

tr✐çã♦ ❞❡ ϕ̃ à L(X)✳ ◆♦t❡ q✉❡ φ(xi) = gi ❡ X = {xi ; i ∈ I⑥ ❣❡r❛ L(X)✳ P♦rt❛♥t♦✱

φ(L(X)) ⊆ G ❡ ♦❜t❡♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ̃ : L(X) → G✱ ❝♦♠ φ̃(xi) = gi✳

▼♦str❛r❡♠♦s✱ ❛❣♦r❛✱ q✉❡ U(L(X)) = K〈X〉✳ ➱ ✐♠❡❞✐❛t♦ q✉❡ L(X) ⊆ K〈X〉✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ φ : L(X) → A(−) é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✱ ♦♥❞❡

A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❙❡❥❛ ϕ : K〈X〉 → A ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡

ϕ(xi) = φ(xi) = ai✱ i ∈ I✳ ❈♦♠♦ ϕ(xi) = φ(xi) ♣❛r❛ t♦❞♦ xi ∈ X ❡ X ❣❡r❛ L(X)✱

t❡♠♦s q✉❡ ϕ é ú♥✐❝♦ q✉❡ ❡st❡♥❞❡ φ✳ P♦rt❛♥t♦✱ U(L(X)) = K〈X〉✳ �

✶✳✹ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s

❙❡❥❛♠ X = {x1, x2, . . .} ❡ K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❝♦♠ ✉♥✐❞❛❞❡ ❧✐✈r❡✲

♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❉❡✜♥✐çã♦ ✶✳✹✳✶ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ f = f(x1, x2, . . . , xn) ∈ K〈X〉✳

❉✐③❡♠♦s q✉❡ f = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A ✭♦✉ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

♦r❞✐♥ár✐❛ ❞❡ A✮ s❡ f(a1, . . . , an) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , an ∈ A✳ ◆❡st❡ ❝❛s♦✱

❞✐r❡♠♦s q✉❡ A s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ f(x1, . . . , xn)✳

➱ ✐♠❡❞✐❛t♦ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f = 0 ✭♣♦❧✐♥ô♠✐♦ ♥✉❧♦✮ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛ A✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✷ ❈♦♥s✐❞❡r❡ f(x1, x2, . . . , xn) ∈ K〈X〉✳ ❊♥tã♦ f = f(x1, x2, . . . , xn)

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f ♣❡rt❡♥❝❡ ❛♦s ♥ú❝❧❡♦s ❞❡ t♦❞♦s ♦s

❤♦♠♦♠♦r✜s♠♦s ❞❡ K〈X〉 ❡♠ A✳

❉❡✜♥✐çã♦ ✶✳✹✳✸ ❙❡ A s❛t✐s❢❛③ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ f 6= 0✱ ❞✐③❡♠♦s q✉❡ A é

✉♠❛ P■✲á❧❣❡❜r❛✳

❉❡♥♦t❛r❡♠♦s ♣♦r T (A) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A✳

❙❡♥❞♦ A ❡ B á❧❣❡❜r❛s✱ ❞✐③❡♠♦s q✉❡ A ❡ B sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s s❡ T (A) = T (B)✳

❊①❡♠♣❧♦ ✶✳✹✳✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✳ ❊♥tã♦✱ [x1, x2] ∈ K〈X〉 é ✉♠❛ ✐❞❡♥✲

t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t♦❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ é ✉♠❛ P■✲á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✹✳✺ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❞✐❣❛♠♦s

dimA < n✳ ❊♥tã♦ A s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞ ❞❡ ❣r❛✉ n

sn(x1, . . . , xn) =
∑

σ∈Sn

(−1)σxσ(1) . . . xσ(n),

♦♥❞❡ Sn é ♦ ❣r✉♣♦ s✐♠étr✐❝♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❡ {1, 2, . . . , n} ❡ (−1)σ é ♦ s✐♥❛❧ ❞❛

♣❡r♠✉t❛çã♦ σ ∈ Sn✳ ❆ss✐♠✱ t♦❞❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ✉♠❛ P■✲á❧❣❡❜r❛✳ ❊♠

♣❛rt✐❝✉❧❛r✱ Mn(K) é ✉♠❛ P■✲á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✹✳✻ ✭❚❡♦r❡♠❛ ❆♠✐sts✉r✲▲❡✈✐t③❦✐✮ ❆ á❧❣❡❜r❛ Mn(K) ❞❛s ♠❛tr✐③❡s ❞❡

♦r❞❡♠ n s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞ ❞❡ ❣r❛✉ 2n✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ❬✷✵❪✱ ♣á❣✳

✶✻✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✶✳ ❱❛r✐❡❞❛❞❡s ❞❡ ➪❧❣❡❜r❛ ❡ ➪❧❣❡❜r❛s ❘❡❧❛t✐✈❛♠❡♥t❡ ▲✐✈r❡s ✷✺

✶✳✺ ❱❛r✐❡❞❛❞❡s ❞❡ ➪❧❣❡❜r❛ ❡ ➪❧❣❡❜r❛s ❘❡❧❛t✐✈❛♠❡♥t❡

▲✐✈r❡s

❉❡✜♥✐çã♦ ✶✳✺✳✶ ❙❡❥❛ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ K〈X〉✳ ❆ ❝❧❛ss❡ V ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s q✉❡

tê♠ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ S ❝♦♠♦ ✐❞❡♥t✐❞❛❞❡s é ❝❤❛♠❛❞❛ ❞❡ ✈❛r✐❡❞❛❞❡ ✭❞❡ á❧❣❡❜r❛s

❛ss♦❝✐❛t✐✈❛s✮ ❞❡✜♥✐❞❛ ♣♦r S✳

❉❡✜♥✐çã♦ ✶✳✺✳✷ ❯♠ ✐❞❡❛❧ I ❞❡ K〈X〉 é ✉♠ T ✲✐❞❡❛❧ s❡ é ✐♥✈❛r✐❛♥t❡ ♣♦r t♦❞♦s ♦s ❡♥✲

❞♦♠♦r✜s♠♦s ❞❡ K〈X〉✱ ♦✉ s❡❥❛✱ ϕ(I) ⊆ I✱ ♣❛r❛ t♦❞♦ ϕ ∈ End(K〈X〉)✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✸ ❙❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❡♥tã♦ T (A) é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✳ ❘❡❝✐♣r♦✲

❝❛♠❡♥t❡✱ s❡ I é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ á❧❣❡❜r❛ B t❛❧ q✉❡ T (B) = I✳

❉❡♠♦♥str❛çã♦✿ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ T (A) é ✉♠ ✐❞❡❛❧ ❞❡ K〈X〉✳ ❘❡st❛ ♠♦str❛r

q✉❡ T (A) é ✐♥✈❛r✐❛♥t❡ ♣♦r t♦❞♦ ❡♥❞♦♠♦r✜s♠♦ ❞❡ K〈X〉✳ ❚♦♠❡♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡

f = f(x1, . . . , xn) ∈ T (A) ❡ ϕ ∈ End(K〈X〉)✳ ◆♦t❡ q✉❡ s❡ ψ : K〈X〉 → A é ✉♠

❤♦♠♦♠♦r✜s♠♦ q✉❛❧q✉❡r ❞❡ á❧❣❡❜r❛s✱ ❡♥tã♦ ψ(ϕ(f)) = (ψ ◦ ϕ)(f) = 0✱ ♣♦✐s

ψ ◦ ϕ : K〈X〉 → A

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡ f ∈ T (A)✳ P♦rt❛♥t♦✱ ϕ(f) ∈ Kerψ ❡ ❞❡st❡ ♠♦❞♦

ϕ(f) ∈ T (A)✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❛❞♦ I ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ ❝♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡

B = K〈X〉/I ❡ ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ π : K〈X〉 → K〈X〉/I✳ ❙❡ f ∈ T (B)✱ ❡♥tã♦

f ∈ Kerπ✳ ❈♦♠♦ Kerπ = I✱ t❡♠♦s q✉❡ T (B) ⊆ I✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ f(x1, . . . , xn) ∈ I

❡ g1, . . . , gn ∈ K〈X〉✱ ❡♥tã♦ f(g1, . . . , gn) ∈ I ❡ ❞❛í f(ḡ1, . . . , ḡn) = f(g1, . . . , gn) = 0̄✳

❆ss✐♠✱ I ⊆ T (B) ❡ ❞✐ss♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ T ✲✐❞❡❛✐s ❛✐♥❞❛

é ✉♠ T ✲✐❞❡❛❧✳ P♦rt❛♥t♦✱ ❞❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ S q✉❛❧q✉❡r ❞❡ K〈X〉✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

♦ T ✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r ❙✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r 〈S〉T ✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡

t♦❞♦s ♦s T ✲✐❞❡✐❛s ❞❡ K〈X〉 q✉❡ ❝♦♥tê♠ S✳ ❆ss✐♠✱ 〈S〉T é ♦ ♠❡♥♦r T ✲✐❞❡❛❧ ❞❡ K〈X〉

❝♦♥t❡♥❞♦ S✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✹ 〈S〉T é ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r

{h1f(g1, . . . , gn)h2 ; h1, h2, g1, . . . gn ∈ K〈X〉 ❡ f ∈ S}.

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✶✳ ❱❛r✐❡❞❛❞❡s ❞❡ ➪❧❣❡❜r❛ ❡ ➪❧❣❡❜r❛s ❘❡❧❛t✐✈❛♠❡♥t❡ ▲✐✈r❡s ✷✻

❙❡ V é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s✳ ❉❡✜♥✐♠♦s ♦ T ✲✐❞❡❛❧ ❞❛ ✈❛r✐❡❞❛❞❡ V ✱ ❞❡♥♦t❛❞♦

♣♦r T (V)✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s T ✲✐❞❡❛✐s T (A) ❝♦♠ A ∈ V ✳ ❆ ✈❛r✐❡❞❛❞❡

❞❡ á❧❣❡❜r❛s ❞❡✜♥✐❞❛ ♣♦r T (V) é ❝❤❛♠❛❞❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣♦r V ❡ ❞❡♥♦t❛❞❛ ♣♦r

var(V)✳ ❙❡ V = {A}✱ ❡♥tã♦ ❞❡♥♦t❛♠♦s var(V) s✐♠♣❧❡s♠❡♥t❡ ♣♦r var(A)✳ ❖❜s❡r✈❡ q✉❡

❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r S é ✐❣✉❛❧ à ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r 〈S〉T ✳

❊①❡♠♣❧♦ ✶✳✺✳✺ ❆ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s é ✉♠❛ ✈❛r✐❡❞❛❞❡✱ ❞❡✜♥✐❞❛

♣❡❧♦ s✉❜❝♦♥❥✉♥t♦ S = {0} ❞❡ K〈X〉✳

❊①❡♠♣❧♦ ✶✳✺✳✻ ❆ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡ ❝♦♠✉t❛t✐✈❛s é ✉♠❛ ✈❛r✐✲

❡❞❛❞❡✱ ❞❡✜♥✐❞❛ ♣❡❧♦ s✉❜❝♦♥❥✉♥t♦ S = {[x1, x2]} ❞❡ K〈X〉✳

❉❡✜♥✐çã♦ ✶✳✺✳✼ ❙❡❥❛ V ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ F ∈ V

é ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ V s❡ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ Y ✭❡♥✉♠❡rá✈❡❧✮

❣❡r❛❞♦r ❞❡ F t❛❧ q✉❡ ♣❛r❛ t♦❞❛ á❧❣❡❜r❛ A ∈ V ❡ t♦❞❛ ❛♣❧✐❝❛çã♦ ρ : Y → A ❡①✐st❡ ✉♠

ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ϕ : F → A q✉❡ ❡st❡♥❞❡ ρ✳ F é ❡♥tã♦ ❞✐t❛ s❡r ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛

♣♦r Y ✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ Y é ❝❤❛♠❛❞❛ ♣♦st♦ ❞❡ F ✳

❊①❡♠♣❧♦ ✶✳✺✳✽ K〈X〉 é r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X✱ ♥❛ ✈❛r✐❡❞❛❞❡

V = V({0})✳

❖ t❡♦r❡♠❛ s❡❣✉✐♥t❡ ❝❛r❛❝t❡r✐③❛ ❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❡♠ q✉❛❧q✉❡r ✈❛✲

r✐❡❞❛❞❡✳

❚❡♦r❡♠❛ ✶✳✺✳✾ ❙❡❥❛ V ❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❞❡✜♥✐❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦

S = {fi ; i ∈ I} ⊆ K〈X〉✳ ❙❡ Y é ✉♠ ❝♦♥❥✉♥t♦ ✭♥ã♦ ✈❛③✐♦✮ ❡ 〈S〉T é ♦ T ✲✐❞❡❛❧ ❞❡ K〈Y 〉✱

❡♥tã♦ A = K〈Y 〉/〈S〉T é ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ V✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛

♣♦r Y = {y = y+ 〈S〉T ; y ∈ Y }✳ ❆❧é♠ ❞✐ss♦✱ ❞✉❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❡♠ V

❞❡ ♠❡s♠♦ ♣♦st♦ sã♦ ✐s♦♠♦r❢❛s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ fi(x1, . . . , xn) ∈ S ❡ ḡ1, ḡ2, . . . , ḡn ❡❧❡♠❡♥t♦s ❛r❜✐trár✐♦s ❞❡ A✱

♦♥❞❡ ḡj = gj + 〈S〉T ✱ ❝♦♠ gj ∈ K〈Y 〉✳ ❊♥tã♦✱ fi(ḡ1, ḡ2, . . . , ḡn) = fi(g1, g2, . . . , gn) = 0̄

❡♠ A✱ ✉♠❛ ✈❡③ q✉❡ fi(g1, g2, . . . , gni
) ∈ 〈S〉T ✳ ▲♦❣♦✱ A ∈ V ✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✶✳ ❚✲❡s♣❛ç♦s ❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ✷✼

❘❡st❛ ♣r♦✈❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ ❆✳ ❙❡❥❛ R ∈ V ❡ φ : Y → R ✉♠❛

❛♣❧✐❝❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦

θ : Y → R

y → θ(y) = φ(ȳ).

❙❡❥❛ θ1 : K〈Y 〉 → R ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s q✉❡ ❡st❡♥❞❡ θ✳ ❈♦♠♦ S ⊆ T (R) ❡

❞❛í 〈S〉T ⊆ Kerθ1✱ t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦

θ̄1 : A → R

ḡ → θ̄(ḡ) = φ(ḡ),

é ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ♦ ú♥✐❝♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s q✉❡ ❡st❡♥❞❡ φ✳

❙✉♣♦♥❤❛ ❛❣♦r❛ A1 ❡ A2 r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❡♠ V ✱ ❝♦♠ ❝♦♥❥✉♥t♦s ❣❡r❛❞♦r❡s ❧✐✈r❡s

Y1 ❡ Y2 ❞❡ ♠❡s♠❛ ❝❛r❞✐♥❛❧✐❞❛❞❡✳ ❙❡❥❛♠ g : Y1 → Y2 ❜✐❥❡t♦r❛✱ g ❡ g−1 s❡ ❡st❡♥❞❡♥❞♦ ❛♦s

❤♦♠♦♠♦r✜s♠♦s ϕ1 : A1 → A2 ❡ ϕ2 : A2 → A1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❛í✱ (ϕ1◦ϕ2)(y2) = y2

❡ (ϕ2 ◦ ϕ1)(y1) = y1✱ ♣❛r❛ q✉❛✐sq✉❡r y1 ∈ Y1 ❡ y2 ∈ Y2✳ ▲♦❣♦✱ ϕ1 = ϕ−1
2 ✳ �

✶✳✻ ❚✲❡s♣❛ç♦s ❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ Z(A) ♦ ❝❡♥tr♦ ❞❡ A✳

❉❡✜♥✐çã♦ ✶✳✻✳✶ ❉✐③❡♠♦s q✉❡ f = f(x1, . . . , xn) ∈ K〈X〉 é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥✲

tr❛❧ ♣❛r❛ A s❡ f t❡♠ t❡r♠♦ ❝♦♥st❛♥t❡ ♥✉❧♦ ❡ f(a1, . . . , an) ∈ Z(A)✱ ♣❛r❛ q✉❛✐sq✉❡r

a1, . . . , an ∈ A✳ ❉❡♥♦t❛r❡♠♦s ♣♦r C(A) ⊆ K〈X〉 ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s

❝❡♥tr❛✐s ❞❡ A✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✷ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❛ ❞❡✜♥✐çã♦✱ ❞✐③❡r q✉❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧

♣❛r❛ A s✐❣♥✐✜❝❛ ❞✐③❡r q✉❡ [f, g] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A✱ ♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦

g ∈ K〈X〉✳ ❙❡❣✉❡ q✉❡ s❡ ❞✉❛s á❧❣❡❜r❛s sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✱ ❡♥tã♦ ❡❧❛s tê♠ ❡①❛t❛♠❡♥t❡

♦s ♠❡s♠♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s✳

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s✿

❊①❡♠♣❧♦ ✶✳✻✳✸ ❆s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A sã♦ ❝❧❛r❛♠❡♥t❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s✳

❈❤❛♠❛♠♦s ❡ss❡s ♣♦❧✐♥ô♠✐♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s tr✐✈✐❛✐s✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❊①❡♠♣❧♦ ✶✳✻✳✹ ❙❡❥❛ A =M2(K)✳ ❊♥tã♦ f(x1, x2) = [x1, x2]
2 é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧

♥ã♦ tr✐✈✐❛❧ ❞❡ A✳

❊①❡♠♣❧♦ ✶✳✻✳✺ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ q✉❛❧q✉❡r ❡ E ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s♦❜r❡ K✳

❚❡♠♦s q✉❡ f(x1, x2) = [x1, x2] é ✉♠ ❡①❡♠♣❧♦ ❞❡ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ E✳ ◆♦ ❝❛s♦ ❞❡

charK = p > 0✱ t❡♠♦s q✉❡ g(x) = xp é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ E✳

❉❡✜♥✐çã♦ ✶✳✻✳✻ ❯♠ s✉❜❡s♣❛ç♦ V ❞❡ K〈X〉 é ❞✐t♦ s❡r ✉♠ ❚✲❡s♣❛ç♦ s❡ ϕ(V ) ⊆ V ✱

♣❛r❛ t♦❞♦ ϕ ∈ End(K〈X〉)✳

➱ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ q✉❡ ❞❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ {gi ; i ∈ N} ❞❡ K〈X〉✱ ❡①✐st❡ ✉♠

ú♥✐❝♦ ❡♥❞♦♠♦r✜s♠♦ ϕ ❞❡ K〈X〉 t❛❧ q✉❡ ϕ(xi) = gi✱ ♣❛r❛ t♦❞♦ i ∈ N✳ ❆ss✐♠✱ ❞✐③❡r q✉❡

V é ✉♠ T ✲❡s♣❛ç♦ ❞❡ K〈X〉 s✐❣♥✐✜❝❛r ❞✐③❡r q✉❡ V é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉✱ t❛❧ q✉❡

f(g1, . . . , gn) ∈ V ✱ ♣❛r❛ q✉❛✐sq✉❡r f(x1, . . . , xn) ∈ V ❡ g1, . . . , gn ∈ K〈X〉✳

❊①❡♠♣❧♦ ✶✳✻✳✼ ❚♦❞♦ T ✲✐❞❡❛❧ ❞❡ K〈X〉 é ✉♠ T ✲❡s♣❛ç♦✳ ❖ ❝♦r♣♦ K é t❛♠❜é♠ ✉♠

❡①❡♠♣❧♦ ❞❡ T ✲❡s♣❛ç♦ ❞❡ K〈X〉✳

P♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ T ✲❡s♣❛ç♦s ❛✐♥❞❛ é

✉♠ T ✲❡s♣❛ç♦✳ ❆ss✐♠✱ ❞❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ S ❞❡ K〈X〉✱ ♣♦❞❡♠♦s ❞❡✜♥✐r V = V (S)✱ ♦

T ✲❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r S✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s ❚✲❡s♣❛ç♦s

q✉❡ ❝♦♥té♠ S✱ ♦✉ s❡❥❛✱ V (S) é ♦ ♠❡♥♦r ❚✲❡s♣❛ç♦ q✉❡ ❝♦♥té♠ S✳ ❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦

♥♦s ❞❛rá ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ T ✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦✳

Pr♦♣♦s✐çã♦ ✶✳✻✳✽ ❙❡ S ⊆ K〈X〉 ❡ V = V (S)✱ ❡♥tã♦ V é ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦

♣♦r

{f(g1, . . . , gn) ; f ∈ S, g1, . . . , gn ∈ K〈X〉}

❉❡♠♦♥str❛çã♦✿ ❈♦♠❡❝❡♠♦s ♦❜s❡r✈❛♥❞♦ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡✜♥✐❞♦ ❛❝✐♠❛ é ❡①❛t❛♠❡♥t❡

✐❣✉❛❧ ❛

(EndK〈X〉)(S) = {ϕ(f) ; ϕ ∈ End(K〈X〉)ef ∈ S}.

❙❡❥❛ V1 ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r (EndK〈X〉)(S)✳ ❈♦♠♦ S ⊆ V s❡❣✉❡ q✉❡

ϕ(S) ⊆ V ✱ ♣❛r❛ t♦❞♦ ϕ ∈ EndK〈X〉✳ ▲♦❣♦ (EndK〈X〉)(S) ⊆ V ❡ ♣♦rt❛♥t♦ V1 ⊆ V ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ψ(g) ∈ (EndK〈X〉)(S)✱ ♣❛r❛ t♦❞♦ ψ ∈ EndK〈X〉 ❡ ♣❛r❛

t♦❞♦ g ∈ S s❡❣✉❡ q✉❡ V1 é ✉♠ ❚✲❡s♣❛ç♦ ❝♦♠ S ⊆ V1✳ ❈♦♥❝❧✉í♠♦s ❡♥tã♦ q✉❡ V ⊆ V1✱ ♦

q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳ �

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❖❜s❡r✈❛çã♦ ✶✳✻✳✾ ❙❡❥❛♠ S ⊆ K〈X〉 ❡ J ♦ T ✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S✳ ❚♦♠❛♥❞♦

S1 = {xn+1f(x1, . . . , xn)xn+2 ; f ∈ S}

t❡♠♦s q✉❡ J é ❡①❛t❛♠❡♥t❡ ♦ T ✲❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r S1✳ ❆ss✐♠✱ ❛ ♣❛rt✐r ❞❡ ✉♠❛

❜❛s❡ ❞❡ ✉♠ T ✲✐❞❡❛❧ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ ❝❛♣❛③ ❞❡ ❣❡rá✲❧♦ ❝♦♠♦ ❚✲❡s♣❛ç♦✳

✶✳✼ P♦❧✐♥ô♠✐♦s ▼✉❧t✐❤♦♠♦❣ê♥❡♦s✱ ▼✉❧t✐❧✐♥❡❛r❡s ❡ Pró✲

♣r✐♦s

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ s❡çã♦ s❡rã♦ ❢❡rr❛♠❡♥t❛s ❜ás✐❝❛s ♥♦ ❞❡❝♦rr❡r ❞❡

t♦❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✶✳✼✳✶ ❙❡❥❛♠ m ∈ K〈X〉 ✉♠ ♠♦♥ô♠✐♦ ❡ xi ∈ X✳ ❉❡✜♥✐♠♦s ♦ ❣r❛✉ ❞❡ m

❡♠ xi✱ ❞❡♥♦t❛❞♦ ♣♦r degxi
m✱ ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♦❝♦rrê♥❝✐❛s ❞❡ xi ❡♠ m✳ ❯♠

♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉 é ❞✐t♦ ❤♦♠♦❣ê♥❡♦ ❡♠ xi✱ s❡ t♦❞♦s ♦s s❡✉s ♠♦♥ô♠✐♦s tê♠ ♦

♠❡s♠♦ ❣r❛✉ ❡♠ xi✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ K〈X〉 é ❞✐t♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦

q✉❛♥❞♦ é ❤♦♠♦❣ê♥❡♦ ❡♠ t♦❞❛s ❛s ✈❛r✐á✈❡✐s✳

❉❛❞♦ m = m(x1, . . . , xk) ✉♠ ♠♦♥ô♠✐♦ ❡♠ K〈X〉✱ ❞❡✜♥✐♠♦s ♦ ♠✉❧t✐❣r❛✉ ❞❡ m

❝♦♠♦ s❡♥❞♦ ❛ k✲✉♣❧❛ (a1, . . . , ak)✱ ♦♥❞❡ ai = degxi
m✳ ❙❡♥❞♦ f ∈ K〈X〉 ❛ s♦♠❛ ❞❡ t♦❞♦s

♦s ♠♦♥ô♠✐♦s ❞❡ f ❝♦♠ ✉♠ ❞❛❞♦ ♠✉❧t✐❣r❛✉ é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦✲

♠♦❣ê♥❡♦ ❞❡ f ✳ ◗✉❛♥❞♦ f ∈ K〈X〉 ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡♦✱

❞✐③❡♠♦s q✉❡ f é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳

❊①❡♠♣❧♦ ✶✳✼✳✷ ❖ ♣♦❧✐♥ô♠✐♦ f(x1, x2, x3) = x1x
2
2 + x2x1x

2
3 é ❤♦♠♦❣ê♥❡♦ ❡♠ x1✱ ♠❛s

♥ã♦ é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳

❚❡♦r❡♠❛ ✶✳✼✳✸ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✳ ❙❡ f ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛

❛ ❛❧❣❡❜r❛ A✱ ❡♥tã♦ t♦❞❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡ f é t❛♠❜é♠ ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ T (A) é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦✲

❣ê♥❡♦s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✷✵❪✱ ♣✳ ✻✳ �
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❉❡✜♥✐çã♦ ✶✳✼✳✹ ❯♠ ♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉 é ❧✐♥❡❛r ♥❛ ✈❛r✐á✈❡❧ xi s❡ xi ♦❝♦rr❡ ❝♦♠

❣r❛✉ 1 ❡♠ t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❞❡ f ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ f(x1, x2, . . . , xk) ∈ K〈X〉 é ♠✉❧✲

t✐❧✐♥❡❛r s❡ é ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡ ♠✉❧t✐❣r❛✉ (1, 1, . . . , 1)✳ ◆❡st❡ ❝❛s♦ f ♣♦❞❡ s❡r ❡s❝r✐t♦

♥❛ ❢♦r♠❛
∑

σ∈Sk

ασxσ(1)xσ(2) . . . xσ(k), ❝♦♠ ασ ∈ K.

❉❡♥♦t❛r❡♠♦s ♣♦r Pn ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ K〈X〉 ♥❛s

✈❛r✐á✈❡✐s x1, . . . , xn✳ ➱ ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡ β = {xσ(1)xσ(2) . . . xσ(n) ; σ ∈ Sn} é ✉♠❛ ❜❛s❡

♣❛r❛ Pn✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✺ ❙❡❥❛ A ✉♠❛ K✲❛❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ β s♦❜r❡ K✳ ❙❡

✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r f s❡ ❛♥✉❧❛ s♦❜r❡ ❡❧❡♠❡♥t♦s ❞❡ β✱ ❡♥tã♦ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ❞❡ A✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✷✵❪✱ ♣✳ ✼✳ �

❊①❡♠♣❧♦ ✶✳✼✳✻ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ [x1, x2, x3]✳

❉❡ ❢❛t♦✱ s❡❥❛♠ ei1 . . . ein , ej1 . . . ejm ❡ ek1 . . . ekr ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❞❡ E✳ ❖❜s❡r✈❡

q✉❡

[ei1 . . . ein , ej1 . . . ejm ] = (1− (−1)nm)ei1 . . . einej1 . . . ejm

❙❡ [ei1 . . . ein , ej1 . . . ejm ] 6= 0✱ ❡♥tã♦ n ❡ m sã♦ í♠♣❛r❡s✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

ei1 . . . einej1 . . . ejm ∈ E(0) ❡ ❞❡ss❛ ❢♦r♠❛ [ei1 . . . ein , ej1 . . . ejm , ek1 . . . ekr ] = 0✱ ♣❛r❛ q✉❛❧✲

q✉❡r r ∈ N✳ ❙❡ [ei1 . . . ein , ej1 . . . ejm ] = 0✱ ❡♥tã♦ [ei1 . . . ein , ej1 . . . ejm , ek1 . . . ekr ] = 0✳

❆❧é♠ ❞✐ss♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ E é ✉♠❛ P■✲á❧❣❡❜r❛✳

❆❣♦r❛✱ ♦❜s❡r✈❛r❡♠♦s ✉♠ ❡①❡♠♣❧♦ q✉❡ ✐❧✉str❛ ♦ ♣r♦❝❡ss♦ ❞❡ ♠✉❧t✐❧✐♥❡❛r✐③❛çã♦✳

P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ ❡st❡ ♠ét♦❞♦ ✈❡r ❬✷✸❪✱ ♣á❣✳ ✶✹✳

❊①❡♠♣❧♦ ✶✳✼✳✼ ❙❡ f = x21✱ ❡♥tã♦ g = (x1 + x2)
2 − x21 − x22 = x1x2 + x2x1✱ q✉❡ é

♠✉❧t✐❧✐♥❡❛r✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ✉♠❛ ✐♠♣♦rt❛♥t❡ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡ ♠ét♦❞♦✳

❚❡♦r❡♠❛ ✶✳✼✳✽ ❙❡ charK = 0✱ ❡♥tã♦ f ≡ 0 é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♠✉❧t✐❧✐♥❡❛r❡s✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✶✳ P♦❧✐♥ô♠✐♦s ▼✉❧t✐❤♦♠♦❣ê♥❡♦s✱ ▼✉❧t✐❧✐♥❡❛r❡s ❡ Pró♣r✐♦s ✸✶

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✼✳✸✱ ❢ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ s✉❛s ❝♦♠♣♦♥❡♥t❡s

♠✉❧t✐❤♦♠♦❣ê♥❡❛s✳ ❆ss✐♠✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ f = f(x1, x2, . . . , x3) é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳

❆♣❧✐❝❛♠♦s ❛ f ♦ ♣r♦❝❡ss♦ ❞❡ ♠✉❧t✐❧✐♥❡❛r✐③❛çã♦✿ s❡ degx1f = d > 1✱ ❡♥tã♦ ❡s❝r❡✈❡♠♦s✿

h = f(y1 + y2, x2, . . . , xn) =
d∑

i=1

gi(y1, y2, x2, . . . , xn),

♦♥❞❡ degy1gi = i✱ degy2gi = d − i ❡ degxt
gi = degxt

f ✱ ♣❛r❛ t♦❞♦ t = 2, . . . , n✳ ❆ss✐♠

t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s gi = gi(y1, y2, x2, . . . , xn)✱ i = 1, . . . , d− 1 sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞❡ f ✳

◆♦t❡ q✉❡ ♣❛r❛ t♦❞♦ i✱

gi(y1, y1, x2, . . . , xn) =

(
d

i

)
f(y1, x2, . . . , xn).

❈♦♠♦ charK = 0✱ t❡r❡♠♦s
(
d

i

)
6= 0✱ ♣♦rt❛♥t♦ f é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ q✉❛❧q✉❡r gi✱

i = 1, . . . , d− 1✳ ❆♣❧✐❝❛♥❞♦ ✐♥❞✉çã♦ ♣♦❞❡♠♦s ❝♦♠♣❧❡t❛r ❛ ❞❡♠♦♥str❛çã♦✳ �

❈♦r♦❧ár✐♦ ✶✳✼✳✾ ❙❡❥❛ charK = 0✳ ❙❡ I é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ ❡♥tã♦ I é ❣❡r❛❞♦ ♣♦r

s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳

❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ ❡ ❜❡♠ ♦r❞❡♥❛❞♦✱ ❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

ComX = {[xi1 , xi2 , . . . , xik ] ; k ≥ 2, xij ∈ X}.

❙❡❥❛♠ B = B(X) ❛ s✉❜á❧❣❡❜r❛ ✭❝♦♠ ✉♥✐❞❛❞❡✮ ❞❡ K〈X〉 ❣❡r❛❞❛ ♣♦r ComX✳ ❖s ♣♦❧✐♥ô✲

♠✐♦s ❞❡ B sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s✳ ❉❡✜♥✐✲s❡ Bm = B∩K〈x1, . . . , xm〉✱

♣❛r❛ m = 1, 2, . . .✱ ❡ Γn = B ∩ Pn✱ ♣❛r❛ n = 1, 2, . . .✳

❈❛s♦ A s❡❥❛ ✉♠❛ P■✲á❧❣❡❜r❛✱ ❞❡♥♦t❛r❡♠♦s ♣♦r B(A), Bm(A) ❡ Γm(A) ❛s ✐♠❛❣❡♥s

♣❡❧♦ ❤♦♠♦♠♦r✜s♠♦ ♣r♦❥❡çã♦ ❞❡ B,Bm ❡ Γn ❡♠ K〈X〉/T (A)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ L(X)✱ ❞❛❞❛ ♥❛ s❡çã♦ ✶✳✸✳ ❯♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛

♣❛r❛ L(X) ❝♦♥s✐st❡ ❞♦s ❡❧❡♠❡♥t♦s

x1, x2, . . . , xn, . . . , u1, u2, . . . , um, . . .

♦♥❞❡ {u1, u2, . . .} ⊆ ComX✳ ❆s ✐♥❝ó❣♥✐t❛s ♣r❡❝❡❞❡♠ ♦s ❝♦♠✉t❛❞♦r❡s ❡ ♦s ❝♦♠✉t❛❞♦r❡s

❞❡ ❝♦♠♣r✐♠❡♥t♦ n ♣r❡❝❡❞❡♠ ♦s ❝♦♠✉t❛❞♦r❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ k✱ ❝♦♠ n ≤ k✳ ❉♦s

❚❡♦r❡♠❛s ✶✳✸✳✺ ❡ ✶✳✸✳✻✱ s❡❣✉❡ q✉❡ K〈X〉 ♣♦ss✉✐ ✉♠❛ ❜❛s❡ ❢♦r♠❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s

x1
n1x2

n2 . . . xk
nkuj1 . . . ujq , k, q, ni ≥ 0 ✭✶✳✸✮

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✶✳ ■❞❡♥t✐❞❛❞❡s ❊stá✈❡✐s✱ ❊❧❡♠❡♥t♦s ❡ ▼❛tr✐③❡s ●❡♥ér✐❝❛s ✸✷

♦♥❞❡ j1 < j2 < . . . < jq✳ ❆❧é♠ ❞✐ss♦✱ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ t❛✐s q✉❡ ni = 0✱ ♣❛r❛ t♦❞♦

i ∈ {1, 2, . . . , k} ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ B(X) ❡ s❡ f = f(x1, . . . , xn) ∈ K〈X〉✱ ❡♥tã♦

f =
∑

a

αax1
a1x2

a2 . . . xn
anga ✭✶✳✹✮

♦♥❞❡ ga ∈ B,αa ∈ K ❡ a = (a1, a2, . . . , an)✱ ❝♦♠ ai ≥ 0✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛

❧✐♥❡❛r ❞♦s ❡❧❡♠❡♥t♦s ❡♠ ✭✶✳✸✮✱ t❡♠♦s q✉❡ ❡st❛ ♠❛♥❡✐r❛ ❞❡ ❡①♣r❡ss❛r f é ú♥✐❝❛ ✭♣❛r❛

♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r ❬✶✾❪✱ ♣✳ ✹✸✮✳ ❉❡st❡ ❝♦♠❡♥tár✐♦✱ s❡❣✉❡ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✶✵ ❙✉♣♦♥❤❛ q✉❡ ♦s ❡❧❡♠❡♥t♦s

x1, x2, . . . , [xi1 , xi2 ], . . . , [xl1 , . . . , xlp ]

❢♦r♠❡♠ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ L(X)✱ ♦♥❞❡ ♦s ❡❧❡♠❡♥t♦s xi ∈ X ♣r❡❝❡❞❡♠ ♦s ❝♦♠✉t❛✲

❞♦r❡s✳ ❊♥tã♦

✶✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ K〈X〉 t❡♠ ✉♠❛ ❜❛s❡ ❢♦r♠❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s

xa11 x
a2
2 . . . xamm [xi1 , xi2 ]

b . . . [xl1 , . . . , xlp ]
c,

♦♥❞❡ a1, . . . , am, b, . . . , c ≥ 0 ❡ [xi1 , xi2 ] < . . . < [xl1 , . . . , xlp ] ♥❛ ♦r❞❡♥❛çã♦ ❞❛

❜❛s❡ ❞❡ L(X)❀

✷✳ ❖s ❡❧❡♠❡♥t♦s ❞❡st❛ ❜❛s❡ t❛✐s q✉❡ ai = 0✱ ♣❛r❛ i = 1 . . . ,m✱ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡

♣❛r❛ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ B✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✶✶ ❙❡ A é ✉♠❛ P■✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ s♦❜r❡ ✉♠ ❝♦r♣♦

✐♥✜♥✐t♦ K✱ ❡♥tã♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s

♣ró♣r✐❛s✳ ❙❡ charK = 0✱ ❡♥tã♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❡ s✉❛s

✐❞❡♥t✐❞❛❞❡ ♣ró♣r✐❛s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✾❪✱ ♣✳✹✸✳ �

✶✳✽ ■❞❡♥t✐❞❛❞❡s ❊stá✈❡✐s✱ ❊❧❡♠❡♥t♦s ❡ ▼❛tr✐③❡s ●❡✲

♥ér✐❝❛s

◆❡st❛ s❡çã♦ ❢❛r❡♠♦s ✉♠ ❡st✉❞♦ r❡s✉♠✐❞♦ s♦❜r❡ ✐❞❡♥t✐❞❛❞❡s ❡stá✈❡✐s✱ ❡❧❡♠❡♥t♦s

❣❡♥ér✐❝♦s ❡ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✱ ❡ ✐♥tr♦❞✉③✐r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ út❡✐s ♥♦s

❈❛♣ít✉❧♦s ✸ ❡ ✺✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❈♦♥s✐❞❡r❡ A ✉♠❛ á❧❣❡❜r❛ q✉❛❧q✉❡r✱ C ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❡ ❛ á❧❣❡❜r❛ A⊗KC✳

❆❧❣✉♠❛s ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A ♣♦❞❡♠ ♥ã♦ s❡r ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ A ⊗K C✳

❆ss✐♠✱ s❡❣✉❡ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✽✳✶ ❙❡❥❛ f ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❛ á❧❣❡❜r❛ A✳ ❉✐③❡♠♦s q✉❡ f é ✉♠❛ ✐❞❡♥t✐✲

❞❛❞❡ ❡stá✈❡❧ ❞❡ A✱ s❡ ♣❛r❛ t♦❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ C✱ f ❛✐♥❞❛ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛

A⊗K C✳

❊①❡♠♣❧♦ ✶✳✽✳✷ ❙❡ K é ✉♠ ❝♦r♣♦ ❝♦♠ n ❡❧❡♠❡♥t♦s✱ ❡♥tã♦ f(x) = xn − x é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣❛r❛ K✱ ✈✐st❛ ❝♦♠♦ á❧❣❡❜r❛✱ ♠❛s ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ q✉❛❧q✉❡r ❡①t❡♥sã♦

♣ró♣r✐❛ ❞❡ K✳ ❉❡ ❢❛t♦✱ ❜❛st❛ t♦♠❛r C ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❝♦r♣♦ K ❝♦♠ ♠❛✐s ❞❡ n

❡❧❡♠❡♥t♦s✱ ❧♦❣♦ cn 6= c✱ ♣❛r❛ ❛❧❣✉♠ c ∈ C✳ ❆ss✐♠✱ ♣❛r❛ a ∈ K ♥ã♦ ♥✉❧♦✱

f(a⊗ c) = (a⊗ c)n − (a⊗ c) = an ⊗ cn − a⊗ c = a⊗ cn − a⊗ c = a⊗ (cn − c) 6= 0

P♦rt❛♥t♦✱ f ♥ã♦ é ❡stá✈❡❧✳

▲❡♠❛ ✶✳✽✳✸ ❙❡ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❡ A é ✉♠❛ K✲á❧❣❡❜r❛✱ ❡♥tã♦ t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡

A é ❡stá✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ f = f(x1, . . . , xn) ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A✱ C ✉♠❛

K✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❡ Ā = A ⊗K C✳ ❈♦♠♦ K é ✐♥✜♥✐t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ f é

♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡ ♠✉❧t✐❣r❛✉ (m1, . . . ,mn)✳ ❉❛❞♦s ā1, . . . , ān ∈ Ā ❞❡✈❡♠♦s ♠♦str❛r

q✉❡ f(ā1, . . . , ān) = 0✳

❙✉♣♦♥❤❛✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡ ā1 = a1 ⊗ c1, . . . , ān = an ⊗ cn✱ ❝♦♠ a1, . . . , an ∈ A ❡

c1, . . . , cn ∈ C✳ ❈♦♠♦ f é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✱ ❡♥tã♦

f(ā1, . . . , ān) = f(a1, . . . , an)⊗ c1
m1 . . . cn

mn = 0.

❙✉♣♦♥❞♦ ❛❣♦r❛ ā1 = b1⊗d1+b2⊗d2, . . . , ān = an⊗cn✱ ♣❡❧♦ ♣r♦❝❡ss♦ ❞❡ ♠✉❧t✐❧✐♥❡❛r✐③❛çã♦

t❡r❡♠♦s q✉❡✱

f(ā1, . . . , ān) = f(b1 ⊗ d1, a2 ⊗ c2, . . . , an ⊗ cn) + f(b2 ⊗ d2, a2 ⊗ c2, . . . , an ⊗ cn)

+

m1−1∑

i=1

fi(b1 ⊗ d1, b2 ⊗ d2, a2 ⊗ c2, . . . , an ⊗ cn),

♦♥❞❡

f(x1 + y1, x2, . . . , xn)− f(x1, x2, . . . , xn)− f(y1, x2, . . . , xn) =

m1−1∑

i=1

fi(x1, y1, x2, . . . , xn)

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❡ degx1fi = i ❡ degy1fi = m1 − i✳ ❈♦♠♦ t♦❞♦ ♣♦❧✐♥ô♠✐♦ fi é ❝♦♥s❡q✉ê♥❝✐❛ ♠✉❧t✐❤♦✲

♠♦❣ê♥❡♦ ❞❡ f s❡❣✉❡ ❞❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ❛r❣✉♠❡♥t♦ q✉❡ f(ā1, . . . , ān) = 0✳ P♦r ✜♠✱

❣❡♥❡r❛❧✐③❛♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r ♣❛r❛ ā1 =
∑
a1i ⊗ c1i, . . . , ān =

∑
ani ⊗ cni✱ ♦♥❞❡

aij ∈ A ❡ cij ∈ C sã♦ ❛r❜✐trár✐♦s✳ ❉❛í✱ ❡s❝r❡✈❡♥❞♦ f(ā1, . . . , ān) ❝♦♠♦ ✉♠❛ s♦♠❛ ❞❡

❡①♣r❡ssõ❡s ❞❛ ❢♦r♠❛

ḡ = g(ai1j1 ⊗ ci1j1 , . . . , aikjk ⊗ cikjk),

♦♥❞❡ g = g(x1, . . . , xk) é ❝♦♥s❡q✉ê♥❝✐❛ ♠✉❧t✐❤♦♠♦❣ê♥❡❛ ❞❡ f ✱ ♥♦✈❛♠❡♥t❡ ♣❡❧♦ ❛r❣✉✲

♠❡♥t♦ ✐♥✐❝✐❛❧ t❡♠♦s q✉❡ f(ā1, . . . , ān) = 0✳ �

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦K✳ ❈♦♥s✐❞❡r❡ {u1, . . . , un}

✉♠❛ ❜❛s❡ ❞❡ A s♦❜r❡ K✳ ❚♦♠❡ ❛❣♦r❛ ξ(i)j ♣❛r❛ i ≥ 1, 1 ≤ j ≤ m✱ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s

❡ ❛ss✐♠ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r K[ξ
(i)
j ] ❛ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ K✳

❈♦♥str✉í♠♦s B = A⊗K[ξ
(i)
j ]✱ ❛ á❧❣❡❜r❛ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ❡ K[ξ

(i)
j ]✳

❉❡✜♥✐çã♦ ✶✳✽✳✹ ❖s ❡❧❡♠❡♥t♦s

ξ(i) =
n∑

j=1

uj ⊗ ξ
(i)
j , ❝♦♠ i = 1, 2, . . .

sã♦ ❝❤❛♠❛❞♦s ❡❧❡♠❡♥t♦s ❣❡♥ér✐❝♦s✳ ❆ s✉❜á❧❣❡❜r❛ Ā ❞❡ B ❣❡r❛❞❛ ♣♦r ξ(1), ξ(2), . . .

s♦❜r❡ K é ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❞♦s ❡❧❡♠❡♥t♦s ❣❡♥ér✐❝♦s ❞❡ A✳

❚❡♦r❡♠❛ ✶✳✽✳✺ ❙❡ K é ✐♥✜♥✐t♦✱ ❡♥tã♦ ❛ á❧❣❡❜r❛ Ā é ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡

❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧ ♥❛ ✈❛r✐❡❞❛❞❡ V = V(A)✱ ✐st♦ é✱ Ā ≃ K〈X〉/T (A)✱ ♦♥❞❡ X é

❡♥✉♠❡rá✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ X = {x1, x2, . . .} ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ ❡ ϕ : K〈X〉 → Ā

♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦ xi → ξ(i)✱ ❝♦♠ i = 1, 2, . . .✳ ❉❡♠♦♥str❛r❡♠♦s

q✉❡ Kerϕ = T (A)✳

P❡❧♦ ▲❡♠❛ ✶✳✽✳✸✱ t❡r❡♠♦s q✉❡ T (A⊗K[ξ
(i)
j ]) = T (A)✱ ❛ss✐♠ T (A) ⊆ Kerϕ✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ g = g(x1, . . . , xm) ∈ Kerϕ✱ ✐st♦ é✱

g = g(ξ(1), . . . , ξ(m)) = 0 ❡♠ Ā ❡ s❡❥❛♠ a1, . . . , am ❡❧❡♠❡♥t♦s ❛r❜✐trár✐♦s ❞❡ A✳ P♦✲

❞❡♠♦s ❡s❝r❡✈❡r ❝❛❞❛ ai ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ {u1, . . . , un} ❞❡

A✱ ♦✉ s❡❥❛✱

ai =
n∑

j=1

λijuj✱ ❝♦♠ λi1, . . . , λ
i
n ∈ K
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❈♦♠♦ K[ξ
(i)
j ] é ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❧✐✈r❡ ❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧✱ q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦

ξ
(i)
j → λ

(i)
j s❡ ❡st❡♥❞❡ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ K[ξ

(i)
j ] → K✳ ❆ss✐♠✱ ❞❡✈✐❞♦ à ♣r♦♣r✐❡❞❛❞❡

✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ψ : A⊗K[ξ
(i)
j ] → A✱ ♦♥❞❡

ψ(ξ(i)) = ai✱ i = 1, 2, . . . ,m✱ ❡st❡♥❞❡ ❛ ❛♣❧✐❝❛çã♦✿

uj ⊗ ξ
(i)
j → λ

(i)
j uj✱ ♣❛r❛ j = 1, . . . , n ❡ i = 1, . . . ,m.

❆ss✐♠✱

0 = ψ(g(ξ(1), . . . , ξ(n))) = g(ψ(ξ(1)), . . . , ψ(ξ(n))) = g(a1, . . . , an)

❈♦♠♦ a1, . . . , an sã♦ ❡❧❡♠❡♥t♦s ❛r❜✐trár✐♦s ❞❡ A✱ g ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A ❡

Kerϕ = T (A)✳ �

❯♠ ❝❛s♦ ✐♥t❡r❡ss❛♥t❡ é q✉❛♥❞♦ A = Mn(K)✱ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n

s♦❜r❡ K✳ ◆❡st❡ ❝❛s♦✱ ❡s❝♦❧❤❡♥❞♦ ❛s ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s Eij✬s ❝♦♠♦ ❜❛s❡ ❞❡ Mn(K)

❡ K[ξ
(t)
ij ] ❛ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ K✱ ♥❛s ✈❛r✐á✈❡✐s ξ(t)ij ✱ ❝♦♠ t ≥

1, 1 ≤ i, j ≤ n✱ ❡♥tã♦

Mn(K)⊗K K[ξ
(t)
ij ] ≃Mn(K[ξ

(t)
ij ]),

✐ss♦ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✽✳✻ ❙❡❥❛♠ Eij ❛s ♠❛tr✐③❡s q✉❡ ❢♦r♠❛♠ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

Mn(K)✳ ❆s ♠❛tr✐③❡s n× n

yr =
n∑

i,j=1

ξ
(r)
ij Eij, r = 1, 2, . . .

sã♦ ❝❤❛♠❛❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❞❡ ♦r❞❡♠ n✳ ❆ á❧❣❡❜r❛ Genn ❣❡r❛❞❛ ♣❡❧❛s ♠❛t✐③❡s

yr é ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❞❡ ♦r❞❡♠ n✳

❈♦r♦❧ár✐♦ ✶✳✽✳✼ ❆ á❧❣❡❜r❛ Genn ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❞❡ ♦r❞❡♠ n s♦❜r❡ ♦ ❝♦r♣♦

✐♥✜♥✐t♦ K é ❛ ❛❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧ ♥❛ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣♦r

Mn(K)✳ ❖✉ s❡❥❛✱ Genn ≃ K〈X〉/T (Mn(K))✱ ♦♥❞❡ X é ❡♥✉♠❡rá✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✼❪✱ Pr♦♣♦s✐çã♦ ✶✳✸✳✷✱ ♣á❣✳ ✶✸✳ �

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✷

➪❧❣❡❜r❛s ❝♦♠ ■♥✈♦❧✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❢❛③❡r ✉♠ ❜r❡✈❡ ❡st✉❞♦ s♦❜r❡ ✐♥✈♦❧✉çõ❡s✱ ❡st✉❞❛r ♦s ❝♦♥✲

❝❡✐t♦s ❜ás✐❝♦s s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ✐♥✈♦❧✉çã♦✱ ❝♦♠♦ t❛♠❜é♠✱ ✐r❡♠♦s ❝♦♥str✉✐r ✉♠❛

á❧❣❡❜r❛ ❧✐✈r❡ ❝♦♠ ✐♥✈♦❧✉çã♦ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❛♣r❡s❡♥t❛r ♦s ❝♦♥❝❡✐t♦s ❞❡ ✐❞❡♥t✐❞❛❞❡s

❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦✳ ❆❧é♠ ❞✐ss♦✱ ✐r❡♠♦s ❝❧❛ss✐✜❝❛r ❛s ✐♥✈♦❧✉çõ❡s ❡♠

á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s ❛✜♠ ❞❡ s❡r✈✐r ❝♦♠♦ ❡♠❜❛s❛♠❡♥t♦ t❡♦r✐❝♦ ♣❛r❛ ♦s ❝❛♣ít✉❧♦s

♣♦st❡r✐♦r❡s✳

❊♠ t♦❞♦ ♦ ❝❛♣ít✉❧♦✱ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷ ❡✱ ❛

♠❡♥♦s ❞❡ ♠❡♥çã♦ ❝♦♥trár✐❛✱ A ❞❡♥♦t❛rá ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✳

✷✳✶ ❈♦♥❝❡✐t♦s ❇ás✐❝♦s

◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐♥✈♦❧✉çã♦✳ ❱❛♠♦s ✈❡r ❡①❡♠♣❧♦s ❡

♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ♣❛r❛ á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✶ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ∗ : A→ A ❞❛❞❛

♣♦r a 7→ a∗ é ✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡ ❆✱ s❡ s❛t✐s❢❛③✿

✭✶✮ a∗∗ = a✱

✭✷✮ (a+ b)∗ = a∗ + b∗✱

✭✸✮ (ab)∗ = b∗a∗✱

♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✷✳ ❈♦♥❝❡✐t♦s ❇ás✐❝♦s ✸✼

❊s❝r❡✈❡♠♦s ∗ ♣❛r❛ ❞❡♥♦t❛r ✉♠❛ ❞❛❞❛ ✐♥✈♦❧✉çã♦ ❞❡ ✉♠❛ á❧❣❡❜r❛✳ ❆s K✲á❧❣❡❜r❛s

❝♦♠ ✐♥✈♦❧✉çã♦ ❢♦r♠❛♠ ✉♠❛ ❝❧❛ss❡✳ ❱❛♠♦s ❝❤❛♠❛r ❡ss❛s á❧❣❡❜r❛s ❞❡ ∗✲á❧❣❡❜r❛s s♦❜r❡

♦ ❝♦r♣♦ K✳ ❯♠❛ á❧❣❡❜r❛ A ❝♦♠ ✐♥✈♦❧✉çã♦ ∗ é ❞❡♥♦t❛❞❛ ♣♦r (A, ∗)✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✷ ◆♦t❡ q✉❡✿

✭✐✮ ❙❡♥❞♦ ∗ ✉♠❛ ✐♥✈♦❧✉çã♦ ❡♠ A✱ ♦♥❞❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡

t❡♠♦s q✉❡ a · 1∗ = 1∗ · a = a ❡ ❛ss✐♠ 1∗ = 1✳

✭✐✐✮ ❆ ✐♥✈♦❧✉çã♦ ∗ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ∗ r❡str✐t♦ ❛♦ ❝♦r♣♦

K é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✳

❙❡❥❛ Z(A) ♦ ❝❡♥tr♦ ❞❛ á❧❣❡❜r❛ A✱ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ q✉❡ Z(A) é ✉♠❛ s✉❜á❧❣❡❜r❛

❞❡ A✳ ❉❡♥♦t❛♠♦s Z(A, ∗) = {a ∈ Z(A) ; a∗ = a}✳

❉❡✜♥✐çã♦ ✷✳✶✳✸ ❉✐r❡♠♦s q✉❡ ∗ é ❞♦ ♣r✐♠❡✐r♦ t✐♣♦ s❡ ❛ ✐♥✈♦❧✉çã♦ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❞✐③❡♠♦s q✉❡ é ❞♦ s❡❣✉♥❞♦ t✐♣♦✳

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ✐♥✈♦❧✉çõ❡s✳

❊①❡♠♣❧♦ ✷✳✶✳✹ ❆ ❛♣❧✐❝❛çã♦ t :Mn(K) →Mn(K)✱ ❞❡✜♥✐❞❛ ♣♦r At = tr❛♥s♣♦st❛ ❞❡ A✱

é ✉♠❛ ✐♥✈♦❧✉çã♦ ❞♦ ♣r✐♠❡✐r♦ t✐♣♦ ❡♠ Mn(K)✱ ❝❤❛♠❛❞❛ ❞❡ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛✳

❊①❡♠♣❧♦ ✷✳✶✳✺ ❆ ❛♣❧✐❝❛çã♦ s :M2n(K) →M2n(K)✱ ❞❡✜♥✐❞❛ ♣♦r


 A B

C D




s

=


 Dt −Bt

−Ct At




♦♥❞❡ A,B,C,D ∈ Mn(K)✱ é ✉♠❛ ✐♥✈♦❧✉çã♦ ❞♦ ♣r✐♠❡✐r♦ t✐♣♦ ❡♠ M2n(K)✱ ❝❤❛♠❛❞❛

❞❡ ✐♥✈♦❧✉çã♦ s✐♠♣❧ét✐❝❛✳

❊①❡♠♣❧♦ ✷✳✶✳✻ ❈♦♥s✐❞❡r❛♥❞♦ M2(C) ❝♦♠♦ ✉♠❛ C✲á❧❣❡❜r❛✱ t❡♠♦s q✉❡ ∗ : M2(C) →

M2(C)✱ ❞❡✜♥✐❞❛ ♣♦r 
 z1 z2

z3 z4




∗

=


 z̄1 z̄3

z̄2 z̄4




é ✉♠❛ ✐♥✈♦❧✉çã♦ ❞♦ s❡❣✉♥❞♦ t✐♣♦

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✷✳ ❈♦♥❝❡✐t♦s ❇ás✐❝♦s ✸✽

❖❜s❡r✈❛çã♦ ✷✳✶✳✼ ❙❡ ∗ é ✉♠❛ ✐♥✈♦❧✉çã♦ ❡♠ A✱ ❡♥tã♦ G∗ = {x ∈ U(A) ; x∗x = 1} é

✉♠ s✉❜❣r✉♣♦ ❞❡ U(A) ✭❡❧❡♠❡♥t♦s ✐♥✈❡rtí✈❡✐s ❞❛ á❧❣❡❜r❛ A✮✳ ◆♦ ❝❛s♦ A =Mn(K)✱ t❡♠♦s

U(A) = GLn(K)✱ ♦ ❣r✉♣♦ ❧✐♥❡❛r✱ ❡ Gt = On(K)✱ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ ✭❧♦❣♦✱ ❛ ✐♥✈♦❧✉çã♦

tr❛♥s♣♦st❛ é t❛♠❜é♠ ❝❤❛♠❛❞❛ ❞❡ ♦rt♦❣♦♥❛❧✮✳ ❙❡ n é ♣❛r✱ t❡♠♦s Gs = Spn(K)✱ ♦ ❣r✉♣♦

s✐♠♣❧ét✐❝♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✽ ❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ a ∈ (A, ∗) é s✐♠étr✐❝♦ s❡ a∗ = a ❡ é

❛♥t✐ss✐♠étr✐❝♦ s❡ a∗ = −a✳

❉❡♥♦t❛r❡♠♦s ♣♦r A+ = {a ∈ A ; a∗ = a} ❡ A− = {a ∈ A ; a∗ = −a}✱ ♦s s✉❜❡s✲

♣❛ç♦s ❞❡ A ❞♦s ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❡ ❞♦s ❡❧❡♠❡♥t♦s ❛♥t✐ss✐♠étr✐❝♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡ t❡r❡♠♦s A+ ∩ A− = {0}✳

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡✿

(a+ a∗)∗ = a∗ + a = a+ a∗

❡

(a− a∗)∗ = a∗ − a = −(a− a∗)✳

▲♦❣♦✱ a+ a∗ ∈ A+ ❡ a− a∗ ∈ A−✳ ❈♦♠♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ K é ❞✐❢❡r❡♥t❡ ❞❡ ✷✱

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡

a =
(a+ a∗)

2
+

(a− a∗)

2
.

P♦rt❛♥t♦✱ A = A+ ⊕ A−✳

❈♦♥s✐❞❡r❛♥❞♦ A ✉♠❛ á❧❣❡❜r❛✱ ❞❡✜♥✐♠♦s ❛ á❧❣❡❜r❛ ♦♣♦st❛ ❞❡ A✱ ❞❡♥♦t❛❞❛ ♣♦r Aop✱

❝♦♠♦ t❡♥❞♦ ❛ ♠❡s♠❛ ❡str✉t✉r❛ ❛❞✐t✐✈❛ ❞❡ ❆✱ ♠❛s ❝♦♠ ♠✉❧t✐♣❧✐❝❛çã♦ ♥❛ ♦r❞❡♠ r❡✈❡rs❛✱

✐st♦ é✱ ♦ ♣r♦❞✉t♦ ❡♥tr❡ a ❡ a′ ❡♠ Aop s❡rá a′a✳ ❉❛í✱ ❞❛❞❛s A1 ❡ A2 á❧❣❡❜r❛s✱ ❞✐③❡♠♦s

q✉❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

ψ : A1 → A2,

é ✉♠ ❛♥t✐❤♦♠♦♠♦r✜s♠♦ s❡ ψ(ab) = ψ(b)ψ(a)✱ ♣❛r❛ t♦❞♦ a, b ∈ A1✳ ❙❡ ψ ❢♦r ✉♠

✐s♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ❞✐③❡♠♦s q✉❡ ψ é ✉♠ ❛♥t✐✐s♦♠♦r✜s♠♦✱ ❡ s❡ A1 = A2✱

❝❤❛♠❛♠♦s ψ ❞❡ ❛♥t✐❛✉t♦♠♦r✜s♠♦ ❞❡ A1✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✾ ✭✐✮ ❆ ❛♣❧✐❝❛çã♦

ϕ : A → Aop

r → r

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✷✳ ➪❧❣❡❜r❛ ▲✐✈r❡ ❝♦♠ ■♥✈♦❧✉çã♦ ✸✾

é ✉♠ ❛♥t✐✐s♦♠♦r✜s♠♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A ❡ Aop sã♦ ✐s♦♠♦r❢♦s ❝♦♠♦ ❡s♣❛ç♦s

✈❡t♦r✐❛✐s✳

✭✐✐✮ ❯♠❛ ✐♥✈♦❧✉çã♦ é ✉♠ ❛♥t✐❛✉t♦♠♦r✜s♠♦ σ t❛❧ q✉❡ σ2 = 1✱ ♦✉ s❡❥❛✱ ♣♦ss✉✐ ♦r❞❡♠

✷✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✵ ✭✐✮ ❯♠ ❤♦♠♦♠♦r✜s♠♦ ❝♦♠ ✐♥✈♦❧✉çã♦ ψ : (A1, ∗) → (A2, η) é ✉♠

❤♦♠♦♠♦r✜s♠♦ ψ : A1 → A2 t❛❧ q✉❡ ψ(a∗) = ψ(a)η✱ ♣❛r❛ t♦❞♦ a ∈ A1✳ ◆❡st❛s

❝♦♥❞✐çõ❡s✱ ❞✐③❡♠♦s q✉❡ ψ é ✉♠ ∗✲❤♦♠♦♠♦r✜s♠♦✳

✭✐✐✮ ❉✐③❡♠♦s q✉❡ I é ✉♠ ✐❞❡❛❧ ❞❡ (A, ∗) s❡ I é ✉♠ ✐❞❡❛❧ ❞❡ A ❡ I∗ ⊆ I✳ ■st♦ é

❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡ I é ✉♠ ∗✲✐❞❡❛❧ ❞❡ A✳

❆❧é♠ ❞✐ss♦✱ s❡ I é ✉♠ ∗✲✐❞❡❛❧✱ ❝❧❛r❛♠❡♥t❡ ✭∗✮ ✐♥❞✉③ ✉♠❛ ✐♥✈♦❧✉çã♦ s♦❜r❡ A/I ♣♦r

(a + I)∗ = a∗ + I✱ ❡ ♦❜s❡r✈❡ ❛✐♥❞❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❝❛♥ô♥✐❝❛ A → A/I é ✉♠

∗✲❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t✐✈♦✱ ❝✉❥♦ ♥ú❝❧❡♦ é ♦ ∗✲✐❞❡❛❧ I✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦ ♥ú❝❧❡♦ ❞❡

t♦❞♦ ∗✲❤♦♠♦♠♦r✜s♠♦ é ✉♠ ∗✲✐❞❡❛❧✳

✷✳✷ ➪❧❣❡❜r❛ ▲✐✈r❡ ❝♦♠ ■♥✈♦❧✉çã♦

❆♥t❡s ❞❡ ❢❛❧❛r s♦❜r❡ ✐❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ ❞❡✈❡♠♦s

❞❡✜♥✐r ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❝♦♠ ✐♥✈♦❧✉çã♦✱ ❛♠❜✐❡♥t❡ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❞❡s❡♥✲

✈♦❧✈✐♠❡♥t♦ ❞♦s ❝❛♣ít✉❧♦s ♣♦st❡r✐♦r❡s✳

❙❡❥❛ Z̃ = {zi ; i ∈ N} ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ s♦❜r❡

Z̃✱ ❞❛❞❛ ♣♦r

z2i−1 → z2i ❡ z2i → z2i−1

♣❛r❛ t♦❞♦ i✳ ❈❧❛r❛♠❡♥t❡ ♦s ❝♦♥❥✉♥t♦s Z = {z2i−1 ; i ∈ N} ❡ Z∗ = {z2i ; i ∈ N} sã♦

❞✐s❥✉♥t♦s✳ ❘❡♥♦♠❡❛♠♦s ❛s ✐♥❞❡t❡r♠✐♥❛❞❛s✱ ❡s❝r❡✈❡♥❞♦ zi ❡ z∗i ✱ ❛♦ ✐♥✈és ❞❡ z2i−1 ❡ z2i✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡✜♥✐♠♦s ❛ss✐♠ ✉♠ ❛♥t✐❛✉t♦♠♦r✜s♠♦

∗ : K〈Z,Z∗〉 → K〈Z,Z∗〉

q✉❡ ❡st❡♥❞❡ ❛ ❛♣❧✐❝❛çã♦ ❛❝✐♠❛✳

❉❡♥♦t❛r❡♠♦s K〈Z, ∗〉 = K〈Z,Z∗〉✳ ❈❧❛r❛♠❡♥t❡✱ z∗∗ = z✱ ♣❛r❛ t♦❞♦ z ∈ Z ∪ Z∗✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✷✳ ➪❧❣❡❜r❛ ▲✐✈r❡ ❝♦♠ ■♥✈♦❧✉çã♦ ✹✵

❆❧é♠ ❞✐ss♦✱ s❡❥❛♠ (A, η) ✉♠❛ á❧❣❡❜r❛ q✉❛❧q✉❡r ❝♦♠ ✐♥✈♦❧✉çã♦ η ❡ h : Z∪Z∗ → A

✉♠❛ ❛♣❧✐❝❛çã♦ q✉❛❧q✉❡r✳ P❛r❛ ❝❛❞❛ i ∈ N✱ ❞❡♥♦t❛r❡♠♦s ♣♦r ai ❛ ✐♠❛❣❡♠ ❞❡ zi ♣♦r h✱

❛♥❛❧♦❣❛♠❡♥t❡ ♣♦r a∗i ❛ ✐♠❛❣❡♠ ❞❡ z∗i ✳ ❉❡♥♦t❛♥❞♦ ❛❣♦r❛ ♣♦r M∗ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s

♦s ♠♦♥ô♠✐♦s ❢♦r♠❛❞♦s ♣♦r ❡❧❡♠❡♥t♦s ❞❡ Z ∪ Z∗✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ aθ1i1 , . . . , a
θn
in

❡❧❡♠❡♥t♦

❞❛ η✲á❧❣❡❜r❛ A✱ ❝♦♠ θj ∈ {1, η}✱ ♣❛r❛ t♦❞♦ j ∈ {1, 2, . . . , n}✱ ❡♥t❡♥❞❡r❡♠♦s ❛ ❡①♣r❡ssã♦

(aθ1i1 . . . a
θn
in
)η ❝♦♠♦ s❡♥❞♦ ❛ ✐♠❛❣❡♠ ❞♦ ♠♦♥ô♠✐♦ (z⋆nin . . . z

⋆1
i1
)∗✱ ❝♦♠ ⋆l ∈ {1, ∗}✱ ♣❡❧❛

❛♣❧✐❝❛çã♦ K〈Z, ∗〉 → (A, η) q✉❡ ❡st❡♥❞❡ h✱ ♣❛r❛ t♦❞♦ l ∈ {1, 2, . . . , n}✳ ❈♦♠♦ M∗ é

✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ K〈Z, ∗〉✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡st❡♥❞ê✲❧❛ ♥❛t✉r❛❧♠❡♥t❡ ♣❡❧❛

✐♥✈♦❧✉çã♦ s♦❜r❡ ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡K〈Z〉✳ ❊♥tã♦✱ ♣❡❧♦ q✉❡ ❢♦✐ ❞✐s❝✉t✐❞♦ ♦❜t❡♠♦s

♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✷✳✶ K〈Z, ∗〉 é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✐♥✈♦❧✉çã♦ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛

♣♦r Z✳

❙❡❣✉❡ q✉❡ ❛ á❧❣❡❜r❛ K〈Z, ∗〉 = K〈Z,Z∗〉 = K〈z, z∗ ; z ∈ Z〉 s❡rá ❝❤❛♠❛❞❛ ❞❡

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❝♦♠ ✐♥✈♦❧✉çã♦ ❣❡r❛❞❛ ♣♦r Z s♦❜r❡ ♦ ❝♦r♣♦ K ❡ s❡✉s ❡❧❡♠❡♥t♦s

♣♦❞❡♠ s❡r ❡s❝r✐t♦s ❞❛ ❢♦r♠❛

f(z1, . . . , zn, z1
∗, . . . , zn

∗) =
∑

j,θ

αj,θzj1
θ1 . . . zjm

θm ✱ ♦♥❞❡ zi ∈ Z✱ αj,θ ∈ K ❡ θr ∈ {1, ∗}

❊ss❡s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ ∗✲♣♦❧✐♥ô♠✐♦s ❡ ❝❛❞❛ ∗✲♣♦❧✐♥ô♠✐♦ ♣♦❞❡ s❡r ❡s❝r✐t♦

❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❡ M∗ q✉❡ sã♦ ❝❤❛♠❛❞♦s ∗✲♠♦♥ô♠✐♦s✳

P❛r❛ ✉♠ ∗✲♠♦♥ô♠✐♦ h✱ ❞❡♥♦t❛r❡♠♦s ♣♦r degi(h)✱ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ xi ❡ xi∗

❛♣❛r❡❝❡♠ ❡♠ h✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ h = x1
∗x2

∗x2
2✱ t❡♠♦s deg1(h) = 1, deg2(h) = 3 ❡

degj(h) = 0✱ ♣❛r❛ j ≥ 3✳ P❛r❛ ✉♠ ∗✲♣♦❧✐♥ô♠✐♦ f ✱

degi(f) = max{degi(h) ; h é ✉♠ ∗ ✲♠♦♥ô♠✐♦ ❞❡ f}

❡

degi(f) = min{degi(h) ; é ✉♠ ∗ ✲♠♦♥ô♠✐♦ ❞❡ f}.

❊s❝r❡✈❡♥❞♦ f(x1, . . . , xt, x1∗, . . . , xt∗) t❡♠✲s❡ degi(f) = degi(f) = 0✱ ♣❛r❛ t♦❞♦ i > t✳

❉❡✜♥✐çã♦ ✷✳✷✳✷ ❙❡♥❞♦ f ✉♠ ∗✲♣♦❧✐♥ô♠✐♦✱ ❞✐③❡♠♦s q✉❡ f é✿

✭✐✮ ❍♦♠♦❣ê♥❡♦ ♥❛ ✐✲és✐♠❛ ✈❛r✐á✈❡❧✱ s❡ degi(f) = degi(f)❀

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✷✳ ■❞❡♥t✐❞❛❞❡s ❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ❝♦♠ ■♥✈♦❧✉çã♦ ✹✶

✭✐✐✮ ▼✉❧t✐❤♦♠♦❣ê♥❡❛✱ s❡ f é ❤♦♠♦❣ê♥❡♦ ❡♠ ❝❛❞❛ ✈❛r✐á✈❡❧ ✭q✉❡ ♦❝♦rr❡ ❡♠ f✮❀

✭✐✐✐✮ ▲✐♥❡❛r ♥❛ ✐✲és✐♠❛ ✈❛r✐á✈❡❧✱ s❡ degi(f) = degi(f) = 1❀

✭✐✈✮ ▼✉❧t✐❧✐♥❡❛r✱ s❡ f é ❧✐♥❡❛r ❡♠ ❝❛❞❛ ✈❛r✐á✈❡❧ ✭q✉❡ ♦❝♦rr❡ ❡♠ f✮✳

✷✳✸ ■❞❡♥t✐❞❛❞❡s ❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ❝♦♠ ■♥✈♦❧✉çã♦

◆❡st❛ s❡çã♦ ❢❛r❡♠♦s ✉♠ ❡st✉❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❢❡✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ❙❡çã♦ ✶✳✹✳

■r❡♠♦s ❛ss♦❝✐❛r ♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❞♦ ❡st✉❞♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡ ❛✜♠

❞❡ ❞❛r ✉♠ ❡♠❜❛s❛♠❡♥t♦ t❡ór✐❝♦ ❛♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ ❊♠ t♦❞♦ tr❛❜❛❧❤♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r

s♦♠❡♥t❡ ❛s ✐♥✈♦❧✉çõ❡s ❞♦ ♣r✐♠❡✐r♦ t✐♣♦✱ ♣♦✐s é ❝♦♥❤❡❝✐❞♦ q✉❡ s❡ ∗ é ✉♠❛ ✐♥✈♦❧✉çã♦ ❞♦

s❡❣✉♥❞♦ t✐♣♦ s♦❜r❡ ❛s á❧❣❡❜r❛s ❞❛s ♠❛tr✐③❡s✱ ❡♥tã♦ t♦❞❛s ❛s ∗✲✐❞❡♥t✐❞❛❞❡s sã♦ ♦r❞✐♥ár✐❛s

✭✈❡r ❬✸✷❪ Pr♦♣♦s✐çã♦ ✷✳✸✳✸✾✱ ♣✳ ✶✸✷✮✳

❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❝❛s♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ✭P■✮ ❡♠ ✉♠❛ á❧❣❡❜r❛ A✱ ✈❛♠♦s

❞❡✜♥✐r ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❝♦♠ ✐♥✈♦❧✉çã♦ ♦✉ ∗✲✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ✭∗✲P■✮ ❡♠

✉♠❛ á❧❣❡❜r❛ (A, ∗) ❝♦♠ ✐♥✈♦❧✉çã♦✳

❉❡✜♥✐çã♦ ✷✳✸✳✶ ❯♠ ∗✲♣♦❧✐♥ô♠✐♦ f(z1, . . . , zn, z∗1 , . . . , z
∗
n) ∈ K〈Z,Z∗〉 é ❞✐t♦ s❡r ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❝♦♠ ✐♥✈♦❧✉çã♦ ♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ∗✲✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ✭∗✲P■✮

♣❛r❛ ✉♠❛ ∗✲á❧❣❡❜r❛ A✱ s❡ f(a1, . . . , an, a∗1, . . . , a
∗
n) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , an ∈ A✳

❉✐r❡♠♦s q✉❡ ✉♠❛ ∗✲P■ f é ✉♠❛ ∗✲P■ ❡s♣❡❝✐❛❧ s❡ ❛♦ s✉❜st✐t✉✐r♠♦s ❛s ❡♥tr❛❞❛s z∗i

♣♦r q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s ❞❡ A ♦❜t✐✈❡r♠♦s ✉♠❛ P■ ♥♦ s❡♥t✐❞♦ ♦r❞✐♥ár✐♦✱ ♦✉ s❡❥❛✱ s❡ ❛♦

✜③❡r♠♦s z∗i = yi✱ ❡ ♦❜t❡♠♦s q✉❡ f(z1, , . . . , zn, y1, . . . , yn) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

♣❛r❛ A✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✷ ❉❛❞♦ q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ ♣♦❞❡♠♦s s✉♣♦r q✉❡ t♦❞❛s ❛s s✉❛s ❡♥tr❛❞❛s

♦✉ sã♦ s✐♠étr✐❝❛s ♦✉ ❛♥t✐ss✐♠étr✐❝❛s✳ ❉❡ ❢❛t♦✱ ❝❛s♦ ❛♣❛r❡ç❛ ✉♠❛ ✈❛r✐á✈❡❧ z q✉❡ ♥ã♦ s❡❥❛

s✐♠étr✐❝❛✱ ♥❡♠ ❛♥t✐ss✐♠étr✐❝❛✱ ♣♦❞❡♠♦s t♦♠❛r ❛ ♣❛rt❡ s✐♠étr✐❝❛ x = z + z∗ ❡ ❛ ♣❛rt❡

❛♥t✐ss✐♠étr✐❝❛ y = z − z∗ ❞❡ z ❡ ❛ss✐♠ t❡♠♦s ❛✐♥❞❛ z = (1/2)(x + y)✳ ▲♦❣♦✱ ♣♦❞❡♠♦s

s✉❜st✐t✉✐r ❛ ✈❛r✐á✈❡❧ z ♣❡❧❛ ❡①♣r❡ssã♦ (1/2)(x + y) ❡ ♣♦❞❡♠♦s ❢❛③❡r ✐st♦ ♣❛r❛ t♦❞❛s

❛s ✈❛r✐á✈❡✐s q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ r❡❞✉③✐❞❛s✳ P♦rt❛♥t♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❛ ❛✜r♠❛çã♦

✐♥✐❝✐❛❧✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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◆♦ q✉❡ ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✸✳✷✱ ❧❡✈❛♥❞♦✲s❡ ❡♠ ❝♦♥t❛ ❛ ❞❡❝♦♠♣♦s✐✲

çã♦ ❞❛ ∗✲á❧❣❡❜r❛ ❡♠ ♣❛rt❡ s✐♠étr✐❝❛ ❡ ❛♥t✐ss✐♠étr✐❝❛✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ♦✉tr❛

❝♦♥str✉çã♦ ❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❝♦♠ ✐♥✈♦❧✉çã♦✳ ❈♦♥s✐❞❡r❛♥❞♦ X ❡ Y ❝♦♥❥✉♥t♦s

❡♥✉♠❡rá✈❡✐s ❞❡ ❧❡tr❛s ✭✈❛r✐á✈❡✐s✮ ❞✐s❥✉♥t♦s✱ ♦♥❞❡ r❡s❡r✈❛♠♦s ❛s ❧❡tr❛s ❞♦ ❝♦♥❥✉♥t♦ X

♣❛r❛ s❡r❡♠ ❛s ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s ❡ ❛s ❧❡tr❛s ❞♦ ❝♦♥❥✉♥t♦ Y ♣❛r❛ s❡r❡♠ ❛s ✈❛r✐á✈❡✐s

❛♥t✐ss✐♠étr✐❝❛s✱ ✐♥❞✉③✐♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦ ❡♥tr❡ K〈Z,Z∗〉

❡ K〈X ∪Y 〉✳ ❆ss✐♠ ✉s❛♠♦s ❛♠❜❛s ❛s ♥♦t❛çõ❡s ♣❛r❛ ❞❡♥♦t❛r ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡

❝♦♠ ✐♥✈♦❧✉çã♦ ❡ q✉❛♥❞♦ q✉✐s❡r♠♦s ❢❛❧❛r ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦✐ r❡❞✉③✐❞❛

✈❛♠♦s ✉t✐❧✐③❛r ♦ ❝♦♥❥✉♥t♦ Z✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s S ⊆ X ♦✉ S ⊆ Y

é ∗✲❤♦♠♦❣ê♥❡♦ ❞❡ K〈X ∪ Y 〉✱ s❡ S ♥ã♦ ❝♦♥té♠ ✈❛r✐á✈❡✐s ❞❡ X ❡ Y s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✸ ❙❡❥❛♠ xi ❡ yi ❞❛ ❢♦r♠❛ ♠❡♥❝✐♦♥❛❞❛ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✸✳✷✳ ❯♠

♣♦❧✐♥ô♠✐♦ f = f(x1, . . . , xl, y1, . . . , ym) é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❛ ∗✲á❧❣❡❜r❛

A s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f(a1, . . . , al, b1, . . . , bm) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , al ∈ A+ ❡

b1, . . . , bm ∈ A−✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦s ci ∈ (A, ∗)✱ ❡♥tã♦ ci = ai + bi✱ ❝♦♠ ai
∗ = ai ❡ bi

∗ = −bi✳

❙✉♣♦♥❤❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ l ≥ m✳ ❊♥tã♦✱ ❝♦♥s✐❞❡r❡ ♦ ❤♦♠♦♠♦r✜s♠♦

ϕ : K〈Z, ∗〉 → (A, ∗)

(zi + z∗i )/2 = xi → ai

(zi − z∗i )/2 = yi → bi.

P♦r ❤✐♣ót❡s❡✱ f é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✱ ❡♥tã♦

0 = ϕ(f(x1, . . . , xl, y1, . . . , ym))

= f(ϕ(x1), . . . , ϕ(xl), ϕ(y1), . . . , ϕ(ym))

= f(a1, . . . , al, b1, . . . , bm),

♣❛r❛ q✉❛✐sq✉❡r ai ∈ A+ ❡ bi ∈ A−✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ f(a1, . . . , al, b1, . . . , bm) = 0 ❡ ❝♦♥s✐❞❡r❡ ✉♠

∗✲❤♦♠♦♠♦r✜s♠♦ q✉❛❧q✉❡r

ϕ : K〈Z, ∗〉 → (A, ∗)

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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t❛❧ q✉❡ ai = (1/2)(ϕ(zi) + ϕ(zi
∗)) = (1/2)(ϕ(zi + zi

∗)) = ϕ(xi) ❡✱ ❛♥❛❧♦❣❛♠❡♥t❡✱

bi = ϕ(yi)✳ ❙❡❣✉❡ q✉❡

ϕ(f(x1, . . . , xl, y1, . . . , ym)) = f(ϕ(x1), . . . , ϕ(xl), ϕ(y1), . . . , ϕ(ym))

= f(a1, . . . , al, b1, . . . , bm)

= 0.

P♦rt❛♥t♦✱ f ∈
⋂
Kerϕ ♣❛r❛ q✉❛❧q✉❡r ∗✲❤♦♠♦♠♦r✜s♠♦ ϕ✱ ♦✉ s❡❥❛✱ f é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❛ ∗✲á❧❣❡❜r❛ A✳ �

❈♦♠♦ charK 6= 2✱ é út✐❧ ❝♦♥s✐❞❡r❛r♠♦s ♥♦ ❞❡❝♦rr❡r ❞❡ t♦❞♦ t❡①t♦ ❛ á❧❣❡❜r❛

K〈Z, ∗〉 s❡♥❞♦ ❣❡r❛❞❛ ♣❡❧❛s ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s X ❡ ❛s ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s Y ✱ ♦✉

s❡❥❛✱ K〈Z, ∗〉 = K〈X ∪ Y 〉✳

❉❛❞❛ ✉♠❛ ∗✲á❧❣❡❜r❛ A✱ ❞❡✜♥✐♠♦s

T∗(A) = {f ∈ K〈X ∪ Y 〉 ; f é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ (A, ∗)}

♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ ✐♥✈♦❧✉çã♦ s♦❜r❡ ❛ á❧❣❡❜r❛ A✳ ❆♥❛❧♦❣❛♠❡♥t❡✱

❛♦ ❝❛s♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ T∗(A) é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡

K〈X ∪ Y 〉✳

❆❧é♠ ❞✐ss♦✱ s❡ f = f(x1, . . . , xl, y1, . . . , ym) ∈ T∗(A)✱ ❞❛❞♦s g1, g2, . . . , gl ❡❧❡♠❡♥t♦s

s✐♠étr✐❝♦s ❡ h1, h2, . . . , hm ❡❧❡♠❡♥t♦s ❛♥t✐ss✐♠étr✐❝♦s ❞❡ K〈X ∪ Y 〉✱ ❡♥tã♦

f(g1, . . . , gl, h1, . . . , hm) ∈ T∗(A)✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡♥❞♦♠♦r✜s♠♦ ϕ ❞❡ K〈X ∪ Y 〉 é

✉♠ ∗✲❡♥❞♦♠♦r✜s♠♦ s❡ ϕ(xi) é s✐♠étr✐❝♦ ❡ ϕ(yi) é ❛♥t✐ss✐♠étr✐❝♦ ♣❛r❛ t♦❞♦ i ∈ N ✭✐st♦

é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡ ϕ ❝♦♠✉t❛ ❝♦♠ ∗✮✳

❆ss✐♠✱ q✉❛❧q✉❡r ∗✲❡♥❞♦♠♦r✜s♠♦ ❞❡ K〈X ∪ Y 〉 é ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦

K〈X ∪ Y 〉 → K〈X ∪ Y 〉

xi → gi

yi → hi,

♣❛r❛ q✉❛❧q✉❡r xi ∈ X✱ yi ∈ Y ❡ gi, hi ∈ K〈X ∪Y 〉✱ ❝♦♠ gi s✐♠étr✐❝❛ ❡ hi ❛♥t✐ss✐♠étr✐❝❛✳

❖s ∗✲✐❞❡❛✐s ❝♦♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ sã♦ ❝❤❛♠❛❞♦s ❞❡ T∗✲✐❞❡❛✐s✳

❉❡✜♥✐çã♦ ✷✳✸✳✹ ❯♠ ✐❞❡❛❧ J ❞❡ K〈X ∪ Y 〉 é ✉♠ T∗✲✐❞❡❛❧ s❡ ϕ(J) ⊆ J ✱ ♣❛r❛ t♦❞♦

∗✲❡♥❞♦♠♦r✜s♠♦ ϕ ❞❡ K〈X ∪ Y 〉 ✭♦✉ s❡❥❛✱ ϕ ❝♦♠✉t❛ ❝♦♠ ∗✮✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❈❧❛r❛♠❡♥t❡✱ ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❧✐✈r❡s K〈Z〉 ✭s❡♠ ✐♥✈♦❧✉çã♦✮ ♣♦❞❡♠ s❡r ❝♦♥✲

s✐❞❡r❛❞❛s ❝♦♠♦ ✉♠❛ s✉❜á❧❣❡❜r❛s ❞❡ K〈Z, ∗〉✳ P❛rt✐❝✉❧❛r♠❡♥t❡✱ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦✲

♠✐❛❧ ♦r❞✐♥ár✐❛ ❞❡ ✉♠❛ ❝❡rt❛ á❧❣❡❜r❛ A✱ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ á❧❣❡❜r❛ (A, ∗)✳ ▲♦❣♦✱ T (A) ⊆ T∗(A)✳

❆❣♦r❛✱ ✉t✐❧✐③❛♥❞♦ ❛s ✐❞❡✐❛s ❡①♣♦st❛s ❡♠ t♦❞❛ ❙❡çã♦ ✷✳✶ ❡ ♦s ❝♦♠❡♥tár✐♦s ❢❡✐t♦s

♥♦ ❈❛♣ít✉❧♦ ✶✱ ❙❡çã♦ ✶✳✻✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❞❡✜♥✐r ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ✉♠❛

á❧❣❡❜r❛ ❝♦♠ ■♥✈♦❧✉çã♦✳

❉❡✜♥✐çã♦ ✷✳✸✳✺ ❙❡❥❛♠ f = f(x1, . . . , xn, y1, . . . , ym) ∈ K〈X∪Y 〉 ❡ (A, ∗) ✉♠❛ á❧❣❡❜r❛

❝♦♠ ✐♥✈♦❧✉çã♦✳ ❉✐③❡♠♦s q✉❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ (A, ∗) s❡

f(a1, . . . , an, b1, . . . , bm) ∈ Z(A, ∗)✱ ♣❛r❛ q✉❛✐sq✉❡r ai ∈ A+ ❡ bj ∈ A−✳

❉❡✜♥✐çã♦ ✷✳✸✳✻ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ J ❞❡ K〈X ∪ Y 〉 é ✉♠ T∗✲❡s♣❛ç♦ s❡

ϕ(J) ⊆ J ♣❛r❛ t♦❞♦ ∗✲❡♥❞♦♠♦r✜s♠♦ ϕ ❞❡ K〈X ∪ Y 〉✳

❆ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ f(g1, . . . , gn, h1, . . . , hm) ∈ J ♣❛r❛ q✉❛✐s✲

q✉❡r f(x1, . . . , xn, y1, . . . , ym) ♣❡rt❡♥❝❡♥t❡ ❛ J ✱ g1, . . . , gn ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❡ h1, . . . , hm

❡❧❡♠❡♥t♦s ❛♥t✐ss✐♠étr✐❝♦s ❞❡ K〈X ∪Y 〉✳ ❚❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ C(A, ∗) ❞♦s ♣♦❧✐♥ô♠✐♦s

❝❡♥tr❛✐s ❞❛ á❧❣❡❜r❛ (A, ∗) é ✉♠ T∗✲❡s♣❛ç♦✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡ t♦❞♦ T∗✲❡s♣❛ç♦ ❡ t♦❞♦ T∗✲✐❞❡❛❧ ♣♦❞❡♠ s❡r ❣❡r❛❞♦s ♣♦r

✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s ✭❝❛s♦ K s❡❥❛ ✐♥✜♥✐t♦✮ ❡ ♠✉❧t✐❧✐♥❡❛r ✭❝❛s♦

charK = 0✮ sã♦ ❛♥á❧♦❣❛s àq✉❡❧❛s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s

♦r❞✐♥ár✐♦s✳

✷✳✹ P♦❧✐♥ô♠✐♦ ∗✲Pró♣r✐♦

◆❡st❛ s❡çã♦✱ ❢❛❧❛r❡♠♦s ❞❡ ♣♦❧✐♥ô♠✐♦ ∗✲♣ró♣r✐♦ ❡ ♣♦st♦ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦✳ ❱❛♠♦s

❝♦♥s✐❞❡r❛r ✉♠ ❝♦♠✉t❛❞♦r ❞❡ ❣r❛✉ 1 ❝♦♠♦ s❡♥❞♦ s✐♠♣❧❡s♠❡♥t❡ ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ X ∪ Y ✳

❉❡✜♥✐çã♦ ✷✳✹✳✶ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f ∈ K〈X ∪ Y 〉 é ∗✲♣ró♣r✐♦ s❡ f é ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❡ ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s s❡❣✉✐❞❛s ♣♦r ❝♦♠✉t❛❞♦r❡s

❞❡ ❣r❛✉ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ 2✳ ❉❡♥♦t❛r❡♠♦s ♣♦r B∗ ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

∗✲♣ró♣r✐♦s✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❖❜s❡r✈❛♥❞♦ ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ❙❡çã♦ ❄❄✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❜❛s❡

♦r❞❡♥❛❞❛ ❞❡ L(X ∪ Y ) ❢♦r♠❛❞❛ ♣♦r

x1, x2, x3, . . . , y1, y2, y3, . . . , u1, u2, u3, . . . ,

♦♥❞❡ ui = [zi1 , zi2 , . . . , zik ]✱ ❝♦♠ zij ∈ X ∪Y ❡ k ≥ 2✳ ❚❡♠♦s ❡♥tã♦ q✉❡ ❡①✐st❡ ✉♠❛ ❜❛s❡

❞❡ K〈X ∪ Y 〉 ❢♦r♠❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s

xi1
n1xi2

n2 . . . xip
npyj1

m1yj2
m2 . . . yjq

mqul1ul2 . . . ulk , p, q, k, ni,mj ≥ 0.

❉❡✜♥✐çã♦ ✷✳✹✳✷ ❙❡❥❛ f ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❡♠ K〈X ∪ Y 〉✳ ❊s❝r❡✈❡♥❞♦

f =
∑

a

αax1
a1x2

a2 . . . xn
anga

♦♥❞❡ ga é ✉♠ ♣♦❧✐♥ô♠✐♦ ∗✲♣ró♣r✐♦✱ ❞❡✜♥✐♠♦s ♦ ♣♦st♦ ❞❡ f ✱ ❞❡♥♦t❛❞♦ ♣♦r r(f)✱ ❝♦♠♦

s❡♥❞♦ ❛ ♠❛✐♦r n✲✉♣❧❛ a = (a1, a2, . . . , an) ♥❛ ♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛✳

❈♦♠♦ f ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❡①♣r❡ssã♦ ♥❛ ❢♦r♠❛ ❛❝✐♠❛✱ t❡♠♦s q✉❡ r(f) ❡stá ❜❡♠

❞❡✜♥✐❞♦✳ ◆♦t❡ q✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦✱ ❞✐③❡r q✉❡ f é ∗✲♣ró♣r✐♦✱ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡

r(f) = (0, 0, . . . , 0)✳ ➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r t❛♠❜é♠ q✉❡ ❛ ♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛ é ✉♠❛

❜♦❛ ♦r❞❡♠ ♥♦ ❝♦♥❥✉♥t♦ N
n
0 = N0 × . . . × N0 ✭N0 = N ∪ {0}✮ ❡ ❛ss✐♠ ♦ ♣r✐♥❝í♣✐♦ ❞❛

✐♥❞✉çã♦ é ✈á❧✐❞♦✳

❊①❡♠♣❧♦ ✷✳✹✳✸ ❉❛❞♦ ✉♠ f ∈ K〈Y 〉✱ ♦✉ s❡❥❛✱ ♣♦❧✐♥ô♠✐♦s ❢♦r♠❛❞♦ ❛♣❡♥❛s ❞❡ ✈❛r✐á✈❡✐s

❛♥t✐ss✐♠étr✐❝❛s✱ ❡♥tã♦ f é ∗✲♣ró♣r✐♦✳

❈♦♥s✐❞❡r❛r❡♠♦s ❛❣♦r❛ ♦ ❡s♣❛ç♦

Γl,m = Pl,m ∩ B∗, ♦♥❞❡ l,m ≥ 0

♦✉ s❡❥❛✱ ♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ∗✲♣ró♣r✐♦s ❡♠ x1, . . . , xl✱

y1, . . . , ym ♥❛ á❧❣❡❜r❛ ❧✐✈r❡ K〈X ∪ Y 〉✱ ❡s♣❛ç♦ q✉❡ s❡rá ✐♠♣♦rt❛♥t❡ ♥♦ ❞❡❝♦rr❡r ❞❡ t♦❞♦

♦ ❈❛♣ít✉❧♦ ✺✳

❱❡❥❛♠♦s ❛❣♦r❛ ✉♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ♣♦❧✐♥ô♠✐♦ ∗✲♣ró♣r✐♦✳ ❈♦♥✲

s✐❞❡r❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦

f(x1, . . . , xn, y1, . . . , ym) = αx1
b1 . . . xn

bng +
∑

a

αax1
a1 . . . xn

anga, ✭✷✳✶✮

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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♦♥❞❡ α, αa ∈ K−{0}, g ❡ ga sã♦ ∗✲♣ró♣r✐♦s ❡ a = (a1, . . . , an) < (b1, . . . , bn) = r(f) ✭♥❛

♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛✮✳ ❖❜s❡r✈❡ q✉❡ q✉❛♥t♦ ♠❛✐♦r ❛ ❡♥tr❛❞❛ a1 ♥❛ ♥✲✉♣❧❛ a✱ ♠❡♥♦r s❡rá

♦ ❣r❛✉ ❞❡ x1 ❡♠ ga✳

❈♦♠♦ ❡♠ g ❡ ❡♠ ga ♥ã♦ ❛♣❛r❡❝❡♠ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s ❢♦r❛ ❞❡ ❝♦♠✉t❛❞♦r❡s✱ ❛

s✉❜st✐t✉✐çã♦ ❞❡ xi ♣♦r xi + 1 ♥ã♦ ❛❧t❡r❛ ❡st❡s ♣♦❧✐♥ô♠✐♦s✳ ▲♦❣♦✱ t♦♠❛♥❞♦ ♦ ♣♦❧✐♥ô♠✐♦

f = f(x1 + 1, x2, . . . , xn, y1, . . . , ym)✱ t❡r❡♠♦s

f = α(x1 + 1)b1x2
b2 . . . xn

bng +
∑

a

αa(x1 + 1)a1x2
a2 . . . xn

anga.

❖❜s❡r✈❡ q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ♠❡♥♦r ❣r❛✉ ❡♠ x1 ❞❡st❡ ♣♦❧✐♥ô♠✐♦ é

f1 = αx2
b2 . . . xn

bng +
∑

a

αax2
a2 . . . xn

anga

♦♥❞❡ ♦ s♦♠❛tór✐♦ é s♦❜r❡ t♦❞♦s ♦s a✬s t❛✐s q✉❡ a1 = b1✳ ❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ ♣❛r❛

a1 = b1✱ t❡♠♦s (a2, . . . , an) < (b2, . . . , bn)

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ♣♦❧✐♥ô♠✐♦ f1(x1, x2 + 1, x3, . . . , xn, y1, . . . , ym) ❡ t♦♠❡♠♦s

❛ s✉❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ♠❡♥♦r ❣r❛✉ ❡♠ x2✱ q✉❡ é

f2 = αx3
b3 . . . xn

bng +
∑

a

αax3
a3 . . . xn

anga

♦♥❞❡ ♦ s♦♠❛tór✐♦ é s♦❜r❡ t♦❞♦s ♦s a✬s t❛✐s q✉❡ a1 = b1 ❡ a2 = b2✳ ❚❡♠♦s q✉❡ ♣❛r❛ a1 = b1

❡ a2 = b2 ✈❛❧❡ (a3, . . . , an) < (b3, . . . , bn)✳ ❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❡ss❡ ♣r♦❝❡ss♦✱ ✈❛♠♦s ❝❤❡❣❛r

❛♦ ♣♦❧✐♥ô♠✐♦ fn = αg✳ ❆ ♣❛rt✐r ❞❡ss❛s ✐❞❡✐❛s✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✹ ✭❬✶✽❪ ▲❡♠❛ ✷✳✶✮ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ ❝♦♠ ✐♥✈♦❧✉çã♦ s♦❜r❡

✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K✱ ❡♥tã♦ B∗∩T∗(A) ❣❡r❛ T∗(A) ❝♦♠♦ T∗✲✐❞❡❛❧✳ ❙❡ charK = 0✱ ❡♥tã♦

T∗(A) é ❣❡r❛❞♦ ♣❡❧♦ ❡s♣❛ç♦ Γl,m ∩ T∗(A)✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✻✱ ❈❛♣ít✉❧♦ ✶✱ ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❝♦♠ ✐♥✈♦❧✉çã♦

K〈X ∪Y 〉 é ❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ ❞❛ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ ▲✐❡✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✲

✜s♠♦✳ ❙❡❣✉❡ ❞♦ ❈❛♣ít✉❧♦ ✶✱ ❚❡♦r❡♠❛ ✶✳✸✳✺✱ q✉❡ ♦ ❝♦♥❥✉♥t♦

{x1
p1 . . . xl

ply1
q1 . . . ym

qmu1
k1 . . . un

kn ; ph, qi, rj ≥ 0}

é ✉♠❛ ❜❛s❡ ♣❛r❛ K〈X ∪ Y 〉✱ ♦♥❞❡ u1, u2, . . . sã♦ ❝♦♠✉t❛❞♦r❡s ❡♠ X ∪ Y t❛✐s q✉❡

u1 < u2 < · · · ✳ ❈♦♠♦ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ s✉♣♦♥❤❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f = f(x1, . . . , xl, y1, . . . , ym) ∈ K〈X ∪Y 〉 s❡❥❛ ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❈♦♠♦

♣❛r❛ t♦❞♦ j✱ uj = uj(x1, . . . , xl, y1, . . . , ym) é ✉♠ ❝♦♠✉t❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r ♦✉

✐❣✉❛❧ ❛ 2 ❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ K sã♦ ❞✐t♦s ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r

q✉❡

uj(x1 + β, . . . , xl, y1, . . . , ym) = uj(x1, . . . , xl, y1, . . . , ym), ♣❛r❛ q✉❛✐sq✉❡r β ∈ K.

❙❡❣✉❡ q✉❡

f(x1 + β, . . . , xl, y1, . . . , ym) =
∑

p

∑

q

∑

r

αp,q,r(x1 + β)p1x2
p2 . . . xl

ply1
q1 . . . ym

qmgr,

♦♥❞❡ gr = u1
k1 . . . un

kn ✳ ❯t✐❧✐③❛♥❞♦ ♦ ❝♦♠❡♥tár✐♦ ❢❡✐t♦ ❛♥t❡s ❞❛ ♣r♦♣♦s✐çã♦✱ t❡♠♦s q✉❡

∑

p1 ♠❛①
αp,q,rx2

p2 . . . xl
ply1

q1 . . . ym
qmgr ∈ T∗(A).

❘❡♣❡t✐♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ❡ ✉s❛♥❞♦ ✐♥❞✉çã♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

fp =
∑

q

∑

r

αp,q,ry1
q1 . . . ym

qmgr ∈ T∗(A).

❆ss✐♠✱ ❝❧❛r❛♠❡♥t❡ fp ∈ B∗ ∩ T∗(A)✱ ♦✉ s❡❥❛✱ B∗ ∩ T∗(A) ❣❡r❛ T∗(A)✳ ❈❛s♦ charK = 0✱

♣♦❞❡♠♦s s✉♣♦r f ♠✉❧t✐❧✐♥❡❛r✱ ❡ ❞❛í s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❖❜s❡r✈❡ q✉❡ ❡st❡ ♣r♦❝❡ss♦ ❞❡ ✏❡❧✐♠✐♥❛çã♦✑ ❞❡ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s ❢♦r❛ ❞❡ ❝♦♠✉✲

t❛❞♦r❡s ✉s❛❞♦ ♥❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ♥ã♦ ❢✉♥❝✐♦♥❛ ♣❛r❛ ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s✱ ✉♠❛

✈❡③ q✉❡ ❛ s✉❜st✐t✉✐çã♦ ❞❡ yi ♣♦r yi +1 ♥ã♦ ❞❡✜♥❡ ✉♠ ∗✲❡♥❞♦♠♦r✜s♠♦ ❞❡ K〈X ∪Y 〉✱ ❥á

q✉❡ yi + 1 ♥ã♦ é ✉♠❛ ❡❧❡♠❡♥t♦ ❛♥t✐ss✐♠étr✐❝♦✳

❉❡✜♥✐çã♦ ✷✳✹✳✺ ❙❡ I é ✉♠ T∗✲✐❞❡❛❧ ❞❡ K〈X ∪ Y 〉✱ ❞❡♥♦t❛r❡♠♦s ♣♦r Γl,m(I) ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ Γl,m/I ∩Γl,m✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ ♥♦t❛çã♦✱ s❡ I = T∗(A)✱ ♣❛r❛ ❛❧❣✉♠❛ á❧❣❡❜r❛

❝♦♠ ✐♥✈♦❧✉çã♦ (A, ∗)✱ ❡s❝r❡✈❡♠♦s Γl,m(A) ❡♠ ✈❡③ ❞❡ Γl,m(T∗(A))✳

❈♦r♦❧ár✐♦ ✷✳✹✳✻ ❙❡♥❞♦ charK = 0 ❡ I, J sã♦ T∗✲✐❞❡❛✐s ❞❡ K〈X ∪ Y 〉✳ ❊♥tã♦ I = J

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Γl,m(I) = Γl,m(J)✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ I = J ✱ ❡♥tã♦

Γl,m(I) = Γl,m/I ∩ Γl,m = Γl,m/J ∩ Γl,m = Γl,m(J)

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✷✳ ■♥✈♦❧✉çã♦ ❡♠ ➪❧❣❡❜r❛s ❈❡♥tr❛✐s ❙✐♠♣❧❡s ✹✽

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ Γl,m(I) = Γl,m(J) ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦

♣r♦❥❡çã♦

ϕ : Γl,m → Γl,m(I)

❈♦♠♦ Kerϕ = I ∩ Γl,m = J ∩ Γl,m ❡ charK = 0✱ Pr♦♣♦s✐çã♦ ✷✳✹✳✹✱ ❝♦♥❝❧✉✐r❡♠♦s q✉❡

I = J ✳ �

✷✳✺ ■♥✈♦❧✉çã♦ ❡♠ ➪❧❣❡❜r❛s ❈❡♥tr❛✐s ❙✐♠♣❧❡s

❆♣r❡s❡♥t❛r❡♠♦s ♥❡st❛ s❡çã♦ ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s s♦❜r❡ á❧❣❡❜r❛ s✐♠✲

♣❧❡s✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡st✉❞❛r ❛ ✐❞❡✐❛ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ✐♥✈♦❧✉çõ❡s✳ ❈♦♠♦ r❡s✉❧t❛❞♦

❞❡ss❡ ❡st✉❞♦✱ t❡r❡♠♦s ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❛s ✐♥✈♦❧✉çõ❡s ❞♦ ♣r✐♠❡✐r♦ t✐♣♦ ♥❛ á❧❣❡❜r❛Mn(K)✱

❡ ❛ss✐♠✱ ❝♦♠ ❛ ❝♦♥❝❧✉sã♦ ❞❡st❛ s❡çã♦✱ ❞❡✈❡r❡♠♦s ❝♦♥s✐❞❡r❛r✱ ♥❛ á❧❣❡❜r❛Mn(K)✱ ❛♣❡♥❛s

❛s ✐♥✈♦❧✉çõ❡s tr❛♥s♣♦st❛ ❡ s✐♠♣❧ét✐❝❛✳

❉❡✜♥✐çã♦ ✷✳✺✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡ A é s✐♠♣❧❡s✱ s❡ {0} ❡ A sã♦ ♦s

s❡✉s ú♥✐❝♦s ✐❞❡✐❛s✳ A é ❞✐t❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✱ s❡ A é s✐♠♣❧❡s ❡ Z(A) = K✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r a ∈ U(A)✱ ❞❡✜♥✐❞♦

♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✹✱ ❈❛♣ít✉❧♦ ✶✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✷ ✭❙❦♦❧❡♠✲◆♦❡t❤❡r✮ ❙❡ ❆ é ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛✱ ❡♥tã♦ t♦❞♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❆ é ✐♥t❡r♥♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✸✷❪✱ ♣❣✳ ✶✺✷✱ ❚❡♦r❡♠❛ ✸✳✶✳✷✳ �

❈♦♥s✐❞❡r❛r❡♠♦sK ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❡ A ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛ s♦❜r❡ K✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Inv(A) ♦ ❝♦♥❥✉♥t♦ ❞❛s ✐♥✈♦❧✉çõ❡s ❞♦ ♣r✐♠❡✐r♦ t✐♣♦

❡♠ A ❡ ζa ♦ ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦ ❞❡ A ❞❡t❡r♠✐♥❛❞♦ ♣♦r a✳ ❙❡❥❛♠ ∗, J ∈ Inv(A)✳

▲❡♠❛ ✷✳✺✳✸ ❙❡ ∗ = Jζa ♣❛r❛ ❛❧❣✉♠ a ∈ U(A)✱ ❡♥tã♦ a∗ = aJ = ±a✳

❉❡♠♦♥str❛çã♦✿ ❚❡♠♦s aJ∗ = aJJζa = aζa = a−1aa = a ❡ ❞❛í aJ = a∗✳ ❙❡❣✉❡ q✉❡ ♣❛r❛

x ∈ A ❛r❜✐trár✐♦ t❡♠♦s

x = x∗∗ = (xJζa)∗ = (a−1xJa)∗ = a∗xJ∗(a∗)−1 = a∗a−1xa(a∗)−1

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❡ ❛ss✐♠ a∗a−1 ∈ Z(A)✳ ❈♦♠♦ A é ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✱ ❡♥tã♦ ❡①✐st❡ λ ∈ K

t❛❧ q✉❡ a∗ = λa✳ ❈♦♠♦ a∗∗ = a✱ t❡♠♦s (λa)∗ = a✱ ❡ ❞❛í λ2a = a✳ P♦rt❛♥t♦✱ λ2 = 1✳

❈♦♥❝❧✉í♠♦s q✉❡ λ = ±1✳ �

❆❣♦r❛✱ ✐r❡♠♦s ❞❡♠♦♥str❛r ✉♠ r❡s✉❧t❛❞♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❆❧❜❡rt✱

q✉❡ ♥♦s ♣♦ss✐❜✐❧✐t❛rá ❝❛r❛❝t❡r✐③❛r ❛s ✐♥✈♦❧✉çõ❡s ❞❡ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s ❞♦ ♣r✐♠❡✐r♦

t✐♣♦✳

❚❡♦r❡♠❛ ✷✳✺✳✹ ✭❆❧❜❡rt✮✳ ❊①✐st❡ a ∈ U(A)✱ ❝♦♠ aJ = a∗ = ±a✱ t❛❧ q✉❡ ∗ = Jζa✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ a ∈ U(A) ❡ aJ = ±a✱ ❡♥tã♦ Jζa ∈ Inv(A)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ J∗ é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ A✱ t❡♠♦s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✺✳✷✱ q✉❡

J∗ é ✐♥t❡r♥♦✱ ♦✉ s❡❥❛✱ J∗ = ζa ♣❛r❛ ❛❧❣✉♠ a ∈ U(A)✱ ❡ ❞❛í ∗ = Jζa✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱

a∗ = aJ = ±a✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ t♦♠❛♥❞♦ J1 = Jζa✱ ❝♦♠ a ∈ U(A) ❡ aJ = ±a✱ t❡♠♦s✿

✭✐✮ xJ1J1 = a−1(xJ1)Ja = a−1(a−1xJa)Ja = a−1aJxJJ(a−1)Ja = a−1axa−1a = x

✭✐✐✮ (xy)J1 = a−1(xy)Ja = a−1yJxJa = a−1yJaa−1xJa = yJ1xJ1

✭✐✐✐✮ J1 é ❧✐♥❡❛r✱ ♣♦✐s J ❡ ζa sã♦ ❧✐♥❡❛r❡s✳

P♦rt❛♥t♦✱ Jζa ∈ Inv(A)✳ �

❉❡✜♥✐çã♦ ✷✳✺✳✺ ❉✐r❡♠♦s q✉❡ ∗ ❡ ❏ sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ ❡①✐st✐r a ∈ U(A) ∗✲s✐♠étr✐❝♦

t❛❧ q✉❡ ∗ = Jζa✳

❖❜s❡r✈❛♥❞♦ ❛ ❞❡✜♥✐çã♦✱ ❞✐s❝✉t✐r❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✺✳✻ ✭✐✮ ❆ ❞❡✜♥✐çã♦ é ❞❡ ❢❛t♦ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

✭✐✐✮ ❆ r❡❧❛çã♦ ❞❛❞❛ ♥❛ ❉❡✜♥✐çã♦ ✷✳✺✳✺ ❞❡t❡r♠✐♥❛✱ ♥♦ ♠á①✐♠♦✱ ❞✉❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✲

✈❛❧ê♥❝✐❛ ❡♠ Inv(A)✳

✭✐✐✐✮ ❙❡ ∗, J ∈ Inv(A) ❡ ∗ = Jζa ♣❛r❛ ❛❧❣✉♠ a ∈ U(A) ∗✲❛♥t✐ss✐♠étr✐❝♦✱ ❡♥tã♦ ∗ ❡ J

♥ã♦ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❉❡♠♦♥str❛çã♦✿ ❆✜♠ ❞❡ ❞❡♠♦♥str❛r ✭✐✮ ♦❜s❡r✈❡ q✉❡ ❛s ♣r♦♣r✐❡❞❛❞❡s r❡✢❡①✐✈❛ ❡ s✐♠é✲

tr✐❝❛ sã♦ ✐♠❡❞✐❛t❛s✳ P❛r❛ ♣r♦✈❛r ❛ ♣r♦♣r✐❡❞❛❞❡ tr❛♥s✐t✐✈❛✱ s✉♣♦♥❤❛ J1, J2, J3 ∈ Inv(A)

❡ a1, a2 ∈ U(A)✱ ❝♦♠ a1
J1 = a1 ❡ a2J2 = a2✱ t❛✐s q✉❡

J1 = J2ζa1 e J2 = J3ζa2

❞♦♥❞❡ s❡❣✉❡ q✉❡

J1 = J3ζa2ζa1 = J3ζa2a1 .

❉❛í✱

(a2a1)
J1 = a1

J1a2
J1 = a1a2

J1 = a1a2
J2ζa1 = a1a1

−1a2
J2a1 = a2a1

▲♦❣♦✱ J1 ❡ J3 sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

◗✉❛♥t♦ ❛ ❛✜r♠❛çã♦ ✭✐✐✮ s✉♣♦♥❤❛♠♦s q✉❡ J1, J2, J3 ∈ Inv(A)✱ ❝♦♠ J1 ♥ã♦ ❡q✉✐✲

✈❛❧❡♥t❡s ❛ J2 ❡ J3 ♥ã♦ ❡q✉✐✈❛❧❡♥t❡ ❛ J2✳ ❆✜r♠❛♠♦s q✉❡ J1 ❡ J3 ❡stã♦ ♥❛ ♠❡s♠❛

❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❉❡ ❢❛t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆❧❜❡rt✱ ❡①✐st❡♠ a1, a2 ∈ U(A)✱ ❝♦♠

a1
J1 = a1

J2 = −a1 ❡ a2J2 = a2
J3 = −a2✱ t❛✐s q✉❡ J1 = J2ζa1 ❡ J2 = J3ζa2 ✳ ❉❛í✱

J1 = J3ζa1ζa2 ❡ (a2a1)
J1 = a2a1✳ ▲♦❣♦✱ ❡①✐st❡ (a2a1) ∈ U(A) q✉❡ é J1✲s✐♠étr✐❝♦✳ P❡❧❛

❉❡✜♥✐çã♦ ✷✳✺✳✺✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ J1 ❡ J3 sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

P❛r❛ ❛ ❝♦♥❝❧✉sã♦ ❞♦ t❡♦r❡♠❛✱ ❜❛st❛ ♣r♦✈❛r ♦ ✐t❡♠ ✭✐✐✐✮✳ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱

q✉❡ ∗ ❡ J s❡❥❛♠ ❡q✉✐✈❛❧❡♥t❡s✱ ♦✉ s❡❥❛✱ ∗ = Jζa2 ✱ ❝♦♠ a2
∗ = a2✳ P♦r ❤✐♣ót❡s❡✱ ∗ = Jζa1 ✱

❝♦♠ a1
∗ = −a1✱ s❡❣✉❡ q✉❡

ζa1 = (JJ)ζa1 = J(Jζa1) = J∗ = (JJ)ζa2 = ζa2

❆ss✐♠✱ ζa1 = ζa2 ❚♦♠❛♥❞♦ x ∈ A ❛r❜✐trár✐♦✱ t❡♠♦s q✉❡

a−1
1 xa1 = a−1

2 xa2 ⇒ (a2a
−1
1 )x = x(a−1

2 a1).

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ x✱ t❡♠♦s q✉❡ (a2a1−1) ∈ Z(A)✳ ▲♦❣♦✱ ❞❡✈❡ ❡①✐st✐r λ ∈ K t❛❧ q✉❡

a2 = λa1✳ ❉♦♥❞❡ s❡❣✉❡ q✉❡✱

a2
∗ = (λa1)

∗ = λa∗1 = −λa1 = −a2

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❆ss✐♠✱ ∗ ❡ J ♥ã♦ ♣♦❞❡♠ s❡r ❡q✉✐✈❛❧❡♥t❡s✳ �

❱❛♠♦s ♣❛rt✐❝✉❧❛r✐③❛r ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s Mn(K)✳ ❈♦♥s✐✲

❞❡r❛♥❞♦ ❛ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ (t) ❡ ❛ ✐♥✈♦❧✉çã♦ s✐♠♣❧ét✐❝❛ (s)✱ ♦❜t❡r❡♠♦s ♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❈♦r♦❧ár✐♦ ✷✳✺✳✼ ◗✉❛♥❞♦ n é ♣❛r✱ (t) ❡ (s) sã♦ ✐♥✈♦❧✉çõ❡s ♥ã♦ ❡q✉✐✈❛❧❡♥t❡s ❞❡ Mn(K)✳

◗✉❛♥❞♦ n ❢♦r í♠♣❛r✱ Inv(Mn(K)) t❡♠ ❛♣❡♥❛s ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ n = 2m ❡ X =


 X1 X2

X3 X4


 ∈M2m(K)✱ ❝♦♠

X1, X2, X3, X4 ∈Mm(K)✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦

X t =


 X1

t X3
t

X2
t X4

t


 ❡ Xs =


 X4

t −X2
t

−X3
t X1

t


 .

◆♦t❡ q✉❡ t = sζC ✱ ♦♥❞❡ C =


 0 −Im×m

Im×m 0


 ❡ Ct = −C✳ ❉❡ ❢❛t♦✱ ♦❜s❡r✈❡ q✉❡

C ∈ GLn(K)✳ ▲♦❣♦✱

XsζC = C−1XsC = X t

P♦rt❛♥t♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ✐t❡♠ ✭✐✐✐✮✱ t❡♠♦s q✉❡ (t) ❡ (s) sã♦ ✐♥✈♦❧✉çõ❡s ♥ã♦

❡q✉✐✈❛❧❡♥t❡s✳

❙✉♣♦♥❞♦ ❛❣♦r❛ n ✉♠ ♥ú♠❡r♦ í♠♣❛r ❡ ∗ ∈ Inv(Mn(K)) q✉❛❧q✉❡r✱ t❡♠♦s q✉❡

t = ∗ζB✱ ♣❛r❛ ❛❧❣✉♠ B ∈ Gln(K) t❛❧ q✉❡ B∗ = ±B✳ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡

Bt = −B✳ ❊♥tã♦✱

det(B) = det(Bt) = det(−B) = −det(B),

✭❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ n é í♠♣❛r✮ ❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ det(B) = 0✱

q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ❥á q✉❡ B ∈ GLn(K)✳ ▲♦❣♦✱ Bt = B✳

P♦rt❛♥t♦✱ ∗ é ❡q✉✐✈❛❧❡♥t❡ ❛ (t)✱ ♣❛r❛ q✉❛❧q✉❡r ∗ ∈ Inv(A)✳ �

❇❛s❡❛❞♦ ♥❡st❡ ú❧t✐♠♦ r❡s✉❧t❛❞♦✱ s❡❣✉❡ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✺✳✽ ❙❡❥❛ A = Mn(K)✳ ❆ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ (t) é ❝❤❛♠❛❞❛ ❛

❝❧❛ss❡ ❞❡ ✐♥✈♦❧✉çã♦ t✐♣♦ ♦rt♦❣♦♥❛❧ ❡ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ (s) ✭q✉❛♥❞♦ n é

♣❛r✮ é ❝❤❛♠❛❞♦ ❛ ❝❧❛ss❡ ❞❡ ✐♥✈♦❧✉çã♦ t✐♣♦ s✐♠♣❧ét✐❝❛✳

❙❡❥❛ F ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❝♦r♣♦ K✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ á❧❣❡❜r❛ AF = A ⊗K F ❡

f(x1, . . . , xn) ∈ K〈X〉✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✽✳✸ ✭❈❛♣ít✉❧♦ ✶✱ ❙❡çã♦ ✶✳✽✮ q✉❡ s❡ f ∈ T (A)✱

❡♥tã♦ f ∈ T (AF )✳ P♦❞❡✲s❡ ♠♦str❛r q✉❡ ✐st♦ ✈❛❧❡ ♣❛r❛ ❛s á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦✳

▲❡♠❛ ✷✳✺✳✾ ❙❡❥❛ a ∈ GLn(K)✳ ❙❡ K ❝♦♥té♠ ❛s r❛í③❡s q✉❛❞r❛❞❛s ❞❡ t♦❞❛s ♦s ❛✉t♦✈❛✲

❧♦r❡s ❞❡ a✱ ❡♥tã♦ ❡①✐st❡ p(x) ∈ K[x] t❛❧ q✉❡ a = p(a)2✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✷✳ ■♥✈♦❧✉çã♦ ❡♠ ➪❧❣❡❜r❛s ❈❡♥tr❛✐s ❙✐♠♣❧❡s ✺✷

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ α1, . . . , αn ∈ K ♦s ❛✉t♦✈❛❧♦r❡s ❞✐st✐♥t♦s ❞❡ a ❡ ❝♦♥s✐❞❡r❡ ❛

❞❡❝♦♠♣♦s✐çã♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V = K(n) ❝♦♠♦ ✉♠❛ s♦♠❛ ❞✐r❡t❛ ❞❡ ❛✉t♦❡s♣❛ç♦s ❝♦♠

r❡s♣❡✐t♦ ❛ a✳ ❆ss✐♠✱ V = V1 ⊕ V2 . . . ⊕ Vn✱ ♦♥❞❡ Vi = {v ∈ V ; v(a − αiIn)
mi =

0}✳ P❛r❛ ♣r♦✈❛r ♦ ❧❡♠❛✱ é s✉✜❝✐❡♥t❡ ❡♥❝♦♥tr❛r ♦s ♣♦❧✐♥ô♠✐♦s pi(x) ∈ K[x] t❛✐s q✉❡

Vi(a− pi(a)
2) = 0✱ ♣❛r❛ t♦❞♦ i = 1, 2, . . . , n✳ P❡❧♦ ❚❡♦r❡♠❛ ❞♦ r❡st♦ ❝❤✐♥ês ✭✈❡r ❬✸✷❪ ♣❣✳

✺✺✮✱ ♦❜s❡r✈❛♥❞♦ ♦s ♣♦❧✐♥ô♠✐♦s (x − α1)
m1 , . . . , (x − αn)

mn ✱ ❞❡✈❡ ❡①✐st✐r f(x) ∈ K[X]

t❛❧ q✉❡

f(x) ≡ pi(x) (mod (x− αi)
mi), i = 1, . . . ,m.

❉❛í r❡str✐♥❣✐♥❞♦ ❛ ❛çã♦ ❞❡ a ♣❛r❛ ♦ s✉❜❡s♣❛ç♦ Vi✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r V ♣♦r Vi✱ ❡

❛ss✉♠✐r q✉❡ ♣❛r❛ ❛❧❣✉♠ α ∈ K ❡ m = mi✱ t❡♠♦s

V (a− α)m = 0.

❊s❝r❡✈❡♥❞♦ b = a− α ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❡①♣❛♥sã♦ ❜✐♥♦♠✐❛❧✱ t❡♠♦s

(α + b)
1
2 = α

1
2 +

1

2
α− 1

2 b−
1

8
α− 3

2 b2 + . . . .

❈♦♠♦ bm = 0✱ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ t❡♠ ❛♣❡♥❛s m + 1 t❡r♠♦s ♥ã♦ ♥✉❧♦✳ ❙✉❜st✐t✉✐♥❞♦ b

♣♦r a− α ❡ ❝♦♠♦ α ∈ K✱ t❡♠♦s

p(a) = α
1
2 + 1

2
α− 1

2 (a− α)− 1
8
α

3
2 (a− α)2 + . . . ✭m+ 1 t❡r♠♦s✮

❉❛í✱ a
1
2 = p(a)✱ ✐♠♣❧✐❝❛✱ p(a)2 = a ❡ s✉❜st✐t✉✐♥❞♦ a ♣♦r x ♦❜t❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦

❞❡s❡❥❛❞♦✳ �

❈♦♥❝❧✉✐r❡♠♦s ❡st❛ s❡çã♦ ❝♦♠ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ q✉❡ ❝❛r❛❝t❡r✐③❛ t♦❞❛s

❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✐♥✈♦❧✉çõ❡s ❞♦ ♣r✐♠❡✐r♦ t✐♣♦ ❞❛ á❧❣❡❜r❛ Mn(K)✳

❚❡♦r❡♠❛ ✷✳✺✳✶✵ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❝✉❥♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ é ❞✐❢❡r❡♥t❡ ✷ ❡ ∗

✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡ Mn(K)✱ ❡♥tã♦

T (Mn(K), ∗) = T (Mn(K), t) ♦✉ T (Mn(K), ∗) = T (Mn(K), s),

❡ ❛ s❡❣✉♥❞❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♣♦❞❡ ♦❝♦rr❡r ❛♣❡♥❛s q✉❛♥❞♦ n ❢♦r ♣❛r✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡ K s❡❥❛ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳ P❡❧♦

❚❡♦r❡♠❛ ✷✳✺✳✹✱ ❡①✐st❡ a ∈ GLn(K) ❝♦♠ ∗ = tζa t❛❧ q✉❡ a é s✐♠étr✐❝♦ ♦✉ ❛♥t✐ss✐♠étr✐❝♦✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❙✉♣♦♥❤❛ q✉❡ a = at✱ ♦✉ s❡❥❛✱ a s❡❥❛ s✐♠étr✐❝♦✳ ❈♦♠♦ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱

❡♥tã♦ K ❞❡✈❡ ❝♦♥t❡r ❛s r❛í③❡s q✉❛❞r❛❞❛s ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ a ❡✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺✳✾✱ ❡①✐st❡

p(x) ∈ K[x] ❡①♣r❡ssã♦ ♣♦❧✐♥♦♠✐❛❧ ❡ p(a) = v t❛❧ q✉❡ a = p(a)2 = v2✳ ❈♦♠♦ at = a✱

t❡♠♦s

vt = p(a)t = p(at) = p(a) = v,

♦✉ s❡❥❛✱ v é s✐♠étr✐❝♦✳ ❆❧é♠ ❞✐ss♦✱

v∗ = a−1vta = a−1va = v.

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦

ζv : (Mn(K), t) → (Mn(K), ∗).

❚❡♠♦s q✉❡ ζv é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦✳ ❉❡ ❢❛t♦✱ ♣❛r❛ x ∈Mn(K)✱

s❛❜❡♥❞♦ q✉❡ a = v2 ❡ q✉❡ ∗ = tζa✱ t❡♠♦s

ζv(x
t) = v−1xtv = v−1ax∗a−1v = vx∗v−1 = (v−1xv)∗ = (ζv(x))

∗,

✐st♦ ♣r♦✈❛ ♦ t❡♦r❡♠❛ ♣❛r❛ ♦ ❝❛s♦ a s✐♠étr✐❝♦✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ a s❡❥❛ ✉♠ ❡❧❡♠❡♥t♦ ❛♥t✐ss✐♠étr✐❝♦✳ ❙❡ n ❢♦r í♠♣❛r✱ ❝♦♠♦

❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ♥♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✼✱ t❡rí❛♠♦s det(a) = 0✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❆ss✐♠✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ a ∈ GLn(K)✱ ❝♦♠ n ♣❛r✳ ▲❡♠❜r❛♥❞♦ q✉❡ t = sζC ✱ ♦♥❞❡

C =


 0 −Im×m

Im×m 0


✱ s❡❣✉❡ q✉❡

∗ = tζa = sζCa

❈♦♠♦✱ Ct = −C ❡ at = −a✱ t❡r❡♠♦s

(Ca)s = (Ca)tζ
−1
C = C(Ca)tC−1 = CatCtC−1 = Ca.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ Ca é ✉♠ ❡❧❡♠❡♥t♦ s✐♠étr✐❝♦✳ ❈♦♠♦ ♥❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥s✲

tr❛çã♦✱ ♣♦❞❡✲s❡ ❝♦♥str✉✐r ✉♠ ✐s♦♠♦r✜s♠♦

(Mn(K), s) → (Mn(K), ∗)

❞❡ á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦✱ ❡ ✐st♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦ q✉❛♥❞♦ K ❢♦r ❛❧❣❡❜r✐❝❛✲

♠❡♥t❡ ❢❡❝❤❛❞♦✳ ❆❣♦r❛✱ s❡❥❛ ❑ ✉♠ ❝♦r♣♦ q✉❛❧q✉❡r ❡ K̄ s❡✉ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦✳ ❈♦♠♦ K é

✐♥✜♥✐t♦✱ é ❢❛t♦ ❝♦♥❤❡❝✐❞♦ q✉❡ t♦❞❛ ∗✲✐❞❡♥t✐❞❛❞❡ é ❡stá✈❡❧ ✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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P♦rt❛♥t♦✱ T (Mn(K), ∗) = T (Mn(K̄), ∗)✳

❆♥❛❧♦❣❛♠❡♥t❡✱ (Mn(K), j) ❡ (Mn(K̄), j) tê♠ ❛s ♠❡s♠❛s ∗✲✐❞❡♥t✐❞❛❞❡ s♦❜r❡ ❑✱

❝♦♠ j = t ♦✉ j = s✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡♠♦s q✉❡ (Mn(K̄), ∗) ≃ (Mn(K̄), j)✱ ❝♦♠

j = t ♦✉ j = s✳ ❈♦♥❝❧✉í♠♦s q✉❡ (Mn(K), ∗) t❡♠ ❛s ♠❡s♠❛s ∗✲✐❞❡♥t✐❞❛❞❡ s♦❜r❡ ❑✳ ❉❛í

❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦✳ �

❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❡st❡ t❡♦r❡♠❛ ❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✻✳✷ q✉❡

C(Mn(K), ∗) = C(Mn(K), t)✱ s❡ ∗ é ❡q✉✐✈❛❧❡♥t❡ ❛ t✱ ♦✉ C(Mn(K), ∗) = C(Mn(K), s)✱

s❡ ∗ é ❡q✉✐✈❛❧❡♥t❡ ❛ s✳ ❆ss✐♠✱ é s✉✜❝✐❡♥t❡ ❡st✉❞❛r ❛♣❡♥❛s ♦s T∗✲❡s♣❛ç♦s C(Mn(K), t) ❡

C(Mn(K), s)✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✸

■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❝♦♠

■♥✈♦❧✉çã♦ ♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❛s ▼❛tr✐③❡s

❞❡ ❖r❞❡♠ ✷

❊♠ ❬✸✵❪✱ ▲❡✈❝❤❡♥❦♦ ❡①✐❜✐✉ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠ ✐♥✈♦✲

❧✉çã♦ ❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s (M2(K), ∗) s♦❜r❡ ❝♦r♣♦s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ 0✳ ◆❡st❡

❝❛♣ít✉❧♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣♦r ❈♦❧♦♠❜♦ ❡ ❑♦s❤❧✉❦♦✈✱ ❡♠ ❬✶✶❪✱ ♦

q✉❛❧ ❞❡t❡r♠✐♥❛ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ T∗✲✐❞❡❛❧ ❞❛ á❧❣❡❜r❛ ❝♦♠ ✐♥✈♦❧✉çã♦ M2(K) s♦❜r❡ ❝♦r✲

♣♦s ✐♥✜♥✐t♦s ❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2✳ ❯t✐❧✐③❛r❡♠♦s t❛♠❜é♠ ❬✶✸❪✱ ❝♦♠♦ ❜❛s❡

♣❛r❛ ♦s ❡st✉❞♦s ❞❡st❡ ❝❛♣ít✉❧♦✳

P❡❧♦ ❛r❣✉♠❡♥t♦ ❞❛❞♦ ♥♦ ✐♥✐❝✐♦ ❞❛ ❙❡çã♦ ✷✳✸ ♣♦❞❡♠♦s ♥♦s r❡str✐♥❣✐r ❛s ✐♥✈♦❧✉çõ❡s

❞♦ ♣r✐♠❡✐r♦ t✐♣♦ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✳✶✵✱ ❛♠❜♦s ❞♦ ❈❛♣ít✉❧♦ ✷✱ ❤á ❛♣❡♥❛s ❞✉❛s ❝❧❛ss❡s

❞❡ ✐♥✈♦❧✉çõ❡s✳ ❆ ♣r✐♠❡✐r❛ ❝❧❛ss❡ é r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ (t) ❞❛❞❛ ♣♦r✿


 a11 a12

a21 a22




t

=


 a11 a21

a12 a22


 ,

❡ ❛ s❡❣✉♥❞❛ ❝❧❛ss❡ é r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ✐♥✈♦❧✉çã♦ s✐♠♣❧ét✐❝❛ (s)✱ ❞❛❞❛ ♣♦r✿

 a11 a12

a21 a22




s

=


 a22 −a12

−a21 a11


 .

❊♠ t♦❞♦ ❝❛♣ít✉❧♦✱ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❝✉❥❛ ❛ ❝❛r❛❝t❡ríst✐❝❛ é ❞✐❢❡r❡♥t❡

❞❡ 2✱ ♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥ s❡rá ❞❡✜♥✐❞♦ ♣♦r a ◦ b = (1/2)(ab+ ba), ❡ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❞❡ ♥♦t❛çã♦✱ ✐r❡♠♦s ♥♦s r❡❢❡r✐r ❛s ✈❛r✐á✈❡✐s ❝♦♠♦ ❝♦♠✉t❛❞♦r❡s ❞❡ ❣r❛✉ ✶✳ ❘❡❝♦r❞❛♠♦s

q✉❡ ❛s ❧❡tr❛s xi ∈ X ❞❡♥♦t❛♠ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s ❡ ❛s yi ∈ Y r❡♣r❡s❡♥t❛♠ ✈❛r✐á✈❡✐s

❛♥t✐ss✐♠étr✐❝❛s✳

✸✳✶ ■♥✈♦❧✉çã♦ ❚r❛♥s♣♦st❛

◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ T∗✲✐❞❡❛❧ ❞❡ (M2(K), t)

❝♦♠ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛✱ ❞❡♥♦t❛❞❛ ♣♦r ∗✳

❖s s❡❣✉✐♥t❡s ♣♦❧✐♥ô♠✐♦s sã♦ ∗✲✐❞❡♥t✐❞❛❞❡s ❞❡ M2(K)✿

[y1, y2]; ✭✸✳✶✮

[y1y2, x]; ✭✸✳✷✮

[x1, x2][x3, x4]− [x1, x3][x2, x4] + [x1, x4][x2, x3]; ✭✸✳✸✮

[y1x1y2, x2]− y1y2[x2, x1]. ✭✸✳✹✮

❉❡ ❢❛t♦✱ s❡❥❛♠ Xi =


 bi di

di ci


 ∈M2(K)+ ❡ Yi =


 0 −ai

ai 0


 ∈M2(K)−✳

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ✭✸✳✶✮ ❡ ✭✸✳✷✮ sã♦ ∗✲✐❞❡♥t✐❞❛❞❡s✱ ✉♠❛ ✈❡③ q✉❡

Y1Y2 = −a2a1I2 ❡ ❛ss✐♠ ❡stá ♥♦ ❝❡♥tr♦ ❞❡ M2(K)✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡

[x1, x2]
∗ = −[x1, x2]✱ ♦✉ s❡❥❛✱ [x1, x2] é ✉♠ ❡❧❡♠❡♥t♦ ❛♥t✐ss✐♠étr✐❝♦✳ ▲♦❣♦✱ ♣❡❧❛ ✐❞❡♥t✐✲

❞❛❞❡ ✭✸✳✶✮✱ t❡♠♦s

[x1, x2][x3, x4] = [x3, x4][x1, x2].

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆♠✐sts✉r✲▲❡✈✐t③❦✐✱ s4(x1, x2, x3, x4) ∈ T (M2(K))✱ ♣♦❞❡r❡♠♦s t♦♠❛r

X1, X2, X3, X4 ∈M2(K)+ ❡ ❛ss✐♠

0 = s4(X1, X2, X3, X4) = 2([X1, X2][X3, X4]− [X1, X3][X2, X4] + [X1, X4][X2, X3]),

❝♦♠♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ K é ❞✐❢❡r❡♥t❡ ❞❡ ✷✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ✭✸✳✸✮ é ✉♠❛

∗✲✐❞❡♥t✐❞❛❞❡ ♣❛r❛ M2(K)✳ P♦r ✜♠✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ ♥♦t❛çã♦ ✐r❡♠♦s ❞❡♥♦t❛r ♣♦r

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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✏A✑ ❡ ✏B✑ ♦s ❝♦♠✉t❛❞♦r❡s [Y1X1Y2, X2] ❡ Y1Y2[X2, X1]✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ss✐♠✱

A =


 −a1c1a2 a1d1a2

a1d1a2 −a1b1a2


 ·


 b1 d2

d2 c2


−


 b1 d2

d2 c2


 ·


 −a1c1a2 a1d1a2

a1d1a2 −a1b1a2




=


 −a1c1a2b2 + a1d1a2d2 −a1c1a2d2 + a1d1a2c2

a1d1a2b2 − a1b1a2d2 a1d1a2d2 − a1b1a2c2




−


 −a1c1a2b2 + a1d1a2d2 a1d1a2b2 − a1b1a2d2

−a1c1a2d2 + a1d1a2c2 a1d1a2d2 − a1b1a2c2


 .

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ B t❡♠♦s✿

=


 −a1a2 0

0 −a1a2


 ·


 0 −b1d2 − d1c2 + b2d1 + d2c1

−b2d1 − d2c1 + b1d2 + d1c2 0




=

(
0 a1a2b1d2 + a1a2d1c2 − a1a2b2d1 − a1a2d2c1

a1a2b2d1 + a1a2d2c1 − a1a2b1d2 − a1a2d1c2 0

)
.

❆ss✐♠✱ ✈❡r✐✜❝❛✲s❡ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ✭✸✳✹✮ é t❛♠❜é♠ ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡✳

❉❡♥♦t❛r❡♠♦s ♣♦r I ♦ ✐❞❡❛❧ ❞❛s ∗✲✐❞❡♥t✐❞❛❞❡s ❡♠ K〈X ∪ Y 〉 ❣❡r❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✲

❞❛❞❡s ✭✸✳✶✮✱ ✭✸✳✷✮✱ ✭✸✳✸✮ ❡ ✭✸✳✹✮✱ ❡ s❡❥❛ R = K〈X ∪ Y 〉/I ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡

❝♦rr❡s♣♦♥❞❡♥t❡✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✶ P♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s [x1, x2] ❡ (x ◦ y) sã♦ ❛♥t✐ss✐✲

♠étr✐❝♦s ❡ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s [x, y] ❡ (x1 ◦ x2) sã♦ s✐♠étr✐❝♦s✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✷ ❖ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥ ❡ ♦ ❝♦♠✉t❛❞♦r s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦

♥❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✿

[a ◦ b, c] = a ◦ [b, c] + b ◦ [a, c].

❙❡❣✉❡ ❞❛ ∗✲✐❞❡♥t✐❞❛❞❡ [y1, y2] q✉❡ [[x1, x2], y] = 0 ❡ [x1 ◦ y1, y2] = 0 ❡♠ R✳ ❉❡st❛

ú❧t✐♠❛ ✐❞❡♥t✐❞❛❞❡ ❡ ❞❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r s❡❣✉❡ q✉❡

y1 ◦ [x, y2] = 0 ✭✸✳✺✮

❡♠ R✳ ❊①♣❛♥❞✐❞♦ ❛ ∗✲✐❞❡♥t✐❞❛❞❡ y1 ◦ [x, y2] = 0✱ ♦❜t❡♠♦s y1xy2 = y2xy1 ❡ ❝♦♠♦

y1yy2 = y2yy1✱ ❝♦♥❝❧✉í♠♦s q✉❡

y1zy2 = y2zy1, ✭✸✳✻✮

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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♣❛r❛ q✉❛❧q✉❡r z = (1/2)(x+ y)✳

P♦r ✭✸✳✺✮✱ ❡♠ R✱ t❡♠♦s

[y1, x, y2] = [y1, x]y2 − y2[y1, x] = [y1, x]y2 + [y1, x]y2 = 2[y1, x]y2.

▲♦❣♦✱

[y1, x, y2] = 2[y1, x]y2 ✭✸✳✼✮

❡ ♣❡❧❛s ∗✲✐❞❡♥t✐❞❛❞❡ ✭✸✳✶✹✮✱ ✭✸✳✻✮✱ ✭✸✳✷✮ ❡ ✭✸✳✹✮✱ ❛♣❧✐❝❛❞❛s ♥❡st❛ ♦r❞❡♠✱ t❡♠♦s✿

[y1, x1, y2, x2] = 2[[y1, x1]y2, x2]

= 2[y1x1y2 − x1y1y2, x2]

= 2([y1x1y2, x2]− [x1y1y2, x2])

= 2([y1x1y2, x2]− [x1, x2]y1y2 − x1[y1y2, x2])

= 2([y1x1y2, x2] + y1y2[x2, x1])

= 4y1y2[x2, x1].

▲♦❣♦✱

[y1, x1, y2, x2] = 4y1y2[x2, x1]. ✭✸✳✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❛♣❧✐❝❛r♠♦s ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✱ ♦❜t❡♠♦s

[y1, x1, y2, x2] = [[y1, x1], [y2, x2]] + [y1, x1, x2, y2].

❖❜s❡r✈❡ q✉❡ [y1, x1, x2] é ❛♥t✐ss✐♠étr✐❝♦✱ ❧♦❣♦ [y1, x1, x2, y2] = 0✳ ❆ss✐♠✱

[[y1, x1], [y2, x2]] = 4y1y2[x2, x1]. ✭✸✳✾✮

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡

[[y1, x1], [y2, x2]] = 4y1y2[x2, x1]

= 2[[y1, x1]y2, x2]

= 2[y1, x1][y2, x2] + 2[y1, x1, x2]y2.

❙❡❣✉❡ ❞❡ ✭✸✳✾✮ q✉❡

[y1, x1][y2, x2] = 2y1y2[x2, x1]− [y1, x1, x2]y2. ✭✸✳✶✵✮

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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▲❡♠❛ ✸✳✶✳✸ ❖ ✐❞❡❛❧ I ❝♦♥té♠ ♦ ♣♦❧✐♥ô♠✐♦

[v, x3, x4, x1, x2]− [v, x1, x2, x3, x4],

♦♥❞❡ v é ✉♠ ❝♦♠✉t❛❞♦r ❛♥t✐ss✐♠étr✐❝♦ ❝♦♠ ❣r❛✉ ≥ 1✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ v ✉♠ ❝♦♠✉t❛❞♦r q✉❛❧q✉❡r ❞❡ ❣r❛✉ ≥ 1✳ ❊♥tã♦ ❛♣❧✐❝❛♥❞♦ ❛

✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐ ♦❜t❡♠♦s

[v, x2, x1] = [v, x1, x2] + [v, [x2, x1]]. ✭✸✳✶✶✮

❙❡♥❞♦ v ✉♠ ❝♦♠✉t❛❞♦r ❛♥t✐ss✐♠étr✐❝♦✱ ♣♦r ✭✸✳✶✮✱ t❡♠♦s

[v, x2, x1] = [v, x1, x2]. ✭✸✳✶✷✮

❙❡❣✉❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ❏❛❝♦❜✐ ❡ ✭✸✳✽✮ q✉❡

[v, x1, x3, x2, x4] = [v, x1, x2, x3, x4] + [v, x1, [x3, x2], x4]

= [v, x1, x2, x3, x4] + 4v[x3, x2][x4, x1],

✐st♦ é✱

[v, x1, x3, x2, x4] = [v, x1, x2, x3, x4] + 4v[x3, x2][x4, x1]. ✭✸✳✶✸✮

❆ss✐♠✱ ❞❛s ✐❞❡♥t✐❞❛❞❡s ✭✸✳✶✷✮ ❡ ✭✸✳✶✸✮ t❡♠♦s q✉❡

[v, x3, x4, x1, x2] = [v, x3, x1, x4, x2] + 4v[x4, x1][x2, x3]

= [v, x1, x3, x2, x4] + 4v[x4, x1][x2, x3]

= [v, x1, x2, x3, x4] + 4v[x3, x2][x4, x1] + 4v[x4, x1][x2, x3].

❉❛í ❞❡ ✭✸✳✶✮✱ s❡❣✉❡ ❛ ✐❣✉❛❧❞❛❞❡

[v, x3, x4, x1, x2] = [v, x1, x2, x3, x4].

�

❙❡❣✉❡ ❞❡st❡ ú❧t✐♠♦ ❧❡♠❛ q✉❡ ♣♦❞❡♠♦s ❝♦♠✉t❛r ♦s ♣❛r❡s ❞❡ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s

❞❡♥tr♦ ❞❡ ❝♦♠✉t❛❞♦r ❛♥t✐ss✐♠étr✐❝♦✱ ♣r♦✈♦❝❛♥❞♦ ♥♦ ♠á①✐♠♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ s✐♥❛❧✳

P♦rt❛♥t♦✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♠✉t❛❞♦r ❛♥t✐ss✐♠étr✐❝♦✱ ♣♦❞❡♠♦s ♦r❞❡♥❛r ❛s ❡♥tr❛❞❛s ❞❡ t❛❧

❢♦r♠❛ q✉❡ ❛s ❝♦❧♦❝❛♠♦s ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡❣✉❡♠ ♦s s❡❣✉✐♥t❡s

❧❡♠❛s✳
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▲❡♠❛ ✸✳✶✳✹ ❖ s❡❣✉✐♥t❡ ♣♦❧✐♥ô♠✐♦ ♣❡rt❡♥❝❡ ❛ I

[y1, x1, . . . , xn, y2]− [y2, x1, . . . , xn, y1]

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ n é ♣❛r✱ é tr✐✈✐❛❧✱ ♣♦✐s [yi, x1, x2, . . . , xn] é ❛♥t✐s✲

s✐♠étr✐❝♦ ♣❛r❛ i = 1, 2✱ ♦✉ s❡❥❛✱

[y1, x1, x2, . . . , xn, y2] = 0 = [y2, x1, x2, . . . , xn, y1].

❆ss✐♠✱ r❡st❛ ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ n é í♠♣❛r✳ ❉❛í s❡❣✉❡

[y1, x1, . . . , xn, y2] = [y1x1 − x1y1, x2, . . . , xn, y2]

= [y1x1, x2, . . . , xn, y2]− [x1y1, x2, . . . , xn, y2]

= y1[x1, x2, . . . , xn, y2] + [y1, x2, . . . , xn, y2]x1

− x1[y1, x2, . . . , xn, y2]− [x1, x2, . . . , xn, y2]y1

= y1([x1, x2, . . . , xn]y2 − y2[x1, x2, . . . , xn]) + [y1, x2, . . . , xn, y2]︸ ︷︷ ︸
0

x1

− x1 [y1, x2, . . . , xn, y2]︸ ︷︷ ︸
0

−([x1, x2, . . . , xn]y2 − y2[x1, x2, . . . , xn])y1.

P❡❧❛s ✐❞❡♥t✐❞❛❞❡s ✭✸✳✶✮ ❡ ✭✸✳✻✮✱ t❡r❡♠♦s

[y1, x1, . . . , xn, y2] = y2([x1, x2, . . . , xn]y1 − y1[x1, x2, . . . , xn]) + [y2, x2, . . . , xn, y1]︸ ︷︷ ︸
0

x1

− x1 [y2, x2, . . . , xn, y1]︸ ︷︷ ︸
0

−([x1, x2, . . . , xn]y1 − y1[x1, x2, . . . , xn])y2

= (y2[x1, x2, . . . , xn, y1] + [y2, x2, . . . , xn, y1]x1)

− (x1[y2, x2, . . . , xn, y1] + [x1, x2, . . . , xn, y1]y2)

= [y2x1, x2, . . . , xn, y1]− [x1y2, x2, . . . , xn, y1]

= [y2, x1, . . . , xn, y1].

■st♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛✳ �

▲❡♠❛ ✸✳✶✳✺ ❖ ✐❞❡❛❧ I ❝♦♥té♠ ♦ ♣♦❧✐♥ô♠✐♦

[v, x1, . . . , x2k][y1, x
′
1, . . . , x

′
q]− y1[v, x1, . . . , x2k, x

′
1, . . . , x

′
q]

♦♥❞❡ v é ✉♠ ❝♦♠✉t❛❞♦r ❛♥t✐ss✐♠étr✐❝♦ ❝♦♠ ❣r❛✉ ≥ 2✱ ❛s ✈❛r✐á✈❡✐s xi✱ i = 1, . . . , 2k ❡

x′j✱ j = 1, . . . , q✱ sã♦ s✐♠étr✐❝❛s ❡ k, q = 1, 2, . . .✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❉❡♠♦♥str❛çã♦✿ Pr♦✈❛r❡♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦

yz[y1, x1, . . . , xq] = y1z[y, x1, . . . , xq]✱ ♣❛r❛ z = x+ y ❡ ♣❛r❛ t♦❞♦ q ∈ N✳

❉❡ ❢❛t♦✱ ♣r♦✈❛r❡♠♦s ♣♦r ✐♥❞✉çã♦ s♦❜r❡ q✳ P❛r❛ q = 1 ♦❜t❡♠♦s✱ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✻✮✱

q✉❡

yz[y1, x1] = yzy1x1 − yzx1y1

= y1zyx1 − y1zx1y

= y1z[y, x1].

❙✉♣♦♥❞♦ q✉❡ ♦ r❡s✉❧t❛❞♦ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ q✱ ♣r♦✈❛r❡♠♦s q✉❡ ✈❛❧❡ ♣❛r❛ q + 1✳

vz[y1, x1, . . . , xq, xq+1] = vz[y1, x1, . . . , xq]xq+1 − vzxq+1[y1, x1, . . . , xq].

P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ t❡♠♦s

vz[y1, x1, . . . , xq, xq+1] = y1z[v, x1, . . . , xq]xq+1 − y1zxq+1[v, x1, . . . , xq].

❆ss✐♠✱ ❛ ❛✜r♠❛çã♦ ❡stá ♣r♦✈❛❞❛✳

❆❣♦r❛ ♣r♦✈❛r❡♠♦s ♦ ❧❡♠❛ ✉s❛♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ q ❡ ❞❡♥♦t❛♥❞♦ y = [v, x1, . . . , x2k]✳

P❛r❛ q = 1✱ ✉s❛♥❞♦ ❛s ✐❞❡♥t✐❞❛❞❡s ✭✸✳✷✮ ❡ ✭✸✳✺✮✱ t❡♠✲s❡✿

y[y1, x
′
1] = y1[y, x

′
1].

❙✉♣♦♥❞♦ q✉❡ ♦ r❡s✉❧t❛❞♦ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ q✱ ♣r♦✈❛r❡♠♦s q✉❡ ✈❛❧❡ ♣❛r❛ q + 1✳ ❖❜s❡r✈❡

y[y1, x
′
1, . . . , x

′
q, x

′
q+1] = y[y1, x

′
1, . . . , x

′
q]x

′
q+1 − yx′q+1[y1, x

′
1, . . . , x

′
q].

❯s❛♥❞♦ ❛ ❛✜r♠❛çã♦ ❡ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

�

▲❡♠❛ ✸✳✶✳✻ ❙❡❥❛ f ∈ B∗ ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❊♥tã♦ f s❡ ❡s❝r❡✈❡ ❝♦♠♦ f = f1 + f2 + f3✱

♦♥❞❡ f1, f2 ❡ f3 sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❛s s❡❣✉✐♥t❡s ❢♦r♠❛s✿

u1u2 . . . u2k; u1u2 . . . u2k+1; u1u2 . . . ukw

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆q✉✐ ♦s ui✬s sã♦ ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s ❞❡ ❣r❛✉ ≥ 1✱ ❡ w é

✉♠ ❝♦♠✉t❛❞♦r s✐♠étr✐❝♦ ❞❡ ❣r❛✉ ≥ 2✳ ❆❧é♠ ❞✐ss♦✱ ❡♥tr❡ ♦s ❝♦♠✉t❛❞♦r❡s ❞❡ ❣r❛✉ ≥ 2

❛♣❛r❡❝❡ ❛♣❡♥❛s ✉♠❛ ✈❛r✐á✈❡❧ ❛♥t✐ss✐♠étr✐❝❛✳
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❉❡♠♦♥str❛çã♦✿ ❊t❛♣❛ ✶✿ P❡❧❛ ✐❞❡♥t✐❞❛❞❡ [y1, x1][y2, x2] = 2y1y2[x2, x1]−[y1, x1, x2]y2✱

♦ ♣r♦❞✉t♦ ❞❡ ❞♦✐s ❝♦♠✉t❛❞♦r❡s s✐♠étr✐❝♦s✱ ❝♦♠ ❣r❛✉ ≥ 2 ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛

s♦♠❛ ❞❡ ♣r♦❞✉t♦s ❞❡ ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s✳

❊t❛♣❛ ✷✿ P❡❧❛ ✐❞❡♥t✐❞❛❞❡ y1 ◦ [x, y2] = 0✱ ♦❜t❡♠♦s q✉❡ ♦s ❝♦♠✉t❛❞♦r❡s ❛♥t✐s✲

s✐♠étr✐❝♦s ❛♥t✐❝♦♠✉t❛♠ ❝♦♠ ♦s s✐♠étr✐❝♦s ❞❡ ❣r❛✉ ≥ 2✱ ❡ ♣♦r [y1, y2] ♦s ❝♦♠✉t❛❞♦r❡s

❛♥t✐ss✐♠étr✐❝♦s ❝♦♠✉t❛♠ ❡♥tr❡ s✐✳

❊t❛♣❛ ✸✿ ❙❡ é ❞❛❞♦ ✉♠ ♣r♦❞✉t♦ ❞❡ ✈ár✐♦s ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s ❡ s✐♠é✲

tr✐❝♦s✱ ❡♥tã♦ ♣❡❧❛ ❡t❛♣❛ ✷ ♣♦❞❡♠♦s r❡♦r❞❡♥á✲❧♦s✱ ❛ ♠❡♥♦s ❞❡ s✐♥❛❧✱ ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡

♦s ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s ♣r❡❝❡❞❡♠ ♦s s✐♠étr✐❝♦s✳

❊t❛♣❛ ✹✿ ❆♣❧✐❝❛♥❞♦ q✉❛♥t❛s ✈❡③❡s ❢♦r ♥❡❝❡ssár✐❛ ❛s ❡t❛♣❛s ✶ ❡ ✸✳ ❈♦♥❝❧✉í♠♦s

q✉❡

f = f1 + f2 + f3

✳

❘❡st❛ ♠♦str❛r q✉❡ ❡♠ ❝❛❞❛ ✉♠ ❞♦s ❝♦♠✉t❛❞♦r❡s ❡①✐st❡ s♦♠❡♥t❡ ✉♠❛ ✈❛r✐á✈❡❧

❛♥t✐ss✐♠étr✐❝❛✳ ❙❡❥❛ u ✉♠ ❝♦♠✉t❛❞♦r q✉❡ ❝♦♥té♠ ❞✉❛s ♦✉ ♠❛✐s ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s✱

❞✐❣❛♠♦s q✉❡ degu = 3✳ ❙❡ ♣♦ss✉✐ ✸ ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s✱ ♥ã♦ t❡♠ ♦ q✉❡ ❢❛③❡r✱ ♣❡❧❛

∗✲✐❞❡♥t✐❞❛❞❡ ✭✸✳✶✮ s❡❣✉❡ q✉❡ u = 0 ❡♠ R✳ ❙✉♣♦♥❞♦ u = [y1, x1, y2]✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛

✐❞❡♥t✐❞❛❞❡

[y1, x, y2] = 2[y1, x]y2. ✭✸✳✶✹✮

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ ♦ ❝♦♠✉t❛❞♦r u t❡♥❤❛ ❣r❛✉ ≥ 4✱ ♦✉ s❡❥❛✱ u = [w, y1, z]✱ ♦♥❞❡ z = y2

♦✉ z = x ❡ degw ≥ 2✳

❙❡ w ❢♦r ❛♥t✐ss✐♠étr✐❝♦✱ ❡♥tã♦ u = 0✳

❙❡ w s✐♠étr✐❝♦✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r w = [v, w1]✱ ♦♥❞❡ v é ✉♠ ❝♦♠✉t❛❞♦r

❛♥t✐ss✐♠étr✐❝♦ ❡ w1 é s✐♠étr✐❝♦✱ ❛♠❜♦s ❞❡ ❣r❛✉ ≥ 1✳

❆♣❧✐❝❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✶✹✮✱ ♦❜t❡♠♦s

[w, y, z] = [v, w1, y, z] = 2[[v, w1]y, z].

❈❛s♦ z = y2✱ t❡♠♦s✿

[w, y, y2] = 2[[v, w1]y, y2] = 2[v, w1, y2]y = 4yy2[v, w1].

❈❛s♦ z2 = x✱ ♣♦r

[y1, x1, y2, x2] = 4y1y2[x2, x1],

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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t❡♠♦s q✉❡

[w, y, x] = [v, w1, y, x] = 4vy[x, w1].

❈♦♠ ✐ss♦✱ ❝♦♥❝❧✉✐✲s❡ ❛ ❞❡♠♦♥str❛çã♦✳ �

✸✳✶✳✶ ▼❛tr✐③❡s ●❡♥ér✐❝❛s ❝♦♠ ❛ ■♥✈♦❧✉çã♦ ❚r❛♥s♣♦st❛

❘❡❝♦r❞❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✱ q✉❡ ❢♦✐ ❞❛❞❛ ♥❛ ❙❡çã♦

✶✳✽✱ ❈❛♣ít✉❧♦ ✶✳ ♣❛r❛ ♦ ❝❛s♦ n = 2✱ ❛ ♠❛tr✐③ ❣❡♥ér✐❝❛ ar é ❞❛❞❛ ♣♦r

ar =


 ξ

(r)
11 ξ

(r)
12

ξ
(r)
21 ξ

(r)
22


 ,

❡♠ q✉❡ ξ(r)11 ∈ K[ξ] = K[ξ
(r)
ij ] , i, j = 1, 2, r = 1, . . . ,m✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Gen2 ❛ s✉❜á❧✲

❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s ar ❡♠ M2(K[ξ
(r)
ij ])✳ ❊♥tã♦✱ Gen2 é ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡

❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s ❞❡✜♥✐❞❛ ♣♦r M2(K)✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ❜❛s❡❛❞♦ ♥♦ ❛rt✐❣♦ ❬✶✽❪✱ ✉s❛♥❞♦ ✉♠❛ ✐❞❡✐❛ s✐♠✐❧❛r à ❝♦♥str✉çã♦ ❞❛s

♠❛tr✐③❡s ❣❡♥ér✐❝❛s ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ ∗ ❡♠ Gen2✳

❙❡❥❛ (M2(K[ξ
(r)
ij ]), ∗) ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ✷ ❝♦♠ ❡♥tr❛❞❛s ♥❛ á❧❣❡❜r❛

❞♦s ♣♦❧✐♥ô♠✐♦s

K[ξ] = K[ξ
(r)
ij ] , i, j = 1, 2, r = 1, . . . ,m,

♠✉♥✐❞❛ ❞❛ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛✳ ❆ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s (Gen2, ∗) é

∗✲❣❡r❛❞❛ ♣♦r

sr =


 χ

(r)
11 χ

(r)
12

χ
(r)
12 χ

(r)
22


✱ ❝♦♠ χ

(r)
ij = (1/2)(ξ

(r)
ij + ξ

(r)
ji )❀

tr =


 0 ζ(r)

−ζ(r) 0


✱ ❝♦♠ ζ(r) = (1/2)(ξ

(r)
12 − ξ

(r)
21 )✳

❖❜s❡r✈❡ q✉❡ sr ❡ tr sã♦ ❣❡r❛❞♦r❡s s✐♠étr✐❝♦s ❡ ♦ ❛♥t✐ss✐♠étr✐❝♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊♥tã♦ sr = (1/2)(ar + a∗r) ❡ tr = (1/2)(ar − a∗r)✱ ❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ q✉❡ ❢♦✐ ❢❡✐t♦

❡♠ ❬✶✽❪✱ t❡♠♦s q✉❡ (Gen2, ∗) é ✐s♦♠♦r❢❛ ❛ ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡

❞❛s á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦ ❞❡t❡r♠✐♥❛❞❛ ♣♦r (M2(K), ∗)✳

❈♦r♦❧ár✐♦ ✸✳✶✳✼ ❙❡♥❞♦ f = f1 + f2 + f3✱ ❝♦♠♦ ♥♦ ▲❡♠❛ ✸✳✶✳✻✱ ❡♥tã♦✿

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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✭✐✮ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ ✐♥✈♦❧✉çã♦ ❞❡ M2(K) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f1, f2 ❡ f3 t❛♠❜é♠

sã♦✳

✭✐✐✮ ❙❡ ❢ é ∗✲✐❞❡♥t✐❞❛❞❡ ♣❛r❛ M2(K)✱ ❡♥tã♦ t♦❞♦ fi s❡❣✉❡ ❞❡ ❛❧❣✉♠ fi
′✱ i = 1, 2, 3✱

♦♥❞❡ degfi
′ ≤ degfi ❡ fi

′ ❞❡♣❡♥❞❡ ❞❡ ♥♦ ♠á①✐♠♦ ✉♠❛ ✈❛r✐á✈❡❧ ❛♥t✐ss✐♠étr✐❝❛✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♣r♦✈❛r (i) s✉♣♦♥❤❛ q✉❡ f = f(x1, . . . , xl, y1, . . . , ym) s❡❥❛ ✉♠❛

✐❞❡♥t✐❞❛❞❡ ❡ ✈❛♠♦s ♣r♦✈❛r q✉❡ f1, f2 ❡ f3 sã♦ ✐❞❡♥t✐❞❛❞❡s✳ ❚♦♠❡♠♦s si ❡ tj ♠❛tr✐③❡s

❣❡♥ér✐❝❛s✱ ❡ ❛✈❛❧✐❛❞♦ f ♥❡st❛s ♠❛tr✐③❡s t❡♠♦s

f̄ = f(s1, . . . , sl, t1, . . . , tm) = p1 ·


 1 0

0 1




︸ ︷︷ ︸
f̄1

+ p2 ·


 0 −r

r 0




︸ ︷︷ ︸
f̄2

+f̄3,

♦♥❞❡ p1, p2 ❡ r sã♦ ♣♦❧✐♥ô♠✐♦s ♥❛s ✈❛r✐á✈❡✐s {χk
ij, ζ

k}✱ ❝♦♠ i, j = {1, 2} ❡ k = 1, 2, . . . ❡

f̄n = fn(s1, . . . , sl, t1, . . . , tm)✱ ♣❛r❛ n = 1, 2, 3✳ ■r❡♠♦s ❞❡t❡r♠✐♥❛r

f̄3 = f3(s1, . . . , sl, t1, . . . , tm)✳ ❙❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦ ❡♠ ✉♠

♣♦❧✐♥ô♠✐♦ ❞♦ t✐♣♦ 3 ❢♦r ♣❛r t❡♠♦s q✉❡ f̄3 = p3 ·


 r3 q3

q3 −r3


✱ ❝❛s♦ s❡❥❛ í♠♣❛r t❡♠♦s

q✉❡ f̄3 = p4 ·


 r4 −q4

−q4 −r4


✱ ♦✉ s❡❥❛✱

f̄3 = p3 ·


 r3 q3

q3 −r3


+ p4 ·


 r4 −q4

−q4 −r4


 ,

♦♥❞❡ p3, p4, r3, r4, q3 ❡ q4 sã♦ ♣♦❧✐♥ô♠✐♦s ♥❛s ✈❛r✐á✈❡✐s {χk
ij, ζ

k}✱ ❝♦♠ i, j = {1, 2} ❡

k = 1, 2, . . .✳ ❖❜s❡r✈❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f1 q✉❛♥❞♦ ❛✈❛❧✐❛❞♦ s♦❜r❡ M2(K) ♣r♦❞✉③ ❛♣❡✲

♥❛s ✉♠❛ ♠❛tr✐③ ❡s❝❛❧❛r✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ f2 ♣r♦❞✉③ ✉♠❛ ♠❛tr✐③ ❛♥t✐ss✐♠étr✐❝❛ ❡ f3

♥♦s ❞á ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❞❡ tr❛ç♦ ③❡r♦✳ ❈♦♠♦ t♦❞❛ ♠❛tr✐③ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st♦

✉♥✐❝❛♠❡♥t❡ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ss❡s três t✐♣♦s ❞❡ ♠❛tr✐③❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ s❡ f é ∗✲

✐❞❡♥t✐❞❛❞❡✱ ❡♥tã♦ f1, f2 ❡ f3 t❛♠❜é♠ sã♦✳ ❈♦♠♦ ❛ r❡❝✐♣r♦❝❛ é ✐♠❡❞✐❛t❛✱ ❞❡♠♦♥str❛♠♦s

(i)✳

Pr♦✈❛r❡♠♦s (ii)✳ P❡❧♦ ▲❡♠❛ ✸✳✶✳✺ ❡ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s ✭✸✳✷✮ ❡ y1 ◦ [y2, x1]✱ ♣♦❞❡♠♦s

❡s❝♦❧❤❡r q✉❛❧ ❞❛s ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s ❝♦❧♦❝❛r❡♠♦s ♣❛r❛ ❢♦r❛ ❞♦s ❝♦♠✉t❛❞♦r❡s ❡

❛✐♥❞❛ ❝♦❧♦❝❛♥❞♦✲❛s ♥❛ ❢r❡♥t❡ ❞♦s ❝♦♠✉t❛❞♦r❡s ❞❡ ❣r❛✉ ≥ 2✳ P♦rt❛♥t♦✱ s❡

fi = fi(x1, . . . , xl, y1, . . . , ym) = 0,

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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♣♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ y1 ❡stá ❡♠ ❝♦♠✉t❛❞♦r❡s ❡ ♦ r❡st❛♥t❡

❞❛s ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s ❡stã♦ ❢♦r❛ ❞♦s ❝♦♠✉t❛❞♦r❡s✱ ❡ ❛ss✐♠

fi = y2y3 . . . ymg(y1, x1, . . . , xl).

❱❛♠♦s ♥♦✈❛♠❡♥t❡ t♦♠❛r ❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s si ❡ ti ❡ ❢❛③❡♥❞♦ ❛ ❛✈❛❧✐❛çã♦

fi(s1, . . . , sl, t1, . . . , tm) ♦❜t❡r❡♠♦s P · g(t1, s1, . . . , sl) = 0✱ ♦♥❞❡ P é ✉♠❛ ❡①♣r❡ssã♦

♦❜t✐❞❛ ♣♦r ❝♦❧♦❝❛r ♦s yi✬s ❡♠ ❡✈✐❞ê♥❝✐❛✱ ❡ s✉❜st✐t✉✐♥❞♦✲♦s ♣♦r ti =


 0 ζ(i)

−ζ(i) 0


✱

❝♦♠ i = 2, 3, . . . ,m✱ t❡r❡♠♦s detP = (ζ(2) . . . ζ(m))2 6= 0✳ ▲♦❣♦✱ P é ✐♥✈❡rsí✈❡❧✱ ❡ ❝♦♠♦

Pg(t1, s1, . . . , sl) = 0 ❝♦♥❝❧✉í♠♦s q✉❡ g(t1, s1, . . . , sl) = 0✳ ❈♦♠♦ ❡st❛♠♦s tr❛t❛♥❞♦ ❞❡

♠❛tr✐③❡s ❣❡♥ér✐❝❛s✱ t❡♠♦s q✉❡ ♦ ❧❡♠❛ ❡stá ♣r♦✈❛❞♦✳ �

▲❡♠❛ ✸✳✶✳✽ ❙❡❥❛♠ f2, f3 ♣♦❧✐♥ô♠✐♦s ❝♦♠♦ ♥♦ ❈♦r♦❧ár✐♦ ✸✳✶✳✼✱ q✉❡ ❞❡♣❡♥❞❡♠ ❞❡ ❛♣❡✲

♥❛s ✉♠❛ ✈❛r✐á✈❡❧ ❛♥t✐ss✐♠étr✐❝❛✳ ❙✉♣♦♥❤❛ q✉❡ f2 ❡ f3 sã♦ ❡s❝r✐t♦s ❝♦♠♦ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❞❡ ❝♦♠✉t❛❞♦r❡s ❞❡ ❣r❛✉ ≥ 4✳ ❊♥tã♦✱ ❡♠ R✱ t❡♠♦s

f2(y, x1, . . . , xl) = α[y, xi1 , . . . , xil ] + 4yg1(x1, . . . , xl)

f3(y, x1, . . . , xl) = β[y, xi1 , . . . , xil ] + 4yg3(x1, . . . , xl)

♦♥❞❡ α, β ∈ K, i1 ≤ . . . ≤ in ❡ g1 ❡ g3 sã♦ ♣♦❧✐♥ô♠✐♦s ❞♦ t✐♣♦ f1 ❡ f3✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

❞♦ ▲❡♠❛ ✸✳✶✳✻✳

❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r❛♠❡♥t❡✱ ♣♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ ❛

✈❛r✐á✈❡❧ ❛♥t✐ss✐♠étr✐❝❛ y ❛♣❛r❡❝❡ ♥❛ ♣r✐♠❡✐r❛ ❡♥tr❛❞❛ ❞♦s ❝♦♠✉t❛❞♦r❡s✳ ❈♦♥s✐❞❡r❛♥❞♦

♦ ♣♦❧✐♥ô♠✐♦ ❞♦ t✐♣♦ f2✱ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦ r❡q✉❡r✐❞♦ ❛♣❡♥❛s ✉t✐❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦

❞♦ ▲❡♠❛ ✸✳✶✳✸✳ P❛r❛ ♣♦❧✐♥ô♠✐♦ ❞♦ t✐♣♦ f3✱ ✉t✐❧✐③❛r❡♠♦s ♦ ▲❡♠❛ ✸✳✶✳✹✱ ❡ ❛s ✐❞❡♥t✐❞❛❞❡s

✭✸✳✷✮ ❡ ✭✸✳✶✹✮✱ ❡ ❛✐♥❞❛ ❝♦♥s✐❞❡r❛♥❞♦ v ✉♠ ❝♦♠✉t❛❞♦r ❛♥t✐ss✐♠étr✐❝♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦

≥ 1✱ t❡♠♦s✿

[v, x1, x3, x2] = [v, x1, x2, x3] + [v, x1, [x3, x2]]

= [v, x1, x2, x3] + 2[v, x1][x3, x2]

= [v, x1, x2, x3]− 2v[[x3, x2], x1]

= [v, x1, x2, x3] + 2[[x3, x2], x1]v

= [v, x1, x2, x3] + 2[x3, x2, x1]v.

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s r❡♦r❞❡♥❛r ❛s ✈❛r✐á✈❡✐s ♥❡st❡ ❝❛s♦✳ ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥s✲

tr❛çã♦✳ �

◆❡st❡ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ✈❛♠♦s ✉t✐❧✐③❛r ❛s ✐❞❡♥t✐❞❛❞❡s ✭✸✳✶✹✮✱ ✭✸✳✽✮ ❡ ♦ ▲❡♠❛

✸✳✶✳✺✱ ♠❛s ❞❡ ♠❛♥❡✐r❛ ❞✐❢❡r❡♥t❡ ❞❛ q✉❡ ✈✐♠♦s ✉t✐❧✐③❛♥❞♦✱ ❛❣♦r❛ ✈❛♠♦s ✉t✐❧✐③á✲❧❛s ♣❛r❛

❛❣❧✉t✐♥❛r ❞♦✐s ♦✉ três ❝♦♠✉t❛❞♦r❡s ❡♠ ❛♣❡♥❛s ✉♠ ❝♦♠✉t❛❞♦r✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✾ ❙❡❥❛♠ f1, f2 ❡ f3✱ ❝♦♠♦ ♥♦ ❈♦r♦❧ár✐♦ ✸✳✶✳✼✱ ∗✲✐❞❡♥t✐❞❛❞❡s ♣❛r❛

M2(K)✳ ❙✉♣♦♥❤❛ q✉❡ t♦❞♦ fi ❝♦♥té♠✱ ♥♦ ♠á①✐♠♦✱ ✉♠❛ ❡♥tr❛❞❛ ❝♦♠ ✈❛r✐á✈❡❧ ❛♥t✐ss✐♠é✲

tr✐❝❛✳ ❊♥tã♦✱ ❡♠ R✱ ❝❛❞❛ ✉♠ ❞♦s f1, f2, f3 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ❛❧❣✉♠❛s

∗✲✐❞❡♥t✐❞❛❞❡s q✉❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s✳ ❆ss✉♠✐♥❞♦ q✉❡ ♦s ♣♦✲

❧✐♥ô♠✐♦s fi ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ss❛s ✈❛r✐á✈❡✐s ❡ q✉❡ degfi ≥ 4✱ ♣♦❞❡♠♦s r❡s❝r❡✈ê✲❧♦s✱ ❡♠

R✱ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✭❛✮ ❖ ♣♦❧✐♥ô♠✐♦ f1 é r❡♣r❡s❡♥t❛❞♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❡ ❞♦✐s ❝♦✲

♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s✱ ♦♥❞❡ ✉♠ ❞❡❧❡s t❡♠ ❣r❛✉ 2✳

✭❜✮ ❖ ♣♦❧✐♥ô♠✐♦ f2 é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s✳

✭❝✮ ❖ ♣♦❧✐♥ô♠✐♦ f3 é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❝♦♠✉t❛❞♦r❡s s✐♠étr✐❝♦s✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✸✳✶✳✻✱ s❛❜❡♠♦s q✉❡ fi✱ ♣❛r❛ i = 1, 2, 3 ♣♦❞❡ s❡r ❡s❝r✐t♦

❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❡ ❝♦♠✉t❛❞♦r❡s✱ ❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✶✳✼ ✭✐✐✮✱ ❝❛❞❛

♣r♦❞✉t♦ ❞❡♣❡♥❞❡ ♥♦ ♠á①✐♠♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛♥t✐ss✐♠étr✐❝❛✱ ❡ q✉❡ ❡st❛ ♣♦❞❡ s❡r ❝♦❧♦✲

❝❛❞❛ ♥❛ ♣r✐♠❡✐r❛ ❡♥tr❛❞❛ ❞♦ ♣r✐♠❡✐r♦ ❝♦♠✉t❛❞♦r✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✹✳

❈♦♥s✐❞❡r❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ f1✳ ❯t✐❧✐③❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✽✮✱ t❡♠♦s

u1u2[v, x1] = (1/4)[u1, x1, u2, v],

♦♥❞❡ u1, u2 sã♦ ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s ❞❡ ❣r❛✉ ≥ 2 ❡ v é ✉♠ ❝♦♠✉t❛❞♦r s✐♠étr✐❝♦

❞❡ ❣r❛✉ ≥ 1✳ ❈♦♠♦ f1 é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ♣❛r ❞❡

❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s✱ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s

❞❡ ❞♦✐s ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s✳ ❉❛í✱ ❞✐✈✐❞✐r❡♠♦s ❡♠ ❞♦✐s ❝❛s♦s✿

✶◦ ❝❛s♦✿ f1 ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ✈❛r✐á✈❡❧ ❛♥t✐ss✐♠étr✐❝❛✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✺✱ ♣♦❞❡✲

♠♦s ❢❛③❡r ❝♦♠ q✉❡ ✉♠ ❞♦s ❝♦♠✉t❛❞♦r❡s t❡♥❤❛ ❣r❛✉ ❞♦✐s✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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✷◦ ❝❛s♦✿ f1 ❞❡♣❡♥❞❡ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛♥t✐ss✐♠étr✐❝❛✱ ♦✉ s❡❥❛✱ f1 = f(y, x1, . . . , xl)✳

❯s❛♥❞♦ ♦ ▲❡♠❛ ✸✳✶✳✺✱ ♣♦❞❡♠♦s r❡s❝r❡✈❡✲❧♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

f1 = yf2(x1, . . . , xl).

P♦rt❛♥t♦✱ ❡st❛ ✐❞❡♥t✐❞❛❞❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞♦ t✐♣♦ f2✱ ❛ q✉❛❧ ♥ã♦ ❞❡♣❡♥❞❡

❞❡ ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞♦ t✐♣♦ f2✳ ◆♦✈❛♠❡♥t❡ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✽✮✱

♣♦❞❡♠♦s r❡s❝r❡✈❡✲❧♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s✳ ❙❡ f2

♥ã♦ ❝♦♥té♠ ✈❛r✐á✈❡❧ ❛♥t✐ss✐♠étr✐❝❛✱ ♥ã♦ ❤á ♦ q✉❡ ❞❡♠♦♥str❛r✳ ❙✉♣♦♥❤❛✱ ❡♥tã♦✱ q✉❡ f2

❞❡♣❡♥❞❛ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛♥t✐ss✐♠étr✐❝❛✳ P❡❧♦ ▲❡♠❛ ✸✳✶✳✽✱ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ❞❛ ❢♦r♠❛

f2(y, x1, . . . , xl) = α[y, xi1 , . . . , xil ] + 4yg1(x1, . . . , xl)

♣❛r❛ ❛❧❣✉♠ ♣♦❧✐♥ô♠✐♦ g1 ❞♦ t✐♣♦ f1 ❡ α ∈ K✳ ❈♦♠♦ f2 é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡ ♣❛r❛M2(K)✱

♣♦❞❡♠♦s ❛✈❛❧✐á✲❧♦ ♥♦s s❡❣✉✐♥t❡s ❡❧❡♠❡♥t♦s✿

Y =


 0 −1

1 0


 ❡ X1 = X2 = . . . = Xl =


 0 1

1 0


 .

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ [Y,Xi1 , . . . , Xin ] = β


 0 1

−1 0


 = βQ✱ ❝♦♠ β = ±2l✳ P♦r ♦✉tr♦

❧❛❞♦✱ ❝♦♠♦ g1 é ✉♠ ♣r♦❞✉t♦ ❞❡ ❝♦♠✉t❛❞♦r❡s q✉❡ ❡stá s❡♥❞♦ ❛✈❛❧✐❛❞♦ ❡♠ ✉♠ ♠❡s♠♦

❡❧❡♠❡♥t♦✱ ❡♥tã♦ t❡♠♦s q✉❡ g1(x1, . . . , xl) = 0✳ ❈♦♠♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ K é ❞✐❢❡r❡♥t❡

❞❡ 2 ❡ ♣♦r Q s❡r ✉♠❛ ♠❛tr✐③ ✐♥✈❡rtí✈❡❧✱ ❝♦♥❝❧✉í♠♦s q✉❡ α = 0✳ ▲♦❣♦✱

f2(y, x1, . . . , xl) = 4yg1(x1, . . . , xl).

❙❛❜❡♥❞♦ q✉❡ ❛ ♠❛tr✐③ Y é ✐♥✈❡rtí✈❡❧✱ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥♦ ❈♦r♦❧ár✐♦ ✸✳✶✳✼✱ ❝♦♥❝❧✉í♠♦s

q✉❡ g1(x1, . . . , xl) é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡✳ P♦rt❛♥t♦✱ f2(y, x1, . . . , xl) é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛

✐❞❡♥t✐❞❛❞❡ ❞♦ t✐♣♦ f1 q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s✳

P❛r❛ ✜♥❛❧✐③❛r ❛ ❞❡♠♦♥str❛çã♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦ ❞♦ t✐♣♦ f3✳ ❆♣❧✐❝❛♥❞♦

❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✶✹✮ ♥♦ ❝♦♠✉t❛❞♦r s✐♠étr✐❝♦ ❡ ❡♠ ✉♠ ❞♦s ❛♥t✐ss✐♠étr✐❝♦s✱ ♣♦❞❡♠♦s

❛❞♠✐t✐r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ f3 ♣♦❞❡ s❡r r❡s❝r✐t♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r

❞❡ ❝♦♠✉t❛❞♦r❡s s✐♠étr✐❝♦s✳ ❉❛í✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✽ ❡ s❡❣✉✐♥❞♦ ❛ ♠❡s♠❛ ✐❞❡✐❛ ❞♦ ❝❛s♦ ❞❡

♣♦❧✐♥ô♠✐♦s ❞♦ t✐♣♦ f2✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦✳ �

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❈♦r♦❧ár✐♦ ✸✳✶✳✶✵ ❙❡❥❛ f ∈ R✳ ❙❡ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ (M2(K), ∗)✱ ❡♥tã♦ f s❡❣✉❡

❞❡ ❛❧❣✉♠❛s ∗✲✐❞❡♥t✐❞❛❞❡s q✉❡ ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❡ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ♦❜s❡r✈❛r ♦ ❈♦r♦❧ár✐♦ ✸✳✶✳✼ ❡ ❛♣❧✐❝❛r ♦ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳ �

P♦rt❛♥t♦✱ q✉❛♥❞♦ ∗ é ❛ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ s♦❜r❡ M2(K) ♣♦❞❡♠♦s✱ ❛♣❡♥❛s✱

❝♦♥s✐❞❡r❛r ♦s ♣♦❧✐♥ô♠✐♦s q✉❡ ❞❡♣❡♥❞❡♠ ❞❡ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✳ ❆té ♦ ✜♥❛❧ ❞❡st❛ s❡çã♦✱

❝♦♥s✐❞❡r❛r❡♠♦s ❛♣❡♥❛s ♣♦❧✐♥ô♠✐♦s q✉❡ ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❡ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✶ ❉❡✜♥✐r❡♠♦s ♦s s❡❣✉✐♥t❡s s✉❜❡s♣❛ç♦s ❞❡ R✿

✶✳ ❙❡❥❛ F1 ♦ s✉❜❡s♣❛ç♦ ❞❡ R ❣❡r❛❞♦ ♣♦r ♣r♦❞✉t♦s ❞❡ ❞♦✐s ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐✲

❝♦s✱ ♦♥❞❡ ✉♠ ❞❡❧❡s é ❞❡ ❣r❛✉ ✷✳

✷✳ ❙❡❥❛ F2 ♦ s✉❜❡s♣❛ç♦ ❞❡ R ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s ❞❡

❣r❛✉ ♠❛✐♦r ♦✉ ✐❣✉❛❧ à 4✳

✸✳ ❙❡❥❛ F3 ♦ s✉❜❡s♣❛ç♦ ❞❡ R ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ❝♦♠✉t❛❞♦r❡s s✐♠étr✐❝♦s ❞❡ ❣r❛✉

♠❛✐♦r ♦✉ ✐❣✉❛❧ à 4✳

✸✳✶✳✷ ❖ ❖♣❡r❛❞♦r ▲

◆❡st❛ s❡çã♦✱ ❡st✉❞❛r❡♠♦s ♦ ♦♣❡r❛❞♦r L✱ ❡st✉❞♦ ❢❡✐t♦ ♣♦r ❱❛s✐❧♦✈s❦② ❡♠ ❬✸✹❪✱ ♠❛s

❛❣♦r❛ s♦❜r❡ ♦ ❡s♣❛ç♦ F1 ⊕ F2 ⊕ F3✳

❊♠ ❬✶✷❪✱ ❢♦✐ ❞❡♠♦♥str❛❞♦ q✉❡ ❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s ❞❡ M2(K)✱ ♣❛r❛ ♦ ❝❛s♦

❡♠ q✉❡ ❛ charK = p > 3✱ sã♦ ❣❡r❛❞❛s ♣♦r

s4 =
∑

σ∈S4

xσ(1)xσ(2)xσ(3)xσ(4),

h5 = [[x1, x2] ◦ [x3, x4], x5].

❊✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ p = 3✱ ❛❧é♠ ❞❡ss❛s ✐❞❡♥t✐❞❛❞❡s t❡♠♦s ❛✐♥❞❛ ❛ ✐❞❡♥t✐❞❛❞❡ r6✱ ❞❡✜♥✐❞❛

♣♦r✿

[x1, x2] ◦ (u ◦ v)− (1/8)([x1, u, v, x2] + [x1, v, u, x2]− [x2, u, x1, v]− [x2, v, x1, u]),

♦♥❞❡ u = [x3, x4] ❡ v = [x5, x6]✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❖❜s❡r✈❡ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s s4, h5 ❡ r6 ♣❡rt❡♥❝❡♠ ❛ I✳ ❉❡ ❢❛t♦✱ s❡❥❛ xi ✈❛r✐á✈❡✐s

s✐♠étr✐❝❛s ❡ ♦❜s❡r✈❡ q✉❡ s4 ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛

s4 = [x1, x2] ◦ [x3, x4]− [x1, x3] ◦ [x2, x4] + [x1, x4] ◦ [x2, x3],

❡ ♣❡❧♦ ❣❡r❛❞♦r [y1, y2] t❡♠♦s✱ ♠ó❞✉❧♦ I✱

s4 = 2([x1, x2][x3, x4]− [x1, x3][x2, x4] + [x1, x4][x2, x3]),

q✉❡ ♣❡rt❡♥❝❡ ❛ I✳ ❆ ✐❞❡♥t✐❞❛❞❡ h5 s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❣❡r❛❞♦r ✭✸✳✷✮✳

P❛r❛ ❝♦♥❝❧✉✐r✱ r❡st❛ ✈❡r✐✜❝❛r q✉❡ ✐❞❡♥t✐❞❛❞❡ r6 ❡stá ❡♠ I✳ ❈♦♠♦ u, v sã♦ ❝♦♠✉✲

t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s✱ s❡❣✉❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✽✮ q✉❡

[x1, u, v, x2] = −[u, x1, v, x2] = −4uv[x2, x1]

= −4vu[x2, x1]

= −[v, x1, u, x2]

= [x1, v, u, x2],

♦✉ s❡❥❛✱

[x1, u, v, x2] = [x1, v, u, x2]. ✭✸✳✶✺✮

❖❜s❡r✈❡ q✉❡ [x2, u, x1], [x2, v, x1] sã♦ ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s✱ ❡ ❛ss✐♠ ♦s ❞♦✐s ú❧t✐✲

♠♦s ❝♦♠✉t❛❞♦r❡s ❞❡ r6 s❡ ❛♥✉❧❛♠ ❡♠ ❘✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

r6 = [x1, x2] ◦ (u ◦ v)− (1/4)[x1, u, v, x2]

= [x1, x2] ◦ (uv) + (1/4)[u, x1, v, x2]

= [x1, x2]uv + uv[x2, x1].

▲♦❣♦✱ r6 t❛♠❜é♠ s❡ ❛♥✉❧❛ ❡♠ R✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✶✷ ❙❡❣✉❡ ❞♦s ❝♦♠❡♥tár✐♦s ❢❡✐t♦s ❛❝✐♠❛ q✉❡ ❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s

❞❡ M2(K) s❡ ❛♥✉❧❛♠ ❡♠ R✳

■ss♦ ♥♦s ♠♦t✐✈❛ ❛ ❞❡✜♥✐r ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r L(a, b)✱ ♣❛r❛ a, b ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✱

s♦❜r❡ ♦ ❡s♣❛ç♦ F1 ⊕ F2 ⊕ F3✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❉❡✜♥✐çã♦ ✸✳✶✳✶✸ ❙❡❥❛♠ w1, w2 ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s ♦✉ ❝♦♠✉t❛❞♦r❡s ❡ a, b ✈❛r✐á✈❡✐s

s✐♠étr✐❝❛s✱ ❡♥tã♦ [w1, w2]L(a, b) é ❞❡✜♥✐❞♦ ♣♦r✿

(1/8)([w1, a, b, w2] + [w1, b, a, w2]− [w2, a, w1, b]− [w2, b, w1, a]).

❙❡ w1 ❡ w2 sã♦ ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s ❡ deg(w2) = 2 ❡♥tã♦ ❞❡✜♥✐♠♦s

(w1w2)L(a, b) = w1(w2L(a, b)).

❱❡r✐✜❝❛✲s❡✱ ✉t✐❧✐③❛♥❞♦ ♦ ▲❡♠❛ ✸✳✶✳✸ ❡ ✉s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✱ q✉❡ ♣❛r❛

q✉❛✐sq✉❡r x1, x2, a, b ∈ R ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✱ ✈❛❧❡ ❛ ✐❞❡♥t✐❞❛❞❡

[x1, x2]L(a, b) = (1/4)[x1, x2, a, b]. ✭✸✳✶✻✮

❖❜s❡r✈❡ ❛❣♦r❛ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐❞❛❞❡s s❛t✐s❢❡✐t❛s ♥❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ Sl2(K) ❞❛s

♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ✷ ❡ ❞❡ tr❛ç♦ ✵✱ s❡❣✉♥❞♦ ❬✸✹❪✿

[x1, x2, x3]L(a, b) = [[x1, x2]L(a, b), x3]; ✭✸✳✶✼✮

[x1, a]L(x2, b)− [x2, a]L(x1, b) = (1/4)[x1, x2, b, a]; ✭✸✳✶✽✮

[x1, x2]L(a, b)L(c, d) = [x1, x2]L(c, d)L(a, b). ✭✸✳✶✾✮

❖❜s❡r✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡✿

[x1, x2, x3]L(a, b) = (1/8)([x1, x2, a, b, x3] + [x1, x2, b, a, x3]− [x3, a, [x1, x2], b]

− [x3, b, [x1, x2], a])

= (1/8)([x1, x2, a, b, x3] + [x1, x2, b, a, x3]− [[x3, a], [x1, x2], b]

− [[x3, b], [x1, x2], a])

= (1/8)([x1, x2, a, b, x3] + [x1, x2, a, b, x3])

= (1/4)([x1, x2, a, b, x3])

= [[x1, x2]L(a, b), x3].

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛ r❡❧❛çã♦

4[(x ◦ y) ◦ z − x ◦ (y ◦ z)] = [z, x, y], ✭✸✳✷✵✮

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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q✉❡ ✈❛❧❡ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ♦❜t❡♠♦s

[x1, a]L(x2, b)− [x2, a]L(x1, b) = 1/4([x1, a, x2, b]− [x2, a, x1, b])

= 1/4([[x1, a, x2]− [x2, a, x1], b])

= [[(a ◦ x2) ◦ x1 − a ◦ (x2 ◦ x1)]

− [(a ◦ x1) ◦ x2 − a ◦ (x1 ◦ x2)], b]

= [(a ◦ x2) ◦ x1 − (a ◦ x1) ◦ x2, b]

= (1/4)[x1, x2, a, b]

= (1/4)[x1, x2, b, a].

P♦r ✜♠✱ ❛♥❛❧♦❣❛♠❡♥t❡ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✶✻✮✱ ♣♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡

[v, x2]L(a, b) = (1/4)[v, x2, a, b],

♣❛r❛ q✉❛❧q✉❡r v ❝♦♠✉t❛❞♦r s✐♠étr✐❝♦ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

[x1, x2]L(a, b)L(c, d) = (1/4)[x1, x2, a, b]L(c, d)

= (1/4)[[x1, x2, a], b]L(c, d)

= (1/16)[[x1, x2, a], b, c, d]

= (1/16)[x1, x2, a, b, c, d]

= (1/16)[x1, x2, c, d, a, b]

= [x1, x2]L(c, d)L(a, b).

❚❡♠♦s ❡♥tã♦ q✉❡ ✐❞❡♥t✐❞❛❞❡s ✭✸✳✶✼✮✱ ✭✸✳✶✽✮ ❡ ✭✸✳✶✾✮ sã♦ s❛t✐s❢❡✐t❛s ❡♠ R✳ ❆ss✐♠✱ ♣❡❧♦

t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❡♠ ❬✸✹❪✱ q✉❡ ❞✐③ q✉❡ t♦❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ Sl2(K) s❡❣✉❡

❞❡ ✭✸✳✶✼✮✲✭✸✳✶✾✮✱ ❝♦♥❝❧✉í♠♦s ❡♥tã♦ q✉❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ Sl2(K) sã♦ s❛t✐s❢❡✐t❛s

❡♠ R✱ ❞❡s❞❡ q✉❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s s❡❥❛♠ s✐♠étr✐❝❛s✳ ❆❧é♠ ❞✐ss♦✱ é ❢❛t♦ ❝♦♥❤❡❝✐❞♦

q✉❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ▲✐❡ ❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s M2(K) s❡❣✉❡♠ ❞♦ ♣♦❧✐♥ô♠✐♦

st❛♥❞❛r❞ s4✱ ✈❡❥❛ ❬✷✷❪ ♦✉ ❬✷✽❪✳

P❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✶✷✱ ♦❜t❡♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡ s❡ w1 ❡ w2 sã♦ ❝♦♠✉t❛❞♦r❡s

❛♥t✐ss✐♠étr✐❝♦s ❞❡ ❣r❛✉ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ 2✱ ❡♥tã♦ w1(w2L(a, b)) = (w1L(a, b))w2 ❡♠ R✱

❜❛st❛♥❞♦ ✉s❛r ❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✸✱ ❛ ✐❞❡♥t✐❞❛❞❡s ✭✸✳✶✻✮ ❡ ♦❜s❡r✈❛r q✉❡ (w1L(a, b)) é ✉♠

❡❧❡♠❡♥t♦ ❛♥t✐ss✐♠étr✐❝♦✳ ❉♦ q✉❡ ❢♦✐ ❞✐s❝✉t✐❞♦ s❡❣✉❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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▲❡♠❛ ✸✳✶✳✶✹ ❆ tr❛♥s❢♦r♠❛çã♦ L é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❜❡♠ ❞❡✜♥✐❞♦ ❡♠ F1⊕F2⊕F3✳

◆♦t❡ q✉❡ ♣r❡❝✐s❛♠♦s ✉t✐❧✐③❛r ♦ ▲❡♠❛ ✸✳✶✳✺ ♥❛ ✈❡r✐✜❝❛çã♦ ❞❛ ❜♦❛ ❞❡✜♥✐çã♦ ❞❡ L

s♦❜r❡ F1✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✶✺ ❆ss✉♠❛ q✉❡ fi ∈ Fi✱ ❝♦♠ degfi ≥ 4✱ ♣❛r❛ ❝❛❞❛ i = 1, 2, 3✳ ❊♥tã♦✱

❡♠ R✱ fi ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳

✶✳ f1 =
∑

i

αi[xi1 , xi2 ][xi3 , xi4 ]
∏

j

L(aij, bij)✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ i1 < i2✱

i3 < i4✱ i1 ≤ i3✱ ❡ i2 ≤ i4✳

✷✳ f2 =
∑

i

βi[xi1 , xi2 ]
∏

j

L(aij, bij)✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ i1 < i2✳

✸✳ f3 =
∑

i

γi[xi1 , xi2 , xi3 ]
∏

j

L(aij, bij)✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ i1 < i2 ≤ i3✳

❊♠ t♦❞♦s ♦s ❝❛s♦s aij, bij ∈ X✱ ♦✉ s❡❥❛✱ sã♦ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s ❡ α, β, γ ∈ K✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❞❡♠♦♥str❛r ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ❧❡♠❛ ❜❛st❛ ✉t✐❧✐③❛r ❛s ✐❞❡♥t✐❞❛✲

❞❡s ✭✸✳✶✼✮✱ ✭✸✳✶✽✮ ❡ ✭✸✳✶✾✮ q✉❡ sã♦ s❛t✐s❢❡✐t❛s ❡♠ R✳ ❆ss✐♠✱ r❡st❛ ♠♦str❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❡♥tr❡ ♦s ✐♥❞✐❝❡s✳ P❛r❛ ♦ ❝❛s♦ (1) ♣♦❞❡✲s❡ ❡s❝r❡✈❡r✱ ❛ ♠❡♥♦s ❞❡ s✐♥❛❧✱ q✉❡ i1 < i2 ❡ i3 < i4

❡ q✉❡ i1 ≤ i3✱ ❡stá ú❧t✐♠❛ s❡❣✉❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✶✮✳ ❙✉♣♦♥❤❛✱ ❛❣♦r❛✱ q✉❡ i2 > i4✳ ❊♥tã♦

♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✸✮ ♦❜t❡♠♦s✱ ❡♠ R✱ q✉❡✿

[xi1 , xi2 ][xi3 , xi4 ] = −[xi1 , xi3 ][xi4 , xi2 ] + [xi1 , xi4 ][xi3 , xi2 ],

❡ ♦s t❡r♠♦s ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ (1)✳

❖ ❝❛s♦ (2) ❡ (3) s❡❣✉❡ ❞♦ q✉❡ ❢♦✐ ❞✐s❝✉t✐❞♦✳ �

P❡❧❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✶✾✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦s ♦♣❡r❛❞♦r❡s L(a, b) ❣❡r❛♠ ✉♠❛

s✉❜á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❞❛ á❧❣❡❜r❛ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ❞❡ F1 ⊕F2 ⊕F3✳ ❆❣♦r❛✱

✐r❡♠♦s ❢❛③❡r ✉♠ ❜r❡✈❡ ❝♦♠❡♥tár✐♦ s♦❜r❡ ♦ q✉❡ s❡rá ❢❡✐t♦ ♠❛✐s ❛❞✐❛♥t❡✳ ❈♦♥s✐❞❡r❛r❡♠♦s

F1 ⊕ F2 ⊕ F3 ❝♦♠♦ ✉♠ ♠ó❞✉❧♦ s♦❜r❡ ❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❣❡r❛❞❛ ♣❡❧♦s ♦♣❡r❛❞♦r❡s L✳

❱❛♠♦s ❡♥❝♦♥tr❛r ♦s ❡❧❡♠❡♥t♦s q✉❡ ❣❡r❛♠ ♦s Fi✬s✳ P♦st❡r✐♦r♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡

❡st❡s ❡❧❡♠❡♥t♦s✱ q✉❛♥❞♦ ❛✈❛❧✐❛❞♦s s♦❜r❡ ❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❝♦♠ ✐♥✈♦❧✉çã♦✱ sã♦ ❧✐♥❡✲

❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❉✐ss♦ ❝♦♥❝❧✉✐r❡♠♦s q✉❡ ❛ á❧❣❡❜r❛ R s❡rá ✐s♦♠♦r❢❛ à ∗✲á❧❣❡❜r❛

r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r (M2(K), ∗)✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❆❣♦r❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❢r❛❝❛ ♣❛r❛ ❛ á❧❣❡❜r❛

Mn(K)✱ ❛ss✉♥t♦ q✉❡ s❡rá ✐♠♣♦rt❛♥t❡ ♥♦ ❞❡❝♦rr❡r ❞❡st❛ s❡çã♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✻ ❙❡❥❛ f = f(x1, x2, . . . , xn) ∈ K〈X〉✳ ❉✐③❡♠♦s q✉❡ f é ✉♠❛ ✐❞❡♥t✐✲

❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❢r❛❝❛ ♣❛r❛ ♦ ♣❛r (Mn(K), Sln(K))✱ ♦♥❞❡ Sln(K) é ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡

❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ❝✉❥♦ ♦ tr❛ç♦ é ③❡r♦✱ s❡ f(a1, a2, . . . , an) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r

a1, a2, . . . , an ∈ Sln(K)✳ ❉✐③❡♠♦s q✉❡ f é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❢r❛❝❛ ❡ss❡♥❝✐❛❧

s❡ f ♥ã♦ ❢♦r ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ Mn(K)✳

❊①❡♠♣❧♦ ✸✳✶✳✶✼ ❖ ♣♦❧✐♥ô♠✐♦ [x21, x2] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❢r❛❝❛ ❡ss❡♥❝✐❛❧ ♣❛r❛

M2(K)✳ ❉❡ ❢❛t♦✱ s❡ A ∈ M2(K)✱ ❡♥tã♦ x2 − tr(A)x + det(A) é ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡✲

ríst✐❝♦ ❞❡ A✳ ❙✉♣♦♥❞♦ tr(A) = 0 s❡❣✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥✱ q✉❡ A2 =

−det(A)I2 ❡ ♣♦rt❛♥t♦ A2 ❝♦♠✉t❛ ❝♦♠ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❡ M2(K)✳ P♦ré♠ t♦♠❛♥❞♦

E11, E12 ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ M2(K)✱ t❡r❡♠♦s q✉❡ [E2
11, E12] = E12 6= 0✱ ❡

❛ss✐♠ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❖s ♣♦❧✐♥ô♠✐♦s q✉❡ ❝♦♥s✐❞❡r❛♠♦s sã♦ ∗✲♣ró♣r✐♦s✳ ❆ss✐♠✱ ❛♦ ❝❛❧❝✉❧❛r t❛❧ ♣♦❧✐♥ô✲

♠✐♦ ❡♠ M2(K) ♣♦❞❡♠♦s ❞✐s♣❡♥s❛r ❛ ❝♦♠♣♦♥❡♥t❡ ❡s❝❛❧❛r ❞❛s r❡s♣❡❝t✐✈❛s ♠❛tr✐③❡s✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡ mi ∈ M2(K) ❡ m′
i = mi − [(1/2)tr(mi)]I2 ∈ Sl2(K)✱ ❡♥tã♦

f(m1, . . . ,mn) = f(m′
1, . . . ,m

′
n)✱ ♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦ f = f(x1, . . . , xn) ∈ B∗ ❞❡♣❡♥✲

❞❡♥❞♦ ❛♣❡♥❛s ❞❡ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✳ P♦rt❛♥t♦✱ f ∈ B∗ é ∗✲✐❞❡♥t✐❞❛❞❡ ♣❛r❛ M2(K) s❡✱

❡ s♦♠❡♥t❡ s❡✱ ❡❧❡ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❢r❛❝❛ ♣❛r❛ ♦ ♣❛r (M2(K), Sl2(K))✳

P♦r ❛r❣✉♠❡♥t♦s ♣❛❞rõ❡s ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ K é ✉♠

❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s t♦♠❛r ❛s ♠❛tr✐③❡s

e0 = I2✱ e1 =


 i 0

0 −i


✱ e2 =


 0 i

i 0


✱ e3 =


 0 −1

1 0




❝♦♠ i2 = −1 ❡♠ K✳ ❖❜s❡r✈❡ q✉❡ ❛s ♠❛tr✐③❡s ❛❝✐♠❛ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ M2(K) ❡ e1, e2 ❡ e3✱ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ Sl2(K)✳ ◆♦t❡

❛✐♥❞❛ q✉❡

(x11e1 + x12e2 + x13e3)
2 = −(x11

2 + x12
2 + x13

2)e0

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❉❡ ❢❛t♦✱




 x11i 0

0 −x11i


+


 0 x12i

x12i 0


+


 0 −x13

x13i 0





2

=

=


 x11i x12i− x13

x12i+ x13i −x11i




2

=


 x11

2 + x12
2 + x13

2 0

0 x11
2 + x12

2 + x13
2


 .

❊♥tã♦ ♦ ♣❛r (M2(K), Sl2(K)) s❛t✐s❢❛③ ❛s ✐❞❡♥t✐❞❛❞❡s [x2, y] ❡ [x ◦ y, z] ✭♦❜s❡r✈❡

q✉❡ ❛ s❡❣✉♥❞❛ s❡ ♦❜té♠ ❧✐♥❡❛r✐③❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r 1/2✮✳ ❈♦♠♦ ❛

❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ é ❞✐❢❡r❡♥t❡ ❞❡ ✷✱ ❡♥tã♦ ❛s ❞✉❛s ✐❞❡♥t✐❞❛❞❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❆q✉✐✱ ✐❞❡♥t✐✜❝❛r❡♠♦s ♦ ❝♦r♣♦ K ❝♦♠♦ ♦ ❝❡♥tr♦ ❞❡ M2(K)✱ ♦✉ s❡❥❛✱ K ≃ Ke0 =

{αe0 ; α ∈ K}✳ ▲♦❣♦✱ ❡♠ Sl2(K)✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ♥ã♦ ❞❡❣❡♥❡r❛❞❛

❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

〈a, b〉 = a ◦ b✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ Sl2(K).

❯t✐❧✐③❛r❡♠♦s ❡st❡ ♠❡s♠♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ♠❛s ♥♦s r❡str✐♥❣✐r❡♠♦s ❛♦ ❡s♣❛ç♦ ❣❡✲

r❛❞♦ ♣♦r e1, e2✱ ♦✉ s❡❥❛✱ ♦ ❡s♣❛ç♦ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s✳

❖❜s❡r✈❡ q✉❡ s❡ s✉❜st✐t✉í♠♦s x1, x2, a, b ♣♦r ♠❛tr✐③❡s ❞❡ tr❛ç♦ ③❡r♦✱ s❡❣✉❡ ❞❡ ❬✸✹❪✱

q✉❡

[x1, x2]L(a, b) = [x1, x2] ◦ (a ◦ b).

❆q✉✐✱ (a ◦ b) é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♥♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r e1 ❡ e2✳

✸✳✶✳✸ ❚❛❜❡❧❛s ❆❞♠✐ssí✈❡✐s

◆❡st❛ s✉❜s❡çã♦ ❢❛r❡♠♦s ✉♠ ❜r❡✈❡ ❡st✉❞♦ s♦❜r❡ ❛ ❞❡s❝r✐çõ❡s ❞❛s t❛❜❡❧❛s ❞✉♣❧❛s✳

❱♦❧t❛♠♦s ❛ ❧❡♠❜r❛r q✉❡ ♥♦s r❡str✐♥❣✐♠♦s ❛♣❡♥❛s às ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✳ ❆❧é♠ ❞✐ss♦✱

♣❡❧♦ q✉❡ ❢♦✐ ❝♦♠❡♥t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♥♦ss❛s ✈❛r✐á✈❡✐s t❛♠❜é♠ sã♦ ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡✲

❜r❛ ❞❡ ▲✐❡ Sl2(K)✳

❖s ✐♥✈❛r✐❛♥t❡s ❞♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ ♣❛r❛ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❛❝✐♠❛ sã♦ ❞❡s❝r✐t❛s ❡♠

t❡r♠♦s ❞❡ t❛❜❡❧❛s ❞✉♣❧❛s ✭♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r ❬✶✹❪✮✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✽ ❯♠❛ t❛❜❡❧❛ ❞✉♣❧❛ é ✉♠❛ t❛❜❡❧❛

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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T =




p11 · · · p1m1 q11 · · · q1m1

p21 · · · p2m2 q21 · · · q2m2

✳✳✳
✳✳✳

pk1 · · · pkmk
qk1 · · · qkmk



❂
(
A | B

)
,

♦♥❞❡ m1 ≥ m2 ≥ · · · ≥ mk ❡ pij, qij sã♦ ✐♥t❡✐r♦s ♣❛r❛ ❝❛❞❛ i, j✳

❉❡✜♥✐r❡♠♦s✱ ❛❣♦r❛✱ ❛s i✲t❛❜❡❧❛s✱ ♣❛r❛ i = 0, 1, 2✱ q✉❡ s❡rã♦ t❛❜❡❧❛s ✐♠♣♦rt❛♥t❡s

♥❛ ❛ss♦❝✐❛çã♦ ❞❛s ∗✲✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ M2(K)✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✾ ❉✐③❡♠♦s q✉❡ T é✿

✭✐✮ 0✲t❛❜❡❧❛✱ q✉❛♥❞♦ t♦❞❛s ❛s ❡♥tr❛❞❛s ❞❡ T sã♦ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s ❡ m1 ≥ 2❀

✭✐✐✮ 1✲t❛❜❡❧❛✱ q✉❛♥❞♦m1 ≥ 2✱ p11 = 0 ❡ ❛s ♦✉tr❛s ❡♥tr❛❞❛s ❞❡ T sã♦ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s❀

✭✐✐✐✮ 2✲t❛❜❡❧❛✱ q✉❛♥❞♦ m1 ≥ 2✱ p11 = −1, p12 = 0 ❡ ❛s ♦✉tr❛s ❡♥tr❛❞❛s sã♦ ✐♥t❡✐r♦s

♣♦s✐t✐✈♦s✳

❆ss♦❝✐❛r❡♠♦s ❛ T ✉♠ ♣♦❧✐♥ô♠✐♦ ϕ(T ) ❡♠ R✱ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

❉❡✜♥✐çã♦ ✸✳✶✳✷✵ ❙❡❥❛ T =
(
p1 p2 · · · pm | q1 q2 · · · qm

)
✉♠❛ t❛❜❡❧❛ ❝♦♠

❛♣❡♥❛s ✉♠❛ ❧✐♥❤❛✳

✭✐✮ ❙❡ ❚ é ✉♠❛ 0✲t❛❜❡❧❛✱ ❡♥tã♦

ϕ(T ) = (1/4)
∑

σ∈Sm

(−1)σ[xp1 , xp2 ][xqσ(1)
, xqσ(2)

]L(xp3 , xqσ(3)
) · · ·L(xpm , xqσ(m)

);

✭✐✐✮ ❙❡ ❚ é ✉♠❛ 1✲t❛❜❡❧❛✱ ❡♥tã♦

ϕ(T ) = (−1/4)
∑

σ∈Sm

(−1)σ[xqσ(1)
, xqσ(2)

, xp2 ]L(xp3 , xqσ(3)
) · · ·L(xpm , xqσ(m)

);

✭✐✐✐✮ ❙❡ ❚ é ✉♠❛ 2✲t❛❜❡❧❛✱ ❡♥tã♦✿

❙❡ m = 2✱ ❡♥tã♦ ϕ(T ) = (−1/4)[xq1 , xq2 ]✳

◆♦ ❝❛s♦ ❡♠ q✉❡ m ≥ 3✱ ❡♥tã♦

ϕ(T ) = (−1/4)
∑

σ∈Sm

(−1)σ[xqσ(1)
, xqσ(2)

]L(xp3 , xqσ(3)
) · · ·L(xpm , xqσ(m)

).

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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◆♦ ❝❛s♦ ❣❡r❛❧✱ s❡❥❛ T1, T2, . . . , Tk ❛s s✉❝❡ss✐✈❛s ❧✐♥❤❛s ❞❡ T ✳ ❊♥tã♦ ❛ss♦❝✐❛♠♦s

ϕ(T ) = ϕ(T1)l2 · · · lk,

♦♥❞❡ lj ❞❡♥♦t❛ ♦ ♣r♦❞✉t♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s q✉❡ ❝♦♠✉t❛♠ ❡♥tr❡ s✐✱ ♦✉ s❡❥❛✱

lj =
∑

σ∈Sm

(−1)σL(xpj1 , xqjσ(1)
) · · ·L(xpjm , xqjσ(m)

),m = mj.

❆q✉✐✱ Sm ❞❡♥♦t❛ ♦ ❣r✉♣♦ s✐♠étr✐❝♦ ❛❣✐♥❞♦ ♥♦ ❝♦♥❥✉♥t♦ {1, 2, · · · ,m} ❡ (−1)σ é ♦ s✐♥❛❧

❞❡ σ ∈ Sm✳

❖❜s❡r✈❛♥❞♦ q✉❡

det(L(xpjb , xqjσ(b)
)) =

∣∣∣∣∣∣∣∣∣

L(xpj1 , xqj1) · · · L(xpj1 , xqjm)
✳✳✳

✳ ✳ ✳
✳✳✳

L(xpjm , xqj1) · · · L(xpjm , xqjm)

∣∣∣∣∣∣∣∣∣
= lj,

♥♦t❡ q✉❡ lj é ♦ ✏❞❡t❡r♠✐♥❛♥t❡✑ ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡ ♦r❞❡♠ m ♦♥❞❡ L(xpab , xqaσ(b)
) ❡stá ♥❛

❡♥tr❛❞❛ (a, b)✳

▲❡♠❛ ✸✳✶✳✷✶ ❙✉♣♦♥❤❛ q✉❡ T é ✉♠❛ i✲t❛❜❡❧❛✱ i = 0, 1, 2✳ ❙❡ m1 ≥ 3✱ ❡♥tã♦ ϕ(T ) = 0

❡♠ R✳

❉❡♠♦♥str❛çã♦✿ ➱ s✉✜❝✐❡♥t❡ ❞❡♠♦♥str❛r ♦ ❧❡♠❛ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠❛ t❛❜❡❧❛ T ❝♦♥s✐s✲

t✐♥❞♦ ❞❡ ❛♣❡♥❛s ✉♠❛ ❧✐♥❤❛ ❡ m1 = 3✱ ❥á q✉❡ ♥♦ ❝❛s♦ ❣❡r❛❧ ❛ t❛❜❡❧❛ T é ❛ss♦❝✐❛❞❛ ❛

ϕ(T ) = ϕ(T1)l2 · · · lk✱ ♦♥❞❡ T1 é ❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛✱ ❡ ❛❧é♠ ❞✐ss♦✱ [v, xi, xj] = [v, xj, xi]✱

♣❛r❛ q✉❛❧q✉❡r ❝♦♠✉t❛❞♦r ❛♥t✐ss✐♠étr✐❝♦ v✳

❉❛í✱ s❡ T =
(

1 2 3 | 4 5 6
)
é ✉♠❛ 0✲t❛❜❡❧❛✱ ❡♥tã♦

ϕ(T ) = (1/4)
∑

σ∈S3

(−1)σ[x1, x2][xqσ(4)
, xqσ(5)

]L(x3, xqσ(6)
).

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✶✻✮ ♦❜t❡♠♦s

ϕ(T ) = (1/16)
∑

σ∈S3

(−1)σ[x1, x2][xqσ(4)
, xqσ(5)

, x3, xqσ(6)
]

= (1/16)[x1, x2]([x4, x5, x3, x6]− [x4, x6, x3, x5] + [x5, x6, x3, x4] +

+ [x6, x4, x3, x5]− [x5, x4, x3, x6]− [x6, x5, x3, x4])

= (1/8)[x1, x2]([x4, x5, x3, x6]− [x4, x6, x3, x5] + [x5, x6, x3, x4])

= (1/8)[x1, x2]([x4, x5, x6, x3]− [x4, x6, x5, x3] + [x5, x6, x4, x3]).

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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P❡❧❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✱ ♦❜t❡♠♦s

ϕ(T ) = (1/8)[x1, x2][[x4, x5, x6]− [x4, x6, x5] + [x5, x6, x4], x3]

= 0.

❆❣♦r❛✱ s❡❥❛ T =
(

0 1 2 | 3 4 5
)
✉♠❛ 1✲t❛❜❡❧❛✱ ❡♥tã♦

ϕ(T ) = (−1/4)
∑

σ∈S3

(−1)σ[xqσ(3)
, xqσ(4)

, x1]L(x2, xqσ(5)
).

❆♣❧✐❝❛♥❞♦✱ ❛s ✐❞❡♥t✐❞❛❞❡s ✭✸✳✶✻✮ ❡ ✭✸✳✶✼✮ ♦❜t❡♠♦s

ϕ(T ) = (−1/16)
∑

σ∈S3

(−1)σ[xqσ(3)
, xqσ(4)

, x2, xqσ(5)
, x1]

= (−1/16)
∑

σ∈S3

(−1)σ[xqσ(3)
, xqσ(4)

, xqσ(5)
, x2, x1, ]

= (−1/8)([x3, x4, x5, x2, x1]− [x3, x5, x4, x2, x1] + [x4, x5, x3, x2, x1]).

P❡❧❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✱ ❝♦♥❝❧✉í♠♦s ♥♦✈❛♠❡♥t❡ q✉❡ ϕ(T ) = 0✳

P❛r❛ ✜♥❛❧✐③❛r✱ t♦♠❡♠♦s ✉♠❛ 2✲t❛❜❡❧❛✳ ▲♦❣♦✱ T =
(

−1 0 1 | 2 3 4
)
✱

✐♠♣❧✐❝❛rá

ϕ(T ) = (−1/4)
∑

σ∈S3

(−1)σ[xqσ(2)
, xqσ(3)

]L(x1, xqσ(4)
)

= (−1/16)
∑

σ∈S3

(−1)σ[xqσ(2)
, xqσ(3)

, x1, xqσ(4)
]

= (−1/8)([x2, x3, x1, x4]− [x2, x4, x1, x3] + [x3, x4, x1, x2].

❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦s ❛♥t❡r✐♦r❡s✱ ♦❜t❡r❡♠♦s ϕ(T ) = 0✳ ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s

❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛✳ �

❉❡✜♥✐çã♦ ✸✳✶✳✷✷ ❆ t❛❜❡❧❛ ❞✉♣❧❛ T é ❝❤❛♠❛❞❛ ❞❡ ✭❞✉♣❧❛♠❡♥t❡✮ st❛♥❞❛r❞ s❡

pij < pij+1✱ qij < qij+1 ❡ pij ≤ qij ≤ pi+1j✱ ♣❛r❛ q✉❛✐sq✉❡r i, j q✉❡ ❢❛③❡♠ s❡♥t✐❞♦

♥❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛♥t❡r✐♦r❡s✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✷✸ ❉❛❞♦ {xij ; i ≥ 1, 1 ≤ j ≤ n}✱ ❞❡♥♦t❛♥❞♦ ♣♦r V ✉♠ K✲❡s♣❛ç♦

✈❡t♦r✐❛❧ q✉❡ t❡♠ ❝♦♠♦ ❜❛s❡ ♦ ❝♦♥❥✉♥t♦ ✏❞❡ ✈❡t♦r❡s ❣❡♥ér✐❝♦s✑ xi = (xi1, . . . , xin)✱ ♣❛r❛

i ≥ 1✳ ❉❡✜♥✐♠♦s s♦❜r❡ V ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❞❛❞❛ ♣♦r

xi ◦ xj =
∑

k

xikxjk.

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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➱ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ ✭✈❡r ❬✶✹❪✮ q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ✐♥✈❛r✐❛♥t❡s ❞♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ On é ❣❡r❛❞❛

♣❡❧♦ ♣r♦❞✉t♦ xi ◦xj ❡ t❡♠ ✉♠❛ ❜❛s❡ ✐♥❞❡①❛❞♦ ♣❡❧❛s t❛❜❡❧❛s st❛♥❞❛r❞ T t❛❧ q✉❡ m1 ≤ m✳

❙❡ T =
(
p1 · · · pm | q1 · · · qm

)
❝♦♥s✐st❡ ❞❡ ✉♠ ❧✐♥❤❛✱ ❡♥tã♦ ♦ ❡❧❡♠❡♥t♦

❞❛ ❜❛s❡ ❝♦rr❡s♣♦♥❞❡♥t❡ é T̃ = det(xpi ◦ xqj)m×m✳

❙❡ ❛s ❧✐♥❤❛s ❞❡ T sã♦ T1, T2, . . . , Tk✱ ❡♥tã♦ T̃ = T̃1T̃2 . . . T̃k✳

❱❛♠♦s ❛♣❧✐❝❛r ❛ ❞✐s❝✉ssã♦ ❢❡✐t❛ ♥❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r ❛♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ é ♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ 2 s✐♠étr✐❝❛s ❡ ❞❡ tr❛ç♦ ③❡r♦✳ ❖❜s❡r✈❡

q✉❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ Sl2 × Sl2 → R ❞❡✜♥✐❞❛ é ❞❛❞♦ ♣♦r u ◦ v = (1/2)(uv + vu)✱

♣❛r❛ q✉❛✐sq✉❡r u, v ∈ Sl2(K)✱ ✉♠❛ ✈❡③ q✉❡ (uv + vu) é ✉♠❛ ♠❛tr✐③ ❡s❝❛❧❛r✳ ❆ss✐♠✱

♠♦str❛r❡♠♦s q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s T̃ t❛✐s q✉❡ T é st❛♥❞❛r❞ ❡ m1 ≤ 2 sã♦ ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s✳

❉❡✜♥✐çã♦ ✸✳✶✳✷✹ T é ❝❤❛♠❛❞❛ ❞❡ ❛❞♠✐ssí✈❡❧ s❡ é ✉♠❛ t❛❜❡❧❛ ❞✉♣❧❛♠❡♥t❡ st❛♥❞❛r❞

❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ s✉❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ s❛t✐s❢❛③ m1 ≤ 2✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Adm ♦

❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s i✲t❛❜❡❧❛s ❛❞♠✐ssí✈❡✐s✱ i = 0, 1, 2✳

❆♥t❡s ❞♦s r❡s✉❧t❛❞♦s✱ ✐r❡♠♦s ❞❡✜♥✐r ✉♠❛ ♦r❞❡♠ ♥♦ ❝♦♥❥✉♥t♦ ❞❛s i✲t❛❜❡❧❛s ❞✉♣❧❛s✱

❝♦♠ i = 0, 1, 2✳

❉❡✜♥✐çã♦ ✸✳✶✳✷✺ ❙❡❥❛ ❚ ✉♠❛ t❛❜❡❧❛ ❞✉♣❧❛✳ ❉❡✜♥✐♠♦s✿

✭✐✮ ❖ ❝♦♥t♦r♥♦ ❞❡ T ✱ ❞❡♥♦t❛❞❛ ♣♦r m(T )✱ ❝♦♠♦ s❡♥❞♦ ♦ ✈❡t♦r

m(T ) = (m1,m2, . . . ,mk),

♦♥❞❡ mj r❡♣r❡s❡♥t❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ r❡s♣❡❝t✐✈❛ ♠❡✐❛✲❧✐♥❤❛ ❞❡ T ✳

✭✐✐✮ ❆ ❢♦r♠❛ ❞❡ T ✱ ❞❡♥♦t❛❞♦ ♣♦r p(T )✱ ❝♦♠♦ s❡♥❞♦ ♦ ✈❡t♦r

p(T ) = (p11, p12, · · · , p1m1 , q11, q12, · · · , q1m1 , p21, · · · , qkmk
).

✭✐✐✐✮ ❖ ❝♦♥t❡ú❞♦ ❞❡ T ✱ ❞❡♥♦t❛❞♦ ♣♦r d(T )✱ ❝♦♠♦ s❡♥❞♦ ♦ ✈❡t♦r

d(T ) = (d−k, . . . , d−1, d0, d1, d2, . . .)

♦♥❞❡ dj é ♦ ♥ú♠❡r♦ ❞❡ ❡♥tr❛❞❛s ❞❡ T q✉❡ sã♦ ✐❣✉❛❧ ❛ j✱ ♣❛r❛ j = ±1,±2, . . .✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❆ ♦r❞❡♠ ♥♦ ❝♦♥❥✉♥t♦ ❞❛s i✲t❛❜❡❧❛s ❞✉♣❧❛s✱ ❝♦♠ i = 0, 1, 2✱ s❡rá ❞❛❞❛ ❞❛ s❡✲

❣✉✐♥t❡ ❢♦r♠❛✿ s❡❥❛♠ T1 ❡ T2 ❞✉❛s i✲t❛❜❡❧❛s ❞✉♣❧❛s ❝♦♠ ♦ ♠❡s♠♦ ❝♦♥t❡ú❞♦✱ ✐st♦ é✱

d(T ) = d(Q)✳ ❉✐r❡♠♦s q✉❡✱ T1 < T2 s❡ m(T1) < m(T2) ♥❛ ♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛ ✉s✉❛❧

♦✉ ❝❛s♦ m(T1) = m(T2) ❡♥tã♦ p(T1) > p(T2) t❛♠❜é♠ ❝♦♠ ❛ ♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛ ✉s✉❛❧✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✷✻ ❖s ♣♦❧✐♥ô♠✐♦s {ϕ(T ) ; T ∈ Adm} ❣❡r❛ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

F1⊕F2⊕F3 ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ∗✲♣ró♣r✐♦s ❡♠ R q✉❡ ❞❡♣❡♥❞❡♠ s♦♠❡♥t❡ ❞❡ ✈❛r✐á✈❡✐s

s✐♠étr✐❝❛s✳

❉❡♠♦♥str❛çã♦✿ ➱ s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ fk ∈ Fk é ✉♠❛ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s ϕ(Tj) ♣❛r❛ ❛❧❣✉♠❛s i✲t❛❜❡❧❛s st❛♥❞❛r❞ Tj ∈ Adm✳

❈♦♠❡ç❛r❡♠♦s ❝♦♠ f1 ∈ F1✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✶✺✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

f1 =
∑

i

αiϕ(Ti), ♦♥❞❡ αi ∈ K ❡ Ti sã♦ ✵✲t❛❜❡❧❛s✳

P❡❧♦ ▲❡♠❛ ✸✳✶✳✷✶✱ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ t♦❞❛s ❛s ❧✐♥❤❛s ❞❡

Ti sã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ ✷✳ ❆ss✐♠✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ t♦❞♦ ϕ(Ti)

♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ✵✲t❛❜❡❧❛s st❛♥❞❛r❞✳

❊s❝r❡✈❡♥❞♦ T = Ti✱ s✉♣♦♥❤❛ q✉❡ T ♥ã♦ s❡❥❛ st❛♥❞❛r❞✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ♣♦❞❡✲

♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ❝❛❞❛ ♠❡✐❛ ❧✐♥❤❛ ❞❡ T ♣♦❞❡ s❡r ❝♦❧♦❝❛❞❛ ❡♠ ♦r❞❡♠ ❛s❝❡♥❞❡♥t❡✳ ❙❡

✐st♦ ♥ã♦ ♦❝♦rr❡r ❡ ❛ r❡s♣❡❝t✐✈❛ ♠❡✐❛ ❧✐♥❤❛ ♥ã♦ é ❛ ♣r✐♠❡✐r❛✱ ♣♦❞❡♠♦s r❡♦r❞❡♥❛r s✉❛s

❡♥tr❛❞❛s✱ ♣r♦✈♦❝❛♥❞♦ ♥♦ ♠á①✐♠♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ s✐♥❛❧ ✭✈❛❧❡ ❧❡♠❜r❛r q✉❡ mi ≤ 2✮✳

❙❡ ❛ ✈✐♦❧❛çã♦ ♦❝♦rr❡ ♥❛ ♣r✐♠❡✐r❛ ❜❛st❛ ❛♣❧✐❝❛r ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✶✺✳ ❆❧é♠ ❞✐ss♦✱ s❡ ❛

✈✐♦❧❛çã♦ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❛ ❞❡✜♥✐çã♦ ❞❡ t❛❜❡❧❛ st❛♥❞❛r❞ ♦❝♦rr❡ ❛❜❛✐①♦ ❞❛ ♣r✐♠❡✐r❛

❧✐♥❤❛✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦s ❛r❣✉♠❡♥t♦s ❞❡ ✭❬✷✾❪✱ ▲❡♠❛ ✷✳✼✮ ❡ ❡①♣r❡ss❛r ϕ(T ) ❝♦♠♦ ✉♠❛

❝♦♠❜✐♥❛çã♦ ❞❡ t❛❜❡❧❛s ♠❛✐♦r❡s ❞♦ q✉❡ T ✱ ❡♠ r❡❧❛çã♦ à ♦r❞❡♥❛çã♦ ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r✲

♠❡♥t❡✳

❙❡ ♣♦r ♦✉tr♦ ❧❛❞♦ t✐✈❡r♠♦s q✉❡ p1r > q1r✱ ❛♣❧✐❝❛r❡♠♦s ♥♦✈❛♠❡♥t❡ ❛ Pr♦♣♦s✐çã♦

✸✳✶✳✶✺✳ P♦rt❛♥t♦✱ ♦ ú♥✐❝♦ ❝❛s♦ ❛ ❝♦♥s✐❞❡r❛r é q1r > p2r✱ ❝♦♠ r = 1 ♦✉ ✷✳ ▼❛s ✐st♦

s❡ r❡s♦❧✈❡ ❛♣❧✐❝❛♥❞♦ ✭❬✷✽❪✱ ▲❡♠❛ ✹✳✷✱ Pr♦♣♦s✐çã♦ ✹✳✷✮ ❡ ❛s ♦❜s❡r✈❛çõ❡s ❢❡✐t❛s ❛♥t❡s ❞♦

▲❡♠❛ ✸✳✶✳✶✹✳ P♦rt❛♥t♦ ϕ(T ) é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ϕ(T ) =
∑

i

βiϕ(Ti), βi ∈ K, Ti > T.

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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◆❛ s❡q✉ê♥❝✐❛ ❝♦♥s✐❞❡r❡♠♦s ♦s ♣♦❧✐♥ô♠✐♦s ϕ(Ti) ❡ ❛s ❝♦rr❡s♣♦♥❞❡♥t❡s t❛❜❡❧❛s Ti✳

❚r❛t❛♥❞♦✲♦s ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ♦❜t❡r❡♠♦s q✉❡ ❛s t❛❜❡❧❛s sã♦ ♠❛✐♦r❡s q✉❡ T ✱ ❡♠ r❡❧❛✲

çã♦ à ♦r❞❡♥❛çã♦ ❞❡✜♥✐❞❛✳ ▼❛s ❡st❡ ♣r♦❝❡ss♦ ❞❡✈❡ ❛❝❛❜❛r ❡ ❛ss✐♠ t♦❞❛s ❛s t❛❜❡❧❛s q✉❡

♣❛rt✐❝✐♣❛♠ ❞❡ss❛ ❝♦♠❜✐♥❛çã♦ ❞❡✈❡♠ s❡r st❛♥❞❛r❞✳ ◆♦t❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s

t❛❜❡❧❛s st❛♥❞❛r❞ ❝♦♠ ❝♦♥t❡ú❞♦ d é ✜♥✐t♦ ❡✱ ♣♦rt❛♥t♦✱ ❧✐❞❛♠♦s ❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦

❞❡ t❛❜❡❧❛s ❞✉♣❧❛s✳

❆❣♦r❛ s❡❥❛ T ✉♠❛ 2✲t❛❜❡❧❛✳ ❈♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ T ♥ã♦ é

st❛♥❞❛r❞ ❡ q✉❡ ❛ ✈✐♦❧❛çã♦ ❞♦ ❛r❣✉♠❡♥t♦ st❛♥❞❛r❞ é ❞♦ t✐♣♦ q1r > p2r✳ ◆❡st❡ ❝❛s♦✱

♣r♦❝❡❞❡✲s❡ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ q✉❡ ♦ ❛♥t❡r✐♦r ✉s❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s

❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ Sl2(K) ❡♠ ❬✸✹❪✱ Pr♦♣♦s✐çã♦ ✷✳✶ ❡♠ ✈❡③ ❞♦ ❛r❣✉♠❡♥t♦ ❞❡ ❬✷✽❪✳

❖ ú❧t✐♠♦ ❝❛s♦ ❛ ❝♦♥s✐❞❡r❛r é q✉❛♥❞♦ T é 1✲t❛❜❡❧❛✱ ❡ ❝♦♠♦ ♥♦s ❞♦✐s ♣r✐♠❡✐r♦s

❝❛s♦s✱ s✉♣♦♠♦s q✉❡ ❛ ✈✐♦❧❛çã♦ é q1r > p2r✳ ❖ ❝❛s♦ é tr❛t❛❞♦ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❬✸✹❪✱

Pr♦♣♦s✐çã♦ ✷✳✶✳ ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦✳ �

❘❡❝♦r❞❡♠♦s q✉❡ I é ♦ ✐❞❡❛❧ ❞❛s ∗✲✐❞❡♥t✐❞❛❞❡s ❣❡r❛❞♦ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s ✭✸✳✶✮✲✭✸✳✹✮✳

❱❛♠♦s ♠♦str❛r q✉❡ I = T (M2(K), ∗)✳ ❈♦♠♦ I ⊆ T (M2(K), ∗) é ✐♠❡❞✐❛t♦ q✉❡ t❡♠♦s

✉♠ ❡♣✐♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦

ψ : R = K〈X ∪ Y 〉/I → K〈X ∪ Y 〉/T (M2(K), ∗) = R̄.

P♦rt❛♥t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✷✻✱ ❛ ✐♠❛❣❡♠ ❞♦ ❝♦♥❥✉♥t♦ {ϕ(T ) ; T ∈ Adm} ❣❡r❛

♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ∗✲♣ró♣r✐♦s ❡♠ R̄✱ q✉❡ ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❛s

✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✳ ❖ t❡♦r❡♠❛ ❡st❛rá ♣r♦✈❛❞♦ s❡ ❝♦♥s❡❣✉✐r♠♦s ♠♦str❛r q✉❡ ❛s ✐♠❛❣❡♥s

❞♦s ♣♦❧✐♥ô♠✐♦s ϕ(T )✱ ❝♦♠ T ∈ Adm✱ sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳

❆q✉✐✱ ❢❛r❡♠♦s ✉s♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s ♣❛r❛ ♦ ♣❛r (M2(K), Sl2(K))✳ Pr✐✲

♠❡✐r♦ t❡♠♦s ❛ ✐❞❡♥t✐❞❛❞❡ [x1, x2]L(a, b) = [x1, x2] ◦ (a ◦ b)✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡

[x1 ◦ x2, x3] = 0 ♦❜t❡♠♦s [x1, x2] ◦ x3 = x1 ◦ [x2, x3]✳ ❖❜s❡r✈❡ q✉❡ ❛ ✐❞❡♥t✐❞❛❞❡ ❢r❛❝❛

[x1, x2] ◦ [x3, x4] = −4((x1 ◦ x3)(x2 ◦ x4)− (x1 ◦ x4)(x2 ◦ x3) = −4T̃ ,

✈❛❧❡ ♣❛r❛ T =
(

1 2 | 3 4
)
✳ ❈♦♠ ❡❢❡✐t♦✱ ♥♦t❡ q✉❡ ❛ ✐❞❡♥t✐❞❛❞❡

[x, y, z] = 4[(y ◦ z) ◦ x− y ◦ (z ◦ x)],

♣❛r❛ t♦❞♦ x, y, z ∈ K〈X〉✱ é ✈á❧✐❞❛ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❈♦♠♦ (x1 ◦ x2) é

✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ Sl2(K)✱ ♦❜t❡r❡♠♦s (x1 ◦ x2) ◦ x3 = (x1 ◦ x2) · x3✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❙❡❣✉❡ q✉❡

[x1, x2] ◦ [x3, x4] = x1 ◦ [x4, x3, x2]

= 4 · x1 ◦ [(x3 ◦ x2) ◦ x4 − x3 ◦ (x2 ◦ x4)]

= 4 · x1 ◦ [(x3 ◦ x2)x4 − x3(x2 ◦ x4)]

= 2 · [x1(x3 ◦ x2)x4 − x1x3(x2 ◦ x4) + (x3 ◦ x2)x4x1 − x3(x2 ◦ x4)x1]

= 2 · [(x1x4 + x4x1)(x3 ◦ x2)− (x1x3 + x3x1)(x2 ◦ x4)]

= 4 · [(x1 ◦ x4)(x3 ◦ x2)− (x1 ◦ x3)(x2 ◦ x4)]

= −4 · [(x1 ◦ x3)(x2 ◦ x4)− (x1 ◦ x4)(x3 ◦ x2)] = −4T̃ .

❈♦♠♦ q✉❡rí❛♠♦s✳ ❆❣♦r❛✱ ✐r❡♠♦s ♥❡❝❡ss✐t❛r ❞♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✸✳✶✳✷✼ ❙❡❥❛ T ✉♠❛ k = 0, 1, 2✳ ❊♥tã♦ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s ❡♠ R̄✳

✭✶✮ ◗✉❛♥❞♦ T é ✉♠❛ ✵✲t❛❜❡❧❛✱ ϕ(T ) = −2T̃ ❀

✭✷✮ ◗✉❛♥❞♦ T é ✉♠❛ ✶✲t❛❜❡❧❛✱ x0 ◦ ϕ(T ) = −2T̃ ❀

✭✸✮ ◗✉❛♥❞♦ T é ✉♠❛ ✷✲t❛❜❡❧❛✱ [x1, x0] ◦ ϕ(T ) = T̃ ✳

❆q✉✐ s❡rá ✉s❛❞❛ ❛ ♠❡s♠❛ ♥♦t❛çã♦ ϕ(T ) ❞❡ s❡✉ ❝♦rr❡s♣♦♥❞❡♥t❡ ♣♦❧✐♥ô♠✐♦ ❡♠ R ❛ss✐♠

❝♦♠♦ s✉❛s r❡s♣❡❝t✐✈❛s ✐♠❛❣❡♥s ❡♠ R̄✳

❉❡♠♦♥str❛çã♦✿ ❆ ❛✜r♠❛çã♦ (1) s❡❣✉❡ ❞♦ q✉❡ ❢♦✐ ♣r♦✈❛❞♦ ❛❝✐♠❛✱ ♦✉ s❡❥❛✱ t♦♠❛♥❞♦ ❛

✐❣✉❛❧❞❛❞❡ [x1, x2] ◦ [x3, x4] = −4T̃ ✱ ♦❜t❡♠♦s q✉❡

ϕ(T ) = (1/4)[[x1, x2]([x3, x4]− [x4, x3])]

= (1/2)([x1, x2][x3, x4])

= (1/2)([x1, x2] ◦ [x3, x4]) = −2T̃ .

❊ ❛ss✐♠ ✜❝❛ ♣r♦✈❛❞♦ ♣❛r❛ ✭✶✮✳ P❛r❛ ♣r♦✈❛r ❛ ❛✜r♠❛çã♦ ✭✷✮✱ ♦❜s❡r✈❛♠♦s q✉❡ ❞❛ ✐❞❡♥t✐✲

❞❛❞❡ ❢r❛❝❛ [x1, x2]◦x3 = x1◦ [x2, x3] s❡❣✉❡ ❛ ✐❣✉❛❧❞❛❞❡ x0◦ [x3, x2, x1] = [x0, x1]◦ [x2, x3]✱

q✉❡ é t❛♠❜é♠ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❢r❛❝❛ ♣❛r❛ (M2(K), Sl2(K))✳ ❚♦♠❛♥❞♦ T s❡♥❞♦ ✶✲t❛❜❡❧❛✱

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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s❡❣✉❡ q✉❡

x0 ◦ ϕ(T ) = (−1/4)x0 ◦ ([x2, x3, x1]− [x3, x2, x1])

= (1/2)x0 ◦ ([x3, x2, x1])

= (1/2)[x0, x1] ◦ [x2, x3]

= −2T̃ ,

❞♦♥❞❡ s❡❣✉❡ ❛ ❛✜r♠❛çã♦ ✭✷✮✳ P❛r❛ t❡r♠✐♥❛r ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛✱ r❡st❛ ❛ ❛✜r♠❛çã♦

✭✸✮✳ ❚♦♠❛♥❞♦ T ✷✲t❛❜❡❧❛✱ s❡❣✉❡ q✉❡

[x−1, x0] ◦ ϕ(T ) = (−1/4)([x−1, x0] ◦ [x2, x3]) = T̃ .

❖ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛✳ �

❚❡♦r❡♠❛ ✸✳✶✳✷✽ ❆s ✐❞❡♥t✐❞❛❞❡s ✭✸✳✶✮✱ ✭✸✳✷✮✱ ✭✸✳✸✮ ❡ ✭✸✳✹✮ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❞❛s

∗✲✐❞❡♥t✐❞❛❞❡s ❞❡ M2(K)✱ ♦♥❞❡ ∗ é ❛ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷✸✱ ♦s ♣♦❧✐♥ô♠✐♦s T̃ ♣❛r❛ T st❛♥❞❛r❞ ❡ m1 ≤

2 sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ R̄✳ P❡❧♦ ▲❡♠❛ ✸✳✶✳✷✼ t❡♠♦s q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s

{ϕ(T ) ; T ∈ Adm} sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ R̄✳ ◆♦t❡ q✉❡ ♣❛r❛ ✉♠❛ ✵✲t❛❜❡❧❛

T ✱ ♦ ♣♦❧✐♥ô♠✐♦ ϕ(T ) r❡♣r❡s❡♥t❛ ♠❛tr✐③❡s ❡s❝❛❧❛r❡s ❡♠ M2(K)❀ s❡ T é ✉♠❛ ✶✲t❛❜❡❧❛✱

ϕ(T ) ♥♦s ❢♦r♥❡❝❡ ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ tr❛ç♦ ③❡r♦✱ ❡ ♣❛r❛ ✷✲t❛❜❡❧❛✱ ϕ(T ) ♥♦s ❢♦r♥❡❝❡

♠❛tr✐③❡s ❛♥t✐ss✐♠étr✐❝❛s ❡♠ M2(K)✳

P♦rt❛♥t♦✱ {ϕ(T ) ; T ∈ Adm} é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❡♠ R̄✱ ❡ ❢♦r♠❛ ✉♠❛

❜❛s❡ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ F1 ⊕ F2 ⊕ F3✳ ❈♦♠ ✐ss♦ ❝♦♥❝❧✉í♠♦s ♦ r❡s✉❧t❛❞♦✳ �

✸✳✷ ■♥✈♦❧✉çã♦ ❙✐♠♣❧ét✐❝❛

◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ T∗✲✐❞❡❛❧ ❞❡ (M2(K), s)

❝♦♠ ✐♥✈♦❧✉çã♦ s✐♠♣❧ét✐❝❛✳ ❆q✉✐ (s) s❡rá ❞❡♥♦t❛❞❛ ♣♦r ∗✳ ▲❡♠❜r❡ q✉❡ ❛ ✐♥✈♦❧✉çã♦

s✐♠♣❧ét✐❝❛ é ❞❛❞❛ ♣♦r✿

 a11 a12

a21 a22




∗

=


 a22 −a12

−a21 a11


 .

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦s ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❡ ❛♥t✐ss✐♠ét✐❝♦s ❞❛ á❧❣❡❜r❛ (M2(K), ∗)

sã♦ ❞❛❞♦s ♣♦r

Xi =


 a11 0

0 a11


 ❡ Yi =


 a11 a12

a21 −a11


 ,

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

➱ ✐♠❡❞✐❛t♦ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦

[x1, z], ✭✸✳✷✶✮

♦♥❞❡ z é ✉♠❛ ✈❛r✐á✈❡❧ ❛♥t✐ss✐♠étr✐❝❛ ♦✉ s✐♠étr✐❝❛ ❞❡ K〈X ∪ Y 〉✱ é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡

♣❛r❛ M2(K)✳ ❈♦♠♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ t♦♠❛r❡♠♦s R ❛ á❧❣❡❜r❛ ♦❜t✐❞❛ ♣♦r t♦♠❛r♠♦s

♦ q✉♦❝✐❡♥t❡ ❞❛ á❧❣❡❜r❛ ❧✐✈r❡ ♣❡❧♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ ✐♥✈♦❧✉çã♦ ❣❡r❛❞♦ ♣❡❧❛

✐❞❡♥t✐❞❛❞❡ ✭✸✳✷✶✮✳ ❱❛❧❡ ❧❡♠❜r❛r q✉❡ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ K s❡♥❞♦ ✉♠ ❝♦r♣♦

✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2✳

❚❡♦r❡♠❛ ✸✳✷✳✶ ❙❡❥❛ K ✉♠ ❝♦r♣♦✳ ❊♥tã♦ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ á❧❣❡❜r❛M2(K)

❝♦♠ ❛ ✐♥✈♦❧✉çã♦ s✐♠♣❧ét✐❝❛ tê♠ ❜❛s❡ q✉❡ ❝♦♥s✐st❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✷✶✮✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f = f(x1, x2, . . . , xl, y1, y2, . . . , ym) ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡ ♣❛r❛M2(K)✳

❈♦♠♦ xi é ✉♠ ❡❧❡♠❡♥t♦ ❝❡♥tr❛❧✱ ♣❛r❛ t♦❞♦ i = 1, 2, . . . , l✱ ❡♥tã♦ ❞❡✈❡ ❡①✐st✐r

g(y1, y2, . . . , ym)✱ t❛❧ q✉❡

f = x1
r1x2

r2 . . . xl
rlg(y1, y2, . . . , ym)

♦♥❞❡ r1, r2, . . . , rl sã♦ ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s✳ P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛ ♠❡s♠❛ ✐❞❡✐❛ ❞♦ ❈♦✲

r♦❧ár✐♦ ✸✳✶✳✼✭✐✐✮✱ ♣♦❞❡♠♦s ❛❞♠✐t✐r q✉❡ s❡ f é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡ ❡ ♠✉❧t✐❤♦♠♦❣ê♥❡♦✱ ✉♠❛

✈❡③ q✉❡ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❡♥tã♦ ❡❧❛ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦s ❡❧❡♠❡♥t♦s ❛♥t✐ss✐♠étr✐❝♦s ❞❡ (M2(K), ∗) ❝♦✐♥❝✐❞❡♠ ❝♦♠ ♦s

❡❧❡♠❡♥t♦s ❞❡ Sl2(K)✱ ❡ ♣♦rt❛♥t♦ s❡ f é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡ ♣❛r❛M2(K)✱ ❡♥tã♦ f t❛♠❜é♠

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❢r❛❝❛ ♣❛r❛ ♦ ♣❛r (M2(K), Sl2(K))✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷ ❞❡ ❬✷✾❪✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r f ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

f(y1, y2, . . . , ym) =
∑

i

αiui[vi ◦ wi, ti]ri

♦♥❞❡ αi ∈ K✱ ui, ti ❡ ri sã♦ ♣♦❧✐♥ô♠✐♦s ❛❞❡q✉❛❞♦s ❡ vi ❡ wi sã♦ ❝♦♠✉t❛❞♦r❡s ❞❡ ❣r❛✉

≥ 2 q✉❡ ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❡ ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s✳ ❆❣♦r❛ ♦❜s❡r✈❡♠♦s q✉❡

[y1, y2]
∗ = −[y1, y2]

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❡ ❞❛í✱ ✈❡r✐✜❝❛✲s❡ ✱ ♣♦r ✐♥❞✉çã♦✱ q✉❡ vi ❡ wi t❛♠❜é♠ sã♦ ❛♥t✐ss✐♠étr✐❝♦s✳ ❚❡♠♦s ❛✐♥❞❛

(y1 ◦ y2)
∗ = (1/2)(y1y2 + y1y2)

∗ = (1/2)(y∗1y
∗
2 + y∗1y

∗
2) = (1/2)(y1y2 + y1y2) = y1 ◦ y2

■st♦ q✉❡r ❞✐③❡r q✉❡ y1 ◦ y2 é s✐♠étr✐❝♦✳ ❊st❡ ú❧t✐♠♦ ❢❛t♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳ �

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✹

P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ❝♦♠ ■♥✈♦❧✉çã♦

♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❛s ▼❛tr✐③❡s ❞❡

❖r❞❡♠ 2

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ❞❡s❝r✐çõ❡s ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❝♦♠ ✐♥✈♦❧✉✲

çã♦ ♣❛r❛ ❛ á❧❣❡❜r❛ M2(K)✱ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣♦r ❇r❛♥❞ã♦ ❡ ❑♦s❤❧✉❦♦✈ ❡♠ ❬✾❪✱ ❝♦♥s✐✲

❞❡r❛♠♦s✱ ❝♦♠♦ ♥♦ ❝❛♣ít✉❧♦ ✸✱ ❛♣❡♥❛s ❛s ✐♥✈♦❧✉çõ❡s tr❛♥s♣♦st❛ ❡ s✐♠♣❧ét✐❝❛✱ ♣❛r❛ ✉♠

❝♦r♣♦ K ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2✳ P❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ t❛❧ ❡st✉❞♦

r❡❝♦rr❡r❡♠♦s ❛ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥♦s ❈❛♣ít✉❧♦s ✷ ❡ ✸✳

❊♠ t♦❞♦ ❝❛♣ít✉❧♦ ✜①❛r❡♠♦s A =M2(K) ❡ ♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥ s❡rá ❞❡✜♥✐❞♦ ♣♦r

a ◦ b = (1/2)(ab+ ba).

✹✳✶ ❆ ■♥✈♦❧✉çã♦ ❚r❛♥s♣♦st❛

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❡st✉❞❛r ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ A ❝♦♠ ❛ ✐♥✈♦✲

❧✉çã♦ tr❛♥s♣♦st❛✳ ❆ ✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ é ❛ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r

 a11 a12

a21 a22




∗

=


 a11 a21

a12 a22


 ,

❡ ❡st✉❞❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ T∗✲❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ∗✲❝❡♥tr❛✐s

❞❛ á❧❣❡❜r❛ (A, ∗)✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✹✳ ❆ ■♥✈♦❧✉çã♦ ❚r❛♥s♣♦st❛ ✽✻

❖❜s❡r✈❡ q✉❡ ♦s s❡❣✉✐♥t❡s ♣♦❧✐♥ô♠✐♦s sã♦ ∗✲❝❡♥tr❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ A✿

y1y2; ✭✹✳✶✮

z1[y1y2, x]z2; ✭✹✳✷✮

z1[y1, y2]z2; ✭✹✳✸✮

z1([x1, x2][x3, x4]− [x1, x3][x2, x4] + [x1, x4][x2, x3])z2; ✭✹✳✹✮

z1([y1x1y2, x2]− y1y2[x2, x1])z2, ✭✹✳✺✮

♦♥❞❡ ♦s zi✬s sã♦ ♠♦♥ô♠✐♦s ❡♠ X ∪ Y ✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✈❛♠♦s ❞❡♥♦t❛r T (M2(K), ∗) ♣♦r I✳ ❙❡❥❛ V ♦ T∗✲❡s♣❛ç♦ ❞❡

K〈X ∪ Y 〉 ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s ✭✹✳✶✮✱✭✹✳✷✮✱ ✭✹✳✸✮✱ ✭✹✳✹✮ ❡ ✭✹✳✺✮✳ ❖ ♦❜❥❡t✐✈♦ ♥❡st❛

s❡çã♦ é ♠♦str❛r q✉❡ C(A, ∗) = V ✳

▲❡♠❛ ✹✳✶✳✶ I ⊆ V ⊆ C(A, ∗)✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣r✐♠❡✐r❛ ✐♥❝❧✉sã♦ é ✐♠❡❞✐❛t❛✳ ➱ s✉✜❝✐❡♥t❡ ❞❡♠♦♥str❛r ❛ s❡❣✉♥❞❛

✐♥❝❧✉sã♦✳ ❖❜s❡r✈❡ q✉❡ V = I + V1✱ ♦♥❞❡ V1 é ♦ T∗✲❡s♣❛ç♦ ❞❡ K〈X ∪ Y 〉 ❣❡r❛❞♦ ♣♦r

y1y2✳ ❖❜s❡r✈❡ q✉❡

 0 a

−a 0




 0 b

−b 0


 =


 −ab 0

0 −ab


 ∈ Z(A).

♣❛r❛ q✉❛✐sq✉❡r a, b ∈ K✱ ❡ ❞❛í s❡❣✉❡ q✉❡ V1 ⊆ C(A, ∗)✳ ❆❧é♠ ❞✐ss♦✱ I ⊆ C(A, ∗)✳ ▲♦❣♦✱

❛ s❡❣✉♥❞❛ ✐♥❝❧✉sã♦ ❡stá ♣r♦✈❛❞❛✳ �

▲❡♠❛ ✹✳✶✳✷ P❛r❛ t♦❞♦ n ≥ 1✱ t❡♠♦s y1y2 . . . y2n−1y2n ∈ V ✳

❉❡♠♦♥str❛çã♦✿ ■r❡♠♦s ♣r♦✈❛r ♣♦r ✐♥❞✉çã♦ s♦❜r❡ n✳ P❛r❛ n = 1 t❡♠♦s ✉♠ ❡❧❡♠❡♥t♦

❞❛ ❜❛s❡ ❞❡ V ✱ ❧♦❣♦ é ✐♠❡❞✐❛t♦✳ ❙✉♣♦♥❤❛♠♦s ❡♥tã♦ q✉❡ ♦ r❡s✉❧t❛❞♦ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛

n ≥ 1✳ ➱ ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦ q✉❡ y2n+1y2ny2n+1 é ❛♥t✐ss✐♠étr✐❝♦✳ ❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦

y2n ♣♦r y2n+1y2ny2n+1 ❡♠ y1y2 . . . y2n−1y2n ∈ V ✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ♦❜t❡r❡♠♦s

y1y2 . . . y2n−1(y2n+1y2ny2n+1) ∈ V ✳ ❙❡❣✉❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ [y1, y2] q✉❡

y1y2 . . . y2n−1(y2n+1y2ny2n+1) ≡ y1y2 . . . y2n−1y2ny2n+1
2 (mod I).

❙✉❜st✐t✉✐♥❞♦ y2n+1 ♣♦r y2n+1 + y2n+2✱ q✉❡ é ❛♥t✐ss✐♠étr✐❝♦✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡

y1y2 . . . y2n−1y2n(y2n+1 + y2n+2)
2 ∈ V.

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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▼❛s✱ ❡st❡ ú❧t✐♠♦ ♣♦❧✐♥ô♠✐♦ é ❝♦♥❣r✉❡♥t❡ ♠ó❞✉❧♦ I ❛

y1y2 . . . y2n−1y2ny2n+1
2 + 2y1y2 . . . y2n−1y2ny2n+1y2n+2 + y1y2 . . . y2n−1y2ny2n+2

2.

❈♦♠♦ ♦ ♣r✐♠❡✐r♦ ❡ ♦ t❡r❝❡✐r♦ ♣♦❧✐♥ô♠✐♦s ♣❡rt❡♥❝❡♠ ❛ V ✱ ❡♥tã♦

2y1y2 . . . y2n−1y2ny2n+1y2n+2 ∈ V.

�

➱ ✐♠♣♦rt❛♥t❡ r❡❧❡♠❜r❛r q✉❡ ❛ r❡❧❛çã♦

[a1a2 . . . an, c] =
n∑

i=1

a1 . . . ai−1[ai, c]ai+1 . . . an,

é ✈á❧✐❞❛ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✭✈❡r ❝♦♠❡♥tár✐♦ ♥❛ ✐❣✉❛❧❞❛❞❡ ✭✶✳✷✮✱ ❙❡çã♦

✶✳✶✱ ❈❛♣ít✉❧♦ ✶✮✳

▲❡♠❛ ✹✳✶✳✸ ❚♦❞♦ ❝♦♠✉t❛❞♦r v ❞❡ ❣r❛✉ n ≥ 2 ❡♠ K〈X ∪ Y 〉 ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦

♠ó❞✉❧♦ I ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❡ ❝♦♠✉t❛❞♦r❡s ❞❛s ❢♦r♠❛s✿

yi , [yi, xi1 , . . . , xik ], k ≥ 1 , [xi1 , . . . , xil ], l ≥ 2. ✭✹✳✻✮

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ✉s❛r ✐♥❞✉çã♦ ♥♦ ❣r❛✉ ❞♦ ❝♦♠✉t❛❞♦r✳ ❙❡ v é ✉♠ ❝♦♠✉t❛❞♦r ❞❡

❣r❛✉ 2✱ ❡♥tã♦ v = [xi, xj], v = [xi, yj] = −[yj, xi] ♦✉ v = [yi, yj]✳ ❈♦♠♦ [yi, yj] ∈ I ❡ ♦s

❞❡♠❛✐s tê♠ ✉♠❛ ❞❛s ❢♦r♠❛s ❡♠ ✭✹✳✻✮✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ♦ ❝❛s♦ ❞♦s ❝♦♠✉t❛❞♦r❡s

❝♦♠ ❣r❛✉ ✷✳ ❙✉♣♦♥❤❛ q✉❡ ♦ r❡s✉❧t❛❞♦ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ ❝♦♠✉t❛❞♦r❡s ❞❡ ❣r❛✉ n ≥ 2 ❡

t♦♠❡♠♦s v ✉♠ ❝♦♠✉t❛❞♦r ❞❡ ❣r❛✉ n + 1✳ ❚❡♠♦s q✉❡ v = [w, x] ♦✉ v = [w, y]✱ ♦♥❞❡ w

é ✉♠ ❝♦♠✉t❛❞♦r ❞❡ ❣r❛✉ n✳ P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ w é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡

♣r♦❞✉t♦s w1 · · ·wm✱ ♦♥❞❡ ❝❛❞❛ wi t❡♠ ✉♠❛ ❞❛s ❢♦r♠❛s ❡♠ ✭✹✳✻✮✳ ◆♦ ❝❛s♦ v = [w, x]✱

♦❜s❡r✈❡♠♦s q✉❡

[w, x] = [w1w2 . . . wl, x] =
n∑

i=1

w1 . . . wi−1[wi, x]wi+1 . . . wl.

❈♦♠♦ [wi, x] t❡♠ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠❛ ❞❛s ❢♦r♠❛s ❡♠ ✭✹✳✻✮✱ ❡st❡ ❝❛s♦ ❡stá ❝♦♥❝❧✉í❞♦✳

❏á ♥♦ ❝❛s♦ v = [w, y]✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡

[w, y] = [w1w2 . . . wl, y] = w1w2 . . . wly − yw1w2 . . . wl,

❡ ❛♠❜♦s ♦s t❡r♠♦s ❞♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❞❛ ✐❣✉❛❧❞❛❞❡ tê♠ ❛ ❢♦r♠❛ ❞❡s❡❥❛❞❛✳ �

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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P❡❧♦ ▲❡♠❛ ✸✳✶✳✻✱ ❞❡♠♦♥str❛❞♦ ♥♦ ❈❛♣ít✉❧♦ 3✱ s❡❣✉❡ q✉❡ ♣❛r❛ f ∈ B∗ ❡ ♠✉❧t✐❤♦✲

♠♦❣ê♥❡♦ t❡♠♦s✱ ♠ó❞✉❧♦ I✱ q✉❡ f ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ f = f1 + f2 + f3✱ ♦♥❞❡ f1, f2 ❡

f3 sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❛s s❡❣✉✐♥t❡s ❢♦r♠❛✿

u1u2 . . . u2k; u1u2 . . . u2k+1; u1u2 . . . ukw,

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡ ui sã♦ ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s ❞❡ ❣r❛✉ ≥ 1✱ ❡ w é ✉♠

❝♦♠✉t❛❞♦r s✐♠étr✐❝♦ ❞❡ ❣r❛✉ ≥ 2✳ ❉❛í ♣♦❞❡♠♦s ❞❡♠♦♥str❛r ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✹ ❙❡❥❛ f ∈ C(A, ∗) ❡ ∗✲♣ró♣r✐♦✳ ❊♥tã♦✱ f ≡ f1 (mod I)✱ ♦♥❞❡ f1 é

✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❡ ✉♠ ♥ú♠❡r♦ ♣❛r ❞❡ ❝♦♠✉t❛❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s✳

❆❧é♠ ❞✐ss♦✱ f ∈ V ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ f1, f2 ❡ f3 ❝♦♠♦ ♥♦ ▲❡♠❛ ✸✳✶✳✻✱ ❞❡♠♦♥str❛❞♦ ♥♦ ❝❛♣ít✉❧♦

❛♥t❡r✐♦r✳ P❡❧♦ ▲❡♠❛ ✹✳✶✳✷✱ f1 ∈ V ❡ ❛ss✐♠ f − f1 ∈ C(A, ∗)✳ ▲♦❣♦ f2 + f3 ∈ C(A, ∗)✳

❈♦♠♦ t♦❞❛ ♠❛tr✐③ ❛♥t✐ss✐♠étr✐❝❛ ❡♠ (M2(K), ∗) t❡♠ tr❛ç♦ ③❡r♦ ❡ u1 · · · u2n é ❝❡♥tr❛❧✱

t❡♠♦s q✉❡ f2 s❡♠♣r❡ r❡s✉❧t❛rá ❡♠ ✉♠❛ ♠❛tr✐③ ❞❡ tr❛ç♦ ③❡r♦ ❡♠ (M2(K), t)✱ ✉♠❛ ✈❡③

q✉❡

(u1 · · · u2n)u2n+1 =


 a 0

0 a


 ·


 0 −b

b 0


 =


 0 −ab

ab 0


 .

P❛r❛ ✈❡r q✉❡ f3 r❡s✉❧t❛ ❡♠ ✉♠❛ ♠❛tr✐③ ❞❡ tr❛ç♦ ③❡r♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ w ✭❝♦♠✉t❛❞♦r

s✐♠étr✐❝♦ ❞❡ ❣r❛✉ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ 2✮ ♣♦ss✉✐ tr❛ç♦ ③❡r♦ ❡ q✉❡ ♦ ♣r♦❞✉t♦ ❞❡ ✉♠❛ ♠❛tr✐③

❛♥t✐ss✐♠étr✐❝❛ ♣♦r ✉♠❛ s✐♠étr✐❝❛ ❞❡ tr❛ç♦ ③❡r♦ é t❛♠❜é♠ ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❞❡ tr❛ç♦

③❡r♦✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡ f2+f3 r❡s✉❧t❛ ❡♠ ✉♠❛ ♠❛tr✐③ ❞❡ tr❛ç♦ ③❡r♦✱ ❛❧é♠ ❞❡ s❡r ❝❡♥tr❛❧✳

▲♦❣♦✱ f2 + f3 ∈ I✱ ♦ q✉❡ ♥ós ❞á f ≡ f1 (mod I)✳ ❈♦♠♦ f1 ∈ V ❡ I ⊆ V ✱ ❝♦♥❝❧✉í♠♦s

q✉❡ f = f1 + f2 + f3 ∈ V ✳ �

❱❛♠♦s✱ ❛❣♦r❛✱ ❡st✉❞❛r ♦ ❝❛s♦ ❣❡r❛❧✳ P❛r❛ ❡ss❡ ❡st✉❞♦ ✈❛♠♦s ♣r❡❝✐s❛r ❞♦s ♣♦✲

❧✐♥ô♠✐♦s hn q✉❡ ❞❡✜♥✐r❡♠♦s ❛ s❡❣✉✐r✳ ❖ ❝♦♥❝❡✐t♦ ❞❡ ♣♦st♦✱ ✐♥tr♦❞✉③✐❞♦ ♥❛ ❉❡✜♥✐çã♦

✷✳✹✳✷✱ ♥♦ ❈❛♣ít✉❧♦ ✷✱ t❡rá ✉♠❛ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥✲

❝✐♣❛❧ ❞❡st❛ s❡çã♦✱ ♣♦✐s ❛tr❛✈és ❞❡st❛ ❞❡✜♥✐çã♦ ♦❜t❡r❡♠♦s ✉♠❛ r❡❞✉çã♦ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s

∗✲♣ró♣r✐♦ ❡ ❛ss✐♠ ✉t✐❧✐③❛r❡♠♦s ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳

❉❡✜♥✐çã♦ ✹✳✶✳✺ ❙❡❥❛♠ zi ✈❛r✐á✈❡✐s ❡♠ X ∪ Y ✳ ❉❡✜♥✐r❡♠♦s hi ∈ K〈X ∪ Y 〉 ❞❛ s❡✲

❣✉✐♥t❡ ❢♦r♠❛✿ h1(z1, z0) = z1 ◦ z0✱ h2(z2, z1, z0) = z2 ◦ (z1 ◦ z0)✱ ❡✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱

hn+1(zn+1, zn, . . . , z1, z0) = zn+1 ◦ hn(zn, . . . , z1, z0).

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❈♦♠♦ (x1◦y1) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❛♥t✐ss✐♠étr✐❝♦✱ ♣♦❞❡♠♦s ❢❛❝✐❧♠❡♥t❡ ❝♦♥❝❧✉✐r q✉❡ s❡

u0 é ❛♥t✐ss✐♠étr✐❝♦ ❡ v1, . . . , vn sã♦ s✐♠étr✐❝♦s✱ ❡♥tã♦ hn(vn, . . . , v1, u0) é ❛♥t✐ss✐♠étr✐❝♦✱

♣❛r❛ t♦❞♦ n ≥ 1✳

▲❡♠❛ ✹✳✶✳✻ ❙❡❥❛♠ x1, . . . , xn ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s ❡ u1, . . . , um ✈❛r✐á✈❡✐s ♦✉ ❝♦♠✉t❛✲

❞♦r❡s ❛♥t✐ss✐♠étr✐❝♦s✱ ❝♦♠ m ♣❛r✳ ❊♥tã♦✱

xnxn−1 . . . x2x1u1u2 . . . um = hn(xn, xn−1 . . . , x1, u1)u2 . . . um + s,

♦♥❞❡ s é ✉♠❛ s♦♠❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❛ ❢♦r♠❛ xi1xi2 . . . xikg✱ ♦♥❞❡ 0 ≤ k < n ❡ g é ✉♠

♣♦❧✐♥ô♠✐♦ ∗✲♣ró♣r✐♦✳ ❆❧é♠ ❞✐ss♦✱ xnxn−1 . . . x2x1u1u2 · · · um ≡ s (mod V )✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ✉s❛r ✐♥❞✉çã♦ s♦❜r❡ n✳ ◆♦t❡ q✉❡

x1u1 = (1/2)[x1, u1] + (x1 ◦ u1) ✭✹✳✼✮

❉❛í x1u1 . . . um = (1/2)[x1, u1]u2 . . . um + h1(x1, u1)u2 . . . um✱ ❡ ❝♦♠♦ [x1, u1]u2 . . . um é

∗✲♣ró♣r✐♦ ✭♣♦❞❡♠♦s r❡♦r❞❡♥❛r ♦s t❡r♠♦s ✉s❛♥❞♦ ❛ r❡❧❛çã♦ y1 ◦ [x, y2] = 0 ✈á❧✐❞❛ ❡♠

I ⊆ V ✮ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦ ♣❛r❛ n = 1✳

❙✉♣♦♥❤❛✱ ❛❣♦r❛✱ q✉❡ ♦ r❡s✉❧t❛❞♦ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ n ≥ 1✱ ♦✉ s❡❥❛✱

xnxn−1 . . . x2x1u1u2 . . . um = hn(xn, xn−1 . . . , x1, u1)u2 . . . um + s.

▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r xn+1 ❡♠ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❛❞❡✱ ♦❜t❡♠♦s

xn+1xnxn−1 . . . x2x1u1u2 . . . um = xn+1hn(xn, xn−1 . . . , x1, u1)u2 . . . um + xn+1s.

❖❜s❡r✈❡♠♦s q✉❡✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✼✮✱ t❡♠♦s

xn+1hn(xn, . . . , x1, u1) = (1/2)[xn+1, hn(xn, . . . , x1, u1)] + hn+1(xn+1, . . . , x1, u1).

P❡❧❛ ❉❡✜♥✐çã♦ ✹✳✶✳✺✱ hn(xn, . . . , x1, u1) é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❡ u1, x1, . . . , xn✳

P❡❧❛ ✐❣✉❛❧❞❛❞❡

[a1a2 . . . an, c] =
n∑

i=1

a1 . . . ai−1[ai, c]ai+1 . . . an,

♣♦❞❡♠♦s ✈❡r q✉❡ [xn+1, hn(xn, . . . , x1, u1)] é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ♥♦s

q✉❛✐s ❛♣❛r❡❝❡♠ ♥♦ ♠á①✐♠♦ n ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s ✭q✉❡ ❡stã♦ ❡♠ {x1, . . . , xn}✮ ❢♦r❛ ❞♦

❝♦♠✉t❛❞♦r✳ ❆ss✐♠✱ ♣♦❞❡♠♦s r❡♦r❞❡♥❛r ♦s t❡r♠♦s ✉s❛♥❞♦ ❛ r❡❧❛çã♦ ab = ba + [a, b]

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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✭s❡ ♥❡❝❡ssár✐♦✮ ❡ ♠♦str❛♠♦s q✉❡ [xn+1, hn(xn, . . . , x1, u1)]u2 . . . um é ✉♠ s♦♠❛tór✐♦ ❞❡

♣r♦❞✉t♦s ❞❛ ❢♦r♠❛ xi1xi2 . . . xikg✱ ♦♥❞❡ 0 ≤ k < n+1 ❡ g é ✉♠ ♣♦❧✐♥ô♠✐♦ ∗✲♣ró♣r✐♦✳ ❖❜✲

s❡r✈❛♥❞♦ ❛❣♦r❛ q✉❡ xn+1s t❛♠❜é♠ é ✉♠ s♦♠❛tór✐♦ ❞❡ ♣r♦❞✉t♦s ❞❛ ❢♦r♠❛ ❛♣r❡s❡♥t❛❞❛✱

t❡♠♦s ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ r❡s✉❧t❛❞♦✳ P❛r❛ ♦❜t❡r ❛ ú❧t✐♠❛ ♣❛rt❡ ❞♦ r❡s✉❧t❛❞♦✱ ❜❛st❛

♦❜s❡r✈❛r q✉❡ hn(xn, . . . , x1, u1)u2 . . . um ∈ V ✱ ✉♠❛ ✈❡③ q✉❡ m é ♣❛r ❡ hn é ❛♥t✐ss✐♠étr✐❝♦

✭♣❡❧♦ ▲❡♠❛ ✹✳✶✳✷✮✳ �

❖❜s❡r✈❛çã♦ ✹✳✶✳✼ ❘❡❧❡♠❜r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦st♦ ❞❡ f ∈ K〈X ∪ U〉✳ ❙❡❥❛ f ✉♠

♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❡♠ K〈X ∪ Y 〉✳ ❊s❝r❡✈❡♥❞♦

f =
∑

a

αax1
a1x2

a2 . . . xn
anga

♦♥❞❡ ga é ✉♠ ♣♦❧✐♥ô♠✐♦ ∗✲♣ró♣r✐♦✱ ❞❡✜♥✐♠♦s ♦ ♣♦st♦ ❞❡ f ✱ ❞❡♥♦t❛❞♦ ♣♦r r(f)✱ ❝♦♠♦

s❡♥❞♦ ❛ ♠❛✐♦r n✲✉♣❧❛ a = (a1, a2, . . . , an) ♥❛ ♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛ ✉s✉❛❧✳ ❆❧é♠ ❞✐ss♦✱

❞✐③❡r q✉❡ f é ∗✲♣ró♣r✐♦ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ r(f) = (0, 0, . . . , 0)✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s

✈❡r ❙❡çã♦ ✷✳✹✳

❚❡♦r❡♠❛ ✹✳✶✳✽ ❖ T∗✲❡s♣❛ç♦ C(A, ∗) é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s ✹✳✶✲✹✳✺✱ ♦✉ s❡❥❛✱

C(A, ∗) = V ✳

❉❡♠♦♥str❛çã♦✿ ❆ ✐♥❝❧✉sã♦ V ⊆ C(A, ∗) s❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✶✳✶✱ ❜❛st❛♥❞♦ ✈❡r✐✜❝❛r ❛

✐♥❝❧✉sã♦ ❝♦♥trár✐❛✳ ❙❡❥❛ f(x1, . . . , xl, y1 . . . , ym) ∈ C(A, ∗) ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❱❛♠♦s

✉s❛r ✐♥❞✉çã♦ s♦❜r❡ ♦ ♣♦st♦ ❞❡ f ✳

❙❡ r(f) = (0, . . . , 0)✱ ❡♥tã♦ f é ∗✲♣ró♣r✐♦ ❡ ❛ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✹✱

f ∈ V ✳ ❙✉♣♦♥❤❛✱ ❡♥tã♦✱ q✉❡ r(f) = (b1, b2, . . . , bl) > (0, 0, . . . , 0) ❡ q✉❡ ♦ r❡s✉❧t❛❞♦

s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ♣♦st♦ ♠❡♥♦r q✉❡ r(f)✳ ❙❡❣✉❡ q✉❡

f = αx1
b1x2

b2 · · · xl
blg +

∑

a

αax1
a1x2

a2 . . . xl
alga,

♦♥❞❡ g ❡ ga sã♦ ♣♦❧✐♥ô♠✐♦s ∗✲♣ró♣r✐♦s ❡ a = (a1, a2, . . . , al) < r(f)✳

❈♦♠♦ 1 é s✐♠étr✐❝♦✱ t❡♠♦s q✉❡ x1 + 1 é s✐♠étr✐❝♦ ❡ ❞❛í ♦ ♣♦❧✐♥ô♠✐♦

f(x1+1, x2, . . . , xl, y1, . . . , ym) ♣❡rt❡♥❝❡ ❛ C(A, ∗)✳ ❈♦♠♦K é ✐♥✜♥✐t♦✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡✲

r❛r ❛♣❡♥❛s s✉❛s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s✱ q✉❡ t❛♠❜é♠ ♣❡rt❡♥❝❡♠ ❛ C(A, ∗)✳ ❚♦♠❛♥❞♦

❛ ❝♦♠♣♦♥❡♥t❡ f (1) ❞❡ ❣r❛✉ ♠í♥✐♠♦ ❡♠ x1✱ ❡♥tã♦

f (1) = αx2
b2 . . . xl

blg +
∑

a

αax2
a2 . . . xl

alga.

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❆q✉✐✱ ❛ s♦♠❛ é ❞❛❞❛ s♦❜r❡ t♦❞♦ a t❛❧ q✉❡ a1 = b1 ✭♦❜s❡r✈❡ q✉❡ s❡ s✉❜st✐t✉✐r♠♦s ❛❧❣✉♠❛s

❡♥tr❛❞❛s xi ♣♦r 1 ❡♠ ga✱ ❡♥tã♦ ga s❡ ❛♥✉❧❛♠✱ ♣♦✐s é ∗✲♣ró♣r✐❛✮✳

❈❧❛r❛♠❡♥t❡✱ b > a✱ ✐♠♣❧✐❝❛ q✉❡ (0, b2, . . . , bl) > (0, a2, . . . , al) ♦♥❞❡ a1 = b1✳ ❈♦♥✲

s✐❞❡r❛♥❞♦ ❛❣♦r❛ f (1) ❡ r❡♣❡t✐♥❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s t♦♠❛r ❛ ❝♦♠♣♦♥❡♥t❡

❤♦♠♦❣ê♥❡❛ f (2) ❞❡ ❣r❛✉ ♠í♥✐♠♦ ❡♠ x2✿

f (2) = αx3
b3 . . . xl

blg +
∑

a

αax3
a3 . . . xl

alga,

♦♥❞❡ ❛ s♦♠❛ é ❞❛❞❛ s♦❜r❡ t♦❞♦ a t❛❧ q✉❡ a1 = b1 ❡ a2 = b2✳ ❈♦♥t✐♥✉❛♥❞♦ ❡st❡ ♣r♦❝❡ss♦

❝♦♥❝❧✉✐r❡♠♦s q✉❡ g ∈ C(A, ∗)✱ ✉♠❛ ✈❡③ q✉❡ f (l) = αg✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✹✱

g ❞❡✈❡ s❡r ❝♦♥❣r✉❡♥t❡✱ ♠ó❞✉❧♦ I✱ ❛ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❛ ❢♦r♠❛

u1u2 . . . uk✱ ♦♥❞❡ k é ♣❛r ❡ ui é ✉♠ ❝♦♠✉t❛❞♦r ❛♥t✐ss✐♠étr✐❝♦ ❞❡ ❣r❛✉ ♠❛✐♦r ♦✉ ✐❣✉❛❧ à

1✳ P♦rt❛♥t♦✱

f ≡ v +
∑

a

αax1
a1 . . . xl

alga (mod I),

♦♥❞❡ v é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ t❡r♠♦s x1b1x2b2 . . . xlblu1u2 . . . uk ♣❛r❛ k ♣❛r ❡ ui

❞❡✜♥✐❞♦ ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❆♣❧✐❝❛♥❞♦✱ ❛❣♦r❛ ♦ ▲❡♠❛ ✹✳✶✳✻ ❡ ❛ r❡❧❛çã♦ ab = ba+[a, b]

✭s❡ ♥❡❝❡ssár✐♦✮✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡

x1
b1x2

b2 . . . xl
blu1u2 . . . uk ≡ s (mod V ),

❝♦♠ s s❡♥❞♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ x1
c1x2

c2 . . . xl
clq ♣❛r❛ ❛❧❣✉♠ ♣♦❧✐♥ô♠✐♦

∗✲♣ró♣r✐♦ q, ci ≤ bi ♣❛r❛ t♦❞♦ i ❡ c1 + . . . + cl < b1 + . . . + bl✳ P♦rt❛♥t♦✱ f é ❝♦♥✲

❣r✉❡♥t❡✱ ♠ó❞✉❧♦ V ✱ ❛ ✉♠ ♣♦❧✐♥ô♠✐♦ f̄ ✱ ❝♦♠ r(f̄) < r(f)✳ ▼❛s ❝♦♠♦ f é ❝❡♥tr❛❧✱

❞❡✈❡♠♦s t❡r f̄ t❛♠❜é♠ ❝❡♥tr❛❧✱ ❥á q✉❡

f ≡ f̄ (mod V ) ⇒ f − f̄ ∈ V ⊆ C(A, ∗).

P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ f̄ ∈ V ✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ f ∈ V ✳ �

✹✳✷ ❆ ■♥✈♦❧✉çã♦ ❙✐♠♣❧ét✐❝❛

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❡st✉❞❛r ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ A ❝♦♠ ❛ ✐♥✈♦✲

❧✉çã♦ s✐♠♣❧ét✐❝❛✳ ❆ ✐♥✈♦❧✉çã♦ s✐♠♣❧ét✐❝❛ é ❛ ❛♣❧✐❝❛çã♦ s : A→ A✱ ❞❡✜♥✐❞❛ ♣♦r

 a11 a12

a21 a22




s

=


 a22 −a12

−a21 a11


 .

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❘❡❝♦r❞❡♠♦s q✉❡✱ ❝♦♠ r❡s♣❡✐t♦ ❛ ✏s✑✱ ♦s ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❞❡ A sã♦ ❛s ♠❛tr✐③❡s

❡s❝❛❧❛r❡s ❡ q✉❡ ♦s ❛♥t✐ss✐♠étr✐❝♦s sã♦ ❛s ♠❛tr✐③❡s ❞❡ tr❛ç♦ ③❡r♦✳ ❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧

♥❛ ❙❡çã♦ ✸✳✷ ❞♦ ❈❛♣ít✉❧♦ ✸✱ ❢♦✐ ♣r♦✈❛r q✉❡ T (A, s) é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s [x1, x2] ❡

[x1, y1]✳

❉❡♥♦t❛r❡♠♦s ♣♦r W ♦ Ts✲❡s♣❛ç♦ ❡♠ K〈X ∪ Y 〉 ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s✿

x1 , z1[x1, x2]z2 , z1[x1, y1]z2. ✭✹✳✽✮

■♠❡❞✐❛t❛♠❡♥t❡✱ T (A, s) ⊆ W ⊆ C(A, s)✱ ✉♠❛ ✈❡③ q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ s✐♠étr✐❝♦ ❞❡

(A, s) é s✲❝❡♥tr❛❧ ❡ ♦s ♦✉tr♦s ❞♦✐s ❣❡r❛❞♦r❡s ❞❡ W sã♦ s✲✐❞❡♥t✐❞❛❞❡s ♣❛r❛ A✳

❚❡♦r❡♠❛ ✹✳✷✳✶ ❖ Ts✲❡s♣❛ç♦ C(A, s) é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s ✭✹✳✽✮✳ ❊♠ ♦✉tr❛s ♣❛✲

❧❛✈r❛s✱ C(A, s) = W ✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ♠♦str❛r q✉❡ C(A, s) ⊆ W ✳ ❙❡❥❛ f ∈ C(A, s)✱ t❡♠♦s q✉❡

f = (1/2)(f + f s) + (1/2)(f − f s),

♦♥❞❡ (1/2)(f + f s) é s✐♠étr✐❝♦ ✭❝❡♥tr❛❧✮ ❡ (1/2)(f − f s) é ❛♥t✐ss✐♠étr✐❝♦ ❡♠ K〈X ∪Y 〉✳

❈♦♠♦ f ❡ (1/2)(f +f s) sã♦ ❝❡♥tr❛✐s✱ t❡♠♦s q✉❡ (1/2)(f −f s) ❞❡✈❡ s❡r t❛♠❜é♠ ❝❡♥tr❛❧✳

▼❛s (1/2)(f − f s) r❡s✉❧t❛ ❡♠ ✉♠❛ ♠❛tr✐③ ❞❡ tr❛ç♦ ③❡r♦✱ ❥á q✉❡ é ❛♥t✐ss✐♠étr✐❝♦✳ ▲♦❣♦

(1/2)(f − f s) ∈ T (A, s)✳

❈♦♠♦ T (A, s) ⊆ W ❡ (1/2)(f + f s) ∈ W ✱ ❝♦♥❝❧✉í♠♦s q✉❡ f ∈ W ✳ �

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❝♦♠

■♥✈♦❧✉çã♦ ♣❛r❛ ❛ ➪❧❣❡❜r❛ M1,1(E)

◆❡st❡ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ❛ á❧❣❡❜r❛ M1,1(E)✱ ❝♦♠ ✐♥✈♦❧✉çã♦ ∗ ✐♥❞✉③✐❞❛

♣❡❧❛ s✉♣❡r✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ ❞❛ s✉♣❡rá❧❣❡❜r❛ M1,1(K)✱ ❞❛s á❧❣❡❜r❛s ❞❛s ♠❛tr✐③❡s ❞❡

♦r❞❡♠ 2 s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ q✉❡ s❡rá ❞❡✜♥✐❞♦ ♠❛✐s ❛❞✐❛♥t❡✳ ❊st✉❞❛r❡♠♦s ❛q✉✐✱ ❛s ∗✲

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ é ③❡r♦ ❡ ❞❡s❝r❡✈❡r❡♠♦s

✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣❛r❛ ♦ ✐❞❡❛❧ ❞❛s ∗✲✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡st❛ á❧❣❡❜r❛✳

❈♦♥s✐❞❡r❛r❡♠♦s ❛✐♥❞❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ❛ á❧❣❡❜r❛ ❞❡

●r❛ss♠❛♥♥ E✱ ❞❡♥♦t❛❞❛ ♣♦r Mn(E)✱ ♣r♦✈❛♥❞♦ q✉❡ ♣❛r❛ ✉♠❛ ❝❡rt❛ ❝❧❛ss❡ ❞❡ ✐♥✈♦❧✉✲

çõ❡s ❞❡✜♥✐❞❛s s♦❜r❡ ❡❧❛✱ q✉❛❧q✉❡r ∗✲✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

♦r❞✐♥ár✐❛✱ ❡ ✉♠ r❡s✉❧t❛❞♦ s❡♠❡❧❤❛♥t❡ ✈❛❧❡ ♣❛r❛ ❛ á❧❣❡❜r❛ Mk,l(E)✳ ❚❛❧ r❡s✉❧t❛❞♦ ❢♦✐

♦❜t✐❞♦ ♣♦r ❉✐ ❱✐♥❝❡♥③♦ ❡ ❑♦s❤❧✉❦♦✈ ❡♠ ❬✶✻❪✳

❊♠ t♦❞♦ ♦ ❝❛♣ít✉❧♦✱ K〈X ∪ Y 〉 ❞❡♥♦t❛rá ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❝♦♠ ✐♥✈♦❧✉çã♦ s♦❜r❡ K

❣❡r❛❞♦ ♣❡❧♦s ❝♦♥❥✉♥t♦s ❞❛s ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s X ❡ ❞❛s ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s Y ✳

❆❧é♠ ❞✐ss♦✱ (a ◦ b) = ab+ ba ❞❡♥♦t❛rá ♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥✳

✺✳✶ ■♥tr♦❞✉çã♦

◆❡st❛ s❡çã♦ ✈❡r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ út❡✐s ♥♦ ❞❡❝♦rr❡r ❞♦ ❝❛♣ít✉❧♦✳

❊st❡ ❡st✉❞♦ ❢♦✐ ❜❛s❡❛❞♦ ♥♦ ❛rt✐❣♦ ❬✷✹❪✳

❉❡✜♥✐çã♦ ✺✳✶✳✶ ❉✐③❡♠♦s q✉❡ A é ✉♠❛ s✉♣❡rá❧❣❡❜r❛ s❡ A ❢♦r ✉♠❛ á❧❣❡❜r❛

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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Z2✲❣r❛❞✉❛❞❛✱ ♦✉ s❡❥❛✱ A = A0 ⊕ A1 ❡ AiAj ⊆ Ai+j ♣❛r❛ q✉❛✐sq✉❡r i, j ∈ Z2✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✷ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡ s❡ A = A0 ⊕A1 é ✉♠❛ s✉♣❡rá❧❣❡❜r❛✱ ❡♥tã♦

A0 é ✉♠❛ s✉❜á❧❣❡❜r❛✭♥ã♦ ❣r❛❞✉❛❞❛✮ ❞❡ A✳

❙❡ a ∈ Ai✱ ❡♥tã♦ a é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ i✱ ❡ ❡s❝r❡✈❡♠♦s |a| = i✳ ❖s ❡❧❡♠❡♥t♦s

❞❡ A0 sã♦ ❝❤❛♠❛❞♦s ♣❛r❡s ❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ A1 sã♦ ❝❤❛♠❛❞♦s í♠♣❛r❡s✳ ❆❧é♠ ❞✐ss♦✱

✉♠❛ s✉♣❡rá❧❣❡❜r❛ é ❞✐t❛ s❡r s✐♠♣❧❡s✱ s❡ A2 6= 0 ❡ ♥ã♦ ♣♦ss✉✐ ✐❞❡❛❧ ✭❣r❛❞✉❛❞♦✮ ♣ró♣r✐♦✳

❙❡❣✉❡♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ s✉♣❡rá❧❣❡❜r❛✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✸ ❉✐③❡♠♦s q✉❡ I é ✉♠ ✐❞❡❛❧ ❣r❛❞✉❛❞♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ A✱

s❡ I é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❡ I ∩ Ai = Ii✱ ♣❛r❛ i = 0, 1✳

❊①❡♠♣❧♦ ✺✳✶✳✹ ◗✉❛❧q✉❡r á❧❣❡❜r❛ A t❡♠ ✉♠❛ ❡str✉t✉r❛ ♥❛t✉r❛❧ ❞❡ s✉♣❡rá❧❣❡❜r❛ ❝♦♠

A0 = A ❡ A1 = 0✳ ❊ss❛ s✉♣❡rá❧❣❡❜r❛ é ❝❤❛♠❛❞❛ tr✐✈✐❛❧✳

❊①❡♠♣❧♦ ✺✳✶✳✺ ❆ R✲á❧❣❡❜r❛ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s C = R+ Ri é ✉♠❛ s✉♣❡rá❧❣❡❜r❛

❝♦♠ C0 = R ❡ C1 = Ri✳

❊①❡♠♣❧♦ ✺✳✶✳✻ ❙❡❥❛ V = V0 ⊕ V1 ✉♠❛ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❊♥tã♦✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ End(V ) ♣♦ss✉✐ ✉♠❛ Z2✲❣r❛❞✉❛çã♦ End(V ) = End(V )0⊕End(V )1✱

❡♠ q✉❡

End(V )i = {ϕ ∈ End(V ) ; ϕ(Vj) ⊆ Vj+i}, ♣❛r❛ t♦❞♦ i, j ∈ Z2

❆ss✐♠✱

End(V0)0 ⊆ V0, End(V1)0 ⊆ V1, End(V0)1 ⊆ V1, End(V1)1 ⊆ V0

❙✉♣♦♥❞♦ q✉❡ dimV0 = n ≥ 1 ❡ dimV1 = m ≥ 1✱ ♦♥❞❡ n + m = dimV ✱

♣♦❞❡♠♦s tr❛❞✉③✐r ❡♠ ❧✐♥❣✉❛❣❡♠ ❞❡ ♠❛tr✐③❡s✳ ❈♦♥s✐❞❡r❛♥❞♦ β0 = {v1, v2, . . . , vn} ❡

β1 = {vn+1, vn+2, . . . , vn+m} ❜❛s❡s ♣❛r❛ ♦s s✉❜❡s♣❛ç♦s ✈❡t♦r✐❛✐s V0 ❡ V1✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ t❡r❡♠♦s β = β0 ∪ β1 ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦ V ✳ ❆ss✐♠✱ t♦♠❛♥❞♦ ϕ ∈ End(V )✱

♣❡❧♦ q✉❡ ❢♦✐ ❛r❣✉♠❡♥t❛♥❞♦ ❛❝✐♠❛✱ t❡r❡♠♦s ϕ0 ∈ (End(V ))0 ❡ ϕ1 ∈ (End(V ))1 t❛✐s q✉❡

ϕ = ϕ0 + ϕ1✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❛ ❜❛s❡ β

t❡r❡♠♦s

ϕ(vi) = ϕ0(vi) + ϕ1(vi)

= (a1,iv1 + . . .+ an,ivn) + (an+1,ivn+1 + . . .+ an+m,ivn+m).

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❈❛s♦ vi ∈ β0✱ t❡r❡♠♦s q✉❡ ϕ0(vi) ∈ V0 ❡ ϕ1(vi) ∈ V1❀ ❝❛s♦ ❝♦♥trár✐♦ ϕ0(vi) ∈ V1 ❡

ϕ1(vi) ∈ V0✱ ♣❛r❛ t♦❞♦ i ∈ {1, 2, . . . , n +m}✳ ❖❜t❡♠♦s ❛ss✐♠ ❛ s✉♣❡rá❧❣❡❜r❛ Mn,m(K)✱

❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ♠❛tr✐③❡s q✉❛❞r❛❞❛s ❞❡ ♦r❞❡♠ n +m ❡ ❛ s✉❛ Z2✲❣r❛❞✉❛çã♦ é ❞❡✲

t❡r♠✐♥❛❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

Mn,m(K)0 =






A 0

0 D


 ; A ∈Mn(K), D ∈Mm(K)



 ❡

Mn,m(K)1 =






0 B

C 0


 ; B ∈Mn×m(K), C ∈Mm×n(K)





❉❡✜♥✐çã♦ ✺✳✶✳✼ ❙❡❥❛ A ✉♠❛ s✉♣❡rá❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❯♠❛ s✉♣❡r✐♥✈♦❧✉çã♦ s♦❜r❡

A é ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r Z2✲❣r❛❞✉❛❞❛ ∗ : A→ A q✉❡ s❛t✐s❢❛③✿

✭✐✮ (a∗)∗ = a✱ ♣❛r❛ t♦❞♦ a ∈ A❀

✭✐✐✮ (ab)∗ = (−1)|a||b|b∗a∗✱ ♣❛r❛ t♦❞♦ ❡❧❡♠❡♥t♦s Z2✲❤♦♠♦❣ê♥❡♦s a, b ❞❡ Z2✲❣r❛✉ |a| ❡

|b|✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✽ ❙❡ ∗ é ✉♠❛ s✉♣❡r✐♥✈♦❧✉çã♦ s♦❜r❡ A✱ ❡♥tã♦ ❛ r❡str✐çã♦ ❞❡ ∗ ♣❛r❛

A0 é ✉♠❛ ✐♥✈♦❧✉çã♦ s♦❜r❡ A0✳ ❆❧é♠ ❞✐ss♦✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ 1∗ = 1✳

❙❡❣✉❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ s✉♣❡r✐♥✈♦❧✉çã♦✳

❊①❡♠♣❧♦ ✺✳✶✳✾ ❙❡❥❛ V = V0 ⊕ V1 ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♦♥❞❡ dimV0 = n ≥ 1 ❡

dimV1 = m ≥ 1✳ ❙❡❥❛ (, ) ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✉♣❡rss✐♠étr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s♦❜r❡ V ✱

✐st♦ é✱ ❛ r❡str✐çã♦ ❞❡ (, ) ❛ V0 é s✐♠étr✐❝❛✱ ❡ ❛ r❡str✐çã♦ ❞❡ (, ) ❛ V1 é ❛♥t✐ss✐♠étr✐❝❛

✭❡♠ ♣❛rt✐❝✉❧❛r✱ m ♣❛r✱ ♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r ❬✷✺❪✱ ❈❛♣ít✉❧♦ ✶✵✮✱ ❡ V0 ❡ V1 sã♦

♦rt♦❣♦♥❛✐s✳ ❖ ❡♥❞♦♠♦r✜s♠♦ ❛❞❥✉♥t♦ ϕ∗ ❞❡ ϕ ∈ End(V ) é ❞❡✜♥✐❞♦ ♣♦r✿

(ϕ(v), w) = (−1)|ϕ||w|(v, ϕ∗(w)).

P♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦ ϕ → ϕ∗ ❞❡✜♥❡ ✉♠❛ s✉♣❡r✐♥✈♦❧✉çã♦ s♦❜r❡

End(V )✱ ♦ q✉❛❧ é ❝❤❛♠❛❞♦ ❞❡ s✉♣❡r✐♥✈♦❧✉çã♦ ♦rt♦s✐♠♣❧ét✐❝❛ ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r

✏♦s♣✑✳

P♦❞❡♠♦s tr❛❞✉③✐r ❡♠ ❧✐♥❣✉❛❣❡♠ ❞❡ ♠❛tr✐③❡s✳ ❙❡❥❛ H ∈Mn(K) ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱

Q ∈Mm(K)✮ ❛ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ ❝♦♠ ❛ r❡str✐çã♦ ❞❡ (, ) ♣❛r❛ V0 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛

V1✮✳ ◆♦t❡ q✉❡ H é ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛✱ Q é ❛♥t✐ss✐♠étr✐❝❛✱ ❡ ❝❧❛r❛♠❡♥t❡ H ❡ Q sã♦

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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✐♥✈❡rtí✈❡✐s✳ ❆ss✐♠✱ ♣❛r❛ ✉♠❛ ❜❛s❡ ❛♣r♦♣r✐❛❞❛✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛ s✉♣❡r✐♥✈♦❧✉çã♦

♦rt♦s✐♠♣❧ét✐❝❛ s♦❜r❡ Mn,m(K) é ❞❛❞❛ ♣♦r

 A B

C D




osp

=


 H 0

0 Q




−1
 A −B

C D




t
 H 0

0 Q


 ,

♦♥❞❡ ✏t✑ ❞❡♥♦t❛ ❛ ❛♣❧✐❝❛çã♦ tr❛♥s♣♦st❛ ✉s✉❛❧ ❞❡ ♠❛tr✐③ ✱ H é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❡

Q =


 0 J

−J 0


✱ ❝♦♠ J =




0 0 . . . 0 1

0 0 . . . 1 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 1 . . . 0 0

1 0 . . . 0 0




m
2
×m

2

✳

❊①❡♠♣❧♦ ✺✳✶✳✶✵ P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ s✉♣❡rá❧❣❡❜r❛ Mn,n(K)✳ ❉❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦

trp :Mn,n(K) →Mn,n(K) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

A B

C D




trp

=


D

t −Bt

Ct At


 .

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ❛❝✐♠❛ é ✉♠❛ s✉♣❡r✐♥✈♦❧✉çã♦ q✉❡ ❝❤❛♠❛r❡♠♦s

❞❡ s✉♣❡r✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛✱ ♦♥❞❡ ✏t✑ ❞❡♥♦t❛ ❛ ♠❛tr✐③ tr❛♥s♣♦st❛ ✉s✉❛❧✳

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ◦ ❡ ⋄ ✉♠ ♣❛r ❞❡ s✉♣❡r✐♥✈♦❧✉çõ❡s ❞❡✜♥✐❞♦s s♦❜r❡ ❛s

s✉♣❡rá❧❣❡❜r❛s A ❡ B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ∗ ❞❡✜♥✐❞❛ s♦❜r❡

R = A⊗̂B = (A0 ⊗ B0)⊕ (A1 ⊗ B1),

t❛❧ q✉❡ (a⊗ b)∗ = a◦ ⊗ b⋄ é ✉♠❛ ✐♥✈♦❧✉çã♦ s♦❜r❡ R✳

❊①❡♠♣❧♦ ✺✳✶✳✶✶ ❉❛❞❛ ✉♠❛ s✉♣❡rá❧❣❡❜r❛ A = A0 ⊕ A1✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣r♦❞✉t♦ t❡♥✲

s♦r✐❛❧ E ⊗ A✳ ❆ s✉❜á❧❣❡❜r❛

E(A) = E0 ⊗ A0 + E1 ⊗ A1 ✭✺✳✶✮

❞❡ E ⊗ A é ❝❤❛♠❛❞♦ ❡♥✈❡❧♦♣❡ ❞❡ ●r❛ss♠❛♥♥ ❞❛ s✉♣❡rá❧❣❡❜r❛ A✳

❊①❡♠♣❧♦ ✺✳✶✳✶✷ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ A = A0 ⊕ A1✱ ❞❡✜♥✐♠♦s

M1,1(A) =






a b

c d


 ; a, d ∈ A0, b, c ∈ A1





➱ ✐♠❡❞✐❛t♦ q✉❡ M1,1(A) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ M2(A)✳ ❚♦♠❛♥❞♦ ❛❣♦r❛ ♦s s✉❜❡s♣❛ç♦s

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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M1,1(A)0 =






a 0

0 d


 ; a, d ∈ A0



 ❡ M1,1(A)1 =






0 b

c 0


 ; b, c ∈ A1





❞❡ M1,1(A)✱ t❡♠♦s M1,1(A) = M1,1(A)0 ⊕M1,1(A)1 ❡ M1,1(A)iM1,1(A)j ⊆ M1,1(A)i+j✱

♣❛r❛ q✉❛✐sq✉❡r i, j ∈ Z2✳ ❆ss✐♠✱ ❡st❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡✜♥❡ ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ❡♠

M1,1(A)✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡

M1,1(A) ≃ (M1,1(K)0 ⊗ A0)⊕ (M1,1(K)1 ⊗ A1).

❚❡♦r❡♠❛ ✺✳✶✳✶✸ ✭❬✷✹❪✮ ❆s ú♥✐❝❛s ❞✉❛s s✉♣❡r✐♥✈♦❧✉çõ❡s s♦❜r❡M1,1(K) sã♦ trp ❡ (trp)p✱

♦♥❞❡ p é ♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ M1,1(K) ❞❛❞♦ ♣♦r p(a0 + a1) = a0 − a1 ✭♦ ❛✉t♦♠♦r✜s♠♦

♣❛r✐❞❛❞❡✮✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ ∗ ✉♠❛ s✉♣❡r✐♥✈♦❧✉çã♦ ❡♠ M1,1(K)✱ ❡ s❡❥❛ {E11, E12, E21, E22} ❛

❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ M1,1(K)✳ ❖❜s❡r✈❡ q✉❡ ❞❛❞♦ ✉♠ X ∈M1,1(K)0 ✐❞❡♠♣♦t❡♥t❡✱ t❡r❡♠♦s

q✉❡ 
a 0

0 d


 =


a 0

0 d




2

=


a

2 0

0 d2


 ,

❧♦❣♦ a2 = a ❡ d2 = d✳ ❙❡❣✉❡ ❞❛í q✉❡ 0 = 02×2 ❡ 1 = 12×2✱ ♣❛r❛ E11 ❡ E22 sã♦ ♦s ú♥✐❝♦s

❡❧❡♠❡♥t♦s ♣❛r❡s ✐❞❡♠♣♦t❡♥t❡s ❞❡M1,1(K)✳ ❆❧é♠ ❞✐ss♦✱ s❡ E é ✐❞❡♠♣♦t❡♥t❡✱ ❡♥tã♦ E∗ é

t❛♠❜é♠ ✐❞❡♠♣♦t❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ 0∗ = 0✱ 1∗ = 1✳ P❛r❛ E11 ❡ E22✱ ❡①✐st❡♠ ❡①❛t❛♠❡♥t❡

❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✭■✮ E∗
11 = E11, E

∗
22 = E22❀

✭■■✮ E∗
11 = E22, E

∗
22 = E11✳

P♦❞❡♠♦s ❡s❝r❡✈❡r ❡♠ ❛♠❜♦s ♦s ❝❛s♦s✱

E∗
12 = xE12 + yE21 ❡ E∗

21 = zE12 + tE21,

♣❛r❛ x, y, z, t ∈ K✳

■♠♣♦♥❞♦ ❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ s❡r ✉♠❛ s✉♣❡r✐♥✈♦❧✉çã♦✱ ♦❜t❡♠♦s✿

E12 = E∗∗
12 = (xE12 + yE21)

∗

= xE∗
12 + yE∗

21

= x(xE12 + yE21) + y(zE12 + tE21)

= x2E12 + xyE21 + yzE12 + ytE21

= (x2 + yz)E12 + (x+ t)yE21, ✭✺✳✷✮

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❡

E21 = E∗∗
21 = (zE12 + tE21)

∗

= zE∗
12 + tE∗

21

= z(xE12 + yE21) + t(zE12 + tE21)

= zxE12 + zyE21 + tzE12 + t2E21

= (x+ t)zE12 + (zy + t2)E21. ✭✺✳✸✮

❆❧é♠ ❞✐ss♦✱ ♥♦ ❝❛s♦ (I) t❡♠♦s✿

E11 = E∗
11 = (E12E21)

∗

= (−1)E∗
21E

∗
12

= (−1)(zE12 + tE21)(xE12 + yE21)

= (−1)(zyE11 + txE22) ✭✺✳✹✮

E22 = E∗
22 = (E21E12)

∗

= (−1)E∗
12E

∗
21

= (−1)(xE12 + yE21)(zE12 + tE21)

= (−1)(xtE11 + yzE22). ✭✺✳✺✮

❯t✐❧✐③❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✺✳✷✮ ❡ ✭✺✳✸✮✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛✿




x2 + yz = 1

xy + ty = 0

xz + tz = 0

zy + t2 = 1

. ✭✺✳✻✮

❙❡❣✉❡ ❞❛s ❡q✉❛çõ❡s ✭✺✳✹✮ ❡ ✭✺✳✺✮ q✉❡ zy = −1 ❡ tx = 0✳ ❙✉❜st✐t✉✐♥❞♦ zy ♣♦r −1 ♥❛

♣r✐♠❡✐r❛ ❡ ♥❛ ú❧t✐♠❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ✭✺✳✻✮ ♦❜t❡♠♦s x2 = t2 = 2✳ P♦r ✜♠ ♣♦❞❡♠♦s

♠✉❧t✐♣❧✐❝❛r ❛ s❡❣✉♥❞❛ ❡ ❛ t❡r❝❡✐r❛ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✺✳✻✮ ❡ ❝❤❡❣❛r❡♠♦s q✉❡ −4 = 0✱

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ é ③❡r♦✳

◆♦ ❝❛s♦ (II) t❡♠♦s✿

E11 = E∗
22 = (−1)(xtE11 + yzE22), ✭✺✳✼✮

❡

E22 = E∗
11 = (−1)(zyE11 + txE22). ✭✺✳✽✮

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ■♥tr♦❞✉çã♦ ✾✾

❙❡❣✉❡ ❞❛s ❡q✉❛çõ❡s ✭✺✳✼✮ ❡ ✭✺✳✽✮ q✉❡ xt = −1 ❡ zy = 0✳ ❙✉❜st✐t✉✐♥❞♦ zy ♣♦r 0 ♥❛

♣r✐♠❡✐r❛ ❡ ♥❛ ú❧t✐♠❛ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✺✳✻✮✱ ♦❜t❡♠♦s x = ±1✱ t = ∓1 ❡ ❝♦♠♦ y = 0

♦✉ z = 0✱ ♦❜s❡r✈❡ q✉❡

0 = 0∗ = (E21E21)
∗

= −E∗
21E

∗
21

= −(zE12 ∓ E21)(zE12 ∓ E21)

= ±z(E11 + E22)

❆ss✐♠✱ z = 0✱ ❡ ❛♥❛❧♦❣❛♠❡♥t❡ ♦❜t❡♠♦s y = 0✳ ▲♦❣♦✱ ❡①✐st❡♠ ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛

❛ s✉♣❡r✐♥✈♦❧✉çã♦ ∗✿

a b

c d




∗

=


d −b

c a


 e


a b

c d




∗

=


 d b

−c a




❈❧❛r❛♠❡♥t❡✱ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦ ∗ = trp é ❛ s✉♣❡r✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ ❡ ♥♦ s❡❣✉♥❞♦ ❝❛s♦

∗ = (trp)p é ❛ ❝♦♠♣♦s✐çã♦ ❞❡ trp ❝♦♠ ♦ ❛✉t♦♠♦r✜s♠♦ ♣❛r✐❞❛❞❡✳ �

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❛✐♥❞❛ ❢❛③❡r ✉♠ ❜r❡✈❡ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s s✉♣❡r❝♦♠✉t❛t✐✈❛s✱

♦❜s❡r✈❛♥❞♦ q✉❡ ❡❧❛s ❡stã♦ ❢♦rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✳ ❈♦✲

♠❡❝❡♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ ❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s✳

❉❡✜♥✐çã♦ ✺✳✶✳✶✹ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ S = S0 ⊕S1 é s✉♣❡r❝♦♠✉t❛✲

t✐✈❛ s❡ ab = (−1)ijba ♣❛r❛ q✉❛✐sq✉❡r a ∈ Si❡ b ∈ Sj✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❛ ❞❡✜♥✐çã♦✱ ❞✐③❡r q✉❡ S é ✉♠❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ ❡q✉✐✈❛❧❡

❛ ❞✐③❡r q✉❡ S0 ⊆ Z(S) ❡ ab = −ba ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ S1✳

❊①❡♠♣❧♦ ✺✳✶✳✶✺ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✭♦✉ á❧❣❡❜r❛ ❡①t❡r✐♦r✮✱ ❝♦♠ s✉❛ Z2✲❣r❛❞✉❛çã♦

♥❛t✉r❛❧ E = E0 ⊕ E1 é ✉♠ ❡①❡♠♣❧♦ ❞❡ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✳

❊①❡♠♣❧♦ ✺✳✶✳✶✻ ❙❡ S = S0 ⊕ S1 é ✉♠❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ ❡ A é ✉♠❛ á❧❣❡❜r❛

❝♦♠✉t❛t✐✈❛ q✉❛❧q✉❡r✱ ❡♥tã♦ A⊗ S é ✉♠❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✳ P❛r❛ ✈❡r ✐st♦ ❜❛st❛

♦❜s❡r✈❛r q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ A⊗ S = (A⊗ S0)⊕ (A⊗ S1)✱ ❞❡✜♥❡ ✉♠❛ Z2✲❣r❛❞✉❛çã♦

❡♠ A⊗ S ❡ q✉❡ A⊗ S0 ⊆ Z(A⊗ S) ❡ xy = −yx ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ A⊗ S1✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ■♥tr♦❞✉çã♦ ✶✵✵

❈♦♥s✐❞❡r❛♥❞♦ ❛ á❧❣❡❜r❛

M1,1(E) =






a b

c d


 ; a, d ∈ E0 ❡ b, c ∈ E1



 ,

❝❧❛r❛♠❡♥t❡ M1,1(E) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ M2(E)✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ❞❡✜♥✐♠♦s

Mk,l(E) =






A B

C D


 ; A ∈Mk(E0), D ∈Ml(E0), B ∈Mk×l(E1), C ∈Ml×k(E1)





❡ ✉t✐❧✐③❛♥❞♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❢❡✐t♦ ♥♦ ❊①❡♠♣❧♦ ✺✳✶✳✶✷✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ Mk,l(E) é

✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ Mk+l(E) ❡ q✉❡

Mk,l(E) ≃ E(Mk,l(K)) = (Mk,l(K)0 ⊗ E0)⊕ (Mk,l(K)1 ⊗ E1). ✭✺✳✾✮

P❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✮✱ Mk,l(E) é ✉♠ ❡♥✈❡❧♦♣❡ ❞❡ ●r❛ss♠❛♥♥ ❞❡ Mk,l(K) = Mk+l(K)✳

❆ss✐♠✱ s❡ ❞❡✜♥✐r♠♦s s✉♣❡r✐♥✈♦❧✉çã♦ α ❡ β s♦❜r❡Mk+l(K) ❡ E✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡r❡♠♦s

q✉❡ ❛ ✐♥✈♦❧✉çã♦ γα,β ❞❡✜♥✐❞❛ s♦❜r❡ Mk+l(E) ✐♥❞✉③ ✉♠❛ ✐♥✈♦❧✉çã♦ ❡♠ Mk,l(E)✳

P❛r❛ t❡r♠✐♥❛r ❡ss❛ s❡çã♦ ✐♥tr♦❞✉tór✐❛✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❛♣❧✐❝❛çã♦

φ : (M1,1(E), ∗) → (M1,1(E), ⋄)
a b

c d


 → φ




a b

c d




 =


d c

b a




♦♥❞❡ ∗ = ∗(trp)p,idE ❡ ⋄ = ⋄trp,idE sã♦ ✐♥✈♦❧✉çõ❡s ✐♥❞✉③✐❞❛s s♦❜r❡ M1,1(E) ♣❡❧♦ ♣❛r❡s

((trp)p, idE) ❡ (trp, idE) ❞❡ s✉♣❡r✐♥✈♦❧✉çõ❡s ❞❡✜♥✐❞❛ s♦❜r❡M2(K) ❡ E✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

P♦❞❡✲s❡ ♦❜s❡r✈❛r ❢❛❝✐❧♠❡♥t❡ q✉❡ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❜✐❥❡t✐✈❛ ❡ ❜❡♠ ❞❡✜♥✐❞❛✱

❜❛st❛♥❞♦ ♦❜s❡r✈❛r q✉❡ φ(E11) = E22, φ(E12) = E21, φ(E21) = E12 ❡ φ(E22) = E11✳

❆ss✐♠ s❡❣✉❡ q✉❡ φ é ❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❜✐❥❡t✐✈❛ ❝♦♠ ❡stá ♣r♦♣r✐❡❞❛❞❡✳ ❆❧é♠

❞✐ss♦✱ t❡♠♦s

φ




a b

c d




∗
 = φ




d −b

c a






=


 a c

−b d




=


d c

b a




⋄

= φ




a b

c d






⋄

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❙❡❣✉❡ ♣♦r ❡st❡ ❛r❣✉♠❡♥t♦ q✉❡ φ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦✱

♦✉ s❡❥❛✱ (M1,1(E), ∗) ≃ (M1,1(E), ⋄)✳ P♦rt❛♥t♦✱ ❡st❛s ❞✉❛s á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦

s❛t✐s❢❛③❡♠ ♦ ♠❡s♠♦ T∗✲✐❞❡❛❧✳

✺✳✷ ■❞❡♥t✐❞❛❞❡s ❝♦♠ ■♥✈♦❧✉çã♦ s♦❜r❡ Mn(E) ❡ Mk,l(E)

❙❡❥❛ (A, ∗) ✉♠❛K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✐♥✈♦❧✉çã♦ ∗✳ ❉✐r❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦

a é ✉♠ ❡❧❡♠❡♥t♦ ∗✲❤♦♠♦❣ê♥❡♦ ❞❡ A s❡ a ∈ A+ ∪ A−✱ ❡♥tã♦ ❝♦❧♦❝❛r❡♠♦s |a|∗ = 0✱ s❡

a ∈ A− ❡ |a|∗ = 1✱ q✉❛♥❞♦ a ∈ A+✳ ❆q✉✐ 0, 1 ∈ Z2✳

❖❜s❡r✈❛çã♦ ✺✳✷✳✶ ✭✐✮ ❙❡ a, b sã♦ ❡❧❡♠❡♥t♦s ∗✲❤♦♠♦❣ê♥❡♦s ❞❡ A✱ ❡♥tã♦ ♦ ❝♦♠✉t❛❞♦r

[a, b] = ab − ba é t❛♠❜é♠ ∗✲❤♦♠♦❣ê♥❡♦ ❞❡ ❆✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

|[a, b]|∗ = |a|∗ + |b|∗✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡

[A+, A+] + [A−, A−] ⊆ A− e [A+, A−] + [A−, A+] ⊆ A+

✭✐✐✮ ❉❡ ♠❡s♠❛ ♠❛♥❡✐r❛✱ s❡ a, b sã♦ ❡❧❡♠❡♥t♦s ∗✲❤♦♠♦❣ê♥❡♦s ❞❡ A✱ ❡♥tã♦ ♦ ♣r♦❞✉t♦

❞❡ ❏♦r❞❛♥ a ◦ b = (ab + ba) é t❛♠❜é♠ ∗✲❤♦♠♦❣ê♥❡♦ ❞❡ ❆✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

|a ◦ b|∗ = |a|∗ + |b|∗ + 1✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡

A+ ◦ A+ + A− ◦ A− ⊆ A+ e A+ ◦ A− + A− ◦ A+ ⊆ A−

❈♦♥s✐❞❡r❡ ❛❣♦r❛ L ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ s♦❜r❡ K ❡ s❡❥❛ E

❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❣❡r❛❞❛ ♣♦r L✳ ❈♦♥s✐❞❡r❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❛s ✐♥✈♦❧✉çõ❡s

❞❡ Mn(E) ∼= Mn(K) ⊗ E ✐♥❞✉③✐❞❛ ♣❡❧♦ ♣❛r (α, β) ❞❡ s✉♣❡r✐♥✈♦❧✉çõ❡s ❞❡✜♥✐❞❛s s♦❜r❡

Mn(K) ❡ E✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱ s❡ m =
∑
Eijmij ∈ Mn(E)✱ ♦♥❞❡ Eij ∈ Mn(K)

é ✉♠❛ ♠❛tr✐③ ❝❛♥ô♥✐❝❛ ❡ mij ∈ E✱ ❞❡✜♥✐♠♦s γ(m) =
∑
α(Eij)β(mij)✳ ❆♥t❡s ❞❡

r❡❧❛❝✐♦♥❛r ❛s ∗✲✐❞❡♥t✐❞❛❞❡s ❞❛s á❧❣❡❜r❛s Mn(E) ❡ Mk,l(E) ❡♠ ✉♠❛ ❝❡rt❛ ❝❧❛ss❡ ❞❡

á❧❣❡❜r❛s✱ ✐r❡♠♦s ❞❡♠♦♥str❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✷ ❙❡❥❛ γ = γα,β ❛ ✐♥✈♦❧✉çã♦ ✐♥❞✉③✐❞❛ s♦❜r❡ Mn(E) ♣❡❧♦ ♣❛r (α, β) ❞❡

s✉♣❡r✐♥✈♦❧✉çõ❡s ❞❡✜♥✐❞❛s s♦❜r❡ Mn(K) ❡ E✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ L é ✐♥✈❛r✐❛♥t❡ s♦❜r❡ ❛

❛çã♦ ❞❡ β✱ ❡♥tã♦ q✉❛❧q✉❡r ∗✲P■ ❞❡ (Mn(E), γ) é tr✐✈✐❛❧✱ ✐st♦ é✱ f(x1, . . . , xl, y1, . . . , ym)

♣❡rt❡♥❝❡ ❛ T∗(Mn(E), γ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f(x1, . . . , xl+m) ∈ T (Mn(E))✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ charK = 0✱ ♣♦❞❡♠♦s ♠♦str❛r ♦ r❡s✉❧t❛❞♦ ❛♣❡♥❛s ♣❛r❛ ♦

❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳ ❚♦♠❛♥❞♦ L = L−1 ⊕ L1✱ ♦♥❞❡ ♦s s✉❜❡s♣❛ç♦s L1

❡ L−1 sã♦ ❛✉t♦❡s♣❛ç♦s ❛ss♦❝✐❛❞♦s à ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r β✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

L1 = {v ∈ L ; vβ = v} ❡ L−1 = {v ∈ L ; vβ = −v}✳

❆ss✉♠❛✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ q✉❡ L1 ♣♦ss✉❛ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ❋✐①❡♠♦s ✉♠❛ ❜❛s❡

B = {e1, e2, . . .} ❞❡ L1 ❞❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❡♠ (E, β) ❡ s❡❥❛

E ′ = {ei1ei2 . . . eiq ; q ∈ N, i1 < i2 < · · · < iq} ❛ ❜❛s❡ ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥

E ′ ❣❡r❛❞❛ ♣♦r L1✳ ❈❧❛r❛♠❡♥t❡✱ Mn(E) ❡ Mn(E
′) s❛t✐s❢❛③❡♠ ❛s ♠❡s♠❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s✳ ❆ss✐♠✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ f(x1, · · · , xl+m) ∈ T (Mn(E
′))✳

P♦rt❛♥t♦✱ s❡ B é ✉♠❛ ❜❛s❡ ❞❡ R =Mn(E
′)✱ ♣r❡❝✐s❛r❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❤♦♠♦♠♦r✲

✜s♠♦

S : K〈X〉 → R

❞❡✜♥✐❞♦ ♣♦r S(xi) = ri ∈ B✱ ♣❛r❛ t♦❞♦ i ∈ N✳ P♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ri = siwi✱ ♦♥❞❡

wi ∈ E ′ ❡ si ∈ Bn✱ ♦♥❞❡ Bn é ❛❧❣✉♠❛ ❜❛s❡ ❞❡Mn(K) ❞❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s α✲❤♦♠♦❣ê♥❡♦s

❞❡ Mn(K)✳ ❖❜s❡r✈❡ q✉❡ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ w = ei1ei2 . . . eiq ❞❡ E ′ é β✲❤♦♠♦❣ê♥❡♦ ❡♠

E✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✿

|ei1ei2 · · · eiq |β :=




1, s❡ q ≡ 0, 1 (mod 4)

0, s❡ q ≡ 2, 3 (mod 4)

✭✺✳✶✵✮

❙❡❣✉❡ q✉❡ q✉❛❧q✉❡r ri é γ✲❤♦♠♦❣ê♥❡♦ ❡ |ri|γ = 1 + |si|α + |wi|β✳ ❈♦♠♦ L1 t❡♠

❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ❞❛ ❡q✉❛çã♦ ✭✺✳✶✵✮✱ ♣♦❞❡♠♦s t♦♠❛r a1, a2, · · · , al+m ∈ E ′ ❞❡ ❝♦♠♣r✐✲

♠❡♥t♦ 4 ❡ al+1, al+2, . . . , al+m ❞❡ ❝♦♠♣r✐♠❡♥t♦ 2✱ t❛✐s q✉❡ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ej ∈ B

♦❝♦rr❡♥❞♦ ❡♠ a1a2 . . . al+m ♥ã♦ ❛♣❛r❡❝❡ ♥❛ ❡①♣r❡ssã♦ wi✱ ♣❛r❛ t♦❞♦ i = 1, . . . , l +m✱ ❡

❛❧é♠ ❞✐ss♦✱ |ai|β = 1+ |ri|γ ♣❛r❛ i = 1, . . . , l ❡ |ai|β = |ri|γ ♣❛r❛ i = l+1, . . . , l+m✱ ♦✉

s❡❥❛✱ r1a1, . . . , rlal sã♦ ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❡ rl+1al+1, . . . , rl+mal+m sã♦ ❛♥t✐ss✐♠étr✐❝♦s

❡♠ (Mn(E), γ)✳ P♦rt❛♥t♦✱

f(r1, . . . , rl+m)a1a2 . . . al+m = f(r1a1, . . . , rl+mal+m) = 0.

❙❡❣✉❡ q✉❡ f(r1, . . . , rl+m) = 0✱ ❝♦♠♦ ❞❡s❡❥❛❞♦✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ■❞❡♥t✐❞❛❞❡s ❝♦♠ ■♥✈♦❧✉çã♦ s♦❜r❡ Mn(E) ❡ Mk,l(E) ✶✵✸

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ L−1 t❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ❡ ✉s❛♥❞♦ ♠ét♦❞♦

❛♥á❧♦❣♦ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❡q✉❛çã♦✿

|ei1ei2 . . . eiq |β :=




1, s❡ q ≡ 0, 3 (mod 4)

0, s❡ q ≡ 1, 2 (mod 4)

✭✺✳✶✶✮

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❡ L1✳ ❈♦♠♦ ❛ r❡❝✐♣r♦❝❛ é ✐♠❡❞✐❛t❛✱ ❝♦♥❝❧✉í♠♦s ❛

❞❡♠♦♥str❛çã♦✳ �

❖❜s❡r✈❛çã♦ ✺✳✷✳✸ ❖ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ♥ã♦ é ✈á❧✐❞♦ s❡ charK = p > 0✱ ❜❛st❛♥❞♦

❝♦♥s✐❞❡r❛r ❛ ✐♥✈♦❧✉çã♦ β ✐♥❞✉③✐❞❛ s♦❜r❡ E ♣❡❧❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ L✳ ◆❡st❡ ❝❛s♦✱

L1 = L ❡ ei1ei2 · · · eiq é ❛♥t✐ss✐♠étr✐❝♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ q ≡ 2, 3 (mod 4)✳ P♦rt❛♥t♦✱

yp é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ (E, β)✱ ♠❛s xp 6∈ T (E)✳

❈♦♠ ❡❢❡✐t♦✱ s❡ charK = p > 0✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ✐♥✈♦❧✉çã♦ ∗ ✐♥❞✉③✐❞❛

s♦❜r❡ E ♣♦r ✉♠❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ L ❡✱ ♣❡❧♦ q✉❡ ❢♦✐ ❞❡♠♦♥s✲

tr❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ei1ei2 . . . eiq é ❛♥t✐ss✐♠étr✐❝♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ q ≡ 2, 3 (mod 4)✳

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡ 1 6∈ E−✳ ❆ss✐♠✱ s❡ w ∈ E−✱ ❡♥tã♦ w =
∑r

i=1 αibi✱ ❝♦♠ αi ∈ K

❡ bi é ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ❜❛s❡ ❞❡ E−✳ ❉❛í wp =
∑

1≤i1,...,ip≤r αi1 . . . αipbi1 . . . bip✳

❙❡ r < p✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ t❡r♠♦ bi1 . . . bip ♣❡❧♦ ♠❡♥♦s ❞♦✐s ❞♦s bi✬s sã♦ ✐❣✉❛✐s✳

P♦rt❛♥t♦✱ bi1 . . . bip = 0✱ ❡ t❡r❡♠♦s wp = 0✳

❙❡ r ≥ p✱ ❡♥tã♦

wp =
∑

1≤i1,...,ip≤r

αi1 . . . αipbi1 . . . bip

=
∑

1≤i1≤...≤ip≤r

αi1 . . . αip

∑

σ∈Sp

biσ(1)
. . . biσ(p)

= 0

❯♠❛ ✈❡③ q✉❡✱
∑

σ∈Sp

xiσ(1)
. . . xiσ(p)

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E ′ q✉❛♥❞♦ charK = p > 0 ✭P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r ❬✶✺❪✱ ♣á❣✳

✹✷✮✳ ▲♦❣♦✱ yp = 0 é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ (E, ∗)✱ q✉❛♥❞♦ ∗ = IdE✳ P♦ré♠✱

♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E✱ ❜❛st❛♥❞♦ ♦❜s❡r✈❛r q✉❡ 1pE = 1E✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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P❡❧♦ q✉❡ ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ♥❛ ❡①♣r❡ssã♦ ✭✺✳✾✮✱ t❡♠♦s q✉❡ Mk,l(E) ∼= Mk,l(K)⊗̂E✱

♦♥❞❡ Mk,l(K) é ❛ á❧❣❡❜r❛ Mk+l(K) ❝♦♠ ❛ ❡str✉t✉r❛ ❞❡ s✉♣❡rá❧❣❡❜r❛ ❞❡✜♥✐❞❛ ♥♦ ❊①❡♠✲

♣❧♦ ✺✳✶✳✻✳ ❙❡❥❛♠ α ✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡ Mk,l(K) ❡ β ✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡✜♥✐❞❛ s♦❜r❡ E✳

❆ss✉♠✐♠♦s q✉❡✿

✶✳ α ♣r❡s❡r✈❛ ❛s ❝♦♠♣♦♥❡♥t❡s Z2✲❣r❛❞✉❛❞❛s ❞❡ Mk,l(K)✳

✷✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ L é ✐♥✈❛r✐❛♥t❡ s♦❜r❡ ❛ ❛çã♦ ❞❡ β✳

❙♦❜ ❡st❛s ❝♦♥❞✐çõ❡s✱ ❛ ✐♥✈♦❧✉çã♦ γα,β ❞❡ Mk+l(E)✱ ✐♥❞✉③ ✉♠❛ ✐♥✈♦❧✉çã♦ s♦❜r❡

Mk,l(E) ⊆Mk+l(E)✳ ❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛r❣✉♠❡♥t♦s ❛♥á❧♦❣♦s ❛♦s ❞❛ ♣r♦✈❛ ❞❛ Pr♦♣♦✲

s✐çã♦ ✺✳✷✳✷✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✹ ❙❡❥❛ γ = γα,β ❛ ✐♥✈♦❧✉çã♦ ✐♥❞✉③✐❞❛ s♦❜r❡ Mk,l(E) ♣❡❧♦ ♣❛r (α, β)

❞❡ ✐♥✈♦❧✉çõ❡s ❞❡✜♥✐❞❛s s♦❜r❡ Mk+l(K) ❡ E✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ α ❡ β s❛t✐s❢❛③❡♠ ❛s

❝♦♥❞✐çõ❡s (1) ❡ (2) ❛♥t❡r✐♦r♠❡♥t❡ ❞❡✜♥✐❞❛s✱ ❡♥tã♦ γ ✐♥❞✉③ ✉♠❛ ✐♥✈♦❧✉çã♦ s♦❜r❡Mk,l(E)

❡ q✉❛❧q✉❡r ✐❞❡♥t✐❞❛❞❡ ❞❡ Mk,l(E) é tr✐✈✐❛❧✱ ♦✉ s❡❥❛✱f(x1, . . . , xl, y1, . . . , ym) ♣❡rt❡♥❝❡ ❛

T∗(Mk,l(E), γ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f(x1, . . . , xl+m) ∈ T (Mk,l(E))✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ t♦♠❛r Bk+l ❛❧❣✉♠❛ ❜❛s❡ ❞❡ Mk,l(K)✱ ❞❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s α✲

❤♦♠♦❣ê♥❡♦s ❞❡ Mk,l(K)✱ ❡ r❡♣❡t✐r t♦❞♦ ❛r❣✉♠❡♥t♦✳ �

✺✳✸ ❯♠ ■❞❡❛❧ ❞❡ ∗✲■❞❡♥t✐❞❛❞❡s ♣❛r❛ ✭M1,1(E), ∗✮

◆❡st❛ s❡çã♦ ❞❡t❡r♠✐♥❛r❡♠♦s ❛❧❣✉♠❛s ∗✲✐❞❡♥t✐❞❛❞❡s ♥❛t✉r❛✐s q✉❡ ❛ á❧❣❡❜r❛

(M1,1(E), ∗) ♠✉♥✐❞❛ ❞❛ ✐♥✈♦❧✉çã♦ ∗ s❛t✐s❢❛③ ❡ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ T∗✲✐❞❡❛❧ I ❣❡r❛❞♦ ♣♦r

❡ss❛s ✐❞❡♥t✐❞❛❞❡s✳ ❈♦♥s✐❞❡r❛r❡♠♦s ❛ ✐♥✈♦❧✉çã♦ ∗ = ∗(trp)p,idE ✱ ♦♥❞❡ (trp)p é ❛ s✉♣❡✲

r✐♥✈♦❧✉çã♦ tr❛♥s♣♦st❛ ❝♦♠♣♦st❛ ❝♦♠ ♦ ❛✉t♦♠♦r✜s♠♦ ♣❛r✐❞❛❞❡ s♦❜r❡ ❛ s✉♣❡rá❧❣❡❜r❛

M1,1(K) ❡ IdE ❛ s✉♣❡r✐♥✈♦❧✉çã♦ ✐❞❡♥t✐❞❛❞❡ s♦❜r❡ E✳

◆♦ ❞❡❝♦rr❡r ❞♦ ❝❛♣ít✉❧♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ á❧❣❡❜r❛ R = M1,1(E) ❡ ❛ ✐♥✈♦❧✉çã♦ ∗

❞❡✜♥✐❞❛ s♦❜r❡ ❡❧❛ ♣♦r 
a b

c d




∗

=


 d b

−c a


 .

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦s s✉❜❡s♣❛ç♦s ❞♦s ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❡ ❛♥t✐ss✐♠étr✐❝♦s ❞❡

R s❡rã♦ ❞❛❞♦s ♣♦r

R+ =






a b

0 a


 ; a ∈ E0, b ∈ E1



 ❡ R− =






a 0

b −a


 ; a ∈ E0, b ∈ E1



 ,

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦rt❛♥t♦✱ ♦s s❡❣✉✐♥t❡s ♣♦❧✐♥ô♠✐♦s sã♦ ∗✲✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡

R✿

[x1, x2]; ✭✺✳✶✷✮

y1y2y3 − y3y2y1; ✭✺✳✶✸✮

[y1, y2][y3, y4]. ✭✺✳✶✹✮

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ t❡♠ ✉♠❛ ❧✐st❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s q✉❡ sã♦ s❛t✐s❢❡✐t❛s

♣♦r (R, ∗)✳ ❙✉❛ ✈❡r✐✜❝❛çã♦ ♥ã♦ é tã♦ s✐♠♣❧❡s q✉❛♥t♦ ❛s ∗✲✐❞❡♥t✐❞❛❞❡s ✭✺✳✶✷✮✱ ✭✺✳✶✸✮ ❡

✭✺✳✶✹✮✱ ♣♦r ✐ss♦ ❢♦r❛♠ ❧✐st❛❞♦ s❡♣❛r❛❞❛♠❡♥t❡✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡ t❡♠♦s ♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✺✳✸✳✶ ❖s s❡❣✉✐♥t❡s ♣♦❧✐♥ô♠✐♦s ♣❡rt❡♥❝❡♠ ❛♦ ✐❞❡❛❧ T∗(R)✿

✭✐✮ [x1, y1, y2, y3]− 2(y1 ◦ y2)[x1, y3];

✭✐✐✮ [y1, y2]x1[y3, y4] + [y3, y4]x1[y1, y2];

✭✐✐✐✮ 2y1[x1, y2, y3] + [x1, y1, y2, y3] + [y1, y2][x1, y3] + [y1, y3][x1, y2] + [y2, y3][x1, y1];

✭✐✈✮ 2[y1, y2]y3[x1, y4] + [y1, y2][x1, y3, y4];

✭✈✮ [x1, y1][x2, y2] + [x1, y2][x2, y1];

✭✈✐✮ [x1, y1][x2, y2, y3]− [x1, y2, y1][x2, y3];

✭✈✐✐✮ [y1, y2][x1, y3][x2, y4]−[y1, y4][x1, y2][x2, y3]−[y2, y3][x1, y1][x2, y4]+[y3, y4][x1, y1][x2, y2]✳

❉❡♠♦♥str❛çã♦✿ ➱ s✉✜❝✐❡♥t❡ ❛✈❛❧✐❛r ❛s ✐♥❞❡t❡r♠✐♥❛❞❛s xi, yi s♦❜r❡ ♦s ❡❧❡♠❡♥t♦s✿

Xi =


αi βi

0 αi


 ❡ Yi =


ai 0

ci −ai




q✉❡ sã♦ ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❡ ❛♥t✐ss✐♠étr✐❝♦s ❞❡ R✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
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◆♦t❡ q✉❡✱

[Yi, Yj] =


ai 0

ci −ai




aj 0

cj −aj


−


aj 0

cj −aj




ai 0

ci −ai




=


 aiaj 0

ciaj − aicj aiaj


−


 ajai 0

cjai − ajci ajai




=


 0 0

2(ciaj − aicj) 0




Yi ◦ Yj =


ai 0

ci −ai




aj 0

cj −aj


+


aj 0

cj −aj




ai 0

ci −ai




=


 aiaj 0

ciaj − aicj aiaj


+


 ajai 0

cjai − ajci ajai




=


2aiaj 0

0 2aiaj




[Xi, Yj] =


αi βi

0 αi




aj 0

cj −aj


−


aj 0

cj −aj




αi βi

0 αi




=


αiaj + βicj −βiaj

αicj −αiaj


−


ajαi ajβi

cjαi cjβi − ajαi




=


βicj −2βiaj

0 βicj




❙❡♥❞♦ Eij ❛s ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s ❞❡ M2(K)✱ t❡♠♦s q✉❡

[Yi, Yj] = 2(ciaj − aicj)E21,

Yi ◦ Yj = 2aiaj(E11 + E22) = 2aiajI2

e [Xi, Yj] = βicj(E11 + E22)− 2βiajE12 = βicjI2 − 2βiajE12.

❙❡❣✉❡ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ n ≥ 1✱ q✉❡

[X1, Y1, . . . , Yn] = (−2)n−1β1a1 . . . an−1cn(E11 + E22) + (−2)nβ1a1 . . . anE12
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❆❣♦r❛✱ ❛tr❛✈és ❞❡ ❝♦♥t❛s✱ ❜❛st❛ ✈❡r✐✜❝❛r q✉❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❧✐st❛❞♦s ♥♦ ❡♥✉♥❝✐❛❞♦

❞❛ ♣r♦♣♦s✐çã♦ sã♦ r❡❛❧♠❡♥t❡ ∗✲✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ R✳ ■r❡♠♦s ❛q✉✐ ✈❡r✐✜❝❛r

❛♣❡♥❛s ❛ ∗✲✐❞❡♥t✐❞❛❞❡ (iii) ❡ ♦ r❡st❛♥t❡ s❡❣✉❡ ❞❡ ✈❡r✐✜❝❛çõ❡s ❛♥á❧♦❣❛s✳ ❙❡❥❛

A = 2Y1[X1, Y2, Y3] + [X1, Y1, Y2, Y3] + [Y1, Y2][X1, Y3] + [Y1, Y3][X1, Y2] + [Y2, Y3][X1, Y1]

❖❜s❡r✈❡ q✉❡

2Y1[X1, Y2, Y3] = 2


a1 0

c1 −a1




(−2)β1a2c3 4β1a2a3

0 (−2)β1a2c3




= 2


(−2)β1a1a2c3 4β1a1a2a3

2β1a2c1c3 −4β1a2a3c3 + 2β1a1a2c3


 ;

[Yi, Yj][Xl, Yk] =


 0 0

2(ciaj − aicj) 0




βlck −2βlak

0 βlck




=


 0 0

2(ciajβlck − aicjβlck) −4(ciajβlak − aicjβlak)


 .
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❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

A =


(−4)β1a1a2c3 8β1a1a2a3

4β1a2c1c3 −8β1a2a3c1 + 4β1a1a2c3


+


4β1a1a2c3 −8β1a1a2a3

2β1a2c1c3 4β1a1a2c3




+


 0 0

2(c1a2β1c3 − a1c2β1c3) −4(c1a2β1a3 − a1c2β1a3)




+


 0 0

2(c1a3β1c2 − a1c3β1c2) −4(c1a3β1a2 − a1c3β1a2)




+


 0 0

2(c2a3β1c1 − a2c3β1c1) −4(c2a3β1a1 − a2c3β1a1)




=


 0 0

4β1a2c1c3 −8(β1a2a3c1 − β1a1a2c3)




+


 0 0

2(c1a2β1c3 − a1c2β1c3) −4(c1a2β1a3 − a1c2β1a3)




+


 0 0

2(c1a3β1c2 − a1c3β1c2) −4(c1a3β1a2 − a1c3β1a2)




+


 0 0

2(c2a3β1c1 − a2c3β1c1) −4(c2a3β1a1 − a2c3β1a1)


 .

❉❛í✱

A =


 0 0

4β1a2c1c3 −8(β1a2a3c1 − β1a1a2c3)




+


 0 0

2(−β1a2c1c3 + β1a1c2c3) −4(−β1a2a3c1 + β1a1a3c2)




+


 0 0

2(−β1a3c1c2 − β1a1c2c3) −4(−β1a2a3c1 + β1a1a2c3)




+


 0 0

2(β1a3c1c2 − β1a2c1c3) −4(−β1a1a3c2 + β1a1a2c3)


 =


0 0

0 0




❈♦♥❝❧✉í✲s❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ (iii) é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ R✳ �

❉❡♥♦t❛r❡♠♦s ♣♦r I ♦ T∗✲✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s ✭✺✳✶✷✮✱ ✭✺✳✶✸✮✱ ✭✺✳✶✹✮ ❡ ♣❡❧♦s
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♣♦❧✐♥ô♠✐♦s ❧✐st❛❞♦s ♥❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✳ ❖ ♥♦ss♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ♥❡st❡ ❝❛♣ít✉❧♦ é

♣r♦✈❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✺✳✸✳✷ ❖ T∗✲✐❞❡❛❧ ❞❛s ∗✲✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ á❧❣❡❜r❛ ❝♦♠ ✐♥✈♦❧✉çã♦

(R, ∗) é ❣❡r❛❞♦✱ ❝♦♠♦ T∗✲✐❞❡❛❧✱ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s ✭✺✳✶✷✮✱ ✭✺✳✶✸✮✱ ✭✺✳✶✹✮ ❡ ♣❡❧♦s ♣♦❧✐♥ô✲

♠✐♦s ❧✐st❛❞♦s ♥❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ I = T∗(R)✳

❆♥t❡s ❞❡ ♣r♦✈❛r♠♦s t❛❧ t❡♦r❡♠❛✱ ❞❡❞✉③✐r❡♠♦s ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞♦s ❣❡r❛✲

❞♦r❡s ❞❡ I✳ P❛r❛ ♥♦s r❡❢❡r✐r♠♦s ❛ ❡ss❛s ❝♦♥s❡q✉ê♥❝✐❛s ❝♦♠ ❢❛❝✐❧✐❞❛❞❡✱ ✐r❡♠♦s ❞✐✈✐❞✐✲❧❛s

❡♠ ✈ár✐♦s ❧❡♠❛s✳ ❉❡♥♦t❛r❡♠♦s ♣♦r (−1)ρ ♦ s✐♥❛❧ ❞❛ ♣❡r♠✉t❛çã♦ ρ ∈ Sn✳

▲❡♠❛ ✺✳✸✳✸ P❛r❛ t♦❞❛ ♣❡r♠✉t❛çã♦ σ, τ ∈ Sn✱ ♦ ✐❞❡❛❧ I ❝♦♥té♠ ♦ ♣♦❧✐♥ô♠✐♦

[xσ(1), yτ(1)] . . . [xσ(n), yτ(n)]− (−1)στ [x1, y1] . . . [xn, yn].

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ [x, y] é ✉♠ ❡❧❡♠❡♥t♦ s✐♠étr✐❝♦ ♣❛r❛ q✉❛✐sq✉❡r x ∈ X ❡ y ∈ Y ✱

♣❡❧❛ ∗✲✐❞❡♥t✐❞❛❞❡ ✭✺✳✶✷✮ t❡r❡♠♦s q✉❡

[xσ(1), yτ(1)] . . . [xσ(n), yτ(n)] ≡ [x1, yσ−1(τ(1))] . . . [xn, yσ−1(τ(n))] (mod I)

❖❜s❡r✈❛♥❞♦✱ ❛❣♦r❛✱ ♣❡❧♦ ✐t❡♠ (v) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱ t❡♠♦s

[xσ(1), yτ(1)] . . . [xσ(n), yτ(n)] ≡ [x1, yσ−1(τ(1))] . . . [xn, yσ−1(τ(n))] (mod I)

≡ (−1)σ
−1τ [x1, y1] . . . [xn, yn] (mod I)

❖✉ s❡❥❛✱

[xσ(1), yτ(1)] . . . [xσ(n), yτ(n)] ≡ (−1)στ [x1, y1] . . . [xn, yn] (mod I)

✉♠❛ ✈❡③ q✉❡ (−1)σ
−1τ = (−1)στ ✳ ❉✐ss♦✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

▲❡♠❛ ✺✳✸✳✹ ❖ ✐❞❡❛❧ I ❝♦♥té♠ ♦ ♣♦❧✐♥ô♠✐♦

[x1, yσ(1), . . . , yσ(n), yn+1]− [x1, y1, . . . , yn, yn+1],

♣❛r❛ q✉❛❧q✉❡r ♣❡r♠✉t❛çã♦ σ ∈ Sn✳
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❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s q✉❡ [x, y] é ✉♠ ❡❧❡♠❡♥t♦ s✐♠étr✐❝♦✱ ♣❛r❛ q✉❛✐sq✉❡r x ∈ X

❡ y ∈ Y ✳ ❆ss✐♠ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ I ❝♦♥té♠ ♦ ♣♦❧✐♥ô♠✐♦

[x1, y1, y2, y3]− [x1, y2, y1, y3].

P❡❧❛ ✐❞❡♥t✐❞❛❞❡ (i) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱ ♠ó❞✉❧♦ I✱ t❡♠♦s q✉❡

[x1, y1, y2, y3] ≡ 2(y1 ◦ y2)[x1, y3] = 2(y2 ◦ y1)[x1, y3] ≡ [x1, y2, y1, y3],

❞❡ ♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳ �

❖❜s❡r✈❛çã♦ ✺✳✸✳✺ ❊♠ t♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A ✈❛❧❡ ❛ ✐❞❡♥t✐❞❛❞❡

[a1, a2 ◦ a3] = [a1, a2] ◦ a3 + a2 ◦ [a1, a3],

♣❛r❛ q✉❛✐sq✉❡r a1, a2, a3 ∈ A✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡

[a1, a2 ◦ a3] = a1(a2 ◦ a3)− (a2 ◦ a3)a1

= a1(a2a3 + a3a2)− (a2a3 + a3a2)a1

= [a1, a2a3] + [a1, a3a2]

= a2[a1, a3] + [a1, a2]a3 + a3[a1, a2] + [a1, a3]a2

= [a1, a2] ◦ a3 + a2 ◦ [a1, a3].

▲❡♠❛ ✺✳✸✳✻ ❖ s❡❣✉✐♥t❡ ♣♦❧✐♥ô♠✐♦

2y2[x1, y1] + 2y1[x1, y2] + [x1, y1, y2] + [x1, y2, y1]

é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ I✳

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s q✉❡ y1 ◦ y2 é ✉♠ ❡❧❡♠❡♥t♦ s✐♠étr✐❝♦✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✺✳✸✳✺

❡ ❛ ∗✲✐❞❡♥t✐❞❛❞❡ ✭✺✳✶✷✮✱ t❡♠✲s❡✿

[x1, y1] ◦ y2 + y1 ◦ [x1, y2] = [x1, y1 ◦ y2] ∈ I

❖❜s❡r✈❡ ❛✐♥❞❛✱ ♣❡❧❛ ✐❣✉❛❧❞❛❞❡ ab = ba+[a, b] ✈á❧✐❞❛ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱

t❡♠♦s q✉❡✿

[x1, y1]y2 = [x1, y1, y2] + y2[x1, y1]

❡ [x1, y2]y1 = [x1, y2, y1] + y1[x1, y2].

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❯♠ ■❞❡❛❧ ❞❡ ∗✲■❞❡♥t✐❞❛❞❡s ♣❛r❛ ✭M1,1(E), ∗✮ ✶✶✶

▲♦❣♦✱

2y2[x1, y1] + 2y1[x1, y2] + [x1, y1, y2] + [x1, y2, y1] =

= y2[x1, y1] + y1[x1, y2] + [x1, y1]y2 + [x1, y2]y1

= [x1, y1]y2 + y2[x1, y1] + y1[x1, y2] + [x1, y2]y1

= [x1, y1] ◦ y2 + y1 ◦ [x1, y2] = [x1, y1 ◦ y2] ∈ I,

❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

▲❡♠❛ ✺✳✸✳✼ ❖ ✐❞❡❛❧ I ❝♦♥té♠ ♦ ♣♦❧✐♥ô♠✐♦

4y1y2[x1, y3]− 2[y1, y2][x1, y3]− [x1, y1, y2, y3].

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f = 4y1y2[x1, y3]− 2[y1, y2][x1, y3]− [x1, y1, y2, y3]✳ ❊♥tã♦✱

f = 4y1y2[x1, y3]− 2(y1y2 − y2y1)[x1, y3]− [x1, y1, y2, y3]

= 4y1y2[x1, y3]− 2y1y2[x1, y3] + 2y2y1[x1, y3]− [x1, y1, y2, y3]

= 2y1y2[x1, y3] + 2y2y1[x1, y3]− [x1, y1, y2, y3]

= 2(y1y2[x1, y3] + y2y1[x1, y3])− [x1, y1, y2, y3]

= 2(y1 ◦ y2)[x1, y3]− [x1, y1, y2, y3],

❞♦♥❞❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞❛ ∗✲✐❞❡♥t✐❞❛❞❡ (i) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✳ �

▲❡♠❛ ✺✳✸✳✽ ❖ s❡❣✉✐♥t❡ ♣♦❧✐♥ô♠✐♦ ♣❡rt❡♥❝❡ ❛ I✿

[y2, y3][x1, y1, y4]− [y1, y3][x1, y2, y4] + [y1, y2][x1, y3, y4].

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ❞❛ ∗✲✐❞❡♥t✐❞❛❞❡ (iv) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱ ♠ó❞✉❧♦ I✱ q✉❡

[y2, y3][x1, y1, y4] = −2[y2, y3]y1[x1, y4],

[y1, y3][x1, y2, y4] = −2[y1, y3]y2[x1, y4],

[y1, y2][x1, y3, y4] = −2[y1, y2]y3[x1, y4].

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❖s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✶✶✷

❈♦❧♦❝❛♥❞♦ f = [y2, y3][x1, y1, y4]− [y1, y3][x1, y2, y4]+ [y1, y2][x1, y3, y4] s❡❣✉❡✱ ♠ó❞✉❧♦ I✱

q✉❡

f = −2([y2, y3]y1[x1, y4]− [y1, y3]y2[x1, y4] + [y1, y2]y3[x1, y4])

= −2([y2, y3]y1 − [y1, y3]y2 + [y1, y2]y3)[x1, y4]

= −2(y2y3y1 − y3y2y1 − y1y3y2 + y3y1y2 + y1y2y3 − y2y1y3)[x1, y4]

= −2(y2y3y1 − y1y3y2 − y3y2y1 + y1y2y3 + y3y1y2 − y2y1y3)[x1, y4].

P❡❧❛ ∗✲✐❞❡♥t✐❞❛❞❡ ✭✺✳✶✸✮✱ t❡♠♦s q✉❡ f ∈ I✱ ❡ ❞❛í s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

▲❡♠❛ ✺✳✸✳✾ ❖ ✐❞❡❛❧ I ❝♦♥té♠ ♦ ♣♦❧✐♥ô♠✐♦

[y1, y4][x1, y3, y2]−[y1, y4][x1, y2, y3]+[y2, y3][x1, y4, y1]−[y1, y3][x1, y2, y4]+[y1, y2][x1, y3, y4].

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ♦ ♣♦❧✐♥ô♠✐♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✳ ❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✺✳✸✳✽ ♥❛s ❞✉❛s

ú❧t✐♠❛s ♣❛r❝❡❧❛s ♠ó❞✉❧♦ I✱ ♦❜t❡♠♦s

f = [y1, y4][x1, y3, y2]− [y1, y4][x1, y2, y3] + [y2, y3][x1, y4, y1]− [y2, y3][x1, y1, y4].

❙❡❣✉❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✱ q✉❡✿

f = [y1, y4]([x1, y3, y2]− [x1, y2, y3]) + [y2, y3]([x1, y4, y1]− [x1, y1, y4])

= [y1, y4][x1, [y3, y2]] + [y2, y3][x1, [y4, y1]]

= [y1, y4]x1[y3, y2]− [y1, y4][y3, y2]x1 + [y2, y3]x1[y4, y1]− [y2, y3][y4, y1]x1

= ([y1, y4]x1[y3, y2] + [y2, y3]x1[y4, y1])− [y1, y4][y3, y2]x1 − [y2, y3][y4, y1]x1.

❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ❛♣❧✐❝❛♥❞♦ ❛ ∗✲✐❞❡♥t✐❞❛❞❡ ✭✺✳✶✹✮ ❡ ♦ ✐t❡♠ (ii) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✳ �

✺✳✹ ❖s ●❡r❛❞♦r❡s ❞❡ Γl,m(I)

❈♦♥s✐❞❡r❛r❡♠♦s ♥❡st❛ s❡çã♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Γl,m(I) ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s

∗✲♣ró♣r✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ♥❛s ✈❛r✐á✈❡✐s x1, . . . , xl ❡ y1, . . . , ym ♥❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡

❧✐✈r❡ K〈X ∪ Y 〉/I ✭♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r ❙❡çã♦ ✷✳✹✱ ❈❛♣ít✉❧♦ ✷✮ ❡ ✜①❛r❡♠♦s ✉♠

❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ ❝❛❞❛ ✉♠ ❞❡ss❡s ❡s♣❛ç♦s✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❖s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✶✶✸

■♥✐❝✐❛❧♠❡♥t❡✱ ❡st✉❞❛r❡♠♦s ♦ ❡s♣❛ç♦ Γ0,m(I)✱ ♦✉ s❡❥❛✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦s ♣♦❧✐♥ô♠✐♦s

f(y1, . . . , ym) ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❡ ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s✳

❖❜s❡r✈❛çã♦ ✺✳✹✳✶ ❊♠ t♦❞♦ ♦ t❡①t♦✱ ♦ s✐♥❛❧ ❞❡ ❝✐r❝✉♥✢❡①♦ s♦❜r❡ ✉♠❛ ✈❛r✐á✈❡❧ s✐❣♥✐✲

✜❝❛rá q✉❡ ❛ ✈❛r✐á✈❡❧ ❝♦rr❡s♣♦♥❞❡♥t❡ é ♦♠✐t✐❞❛ ❞❛ ❡①♣r❡ssã♦✳ ❆❧é♠ ❞✐ss♦✱ s❡ f ∈ Γl,m✱

❞❡♥♦t❛r❡♠♦s ♦ ❡❧❡♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ Γl,m(I) ❞❛ ♠❡s♠❛ ❢♦r♠❛✳

▲❡♠❛ ✺✳✹✳✷ ❖ ❡s♣❛ç♦ Γ0,m(I) é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

y1 . . . ym ❡ y1 . . . ŷi . . . ym−1[yi, ym]

♣❛r❛ t♦❞♦ i = 1, . . . ,m✳

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡

[yi, yj]yk[ya, yb] = [yi, yj, yk][ya, yb] + yk[yi, yj][ya, yb].

P❡❧❛ ∗✲✐❞❡♥t✐❞❛❞❡ [y1, y2][y3, y4] ❡ s❛❜❡♥❞♦ q✉❡ [yi, yj] é ✉♠ ❡❧❡♠❡♥t♦ ❛♥t✐ss✐♠étr✐❝♦✱

t❡♠♦s q✉❡ [yi, yj]yk[ya, yb] ∈ I✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ♣❛r❛ q✉❛❧q✉❡r ♣❡r♠✉t❛çã♦ σ ∈ Sn✱ ♦❜t❡♠♦s q✉❡

yiσ(1)
. . . yiσ(n)

[ya, yb] = yi1 . . . yin [ya, yb] (mod I).

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ❞♦ t✐♣♦

[yi, yj] ◦ yk = (yiyj − yjyi) ◦ yk

= (yiyjyk − yjyiyk + ykyiyj − ykyjyi)

= (yiyjyk − ykyjyi − yjyiyk + ykyiyj)

sã♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ∗✲✐❞❡♥t✐❞❛❞❡ y1y2y3 − y3y2y1✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣♦❧✐♥ô♠✐♦ f = ym[ya, yb] + ya[yb, ym]− yb[ya, ym]✱

t❡♠♦s q✉❡

f = ymyayb − ymybya + yaybym − yaymyb − ybyaym + ybymya

= ymyayb − ybyaym − ymybya + yaybym − yaymyb + ybymya

❡ ❛ss✐♠ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❣❡r❛❞♦r y1y2y3 − y3y2y1✳ P♦rt❛♥t♦✱ ♣❡❧❛ ∗✲✐❞❡♥t✐❞❛❞❡

[y1, y2][y3, y4] ❡ y1y2y3 − y3y2y1✱ ♦ ❡s♣❛ç♦ Γ0,m(I) é ❣❡r❛❞♦ ♣❡❧♦s ♠♦♥ô♠✐♦s ❞❛ ❢♦r♠❛

y1 . . . ym ❡ y1 . . . ŷa . . . ŷb . . . ym[ya, yb]✱ ♦♥❞❡ 1 ≤ a < b ≤ m✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❖s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✶✶✹

�

P♦❞❡♠♦s ❛❣♦r❛ ❛ss✉♠✐r q✉❡ ♦ ♥ú♠❡r♦ l ❞❡ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s ❡♥✈♦❧✈✐❞❛s ❡♠ ♥♦s✲

s♦s ♣♦❧✐♥ô♠✐♦s ∗✲♣ró♣r✐♦s é ♥ã♦ ♥✉❧♦ ❡ t❛✐s ✈❛r✐á✈❡✐s ❛♣❛r❡❝❡♠ ❛♣❡♥❛s ♥♦s ❝♦♠✉t❛❞♦r❡s

❞❡ ❝♦♠♣r✐♠❡♥t♦ ≥ 2 ✭✈❡r ❉❡✜♥✐çã♦ ✷✳✹✳✶✱ ❈❛♣ít✉❧♦ ✷✮✳ ❆❧é♠ ❞✐ss♦✱ ♠ó❞✉❧♦ I✱ ❡❧❡s

❝♦♠✉t❛♠✱ ♣❡❧♦ ❣❡r❛❞♦r [x1, x2]✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝♦♠✉t❛❞♦r [y1, . . . , yk, x] ❡ ❛♣❧✐❝❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✱ ♣♦❞❡✲

♠♦s ❡s❝r❡✈❡r ❡st❡ ❝♦♠✉t❛❞♦r ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❝♦♠✉t❛❞♦r❡s ❝♦♠❡ç❛♥❞♦

❝♦♠ ❛ ✈❛r✐á✈❡❧ x✳ ❉❡ ❢❛t♦✱ ♦❜s❡r✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐

[y1, y2, x] = −[x, y1, y2] + [x, y2, y1]. ✭✺✳✶✺✮

❚♦♠❛♥❞♦ ❛❣♦r❛ ♦ ❝♦♠✉t❛❞♦r [y1, . . . , yk, x]✱ ♦❜t❡♠♦s

[y1, . . . , yk, x] = [y1, . . . , yk−1, yk, x] = −[x, [y1, . . . , yk−1], yk] + [x, yk, [y1, . . . , yk−1]]

= [y1, . . . , yk−1, x, yk] + [[x, yk], [y1, . . . , yk−1]].

❙❛❜❡♥❞♦ q✉❡ [x, yk] é ✉♠ ❡❧❡♠❡♥t♦ s✐♠étr✐❝♦✱ t❡♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ♣♦r ✐♥❞✉çã♦

s♦❜r❡ k✳

❙❛❜❡✲s❡ q✉❡ [x, y] é s✐♠étr✐❝♦ ❡ [y1, y2] é ❛♥t✐ss✐♠étr✐❝♦✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❛ss✉♠✐r

q✉❡ q✉❛❧q✉❡r ❝♦♠✉t❛❞♦r ♥ã♦ ♥✉❧♦ [r1, r2, . . . , rh] ∈ K〈X ∪ Y 〉/I✱ ♦♥❞❡ ♦s ❡❧❡♠❡♥t♦s

ri ∈ X∪Y ✱ ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ ✉♠❛ ✈❛r✐á✈❡❧ s✐♠étr✐❝❛ x✳ P❛r❛ ✐st♦ ❜❛st❛ ✉s❛r ♦ ❣❡r❛❞♦r

[x1, x2] ❡ ♦❜s❡r✈❛r q✉❡ ♦ ❝♦♠✉t❛❞♦r [x1, y1, . . . , yk, x2] ∈ I✳ P♦r ✐ss♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r

q✉❡ [r1, r2, . . . , rh] = [x, yi1 , . . . , yih−1
]✱ ♣❛r❛ ❛❧❣✉♠❛ ✈❛r✐á✈❡❧ s✐♠étr✐❝❛ x ❡ ✈❛r✐á✈❡✐s

❛♥t✐ss✐♠étr✐❝❛s yi1 , . . . , yih−1
✳ ❈❛s♦ ♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s s❡❥❛ ♠❛✐♦r q✉❡ ♦

♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s✱ t❡r❡♠♦s q✉❡ ❡♠ ❛❧❣✉♠ ❝♦♠✉t❛❞♦r t❡rá ❞✉❛s ♦✉

♠❛✐s ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✳ P♦rt❛♥t♦✱ ♦❜t❡♠♦s q✉❡

Γl,m(I) = {0}✱ ♣❛r❛ t♦❞♦ l > m ≥ 0. ✭✺✳✶✻✮

❙✐♠✐❧❛r♠❡♥t❡ t❡♠♦s✿

▲❡♠❛ ✺✳✹✳✸ ❖ ❡s♣❛ç♦ Γl,l(I) é ❣❡r❛❞♦ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ [x1, y1] . . . [xl, yl]✳

❉❡♠♦♥str❛çã♦✿ ❈❧❛r❛♠❡♥t❡✱ ♣❡❧♦ q✉❡ ❢♦✐ ❛r❣✉♠❡♥t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ t❡r❡♠♦s q✉❡

q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❡ Γl,l(I) é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s ❞♦ t✐♣♦

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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[xσ(1), yτ(1)] . . . [xσ(l), yτ(l)]✱ ♦♥❞❡ σ, τ ∈ Sl✳ P❡❧♦ ▲❡♠❛ ✺✳✸✳✸✱ t❡♠♦s q✉❡

[xσ(1), yτ(1)] · · · [xσ(n), yτ(n)]− (−1)στ [x1, y1] · · · [xn, yn] (mod I),

♣❛r❛ q✉❛✐sq✉❡r σ, τ ∈ Sl✱ ❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❉❡✜♥✐♠♦s✱ ❛❣♦r❛✱ ❛❧❣✉♥s ♣♦❧✐♥ô♠✐♦s ❡s♣❡❝✐❛✐s ♣❛r❛ ♦ ❡s♣❛ç♦ Γl,m✳ ❙❡♥❞♦

m = k + l ❝♦♠ k ≥ 0✱ ♣❛r❛ ❛❧❣✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sk+l✱ ❞❡✜♥✐r❡♠♦s ♦s s❡❣✉✐♥t❡

♣♦❧✐♥ô♠✐♦s✿

pσ = [x1, yσ(1), . . . , yσ(k+1)][x2, yσ(k+2)] . . . [xl, yσ(k+l)].

❙❡ m = l + 1✱ ♣❛r❛ σ ∈ Sl+1✱ ❞❡✜♥✐♠♦s t❛♠❜é♠ ♦ ♣♦❧✐♥ô♠✐♦✿

fσ = yσ(1)[x1, yσ(2)][x2, yσ(3)] . . . [xl, yσ(l+1)].

❙❡ m = l + k > l + 1✱ ♣❛r❛ σ ∈ Sl+k✱ ❞❡✜♥✐♠♦s ♦ ♣♦❧✐♥ô♠✐♦✿

gσ = [yσ(1), yσ(2)][x1, yσ(3), . . . , yσ(k+1)][x2, yσ(k+2)] . . . [xl, yσ(k+l)].

◆♦s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ❞❡t❡r♠✐♥❛r❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❞♦ ❡s♣❛ç♦

Γl,m(I)✱ ♣❛r❛ m = k + l ❝♦♠ k ≥ 0✳

▲❡♠❛ ✺✳✹✳✹ ❙❡❥❛♠ l > 0 ❡ k ≥ 2✱ ❡♥tã♦✿

✭✐✮ ❖ ❡s♣❛ç♦ Γl,l+1(I) é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s pσ ❡ fτ ✱ ♣❛r❛ σ, τ ∈ Sl+1✳

✭✐✐✮ ❖ ❡s♣❛ç♦ Γl,l+k(I) é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s pσ ❡ gτ ✱ ♣❛r❛ σ, τ ∈ Sl+k✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❛♥❞♦ m ≥ l + 1✱ t♦❞♦ ❡❧❡♠❡♥t♦ ❞♦ ❡s♣❛ç♦ Γl,m(I) é ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s c1c2 . . . cn (n ≥ l)✱ ♦♥❞❡ ❝❛❞❛ ci é ✉♠❛ ✈❛r✐á✈❡❧ ❛♥✲

t✐ss✐♠étr✐❝❛ y ♦✉ ✉♠ ❝♦♠✉t❛❞♦r ❞♦ t✐♣♦ [x, yi1 , . . . , yih ]✱ ❝♦♠ x ∈ X ❡ yi1 , . . . , yih ∈ Y ✳

P❡❧❛ ✐❣✉❛❧❞❛❞❡

[x, yi1 , . . . , yih ]y = [x, yi1 , . . . , yih , y] + y[x, yi1 , . . . , yih ],

♦❜t❡♠♦s q✉❡ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❡ Γl,m(I) é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s

wc′1c
′
2 . . . c

′
l✱ ♦♥❞❡ w = yβ(1)yβ(2) . . . yβ(t) é ✉♠ ♠♦♥ô♠✐♦ ❞❡ ❣r❛✉ t ≥ 0✱ ♥❛s ✈❛r✐á✈❡✐s

❛♥t✐ss✐♠étr✐❝❛s ❡ q✉❛❧q✉❡r

c′i = [xρ(i), yβ(t+h1+...+hi−1+1), . . . , yβ(t+h1+...+hi)]

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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é ✉♠ ❝♦♠✉t❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ hi+1 ≥ 2✱ ♣❛r❛ ❛❧❣✉♠❛s ♣❡r♠✉t❛çõ❡s ρ ∈ Sl, β ∈ Sm

❡ ♣❛r❛ ❛❧❣✉♠❛s (l + 1)✲✉♣❧❛s ❞❡ ✐♥t❡✐r♦s (t, h1, . . . , hl)✳

❈♦♠♦ [x1, x2] ∈ I ❡ c′i = [xρ(i), yβ(t+h1+...+hi−1+1), . . . , yβ(t+h1+...+hi)] é ✉♠ ❡❧❡♠❡♥t♦

s✐♠étr✐❝♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ρ(i) = i✱ ♣❛r❛ t♦❞♦ i = 1, . . . , l✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛

✐❞❡♥t✐❞❛❞❡ (vi) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ hi = 1✱ ♣❛r❛ i ≥ 2✳ ❊♠

♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ ❡s♣❛ç♦ Γl,m(I) é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s ❞♦ t✐♣♦

Pt,β = yβ(1) . . . yβ(t)[x1, yβ(t+1), . . . , yβ(m−l+1)][x2, yβ(m−l+2)] . . . [xl, yβ(m)],

♦♥❞❡ 0 ≤ t ≤ m− l ❡ β ∈ Sm✳

❙❡ m = l + 1✱ ❡♥tã♦ t ∈ {0, 1}✳ ❙❡❣✉❡ q✉❡ P0,β = pβ ♦✉ P1,β = fβ✱ ❡ ❛ss✐♠ ❡stá

♣r♦✈❛❞♦ ♦ ✐t❡♠ (i)✳

❱❛♠♦s ❛❣♦r❛ ♣r♦✈❛r (ii)✱ s❡♥❞♦ ♥❡st❡ ❝❛s♦ m ≥ l + 2✳ ❉❡♥♦t❛♠♦s ♣♦r Wm ♦

s✉❜❡s♣❛ç♦ ❞❡ Γl,m(I) ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s pσ ❡ gτ ✱ ♣❛r❛ σ, τ ∈ Sm✳ Pr♦✈❛r❡♠♦s ♣♦r

✐♥❞✉çã♦ s♦❜r❡ m✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈❛r✐á✈❡✐s s✐♠étr✐❝❛s✱ q✉❡ Γl,m(I) = Wm✳ ❖❜s❡r✈❛♠♦s

✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ Wm é ✉♠ Sm✲s✉❜♠ó❞✉❧♦ ❞❡ Γl,m(I) ❝♦♠ r❡s♣❡✐t♦ ❛ ❛çã♦ ♥❛t✉r❛❧ ❞♦

❣r✉♣♦ s✐♠étr✐❝♦ Sm ♣❡❧❛ ♣❡r♠✉t❛çã♦ ❞❛s ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s y1, . . . , ym✳ P♦r ✐ss♦✱

é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ Wm ❝♦♥té♠ ♦s ♣♦❧✐♥ô♠✐♦s Pt,id✱ ♣❛r❛ q✉❛✐sq✉❡r 1 ≤ t ≤ m− l✳

❈❛s♦ m = l + 2✱ ❞❡✈❡r❡♠♦s t❡r ♦s ♣♦❧✐♥ô♠✐♦s

P0,id = [x1, y1, y2, y3][x2, y4] . . . [xl, ym]

P1,id = y1[x1, y2, y3][x2, y4] . . . [xl, ym]

P2,id = y1y2[x1, y3][x2, y4] . . . [xl, ym]

❖❜s❡r✈❡ q✉❡ P0,id = pid✱ P1,id ∈ Wm ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ (iii) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱ ❡

P2,id ∈ Wm r❡s✉❧t❛ ❞✐r❡t❛♠❡♥t❡ ❞♦ ▲❡♠❛ ✺✳✸✳✼✳

P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ s✉♣♦♥❤❛ q✉❡ t♦❞♦ ♣♦❧✐♥ô♠✐♦s Pt,id✱ ❝♦♠

m − 1 = l + (k − 1) ≥ l + 2✱ s❡❥❛ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞♦s ♣♦❧✐♥ô♠✐♦s pσ ❡ gτ ✱ ♣❛r❛

σ, τ ∈ Sl+k−1✱ ❞❡✈❡r❡♠♦s ♣r♦✈❛r q✉❡ ♦ ♠❡s♠♦ ♦❝♦rr❡ q✉❛♥❞♦ m = l + k > l + 2✱

t♦♠❡ Pt,id = y1y2 . . . yt[x1, yt+1, . . . , ym−l+1][x2, ym−l+2] . . . [xl, ym]✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥✲

❞✉çã♦ ❡♠ m✱ t❡♠♦s q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s Pt,id sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞♦s s❡❣✉✐♥t❡s

♣♦❧✐♥ô♠✐♦s✿

✭✶✮ y1[x1, yσ(2), . . . , yσ(k+1)][x2, yσ(k+2)] . . . [xl, yσ(l+k)];

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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✭✷✮ y1[yτ(2), yτ(3)][x1, yτ(4), . . . , yτ(k+1)][x2, yτ(k+2)] . . . [xl, yτ(l+k)],

♣❛r❛ ♣❡r♠✉t❛çõ❡s σ, τ ❛❣✐♥❞♦ s♦r❡ ♦ ❝♦♥❥✉♥t♦ {2, . . . , n}✳

❖❜s❡r✈❡ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s (1) ❡ (2) ❡stã♦ ❡♠ Wm✳ P❛r❛ (1)✱ ❜❛st❛ ❛♣❧✐❝❛r ❛

✐❞❡♥t✐❞❛❞❡ (iii) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✳ ❏á ♣❛r❛ (2)✱ ❝♦♠♦ ❞❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✺✳✹✳✷✱ t❡♠♦s

q✉❡ [y1, y2] ◦ y3 ∈ I✱ ♣❛r❛ q✉❛❧q✉❡r ✈❛r✐á✈❡✐s ❛♥t✐ss✐♠étr✐❝❛s y1, y2, y3 ∈ Y ✱ s❡❣✉❡ ❛ss✐♠

q✉❡

y1[yτ(2), yτ(3)] = −[yτ(2), yτ(3)]y1 (mod I),

❡ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ (iv) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �

◆♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❡①❛♠✐♥❛r❡♠♦s ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞♦

❡s♣❛ç♦ Γl,l+1(I)✳

Pr♦♣♦s✐çã♦ ✺✳✹✳✺ ❖ ❡s♣❛ç♦ Γl,l+1(I) é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

• f = y1[x1, y2] . . . [xl, yl+1]❀

• p1 = [x1, y1, y2][x2, y3] . . . [xl, yl+1]❀

• pi = [x1, yi, y1][x2, y2] . . . [xi, yi+1] . . . [xl, yl+1] ♣❛r❛ i = 2, . . . , l + 1✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✺✳✹✳✹✱ ♦ ❡s♣❛ç♦ Γl,l+1(I) é ❣❡r❛❞♦ ♣❡❧♦ ♣♦❧✐♥ô✲

♠✐♦s✿

pσ = [x1, yσ(1), yσ(2)][x2, yσ(3)] . . . [xl, yσ(l+1)]

fτ = yτ(1)[x1, yτ(2)][x2, yτ(3)] . . . [xl, yτ(l+1)].

P❡❧♦ ▲❡♠❛ ✺✳✸✳✸✱ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ ♠ó❞✉❧♦ I✱ q✉❡ σ(2) < · · · < σ(l + 1) ❡

τ(2) < · · · < τ(l + 1) ❡ ❛ss✐♠ ♦s ❣❡r❛❞♦r❡s ❞♦ ❡s♣❛ç♦ Γl,l+1(I) sã♦ f, pi (i ≥ 1) ❡

♦s ♣♦❧✐♥ô♠✐♦s

yj[x1, y1] . . . [xj, yj+1] . . . [xl, yl+1], ♣❛r❛ j > 1 ✭✺✳✶✼✮

❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛ ✺✳✸✳✻✱ ♦ ♣♦❧✐♥ô♠✐♦ yj[x1, y1] é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ y1[x1, yj]✱

[x1, y1, yj] ❡ [x1, yj, y1]✳ P❛r❛ ✜♥❛❧✐③❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦✱ ❜❛st❛ ♦❜s❡r✈❛r

q✉❡ ✭✺✳✶✼✮ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s ❞♦ t✐♣♦

• y1[x1, yj][x2, y2] . . . [xj, yj+1] . . . [xl, yl+1]

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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• [x1, y1, yj][x2, y2] . . . [xj, yj+1] . . . [xl, yl+1] = [x1, y1, y2][x2, y3] . . . [xj, yj+1] . . . [xl, yl+1]

• [x1, yj, y1][x2, y2] . . . [xj, yj+1] . . . [xl, yl+1]

❈♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳ �

❆❣♦r❛✱ ❛ss✉♠✐♥❞♦ m = l + k ≥ l + 2 ❡ ❝♦♥s✐❞❡r❛♥❞♦ ♦s s✉❜❡s♣❛ç♦s Ul,m ❡ Vl,m ❞❡

Γl,m(I) ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s pσ ❡ gτ ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛ σ, τ ∈ Sm✱ ♦✉ s❡❥❛✱

Ul,m = 〈[x1, yσ(1), . . . , yσ(k+1)][x2, yσ(k+2)] . . . [xl, yσ(k+l)] ; σ ∈ Sm〉,

Vl,m = 〈[yσ(1), yσ(2)][x1, yσ(3), . . . , yσ(k+1)][x2, yσ(k+2)] . . . [xl, yσ(k+l)] ; σ ∈ Sm〉.

P❡❧♦ ▲❡♠❛ ✺✳✹✳✹✱ t❡♠♦s✿

Γl,m(I) = Ul,m + Vl,m, (m ≥ l + 2). ✭✺✳✶✽✮

❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦s ▲❡♠❛s ✺✳✸✳✹ ❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ (v) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶ ♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✺✳✹✳✻ ❖ ❡s♣❛ç♦ Ul,m é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

P(j1,...,jl) = [x1, yi1 , . . . , yik , yj1 ][x2, yj2 ] . . . [xl, yjl ],

♦♥❞❡ {1, . . . ,m} = {i1, . . . , ik} ∪ {j1, . . . , jl}✱ m = k + l✱ i1 < . . . < ik ❡ j1 < . . . < jl✳

❆❣♦r❛ ❝♦♥s✐❞❡r❛♠♦s ♦ ❡s♣❛ç♦ Vl,m✳ ❈♦♠❡ç❛r❡♠♦s ❝♦♠ ♦ ❝❛s♦ l = 1 ❡ ♣♦rt❛♥t♦

m ≥ 3✱ ❥á q✉❡ m ≥ l + 2✳

▲❡♠❛ ✺✳✹✳✼ ❖ ❡s♣❛ç♦ V1,m é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s✿

✭✶✮ G = [y1, ym][x1, y2, . . . , ym−1]❀

✭✷✮ G2;(i,j) = [y1, yi][x1, y2, . . . , ŷi, . . . , ŷj, . . . , ym, yj]✱ (2 ≤ i < j ≤ m)❀

✭✸✮ G3;(i) = [y2, yi][x1, y3, . . . , ŷi, . . . , ym, y1]✱ (3 ≤ i ≤ m)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ V ♦ s✉❜❡s♣❛ç♦ ❞❡ V1,m ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s (1), (2) ❡ (3)

❡ s❡❥❛ gσ = [yσ(1), yσ(2)][x1, yσ(3), . . . , yσ(m−1), yσ(m)] ✉♠ ❣❡r❛❞♦r ♣❛r❛ V1,m✳ Pr♦✈❛r❡♠♦s

q✉❡ gσ ∈ V ✳ P♦❞❡♠♦s ❛ss✉♠✐r q✉❡ σ(1) < σ(2)✳ P❡❧♦ ▲❡♠❛ ✺✳✸✳✹✱ ♣♦❞❡♠♦s r❡♦r❞❡♥❛r
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❛s ✈❛r✐á✈❡✐s yσ(3), . . . , yσ(m−1)✱ ❡♥tã♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ σ(3) < . . . < σ(m− 1)✳ ❉❛í✱

1 ∈ {σ(1), σ(3), σ(m)}✳

❙✉♣♦♥❤❛ q✉❡ 1 = σ(m)✳ ❊♥tã♦ gσ = [y2, yi][x1, . . . , ŷi, . . . , y1] = G3;(i) ∈ V ✱ ♦✉

gσ = [yi, yj][x1, y2, . . . , ŷi, . . . , ŷj, . . . , y1]✱ ❝♦♠ 3 ≤ i < j ≤ m✳ ◆❡st❡ ú❧t✐♠♦ ❝❛s♦✱ ♣❡❧♦

▲❡♠❛ ✺✳✸✳✹✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

gσ = [yi, yj][x1, . . . , ŷi, . . . , ŷj, . . . , y2, y1],

❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✺✳✸✳✽✱ ♦❜t❡♠♦s q✉❡ gσ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ♣♦❧✐♥ô♠✐♦s

[y2, yi][x1, . . . , ŷi, . . . , y1] ❡ [y2, yj][x1, . . . , ŷj, . . . , y1]✱ ❛♠❜♦s ♦s ♣♦❧✐♥ô♠✐♦s sã♦ ❞♦ t✐♣♦

(3)✳ ❊♠ r❡s✉♠♦✱ s❡ σ(m) = 1✱ ❡♥tã♦ gσ ∈ V ✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣❛r❛ ♦ ❝❛s♦ 1 = σ(3)✱ ♦ ♣♦❧✐♥ô♠✐♦ [yi, yj][x1, y1, . . . , ŷi, . . . , ŷj, . . . , yσ(m)]

é ✐❣✉❛❧ ❛ [yi, yj][x1, . . . , ŷi, . . . , ŷj, . . . , y1, yσ(m)]✱ ❡ é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ♣♦❧✐♥ô♠✐♦s

[y1, yi][x1, . . . , ŷi, . . . , yσ(m)] ❡ [y1, yj][x1, . . . , ŷj, . . . , yσ(m)]✳

❘❡st❛ ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ σ(1) = 1✳ ➱ s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡

[y1, yi][x1, . . . , ŷi, . . . , yσ(m)] ∈ V.

❈❧❛r❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦ é ✈❡r❞❛❞❡✐r♦ ♣❛r❛ m = 3✳ ❊♥tã♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

m ≥ 4 ❡ ✉s❛r❡♠♦s ✉♠ ❛r❣✉♠❡♥t♦ ❞❡ ✐♥❞✉çã♦ r❡✈❡rs❛ s♦❜r❡ σ(m)✳ ❙❡ σ(m) = m✱

❡♥tã♦ ♦ ♣♦❧✐♥ô♠✐♦ é ❞❛ ❢♦r♠❛ G2,(i,m) ✉♠ ❡❧❡♠❡♥t♦ ❞❡ V ✱ ♣♦✐s ❛ ❝♦♥❞✐çã♦ i < σ(m) é

s❛t✐s❢❡✐t❛✳ ❆ss✉♠✐♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r σ(m) ≥ j + 1 ❡

❝♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦

g = [y1, yi][x1, . . . , ŷi, . . . , yj].

❖❜✈✐❛♠❡♥t❡ s❡ i < j ♥❛❞❛ ❛ ❢❛③❡r✱ ♣♦✐s g = G2,(i,j) ∈ V ✳ ❉❛í✱ ❝♦♥s✐❞❡r❡ i > j ❡ s❡❥❛

h = σ(m− 1)✳

❙❡ j > h✱ ❡♥tã♦✱ ♣❡❧❛ ♥♦ss❛ s✉♣♦s✐çã♦ s♦❜r❡ σ✱ ♦❜t❡♠♦s q✉❡ i = m, j = m − 1 ❡

h = m− 2✱ ♥❡st❡ ❝❛s♦ g = [y1, ym][x1, y2, . . . , ym−1] = G✱ ♦ ♣r✐♠❡✐r♦ ❣❡r❛❞♦r ❞❡ V ✳

❙❡ j < h✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✺✳✸✳✾✱

[y1, yi][x1, . . . , yh, yj] = [y1, yi][x1, . . . , yj, yh]− [yj, yh][x1, . . . , yi, y1]

+ [y1, yh][x1, . . . , yj, yi]− [y1, yj][x1, . . . , yh, yi] (mod I).

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❖s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✶✷✵

❖❜s❡r✈❡ ❛❣♦r❛ q✉❡ ❛ ú❧t✐♠❛ ♣❛r❝❡❧❛ ❞❛ s♦♠❛ ❛♥t❡r✐♦r é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❛ ❢♦r♠❛G2,(i,j) ❞❡

V ✱ ❛ s❡❣✉♥❞❛ ♣❛r❝❡❧❛ é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ V ✱ ❜❛st❛ ♦❜s❡r✈❛r ♦ ❛r❣✉♠❡♥t♦ ♣❛r❛ σ(m) = 1

❡ ❛s ❞❡♠❛✐s ♣❛r❝❡❧❛s ❞❛ s♦♠❛ ♣❡rt❡♥❝❡♠ ❛ V ✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✳ �

❆❣♦r❛✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ❡s♣❛ç♦ Vl,m✱ ♣❛r❛ l ≥ 2✳ P♦rt❛♥t♦ m = l+ k ≥ l+2 ≥ 4

❡ Vl,m é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

gσ = [yσ(1), yσ(2)][x1, yσ(3), . . . , yσ(k+1)][x2, yσ(k+2)] . . . [xl, yσ(l+k)],

♦♥❞❡ σ ∈ Sl+k✳

◆❡st❡ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ❞❡s❝r❡✈❡r❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❧✐♥❡❛r❡s r❡❞✉✲

③✐❞♦ ♣❛r❛ ♦ ❡s♣❛ç♦ Vl,m✳

Pr♦♣♦s✐çã♦ ✺✳✹✳✽ ❖ ❡s♣❛ç♦ Vl,m(m = l + k, ❝♦♠ l ≥ 2 ❡ k ≥ 2) é ❣❡r❛❞♦ ♣❡❧♦s

s❡❣✉✐♥t❡s ♣♦❧✐♥ô♠✐♦s✿

✭✶✮ G = [y1, yk+1][x1, y2, . . . , yk][x2, yk+2] . . . [xl, yl+k];

✭✷✮ G2;(j1,...,jl+1) = [y1, yj1 ][x1, yi1 , . . . , yik−2
, yj2 ][x2, yj3 ] . . . [xl, yjl+1

]

♦♥❞❡ 2 ≤ j1 < . . . < jl+1 ≤ m ❡ 2 ≤ i1 < . . . < ik−2 ≤ m❀

✭✸✮ G3;(j1,...,jl) = [y2, yj1 ][x1, yi1 , . . . , yik−2
, y1][x2, yj2 ] . . . [xl, yjl ]

♦♥❞❡ 3 ≤ j1 < . . . < jl ≤ m ❡ 3 ≤ i1 < . . . < ik−2 ≤ m❀

✭✹✮ G4;(j1,...,jl−1) = [y2, yik−1
][x1, yi1 , . . . , yik−2

, y1][x2, yj1 ] . . . [xl, yjl−1
]

♦♥❞❡ 3 ≤ j1 < . . . < jl−1 ≤ m ❡ 3 ≤ i1 < . . . < ik−1 ≤ m ❝♦♠ j1 < ik−1✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ W ♦ s✉❜❡s♣❛ç♦ ❞❡ Vl,m ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s (1), (2), (3) ❡

(4)✱ ❞❡✜♥✐❞♦s ❛❝✐♠❛✳ ❊s❝r❡✈❡♥❞♦ n = k + 1 ❡✱ ♣❛r❛ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ A ⊆ {1, . . . ,m} ❞❡

❝❛r❞✐♥❛❧✐❞❛❞❡ n✱ s❡❥❛ VA ♦ s✉❜❡s♣❛ç♦ ❞❡ Vl,m ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s gσ✭❞❡✜♥✐❞♦ ❛♥t❡s

❞♦ ▲❡♠❛ ✺✳✹✳✹✮ t❛❧ q✉❡ σ(i) ∈ A ♣❛r❛ t♦❞♦ i = 1, 2, . . . , n✳ Pr♦✈❛r❡♠♦s q✉❡ VA ⊆ W

♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ A✳

❙❡❥❛ A = {a1, . . . , an} ❡ B = {b1, . . . , bn} ✉♠ ♣❛r ❞❡ s✉❜❝♦♥❥✉♥t♦s ♦♥❞❡

a1 < . . . < an ❡ b1 < . . . < bn✳ ❉✐r❡♠♦s q✉❡ A ≤ B s❡ (a1, . . . , an) ≤ (b1, . . . , bn)✱

♥❛ ♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛✳ ❊♥tã♦✱ ♣r♦✈❛r❡♠♦s q✉❡ VA ⊆ W ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦

A✳ ❈♦♥s✐❞❡r❡♠♦s✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ A = {1, . . . , n}✳
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❙❡ gσ ∈ VA ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✺✳✸✳✸✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ σ(n+1) < . . . < σ(m)✱

✐st♦ é✱

gσ = [yσ(1), yσ(2)][x1, yσ(3), . . . , yσ(n)][x2, yn+1] . . . [xl, ym]

P❡❧♦ ▲❡♠❛ ✺✳✹✳✼✱ ♦ ♣♦❧✐♥ô♠✐♦ [yσ(1), yσ(2)][x1, yσ(3), . . . , yσ(n)] é ❡s❝r✐t❛✱ ♠ó❞✉❧♦ I✱

❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ♣♦❧✐♥ô♠✐♦s✿

• G = [y1, yn][x1, y2, . . . , yn−1]

• G2;(i,j) = [y1, yi][x1, y2, . . . , ŷi, . . . , ŷj, . . . , yn, yj]✱ (2 ≤ i < j ≤ n)

• G3;(i) = [y2, yi][x1, y3, . . . , ŷi, . . . , yn, y1]✱ (3 ≤ i ≤ n)

❙❡❣✉❡ q✉❡ gσ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❣❡r❛❞♦r❡s ❞❡W ❡ ♦❜t❡♠♦s q✉❡ V{a1,...,an} ⊆ W ✳

❯t✐❧✐③❛♥❞♦ ♦ ♣r✐♥❝í♣✐♦ ❞❡ ✐♥❞✉çã♦ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ A✱ ❝♦♠♣❛r❛♥❞♦ ♦s n ❡❧❡♠❡♥t♦s

❞❡ ❝❛❞❛ ❝♦♥❥✉♥t♦✳ P♦❞❡♠♦s s✉♣♦r ❛❣♦r❛ q✉❡ A 6= {1, . . . , n} ❡ ❛ss✉♠✐♥❞♦ q✉❡ VB ⊆ W

♣❛r❛ q✉❛❧q✉❡r B < A✳ ❙❡ gσ ∈ VA ❡♥tã♦✱ ❝♦♠♦ ❛r❣✉♠❡♥t❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠♦s

❛ss✉♠✐r q✉❡ σ(n+1) < . . . < σ(m)✳ P♦rt❛♥t♦✱ s❡ 1 6∈ A✱ ❡♥tã♦ 1 = σ(n+1)✳ ❆♣❧✐❝❛♥❞♦

♦ ▲❡♠❛ ✺✳✸✳✸ ❛♦ ♣♦❧✐♥ô♠✐♦

[[x1, yσ(3), . . . , yσ(n−1)], yσ(n)][x2, y1][x3, yσ(n+2)] . . . [xl, yσ(m)],

❡ ♦❜s❡r✈❛♥❞♦ q✉❡ ♦ ❝♦♠✉t❛❞♦r [x1, yσ(3), . . . , yσ(n−1)] é s✐♠étr✐❝♦✱ ♦❜t❡r❡♠♦s

gσ = −[yσ(1), yσ(2)][x1, yσ(3), . . . , yσ(n−1), y1][x2, yσ(n)][x3, yσ(n+2)] . . . [xl, yσ(m)]

■st♦ q✉❡r ❞✐③❡r q✉❡ gσ ∈ VB✱ ♣❛r❛ ❛❧❣✉♠ s✉❜❝♦♥❥✉♥t♦ B < A✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱

gσ ∈ W ✳

❆❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ 1 ∈ A✳ ❙❡❥❛ A = {1, a2, . . . , an}✱ ❡♥tã♦ ♣❡❧♦s

▲❡♠❛s ✺✳✹✳✼ ❡ ✺✳✸✳✸✱ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❡ VA✱ ♠ó❞✉❧♦ I✱ s❡rá ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s

♣♦❧✐♥ô♠✐♦s✿

✭α✮ [y1, yan ][x1, ya2 , . . . , yan−1 ][x2, yb1 ] . . . [xl, ybl−1
]

✭β✮ [y1, yai ][x1, ya2 , . . . , yan , yaj ][x2, yb1 ] . . . [xl, ybl−1
]✱ ❝♦♠ 2 ≤ i < j ≤ n

✭γ✮ [ya2 , yai ][x1, ya3 , . . . , yan , y1][x2, yb1 ] . . . [xl, ybl−1
]✱ ❝♦♠ 3 ≤ i ≤ n✱
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♦♥❞❡ b1 < . . . < bl−1 ❡ {1, . . . ,m} = {1, a2, . . . , an} ∪ {b1, . . . , bl−1}✳ ❈♦♥s✐❞❡r❛r❡♠♦s

s❡♣❛r❛❞❛♠❡♥t❡ ❝❛❞❛ ✉♠ ❞❡st❡s ♣♦❧✐♥ô♠✐♦s✳

❝❛s♦ α✿

g = [y1, yan ][x1, ya2 , . . . , yan−1 ][x2, yb1 ] . . . [xl, ybl−1
].

❙❡ an−1 > b1✱ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛ ✺✳✸✳✸✱

g = −[y1, yan ][x1, ya2 , . . . , yb1 ][x2, yan−1 ] . . . [xl, ybl−1
].

■st♦ ✐♠♣❧✐❝❛ q✉❡ g ∈ VB✱ ♣❛r❛ ❛❧❣✉♠ B = {1, a2, . . . , an−2, b1} < A✳ P♦r ❤✐♣ót❡s❡ ❞❡

✐♥❞✉çã♦✱ g ∈ W ✳

❙❡ an−1 < b1✱ ❡♥tã♦ an−1 = n − 1✱ ✉♠❛ ✈❡③ q✉❡ an−1 < an é ♠❡♥♦r q✉❡ ♦s bi✬s✱

❛ss✐♠

g = [y1, yan ][x1, y2, . . . , yn−1][x2, yb1 ] . . . [xl, ybl−1
].

❈❧❛r❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ an > n✱ ❝❛s♦ ❝♦♥trár✐♦ g = G é ♦ ❣❡r❛❞♦r (1)

❞❡ W ✳ ❙❡❣✉❡ q✉❡ b1 = n ❡ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ (vii) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱ ♦❜t❡♠♦s q✉❡

g − g2 − g3 + g4 ∈ I✱ ♦♥❞❡✿

• g2 = [y1, yn][x1, y2, . . . , yan ][x2, yn−1] . . . [xl, ybl−1
]✱

• g3 = [yan , yn−1][x1, y2, . . . , y1][x2, yn] . . . [xl, ybl−1
]✱

• g4 = [yn−1, yn][x1, y2, . . . , y1][x2, yan ] . . . [xl, ybl−1
]✳

▲♦❣♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✱ ♠ó❞✉❧♦ I✱ g = g2 + g3 − g4✳ ▼❛s

g2 = −[y1, yn][x1, y2, . . . , yn−1][x2, yan ] . . . [xl, ybl−1
],

▲♦❣♦✱ g2 ❡ g4 sã♦ ❡❧❡♠❡♥t♦s ❞❡ V{1,...,n} ⊆ W ✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛ ✺✳✸✳✹✱

g3 = [yan , yn−1][x1, y3, . . . , y2, y1][x2, yn] . . . [xl, ybl−1
].

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❞♦ ▲❡♠❛ ✺✳✸✳✽✱ ♦❜t❡♠♦s q✉❡

g3 = ([yan , y2][x1, y3, . . . , yn−1, y1] + [y2, yn−1][x1, y3, . . . , yan , y1])[x2, yn] . . . [xl, ybl−1
].

❖❜s❡r✈❡♠♦s q✉❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ s♦♠❛ é ✉♠ ❣❡r❛❞♦r ❞❡ W ❞♦ t✐♣♦ (4) ❡ ♦ s❡❣✉♥❞♦

é ❞♦ t✐♣♦ (3)✳ ■st♦ ❝♦♥❝❧✉✐ ♦ ❝❛s♦ α✳
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❝❛s♦ β✿

g = [y1, yai ][x1, ya2 , . . . , yan , yaj ][x2, yb1 ] . . . [xl, ybl−1
], ❝♦♠ 2 ≤ i < j ≤ n.

❙❡ aj < b1✱ ❡♥tã♦ g é ✉♠ ❣❡r❛❞♦r ❞❡ W ❞♦ t✐♣♦ (2)✳

❙❡ aj > b1✱ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛ ✺✳✸✳✸✱

g = −[y1, yai ][x1, ya2 , . . . , yan , yb1 ][x2, yaj ] . . . [xl, ybl−1
], ❝♦♠ 2 ≤ i < j ≤ n

✐st♦ ✐♠♣❧✐❝❛ q✉❡ g ∈ VB✱ ♣❛r❛ B = {1, a2, . . . , aj−1, b1, aj+1, . . . , an} < A ❡✱ ♣♦r ❤✐♣ót❡s❡

❞❡ ✐♥❞✉çã♦✱ g ∈ W ✳

❝❛s♦ γ✿

g = [ya2 , yai ][x1, ya3 , . . . , yan , y1][x2, yb1 ] . . . [xl, ybl−1
], ❝♦♠ 3 ≤ i ≤ n.

❙❡ ai < b1✱ ❡♥tã♦ b1 ≥ 3 ❡ 2 ∈ A✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡ a2 = 2✱ ✉♠❛ ✈❡③ q✉❡

a1 < a2 < . . . < an ❡✱ ❛ss✐♠✱ g é ✉♠ ❣❡r❛❞♦r ❞❡ W ❞♦ t✐♣♦ (3)✳

❆❣♦r❛✱ s❡ ai > b1 ❡ ❛ss✉♠✐♥❞♦ q✉❡ a2 > b1✱ ✐st♦ é✱ b1 = 2✳ P❡❧❛ ✐❞❡♥t✐❞❛❞❡ (vii)

❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱ ♦❜t❡r❡♠♦s h1 − h2 − h3 + g ∈ I✱ ♦♥❞❡✿

• h1 = [y1, y2][x1, ya3 , . . . , yan , ya2 ][x2, yai ] . . . [xl, ybl−1
]❀

• h2 = [y1, yai ][x1, ya3 , . . . , yan , y2][x2, ya2 ] . . . [xl, ybl−1
]❀

• h3 = [y2, ya2 ][x1, ya3 , . . . , yan , y1][x2, yai ] . . . [xl, ybl−1
]✳

▲♦❣♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r g = −h1 + h2 + h3✳ ❈❧❛r❛♠❡♥t❡✱ h1, h3 ∈ VB✱ ♣❛r❛ B =

{1, 2, a2, . . . , âi, . . . , an} < A ❡ s✐♠✐❧❛r♠❡♥t❡ h2 ∈ VB1 ✱ ♣❛r❛ B1 = {1, 2, a3, . . . , an} < A✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ h1, h2, h3 ∈ W ✳

❆ ú❧t✐♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❛ s❡r ❝♦♥s✐❞❡r❛❞❛ é a2 < b1✱ ❛❧é♠ ❞❡ t❡r♠♦s ai > b1✳ ◆❡st❡

❝❛s♦✱ b1 ≥ 3 ❡ a2 = 2✱ ❞❛í

g = [y2, yai ][x1, ya3 , . . . , yan , y1][x2, yb1 ] . . . [xl, ybl−1
].

❙❡ i = n✱ ❡♥tã♦ g é ✉♠ ♣♦❧✐♥ô♠✐♦ ❣❡r❛❞♦r ❞❡ W ❞♦ t✐♣♦ (4)✳

❙❡ i 6= n✱ ❡♥tã♦ ✉s❛♥❞♦ ♠❛✐s ✉♠❛ ✈❡③ ❛ ✐❞❡♥t✐❞❛❞❡ (vii) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱

♦❜t❡r❡♠♦s H1 − H2 − H3 + g ∈ I✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

g = −H1 +H2 +H3✱ ♦♥❞❡✿
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• H1 = [y1, yb1 ][x1, ya3 , . . . , yan , y2][x2, yai ] . . . [xl, ybl−1
]❀

• H2 = [y1, yai ][x1, ya3 , . . . , yan , yb1 ][x2, y2] . . . [xl, ybl−1
]❀

• H3 = [yb1 , y2][x1, ya3 , . . . , yan , y1][x2, yai ] . . . [xl, ybl−1
]✳

❖❜s❡r✈❡ q✉❡ H1, H3 ∈ VB✱ ♣❛r❛ B = {1, 2, a3, . . . , âi, b1, . . . , an} < A✳ ▲♦❣♦✱ ♣♦r

❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ H1, H3 ∈ W ✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ (v)✱ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r H2 ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

H2 = −[y1, yai ][x1, ya3 , . . . , yan , y2][x2, yb1 ] . . . [xl, ybl−1
].

P❡❧♦ ▲❡♠❛ ✺✳✸✳✾✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r H2✱ ♠ó❞✉❧♦ I✱ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ♣♦❧✐♥ô✲

♠✐♦s✿

• q1 = [y1, yai ][x1, ya3 , . . . , y2, yan ][x2, yb1 ] . . . [xl, ybl−1
];

• q2 = [y2, yan ][x1, ya3 , . . . , yai , y1][x2, yb1 ] . . . [xl, ybl−1
];

• q3 = [y1, yan ][x1, ya3 , . . . , y2, yai ][x2, yb1 ] . . . [xl, ybl−1
];

• q4 = [y1, y2][x1, ya3 , . . . , yan , yai ][x2, yb1 ] . . . [xl, ybl−1
].

❯t✐❧✐③❛♥❞♦ ♦ ▲❡♠❛ ✺✳✸✳✸✱ t❡r❡♠♦s q✉❡

q1 = −[y1, yai ][x1, ya3 , . . . , y2, yb1 ][x2, yan ] . . . [xl, ybl−1
].

❆ss✐♠✱ q1 ∈ VC ✱ ♣❛r❛ C = {1, 2, a3, . . . , an−1} ∪ {b1}✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ t❡r❡♠♦s q✉❡

q3, q4 ∈ VC1 ✱ ♣❛r❛ C1 = {1, 2, a3, . . . , âi, . . . , an−1}∪{b1}✳ ❈♦♠♦ C,C1 < A✱ ♣♦r ❤✐♣ót❡s❡

❞❡ ✐♥❞✉çã♦✱ q1, q3, q4 ∈ W ✳

P♦r ✜♠✱ ♣❡❧♦ ▲❡♠❛ ✺✳✸✳✹✱ t❡r❡♠♦s q✉❡

q2 = [y2, yan ][x1, ya3 , . . . , yan−1 , y1][x2, yb1 ] . . . [xl, ybl−1
].

♦ q✉❛❧ é ✉♠ ❣❡r❛❞♦r ❞❡ W ❞♦ t✐♣♦ (4)✳ ❉♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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✺✳✺ ❆ ■♥❞❡♣❡♥❞ê♥❝✐❛ ▲✐♥❡❛r ❞♦s ●❡r❛❞♦r❡s ❞❡ Γl,m(I)

◆❡st❛ s❡çã♦ ♣r♦✈❛r❡♠♦s q✉❡ ♦s ❣❡r❛❞♦r❡s ❞♦ ❡s♣❛ç♦ Γl,m(I)✱ ♦❜t✐❞♦s ♥❛ s❡çã♦

❛♥t❡r✐♦r✱ sã♦ r❡❛❧♠❡♥t❡ ✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✱ ♠ó❞✉❧♦ T∗(R)✳ ❆ ✜♠

❞❡ ❞❡♠♦♥str❛r t❛❧ r❡s✉❧t❛❞♦✱ ♣r❡❝✐s❛r❡♠♦s ❞❡ ✉♠ ♠♦❞❡❧♦ ❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ❛ á❧❣❡❜r❛

r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❛s á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦ ❣❡r❛❞❛ ♣♦r (R, ∗)✳

❈♦♥str✉✐r❡♠♦s✱ ❞❡ ❢♦r♠❛ ♥❛t✉r❛❧✱ ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡✲

❜r❛s s✉♣❡r❝♦♠✉t❛t✐✈❛s✳ ❚♦♠❡ Θ = {θ1, θ2, . . .} ❡ Υ = {t1, t2, . . .} ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s

❡♥✉♠❡rá✈❡✐s ❞❡ ✐♥❞❡t❡r♠✐♥❛❞❛s ❡ ❞❡✜♥❛ K〈Θ∪Υ〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❝♦♠ ✉♥✐✲

❞❛❞❡✱ ❣❡r❛❞❛ ♣♦r Θ∪Υ s♦❜r❡ ♦ ❝♦r♣♦ K ❡ ✐♥❞✉③✐♠♦s ♥❡❧❛ ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ✐♠♣♦♥❞♦

deg(θ) = 0 ♣❛r❛ θ ∈ Θ✱ ❡ deg(t) = 1✱ ♣❛r❛ t ∈ Υ ✭♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r ❬✹❪✮✳

▼✉♥✐❞❛ ❞❡ t❛❧ Z2✲❣r❛❞✉❛çã♦✱ K〈Θ∪Υ〉 é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❧✐✈r❡✳ ❙❡ I

é ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s xy − (−1)deg(x)·deg(y)yx✱ ♣❛r❛ x, y ∈ Θ ∪ Υ✱ ❞❡✜♥✐♠♦s

❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ ❧✐✈r❡✱ ❞❡♥♦t❛❞❛ ♣♦r S = K[Θ;Υ]✱ ❝♦♠♦ s❡♥❞♦ ❛ á❧❣❡❜r❛

q✉♦❝✐❡♥t❡

S = K[Θ;Υ] = K〈Θ ∪Υ〉/I,

❡ ❞❡♥♦t❛r❡♠♦s ♣❡❧❛s ♠❡s♠❛s ❧❡tr❛s t, θ✱ ❛s ✐♠❛❣❡♥s ❞❛s ✈❛r✐á✈❡✐s t, θ ❡♠ S✳ ❖❜s❡r✈❡

q✉❡ ♣♦❞❡♠♦s ✈❡r ❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ ❧✐✈r❡ ❝♦♠♦ s❡♥❞♦ ❛ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s

♥❛s ✈❛r✐á✈❡✐s ❞❡ Θ ❡ ❞❡ Υ✱ t❛✐s q✉❡ ❛s ✈❛r✐á✈❡✐s Θ sã♦ ❝❡♥tr❛✐s ❡ ❛s ❞❡ Υ ❛♥t✐❝♦♠✉t❛♠

❡♥tr❡ s✐✳

Pr♦♣♦s✐çã♦ ✺✳✺✳✶ ❙❡❥❛♠ Θ = {θ1, . . . , θl}✱Υ = {t1, . . . , tm} ❡ A = A0 ⊕ A1 ✉♠❛

á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ q✉❛❧q✉❡r✳ ❉❛❞♦s q✉❛✐sq✉❡r a1, . . . , al ∈ A0 ❡ b1, . . . , bm ∈ A1✱

❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ϕ : S → A t❛❧ q✉❡ ϕ(θi) = ai ❡ ϕ(tj) = bj✱ ♣❛r❛ t♦❞♦

i = 1, . . . , l ❡ j = 1, . . . ,m✳ ❆❧é♠ ❞✐ss♦✱ s❡ m = l ✐st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❛❞♦s q✉❛✐sq✉❡r

c1, c2, . . . , cm ∈ A ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❤♦♠♦❣ê♥❡♦s✮ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦

❤♦♠♦❣ê♥❡♦ ϕ : S → A ❞❡ á❧❣❡❜r❛s Z2✲❣r❛❞✉❛❞❛s t❛❧ q✉❡ ϕ(θi + ti) = ci✱ ♣❛r❛ t♦❞♦

i = 1, 2, . . .m✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✺❪✳ �

❉❡✜♥✐çã♦ ✺✳✺✳✷ S = K[Θ;Υ] é ❝❤❛♠❛❞❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ ❧✐✈r❡ s♦❜r❡ K ♥♦s

❝♦♥❥✉♥t♦s ❡♥✉♠❡rá✈❡✐s ❞❡ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s ❞❡ Θ ❡ ❛♥t✐❝♦♠✉t❛t✐✈❛s ❞❡ Υ✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❊♥tã♦✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ á❧❣❡❜r❛

M1,1(S) =






 a b

c d


 ; a, d ∈ S0, b, c ∈ S1



 .

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦ ∗ ❞❡✜♥✐❞❛ ♣♦r

 a b

c d




∗

=


 d b

−c a




é ✉♠❛ ✐♥✈♦❧✉çã♦ s♦❜r❡ M1,1(S)✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ i ≥ 1✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❡♠

M1,1(S) ❛s ♠❛tr✐③❡s

Xi =


 ui ζi

0 ui


 ❡ Yi =


 vi 0

ηi −vi




♦♥❞❡ ui = t2i−1, vi = t2i, ζi = θ2i−1 ❡ ηi = θ2i✳

❙❡❥❛ D ❛ s✉❜á❧❣❡❜r❛ ❞❡ M1,1(S) ❣❡r❛❞❛ ♣♦r ❡st❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✳ ❯♠❛ ✈❡③

q✉❡ ❛s ♠❛tr✐③❡s Xi sã♦ ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❡ Yi sã♦ ❛♥t✐ss✐♠étr✐❝♦s ❝♦♠ r❡s♣❡✐t♦ à

✐♥✈♦❧✉çã♦ ∗✱ t❡♠♦s q✉❡ ❡st❛ ✐♥✈♦❧✉çã♦ ✐♥❞✉③ ✉♠❛ ✐♥✈♦❧✉çã♦ s♦❜r❡ D✳

❖❜s❡r✈❛çã♦ ✺✳✺✳✸ ❉❛❞♦s w1, . . . , wl ∈ R+ ❡ v1, . . . , vm ∈ R−✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ❤♦♠♦✲

♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦ ψ : D → R t❛❧ q✉❡ ψ(Xi) = wi ❡ ψ(Yj) = vj✱ ♣❛r❛

t♦❞♦ i = 1, . . . , l ❡ j = 1, . . . ,m✳ ■st♦ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✺✳✶✳

▲❡♠❛ ✺✳✺✳✹ ❙❡❥❛ f = f(θ1, . . . , θl, t1, . . . , tm) ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ ❡♠ S = K[Θ;Υ]✳

❊♥tã♦✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ Z2✲❣r❛❞✉❛❞♦ ϕ : S → E t❛❧ q✉❡ ϕ(f) 6= 0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f = f(θ1, . . . , θl, t1, . . . , tm)✱ ♦✉ s❡❥❛✱

f =
∑

m∈I

αmθ
r1
i1
. . . θrnin t

k1
j1
. . . t

kq
jq
,

♦♥❞❡ αm ∈ K✱ ♣❛r❛ ❝❛❞❛ m ∈ I✱ ri = degθiαf ✱ kj = degtjβ f ✱ ♦♥❞❡ α ∈ {1, 2, . . . , n} ❡

β ∈ {1, 2, . . . , q}✳ ❈♦♠♦ f 6= 0 ❡♠ S✱ ❞❡✈❡♠♦s t❡r k1 = k2 = · · · = kq = 1✱ ✉♠❛ ✈❡③ q✉❡

titj = −tjti ✐♠♣❧✐❝❛ t2i = 0✱ ♣❛r❛ t♦❞♦ i, j✱ ❡ αm 6= 0✱ ♣❛r❛ ❛❧❣✉♠ m ∈ I✳ ❉❛í✱

f =
∑

m∈I

αmθ
r1
i1
. . . θrnin tj1 . . . tjq .

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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t♦♠❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦

ϕ : S → E

θi → 1

ti → ei.

❈♦♠♦ E é ❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❝♦♠ ❜❛s❡ ✐♥✜♥✐t❛✱ t❡♠♦s q✉❡

ϕ(f) = ϕ(
∑

m∈I

αmtj1 . . . tjq)

=
∑

m∈I

αmϕ(tj1) . . . ϕ(tjq)

=
∑

m∈I

αmej1 . . . ejq .

❈♦♠♦ ej1 . . . ejq sã♦ ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ E✱ ❞❡✈❡♠♦s t❡r q✉❡ ϕ(f) 6= 0✳ ❈♦♠♦

❡r❛ ❞❡s❡❥❛❞♦✳ �

❚❡♦r❡♠❛ ✺✳✺✳✺ ❆ á❧❣❡❜r❛ ❝♦♠ ✐♥✈♦❧✉çã♦ (D, ∗) é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡

❧✐✈r❡ K〈X∪Y 〉/T∗(R)✱ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❛s á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦ ❞❡t❡r♠✐♥❛❞❛ ♣♦r (R, ∗)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ X = {x1, x2, . . .} ❡ Y = {y1, y2, . . .} ❝♦♥❥✉♥t♦s ❡♥✉♠❡rá✈❡✐s

❞✐s❥✉♥t♦s✳ ❈♦♥s✐❞❡r❡ ♦ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t♦r ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çã♦

ϕ : K〈X ∪ Y 〉 → D

xi → Xi

yi → Yi.

➱ s✉✜❝✐❡♥t❡ ❞❡♠♦♥str❛r q✉❡ Kerϕ = T∗(R)✱ ✐st♦ é✱ f ∈ K〈X ∪ Y 〉 é ✉♠❛ ✐❞❡♥t✐✲

❞❛❞❡ ❡♠ (R, ∗) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ϕ(f) = 0✳

❙❡ f ∈ Kerϕ✱ ❡♥tã♦ f(X1, . . . , Xl, Y1, . . . , Ym) = 0✳ ❉❛❞♦s r1, . . . , rl ∈ R+ ❡

s1, . . . , sm ∈ R−✱ ♦♥❞❡ R+ ❡ R− sã♦ ♦s s✉❜❡s♣❛ç♦s ❞♦s ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❡ ❛♥t✐ss✐✲

♠étr✐❝♦s✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ♥❛t✉r❛❧ q✉❡ ❛♣❧✐❝❛ Xi ♣❛r❛ ri ❡ Yj ♣❛r❛ sj✱

♣❛r❛ ❝❛❞❛ i = 1, 2, . . . , l ❡ j = 1, 2, . . . ,m✳ ▲♦❣♦✱ f(r1, . . . , rl, s1, . . . , sm) = 0✱ ♣❛r❛ t♦❞♦

r1, . . . , rl ∈ R+ ❡ s1, . . . , sm ∈ R−✱ ♦✉ s❡❥❛✱ f ∈ T∗(R)✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❆ ■♥❞❡♣❡♥❞ê♥❝✐❛ ▲✐♥❡❛r ❞♦s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✶✷✽

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡❥❛ f ∈ T∗(R)✱ ♦✉ s❡❥❛✱ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛

(R, ∗)✳ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ❡①✐st❛♠X1, . . . , Xl ❡❧❡♠❡♥t♦s s✐♠étr✐❝♦s ❡ Y1, . . . , Ym

❡❧❡♠❡♥t♦s ❛♥t✐ss✐♠étr✐❝♦s t❛✐s q✉❡

f(X1, . . . , Xl, Y1, . . . , Ym) =


 f11 f12

f21 f22


 6= 0.

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ❛ ❡♥tr❛❞❛ f11 = f11(u1, . . . , ul, v1, . . . , vm)

é ✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦ ❡♠ S✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✺✳✺✳✹✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦

Z2✲❣r❛❞✉❛❞♦ φ : S → E t❛❧ q✉❡ φ(f11) 6= 0✳ ❙❡❥❛ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❝♦♠

✐♥✈♦❧✉çã♦

φ̂ : D → R

(hij) → (φ(hij)),

t❛❧ q✉❡ φ̂(f(X1, . . . , Xl, Y1, . . . , Ym)) 6= 0✳ ▲♦❣♦ f 6∈ T∗(R)✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱

f ∈ kerϕ✳ ❉♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❆❣♦r❛✱ ❡st✉❞❛r❡♠♦s ❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❧✐♥❡❛r ❞♦s ❣❡r❛❞♦r❡s ❞♦s ❡s♣❛ç♦s Γl,m(I)

s♦❜r❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s D✳

▲❡♠❛ ✺✳✺✳✻ ❖s s❡❣✉✐♥t❡s ♣♦❧✐♥ô♠✐♦s✿

• y1 . . . ym❀

• qi = y1 . . . ŷi . . . ym−1[yi, ym] (i = 1, . . . ,m− 1),

sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦ ❛s ∗✲✐❞❡♥t✐❞❛❞❡s ❞❡ R✳

❉❡♠♦♥str❛çã♦✿ ◆❛ á❧❣❡❜r❛ D✱ t❡♠♦s q✉❡

Y1 . . . Ŷi . . . Ym−1[Yi, Ym] = (−1)m−2[2v1 . . . v̂i . . . vm−1(ηivm − viηm)]E21.

❉❡ ❢❛t♦✱ ♣r♦✈❛r❡♠♦s t❛❧ r❡s✉❧t❛❞♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ m✳ P❛r❛ m = 2✱ t❡♠♦s

ym−1[yi, ym] =


 vm−1 0

ηm−1 −vm−1




 0 0

2(ηivm − viηm) 0




=


 0 0

−2vm−1(ηivm − viηm) 0


 .

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❆ ■♥❞❡♣❡♥❞ê♥❝✐❛ ▲✐♥❡❛r ❞♦s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✶✷✾

❙✉♣♦♥❞♦ ♦ r❡s✉❧t❛❞♦ ✈á❧✐❞♦ ♣❛r❛ k✱ ❡ s❡♥❞♦ A = Y1 . . . Ŷi . . . Yk[Yi, Yk+1] t❡r❡♠♦s q✉❡

A = Y1(Y2 . . . Ŷi . . . Yk[Yi, Yk+1])

=


 v1 0

η1 −v1




 0 0

(−1)k−2[2v2 . . . v̂i . . . vk−1(ηivk − viηk)] 0




=


 0 0

(−1)k−1[2v1 . . . v̂i . . . vk(ηivk − viηk)] 0


 .

❙❡❣✉❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ y1 . . . ym ♥ã♦ é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s qi✱ ✉♠❛

✈❡③ q✉❡

Y1 . . . Ym =


 Πm

i=1vi 0

Σm
i=1(−1)i−1ηiv1 . . . v̂i . . . vm Πn

i=1(−1)ivi


 ,

❡ ❛ss✐♠✱ ♦ ♠♦♥ô♠✐♦ v1v2 . . . vm ❞❛ ❡♥tr❛❞❛ (1, 1) ❞♦ ❡❧❡♠❡♥t♦ Y1 . . . Ym é ♥ã♦ ♥✉❧♦ ❡♠

S✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ♠♦♥ô♠✐♦ v1 . . . v̂i . . . vkηivm ❛♣❛r❡❝❡ ❛♣❡♥❛s ♥❛ ❡♥tr❛❞❛ (2, 1) ❞♦s

❡❧❡♠❡♥t♦s Y1 . . . Ŷi . . . Ym−1[Yi, Ym]✳

P♦rt❛♥t♦ ❡ss❡s ♠♦♥ô♠✐♦s sã♦ t♦❞♦s ❞✐st✐♥t♦s ❡♠ S✱ ❡ s❡✉s ❝♦rr❡s♣♦♥❞❡♥t❡s ♣♦✲

❧✐♥ô♠✐♦s sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦ T∗(R)✳ �

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r ❡ ❞♦ ▲❡♠❛ ✺✳✹✳✷✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Γ0,m(I) = Γ0,m(T∗(R)). ✭✺✳✶✾✮

▲❡♠❛ ✺✳✺✳✼ ❖ ♣♦❧✐♥ô♠✐♦ [x1, y1] . . . [xl, yl] 6∈ T∗(R)✳

❉❡♠♦♥str❛çã♦✿ ◆❛ á❧❣❡❜r❛ D✱ t❡♠♦s q✉❡

[Xi, Yi] =


 ζiηi −2ξivi

0 ζiηi


 .

❙❡❣✉❡ q✉❡ ♥❛ ❡♥tr❛❞❛ (1, 1) ❞❡ [X1, Y1] . . . [Xl, Yl] ♦❜t❡r❡♠♦s ♦ ♠♦♥ô♠✐♦ ζ1η1 . . . ζlηl q✉❡

é ♥ã♦ ♥✉❧♦ ❡♠ S✳ �

▲❡♠❛ ✺✳✺✳✽ ❖s s❡❣✉✐♥t❡ ♣♦❧✐♥ô♠✐♦s

• f = y1[x1, y2] . . . [xl, yl+1]❀

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❆ ■♥❞❡♣❡♥❞ê♥❝✐❛ ▲✐♥❡❛r ❞♦s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✶✸✵

• p1 = [x1, y1, y2][x2, y3] . . . [xl, yl+1]❀

• pi = [x1, yi, y1][x2, y2] . . . [xi, yi+1] . . . [xl, yl+1]✱ ♣❛r❛ i = 2, . . . , l + 1✱

sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦ ❛s ∗✲✐❞❡♥t✐❞❛❞❡s ❞❡ R✳

❉❡♠♦♥str❛çã♦✿ ❆✈❛❧✐❛♥❞♦ ♦s ♣♦❧✐♥ô♠✐♦s f ✱ pi✱ ♣❛r❛ i ≥ 1✱ s♦❜r❡ ❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s

Xi ❡ Yi✳ ❖❜s❡r✈❛♠♦s q✉❡ ❛ ❡♥tr❛❞❛ (2, 1) ❞♦s ❡❧❡♠❡♥t♦s pi(X1, . . . , Yl+1) é ③❡r♦ ♣❛r❛

t♦❞♦ i ≥ 1 ❡ ❛ ♠❡s♠❛ ❡♥tr❛❞❛ ❞♦ ❡❧❡♠❡♥t♦ f(X1, . . . , Yl+1) é η1ζ1η2 . . . ζlηl+1✳ ▲♦❣♦✱

❡st❡ ♠♦♥ô♠✐♦ é ♥ã♦ ♥✉❧♦ ❡♠ S✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ f ♥ã♦ é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s

♣♦❧✐♥ô♠✐♦s ❞♦ t✐♣♦ pi✱ ♣❛r❛ i ≥ 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❡ q✉❡ ❛ ❡♥tr❛❞❛ (1, 1) ❞♦

♣♦❧✐♥ô♠✐♦ pi(X1, . . . , Yl+1) é ±2viζ1 . . . ζlη1 . . . η̂i . . . ηl+1✳ ❆ss✐♠✱ ♦❜t❡♠♦s ♠♦♥ô♠✐♦s

❞✐st✐♥t♦s ❡♠ S ♣❛r❛ ❝❛❞❛ i = 1, . . . , l✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s pi sã♦ ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s✱ t❛♠❜é♠✳ �

❉♦ ❧❡♠❛ ❛♥t❡r✐♦r ❡ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✹✳✺✱ ♠♦str❛♠♦s q✉❡

Γl,l+1(I) = Γl,l+1(T∗(R)). ✭✺✳✷✵✮

❉❡ ♠❡s♠❛ ❢♦r♠❛✱ ♣❡❧♦ ▲❡♠❛s ✺✳✹✳✸ ❡ ✺✳✺✳✼✱ ♦❜t❡♠♦s

Γl,l(I) = Γl,l(T∗(R)). ✭✺✳✷✶✮

❖ ú❧t✐♠♦ ❝❛s♦ r❡❢❡r❡✲s❡ ❛♦s ❣❡r❛❞♦r❡s ❞❡ Γl,m(I) ❝♦♠ m = l + k ≥ 2 + k✳ ❊st❡s

❣❡r❛❞♦r❡s sã♦ ♦s ♣♦❧✐♥ô♠✐♦s ♦❜t✐❞♦s ♥❛s Pr♦♣♦s✐çõ❡s ✺✳✹✳✻✱ ✺✳✹✳✽ ❡ ♥♦ ▲❡♠❛ ✺✳✹✳✼✳ ❈♦♠♦

♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ♦ ❝❛s♦ l = 1✳

Pr♦♣♦s✐çã♦ ✺✳✺✳✾ ❖s s❡❣✉✐♥t❡s ♣♦❧✐♥ô♠✐♦s ❞❡ Γ1,m✱ m ≥ 3✿

✭✶✮ G = [y1, ym][x1, y2, . . . , ym−1]❀

✭✷✮ G2;(i,j) = [y1, yi][x1, y2, . . . , ŷi, . . . , ŷj, . . . , ym, yj]✱ (2 ≤ i < j ≤ m)❀

✭✸✮ G3;(i) = [y2, yi][x1, y3, . . . , ŷi, . . . , ym, y1]✱ (3 ≤ i ≤ m)❀

✭✹✮ P(j) = [x1, y1, . . . , ŷj, . . . , ym, yj]✱ (1 ≤ j ≤ m)✱

sã♦ ♦s ❣❡r❛❞♦r❡s ❞❡ Γ1,m(I)✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❡s sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦

❛s ∗✲✐❞❡♥t✐❞❛❞❡s ❞❡ R✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❆ ■♥❞❡♣❡♥❞ê♥❝✐❛ ▲✐♥❡❛r ❞♦s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✶✸✶

❉❡♠♦♥str❛çã♦✿ ❆ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛❞❛ ♥❛ ❡①✲

♣r❡ssã♦ ✭✺✳✶✽✮✱ ❥✉♥t♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✺✳✹✳✻ ❡ ♦ ▲❡♠❛ ✺✳✹✳✼✳ ❘❡st❛ ♠♦str❛r q✉❡ ♦s

♣♦❧✐♥ô♠✐♦s ❞❛❞♦s sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦ ❛s ∗✲✐❞❡♥t✐❞❛❞❡s ❞❡ R✳ ❈♦♠♦

❢♦✐ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛✈❛❧✐❛r❡♠♦s ♦s ♣♦❧✐♥ô♠✐♦s ❞❛❞♦s s♦❜r❡ ❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❞❛

á❧❣❡❜r❛ D✳ ❉❡♥♦t❡♠♦s ♣♦r G,G2;(i,j), G3;(i) ❡ P (j) ♦s ❡❧❡♠❡♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ D✳

❖❜s❡r✈❡✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ q✉❡ ❛ ❡♥tr❛❞❛ (1, 1) ❞❡ P (j) é (−2)m−1ζ1v1 . . . v̂j . . . vmηj

❡ é ♥ã♦ ♥✉❧❛ ❡♠ S✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ ❛✈❛❧✐❛çã♦ ❞❡ ✉♠❛ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s G,G2;(i,j), G3;(i) s♦❜r❡ ❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s X1, Y1, . . . , Ym ❡♥tã♦

❛s ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ❡stã♦ ❛♣❡♥❛s ♥♦s ❝♦❡✜❝✐❡♥t❡s E21 ❡ E22✳ ❉❛í✱ ♣♦❞❡♠♦s ❡st✉❞❛r

❡♠ ❞♦✐s ❝❛s♦s s❡♣❛r❛❞♦s✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❝♦♠♦ ♦s ♠♦♥ô♠✐♦s ζ1v1 . . . v̂j . . . vmηj sã♦ t♦❞♦s ❞✐st✐♥t♦s

❞❡❞✉③✐♠♦s q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s P(j)✱ ♣❛r❛ j = 1, . . . ,m✱ sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳

◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ♣♦❧✐♥ô♠✐♦s

G,G2;(i,j), G3;(i) ❝♦♠ ❝♦❡✜❝✐❡♥t❡s α, α2;(i,j) ❡ α3;(i)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✉♠✐♥❞♦ q✉❡

❡st❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r é ✉♠❛ ∗✲✐❞❡♥t✐❞❛❞❡ ❞❡ R✱ t❡♠♦s

αG+
∑

2≤i<j≤m

α2;(i,j)G2;(i,j) +
m∑

i=3

α3;(i)G3;(i) = 0.

❯s❛♥❞♦ ✉♠ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✱ ❛s

❡♥tr❛❞❛s (2, 1) ❞❛s ♠❛tr✐③❡s G,G2;(i,j) ❡ G3;(i) sã♦✱ ❛ ♠❡♥♦s ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣❡❧♦ ♠❡s♠♦

❝♦❡✜❝✐❡♥t❡ 2(−2)m−3✱ ♦s s❡❣✉✐♥t❡ ♣♦❧✐♥ô♠✐♦s ❞❡ S✿

• G̃ = (η1vm − v1ηm)ζ1v2 . . . vm−2ηm−1❀

• G̃2;(i,j) = (η1vi − v1ηi)ζ1v2 . . . v̂i . . . v̂j . . . vmηj❀

• G̃3;(i) = (η2vi − v2ηi)ζ1v3 . . . v̂i . . . vmη1✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❧❤❛♥❞♦ ♦s ♠♦♥ô♠✐♦s ❡♠ q✉❡ η1 ♥ã♦ ❛♣❛r❡❝❡ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡

❡①♣r❡ssã♦✿

−α(v1ηmζ1v2 . . . vm−2ηm−1)−
∑

2≤i<j≤m

α2;(i,j)(v1ηiζ1v2 . . . v̂i . . . v̂j . . . vmηj) = 0.

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❝❛❞❛ ♣❛r (i, j) t❛❧ q✉❡ i < m − 1 t❡♠✲s❡ α2;(i,j) = 0 ❡ ❛❧é♠ ❞✐ss♦✱

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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α = α2;(m−1,m)✳ ❉❡ ❢❛t♦✱ s❡♣❛r❛♥❞♦ ♦ t❡r♠♦ i = m− 1 ❞♦ s♦♠❛tór✐♦ ❛❝✐♠❛ ♦❜t❡♠♦s

0 = α(v1ηmξ1v2 . . . vm−2ηm−1) + α2;(m−1,m)(v1ηm−1ζ1v2 . . . vm−2ηm)

+
∑

2≤i<j≤m−1

α2;(i,j)(v1ηiζ1v2 . . . v̂i . . . v̂j . . . vmηj)

P❡r♠✉t❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s ηm−1 ❡ ηm✱ ❞❛ s❡❣✉♥❞❛ ♣❛r❝❡❧❛ ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ t❡r❡♠♦s

0 = α(v1ηmζ1v2 . . . vm−2ηm−1)− α2;(m−1,m)(v1ηmζ1v2 . . . vm−2ηm−1)

+
∑

2≤i<j≤m−1

α2;(i,j)(v1ηiζ1v2 . . . v̂i . . . v̂j . . . vmηj)

❖❜s❡r✈❡ q✉❡ ♦s ♠♦♥ô♠✐♦s ❛❝✐♠❛ sã♦ t♦❞♦s ❞✐st✐♥t♦s✱ ♣♦rt❛♥t♦ ♣❛r❛ ❝❛❞❛ ♣❛r (i, j) t❛❧

q✉❡ i < m− 1 t❡♠✲s❡ α2;(i,j) = 0✳ ❙❡❣✉❡ q✉❡

α(v1ηmζ1v2 . . . vm−2ηm−1)− α2;(m−1,m)(v1ηm−1ζ1v2 . . . vm−2ηm) = 0.

❆ss✐♠✱ α = α2;(m−1,m)✳ ❙❡♥❞♦ β = α2;(m−1,m)✱ ❡♥tã♦ α = β ❡ t❡r❡♠♦s

αG̃+ βG̃2;(m−1,m) +
m∑

i=3

α3;(i)G̃3; (i) = 0. ✭✺✳✷✷✮

❙❡❥❛m > 3✳ ❙❡ 3 ≤ i ≤ m−1✱ ❡♥tã♦ ♦❜s❡r✈❛r❡♠♦s q✉❡ ♦ ♠♦♥ô♠✐♦ v2ηiζ1v3 . . . v̂i . . . vmη1

❛♣❛r❡❝❡ ❛♣❡♥❛s ♥♦s ♣♦❧✐♥ô♠✐♦s G̃3;(i)✳ P♦rt❛♥t♦✱ α3;(i) = 0✱ ♣❛r❛ q✉❛❧q✉❡r i = 3, . . . ,m−

1 ❡ ♦❜t❡♠♦s ❞❛ ❊q✳ ✭✺✳✷✷✮ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

0 = αG̃+ βG̃2;(m−1,m) + α3;(m)G̃3;(m).

▲♦❣♦✱

0 = α(η1vm − v1ηm)ζ1v2 . . . vm−2ηm−1 + β(η1vm−1 − v1ηm−1)ζ1v2 . . . vm−2ηj

+ α3;(m)(η2vm − v2ηm)ζ1v3 . . . vm−1η1,

❞♦♥❞❡ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ q✉❡ α = β = α3;(m) = 0✳

❘❡st❛ ✈❡r✐✜❝❛r ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ m = 3✳ ◆❡st❡ ❝❛s♦✱ ❡s❝r❡✈❡♠♦s ❛ ❊q✳ ✭✺✳✷✷✮

❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

αG̃+ βG̃2;(2,3) + α3;(3)G̃3;(3) = 0,

✐st♦ é✱

0 = α(η1v3 − v1η3)ζ1η2 + β(η1v2 − v1η2)ζ1η3 + α3;(3)(η2v3 − v2η3)ζ1η1.

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❆❣♦r❛ ✈❡r✐✜❝❛✲s❡ ❢❛❝✐❧♠❡♥t❡ q✉❡ α = β = α3;(3) = 0✱ ❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❛ ú❧t✐♠❛ ♣r♦♣♦s✐çã♦ t❡♠♦s✿

Γ1,m(I) = Γ1,m(T∗(R)), m ≥ 3. ✭✺✳✷✸✮

Pr♦♣♦s✐çã♦ ✺✳✺✳✶✵ ❙❡❥❛ m = l + k✳ ❙❡ l ≥ 2 ❡ k ≥ 2✱ ❡♥tã♦ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ Γl,m✿

✭✶✮ G = [y1, yk+1][x1, y2, . . . , yk][x2, yk+2] . . . [xl, yl+k]❀

✭✷✮ G2;(j1,...,jl+1) = [y1, yj1 ][x1, yi1 , . . . , yik−2
, yj2 ][x2, yj3 ] . . . [xl, yjl+1

]✱

♦♥❞❡ 2 ≤ j1 < . . . < jl+1 ≤ m ❡ 2 ≤ i1 < . . . < ik−2 ≤ m❀

✭✸✮ G3;(j1,...,jl) = [y2, yj1 ][x1, yi1 , . . . , yik−2
, y1][x2, yj2 ] . . . [xl, yjl ]✱

♦♥❞❡ 3 ≤ j1 < . . . < jl ≤ m ❡ 3 ≤ i1 < . . . < ik−2 ≤ m❀

✭✹✮ G4;(j1,...,jl−1) = [y2, yik−1
][x1, yi1 , . . . , yik−2

, y1][x2, yj1 ] . . . [xl, yjl−1
]✱

♦♥❞❡ 3 ≤ j1 < . . . < jl−1 ≤ m ❡ 3 ≤ i1 < . . . < ik−1 ≤ m✱ ❝♦♠ j1 < ik−1❀

✭✺✮ P(j1,...,jl) = [x1, yi1 , . . . , yik , yj1 ][x2, yj2 ] . . . [xl, yjl ]✱

♦♥❞❡ j1 < . . . < jl ❡ i1 < . . . < ik✱

sã♦ ❣❡r❛❞♦r❡s ❞❡ Γl,m(I)✳ ❆❧é♠ ❞✐ss♦✱ ❡st❡s ♣♦❧✐♥ô♠✐♦s sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s

♠ó❞✉❧♦ ❛s ∗✲✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ R✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ♥❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ♣r♦♣♦s✐çã♦ é ✉♠❛

❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ✭✺✳✶✽✮ ❥✉♥t♦ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞❛s Pr♦♣♦✲

s✐çõ❡s ✺✳✹✳✻ ❡ ✺✳✹✳✽✳

❆ss✐♠✱ r❡st❛ ♠♦str❛r ❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❧✐♥❡❛r ❞♦s ❣❡r❛❞♦r❡s ❞❡ Γl,m(I) ♠ó❞✉❧♦ ❛s

∗✲✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ R✳ ❆✈❛❧✐❛r❡♠♦s t♦❞♦s ♦s ❣❡r❛❞♦r❡s ❞❛❞♦s s♦❜r❡ ❛s ♠❛tr✐③❡s

❣❡♥ér✐❝❛s X1, . . . , Xl, Y1, . . . , Ym✳ ❉❡♥♦t❛r❡♠♦s ♣♦r · ♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡❧❡♠❡♥t♦s ❡♠

D✳ ❈♦♠♦ ❢♦✐ ❢❡✐t♦ ♥❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❞✐✈✐❞✐r ❛ ♣r♦✈❛ ❡♠ ❞♦✐s ❝❛s♦s✳

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ ❡♥tr❛❞❛ (1, 1) ❞❡ P (j1,...,jl) é ♦ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦

(−2)kζ1vi1 . . . vi1ηj1ζ2ηj2 . . . ζlηjl ❞❡ S✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡

❡❧❡♠❡♥t♦s G,G2;(j1,...,jl+1), G3;(j1,...,jl) ❡ G4;(j1,...,jl−1) é ♥ã♦ ♥✉❧❛ ❛♣❡♥❛s ♥❛s ❡♥tr❛❞❛s (2, 1)

❡ (2, 2)✳ P♦r ✐ss♦✱ ♣♦❞❡♠♦s ❞✐✈✐❞✐r ❡♠ ❞♦✐s ❝❛s♦s s❡♣❛r❛❞❛♠❡♥t❡✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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◆♦ ♣r✐♠❡✐r♦ ❝❛s♦ ♦❜t❡♠♦s ❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❧✐♥❡❛r ❞♦s ♣♦❧✐♥ô♠✐♦s P(j1,...,jl) ❥á q✉❡

♦s ♠♦♥ô♠✐♦s ❝♦rr❡s♣♦♥❞❡♥t❡s (−2)kζ1vi1 . . . vikηj1ζ2ηj2 . . . ζlηjl sã♦ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s

❡♠ S✳

◆♦ s❡❣✉♥❞♦ ❝❛s♦ ❛♥❛❧✐s❛r❡♠♦s ❛s ❡♥tr❛❞❛s (2, 1) ❞❛s ♠❛tr✐③❡s ❞❡ D✳ ❱❛♠♦s

❝♦♥s✐❞❡r❛r ♦s s❡❣✉✐♥t❡s ♣♦❧✐♥ô♠✐♦s ❞❡ S✿

• G̃ = (η1vk+1 − v1ηk+1)ζ1v2 . . . vk−1ηkζ2ηk+2 . . . ζlηk+l❀

• G̃2;(j1,...,jl+1) = (η1vj1 − v1ηj1)ζ1vi1 . . . vik−2
ηj2ζ2ηj3 . . . ζlηjk+l

❀

• G̃3;(j1,...,jl) = (η2vj1 − v2ηj1)ζ1vi1 . . . vik−2
η1ζ2ηj2 . . . ζlηjl ❀

• G̃4;(j1,...,jl−1) = (η2vik−1
− v2ηik−1

)ζ1vi1 . . . vik−2
η1ζ2ηj1 . . . ζlηjl−1

✱

♦♥❞❡ ♦s í♥❞✐❝❡s s❛t✐s❢❛③❡♠ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s q✉❡ (1), (2), (3) ❡ (4) ❞♦ ❡♥✉♥❝✐❛❞♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡♥♦t❡ ♣♦r C(i) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❣❡r❛❞♦r❡s ❞♦ t✐♣♦ (i)✱ ❝♦♠

i = 2, 3, 4✱ ❞❛❞♦ ♥♦ ❡♥✉♥❝✐❛❞♦ ❞❛ ♣r♦♣♦s✐çã♦✳ ❈❧❛r❛♠❡♥t❡ ❛ ❡♥tr❛❞❛ (2, 1) ❞❡ G é

2(−2)k−2G̃✱ ♦ ♠❡s♠♦ ✈❛❧❡♥❞♦ ♣❛r❛ q✉❛❧q✉❡r ♦✉tr♦ ❣❡r❛❞♦r✱ q✉❡ ♥❛ ❡♥tr❛❞❛ (2, 1) ❞❡

H é 2(−2)k−2H̃✱ ♣❛r❛ t♦❞♦ H ∈ C(i)✱ ♣❛r❛ t♦❞♦ i = 2, 3, 4✳ ❆ss✉♠✐♠♦s q✉❡ ❛❧❣✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r✱

αG+
∑

H∈C(2)

αHH +
∑

H∈C(3)

αHH +
∑

H∈C(4)

αHH,

é ✉♠ ∗✲✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ R✳ P♦rt❛♥t♦✱ ♦❜t❡♠♦s q✉❡ ♥❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛

❧✐✈r❡ S

αG̃+
∑

H∈C(2)

αHH̃ +
∑

H∈C(3)

αHH̃ +
∑

H∈C(4)

αHH̃ = 0. ✭✺✳✷✹✮

❙❡ ♥❛ ❊q✳ ✭✺✳✷✹✮ ❝♦♥s✐❞❡r❛r♠♦s ❛♣❡♥❛s ♦s ♠♦♥ô♠✐♦s ❡♠ q✉❡ η1 ♥ã♦ ❛♣❛r❡❝❡♠✱ ♦❜t❡r❡✲

♠♦s

αw +
∑

H∈C(2)

αHwH = 0,

♦♥❞❡

w = v1ηk+1ζ1v2 . . . vk−1ηkζ2ηk+2 . . . ζlηk+l

❡

wH = v1ηj1ζ1vi1 . . . vik−2
ηj2ζ2ηj3 . . . ζlηjk+l

✱ s❡ H = G2;(j1,...,jl+1) ∈ C(2)✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❆ ■♥❞❡♣❡♥❞ê♥❝✐❛ ▲✐♥❡❛r ❞♦s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✶✸✺

P♦rt❛♥t♦✱ ♣❛r❛ q✉❛❧q✉❡r H ∈ C(2)✱ t❡♠♦s q✉❡ αH = 0✱ s❡ H 6= G2;(k,...,k+l) := G2✳

❙❡❥❛ β = αG2 ✱ ❛ss✐♠ ❛ ❊q✳ ✭✺✳✷✹✮ t♦r♥❛✲s❡

αG̃+ βG̃2 +
∑

H∈C(3)

αHH̃ +
∑

H∈C(4)

αHH̃ = 0. ✭✺✳✷✺✮

❆❣♦r❛✱ ✜①❡♠♦s ❛ s❡q✉ê♥❝✐❛ (j1, . . . jl)✱ ♦♥❞❡ 3 ≤ j1 < . . . < jl ≤ m−1✳ ❈♦♥s✐❞❡r❡♠♦s ♦s

♣♦❧✐♥ô♠✐♦s ❡♥✈♦❧✈✐❞♦s ♥❛ ❊q✳ ✭✺✳✷✺✮ ❡ ♦❜s❡r✈❡♠♦s q✉❡ ❛s ✈❛r✐á✈❡✐s η1, ηj1 , . . . , ηjl ❛♣❛r❡✲

❝❡♠ ❛♣❡♥❛s ♥♦ s♦♠❛tór✐♦ H̃ = G̃3;(j1,...,jl)✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❝♦rr❡s♣♦♥❞❡♥t❡

αH é ♥✉❧♦ ❡ ♦❜t❡r❡♠♦s

αG̃+ βG̃2 +
∑

3≤j1<...<jl−1<m

α(j1,...jl)G̃3;(j1,...,jl−1,m) +
∑

H∈C(4)

αHH̃ = 0. ✭✺✳✷✻✮

◆❡st❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥str❛çã♦✱ ✜①❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♥t❡✐r♦s (j1, . . . jl)✱ ♦♥❞❡

3 ≤ j1 < . . . < jl ≤ m−1 ❡ ❝♦♥s✐❞❡r❡♠♦s ♦s ♣♦❧✐♥ô♠✐♦s ❡♥✈♦❧✈✐❞♦s ♥❛ ❊q✳ ✭✺✳✷✻✮✳ ◆♦t❡✲

♠♦s q✉❡ ❛s ✈❛r✐á✈❡✐s η1, η2, ηj1 , . . . , ηjl−1
❛♣❛r❡❝❡♠ ❛♣❡♥❛s ♥♦ ♣♦❧✐♥ô♠✐♦

H̃ = G̃4;(j1,...,jl−1) ❡ s❡✉ r❡s♣❡❝t✐✈♦ ❝♦❡✜❝✐❡♥t❡ ❞❡✈❡ s❡r ③❡r♦✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡

l > 2 ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r ❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❧✐♥❡❛r✱ ♠ó❞✉❧♦ T∗(R) ❞♦s s❡❣✉✐♥t❡s

♣♦❧✐♥ô♠✐♦s ❞❡ Γl,m ❝♦♠ m = l + k✿

• G = [y1, yk+1][x1, y2, . . . , yk][x2, yk+2] . . . [xl−1, ym−1][xl, ym]❀

• G2 = [y1, yk][x1, y2, . . . , yk+1][x2, yk+2] . . . [xl−1, ym−1][xl, ym]❀

• G3;(j1,...,jl−1,m) = [y2, yj1 ][x1, yi1 , . . . , yik−2
, y1][x2, yj2 ] . . . [xl−1, yjl−1

][xl, ym]✱

♦♥❞❡ 3 ≤ j1 < . . . < jl−1 ≤ m− 1 ❡ 3 ≤ i1 < . . . < ik−2 ≤ m− 1❀

• G4;(j1,...,jl−2,m) = [y2, yik−1
][x1, yi1 , . . . , yik−2

, y1][x2, yj1 ] . . . [xl−1, yjl−2
][xl, ym]✱

♦♥❞❡ 3 ≤ j1 < . . . < jl−2 ≤ m− 1 ❡ 3 ≤ i1 < . . . < ik−1 ≤ m− 1✱ ❝♦♠ j1 < ik−1❀

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ l = 2 t❡r❡♠♦s q✉❡ ❝♦♥s✐❞❡r❛r ♦s ♣♦❧✐♥ô♠✐♦s

• G = [y1, yk+1][x1, y2, . . . , yk][x2, ym]❀

• G2 = [y1, yk][x1, y2, . . . , yk+1][x2, ym]❀

• G3;(j,m) = [y2, yj1 ][x1, yi1 , . . . , yik−2
, y1][x2, ym]✱

♦♥❞❡ 3 ≤ j1 ≤ m− 1 ❡ 3 ≤ i1 < . . . < ik−2 ≤ m− 1✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●



❈❛♣ít✉❧♦ ✺✳ ❆ ■♥❞❡♣❡♥❞ê♥❝✐❛ ▲✐♥❡❛r ❞♦s ●❡r❛❞♦r❡s ❞❡ Γl,m(I) ✶✸✻

❖❜s❡r✈❛♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ♣♦❧✐♥ô♠✐♦s ❛♥t❡r✐♦r❡s✱ ♦ ú❧t✐♠♦ ❝♦♠✉t❛❞♦r é [xl, ym]✳

P♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ ✜♥❛❧ s❡❣✉❡ ✉s❛♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ l = m − k ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦

❛♥t❡r✐♦r✳ ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s ♦ r❡s✉❧t❛❞♦✳ �

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

Γl,m(I) = Γl,m(T∗(R)), ♣❛r❛ m = l + k, l ≥ 2, k ≥ 2. ✭✺✳✷✼✮

▲❡♠❜r❛♠♦s q✉❡ ♥♦ ❝❛s♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ q✉❛❧q✉❡r T∗✲✐❞❡❛❧ ♥❛ á❧❣❡❜r❛ ❧✐✈r❡

❝♦♠ ✐♥✈♦❧✉çã♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛s ❝♦♠♣♦♥❡♥t❡s ∗✲♣ró♣r✐❛s

♠✉❧t✐❧✐♥❡❛r❡s✳ ❊♥tã♦ ♣❡❧❛s ❊q✳ ✭✺✳✶✾✮✱ ✭✺✳✷✵✮✱ ✭✺✳✷✶✮✱ ✭✺✳✷✸✮ ❡ ✭✺✳✷✼✮ ❞❡st❛ s❡çã♦ ♦❜t❡✲

♠♦s ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✷✱ q✉❡ ❡r❛ ♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❇❡③❡rr❛ ❏ú♥✐♦r ❯❋❈●
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❬✶❪ ❆❚■❨❆❍✱ ▼✳ ❋✳❀ ▼❆❈❉❖◆❆▲❉✱ ▲✳ ●✳❀ ■♥tr♦❞✉❝t✐♦♥ ❛❧ ❆❧❣❡❜r❛ ❈♦♠♠✉t❛t✐✈❡✳

❘❡✈❡rt❡✱ ❇❛r❝❡❧♦♥❛✱ ✭✶✾✼✸✮✳

❬✷❪ ❆▼■❚❙❯❘✱ ❙✳ ❆✳ ■❞❡♥t✐t✐❡s ✐♥ r✐♥❣s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥s✳ ■sr❛❡❧ ❏✳ ▼❛t❤✳ ✼✱ ✻✸✕✻✽

✭✶✾✻✾✮✳

❬✸❪ ❆▼■❚❙❯❘✱ ❙✳ ❆✳❀ ▲❊❱■❚❩❑■✱ ❏✳❀ ▼✐♥✐♠❛❧ ■❞❡♥t✐t✐❡s ❢♦r ❛❧❣❡❜r❛s✱ Pr♦❝✳ ❆♠❡r✳

▼❛t❤✳ ❙♦❝✳ ✹ ✹✹✾✲✹✻✸ ✭✶✾✺✵✮✳

❬✹❪ ❆③❡✈❡❞♦✱ ❙✳ ❙✳ ❀■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ ➪❧❣❡❜r❛s ❞❡ ▼❛tr✐③❡s✱ ❚❡s❡ ❞❡ ❞♦✉t♦✲

r❛❞♦ ❡♠ ♠❛t❡♠át✐❝❛✱ ■▼❊❈❈✴❯◆■❈❆▼P✱ ❙ã♦ P❛✉❧♦✱ ✭✷✵✵✸✮✳

❬✺❪ ❇❊❘❊▲❊✱ ❆✳ ●❡♥❡r✐❝ ✈❡r❜❛❧❧② ♣r✐♠❡ ❛❧❣❡❜r❛s ❛♥❞ t❤❡✐r ●❑✲❞✐♠❡♥s✐♦♥s✱ ❈♦♠♠✉♥✳

❆❧❣❡❜r❛ ✷✶✭✺✮✱ ✶✹✽✼✲✶✺✵✹ ✭✶✾✾✸✮✳

❬✻❪ ❇❖❑❯❚✱ ▲✳❆✳❀ ❈❍❊◆✱ ❨✳❀ ❈❍❊◆✱ ❨✳❀ ●rö❜♥❡r✲❙❤✐rs❤♦✈ ❜❛s❡s ❢♦r ▲✐❡ ❛❧❣❡❜r❛s

♦✈❡r ❛ ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛✯✱ ❏♦✉r♥❛❧ ♦❢ ❆❧❣❡❜r❛✱ ❱♦❧✉♠❡ ✸✸✼ ✶ ❏✉❧②✱ P❛❣❡s

✽✷✕✶✵✷ ✭✷✵✶✶✮✳

❬✼❪ ❇❖❑❯❚✱ ▲✳❆✳❀ ❈❍❊◆✱ ❨✳❀▲■✱ ❨✳❀ ▲②♥❞♦♥✕❙❤✐rs❤♦✈ ❜❛s✐s ❛♥❞ ❛♥t✐✲❝♦♠♠✉t❛t✐✈❡

❛❧❣❡❜r❛s✱ ❏♦✉r♥❛❧ ♦❢ ❆❧❣❡❜r❛✱ ❱♦❧✉♠❡ ✸✼✽✱ ✶✺ ▼❛r❝❤ ✱ P❛❣❡s ✶✼✸✕✶✽✸ ✭✷✵✶✸✮✳

❬✽❪ ❇❖❑❯❚✱ ▲✳❆✳❀ ❈❍❊◆✱ ❨✳◗✳❀ ●rö❜♥❡r✕❙❤✐rs❤♦✈ ❜❛s❡s ❢♦r ▲✐❡ ❛❧❣❡❜r❛s✱ ❛❢t❡r ❆✳■✳

❙❤✐rs❤♦✈✱ ❙♦✉t❤❡❛st ❆s✐❛♥ ❇✉❧❧✳ ▼❛t❤✳ ✸✶✳ ✶✵✺✼✕✶✵✼✻ ✭✷✵✵✼✮✳
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