
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❍✐♣❡rs✉♣❡r❢í❝✐❡s ❚✐♣♦✲❊s♣❛ç♦ ❝♦♠
❈✉r✈❛t✉r❛ ❞❡ ❖r❞❡♠ ❙✉♣❡r✐♦r
❈♦♥st❛♥t❡ ♥♦ ❊s♣❛ç♦ ❞❡ ❙✐tt❡r

♣♦r

❋á❜✐♦ ❘❡✐s ❞♦s ❙❛♥t♦s †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ▼❛r❝♦ ❆♥t♦♥✐♦ ▲á③❛r♦ ❱❡❧ásq✉❡③

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙



❍✐♣❡rs✉♣❡r❢í❝✐❡s ❚✐♣♦✲❊s♣❛ç♦ ❝♦♠
❈✉r✈❛t✉r❛ ❞❡ ❖r❞❡♠ ❙✉♣❡r✐♦r
❈♦♥st❛♥t❡ ♥♦ ❊s♣❛ç♦ ❞❡ ❙✐tt❡r

♣♦r

❋á❜✐♦ ❘❡✐s ❞♦s ❙❛♥t♦s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❈í❝❡r♦ P❡❞r♦ ❞❡ ❆q✉✐♥♦ ✲ ❯❋P■

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❍❡♥r✐q✉❡ ❋❡r♥❛♥❞❡s ❞❡ ▲✐♠❛ ✲ ❯❋❈●

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ▼❛r❝♦ ❆♥t♦♥✐♦ ▲á③❛r♦ ❱❡❧ásq✉❡③ ✲ ❯❋❈●

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼❛rç♦✴✷✵✶✸

✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❞❡s❡♥✈♦❧✈❡♠♦s ❛s ❋ór♠✉❧❛s ■♥t❡❣r❛✐s t✐♣♦✲▼✐♥❦♦✇s❦✐ ♣❛r❛ ❤✐♣❡r✲

s✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦✱ ❝♦♠♣❛❝t❛s ❝♦♠ ❜♦r❞♦ ✐♠❡rs❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r Sn+1
1 ❡ ♣♦s✲

s✉✐♥❞♦ ❛❧❣✉♠❛ ❝✉r✈❛t✉r❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❝♦♥st❛♥t❡✳ ❆♣❧✐❝❛♠♦s ❡st❛s✱ ♣❛r❛ ❡st❛✲

❜❡❧❡❝❡r ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ❜♦r❞♦ q✉❛♥❞♦ s❡ tr❛t❛

❞❡ ✉♠❛ ❡s❢❡r❛ ❣❡♦❞és✐❝❛ ❝♦♥t✐❞❛ ❡♠ ✉♠ ❤✐♣❡r♣❧❛♥♦ ❞♦ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡ Hn+1 ⊂ S
n+1
1 ✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❱❛r✐❡❞❛❞❡s ❞❡ ▲♦r❡♥t③✱ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡✱ ❤✐♣❡rs✉♣❡r❢í❝✐❡s

t✐♣♦✲❡s♣❛ç♦✱ ❝✉r✈❛t✉r❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r✳

✐✐✐



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ ❞❡✈❡❧♦♣ ▼✐♥❦♦✇s❦✐✲t②♣❡ ❢♦r♠✉❧❛❡ ❢♦r ❝♦♠♣❛❝t s♣❛❝❡❧✐❦❡ ✐♠♠❡rs❡❞

❤②♣❡rs✉r❢❛❝❡s ✇✐t❤ ❜♦✉♥❞❛r② ❛♥❞ ❤❛✈✐♥❣ s♦♠❡ ❝♦♥st❛♥t ❤✐❣❤❡r ♦r❞❡r ♠❡❛♥ ❝✉r✈❛t✉r❡

✐♥ ❞❡ ❙✐tt❡r s♣❛❝❡ S
n+1
1 ✳ ❲❡ ❛♣♣❧② t❤❡♠ t♦ ❡st❛❜❧✐s❤ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠❡❛♥

❝✉r✈❛t✉r❡ ❛♥❞ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❜♦✉♥❞❛r②✱ ✇❤❡♥ ✐t ✐s ❛ ❣❡♦❞❡s✐❝ s♣❤❡r❡ ❝♦♥t❛✐♥❡❞

✐♥t♦ ❛ ❤♦r✐③♦♥t❛❧ ❤②♣❡r♣❧❛♥❡ ♦❢ t❤❡ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡ Hn+1 ⊂ S
n+1
1 ✳

❑❡②✇♦r❞s✿ ▲♦r❡♥t③ ▼❛♥✐❢♦❧❞s✱ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡✱ s♣❛❝❡❧✐❦❡ ❤②♣❡rs✉r❢❛❝❡s✱ ❝✉r✲

✈❛t✉r❡ ♦❢ ❤✐❣❤❡r ♦r❞❡r✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s✱ ♣♦✐s s❡♠ ❡❧❡ ❡✉ ♥ã♦ s❡r✐❛✳ ❆♦s ♠❡✉s ♣❛✐s✱ ▼❛r✐❛

❘❡♥✐❧❞❡s ❡ ❋r❛♥❝✐s❝♦✱ ♣❡❧❛ ❡❞✉❝❛çã♦✱ ✐♥❝❡♥t✐✈♦✱ ❛♠♦r ❡ ❞❡❞✐❝❛çã♦✳ ➚s ♠✐♥❤❛s ✐r♠ãs✱

❑❛t✐❛♥❡ ❡ ❙❤❡✐❧❛✳ ❊♠ ❡s♣❡❝✐❛❧ ❛ ú❧t✐♠❛✱ ❛ q✉❛❧ ❞❡✐①♦ r❡❣✐str❛❞♦ ❛q✉✐ ♦s ♠❡✉s ♣❛r❛❜é♥s

♣❡❧❛ r❡❝é♠ ❢♦r♠❛çã♦ ❡♠ ❛❞♠✐♥✐str❛çã♦✳

❆ ❆❧✐♥❡✱ ♣❡❧♦ ❛♣♦✐♦✱ ❝❛r✐♥❤♦ ❡ tr❛♥q✉✐❧✐❞❛❞❡ tr❛♥s♠✐t✐❞❛ ❡ ♣♦r ♥ã♦ ✜❝❛r ❝❤❛t❡❛❞❛

❝♦♠✐❣♦ t♦❞❛s ❛s ✈❡③❡s q✉❡ ❡✉ ❡sq✉❡❝✐❛ ❞❡ ❧✐❣❛r ♣❛r❛ ❡❧❛✳ ❙❡♠ ❡sq✉❡❝❡r ❞❡ ❇ár❜❛r❛✱

♠✐♥❤❛ ❝✉♥❤❛❞❛ ✭♠❛✐s ♣ró①✐♠❛✮ ♣r❡❢❡r✐❞❛✱ q✉❡ ❡st❛ s❡♠♣r❡ ❝♦♠♣r❛♥❞♦ r❡♠é❞✐♦s ♣❛r❛

♠✐♠✳

❆♦s ❛♠✐❣♦s✱ ▲✉❝✐❛♥♦ ❡ ▲✉✐s✱ ♣❡❧♦ ❡①❝❡❧❡♥t❡ ❝♦♥✈í✈✐♦ ❡ ♠♦♠❡♥t♦s ❞❡ ❞✐str❛çã♦

♥❡st❡s ❞♦✐s ❛♥♦s✳ ❆♦s ❝♦❧❡❣❛s ❞♦ ♠❡str❛❞♦✱ ❘♦♠✐❧❞♦✱ P❛trí❝✐♦✱ ❆✐❧t♦♥✱ ❉é❜♦r❛✱ ❊❧✐③❛✲

❜❡t❤✱ ❋❛❜rí❝✐♦✱ ❆rt❤✉r✱ ❇r✐t♦✱ ❈❧❛✉❞❡♠✐r✱ ❆♥t♦♥✐♦ ▼❛r❝♦s✱ ❊♠❛♥✉❡❧❛ ❡ ❏♦❣❧✐ ✭❡s♣❡r♦

♥ã♦ t❡r ❡sq✉❡❝✐❞♦ ♥✐♥❣✉é♠✮ ♣❡❧❛s ❛❧t❛s ❝♦♥✈❡rs❛s ♥❛ s❛❧❛ ❞❡ ❡st✉❞♦✱ ♣❡❧♦ ❜♦♠ ❝♦♥✈í✈✐♦

❡ ♣❡❧♦s ❜❛t❡✲♣❛♣♦s ♥♦ ❤♦rár✐♦ ❞♦ ❝❛❢é✳

❆♦s ♣r♦❢❡ss♦r❡s ❊✈❛♥❞r♦ ❡ ▼❛✉rí❝✐♦✱ q✉❡ ❛❧é♠ ❞♦s ❡♥s✐♥❛♠❡♥t♦s tr❛♥s♠✐t✐❞♦s✱

s❡♠♣r❡ ♠❡ ✐♥❝❡♥t✐✈❛r❛♠ ❡ ❝♦♠ ❝❡rt❡③❛ sã♦ ♦s ❣r❛♥❞❡s r❡s♣♦♥sá✈❡✐s ♣♦r ❡✉ ❡st❛r ❛q✉✐

❤♦❥❡✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞❛ ♣ós✲❣r❛❞✉❛çã♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ➶♥❣❡❧♦ ❡ ❇r❛♥❞ã♦✱ ♣❡❧❛s

❧✐çõ❡s ❞❡ ❛♥á❧✐s❡ ❡ á❧❣❡❜r❛✳

❆♦s ♣r♦❢❡ss♦r❡s ▼❛r❝♦ ❆♥t♦♥✐♦ ❡ ❍❡♥r✐q✉❡ ❋❡r♥❛♥❞❡s ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s ❡♠

❣❡♦♠❡tr✐❛ ❡ ♣❡❧❛ ❣r❛♥❞❡ ♣❛rt✐❝✐♣❛çã♦ ♥♦ ♠❡✉ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❝♦♠♦ ❡st✉❞❛♥t❡✳ ❊♠

❡s♣❡❝✐❛❧ ❛♦ ♣r✐♠❡✐r♦ ♣♦r ♠❡ ❛❝❡✐t❛r ❝♦♠♦ ♦r✐❡♥t❛♥❞♦✱ ♣♦r t♦❞❛ ♣❛❝✐ê♥❝✐❛ ❡ ❞✐s♣♦s✐çã♦

❞❡❞✐❝❛❞❛ ❛ ♠✐♠✳ ❆❣r❛❞❡ç♦ ♠✉✐t♦✦

❆♦s ❞❡♣❛rt❛♠❡♥t♦ ❞❡ ♠❛t❡♠át✐❝❛ ♣♦r t❡r ❛❝♦❧❤✐❞♦ ♠❛✐s ✉♠ ✜❧❤♦ ❡♠ t❡✉ s❡✐♦✳

❆♦s ❢✉♥❝✐♦♥ár✐♦s q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞❡st❡ ❝♦r♣♦✱ ❛ s❡❝r❡tár✐❛ ❆♥❞r❡③③❛✱ ♣♦r s❡♠♣r❡ ❡st❛r

❞✐s♣♦st❛ ❛ ❛❥✉❞❛r ♥❛ ♠❡❞✐❞❛ ❞♦ ♣♦ssí✈❡❧✳

✈



✈✐

❆ ❈❆P❊❙ ♣❡❧♦ ✐♥❝❡♥t✐✈♦ ✜♥❛♥❝❡✐r♦✳

❆♦ ♣r♦❢❡ss♦r ❈í❝❡r♦ ♣♦r t❡r ❛❝❡✐t❛❞♦ ♣❛rt✐❝✐♣❛r ❞❛ ♠✐♥❤❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✳

❆ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❞❡ ❢♦r♠❛ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛ ♥❡st❛ ❝♦♥q✉✐st❛✱ ♠❡✉s

s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s✳



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s✱ ▼❛r✐❛ ❘❡♥✐❧❞❡s ❡

❋r❛♥❝✐s❝♦✳

✈✐✐
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■♥tr♦❞✉çã♦

◆❛s ú❧t✐♠❛s ❞é❝❛❞❛s ✈❡♠ s❡♥❞♦ ❝r❡s❝❡♥t❡ ♦ ✐♥t❡r❡ss❡ ♣❡❧♦ ❡st✉❞♦ ❞❛s ❤✐♣❡rs✉♣❡r✲

❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ ✐♠❡rs❛s ❡♠ ❛♠❜✐❡♥t❡s ❡s♣❛ç♦✲t❡♠♣♦✳ ❊♠ ✈❡r❞❛❞❡✱ é ❜❡♠ ❝♦♥❤❡❝✐❞♦

q✉❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ sã♦ s♦❧✉çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✐s♦♣❡r✐♠étr✐❝♦✱ t❛♥t♦ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ é ✉♠❛ ✈❛r✲

✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ♦✉ q✉❛♥❞♦ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ▲♦r❡♥t③✐❛♥❛✳ ◆♦

❝❛s♦ ❘✐❡♠❛♥♥✐❛♥♦✱ ❡st❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❢♦r❛♠ ❡st✉❞❛❞❛s ❡♠ ♣r♦❢✉♥❞✐❞❛❞❡ ❞❡s❞❡ ♦

✐♥í❝✐♦ ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧✳ ❏á ♦ ❝❛s♦ ▲♦r❡♥t③✐❛♥♦✱ t❡♠ ❛tr❛✐❞♦ ❛ ❛t❡♥çã♦ ❞❡ ✉♠

❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♣❡sq✉✐s❛❞♦r❡s t❛♥t♦ ♥❛ ár❡❛ ❞❛ ❢ís✐❝❛ ❝♦♠♦ ♥❛ ♠❛t❡♠át✐❝❛✳

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ❢ís✐❝❛ ✭✈❡❥❛ ❬✼❪✱ ❬✶✵❪✱ ❬✶✶❪✱ ❬✶✻❪✱ ❬✶✼❪✱ ❬✷✷❪✱ ❬✷✽❪✮✱ ❛s ❤✐♣❡rs✉♣❡r✲

❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✱ sã♦ s♦❧✉çõ❡s ♣❛r❛

♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ❛ss♦❝✐❛❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ ❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❝✉r✈❛t✉r❛

♠é❞✐❛ é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ sã♦ ♥♦r♠❛❧♠❡♥t❡ ✉s❛❞❛s ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❛s ♦♥❞❛s ❣r❛✈✐t❛❝✐♦♥❛✐s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ♠❛t❡♠át✐❝❛✱ ❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦

t❛♠❜é♠ ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ✐♥t❡r❡ss❛♥t❡ ♣❛♣❡❧ ❞❡✈✐❞♦ ❛s s✉❛s ❜♦❛s ♣r♦♣r✐❡❞❛❞❡s t✐♣♦✲

❇❡r♥st❡✐♥✳ ❊st❡ t✐♣♦ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❢♦r❛♠ ❡st✉❞❛❞❛s ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥♦ ❡①❡♠♣❧♦

❞❡ ❡s♣❛ç♦✲t❡♠♣♦ ♠❛✐s s✐♠♣❧❡s✿ ♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐✳ ◆❡st❡ ❝❡♥ár✐♦✱ ❈❛❧✲

❛❜✐ ❬✼❪✱ ❈❤❡♥❣ ❡ ❨❛✉ ❬✾❪ ❞❡s❝♦❜r✐r❛♠ ✉♠ t✐♣♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡ t✐♣♦✲❇❡r♥st❡✐♥ ♥♦ ❝❛s♦

❞❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♥✉❧❛ q✉❡ ❡st❛❜❡❧❡❝❡✿
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❆s ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ ❝♦♠♣❧❡t❛s ♥♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲

▼✐♥❦♦✇s❦✐ Ln+1 ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ sã♦ ♦s ❤✐♣❡r♣❧❛♥♦s

t✐♣♦✲❡s♣❛ç♦✳

❈❛❧❛❜✐ ♠♦str♦✉ ♦ ❝❛s♦ n ≥ 4 ❡ ♦ ❝❛s♦ ❡♠ q✉❡ n é ❛r❜✐trár✐♦ ❢♦✐ ♠♦str❛❞♦ ♣♦r

❈❤❡♥❣ ❡ ❨❛✉✳ ▼❛s r❡❝❡♥t❡♠❡♥t❡✱ ❆✐②❛♠❛ ❬✶❪ ❡ ❳✐♥ ❬✸✵❪✱ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❡ ✐♥❞❡♣❡♥✲

❞❡♥t❡♠❡♥t❡✱ ❝❛r❛❝t❡r✐③❛r❛♠ ♦s ❤✐♣❡r♣❧❛♥♦s t✐♣♦✲❡s♣❛ç♦ ❝♦♠♦ s❡♥❞♦ ❛s ú♥✐❝❛s ❤✐♣❡rs✉✲

♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ ❝♦♠♣❧❡t❛s ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ♥♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲

▼✐♥❦♦✇s❦✐✱ Ln+1 ❝✉❥❛ ❛ ✐♠❛❣❡♠ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ♥♦r♠❛❧ ❞❡ ●❛✉ss ❡st❛ ❝♦♥t✐❞❛ ❡♠ ✉♠❛

❜♦❧❛ ❣❡♦❞és✐❝❛ ❞♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ n✲❞✐♠❡♥s✐♦♥❛❧ Hn✳ ◆♦ ❝❛s♦ ❝♦♠♣❛❝t♦✱ ❆❧í❛s ❡

▼❛❧❛❝❛r♥❡ ❬✺❪ ♠♦str❛r❛♠ q✉❡ ❛s ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s t❡♥❞♦ ❛❧❣✉♠❛ ❝✉r✲

✈❛t✉r❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❝♦♥st❛♥t❡ ❡ ❜♦r❞♦ ❡s❢ér✐❝♦ sã♦ ❛s ❜♦❧❛s ❤✐♣❡r♣❧❛♥❛r❡s ❝♦♠

❝✉r✈❛t✉r❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ✐❣✉❛❧ ❛ ③❡r♦✱ ❡ ❛s ❝❛❧♦t❛s ❤✐♣❡r❜ó❧✐❝❛s t❡♥❞♦ ❝✉r✈❛t✉r❛ ❞❡

♦r❞❡♠ s✉♣❡r✐♦r ♥ã♦ ♥✉❧❛✳

❋❛❧❛r❡♠♦s ❛❣♦r❛ ❞❡ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ ❝✉r✈❛t✉r❛ ♣♦s✐t✐✈❛ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛

♣❛r❛ ♦ ♥♦ss♦ ❡st✉❞♦✿ ♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r✳ ❉❡♥♦t❡♠♦s ♣♦r Sn+1
1 ❛ ❤✐♣❡rq✉á❞r✐❝❛ (n+ 1)✲

❞✐♠❡♥s✐♦♥❛❧ ❞❡ Ln+2 ❝♦♠♣♦st❛ ❞❡ t♦❞♦s ♦s s❡✉s ✈❡t♦r❡s ✉♥✐tár✐♦s ❡ q✉❡ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛

❝♦♠♦ ✉♠ ❤✐♣❡r❜♦❧♦✐❞❡ ❞❡ ✉♠❛ ❢♦❧❤❛ ♥♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐ Ln+2✳ ➱ ♣♦ssí✈❡❧

♠♦str❛r q✉❡ ♦ ❞❡ ❙✐tt❡r é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③✱ ❝♦♠♣❧❡t❛✱ ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧

❝♦♥st❛♥t❡ ❡ ✐❣✉❛❧ ❛ ✶✳ ❈♦♥st✐t✉✐♥❞♦ ❞❡st❛ ♠❛♥❡✐r❛ ♦ ❛♥á❧♦❣♦ ▲♦r❡♥t③✐❛♥♦ às ❡s❢❡r❛s

r❡❞♦♥❞❛s ♥♦ ❝♦♥t❡①t♦ ❘✐❡♠❛♥♥✐❛♥♦✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r✱ é ❡s♣❛❝✐❛❧♠❡♥t❡

❢❡❝❤❛❞♦✱ é ❣❧♦❜❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✱ ♠❛s ♥ã♦ ❣♦③❛ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ t✐♣♦✲

t❡♠♣♦✳

❉❡♥tr♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r r❡s✐❞❡♠ ♠✉✐t❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ ❝♦♠ ❝✉r✲

✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❡ ❜♦♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❣❡♦♠étr✐❝♦✱ ❛ s❛❜❡r✿ ❛s ✉♠❜í❧✐❝❛s✳ ◗✉❡

♣♦❞❡♠ s❡r ♦❜t✐❞❛s ♣♦r ❝♦rt❡s ❞♦ ❤✐♣❡r❜♦❧♦✐❞❡ Sn+1
1 ❝♦♠ ❤✐♣❡r♣❧❛♥♦s ❛✜♥s ❞♦ ❡s♣❛ç♦ ❛♠✲

❜✐❡♥t❡ L
n+2✳ ▼♦♥t✐❡❧ ❬✷✸❪ ✭❝❢✳ t❛♠❜é♠ ❬✷✻❪✮✱ ❝❧❛ss✐✜❝♦✉ t♦❞❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❝❛rát❡r

❝❛✉s❛❧ ❞♦ ❤✐♣❡r♣❧❛♥♦ ✭✐st♦ é✱ t✐♣♦✲❡s♣❛ç♦✱ t✐♣♦✲t❡♠♣♦ ♦✉ t✐♣♦✲❧✉③✮✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ♦❜t❡✲

♠♦s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ✉♠❜í❧✐❝❛s ❞✐❢❡r❡♥t❡s✳ ◗✉❛♥❞♦ ♦ ❤✐♣❡r♣❧❛♥♦ é t✐♣♦✲❡s♣❛ç♦✱ ♦❜t❡♠♦s

❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ✭❡❧✐♣só✐❞❡s ♥❛ ✜❣✉r❛ ❊✉❝❧✐❞✐❛♥❛✮✱ q✉❡ sã♦ ✐s♦♠étr✐❝❛s ❛s n✲

❡s❢❡r❛s ❘✐❡♠❛♥♥✐❛♥❛s ❡ t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ |H| < 1✳ ❙❡ ♦s ❤✐♣❡r♣❧❛♥♦s q✉❡ ❡st❛♠♦s
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❝♦rt❛♥❞♦ ❝♦♥té♠ ✉♠❛ ❞✐r❡çã♦ ♥✉❧❛✱ ✐st♦ é✱ t❛♥❣❡♥t❡ ❛♦ ❝♦♥❡ ♥✉❧♦✱ ♦❜t❡♠♦s ❤✐♣❡r♣❧❛♥♦s

t✐♣♦✲❡s♣❛ç♦ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ |H| = 1 ✭♣❛rá❜♦❧❛s ♥❛ ✜❣✉r❛ ❊✉❝❧✐❞✐❛♥❛✮✱ q✉❡ sã♦

✐s♦♠étr✐❝❛s ❛♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ n✲❞✐♠❡♥s✐♦♥❛❧✳ ❊ ✜♥❛❧♠❡♥t❡✱ q✉❛♥❞♦ ♦s ❤✐♣❡r♣❧❛♥♦s

sã♦ t✐♣♦✲t❡♠♣♦✱ ♦❜t❡♠♦s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ✐s♦♠étr✐❝❛s ❛♦s n✲❡s♣❛ç♦s ❤✐♣❡r❜ó❧✐❝♦s ✭❤✐♣❡r✲

❜♦❧ó✐❞❡s ♥❛ ✜❣✉r❛ ❊✉❝❧✐❞✐❛♥❛✮ ❡ t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ |H| > 1✳

❊♠ s✉♠❛✱ ❤á três ❝❧❛ss❡s ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦✱ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s

♥♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r✳ ❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ ❣❡♦♠❡tr✐❛

❘✐❡♠❛♥♥✐❛♥❛ ✭♦♥❞❡ t❡♠♦s ❛s ❡s❢❡r❛s✱ ❛s ❤♦r♦s❢❡r❛s ❡ ❛s ❤✐♣❡r❡s❢❡r❛s✮✳

❆✐♥❞❛ ♥♦ ❡st✉❞♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r✱ ❡♠ ✶✾✼✼ ●♦❞❞❛r❞ ❬✶✼❪ ❡st❛❜❡❧❡❝❡✉ ❛ s❡❣✉✐♥t❡

❈♦♥❥❡❝t✉r❛ ✭●♦❞❞❛r❞ ✕ ✶✾✼✼✮✳ ❆s ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦✱ ❝♦♠♣❧❡t❛s ❡

❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❞♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r sã♦ ❛s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s✳

❈♦♠ ❡st❛ ✐♥t✉✐çã♦✱ ●♦❞❞❛r❞ ♠♦t✐✈♦✉ ❞✐✈❡rs♦s ♣❡sq✉✐s❛❞♦r❡s ❡♠ ❜✉s❝❛r ❛ ✈❡r❛❝✐✲

❞❛❞❡ ♦✉ ♥ã♦ ❞❡st❛ ❛✜r♠❛çã♦✳ ❇❡♠✱ ❛✐ ✜❝❛ ❛ ♣❡r❣✉♥t❛✿

❆ ❝♦♥❥❡❝t✉r❛ é ✈❡r❞❛❞❡✐r❛❄

◆ã♦✱ ❡❧❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✱ ❡ ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ❥✉st✐✜❝❛r ✐st♦✱ ❢♦✐ ❞❛❞♦ ♣♦r ▼♦♥✲

t✐❡❧ ❬✷✸❪✱ q✉❡ é ❛ ❡①✐stê♥❝✐❛ ❛❧❣✉♥s ❝✐❧✐♥❞r♦s ❤✐♣❡r❜ó❧✐❝♦s q✉❡ sã♦ ♦ ♣r♦❞✉t♦ ❞❡ ✉♠

❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ ✉♠❛ ❡s❢❡r❛✳ ❊❧❡s sã♦ ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦✱ ❝♦♠♣❧❡t❛s

❡ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❞♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r q✉❡ ♥ã♦ sã♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐✲

❝❛s✳ ❆♣❡s❛r ❞❛ ♥ã♦ ✈❡r❛❝✐❞❛❞❡ ❞❛ ❝♦♥❥❡❝t✉r❛✱ ❤♦✉✈❡ ✉♠ ❣r❛♥❞❡ ✐♠♣✉❧s♦ ❡♠ s❛❜❡r q✉❡

❝♦♥❞✐çõ❡s ♣♦❞❡r✐❛♠ s❡r ❝♦❧♦❝❛❞❛s ♣❛r❛ q✉❡ ❡❧❛ s❡ t♦r♥❛ss❡ ✈❡r❞❛❞❡✐r❛✳

❊♠ ✶✾✽✼ ❆❦✉t❛❣❛✇❛ ❬✷❪ ♠♦str♦✉ q✉❡ ❛ ❝♦♥❥❡❝t✉r❛ é ✈❡r❞❛❞❡✐r❛ q✉❛♥❞♦




0 ≤ H2 ≤ 1 ♥♦ ❝❛s♦ n = 2;

0 ≤ H2 <
4(n− 1)

n2
♥♦ ❝❛s♦ n ≥ 3.

◗✉❛tr♦ ❛♥♦s ❞❡♣♦✐s✱ ❡♠ ✶✾✾✶✱ ❈❤❡♥❣ ❬✽❪ ❡st❡♥❞❡✉ ♦ r❡s✉❧t❛❞♦ ❞❡ ❆❦✉t❛❣❛✇❛ ♣❛r❛

s✉❜✈❛r✐❡❞❛❞❡s ❞♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ é ♣❛r❛❧❡❧♦✳

◆♦ ❡♥t❛♥t♦✱ ❛ ✐♥t✉✐çã♦ ❞❡ ●♦❞❞❛r❞ ♥ã♦ ❡st❛✈❛ ❡rr❛❞❛✳ ❉❡③❡ss❡✐s ❛♥♦s ❛♣ós ❛

❝♦♥❥❡❝t✉r❛✱ ✉s❛♥❞♦ ✉♠❛ ❢ór♠✉❧❛ ✐♥t❡❣r❛❧ s❡♠❡❧❤❛♥t❡ ❛ ❝❤❛♠❛❞❛ ❢ór♠✉❧❛ ❞❡ ▼✐♥❦♦✇s❦✐

❡♠ ❣❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛✱ ▼♦♥t✐❡❧ ❬✷✸❪ ♠♦str♦✉ q✉❡
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❚❡♦r❡♠❛ ✭▼♦♥t✐❡❧ ✕ ✶✾✾✽✮✳ ❆s ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ ❝♦♠♣❛❝t❛s✱ ❝♦♠

❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❞♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r sã♦ ❛s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s✳

❊st❡ t❡♦r❡♠❛ ❢♦✐ ♠♦str❛❞♦ ♣♦r ❆❦✉t❛❣❛✇❛ ❬✷❪ ♣❛r❛ ❞✐♠❡♥sã♦ ❞♦✐s✳ ❆ss✐♠✱ ✜❝❛

❝❧❛r♦ q✉❡ ❡st❛ ❝♦♥❥❡❝t✉r❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦ ❝♦♠♣❛❝t♦✱ ❞❡✈✐❞♦ ❛ ❡①✐stê♥❝✐❛

❞❡ ❝✐❧✐♥❞r♦s ❤✐♣❡r❜ó❧✐❝♦s✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❞❛r❡♠♦s ❛ ❞❡s❝r✐çã♦ ❞♦s ♦✉tr♦s ❝❛♣ít✉❧♦s q✉❡ ❝♦♠♣õ❡♠ ❡st❡

tr❛❜❛❧❤♦✳ ◆♦s ❝❛♣ít✉❧♦s ✶ ❡ ✷ ❞❛r❡♠♦s ❛ ♥♦t❛çã♦ q✉❡ ✈❛♠♦s ✉t✐❧✐③❛r ❡♠ t♦❞♦ ♦ tr❛✲

❜❛❧❤♦ ❜❡♠ ❝♦♠♦ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ♥❡❝❡ssár✐♦s à ❛❜♦r❞❛❣❡♠ ❞♦s ♣r♦❜❧❡♠❛s tr❛t❛❞♦s

♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳

❏á ♥♦ ❝❛♣✐t✉❧♦ ✸✱ ❞❡s❡♥✈♦❧✈❡♠♦s ❛s ❋ór♠✉❧❛s ■♥t❡❣r❛✐s t✐♣♦✲▼✐♥❦♦✇s❦✐ r❡❧❛t✐✈❛ ❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ❝♦♠♣❛❝t❛s Mn ❝♦♠ ❜♦r❞♦ ∂M ❡ t❡♥❞♦ ❛❧❣✉♠❛ ❝✉r✈❛t✉r❛

❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❝♦♥st❛♥t❡ ♥♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r S
n+1
1 ✳ ❖ q✉❡ ✜③❡♠♦s ♥❛ ♣rát✐❝❛✱ ❢♦✐

❡ss❡♥❝✐❛❧♠❡♥t❡ ❝❛❧❝✉❧❛r ❛ ❞✐✈❡r❣ê♥❝✐❛ ❡♠ Mn ❞♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s Tr(Y ⊤)✱ ♦♥❞❡ Tr

❞❡♥♦t❛ ❛ r✲és✐♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ◆❡✇t♦♥ ❡ Y ⊤ ❞❡♥♦t❛ ❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥t❡ ❛ Mn

❞❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❑✐❧❧✐♥❣ Y ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ S
n+1
1 ✳

■st♦ é✱ ♠♦str❛♠♦s ✭✈❡❥❛ Pr♦♣♦s✐çã♦ ✸✳✷✮ ❛

Pr♦♣♦s✐çã♦ ✶ ✭❋ór♠✉❧❛s ■♥t❡❣r❛✐s t✐♣♦✲▼✐♥❦♦✇s❦✐✮✳ ❙❡❥❛ x :Mn → S
n+1
1 →֒ L

n+2 ✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦✱ ❝♦♠♣❛❝t❛ ❝♦♠ ❜♦r❞♦ ∂M ❡ s❡❥❛ ❨ ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ ❡♠

S
n+1
1 . ❙❡ ❛ r✲és✐♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ Hr ❞❡ Mn é ❝♦♥st❛♥t❡ ♣❛r❛ ❛❧❣✉♠ r✱ 1 ≤ r ≤ n✱

❡♥tã♦✿

✭✐✮

∮

∂M

〈Tr−1ν, Y 〉 dS = r

(
n

r

)
Hr

∫

M

〈Y,N〉 dM ;

✭✐✐✮

∮

∂M

〈Tr−1ν, Ya,b〉 dS =

(
n− 1

r − 1

)
Hr

1

〈a, b〉

∮

∂M

det(x, v1, . . . , vn−1, a, b)dS,

♦♥❞❡ a ∈ L
n+2 é t✐♣♦✲❧✉③✱ b ∈ L

n+2✱ Ya,b =
1

〈a, b〉(〈x, b〉a− 〈a, x〉b) ❡ v1, . . . , vn−1 é ✉♠

r❡❢❡r❡♥❝✐❛❧ t❛♥❣❡♥t❡ ❛♦ ❧♦♥❣♦ ❞❡ ∂M.

❆❧í❛s ❡ ▼❛❧❛❝❛r♥❡ ❬✺❪ ♦❜t✐✈❡r❛♠ ♦ ✐t❡♠ (i) ❞❛ Pr♦♣♦s✐çã♦ 1 ♥♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲

▼✐♥❦♦✇s❦✐✱ ❡♥q✉❛♥t♦ ❆❧í❛s✱ ❇r❛s✐❧ ❡ ❈♦❧❛r❡s ❬✸❪ ♦❜t✐✈❡r❛♠ ❛ ❢ór♠✉❧❛ ✐♥t❡❣r❛❧ ❡♠

✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❝♦♥❢♦r♠❡♠❡♥t❡ ❡st❛❝✐♦♥ár✐♦ ❡ ❝♦♥s✐❞❡r❛r❛♠ ❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲

❡s♣❛ç♦Mn ❝♦♠♣❛❝t❛s ❡ s❡♠ ❜♦r❞♦✳ ❖ ✐t❡♠ (ii) r❡♣r♦❞✉③ ♥♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r ✭❡ ♥❛ ❢♦r♠❛

♠❛✐s ❣❡r❛❧✮ ❛ ❢ór♠✉❧❛ ❞♦ ✢✉①♦ ❞❡ ❆❧í❛s ❡ P❛st♦r ❬✻❪✱ q✉❡ ❢♦✐ ✉t✐❧✐③❛❞❛ ♣♦r ▲ó♣❡③ ❬✷✶❪



■♥tr♦❞✉çã♦ ✶✵

♣❛r❛ ♦❜t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ❛ ❛❧t✉r❛ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ ❝♦♠♣❛❝t❛s ❝♦♠

❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ♥♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐ tr✐❞✐♠❡♥s✐♦♥❛❧ L3✳

❊♠ s❡❣✉✐❞❛✱ ❛❜♦r❞❛♠♦s ❛ q✉❡stã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦

❝♦♠ ❛❧❣✉♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❝♦♥st❛♥t❡ ♥♦ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡ Hn+1✱

♦ q✉❛❧ é ❞❡✜♥✐❞♦ ♣♦r

Hn+1 = {x ∈ S
n+1
1 ; 〈x, a〉 > 0},

♦♥❞❡ a ∈ L
n+2 é ✉♠ ✈❡t♦r t✐♣♦✲❧✉③✳

❋❛③❡♥❞♦ ✉s♦ ❞❡ ❢ór♠✉❧❛s ✐♥t❡❣r❛✐s t✐♣♦✲▼✐♥❦♦✇s❦✐ ❡♠ S
n+1
1 ❡ ❡①♣❧♦r❛♥❞♦ ❛ ❣❡♦♠❡✲

tr✐❛ ❞♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ Hn+1 ⊂ S
n+1
1 ✱ ❡st❛❜❡❧❡❝❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ❈❛♣ít✉❧♦

✹✿ ✉♠❛ ❢ór♠✉❧❛ ❞♦ ✢✉①♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❑✐❧❧✐♥❣ Ya,b✱ ♦♥❞❡

a ∈ L
n+2 é ✉♠ ✈❡t♦r t✐♣♦✲❧✉③ q✉❡ ❞❡t❡r♠✐♥❛ ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ Hn+1 ♣♦r ❤✐♣❡r♣❧❛♥♦s

❤♦r✐③♦♥t❛✐s Ln(τ) = {x ∈ S
n+1
1 ; 〈x, a〉 = τ}, τ ∈ (0,+∞) ❡ b ∈ L

n+2 é ✉♠ ✈❡t♦r

q✉❛❧q✉❡r ✜①❛❞♦ t❛❧ q✉❡ 〈a, b〉 6= 0✳ ▼❛s ♣r❡❝✐s❛♠❡♥t❡✱ ♣r♦✈❛♠♦s ✭✈❡❥❛ ❚❡♦r❡♠❛ ✹✳✶✮ ♦

❚❡♦r❡♠❛ ✶✳ ❙❡❥❛ x : Mn → Hn+1 ⊂ S
n+1
1 ✉♠❛ ✐♠❡rsã♦ t✐♣♦✲❡s♣❛ç♦ ❞❡ ✉♠❛ ❤✐♣❡r✲

s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛✱ ❝✉❥♦ ❜♦r❞♦ é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ (n − 1)✲❞✐♠❡♥s✐♦♥❛❧

Σ = x(∂M) ❛ q✉❛❧ ❡st❛ ❝♦♥t✐❞❛ ♥✉♠ ❤✐♣❡r♣❧❛♥♦ ❤♦r✐③♦♥t❛❧✱ ♣❛r❛ ❛❧❣✉♠ τ > 0✳ ❙❡ ❛

r✲és✐♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ Hr é ❝♦♥st❛♥t❡✱ ♣❛r❛ ❛❧❣✉♠ r✱ 1 ≤ r ≤ n✱ ❡♥tã♦

∮

∂M

〈Tr−1ν, Ya,b〉 dS = −r
(
n

r

)
Hrvol(Ω),

♦♥❞❡ Tr−1 : X(M) → X(M) é ❛ (r − 1)✲és✐♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ◆❡✇t♦♥ ❛ss♦❝✐❛❞❛ ❛

s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ x ❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❡♠ Ln(τ) ❧✐♠✐t❛❞♦ ♣♦r Σ✳

◆♦ ✐t❡♠ (i) ❞❛ Pr♦♣♦s✐çã♦ 1✱ ♣♦❞❡♠♦s ❞❡st❛❝❛r q✉❡ ♣❛r❛ ❝❛❞❛ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣

Y ✱ ♦ s❡✉ (r − 1)✲és✐♠♦ ✢✉①♦ ❞❡♣❡♥❞❡ ❛ ♣r✐♦r✐ ❞❛ ❣❡♦♠❡tr✐❛ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡✳ ❖

❚❡♦r❡♠❛ 1 ♥♦s ❣❛r❛♥t❡ q✉❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ Ya,b ♦ (r− 1)✲és✐♠♦ ✢✉①♦

∮

∂M

〈Tr−1ν, Ya,b〉 dS,

♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ Mn✱ ♠❛s s♦♠❡♥t❡ ❞♦ ✈❛❧♦r ❞❡ Hr ❡ ❞♦ ❜♦r❞♦ ∂M ✳ ➱

❡①❛t❛♠❡♥t❡ ❡ss❡ ❢❛t♦ q✉❡ ❝♦♥st✐t✉✐ ❛ r❡❧❡✈â♥❝✐❛ ❞❛ ❢ór♠✉❧❛ ❛❝✐♠❛✿ ✉♠❛ ❢❡rr❛♠❡♥t❛

❛♥❛❧ít✐❝❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❝♦♠ ❛❧❣✉♠❛ ❝✉r✈❛t✉r❛ ❞❡ ♦r❞❡♠

s✉♣❡r✐♦r ❝♦♥st❛♥t❡ ❡♠ Hn+1 ❡ t❡♥❞♦ r❡str✐çõ❡s ❛♣❡♥❛s ♥❛ ❣❡♦♠❡tr✐❛ ❞♦ ❜♦r❞♦✳
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❈♦♠♦ ❛♣❧✐❝❛çã♦ ❞❡st❛ ❢ór♠✉❧❛ ✐♥t❡❣r❛❧✱ ❡st❛❜❡❧❡❝❡♠♦s ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ❝✉r✲

✈❛t✉r❛ ♠é❞✐❛ ❡ ♦ ❜♦r❞♦ ❞❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ Mn ✐♠❡rs❛ ❡♠ Hn+1✳ P❛r❛

❡♥❝♦♥tr❛r♠♦s ❡ss❛ t❛❧ r❡❧❛çã♦✱ ❡s❝♦❧❤❡♠♦s ❞❡ ♠❛♥❡✐r❛ ❛♣r♦♣r✐❛❞❛ ♦ ✈❡t♦r b ♥❛ ❞❡✜♥✐çã♦

❞♦ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ Ya,b ❞❡ ♠♦❞♦ ❛ ❞❡t❡❝t❛r♠♦s ❛ ❣❡♦♠❡tr✐❛ ❞❡ ∂M ❡ ✉s❛♠♦s ❛ ❊st✐✲

♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡ ❞❡✈✐❞♦ ❛ ▼♦♥t✐❡❧ ❡ ♠♦str❛♠♦s ✭✈❡❥❛ ❚❡♦r❡♠❛ ✹✳✹✮ ♦

❚❡♦r❡♠❛ ✷✳ ❙❡❥❛ x : Mn → Hn+1 ⊂ S
n+1
1 ✉♠❛ ✐♠❡rsã♦ t✐♣♦✲❡s♣❛ç♦ ❞❡ ✉♠❛ ❤✐♣❡rs✉✲

♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛ Mn ❝♦♠ ❜♦r❞♦ ♥ã♦✲✈❛③✐♦ ∂M ♥♦ st❡❛❞② st❛t❡ s♣❛❝❡✳ ❙✉♣♦♥❤❛ q✉❡

Mn t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H > 1 ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ ◆

❛♣♦♥t❛♥❞♦ ♣❛r❛ ♦ ❢✉t✉r♦ ❡ q✉❡ ∂M = Sn−1(b, ρ) é ✉♠❛ ❡s❢❡r❛ ❣❡♦❞és✐❝❛ ❞❡ ❞✐♠❡♥sã♦

(n− 1) ❝♦♠ ❝❡♥tr♦ ❡♠ ❜ ❡ r❛✐♦ ρ ❝♦♥t✐❞❛ ♥✉♠ ❤✐♣❡r♣❧❛♥♦ ❤♦r✐③♦♥t❛❧ Ln(τ)✱ ♣❛r❛ ❛❧❣✉♠

τ > 0✳ ❊♥tã♦

ρH −
∣∣∣∣1−

ρ2

2

∣∣∣∣
√
H2 − 1 ≤ 1.

❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❆♣ê♥❞✐❝❡✱ ❞❛r❡♠♦s ✉♠❛ ❞❡♠♦♥str❛çã♦ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ♦ ❚❡♦r❡♠❛

1 ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❜♦r❞♦ é ❡s❢ér✐❝♦✱ ❢❛③❡♥❞♦ ✉s♦ ❞♦ ✐t❡♠ (ii) ❞❛ Pr♦♣♦s✐çã♦ 1✳ ❊ t❛♠❜é♠

❞❡♠♦♥str❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ✭✈❡❥❛ ❚❡♦r❡♠❛ ❆✳✷✮✱ ❞❡✈✐❞♦ ❛ ▼♦♥t✐❡❧ ❬✷✹❪✳

❚❡♦r❡♠❛ ✭❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡✮✳ ❙❡❥❛ ψ : Mn → Hn+1 ✉♠❛ ✐♠❡rsã♦ t✐♣♦✲❡s♣❛ç♦

❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ Mn ❝♦♠ ❜♦r❞♦ ∂Mn ♥ã♦✲✈❛③✐♦ ♥♦ st❡❛❞② st❛t❡ s♣❛❝❡✳

❙✉♣♦♥❤❛ q✉❡ ψ t❡♥❤❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H > 1 ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝❛♠♣♦ ✉♥✐tár✐♦

❡ ♥♦r♠❛❧ ◆ ❛♣♦♥t❛♥❞♦ ♣❛r❛ ♦ ♣❛ss❛❞♦ ❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ψ ❧❡✈❛ ∂Mn ♥♦ s❧✐❝❡ t❡♠♣♦r❛❧

Ln(τ)✱ ♣❛r❛ ❛❧❣✉♠ τ > 0✳ ❊♥tã♦ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠ ❝❛♠♣♦ ✉♥✐tár✐♦ ❡ ♥♦r♠❛❧ ♥ ❞❛

✐♠❡rsã♦ ψ
∣∣
∂Mn : ∂Mn → Ln(τ) t❛❧ q✉❡ 〈N, n〉 > 0✳ ❆ss✉♠❛ q✉❡✱ ❝♦♠ r❡s♣❡✐t♦ ❛ ❡st❛

♦r✐❡♥t❛çã♦✱ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ ψ
∣∣
∂Mn : ∂Mn → Ln(τ) é ♥ã♦ ♥❡❣❛t✐✈❛✳ ❊♥tã♦

H 〈ψ, a〉+ 〈N, a〉 ≥ 0,

❡ t❛♠❜é♠ 〈N, a〉 ≥ −Hτ em Mn✳

❊st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦✱ t❡✈❡ ❝♦♠♦ ❜❛s❡ ♦ ❛rt✐❣♦ ✐♥t✐t✉❧❛❞♦ ♣♦r✿ ❙♣❛❝❡❧✐❦❡

❤②♣❡rs✉r❢❛❝❡s ✇✐t❤ ❝♦♥st❛♥t ❤✐❣❤❡r ♦r❞❡r ♠❡❛♥ ❝✉r✈❛t✉r❡ ✐♥ ❞❡ ❙✐tt❡r s♣❛❝❡✱ ♣✉❜❧✐❝❛❞♦

❡♠ ✷✵✵✼ ♥♦ ❏♦r♥❛❧ ♦❢ ●❡♦♠❡tr② ❛♥ P❤②s✐❝s✱ ❞❡✈✐❞♦ ❛ ❞❡ ▲✐♠❛ ❬✶✹❪✳



❈❛♣ít✉❧♦ ✶

❆r❝❛❜♦✉ç♦ ❚❡ór✐❝♦

❊st❡ ❝❛♣ít✉❧♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❡st❛❜❡❧❡❝❡r ❛s ♥♦t❛çõ❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ♥♦s

❞❡♠❛✐s ❝❛♣ít✉❧♦s ❞❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ✐♥❞✐❝❛♠♦s ❛♦ ❧❡✐t♦r ❛ r❡❢❡rê♥❝✐❛

❬✶✺❪ ❡ ❬✷✼❪✳

✶✳✶ ❚❡♥s♦r❡s ❡♠ ❱❛r✐❡❞❛❞❡s

◆♦ q✉❡ s❡❣✉❡✱ V1, . . . , Vs ❞❡♥♦t❛♠ ♠ó❞✉❧♦s s♦❜r❡ ✉♠ ❛♥❡❧ K ❡ ♦ ❝♦♥❥✉♥t♦

V1 × . . .× Vs = {(v1, . . . , vs); vi ∈ Vi, 1 ≤ i ≤ s},

♠✉♥✐❞♦ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡ s♦♠❛ ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ K é ✉♠

♠ó❞✉❧♦ s♦❜r❡ K ❝❤❛♠❛❞♦ ♣r♦❞✉t♦ ❞✐r❡t♦✳

❙❡ W é t❛♠❜é♠ ✉♠ ♠ó❞✉❧♦ s♦❜r❡ K ❡♥tã♦ ❞✐③❡♠♦s q✉❡ ❛ ❢✉♥çã♦

A : V1 × . . .× Vs → W

é K✲♠✉❧t✐❧✐♥❡❛r q✉❛♥❞♦ A é K−❧✐♥❡❛r ❡♠ ❝❛❞❛ ❡♥tr❛❞❛✳ ❙❡ V é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ K✱

❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

V ∗ = {f : V → K; f é K− linear}.

▼✉♥✐❞♦ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡ s♦♠❛ ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ K✱ ♦❜t❡♠♦s

q✉❡ V ∗ é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ K ❝❤❛♠❛❞♦ ♠ó❞✉❧♦ ❞✉❛❧ ❞❡ V ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❞✉❛❧ ❞❡ V ✳



❈❛♣ít✉❧♦ ✶✳ ❚❡♥s♦r❡s ❡♠ ❱❛r✐❡❞❛❞❡s ✶✸

◗✉❛♥❞♦ Vi = V ♣❛r❛ t♦❞♦ 1 ≤ i ≤ s✱ ❡s❝r❡✈❡♠♦s

V s = V × . . .× V︸ ︷︷ ︸
s vezes

.

❉❡✜♥✐çã♦ ✶✳✶ P❛r❛ ✐♥t❡✐r♦s r, s ≥ 0 ✭❛♠❜♦s ♥ã♦ ♥✉❧♦s✮ ✉♠❛ ❢✉♥çã♦ K✲♠✉❧t✐❧✐♥❡❛r

A : (V ∗)r × V s → K

é ❝❤❛♠❛❞♦ ✉♠ t❡♥s♦r ❞♦ t✐♣♦ ✭r✱s✮ ❡♠ ❱✳ ◗✉❛♥❞♦ r ❂ ✵ ❡s❝r❡✈❡♠♦s A : V s → K ❡ ❞❡

♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ q✉❛♥❞♦ s ❂ ✵ ❡s❝r❡✈❡♠♦s A : (V ∗)r → K✳

❉❡♥♦t❡♠♦s ♣♦r

T
r
s(V ) = {A : (V ∗)r × V s → K; A é K−multilinear}, ✭✶✳✶✮

♦ ❝♦♥❥✉♥t♦ ❞♦ t♦❞♦s ♦s t❡♥s♦r❡s ❞♦ t✐♣♦ (r, s) ❡♠ V ✳

❈♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡ s♦♠❛ ❞❡ ❢✉♥çõ❡s ❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s

K✱ ♦❜t❡♠♦s q✉❡ Tr
s(V ) é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ K✳ ❯♠ t❡♥s♦r ❞♦ t✐♣♦ (0, 0) s♦❜r❡ V é

s✐♠♣❧❡s♠❡♥t❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ K✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ✳ ❉❡♥♦t❡♠♦s ♣♦r C∞(M) ♦

❛♥❡❧ ❞❛s ❢✉♥çõ❡s ❞❡ ✈❛❧♦r❡s r❡❛✐s ❡♠ M ❡ X(M) ♦ C∞(M)✲♠ó❞✉❧♦ ❞♦s ❝❛♠♣♦s ❞❡

✈❡t♦r❡s ❡♠ M ✳

❉❡✜♥✐çã♦ ✶✳✷ ❯♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❆ ❡♠ ▼ é ✉♠ t❡♥s♦r s♦❜r❡ C∞(M)✲♠ó❞✉❧♦ X(M)✳

❆ss✐♠✱ s❡ ❆ é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦ t✐♣♦ ✭r✱s✮ ❡♠ M ❡♥tã♦

A : X∗(M)r × X(M)s → C∞(M)

é ✉♠❛ ❢✉♥çã♦ C∞(M)✲♠✉❧t✐❧✐♥❡❛r✳

❖❜s❡r✈❛çã♦ ✶✳✶ ❖❜s❡r✈❡♠♦s q✉❡ s❡ θ1, . . . , θr ∈ X∗(M) ❡ X1, . . . , Xs ∈ X(M) ❡♥tã♦

A(θ1, . . . , θr, X1, . . . , Xs) :M → R

é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✱ ♦♥❞❡ θi ♦❝✉♣❛ ❛ i✲és✐♠❛ ❡♥tr❛❞❛ ❝♦♥tr❛✈❛r✐❛♥t❡ ❡ Xj ❛ j✲és✐♠❛

❡♥tr❛❞❛ ❝♦✈❛r✐❛♥t❡✳

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ❞❡✜♥✐❞♦ ❡♠ ✭✶✳✶✮ ❞❡♥♦t❡♠♦s ♣♦r Tr
s(M) ♦ ❝♦♥❥✉♥t♦ ❞❡

t♦❞♦s ♦s t❡♥s♦r❡s ❞♦ t✐♣♦ (r, s) s♦❜r❡ M q✉❡ é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ C∞(M)✳ ◗✉❛♥❞♦

r = s = 0 t❡♠♦s T0
0(M) = C∞(M)✳

❆ ♣ró①✐♠❛ ❞❡✜♥✐çã♦✱ ♥♦s ♠♦str❛ ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❢❛③❡r ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❡♥tr❡

❞♦✐s t❡♥s♦r❡s✳



❈❛♣ít✉❧♦ ✶✳ ❚❡♥s♦r❡s ❡♠ ❱❛r✐❡❞❛❞❡s ✶✹

❉❡✜♥✐çã♦ ✶✳✸ ❙❡❥❛♠ A ∈ Tr
s(M) ❡ B ∈ Tr′

s′(M)✳ ❊♥tã♦ A⊗B ∈ T
r+r′

s+s′(M)✱ ❞❛❞♦ ♣♦r

(A⊗ B)(θ1, . . . , θr, θr+1, . . . , θr+r′ , X1, . . . , Xs, Xs+1, . . . , Xs+s′)

= A(θ1, . . . , θr, X1, . . . , Xs, ) · B(θr+1, . . . , θr+r′ , Xs+1, . . . , Xs+s′)

é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❝❤❛♠❛❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ❡ B✳

❖❜s❡r✈❛çã♦ ✶✳✷ ◗✉❛♥❞♦ r′ = s′ = 0 ❡♥tã♦ B é ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M) ❡ ❞❡✜♥✐♠♦s

A⊗ f = f ⊗ A = fA.

❆ss✐♠✱ s❡ A t❛♠❜é♠ é ❞♦ t✐♣♦ (0, 0)✱ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ s❡ r❡❞✉③ ❛ ♠✉❧t✐♣❧✐❝❛çã♦

✉s✉❛❧ ❡♠ C∞(M)✳ ❊♠ ❣❡r❛❧ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ♥ã♦ é ❝♦♠✉t❛t✐✈♦✱ ♠❛✐s ❛ ❢r❡♥t❡

✈❡r❡♠♦s ✉♠❛ ❞❡✜♥✐çã♦ ♥❛ q✉❛❧ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ s❡ t♦r♥❛ ❝♦♠✉t❛t✐✈♦✳

❖ ❡①❡♠♣❧♦ ❛❜❛✐①♦ ♥♦s ❞✐③ ❛❧❣✉♠❛s ✐♥t❡r♣r❡t❛çõ❡s ❛s q✉❛✐s ♥♦s ♣❡r♠✐t❡ ✐❞❡♥t✐✜❝❛r

✶✲❢♦r♠❛s ❡ ❝❛♠♣♦s ❞❡ t❡♥s♦r❡s✳

❊①❡♠♣❧♦ ✶ ✭■❞❡♥t✐✜❝❛çõ❡s✮

✭✐✮ ❙❡❥❛ ω ✉♠❛ ✶✲❢♦r♠❛ s✉❛✈❡ s♦❜r❡ ❛ ✈❛r✐❡❞❛❞❡ ▼✳ ❊♥tã♦ ❛ ❢✉♥çã♦

A : X(M) → C∞(M)

❞❛❞❛ ♣♦r A(X) = ω(X) é C∞(M)✲❧✐♥❡❛r✳ P♦rt❛♥t♦✱ ❆ é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦

t✐♣♦ (0, 1) ❡♠ ▼✳ ❆ss✐♠ t♦❞♦ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦ t✐♣♦ ✭✵✱✶✮ é ❞❛❞♦ ❞❡ ♠❛♥❡✐r❛

ú♥✐❝❛ ❝♦♠♦ ✉♠❛ ✶✲❢♦r♠❛ ❡ ❡s❝r❡✈❡♠♦s

X
∗(M) = T

0
1(M).

✭✐✐✮ ❙❡❥❛ ❱ ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ s✉❛✈❡ s♦❜r❡ ▼✳ ❊♥tã♦ ❛ ❢✉♥çã♦

V : X∗(M) → C∞(M)

❞❛❞❛ ♣♦r V (θ) = θ(V ) é C∞(M)✲❧✐♥❡❛r✳ P♦rt❛♥t♦✱ ❱ é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦

t✐♣♦ ✭✶✱✵✮ ❡♠ ▼✳ ❆ss✐♠ t♦❞♦ ❝❛♠♣♦ t❡♥s♦r✐❛❧ é ❞❛❞♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦ ✉♠

❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡ ❡s❝r❡✈❡♠♦s

X(M) = T
1
0(M).
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✭✐✐✐✮ ❙❡ A :X(M)s →X(M) é C∞(M)− ♠✉❧t✐❧✐♥❡❛r✱ ❞❡✜♥❛

A : X∗(M)× X(M)s → C∞(M)

❝♦♠♦ s❡♥❞♦

A(θ,X1, . . . , Xs) = θ(A(X1, . . . , Xn)), ∀ θ ∈ X
∗(M) e Xi ∈ X(M), 1 ≤ i ≤ n.

❖❜s❡r✈❡ q✉❡ A é C∞(M)✲♠✉❧t✐❧✐♥❡❛r ❡ ♣♦rt❛♥t♦ A é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦ t✐♣♦

✭✶✱s✮ ❡♠ ▼✳

❉❡✜♥✐çã♦ ✶✳✹ ❖s t❡♥s♦r❡s ❞♦ t✐♣♦ (0, s) sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦✈❛r✐❛♥t❡s ❡♥q✉❛♥t♦ ♦s

t❡♥s♦r❡s ❞♦ t✐♣♦ (r, 0) sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦♥tr❛✈❛r✐❛♥t❡s✳

❈♦♠♦ ❤❛✈✐❛♠♦s ❞✐t♦ ♥❛ ❖❜s❡r✈❛çã♦ ✭✶✳✷✮✱ ❛ ❝♦♥❞✐çã♦ ❛ q✉❛❧ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

é ❝♦♠✉t❛t✐✈♦ é q✉❛♥❞♦ A é ❝♦♥tr❛✈❛r✐❛♥t❡ ❡ B ❝♦✈❛r✐❛♥t❡ ❡ ✈✐❝❡✲✈❡rs❛✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ♠♦str❛ q✉❡ ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ A ❡♠ M ♣♦❞❡ s❡r

❞❡✜♥✐❞♦ ♣♦♥t✉❛❧♠❡♥t❡ ❡♠M ✱ ❞❛♥❞♦ ✉♠ ✈❛❧♦r Ap ❛ ❝❛❞❛ ♣♦♥t♦ p ∈M ✳ ■st♦ ❡①❛t❛♠❡♥t❡

♣❛r❛ ❝❛♠♣♦s ❡ ✶✲❢♦r♠❛s✳ ❖ ❢❛t♦ ❡ss❡♥❝✐❛❧ é q✉❡ q✉❛♥❞♦ A é ❛✈❛❧✐❛❞♦ ❡♠ ❝❛♠♣♦s ❡ ✶✲

❢♦r♠❛s ♣❛r❛ r❡s✉❧t❛r ♥❛ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❡s r❡❛✐s A(θ1, . . . , θr, X1, . . . , Xs, )✱ ♦ ✈❛❧♦r ❞❡st❛

❢✉♥çã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ❝❛❞❛ ✶✲❢♦r♠❛ ♦✉ ❞❡ ❝❛❞❛ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s✱ ♠❛s s♦♠❡♥t❡ ❞♦s

✈❛❧♦r❡s ❞❡❧❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♣♦♥t♦ p✱ ♠❛✐s ❞✐ss♦ ♠♦str❛r❡♠♦s ♦ s❡❣✉✐♥t❡

▲❡♠❛ ✶✳✶ ❙❡ ✉♠❛ ❞❛s ✶✲❢♦r♠❛s ♦✉ ✉♠ ❞♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❢♦r ✐❣✉❛❧ ❛ ③❡r♦ ❡♠ p✱

❡♥tã♦

A(θ1, . . . , θr, X1, . . . , Xs)(p) = 0.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡Xs|p = 0✱ ❡ s❡❥❛♠ x1, . . . , xn ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p✳ ❙❡♥❞♦ ❛ss✐♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

Xs =
n∑

i=1

Xs(x
i)∂i, ✭✶✳✷✮

♦♥❞❡ ∂1, . . . , ∂n é ✉♠❛ ❜❛s❡ ❞♦ TpM ✳

❉❡♥♦t❡ Xs(x
i) = X i ∈ C∞(M) ❡ r❡❡s❝r❡✈❛ ❛ ❡q✉❛çã♦ ✭✶✳✷✮ ❝♦♠♦

Xs =
n∑

i=1

X i∂i.
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❙❡❥❛ f ∈ C∞(M) ✉♠❛ ❢✉♥çã♦ ❜✉♠♣✶ ❡♠ p ❝♦♠ supp(f) ⊂ U ✳

◆♦t❡ q✉❡ fxi é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡♠ ▼ ❡ ❞❛ ♠❡s♠❛ ❢♦r♠❛ f∂i ∈ X(M)✱ ❛ss✐♠

f 2A(θ1, . . . , θr, X1, . . . , Xs) = A(θ1, . . . , f 2Xs)

= A

(
θ1, . . . , f 2

n∑

i=1

X i∂i

)

= A

(
θ1, . . . ,

n∑

i=1

f 2X i∂i

)

= A

(
θ1, . . . ,

(
n∑

i=1

fX i

)
f∂i

)

=
n∑

i=1

fX i · A(θ1, . . . , f∂i),

❛✈❛❧✐❛♥❞♦ ♥♦ ♣♦♥t♦ p✱ t❡♠♦s

f 2(p)A(θ1, . . . , θr, X1, . . . , Xs)(p) =

(
n∑

i=1

f(p)X i(p)

)
A(θ1, . . . , f∂i)(p).

❈♦♠♦ Xs|p = 0✱ t❡♠♦s q✉❡ X i(p) = Xs(x
i)|p = 0✱ ❡ ♣♦r ✉♠❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡

❢✉♥çã♦ ❜✉♠♣✱ t❡♠♦s q✉❡ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p✱ f(p) = 1✱ ♣♦rt❛♥t♦

A(θ1, . . . , θr, X1, . . . , Xs)(p) = 0.

Pr♦♣♦s✐çã♦ ✶✳✺ ❙❡❥❛♠ p ∈ M ❡ A ∈ Tr
s(M)✳ ❙❡❥❛♠ t❛♠❜é♠ θ

1
, . . . , θ

r
❡ θ1, . . . , θr

❛s ✶✲❢♦r♠❛s t❛✐s q✉❡ θ
i|p = θi|p✱ ♣❛r❛ t♦❞♦s 1 ≤ i ≤ r ❡ X1, . . . , Xs ❡ X1, . . . , Xs ♦s

❝❛♠♣♦s ❞❡ ✈❡t♦r❡s t❛✐s q✉❡ Xj|p = Xj|p ♣❛r❛ t♦❞♦ 1 ≤ j ≤ s✳ ❊♥tã♦

A(θ
1
, . . . , θ

r
, X1, . . . , Xs)(p) = A(θ1, . . . , θr, X1, . . . , Xs)(p).

❉❡♠♦♥str❛çã♦✳ ❋❛r❡♠♦s ❛ ♣r♦✈❛ ♣❛r❛ ♦ ❝❛s♦ r = 1 ❡ s = 2✱ ♦ ❝❛s♦ ❣❡r❛❧ s❡❣✉❡

❞❡st❡✳ ❉❡♥♦t❡♠♦s ♣♦r θ, θ ❛s ✶✲❢♦r♠❛s ❡ Xi, X i, 1 ≤ i ≤ 2✱ ♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡

❝♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡

A(θ,X1, X2)− A(θ,X1, X2) = A(θ − θ,X1, X2) + A(θ,X1 −X1, X2)

+ A(θ,X1, X2 −X2). ✭✶✳✸✮

✶❉❛❞❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ U ❞❡ ✉♠ ♣♦♥t♦ p ∈ M ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M)✱ s❛t✐s❢❛③❡♥❞♦✿

(i) 0 ≤ f ≤ 1 s♦❜r❡ M ;

(ii) f = 1 ❡♠ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ♣;

(iii) supp(f) ⊂ U ✳
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P♦r ❤✐♣ót❡s❡✱ θ|p = θ|p, X1|p = X1|p ❡ X2|p = X2|p✱ ❡♥tã♦

θ|p − θ|p = 0, X1|p −X1|p = 0 e X2|p −X2|p = 0

❧♦❣♦✱ ❛✈❛❧✐❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✶✳✸✮ ❡♠ p ❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✭✶✳✶✮ s❡❣✉❡

A(θ,X1, X2)(p)− A(θ,X1, X2)(p) = 0,

♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❊♥❝❡rr❛r❡♠♦s ❡st❛ s❡çã♦ ❝♦♠ ❛ s❡❣✉✐♥t❡

❖❜s❡r✈❛çã♦ ✶✳✸ ❙❡❣✉❡ ❞❛ ú❧t✐♠❛ ♣r♦♣♦s✐çã♦ q✉❡ ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ A ∈ Tr
s(M)

♣♦ss✉✐ ✉♠ ✈❛❧♦r Ap ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈M ✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❛ ❢✉♥çã♦

Ap : ((TpM)∗)r × (TpM)s → R

❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ s❡ α1, . . . , αr ∈ (TpM)∗ ❡ v1, . . . , vs ∈ TpM ❡♥tã♦

Ap(α
1, . . . , αr, v1, . . . , vs) = A(θ1, . . . , θr, X1, . . . , Xs)(p),

♦♥❞❡ θ1, . . . , θr ∈ X∗(M) ❡ X1, . . . , Xs ∈ X∗(M) sã♦ t❛✐s q✉❡ θi|p = αi (1 ≤ i ≤ r) ❡

Xj|p = vj (1 ≤ j ≤ s)✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ Ap é R✲♠✉❧t✐❧✐♥❡❛r✳ ❊♥tã♦ ❆ é ✉♠ t❡♥s♦r ❞♦ t✐♣♦ (r, s)

❡♠ TpM ✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r A ∈ Tr
s(M) ❝♦♠♦ ✉♠ ❝❛♠♣♦ s✉❛✈❡ q✉❡ ❛ss♦❝✐❛ ❛

❝❛❞❛ ♣♦♥t♦ p ∈M ♦ t❡♥s♦r Ap✳

✶✳✶✳✶ ❈♦♠♣♦♥❡♥t❡s ❞❡ ✉♠ ❚❡♥s♦r

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ✉♠ t❡♥s♦r✳ ❉❡♥♦t❛r❡♠♦s ♣♦r s✐♠♣❧✐❝✐❞❛❞❡

Mn ♣♦r M ✱ ♦♥❞❡ n ✐♥❞✐❝❛ ❛ ❞✐♠❡♥sã♦ ❞❛ ✈❛r✐❡❞❛❞❡✳

❉❡✜♥✐çã♦ ✶✳✻ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❈♦♥s✐❞❡r❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦✲

♦r❞❡♥❛❞❛s ξ = (x1, . . . , xn) ♥✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ⊂ Mn✳ ❙❡ A ∈ Tr
s(M) ❡♥tã♦ ❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ A ❡♠ ξ sã♦ ❛s ❢✉♥çõ❡s

Ai1...ir
j1...js

= A(dxi1 , . . . , dxir , ∂j1 , . . . , ∂js) : U ⊂M → R,

♦♥❞❡ i1 . . . ir, j1 . . . js ∈ {1, . . . , n}✳

❋❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ♣❡q✉❡♥❛ ❛♣❧✐❝❛çã♦ ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✳
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❊①❡♠♣❧♦ ✷ ❙❡ A ∈ T1
2(M)✱ ❡♥tã♦ ❡s❝r❡✈❡♥❞♦ X =

∑
iX

i∂i, Y =
∑

j X
j∂j ❡

θ =
∑

k θkdx
k ♦❜t❡♠♦s

A(θ,X, Y ) = A

(
∑

i

X i∂i,
∑

j

Xj∂j,
∑

k

θkdx
k

)

=
∑

i,j,k

θkX
iY j A(dxk, ∂i, ∂j)︸ ︷︷ ︸

Ak
ij

=
∑

i,j,k

Ak
ijθkX

iY j.

❖❜s❡r✈❛çã♦ ✶✳✹ ❙❡ A ∈ Tr
s(M) ❡ B ∈ Tr′

s′(M) sã♦ ❝❛♠♣♦s ❞❡✜♥✐❞♦s ❡♠ M ✱ ❡♥tã♦ ❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ A⊗ B ∈ T
r+r′

s+s′(M) sã♦

(A⊗ B)
i1...irir+1...ir+r′

j1...jsjs+1...js+s′
= Ai1...ir

j1...js
· Bis+1...ir+r′

jr+1...js+s′
,

♦♥❞❡ i1 . . . ir+r′ , j1 . . . js+s′ ∈ {1, . . . , n}✳

▲❡♠❛ ✶✳✷ ❙❡❥❛ x1, . . . , xn ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♠ U ⊂ M ✳ ❙❡ A ∈ Tr
s(M)

❡♥tã♦ ❡♠ ❯ t❡♠♦s

A = Ai1...ir
j1...js

∂i1 ⊗ . . .⊗ ∂ir ⊗ dxi1 ⊗ . . .⊗ dxis ,

♦♥❞❡ i1 . . . ir+r′ , j1 . . . js+s′ ∈ {1, . . . , n}✳

✶✳✶✳✷ ❈♦♥tr❛çã♦ ❞❡ ❚❡♥s♦r❡s

❊①✐st❡ ✉♠❛ ♦♣❡r❛çã♦ ❝❤❛♠❛❞❛ ❝♦♥tr❛çã♦ q✉❡ tr❛♥s❢♦r♠❛ t❡♥s♦r❡s ❞♦ t✐♣♦ (r, s)

❡♠ t❡♥s♦r❡s ❞♦ t✐♣♦ (r − 1, s − 1)✳ ❆ ❞❡✜♥✐çã♦ ❣❡r❛❧ ❞❡st❡ t✐♣♦ ❡s♣❡❝✐❛❧ ❞❡ t❡♥s♦r❡s

s❡❣✉❡ ❞♦

▲❡♠❛ ✶✳✸ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ C∞(M)✲❧✐♥❡❛r

C : Tr
s(M) → C∞(M),

❝❤❛♠❛❞❛ ✭✶✱✶✮✲❝♦♥tr❛çã♦✱ t❛❧ q✉❡ C(X⊗θ) = θ(X)✱ ♣❛r❛ t♦❞♦ X ∈ X(M) ❡ θ ∈ X∗(M).

❉❡♠♦♥str❛çã♦✳ ❉❛ C∞(M)✲❧✐♥❡❛r✐❞❛❞❡✱ ♦❜s❡r✈❛♠♦s q✉❡ C s❡rá ✉♠❛ ♦♣❡r❛çã♦ ♣♦♥✲

t✉❛❧✳ ❈♦♥s✐❞❡r❡ A ∈ T1
1(M)✳ ❙❡ ξ = (x1, . . . , xn) é ✉♠ s✐st❡♠❛ ❧♦❝❛❧ ❞❡ ❝♦♦r❞❡♥❛❞❛s

❡♥tã♦✱ ❆ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛

A =
∑

ij

Ai
j∂i ⊗ dxj.
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◗✉❡r❡♠♦s q✉❡

C(∂i ⊗ dxj) = dxj(∂i) = δji .

❆ss✐♠✱ ❧♦❝❛❧♠❡♥t❡ ♣♦❞❡♠♦s ❞❡✜♥✐r

C : T1
1(M) → C∞(M)

❞❛❞❛ ♣♦r C(A) =
∑

iA
i
i✳ ❊ ❛ss✐♠✱ C ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ r❡q✉❡r✐❞❛✳

P❛r❛ ❡st❡♥❞❡r ♦ r❡s✉❧t❛❞♦ ❡♠ t♦❞❛ ❛ ✈❛r✐❡❞❛❞❡✱ ❜❛st❛ ♠♦str❛r q✉❡ ❛ ❞❡✜♥✐çã♦

✐♥❞❡♣❡♥❞❡ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡s❝♦❧❤✐❞♦✳

❉❡ ❢❛t♦✱ s❡ η = (y1, . . . , yn) é ✉♠ ♦✉tr♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧ ❡♠ ▼✱ ❡♥tã♦

∑

m

Am
m =

∑

m

A

(
dym,

∂

∂ym

)

=
∑

m

A

(
∑

i

∂ym

∂xi
dxi,

∑

j

∂xj

∂ym
∂

∂xj

)

=
∑

i,j,k

∂ym

∂xi
· ∂x

j

∂ym
A

(
dxi,

∂

∂xj

)

=
∑

i,j

∂xj

∂xi
Ai

j

=
∑

i,j

δjiA
i
j

=
∑

i

Ai
i.

❆❣♦r❛ ♣❛r❛ ❡st❡♥❞❡r ♦ ▲❡♠❛ ✭✶✳✸✮ ♣❛r❛ t❡♥s♦r❡s ❞❡ t✐♣♦ ♠❛✐s ❡❧❡✈❛❞♦ ♦ ♣r♦❝❡❞✐✲

♠❡♥t♦ é ❡s♣❡❝✐✜❝❛r ✉♠❛ ❡♥tr❛❞❛ ❝♦✈❛r✐❛♥t❡ ❡ ✉♠❛ ❡♥tr❛❞❛ ❝♦♥tr❛✈❛r✐❛♥t❡✱ ❡ ❛♣❧✐❝❛r ♦

▲❡♠❛ ✭✶✳✸✮ ♣❛r❛ ❡st❡s✳

❙❡♥❞♦ ❛ss✐♠✱ s✉♣♦♥❤❛ q✉❡ A ∈ Tr
s(M) ❡ 1 ≤ i ≤ r ❡ 1 ≤ j ≤ s✳ ❋✐①❛❞❛s ❛s

✶✲❢♦r♠❛s θ1, . . . , θr−1 ❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s X1, . . . , Xs−1✳ ❊♥tã♦ ❛ ❢✉♥çã♦

(θ,X) → A(θ1, . . . , θ, . . . , θr−1, X1, . . . , X, . . . , Xs−1),

♦♥❞❡ θ ♦❝✉♣❛ ❛ i✲és✐♠❛ ❡♥tr❛❞❛ ❝♦♥tr❛✈❛r✐❛♥t❡ ❡ X ♦❝✉♣❛ ❛ j✲és✐♠❛ ❡♥tr❛❞❛ ❝♦✈❛r✐❛♥t❡✱

é ✉♠ t❡♥s♦r ❞♦ t✐♣♦ (1, 1) q✉❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

A(θ1, . . . , θr−1, X1, . . . , Xs−1).
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❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✭✶✳✸✮ ♣❛r❛ ❡st❡ t❡♥s♦r✱ ♦❜t❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❡s r❡❛✐s ❞❛❞❛ ♣♦r

(C i
jA)(θ

1, . . . θr−1, X1, . . . , Xs−1).

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ C i
jA é C∞(M)✲♠✉❧t✐❧✐♥❡❛r ♥❡st❡s ❛r❣✉♠❡♥t♦s✳ P♦rt❛♥t♦ é ✉♠

t❡♥s♦r ❞♦ t✐♣♦ (r − 1, s− 1) ❝❤❛♠❛❞♦ ❛ ❝♦♥tr❛çã♦ ❞❡ A s♦❜r❡ i, j✳

❊①❡♠♣❧♦ ✸ ❙❡ A ∈ T2
3(M) ❡♥tã♦ C1

3(A) ∈ T1
2(M) é ❞❛❞♦ ♣♦r

(C1
3(A))(θ,X, Y ) = C(A(·, θ,X, Y, ·)).

❙❡ ξ = (x1, . . . , xn) é ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❡♥tã♦

(C1
3(A))

k
ij = (C1

3(A))(dx
k, ∂i, ∂j) = C(A(·, dxk, ∂i, ∂j, ·))

=
∑

m

A(dxm, dxk, ∂i, ∂j, ∂m) =
∑

m

Amk
ijm.

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ é ❞❛❞❛ ♣❡❧♦✳

❈♦r♦❧ár✐♦ ✶✳✼ ❙❡❥❛♠ i ∈ {1, . . . , r} ❡ j ∈ {1, . . . , s}✳ ❙❡ A ∈ Tr
s(M) ❡♥tã♦ ❛s ❝♦♠♣♦✲

♥❡♥t❡s ❞❡ Ci
j(A) ∈ T

r−1
s−1(M) sã♦

(Ci
j(A))

i1...ir−1

j1...js−1
=
∑

m

A
i1...m...ir−1

j1...m...js−1
,

♦♥❞❡ ♠ ♦❝✉♣❛ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❛ ✐✲és✐♠❛ ❡♥tr❛❞❛ ❡ ❛ ❥✲és✐♠❛ ❡♥tr❛❞❛✳

✶✳✶✳✸ ❖ P✉❧❧❜❛❝❦

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ✉♠❛ ✐♠♣♦rt❛♥t❡ ♦♣❡r❛çã♦ q✉❡ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r✲

❡♥❝✐á✈❡❧ ❡♥tr❡ M ❡ N ✱ q✉❛❧q✉❡r t❡♥s♦r ❝♦✈❛r✐❛♥t❡ ❡♠ N ❢♦r♥❡❝❡ ✉♠ ♥♦✈♦ t❡♥s♦r ❡♠

M ✳

❉❡✜♥✐çã♦ ✶✳✽ ❙❡❥❛♠ ▼ ❡ ◆ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ φ : M → N ✉♠❛ ❛♣❧✐❝❛çã♦

❞✐❢❡r❡♥❝✐á✈❡❧✳ ❙❡ A ∈ T0
s(N)✱ ❝♦♠ s ≥ 1 ❡ ❝♦♥s✐❞❡r❡

(φ∗A)p : (TpM)s → R,

❞❛❞❛ ♣♦r

(φ∗A)p(v1, . . . , vs) = A(φ(p))(dφp(v1), . . . , dφp(vn)),

♣❛r❛ q✉❛✐sq✉❡r v1, . . . , vs ∈ TpM ❡ q✉❛❧q✉❡r p ∈ M ✳ ❊♥tã♦ φ∗A é ❝❤❛♠❛❞♦ ✧♣✉❧❧❜❛❝❦✧

❞❡ ❆ ♣♦r φ✳
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P❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❡ ♠✉❧t✐❧✐♥❡❛r✐❞❛❞❡ ❞❛s r❡s♣❡❝t✐✈❛s ❛♣❧✐❝❛çõ❡s

dφp : TpM → Tφ(p)N ❡ Aφ(p) : (Tφ(p)N)s → R,

♦❜t❡♠♦s q✉❡ (φ∗A)p : (TpM)s → R é R✲♠✉❧t✐❧✐♥❡❛r✳ ❆ss✐♠ (φ∗A)p é ✉♠ t❡♥s♦r ❞♦ t✐♣♦

(0, s) ❡♠ TpM ✳ P♦rt❛♥t♦ φ∗A ∈ T0
s(M) ❡ ❝♦♥✈é♠ ♦❜s❡r✈❛r q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ s = 0

t❡♠♦s A ∈ T0
0(M) = C∞(M)✱ ❡ ♥❡st❡ ❝❛s♦ ❞❡✜♥✐♠♦s

φ∗A = A ◦ φ ∈ C∞(M).

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ♥♦s ❢♦r♥❡❝❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❞♦ ♣✉❧❧❜❛❝❦✳

▲❡♠❛ ✶✳✹ ❙❡❥❛♠ M,N ❡ P ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ f ∈ C∞(M) ❡ ❝♦♥s✐❞❡r❡ ❛s

s❡❣✉✐♥t❡s ❛♣❧✐❝❛çõ❡s

φ :M → N, ψ : N → P.

❊♥tã♦

✭✐✮ φ∗(df) = d(φ∗f)❀

✭✐✐✮ φ∗ : T0
s(N) → T0

s(M) é R− ❧✐♥❡❛r ♣❛r❛ ❝❛❞❛ s ≥ 0✱ ❡ φ∗(A⊗B) = (φ∗A)⊗(φ∗B)❀

✭✐✐✐✮ (ψ ◦ φ)∗ = φ∗ ◦ ψ∗ : T0
s(P ) → T0

s(M)✳

❉❡♠♦♥str❛çã♦✳

✭✐✮ ❙❡ p ∈M ❡♥tã♦ ✉s❛♥❞♦ ❛ ❘❡❣r❛ ❞❛ ❈❛❞❡✐❛ t❡♠♦s q✉❡

d(φ∗f)p = d(f ◦ φ)p = dfφ(p)(dφp) = φ∗(dfp).

❈♦♠♦ p ❢♦✐ ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ s❡q✉❡ q✉❡ d(φ∗f) = φ∗(df)✳

✭✐✐✮ ❆ R✲❧✐♥❡❛r✐❞❛❞❡ ❞❡ φ∗ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ú❧t✐♠❛ ❞❡✜♥✐çã♦✳

❙❡❥❛♠ A,B ∈ T0
s(N) ❡ s❡ v1, . . . , vs, w1, . . . , ws ∈ TpM ❡♥tã♦✱

φ∗(A⊗ B)(v1, . . . , vs, w1, . . . , ws)

= (A⊗ B)(dφ(v1), . . . , dφ(vs), dφ(w1), . . . , dφ(ws))

= A(dφ(v1), . . . , dφ(vs)) · B(dφ(w1), . . . , dφ(ws))

= (φ∗A)(v1, . . . , vs) · (φ∗B)(w1, . . . , ws)

= (φ∗A)⊗ (φ∗B)(v1, . . . , vs, w1, . . . , ws).

❙❡❣✉❡ q✉❡ φ∗(A⊗ B) = (φ∗A)⊗ (φ∗B).
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✭✐✐✐✮ Pr✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❡ q✉❡ ψ ◦ φ :M → P ❡ s❡ ❞❛❞♦ A ∈ T0
s(P )✱ ❡♥tã♦

ψ∗A ∈ T0
s(N) ❡ φ∗(ψ∗A) ∈ T0

s(M)✳

❈♦♥s✐❞❡r❡♠♦s v1, . . . , vs ∈ TpM ✱ ❞❛í

((ψ ◦ φ)∗A)(v1, . . . , vs) = A(d(ψ ◦ φ)(v1), . . . , d(ψ ◦ φ)(vs))

= A(dψ(dφ(v1)), . . . , d(ψ(dφ(vs))))

= (ψ∗A)(dφ(v1), . . . , d(φ(vs)))

= (φ∗(ψ∗A))(v1, . . . , vs)

= ((φ∗ ◦ ψ∗)A)(v1, . . . , vs).

❙❡❣✉❡ q✉❡ (ψ ◦φ)∗A = (φ∗ ◦ψ∗)A✱ ♣❛r❛ t♦❞♦ A ∈ T0
s(P )✱ ❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡

(ψ ◦ φ)∗ = φ∗ ◦ ψ∗✳

✶✳✶✳✹ ❉❡r✐✈❛çã♦ ❞❡ ❚❡♥s♦r❡s

❈♦♥❤❡❝❡r❡♠♦s ❛❣♦r❛ ✉♠ t✐♣♦ ❞❡ t❡♥s♦r ❝❤❛♠❛❞♦ ❚❡♥s♦r ❉❡r✐✈❛çã♦✳ ❱❡r❡♠♦s

❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ♣♦r ✜♠✱ ❞❡✜♥✐r❡♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ q✉❡ s❡rá ❞❡

♠✉✐t❛ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✶✳✾ ❯♠❛ ❞❡r✐✈❛çã♦ D ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ▼ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡

❢✉♥çõ❡s R✲❧✐♥❡❛r❡s

D = D
r
s : T

r
s(M) → T

r
s(M) (r, s ≥ 0),

t❛❧ q✉❡ ♣❛r❛ q✉❛✐sq✉❡r A,B ∈ Tr
s(M) ❡ t♦❞❛ ❝♦♥tr❛çã♦ C✱ t❡♠✲s❡

✭✐✮ D(A⊗ B) = (DA)⊗ B + A⊗ (DB)❀

✭✐✐✮ D(C(A)) = C(DA)✳

❉❡✜♥✐❞❛ ❞❡st❛ ♠❛♥❡✐r❛✱D é R✲❧✐♥❡❛r✱ ♣r❡s❡r✈❛ ♦ t✐♣♦ ❞♦ t❡♥s♦r✱ ♦❜❡❞❡❝❡ ❛ r❡❣r❛ ❞♦

♣r♦❞✉t♦ ❡ ❝♦♠✉t❛ ❝♦♠ ❝♦♥tr❛çõ❡s✳ P❛r❛ ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M) t❡♠♦s f ⊗A = f ·A✱
❛ss✐♠ D(fA) = (Df)A+ f(DA)✱ ❡ q✉❛♥❞♦ t = s = 0✱ s❡ D = D0

0 : C
∞(M) → C∞(M)

é ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠ M ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ X ∈ X(M) t❛❧ q✉❡ Df = Xf ✱ ♣❛r❛

q✉❛❧q✉❡r f ∈ C∞(M)✳
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Pr♦♣♦s✐çã♦ ✶✳✶✵ ❙❡ D é ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠ ▼ ❡ ❯ é ✉♠ ❛❜❡rt♦ ❞❡ ▼ ❡♥tã♦ ❡①✐st❡

✉♠❛ ú♥✐❝❛ ❞❡r✐✈❛çã♦ DU t❛❧ q✉❡

DU(A|U) = (DA)|U ,

♣❛r❛ t♦❞♦ t❡♥s♦r ❆ ❡♠ ▼✳ ✭DU é ❝❤❛♠❛❞♦ ❛ r❡str✐çã♦ ❞❡ D ❡♠ ❯✱ ❡ ❞❛q✉✐ ♣♦r ❞✐❛♥t❡

♦♠✐t✐r❡♠♦s ♦ s✉❜í♥❞✐❝❡ ❯✮✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ B ∈ Tr
s(M) ❡ ❝♦♥s✐❞❡r❡ p ∈ U ❡ f ✉♠❛ ❢✉♥çã♦ ❜✉♠♣ ❡♠ p✳

❊♥tã♦ fB ∈ Tr
s(M)✳ ❉❡✜♥❛

DU(A|U) = (DA)|U .

❆✜r♠❛✲s❡ q✉❡ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ❢✉♥çã♦ ❜✉♠♣✳

❉❡ ❢❛t♦✱ s❡❥❛ g ✉♠❛ ♦✉tr❛ ❢✉♥çã♦ ❜✉♠♣ ❡♠ p✱ ❡♥tã♦

D(gfB)p = D(g(p))f(p)Bp + g(p)(DfB)p = D(fB)p.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ D(gfB)p = D(gB)p✳ ❆ss✐♠✱ D(fB)p = D(gB)p ❡ ❛ ❞❡✜♥✐çã♦

❛❝✐♠❛ é ✉♠❛ ❜♦❛ ❞❡✜♥✐çã♦✳

❆❧é♠ ❞✐ss♦ é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡✿

✭✐✮ DUB é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❡♠ U ❀

✭✐✐✮ DU é ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠ U ❀

✭✐✐✐✮ DU(B|U) = (DB)|U) ♣❛r❛ t♦❞♦ t❡♥s♦r B ❡♠ M ❀

✭✐✈✮ DU é ú♥✐❝♦✱

♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❆ ❢ór♠✉❧❛ ❞❡ ▲❡✐❜♥✐③ D(A⊗B) = (DA)⊗(DB) ♣♦❞❡ s❡r r❡❢♦r♠✉❧❛❞❛ ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✶ ✭❘❡❣r❛ ❞♦ Pr♦❞✉t♦✮ ❙❡❥❛ D ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠ ▼✳ ❙❡ A ∈ Tr
s(M)

❡♥tã♦

D(A(θ1, . . . , θr, X1, . . . , Xs)) = (DA)(θ1, . . . , θr, X1, . . . , Xs)

+
r∑

i=1

A(θ1, . . . ,Dθi, . . . , θr, X1, . . . , Xs)

+
s∑

j=1

A(θ1, . . . , θr, X1, . . . ,DXj, . . . , Xs).
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❉❡♠♦♥str❛çã♦✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❢❛ç❛♠♦s r = s = 1 ❡ ❛✜r♠❛♠♦s q✉❡

A(θ,X) = C(A⊗ θ ⊗X),

♦♥❞❡ C é ❛ ❝♦♠♣♦st❛ ❞❡ ❞✉❛s ❝♦♥tr❛çõ❡s✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ ξ = (x1, . . . , xn) ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧ ❡♠ M ✳ ❊♥tã♦

♣❡❧❛ ❖❜s❡r✈❛çã♦ ✭✶✳✹✮✱ A⊗ θ ⊗X t❡♠ ❝♦♠♣♦♥❡♥t❡s Ai
jθkX

l✳

❯♠❛ ✈❡③ q✉❡ A(θ,X) =
∑

i,j A
i
jθiX

j t❡♠♦s✱

D(A(θ,X)) = DC(A⊗ θ ⊗X) = CD(A⊗ θ ⊗X)

= C(DA⊗ θ ⊗X) + C(A⊗Dθ ⊗X) + C(A⊗ θ ⊗DX)

= (DA)(θ,X) + A(Dθ,X) + A(θ,DX).

❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❝❛s♦ ❣❡r❛❧ s❡❣✉❡ ❞❡st❡✳

❈♦r♦❧ár✐♦ ✶✳✶✷ ❙❡ ❞✉❛s ❞❡r✐✈❛çõ❡s D1 ❡ D2 ❡♠ ▼ ❝♦✐♥❝✐❞❡♠ ❡♠ ❢✉♥çõ❡s r❡❛✐s ❞❡✜♥✐❞❛s

❡♠ ▼ ❡ ❡♠ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡✜♥✐❞♦s ❡♠ ▼✱ ❡♥tã♦ D1 = D2✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♦❜s❡r✈❛r ♥❛ Pr♦♣♦s✐çã♦ ❛♥t❡r✐♦r q✉❡

(Dθ)(X) = D(θ(X))− θ(DX),

♣❛r❛ t♦❞♦ X ∈ X(M) ❡ t♦❞♦ θ ∈ X∗(M)✳

❙❡ s❛❜❡♠♦s ❞❡r✐✈❛r s♦❜r❡ C∞(M) ❡ X(M) ❡♥tã♦ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ✉♠❛ ❞❡r✐✈❛çã♦

s♦❜r❡ M ✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✶✳✶✸ ❉❛❞♦s ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ V ∈ X(M) ❡ ✉♠❛ ❢✉♥çã♦ R✲❧✐♥❡❛r

δ : X(M) → X(M) t❛❧ q✉❡

δ(fX) = V (f)X + fδ(X), ∀ f ∈ C∞(M), ∀ X ∈ X(M), ✭✶✳✹✮

❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❞❡r✐✈❛çã♦ D ❡♠ ▼ t❛❧ q✉❡ D0
0 = V : C∞(M) → C∞(M) ❡

D1
0 = δ✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡ D0
0 ❡ D1

0 ❥á sã♦ ❞❛❞♦s✳ ❙❡❣✉♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦

ú❧t✐♠♦ ❝♦r♦❧ár✐♦✱ ❞❡✜♥❛

(Dθ)(X) = D(θ(X))− θ(DX), ∀ X ∈ X(M),
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❡ ♥♦t❡ q✉❡

(Dθ)(X + Y ) = V (θ(X + Y ))− θ(δ(X + Y ))

= V (θ(X) + θ(Y ))− θ(δ(X) + δ(Y ))

= V (θ(X)) + V (θ(Y ))− θ(δ(X))− θ(δ(Y ))

= [V (θ(X))− θ(δ(X))] + [V (θ(Y ))−−θ(δ(Y ))]

= (Dθ)(X)− (DX)(θ),

❡ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✶✳✹✮

(D)(fX) = V (θ(fX))− θ(δ(fX))

= V (fθ(X))− θ(V (f)X + fδ(X))

= V (f)θ(X) + fV (θ(X))− V (f)θ(X)− fθ(δ(X))

= f [V (θ(X))− θ(δ(X))]

= f(Dθ)(X),

♣❛r❛ q✉❛✐sq✉❡r X, Y ∈ X(M) ❡ t♦❞♦ f ∈ C∞(M)✳

❆ss✐♠ Dθ é C∞(M)✲❧✐♥❡❛r✱ ❧♦❣♦ Dθ ∈ X∗(M) ❡ ♣♦rt❛♥t♦ ♦❜t❡♠♦s ❛ ❞❡r✐✈❛çã♦

D = D
0
1 : X

∗(M) → X
∗(M).

❆❣♦r❛ ✉s❛♥❞♦ ❛ r❡❣r❛ ❞♦ ♣r♦❞✉t♦ ✭✶✳✶✶✮✱ ♣❛r❛ ✉♠ t❡♥s♦r A ❝♦♠ r + s ≥ 2 ❞❡✜♥✐♠♦s

(DA)(θ1, . . . , θr, X1, . . . , Xs) = D(A(θ1, . . . , θr, X1, . . . , Xs))

−
r∑

i=1

A(θ1, . . . ,Dθi, . . . , θr, X1, . . . , Xs)

−
s∑

j=1

A(θ1, . . . , θr, X1, . . . , δXj, . . . , Xs).

P♦❞❡ s❡r ♠♦str❛❞♦ q✉❡ DA ∈ Tr
s(M) ❡ D : Tr

s(M) → Tr
s(M) é ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠ M ✳

✭❱❡❥❛ ♠❛✐s ❞❡t❛❧❤❡s ❡♠ ❬✷✼❪✱ ♣á❣✳ ✹✺✮✳

P❛r❛ ❡♥❝❡rr❛r ❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r

q✉❡ é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛✳

❉❡✜♥✐çã♦ ✶✳✶✹ ❙❡ V ∈ X(M) ❡♥tã♦ ❛ ❞❡r✐✈❛çã♦ LV t❛❧ q✉❡
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✭✐✮ LV (f) = V (f), ∀ f ∈ C∞(M)

✭✐✐✮ LV (X) = [V,X], ∀ X ∈ X(M)✱

é ❝❤❛♠❛❞❛ ❉❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❝♦♠ r❡❧❛çã♦ ❛ ❱✳

❖❜s❡r✈❛çã♦ ✶✳✺ ◆♦t❡ q✉❡

LV (fX) = [V, fX] = V (fX)− fX(V )

= V (f)X + fV (X)− fX(V )

= V (f)X + f [V,X]

= V (f)X + fLV (X),

♣❛r❛ t♦❞♦ X ∈ X(M) ❡ q✉❛❧q✉❡r f ∈ C∞(M)✳

▲♦❣♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✭✶✳✶✸✮ t❡♠♦s q✉❡ LV ❡st❛ ❜❡♠ ❞❡✜♥✐❞❛✱ ♦✉ s❡❥❛✱ é ✉♠ t❡♥s♦r

❞❡r✐✈❛çã♦✳

✶✳✷ ❱❛r✐❡❞❛❞❡s ❙❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s

❆♣r❡s❡♥t❛r❡♠♦s ❛q✉✐ ❛❧❣✉♠❛s ❝♦♥❤❡❝✐♠❡♥t♦s q✉❡ ❡stã♦ ✐♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s

❝♦♠ ♦ ♥♦ss♦s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦✳

✶✳✷✳✶ ❋♦r♠❛s ❇✐❧✐♥❡❛r❡s ❙✐♠étr✐❝❛s

◆♦ q✉❡ s❡❣✉❡✱ s❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❯♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

b : V × V → R é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ s❛t✐s❢❛③✿

✭✐✮ b(au, v) = ab(u, v) = b(u, av), ∀ u, v ∈ V ❀

✭✐✐✮ b(u+ w, v) = b(u, v) + b(w, v) ❡ b(u, v + w) = b(u, v) + b(u, w), ∀ u, v, w ∈ V.

❆ ❢♦r♠❛ b é ❞✐t❛ s✐♠étr✐❝❛ s❡ b(u, v) = b(v, u) ∀ u, v ∈ V ✳

❉❡✜♥✐çã♦ ✶✳✶✺ ❉✐③❡♠♦s q✉❡ ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r b é✿

✭✐✮ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ s❡ ♣❛r❛ t♦❞♦ v ∈ V ❝♦♠ v 6= 0 ✐♠♣❧✐❝❛r b(v, v) > 0❀

✭✐✐✮ ♥❡❣❛t✐✈❛ ❞❡✜♥✐❞❛ s❡ ♣❛r❛ t♦❞♦ v ∈ V ❝♦♠ v 6= 0 ✐♠♣❧✐❝❛r b(v, v) < 0❀

✭✐✐✐✮ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s❡ b(v, w) = 0 ♣❛r❛ q✉❛❧q✉❡r w ∈ V ✐♠♣❧✐❝❛r v = 0✳
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❖ ❝❛s♦ ❡♠ q✉❡ b é s❡♠✐✲❞❡✜♥✐❞❛ s❡ ❞❡✜♥❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛ ❞❡✜♥✐❞♦ ❛❝✐♠❛✱

tr♦❝❛♥❞♦ ❛♣❡♥❛s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡str✐t❛✳ ❙❡ b é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❡♠ V

❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r s✉❜❡s♣❛ç♦ W ⊂ V ✱ ❛ r❡str✐çã♦ b
∣∣
W×W

✱ q✉❡ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r b
∣∣
W

é ❛✐♥❞❛ s✐♠étr✐❝❛ ❡ ❜✐❧✐♥❡❛r✳

❉❡✜♥✐çã♦ ✶✳✶✻ ❖ í♥❞✐❝❡ ν ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ b ❡♠ V é ♦ ♠❛✐♦r ✐♥t❡✐r♦

q✉❡ ❞❡♥♦t❛ ❛ ❞✐♠❡♥sã♦ ❞♦ s✉❜❡s♣❛ç♦ W ❞❡ V t❛❧ q✉❡ b
∣∣
W

é ♥❡❣❛t✐✈❛ ❞❡✜♥✐❞❛✳

❆ss✐♠ 0 ≤ ν ≤ dimV ❡ ν = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ b é ♣♦s✐t✐✈♦ ❞❡✜♥✐❞♦✳ ❆ ❢✉♥çã♦

q : V → R ❞❛❞❛ ♣♦r q(v) = b(v, v) é ❝❤❛♠❛❞❛ ❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❛ss♦❝✐❛❞❛ ❞❡ b✳ ❊♠

❛❧❣✉♥s ❝❛s♦s é ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❧❤❛r ❝♦♠ ❡❧❛ ❞♦ q✉❡ ❝♦♠ ❛ ♣ró♣r✐❛ b✱ ❡ ♥ã♦ ❤á

♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣♦✐s b ♣♦❞❡ s❡r r❡❝✉♣❡r❛❞❛ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♣♦❧❛r✐③❛çã♦

b(u, v) =
1

2
(q(u+ v)− q(u)− q(v)).

❙❡ e1, . . . , en é ✉♠❛ ❜❛s❡ ♣❛r❛ V ✱ ❛ ♠❛tr✐③ n×n ❝✉❥❛s ❝♦♦r❞❡♥❛❞❛s sã♦ (bij) = b(ei, ej) é

❝❤❛♠❛❞❛ ♠❛tr✐③ ❞❡ b r❡❧❛t✐✈❛ ❛ ❜❛s❡ e1, . . . , en✳ ❯♠❛ ✈❡③ q✉❡ b é s✐♠étr✐❝❛✱ ❡st❛ ♠❛tr✐③

é s✐♠étr✐❝❛✳

▲❡♠❛ ✶✳✺ ❯♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ♠❛tr✐③

r❡❧❛t✐✈❛ ❛ ✉♠❛ ❜❛s❡ ✭❡ ♣♦rt❛♥t♦ ❛ t♦❞❛s✮ é ✐♥✈❡rtí✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ e1, . . . , en ✉♠❛ ❜❛s❡ ♣❛r❛ V ✳ ❙❡ u ∈ V ✱ ❡♥tã♦ b(u, v) = 0 ♣❛r❛

t♦❞♦ v ∈ V s❡✱ ❡ s♦♠❡♥t❡ s❡✱ b(u, ei) = 0 ♣❛r❛ i = 1, . . . , n✳ ❯♠❛ ✈❡③ q✉❡ (bij) é

s✐♠étr✐❝❛✱

b(u, ei) = b

(
∑

j

ujej, ei

)
=
∑

j

ujb(ej, ei) =
∑

j

bijuj.

❆ss✐♠ b é ❞❡❣❡♥❡r❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ ♥ú♠❡r♦s ♥ã♦ t♦❞♦s ♥✉❧♦s u1, . . . , un t❛✐s

q✉❡
∑

j bijuj = 0 ♣❛r❛ i = 1, . . . , n✳ ▼❛s ✐ss♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❧✐♥❡❛r ❞❛s

❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ (bij)✱ ✐st♦ é✱ (bij) s❡r s✐♥❣✉❧❛r✳

❋❛❧❛r❡♠♦s ✉♠ ♣♦✉❝♦ s♦❜r❡ ♣r♦❞✉t♦s ❡s❝❛❧❛r❡s✳ ❊①✐❜✐r❡♠♦s ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦✲

♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❡ ❞❡✐①❛♠♦s✱ ♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ❬✷✼❪ ❝❛♣ít✉❧♦ ✷✳

❉❡✜♥✐çã♦ ✶✳✶✼ ❯♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r g ❡♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

s✐♠étr✐❝❛ ❡ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s♦❜r❡ V ✳
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❯♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r ♣♦s✐t✐✈♦ ❞❡✜♥✐❞♦✳ ◗✉❛♥❞♦ V = R
n✱

t❡♠♦s ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦ ❞❡✜♥✐❞♦ ♣♦r

u · v =
∑

i

uivi.

▼✉✐t❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✈❛❧❡♠ ♣❛r❛ ♣r♦❞✉t♦s ❡s❝❛❧❛r❡s✱ ♣♦ré♠ ❛❧❣✉♥s

❢❡♥ô♠❡♥♦s ♥♦✈♦s s✉r❣❡♠ q✉❛♥❞♦ g é ✐♥❞❡t❡r♠✐♥❛❞♦✱ ✐st♦ é✱ g(v, v) = 0, ♠❛s v 6= 0✳

❖ ♣ró①✐♠♦ ❡①❡♠♣❧♦ ♥♦s ♠♦str❛ q✉❡ ♠✉❞❛♥❞♦ ♦ s✐♥❛❧ ❞♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ✉s✉❛❧ ❞♦

R
2 t❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ♣r♦❞✉t♦ ❡s❝❛❧❛r ✐♥❞❡✜♥✐❞♦✳

❊①❡♠♣❧♦ ✹ ❉❡✜♥❛ g : R2 × R
2 → R ❞❛❞♦ ♣♦r

g(u, v) = u1v1 − u2v2.

❖❜s❡r✈❡ q✉❡ g é s✐♠étr✐❝❛ ❡ ❜✐❧✐♥❡❛r✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❜❛s❡ {(1, 0), (0, 1)} ❞♦ R
2✱ t❡♠♦s

♣❡❧♦ ▲❡♠❛ ✭✶✳✺✮ q✉❡ g é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ ❆ss✐♠✱ g é ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r ✐♥❞❡✜♥✐❞♦ ❡ ❛

s✉❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❛ss♦❝✐❛❞❛ é ❞❛❞❛ ♣♦r q(v) = u21 − u22✳

❉❡✜♥✐çã♦ ✶✳✶✽ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❡ s❡❥❛W ✉♠ s✉❜❡s♣❛ç♦

❞❡ V ✳ ❖ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ W é ♦ s✉❜❡s♣❛ç♦ W⊥ ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s ❡♠ V q✉❡

sã♦ ♦rt♦❣♦♥❛✐s ❛ t♦❞♦ ✈❡t♦r ❡♠ W ✱ ♦✉ s❡❥❛✱

W⊥ = {v ∈ V ; v ⊥ W}.

❖s ♣ró①✐♠♦s ❧❡♠❛s ❞❡s❝r❡✈❡♠ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ♦♣❡r❛çã♦ ⊥ q✉❡ sã♦ ✉s❛✲

❞♦s ❡♠ ♥♦ss♦s ❡st✉❞♦s✳

▲❡♠❛ ✶✳✻ ❙❡ ❲ é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❱✱ ❡♥tã♦

✭✐✮ dimW + dimW⊥ = n = dimV ❀

✭✐✐✮ ✭W⊥)⊥ = W ❀

✭✐✐✐✮ ❯♠ s✉❜❡s♣❛ç♦ W ❞❡ V é ♥ã♦ ❞❡❣❡♥❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ V = W ⊕ W⊥✳

❆❞❡♠❛✐s✱ ind V = ind W + ind W⊥✳

▲❡♠❛ ✶✳✼ ❙❡❥❛ e1 . . . , en ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V ✳ ❊♥tã♦ t♦❞❛ v ∈ V é ❡s❝r✐t♦ ❞❡

♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦

v =
∑

i

g(v, ei)ei.
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❉❡✜♥✐r❡♠♦s ❛❣♦r❛ t❡♥s♦r ♠étr✐❝♦ ❡ ♦ q✉❡ ✈❡♠ ❛ s❡r ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③✳

❉❡✜♥✐çã♦ ✶✳✶✾ ❯♠ t❡♥s♦r ♠étr✐❝♦ g ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M é ✉♠ t❡♥s♦r

❞♦ t✐♣♦ (0, 2) s✐♠étr✐❝♦✱ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❡♠M ❞❡ í♥❞✐❝❡ ❝♦♥st❛♥t❡✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

g ∈ T0
2(M) ❧❡✈❛ s✉❛✈❡♠❡♥t❡ ❝❛❞❛ ♣♦♥t♦ p ∈ M ❡♠ ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r gp ❡♠ TpM ✱ ❡

♦ í♥❞✐❝❡ ❞❡ gp é ♦ ♠❡s♠♦ ♣❛r❛ t♦❞♦ p ∈ TpM ✳ ❖✉ s❡❥❛✱

g : M −→ T0
2(M)

p 7−→ gp : TpM × TpM −→ R

(u, v) 7−→ gp(u, v)

é ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ t❛❧ q✉❡✱

✭✐✮ gp(u, v) = gp(v, u), ∀ u, v ∈ TpM

✭✐✐✮ gp(u, v) = 0, ∀ v ∈ TpM ✱ ✐♠♣❧✐❝❛ u = 0❀

✭✐✐✐✮ ind(TpM) = ind(TqM), ∀ p, q ∈M, ❝♦♠ p 6= q✳

❉❡✜♥✐çã♦ ✶✳✷✵ ❯♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M

♠✉♥✐❞❛ ❝♦♠ ✉♠ t❡♥s♦r ♠étr✐❝♦ g✳

❖ ✈❛❧♦r ❝♦♠✉♠ ν ❞♦ í♥❞✐❝❡ ❞❡ gp ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M é ❝❤❛♠❛❞♦

í♥❞✐❝❡ ❞❡ ▼✳ ◆♦t❡ q✉❡ 0 ≤ ν ≤ n = dim(M)✳ ❙❡ ν = 0✱ ❡♥tã♦ M é ✉♠❛ ✈❛r✐❡❞❛❞❡

❘✐❡♠❛♥♥✐❛♥❛✳ ◆❡st❡ ❝❛s♦✱ ❝❛❞❛ gp é ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ TpM ✳ ◗✉❛♥❞♦ ν = 1 ❡

n ≥ 2✱ ❡♥tã♦ M é ❞✐t❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③✳

◆♦t❛çã♦ ✶✳✷✶ ❉❡♥♦t❡♠♦s ♣♦r g = 〈, 〉 ♦ t❡♥s♦r ♠étr✐❝♦✳ ❆ss✐♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

g(u, v) = 〈u, v〉 ∈ R, ♣❛r❛ t♦❞♦s u, v ∈ TpM ❡ g(U, V ) = 〈U, V 〉 ❡ ♣❛r❛ U, V ∈ X(M)✳

P❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣♦❞❡♠♦s ❡s❝r❡✈❡r g s❡♥❞♦

g(U, V ) = 〈U, V 〉 =
∑

i,j

gijU
iV j,

❞❡ ❢❛t♦✱ s❡ ξ = x1, . . . , xn é ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♠ U ⊂ M ❡♥tã♦ ❛s ❝♦♠♣♦✲

♥❡♥t❡s ❞❡ g ❡♠ U sã♦

gij = 〈∂i, ∂j〉, ∀ i = 1, . . . , n.

❆ss✐♠✱ s❡ V =
∑

i v
i∂i ❡ U =

∑
j u

j∂j, t❡♠♦s q✉❡

g(U, V ) = 〈U, V 〉 =
∑

i,j

gijV
iU j.
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❈♦♠♦ g é ♥ã♦ ❞❡❣❡♥❡r❛❞❛ t❡♠♦s q✉❡ ❡♠ ❝❛❞❛ p ∈ M ❛ ♠❛tr✐③ (gij(p))n×n é ✐♥✈❡rtí✈❡❧

❡ ❛ s✉❛ ✐♥✈❡rs❛ é ❞❡♥♦t❛❞❛ ♣♦r (gij(p))n×n✳ ❆ ❢ór♠✉❧❛ ✉s✉❛❧ ♣❛r❛ ❛ ✐♥✈❡rs❛ ❞❡ ✉♠❛

♠❛tr✐③ ♥♦s ❣❛r❛♥t❡ q✉❡ ❛s ❢✉♥çõ❡s gij sã♦ s✉❛✈❡s ❡♠ U ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ g é s✐♠étr✐❝❛✱

❡♥tã♦ gij = gji ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ gij = gji✱ ♣❛r❛ q✉❛✐sq✉❡r i = 1, . . . , n✳ ❋✐♥❛❧♠❡♥t❡

❡♠ U ♦ t❡♥s♦r ♠étr✐❝♦ g ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

g =
∑

ij

gijdx
i ⊗ dxj.

❆ss✐♠✱ s❡ U, V ∈ X(M) t❡♠♦s

g(U, V ) =
∑

ij

gij(dx
i ⊗ dxj)(U, V )

=
∑

ij

gijdx
i(U) · dxj(V )

=
∑

ij

gijU
i · V j.

❊①❡♠♣❧♦ ✺ ❙❡❥❛ M = R
n✱ ❡ ♣❛r❛ ❝❛❞❛ p ∈ M t❡♠♦s q✉❡ TpM é ✐s♦♠♦r❢♦ ❛ R

n✳

❆ss✐♠ s❡ (x1, . . . , xn) é ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✉s✉❛✐s ❞♦ R
n✱ ❡♥tã♦

〈up, vp〉 =
∑

i

uivi,

❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ R
n✱ ♦♥❞❡ up =

∑
i u

i∂i ❡ vp =
∑

j v
j∂j✳ ❉❡st❛ ♠❛♥❡✐r❛✱

R
n ♠✉♥✐❞♦ ❝♦♠ ❡st❛ ♠étr✐❝❛ ♥♦s ❞á ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝❤❛♠❛❞❛ ❡s♣❛ç♦

❊✉❝❧✐❞✐❛♥♦ n−❞✐♠❡♥s✐♦♥❛❧✳

❊①❡♠♣❧♦ ✻ ❙❡❥❛ ν ✉♠ ✐♥t❡✐r♦ t❛❧ q✉❡ 0 ≤ ν ≤ n✳ ❊♥tã♦ R
n ♠✉♥✐❞♦ ❝♦♠ ♦ t❡♥s♦r

♠étr✐❝♦

〈up, vp〉 = −
ν∑

i=1

uivi +
n∑

j+ν=1

ujvj,

❞❡ í♥❞✐❝❡ ν ♥♦s ❞á ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ Rn
ν ✱ ❝❤❛♠❛❞♦ ❡s♣❛ç♦ s❡♠✐✲❊✉❝❧✐❞✐❛♥♦✳

❖❜s❡r✈❡ q✉❡ Rn
0 = R

n✱ ❡ ♣❛r❛ n ≥ 2✱ Rn
1 é ♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐ ♥✲❞✐♠❡♥s✐♦♥❛❧✳

❋✐①❛♥❞♦ ❛ ♥♦t❛çã♦

ǫi =





− 1, s❡ 1 ≤ i ≤ ν;

+ 1, s❡ ν + 1 ≤ j ≤ n,

❡♥tã♦ ♦ t❡♥s♦r ♠étr✐❝♦ ❞❡ R
n
ν ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

g =
∑

i

ǫidx
i ⊗ dxi.
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❉❡✜♥✐çã♦ ✶✳✷✷ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠ t❡♥s♦r ♠étr✐❝♦ 〈, 〉✳
❉✐③❡♠♦s q✉❡ ✉♠ ✈❡t♦r v ∈ TpM é

✭✐✮ t✐♣♦✲❡s♣❛ç♦ s❡ 〈v, v〉 > 0 ♦✉ v = 0❀

✭✐✐✮ t✐♣♦✲t❡♠♣♦ s❡ 〈v, v〉 < 0❀

✭✐✐✐✮ ♥✉❧♦ s❡ 〈v, v〉 = 0 ❡ v 6= 0✳

❖ ❝♦♥❥✉♥t♦ {v ∈ TpM ; 〈v, v〉 = 0 v 6= 0} ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s ♥✉❧♦s ❞❡ TpM é

❝❤❛♠❛❞♦ ❝♦♥❡ ♥✉❧♦ ❡♠ p ∈ M ✳ ◗✉❛♥❞♦ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③✱ ♦s ✈❡t♦r❡s

♥✉❧♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ t✐♣♦✲❧✉③✳

P❛r❛ ❝❛❞❛ p ∈M ✱ s❡❥❛

q : TpM −→ R

v 7−→ q(v) = 〈v, v〉,
❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r 〈, 〉. ❚❡♠♦s q✉❡ q ❞❡t❡r♠✐♥❛ 〈, 〉✳ ▼❛s

♦❜s❡r✈❡ q✉❡

q(fV ) = 〈fV, fV 〉 = f 2〈V, V 〉 = f 2q(V ),

♣❛r❛ q✉❛❧q✉❡r V ∈ X(M) ❡ t♦❞❛ f ∈ C∞(M)✳ ❆ss✐♠✱ t❡♠♦s q✉❡ q ♥ã♦ é C∞(M)✲❧✐♥❡❛r

❡ ♣♦rt❛♥t♦ ♥ã♦ é ✉♠ ❝❛♠♣♦ t❡♥s♦r✳

❉❡✜♥✐çã♦ ✶✳✷✸ ❙❡❥❛ N ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M

♠✉♥✐❞❛ ❞❡ ✉♠ t❡♥s♦r ♠étr✐❝♦ g✳ ❙❡❥❛ i :M → N ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦✳ ❙❡ ♦ ♣✉❧❧❜❛❝❦ i∗
g é ✉♠ t❡♥s♦r ♠étr✐❝♦ ❡♠ N ❡♥tã♦✱ N é ❝❤❛♠❛❞❛ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛

❞❡ M ✳

✶✳✷✳✷ ❆ ❈♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛

❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❡ V,W ❞♦✐s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡♠

M ✳ ❊♠ ❝❛❞❛ ♣♦♥t♦ p ∈ M ✱ q✉❡r❡♠♦s ❝❛❧❝✉❧❛r ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❡ W ♥❛ ❞✐r❡çã♦ ❞❡

Vp✳ ❋❛③❡♠♦s ✐ss♦ ♥❛t✉r❛❧♠❡♥t❡ ♥♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ ❝♦♠ ❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♠ ❝❛♠♣♦ ❡♠

r❡❧❛çã♦ ❛ ♦✉tr♦✳ P❛r❛ ♦ ♥♦ss♦ ❝♦♥t❡①t♦ ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❡①ã♦✳

❉❡✜♥✐çã♦ ✶✳✷✹ ❙❡❥❛♠ u1, . . . , un ❛s ❝♦♦r❞❡♥❛❞❛s ♥❛t✉r❛✐s ❞❡ R
n
ν ✳ ❙❡ V ❡ W sã♦ ❝❛♠✲

♣♦s ❞❡ ✈❡t♦r❡s ❡♠ R
n
ν ✱ ❝♦♠ W =

∑
iW

i∂i ✱ ♦ ✈❡t♦r

DVW =
∑

i

V (W i)∂i,

é ❝❤❛♠❛❞❛ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ W ♥❛ ❞✐r❡çã♦ ❞❡ V ✳
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❆❣♦r❛ ❡st❛❜❡❧❡❝❡r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❡①ã♦ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ✳

❉❡✜♥✐çã♦ ✶✳✷✺ ❯♠❛ ❝♦♥❡①ã♦ ∇ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ▼ é ✉♠❛ ❢✉♥çã♦

∇ : X(M)× X(M) → X(M)

s❛t✐s❢❛③❡♥❞♦✱ ♣❛r❛ q✉❛✐sq✉❡r V,W ∈ X(M)

✭✐✮ ∇VW é C∞(M)✲❧✐♥❡❛r ❡♠ V ❀

✭✐✐✮ ∇VW é R✲❧✐♥❡❛r ❡♠ W ❀

✭✐✐✐✮ ∇V (fW ) = f∇VW + V (f)W ♣❛r❛ t♦❞❛ ❢✉♥çã♦ f ∈ C∞(M)✳

❆ss✐♠✱ ∇VW é ❝❤❛♠❛❞❛ ❛ ✧❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✧ ❞❡ W ♥❛ ❞✐r❡çã♦ ❞❡ V ❝♦♠ r❡s♣❡✐t♦

❛ ❝♦♥❡①ã♦ ∇✳

❖❜s❡r✈❡ q✉❡ ♦ ❛①✐♦♠❛ (i) ♥♦s ❞✐③ q✉❡ ∇VW é ✉♠ t❡♥s♦r ❡♠ V ✱ ❡♥tã♦ ♣♦❞❡♠♦s

❡①❛♠✐♥❛r ♦ s❡✉ ❝❛rát❡r ♣♦♥t✉❛❧✱ ✐st♦ é✱ ❞❛❞♦ v ∈ TpM ✱ ♦ ✈❡t♦r ∇vW ∈ TpM ✱ ❡st❛ ❜❡♠

❞❡✜♥✐❞♦ ❡ ❞❡♥♦t❛♠♦s ♣♦r (∇vW )p ♦♥❞❡ V é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ t❛❧ q✉❡ Vp = v✳ ❖

❛①✐♦♠❛ (iii) ♥♦s ❞✐③ q✉❡ ∇VW ♥ã♦ é ✉♠ t❡♥s♦r ❡♠ W ✳

❱❡❥❛♠♦s ❛❣♦r❛ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❝❛rát❡r ❛❧❣é❜r✐❝♦✱ ♦ q✉❛❧ ♥♦s ❞✐③ q✉❡ ♥❛ ♣r❡s❡♥ç❛

❞❛ ♠étr✐❝❛ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❝❛♠♣♦s ❝♦♠ ✶✲❢♦r♠❛s✳

Pr♦♣♦s✐çã♦ ✶✳✷✻ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛✳ ❙❡ V ∈ X(M) s❡❥❛ V ∗

✉♠❛ ✶✲❢♦r♠❛ ❡♠ M t❛❧ q✉❡

V ∗(X) = 〈V,X〉, ∀ X ∈ X(M).

❊♥tã♦ ❛ ❢✉♥çã♦

f : X(M) −→ X∗(M)

V 7−→ f(V ) = V ∗(X) = 〈V,X〉

é ✉♠ ✐s♦♠♦r✜s♠♦ C∞(M)✲❧✐♥❡❛r ❞❡ X(M) ♣❛r❛ X∗(M)✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❡♠♦s q✉❡ f é C∞(M)✲❧✐♥❡❛r✱ ♣♦✐s é ❞❛❞❛ ♣♦r

✉♠❛ ✶✲❢♦r♠❛ q✉❡ é C∞(M)✲❧✐♥❡❛r✳ P❛r❛ ♠♦str❛r ♦ ✐s♦♠♦r✜s♠♦✱ ❜❛st❛ ♠♦str❛r q✉❡ ❛

❛♣❧✐❝❛çã♦ é ✉♠❛ ❜✐❥❡çã♦✱ ✉♠❛ ✈❡③ q✉❡ ❥á t❡♠♦s ❛ ❧✐♥❡❛r✐❞❛❞❡✳



❈❛♣ít✉❧♦ ✶✳ ❱❛r✐❡❞❛❞❡s ❙❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ✸✸

✭✐✮ f é ✐♥❥❡t♦r❛✳

❉❡ ❢❛t♦✱ s❡❥❛ f(V ) = f(W )✱ ❡♥tã♦

〈V,X〉 = 〈W,X〉, X ∈ X(M).

▲♦❣♦

〈V,X〉 = 〈W,X〉 ⇔ 〈V −W,X〉 = 0 ⇔ V = W,

✉♠❛ ✈❡③ q✉❡ X ∈ X(M) é q✉❛❧q✉❡r ❡ ❛ ♠étr✐❝❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳

P♦rt❛♥t♦ f é ✐♥❥❡t♦r❛✳

✭✐✐✮ f é s♦❜r❡❥❡t♦r❛✳

➱ ♥❡❝❡ssár✐♦ ❡①✐❜✐r♠♦s ✉♠ V ∈ X(M) t❛❧ q✉❡

θ(X) = 〈V,X〉, ∀ X ∈ X(M).

❆ ✉♥✐❝✐❞❛❞❡ é ❞❛❞❛ ♣❡❧♦ ✐t❡♠ (i)✳ ▼♦str❛r❡♠♦s q✉❡ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠

t❛❧ ❝❛♠♣♦ V ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♦r❞❡♥❛❞❛ U ❛r❜✐trár✐❛✳ ❙❡❥❛ θ ∈ X∗(M)✱

❡♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r θ =
∑

i θidx
i ❡♠ U ❡ t♦♠❡♠♦s V ∈ X(M) ❞❛❞♦ ♣♦r

V =
∑

ij g
ijθi∂j✳ ❊♥tã♦ ❞❡s❞❡ q✉❡ (gij) ❡ (gij) sã♦ ♠❛tr✐③❡s ✐♥✈❡rsí✈❡✐s✱ t❡♠♦s

〈V, ∂k〉 =

〈
∑

ij

gijθi∂j, ∂k

〉
=
∑

ij

gijθi 〈∂j, ∂k〉

=
∑

ij

gijθigjk =
∑

ij

θiδik = θk = θ(∂k).

P♦rt❛♥t♦ f é s♦❜r❡❥❡t♦r❛✳

❆ ❝♦♥❡①ã♦ ❡st❛ ❞✐r❡t❛♠❡♥t❡ ❧✐❣❛❞❛ ❛ ♠étr✐❝❛✱ ❞❡s❞❡ q✉❡ ❛❝r❡s❝❡♥t❡♠♦s ❛ ❝♦♠✲

♣❛t✐❜✐❧✐❞❛❞❡ ❡ ❛ s✐♠❡tr✐❛ q✉❡ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ r❡❧❛❝✐♦♥❛❞❛ ❛♦s ❝♦❧❝❤❡t❡s ❞❡ ▲✐❡✳ ❊♠

✈❡r❞❛❞❡✱ é ♦ q✉❡ ♥♦s ♠♦str❛ ♦ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲

❈✐✈✐t❛✱ ♦✉ ♠❛s ♣r❡❝✐s❛♠❡♥t❡

❚❡♦r❡♠❛ ✶✳✷✼ ✭▲❡✈✐✲❈✐✈✐t❛✮ ❊♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ▼ ❡①✐st❡ ✉♠❛

ú♥✐❝❛ ❝♦♥❡①ã♦ ∇ t❛❧ q✉❡

✭✐✮ [V,W ] = ∇VW −∇WV ❀
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✭✐✐✮ X〈V,W 〉 = 〈∇XV,W 〉+ 〈V,∇XW 〉, ∀ X, V,W ∈ X(M).

∇ é ❝❤❛♠❛❞❛ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ ▼✱ ❡ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧❛ ✧❋ór♠✉❧❛ ❞❡

❑♦s③✉❧✧

2〈∇VW,X〉 = V 〈W,X〉+W 〈V,X〉 −X〈V,W 〉
− 〈V, [W,X]〉+ 〈W, [V,X]〉+ 〈X, [V,W ]〉.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ∇ é ✉♠❛ ❝♦♥❡①ã♦ ❡♠ M s❛t✐s❢❛③❡♥❞♦ ♦s ❛①✐♦♠❛s (i)

❡ (ii) ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛✳ ❉♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧✱ ✉s❡♠♦s ♦ ❛①✐♦♠❛ (ii)

♥❛s três ♣r✐♠❡✐r❛s ♣❛r❝❡❧❛s ❡ ♦ ❛①✐♦♠❛ (i) ♥❛s três ✉❧t✐♠❛s✳ ❈♦♠ ✐ss♦✱ ❛❧❣✉♥s ♣❛r❡s ✐rã♦

s❡r ❝❛♥❝❡❧❛❞♦s ♦ q✉❡ ♥♦s ❧❡✈❛rá ❛ 2〈∇VW,X〉✳ ❆ss✐♠✱ ∇ s❛t✐s❢❛③ ❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧✱

♣♦rt❛♥t♦ s❡ t❛❧ ❝♦♥❡①ã♦ ❡①✐st❡ ❡❧❛ é ú♥✐❝❛✳ P❛r❛ ❛ ❡①✐stê♥❝✐❛✱ F (V,W,X) ❝♦♠♦ ♦ ❧❛❞♦

❞✐r❡✐t♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧✳ P❛r❛ ❝❛♠♣♦s V,W ✜①❛❞♦s ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ♠♦str❛ q✉❡

F é C∞(M)✲❧✐♥❡❛r ❡ ♣♦rt❛♥t♦ é ✉♠❛ ✶✲❢♦r♠❛✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✭✶✳✷✻✮✱ ❡①✐st❡ ✉♠ ú♥✐❝♦

❝❛♠♣♦ ✈❡t♦r✐❛❧✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r ∇VW ✱ t❛❧ q✉❡ 2〈∇VW,X〉 = F (V,W,X) ♣❛r❛

t♦❞♦ x ∈ X(M)✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ F s❛t✐s❢❛③ ♦s três ❛①✐♦♠❛s ❞❛ ❞❡✜♥✐çã♦ ✭✶✳✷✺✮✱

❛ s✐♠❡tr✐❛ ❡ ❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❝♦♠ ❛ ♠étr✐❝❛✳ ❯s❛♥❞♦ ❛ ✉♥✐❝✐❞❛❞❡✱ ♠♦str❛♠♦s ❛

❡①✐stê♥❝✐❛ ❞❛ ❝♦♥❡①ã♦✳

✶✳✷✳✸ ❈✉r✈❛t✉r❛s

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ♦ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛ q✉❡✱ ✐♥t✉✐t✐✈❛♠❡♥t❡✱ ♠❡❞❡ ♦ q✉❛♥t♦

✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡✐①❛ ❞❡ s❡r ❊✉❝❧✐❞✐❛♥❛✳

❉❡✜♥✐çã♦ ✶✳✷✽ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛✳ ❖ t❡♥s♦r ❝✉r✈❛t✉r❛ R ❞❡

M é ❛ ❛♣❧✐❝❛çã♦

R : X(M)3 −→ X(M)

(X, Y, Z) 7−→ R(X, Y, Z) = − ∇X∇YZ +∇Y∇XZ +∇[X,Y ]Z.

❯♠❛ ✈❡③ q✉❡ ✜①❛❞♦s ♦s ❝❛♠♣♦s X, Y ∈ X(M)✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ♦♣❡r❛❞♦r ❝✉r✈❛t✉r❛

R(X, Y ) ❞❛❞♦ ♣♦r

R : X(M) −→ X(M)

Z 7−→ R(X, Y )Z = R(X, Y, Z).
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❖❜s❡r✈❡ q✉❡ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ é ❧✐♥❡❛r ❡♠ r❡❧❛çã♦ ❛ ❛❞✐t✐✈✐❞❛❞❡ ❡ tr✐❧✐♥❡❛r ❡♠

r❡❧❛çã♦ ❛♦ ♣r♦❞✉t♦ ❝♦♠ ❡❧❡♠❡♥t♦s ❞♦ ❛♥❡❧ C∞(M)✳ ❆❧é♠ ❞✐ss♦✱ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛

s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✷✼❪✱ Pr♦♣♦s✐çã♦ ✸✳✸✻✮✳

Pr♦♣♦s✐çã♦ ✶✳✷✾ ❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ ♣❛r❛ q✉❛✐sq✉❡r X, Y, Z,W ∈ X(M)✱

✭✐✮ R(X, Y )Z +R(Y, Z)X +R(Z,X)Y = 0❀

✭✐✐✮ 〈R(X, Y )Z,W 〉+ 〈R(Y, Z)X,W 〉+ 〈R(Z,X)Y,W 〉 = 0❀

✭✐✐✐✮ 〈R(X, Y )Z,W 〉 = − 〈R(Y,X)Z,W 〉❀

✭✐✈✮ 〈R(X, Y )Z,W 〉 = − 〈R(X, Y )W,Z〉❀

✭✈✮ 〈R(X, Y )Z,W 〉 = 〈R(Z,W )X, Y 〉.

❉❡✜♥✐çã♦ ✶✳✸✵ ❉✐③❡♠♦s q✉❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ é ✢❛t q✉❛♥❞♦ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ é ✐❞❡♥✲

t✐❝❛♠❡♥t❡ ♥✉❧♦✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ✈❛r✐❡❞❛❞❡ ✢❛t é ♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ n✲❞✐♠❡♥s✐♦♥❛❧✱ ✉♠❛ ✈❡③ q✉❡

❡♠ R
n ♦s ❙í♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧ sã♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ♣♦✐s sã♦ ❞❛❞♦s ♣❡❧❛s ❞❡r✐✈❛❞❛s ❞❛

♠étr✐❝❛ q✉❡ sã♦ ♥✉❧❛s ♥❡st❡ ❡s♣❛ç♦✳

■♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ♦♣❡r❛❞♦r ❞❡ ❝✉r✈❛t✉r❛ ❡st❛ ❛ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧

q✉❡ ♣❛ss❛r❡♠♦s ❛ ❞❡✜♥✐r✳

▲❡♠❛ ✶✳✽ ❙❡❥❛ σ ⊂ TpM ✉♠ s✉❜❡s♣❛ç♦ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ❡

s❡❥❛♠ x, y ∈ σ ❞♦✐s ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❊♥tã♦

K(x, y) =
〈R(x, y)x, y〉

|x|2|y|2 − 〈x, y〉2

♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦s ✈❡t♦r❡s x, y ∈ σ✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ q✉❛❧q✉❡r ❞✉❛s ❜❛s❡s ❞❡ σ ♣♦❞❡♠♦s r❡❧❛❝✐♦♥❛✲❧❛s ♣❡❧❛s ❡q✉❛çõ❡s

v = ax + by,

w = cx + dy,

♦♥❞❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞♦s ❝♦❡✜❝✐❡♥t❡s ad − bc é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ❯♠ ❝á❧❝✉❧♦ ♠❛✐s

❛♣r♦❢✉♥❞❛❞♦ ♠♦str❛ q✉❡

〈R(v, w)v, w〉 = (ad− bc)2〈R(x, y)x, y〉,
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❡

(|v|2|w|2 − 〈v, w〉2) = (ad− bc)2(|x|2|y|2 − 〈x, y〉2).

P♦rt❛♥t♦ K(v, w) = K(x, y)✳

❉❡✜♥✐çã♦ ✶✳✸✶ ❉❛❞♦ ✉♠ ♣♦♥t♦ p ∈ M ❡ ✉♠ s✉❜❡s♣❛ç♦ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ σ ⊂ TpM ✱

♦ ♥ú♠❡r♦ r❡❛❧ K(x, y) = K(σ)✱ ♦♥❞❡ {x, y} é ✉♠❛ ❜❛s❡ q✉❛❧q✉❡r ❞❡ σ✱ é ❝❤❛♠❛❞❛ ❛

❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❞❡ σ ❡♠ p✳

❉✐③❡♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ♠✉❧t✐❧✐♥❡❛r F : Tp(M)4 → R é t✐♣♦✲❝✉r✈❛t✉r❛ s❡ ❡❧❛

s❛t✐s❢❛③ t♦❞♦s ♦s ✐t❡♥s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✾✳ ❆ss✐♠✱ s❡ F (x, y, x, y) = 0 ♣❛r❛ q✉❛✐sq✉❡r

x, y ∈ TpM t❛✐s q✉❡ σ = span(x, y) é ✉♠ ♣❧❛♥♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❡♥tã♦ F ≡ 0✳

▲❡♠❛ ✶✳✾ ❙❡❥❛ ❋ ✉♠❛ ❢✉♥çã♦ t✐♣♦✲❝✉r✈❛t✉r❛ ❡♠ TpM t❛❧ q✉❡

K(x, y) =
F (x, y, x, y)

〈x, x〉〈y, y〉 − 〈x, y〉2

s❡♠♣r❡ q✉❡ σ = span(x, y) é ✉♠ ♣❧❛♥♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳ ❊♥tã♦✱

〈R(x, y)z, w〉 = F (x, y, z, w),

♣❛r❛ t♦❞♦s x, y, z, w ∈ TpM ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❢✉♥çõ❡s t✐♣♦✲❝✉r✈❛t✉r❛ t❛♠❜é♠ é t✐♣♦ ❝✉r✈❛t✉r❛

❞❡✜♥✐♠♦s ∆(x, y, z, w) = F (x, y, z, w) − 〈R(x, y)z, w〉✳ P♦r ❤✐♣ót❡s❡✱ ∆(x, y, x, y) = 0

s❡ σ = span(x, y) é ✉♠ ♣❧❛♥♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❞❡ TpM ✳ ❆ss✐♠ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❢❡✐t❛

❛♥t❡s ❞❡st❡ ❝♦r♦❧ár✐♦✱ ∆ = 0✳

❯♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M t❡♠ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ s❡ ❛ ❢✉♥çã♦ ❝✉r✲

✈❛t✉r❛ s❡❝❝✐♦♥❛❧ é ❝♦♥st❛♥t❡✳ ❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ R

q✉❛♥❞♦ K é ❝♦♥st❛♥t❡✳

❈♦r♦❧ár✐♦ ✶✳✸✷ ❙❡ M t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ C✱ ❡♥tã♦

R(x, y)z = C(〈z, x〉y − 〈z, y〉x).

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡ ❞❡✜♥✐♥❞♦ F (x, y, z, w) = C(〈z, x〉〈y, w〉 − 〈z, y〉〈x, w〉)✱
t❡♠♦s q✉❡ F é ✉♠❛ ❢✉♥çã♦ t✐♣♦✲❝✉r✈❛t✉r❛ ❡♠ ❝❛❞❛ ♣♦♥t♦✱ ❡

F (x, y, x, y) = C(〈x, x〉〈y, y〉 − 〈x, y〉2.
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❙❡ σ = span(x, y) é ✉♠ ♣❧❛♥♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❡♥tã♦

K(x, y) = C =
F (x, y, x, y)

〈x, x〉〈y, y〉 − 〈x, y〉2 ,

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✳

✶✳✷✳✹ ❆❧❣✉♥s ❖♣❡r❛❞♦r❡s ❉✐❢❡r❡♥❝✐á✈❡✐s

❊st❡♥❞❡r❡♠♦s ❛❣♦r❛ ♦s ❝♦♥❝❡✐t♦s ❞❡ ✈❡t♦r ❣r❛❞✐❡♥t❡✱ ❞✐✈❡r❣❡♥t❡✱ ❍❡ss✐❛♥♦ ❡ ▲❛♣❧❛✲

❝✐❛♥♦ ♣❛r❛ ✈❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s✳ ❖ r❡❢❡r❡♥❝✐❛❧ E1, . . . , En s❡♠♣r❡ ❞❡♥♦t❛rá

✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡♠ ✉♠ ♣♦♥t♦ p ∈M ✳

❉❡✜♥✐çã♦ ✶✳✸✸ ❖ ❣r❛❞✐❡♥t❡ ❞❡ ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M)✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r

∇f ✱ é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♠❡tr✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐❢❡r❡♥❝✐❛❧ df ∈ X∗(M)✳

❆ss✐♠

〈∇f,X〉 = df(X) = X(f), ∀ X ∈ X(M).

❊♠ t❡r♠♦s ❞❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧

〈∇f, Ej〉 = df(Ej) = Ej(f),

❡ ❛ss✐♠ ♣❡❧♦ ▲❡♠❛ ✭✶✳✼✮ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ∇f =
n∑

i=1

〈∇f, Ei〉Ei ❡ ♣♦rt❛♥t♦

∇f =
n∑

i=1

Ei(f)Ei.

❉❡✜♥✐çã♦ ✶✳✸✹ ❉❛❞♦ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ X(M) ❞❡✜♥✐♠♦s ❛ ❞✐✈❡r❣ê♥❝✐❛ ❞♦

❝❛♠♣♦ X ❝♦♠♦ ❛ ❢✉♥çã♦ divX :M → R ❞❛❞❛ ♣♦r

divX = tr❛ç♦(Y (p) → ∇YX(p)), p ∈M.

❆ss✐♠ ❡♠ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

divX =
∑

i

〈∇Ei
X,Ei〉.

❉❡✜♥✐çã♦ ✶✳✸✺ ❙❡❥❛ f : M → R ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❖ ❍❡ss✐❛♥♦ ❞❡ f ✱ ❞❡♥♦✲

t❛❞♦ ♣♦r Hessf ✱ é ♦ ❝❛♠♣♦ t❡♥s♦r✐❛❧ Hessf : X(M)× X(M) → X(M) ❞❛❞♦ ♣♦r

(Hessf)(X, Y ) = 〈∇X(∇f), Y 〉.
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❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ♥♦s ❞á ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ Hessiano✳

▲❡♠❛ ✶✳✶✵ ❖ ❍❡ss✐❛♥♦ ❞❡ f é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦ t✐♣♦ (0, 2) s✐♠étr✐❝♦ t❛❧ q✉❡

(Hessf)(X, Y ) = X(Y (f))− (∇XY )f, ∀ X, Y ∈ X(M).

❉❡♠♦♥str❛çã♦✳ ◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ Hessf é C∞(M)✲❧✐♥❡❛r ❡♠ ❝❛❞❛ ❡♥tr❛❞❛✳

❉❡st❛ ❢♦r♠❛✱ Hessf é ✉♠ t❡♥s♦r ❞♦ t✐♣♦ (0, 2)✳

❈♦♠♦ 〈∇f, Y 〉 = Y (f)✱ t❡♠♦s q✉❡

X(Y (f)) = X〈∇f, Y 〉 = 〈∇X(∇f), Y 〉+ 〈(∇f),∇XY 〉

= (Hessf)(X, Y ) + 〈(∇f),∇XY 〉

= (Hessf)(X, Y ) + (∇XY )f, ∀ X, Y ∈ X(M). ✭✶✳✺✮

P❛r❛ ❛ s✐♠❡tr✐❛✱ ✈❛♠♦s ✉s❛r ❛ ❞❡✜♥✐çã♦ ❞♦s ❝♦❧❝❤❡t❡s✳ ❖❜s❡r✈❡ q✉❡ ♣♦r ✉♠ ❧❛❞♦

[X, Y ](f) = X(Y (f))− Y (X(f)),

♠❛s ♣♦r ♦✉tr♦ ❧❛❞♦ ✉s❛♥❞♦ ❛ s✐♠❡tr✐❛ ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✱ t❡♠♦s

[X, Y ](f) = (∇XY )f − (∇YX)f,

❞❛í

X(Y (f))− (∇XY )f = Y (X(f))− (∇YX)f.

❆ss✐♠ ♣❡❧❛ ❡q✉❛çã♦ ✭✶✳✺✮ t❡♠♦s

(Hessf)(X, Y ) = Y (X(f))− (∇YX)f = (Hessf)(Y,X), ∀ X, Y ∈ X(M).

❖ q✉❡ ❝♦♥❝❧✉✐ ♦ ▲❡♠❛✳

❉❡✜♥✐çã♦ ✶✳✸✻ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛✳ ❉❡✜♥✐♠♦s ♦ ♦♣❡r❛❞♦r

▲❛♣❧❛❝✐❛♥♦ ❞❡ M ✱ ∆ : C∞(M) → C∞(M) ♣♦r

∆f = tr❛ç♦(Hessf), ∀ f ∈ C∞(M).

❖❜s❡r✈❡ q✉❡ ♦ ▲❛♣❧❛❝✐❛♥♦ t❛♠❜é♠ ♣♦❞❡ s❡r ✈✐st♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

∆f =
∑

i

〈(Hessf)(Ei), Ei〉

=
∑

i

〈∇Ei
(∇f), Ei〉

= div(∇f).
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✶✳✷✳✺ ❊❧❡♠❡♥t♦s ❞❡ ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s

◆❡st❛ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦✱ ❞❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ❞❡♠♦♥str❛r❡♠♦s ❛❧❣✉♥s

r❡s✉❧t❛❞♦s ❞❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s q✉❡ s❡rã♦ út❡✐s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♥♦ss♦

tr❛❜❛❧❤♦✳ P❛r❛ ✐st♦✱ ❛ss✉♠✐r❡♠♦s q✉❡ ♦ ❧❡✐t♦r ♣♦ss✉❛ ✉♠ ❝❡rt♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ❢♦r♠❛s

❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ❛s ♦♣❡r❛çõ❡s ❡♥✈♦❧✈❡♥❞♦ ❛s ♠❡s♠❛s✳

❉❡✜♥✐çã♦ ✶✳✸✼ ❉✐③❡♠♦s q✉❡ ❉ é ✐♥✈♦❧✉t✐✈♦ q✉❛♥❞♦ ❞❛❞♦s q✉❛✐sq✉❡r ♣❛r❡s ❞❡ ❝❛♠♣♦s

❞❡ ✈❡t♦r❡s X, Y ❞❡✜♥✐❞♦s ❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ M t❛✐s q✉❡ Xp, Yp ∈ Dp t❡♠✲s❡

[Xp, Yp] ∈ Dp✳

❉❡✜♥✐çã♦ ✶✳✸✽ ❯♠❛ k✲❢♦r♠❛ T ❡♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ V é ❞✐t❛

❛❧t❡r♥❛❞❛ q✉❛♥❞♦ ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿

T (X1, . . . , Xi, . . . , Xj, . . . , Xk) = − T (X1, . . . , Xj, . . . , Xi, . . . , Xk),

♣❛r❛ t♦❞♦ X1, . . . , Xk ∈ V.

❖s ♣ró①✐♠♦s ▲❡♠❛s s❡rã♦ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ ❞♦ ❚❡♦r❡♠❛ ✭✹✳✶✮

q✉❡ s❡rá ❞❡s❝r✐t♦ ♥♦ ❝❛♣ít✉❧♦ ✹ ❞❡st❡ tr❛❜❛❧❤♦✳

▲❡♠❛ ✶✳✶✶ ❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ X ∈ X(M)✱ ❡ s❡❥❛ ϕ ♦ ✢✉①♦ ❞❡ X✳

P❛r❛ q✉❛❧q✉❡r t❡♥s♦r ❝♦✈❛r✐❛♥t❡ ω ❡ q✉❛❧q✉❡r (t0, p) ♥♦ ❞♦♠í♥✐♦ ❞❡ ω

d

dt

∣∣∣∣
t=t0

ϕ∗
t (ωϕt(p)) = ϕ∗

t0

(
(LXω)ϕt0 (p)

)
.

❉❡♠♦♥str❛çã♦✳ ❋❛③❡♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱ s = t− t0✱ t❡♠♦s

d

dt

∣∣∣∣
t=t0

ϕ∗
t (ωϕt(p)) =

d

ds

∣∣∣∣
s=0

(ϕt0+s)
∗ωϕs+t0 (p)

=
d

ds

∣∣∣∣
s=0

(ϕt0)
∗(ϕs)

∗ωϕs(ϕt0(p)
)

= (ϕt0)
∗ d

ds

∣∣∣∣
s=0

(ϕs)
∗ωϕs(ϕt0(p)

)

= (ϕt0)
∗
(
(LXω)ϕt0 (p)

)
,

✉♠❛ ✈❡③ q✉❡ (LXω)p =
d

dt

∣∣∣∣
t=0

(ϕ∗
tω)p✳

▲❡♠❛ ✶✳✶✷ ❙❡❥❛ M s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛✳ ❙❡ ω é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ✈♦❧✉♠❡ ❧♦❝❛❧ ❡♠ M ✱

❡♥tã♦ LX(ω) = (divX)ω✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ E1, . . . , En ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❡♠ M ❞❡ ♠♦❞♦ q✉❡

ω(E1, . . . , En) = 1✳ ❯♠❛ ✈❡③ q✉❡ LX é ✉♠ t❡♥s♦r ❞❡r✐✈❛çã♦ ❡ q✉❡ LX(1) = 0✱ t❡♠♦s

(LXω)(E1, . . . , En) = LX(ω(E1, . . . , En)︸ ︷︷ ︸
=1

)−
n∑

i=1

ω(E1, . . . ,LXEi, . . . , En)

= LX(1)−
n∑

i=1

ω(E1, . . . , [X,Ei], . . . , En)

= −
n∑

i=1

ω(E1, . . . , [X,Ei], . . . , En).

❊s❝r❡✈❡♥❞♦ [X,Ei] =
∑

j fijEj✱ t❡♠♦s

(LXω)(E1, . . . , En) = −
n∑

i,j=1

fijω(E1, . . . , Ej, . . . , En).

❈♦♠♦ ω é ❛❧t❡r♥❛❞❛✱ q✉❛♥❞♦ ✜③❡r♠♦s ❛ s♦♠❛ ❡♠ i, j ♦s t❡r♠♦s i 6= j ✈ã♦ s❡r ❝❛♥❝❡❧❛❞♦s

✉♠❛ ✈❡③ q✉❡ fij = − fji✱ ❧♦❣♦ só r❡st❛rã♦ ♦s t❡r♠♦s ❡♠ q✉❡ i = j✳

▲♦❣♦✱

(LXω)(E1, . . . , En) = −
n∑

i,j=1

fij ω(E1, . . . , Ej, . . . , En)︸ ︷︷ ︸
(=1)

= −
n∑

i=1

fii.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ ∇ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ M t❡♠♦s

divX =
n∑

i=1

〈∇Ei
X,Ei〉

= −
n∑

i=1

〈[X,Ei], Ei〉+
n∑

i=1

〈∇XEi, Ei〉

= −
n∑

i=1

〈
∑

j

fijEj, Ei

〉
,

❞❛ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞❛ ♠étr✐❝❛✱ s❡❣✉❡ q✉❡

divX = −
n∑

i,j=1

fij 〈Ej, Ei〉

= −
n∑

i=1

fii 〈Ei, Ei〉

= −
n∑

i=1

fii.
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P♦rt❛♥t♦✱

(LXω)(E1, . . . , En) = (divX)ω(E1, . . . , En),

❝♦♠♦ ♦ r❡❢❡r❡♥❝✐❛❧ ❢♦✐ ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ s❡❣✉❡ q✉❡ LX(ω) = (divX)ω✳

Pr♦♣♦s✐çã♦ ✶✳✸✾ ✭❋ór♠✉❧❛ ■♥✈❛r✐❛♥t❡ ❞❛s ❉❡r✐✈❛❞❛s ❊①t❡r✐♦r❡s✮ ❙❡❥❛M ✉♠❛

✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ω ✉♠❛ k✲❢♦r♠❛ ❡♠ M ✳ P❛r❛ q✉❛❧q✉❡r ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s

❞✐❢❡r❡♥❝✐á✈❡✐s X1, . . . , Xk+1 ❡♠ M ✱

dω(X1, . . . , Xk+1) =
∑

1≤i≤k+1

(−1)i−1Xi(ω(X1, . . . , X̂i, . . . , Xk+1)) ✭✶✳✻✮

+
∑

1≤i<j≤k+1

(−1)i+jω([Xi, Xj], X1, . . . , X̂i, . . . , X̂j, . . . , Xk+1)),

♦♥❞❡ ♦ ❝❤❛♣é✉ ✐♥❞✐❝❛ q✉❡ ♦ ❡❧❡♠❡♥t♦ ❢♦✐ r❡t✐r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❡♠♦s ❛s ❞✉❛s s♦♠❛s ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✶✳✻✮ ♣♦r

I(X1, . . . , Xk+1) ❡ II(X1, . . . , Xk+1)✱ ❡ ❛ s♦♠❛ ❞♦s ❞♦✐s ♣♦r Dω(X1, . . . , Xk+1)✳ ◆♦t❡

q✉❡ Dω é ♠✉❧t✐❧✐♥❡❛r ❡♠ R✱ ❡ ♠♦str❡♠♦s q✉❡ Dω é C∞(M)−♠✉❧t✐❧✐♥❡❛r✱ ✐st♦ é✱ ♣❛r❛

1 ≤ p ≤ k + 1 ❡ f ∈ C∞(M)✱

Dω(X1, . . . , fXp, . . . , Xk+1) = fDω(X1, . . . , Xp, . . . , Xk+1).

❖❜s❡r✈❡ q✉❡ ♥❛ ❡①♣❛♥sã♦ ❞❡ I(X1, . . . , fXp, . . . , Xk+1)✱ ♥♦s t❡r♠♦s ❡♠ q✉❡ i 6= p✱ t❡♠♦s

∑

i 6=p

(−1)i−1Xi(ω(X1, . . . , fXp, . . . , Xk+1))

=
∑

i 6=p

(−1)i−1Xi(fω(X1, . . . , X̂i, . . . , Xk+1))

=
∑

i 6=p

(−1)i−1(Xif)(ω(X1, . . . , X̂i, . . . , Xk+1))

+
∑

i 6=p

(−1)i−1fXi(ω(X1, . . . , X̂i, . . . , Xk+1)).

P♦rt❛♥t♦✱

I(X1, . . . , fXp, . . . , Xk+1) = fI(X1, . . . , Xp, . . . , Xk+1) ✭✶✳✼✮

+
∑

i 6=p

(−1)i−1(Xif)(ω(X1, . . . , X̂i, . . . , Xk+1)).
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❆❣♦r❛ ♥❛ ❡①♣❛♥sã♦ ❞❡ II✱ ♥♦✈❛♠❡♥t❡ f s❡ ❞❡st❛❝❛ ❡♠ t♦❞♦s ♦s t❡r♠♦s ❡♠ q✉❡ i 6= p ❡

j 6= p✳ ❖❜s❡r✈❡ q✉❡ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❝♦❧❝❤❡t❡s ❞❡ ▲✐❡ t❡♠♦s

[fXp, Xj] = f [Xp, Xj]− (Xjf)Xp ❡ [fXp, Xj] = f [Xi, Xp] + (Xif)Xp.

❊①♣❛♥❞✐♥❞♦ II ❡ ✐♥s❡r✐♥❞♦ ❛s ❡①♣r❡ssõ❡s ❛❝✐♠❛

II(X1, . . . , fXp, . . . , Xk+1)

=
∑

1≤p<j≤k+1

(−1)p+jω([fXp, Xj], X1, . . . , X̂p, . . . , X̂j, . . . , Xk+1)

+
∑

1≤i<p≤k+1

(−1)i+pω([Xi, fXp], X1, . . . , X̂i, . . . , X̂p, . . . , Xk+1),

❞á ❞❡✜♥✐çã♦ ❞❡ ❝♦❧❝❤❡t❡s✱ t❡♠♦s

II(X1, . . . , fXp, . . . , Xk+1)

=
∑

1≤p<j≤k+1

(−1)p+jfω([Xp, Xj], X1, . . . , X̂p, . . . , X̂j, . . . , Xk+1)

−
∑

1≤p<j≤k+1

(−1)p+j(Xjf)ω(Xp, X1, . . . , X̂p, . . . , X̂j, . . . , Xk+1)

+
∑

1≤i<p≤k+1

(−1)i+pfω([Xi, Xp], X1, . . . , X̂i, . . . , X̂p, . . . , Xk+1)

+
∑

1≤i<p≤k+1

(−1)i+p(Xif)ω(Xp, X1, . . . , X̂i, . . . , X̂p, . . . , Xk+1),

❝♦❧♦❝❛♥❞♦ f ❡♠ ❡✈✐❞ê♥❝✐❛✱ ♦❜t❡♠♦s

II(X1, . . . , fXp, . . . , Xk+1) ✭✶✳✽✮

= fII(X1, . . . , Xp, . . . , Xk+1)

−
∑

1≤p<j≤k+1

(−1)p+j(Xjf)ω(Xp, X1, . . . , X̂p, . . . , X̂j, . . . , Xk+1)

+
∑

1≤i<p≤k+1

(−1)i+p(Xif)ω(Xp, X1, . . . , X̂i, . . . , X̂p, . . . , Xk+1).

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❡♠♦s q✉❡

∑

i 6=p

(−1)i−1(Xif)(ω(X1, . . . , X̂i, . . . , Xk+1))

=
∑

i<p

(−1)i−1(Xif)(ω(X1, . . . , X̂i, . . . , Xk+1))

+
∑

p<i

(−1)i−1(Xif)(ω(X1, . . . , X̂i, . . . , Xk+1)).
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❆❣♦r❛ r❡✐♥❞❡①❛♥❞♦ ♦ s❡❣✉♥❞♦ s♦♠❛tór✐♦ ♣♦r j
∑

i 6=p

(−1)i−1(Xif)(ω(X1, . . . , X̂i, . . . , Xk+1))

=
∑

i<p

(−1)i−1(Xif)(ω(X1, . . . , X̂i, . . . , Xp︸ ︷︷ ︸
p−2

, . . . , Xk+1))

+
∑

p<j

(−1)j−1(Xjf)(ω(X1, . . . , Xp︸ ︷︷ ︸
p−1

, . . . , X̂j, . . . , Xk+1)),

❡ tr❛③❡♥❞♦ Xp ❡♠ ❛♠❜❛s ❛s s♦♠❛s ♣❛r❛ ♦ ✐♥í❝✐♦ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ ω s❡r ✉♠❛ k✲❢♦r♠❛

❛❧t❡r♥❛❞❛✱ t❡♠♦s q✉❡
∑

i 6=p

(−1)i+p−3(Xif)(ω(X1, . . . , X̂i, . . . , Xk+1))

=
∑

i<p

(−1)i−1(Xif)(ω(X1, . . . , X̂i, . . . , Xp︸ ︷︷ ︸
p−2

, . . . , Xk+1))

+
∑

p<j

(−1)j+p−2(Xjf)(ω(X1, . . . , Xp︸ ︷︷ ︸
p−1

, . . . , X̂j, . . . , Xk+1)),

❡ ❛ss✐♠✱
∑

i 6=p

(−1)i−1(Xif)(ω(X1, . . . , X̂i, . . . , Xk+1))

=
∑

p<j

(−1)p+j(Xjf)(ω(Xp, X1, . . . , X̂j, . . . , Xk+1))

−
∑

i<p

(−1)i+p(Xif)(ω(Xp, X1, . . . , X̂i, . . . , Xk+1)). ✭✶✳✾✮

❙✉❜st✐t✉✐♥❞♦ ✭✶✳✾✮ ❡♠ ✭✶✳✼✮ ❡ ❞❡♣♦✐s s♦♠❛♥❞♦ ✭✶✳✼✮ ❝♦♠ ✭✶✳✽✮ ❝♦♥❝❧✉í♠♦s q✉❡ Dω é

C∞(M)✲♠✉❧t✐❧✐♥❡❛r✳

P❡❧❛ ♠✉❧t✐❧✐♥❡❛r✐❞❛❞❡✱ ♣❛r❛ ♠♦str❛r♠♦s q✉❡ Dω = dω✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r♠♦s

q✉❡ ❛s ❞✉❛s ❝♦✐♥❝✐❞❡♠ ❡♠ ✉♠ r❡❢❡r❡♥❝✐❛❧✱ ✉♠❛ ✈❡③ q✉❡ ♥❡st❡✱ ♦s ❝♦❧❝❤❡t❡s ❞❡ ▲✐❡

sã♦ ♥✉❧♦s✳ ❆ss✐♠ s❡❥❛ (U, (xi)) ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♠ M ✳ ❈♦♠♦ Dω ❡ dω

❞❡♣❡♥❞❡♠ ❧✐♥❡❛r♠❡♥t❡ ❞❡ ω✱ ❛ss✉♠✐r❡♠♦s q✉❡ ω = fdxI ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ s✉❛✈❡ f

❡ ❛❧❣✉♠ ♠✉❧t✐✲í♥❞✐❝❡ ❝r❡s❝❡♥t❡ I = (i1, . . . , ik)✱ ❛ss✐♠

dω = df ∧ dxI =
∑

l

∂f

∂xl
dxl ∧ dxI .

❙❡ J = (j1, . . . , Jk+1) é q✉❛❧q✉❡r ♠✉❧t✐✲í♥❞✐❝❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ k + 1✱ s❡❣✉❡ q✉❡

dω

(
∂

∂xj1
, . . . ,

∂

∂xjk+1

)
=

∑

1≤p≤k+1

(−1)p−1 ∂f

∂xjp
δI
Ĵp
. ✭✶✳✶✵✮
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P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ t♦❞♦s ♦s ❝♦❧❝❤❡t❡s ❞❡ ▲✐❡ sã♦ ♥✉❧♦s✱ t❡♠♦s

Dω

(
∂

∂xj1
, . . . ,

∂

∂xjk+1

)

=
∑

1≤p≤k+1

(−1)p−1 ∂

∂xjp

(
fdxI

(
∂

∂xj1
, . . . ,

∂

∂xjk+1

))

=
∑

1≤p≤k+1

(−1)p−1 ∂f

∂xjp
δI
Ĵp
,

q✉❡ ❝♦♥❝♦r❞❛ ❝♦♠ ✭✶✳✶✵✮✳

❊♠ s❡❣✉✐❞❛ ❢❛③❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ❛❝✐♠❛ q✉❡ s❡rá ❞❡ ❣r❛♥❞❡ ✈❛❧✐❛

♥❛ s❡çã♦ ❞❛s ❋ór♠✉❧❛s ■♥t❡❣r❛✐s✳

❈♦r♦❧ár✐♦ ✶✳✹✵ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛✱ ❡ X1, . . . , Xk+1 ❝❛♠♣♦s

❞❡ ✈❡t♦r❡s ❡♠ M ✳ ❊♥tã♦

dω(X1, . . . , Xk+1) =
∑

1≤i≤k+1

(−1)i(∇Xi
ω)(X1, . . . , X̂i, . . . , Xk+1) ✭✶✳✶✶✮

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❘❡❣r❛ ❞♦ Pr♦❞✉t♦ ✭✶✳✶✶✮ ♦❜s❡r✈❡♠♦s q✉❡

(∇Xi
ω)(X1, . . . , X̂i, . . . , Xk+1) = Xi(ω(X1, . . . , X̂i, . . . , Xk+1))

−
∑

j

ω(X1, . . . , X̂i, . . . ,∇Xi
Xj, . . . , Xk+1).

❙✉❜st✐t✉✐♥❞♦ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❡♠ ✭✶✳✻✮ t❡♠♦s

dω(X1, . . . , Xk+1) =
∑

1≤i≤k+1

(−1)i−1(∇Xi
ω)(X1, . . . , X̂i, . . . , Xk+1)

−
∑

i,j

(−1)iω(X1, . . . , X̂i, . . . ,∇Xi
Xj, . . . , Xk+1) ✭✶✳✶✷✮

+
∑

1≤i<j≤k+1

(−1)i+jω([Xi, Xj], X1, . . . , X̂i, . . . , X̂j, . . . , Xk+1).

◆♦t❡ q✉❡ ❛ s♦♠❛

∑

i,j

(−1)iω(X1, . . . , X̂i, . . . ,∇Xi
Xj, . . . , Xk+1) ✭✶✳✶✸✮

♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦

∑

i<j

(−1)iω(X1, . . . , X̂i, . . . ,∇Xi
Xj, . . . , Xk+1)

+
∑

i>j

(−1)iω(X1, . . . , X̂i, . . . ,∇Xi
Xj, . . . , Xk+1).
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❚r♦❝❛♥❞♦ i ♣♦r j ♥♦ s❡❣✉♥❞♦ s♦♠❛tór✐♦✱ t❡♠♦s

∑

i<j

(−1)jω(X1, . . . ,∇Xj
Xi, . . . , X̂j, . . . , Xk+1),

❝♦♠♦ ω é ✉♠❛ ❢♦r♠❛ ❛❧t❡r♥❛❞❛✱ ♦❜t❡♠♦s

∑

i<j

(−1)i(−1)j+2ω(∇Xi
Xj, X1, . . . , X̂i, . . . , Xk+1)

❡
∑

i<j

(−1)j(−1)i+1ω(∇Xj
Xi, X1, . . . , X̂j, . . . , Xk+1),

❛✐♥❞❛ ♥♦ ♠❡s♠♦ ❝♦♥t❡①t♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

∑

i<j

(−1)i+jω(∇Xi
Xj, X1, . . . , X̂i, . . . , Xk+1)

❡

−
∑

i<j

(−1)i+jω(∇Xj
Xi, X1, . . . , X̂j, . . . , Xk+1),

❥✉♥t❛♥❞♦ ♦s ❞♦✐s✱ ♦❜t❡♠♦s q✉❡ ♦ s♦♠❛tór✐♦ ❡♠ ✭✶✳✶✸✮ é ❞❛❞♦ ♣♦r

∑

i<j

(−1)i+jω([Xi, Xj], X1, . . . , X̂i, . . . , X̂j, . . . , Xk+1).

P♦rt❛♥t♦ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✶✳✶✷✮ ♦❜t❡♠♦s

dω(X1, . . . , Xk+1) =
∑

1≤i≤k+1

(−1)i+1(∇Xi
ω)(X1, . . . , X̂i, . . . , Xk+1).

✶✳✷✳✻ ❖r✐❡♥t❛çã♦ ❚❡♠♣♦r❛❧

❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ▲♦r❡♥t③✐❛♥♦✱ ✐st♦ é✱ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❞❡ ✉♠

♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ í♥❞✐❝❡ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ ✶✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

T = {u ∈ V ; 〈u, u〉 < 0}.

P❛r❛ ❝❛❞❛ u ∈ T ❞❡✜♥❛

C(u) = {v ∈ T ; 〈u, v〉 < 0}

❝❤❛♠❛❞♦ ♦ ❝♦♥❡ t❡♠♣♦r❛❧ ❞❡ V ❝♦♥t❡♥❞♦ u✳ ❈♦♠♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡

❧❡♠❛✳
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▲❡♠❛ ✶✳✶✸ ❙❡❥❛♠ u, v ∈ T ✳ ❊♥tã♦✱

✭✐✮ ❖ s✉❜❡s♣❛ç♦ {v}⊥ é t✐♣♦✲❡s♣❛ç♦ ❡

V = span{v} ⊕ {v}⊥.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ T é ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ C(v) ❡ C(−v)❀

✭✐✐✮ |〈v, w〉| ≥ |v||w|✱ ♦♥❞❡ |v| = (−〈v, v〉)1/2✱ ✈❛❧❡♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ v

❡ w sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ r❡✈❡rs❛✮❀

✭✐✐✐✮ ❙❡ v ∈ C(u) ♣❛r❛ ❛❧❣✉♠ u ∈ T , w ∈ C(u) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 〈v, w〉 < 0✳ ❈♦♥s❡✲

q✉❡♥t❡♠❡♥t❡

w ∈ C(v) ⇔ v ∈ C(w) ⇔ C(v) = C(w).

❉❡♠♦♥str❛çã♦✳

✭✐✮ ❆✜r♠❛♠♦s q✉❡ span{v} é ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❝♦♠ í♥❞✐❝❡ ✐❣✉❛❧ ❛ ✶✳

❈♦♠ ❡❢❡✐t♦✱ s❡♥❞♦ v ✉♠ ✈❡t♦r t✐♣♦✲t❡♠♣♦✱ t❡♠♦s q✉❡

ind (span{v}) = 1 ❡ 〈v, v〉 = − β2,

♣❛r❛ ❛❧❣✉♠ β ∈ R, β > 0✳ ❆❣♦r❛ ❞❛❞♦ u ∈ span{v}✱ ❡♥tã♦ u é ❡s❝r✐t♦ ❝♦♠♦

u = av✱ ♦♥❞❡ a ∈ R✳ ▲♦❣♦ s❡

0 = 〈u, v〉 = 〈av, v〉 = a〈v, v〉 = − aβ2,

❡♥tã♦ a = 0✳ P♦rt❛♥t♦ u = 0 ❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ s✉❜❡s♣❛ç♦ span{v} é ♥ã♦

❞❡❣❡♥❡r❛❞♦ ♦ q✉❡ ♠♦str❛ ❛ ♥♦ss❛ ❛✜r♠❛çã♦✳

❙❡♥❞♦ span{v} ✉♠ s✉❜❡s♣❛ç♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❝♦♠ í♥❞✐❝❡ ✶✱ t❡♠♦s ♣❡❧♦ ▲❡♠❛

✭✶✳✻✮ q✉❡

V = span{v} ⊕ span{v}⊥ = span{v} ⊕ {v}⊥

❡

1 = ind (V ) = ind (span{v}) + ind ({v}⊥) = 1 + ind ({v}⊥).

❆ss✐♠✱ ind ({v}⊥) = 0 ❡ ♣♦rt❛♥t♦ {v}⊥ é t✐♣♦✲❡s♣❛ç♦✳

❆✜r♠❛♠♦s ❛❣♦r❛ q✉❡

T = C(v) ∪ C(−v),
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♦♥❞❡ ❡st❛ ✉♥✐ã♦ é ❞✐s❥✉♥t❛✳

❉❡ ❢❛t♦✱ s❡ z ∈ T ❡♥tã♦ z ∈ V e 〈z, z〉 < 0✳ ❈♦♠♦ V = span{v} ⊕ {v}⊥ ❡♥tã♦

z = av + w✱ ❝♦♠ a ∈ R, a > 0 ❡ w ∈ {v}⊥✳ ▲♦❣♦✱

〈z, v〉 = 〈av + w, v〉 = 〈av, v〉+ 〈w, v〉 = −aβ2.

❙❡ a > 0 ❡♥tã♦ 〈z, v〉 < 0✱ ❡ ♥❡st❡ ❝❛s♦✱ z ∈ C(v). ❆❣♦r❛ s❡ a < 0 ❡♥tã♦ 〈z, v〉 > 0✳

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡ 〈z,−v〉 < 0 ❡ ♥❡st❡ ❝❛s♦✱ z ∈ C(−v). ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡

z ∈ C(v) ∪ C(−v) ❡♥tã♦ z ∈ C(v) ♦✉ z ∈ C(−v)✳ ❙❡ z ∈ C(v) ❡♥tã♦ z ∈ T ❡

〈z, v〉 < 0✳ ❙❡ z ∈ C(−v) ❡♥tã♦ z ∈ T ❡ 〈z,−v〉 < 0✳ ❊♠ q✉❛❧q✉❡r ❝❛s♦✱ z ∈ T ❡

♣♦rt❛♥t♦ T = C(v) ∪ C(−v)✳

✭✐✐✮ ❊s❝r❡✈❛ w = av + ŵ✱ ❝♦♠ a ∈ R ❡ ŵ ∈ {v}⊥✳ ❙❡♥❞♦ {v}⊥ t✐♣♦✲❡s♣❛ç♦ ❡♥tã♦

〈ŵ, ŵ〉 ≥ 0✳ ❈♦♠♦ w ∈ T ❡♥tã♦ 〈w,w〉 < 0✳ ❆ss✐♠

〈w,w〉 = 〈av + ŵ, av + ŵ〉 = a2〈v, v〉+ 〈ŵ, ŵ〉,

❧♦❣♦

〈v, w〉2 = 〈v, av + ŵ〉2 = (〈v, av〉+ 〈v, ŵ〉︸ ︷︷ ︸
=0

)2 = a2〈v, v〉2

= a2〈v, v〉 · 〈v, v〉 = (〈w,w〉 − 〈ŵ, ŵ〉)〈v, v〉

= 〈w,w〉〈v, v〉 − 〈ŵ, ŵ〉︸ ︷︷ ︸
≥0

〈v, v〉︸ ︷︷ ︸
<0

≥ 〈w,w〉〈v, v〉 = (−〈w,w〉)(−〈v, v〉)

= |w|2|v|2,

✉♠❛ ✈❡③ q✉❡✱ − 〈ŵ, ŵ〉〈v, v〉 ≥ 0.

❆❧é♠ ❞✐ss♦ ❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 〈ŵ, ŵ〉 = 0✱ ✐st♦ é ŵ = 0✳ ❆ss✐♠✱

❛ ✐❣✉❛❧❞❛❞❡ ❛❝♦♥t❡❝❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ w = av✳

✭✐✐✐✮ ❈♦♠♦ C

(
u

|u|

)
= C(u)✱ ❛ss✉♠✐r❡♠♦s q✉❡ u é ✉♠ ✈❡t♦r ✉♥✐tár✐♦ t✐♣♦✲t❡♠♣♦✳

❆ss✐♠✱ ❡s❝r❡✈❡♥❞♦ v = au+ v̂ ❡ w = bu+ ŵ✱ ❝♦♠ a, b ∈ R
∗ ❡ v̂, ŵ ∈ {u}⊥ t❡♠♦s
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q✉❡✱ ❝♦♠♦ u, v ∈ T ❡♥tã♦ 〈v, v〉 < 0 ❡ 〈u, u〉 < 0✳ ▲♦❣♦

0 > 〈v, v〉 = 〈au+ v̂, au+ v̂〉 = a2〈u, u〉+ 〈v̂, v̂〉

= − a2(− 〈u, u〉) + |v̂|2 = − a2|u|2 + |v̂|2

= − a2 + |v̂|2.

❈♦♠ ✉♠ ❝á❧❝✉❧♦ ❛♥á❧♦❣♦ ❡♥❝♦♥tr❛♠♦s q✉❡

0 > 〈w,w〉 = − b2 + |ŵ|2.

❊♥tã♦

|a| > |v̂| e |b| > |ŵ|,

❧♦❣♦

〈v, w〉 = 〈au+ v̂, bu+ ŵ〉 = ab〈u, u〉+ a〈u, ŵ〉+ b〈v̂, u〉+ 〈v̂, ŵ〉

= − ab+ 〈v̂, ŵ〉.

❆❣♦r❛ ❝♦♠♦ v, w ∈ C(u) t❡♠♦s

0 > 〈v, u〉 = 〈au+ v̂, u〉 = a〈u, u〉 = − a,

❡ s❡q✉❡ q✉❡ a > 0✳

❆♥❛❧♦❣❛♠❡♥t❡

0 > 〈v, u〉 = − b =⇒ b > 0,

❡ ❛ss✐♠ ab > 0✳

❆❣♦r❛ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤❛r✇③ ❝❧áss✐❝❛ ♣❛r❛ v̂, ŵ t❡♠♦s

〈v, w〉 = − ab+ 〈v̂, ŵ〉 ≤ − ab+ |〈v̂, ŵ〉|

≤ − ab+ |v̂||ŵ| < − ab+ |a||b|

= − ab+ ab = 0.

P♦rt❛♥t♦✱ w ∈ C(u) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 〈v, w〉 < 0✳
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❉❡✜♥✐çã♦ ✶✳✹✶ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③ ❡ T ✉♠❛ ❢✉♥çã♦ ❡♠ M ❛ q✉❛❧

❝♦rr❡s♣♦♥❞❡ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M ✉♠ ❝♦♥❡ t✐♣♦✲t❡♠♣♦ Tp ∈ TpM ✳ ❉✐③❡♠♦s q✉❡ T é

❞✐❢❡r❡♥❝✐á✈❡❧ q✉❛♥❞♦ ♣❛r❛ ❝❛❞❛ p ∈M ❡①✐st❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p ❡ V ∈ X(M) t❛✐s

q✉❡ V (q) ∈ Tq, ∀ q ∈ U ✳ ❯♠❛ t❛❧ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ é ❞✐t❛ ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧

❞❡ M ✳ ❙❡ M ❛❞♠✐t❡ ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ M é t❡♠♣♦r❛❧♠❡♥t❡

♦r✐❡♥t❛❞♦✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ♠♦str❛r q✉❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ é t❡♠✲

♣♦r❛❧♠❡♥t❡ ♦r✐❡♥t❛❞❛✳

Pr♦♣♦s✐çã♦ ✶✳✹✷ ❯♠❛ ✈❛r✐❡❞❛❞❡ ▲♦r❡♥t③✐❛♥❛ M é t❡♠♣♦r❛❧♠❡♥t❡ ♦r✐❡♥t❛❞❛ s❡✱ ❡ s♦✲

♠❡♥t❡ s❡✱ ❡①✐st❡ ✉♠ ❝❛♠♣♦ K ∈ X(M) t✐♣♦✲t❡♠♣♦ ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ M ✳

❉❡♠♦♥str❛çã♦✳ ❙❡ K ∈ X(M) é t✐♣♦✲t❡♠♣♦ ❡♥tã♦✱ ❞❡✜♥❛

Tp = C(K(p)),

❡ ♦❜s❡r✈❡ q✉❡ Tp é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❞❡t❡r♠✐♥❛ ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ❡♠ M ✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡❥❛ T ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ❡♠M ✳ ❈♦♠♦ T é ❞✐❢❡r❡♥❝✐á✈❡❧

❡♠ ♣♦♥t♦ p ∈M ✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡M ♥❛ q✉❛❧ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦

KU ❡st❛ ❞❡✜♥✐❞♦✱ t❛❧ q✉❡ KU(q) ∈ Tq, ♣❛r❛ t♦❞♦ q ∈ U ✳ ❆ss✐♠ ♦❜t❡♠♦s ✉♠❛ ❝♦❜❡rt✉r❛

{Uα} ❞❡ M ❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ KUα
t❛✐s q✉❡ KUα

(q) ∈ Tq, ♣❛r❛ q ∈ Uα✳

❙❡❥❛ {fα} ✉♠❛ ♣❛rt✐çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❛ ✉♥✐❞❛❞❡ s✉❜♦r❞✐♥❛❞❛ ❛ ❝♦❜❡rt✉r❛ {Uα}
❡ ❝♦♥s✐❞❡r❡ ♦ ❝❛♠♣♦

K =
∑

α

fαKUα
.

❚❡♠♦s q✉❡ K ❡st❛ ❜❡♠ ❞❡✜♥✐❞♦ ♣♦✐s ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡ M ❛ s♦♠❛ ❡♠ α é ✜♥✐t❛✳ ❆❧é♠

❞✐ss♦

〈K(q), K(q)〉 =

〈
∑

α

fα(q)KUα
(q),

∑

β

fβ(q)KUβ
(q)

〉

=
∑

α,β

fα(q)fβ(q)〈KUα
(q), KUβ

(q)〉,

❝♦♠♦ KUα
, KUβ

∈ Tq ❡♥tã♦✱ ♣❡❧♦ ✐t❡♠ (iii) ❞♦ ▲❡♠❛ ✭✶✳✶✸✮✱ t❡♠♦s

〈KUα
(q), KUβ

(q)〉 < 0,
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❡ ❝♦♠♦ ❛ s♦♠❛ ❞❛s fα(q) é ✐❣✉❛❧ ❛ ✶✱ ❡♥tã♦ ❞❡✈❡ ❡①✐st✐r ✉♠ í♥❞✐❝❡ α t❛❧ q✉❡ fα(q) > 0✳

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ♦❜t❡♠♦s fβ(q) > 0✳

▲♦❣♦

〈K(q), K(q)〉 < 0.

❯♠❛ ✈❡③ q✉❡ q é ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ ❞❡ M t❡♠♦s q✉❡ K é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❡♠

M t✐♣♦✲t❡♠♣♦✳

❙❡♠♣r❡ q✉❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③M ❢♦r t❡♠♣♦r❛❧♠❡♥t❡ ♦r✐❡♥tá✈❡❧✱ ❛ ❡s❝♦❧❤❛

❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ T ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✭✶✳✹✶✮✱ ♦✉ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ t✐♣♦✲t❡♠♣♦

X ∈ X(M) ❛ ❡❧❛ ❝♦rr❡s♣♦♥❞❡♥t❡✱ s❡rá ❞❡♥♦♠✐♥❛❞❛ ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ♣❛r❛ M ✳

❖❜s❡r✈❛çã♦ ✶✳✻ ❙❡❥❛ T ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ♣❛r❛ M ❡ K ∈ X(M)✳ ❊♥tã♦✱

✭✐✮ s❡ K(q) ∈ Tq ♣❛r❛ t♦❞♦ q ∈M ✱ ❞✐③❡♠♦s q✉❡ K ❛♣♦♥t❛ ♣❛r❛ ♦ ❢✉t✉r♦❀

✭✐✐✮ s❡ −K(q) ∈ Tq ♣❛r❛ t♦❞♦ q ∈M ✱ ❞✐③❡♠♦s q✉❡ K ❛♣♦♥t❛ ♣❛r❛ ♦ ♣❛ss❛❞♦✳

❙❡♥❞♦ X ∈ X(M) ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ♣❛r❛ M ✱ s❡❣✉❡ ❞♦ ✐t❡♠ (iii) ❞♦ ▲❡♠❛ ✭✶✳✶✸✮

q✉❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ t✐♣♦✲t❡♠♣♦ K s♦❜r❡ M ✱

✭✐✮ ❛♣♦♥t❛ ♣❛r❛ ♦ ❢✉t✉r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 〈K,X〉 < 0❀

✭✐✐✮ ❛♣♦♥t❛ ♣❛r❛ ♦ ♣❛ss❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 〈K,X〉 > 0✳

❊♥❝❡rr❛r❡♠♦s ❡st❛ s❡çã♦ ❝♦♠ ✉♠ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✼ ❖ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐ Ln+1 é t❡♠♣♦r❛❧♠❡♥t❡ ♦r✐❡♥t❛❞♦✱ ♣♦✐s

K =
∂

∂t
= (1, 0, . . . , 0)

é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ L
n+1✳
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❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ◆❡✇t♦♥

❊♠ t♦❞❛ ❡st❛ s❡çã♦✱ Mn ❡ M
m

sã♦ ❞✉❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❞✐♠❡♥sã♦

n ❡ m r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◗✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥❢✉sã♦✱ ✈❛♠♦s ❞❡♥♦t❛r

♣♦r M ❡ M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ❬✶✷❪✱ ❬✶✺❪ ❡ ❬✷✼❪✳

✷✳✶ ■♠❡rsõ❡s ■s♦♠étr✐❝❛s

❉❡✜♥✐çã♦ ✷✳✶ ❙❡❥❛♠ Mn ❡ M
m

✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❞✐♠❡♥sõ❡s n ❡ m r❡s♣❡❝✲

t✐✈❛♠❡♥t❡ ❝♦♠ m > n✳ ❉✐③❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ x : M → M é ✉♠❛ ✐♠❡rsã♦ s❡ ❛

❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ dxp : TpM → Tx(p)M é ✐♥❥❡t✐✈❛ ♣❛r❛ t♦❞♦ p ∈M ✳

❖ ♥ú♠❡r♦ k = m − n é ❝❤❛♠❛❞♦ ❝♦❞✐♠❡♥sã♦ ❞❡ x✳ ❯♠❛ ✐♠❡rsã♦ x : M → M

❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ❝♦♠ ♠étr✐❝❛s 〈, 〉M ❡ 〈, 〉M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

é ❝❤❛♠❛❞❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ s❡

〈u, v〉M = 〈dxp(u), dxp(v)〉M ,

♣❛r❛ t♦❞♦ p ∈M ❡ u, v ∈ TpM ✳

❖❜s❡r✈❛♠♦s q✉❡ s❡ x :M →M é ✉♠❛ ✐♠❡rsã♦ ❡ 〈, 〉M é ❛ ♠étr✐❝❛ ❡♠M ✱ ♣♦❞❡♠♦s

❞❡✜♥✐r ✉♠❛ ♠étr✐❝❛ 〈, 〉M ❡♠ M ♣❡❧♦ ♣✉❧❧❜❛❝❦✳
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❙❡❥❛ x : M → M ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛✳ ❆♦ r❡❞♦r ❞❡ ❝❛❞❛ ♣♦♥t♦ p ∈ M ✱

❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂M t❛❧ q✉❡ x
∣∣
U
é ✉♠ ♠❡r❣✉❧❤♦ s♦❜r❡ x(U)✳ ❆ss✐♠ ♣♦❞❡♠♦s

✐❞❡♥t✐✜❝❛r U ❝♦♠ ❛ s✉❛ ✐♠❛❣❡♠ x(U)✱ ✐st♦ é x é ❧♦❝❛❧♠❡♥t❡ ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦✳

❆ss✐♠ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❡ M ❡♠ p ❝♦♠ ✉♠ s✉❜❡s♣❛ç♦ ❞♦

❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❡ M ❡♠ p ❡ ❡s❝r❡✈❡♠♦s

TpM = TpM ⊕ (TpM)⊥,

♦♥❞❡ (TpM)⊥ é ♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ TpM ❡♠ TpM ✳

❉❡✜♥✐çã♦ ✷✳✷ ❙❡❥❛♠ M
m

✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲

❈✐✈✐t❛ ∇ ❡ x : M → M ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛✳ ❊♥tã♦ ❞❛❞♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s

X, Y ∈ X(M)✱ t❡♠♦s q✉❡

∇XY = (∇XY )⊤ + (∇XY )⊥.

❊ s❡❣✉❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ q✉❡ (∇)⊤ é ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛

❞❡ M ❡ ❞❡♥♦t❛♠♦s ♣♦r ∇✳

❆ss✐♠ ♦❜t❡♠♦s ❛ ❋ór♠✉❧❛ ❞❡ ●❛✉ss

∇XY = ∇XY + α(X, Y ), X, Y ∈ X(M),

❛ q✉❛❧ ❞❡✜♥❡ ✉♠❛ ❛♣❧✐❝❛çã♦

α : X(M)× X(M) → X(M)⊥

❝❤❛♠❛❞❛ ❛ ❙❡❣✉♥❞❛ ❋♦r♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ✐♠❡rsã♦ x✳

Pr♦♣♦s✐çã♦ ✷✳✸ ❙❡ X, Y ∈ X(M)✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ α : X(M) × X(M) → X(M)⊥

❞❛❞❛ ♣♦r α(X, Y ) = ∇XY −∇XY é ❜✐❧✐♥❡❛r ❡ s✐♠étr✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❝♦♥❡①ã♦✱ s❡❣✉❡ q✉❡ α é ❧✐♥❡❛r ♥❛

♣r✐♠❡✐r❛ ❡♥tr❛❞❛ ❡ ♥❛ s❡❣✉♥❞❛ ❡♥tr❛❞❛✳ P❛r❛ ❛ s✐♠❡tr✐❛✱ ❜❛st❛ ✈❡r q✉❡

α(X, Y )− α(Y,X) = ∇XY −∇XY −∇YX +∇YX

= (∇XY −∇YX) + (∇YX −∇XY )

= [X, Y ] + [Y,X]

= [X, Y ]− [X, Y ]

= 0,
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♦♥❞❡ ✉s❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ q✉❛♥❞♦ r❡str✐t♦s ❛ M ♦s ❝❛♠♣♦s sã♦ ✐❣✉❛✐s ❡ s❡❣✉❡ ♦

r❡s✉❧t❛❞♦✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s X ∈ M ❡ ξ ∈ X(M)⊥✱ ❡ ❞❡♥♦t❡♠♦s ♣♦r

AξX ❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ − ∇Xξ✱ ✐st♦ é✱

AξX = − (∇Xξ)
⊤.

❯♠❛ ✈❡③ q✉❡ ♣❛r❛ ❝❛❞❛ Y ∈ X(M)

0 = X〈ξ, Y 〉 = 〈∇Xξ, Y 〉+ 〈ξ,∇XY 〉,

♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss✱ t❡♠♦s

〈AξX, Y 〉 = 〈α(X, Y ), ξ〉.

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❛♣❧✐❝❛çã♦ A : X(M) × X(M)⊥ → X(M) ❞❛❞❛ ♣♦r A(X, ξ) = AξX é

❜✐❧✐♥❡❛r s♦❜r❡ C∞(M)✳ ❆ss✐♠✱ ❛ ❛♣❧✐❝❛çã♦ Aξ : X(M) → X(M) é ❧✐♥❡❛r s♦❜r❡ C∞(M)

❡ t❛♠❜é♠ ❛✉t♦ ❛❞❥✉♥t❛✱ ✐st♦ é✱ 〈AξX, Y 〉 = 〈X,AξY 〉 ♣❛r❛ t♦❞♦s X, Y ∈ X(M)✳ ❆

❛♣❧✐❝❛çã♦ Aξ é ❝❤❛♠❛❞❛ ❖♣❡r❛❞♦r ❞❡ ❋♦r♠❛ ♦✉ ❖♣❡r❛❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ ❞❛ ✐♠❡rsã♦ x✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ♥♦r♠❛❧ ❞❡ ∇Xξ✱ q✉❡ é ❞❡♥♦t❛❞❛ ♣♦r (∇Xξ)
⊥✱

❞❡✜♥❡ ✉♠❛ ❝♦♥❡①ã♦ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ♥♦r♠❛❧ TM⊥✳ ❉✐③❡♠♦s q✉❡

∇⊥ é ❛ ❝♦♥❡①ã♦ ♥♦r♠❛❧ ❞❡ x✱ ❡ ♦❜t❡♠♦s ❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡♥

∇Xξ = −AξX +∇⊥
Xξ.

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ❡ ❲❡✐♥❣❛rt❡♥✱ ♦❜t❡r❡♠♦s ❛s ❡q✉❛çõ❡s ❜ás✐❝❛s

❞❛s ✐♠❡rsõ❡s ✐s♦♠étr✐❝❛s ♣❛r❛ ♦ ♥♦ss♦ ✐♥t❡r❡ss❡✿ ❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ❡ ❈♦❞❛③③✐✳

Pr♦♣♦s✐çã♦ ✷✳✹ ❙❡❥❛ M ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❞❡ M ✳ ❙❡❥❛♠ R ❡ R

♦s t❡♥s♦r❡s ❝✉r✈❛t✉r❛ ❞❡ M ❡ M r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ α ♦ t❡♥s♦r ❞❡ ❢♦r♠❛ ❞❡ M ✳ ❊♥tã♦

♣❛r❛ X, Y, Z,W ∈ X(M) t❡♠♦s

✭✐✮ ❊q✉❛çã♦ ❞❡ ●❛✉ss✿

〈R(X, Y )Z,W 〉 = 〈R(X, Y )Z,W 〉+ 〈α(X,W ), α(Y, Z)〉 − 〈α(X,Z), α(Y,W )〉;

✭✐✐✮ ❊q✉❛çã♦ ❞❡ ❈♦❞❛③③✐✿

(R(X, Y )Z)⊥ = (∇⊥
Xα)(Y, Z)− (∇⊥

Y α)(X,Z).
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❉❡♠♦♥str❛çã♦✳

✭✐✮ P❡❧❛ ❞❡✜♥✐çã♦ ✭✶✳✺✮

R(X, Y )Z = −∇X∇YZ +∇Y∇XZ +∇[X,Y ]Z,

❡♥tã♦

−∇X∇YZ = ∇X(∇YZ − α(Y, Z)) = −∇X∇YZ −∇Xα(Y, Z)

= −∇X∇YZ − α(X,∇YZ)−∇Xα(Y, Z)

= −∇X∇YZ − α(X,∇YZ) + Aα(Y,Z)X −∇⊥
Xα(Y, Z),

❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❡♥❝♦♥tr❛♠♦s✱

∇Y∇XZ = ∇Y∇XZ + α(Y,∇XZ)− Aα(X,Z)Y +∇⊥
Y α(X,Z),

❡

∇[X,Y ]Z = ∇[X,Y ]Z + α([X, Y ], Z).

❙♦♠❛♥❞♦ ♦s t❡r♠♦s ❛❝✐♠❛ t❡♠♦s

−∇X∇YZ +∇Y∇XZ +∇[X,Y ]Z = −∇X∇YZ − α(X,∇YZ) + Aα(Y,Z)X

− ∇⊥
Xα(Y, Z) +∇Y∇XZ + α(Y,∇XZ)

− Aα(X,Z)Y +∇⊥
Y α(X,Z)

+ ∇[X,Y ]Z + α([X, Y ], Z),

♦ q✉❡ ✐♠♣❧✐❝❛

R(X, Y )Z = R(X, Y )Z − α(X,∇YZ) + α(Y,∇XZ) + Aα(Y,Z)X − Aα(X,Z)Y

− ∇⊥
Xα(Y, Z) +∇⊥

Y α(X,Z) + α([X, Y ], Z), ✭✷✳✶✮

❢❛③❡♥❞♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❝♦♠ ✉♠ ❝❛♠♣♦ W ∈ X(M) q✉❛❧q✉❡r✱ t❡♠♦s

〈R(X, Y )Z,W 〉 = 〈R(X, Y )Z,W 〉 − 〈α(X,∇YZ),W 〉+ 〈α(Y,∇XZ),W 〉

+ 〈Aα(Y,Z)X,W 〉 − 〈Aα(X,Z)Y,W 〉 − 〈∇⊥
Xα(Y, Z),W 〉

+ 〈∇⊥
Y α(X,Z),W 〉+ 〈α([X, Y ], Z),W 〉,
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❧♦❣♦

〈R(X, Y )Z,W 〉 = 〈R(X, Y )Z,W 〉+ 〈Aα(Y,Z)X,W 〉 − 〈Aα(X,Z)Y,W 〉.

▼❛s

〈Aα(Y,Z)X,W 〉 = 〈α(X,W ), α(Y, Z)〉 ❡ 〈Aα(X,Z)Y,W 〉 = 〈α(Y,W ), α(X,Z)〉,

❡ ♣♦rt❛♥t♦

〈R(X, Y )Z,W 〉 = 〈R(X, Y )Z,W 〉+ 〈α(X,W ), α(Y, Z)〉 − 〈α(X,Z), α(Y,W )〉.

✭✐✐✮ ❆♥t❡s ❞❡ ♠♦str❛r ❡st❛ ❡q✉❛çã♦ ❢❛r❡♠♦s ✉♠❛ ♣❡q✉❡♥❛ ♦❜s❡r✈❛çã♦✳ ❯♠❛ ✈❡③ q✉❡

α : X(M)×X(M) → X(M)⊥ é ✉♠ ❝❛♠♣♦✱ ♣❡❧♦ ❡①❡♠♣❧♦ ✭✶✮ ♣♦❞❡♠♦s ✈ê✲❧♦ ❝♦♠♦

✉♠ t❡♥s♦r✱ ✐st♦ é✱

α : X(M)× X(M)× (X(M)⊥)∗ → C∞(M).

P❡❧❛ ♣r♦♣♦s✐çã♦ ✭✶✳✷✻✮ s❛❜❡♠♦s q✉❡ ♥❛ ♣r❡s❡♥ç❛ ❞❛ ♠étr✐❝❛ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r

❝❛♠♣♦s ❝♦♠ ✶✲❢♦r♠❛s✱ ❛ss✐♠ α : X(M)×X(M)×X(M)⊥ → C∞(M) é ✉♠ t❡♥s♦r

❞♦ t✐♣♦ (0, 3) ❝✉❥❛ ❞✐❢❡r❡♥❝✐❛❧ ❝♦✈❛r✐❛♥t❡ é ♦ t❡♥s♦r

∇α : X(M)× X(M)× X(M)⊥ × X(M) → C∞(M)

❞♦ t✐♣♦ (0, 4) ❡♠ M ✳

❉✐❛♥t❡ ❞♦ ❡①♣♦st♦ ❛❝✐♠❛✱ ❞❛❞♦s X, Y, Z ∈ X(M) ❡ η ∈ X(M)⊥✱ t❡♠♦s ♣❡❧❛ r❡❣r❛

❞♦ ♣r♦❞✉t♦ ✭✶✳✶✶✮

(∇⊥
Xα)(Y, Z, η) = X(α(Y, Z, η))− α(∇XY, Z, η)− α(Y,∇XZ, η)− α(Y, Z,∇Xη),

♠❛s

(∇⊥
Xα)(Y, Z, η) = 〈(∇⊥

Xα)(Y, Z), η〉,

❡♥tã♦

〈(∇⊥
Xα)(Y, Z), η〉 = 〈∇⊥

Xα(Y, Z), η〉 − 〈α(∇XY, Z), η〉 − 〈α(Y,∇XZ), η〉. ✭✷✳✷✮
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❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❡♥❝♦♥tr❛♠♦s

〈(∇⊥
Y α)(X,Z), η〉 = 〈∇⊥

Y α(X,Z), η〉 − 〈α(∇YX,Z), η〉 − 〈α(X,∇YZ), η〉. ✭✷✳✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❢❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❝♦♠ ✉♠ ❝❛♠♣♦ q✉❛❧q✉❡r η ∈ X(M)⊥

♥❛ ❡①♣r❡ssã♦ ✭✷✳✶✮✱ ♦❜t❡♠♦s

〈R(X, Y )Z, η〉 = 〈R(X, Y )Z, η〉 − 〈α(X,∇YZ), η〉+ 〈α(Y,∇XZ), η〉

+ 〈Aα(Y,Z)X, η〉 − 〈Aα(X,Z)Y, η〉 − 〈∇⊥
Xα(Y, Z), η〉

+ 〈∇⊥
Y α(X,Z), η〉+ 〈α([X, Y ], Z), η〉,

❡ ❞❛í

〈(R(X, Y )Z)⊥, η〉 = − 〈α(X,∇YZ), η〉+ 〈α(Y,∇XZ), η〉 − 〈∇⊥
Xα(Y, Z), η〉

+ 〈∇⊥
Y α(X,Z), η〉+ 〈α([X, Y ], Z), η〉.

❆✐♥❞❛ ♥❡st❡ ❝♦♥t❡①t♦✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❝♦♠♦

〈(R(X, Y )Z)⊥, η〉 = − 〈α(X,∇YZ), η〉+ 〈α(Y,∇XZ), η〉 − 〈∇⊥
Xα(Y, Z), η〉

+ 〈∇⊥
Y α(X,Z), η〉+ 〈α(∇XY, Z), η〉 − 〈α(∇YX,Z), η〉,

s✉❜st✐t✉✐r ❛s ❡①♣r❡ssõ❡s ✭✷✳✷✮ ❡ ✭✷✳✸✮ ♥❛ ♠❡s♠❛✱ ❡ ❝♦♥❝❧✉✐r q✉❡

〈(R(X, Y )Z)⊥, η〉 = 〈(∇⊥
Xα)(Y, Z), η〉 − 〈(∇⊥

Y α)(X,Z), η〉.

❈♦♠♦ η ∈ X(M) ❢♦✐ ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❈♦r♦❧ár✐♦ ✷✳✺ ❙❡ {X, Y } é ✉♠❛ ❜❛s❡ ♣❛r❛ ✉♠ ♣❧❛♥♦ t❛♥❣❡♥t❡ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❞❡ M

❣❡r❛❞♦ ♣♦r X, Y ∈ TpM ✱ ❡♥tã♦

K(X, Y ) = K(X, Y ) +
〈α(X, Y ), α(X, Y )〉 − 〈α(X,X), α(Y, Y )〉

|X|2|Y |2 − 〈X, Y 〉2 ,

♦♥❞❡ K ❡ K ❞❡♥♦t❛♠ ❛s ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s ❞❡ M ❡ M r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡ ❢❛③❡♥❞♦ X = Z ❡ W = Y ♥❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ✭✷✳✹✮✱

t❡♠♦s q✉❡

〈R(X, Y )X, Y 〉 = 〈R(X, Y )X, Y 〉+ 〈α(X, Y ), α(Y,X)〉 − 〈α(X,X), α(Y, Y )〉,
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✉♠❛ ✈❡③ q✉❡ |X|2|Y |2 − 〈X, Y 〉2 6= 0 t❡♠♦s

〈R(X, Y )X, Y 〉
|X|2|Y |2 − 〈X, Y 〉2 =

〈R(X, Y )X, Y 〉
|X|2|Y |2 − 〈X, Y 〉2 +

〈α(X, Y ), α(Y,X)〉 − 〈α(X,X), α(Y, Y )〉
|X|2|Y |2 − 〈X, Y 〉2 ,

♦ q✉❡ ✐♠♣❧✐❝❛

K(X, Y ) = K(X, Y ) +
〈α(X, Y ), α(X, Y )〉 − 〈α(X,X), α(Y, Y )〉

|X|2|Y |2 − 〈X, Y 〉2 .

❋❛r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ ❊q✉❛çã♦ ❞❡ ●❛✉ss ✉s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ✭✶✳✸✵✮✳

❊①❡♠♣❧♦ ✽ ▼♦str❡♠♦s q✉❡ ❛ ❡s❢❡r❛ n✲❞✐♠❡♥s✐♦♥❛❧

Sn(r) = {p ∈ R
n+1 ; 〈p, p〉 = r2}

t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ K =
1

r2
✱ s❡ n ≥ 2✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ p =
∑

i u
i∂i ♦ ✈❡t♦r ♣♦s✐çã♦ ❞❡ R

n+1 ♣❛r❛ p ∈ Sn(r)✳ ❙❡ ∇ é ❛

❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ R
n+1 ❡♥tã♦

∇Xp =
∑

i

X(ui)∂i = X, ∀ X ∈ X(Sn).

❉❛í✱

〈p, p〉 = r2 ⇒ 0 = X〈p, p〉 = 2〈∇Xp, p〉 = 2〈X, p〉

♦ q✉❡ ✐♠♣❧✐❝❛

0 = 〈X, p〉, ∀ X ∈ X(Sn),

✐st♦ é✱ ♦ ✈❡t♦r ♣♦s✐çã♦ p é ♦rt♦❣♦♥❛❧ ❛ Sn✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ U =
p

|p| =
p√
〈p, p〉

=
p

r
❡ ❛✜r♠❛♠♦s q✉❡

α(V,W ) = − 1

r
〈V,W 〉U, ∀ V,W ∈ X(Sn).

❉❡ ❢❛t♦✱

〈α(V,W ), U〉 = 〈(∇VW )⊥, U〉 = 1

r
〈(∇VW )⊥, p〉

=
1

r
〈∇VW, p〉 = − 1

r
〈W,∇V p〉

= − 1

r
〈V,W 〉, ∀ V,W ∈ X(Sn).

❈♦♠♦ R
n+1 é ✢❛t✱ ❝♦♥❝❧✉í♠♦s ♣❡❧♦ ❝♦r♦❧ár✐♦ ✭✷✳✺✮ q✉❡ K(V,W ) =

1

r2
.
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❙❡ ❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ C✱ ❡♥tã♦

♣❛r❛ t♦❞♦s X, Y, Z,W ∈ X(M) ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛s ❡q✉❛çõ❡s ❞❡ ●❛✉ss ❡ ❈♦❞❛③③✐ ❞❛

s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✭✐✮ ❊q✉❛çã♦ ❞❡ ●❛✉ss✿

〈R(X, Y )Z,W 〉 = C(〈Z,X〉〈Y,W 〉 − 〈Z, Y 〉〈X,W 〉)

+ 〈α(X,W ), α(Y, Z)〉 − 〈α(X,Z), α(Y,W )〉;

✭✐✐✮ ❊q✉❛çã♦ ❞❡ ❈♦❞❛③③✐✿

(∇⊥
Xα)(Y, Z) = (∇⊥

Y α)(X,Z).

✷✳✷ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❚✐♣♦✲❊s♣❛ç♦

◆❛ ♣r❡s❡♥t❡ s❡çã♦✱ r❡❡s❝r❡✈❡r❡♠♦s ❛s ❡q✉❛çõ❡s ❜ás✐❝❛s ❞❛s ✐♠❡rsõ❡s ✐s♦♠étr✐❝❛s

❛♣r❡s❡♥t❛❞❛s ♥❛ s❡çã♦ ❛♥t❡r✐♦r ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ M é ✉♠❛ ✈❛r✲

✐❡❞❛❞❡ ▲♦r❡♥t③✐❛♥❛ (n+1)✲❞✐♠❡♥s✐♦♥❛❧ ❡ M é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ✐♠❡rs❛✳

❉❡✜♥✐çã♦ ✷✳✻ ❯♠❛ ✐♠❡rsã♦ s✉❛✈❡ x :Mn →M
n+1

❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ n✲❞✐♠❡♥s✐♦♥❛❧

❝♦♥❡①❛ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③ (n + 1)✲❞✐♠❡♥s✐♦♥❛❧ é ❞✐t❛ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡

t✐♣♦✲❡s♣❛ç♦ q✉❛♥❞♦ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ✐♠❡rsã♦ x ❡♠ Mn ❢♦r ❘✐❡♠❛♥♥✐❛♥❛✳ ❊

♥❡st❡ ❝❛s♦ ❞❡♥♦t❡♠♦s ❛ ♠étr✐❝❛ ❞❡ M ❡ M ♣♦r 〈, 〉✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❞✐③ q✉❡ s❡ M
n+1

❢♦r t❡♠♣♦r❛❧♠❡♥t❡ ♦r✐❡♥t❛❞❛✱ ❡♥tã♦ ❛s

s✉❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ sã♦ ♦r✐❡♥t❛❞❛s✳

Pr♦♣♦s✐çã♦ ✷✳✼ ❙❡❥❛Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③

t❡♠♣♦r❛❧♠❡♥t❡ ♦r✐❡♥t❛❞❛ M
n+1

✳ ❊♥tã♦ Mn ❛❞♠✐t❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ❡

✉♥✐tár✐♦s ✭s✉❛✈❡✮ N ∈ X(M)⊥✱ ♥❛ ♠❡s♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ❞❡ M ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

Mn é ♦r✐❡♥tá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ K ∈ X(M) ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ q✉❡ ❞á ❛ ♦r✐❡♥t❛çã♦

t❡♠♣♦r❛❧ ❞❡ M ✳ ❖❜s❡r✈❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ v ∈ TpM é ❛

✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ C(K(p)) ❡ C(−K(p))✳ ❊s❝♦❧❤❡♠♦s ❡♥tã♦✱ ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈M ✉♠

✈❡t♦r ✉♥✐tár✐♦ N(p) ∈ TpM
⊥✳ ❉❡s❞❡ q✉❡ N(p) é t✐♣♦✲t❡♠♣♦✱ tr♦❝❛♥❞♦ N(p) ♣♦r − N(p)

s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ N(p) ∈ C(K(p))✳ ❊st❛ r❡❝❡✐t❛ ❞❡✜♥❡ ✉♥✐❝❛♠❡♥t❡ ✉♠



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❚✐♣♦✲❊s♣❛ç♦ ✺✾

❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛❧ ❡ ✉♥✐tár✐♦ N s♦❜r❡ M ✱ ♥❛ ♠❡s♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ❞❡

K✳ ❆❣♦r❛✱ r❡st❛ ♠♦str❛r q✉❡ N é s✉❛✈❡✳ ❉❡ ❢❛t♦✱ ✜①❡♠♦s p ∈ M ❡ ❝♦♥s✐❞❡r❡♠♦s ✉♠

r❡❢❡r❡♥❝✐❛❧ ♠ó✈❡❧ {e1, . . . , en} ❛♦ r❡❞♦r ❞❡ p✳ ❊♥tã♦

Ñ = K −
n∑

j=1

〈K, ej〉ej

é ♥♦r♠❛❧ ❡ s✉❛✈❡ ❡♠ M ❝♦♠✱

〈Ñ , Ñ〉 =

〈
K −

n∑

j=1

〈K, ej〉ej, K −
n∑

i=1

〈K, ei〉ei
〉

= 〈K,K〉 −
n∑

j=1

〈K, ej〉〈K, ej〉 −
n∑

i=1

〈K, ei〉〈K, ei〉+
n∑

i,j=1

〈K, ei〉〈K, ej〉δij

= 〈K,K〉 − 2
n∑

j=1

〈K, ej〉2 +
n∑

j=1

〈K, ej〉2

= 〈K,K〉 −
n∑

j=1

〈K, ej〉2,

♠❛s

K =
n∑

j=1

〈K, ej〉ej − 〈K,N〉N,

❡ ❛ss✐♠

〈K,K〉 = − 〈K,N〉2 +
n∑

j=1

〈K, ej〉2.

▲♦❣♦

〈Ñ , Ñ〉 = − 〈K,N〉2 +
n∑

j=1

〈K, ej〉2 −
n∑

j=1

〈K, ej〉2 < 0,

❡ ❛❧é♠ ❞✐ss♦

〈Ñ ,K〉 =
〈
K −

n∑

j=1

〈K, ej〉ej, K
〉

= 〈K,K〉 −
n∑

j=1

〈K, ej〉2 < 0.

P♦rt❛♥t♦✱ Ñ(p) ∈ C(K(p)) ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ N =
Ñ

|Ñ |
é s✉❛✈❡✳

❖❜s❡r✈❛çã♦ ✷✳✶ ◆❛ ✉❧t✐♠❛ ♣r♦♣♦s✐çã♦✱ ❝♦♠ K ❡ N ❡stã♦ ♥❛ ♠❡s♠❛ ♦r✐❡♥t❛çã♦ t❡♠✲

♣♦r❛❧✱ t❡♠♦s q✉❡ 〈K,N〉 < 0✳

❈♦♠ ❡❢❡✐t♦✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ♣❛r❛ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦✱

|〈K,N〉| ≥ |K||N | = |K|,

♣♦✐s N é ✉♥✐tár✐♦ ❡♠ Mn✳ ❆ss✐♠ 〈K,N〉 ≤ −|K| < 0 ❡♠ Mn✳



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❚✐♣♦✲❊s♣❛ç♦ ✻✵

❯♠❛ ✈❡③ ❡s❝♦❧❤✐❞❛ ❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ✐♠❡rs❛

♥✉♠ ❡s♣❛ç♦✲t❡♠♣♦✱ x :Mn →M
n+1

✱ ✐r❡♠♦s ❞❡♥♦t❛r❡♠♦s ♣♦r N ❡ss❛ ❡s❝♦❧❤❛ ❡ t❛♠❜é♠

❞❡♥♦♠✐♥❛r❡♠♦s N ❝♦♠♦ s❡♥❞♦ ❛ ❆♣❧✐❝❛çã♦ ◆♦r♠❛❧ ❞❡ ●❛✉ss ❞❡ M ✳

❙❡❥❛ x : Mn → M
n+1

❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ❞❛❞❛ ❛❝✐♠❛✳ ❈♦♠♦ ❡①✐st❡

❛♣❡♥❛s ✉♠❛ ❞✐r❡çã♦ ♥♦r♠❛❧✱ ❞❡✐①❛r❡♠♦s ❞❡ ❡s❝r❡✈❡r ♦ s✉❜í♥❞✐❝❡ ❡♠ A ♣❛r❛ ❞❡♥♦t❛r

❛ ❞✐r❡çã♦ ♥♦r♠❛❧✳ ❈♦♠ ❡①❝❡çã♦ ❞❛ ♠étr✐❝❛✱ ❞❡♥♦t❛r❡♠♦s ♣♦r ∇ ❡ R ❛ ❝♦♥❡①ã♦ ❞❡

▲❡✈✐✲❈✐✈✐t❛ ❡ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ ❞❡ M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡ ♣♦r ∇ ❡ R ❛ ❝♦♥❡①ã♦ ❞❡

▲❡✈✐✲❈✐✈✐t❛ ❡ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ ❞❡ M r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊♥tã♦ ❞❛❞♦s X, Y ∈ X(M)✱ é ❢á❝✐❧ ✈❡r q✉❡ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss é ❞❛❞❛ ♣♦r

∇XY = ∇XY − 〈AX, Y 〉N. ✭✷✳✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ N é ✉♠ ❝❛♠♣♦ ✉♥✐tár✐♦ ❡ ♥♦r♠❛❧✱ t❡♠♦s 〈∇XN,N〉 = 0✱

❡ ♣♦rt❛♥t♦ ∇⊥
XN = 0 ♣❛r❛ t♦❞♦ X ∈ X(M)✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❢ór♠✉❧❛ ❞❡

❲❡✐♥❣❛rt❡♥ ❝♦♠♦

∇XN = − AX. ✭✷✳✺✮

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ α(X, Y ) = − 〈AX, Y 〉N ✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ♣♦❞❡

s❡r ❡s❝r✐t❛ ❝♦♠♦

R(X, Y )Z = (R(X, Y )Z)⊤ − 〈AX,Z〉AY + 〈AY,Z〉AX,

❡ ❛ ❡q✉❛çã♦ ❞❡ ❈♦❞❛③③✐ ♣♦r

(R(X, Y )N)⊤ = (∇XA)Y − (∇YA)X, ✭✷✳✻✮

♦♥❞❡ ♣♦r ❞❡✜♥✐çã♦

(∇XA)Y = ∇X(AY )− A(∇XY ).

◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❞❡ M é ❝♦♥st❛♥t❡ ❈✱ ❛s ❡q✉❛çõ❡s ❞❡ ●❛✉ss ❡

❈♦❞❛③③✐ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

R(X, Y )Z = C(〈Z,X〉Y − 〈Z, Y 〉X)− 〈AX,Z〉AY + 〈AY,Z〉AX

❡

(∇YA)X = (∇XA)Y.



❈❛♣ít✉❧♦ ✷✳ ❈❛♠♣♦s ❈♦♥❢♦r♠❡s ✻✶

✷✳✸ ❈❛♠♣♦s ❈♦♥❢♦r♠❡s

❉❡✜♥✐çã♦ ✷✳✽ ❯♠❛ ❝❛♠♣♦ ✈❡t♦r✐❛❧ t❛♥❣❡♥t❡ Y ∈ X(M) é ❞✐t♦ ✉♠ ❝❛♠♣♦ ❝♦♥❢♦r♠❡

s❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❛ ♠étr✐❝❛ ▲♦r❡♥t③✐❛♥❛ ❝♦♠ r❡s♣❡✐t♦ ❛ Y s❛t✐s❢❛③

LY 〈, 〉 = 2φ〈, 〉,

♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ s✉❛✈❡ φ ∈ C∞(M)✳

❖ r❡s✉❧t❛❞♦ q✉❡ ♠♦str❛r❡♠♦s ❛❣♦r❛ ❝❛r❛❝t❡r✐③❛ ♦s ❝❛♠♣♦s ❝♦♥❢♦r♠❡s✳

▲❡♠❛ ✷✳✶ ❯♠ ❝❛♠♣♦ Y ∈ X(M) é ❝♦♥❢♦r♠❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

〈∇V Y,W 〉+ 〈∇WY, V 〉 = 2φ〈V,W 〉,

♣❛r❛ q✉❛✐sq✉❡r V,W ∈ X(M) ❡ ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ s✉❛✈❡ φ ∈ C∞(M)✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s❡♥❞♦ LY ✉♠ t❡♥s♦r ❞❡r✐✈❛çã♦ ♣♦❞❡♠♦s ✉s❛r ❛ r❡❣r❛ ❞♦

♣r♦❞✉t♦ ✭✶✳✶✶✮✱ ❡♥tã♦

LY 〈V,W 〉 = Y 〈V,W 〉 − 〈LY (V ),W 〉 − 〈V,LY (W )〉

= 〈∇Y V,W 〉+ 〈V,∇YW 〉 − 〈[Y, V ],W 〉 − 〈V, [Y,W ]〉

= 〈∇Y V,W 〉+ 〈V,∇YW 〉 − 〈∇Y V,W 〉

+ 〈∇V Y,W 〉 − 〈V,∇YW 〉+ 〈V,∇WY 〉

= 〈∇V Y,W 〉+ 〈∇WY, V 〉.

▲♦❣♦ ♣❡❧❛ ❞❡✜♥✐çã♦ ✭✷✳✽✮ t❡♠♦s

〈∇V Y,W 〉+ 〈∇WY, V 〉 = 2φ〈V,W 〉,

♣❛r❛ q✉❛✐sq✉❡r V,W ∈ X(M).

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ▲❡♠❛ ❛❝✐♠❛ t❡♠♦s q✉❡ s❡ ❛ ❢✉♥çã♦ ❝♦♥❢♦r♠❡ φ é ✐❞❡♥t✐✲

❝❛♠❡♥t❡ ♥✉❧❛✱ Y é ❞✐t♦ ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣✳

❉❡✜♥✐çã♦ ✷✳✾ ◆✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M ✉♠ ❝❛♠♣♦ ❝♦♥❢♦r♠❡ K é ❞✐t♦

❢❡❝❤❛❞♦ s❡✱ ♣❛r❛ q✉❛❧q✉❡r V ∈ X(M) t❡♠♦s ∇VK = φV ✱ ♦♥❞❡ φ é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡

❡♠ M ✳

❖❜s❡r✈❡ q✉❡ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ ❛ ✶✲❢♦r♠❛ ❞✉❛❧ ωK ❞❡ K é

❢❡❝❤❛❞❛✱ ✐st♦ é✱ ❛ ❞❡r✐✈❛❞❛ ❡①t❡r✐♦r ❞❡ ωK é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✳



❈❛♣ít✉❧♦ ✷✳ Pr♦❞✉t♦s ❲❛r♣❡❞ ✻✷

✷✳✹ Pr♦❞✉t♦s ❲❛r♣❡❞

❊♠ ✉♠ ♣r♦❞✉t♦ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥♦ B × F ✱ ♦ t❡♥s♦r ♠étr✐❝♦ ❞❡✜♥✐❞♦ s♦❜r❡ ❛

♠❡s♠❛ é ❞❛❞♦ ♣♦r π∗
B(gB)+π∗

F (gF ) ♦♥❞❡ π
∗
B ❡ π∗

F sã♦ ❛s ♣r♦❥❡çõ❡s ❞❡ B×F s♦❜r❡ B ❡

F ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♠❛ r✐❝❛ ❝❧❛ss❡ ❞❡ ♠étr✐❝❛s ❡♠ B×F ♣♦❞❡ s❡r ♦❜t✐❞❛ ✧t♦r❝❡♥❞♦✧

❤♦♠♦tét✐❝❛♠❡♥t❡ ❛ ♠étr✐❝❛ ♣r♦❞✉t♦✱ ❝♦♠♦ ✈❡r❡♠♦s ♥❛s ♣ró①✐♠❛s ❧✐♥❤❛s ✭♣❛r❛ ♠❛✐♦r❡s

❞❡t❛❧❤❡s ✈❡r ❬✷✼❪✮✳

❉❡✜♥✐çã♦ ✷✳✶✵ ❙✉♣♦♥❤❛ q✉❡ B ❡ F s❡❥❛♠ ✈❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s✱ ❡ ❝♦♥s✐❞❡r❡

f > 0 ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡♠ B✳ ❖ ♣r♦❞✉t♦ ✇❛r♣❡❞ M = B ×f F é ❛ ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦

B × F ♠✉♥✐❞❛ ❝♦♠ ♦ t❡♥s♦r ♠étr✐❝♦

g = π∗
B(gB) + (f ◦ πB)2π∗

F (gF ).

❖❜s❡r✈❡ q✉❡ s❡ f = 1✱ t❡♠♦s ❛ ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ B × F ✳

❈❤❛♠❛♠♦s B ❛ ❜❛s❡ ❞❡ M = B ×f F ❡ F ❛ ✜❜r❛✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ ❛❣♦r❛ é ❡①♣r❡ss❛r ❛

❣❡♦♠❡tr✐❛ ❞❡ M ❡♠ t❡r♠♦s ❞❛ ❢✉♥çã♦ ✇❛r♣❡❞ f ❡ ❞❛ ❣❡♦♠❡tr✐❛ ❞❡ B ❡ F ✳

❈♦♠♦ ♥♦ ❝❛s♦ ❞♦ ♣r♦❞✉t♦ ✇❛r♣❡❞ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡

❛s ✜❜r❛s {p} × F = π−1
F (p) ❡ ❛s ❢♦❧❤❛s B × {q} = π−1

B (q) sã♦ s✉❜✈❛r✐❡❞❛❞❡s s❡♠✐✲

❘✐❡♠❛♥♥✐❛♥❛s ❞❡ M ✳

❖❜s❡r✈❛çã♦ ✷✳✷ ❆ ♠étr✐❝❛ ✇❛r♣❡❞ ❡ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r✿

✭✐✮ P❛r❛ ❝❛❞❛ p ∈ F ✱ ❛ ❛♣❧✐❝❛çã♦ πB
∣∣
B×{q}

é ✉♠❛ ✐s♦♠❡tr✐❛ s♦❜r❡ B❀

✭✐✐✮ P❛r❛ ❝❛❞❛ q ∈ B✱ ❛ ❛♣❧✐❝❛çã♦ πF
∣∣
{p}×F

é ✉♠❛ ❤♦♠♦t❡t✐❛ ♣♦s✐t✐✈❛ s♦❜r❡ F ❝♦♠

❢❛t♦r ❤♦♠♦tét✐❝♦ 1
f(p)

❀

✭✐✐✐✮ P❛r❛ ❝❛❞❛ (p, q) ∈M ✱ ❛ ❢♦❧❤❛ B×{q} ❡ ❛ ✜❜r❛ πF
∣∣
{p}×F

sã♦ ♦rt♦❣♦♥❛✐s ❡♠ (p, q)❀

❖s ✈❡t♦r❡s t❛♥❣❡♥t❡s ❛s ❢♦❧❤❛s sã♦ ❝❤❛♠❛❞♦s ❤♦r✐③♦♥t❛✐s ❡♥q✉❛♥t♦ ♦s t❛♥❣❡♥t❡s

❛s ✜❜r❛s sã♦ ❞✐t♦s ✈❡rt✐❝❛✐s✳

❋✉♥çõ❡s✱ ✈❡t♦r❡s t❛♥❣❡♥t❡s ❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡♠ F ❡ ❡♠ B✱ ♣♦❞❡♠ s❡r ❧❡✈❛♥✲

t❛❞♦s ♣❛r❛ B × F ✉s❛♥❞♦ ❛ ♣r♦❥❡çõ❡s πF ❡ πB✱ ❝♦♥st✐t✉✐♥❞♦ ❛ss✐♠✱ ❝❛♠♣♦s✱ ❢✉♥çõ❡s

❡ ✈❡t♦r❡s ❡♠ B × F ✳ ❉❡♥♦t❛♠♦s ♣♦r H(B) ♦ ❝♦♥❥✉♥t♦ ❞♦s ❧❡✈❛♥t❛♠❡♥t♦s ❤♦r✐③♦♥t❛✐s

❡ ♣♦r V(F ) ♦ ❝♦♥❥✉♥t♦ ❞♦s ❧❡✈❛♥t❛♠❡♥t♦s ✈❡rt✐❝❛✐s✳ ◆♦t❡♠♦s q✉❡ H(B) ❡ V(F ) sã♦



❈❛♣ít✉❧♦ ✷✳ Pr♦❞✉t♦s ❲❛r♣❡❞ ✻✸

s✉❜❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ X(B ×F )✳ ❆❧é♠ ❞✐ss♦✱ s❡ X ∈ H(B) ❡ V ∈ V(F )✱ ♥ã♦ é ❞✐❢í❝✐❧

✈❡r✐✜❝❛r q✉❡ [X, V ] = 0✳

Pr♦♣♦s✐çã♦ ✷✳✶✶ ❙❡❥❛ ♦ ♣r♦❞✉t♦ ✇❛r♣❡❞ M = B ×f F ✳ ❈♦♥s✐❞❡r❛♥❞♦ X, Y ∈ H(B)

❡ V,W ∈ V(F )✱ t❡♠♦s

✭✐✮ ∇XV ∈ H(B) é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ∇XV ❡♠ B❀

✭✐✐✮ ∇XV = ∇VX =
X(f)

f
V ✳

❉❡♠♦♥str❛çã♦✳

✭✐✮ P❡❧♦ ✐t❡♠ (iii) ❞❛ ♦❜s❡r✈❛çã♦ ✭✷✳✶✶✮ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ [X, V ] = 0 = [Y, V ]✱

❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧ ✭✶✳✺✮

2〈∇XY, V 〉 = X〈Y, V 〉+ Y 〈V,X〉 − V 〈X, Y 〉

− 〈X, [Y, V ]〉+ 〈Y, [V,X]〉+ 〈V, [X, Y ]〉,

s❡ r❡❞✉③ ❛

2〈∇XY, V 〉 = −V 〈X, Y 〉 − 〈V, [X, Y ]〉.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ X, Y ∈ H(B) ❡♥tã♦ 〈X, Y 〉 é ❝♦♥st❛♥t❡ ♥❛s ✜❜r❛s✱ ❡ ❝♦♠♦

V ∈ V(F ) t❡♠♦s q✉❡ V 〈X, Y 〉 = 0✳ ❊ ❛ss✐♠✱ 2〈∇XY, V 〉 = 0✱ ♣❛r❛ q✉❛❧q✉❡r

V ∈ V(F )✱ ✐st♦ é✱ ∇XY é ✉♠ ❝❛♠♣♦ ❤♦r✐③♦♥t❛❧✳ ❆❣♦r❛✱ ♣❡❧♦ ✐t❡♠ (i) ❞❛ ♦❜s❡r✲

✈❛çã♦ ✭✷✳✷✮✱ s❡❣✉❡ q✉❡ ∇XV ∈ H(B) é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ∇XV ❡♠ B✳

✭✐✐✮ ❈♦♠♦ 0 = [X, V ] = ∇XV − ∇VX ❡♥tã♦ ∇XV = ∇VX ❡ ❡st❡s ❝❛♠♣♦s sã♦

✈❡rt✐❝❛✐s✱ ♣♦✐s ♣❡❧♦ ✐t❡♠ (i) t❡♠♦s q✉❡

〈∇XV, Y 〉 = X〈V, Y 〉 − 〈V,∇VX〉 = 0.

❙❡❥❛ ❛❣♦r❛ W ✉♠ ❝❛♠♣♦ ✈❡rt✐❝❛❧ ❛ F ✱ ❧♦❣♦ ❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧ ✭✶✳✺✮

2〈∇XV,W 〉 = X〈V,W 〉+ V 〈W,X〉 −W 〈X, V 〉

− 〈X, [V,W ]〉+ 〈V, [W,X]〉+ 〈W, [X, V ]〉,

r❡❞✉③✲s❡ ❛ 2〈∇XY, V 〉 = X〈Y, V 〉✳
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P♦r ♦✉tr♦ ❧❛❞♦ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ♠étr✐❝❛ ✇❛r♣❡❞✱

〈V,W 〉(p,q) = 〈0 + V, 0 +W 〉(p,q)
= 〈0, 0〉B + f 2(p)〈Vq,Wq〉F ,

❡s❝r❡✈❡♥❞♦ f = f ◦ πB t❡♠♦s q✉❡

〈V,W 〉 = f 2(〈Vq,Wq〉F ◦ πF ).

❖❜s❡r✈❛♥❞♦ q✉❡ 〈Vq,Wq〉F ◦ πF é ❝♦♥st❛♥t❡ ♥❛s ❢♦❧❤❛s ♦♥❞❡ X é t❛♥❣❡♥t❡✱ t❡♠♦s

X〈V,W 〉 = X(〈Vq,Wq〉F ◦ πF )

= 2fX(f)(〈Vq,Wq〉F ◦ πF )

=
2X(f)

f

(
f 2(〈Vq,Wq〉F ◦ πF )

)

=
2X(f)

f
〈V,W 〉.

❆ss✐♠✱

2〈∇XV,W 〉 = X〈V,W 〉 = 2X(f)

f
〈V,W 〉.

❙❡♥❞♦ ❛ ♠étr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❡ W ∈ V(F ) q✉❛❧q✉❡r✱ s❡❣✉❡ q✉❡

∇XV = ∇VX =
X(f)

f
V.

❉❡ ♣♦ss❡ ❞♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❞❡s❝r✐t♦s ❛❝✐♠❛✱ ♣❛ss❡♠♦s ❛ ❞❡s❝r❡✈❡r ❛❧❣✉♠❛s ♣r♦✲

♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ✈❛r✐❡❞❛❞❡s ❞❡ ▲♦r❡♥t③ ❞♦ ♥♦ss♦ ✐♥t❡r❡ss❡✳

❉❡✜♥✐çã♦ ✷✳✶✷ ❙❡❥❛♠ (F n, g) ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❞❡ ❞✐♠❡♥sã♦

n ≥ 2✱ I ⊆ R ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ❞❡ R ♠✉♥✐❞♦ ❝♦♠ ❛ ♠étr✐❝❛ −dt2 ❡ f ∈ C∞(I × F )

✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛✳ ❆ ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦ M
n+1

= −I ×f F ♠✉♥✐❞❛ ❝♦♠ ❛ ♠étr✐❝❛

▲♦r❡♥t③✐❛♥❛ g ❞❛❞❛ ♣♦r

g = π∗
I (−dt2) + f(π)π∗

F (g),

♦♥❞❡ πI ❡ πF ❞❡♥♦t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ♣r♦❥❡çõ❡s s♦❜r❡ I ❡ F ✱ é ❞✐t❛ ✉♠ ❡s♣❛ç♦✲

t❡♠♣♦ ❞❡ ❘♦❜❡rts♦♥✲❲❛❧❦❡r ●❡♥❡r❛❧✐③❛❞♦ (GRW )✳ ■st♦ é✱ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ GRW

(M
n+1

, g) é ✉♠ ♣r♦❞✉t♦ ✇❛r♣❡❞ ❝♦♠ ❜❛s❡ (I,−dt2)✱ ✜❜r❛ ❘✐❡♠❛♥♥✐❛♥❛ (F, g) ❡ ❢✉♥çã♦

✇❛r♣❡❞ f ✳



❈❛♣ít✉❧♦ ✷✳ ❖ ❙t❡❛❞② ❙t❛t❡ ❙♣❛❝❡ Hn+1 ✻✺

❖ ❝❛♠♣♦ ✈❡rt✐❝❛❧✱ ∂
∂t

é ♣♦r ❞❡✜♥✐çã♦ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ ♥❛ ❞✐r❡çã♦ q✉❡

❝♦♥té♠ I✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❞❡♥♦t❡♠♦s ∂
∂t

♣♦r ∂t ❡ g ♣♦r 〈, 〉✳

Pr♦♣♦s✐çã♦ ✷✳✶✸ ❙❡❥❛ (M
n+1

, g) ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ GRW ❝♦♠ ❜❛s❡ (I,−dt2)✱ ✜❜r❛

❘✐❡♠❛♥♥✐❛♥❛ (F n, g) ❡ ❢✉♥çã♦ ✇❛r♣❡❞ ❢✳ ❊♥tã♦ ♦ ❝❛♠♣♦ K = f(πI)∂t ∈ X(M) é

❝♦♥❢♦r♠❡ ❢❡❝❤❛❞♦✱ t✐♣♦✲t❡♠♣♦ ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ M ✱ ♦♥❞❡ πI : M → I ❞❡♥♦t❛ ❛

♣r♦❥❡çã♦ s♦❜r❡ ■✳

❉❡♠♦♥str❛çã♦✳ ■❞❡♥t✐✜q✉❡♠♦s f = f(πI)✳ ❊♥tã♦

〈K,K〉 = 〈f∂t, f∂t〉 = f 2〈∂t, ∂t〉 = −f 2 < 0,

✐st♦ é✱ K é t✐♣♦✲t❡♠♣♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ 〈∂t, ∂t〉 = −1✱ ❞❛✐

0 = ∂t〈∂t, ∂t〉 = 2〈∇∂t∂t, ∂t〉,

❡ ♣❡❧♦ ✐t❡♠ (i) ❞❛ Pr♦♣♦s✐çã♦ ✭✷✳✶✶✮ t❡♠♦s ∇∂t∂t = 0✳ ▲♦❣♦ q✉❛❧q✉❡r V ∈ X(M) ♣♦❞❡

s❡r ❡s❝r✐t♦ ❝♦♠♦ V = −h∂t + VF ✱ ♦♥❞❡ h ∈ C∞(M) ❡ VF ∈ V(F ) ❡ ♣❡❧♦ ✐t❡♠ (ii) ❞❛

Pr♦♣♦s✐çã♦ ✭✷✳✶✶✮

∇VK = ∇−h∂t+VF
(f∂t) = −h∇∂t(f∂t) +∇VF

(f∂t)

= −hf∇∂t∂t − h∂t(f)∂t +
f∂t(f)

f
VF

= −f ′

h∂t + f
′

VF = f
′

(−h∂t + VF ) = f
′

V.

▲♦❣♦ ♣❛r❛ q✉❛✐sq✉❡r V,W ∈ X(M)✱ t❡♠♦s

〈∇VK,W 〉+ 〈V,∇WK〉 = 〈f ′

V,W 〉+ 〈V, f ′

W 〉 = 2f
′〈V,W 〉,

❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ K é ❝♦♥❢♦r♠❡ ❡ ❢❡❝❤❛❞♦ s❡❣✉♥❞♦ ❛ ❞❡✜♥✐çã♦ ✭✷✳✾✮✳

✷✳✺ ❖ ❙t❡❛❞② ❙t❛t❡ ❙♣❛❝❡ Hn+1

◆❡st❛ s❡çã♦ ❞❡✜♥✐r❡♠♦s ♦ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡ Hn+1✳ ▼❛s ❛♥t❡s✱ ❞❛r❡♠♦s ❛❧❣✉♠❛s

♣r♦♣r✐❡❞❛❞❡s ❡ ❞❡✜♥✐r❡♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r Sn+1
1 ✳
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❙❡❥❛ L
n+2 ♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐ (n + 2)✲❞✐♠❡♥s✐♦♥❛❧ (n ≥ 2)✱ q✉❡ é ♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧ Rn+2 ♠✉♥✐❞♦ ❝♦♠ ❛ ♠étr✐❝❛ ▲♦r❡♥t③✐❛♥❛ ❞❡✜♥✐❞❛ ♣♦r

〈v, w〉 =
n+1∑

i=1

viwi − vn+2wn+2, ∀ v, w ∈ R
n+2.

❉❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ (n+ 1)✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❙✐tt❡r Sn+1
1 ✱ ❝♦♠ ❛ ❤✐♣❡rq✉á❞r✐❝❛ ❞❡ L

n+2✱

S
n+1
1 = {p ∈ L

n+2; 〈p, p〉 = 1},

❢♦r♠❛❞❛ ♣♦r t♦❞♦s ♦s ✈❡t♦r❡s ✉♥✐tár✐♦s ❞❡ L
n+2✱ ♠✉♥✐❞❛ ❝♦♠ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ❞❡

L
n+2✳

❆✜r♠❡♠♦s q✉❡ S
n+1
1 é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③ ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥✲

st❛♥t❡ ✐❣✉❛❧ ❛ ✶✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ f : Ln+2 → R, ❞❡✜♥✐❞❛ ♣♦r

f(p) = 〈p, p〉,

❡ ♥♦t❡ q✉❡ S
n+1
1 = f−1(1)✱ ✐st♦ é✱ Sn+1

1 é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ K ❡ K ❛s ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s ❞❡ S
n+1
1 ❡ L

n+2 r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ❊♥tã♦ ❞❛❞♦s p ∈ S
n+1
1 , η(p) ∈ (TpS

n+1
1 )⊥ ❡ E1, . . . , En+1 ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r✲

♠❛❧ q✉❡ ❞✐❛❣♦♥❛❧✐③❛ ♦ ♦♣❡r❛❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ ❆ ❞❡ S
n+1
1 ❡♠ ♣✱ ✐st♦ é✱ AEi = λiEi✱

i = 1, . . . , n+ 1✱ ♦♥❞❡ λi sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ❆✱ t❡♠♦s ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ✭✷✳✹✮

K(Ei, Ej) = K(Ei, Ej) + 〈α(Ei, Ei), α(Ej, Ej)〉 − 〈α(Ei, Ej), α(Ei, Ej)〉, ✭✷✳✼✮

♠❛s

〈α(Ei, Ei), η〉 = 〈AEi, Ei〉 = λi〈Ei, Ei〉 = λi,

❧♦❣♦✱ α(Ei, Ei) = λiη✳

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ♦❜t❡♠♦s α(Ej, Ej) = λjη ❡ α(Ei, Ej) = 0✳

❆ss✐♠✱ ❞❛ ❡q✉❛çã♦ ✭✷✳✼✮✱ s❡❣✉❡ q✉❡

K(Ei, Ej) = K(Ei, Ej) + λiλj, i, j = 1, . . . , n+ 1. ✭✷✳✽✮

❈♦♠♦ 〈p, p〉 = 1✱ t❡♠♦s q✉❡

0 = X〈p, p〉 = 2〈∇◦
Xp, p〉,
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♦ q✉❡ ✐♠♣❧✐❝❛ 〈X, p〉 = 0, ∀ X ∈ X(Sn+1
1 )✳ ❆ss✐♠✱ ♣ é ♦rt♦❣♦♥❛❧ ❛♦ ❞❡ ❙✐tt❡r✳

❈♦♥s✐❞❡r❛♥❞♦ N = −p✱ ❡ ✉s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡♥ ✭✷✳✺✮✱ t❡♠♦s q✉❡ ♣❛r❛

q✉❛❧q✉❡r v ∈ TpS
n+1
1

Av = −∇vN = −∇◦
vN = ∇◦

vp = v.

❉❡st❛ ♠❛♥❡✐r❛ S
n+1
1 é ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦t❛❧♠❡♥t❡ ✉♠❜✐❧í❝❛ ❝♦♠ λ1 = . . . = λn+1 = 1.

❙❡♥❞♦ ❛ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❞❡ Ln+2 ❝♦♥st❛♥t❡ ❡ ✐❣✉❛❧ ❛ ③❡r♦✱ s❡❣✉❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✽✮

q✉❡ K(Ei, Ej) = 1✳ P❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ♣♦❞❡♠♦s ❡st❡♥❞❡r ♣❛r❛ t♦❞♦s ♦s ❝❛♠♣♦s t❛♥❣❡♥t❡

❛ S
n+1
1 ✳

❆❧é♠ ❞✐ss♦✱ s❡ p ∈ S
n+1
1 ✱ t❡♠♦s

Tp(S
n+1
1 ) = {v ∈ L

n+2; 〈v, p〉 = 0}.

❖❜s❡r✈❡♠♦s q✉❡ en+2 = (0, . . . , 0, 1) é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ ✉♥✐tár✐♦ ❡

❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ L
n+2✱ ❞❡t❡r♠✐♥❛♥❞♦ ❛ss✐♠✱ ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ❡♠ L

n+2✳

▲♦❣♦✱ ❞❛❞❛ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r x :Mn → S
n+1
1 →֒ L

n+2

♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠ ú♥✐❝♦ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ ❞❡ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ N ❛♦ ❧♦♥❣♦

❞❡Mn ❛♣♦♥t❛♥❞♦ ♣❛r❛ ♦ ♣❛ss❛❞♦ ❡♠ L
n+2✱ ✐st♦ é 〈N, en+2〉 > 0✳ ❉❡st❡ ♠♦❞♦✱ ♣♦❞❡♠♦s

❛ss✉♠✐r q✉❡ Mn é ♦r✐❡♥t❛❞❛ ♣♦r N ✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ❞❡♥♦t❛r❡♠♦s ♣♦r ∇◦, ∇ ❡ ∇
❛s ❝♦♥❡①õ❡s ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ L

n+2, Sn+1
1 ❡ Mn✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦ ❛ ❢ór♠✉❧❛ ❞❡

●❛✉ss ❡ ❲❡✐♥❣❛rt❡♥ ❞❡ Mn ❡♠ S
n+1
1 →֒ L

n+2 sã♦ ❞❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r

∇◦
VW = ∇VW − 〈V,W 〉x ✭✷✳✾✮

= ∇VW − 〈AV,W 〉N − 〈V,W 〉x

❡

A(V ) = − ∇◦
VN = − ∇VW, ✭✷✳✶✵✮

♣❛r❛ t♦❞♦s V,W ∈ X(M)✳

❉❡ ❢❛t♦✱ ♣❛r❛ ❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡♥ ♦❜s❡r✈❡♠♦s q✉❡ ❝♦♠♦ 〈W,N〉 = 0✱ t❡♠♦s

♣❡❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❛ ❝♦♥❡①ã♦✱ q✉❡

0 = V 〈W,N〉 = 〈∇◦
VW,N〉+ 〈W,∇◦

VN〉 ⇒ 〈∇◦
VW,N〉 = − 〈W,∇◦

VN〉.
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P♦r ♦✉tr♦ ❧❛❞♦

〈AV,W 〉 = 〈α(V,W ), N〉 = 〈∇◦
VW −∇VW,N〉 = 〈∇◦

VW,N〉 = − 〈W,∇◦
VN〉,

❝♦♠♦ ❛ ♠étr✐❝❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ s❡❣✉❡ q✉❡ AV = − ∇◦
VN ✱ ❛♥❛❧♦❣❛♠❡♥t❡ ♠♦str❛♠♦s

q✉❡ AV = − ∇VN.

P♦rt❛♥t♦

A(V ) = − ∇◦
VN = − ∇VN.

P❛r❛ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss✱ ♦❜s❡r✈❡♠♦s q✉❡✱ ❞❛❞♦ p ∈ M ✱ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r ♦

❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞♦ ▼✐♥❦♦✇s❦✐ ❝♦♠♦

TpL
n+2 = TpM

n ⊕ span{x} ⊕ span{N}.

▲♦❣♦ ♣❛r❛ ❝❛♠♣♦s t❛♥❣❡♥t❡ ❛ M ✱ t❡♠♦s

∇◦
VW = ∇VW + cN + dx, c, d ∈ R. ✭✷✳✶✶✮

❋❛③❡♥❞♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❝♦♠ N ♥❛ ❡①♣r❡ssã♦ ✭✷✳✶✶✮ ♦❜t❡♠♦s

〈∇◦
VW,N〉 = 〈∇VW,N〉+ 〈cN,N〉+ 〈dx,N〉.

▼❛s ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡♥ ✭✷✳✶✵✮

0 = V 〈W,N〉 = 〈∇◦
VW,N〉+ 〈W,∇◦

VN〉 ⇒ 〈∇◦
VW,N〉 = 〈W,AV 〉.

❈♦♠♦

〈∇VW,N〉 = 〈dx,N〉 = 0 ❡ 〈cN,N〉 = c 〈N,N〉 = − c

t❡♠♦s q✉❡

c = − 〈AV,W 〉.

❈♦♠ ✉♠ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ❡♥❝♦♥tr❛♠♦s d = − 〈V,W 〉 ❡ ♣♦rt❛♥t♦ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✷✳✶✶✮
❝♦♥❝❧✉í♠♦s q✉❡

∇◦
VW = ∇VW − 〈AV,W 〉N − 〈V,W 〉x.

❆❣♦r❛✱ s❡❥❛ a ∈ L
n+2, a 6= 0 ✉♠ ✈❡t♦r ♥✉❧♦ ♥❛ ♠❡t❛❞❡ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ♥✉❧✐❞❛❞❡

❝♦♠ ✈ért✐❝❡ ♥❛ ♦r✐❣❡♠✱ ✐st♦ é✱ 〈a, a〉 = 0 e 〈a, en+2〉 > 0, ♦♥❞❡ en+2 = (0, . . . , 0, 1).
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❊♥tã♦ ❛ r❡❣✐ã♦ ❛❜❡rt❛ ❞♦ ❞❡ ❙✐tt❡r Sn+1
1 ❞❛❞❛ ♣♦r✱

Hn+1 = {x ∈ S
n+1
1 ; 〈x, a〉 > 0},

é ❝❤❛♠❛❞❛ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡✳

❖❜s❡r✈❡ q✉❡ Hn+1 é ❡st❡♥❞í✈❡❧✱ ✉♠❛ ✈❡③ q✉❡ Hn+1 é ✐s♦♠étr✐❝❛ ❛ ✉♠ ❛❜❡rt♦ ❞❡

S
n+1
1 ❡ ♣♦r ✐ss♦ é ♥ã♦✲❝♦♠♣❧❡t♦ ✭❡♠ ✈❡r❞❛❞❡✱ Hn+1 é ❛♣❡♥❛s ✉♠❛ ♠❡t❛❞❡ ❞♦ ❞❡ ❙✐tt❡r✮✳

❆ s✉❛ ❢r♦♥t❡✐r❛✱ ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ S
n+1
1 , é ❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ♥✉❧❛

{x ∈ S
n+1
1 ; 〈x, a〉 = 0},

❝✉❥❛ ❛ t♦♣♦❧♦❣✐❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡ R× S
n−1 ✭❝❢✳ ❬✶✾❪✱ ♣á❣✳ ✶✷✻✮✳

❈♦♥s✐❞❡r❡♠♦s✱ ❡♠ Hn+1 ♦ s❡❣✉✐♥t❡ ❝❛♠♣♦

K = a− 〈x, a〉 x,

❡ ♠♦str❡♠♦s ❛✱

Pr♦♣♦s✐çã♦ ✷✳✶✹ ❖ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s K ❞❡✜♥✐❞♦ ❛❝✐♠❛ é ✉♠ ❝❛♠♣♦ t✐♣♦✲t❡♠♣♦✱ ❝♦♥✲

❢♦r♠❡ ❡ ❢❡❝❤❛❞♦✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡ ✈❡❥❛♠♦s q✉❡

〈K(x), x〉 = 〈a− 〈a, x〉 x, x〉 = 〈a, x〉 − 〈a, x〉 〈x, x〉

= 〈a, x〉 − 〈a, x〉 = 0.

▲♦❣♦ K ∈ X(Hn+1).

P❛r❛ ✈❡r✐✜❝❛r q✉❡ é t✐♣♦✲t❡♠♣♦✱ ♥♦t❡ q✉❡

〈K(x),K(x)〉 = 〈a− 〈x, a〉 x, a− 〈x, a〉 x〉

= 〈a, a〉 − 2 〈a, 〈x, a〉 x〉+ 〈x, a〉2 〈x, x〉

= − 2 〈a, x〉 〈x, a〉+ 〈x, a〉2 〈x, x〉

= − 2 〈x, a〉2 + 〈x, a〉2 〈x, x〉

= 〈x, a〉2 (〈x, x〉 − 2)

= 〈x, a〉2 (1− 2)

= − 〈x, a〉2 .



❈❛♣ít✉❧♦ ✷✳ ❖ ❙t❡❛❞② ❙t❛t❡ ❙♣❛❝❡ Hn+1 ✼✵

❈♦♠♦ 〈x, a〉 > 0 s❡❣✉❡ q✉❡ 〈x, a〉2 > 0, ❧♦❣♦ −〈x, a〉 < 0. P♦rt❛♥t♦ 〈K(x),K(x)〉 < 0, ❡

❛ss✐♠ K é ✉♠ ❝❛♠♣♦ t✐♣♦✲t❡♠♣♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡♥♦t❛♥❞♦ ∇ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ Hn+1✱ t❡♠♦s ♣❡❧❛

❢ór♠✉❧❛ ❞❡ ●❛✉ss ✭✷✳✾✮

∇◦
VK = ∇VK − 〈V,K〉 x,

❞❛✐✱

∇VK = ∇◦
V (a− 〈x, a〉 x) + 〈V, a− 〈x, a〉 x〉 x

= ∇◦
V a−∇◦

V (〈x, a〉 x) + 〈V, a〉 x− 〈x, a〉 〈V, x〉 x

= −〈x, a〉∇◦
V x− V 〈x, a〉 x+ 〈V, a〉 x− 〈x, a〉 〈V, x〉 x

= −〈x, a〉V −
〈
∇V a, x

〉
x−

〈
a,∇V x

〉
x+ 〈V, a〉 x− 〈x, a〉 〈V, x〉 x

= −〈x, a〉V − 〈∇◦
V a+ 〈V, a〉 x, x〉 x− 〈a,∇◦

V x+ 〈V, x〉 x〉 x

+ 〈V, a〉 x− 〈x, a〉 〈V, x〉 x.

❈♦♠♦ ∇◦
V a = 0 ❡ ∇◦

V x = V ✱ t❡♠♦s

∇VK = −〈x, a〉V − 〈〈V, a〉 x, x〉 x− 〈a, V + 〈V, x〉 x〉 x

+ 〈V, a〉 x− 〈x, a〉 〈V, x〉 x

= −〈x, a〉V − 〈V, a〉 〈x, x〉 x− 〈a, V 〉 x− 〈a, 〈V, x〉 x〉 x

+ 〈V, a〉 x− 〈x, a〉 〈V, x〉 x

= −〈x, a〉V − 〈V, a〉 x− 〈V, x〉 〈a, x〉 x− 〈x, a〉 〈V, x〉 x.

❊♥tã♦ ♣❛r❛ t♦❞♦ W ∈ Hn+1✱ t❡♠♦s

〈
∇VK,W

〉
= 〈− 〈x, a〉V − 〈V, a〉 x− 〈V, x〉 〈a, x〉 x− 〈x, a〉 〈V, x〉 x,W 〉

❧♦❣♦✱
〈
∇VK,W

〉
= 〈− 〈x, a〉V,W 〉 .

❈♦♠♦ W ∈ Hn+1 ❢♦✐ ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ s❡❣✉❡ q✉❡

∇VK = −〈x, a〉V

P♦rt❛♥t♦ K é ✉♠ ❝❛♠♣♦ ❝♦♥❢♦r♠❡ ❡ ❢❡❝❤❛❞♦ ❝♦♠ ❢❛t♦r ❝♦♥❢♦r♠❡ −〈x, a〉 .
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❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ é ❞❡✈✐❞❛ ❛ ▼♦♥t✐❡❧ ✭❝❢✳ ❬✷✺❪✱ Pr♦♣♦s✐çã♦ ✶✮✳ ❊❧❛ ♥♦s ❣❛r❛♥t❡

q✉❡ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡ ♣♦❞❡ s❡r ❢♦❧❤❡❛❞♦ ♣♦r ❤✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s

✐s♦♠étr✐❝❛s ❛♦ R
n✳

Pr♦♣♦s✐çã♦ ✷✳✶✺ ❙❡❥❛ Hn+1, n ≥ 1 ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③ ❞♦t❛❞❛ ❞❡ ✉♠ ❝❛♠♣♦

t✐♣♦✲t❡♠♣♦ K ❝♦♥❢♦r♠❡ ❡ ❢❡❝❤❛❞♦✳ ❊♥tã♦ t❡♠♦s q✉❡

✭✐✮ ❆ ❞✐str✐❜✉✐çã♦ n✲❞✐♠❡♥s✐♦♥❛❧ D ❞❡✜♥✐❞❛ ❡♠ Hn+1 ♣♦r

p ∈ Hn+1 7→ D(p) = {v ∈ TpHn+1/ 〈K(p), v〉 = 0}

❞❡t❡r♠✐♥❛ ✉♠❛ ❢♦❧❤❡❛çã♦ F(K) t✐♣♦✲❡s♣❛ç♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✶✱ ❛ q✉❛❧ é ♦r✐❡♥t❛❞❛

♣♦r K✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❢✉♥çõ❡s 〈K,K〉, divK e Kφ sã♦ ❝♦♥st❛♥t❡s s♦❜r❡ ❛s ❢♦❧❤❛s

❝♦♥❡①❛s ❞❡ F(K).

✭✐✐✮ ❖ ❝❛♠♣♦ ✉♥✐tár✐♦ t✐♣♦ t❡♠♣♦ ❞❡✜♥✐❞♦ ♣♦r ν =
K√

−〈K,K〉
❡♠ Hn+1 s❛t✐s❢❛③✿

∇νν = 0 ❡ ∇uν =
φ√

−〈K,K〉
u s❡ 〈ν, u〉 = 0.

❊♥tã♦✱ ♦ ✢✉①♦ ❞♦ ❝❛♠♣♦ ν é ✉♠ ✢✉①♦ ❣❡♦❞és✐❝♦ ♥♦r♠❛❧✐③❛❞♦ q✉❡ ❛♣❧✐❝❛ ❛s ❢♦❧❤❛s ❞❡

F(K) ❤♦♠♦tét✐❝❛♠❡♥t❡ ❡♠ ❢♦❧❤❛s ❞❡ F(K) ❡ ❝❛❞❛ ❢♦❧❤❛ ❞❡ F(K) é t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛

❡ t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H =
−φ√

−〈K,K〉
.

❉❡♠♦♥str❛çã♦✳ ❆q✉✐✱ ❞❡♥♦t❛r❡♠♦s ♣♦r ∇ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ Hn+1✳

✭✐✮ Pr✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❡ q✉❡ ❞❛❞♦ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ E1, . . . , En+1 ❡♠ ✉♠❛

✈✐③✐♥❤❛♥ç❛ ❞❡ p ∈ Hn+1 ❞❡ L
n+2✱ t❡♠♦s ♣♦r ❞❡✜♥✐çã♦

divK =
n+1∑

i=1

〈
∇Ei

K, Ei

〉
=

n+1∑

i=1

〈φEi, Ei〉 = φ

n+1∑

i=1

〈Ei, Ei〉 = (n+ 1)φ,

❞❛í✱

φ =
1

n+ 1
divK.

❚❛♠❜é♠ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ❣r❛❞✐❡♥t❡ ❞❡ 〈K,K〉✱ ✐st♦ é ♣❛r❛ q✉❛❧q✉❡r V ∈ Hn+1✱

t❡♠♦s
〈
∇〈K,K〉, V

〉
= V (〈K,K〉) = 2

〈
∇VK,K

〉
= 2φ 〈V,K〉 ,

❧♦❣♦✱
〈
∇〈K,K〉 − 2φK, V

〉
= 0✱ ❡ ❝♦♠♦ ❛ ♠étr✐❝❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ s❡❣✉❡ q✉❡

∇〈K,K〉 = 2φK,
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♦✉ s❡❥❛ ∇〈K,K〉 = 2

n+ 1
div(K)K.

❆ss✐♠ 〈K,K〉 é ❝♦♥st❛♥t❡ s♦❜r❡ ❛s ❢♦❧❤❛s ❝♦♥❡①❛s ❞❡ F(K).

❈❛❧❝✉❧❛♥❞♦ ❛❣♦r❛ ♦ ❍❡ss✐❛♥♦ ❞❡ 〈K,K〉✱ t❡♠♦s ♣♦r ❞❡✜♥✐çã♦ ❞❡ ❍❡ss✐❛♥♦✱

(Hess〈K,K〉)(u, v) = 〈(Hess〈K,K〉)u, v〉 =
〈
∇u(∇〈K,K〉), v

〉
,

♣❛r❛ t♦❞♦ u, v ∈ TpHn+1, ❧♦❣♦✱

(Hess〈K,K〉)(u, v) =
〈
∇u(2φK), v

〉

= 2
〈
∇u(φK), v

〉

= 2
〈
φ∇u(K) + u(φ)K, v

〉

= 2φ
〈
∇u(K), v

〉
+ u(φ) 〈K, v〉

= 2φ2 〈u, v〉+ u(φ) 〈K, v〉 .

❙❡♥❞♦ ♦ ❍❡ss✐❛♥♦ é ✉♠ ♦♣❡r❛❞♦r s✐♠étr✐❝♦✱ t❡♠♦s

(Hess〈K,K〉)(u, v) = (Hess〈K,K〉)(v, u),

❞❛í✱

2φ2 〈u, v〉+ u(φ) 〈K, v〉 = 2φ2 〈v, u〉+ v(φ) 〈K, u〉 ,

♣♦✐s✱ 〈u, v〉 = 〈v, u〉 . ▲♦❣♦✱

u(φ) 〈K, v〉 = v(φ) 〈K, u〉 , ✭✷✳✶✷✮

❢❛③❡♥❞♦ v = K,

u(φ) 〈K,K〉 = K(φ) 〈K, u〉 u(φ) = K(φ)

|K|2 〈K, u〉 .

▼❛s✱
〈
∇(φ), u

〉
= u(φ) =

K(φ)

〈K,K〉 〈K, u〉 =
〈 K(φ)

〈K,K〉K, u
〉
.

❈♦♠♦ u ∈ TpHn+1 é q✉❛❧q✉❡r ❡ ❛ ♠étr✐❝❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ s❡❣✉❡ q✉❡

∇(φ) =
K(φ)

〈K,K〉K = −(νφ)ν,

♣♦✐s ν =
K√

−〈K,K〉
.
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P♦rt❛♥t♦✱ φ =
1

n+ 1
divK é ❝♦♥st❛♥t❡ s♦❜r❡ ❛s ❢♦❧❤❛s ❝♦♥❡①❛s ❞❡ F(K)✳

P♦❞❡♠♦s ✈❡r ❛ ❡q✉❛çã♦ ✭✷✳✶✷✮ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

〈∇φ, u〉 〈K, v〉 = 〈∇φ, v〉 〈K, u〉 . ✭✷✳✶✸✮

❉❡r✐✈❛♥❞♦ ❝♦✈❛r✐❛♥t❡♠❡♥t❡ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❡♠ r❡❧❛çã♦ ❛ w✱ t❡♠♦s

w(〈∇φ, u〉 〈K, v〉) = w(〈∇φ, v〉 〈K, u〉). ✭✷✳✶✹✮

❊①♣❛♥❞✐♥❞♦ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✹✮ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ K s❡r ❝♦♥❢♦r♠❡

❢❡❝❤❛❞♦✱ t❡♠♦s

w(〈∇φ, u〉 〈K, v〉) =
(
〈∇w(∇φ), u〉+ 〈∇φ,∇wu〉

)
〈K, v〉

+ 〈∇φ, u〉
(
〈∇wK, v〉+ 〈K,∇wv〉

)

=
(
(Hessφ)(w, u) + 〈∇φ,∇wu〉

)
〈K, v〉

+ 〈∇φ, u〉
(
〈φw, v〉+ 〈K,∇wv〉

)
.

❙✉❜st✐t✉✐♥❞♦ ❛ ❡①♣r❡ssã♦ ❞❡ ∇φ ♦❜t❡♠♦s✱

w(〈∇φ, u〉 〈K, v〉) = 〈K, v〉 (Hessφ)(w, u) + 〈K, v〉 〈 K(φ)

〈K,K〉K,∇wu〉

+ φ(u(φ))〈w, v〉+ 〈 K(φ)

〈K,K〉K, u〉〈K,∇wv〉

= 〈K, v〉 (Hessφ)(w, u) + K(φ)

〈K,K〉 〈K, v〉 〈K,∇wu〉

+ φ(u(φ))〈w, v〉+ K(φ)

〈K,K〉〈K, u〉〈K,∇wv〉. ✭✷✳✶✺✮

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✹✮ é ❞❛❞♦ ♣♦r

w(〈∇φ, v〉 〈K, u〉) = 〈K, u〉 (Hessφ)(w, v) + K(φ)

〈K,K〉 〈K, u〉 〈K,∇wv〉

+ φ(v(φ))〈w, u〉+ K(φ)

〈K,K〉〈K, v〉〈K,∇wu〉. ✭✷✳✶✻✮

❯s❛♥❞♦ ✭✷✳✶✺✮ ❡ ✭✷✳✶✻✮ ♥❛ ✐❣✉❛❧❞❛❞❡ ✭✷✳✶✹✮✱ t❡♠♦s

〈K, v〉 (Hessφ)(w, u) + φ(u(φ))〈w, v〉 = 〈K, u〉 (Hessφ)(w, v) + φ(v(φ))〈w, u〉,

♣❛r❛ q✉❛✐sq✉❡r u, v, w t❛♥❣❡♥t❡s ❛ Hn+1✳
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❚♦♠❛♥❞♦ v = w = K ❡ u ♦rt♦❣♦♥❛❧ ❛ K ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ❞❡❞✉③✐♠♦s q✉❡

(Hessφ)(u,K) = 0,

✉♠❛ ✈❡③ q✉❡ 〈∇φ, u〉 = K(φ)

〈K,K〉〈K, u〉 = 0✳

▼❛s ♣❡❧❛s ❞❡✜♥✐çõ❡s ❞♦ ❣r❛❞✐❡♥t❡ ❡ ❍❡ss✐❛♥♦✱

u(K(φ)) = (Hessφ)(u,K) + (∇uK) = (Hessφ)(u,K) +
1

2
uφ2 =

1

2
uφ2,

♠♦str❛♠♦s ❛ss✐♠✱ q✉❡ K(φ) é ❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ ❢♦❧❤❛ ❝♦♥❡①❛ ❞❡ F(K)✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✭✶✳✸✼✮✱ ♠♦str❡♠♦s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ é ✐♥✈♦❧✉t✐✈❛✳

❈♦♠ ❡❢❡✐t♦✱ ❞❡✜♥❛

D(p) = {v ∈ TpHn+1; 〈K(p), v〉 = 0},

❡ ❝♦♥s✐❞❡r❡ X e Y ❞✉❛s s❡çõ❡s s✉❛✈❡s ❡♠ D ❞❡✜♥✐❞♦s ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛

U ⊂ Hn+1✳ ❙❡❥❛ p ∈ U t❛❧ q✉❡ Xp, Yp ∈ D(p). ❉❡✈❡♠♦s ♠♦str❛r q✉❡ ♦ ❝♦❧❝❤❡t❡

❞❡ ▲✐❡ é ✉♠❛ s❡çã♦ s✉❛✈❡ ❞❡ D.
❉❡ ❢❛t♦✱

〈[Xp, Yp],K(p)〉 =
〈
∇XY (p)−∇YX(p),K(p)

〉

=
〈
∇XY (p),K(p)

〉
−
〈
∇YX(p),K(p)

〉
,

❝♦♠♦ Xp, Yp ∈ D(p)✱ t❡♠♦s q✉❡ 〈Xp,K(p)〉 = 〈Yp,K(p)〉 = 0✱ ❧♦❣♦ ♣❡❧❛ ❝♦♠♣❛t✐✲

❜✐❧✐❞❛❞❡✱

0 = Xp 〈Yp,K(p)〉 =
〈
∇XY,K

〉
(p) +

〈
Y,∇XK

〉
(p)

❡

0 = Yp 〈Xp,K(p)〉 =
〈
∇YX,K

〉
(p) +

〈
X,∇YK

〉
(p),

❞❛í✱

〈[Xp, Yp],K(p)〉 =
〈
Y (p),∇XK(p)

〉
+
〈
X(p),∇YK(p)

〉

= −φ 〈Y (p), X(p)〉+ φ 〈X(p), Y (p)〉 = 0,

❧♦❣♦ [Xp, Yp] ∈ D(p)✳
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❈♦♠♦ p ∈ U é ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ D é ✐♥✈♦❧✉t✐✈♦✳ P♦rt❛♥t♦ ♣❡❧♦ ❚❡♦r❡♠❛

❞❡ ❋r♦❜❡♥✐✉s ✭❝❢✳ ❬✶✾❪✱ ❚❡♦r❡♠❛ ✶✾✳✷✶✮✱ D é ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧✱ ✐st♦ é✱

❡①✐st❡ ✉♠❛ ✭ú♥✐❝❛✮ ❢♦❧❤❡❛çã♦ F(K) ❞❡ ❞✐♠❡♥sã♦ n ❡ ❞❡ ❝❧❛ss❡ C∞ ❡♠ Hn+1 t❛❧

q✉❡ TF(K) = D✱ ❛ q✉❛❧ é ♦r✐❡♥t❛❞❛ ♣♦r ❑ ✭♣❡❧❛ ♣ró♣r✐❛ ❞❡✜♥✐çã♦ ❞❡ D✮ ❡ é

t✐♣♦✲❡s♣❛ç♦ ✭♣♦✐s ❑ é t✐♣♦✲t❡♠♣♦✮✳

✭✐✐✮ ◆♦t❡ q✉❡✱ s❡♥❞♦ 〈ν, ν〉 = −1 t❡♠♦s✱

0 = ν〈ν, ν〉 = 2〈∇νν, ν〉 = 2

〈
∇νν,

K√
−|K|2

〉
=

2√
−|K|2

〈
∇νν,K

〉
,

❧♦❣♦
〈
∇νν,K

〉
= 0✳

P♦r ♦✉tr♦ ❧❛❞♦✱

∇νν = ∇ν

(
K√

−〈K,K〉

)
=

1√
−〈K,K〉

∇νK + ν

(
1√

−〈K,K〉

)
K

=
φ√

−〈K,K〉
ν + ν

(
1√

−〈K,K〉

)
K

=
φ

〈K,K〉K + ν

(
1√

−〈K,K〉

)
K

=

(
φ

〈K,K〉 + ν

(
1√

−〈K,K〉

))
K. ✭✷✳✶✼✮

❆ss✐♠✱

0 = 〈∇νν,K〉 =
〈
K,
(
φ

K + ν

(
1√

−〈K,K〉

))
K
〉

=

(
φ

〈K,K〉 + ν

(
1√

−〈K,K〉

))
〈K,K〉 .

❈♦♠♦ 〈K,K〉 6= 0✱ t❡♠♦s q✉❡
φ

〈K,K〉 + ν

(
1√

−〈K,K〉

)
= 0✳

P♦r ✭✷✳✶✼✮✱ s❡❣✉❡ q✉❡ ∇νν = 0✳

◆♦✈❛♠❡♥t❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ 〈ν, ν〉 = −1✱ t❡♠♦s

∇uν = ∇u

(
K√

−〈K,K〉

)
=

(
1√

−〈K,K〉

)
∇uK + u

(
1√

−〈K,K〉

)
K

=
φ√

−〈K,K〉
u+ u

(
1√

−〈K,K〉

)
K. ✭✷✳✶✽✮
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P♦r ♦✉tr♦ ❧❛❞♦✱ 0 = u〈ν, ν〉 = 2〈∇uν, ν〉 ❡ 〈u, ν〉 = 0✱ ❛ss✐♠ ❞❡

〈∇uν, ν〉 =
φ√

−〈K,K〉
〈u, ν〉+ u

(
1√

−〈K,K〉

)
〈K, ν〉,

t❡♠♦s

u

(
1√

−〈K,K〉

)
〈K, ν〉 = 0.

❈♦♠♦ 〈K, ν〉 6= 0 s❡❣✉❡ q✉❡ u

(
1√

−〈K,K〉

)
= 0✱ ❡ ♣♦rt❛♥t♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✽✮

s❡❣✉❡ q✉❡ ∇uν =
φ√

−〈K,K〉
u✳

❈♦♠♦ Au = −∇uν s❡❣✉❡ q✉❡ ❝❛❞❛ ❢♦❧❤❛ ❞❡ F(K) é t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❝♦♠

λi =
φ√

−〈K,K〉
,

✉♠❛ ✈❡③ q✉❡ AEi = λiEi✳

P♦rt❛♥t♦✱ ❝♦♠♦ 〈K,K〉 ❡ Kφ ❝♦♥st❛♥t❡s ❡♠ ❝❛❞❛ ❢♦❧❤❛ ❝♦♥❡①❛ ❞❡ F(K)✱ ♦ ✢✉①♦

❞❡ ν é ✉♠ ✢✉①♦ ❣❡♦❞és✐❝♦ ♥♦r♠❛❧✐③❛❞♦ t✐♣♦✲t❡♠♣♦ ♦ q✉❛❧ ❧❡✈❛ ❤♦♠♦tét✐❝❛♠❡♥t❡ ❢♦❧❤❛s

❞❡ F(K) ❡♠ ❢♦❧❤❛s ❞❡ F(K) ❡ ❝❛❞❛ ❢♦❧❤❛ ❞❡ F(K) t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡

H = − φ√
−〈K,K〉

.

❆❧é♠ ❞✐ss♦✱ ❛s ❢♦❧❤❛s ❞❡ F(K) sã♦ ❤✐♣❡r♣❧❛♥♦s ❤♦r✐③♦♥t❛✐s

Ln(τ) = {x ∈ S
n+1
1 ; 〈x, a〉 = τ}, τ ∈ (0,+∞),

q✉❡ sã♦ ❤✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❞❡Hn+1 ✐s♦♠étr✐❝❛s ❛♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦

R
n✱ ❡ ♣♦ss✉✐ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ ✉♠ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝❛♠♣♦ ✉♥✐tár✐♦✱

♥♦r♠❛❧ ❡ q✉❡ ❛♣♦♥t❛ ♣❛r❛ ♦ ♣❛ss❛❞♦

Nτ (x) =
1

τ
a− x, x ∈ Ln(τ).

❉❡ ❢❛t♦✱ ♣❡❧♦ ✐t❡♠ (ii) ❞❛ Pr♦♣♦s✐çã♦ ✭✷✳✶✺✮✱ t❡♠♦s

Nτ (x) =
K(x)√

−〈K(x),K(x)〉
,
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♦♥❞❡ K(x) é ✉♠ ❝❛♠♣♦ ❝♦♥❢♦r♠❡ ❡ ❢❡❝❤❛❞♦✳

❉❛í✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ K(x)✱

Nτ (x) =
a− 〈x, a〉x√

−〈a− 〈x, a〉x, a− 〈x, a〉x〉

=
a− 〈x, a〉x√

−〈a, a〉+ 2〈a, 〈x, a〉x〉 − 〈x, a〉2〈x, x〉
=

a− τx

τ

=
1

τ
a− x, x ∈ Ln(τ),

♦♥❞❡ ❢♦✐ ✉s❛❞♦ q✉❡ a é ✉♠ ✈❡t♦r ♥✉❧♦✱ 〈x, a〉 = τ ❡ x ∈ S
n+1
1 ✳

❆❣♦r❛✱ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡♥✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ v ∈ TpHn+1✱

Av = −∇◦
vNτ = −∇◦

v

(
1

τ
a− x

)
= −1

τ
∇◦

va+∇◦
vx = v.

❆ss✐♠✱ Ln(τ) é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞❡ Hn+1✳ P♦r ♦✉tr♦ ❧❛❞♦✱

✉♠❛ ✈❡③ q✉❡ φ = − 〈x, a〉 = − τ ✱ t❡♠♦s ♣❡❧♦ ✐t❡♠ (ii) ❞❛ Pr♦♣♦s✐çã♦ ✭✷✳✶✺✮✱ q✉❡ ❛

❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ Ln(τ) é ❞❛❞❛ ♣♦r

H =
−φ√

−〈K,K〉
=

τ√
τ 2

= 1.

P❛r❛ ❝♦♥❝❧✉✐r ♦ ❛✜r♠❛❞♦✱ q✉❡ ❛s ❢♦❧❤❛s sã♦ ✐s♦♠étr✐❝❛ ❛♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ R
n ✭❝❢✳ ❬✹❪✱

s❡çã♦ ✷✮✱ ❢❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✻ ❆s ❢♦❧❤❛s Ln(τ) ❞❡ Hn+1 sã♦ ✐s♦♠étr✐❝❛s ❛♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ R
n✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛♠♦s ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦ ψτ : Ln(τ) −→ R
n ❞❛❞❛ ♣♦r

ψτ (x) = x− τ + 〈a, e0〉〈x, e0〉
〈a, e0〉2

a− τ

〈a, e0〉
e0,

♦♥❞❡ a ∈ L
n+2 é ✉♠ ✈❡t♦r t✐♣♦✲❧✉③ t❛❧ q✉❡ 〈a, e0〉 > 0 ❡ e0 = (1, 0, . . . , 0)✳ ❖❜s❡r✈❡♠♦s

q✉❡ ψτ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ♠♦str❡♠♦s q✉❡ ψτ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ♣❛r❛ ✐st♦ ❞❡✜♥❛♠♦s ❛

❝❛♥❞✐❞❛t❛ ❛ ✐♥✈❡rs❛ ψ−1
τ : Rn −→ Ln(τ) ❞❛❞❛ ♣♦r

ψ−1
τ (x) = x+

τ

〈a, e0〉
e0 +

〈a, e0〉2(1− 〈x, x〉) + τ 2

2τ〈a, e0〉2
a.

◆♦t❡ q✉❡ ψ−1
τ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❡st❛ ❜❡♠ ❞❡✜♥✐❞❛ ✉♠❛ ✈❡③ q✉❡ 〈ψ−1

τ (x), a〉 = τ ✱ ♣❛r❛

t♦❞♦ x ∈ R ❡ ♣r♦✈❡♠♦s ❡♥tã♦ q✉❡ ψτ ◦ ψ−1
τ = ψ−1

τ ◦ ψτ = id✳
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❉❡ ❢❛t♦✱ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ♦❜s❡r✈❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ x ∈ R
n

〈ψ−1
τ (x), e0〉 =

〈
x+

τ

〈a, e0〉
e0 +

〈a, e0〉2(1− 〈x, x〉) + τ 2

2τ〈a, e0〉2
a, e0

〉

= 〈x, e0〉+
τ

〈a, e0〉
〈e0, e0〉+

(〈a, e0〉2(1− 〈x, x〉) + τ 2

2τ〈a, e0〉2
a

)
〈a, e0〉

= − τ

〈a, e0〉
+

〈a, e0〉2(1− 〈x, x〉) + τ 2

2τ〈a, e0〉
a ✭✷✳✶✾✮

❡ t❛♠❜é♠ q✉❡

τ + 〈a, e0〉〈ψ−1
τ (x), e0〉

〈a, e0〉2
a =

〈a, e0〉2(1− 〈x, x〉) + τ 2

2τ〈a, e0〉
a. ✭✷✳✷✵✮

❊♥tã♦ ❞❡ ✭✷✳✶✾✮ ❡ ✭✷✳✷✵✮ t❡♠♦s

ψτ (ψ
−1
τ (x)) = ψ−1

τ (x)−
(
τ + 〈a, e0〉〈ψ−1

τ (x), e0〉
〈a, e0〉2

a

)
− τ

〈a, e0〉
e0

= x+
τ

〈a, e0〉
e0 +

〈a, e0〉2(1− 〈x, x〉) + τ 2

2τ〈a, e0〉2
a

− 〈a, e0〉2(1− 〈x, x〉) + τ 2

2τ〈a, e0〉2
a− τ

〈a, e0〉
e0

= x.

♣❛r❛ t♦❞♦ x ∈ R
n✳

P❛r❛ ❛ ♦✉tr❛ ♣❛rt❡✱ ✈❡❥❛♠♦s q✉❡

〈ψτ (x), ψτ (x)〉 = 〈x, x〉 − 2

(
τ + 〈a, e0〉〈x, e0〉

〈a, e0〉2
)
〈x, a〉 − 2τ〈x, e0〉

〈a, e0〉

+

(
τ + 〈a, e0〉〈x, e0〉

〈a, e0〉2
)2

〈a, a〉+ 2τ

〈a, e0〉

(
τ + 〈a, e0〉〈x, e0〉

〈a, e0〉2
)
〈a, e0〉

+
τ 2

〈a, e0〉
〈e0, e0〉 ✭✷✳✷✶✮

= 1− 2τ〈x, e0〉
〈a, e0〉

− τ 2

〈a, e0〉2
,

❡ q✉❡

〈a, e0〉2(1− 〈ψτ (x), ψτ (x)〉) + τ 2

2τ〈a, e0〉
a =

τ + 〈x, e0〉〈a, e0〉
〈a, e0〉2

a. ✭✷✳✷✷✮
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❊♥tã♦ ❞❡ ✭✷✳✷✶✮ ❡ ✭✷✳✷✷✮ ♦❜t❡♠♦s

ψ−1
τ (ψτ (x)) = ψτ (x) +

τ

〈a, e0〉
e0 +

〈a, e0〉2(1− 〈ψτ (x), ψτ (x)〉) + τ 2

2τ〈a, e0〉2
a

= x− τ + 〈a, e0〉〈x, e0〉
〈a, e0〉2

a− τ

〈a, e0〉
e0

+
τ

〈a, e0〉
e0 +

〈a, e0〉2(1− 〈ψτ (x), ψτ (x)〉) + τ 2

2τ〈a, e0〉2
a

= x− τ + 〈a, e0〉〈x, e0〉
〈a, e0〉2

a+
τ + 〈x, e0〉〈a, e0〉

〈a, e0〉2
a

= x.

P♦rt❛♥t♦ ψτ é ✉♠❛ ❜✐❥❡çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✐♥✈❡rs❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ✐st♦ é✱ ✉♠ ❞✐❢❡♦♠♦r✲

✜s♠♦✳

▼♦str❡♠♦s ❛❣♦r❛ q✉❡ ψτ ♣r❡s❡r✈❛ ❛ ♠étr✐❝❛✳ ❉❛❞♦ v ∈ TpL
n(τ)✱ ❡①✐st❡ ✉♠❛ ❝✉r✈❛

α : I ⊂ R → Ln(τ) t❛❧ q✉❡ α(0) = p ❡ α′(0) = v✳ ❊♥tã♦

d(ψτ )p(v) =
d

dt
(ψ ◦ α)(t)

∣∣∣∣
t=0

=
d

dt

(
α(t)− τ + 〈a, e0〉〈α(t), e0〉

〈a, e0〉2
a− τ

〈a, e0〉
e0

) ∣∣∣∣
t=0

= v − τ + 〈a, e0〉〈v, e0〉
〈a, e0〉2

a,

❧♦❣♦

〈d(ψτ )p(v), d(ψτ )p(v)〉 =
〈
v − τ + 〈a, e0〉〈v, e0〉

〈a, e0〉2
a, v − τ + 〈a, e0〉〈v, e0〉

〈a, e0〉2
a

〉
= 〈v, v〉,

✉♠❛ ✈❡③ q✉❡ 〈a, a〉 = 〈v, a〉 = 0✳

▲♦❣♦ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♣♦❧❛r✐③❛çã♦ ♦❜t❡♠♦s q✉❡

〈d(ψτ )p(u), d(ψτ )p(v)〉 = 〈u, v〉,

♣❛r❛ q✉❛✐sq✉❡r u, v ∈ TpL
n(τ) ❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ ψτ é ✉♠❛ ✐s♦♠❡tr✐❛✳

◆♦ ❝♦♥t❡①t♦ ❞♦ ♣r♦❞✉t♦ ✇❛r♣❡❞ ▲♦r❡♥t③✐❛♥♦✱ t♦♠❛♥❞♦ τ = exp(t)✱ ♣♦❞❡♠♦s

❝♦♥s✐❞❡r❛r Hn+1 ❝♦♠♦ ♦ GRW − R×exp(t)R
n✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♠♦❞❡❧♦ st❡❛❞② st❛t❡

❞♦ ✉♥✐✈❡rs♦ ♣r♦♣♦st♦ ♣♦r ❇♦♥❞✐✱ ●♦❧❞ ❡ ❍♦②❧❡ ✭❝❢✳ ❬✶✽❪✱ ♣á❣✳ ✶✷✻✮✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

Pr♦♣♦s✐çã♦ ✷✳✶✼ ❖ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡ Hn+1 é ✐s♦♠étr✐❝♦ ❛♦ ●❘❲ − R ×exp(t) R
n

q✉❡ é ♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ R
n+1 ♠✉♥✐❞♦ ❞❛ ♠étr✐❝❛ ▲♦r❡♥t③✐❛♥❛

〈, 〉 = − dt2 + e2t(dx21 + . . .+ dx2n).



❈❛♣ít✉❧♦ ✷✳ ❖ ❙t❡❛❞② ❙t❛t❡ ❙♣❛❝❡ Hn+1 ✽✵

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦ s❡❥❛♠ b ∈ L
n+2 ✉♠ ✈❡t♦r ♥✉❧♦ t❛❧ q✉❡ 〈a, b〉 = 1 ❡ ❛ s❡❣✉✐♥t❡

❛♣❧✐❝❛çã♦ φ : Hn+1 −→ − R×exp(t) R
n ❞❛❞❛ ♣♦r

φ(p) =

(
log(〈p, a〉), p− 〈p, a〉b− 〈p, b〉a

〈p, a〉

)
.

❖❜s❡r✈❡ q✉❡ φ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ q✉❡ ❞❛❞♦ v ∈ TpHn+1 ❡①✐st❡ ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧

α : I → Hn+1 t❛❧ q✉❡ α(0) = p ❡ α′(0) = v✳ ❊♥tã♦

dφp(v) =
d

dt
(φ ◦ α)(t)

∣∣∣∣
t=0

=
d

dt

(
log(〈α(t), a〉), α(t)− 〈α(t), a〉b− 〈α(t), b〉a

〈α(t), a〉

) ∣∣∣∣
t=0

=

(
d

dt
log(〈α(t), a〉)

∣∣∣∣
t=0

,
d

dt

(
α(t)− 〈α(t), a〉b− 〈α(t), b〉a

〈α(t), a〉

) ∣∣∣∣
t=0

)
,

❡ ✉s❛♥❞♦ ❛s r❡❣r❛s ❞❡ ❞❡r✐✈❛çã♦✱

dφp(v) =

(〈v, a〉
〈p, a〉 ,

d

dt

(
α(t)− 〈α(t), a〉b− 〈α(t), b〉a

〈α(t), a〉

) ∣∣∣∣
t=0

)

=

(〈v, a〉
〈p, a〉 ,

(v − 〈v, a〉b− 〈v, b〉a)〈p, a〉 − 〈v, a〉(p− 〈p, a〉b− 〈p, b〉a)
〈p, a〉2

)

=

(〈v, a〉
〈p, a〉 ,

(v − 〈v, b〉a)〈p, a〉 − 〈v, a〉(p− 〈p, b〉a)
〈p, a〉2

)
.

❆ss✐♠✱ ❝♦♠ ♠❛✐s ❛❧❣✉♥s ❝á❧❝✉❧♦s ♦❜t❡♠♦s

〈dφp(v), dφp(v)〉 =
1

〈p, a〉2 〈v, v〉, ∀ v ∈ TpHn+1.

P❡❧❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♣♦❧❛r✐③❛çã♦ ❝♦♥❝❧✉í♠♦s q✉❡

〈dφp(u), dφp(v)〉 =
1

〈p, a〉2 〈u, v〉, ∀ u, v ∈ TpHn+1, ✭✷✳✷✸✮

✐st♦ é✱ φ ♣r❡s❡r✈❛ ♠étr✐❝❛✳

P❡❧♦ ♠♦str❛❞♦ ❡♠ ✭✷✳✷✸✮ φ ♣r❡s❡r✈❛ ❛ ♠étr✐❝❛✱ ❛ss✐♠ dφp é ✐♥❥❡t♦r❛✱ ✐st♦ é✱ ♦

❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r dφp é ♥ã♦ ♥✉❧♦✱ ❧♦❣♦ ♣❡❧♦

t❡♦r❡♠❛ ❞❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rs❛ φ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧✳ ❈♦♠♦ φ é ✐♥❥❡t♦r❛✱ ❝♦♥❝❧✉í♠♦s

q✉❡ ❛ ❛♣❧✐❝❛çã♦

φ : Hn+1 −→ φ(Hn+1) ⊂ − R×exp(t) R
n

é ✉♠❛ ✐s♦♠❡tr✐❛✳
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▼♦str❡♠♦s ❛❣♦r❛ q✉❡ φ(Hn+1) = − R ×exp(t) R
n✳ ❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦ ❛ ❢✉♥çã♦

❧♦❣❛r✐t♠♦ é s♦❜r❡❥❡t✐✈❛ t❡♠♦s q✉❡ φ(Hn+1) = − R×exp(t) A
n✱ ♦♥❞❡ An é ✉♠ ❛❜❡rt♦ ❞♦

R
n✳ ▼❛s ♠✉♥✐♥❞♦ Hn+1 ❞❛ ♣❛r❛♠❡tr✐③❛çã♦ y : R × Ln(τ) −→ Hn+1✱ t❡♠♦s q✉❡ ♣❛r❛

❛❧❣✉♠ τ > 0 ✜①❛❞♦ ❛ ❛♣❧✐❝❛çã♦ φτ : Ln(τ) −→ An é ✉♠❛ ✐s♦♠❡tr✐❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱

s❛❜❡♠♦s ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✭✷✳✶✻✮ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ψ : Ln(τ) −→ R
n é ✉♠❛ ✐s♦♠❡tr✐❛✳

▲♦❣♦✱ ❝♦♠♦ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ✐s♦♠❡tr✐❛s ❛✐♥❞❛ é ✉♠❛ ✐s♦♠❡tr✐❛✱ s❡❣✉❡ q✉❡ ❛ ♥♦✈❛ ❛♣❧✐✲

❝❛çã♦ g = φτ ◦ψ−1 : An −→ R
n é ✉♠❛ ✐s♦♠❡tr✐❛✳ ❙❡♥❞♦ An ⊂ R

n ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱

♦❜t❡♠♦s q✉❡ An = R
n ❡ ♣♦rt❛♥t♦ φ(Hn+1) = − R ×exp(t) R

n ❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡

Hn+1 é ✐s♦♠étr✐❝♦ ❛ − R×exp(t) R
n✳

✷✳✻ ❆s r✲és✐♠❛s ❈✉r✈❛t✉r❛s ▼é❞✐❛s Hr

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ r✲és✐♠❛s ❝✉r✈❛t✉r❛s ♠é❞✐❛s q✉❡ s❡rá

❞❡✜♥✐❞❛ ♣♦r ♠❡✐♦ ❞♦s ♣♦❧✐♥ô♠✐♦s s✐♠étr✐❝♦s ❡❧❡♠❡♥t❛r❡s✳ ❆♥t❡s ❞❡ ❞❛r♠♦s ❛ ❞❡✜♥✐çã♦

❞❡ r✲és✐♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛✱ ❞❛r❡♠♦s ✉♠❛ ❞❡✜♥✐çã♦ ❛❧❣é❜r✐❝❛✳

❉❡✜♥✐çã♦ ✷✳✶✽ ❙❡❥❛ D ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡ ❡ x1, . . . , xn n ✐♥❞❡t❡r♠✐♥❛❞❛s s♦✲

❜r❡ D✳ ❈❤❛♠❛♠♦s ✧♣♦❧✐♥ô♠✐♦s s✐♠étr✐❝♦s ❡❧❡♠❡♥t❛r❡s✧ ♥❛s ✐♥❞❡t❡r♠✐♥❛❞❛s x1, . . . , xn

❛♦s ♣♦❧✐♥ô♠✐♦s ei ∈ D[x1, . . . , xn] ❞❡✜♥✐❞♦s ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦

e1(x1, . . . , xn) = x1 + . . .+ xn;

e2(x1, . . . , xn) = x1x2 + x1x3 + . . .+ x1xn + x2x3 + . . .+ xn−1xn;
✳✳✳

en(x1, . . . , xn) = x1x2 · . . . · xn.

❙❡❥❛ A : X(M) → X(M) ❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ✐♠❡rsã♦ x✳ ❙❛❜❡♠♦s

q✉❡ ❞❛❞♦ p ∈ M, Ap : TpM → TpM é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱ ❛✉t♦✲❛❞❥✉♥t♦ ❡ s❡✉s ❛✉t♦✲

✈❛❧♦r❡s✱ k1, . . . , kn sã♦ ❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s ❞❡ M ✳ ❆ss♦❝✐❛❞♦ ❛♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛

❆ ❞❡ Mn ❡①✐st❡♠ n ✐♥✈❛r✐❛♥t❡s ❛❧❣é❜r✐❝♦s✱ ♦s q✉❛✐s sã♦ ❢✉♥çõ❡s s✐♠étr✐❝❛s ❡❧❡♠❡♥t❛r❡s

σr ❞❛s s✉❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s k1, . . . , kn✳

❉❡♥♦t❡♠♦s ♣♦r Sr(p) ❛ r✲és✐♠❛ ❢✉♥çã♦ s✐♠étr✐❝❛ ❡❧❡♠❡♥t❛r ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡

Ap✱ ✐st♦ é✱ Sr = σr(k1, . . . , kn)✱ ♦♥❞❡ k1, . . . , kn sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞♦ ♦♣❡r❛❞♦r Ap
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❡ σr ∈ R[X1, . . . , Xn] é ♦ r✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ s✐♠étr✐❝♦ ❡❧❡♠❡♥t❛r ♥❛s ✐♥❞❡t❡r♠✐♥❛❞❛s

X1, . . . , Xn ❞❛❞♦ ♣♦r

σr(k1, . . . , kn) =
∑

i1<...<in

ki1 · · · kin , 1 ≤ r ≤ n.

Pr♦♣♦s✐çã♦ ✷✳✶✾ ❙❡♥❞♦ S0 = 1✱ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ❆ ❡♠ ✉♠ ♣♦♥t♦ p ∈M ✱

é ❞❛❞♦ ♣♦r

det(tI − A) =
n∑

r=0

(−1)rSrt
n−r,

♦♥❞❡ Sr ❞❡♥♦t❛ ❛s ❢✉♥çõ❡s s✐♠étr✐❝❛s ❡❧❡♠❡♥t❛r❡s ❞❡ k1, . . . , kn.

❉❡♠♦♥str❛çã♦✳ ▼♦str❡♠♦s ♣♦r ✐♥❞✉çã♦ ❡♠ n✳ ❙❡ n = 1✱ t❡♠♦s

det(tI1 − A) = (t− k1)

= (−1)0S0t
1−0 + (−1)1S1t

1−1

=
1∑

r=0

(−1)rSrt
1−r.

❙❡ n = 2✱

det(tI2 − A) =
2∏

r=1

(t− kr)

= (t− k1)(t− k2)

= t2 − tk1 − tk2 + k1k2

= t2 − t(k1 + k2) + k1k2

= (−1)0S0t
2−0 + (−1)1S1t

2−1 + (−1)2S2t
2−2

=
2∑

r=0

(−1)rSrt
2−r,

♦♥❞❡ S0 = 1, S1 = k1 + k2 e S2 = k1k2.

❙✉♣♦♥❤❛ q✉❡ ❛ ❛✜r♠❛çã♦ s❡❥❛ ✈á❧✐❞❛ ♣❛r❛ n✱ ❡ ♠♦str❡♠♦s q✉❡ é ✈á❧✐❞❛ ♣❛r❛ n+1.

❉❡ ❢❛t♦✱

det(tIn+1 − A) =
n+1∏

r=1

(t− kr) =
n∏

r=1

(t− kr)(t− kn+1).

P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦

n∏

r=1

(t− kr) =
n∑

r=0

(−1)rSrt
n−r
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❞❛í✱

det(tIn+1 − A) =
n∑

r=0

(−1)rSrt
n−r(t− kn+1)

=
n∑

r=0

(−1)rSrt
n−r+1 +

n∑

r=0

(−1)r+1Srkn+1t
n−r

=
n−1∑

r=−1

(−1)r+1Sr+1t
n+1−r−1 +

n∑

r=0

(−1)r+1Srkn+1t
n−r

=
n−1∑

r=−1

(−1)r+1Sr+1t
n−r +

n∑

r=0

(−1)r+1Srkn+1t
n−r

=
n−1∑

r=0

(−1)r+1 (Sr+1 + Srkn+1) t
n−r + tn+1 + (−1)n+1k1k2 · . . . · kn+1.

❆❣♦r❛ q✉❡ ❞❡♥♦t❛♥❞♦ σj
k = σr(k1, . . . , kn), j ≥ r✱ t❡♠♦s Sr+1 = σn

r+1(k1, . . . , kn) ❡

Srkn+1 = σr(k1, . . . , kn)kn+1

=
∑

i1<...<in

ki1 · · · kin · kn+1

=
∑

i1<...<in+1

ki1 · · · kin+1 = σn+1
r .

❆ss✐♠ σr+1+σ
n+1
r = σn+1

r+1 ❡ ❝♦♠ ✉♠ ❝❡rt♦ ❞❡ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❝❤❛♠❡♠♦s σn+1
r+1 = Sr+1✳

▲♦❣♦

det(tIn+1 − A) =
n−1∑

r=0

(−1)r+1Sr+1t
n−r + (−1)0σn+1

0 tn+1−0 + (−1)n+1−0σn+1
n+1t

n+1−(n+1)

=
n+1∑

r=0

(−1)rSrt
n+1−r

♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❉❡✜♥✐çã♦ ✷✳✷✵ ❆ r✲és✐♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ Hr ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ Mn é

❞❡✜♥✐❞❛ ♣♦r✿

✭✐✮ H0 = 1;

✭✐✐✮

(
n

r

)
Hr = (−1)rσr(k1, . . . , kn) = σr(−k1, . . . ,−kn), 1 ≤ r ≤ n.
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❊♠ ♣❛rt✐❝✉❧❛r✱ H1 = − 1
n

∑n
i=1 ki = − 1

n
tr(A) = H é ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ ▼✱ ❛

q✉❛❧ é ❛ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❛ ❡①trí♥s❡❝❛ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡✳

❆ ♠♦t✐✈❛çã♦ ♣❡❧❛ ❡s❝♦❧❤❛ ❞♦ s✐♥❛❧ (−1)r ♥❛ ❞❡✜♥✐çã♦ ❞❡ Hr é ❞❛❞❛ ♣❡❧♦ ❢❛t♦ ❞❡

q✉❡ ♦ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛
−→
H ✭q✉❡ é ❞❡✜♥✐❞♦ ❝♦♠♦

−→
H = − 1

n
tr(A)N✮ s❡ ❡s❝r❡✈❡rá

❝♦♠♦
−→
H = HN ✳

Pr♦♣♦s✐çã♦ ✷✳✷✶ ❆ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H(p) é ♣♦s✐t✐✈❛ ❡♠ p ∈ M s❡✱ ❡ s♦♠❡♥t❡ s❡✱−→
H (p) ❡st❛ ♥❛ ♠❡s♠❛ ♦r✐❡♥t❛çã♦ t✐♣♦✲t❡♠♣♦ ❞❡ N(p).

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ❡❢❡✐t♦✱

〈−→H,N〉 = 〈HN,N〉 = H 〈N,N〉 = − H,

♦♥❞❡ 〈N,N〉 = −1.

▲♦❣♦✱ ♣♦r ✭✶✳✶✸✮ ✐t❡♠ (iii)✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ p ∈M,

H(p) = − 〈−→H,N〉p > 0 ⇔ 〈−→H,N〉p < 0,

✐st♦ é✱ C(
−→
H (p)) = C(N(p)).

✷✳✼ ❆s ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ◆❡✇t♦♥ Tr

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ❛s ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ◆❡✇t♦♥✱ q✉❡ s❡rã♦ ❞❡✜♥✐❞❛s

❛ ♣❛rt✐r ❞♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ A✳ ▼♦str❛r❡♠♦s ❛s s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✱ ❡

✉s❛r❡♠♦s ❡st❛s ❛♣❧✐❝❛çõ❡s ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦ ♣❛r❛ ♦❜t❡r ❛s ❋ór♠✉❧❛s ■♥t❡❣r❛✐s t✐♣♦ ✲

▼✐♥❦♦✇s❦✐ ♥♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r ✭❝❢✳ t❛♠❜é♠ ❬✶✸❪✱ ✷✳✷✮✳

❉❡✜♥✐çã♦ ✷✳✷✷ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ r✲és✐♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛✱ ❛s tr❛♥s❢♦r✲

♠❛çõ❡s ❞❡ ◆❡✇t♦♥

Tr : X(M) −→ X(M), 0 ≤ r ≤ n,

sã♦ ❞❛❞❛s ♣♦r✱

Tr =

(
n

r

)
HrI +

(
n

r − 1

)
Hr−1A+ · · ·+

(
n

1

)
H1A

r−1 + Ar,

♦♥❞❡ ■ ❞❡♥♦t❛ ❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ X(M)✱ ♦✉ ✐♥❞✉t✐✈❛♠❡♥t❡ ♣♦r✱

T0 = I e Tr =

(
n

r

)
HrI + ATr−1.
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▲❡♠❛ ✷✳✷ ❙❡❥❛ p ∈ M ✳ ❖ ♦♣❡r❛❞♦r Tr : TpM −→ TpM ✱ é ❧✐♥❡❛r✱ ❛✉t♦✲❛❞❥✉♥t♦ ❡

❝♦♠✉t❛ ❝♦♠ ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ A✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ♥♦t❡ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡

Trv =

(
r∑

i=0

(
r

i

)
HiA

r−i

)
v,

❞❛í✱

〈Trv, w〉 =

〈(
r∑

i=0

(
r

i

)
HiA

r−i

)
v, w

〉

=

〈
r∑

i=0

(
r

i

)
HiA

r−i(v), w

〉

=
r∑

i=0

(
r

i

)
Hi

〈
Ar−i(v), w

〉
,

s❡♥❞♦ A ❛✉t♦✲❛❞❥✉♥t♦ ❡ ❛ ♠étr✐❝❛ ❜✐❧✐♥❡❛r✱ ♦❜t❡♠♦s

〈Trv, w〉 =
r∑

i=0

(
r

i

)
Hi

〈
v, Ar−i(w)

〉

=

〈
v,

r∑

i=0

(
r

i

)
HiA

r−i(w)

〉

= 〈v, Trw〉 , ∀ v, w ∈ TpM.

▲♦❣♦ Tr é ❛✉t♦✲❛❞❥✉♥t♦✳

P❛r❛ ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡✱ ❜❛st❛ ✈❡r q✉❡✱

Tr ◦ A =

(
r∑

i=0

(
r

i

)
HiA

r−i

)
◦ A

=
r∑

i=0

(
r

i

)
HiA

r−i+1

=
r∑

i=0

(
r

i

)
HiA ◦ Ar−i

= A ◦
(

r∑

i=0

(
r

i

)
HiA

r−i

)

= A ◦ Tr.
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❖❜s❡r✈❡ q✉❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✶✾ ♥♦s ❞✐③ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ A ♣♦❞❡

s❡r ❡s❝r✐t♦ ❡♠ t❡r♠♦s ❞❡ Hr✳ ■st♦ é

pA(t) = det(tI − A) =
n∑

i=0

(
n

i

)
Hit

n−i

❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥✱

Tn =
n∑

i=0

(
n

i

)
HiA

n−i = pA(A) = 0,

♦♥❞❡ H0 = 1.

Pr♦♣♦s✐çã♦ ✷✳✷✸ ✭Pr♦♣r✐❡❞❛❞❡s✮

✭✐✮ ❙❡❥❛ E1, . . . , En ✉♠ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧ ♦rt♦♥♦r♠❛❧ ❡♠ ▼ q✉❡ ❞✐❛❣♦♥❛❧✐③❛ ♦ ♦♣❡r❛❞♦r

❆✱ ✐st♦ é✱ AE1 = kiEi, i = 1, . . . , n ❡♥tã♦✱ ❡st❛ r❡❢❡r❡♥❝✐❛❧✱ t❛♠❜é♠ ❞✐❛❣♦♥❛❧✐③❛

❝❛❞❛ Tr✱ ❡ TrEi = λi,rEi ❝♦♠

λi,r = (−1)r
∑

i1<···<ir,ij 6=i

ki1 · · · kir =
∑

i1<···<ir,ij 6=i

(−ki1) · · · (−kir).

✭✐✐✮ P❛r❛ ❝❛❞❛ 1 ≤ r ≤ n− 1✱

tr(Tr) = (r + 1)

(
n

r + 1

)
Hr

❡

tr(A ◦ Tr) = −(r + 1)

(
n

r + 1

)
Hr+1

✭✐✐✐✮ P❛r❛ ❝❛❞❛ V ∈ X(M) ❡ ❝❛❞❛ 1 ≤ r ≤ n− 1✱

tr (Tr(∇VA)) = −
(

n

r + 1

)
〈∇Hr+1, V 〉

❉❡♠♦♥str❛çã♦✳

✭✐✮ ❋✐①❡♠♦s i, 1 ≤ i ≤ n, ❡ ❛♣❧✐q✉❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ r✳

❙❡ r = 0✱ ❡♥tã♦

T0Ei = IEi = 1Ei = λi,0Ei.

❙✉♣♦♥❤❛ q✉❡ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ r ❡ ♠♦str❡♠♦s s❡r ✈á❧✐❞♦ ♣❛r❛ r + 1✳ ❙❡❥❛

TrEi = λi,rEi,
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♦♥❞❡ λi,r = (−1)r
∑

i1<···<i1

ki1 · · · kir ✱ é ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✳

❯♠❛ ✈❡③ q✉❡ Tr+1Ei =
(

n
r+1

)
HrI + ATr1 ✱ t❡♠♦s q✉❡

Tr+1Ei =

(
n

r + 1

)
Hr+1I + ATr

=


(−1)r+1

∑

i1<···<ir+1

ki1 · · · kir+1


Ei + A ◦ TrEi

=


(−1)r+1

∑

i1<···<ir+1

ki1 · · · kir+1


Ei + A(λi,rEi)

=


(−1)r+1

∑

i1<···<ir+1

ki1 · · · kir+1


Ei + λi,rkiEi,

♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ♦❜t❡♠♦s

Tr+1Ei =


(−1)r+1

∑

i1<···<ir+1

ki1 · · · kir+1


Ei +

[(
(−1)r

∑

i1<···<ir

ki1···kir

)
ki

]
Ei

=


(−1)r+1

∑

i1<···<ir+1

ki1 · · · kir+1 + (−1)r
∑

i1<···<ir+1

ki1 · · · kir+1


Ei

−


(−1)r

∑

i1<···<ir+1,ij 6=i

ki1 · · · kir+1


Ei,

❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s✱

Tr+1Ei =


−(−1)r

∑

i1<···<ir+1

ki1 · · · kir+1 + (−1)r
∑

i1<···<ir+1

ki1 · · · kir+1


Ei

+


(−1)r+1

∑

i1<···<ir+1,ij 6=i

ki1 · · · kir+1


Ei.

P♦rt❛♥t♦

Tr+1Ei = (−1)r+1


 ∑

i1<···<ir+1,ij 6=i

ki1 · · · kir+1


Ei = λi,r+1Ei.

✭✐✐✮ P❛r❛ ♦ ♠❡s♠♦ r❡❢❡r❡♥❝✐❛❧ ❞❛❞♦ ♥♦ ✐t❡♠ ❛♥t❡r✐♦r✱

tr(Tr) =
n∑

i=1

〈TrEi, Ei〉 =
n∑

i=1

〈λi,rEi, Ei〉 =
n∑

i=1

λi,r 〈Ei, Ei〉 ,
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♣❡❧❛ ❡①♣r❡ssã♦ ❞❡ λi,r✱

tr(Tr) =
n∑

i=1

〈Ei, Ei〉


(−1)r

∑

i1<···<ir+1,ij 6=i

ki1 · · · kir




= (n− r)(−1)r
∑

i1<···<ir

ki1 · · · ki1

= (n− r)

(
n

r

)
Hr

= (r + 1)

(
n

r + 1

)
Hr.

❯s❛♥❞♦ ♦ q✉❡ ♠♦str❛♠♦s ❛❝✐♠❛✱ t❡♠♦s

tr(A ◦ Tr) = tr(Tr+1)− tr

((
n

r + 1

)
Hr+1I

)

= (n− (r + 1))

(
n

r + 1

)
Hr+1 − n

(
n

r + 1

)
Hr+1

=

(
(n− r − 1)

(
n

r + 1

)
− n

(
n

r + 1

))
Hr+1

=

(
(n− r − 1− n)

(
n

r + 1

))
Hr+1

=

(
(−r − 1)

(
n

r + 1

))
Hr+1

= −(r + 1)

(
n

r + 1

)
Hr+1.

✭✐✐✐✮ ❙❡❥❛ E1, . . . , En ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❡♠ Mn q✉❡ ❞✐❛❣♦♥❛❧✐③❛ ♦ ♦♣❡r✲

❛❞♦r ❆ ❡♠ ✉♠ ♣♦♥t♦ p ∈M ✱ ✐st♦ é✱ AEi = kiEi, i = 1, . . . , n✱ ❡♥tã♦

(∇VA) (Ei) = ∇V (AEi)− A(∇VEi)

= ∇V (kiEi)− A

(
n∑

j=1

〈∇VEi, Ej〉Ej

)

= ki∇VEi + V (ki)Ei −
n∑

j=1

〈∇VEi, Ej〉AEj

= ki

n∑

j=1

〈∇VEi, Ej〉Ej + V (ki)Ei −
n∑

j=1

〈∇VEi, Ej〉 kjEj

=
n∑

j=1,i 6=j

(ki − kj) 〈∇VEi, Ej〉Ej + V (ki)Ei.
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❆ss✐♠✱

tr (Tr ◦ ∇VA) =
n∑

i=1

〈Tr(∇VA)Ei, Ei〉

=
n∑

i=1

〈
Tr

(
V (ki)Ei +

n∑

j=1,i 6=j

(ki − kj) 〈∇VEi, Ej〉Ej

)
, Ei

〉

=
n∑

i=1

〈Tr(V (ki))Ei, Ei〉

+
n∑

i=1

〈
Tr

(
n∑

j=1,i 6=j

(ki − kj) 〈∇VEi, Ej〉Ej

)
, Ei

〉
,

✐st♦ é✱

tr (Tr ◦ ∇VA) =
n∑

i=1

V (ki) 〈TrEi, Ei〉

+
n∑

i=1

n∑

j=1,i 6=j

(ki − kj) 〈∇VEi, Ej〉 〈TrEj, Ei〉

=
n∑

i=1

V (ki)λr,i 〈Ei, Ei〉

+
n∑

i=1

n∑

j=1,i 6=j

(ki − kj) 〈∇VEi, Ej〉λr,j 〈Ej, Ei〉
︸ ︷︷ ︸

=0

=
n∑

i=1

V (ki)λr,i,

✉♠❛ ✈❡③ q✉❡ E1, . . . , En é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧✳

P♦rt❛♥t♦

tr(Tr ◦ ∇VA) =
n∑

i=1

V (ki)λi,r

= −
n∑

i=1

V (−ki)
∑

i1<···<ir,ij 6=i

(−ki1) · · · (−kir)

= −V




n∑

i=1

(−ki)
∑

i1<···<ir,ij 6=i

(−ki1) · · · (−kir)




= −V


 ∑

i1<···<ir+1,ij 6=i

(−ki1) · · · (−kir+1)


 ,
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✐st♦ é✱

tr(Tr ◦ ∇VA) = −V
((

n

r + 1

)
Hr+1

)

= −
(

n

r + 1

)
V (Hr+1)

= −
(

n

r + 1

)
〈∇Hr+1, V 〉 ,

♦♥❞❡ ∇Hr+1 ❞❡♥♦t❛ ♦ ❣r❛❞✐❡♥t❡ ❞❡ Hr+1✳

✷✳✽ ❆s ❉✐✈❡r❣ê♥❝✐❛s ❞❛s ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ◆❡✇t♦♥

❆♥t❡s ❞❛ ♣ró①✐♠❛ ❞❡✜♥✐çã♦✱ ❝♦♥✈é♠ r❡❧❡♠❜r❛r ❛ ❞❡✜♥✐çã♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❧ ❝♦✈❛r✐✲

❛♥t❡ ❞❡ ✉♠ t❡♥s♦r✳ ❚♦♠❛♥❞♦ Tr ❝♦♠ ✉♠ t❡♥s♦r ❞♦ t✐♣♦ (1, 1) ❡♠ M ✱ ❛ ❞✐❢❡r❡♥❝✐❛❧

❝♦✈❛r✐❛♥t❡✱ ∇Tr é ❞❛❞❛ ♣♦r

∇Tr(X, Y ) = (∇XTr)(Y ) = ∇X(TrY )− Tr(∇XY ), ∀ X, Y ∈ X(M).

❉❡✜♥✐çã♦ ✷✳✷✹ ❆ ❞✐✈❡r❣ê♥❝✐❛ ❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ◆❡✇t♦♥ Tr, 0 ≤ r ≤ n, é ♦ ✈❡t♦r

divTr ❞❛❞♦ ♣♦r

divTr = tr(∇Tr) =
n∑

i=1

(∇Ei
Tr)Ei,

♦♥❞❡ E1, . . . , En ❞❡♥♦t❛ ✉♠ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧ ♦rt♦♥♦r♠❛❧ ❡♠ Mn.

Pr♦♣♦s✐çã♦ ✷✳✷✺ ❙❡❥❛ Tr : X(M) → X(M) ✉♠ ❝❛♠♣♦ ❞❡ t❡♥s♦r❡s ❞♦ t✐♣♦ (1, 1) ❡♠ ▼

t❛❧ q✉❡ ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈ M, Tr : TpM → TpM é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❡ ❛✉t♦✲❛❞❥✉♥t♦✳

❊♥tã♦ ♣❛r❛ t♦❞♦ ❝❛♠♣♦ E ∈ X(M) ♦ ❝❛♠♣♦ ❞❡ t❡♥s♦r❡s ∇ETr : X(M) → X(M) ❞♦ t✐♣♦

(1, 1) ❡♠ ▼✱ ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈ M, ❞❡✜♥❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ∇ETr : TpM → TpM

❛✉t♦✲❛❞❥✉♥t♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♣ró♣r✐❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥❡①ã♦✱ ∇ETr é ❧✐♥❡❛r✳ P❛r❛ ♠♦str❛r q✉❡

é ❛✉t♦✲❛❞❥✉♥t❛ ♦❜s❡r✈❡ q✉❡

〈(∇ETr)(X), Y 〉 = 〈∇E(TrX)− Tr(∇EX), Y 〉

= 〈∇E(TrX), Y 〉 − 〈Tr(∇EX), Y 〉

= E 〈TrX, Y 〉 − 〈TrX,∇EY 〉 − 〈(∇EX), TrY 〉

= E 〈TrX, Y 〉 − 〈TrX,∇EY 〉 − E 〈X, TrY 〉+ 〈X,∇E(TrY )〉 ,
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s❡♥❞♦ Tr ❛✉t♦✲❛❞❥✉♥t♦✱ t❡♠♦s

〈(∇ETr)(X), Y 〉 = E 〈X, TrY 〉 − 〈TrX,∇EY 〉 − E 〈X, TrY 〉+ 〈X,∇E(TrY )〉

= −〈TrX,∇EY 〉+ 〈X,∇E(TrY )〉

= −〈X, Tr(∇EY )〉+ 〈X,∇E(TrY )〉

= 〈X,∇E(TrY )− Tr(∇EY )〉

= 〈X, (∇ETr)(Y )〉 , ∀ X, Y ∈ X(M),

✐st♦ é✱ ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈M, (∇ETr) é ❛✉t♦✲❛❞❥✉♥t❛✳

❖❜t❡r❡♠♦s ❛❣♦r❛ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ❞✐✈❡r❣ê♥❝✐❛s ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ◆❡✇t♦♥

❡ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ ❞❡ M ✱ ♠❛s ♣r❡❝✐s❛♠❡♥t❡ ♦

▲❡♠❛ ✷✳✸ ❆s ❞✐✈❡r❣ê♥❝✐❛s ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ◆❡✇t♦♥ Tr, 0 ≤ r ≤ n− 1 sã♦ ❞❛❞❛s

♣♦r✿

{
div(T0) = 0

div(Tr) = A(div(Tr−1)) + (
∑n

i=1(R(N, Tr−1Ei)Ei))
⊤.

✭✷✳✷✹✮

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♣❛r❛ t♦❞♦ ❝❛♠♣♦ X ∈ X(M)✱

〈div(Tr), X〉 =
r∑

j=1

n∑

i=1

〈
R(N, Tr−jEi)Ei, A

j−1X
〉
. ✭✷✳✷✺✮

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ t♦❞♦ X, Y ∈ X(M)

(∇XI)(Y ) = ∇X(I(Y ))− I(∇XY ) = ∇X −∇X = 0,

❛ss✐♠✱

div(T0) = div(I) =
n∑

i=1

〈∇Ei
I, Ei〉 = 0.

❆❣♦r❛✱ s❡ r ≥ 1✱ ❞❛ ❞❡✜♥✐çã♦ ✐♥❞✉t✐✈❛ ❞❡ Tr✱ t❡♠♦s q✉❡ ♣❛r❛ q✉❛✐sq✉❡r X, Y ∈ X(M),

(∇XTr)(Y ) = ∇X

((
n

r

)
HrI + A ◦ Tr−1

)
Y

= ∇X

((
n

r

)
Hr(Y ) + (A ◦ Tr−1)Y

)

= ∇X

((
n

r

)
Hr(Y )

)
+∇X(A ◦ Tr−1)Y,
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❞❡st❛ ❢♦r♠❛✱

(∇XTr)(Y ) =

((
n

r

)
X(Hr)I

)
(Y ) +

(
n

r

)
Hr(∇XI)(Y )

︸ ︷︷ ︸
(=0)

+∇X(A ◦ Tr−1)Y

=

(
n

r

)
〈∇(Hr), X〉 (Y ) + (∇XA)(Tr−1)Y ) + (A(∇XTr−1))(Y ).

▲♦❣♦✱

div(Tr) =
n∑

i=1

(∇Ei
Tr)(Ei)

=
n∑

i=1

(
n

r

)
〈∇Hr, Ei〉+

n∑

i=1

(∇Ei
A)(Tr−1 ◦ Ei) +

n∑

i=1

(A(∇Ei
Tr))(Ei)

=
n∑

i=1

(
n

r

)
〈∇Hr, Ei〉+

n∑

i=1

(∇Ei
A)(Tr−1 ◦ Ei) + A

(
n∑

i=1

〈∇Ei
Tr−1, Ei〉

)

︸ ︷︷ ︸
div(Tr−1)

=

(
n

r

)
∇Hr +

n∑

i=1

(∇Ei
A)(Tr−1 ◦ Ei) + A(div(Tr−1).

❯♠❛ ✈❡③ q✉❡ ∇Ei
A é ❛✉t♦✲❛❞❥✉♥t♦✱ t❡♠♦s q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r X ∈ X(M)

〈(∇Ei
A)(Tr−1Ei), X〉 = 〈Tr−1Ei, (∇Ei

A)(X)〉 ,

♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❈♦❞❛③③✐ ✭✷✳✻✮

(
R(X, Y )N

)⊤
= (∇YA)(X,N)− (∇XA)(Y,N),

❞❛í✱

〈(∇Ei
A)(Tr−1Ei), X〉 = 〈Tr−1Ei, (∇Ei

A)(X)〉

= −
〈
R(X,Ei)N, Tr−1Ei

〉
+ 〈Tr−1Ei, (∇XA)(Ei)〉

=
〈
R(X,Ei)Tr−1Ei, N

〉
+ 〈(∇XA)(Ei), Tr−1Ei〉

=
〈
R(X,Ei)Tr−1Ei, N

〉
+ 〈Tr−1(∇XA)(Ei), Ei〉 .

▲♦❣♦✱

〈div(Tr), X〉 =

〈(
n

r

)
∇Hr +

n∑

i=1

(∇Ei
A)(Tr−1) + A(div(Tr−1)), X

〉

=

〈(
n

r

)
∇Hr, X

〉
+

n∑

i=1

〈(∇Ei
A)(Tr−1), X〉+ 〈A(div(Tr−1)), X〉 ,
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❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❡ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞❛ ♠étr✐❝❛✱ t❡♠♦s

〈div(Tr), X〉 =

(
n

r

)
〈∇Hr, X〉+

n∑

i=1

〈
R(X,Ei)Tr−1Ei, N

〉

+
n∑

i=1

〈(Tr−1 ◦ (∇XA)(Ei)), Ei〉
︸ ︷︷ ︸

tr(Tr−1◦ (∇XA))

+ 〈A(div(Tr−1)), X〉 .

P❡❧♦ ✐t❡♠ (iii) ❞❛ Pr♦♣♦s✐çã♦ ✭✷✳✷✸✮✱

tr(Tr ◦ (∇XA)) = −
(

n

r + 1

)
〈∇Hr+1, X〉 ,

❞❛í✱

tr(Tr−1 ◦ (∇XA)) = −
(
n

r

)
〈∇Hr, X〉 .

▲♦❣♦✱

〈div(Tr), X〉 =

(
n

r

)
〈∇Hr, X〉+

n∑

i=1

〈
R(X,Ei)Tr−1Ei, N

〉

−
(
n

r

)
〈∇Hr, X〉+ 〈A(div(Tr−1)), X〉 .

❙❡❣✉❡ q✉❡

〈div(Tr), X〉 =
n∑

i=1

〈
R(X,Ei)Tr−1Ei, N

〉
+ 〈A(div(Tr−1)), X〉

=
n∑

i=1

〈
R(Ei, X)N, Tr−1Ei

〉
+ 〈A(div(Tr−1)), X〉

=
n∑

i=1

〈
R(N, Tr−1Ei)Ei, X

〉
+ 〈A(div(Tr−1)), X〉 ,

❝♦♠♦ X ∈ X(M) é q✉❛❧q✉❡r✱ s❡❣✉❡ q✉❡

div(Tr) = (R(N, Tr−1EI)Ei)
⊤ + A(div(Tr−1))

❆❣♦r❛✱ ♠♦str❛r❡♠♦s ❛ ❡q✉✐✈❛❧ê♥❝✐❛✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ div(T1) = (R(N, Tr−1Ei)Ei)
⊤, ♣♦✐s A(div(T0)) = 0.

❉❛í✱

〈div(T1), X〉 =
〈
(R(N, Tr−1EI)Ei)

⊤, X
〉
, ∀ X ∈ X(M).
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❙✉♣♦♥❤❛♠♦s q✉❡ ♦ ❛r❣✉♠❡♥t♦ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ r− 1✱ ❡ ♠♦str❡♠♦s q✉❡ t❛♠❜é♠ é

✈á❧✐❞♦ ♣❛r❛ r. ❙❡❥❛

〈div(Tr), X〉 =
r∑

j=1

n∑

i=1

〈
R(N, Tr−1Ei)Ei, A

j−1X
〉
,

❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✳ ❊♥tã♦

〈div(Tr), X〉 =
n∑

i=1

〈
(R(N, Tr−1Ei)Ei)

⊤, X
〉
+ 〈A(div(Tr−1)), X〉

=
n∑

i=1

〈
R(N, Tr−1EI)Ei, X

〉
+ 〈div(Tr−1), AX〉

=
r−1∑

j=1

n∑

i=1

〈
Aj−1(R(N, Tr−1−jEi)Ei), AX

〉
+

n∑

i=1

〈
R(N, Tr−1Ei)Ei, X

〉
.

❈♦♠♦ A é ❛✉t♦✲❛❞❥✉♥t♦✱

〈div(Tr), X〉 =
r−1∑

j=1

n∑

i=1

〈
R(N, Tr−1−jEi)Ei, A

jX
〉
+

n∑

i=1

〈
R(N, Tr−1Ei)Ei, X

〉

=
n∑

i=1

r∑

j+1=2

〈
R(N, Tr−(j+1)Ei)Ei, A

(j+1)−1X
〉

+
n∑

i=1

n∑

i=1

〈
R(N, Tr−1Ei)Ei, X

〉
,

✐st♦ é✱

〈div(Tr), X〉 =
n∑

i=1

r∑

j+1=2

〈
A(j+1)−1(R(N, Tr−(j+1)Ei)Ei), X

〉

+
n∑

i=1

n∑

i=1

〈
R(N, Tr−1Ei)Ei, X

〉

=
n∑

i=1

〈(
r∑

j+1=2

A(j+1)−1(R(N, Tr−(j+1)Ei)Ei)

)
+R(N, Tr−1Ei)Ei, X

〉

=
n∑

i=1

r∑

j=1

〈
R(N, Tr−jEi)Ei, A

j−1X
〉
.

❆ss✐♠✱ ✜❝❛ ♠♦str❛❞♦ q✉❡ ✭✷✳✷✹✮ ✐♠♣❧✐❝❛ ✭✷✳✷✺✮✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱

〈div(Tr), X〉 =
r−1∑

j−1=0

n∑

i=1

〈
R(N, Tr−1−(j−1)Ei)Ei, A

j−1X
〉
.



❈❛♣ít✉❧♦ ✷✳ ❆s ❉✐✈❡r❣ê♥❝✐❛s ❞❛s ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ◆❡✇t♦♥ ✾✺

❈♦♠ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s✱

〈div(Tr), X〉 =
n∑

i=1

〈
R(N, Tr−1Ei)Ei, X

〉
+

r−1∑

j=1

n∑

i=1

〈
R(N, T(r−1)−jEi)Ei, A

j−1(AX)
〉

=

〈
n∑

i=1

(R(N, Tr−1Ei)Ei)
⊤, X

〉
+ 〈div(Tr−1), AX〉 ,

=

〈
n∑

i=1

(R(N, Tr−1Ei)Ei)
⊤, X

〉
+ 〈A(div(Tr−1)), X〉

=

〈
n∑

i=1

(R(N, Tr−1Ei)Ei)
⊤ + A(div(Tr−1)), X

〉
,

❝♦♠♦ X ∈ X(M) é q✉❛❧q✉❡r✱ s❡❣✉❡ q✉❡✱

div(Tr) =
n∑

i=1

R(N, Tr−1Ei)Ei)
⊤ + A(div(Tr−1)).

P♦rt❛♥t♦ ✭✷✳✷✺✮ ✐♠♣❧✐❝❛ ✭✷✳✷✹✮✱ ♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛✳

❈♦r♦❧ár✐♦ ✷✳✷✻ ❙❡ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡✱ ❛s tr❛♥s❢♦r✲

♠❛çõ❡s ❞❡ ◆❡✇t♦♥✱ Tr, 0 ≤ r ≤ n− 1 sã♦ ❧✐✈r❡s ❞❡ ❞✐✈❡r❣ê♥❝✐❛✱ ✐st♦ é✱

divM(Tr) = tr (V → (∇V Tr)V ) = 0, ∀ V ∈ X(M).

❉❡♠♦♥str❛çã♦✳ ❙❡ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ C✱

s❡❣✉❡ ❞❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ✭✷✳✹✮ q✉❡ ♣❛r❛ t♦❞♦ X, Y ∈ X(M),

R(N,X)Y = C(〈Y,N〉X − 〈Y,X〉N)

= C 〈Y,X〉N,

❛ss✐♠✱ t♦♠❛♥❞♦ ❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥t❡ ❞❡ R, t❡♠♦s

(R(N,X)Y )⊤ = 0, ∀ X, Y ∈ X(M).

P♦rt❛♥t♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✺✮✱ t❡♠♦s q✉❡ div(Tr) = 0, 0 ≤ r ≤ n− 1.



❈❛♣ít✉❧♦ ✸

❋ór♠✉❧❛s ■♥t❡❣r❛✐s ❚✐♣♦✲▼✐♥❦♦✇s❦✐

♥♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r

◆❡st❡ ❝❛♣ít✉❧♦ ❞❡s❡♥✈♦❧✈❡r❡♠♦s ❛s ❋ór♠✉❧❛s ■♥t❡❣r❛✐s t✐♣♦✲▼✐♥❦♦✇s❦✐ ♣❛r❛ ♦ ❞❡

❙✐tt❡r✳ ◆♦ q✉❡ s❡❣✉❡✱ x : Mn → S
n+1
1 →֒ L

n+2✱ ❞❡♥♦t❛rá ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲

❡s♣❛ç♦ ❝♦♠♣❛❝t❛ ❡ ❝♦♠ ❜♦r❞♦ ∂M ✐♠❡rs❛ ❞♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r✳ ❈♦♥s✐❞❡r❡♠♦s Mn

♦r✐❡♥t❛❞❛ ♣♦r ✉♠ ❝❛♠♣♦ ♥♦r♠❛❧ ❞❡ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ ❡ ✉♥✐tár✐♦ N ✱ ❛♣♦♥t❛♥❞♦ ♣❛r❛

♦ ♣❛ss❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ ν ∈ TpM ❞❡♥♦t❛rá ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❝♦♥♦r♠❛❧✱ ❡①t❡r✐♦r ❡

✉♥✐tár✐♦ ❛♦ ❧♦♥❣♦ ❞❡ ∂M ✱ dS ❞❡♥♦t❛rá ♦ ❡❧❡♠❡♥t♦ ár❡❛ (n − 1)✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ ∂M ✱

❡ dM ♦ ❡❧❡♠❡♥t♦ ✈♦❧✉♠❡ n✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ ∂M ❝♦♠ r❡s♣❡✐t♦ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ❡ ❛

♦r✐❡♥t❛çã♦ ❡s❝♦❧❤✐❞❛✳

✸✳✶ ❋ór♠✉❧❛s ■♥t❡❣r❛✐s ❚✐♣♦✲▼✐♥❦♦✇s❦✐

Pr♦♣♦s✐çã♦ ✸✳✶ ❋✐①❛❞♦s a, b ∈ L
n+2 ❝♦♠ 〈a, b〉 6= 0✱ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❛❞♦ ♣♦r

Ya,b(x) =
1

〈a, b〉 (〈b, x〉 a− 〈a, x〉 b)

é ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r ♦ q✉❛❧ é ♦rt♦❣♦♥❛❧ ❛♦

✈❡t♦r ♣♦s✐çã♦ ①✳
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❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱

〈Ya,b(x), x〉 =

〈
1

〈a, b〉 (〈b, x〉 a− 〈a, x〉 b) , x
〉

=
1

〈a, b〉 (〈b, x〉 〈a, x〉 − 〈a, x〉 〈b, x〉)

= 0.

■ss♦ ♠♦str❛ q✉❡ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ Ya,b(x) ❞❡t❡r♠✐♥❛ ✉♠❛ ❞✐r❡çã♦ ♦rt♦❣♦♥❛❧ ❛♦

✈❡t♦r ♣♦s✐çã♦ x ♥♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r a ❡ b✳

❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛♥❞♦ ♣♦r ∇ ❡ ∇◦ ❛s ❝♦♥❡①õ❡s ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ S
n+1
1 ❡ L

n+2✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ✭✷✳✾✮

〈∇V Ya,b,W 〉 =

〈
∇V

(
1

〈a, b〉(〈b, x〉a− 〈a, x〉b)
)
,W

〉

=
1

〈a, b〉

(〈
∇V (〈b, x〉a),W

〉
−
〈
∇V (〈a, x〉b),W

〉)

=
1

〈a, b〉

(〈
∇◦

V (〈b, x〉a) +
〈
V, 〈b, x〉a

〉
x,W

〉

−
〈
∇◦

V (〈a, x〉b) +
〈
V, 〈a, x〉b

〉
x,W

〉)
,

❞❛ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞❛ ♠étr✐❝❛✱

〈∇V Ya,b,W 〉 =
1

〈a, b〉

(〈
∇◦

V (〈b, x〉a),W
〉
+ 〈b, x〉〈V, a〉〈x,W 〉

−
〈
∇◦

V (〈a, x〉b),W
〉
+ 〈a, x〉〈V, b〉〈x,W 〉

)

=
1

〈a, b〉

(〈
∇◦

V (〈b, x〉a),W
〉
−
〈
∇◦

V (〈a, x〉b),W
〉)

=
1

〈a, b〉

(〈
〈b, x〉∇◦

V a+ V 〈b, x〉a,W
〉
−
〈
〈a, x〉∇◦

V b+ V 〈a, x〉,W
〉)
.

❯♠❛ ✈❡③ q✉❡ ∇◦
V x = V ✱ ∇◦

V a = ∇◦
V b = 0 ❡ 〈x,W 〉 = 0✱ t❡♠♦s

〈∇V Ya,b,W 〉 =
1

〈a, b〉

(〈
〈b, x〉∇◦

V a+ 〈∇◦
V b, x〉a+ 〈b,∇◦

V x〉a,W
〉

−
〈
〈a, x〉∇◦

V b+ 〈∇◦
V a, x〉+ 〈a,∇◦

V x〉b,W
〉)

=
1

〈a, b〉

(〈
〈b,∇◦

V x〉a,W
〉
−
〈
〈a,∇◦

V x〉b,W
〉)

=
1

〈a, b〉

(
〈b, V 〉〈a,W 〉 − 〈a, V 〉〈b,W 〉

)
.
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❆♥❛❧♦❣❛♠❡♥t❡ ♦❜t❡♠♦s✱

〈∇WYa,b, V 〉 =
1

〈a, b〉

(
〈b,W 〉〈a, V 〉 − 〈a,W 〉〈b, V 〉

)
.

P♦rt❛♥t♦✱

〈∇V Ya,b,W 〉+ 〈∇WYa,b, V 〉 =
1

〈a, b〉

(
〈b, V 〉〈a,W 〉 − 〈a, V 〉〈b,W 〉

)

+
1

〈a, b〉

(
〈b,W 〉〈a, V 〉 − 〈a,W 〉〈b, V 〉

)

= 0,

♣❛r❛ q✉❛✐sq✉❡r ❝❛♠♣♦s V,W ∈ S
n+1
1 . ▲♦❣♦ Ya,b é ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣✳

Pr♦♣♦s✐çã♦ ✸✳✷ ✭❋ór♠✉❧❛s ■♥t❡❣r❛✐s ❚✐♣♦✲▼✐♥❦♦✇s❦✐✮

❙❡❥❛ x : Mn → S
n+1
1 →֒ L

n+2 ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦✱ ❝♦♠♣❛❝t❛ ❝♦♠ ❜♦r❞♦

∂M ❡ s❡❥❛ ❨ ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ ❡♠ S
n+1
1 . ❙❡ ❛ r✲és✐♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ Hr ❞❡ Mn

é ❝♦♥st❛♥t❡ ♣❛r❛ ❛❧❣✉♠ r✱ 1 ≤ r ≤ n✱ ❡♥tã♦✿

✭✐✮

∮

∂M

〈Tr−1ν, Y 〉 dS = r

(
n

r

)
Hr

∫

M

〈Y,N〉 dM ;

✭✐✐✮

∮

∂M

〈Tr−1ν, Ya,b〉 dS =

(
n− 1

r − 1

)
Hr

1

〈a, b〉

∮

∂M

det(x, v1, . . . , vn−1, a, b)dS,

♦♥❞❡ v1, . . . , vn−1 é ✉♠ r❡❢❡r❡♥❝✐❛❧ t❛♥❣❡♥t❡ ❛♦ ❧♦♥❣♦ ❞❡ ∂M.

❉❡♠♦♥str❛çã♦✳

✭✐✮ ❉❡♥♦t❡ ♣♦r Y ⊤ ∈ X(M) ❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ ❨✳ ❆ss✐♠ s❡ E1, . . . , En ❞❡

Mn é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧✱ ❡♥tã♦

divM(TrY
T ) =

n∑

i=1

〈
∇Ei

(TrY
⊤), Ei

〉
,

♠❛s✱

(∇Ei
Tr)(Y

⊤) = ∇Ei
(TrY

⊤)− Tr(∇Ei
Y ⊤)

❡ ❛ss✐♠

∇Ei
(TrY

⊤) = (∇Ei
Tr)(Y

⊤) + Tr(∇Ei
Y ⊤).

❯s❛♥❞♦ q✉❡ Tr ❡ ∇V Tr sã♦ ❛✉t♦✲❛❞❥✉♥t♦s✱ ♣❛r❛ ❝❛❞❛ V ∈ X(M)✱ t❡♠♦s

divM(TrY
⊤) =

n∑

i=1

〈
(∇Ei

Tr)(Y
⊤) + Tr(∇Ei

Y ⊤), Ei

〉
.
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❙❡♥❞♦ ∇Ei
Tr ❡ Tr sã♦ ❛✉t♦✲❛❞❥✉♥t♦s✱

divM(TrY
⊤) =

n∑

i=1

〈
(∇Ei

Tr)(Y
⊤), Ei

〉
+

n∑

i=1

〈
Tr(∇Ei

Y ⊤), Ei

〉

=
n∑

i=1

〈
Y ⊤, (∇Ei

Tr)(Ei)
〉
+

n∑

i=1

〈
∇Ei

Y ⊤, TrEi

〉

=

〈
Y ⊤,

n∑

i=1

(∇Ei
Tr)(Ei)

〉
+

n∑

i=1

〈
∇Ei

Y ⊤, TrEi

〉
,

✉♠❛ ✈❡③ q✉❡ ❛s Tr sã♦ ❧✐✈r❡s ❞❡ ❞✐✈❡r❣ê♥❝✐❛s✱ ♦❜t❡♠♦s

divM(TrY
⊤) =

〈
Y ⊤, divM(Tr)

〉
+

n∑

i=1

〈
∇Ei

Y ⊤, TrEi

〉

=
n∑

i=1

〈
∇Ei

Y ⊤, TrEi

〉
. ✭✸✳✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡r✐✈❛♥❞♦ ❝♦✈❛r✐❛♥t❡♠❡♥t❡ ♦ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ Y = Y ⊤−〈Y,N〉N
♥❛ ❞✐r❡çã♦ ❞❡ V ∈ X(M) ❡ ✉s❛♥❞♦ ❛s ❢ór♠✉❧❛ ❞❡ ●❛✉ss ✭✷✳✾✮✱ t❡♠♦s

∇V Y = ∇V (Y
⊤ − 〈Y,N〉N)− 〈AV, Y 〉N

= ∇V Y
⊤ −∇V (〈Y,N〉N)− 〈AV, Y 〉N

= ∇V Y
⊤ − 〈Y,N〉∇VN − V (〈Y,N〉)N − 〈AV, Y 〉N

= ∇V Y
⊤ − 〈Y,N〉∇VN − (V 〈Y,N〉+ 〈AV, Y 〉)N

P❡❧❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡♥ ✭✷✳✶✵✮✱ ∇VN = − AV, t❡♠♦s

∇V Y
⊤ = ∇V Y − 〈Y,N〉AV + (V 〈Y,N〉+ 〈AV, Y 〉)N.

❆❣♦r❛✱ ❢❛③❡♥❞♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❝♦♠ W ∈ X(M) q✉❛❧q✉❡r✱

〈
∇V Y

⊤,W
〉

=
〈
∇V Y,W

〉
− 〈Y,N〉 〈AV,W 〉+ 〈(V 〈Y,N〉+ 〈AV, Y 〉)N,W 〉︸ ︷︷ ︸

(=0)

=
〈
∇V Y,W

〉
− 〈Y,N〉 〈AV,W 〉 . ✭✸✳✷✮

▼❛s✱

1

2

(〈
∇V Y

⊤,W
〉
+
〈
∇WY

⊤, V
〉)

=
1

2

(〈
∇V Y,W

〉
− 〈Y,N〉 〈AV,W 〉

+
〈
∇WY, V

〉
− 〈Y,N〉 〈AW,V 〉

)
.
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❙❡♥❞♦ Y ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ ♥♦ ❞❡ ❙✐tt❡r✱ t❡♠♦s

1

2

(〈
∇V Y

⊤,W
〉
+
〈
∇WY

⊤, V
〉)

=
1

2

(〈
∇V Y,W

〉
+
〈
∇WY, V

〉)

− 1

2
(〈Y,N〉 〈AV,W 〉+ 〈Y,N〉 〈AW,V 〉)

= − 1

2
(〈Y,N〉 〈AV,W 〉+ 〈Y,N〉 〈AW,V 〉)

= − 1

2
(〈Y,N〉 〈V,AW 〉+ 〈Y,N〉 〈AW,V 〉)

= − 1

2
(2 〈Y,N〉 〈V,AW 〉)

= − 〈Y,N〉 〈V,AW 〉 , ✭✸✳✸✮

♣❛r❛ q✉❛✐sq✉❡r V,W ∈ X(M)✳

❙❡♥❞♦ A ✉♠ ♦♣❡r❛❞♦r ❛✉t♦✲❛❞❥✉♥t♦✱ ♦ ❚❡♦r❡♠❛ ❊s♣❡❝tr❛❧✱ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡

✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡♠ M q✉❡ ❞✐❛❣♦♥❛❧✐③❛ A✳

❙❡❥❛ E1, . . . , En t❛❧ r❡❢❡r❡♥❝✐❛❧✳ ❊♥tã♦ ♣❡❧♦ ✐t❡♠ (i) ❞❛ Pr♦♣♦s✐çã♦ ✭✷✳✷✸✮

〈
∇Ei

Y ⊤, TrEi

〉
=

〈
∇Ei

Y ⊤, λi,rEi

〉

= λi,r
〈
∇Ei

Y ⊤, Ei

〉

=
〈
λi,r∇Ei

Y ⊤, Ei

〉

=
〈
∇λi,rEi

Y ⊤, Ei

〉

=
〈
∇TrEi

Y ⊤, Ei

〉
, ✭✸✳✹✮

❋❛③❡♥❞♦ V = TrEi ❡ W = Ei ❡♠ ✭✸✳✸✮ ❡ ✉s❛♥❞♦ ✭✸✳✹✮ t❡♠♦s

−〈Y,N〉 〈TrEi, AEi〉 =
1

2

(〈
∇TrEi

Y ⊤, Ei

〉
+
〈
∇Ei

Y ⊤, TrEi

〉)

=
1

2

(〈
∇Ei

Y ⊤, TrEi

〉
+
〈
∇Ei

Y ⊤, TrEi

〉)

=
1

2

(
2
〈
∇Ei

Y ⊤, TrEi

〉)

=
〈
∇Ei

Y ⊤, TrEi

〉
,
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❞❡ ✭✸✳✶✮✱

divM(TrY
⊤) =

n∑

i=1

〈
∇Ei

Y ⊤, TrEi

〉

= −〈Y,N〉
n∑

i=1

〈ATrEi, Ei〉

= −〈Y,N〉 tr(A ◦ Tr)

= −〈Y,N〉
(
−(r + 1)

(
n

r + 1

)
Hr+1

)

= (r + 1)

(
n

r + 1

)
〈Y,N〉Hr+1.

❆ss✐♠✱

divM(Tr−1Y
⊤) = r

(
n

r

)
〈Y,N〉Hr.

❙❡♥❞♦ ν ✉♠ ❝❛♠♣♦ ❝♦♥♦r♠❛❧✱ ❡①t❡r✐♦r ❡ ✉♥✐tár✐♦ ❛♦ ❧♦♥❣♦ ❞❡ ∂M ✱ t❡♠♦s ♣❡❧♦

❚❡♦r❡♠❛ ❞❛ ❉✐✈❡r❣ê♥❝✐❛✱ q✉❡
∮

∂M

〈Tr−1ν, Y 〉 dS =

∫

M

divM(Tr−1Y
⊤)dM

= r

(
n

r

)
Hr

∫

M

〈Y,N〉 dM.

✭✐✐✮ ❉❡✜♥✐♠♦s ❡♠ Mn ❛ (n− 1) ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧

θa,b(v1, . . . , vn−1) = det(x, v1, . . . , vn−1, a, b).

❊♥tã♦✱ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ✭✷✳✾✮ ❡ ❲❡✐♥❣❛rt❡♥ ✭✷✳✶✵✮✱ t❡♠♦s

(∇Zθa,b)(X1, . . . , Xn−1)

= Z(θa,b(X1, . . . , Xn−1))−
n−1∑

i=1

θa,b(X1, . . . ,∇ZXi, . . . , Xn−1),

♠❛s✱

Z(θa,b(X1, . . . , Xn−1))

= Z(det(x,X1, . . . , Xn−1, a, b))

= det(∇◦
Zx,X1, . . . , Xn−1, a, b) +

n−1∑

i=1

det(x,X1, . . . ,∇◦
ZXi, . . . , Xn−1, a, b)

+ det(x,X1, . . . , Xn−1,∇◦
Za, b) + det(x,X1, . . . , Xn−1, a,∇◦

Zb)

= det(Z,X1, . . . , Xn−1, a, b) +
n−1∑

i=1

det(x,X1, . . . ,∇◦
ZXi, . . . , Xn−1, a, b)
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♦♥❞❡ ∇◦
Za = ∇◦

Zb = 0✳ ▲♦❣♦

Z(θa,b(X1, . . . , Xn−1))

= det(Z,X1, . . . , Xn−1, a, b) +
n−1∑

i=1

det(x,X1, . . . ,∇◦
ZXi, . . . , Xn−1, a, b)

= det(Z,X1, . . . , Xn−1, a, b) +
n−1∑

i=1

det(x,X1, . . . ,∇ZXi − 〈AXi, Z〉N

− 〈Xi, Z〉x, . . . , Xn−1, a, b)

= det(Z,X1, . . . , Xn−1, a, b) +
n−1∑

i=1

det(x,X1, . . . ,∇ZXi, . . . , Xn−1, a, b)

− 〈AXi, Z〉
n−1∑

i=1

det(x,X1, . . . , N, . . . , Xn−1, a, b)

− 〈Xi, Z〉
n−1∑

i=1

det(x,X1, . . . , x, . . . , Xn−1, a, b),

♦ q✉❡ ✐♠♣❧✐❝❛

Z(θa,b(X1, . . . , Xn−1))

= det(Z,X1, . . . , Xn−1, a, b) +
n−1∑

i=1

det(x,X1, . . . ,∇ZXi, . . . , Xn−1, a, b)

− 〈AXi, Z〉
n−1∑

i=1

det(x,X1, . . . , N, . . . , Xn−1, a, b),

❡ t❛♠❜é♠✱

(∇Zθa,b)(X1, . . . , Xn−1) = det(Z,X1, . . . , Xn−1, a, b)

+
n−1∑

i=1

det(x,X1, . . . ,∇ZXi, . . . , Xn−1, a, b)

− 〈AXi, Z〉
n−1∑

i=1

det(x,X1, . . . , N, . . . , Xn−1, a, b)

−
n−1∑

i=1

θa,b(X1, . . . ,∇ZXi, . . . , Xn−1, a, b)

❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s

(∇Zθa,b)(X1, . . . , Xn−1) = det(Z,X1, . . . , Xn−1, a, b)

−
n−1∑

i=1

〈AXi, Z〉 det(x,X1, . . . , N, . . . , Xn−1, a, b),
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♣❛r❛ t♦❞♦ Z,X1, . . . , Xn−1 ∈ X(M)✳

❊♥tã♦✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ✭✶✳✹✵✮ ❛ ❞❡r✐✈❛❞❛ ❡①t❡r✐♦r ❞❡ θa,b✱ é ❞❛❞❛ ♣♦r

dθa,b(X1, . . . , Xn)

=
n∑

i=1

(−1)i(∇Xi
θa,b)(X1, . . . , X̂i, . . . , Xn)

=
n∑

i=1

(−1)i det(Xi, . . . , X̂i, . . . , a, b)

−
n∑

i=1

(−1)i
n−1∑

j=1,i 6=j

〈AXj, Xi〉 det(x, . . . , X̂i, . . . , X̂j,
j

N, . . . , a, b),

♦♥❞❡ X1, . . . , Xn é ✉♠ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧ ♦rt♦♥♦r♠❛❧ t❛♥❣❡♥t❡ ❡♠ Mn q✉❡ ❞✐❛❣♦✲

♥❛❧✐③❛ ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ A✳ ❆ss✐♠✱

dθa,b(X1, . . . , Xn)

=
n∑

i=1

(−1)i(−1)i−1 det(X1, . . . , Xn, a, b)

=
n∑

i=1

(−1)2i(−1)−1 det(X1, . . . , Xn, a, b)

= −
n∑

i=1

1i det(X1, . . . , Xn, a, b)

= − n det(X1, . . . , Xn, a, b).

❊♥tã♦ ❡s❝r❡✈❡♥❞♦

a = a⊤ − 〈a,N〉N + 〈a, x〉 x ❡ b = b⊤ − 〈b,N〉N + 〈b, x〉 x,

❝♦♥❝❧✉í♠♦s q✉❡

dθa,b = n(〈a,N〉 〈b, x〉 − 〈b,N〉 〈a, x〉)dM,

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

dθa,b = n(〈a,N〉 〈b, x〉 − 〈b,N〉 〈a, x〉)dM

= n(〈〈b, x〉 a− 〈a, x〉 b,N〉)dM

= n(〈〈a, b〉Ya,b, N〉)dM

= n(〈a, b〉 〈Ya,b, N〉)dM.
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❆❣♦r❛✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❙t♦❦❡s✱ t❡♠♦s

∮

∂M

θa,bdS =

∫

M

dθa,b =

∫

M

n 〈a, b〉 〈Ya,b, N〉 dM

= n 〈a, b〉
∫

M

〈Ya,b, N〉 dM.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ✐t❡♠ (i) ❞❛ Pr♦♣♦s✐çã♦ ✭✸✳✷✮ ❛♦ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ Ya,b✱

♦❜t❡♠♦s

∮

∂M

〈Tr−1ν, Ya,b〉 dS = r

(
n

r

)
Hr

∫

M

〈Ya,b, N〉 dM

=
r

n

(
n

r

)
1

〈a, b〉Hr

∮

∂M

θa,bdS

=

(
n− 1

r − 1

)
1

〈a, b〉Hr

∮

∂M

det(x, v1, . . . , vn−1, a, b)dS.
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❘❡s✉❧t❛❞♦s Pr✐♥❝✐♣❛✐s

◆♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ❛ ❞❡♠♦♥s✲

tr❛çã♦✱ ✉t✐❧✐③❛r❡♠♦s ❛s ❋ór♠✉❧❛s ■♥t❡❣r❛✐s ❚✐♣♦✲▼✐♥❦♦✇s❦✐ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❝❛♣ít✉❧♦

❛♥t❡r✐♦r✳ ▲♦❣♦ ❛♣ós✱ ❢❛r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ q✉❛♥❞♦ ♦ ❜♦r❞♦ é ❡s❢ér✐❝♦✳

✹✳✶ ❯♠❛ ❋ór♠✉❧❛ ❞♦ ❋❧✉①♦ ♣❛r❛ ♦ ❈❛♠♣♦ Ya,b

❙❡ Σ é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ (n − 1)✲❞✐♠❡♥s✐♦♥❛❧ ❡♠ Ln(τ) →֒ Hn+1✱ ✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ x : Mn → Hn+1 é ❞✐t❛ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠ ❜♦r❞♦ Σ

s❡ ❛ r❡str✐çã♦ ❞❛ ✐♠❡rsã♦ x ❛♦ ❜♦r❞♦ ∂M é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ s♦❜r❡ Σ✳ ◆❡st❡ ❝❛s♦✱

✐❞❡♥t✐✜❝❛♠♦s ∂M = Σ✳

❖❜s❡r✈❛çã♦ ✹✳✶ P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ s❡rá ✉t✐❧✐③❛❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❛❧✐❞❛❞❡ ❞❡

❆❧❡①❛♥❞❡r ✭❝❢✳ ❬✷✵❪✱ ♣á❣✳✼✼✮ q✉❡ ♣❛r❛ ♦ ♥♦ss♦ ♣r♦♣ós✐t♦ t❡rá ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ q✉❡ ❞❛❞♦

✉♠ ♥✲❝✐❝❧♦✶ ✐♠❡rs♦ ❡♠ ✉♠ ❡s♣❛ç♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❡❧❡ é ♦ ❜♦r❞♦ ❞❡ ✉♠ ❞♦♠í♥✐♦

❝♦♠♣❛❝t♦ ✐♠❡rs♦ ♥❡st❡ ❡s♣❛ç♦✳

P❛ss❡♠♦s ❛❣♦r❛ à ♣r♦✈❛ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ tr❛❜❛❧❤♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❚❡♦✲

r❡♠❛ ✶ ❞❛ r❡❢❡rê♥❝✐❛ ❬✶✹❪✳

❚❡♦r❡♠❛ ✹✳✶ ❙❡❥❛ x : Mn → Hn+1 ⊂ S
n+1
1 ✉♠❛ ✐♠❡rsã♦ t✐♣♦✲❡s♣❛ç♦ ❞❡ ✉♠❛ ❤✐♣❡r✲

s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛✱ ❝✉❥♦ ❜♦r❞♦ é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ (n − 1)✲❞✐♠❡♥s✐♦♥❛❧

✶❱❡❥❛ ❞❡✜♥✐çã♦ ❡♠ ❬✷✵❪✱ ♣á❣✳ ✶✳
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Σ = x(∂M) ❛ q✉❛❧ ❡st❛ ❝♦♥t✐❞❛ ♥✉♠ ❤✐♣❡r♣❧❛♥♦ ❤♦r✐③♦♥t❛❧ Ln(τ)✱ ♣❛r❛ ❛❧❣✉♠ τ > 0✳

❙❡❥❛ Ya,b ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣
1

〈a, b〉(〈b, .〉 a−〈a, .〉 b) ❡♠ S
n+1
1 ✳ ❙❡ ❛ r✲és✐♠❛ ❝✉r✈❛t✉r❛

♠é❞✐❛ Hr é ❝♦♥st❛♥t❡✱ ♣❛r❛ ❛❧❣✉♠ r, 1 ≤ r ≤ n✱ ❡♥tã♦

∮

∂M

〈Tr−1ν, Ya,b〉 dS = −r
(
n

r

)
Hrvol(Ω),

♦♥❞❡ Tr−1 : X(M) → X(M) é ❛ (r − 1)✲és✐♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ◆❡✇t♦♥ ❛ss♦❝✐❛❞❛ ❛

s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ x✱ ❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❡♠ Ln(τ) ❧✐♠✐t❛❞♦ ♣♦r Σ✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♣❛r❛ ✉♠❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞❛ ♦r✐❡♥t❛çã♦

❡♠ M e Ω✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ M ∪ Ω é ✉♠ n✲❝✐❝❧♦ ❞❡ Hn+1✳ ❊♥tã♦ ♣❡❧❛ ❖❜s❡r✲

✈❛çã♦ ✭✹✳✶✮ t❡♠♦s q✉❡ M ∪ Ω = ∂D✱ ♦♥❞❡ D é ✉♠ ❞♦♠í♥✐♦ ❝♦♠♣❛❝t♦✱ ♦r✐❡♥t❛❞♦

❡ ✐♠❡rs♦ ❡♠ Hn+1 ⊂ S
n+1
1 ✭♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ❛s ♦r✐❡♥t❛çõ❡s ❞❡

M e Ω ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❛♠❜❛s ❛♣♦♥t❡♠ ♣❛r❛ ❢♦r❛ ❡♠ r❡❧❛çã♦ ❛♦ ❜♦r❞♦ ❞♦ ❞♦♠í♥✐♦ D✮✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ Ya,b é ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣ ♥♦ ❞❡ ❙✐tt❡r✱ t❡♠♦s q✉❡

〈
∇V Ya,b,W

〉
+
〈
V,∇WYa,b

〉
= 0, ∀ V,W ∈ X(Sn+1

1 ),

❡♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ V = W ✱

〈
V,∇V Ya,b

〉
= 0. ✭✹✳✶✮

❆❣♦r❛✱ s❡♥❞♦ {E1, . . . , En+1} ⊂ X(Sn+1
1 ) ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❞❡ p ∈ S
n+1
1 ✱ t❡♠♦s

div
S
n+1
1

(Ya,b) =
n+1∑

i=1

〈
∇Ei

Ya,b, Ei

〉
.

❆ss✐♠✱ s❡❣✉❡ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✮ q✉❡

〈
∇Ei

Ya,b, Ei

〉
= 0,

❧♦❣♦ div
S
n+1
1

(Ya,b) = 0.

❯♠❛ ✈❡③ q✉❡ Hn+1 é ❛ ♠❡t❛❞❡ ❞♦ ❞❡ ❙✐tt❡r✱ t❡♠♦s q✉❡ ✐ss♦ t❛♠❜é♠ é ✈❡r❞❛❞❡

♣❛r❛ Hn+1.

❆ss✐♠ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❉✐✈❡r❣ê♥❝✐❛✱
∮

∂D

〈Ya,b, v〉 dS =

∫

D

div
S
n+1
1

(Ya,b) = 0,
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♦♥❞❡ v ∈ TxD ❞❡♥♦t❛ ♦ ✈❡t♦r✱ ✉♥✐tár✐♦ ❡ ❝♦♥♦r♠❛❧ ❛♣♦♥t❛♥❞♦ ♣❛r❛ ❢♦r❛ ❛♦ ❧♦♥❣♦ ❞❡ ∂D

❡ dS é ♦ ❡❧❡♠❡♥t♦ ár❡❛ n✲❞✐♠❡♥s✐♦♥❛❧ ✐♥❞✉③✐❞❛ ❞❡ ∂D✳ ❊♥tã♦✱ ✉♠❛ ✈❡③ q✉❡ N e Nτ

❡stã♦ ♥❛ ♠❡s♠❛ ♦r✐❡♥t❛çã♦✱ ♦❜t❡♠♦s q✉❡
∫

M

〈Ya,b, N〉 dM −
∫

Ω

〈Ya,b, Nτ 〉 dΩ = 0.

❉❛í✱
∫

M

〈Ya,b, N〉 dM

=

∫

Ω

〈Ya,b, Nτ 〉 dΩ

=

∫

Ω

〈
1

〈a, b〉(〈b, x〉 a− 〈a, x〉 b), Nτ

〉
dΩ

=

∫

Ω

1

〈a, b〉(〈b, x〉 〈a,Nτ 〉 − 〈a, x〉 〈b,Nτ 〉)dΩ

=
1

〈a, b〉

∫

Ω

(〈b, x〉
〈
a,

1

τ
a− x

〉
− 〈a, x〉

〈
b,
1

τ
a− x

〉
)dΩ

=
1

〈a, b〉

∫

Ω

(〈b, x〉 1
τ
〈a, a〉 − 〈b, x〉 〈a, x〉 − 〈a, x〉 1

τ
〈b, a〉+ 〈a, x〉 〈b, x〉)dΩ

=
1

〈a, b〉

∫

Ω

(〈b, x〉 1
τ
〈a, a〉 − 〈a, x〉 1

τ
〈b, a〉)dΩ,

s❡♥❞♦ 〈a, a〉 = 0✱ t❡♠♦s
∫

M

〈Ya,b, N〉 dM = − 1

〈a, b〉

∫

Ω

〈a, x〉 1
τ
〈b, a〉 dΩ

= − 1

〈a, b〉

∫

Ω

τ
1

τ
〈b, a〉 dΩ

= −
∫

Ω

dΩ

= − vol(Ω).

P❡❧♦ ✐t❡♠ (i) ❞❛ Pr♦♣♦s✐çã♦ ✭✸✳✷✮✱ ♦❜t❡♠♦s
∮

∂M

〈Tr−1ν, Ya,b〉 dS = r

(
n

r

)
Hr

∫

M

〈Ya,b, N〉 dM

= r

(
n

r

)
Hr(− vol(Ω))

= − r

(
n

r

)
Hrvol(Ω).
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❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♠♦❞❡❧♦ ✇❛r♣❡❞

− R×exp(t) R
n ♣❛r❛ Hn+1✱ ❝♦♠♦ ❡♠ ✭✷✳✶✼✮✳ ◆❡st❡ ♠♦❞❡❧♦✱ ❞❡s❞❡ q✉❡ K ❛♣♦♥t❛ ♣❛r❛ ♦

♣❛ss❛❞♦✱ t❡♠♦s q✉❡

K(t, p) = − exp(t)

(
∂

∂t

)

(t,p)

.

❖❜s❡r✈❡ q✉❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✭✷✳✶✸✮✱ ♦ ❝❛♠♣♦ K ❞❡✜♥✐❞♦ ❛❝✐♠❛ é t✐♣♦✲t❡♠♣♦✱ ❝♦♥❢♦r♠❡

❢❡❝❤❛❞♦ ❡ t❡♠ ❢❛t♦r ❝♦♥❢♦r♠❡ ✐❣✉❛❧ ❛ − exp(t)✳ ❉✐❛♥t❡ ❞✐ss♦ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❈♦r♦❧ár✐♦ ✹✳✷ ❙❡❥❛ x : Mn → Hn+1 ⊂ S
n+1
1 ✉♠❛ ✐♠❡rsã♦ t✐♣♦✲❡s♣❛ç♦ ❞❡ ✉♠❛ ❤✐♣❡r✲

s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛✱ ❝✉❥♦ ❜♦r❞♦ é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ (n − 1)✲❞✐♠❡♥s✐♦♥❛❧

Σ = x(∂M) ❛ q✉❛❧ ❡st❛ ❝♦♥t✐❞❛ ♥✉♠ ❤✐♣❡r♣❧❛♥♦ ❤♦r✐③♦♥t❛❧ Ln(τ)✱ ♣❛r❛ ❛❧❣✉♠ τ > 0✳ ❙❡

❛ r✲és✐♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ Hr é ❝♦♥st❛♥t❡✱ ♣❛r❛ ❛❧❣✉♠ r, 1 ≤ r ≤ n✱ ❡ q✉❡ b ∈ Ln(τ)✳

❊♥tã♦ ∮

∂M

〈Tr−1ν, Ya,b〉 dS =
r

n+ 1

(
n

r

)
Hr

d

dt
vol(ϕt(Ω))

∣∣∣∣
t=0

,

♦♥❞❡ t = ln(τ)✱ ϕt é ♦ ✢✉①♦ ❞❡ K ❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❡♠ Ln(τ) ❧✐♠✐t❛❞♦ ♣♦r Σ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ϕ ♦ ✢✉①♦ ❧♦❝❛❧ ❣❡r❛❞♦ ♣❡❧♦ ❝❛♠♣♦ K✱ ❡ ♣❛r❛ ❝❛❞❛ t ∈ R✱

s❡❥❛ Dt ♦ ❞♦♠í♥✐♦ ❞❡ ϕt✳ ❙❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r❛çã♦ ❝♦♠♣❛❝t♦ ❝♦♥t✐❞♦ ❡♠ Dt✱

❡♥tã♦

vol(ϕt(Ω)) =

∫

ϕt(Ωt)

dΩt =

∫

Ω

ϕ∗
t (dΩt), ✭✹✳✷✮

♦♥❞❡ dΩt ❞❡♥♦t❛ ♦ ❡❧❡♠❡♥t♦ ✈♦❧✉♠❡ n✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ ϕt(Ω) ❝♦♠ r❡s♣❡✐t♦ ❛ ♠étr✐❝❛

✐♥❞✉③✐❞❛ ❡ ♥❛ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡ ❢♦✐ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ♣❛r❛

✐♥t❡❣r❛✐s ♠ú❧t✐♣❧❛s✳

❈♦♠♦ ♦ ✐♥t❡❣r❛♥❞♦ é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❞❡ t✱ ♣♦❞❡♠♦s ❞✐❢❡r❡♥❝✐❛r ❡st❛ ❡①♣r❡ssã♦

❝♦♠ r❡s♣❡✐t♦ ❛ t ♣❡❧❛ ❞❡r✐✈❛çã♦ s♦❜ ♦ s✐♥❛❧ ❞❡ ✐♥t❡❣r❛çã♦ ✭❡♠ ✈❡r❞❛❞❡✱ ✉s❛♠♦s ❛ ♣❛rt✐çã♦

❞❛ ✉♥✐❞❛❞❡ ♣❛r❛ ❡①♣r❡ss❛r ❛ ✐♥t❡❣r❛❧ ❝♦♠♦ s♦♠❛ ❞❡ ✐♥t❡❣r❛✐s ❝♦♠ ❞♦♠í♥✐♦s ❡♠ R
n✱ ❡

❡♥tã♦ ❛♣❧✐❝❛♠♦s ❛ ❞❡r✐✈❛çã♦ s♦❜ ♦ s✐♥❛❧ ❞❡ ✐♥t❡❣r❛çã♦ ❡♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛s✮✳

❆ss✐♠✱ ✉s❛♥❞♦ ✭✹✳✷✮ ❡ ♦s ▲❡♠❛s ✭✶✳✶✶✮ ❡ ✭✶✳✶✷✮✱ ♦❜t❡♠♦s

d

dt
vol(ϕt(Ω))

∣∣∣∣
t=t0

=

∫

Ω

d

dt
(ϕ∗

t (dΩt))

∣∣∣∣
t=t0

=

∫

Ω

ϕ∗
t0
(LK(dΩt0)) =

∫

Ω

ϕ∗
t0
(divK dΩt0).

❊ ❞♦ t❡♦r❡♠❛ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱ ❝♦♥❝❧✉í♠♦s

d

dt
vol(ϕt(Ω))

∣∣∣∣
t=t0

=

∫

ϕt0 (Ω)

divK dΩt0 .
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❈♦♠♦ K é ✉♠ ❝❛♠♣♦ ❝♦♥❢♦r♠❡ ❡ ❢❡❝❤❛❞♦ ❝♦♠ ❢❛t♦r ❝♦♥❢♦r♠❡ φ = − exp(t)✱ t❡♠♦s

♣❡❧❛ Pr♦♣♦s✐çã♦ ✭✷✳✶✺✮ q✉❡ ♦ ❞✐✈❡r❣❡♥t❡ ❞❡ K é ❞❛❞♦ ♣♦r

divK = − (n+ 1) exp(t).

❆ss✐♠

d

dt
vol(ϕt(Ω))

∣∣∣∣
t=t0

= − (n+ 1) exp(t0)

∫

ϕt0 (Ω)

dΩt0

= − (n+ 1) exp(t0)vol(ϕt0(Ω)).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t♦♠❛♥❞♦ t0 = 0✱ t❡♠♦s

d

dt
vol(ϕt(Ω))

∣∣∣∣
t=0

= − (n+ 1) exp(0)vol(ϕ0(Ω)) = − (n+ 1)vol(Ω).

▲♦❣♦✱

− 1

n+ 1

d

dt
vol(ϕt(Ω))

∣∣∣∣
t=0

= vol(Ω),

❡ ♣♦rt❛♥t♦✱ ♣❡❧♦ t❡♦r❡♠❛ ✭✹✳✶✮
∮

∂M

〈Tr−1ν, Ya,b〉 dS =
r

n+ 1

(
n

r

)
Hr

d

dt
vol(ϕt(Ω))

∣∣∣∣
t=0

.

✹✳✷ ❇♦r❞♦ ❊s❢ér✐❝♦ ❡ ❈✉r✈❛t✉r❛ ▼é❞✐❛

◆❡st❛ ♣❛rt❡✱ ❢❛r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✭✹✳✶✮ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❜♦r❞♦ é

❡s❢ér✐❝♦✱ ♦❜t❡♥❞♦ ❛ss✐♠✱ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H ❞❡ Mn ❡ ❛ ❣❡♦♠❡tr✐❛

❞♦ s❡✉ ❜♦r❞♦✳ ❊♠ t♦❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛ ❛♣❧✐❝❛çã♦ ❝♦♥s✐❞❡r❛r❡♠♦s N ❝♦♠♦ ✉♠

❝❛♠♣♦ ♥♦r♠❛❧✱ ✉♥✐tár✐♦ ❛♣♦♥t❛♥❞♦ ♣❛r❛ ♦ ❢✉t✉r♦✱ ♣❛r❛ ❛ss✐♠✱ ✉s❛r♠♦s ❛ ❊st✐♠❛t✐✈❛

❞♦ ❣r❛❞✐❡♥t❡✳ ❘❡s✉❧t❛❞♦ ❡st❡✱ ❞❡✈✐❞♦ ❛ ▼♦♥t✐❡❧ ❬✷✹❪ ❡ q✉❡ s❡ ❡♥❝♦♥tr❛ ❞❡♠♦♥str❛❞♦ ♥♦

❆♣ê♥❞✐❝❡ ❞❡st❡ tr❛❜❛❧❤♦✳

Pr♦♣♦s✐çã♦ ✹✳✸ ✭❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡✮ ❙❡❥❛ ψ : Mn → Hn+1 ✉♠❛ ✐♠❡rsã♦

t✐♣♦✲❡s♣❛ç♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ Mn ❝♦♠ ❜♦r❞♦ ♥ã♦✲✈❛③✐♦ ♥♦ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡✳

❙✉♣♦♥❤❛ q✉❡ ψ t❡♥❤❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H > 1 ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝❛♠♣♦ ✉♥✐tár✐♦

❡ ♥♦r♠❛❧ ◆ ❛♣♦♥t❛♥❞♦ ♣❛r❛ ♦ ♣❛ss❛❞♦ ❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ψ ❧❡✈❛ ∂Mn ♥♦ s❧✐❝❡ t❡♠♣♦r❛❧

Ln(τ)✱ ♣❛r❛ ❛❧❣✉♠ τ > 0✳ ❊♥tã♦ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠ ❝❛♠♣♦ ✉♥✐tár✐♦ ❡ ♥♦r♠❛❧ ♥ ❞❛
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✐♠❡rsã♦ ψ
∣∣
∂Mn : ∂Mn → Ln(τ) t❛❧ q✉❡ 〈N, n〉 > 0✳ ❆ss✉♠❛ q✉❡✱ ❝♦♠ r❡s♣❡✐t♦ ❛ ❡st❛

♦r✐❡♥t❛çã♦✱ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ ψ
∣∣
∂Mn : ∂Mn → Ln(τ) é ♥ã♦ ♥❡❣❛t✐✈❛✳ ❊♥tã♦

H 〈ψ, a〉+ 〈N, a〉 ≥ 0,

❡ t❛♠❜é♠ 〈N, a〉 ≥ −Hτ em Mn✱

❡ s❡❥❛ ♦✱

❚❡♦r❡♠❛ ✹✳✹ ❙❡❥❛ x : Mn → Hn+1 ⊂ S
n+1
1 ✉♠❛ ✐♠❡rsã♦ t✐♣♦✲❡s♣❛ç♦ ❞❡ ✉♠❛ ❤✐♣❡r✲

s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Mn ❝♦♠ ❜♦r❞♦ ♥ã♦✲✈❛③✐♦ ∂M ♥♦ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡✳ ❙✉♣♦♥❤❛ q✉❡

Mn t❡♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H > 1 ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦

◆ ❛♣♦♥t❛♥❞♦ ♣❛r❛ ♦ ❢✉t✉r♦ ❡ q✉❡ ∂M = Sn−1(b, ρ) é ✉♠❛ ❡s❢❡r❛ ❣❡♦❞és✐❝❛ (n − 1)✲

❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ❝❡♥tr♦ ❡♠ ❜ ❡ r❛✐♦ ρ ❝♦♥t✐❞❛ ♥✉♠ ❤✐♣❡r♣❧❛♥♦ ❤♦r✐③♦♥t❛❧ Ln(τ)✱ ♣❛r❛

❛❧❣✉♠ τ > 0✳ ❊♥tã♦

ρH −
∣∣∣∣1−

ρ2

2

∣∣∣∣
√
H2 − 1 ≤ 1.

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s Sn−1(b, ρ) = {x ∈ Ln(τ); d(x, b) = ρ} ❝♦♠♦ s❡♥❞♦ ❛

❡s❢❡r❛ ❣❡♦❞és✐❝❛ (n − 1)✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ❝❡♥tr♦ b ❡ r❛✐♦ ρ > 0 ❝♦♥t✐❞❛ ♥♦ ❤✐♣❡r♣❧❛♥♦

Ln(τ) →֒ Hn+1. ▼♦str❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡

Sn−1(b, ρ) = {x ∈ Ln(τ); 〈x− b, x− b〉 = ρ2}

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

Sn−1(b, ρ) =

{
x ∈ Ln(τ); 〈x, b〉 = 1− ρ2

2

}

✉♠❛ ✈❡③ q✉❡

ρ2 = 〈x− b, x− b〉 = 〈x, x〉 − 2 〈x, b〉+ 〈b, b〉 = 2− 2 〈x, b〉

t❡♠♦s✱ −2 〈x, b〉 = −2 + ρ2✱ ✐st♦ é✱ 〈x, b〉 = 1− ρ2

2
.

P♦r ✉♠ ❧❛❞♦✱ ♦❜s❡r✈❡ q✉❡

Tb(L
n(τ)) = {v ∈ L

n+2; 〈v, b〉 = 0 ❡ 〈v, a〉 = 0}.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞❛ γv : R → Ln(τ), ❞❡✜♥✐❞❛ ♣♦r γv(s) = − s2

2τ
a + vs + b,

q✉❡ ♣❛rt❡ ❞❡ b ♥❛ ❞✐r❡çã♦ ❞❡ v ∈ Tb(L
n), |v| = 1 é ✉♠❛ ❣❡♦❞és✐❝❛✳ ❈♦♠ ❡❢❡✐t♦✱

♣r✐♠❡✐r❛♠❡♥t❡ ✈❡❥❛♠♦s q✉❡ γv(R) ⊂ Ln(τ), ♠❛s ✐ss♦ s❡❣✉❡ ❞❡
〈
− s2

2τ
a+ vs+ b, a

〉
= − s2

2τ
〈a, a〉+ s〈v, a〉+ 〈b, a〉 = τ, ∀ s ∈ R,
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✉♠❛ ✈❡③ q✉❡ 〈a, a〉 = 〈v, a〉 = 0 ❡ b ∈ Ln(τ)✳ P❛r❛ ✈❡r q✉❡ γv(s) é ✉♠❛ ❣❡♦❞és✐❝❛ ❞❡

Ln(τ)✱ ❜❛st❛ ✈❡r q✉❡ γ′′v (s) = − 1

τ
a ❡ ❞❛✐ ❞❡❝♦rr❡ q✉❡ 〈γ′′v (s), a〉 = − 1

τ
〈a, a〉 = 0✳

❆ss✐♠ ❞❛❞♦ q ∈ Sn−1(b, ρ)✱ ❝♦♠♦ q = γv(ρ) ♣❛r❛ ❛❧❣✉♠❛ ❣❡♦❞és✐❝❛ γv ♦♥❞❡

γv(0) = b✱ t❡♠♦s q✉❡ q = − ρ2

2τ
a+ vρ+ b✱ ❞♦♥❞❡ 〈q, b〉 = 1− ρ2

2
❡ ♣♦rt❛♥t♦

Sn−1(b, ρ) ⊂
{
x ∈ Ln(τ); 〈x, b〉 = 1− ρ2

2

}
.

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❛❞♦ q ∈
{
x ∈ Ln(τ); 〈x, b〉 = 1− ρ2

2

}
, ❝♦♥s✐❞❡r❡♠♦s

v =
1

ρ

(
q +

ρ2

2τ
a− b

)
∈ L

n+2

❡ ♦❜s❡r✈❡♠♦s q✉❡

〈v, b〉 =
1

ρ
〈q, b〉+ ρ

2τ
〈a, b〉 − 1

ρ
〈b, b〉 = 1

ρ
〈q, b〉+ ρ

2
− 1

ρ

=
1

ρ

(
1− ρ2

2

)
+
ρ

2
− 1

ρ
= 0.

P♦rt❛♥t♦ v ∈ Tb(L
n)✳

❆❧é♠ ❞✐ss♦✱

〈v, v〉 =
1

ρ2
〈q, q〉+ 1

2τ
〈q, a〉 − 1

ρ2
〈q, b〉+ 1

2τ
〈q, a〉+ ρ2

4τ
〈a, a〉

− 1

2τ
〈b, a〉 − 1

ρ2
〈q, b〉 − 1

2τ
〈b, a〉 − 1

2τ
〈b, a〉+ 1

ρ2
〈b, b〉

=
2

ρ2
− 2

ρ2

(
1− ρ2

2

)
= 1,

✐st♦ é✱ |v| = 1.

◆♦t❡ t❛♠❜é♠ q✉❡ γv(ρ) = − ρ2

2τ
a+ vρ+ b ❡ s❡♥❞♦ v =

1

ρ

(
q +

ρ2

2τ
a− b

)
t❡♠♦s

q = − ρ2

2τ
a+ ρv + b = γv(ρ).

▲♦❣♦ q ∈ Sn−1(b, ρ).

P♦rt❛♥t♦ {
x ∈ Ln(τ); 〈x, b〉 = 1− ρ2

2

}
⊂ Sn−1(b, ρ).

❆ss✐♠✱

Sn−1(b, ρ) =

{
x ∈ Ln(τ); 〈x, b〉 = 1− ρ2

2

}
,
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♦♥❞❡ 〈, 〉 ❞❡♥♦t❛ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ✐♥❝❧✉sã♦ Ln(τ) →֒ Hn+1.

❆❣♦r❛✱ ❢❛③❡♥❞♦ r = 1 ❡ Ω = Bn(ρ) ♥♦ t❡♦r❡♠❛ ✭✹✳✶✮✱ t❡♠♦s
∮

∂M

〈ν, Ya,b〉 dS = − nHvol(Bn(ρ)),

❡ ❛ss✐♠✱

nHvol(Bn(ρ)) =

∣∣∣∣
∮

∂M

〈ν, Ya,b〉 dS
∣∣∣∣ ≤

∮

∂M

∣∣∣∣ 〈ν, Ya,b〉
∣∣∣∣dS

=

∮

∂M

∣∣∣∣
〈
ν,

1

〈a, b〉 (〈b, x〉 a− 〈a, x〉 b)
〉 ∣∣∣∣dS

=
1

〈a, b〉

∮

∂M

∣∣∣∣ 〈b, x〉 〈a, ν〉 − 〈a, x〉 〈b, ν〉
∣∣∣∣dS

=
1

τ

∮

∂M

∣∣∣∣
(
1− ρ2

2

)
〈a, ν〉 − τ 〈b, ν〉

∣∣∣∣dS,

❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ t❡♠♦s

nHvol(Bn(ρ)) ≤
(
1

τ

∣∣∣∣1−
ρ2

2

∣∣∣∣ sup
∂M

| 〈a, ν〉 |+ sup
∂M

| 〈b, ν〉 |
)∮

∂M

dS.

❆❣♦r❛ ♦❜s❡r✈❛♥❞♦ q✉❡ ♦s ✈❡t♦r❡s b ❡ ν sã♦ t✐♣♦✲❡s♣❛ç♦✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❝❧áss✐❝❛ ♣❛r❛ ♦❜t❡r✱

nHvol(Bn(ρ)) ≤
(
1

τ

∣∣∣∣1−
ρ2

2

∣∣∣∣ sup
∂M

| 〈a, ν〉 |+ 1

)
area(Sn−1(ρ))

=

(
1

τ

∣∣∣∣1−
ρ2

2

∣∣∣∣ sup
∂M

| 〈a, ν〉 |+ 1

)
n vol(Bn(ρ))

ρ
.

▲♦❣♦

ρH ≤ 1

τ

∣∣∣∣1−
ρ2

2

∣∣∣∣ sup
∂M

| 〈a, ν〉 |+ 1.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ {e1, . . . , en−1} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❛♦ ❧♦♥❣♦ ❞❡

∂M ✳ P♦❞❡♠♦s ❝♦♠♣❧❡t❛r ❡st❡ r❡❢❡r❡♥❝✐❛❧ ❞❡ ♠♦❞♦ q✉❡✱ {x,N, ν, e1, . . . , en−1} s❡❥❛ ✉♠

r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❡♠ L
n+2✱ ❡ ❛ss✐♠ ❡s❝r❡✈❡♠♦s a ∈ L

n+2 ❝♦♠♦

a = b1x+ b2N + b3ν + b4e1 + . . .+ bn−1en−1,

♦♥❞❡ b1, . . . , bn−1 ∈ R.

❊♥tã♦

a = 〈a, x〉x− 〈a,N〉N + 〈a, ν〉ν + 〈a, e1〉e1 + . . .+ 〈a, en−1〉en−1,



❈❛♣ít✉❧♦ ✹✳ ❇♦r❞♦ ❊s❢ér✐❝♦ ❡ ❈✉r✈❛t✉r❛ ▼é❞✐❛ ✶✶✸

❞❛í✱

a = 〈a, x〉x− 〈a,N〉N + 〈a, ν〉ν,

♣♦✐s 〈a, ei〉 = 0, ♣❛r❛ t♦❞♦ ei ∈ Tx(L
n(τ)), i = 1, . . . , n− 1.

▲♦❣♦

〈a, a〉 =
〈
〈a, x〉x− 〈a,N〉N + 〈a, ν〉ν, 〈a, x〉x− 〈a,N〉N + 〈a, ν〉ν

〉

= 〈a, x〉2 − 〈a,N〉2 + 〈a, ν〉2,

❝♦♠♦ 〈a, a〉 = 0✱ t❡♠♦s q✉❡

〈a, ν〉2 = 〈a,N〉2 − 〈a, x〉2.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

ρH ≤ 1

τ

∣∣∣∣1−
ρ2

2

∣∣∣∣
√

〈a,N〉2 − τ 2 + 1. ✭✹✳✸✮

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ s✉♣♦♠♦s q✉❡ H > 1✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡

− τH ≤ 〈a,N〉 < 0,

♣❛r❛ ❝♦♥❝❧✉✐r q✉❡

ρH −
∣∣∣∣1−

ρ2

2

∣∣∣∣
√
H2 − 1 ≤ 1.

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ❢❛r❡♠♦s ✉♠ ❜r❡✈❡ ❝♦♠❡♥tár✐♦ ❛

r❡s♣❡✐t♦ ❞❛ ❡s❝♦❧❤❛ ❞❡ H > 1 ♥♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳ ❆ ✉♠ ♣r✐♠❡✐r♦ ♦❧❤❛r✱ ♦ ❧❡✐t♦r

é ❧❡✈❛❞♦ ❛ ♣❡♥s❛r q✉❡ ❛ ♠♦t✐✈❛çã♦ ♣❡❧❛ ❡s❝♦❧❤❛ ❞❡ H > 1 é ♣✉r❛♠❡♥t❡ ❛♥❛❧ít✐❝❛✱ ♦

q✉❡ ♥ã♦ é ❡♠ s✉❛ t♦t❛❧✐❞❛❞❡✳ ❖❜s❡r✈❛♠♦s q✉❡ ♦ ❜♦r❞♦ ∂M ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ M ❡st❛

❝♦♥t✐❞♦ ♥❛ ❢♦❧❤❛ q✉❡ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ✶✳ P♦❞❡♠♦s

❡♥tã♦✱ ♣❡♥s❛r ❡♠ M ❝♦♠♦ s❡♥❞♦ ✉♠ ✧❧❡✈❡ ✐♠♣✉❧s♦✧ q✉❡ ❢♦✐ ❞❛❞♦ ❡♠ s❡✉ ❜♦r❞♦ ❞❡

♠♦❞♦ q✉❡ q✉❡ ❡❧❛ ❛ss✉♠❛ ✉♠ ❝♦r♣♦ ❛❝✐♠❛ ❞❛ ✈❛r✐❡❞❛❞❡ ♠❛s q✉❡ ♥ã♦ s❡ ❞❡s♣r❡♥❞❛ ❞❛

❢♦❧❤❛✳ ❙❡♥❞♦ ❛ss✐♠✱ é ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❛❝❡✐tá✈❡❧ s✉♣♦r q✉❡ H > 1 ❡♠ M ✱ ✉♠❛ ✈❡③ q✉❡

s❡✉ ❝♦r♣♦ ❡st❛ ❡str✐t❛♠❡♥t❡ ❛❝✐♠❛ ❞❛ ❢♦❧❤❛✳



❈❛♣ít✉❧♦ ✹✳ ❇♦r❞♦ ❊s❢ér✐❝♦ ❡ ❈✉r✈❛t✉r❛ ▼é❞✐❛ ✶✶✹

❈♦r♦❧ár✐♦ ✹✳✺ ❙❡❥❛ x : Mn → Hn+1 ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ❝♦♠♣❛❝t❛ ❝♦♠

❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❍ ❡ ❝✉❥♦ ♦ ❜♦r❞♦ ∂M é ✉♠❛ ❡s❢❡r❛ ❣❡♦❞és✐❝❛ ❞❡ r❛✐♦
√
2

❝♦♥t✐❞❛ ♥✉♠ ❤✐♣❡r♣❧❛♥♦ ❤♦r✐③♦♥t❛❧✳ ❊♥tã♦

|H| ≤
√
2

2
.

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ❡❢❡✐t♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ ♥❛ ❡st✐♠❛t✐✈❛ ✭✹✳✸✮✱ ♥ã♦ é ♣❡❞✐❞♦ q✉❡

❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ s❡❥❛ ♠❛✐♦r q✉❡ ✶✳ ❊♠ ✈❡r❞❛❞❡✱ ♣❛r❛ ❡st❛ ❡st✐♠❛t✐✈❛ ❛ ❝✉r✈❛t✉r❛

♠é❞✐❛ só ♣r❡❝✐s❛ s❡r ❝♦♥st❛♥t❡✳ ❊♥tã♦ ❢❛③❡♥❞♦ ρ =
√
2 ❡ ♦❜s❡r✈❛♥❞♦ q✉❡ |H| = H

♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳



❆♣ê♥❞✐❝❡ ❆

❆♣ê♥❞✐❝❡

❆✳✶ ❯♠❛ Pr♦✈❛ ❆❧t❡r♥❛t✐✈❛ ♣❛r❛ ❛ Pr♦♣♦s✐çã♦ ✹✳✶

◆❡st❛ s❡çã♦✱ ❞❛r❡♠♦s ✉♠❛ ❞❡♠♦♥str❛çã♦ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ♦ ❚❡♦r❡♠❛ ✭✹✳✶✮ ♥♦

❝❛s♦ ❡♠ q✉❡ ♦ ❜♦r❞♦ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦ ❡s♣❛ç♦ x : Mn → Hn+1 é ❡s❢ér✐❝♦✱ ✐st♦ é✱

∂Mn = Sn−1(b, ρ) ⊂ Ln(τ)✳

❚❡♦r❡♠❛ ❆✳✶ ❙❡❥❛ x : Mn → Hn+1 ⊂ S
n+1
1 ✉♠❛ ✐♠❡rsã♦ t✐♣♦✲❡s♣❛ç♦ ❞❡ ✉♠❛ ❤✐♣❡r✲

s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛✱ ❝✉❥♦ ❜♦r❞♦ é ❛ ❡s❢❡r❛ ❣❡♦❞és✐❝❛ Sn−1(b, ρ) ❛ q✉❛❧ ❡st❛ ❝♦♥t✐❞❛

♥✉♠ ❤✐♣❡r♣❧❛♥♦ ❤♦r✐③♦♥t❛❧ Ln(τ)✱ ♣❛r❛ ❛❧❣✉♠ τ > 0✳ ❙❡❥❛ Ya,b ✉♠ ❝❛♠♣♦ ❞❡ ❑✐❧❧✐♥❣
1

〈a, b〉(〈b, .〉 a − 〈a, .〉 b) ❡♠ S
n+1
1 ✳ ❙❡ ❛ r✲és✐♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ Hr é ❝♦♥st❛♥t❡✱ ♣❛r❛

❛❧❣✉♠ r, 1 ≤ r ≤ n✱ ❡♥tã♦

∮

∂M

〈Tr−1ν, Ya,b〉 dS = −r
(
n

r

)
Hrvol(B

n(ρ)).

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ✐t❡♠ (ii) ❞❛ Pr♦♣♦s✐çã♦ ✭✸✳✷✮✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡
∮

∂Mn

det(x, e1, . . . , en−1, a, b)dS = − n τvol(Bn(ρ)).

❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦ Nτ ❛♣♦♥t❛ ♣❛r❛ ♦ ♣❛ss❛❞♦ ❝r♦♥♦❧ó❣✐❝♦ ❡ s❡♥❞♦ {e1, . . . , en−1}
✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ t❛♥❣❡♥t❡ ♣♦s✐t✐✈❛♠❡♥t❡ ♦r✐❡♥t❛❞♦ ❛♦ ❧♦♥❣♦ ❞♦ ❜♦r❞♦

∂Mn✱ t❡♠♦s q✉❡ ♦ r❡❢❡r❡♥❝✐❛❧ {x,−Nτ , η, e1, . . . , en−1} é ♣♦s✐t✐✈❛♠❡♥t❡ ♦r✐❡♥t❛❞♦ ❡

det(x,−Nτ , η, e1, . . . , en−1) = 1.



❆♣ê♥❞✐❝❡✳ ❯♠❛ Pr♦✈❛ ❆❧t❡r♥❛t✐✈❛ ♣❛r❛ ❛ Pr♦♣♦s✐çã♦ ✹✳✶ ✶✶✻

❉❛í t❡♠♦s q✉❡ ♦ det(x, e1 . . . , en−1, a, b) é ❞❛❞♦ ♣♦r

det




〈x, x〉 〈e1, x〉 . . . 〈en−1, x〉 〈a, x〉 〈b, x〉
〈x, e1〉 〈e1, e1〉 . . . 〈en−1, e1〉 〈a, e1〉 〈b, e1〉

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

〈x, en−1〉 〈e1, en−1〉 . . . 〈en−1, en−1〉 〈a, en−1〉 〈b, en−1〉
〈x,−Nτ 〉 〈e1,−Nτ 〉 . . . 〈en,−Nτ 〉 〈a,−Nτ 〉 〈b,−Nτ 〉
〈x, η〉 〈e1, η〉 . . . 〈en−1, η〉 〈a, η〉 〈b, η〉




.

❊♥tã♦✱

det(x, e1 . . . , en−1, a, b) = det




1 0 . . . 0 τ 1− ρ2

2

0 1 . . . 0 0 〈b, e1〉
. . . . . . . . . . . . . . . . . .

0 0 . . . 1 0 〈b, en−1〉

0 0 . . . 0 τ −ρ
2

2

0 0 . . . 0 0 〈b, η〉




,

♦✉ s❡❥❛✱

det(x, e1 . . . , en−1, a, b) = τ〈b, η〉.

▼❛s ♣♦r ♦✉tr♦ ❧❛❞♦ ❛ ❣❡♦❞és✐❝❛ γv : R → Ln(τ) q✉❡ ♣❛rt❡ ❞❡ b ♥❛ ❞✐r❡çã♦ ❞❡

v ∈ Tb(L
n(τ)), |v| = 1 é ❞❛❞❛ ♣♦r γv(s) = − s2

2τ
a + vs + b✱ ❡ ❛ss✐♠ η = γ′v(ρ) ♣❛r❛

❛❧❣✉♠❛ ❣❡♦❞és✐❝❛ γv✳ ❉❛í✱ η = −ρ
τ
a+ v✳

▲♦❣♦

〈b, η〉 = 〈b,−ρ
τ
a+ v〉 = −ρ,

❡ ♣♦rt❛♥t♦✱

∮

∂M

det(x, e1 . . . , en−1, a, b)dS =

∮

∂M

− τρdS = − τρ

∮

∂M

dS

= − τρ area(Sn−1(ρ))

= − τρ
n vol(Bn(ρ))

ρ

= − τ n vol(Bn(ρ)). ✭❆✳✶✮



❆♣ê♥❞✐❝❡✳ ❆ ❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡ ✶✶✼

❯s❛♥❞♦ ♦ ✐t❡♠ (ii) ❞❛ Pr♦♣♦s✐çã♦ ✭✸✳✷✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❡q✉❛çã♦ ✭❆✳✶✮✱ t❡♠♦s
∮

∂M

〈Tr−1ν, Ya,b〉 =

(
n− 1

r − 1

)
Hr

1

〈a, b〉

∮

∂M

det(x, e1, . . . , en−1, a, b)dS

=

(
n− 1

r − 1

)
Hr

1

〈a, b〉(− n τvol(Bn(ρ)))

=

(
n− 1

r − 1

)
Hr

1

τ
(− n τvol(Bn(ρ)))

= − n

(
n− 1

r − 1

)
Hrvol(B

n(ρ))

= − n
r

n

(
n

r

)
Hrvol(B

n(ρ))

= − r

(
n

r

)
Hrvol(B

n(ρ)).

❆✳✷ ❆ ❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡

◆❡st❛ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦ ❞✐r❡❝✐♦♥❛r❡♠♦s ♦ ♥♦ss♦ ❡st✉❞♦ ❛♦ ❛rt✐❣♦ ❞♦ ▼♦♥t✐❡❧ ❬✷✹❪

✐♥t✐t✉❧❛❞♦ ♣♦r✿ ❈♦♠♣❧❡t❡ ♥♦♥✲❝♦♠♣❛❝t s♣❛❝❡❧✐❦❡ ❤②♣❡rs✉r❢❛❝❡s ♦❢ ❝♦♥st❛♥t ♠❡❛♥ ❝✉r✈❛✲

t✉r❡ ✐♥ ❞❡ ❙✐tt❡r s♣❛❝❡s✱ ♣✉❜❧✐❝❛❞♦ ♥♦ ❛♥♦ ❞❡ 2003✳

❆♥t❡s ❞❡ ♠♦str❛r♠♦s ❛ ❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡✱ ❡①✐❜✐r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s

✐♠♣♦rt❛♥t❡s q✉❡ s❡r✈✐rã♦ ❞❡ ❜❛s❡ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❜❡♠ ❝♦♠♦ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦

❞❛ ♠❡s♠❛✳

❖❜s❡r✈❛çã♦ ❆✳✶ ❈♦♥✈é♠ ♦❜s❡r✈❛r q✉❡ ♥❡st❡ ❛rt✐❣♦ ❛ ❞❡✜♥✐çã♦ ❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ é

❛ ♠❡s♠❛ ❛♣r❡s❡♥t❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦ ❛ ♠❡♥♦s ❞❡ s✐♥❛❧✳ ❆❧é♠ ❞✐ss♦✱ ♥❡st❛ ❞❡♠♦♥str❛çã♦✱

s❡rá ❝♦♥s✐❞❡r❛❞♦ ♦ ♠♦❞❡❧♦ ❞♦ s❡♠✐✲❡s♣❛ç♦

φ : Hn+1 → R
n+1
+ = R

n × R+

♣❛r❛ ♦ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡ ❞❛❞♦ ♣♦r

φ(p) =
1

〈p, a〉(p− 〈p, a〉b− 〈p, b〉a, 1),

♦♥❞❡ a, b ∈ L
n+2 sã♦ ✈❡t♦r❡s t✐♣♦✲❧✉③ t❛✐s q✉❡ 〈a, b〉 = 1✳

▲❡♠❛ ❆✳✶ ✭Pr✐♥❝í♣✐♦ ❞❛ ❚❛♥❣ê♥❝✐❛✮ ❙❡❥❛♠ Mn
1 ❡ Mn

2 ❞✉❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦

❡s♣❛ç♦ ✐♠❡rs❛s ♥♦ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡ ❝♦♠ ❛ ♠❡s♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ✭❝♦♠



❆♣ê♥❞✐❝❡✳ ❆ ❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡ ✶✶✽

r❡s♣❡✐t♦ ❛ ❞✐r❡çã♦ ♣❛ss❛❞❛ ♦✉ ♦r✐❡♥t❛çã♦ ♣❛r❛ ❝✐♠❛✮✳ ❙✉♣♦♥❤❛ q✉❡ ❡❧❡s sã♦ t❛♥❣❡♥t❡s

❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♥ã♦ ✈❛③✐❛ ❞♦ ♣♦♥t♦ ♣ ❡ q✉❡ Mn
1 s✐t✉❛✲s❡ ❛❝✐♠❛ ❞❡ Mn

2 ❡♠ ♣✳ ❊♥tã♦

❡❧❡s ❝♦✐♥❝✐❞❡♠ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ♣✳

❖❜s❡r✈❛çã♦ ❆✳✷ ❊①✐st❡ ✉♠❛ ✈❡rsã♦ ❛♥á❧♦❣❛ ❞♦ ♣r✐♥❝í♣✐♦ ❞❛ t❛♥❣ê♥❝✐❛ ♥♦ ❜♦r❞♦

q✉❛♥❞♦ ♦ ♣♦♥t♦ ❡♠ ❝♦♠✉♠ ♣ ❡st❛ ❡♠ ∂Mn
1 ∩ ∂Mn

2 ✱ ✉♠❛ ✈❡③ q✉❡ ❛ss✉♠✐♠♦s q✉❡ ∂Mn
1

❡ ∂Mn
2 sã♦ t❛♥❣❡♥t❡s ❡♠ ♣✳

❖❜s❡r✈❛çã♦ ❆✳✸ ✭❈♦♠♣❛r❛çã♦ ❞❛ ❈✉r✈❛t✉r❛ ▼é❞✐❛✮ ❙❡ ❛s ❞✉❛s ❤✐♣❡rs✉♣❡r❢í✲

❝✐❡s Mn
1 ❡ Mn

2 ♥ã♦ t❡♠ ❛ ♠❡s♠❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡ r❡♣r❡s❡♥t❛♠♦s ♣♦r H1 ❡ H2 s✉❛s

❢✉♥çõ❡s ❝✉r✈❛t✉r❛s ♠é❞✐❛s✱ t❡♠♦s q✉❡✱ q✉❛♥❞♦ Mn
1 ❡st❛ s♦❜r❡ Mn

2 ❡♠ ✉♠ ♣♦♥t♦ ❡♠

❝♦♠✉♠ ♦♥❞❡ ❡❧❛s sã♦ t❛♥❣❡♥t❡s✱ ❡♥tã♦ H1 ≤ H2 ♥❡st❡ ♣♦♥t♦✳

▲❡♠❛ ❆✳✷ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ❝♦♠♣❛❝t❛ ❞♦ ❙t❡❛❞② ❙t❛t❡ s♣❛❝❡

Hn+1 ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H ❡ ❝♦♠ ♦ ❜♦r❞♦ ❝♦♥t✐❞♦ ❡♠ ✉♠ s❧✐❝❡ t❡♠♣♦r❛❧

Ln(t) ♣❛r❛ ❛❧❣✉♠ t ∈ (0,+∞)✳ ❊♥tã♦ H ≥ 1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ Mn

❡st❛ ❝♦♥t✐❞❛ ❡♠ Ln(t)+ = {(x, xn+1) ∈ Hn+1; xn+1 ≥ t}✳

❋✐♥❛❧♠❡♥t❡✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦

❚❡♦r❡♠❛ ❆✳✷ ✭❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡✮ ❙❡❥❛ ψ : Mn → Hn+1 ✉♠❛ ✐♠❡rsã♦

t✐♣♦✲❡s♣❛ç♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ Mn ❝♦♠ ❜♦r❞♦ ♥ã♦✲✈❛③✐♦ ♥♦ st❡❛❞② st❛t❡ s♣❛❝❡✳

❙✉♣♦♥❤❛ q✉❡ ψ t❡♥❤❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H > 1 ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝❛♠♣♦ ✉♥✐tár✐♦

❡ ♥♦r♠❛❧ ◆ ❛♣♦♥t❛♥❞♦ ♣❛r❛ ♦ ♣❛ss❛❞♦ ❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ψ ❧❡✈❛ ∂Mn ♥♦ s❧✐❝❡ t❡♠♣♦r❛❧

Ln(τ)✱ ♣❛r❛ ❛❧❣✉♠ τ > 0✳ ❊♥tã♦ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠ ❝❛♠♣♦ ✉♥✐tár✐♦ ❡ ♥♦r♠❛❧ n ❞❛

✐♠❡rsã♦ ψ
∣∣
∂Mn : ∂Mn → Ln(τ) t❛❧ q✉❡ 〈N, n〉 > 0✳ ❆ss✉♠❛ q✉❡✱ ❝♦♠ r❡s♣❡✐t♦ ❛ ❡st❛

♦r✐❡♥t❛çã♦✱ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ ψ
∣∣
∂Mn : ∂Mn → Ln(τ) é ♥ã♦ ♥❡❣❛t✐✈❛✳ ❊♥tã♦

H〈ψ, a〉+ 〈N, a〉 ≥ 0,

❡ t❛♠❜é♠ 〈N, a〉 ≥ −Hτ em Mn✳

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❡♠♦s ♣♦r ∇ ♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❡ ❝♦♥s✐❞❡r❡♠♦s✿

〈ψ, a〉 :Mn → R.

❱❛♠♦s ♦❜t❡r ♦ ❣r❛❞✐❡♥t❡✱ ❍❡ss✐❛♥♦ ❡ ▲❛♣❧❛❝✐❛♥♦✳

❙❡❥❛ v ∈ TpM ✱ ❡♥tã♦

〈∇〈ψ, a〉, v〉 = v〈ψ, a〉 = 〈∇◦
vψ, a〉+ 〈ψ,∇◦

va〉 = 〈v, a〉

= 〈v, a⊤〉, ∀ v ∈ TpM.



❆♣ê♥❞✐❝❡✳ ❆ ❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡ ✶✶✾

❈♦♠♦ ❛ ♠étr✐❝❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ t❡♠♦s

∇〈ψ, a〉 = a⊤ = a+ 〈a,N〉N − 〈a, ψ〉ψ.

P❛r❛ ♦ ❍❡ss✐❛♥♦✱ t❡♠♦s q✉❡ ♣❛r❛ q✉❛✐sq✉❡r v, w ∈ TpM ✱

〈(Hess〈ψ, a〉)v, w〉 = 〈∇v(∇〈ψ, a〉), w〉,

❞❛í ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ✭✷✳✾✮

〈∇va
⊤, w〉 = 〈∇v(a+ 〈a,N〉N + 〈a, ψ〉ψ), w〉

= 〈∇va, w〉+ 〈∇v(〈a,N〉N), w〉+ 〈∇v(〈a, ψ〉ψ), w〉

= 〈∇◦
va+ 〈Av, a〉N + 〈v, a〉ψ,w〉︸ ︷︷ ︸

(=0)

+〈〈a,N〉∇◦
vN + v〈a,N〉N,w〉

− 〈〈a, ψ〉∇◦
vψ + v〈a, ψ〉ψ,w〉

= − 〈a,N〉〈Av,w〉 − 〈a, ψ〉〈v, w〉.

P♦rt❛♥t♦

〈(Hess〈ψ, a〉)v, w〉 = − 〈a,N〉〈Av,w〉 − 〈a, ψ〉〈v, w〉, ∀ v, w ∈ TpM.

P❛r❛ ♦ ▲❛♣❧❛❝✐❛♥♦✱ s❡❥❛ E1, . . . , En ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡♠ p ∈ Mn ⊂ S
n+1
1 ✱

❡♥tã♦

∆〈ψ, a〉 = div(∇〈ψ, a〉)

=
n∑

i=1

〈∇Ei
(∇〈ψ, a〉), Ei〉

=
n∑

i=1

〈(Hess〈ψ, a〉)Ei, Ei〉,

✉♠❛ ✈❡③ q✉❡ nH = tr(A)✱ t❡♠♦s

∆〈ψ, a〉 = −
n∑

i=1

(〈a,N〉〈AEi, Ei〉+ 〈a, ψ〉〈Ei, Ei〉)

= − 〈a,N〉
n∑

i=1

〈AEi, Ei〉 − 〈a, ψ〉
n∑

i=1

〈Ei, Ei〉

= − nH〈a,N〉 − n〈a, ψ〉.



❆♣ê♥❞✐❝❡✳ ❆ ❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡ ✶✷✵

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦✿

〈N, a〉 :Mn → R,

❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❞❡t❡r♠✐♥❡♠♦s ♦ ❣r❛❞✐❡♥t❡✱ ❍❡ss✐❛♥♦ ❡ ▲❛♣❧❛❝✐❛♥♦✳

❖ ❣r❛❞✐❡♥t❡ é ❞❛❞♦ ♣♦r✱

〈∇〈N, a〉, v〉 = v〈N, a〉 = 〈∇◦
vN, a〉+ 〈N,∇◦

va〉 = − 〈Av, a〉

= − 〈Av, a⊤〉 = 〈v,−A(a⊤)〉, ∀ v ∈ TpM.

❈♦♠♦ ❛ ♠étr✐❝❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ t❡♠♦s

∇〈N, a〉 = −A(a⊤).

❖ ❍❡ss✐❛♥♦✱

〈(Hess〈N, a〉)v, w〉 = 〈∇v(∇〈N, a〉), w〉 = −〈∇vA(a
⊤), w〉.

▼❛s ❝♦♠♦ v〈A(a⊤), w〉 = 〈∇vA(a
⊤), w〉+ 〈A(a⊤),∇vw〉 ❡♥tã♦

〈(Hess〈N, a〉)v, w〉 = − v〈A(a⊤), w〉+ 〈A(a⊤),∇vw〉

= − v〈a⊤, Aw〉+ 〈a⊤, A(∇vw)〉

= − v〈a,Aw〉+ 〈a,A(∇vw)〉+ 〈a,N〉〈N,A(∇vw)〉

− 〈a, ψ〉〈ψ,A(∇vw)〉

= − 〈∇va
⊤, Aw〉 − 〈a,∇v(Aw)〉+ 〈a,A(∇vw)〉,

❝♦♠♦ a⊤ = a+ 〈a,N〉N − 〈a, ψ〉ψ✱ t❡♠♦s

〈(Hess〈N, a〉)v, w〉 = − 〈∇v(a+ 〈a,N〉N − 〈a, ψ〉ψ), Aw〉

+ 〈a,−∇v(Aw) + A(∇vw)〉

= − 〈∇va,Aw〉 − 〈∇v(〈a,N〉N), Aw〉+ 〈∇v(〈a, ψ〉ψ), Aw〉

+ 〈a,−∇v(Aw) + A(∇vw)〉

= − 〈〈∇◦
va+ 〈Av, a〉N + 〈v, a〉ψ,w〉, Aw〉︸ ︷︷ ︸

(=0)

− 〈∇v(〈a,N〉N), Aw〉+ 〈∇v(〈a, ψ〉ψ), Aw〉

+ 〈a,−∇v(Aw) + A(∇vw)〉,



❆♣ê♥❞✐❝❡✳ ❆ ❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡ ✶✷✶

♦♥❞❡ ✉s❛♠♦s ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ✭✷✳✹✮✳ ❆❣♦r❛ ❞❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡♥ ✭✷✳✺✮✱

〈(Hess〈N, a〉)v, w〉 = − 〈〈a,N〉∇◦
vN + v〈a,N〉N,Aw〉

+ 〈〈a, ψ〉∇◦
vψ + v〈a, ψ〉ψ,Aw〉+ 〈a,−∇v(Aw) + A(∇vw)〉

= 〈a,N〉〈Av,Aw〉+ 〈〈a, ψ〉∇vψ,Aw〉

+ 〈a,−∇v(Aw) + A(∇vw)〉.

❈♦♠♦ ∇◦
vψ = v✱ ❝♦♥❝❧✉í♠♦s

〈(Hess〈N, a〉)v, w〉 = 〈a,N〉〈Av,Aw〉+ 〈a, ψ〉〈〈∇◦
vψ + 〈Av, ψ〉N + 〈v, ψ〉ψ〉, Aw〉

+ 〈a,−∇v(Aw) + A(∇vw)〉

= 〈a,N〉〈Av,Aw〉+ 〈a, ψ〉〈v, Aw〉+ 〈a,−∇v(Aw) + A(∇vw)〉,

❡ ✉♠❛ ✈❡③ q✉❡ (∇vA)w = ∇v(Aw)− A(∇vw)✱ s❡❣✉❡ q✉❡

〈(Hess〈N, a〉)v, w〉 = 〈a,N〉〈Av,Aw〉+ 〈a, ψ〉〈Av,w〉 − 〈(∇vA)w, a〉, ∀ v, w ∈ TpM.

❈♦♥s✐❞❡r❛♥❞♦ ♦ ♠❡s♠♦ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❞❛ ❢✉♥çã♦ ❛♥t❡r✐♦r✱ ❝❛❧❝✉❧❡♠♦s ♦ ▲❛♣❧❛✲

❝✐❛♥♦ ❞❛ ❢✉♥çã♦ 〈N, a〉✳

∆〈N, a〉 = div(∇〈N, a〉)

=
n∑

i=1

〈∇Ei
(∇〈N, a〉), Ei〉

=
n∑

i=1

〈(Hess〈N, a〉)Ei, Ei〉

=
n∑

i=1

(〈a,N〉〈AEi, AEi〉+ 〈a, ψ〉〈AEi, Ei〉 − 〈(∇Ei
A)Ei, a〉),

❝♦♠♦ |A|2 = tr(A2) ❡ nH = tr(A)✱ ♦❜t❡♠♦s

∆〈N, a〉 = 〈a,N〉
n∑

i=1

〈AEi, AEi〉+ 〈a, ψ〉
n∑

i=1

〈AEi, Ei〉 −
n∑

i=1

〈(∇Ei
A)Ei, a〉)

= 〈a,N〉
n∑

i=1

〈|A|2Ei, Ei〉+ nH〈a, ψ〉 −
n∑

i=1

〈(∇Ei
A)Ei, a〉)

= |A|2〈a,N〉+ nH〈a, ψ〉 −
n∑

i=1

〈(∇Ei
A)Ei, a〉.



❆♣ê♥❞✐❝❡✳ ❆ ❊st✐♠❛t✐✈❛ ❞♦ ●r❛❞✐❡♥t❡ ✶✷✷

P♦r ♦✉tr♦ ❧❛❞♦✱

〈∇H, v〉 = v(H) = v

(
1

n

n∑

i=1

〈AEi, Ei〉
)

=
1

n

n∑

i=1

(〈∇◦
v(AEi), Ei〉+ 〈AEi,∇◦

vEi〉)

=
1

n

n∑

i=1

(〈∇v(AEi), Ei〉+ 〈Ei, A(∇vEi)〉) .

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛❧é♠ ❞❡ E1, . . . , En s❡r ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡❧❡ t❛♠❜é♠ ❞✐❛❣✲

♦♥❛❧✐③❛ ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ A✱

〈∇H, v〉 =
1

n

n∑

i=1

(〈∇v(AEi)− A(∇vEi) + A(∇vEi) + A(∇vEi), Ei〉)

=
1

n

n∑

i=1

(〈∇v(AEi)− A(∇vEi), Ei〉) +
1

n

n∑

i=1

(〈A(∇vEi) + A(∇vEi), Ei〉)

=
1

n

n∑

i=1

〈(∇vA)Ei, Ei〉, ∀ v ∈ TpM,

❈♦♠♦ M t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡✱ s❡❣✉❡ ❞❛ ❡q✉❛çã♦ ❞❡ ❈♦❞❛③③✐ q✉❡

〈∇H, v〉 = 1

n

n∑

i=1

〈(∇Ei
A)v, Ei〉,

s❡♥❞♦ (∇Ei
A) ❛✉t♦✲❛❞❥✉♥t♦✱ t❡♠♦s

〈∇H, v〉 = 1

n

n∑

i=1

〈v, (∇Ei
A)Ei〉,

❡ ❝♦♠♦ ❛ ♠étr✐❝❛ ❡ ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱

∇H =
1

n

n∑

i=1

(∇Ei
A)Ei.

▲♦❣♦✱

∆〈N, a〉 = |A|2〈a,N〉+ nH〈a, ψ〉 − n〈∇H, a〉.

❆ss✐♠✱

∆(H〈ψ, a〉+ 〈N, a〉) = ∆(H〈ψ, a〉) + ∆〈N, a〉

= 〈ψ, a〉∆H +H∆〈ψ, a〉+ 2〈∇H,∇〈ψ, a〉〉+∆〈N, a〉,
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∆(H〈ψ, a〉+ 〈N, a〉) = 〈ψ, a〉∆H − nH〈ψ, a〉 − nH2〈N, a〉+ 2〈∇H, a⊥〉

+ |A|2〈a,N〉+ nH〈a, ψ〉 − n〈∇H, a〉

= 〈ψ, a〉∆H + (|A|2 − nH2)〈N, a〉

+ 2〈∇H, a+ 〈a,N〉N − 〈a, ψ〉ψ〉 − n〈∇H, a〉

= 〈ψ, a〉∆H + (|A|2 − nH2)〈N, a〉 − (n− 2)〈∇H, a〉,

❝♦♠♦ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ é ❝♦♥st❛♥t❡✱ t❡♠♦s q✉❡ ∇H = ∆H = 0✱ ❡ ♣♦rt❛♥t♦

∆(H〈ψ, a〉+ 〈N, a〉) = (|A|2 − nH2)〈N, a〉.

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r q✉❡ |A|2 − nH2 ≥ 0✳

❈♦♠ ❡❢❡✐t♦✱ ❝♦♥s✐❞❡r❡ ♦s s❡❣✉✐♥t❡s ✈❡t♦r❡s ❡♠ R
n2

u = (k1, . . . , k1︸ ︷︷ ︸
n vezes

, k2, . . . , k2︸ ︷︷ ︸
n vezes

, . . . , kn, . . . , kn︸ ︷︷ ︸
n vezes

)

v = (k1, . . . , kn, k1, . . . , kn, . . . , k1, . . . , kn︸ ︷︷ ︸
n2 vezes

).

P♦r ✉♠ ❧❛❞♦✱

〈u, v〉 = k1(k1 + . . .+ kn) + k2(k1 + . . .+ kn) + . . .+ kn(k1 + . . .+ kn)

= (k1 + . . .+ kn)
n∑

i=1

ki

=
n∑

j=1

kj

n∑

i=1

ki

= n2H2,

♠❛s ♣♦r ♦✉tr♦ ❧❛❞♦✱

〈u, u〉 = |u|2 = 〈(k1, . . . , k1, . . . , kn, . . . , kn), (k1, . . . , k1, . . . , kn, . . . , kn)〉

= nk21 + nk22 + . . .+ nk2n

= n|A|2,

❡

〈v, v〉 = |v|2 = 〈(k1, . . . , kn, . . . , k1, . . . , kn), (k1, . . . , kn, . . . , k1, . . . , kn)〉
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✐st♦ é✱

〈v, v〉 =
n∑

i=1

k2i +
n∑

i=1

k2i + . . .+
n∑

i=1

k2i

︸ ︷︷ ︸
n vezes

= n|A|2,

❡♥tã♦ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ t❡♠♦s

〈u, v〉 ≤ |u||v| = |u|2,

❧♦❣♦

n2H2 ≤ n|A|2 ⇒ |A|2 − nH2 ≥ 0✶.

❱❛❧❡♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u ❡ v sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s✱ ✐st♦

é✱ k1 = k2 = . . . = kn✱ ♦✉ s❡❥❛✱ Mn é t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✱ ❡ ❛ ♦r✐❡♥t❛çã♦ ❡s❝♦❧❤✐❞❛

❢♦✐ 〈N, a〉 < 0✳ P♦rt❛♥t♦ ❛ ❢✉♥çã♦ H〈ψ, a〉 + 〈N, a〉 é s✉♣❡r❤❛r♠ô♥✐❝❛ ❡♠ Mn ❡ ♣❡❧♦

♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❝❧áss✐❝♦✱ ❛t✐♥❣❡ ♦ ♠í♥✐♠♦ ❡♠ ✉♠ ♣♦♥t♦ ❞❛ ❢r♦♥t❡✐r❛✱ s❡❥❛ q ∈ ∂Mn✳

❉❡♥♦t❡ ♣♦r ν ♦ ❝❛♠♣♦ ✉♥✐tár✐♦✱ ❝♦♥♦r♠❛❧ ❡ ✐♥t❡r✐♦r ❛♦ ❧♦♥❣♦ ❞❡ ∂Mn✳ ❊♥tã♦

νq(H〈ψ, a〉+ 〈N, a〉) = νq(H)〈ψ, a〉+ νq(〈ψ, a〉)H + νq〈N, a〉

= H〈∇◦
νqψ, a〉+H〈ψ,∇◦

νqa〉+ 〈∇◦
νqN, a〉+ 〈N,∇◦

νqa〉

= H〈νq, a〉+ 〈∇◦
νqN, a〉,

♣❡❧♦ ▲❡♠❛ ❞❡ ❍♦♣❢ ✭❝❢✳ ❬✸✵❪✱ ▲❡♠❛ ✸✳✹✮

0 ≤ H〈νq, a〉+ 〈(dN)q(νq), a〉,

♦♥❞❡ ❞❡♥♦t❛♠♦s ∇◦
νqN = (dN)q(νq)✳

▼❛s t♦♠❛♥❞♦ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ {e1, . . . , en−1} ♣♦s✐t✐✈❛♠❡♥t❡ ♦r✐❡♥t❛❞♦

❛♦ ❧♦♥❣♦ ❞♦ ❜♦r❞♦ ∂Mn✱ ♣♦❞❡♠♦s ❝♦♠♣❧❡t❛✲❧♦ ❞❡ ♠♦❞♦ q✉❡ ♦ ♥♦✈♦ r❡❢❡r❡♥❝✐❛❧

{e1, . . . , en−1, x,N, νq}

s❡❥❛ ♦rt♦♥♦r♠❛❧ ❡♠ L
n+2✳ ❊♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

a = 〈a, e1〉e1 + . . .+ 〈a, en−1〉en−1 + 〈a, x〉x− 〈a,N〉N + 〈a, νq〉νq.
✶❯♠❛ ♦✉tr❛ ♠❛♥❡✐r❛ ❞❡ ♠♦str❛r ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ é ❞❡✜♥✐♥❞♦ ❛ ❛♣❧✐❝❛çã♦ φ(X) = AX − HX✱

♣❛r❛ t♦❞♦ X ∈ X(M) ❡ ♦❜s❡r✈❛r q✉❡ |φ|2 = tr(φ2) = |A|2 − nH2.
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P♦r ♦✉tr♦ ❧❛❞♦✱ TxLn(τ) = Tx(∂M
n) = {v ∈ L

n+2; 〈a, v〉 = 0 ❡ 〈x, v〉 = 0} ❡

❛ss✐♠ 〈a, ei〉 = 0 ♣❛r❛ q✉❛❧q✉❡r ei ∈ Tx(∂M
n), i = 1, . . . , n− 1. P♦rt❛♥t♦

a = 〈a, x〉x− 〈a,N〉N + 〈a, νq〉νq.

❆ss✐♠

0 ≤ H〈νq, a〉+ 〈(dN)q(νq), a〉

= H〈νq, a〉+ 〈(dN)q(νq), 〈a, x〉x− 〈a,N〉N + 〈a, νq〉νq〉

= H〈νq, a〉+ 〈a, x〉〈(dN)q(νq), x〉 − 〈a,N〉〈(dN)q(νq), N〉+ 〈a, νq〉〈(dN)q(νq), νq〉

= H〈νq, a〉+ 〈a, νq〉〈(dN)q(νq), νq〉

= 〈νq, a〉(H + 〈(dN)q(νq), νq〉) ✭❆✳✷✮

❯♠❛ ✈❡③ q✉❡ H > 1✱ s❛❜❡♠♦s ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✭❆✳✶✮ q✉❡

xn+1(ψ) =
1

〈ψ, a〉 .

▼❛s ♦ ▲❡♠❛ ✭❆✳✷✮ ❣❛r❛♥t❡ q✉❡ s❡ H ≥ 1 ❡♥tã♦✱ xn+1 ≥ 1/τ ✱ ❞❛✐ s❡❣✉❡ q✉❡ 〈ψ, a〉 ≤ τ

❡♠ Mn✳ ❊♥tã♦✱ ❝♦♠♦ s✉♣♦♠♦s 〈ψ, a〉 = τ ❛♦ ❧♦♥❣♦ ❞♦ ❜♦r❞♦ ∂Mn✱ ♣♦✐s ∂Mn ⊂ Ln(τ)

t❡♠♦s q✉❡ 〈ν, a〉 ≤ 0 ❛♦ ❧♦♥❣♦ ❞❡ ∂Mn✳

❆❣♦r❛ s❡ ❛ ✐❣✉❛❧❞❛❞❡ 〈ν, a〉 = 0 é ❛t✐♥❣✐❞❛ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ ❞❡ ∂Mn✱ ❡♥tã♦

t♦♠❛♥❞♦ ❛ ❢♦❧❤❛ Ln(θ) ❝♦♠ θ > τ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ♠♦❞♦ q✉❡Mn∩Ln(θ) = ∅
♣♦❞❡♠♦s ❞✐♠✐♥✉✐r ❣r❛❞❛t✐✈❛♠❡♥t❡ ♦ θ ❛té q✉❡ Ln(θ) t♦q✉❡ Mn ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③✳ ❙❡❥❛

p ∈Mn ∩Ln(θ)✳ P❡❧♦ ♣r✐♥❝✐♣✐♦ ❞❛ t❛♥❣ê♥❝✐❛✱ ❡st❛s ❞✉❛s ✈❛r✐❡❞❛❞❡s ❝♦✐♥❝✐❞❡♠ ❡♠ ✉♠❛

✈✐③✐♥❤❛♥ç❛ ❞♦ ♣♦♥t♦ p✳ ❆❣♦r❛ ✉s❛♥❞♦ ❛s ❖❜s❡r✈❛çõ❡s ✭❆✳✷✮✱ ✭❆✳✸✮ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ ❛

❝✉r✈❛t✉r❛ ♠é❞✐❛ ♥❛s ❢♦❧❤❛s é ✐❣✉❛❧ ❛ ✶✱ s❡❣✉❡ q✉❡ 1 ≤ H✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t♦♠❛♥❞♦

Ln(θ) ❝♦♠ θ < τ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ♠♦❞♦ q✉❡ Mn ∩ Ln(θ) = ∅✱ ♣♦❞❡♠♦s

❛✉♠❡♥t❛r ♦ ✈❛❧♦r ❞❡ θ ❞❡ ♠♦❞♦ q✉❡ Ln(θ) t♦q✉❡ Mn ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③✳ ❉❡st❛ ❢♦r♠❛✱

r❡♣❡t✐♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♦❜t❡♠♦s q✉❡ 1 ≥ H ❡ ♣♦rt❛♥t♦ H = 1 ♦ q✉❡ é ✉♠❛

❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ s❡r ♠❛✐♦r ❡str✐t♦ q✉❡ ✶✱ ❧♦❣♦ 〈ν, a〉 < 0✳

P♦rt❛♥t♦ ♣♦r ✭❆✳✷✮ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ 〈ν, a〉 < 0 t❡♠♦s

H + 〈(dN)q(νq), νq〉 ≤ 0. ✭❆✳✸✮
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❈♦♠♦ nH = − tr❛ç♦(dN) t❡♠♦s

nH = −
n∑

i=1

〈(dN)q(ei), ei〉+ 〈(dN)q(ei), ei〉 − 〈(dN)q(ei), ei〉

= −
n−1∑

i=1

〈(dN)q(ei), ei〉 − 〈(dN)q(ei), ei〉,

❞❛ ❡st✐♠❛t✐✈❛ ✭❆✳✸✮ ♦❜t❡♠♦s✱

nH ≥ −
n−1∑

i=1

〈(dN)q(ei), ei〉+H,

♦✉ s❡❥❛

H(n− 1) ≥ −
n−1∑

i=1

〈(dN)q(ei), ei〉, ✭❆✳✹✮

♦♥❞❡ e1, . . . , en−1 ♦ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❞❡ Tq(∂Mn)✳ ❆❣♦r❛ ❞❡❝♦♠♣♦♥❞♦ ❛ s❡❣✉♥❞❛

❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ✐♠❡rsã♦✷ α ❡♠ q✉❛❧q✉❡r ♣♦♥t♦ ❞♦ ❜♦r❞♦ ❝♦♠♦ ∂Mn ❝♦♠♦ ❛

s♦♠❛ ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ α∂ ❞❡ ψ
∣∣
∂Mn : ∂Mn → Ln(τ) ❡ ❛ s❡❣✉♥❞❛ ❢♦r♠❛

❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ Ln(τ) ♥♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r✳

❆ss✐♠

− 〈(dN)q(ei), ei〉 = 〈αq(ei, ei), N(q)〉

= 〈α∂(ei, ei) +Nτ (q), N(q)〉

= 〈α∂(ei, ei), N(q)〉+ 〈Nτ (q), N(q)〉

= 〈α∂(ei, ei), N(q)〉+ 〈−q + 1

τ
a,N(q)〉

= 〈α∂(ei, ei), N(q)〉+ 1

τ
〈a,N(q)〉. ✭❆✳✺✮

❆❣♦r❛ s❡ n é ✉♠ ✈❡t♦r ♥♦r♠❛❧ ❡ ✉♥✐tár✐♦ q✉❛❧q✉❡r ❞❛ r❡str✐çã♦ ψ
∣∣
∂Mn ❡♥tã♦ 〈n,N〉 > 0✱

❞♦ ❝♦♥tr❛r✐♦ s❡ 〈n,N〉 = 0✱ ❝♦♠♦ 〈ν,N〉 = 0 t❡♠♦s q✉❡ n é ✉♠ ♠ú❧t✐♣❧♦ ♥ã♦ ♥✉❧♦ ❞❡ ν

❡ ❞❛✐ 〈n, a〉 6= 0 ♦ q✉❡ ♥ã♦ ♣♦❞❡ ❛❝♦♥t❡❝❡r ✈✐st♦ q✉❡ ψ(∂Mn) ⊂ Ln(τ)✱ ❧♦❣♦ 〈n,N〉 > 0✳

❙♦♠❛♥❞♦ ❞❡ i = 1 ❛ i = n− 1 ❡♠ (A.5) t❡♠♦s

−
n−1∑

i=1

〈(dN)q(ei), ei〉 =
n−1∑

i=1

(
〈α∂(ei, ei), N(q)〉+ 〈Nτ (q), N(q)〉

)

=
n−1∑

i=1

〈α∂(ei, ei), N(q)〉+
n−1∑

i=1

〈Nτ (q), N(q)〉,

✷❊♠ ✈❡r❞❛❞❡ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ✜❜r❛❞♦ ♥♦r♠❛❧ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ é ❛ s♦♠❛ ❞♦

✜❜r❛❞♦ ♥♦r♠❛❧ ❞♦ ❜♦r❞♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ✜❜r❛❞♦ ♥♦r♠❛❧ ❞❛s ❢♦❧❤❛s✳
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♦ q✉❡ ❢♦r♥❡❝❡✱

−
n−1∑

i=1

〈(dN)q(ei), ei〉 =
n−1∑

i=1

〈〈A∂ei, ei〉n(q), N(q)〉 − (n− 1)
1

τ
〈a,N(q)〉

=
n−1∑

i=1

〈A∂ei, ei〉〈n(q), N(q)〉 − (n− 1)
1

τ
〈a,N(q)〉

= (n− 1)H∂〈n(q), N(q)〉 − (n− 1)
1

τ
〈a,N(q)〉,

❞❡ (A.4) ♦❜t❡♠♦s q✉❡

(n− 1)H ≥ (n− 1)
(
H∂〈n(q), N(q)〉 − 1

τ
〈a,N(q)〉

)
,

♠❛s ✐ss♦ ✐♠♣❧✐❝❛

H ≥ H∂〈n(q), N(q)〉 − 1

τ
〈a,N(q)〉,

♦♥❞❡ H∂ r❡♣r❡s❡♥t❛ ❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❛ ✐♠❡rsã♦ ψ
∣∣
∂Mn : ∂Mn → Ln(τ) ❝♦♠

r❡s♣❡✐t♦ ❛ ❡s❝♦❧❤❛ ❞❛ ♦r✐❡♥t❛çã♦ n✳

❈♦♠♦ H∂〈n(q), N(q)〉 ≥ 0✱ ♣♦✐s ♣♦r ❤✐♣ót❡s❡ H∂ ≤ 0✱ t❡♠♦s

H +
1

τ
〈a,N(q)〉 ≥ H∂〈n(q), N(q)〉 ≥ 0

♠❛s

H〈ψ(q), a〉+ 〈N(q), a〉 = Hτ + 〈N, a〉 ≥ 0.

❖ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦ ✉♠❛ ✈❡③ q✉❡ q é ✉♠ ♣♦♥t♦ ❞❡ Mn ♦♥❞❡ ❛ ❢✉♥çã♦

H〈ψ, a〉+ 〈N, a〉 ❛t✐♥❣❡ ♦ ♠í♥✐♠♦✱ ✐st♦ é✱ ♣❛r❛ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ Mn t❡♠✲s❡

H〈ψ, a〉+ 〈N, a〉 ≥ H〈ψ(q), a〉+ 〈N(q), a〉 ≥ 0

❡ t❛♠❜é♠ 〈N, a〉 ≥ − τH ❡♠ Mn✳
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