
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞♦ ❡st✐♠❛❞♦r
❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦rr✐❣✐❞♦

♣❡❧♦ ✈✐és ❡♠ ♠♦❞❡❧♦s ❧✐♥❡❛r❡s
❣❡♥❡r❛❧✐③❛❞♦s ❝♦♠ ♣❛râ♠❡tr♦ ❞❡

❞✐s♣❡rsã♦ ❞❡s❝♦♥❤❡❝✐❞♦ †

♣♦r

❋❛❜✐❛♥❛ ❯❝❤ô❛ ❇❛rr♦s

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❆❧❡①s❛♥❞r♦ ❇❡③❡rr❛ ❈❛✈❛❧❝❛♥t✐

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙✳



▼❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞♦ ❡st✐♠❛❞♦r
❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦rr✐❣✐❞♦

♣❡❧♦ ✈✐és ❡♠ ♠♦❞❡❧♦s ❧✐♥❡❛r❡s
❣❡♥❡r❛❧✐③❛❞♦s ❝♦♠ ♣❛râ♠❡tr♦ ❞❡

❞✐s♣❡rsã♦ ❞❡s❝♦♥❤❡❝✐❞♦

♣♦r

❋❛❜✐❛♥❛ ❯❝❤ô❛ ❇❛rr♦s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❊st❛tíst✐❝❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢❛✳ ❉r❛✳ ❉❡♥✐s❡ ❆♣❛r❡❝✐❞❛ ❇♦tt❡r ✲ ■▼❊✲❯❙P

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ●❛✉ss ▼♦✉t✐♥❤♦ ❈♦r❞❡✐r♦ ✲ ❉❊✲❯❋P❊

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆❧❡①s❛♥❞r♦ ❇❡③❡rr❛ ❈❛✈❛❧❝❛♥t✐ ✲ ❯❋❈●

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❉❡③❡♠❜r♦✴✷✵✶✶

✐✐



❘❡s✉♠♦

❈♦♠ ❜❛s❡ ♥❛ ❡①♣r❡ssã♦ ❞❡ P❛❝❡ ❡ ❙❛❧✈❛♥ ✭✶✾✾✼ ♣á❣✳ ✸✵✮✱ ♦❜t✐✈❡♠♦s ❛ ♠❛tr✐③ ❞❡

❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦rr✐❣✐❞♦s

♣❡❧♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❡♠ ♠♦❞❡❧♦s ❧✐♥❡❛r❡s ❣❡♥❡r❛❧✐③❛❞♦s✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣❛râ♠❡tr♦

❞❡ ❞✐s♣❡rsã♦ ❞❡s❝♦♥❤❡❝✐❞♦✱ ♣♦ré♠ ♦ ♠❡s♠♦ ♣❛r❛ t♦❞❛s ❛s ♦❜s❡r✈❛çõ❡s✳ ❆ ♣❛rt✐r ❞❡ss❛

♠❛tr✐③✱ r❡❛❧✐③❛♠♦s ♠♦❞✐✜❝❛çõ❡s ♥♦ t❡st❡ ❞❡ ❲❛❧❞✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❢♦r❛♠ ❛✈❛❧✐❛✲

❞♦s ❛tr❛✈és ❞❡ ❡st✉❞♦s ❞❡ s✐♠✉❧❛çã♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ▼♦❞❡❧♦s ❧✐♥❡❛r❡s ❣❡♥❡r❛❧✐③❛❞♦s✱ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡✲

❣✉♥❞❛ ♦r❞❡♠✱ ❡st✐♠❛❞♦r ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦rr✐❣✐❞♦ ♣❡❧♦ ✈✐és✱ ♣❛râ♠❡tr♦ ❞❡

❞✐s♣❡rsã♦✳

✐✐✐



❆❜str❛❝t

❇❛s❡❞ ♦♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ P❛❝❡ ❛♥❞ ❙❛❧✈❛♥ ✭✶✾✾✼ ♣á❣✳ ✸✵✮✱ ✇❡ ♦❜t❛✐♥❡❞ t❤❡

s❡❝♦♥❞ ♦r❞❡r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦rs ❝♦rr❡❝t❡❞

❢♦r ❜✐❛s ♦❢ ♦r❞❡r n−1 ✐♥ ❣❡♥❡r❛❧✐③❡❞ ❧✐♥❡❛r ♠♦❞❡❧s✱ ❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ❞✐s♣❡rs✐♦♥ ♣❛r❛✲

♠❡t❡r ✐s t❤❡ s❛♠❡ ❛❧t❤♦✉❣❤ ✉♥❦♥♦✇♥ ❢♦r ❛❧❧ ♦❜s❡r✈❛t✐♦♥s✳ ❋r♦♠ t❤✐s ♠❛tr✐①✱ ✇❡ ♠❛❞❡

♠♦❞✐✜❝❛t✐♦♥s t♦ t❤❡ ❲❛❧❞ t❡st✳ ❚❤❡ r❡s✉❧ts ✇❡r❡ ❡✈❛❧✉❛t❡❞ t❤r♦✉❣❤ s✐♠✉❧❛t✐♦♥ st✉❞✐❡s

♦❢ ▼♦♥t❡ ❈❛r❧♦✳

❑❡②✇♦r❞s✿ ●❡♥❡r❛❧✐③❡❞ ❧✐♥❡❛r ♠♦❞❡❧s✱ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r✱

❜✐❛s ❝♦rr❡❝t❡❞ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r✱ ❞✐s♣❡rs✐♦♥ ♣❛r❛♠❡t❡r✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s ♣❡❧❛ s❛ú❞❡✱ s❛❜❡❞♦r✐❛✱ ❞✐s♣♦s✐çã♦ ❡ ❞✐✈✐♥❛ ♠✐s❡r✐❝ór❞✐❛✳

❆♦s ♠❡✉s ♣❛✐s✱ ❆♥t♦♥✐♦ ❈❛r❧♦s ❡ ❋át✐♠❛✱ ♣♦r t♦❞♦ ❛♠♦r✱ ❛♣♦✐♦✱ ✐♥❝❡♥t✐✈♦ ❡ ♣♦r

s❡r❡♠ ✉♠ r❡❢❡r❡♥❝✐❛❧ ❡♠ ♠✐♥❤❛ ✈✐❞❛✳

❆♦s ♠❡✉s ✐r♠ã♦s✱ ❏♦②❝❡✱ ❑❛r❧❛ ❡ ◆❡t♦✱ ❛♦ ♠❡✉ s♦❜r✐♥❤♦ ❆♥t♦♥✐♦ ❈❛r❧♦s ◆❡t♦ ❡ ❛♦

♠❡✉ ❝✉♥❤❛❞♦ ❏♦sé ❖❝tá✈✐♦ ♣♦r ♣r♦♣♦r❝✐♦♥❛r❡♠ ❡①❝❡❧❡♥t❡s ♠♦♠❡♥t♦s ❡♠ ♠✐♥❤❛ ✈✐❞❛✳

❆♦ ❱♦❣ér✐♦✱ ♣❡❧♦ ♠❛✐s ♣✉r♦ ❡ s✐♥❝❡r♦ ❛♠♦r✳

❆♦ t✐♦ ▲✐♥❞♦♠❛r ♣❡❧♦ ❛♣♦✐♦ ❡ ✐♥❝❡♥t✐✈♦ ♣❛r❛ q✉❡ ❡✉ ♣❡rs✐st✐ss❡ ❝♦♠ ♦s ❡st✉❞♦s✳

❆♦ Pr♦❢❡ss♦r ❆❧❡①s❛♥❞r♦ ❇❡③❡rr❛ ❈❛✈❛❧❝❛♥t✐ ♣❡❧❛ ♦r✐❡♥t❛çã♦✱ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡✱ ♣❛✲

❝✐ê♥❝✐❛ ❡ ❝♦♥✜❛♥ç❛✳

➚ ♣r♦❢❡ss♦r❛ ▼✐❝❤❡❧❧✐ ❑❛r✐♥♥❡ ❇❛rr♦s ❞❛ ❙✐❧✈❛✱ ♣❡❧❛ ❤♦♥r❛ ❞❡ t❡r s✐❞♦ s✉❛ ❛❧✉♥❛

❡ ♣❡❧♦s ✈❛❧✐♦s♦s ❡♥s✐♥❛♠❡♥t♦s✳

❆♦s Pr♦❢❡ss♦r❡s ❉❡♥✐s❡ ❆♣❛r❡❝✐❞❛ ❇♦tt❡r ❡ ●❛✉ss ▼♦✉t✐♥❤♦ ❈♦r❞❡✐r♦ ♣♦r t❡r❡♠

❛❝❡✐t❛❞♦ ♣❛rt✐❝✐♣❛r ❞❛ ❜❛♥❝❛✳

❆♦s Pr♦❢❡ss♦r❡s ▼❛r❝♦♥❞❡s ❘♦❞r✐❣✉❡s ❈❧❛r❦ ❡ ◆❡✇t♦♥ ▲✉ís ❙❛♥t♦s ♣❡❧❛ ❛♠✐③❛❞❡✱

✐♥❝❡♥t✐✈♦ ❡ ❝♦♥❤❡❝✐♠❡♥t♦ tr❛♥s♠✐t✐❞♦s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✳

❆ t♦❞♦s ♦s ❝♦❧❡❣❛s ❞❛ ♣ós✲❣r❛❞✉❛çã♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦s ♠❡✉s q✉❡r✐❞♦s ❛♠✐❣♦s❀

❆❧✐♥❡✱ ♥ã♦ ♣♦❞❡r✐❛ t❡r ✉♠❛ ✈✐③✐♥❤❛ ♠❡❧❤♦r❀ ❏♦❡❧s♦♥✱ s❡♠♣r❡ ❞✐s♣♦♥í✈❡❧ ❡ ♣❛❝✐❡♥t❡ ♣❛r❛

❛❥✉❞❛r ❝♦♠ ❛ ♣❛rt❡ ❝♦♠♣✉t❛❝✐♦♥❛❧❀ ❚❛tá✱ ✐♥❝rí✈❡❧ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ♣❛r❛ ❝♦♠❡r ♣✐③③❛ ❡

❥♦❣❛r ✈ô❧❡✐❀ ❚♦♥❤❛✉♥♠✱ ♣❡❧♦s ♠♦♠❡♥t♦s ❞❡ ❞❡s❝♦♥tr❛çã♦✳ ❱♦❝ês ❢♦r❛♠ ❡ss❡♥❝✐❛✐s ❛♦

❧♦♥❣♦ ❞❡ss❛ ❝❛♠✐♥❤❛❞❛✳

❆♦s ♠❡✉s ❛♠✐❣♦s✱ ●✉st❛✈♦✱ ❘❡♥❛t❛ ❡ ❉✐❡❣♦✱ ♣❡❧♦s ❜♦♥s ♠♦♠❡♥t♦s ❞✉r❛♥t❡ ❛

❣r❛❞✉❛çã♦✳

❆ ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✈



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s✱ ❆♥t♦♥✐♦ ❈❛r❧♦s ❡

❋át✐♠❛✳

✈✐



◆ã♦ ❤á ✐♥✈❡♥çã♦ ♠❛✐s r❡♥tá✈❡❧

q✉❡ ❛ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✳

❇❡♥❥❛♠✐♥ ❋r❛♥❦❧✐♥

✈✐✐



❈♦♥t❡ú❞♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶ ▼♦❞❡❧♦s ▲✐♥❡❛r❡s ●❡♥❡r❛❧✐③❛❞♦s ✽

✶✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✷ ❉❡✜♥✐çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✸ ❊st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✸✳✶ ❊st✐♠❛çã♦ ❞❡ β ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✸✳✷ ❊st✐♠❛çã♦ ❞❡ φ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✹ ❚❡st❡s ❞❡ ❤✐♣ót❡s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷ ❈♦rr❡çã♦ ❞♦ ❱✐és ❞♦s ❊st✐♠❛❞♦r❡s ❞❡ ▼á①✐♠❛ ❱❡r♦ss✐♠✐❧❤❛♥ç❛ ✷✵

✷✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✷ ❋ór♠✉❧❛ ❞❡ ❈♦① ❡ ❙♥❡❧❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✸ ❈♦rr❡çã♦ ❞♦ ✈✐és ❞♦s ❊▼❱s ❡♠ ▼▲●s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✸ ▼❛tr✐③ ❞❡ ❈♦✈❛r✐â♥❝✐❛s ❞❡ ❙❡❣✉♥❞❛ ❖r❞❡♠ ✷✼

✸✳✶ ▼❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦ ❊▼❱ ❡♠ ▼▲●s ❝♦♠ ❞✐s✲

♣❡rsã♦ ❝♦♥❤❡❝✐❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✷ ▼❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❡♠ ▼▲●s ❝♦♠

❞✐s♣❡rsã♦ ❞❡s❝♦♥❤❡❝✐❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✸ ▼❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦ ❊▼❱ ❝♦rr✐❣✐❞♦ ♣❡❧♦ ✈✐és

❡♠ ▼▲●s ❝♦♠ ❞✐s♣❡rsã♦ ❝♦♥❤❡❝✐❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✹ ▼❛tr✐③ ❞❡ ❈♦✈❛r✐â♥❝✐❛s ❞❡ ❙❡❣✉♥❞❛ ❖r❞❡♠ ❞♦s ❊▼❱s ❈♦rr✐❣✐❞♦s ♣❡❧♦

❱✐és ❡♠ ▼▲●s ❝♦♠ ❉✐s♣❡rsã♦ ❉❡s❝♦♥❤❡❝✐❞❛ ✸✼



✐✐

✹✳✶ ▼❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
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✹✳✸ ❘❡s✉❧t❛❞♦s ❞❡ ❙✐♠✉❧❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✺ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s ✹✽

❆ ■❞❡♥t✐❞❛❞❡s ❞❡ ❇❛rt❧❡tt ❡ ❈✉♠✉❧❛♥t❡s ✹✾
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❇✐❜❧✐♦❣r❛✜❛ ✻✸



■♥tr♦❞✉çã♦

❖s ♠♦❞❡❧♦s ❧✐♥❡❛r❡s ❣❡♥❡r❛❧✐③❛❞♦s ✭▼▲●s✮ sã♦ ✉♠❛ ❡①t❡♥sã♦ ❞♦s ♠♦❞❡❧♦s ♥♦r♠❛✐s

❧✐♥❡❛r❡s ❡ ❢♦r❛♠ ❞❡✜♥✐❞♦s ♣♦r ◆❡❧❞❡r ❡ ❲❡❞❞❡r❜✉r♥ ✭✶✾✼✷✮✳ ❆ ✐❞❡✐❛ ♣r✐♥❝✐♣❛❧ é ❛❜r✐r ✉♠

❧❡q✉❡ ❞❡ ♦♣çõ❡s ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❛ ✈❛r✐á✈❡❧ r❡s♣♦st❛✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ q✉❡ ❛ ♠❡s♠❛

♣❡rt❡♥ç❛ à ❢❛♠í❧✐❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❞✐str✐❜✉✐çõ❡s✱ ❜❡♠ ❝♦♠♦ ❞❛r ♠❛✐♦r ✢❡①✐❜✐❧✐❞❛❞❡ à

r❡❧❛çã♦ ❡♥tr❡ ❛ ♠é❞✐❛ ❞❛ ✈❛r✐á✈❡❧ r❡s♣♦st❛ ❡ ♦ ♣r❡❞✐t♦r ❧✐♥❡❛r✳ ◆❡❧❞❡r ❡ ❲❡❞❞❡r❜✉r♥

✐♥tr♦❞✉③✐r❛♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞❡s✈✐♦ q✉❡ t❡♠ s✐❞♦ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♥❛ ❛✈❛❧✐❛çã♦

❞❛ q✉❛❧✐❞❛❞❡ ❞♦s ▼▲●s ❡ ♣r♦♣✉s❡r❛♠ ✉♠ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ❛ ❡st✐♠❛çã♦ ❞♦s

♣❛râ♠❡tr♦s✳ ■♥ú♠❡r♦s ❛rt✐❣♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦s ▼▲●s ❢♦r❛♠ ♣✉❜❧✐❝❛❞♦s ❞❡s❞❡ ✶✾✼✷✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ♣r♦❝✉r❛♠♦s r❡✈✐s❛r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s t❡ór✐❝♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠

♦s ▼▲●s✳

❆ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ♥♦s ▼▲●s✱ ♥❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s✱ é ❢❡✐t❛ ❛tr❛✈és

❞♦ ♠ét♦❞♦ ❞❛ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✱ q✉❡ ♣♦r s✉❛ ✈❡③ ❢♦r♥❡❝❡✱ ❡♠ ❣❡r❛❧✱ ❡st✐♠❛❞♦r❡s

✈✐❡s❛❞♦s✳ ❊♠ ✈✐rt✉❞❡ ❞✐ss♦✱ ❝♦rr❡çõ❡s ❞♦ ✈✐és tê♠ s✐❞♦ ❜❛st❛♥t❡ ❡st✉❞❛❞❛s ♥❛ ❧✐t❡r❛t✉r❛

❡st❛tíst✐❝❛✳ ◆♦ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ❞✐✈❡rs♦s ❛rt✐❣♦s r❡❧❛❝✐♦♥❛❞♦s à ❝♦rr❡çã♦ ❞♦ ✈✐és

❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❡①✐❜✐♠♦s ❛s ❡①♣r❡ssõ❡s ♠❛tr✐❝✐❛✐s ♣❛r❛ ♦s ✈✐❡s❡s ❞♦s ❡st✐♠❛❞♦r❡s ❞❡

♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ✭❊▼❱s✮ ❡♠ ▼▲●s ♦❜t✐❞❛s ♣♦r ❈♦r❞❡✐r♦ ❡ ▼❝❈✉❧❧❛❣❤ ✭✶✾✾✶✮

❛tr❛✈és ❞❛ ❢ór♠✉❧❛ ❞❡ ❈♦① ❡ ❙♥❡❧❧ ✭✶✾✻✽✮✱ ❝✉❥❛ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡ é ❞❡✜♥✐r ✉♠ ❊▼❱

❝♦rr✐❣✐❞♦ ♣❡❧♦ ✈✐és ❛té ❛ ♦r❞❡♠ n−1✳

◆♦s ▼▲●s✱ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞♦s ❊▼❱s é ❞❛❞❛ ♣❡❧❛

✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r✳ ❆ ♣❛rt✐r ❞❛s ❡①♣r❡ssõ❡s ❞❡ P❡❡rs ❡ ■q❜❛❧

✭✶✾✽✺✮✱ ❈♦r❞❡✐r♦ ✭✷✵✵✹✮ ♦❜t❡✈❡ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦ ❊▼❱ ❡♠

▼▲●s ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣❛râ♠❡tr♦ ❞❡ ❞✐s♣❡rsã♦ ❝♦♥❤❡❝✐❞♦✳ ❊st❡ r❡s✉❧t❛❞♦ ❢♦✐ ❡st❡♥❞✐❞♦

♣♦r ❈♦r❞❡✐r♦ ❡t ❛❧✳ ✭✷✵✵✻✮ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ❞✐s♣❡rsã♦ é ❞❡s❝♦♥❤❡❝✐❞♦✳



✼

P♦r ✜♠✱ ✉t✐❧✐③❛♥❞♦ ❛ ❡①♣r❡ssã♦ ❞❡ P❛❝❡ ❡ ❙❛❧✈❛♥ ✭✶✾✾✼✱ ♣á❣✳ ✸✵✮✱ ❈❛✈❛❧❝❛♥t✐ ✭✷✵✵✾✮

♦❜t❡✈❡ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦ ❊▼❱ ❝♦rr✐❣✐❞♦ ♣❡❧♦ ✈✐és ❡♠

▼▲●s s✉♣♦♥❞♦ ♦ ♣❛râ♠❡tr♦ ❞❡ ❞✐s♣❡rsã♦ ❝♦♥❤❡❝✐❞♦✳ ❊st❡s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛♠✲s❡ ♥♦

❈❛♣ít✉❧♦ ✸✳

◆♦ ❈❛♣ít✉❧♦ ✹✱ ❡st❡♥❞❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ❈❛✈❛❧❝❛♥t✐ ✭✷✵✵✾✮ ♣❛r❛ ♦ ❝❛s♦ ❡♠

q✉❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ❞✐s♣❡rsã♦ é ❞❡s❝♦♥❤❡❝✐❞♦✱ ♣♦ré♠ ♦ ♠❡s♠♦ ♣❛r❛ t♦❞❛s ❛s ♦❜s❡r✈❛✲

çõ❡s✳ ❆tr❛✈és ❞❡ ❡st✉❞♦s ❞❡ s✐♠✉❧❛çã♦ ♠♦str❛♠♦s q✉❡ ❛s ❝♦✈❛r✐â♥❝✐❛s ❛té ♦r❞❡♠ n−2

❞♦s ❊▼❱s ❝♦rr✐❣✐❞♦s ♣❡❧♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❡stã♦ ♠❛✐s ♣ró①✐♠❛s ❞❛ ♠❛tr✐③ ❞♦ ❡rr♦

q✉❛❞rát✐❝♦ ♠é❞✐♦✳ ❙✉❣❡r✐♠♦s ♠♦❞✐✜❝❛çõ❡s ♥♦ t❡st❡ ❞❡ ❲❛❧❞ ✉t✐❧✐③❛♥❞♦ ♦s ❡st✐♠❛❞♦r❡s

❝♦rr✐❣✐❞♦s ♣❡❧♦ ✈✐és ❡ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ♦❜t✐❞❛ ♥❡ss❡ ❝❛♣ít✉❧♦ ❡✱ ❛tr❛✈és ❞❡ ❡st✉✲

❞♦s ❞❡ s✐♠✉❧❛çã♦✱ ❝♦♠♣❛r❛♠♦s ♦s t❛♠❛♥❤♦s ❡♠♣ír✐❝♦s ❞♦s t❡st❡s ❞❡ ❲❛❧❞ ♠♦❞✐✜❝❛❞♦s

♣❛r❛ ❛❧❣✉♥s ♥í✈❡✐s ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ✈❛r✐❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❈❛♣ít✉❧♦ ✺✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s t❡♠❛s q✉❡ ♣♦❞❡rã♦ s❡r ❞❡s❡♥✈♦❧✲

✈✐❞♦s ❡♠ ♣❡sq✉✐s❛s ❢✉t✉r❛s✳

❱❛❧❡ s❛❧✐❡♥t❛r q✉❡ ♦ ❈❛♣ít✉❧♦ ✹ é ❛ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉✐çã♦ t❡ór✐❝❛ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❖s ❡st✉❞♦s ❞❡ s✐♠✉❧❛çã♦ r❡❛❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ❢♦r❛♠ ❢❡✐t♦s ✉t✐❧✐③❛♥❞♦ ❛ ❧✐♥❣✉❛❣❡♠

❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❘ ❡♠ s✉❛ ✈❡rsã♦ ✷✳✶✶✳✶ ❡ ❛ ❧✐♥❣✉❛❣❡♠ ♠❛tr✐❝✐❛❧ ❞❡

♣r♦❣r❛♠❛çã♦ ❖① ❡♠ s✉❛ ✈❡rsã♦ ✺✳✶✵✳

❚♦❞♦s ♦s ❝✉♠✉❧❛♥t❡s ✉s❛❞♦s ♥❡st❛ ❞✐ss❡rt❛çã♦ ❡ ♦s ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s ❛❧❣é❜r✐❝♦s

❞♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹ ❡♥❝♦♥tr❛♠✲s❡ ♥♦s ❆♣ê♥❞✐❝❡s ❆ ❡ ❇✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳



❈❛♣ít✉❧♦ ✶

▼♦❞❡❧♦s ▲✐♥❡❛r❡s ●❡♥❡r❛❧✐③❛❞♦s

◆❡st❡ ❝❛♣ít✉❧♦ ❞❡✜♥✐♠♦s ♦s ♠♦❞❡❧♦s ❧✐♥❡❛r❡s ❣❡♥❡r❛❧✐③❛❞♦s ❡ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s

r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ ❡st✐♠❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ❡ t❡st❡s ❞❡ ❤✐♣ót❡s❡s✳

✶✳✶ ■♥tr♦❞✉çã♦

❖s ♠♦❞❡❧♦s ❧✐♥❡❛r❡s ❣❡♥❡r❛❧✐③❛❞♦s ✭▼▲●s✮✱ ❞❡✜♥✐❞♦s ♣♦r ◆❡❧❞❡r ❡ ❲❡❞❞❡r❜✉r♥

✭✶✾✼✷✮✱ sã♦ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ♣❛r❛ ❞❛❞♦s ♥ã♦ ♥♦r♠❛❧♠❡♥t❡ ❞✐str✐❜✉í❞♦s✱ ❣❡r❛❧♠❡♥t❡

❛❥✉st❛❞♦s ♣♦r ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳ ❊st❡s ♠♦❞❡❧♦s sã♦ ❞❡✜♥✐❞♦s ♣♦r ✉♠❛ ❞✐str✐❜✉✐✲

çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ♠❡♠❜r♦ ❞❛ ❢❛♠í❧✐❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❞✐str✐❜✉✐çõ❡s✱ ♣❛r❛ ❛ ✈❛r✐á✈❡❧

r❡s♣♦st❛✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡s❝r❡✈❡♥❞♦ ❛ ❡str✉t✉r❛ ❧✐♥❡❛r ❞♦

♠♦❞❡❧♦ ❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❧✐❣❛çã♦ ❡♥tr❡ ❛ ♠é❞✐❛ ❞❛ ✈❛r✐á✈❡❧ r❡s♣♦st❛ ❡ ❛ ❡str✉t✉r❛ ❧✐♥❡❛r✳

❆ ❧✐❣❛çã♦ ❡♥tr❡ ❛ ♠é❞✐❛ ❡ ♦ ♣r❡❞✐t♦r ❧✐♥❡❛r ♣♦❞❡ ❛ss✉♠✐r q✉❛❧q✉❡r ❢♦r♠❛ ♠♦♥ót♦♥❛

♥ã♦✲❧✐♥❡❛r✱ ♥ã♦ s❡♥❞♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛ ✐❞❡♥t✐❞❛❞❡✳ ❖ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ❛ ❡st✐✲

♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❧✐♥❡❛r❡s ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠ ♠ét♦❞♦ ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s

r❡♣♦♥❞❡r❛❞♦s✳ ❚rês t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❡st❛tíst✐❝❛s sã♦ ❛♣r❡s❡♥t❛❞♦s✿ ♦ ❞❛ r❛③ã♦ ❞❡

✈❡r♦ss✐♠✐❧❤❛♥ç❛✱ ❲❛❧❞ ❡ ❡s❝♦r❡✳ ❖✉tr❛s ❛♣❧✐❝❛çõ❡s ❞❛ ❡str✉t✉r❛ ❞♦s ▼▲●s ♣♦❞❡♠ s❡r

❡♥❝♦♥tr❛❞❛s ❡♠ ❞✐✈❡rs♦s ❛rt✐❣♦s ❡ ❧✐✈r♦s ❞❛ ❧✐t❡r❛t✉r❛ ❡st❛tíst✐❝❛✳ ❘❡❢❡rê♥❝✐❛s ❞❡ t❡①t♦s

♥♦ ❛ss✉♥t♦ sã♦ ♦s ❧✐✈r♦s ❞❡ ❈♦r❞❡✐r♦ ✭✶✾✽✻✮✱ ▼❝❈✉❧❧❛❣❤ ❡ ◆❡❧❞❡r ✭✶✾✽✾✮ ❡ P❛✉❧❛ ✭✷✵✶✵✮✳



✾

✶✳✷ ❉❡✜♥✐çã♦

❙❡❥❛♠ Y1, ..., Yn ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❝♦♠ ❝❛❞❛ Yℓ t❡♥❞♦ ❢✉♥çã♦ ❞❡♥✲

s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✭♦✉ ❢✉♥çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✮ ❞❛❞❛ ♣♦r

π(y; θℓ, φ) = exp{φ[yθℓ − b(θℓ)] + a(y, φ)}, ✭✶✳✶✮

❡♠ q✉❡ a(·, ·) ❡ b(·) sã♦ ❢✉♥çõ❡s ❝♦♥❤❡❝✐❞❛s✳ ❆ ❢❛♠í❧✐❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❞✐str✐❜✉✐çõ❡s é

❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ✭✶✳✶✮✳ ❆ ♠é❞✐❛ ❡ ❛ ✈❛r✐â♥❝✐❛ ❞❡ Yℓ sã♦✱ ❊(Yℓ) = µℓ = db(θℓ)/dθℓ

❡ ❱❛r(Yℓ) = φ−1Vℓ✱ ❡♠ q✉❡ Vℓ = dµℓ/dθℓ é ❞❡♥♦♠✐♥❛❞❛ ❢✉♥çã♦ ❞❡ ✈❛r✐â♥❝✐❛ ❡ θℓ =
∫
Vℓ

−1dµℓ = q(µℓ)✱ s❡♥❞♦ q(µℓ) ✉♠❛ ❢✉♥çã♦ ✉♠✲❛✲✉♠ ❞❡ µℓ✱ ❝♦♥❤❡❝✐❞❛✱ q✉❡ ✈❛r✐❛ ❡♠ ✉♠

s✉❜❝♦♥❥✉♥t♦ ❞♦s r❡❛✐s✳ ❆ ❢✉♥çã♦ ❞❡ ✈❛r✐â♥❝✐❛ ❝❛r❛❝t❡r✐③❛ ❛ ❞✐str✐❜✉✐çã♦✱ ❞❡s❡♠♣❡♥❤❛♥❞♦

❛ss✐♠✱ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥❛ ❢❛♠í❧✐❛ ❡①♣♦♥❡♥❝✐❛❧✳ ❖s ♣❛râ♠❡tr♦s θℓ ❡ φ ❃ ✵ ❡♠ ✭✶✳✶✮

sã♦ ❝❤❛♠❛❞♦s ♣❛râ♠❡tr♦s ❝❛♥ô♥✐❝♦ ❡ ❞❡ ♣r❡❝✐sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✉♠✐♠♦s✱ ♣♦r

❡♥q✉❛♥t♦✱ q✉❡ φ é ❝♦♥❤❡❝✐❞♦ ❡ ❞❡♥♦♠✐♥❛♠♦s φ−1 ❞❡ ♣❛râ♠❡tr♦ ❞❡ ❞✐s♣❡rsã♦✳

◗✉❛♥❞♦ φ ❢♦r ❞❡s❝♦♥❤❡❝✐❞♦✱ ✭✶✳✶✮ ♣♦❞❡✱ ♦✉ ♥ã♦✱ ♣❡rt❡♥❝❡r à ❢❛♠í❧✐❛ ❡①♣♦♥❡♥❝✐❛❧

❜✐♣❛r❛♠étr✐❝❛ ❝♦♠ ♣❛râ♠❡tr♦s ♥❛t✉r❛✐s φ ❡ φθℓ✳ P❛r❛ ✭✶✳✶✮ ♣❡rt❡♥❝❡r à ❢❛♠í❧✐❛ ❡①♣♦✲

♥❡♥❝✐❛❧ ❜✐♣❛r❛♠étr✐❝❛ q✉❛♥❞♦ φ ♥ã♦ ❢♦r ❝♦♥❤❡❝✐❞♦✱ ❛ ❢✉♥çã♦ a(y, φ) ❞❡✈❡ s❡r ❞❡❝♦♠♣♦st❛

❝♦♠♦

a(y, φ) = φc(y) + d1(φ) + d2(y). ✭✶✳✷✮

❊ss❡ é ♦ ❝❛s♦ ❞❛s ❞✐str✐❜✉✐çõ❡s ♥♦r♠❛❧✱ ❣❛♠❛ ❡ ♥♦r♠❛❧ ✐♥✈❡rs❛✱ ♣♦r ❡①❡♠♣❧♦✳

❖s ▼▲●s sã♦ ❞❡✜♥✐❞♦s ♣♦r ✭✶✳✶✮ ❡ ♣❡❧❛ ❝♦♠♣♦♥❡♥t❡ s✐st❡♠át✐❝❛

g(µℓ) = ηℓ,

❡♠ q✉❡ η = Xβ é ♦ ♣r❡❞✐t♦r ❧✐♥❡❛r✱ s❡♥❞♦ β ❂ (β1, ..., βp)
T ✉♠ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s

❞❡s❝♦♥❤❡❝✐❞♦s ❛ s❡r❡♠ ❡st✐♠❛❞♦s✱ X = (x1, ..., xn)
T ❛ ♠❛tr✐③ ❞♦ ♠♦❞❡❧♦ ❞❡ ❞✐♠❡♥sã♦

n × p ❞❡ ♣♦st♦ ❝♦♠♣❧❡t♦✱ ❡♠ q✉❡ xℓ = (xℓ1, ..., xℓp)
T ❡ g(·) é ✉♠❛ ❢✉♥çã♦ ♠♦♥ót♦♥❛ ❡

❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡♥♦♠✐♥❛❞❛ ❢✉♥çã♦ ❞❡ ❧✐❣❛çã♦✳

◆❛ ❚❛❜❡❧❛ ✶✳✶ é ❛♣r❡s❡♥t❛❞♦ ✉♠ r❡s✉♠♦ ❞❡ ❛❧❣✉♠❛s ❞✐str✐❜✉✐çõ❡s ♣❡rt❡♥❝❡♥t❡s à

❢❛♠í❧✐❛ ❡①♣♦♥❡♥❝✐❛❧✳



✶✵

❚❛❜❡❧❛ ✶✳✶✿ Pr✐♥❝✐♣❛✐s ❞✐str✐❜✉✐çõ❡s ♣❡rt❡♥❝❡♥t❡s à ❢❛♠í❧✐❛ ❡①♣♦♥❡♥❝✐❛❧

❉✐str✐❜✉✐çã♦ b(θ) θ φ V (µ)

◆♦r♠❛❧✿ ◆(µ, σ2) θ2/2 µ σ−2 ✶

P♦✐ss♦♥✿ P(µ) eθ ❧♦❣µ ✶ µ

❇✐♥♦♠✐❛❧✿ ❇(n, µ) ❧♦❣(1 + eθ) ❧♦❣{µ/(1− µ)} ♥ µ(1− µ)

●❛♠❛✿ ●(µ, φ) −❧♦❣(−θ) −1/µ ❊2✭❨✮/❱❛r✭❨✮ µ2

◆✳■♥✈❡rs❛✿ ◆■(µ, φ) −
√
−2θ −1/2µ2 φ µ3

❋♦♥t❡✿ P❛✉❧❛ ✭✷✵✶✵❀ ❚❛❜❡❧❛ ✶✳✶✱ ♣á❣✳ ✼✮✳

❆ ❢✉♥çã♦ ❣❡r❛❞♦r❛ ❞❡ ♠♦♠❡♥t♦s ✭❢✳❣✳♠✳✮ ❞❛ ❢❛♠í❧✐❛ ✭✶✳✶✮ é ❞❛❞❛ ♣♦r

▼(t; θ, φ) = ❊(etY ) = exp

{

φ

[

b

(
t

φ
+ θ

)

− b(θ)

]}

, ✭✶✳✸✮

❡ só ❞❡♣❡♥❞❡ ❞❛ ❢✉♥çã♦ b(·)✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ ✭✶✳✸✮ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s

❝♦♥tí♥✉❛s s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✶ ✭❏❛♠❡s✱ ✷✵✵✽✱ ♣á❣✳ ✶✷✵✮ ❡ ❞♦ ❢❛t♦ ❞❡ ✭✶✳✶✮ s❡r ✉♠❛

❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

❆ ❢✉♥çã♦ ❣❡r❛❞♦r❛ ❞❡ ❝✉♠✉❧❛♥t❡s ✭❢✳❣✳❝✳✮ é✱ ❡♥tã♦✱

ϕ(t; θ, φ) = log[▼(t; θ, φ)] = φ

[

b

(
t

φ
+ θ

)

− b(θ)

]

. ✭✶✳✹✮

❉❡r✐✈❛♥❞♦ ✭✶✳✹✮ r ✈❡③❡s ❡♠ r❡❧❛çã♦ ❛ t✱ tê♠✲s❡

ϕ(r)(t; θ, φ) = φ1−rb(r)
(
t

φ
+ θ

)

,

❡♠ q✉❡ b(r) ✐♥❞✐❝❛ ❛ r✲és✐♠❛ ❞❡r✐✈❛❞❛ ❞❡ b(·) ❡♠ r❡❧❛çã♦ ❛ t✳ P❛r❛ t = 0✱ ♦❜té♠✲s❡ ♦

r✲és✐♠♦ ❝✉♠✉❧❛♥t❡ ❞❛ ❢❛♠í❧✐❛ ✭✶✳✶✮ ❝♦♠♦

κr = φ1−rb(r)(θ). ✭✶✳✺✮

❆ ♣❛rt✐r ❞❡ ✭✶✳✺✮✱ ♣♦❞❡✲s❡ ❞❡❞✉③✐r ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ κ1 ❡ ❛ ✈❛r✐â♥❝✐❛ κ2 ❞❛ ❢❛♠í❧✐❛

✭✶✳✶✮ ♣❛r❛ r ❂ ✶ ❡ ✷✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❚❡♠✲s❡ κ1 = µ = b′(θ) ❡ κ2 = φ−1b′′(θ) =

φ−1dµ/dθ✳

❆ ❡q✉❛çã♦ ✭✶✳✺✮ ♠♦str❛ q✉❡ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ ❡♥tr❡ ♦s ❝✉♠✉❧❛♥t❡s

❞❛ ❢❛♠í❧✐❛ ✭✶✳✶✮✱ ✐st♦ é✱ κr+1 = φ−1dκr/dθ ♣❛r❛ r = 1, 2, · · · ✳ ❊ss❡ ❢❛t♦ é ❢✉♥❞❛♠❡♥t❛❧

♥❛ ♦❜t❡♥çã♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❛ss✐♥tót✐❝❛s ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛

♥♦s ▼▲●s✳

❆ ❚❛❜❡❧❛ ✶✳✷ ❛♣r❡s❡♥t❛ ❛s ❢✉♥çõ❡s ❣❡r❛❞♦r❛s ❞❡ ♠♦♠❡♥t♦s ♣❛r❛ ❛s ❞✐str✐❜✉✐çõ❡s

❞❛❞❛s ♥❛ ❚❛❜❡❧❛ ✶✳✶✳



✶✶

❚❛❜❡❧❛ ✶✳✷✿ ❋✉♥çõ❡s ●❡r❛❞♦r❛s ❞❡ ▼♦♠❡♥t♦s ♣❛r❛ ❛❧❣✉♠❛s ❞✐str✐❜✉✐çõ❡s

❉✐str✐❜✉✐çã♦ ❋✉♥çã♦ ●❡r❛❞♦r❛ ❞❡ ▼♦♠❡♥t♦s ▼(t; θ, φ)

◆♦r♠❛❧✿ ◆(µ, σ2) exp
(

µt+ σ2t2

2

)

P♦✐ss♦♥✿ P(µ) exp[µ(et − 1)]

❇✐♥♦♠✐❛❧✿ ❇(n, µ) {µ[e t

n − 1] + 1}n

●❛♠❛✿ ●(µ, φ)
(

1− µt
φ

)−φ

✱ t < φ
µ

◆✳■♥✈❡rs❛✿ ◆■(µ, φ) exp

{

φµ−1

[

1−
(

1− 2µ2t
φ

)1/2
]}

✱ t < φ
2µ2

❆ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ ✉♠ ▼▲● ❝♦♠ r❡s♣♦st❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ s✉♣♦♥❞♦

φ ❝♦♥❤❡❝✐❞♦ é ❞❛❞❛ ♣♦r

L(β) =
n∏

ℓ=1

π(yℓ; θℓ, φ) =
n∏

ℓ=1

exp{φ[yℓθℓ − b(θℓ)] + a(yℓ, φ)}.

❆ss✐♠✱ ♦ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ é ❞❛❞♦ ♣♦r

ℓ(β) = ❧♦❣[L(β)] =
n∑

ℓ=1

φ[yℓθℓ − b(θℓ)] +
n∑

ℓ=1

a(yℓ, φ). ✭✶✳✻✮

❯♠ ❝❛s♦ ✐♠♣♦rt❛♥t❡ ❞♦s ▼▲●s ♦❝♦rr❡ q✉❛♥❞♦ ♦ ♣❛râ♠❡tr♦ ❝❛♥ô♥✐❝♦ θ ❡ ♦ ♣r❡❞✐t♦r

❧✐♥❡❛r ❝♦✐♥❝✐❞❡♠✱ ✐st♦ é✱ q✉❛♥❞♦ θℓ = ηℓ =
∑p

k=1 xℓkβk✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ℓ(β) ✜❝❛

❞❛❞♦ ♣♦r

ℓ(β) =
n∑

ℓ=1

φ

{

yℓ

p
∑

k=1

xℓkβk − b

(
p
∑

k=1

xℓkβk

)}

+
n∑

ℓ=1

a(yℓ, φ),

♣♦❞❡♥❞♦ s❡r ❡①♣r❡ss♦ ♥❛ ❢♦r♠❛

ℓ(β) =

p
∑

k=1

Skβk − φ

n∑

ℓ=1

b

(
p
∑

k=1

xℓkβk

)

+
n∑

ℓ=1

a(yℓ, φ),

❡♠ q✉❡ Sk = φ
∑n

ℓ=1 yℓxℓk✳

P♦rt❛♥t♦✱ ❛ ❡st❛tíst✐❝❛ S = (S1, ..., Sp)
T é s✉✜❝✐❡♥t❡ ♠✐♥✐♠❛❧ ✭❉✉❞❡✇✐❝③ ❡ ▼✐s❤r❛✱

✶✾✽✽✱ ❈❛♣✳ ✽✮ ♣❛r❛ ♦ ✈❡t♦r β = (β1, ..., βp)
T ✳ ❆s ❧✐❣❛çõ❡s q✉❡ ❢♦r♥❡❝❡♠ ❡st❛tíst✐❝❛s

s✉✜❝✐❡♥t❡s ♣❛r❛ ❛s ❞✐✈❡rs❛s ❞✐str✐❜✉✐çõ❡s sã♦ ❞❡♥♦♠✐♥❛❞❛s ❝❛♥ô♥✐❝❛s✳ ❯♠ ❞♦s ❜❡♥❡❢í❝✐♦s

❞❡ ✉s❛r ❛s ❧✐❣❛çõ❡s ❝❛♥ô♥✐❝❛s é q✉❡ ❡❧❛s ❛ss❡❣✉r❛♠ ❛ ❝♦♥❝❛✈✐❞❛❞❡ ❞❡ ℓ(β)✱ ✐st♦ é✱

❣❛r❛♥t❡♠ ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ β✱ q✉❛♥❞♦ ❡ss❛

❡①✐st❡ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♠✉✐t♦s r❡s✉❧t❛❞♦s ❛ss✐♥tót✐❝♦s sã♦ ♦❜t✐❞♦s ♠❛✐s ❢❛❝✐❧♠❡♥t❡✳

❆s ❢✉♥çõ❡s ❞❡ ❧✐❣❛çã♦ ❝❛♥ô♥✐❝❛s ♣❛r❛ ❛s ♣r✐♥❝✐♣❛✐s ❞✐str✐❜✉✐çõ❡s ❡stã♦ ❛♣r❡s❡♥t❛✲

❞❛s ♥❛ ❚❛❜❡❧❛ ✶✳✸✳



✶✷

❚❛❜❡❧❛ ✶✳✸✿ ❋✉♥çõ❡s ❞❡ ❧✐❣❛çã♦ ❝❛♥ô♥✐❝❛s

❉✐str✐❜✉✐çã♦ ❋✉♥çã♦ ❞❡ ❧✐❣❛çã♦ ❝❛♥ô♥✐❝❛

◆♦r♠❛❧ ■❞❡♥t✐❞❛❞❡✿ η = µ

P♦✐ss♦♥ ▲♦❣❛rít♠✐❝❛✿ η = log µ

❇✐♥♦♠✐❛❧ ▲♦❣✐t♦✿ η = log
{

µ
1−µ

}

●❛♠❛ ❘❡❝í♣r♦❝❛✿ η = 1
µ

◆✳■♥✈❡rs❛ ❘❡❝í♣r♦❝❛ ❞♦ q✉❛❞r❛❞♦✿ η = 1
µ2

❖✉tr♦s t✐♣♦s ❞❡ ❧✐❣❛çõ❡s sã♦ ❞❛❞❛s ❛❜❛✐①♦✿

P♦tê♥❝✐❛✿ η = µλ✱ ❡♠ q✉❡ λ é ✉♠ ♥ú♠❡r♦ r❡❛❧✳

Pr♦❜✐t♦✿ η = Φ−1(µ)✱ ❡♠ q✉❡ Φ(·) é ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛ ❞❛

❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ♣❛❞rã♦✳

❈♦♠♣❧❡♠❡♥t♦ ❧♦❣✲❧♦❣✿ η = ❧♦❣[❧♦❣(1− µ)]✳

❇♦①✲❈♦①✿







η = (µλ − 1)/λ ♣❛r❛ λ 6= 0,

η = log µ ♣❛r❛ λ→ 0.

❆r❛♥❞❛✲❖r❞❛③✿ η = log{[(1−µ)−α−1]/α}✱ ❡♠ q✉❡ 0 < µ < 1 ❡ α é ✉♠❛ ❝♦♥st❛♥t❡

❞❡s❝♦♥❤❡❝✐❞❛✳ ◗✉❛♥❞♦ α = 1 t❡♠♦s ❛ ❧✐❣❛çã♦ ❧♦❣✐t♦ η = log{µ/(1− µ)}✳

❆ q✉❛❧✐❞❛❞❡ ❞♦ ❛❥✉st❡ ❞❡ ✉♠▼▲● é ❛✈❛❧✐❛❞❛ ❛tr❛✈és ❞❛s ♠❡❞✐❞❛s ❞❡ ❞✐s❝r❡♣â♥❝✐❛✳

❯♠❛ ❞❡st❛s ♠❡❞✐❞❛s ❢♦✐ ♣r♦♣♦st❛ ♣♦r ◆❡❧❞❡r ❡ ❲❡❞❞❡r❜✉r♥ ✭✶✾✼✷✮✱ s❡♥❞♦ ❞❡♥♦♠✐♥❛❞❛

❞❡ ✧❞❡✈✐❛♥❝❡✧ ✭tr❛❞✉③✐❞❛ ♣♦r ❈♦r❞❡✐r♦ ✭✶✾✽✻✮ ❝♦♠♦ ❞❡s✈✐♦✮✱ ❡ t❡♠ ❡①♣r❡ssã♦ ❞❛❞❛ ♣♦r

D∗(y; µ̂) = φD(y; µ̂) = 2φ
n∑

ℓ=1

{

yℓ(θ̃ℓ − θ̂ℓ) + [b(θ̂ℓ)− b(θ̃ℓ)]
}

, ✭✶✳✼✮

❡♠ q✉❡ D∗(y; µ̂) é ❞❡♥♦♠✐♥❛❞♦ ❞❡ ❞❡s✈✐♦ ❡s❝❛❧♦♥❛❞♦ ❡ D(y; µ̂) ❞❡ ❞❡s✈✐♦✱ s❡♥❞♦ θ̂ℓ =

θℓ(µ̂ℓ) ❡ θ̃ℓ = θℓ(µ̃ℓ) ❛s ❡st✐♠❛t✐✈❛s ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ θ ♣❛r❛ ♦s ♠♦❞❡❧♦s

❝♦♠ p ♣❛râ♠❡tr♦s (p < n) ❡ s❛t✉r❛❞♦ (p = n)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ❞❡s✈✐♦ D(y; µ̂) é

❢✉♥çã♦ ❛♣❡♥❛s ❞♦s ❞❛❞♦s y ❡ ❞❛s ♠é❞✐❛s ❛❥✉st❛❞❛s µ̂✱ ❡ s✉❛s ❡①♣r❡ssõ❡s ♣❛r❛ ❛❧❣✉♠❛s

❞✐str✐❜✉✐çõ❡s sã♦ ❞❛❞❛s ♥❛ ❚❛❜❡❧❛ ✶✳✹✳ ❏á ♦ ❞❡s✈✐♦ ❡s❝❛❧♦♥❛❞♦ D∗(y; µ̂) ❞❡♣❡♥❞❡ ❞❡

D(y; µ̂) ❡ ❞♦ ♣❛râ♠❡tr♦ φ✳

❯♠ ✈❛❧♦r ♣❡q✉❡♥♦ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡s✈✐♦ ✐♥❞✐❝❛ q✉❡✱ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ♠❡♥♦r ❞❡

♣❛râ♠❡tr♦s✱ ♦❜té♠✲s❡ ✉♠ ❛❥✉st❡ tã♦ ❜♦♠ q✉❛♥t♦ ♦ ❛❥✉st❡ ❝♦♠ ♦ ♠♦❞❡❧♦ s❛t✉r❛❞♦✳ ❊♠

❣❡r❛❧✱ D(y; µ̂) ♥ã♦ s❡❣✉❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ χ2
n−p✱ ❡♠❜♦r❛ s❡❥❛ ✉s✉❛❧
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❝♦♠♣❛r❛r ♦s ✈❛❧♦r❡s ♦❜s❡r✈❛❞♦s ❞❛ ❢✉♥çã♦ ❞❡s✈✐♦ ❝♦♠ ♦s ♣❡r❝❡♥t✐s ❞❡st❛ ❞✐str✐❜✉✐çã♦✳

❈♦♠✉♠❡♥t❡✱ ♣❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ D∗(y; µ̂) ❞❡♣❡♥❞❡ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ❞✐s♣❡rsã♦ φ−1✱

❏φr❣❡♥s❡♥ ✭✶✾✽✼✮ ♠♦str♦✉ q✉❡

D∗(y; µ̂) ∼ χ2
n−p q✉❛♥❞♦ φ→ ∞,

✐st♦ é✱ q✉❛♥❞♦ ❛ ❞✐s♣❡rsã♦ é ♣❡q✉❡♥❛ ❛ ❛♣r♦①✐♠❛çã♦ χ2
n−p ♣❛r❛ D

∗(y; µ̂) é r❛③♦á✈❡❧✳

❆ ❚❛❜❡❧❛ ✶✳✹ ❛♣r❡s❡♥t❛ ❛ ❢✉♥çã♦ ❞❡s✈✐♦ ♣❛r❛ ❛s ♣r✐♥❝✐♣❛✐s ❞✐str✐❜✉✐çõ❡s✳

❚❛❜❡❧❛ ✶✳✹✿ ❋✉♥çã♦ ❞❡s✈✐♦ ♣❛r❛ ❛❧❣✉♠❛s ❞✐str✐❜✉✐çõ❡s✳

❉✐str✐❜✉✐çã♦ ❉❡s✈✐♦

◆♦r♠❛❧ D(y; µ̂) =
∑n

ℓ=1(yℓ − µ̂ℓ)
2

P♦✐ss♦♥ D(y; µ̂) = 2
∑n

ℓ=1

[

yℓ log
(

yℓ
µ̂ℓ

)

− (yℓ − µ̂ℓ)
]

❇✐♥♦♠✐❛❧ D(y; µ̂) = 2
∑n

ℓ=1

[

yℓ log
(

yℓ
nℓµ̂ℓ

)

+ (nℓ − yℓ) log
(

1−(yℓ/nℓ)
1−µ̂ℓ

)]

●❛♠❛ D(y; µ̂) = 2
∑n

ℓ=1

[

− log
(

yℓ
µ̂ℓ

)

+ (yℓ−µ̂ℓ)
µ̂ℓ

]

◆✳■♥✈❡rs❛ D(y; µ̂) =
∑n

ℓ=1
(yℓ−µ̂ℓ)

2

yℓµ̂
2

ℓ

❆ ❝♦♥str✉çã♦ ❞❡ t❡st❡s ❡ ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ s♦❜r❡ ♦s ♣❛râ♠❡tr♦s ❧✐♥❡❛r❡s

❞♦s ▼▲●s ♣♦❞❡ s❡r ❢❡✐t❛ ❛tr❛✈és ❞❛ ❢✉♥çã♦ ❞❡s✈✐♦✱ t❡♥❞♦ ❝♦♠♦ ❣r❛♥❞❡ ✈❛♥t❛❣❡♠✱ ❛

✐♥❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ♣❛r❛♠❡tr✐③❛çã♦ ❛❞♦t❛❞❛✳

❯♠❛ ♦✉tr❛ ♠❡❞✐❞❛ ❞❛ ❞✐s❝r❡♣â♥❝✐❛ ❡♥tr❡ ♦s ❞❛❞♦s y ❡ ♦s ✈❛❧♦r❡s ❛❥✉st❛❞♦s µ̂ ♣❛r❛

t❡st❛r ❛ ❛❞❡q✉❛çã♦ ❞❡ ✉♠ ▼▲● é ❞❛❞❛ ♣❡❧❛ ❡st❛tíst✐❝❛ ❞❡ P❡❛rs♦♥ ❣❡♥❡r❛❧✐③❛❞❛✱ ❝✉❥❛

❡①♣r❡ssã♦ é

X2
p =

n∑

ℓ=1

(yℓ − µ̂ℓ)
2

V (µ̂ℓ)
,

❡♠ q✉❡ V (µ̂ℓ) é ❛ ❢✉♥çã♦ ❞❡ ✈❛r✐â♥❝✐❛ ❡st✐♠❛❞❛ ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ✐♥t❡r❡ss❡✳

❆ ❛♥á❧✐s❡ ❞♦ ❞❡s✈✐♦ ✭❆◆❖❉❊❱✮ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❛♥á❧✐s❡ ❞❡ ✈❛r✐â♥❝✐❛ ♣❛r❛

♦s ▼▲●s✳ ❈♦♥s✐❞❡r❡ ♣❛r❛ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s β ❛ ♣❛rt✐çã♦ β = (βT
1 , β

T
2 )

T ✱ ❡♠ q✉❡

β1 é ✉♠ ✈❡t♦r ❞❡ ❞✐♠❡♥sã♦ q × 1✱ ❡♥q✉❛♥t♦ q✉❡ β2 t❡♠ ❞✐♠❡♥sã♦ (p − q) × 1 ❡ φ é

❝♦♥❤❡❝✐❞♦✳ ❙✉♣♦♥❤❛ q✉❡ q✉❡r❡♠♦s t❡st❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ H0 : β1 = 0 ❝♦♥tr❛ ❛ ❤✐♣ót❡s❡

❛❧t❡r♥❛t✐✈❛ H1 : β1 6= 0✳ ❆s ❢✉♥çõ❡s ❞❡s✈✐♦ q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ♠♦❞❡❧♦s s♦❜ H0 ❡

H1 sã♦ ❞❛❞❛s ♣♦r D(y; µ̂(0)) ❡ D(y; µ̂)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♠ q✉❡ µ̂(0) é ❛ ❡st✐♠❛t✐✈❛ ❞❡

♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ µ s♦❜ H0✳
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P♦❞❡♠♦s ❞❡✜♥✐r ❛ ❡st❛tíst✐❝❛

F =
{D(y; µ̂(0))−D(y; µ̂)}/q

D(y; µ̂)/(n− p)
,

❝✉❥❛ ❞✐str✐❜✉✐çã♦ ♥✉❧❛ ❛ss✐♥tót✐❝❛ é Fq,(n−p)✳ ❆ ✈❛♥t❛❣❡♠ ❞❡ ✉t✐❧✐③á✲❧❛ é q✉❡ ❛ ♠❡s♠❛

♥ã♦ ❞❡♣❡♥❞❡ ❞❡ φ✳ ❊ss❛ ❡st❛tíst✐❝❛ é ♠✉✐t♦ ❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ♦ ✉s♦ ♣rát✐❝♦✱ ♣♦✐s ♣♦❞❡

s❡r ♦❜t✐❞❛ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❢✉♥çã♦ ❞❡s✈✐♦✳

✶✳✸ ❊st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s

✶✳✸✳✶ ❊st✐♠❛çã♦ ❞❡ β

❆ ❡st✐♠❛çã♦ ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s β ♣♦❞❡ s❡r ❢❡✐t❛ ❛tr❛✈és ❞❡ ❞✐✈❡rs♦s ♠ét♦❞♦s✱

❞❡♥tr❡ ❡❧❡s✱ ♦ q✉✐✲q✉❛❞r❛❞♦✱ ♦ ❇❛②❡s✐❛♥♦ ❡ ❛ ❡st✐♠❛çã♦✲▼✱ s❡♥❞♦ q✉❡ ❡st❡ ú❧t✐♠♦ ✐♥❝❧✉✐

♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ q✉❡ ♣♦ss✉✐ ♠✉✐t❛s ♣r♦♣r✐❡❞❛❞❡s ót✐♠❛s✱ t❛✐s

❝♦♠♦✱ ❝♦♥s✐stê♥❝✐❛ ❡ ❡✜❝✐ê♥❝✐❛ ❛ss✐♥tót✐❝❛✳

❈♦♥s✐❞❡r❛r❡♠♦s ❛♣❡♥❛s ♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ❡st✐♠❛r ♦s

♣❛râ♠❡tr♦s ❧✐♥❡❛r❡s β1, ..., βp ❞♦ ♠♦❞❡❧♦✳

❆ ❢✉♥çã♦ ❡s❝♦r❡ t♦t❛❧ ❡ ❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ t♦t❛❧ ❞❡ ❋✐s❤❡r ♣❛r❛ ♦ ♣❛râ♠❡tr♦

β sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛❞❛s ♣♦r

Uβ =
∂ℓ(β)

∂β
= φXTW 1/2V −1/2(y − µ),

❡

Kβ = E

{

− ∂2ℓ(β)

∂β∂βT

}

= φXTWX,

❡♠ q✉❡ X é ❛ ♠❛tr✐③ ♠♦❞❡❧♦ ❝✉❥❛s ❧✐♥❤❛s s❡rã♦ ❞❡♥♦t❛❞❛s ♣♦r xTℓ ✱ ℓ = 1, ..., n✱ W =

❞✐❛❣{ω1, ..., ωn} é ❛ ♠❛tr✐③ ❞❡ ♣❡s♦s ❝♦♠ ωℓ = V −1
ℓ (dµℓ/dηℓ)

2✱ V = ❞✐❛❣{V1, ..., Vn}✱
y = (y1, ..., yn)

T ❡ µ = (µ1, ..., µn)
T ✳

❆ ❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ β é ♦❜t✐❞❛ ❛tr❛✈és ❞♦ ♣r♦❝❡ss♦ ✐t❡✲

r❛t✐✈♦ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥✳ ❚❛❧ ♣r♦❝❡ss♦ é ❞❡✜♥✐❞♦ ❡①♣❛♥❞✐♥❞♦✲s❡ ❛ ❢✉♥çã♦ ❡s❝♦r❡ Uβ

❡♠ sér✐❡ ❞❡ ❚❛②❧♦r ❡♠ t♦r♥♦ ❞❡ ✉♠ ✈❛❧♦r ✐♥✐❝✐❛❧ β(0)✱ ❞❡ ♠♦❞♦ q✉❡

Uβ
∼= U

(0)
β + U

′(0)
β (β − β(0)),
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❡♠ q✉❡ U ′
β ❝♦rr❡s♣♦♥❞❡ ❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛ ❞❡ Uβ ❡♠ r❡❧❛çã♦ ❛ β✳ ❆ss✐♠✱ r❡♣❡t✐♥❞♦ ♦

♣r♦❝❡❞✐♠❡♥t♦ ❛❝✐♠❛✱ ❝❤❡❣❛✲s❡ ❛♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦

β(m+1) = β(m) + [(−U ′
β)

−1](m)U
(m)
β ,

m = 0, 1, · · · ✳ ❆ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❡s❝♦r❡ ❞❡ ❋✐s❤❡r s✉❜st✐t✉✐♥❞♦ ❛ ♠❛tr✐③ −U ′
β

♣❡❧♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ✈❛❧♦r ❡s♣❡r❛❞♦ ♣♦❞❡ s❡r ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ q✉❛♥❞♦ ♥ã♦ s❡ s❛❜❡ s❡ ❛

♠❛tr✐③ −U ′
β é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✳ ■ss♦ r❡s✉❧t❛ ♥♦ s❡❣✉✐♥t❡ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦✿

β(m+1) = β(m) + [K−1
β ](m)U

(m)
β ,

m = 0, 1, · · · ✳ ❊st❡ ♣r♦❝❡ss♦ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❝♦♠♦ ✉♠ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❡ ♠í♥✐♠♦s

q✉❛❞r❛❞♦s r❡♣♦♥❞❡r❛❞♦s

β(m+1) = (XTW (m)X)−1XTW (m)z(m), ✭✶✳✽✮

m = 0, 1, ...✱ ❡♠ q✉❡ z = η+W−1/2V −1/2(y−µ)✳ ❆❧é♠ ❞❡ s❡r ✈á❧✐❞❛ ♣❛r❛ q✉❛❧q✉❡r ▼▲●✱

❛ ❡q✉❛çã♦ ♠❛tr✐❝✐❛❧ ✭✶✳✽✮ ♠♦str❛ q✉❡ ❛ s♦❧✉çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛

❡q✉✐✈❛❧❡ ❛ ❝❛❧❝✉❧❛r r❡♣❡t✐❞❛♠❡♥t❡ ✉♠❛ r❡❣r❡ssã♦ ❧✐♥❡❛r ♣♦♥❞❡r❛❞❛ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧

❞❡♣❡♥❞❡♥t❡ ❛❥✉st❛❞❛ z s♦❜r❡ ❛ ♠❛tr✐③X ✉s❛♥❞♦ ✉♠❛ ♠❛tr✐③ ❞❡ ♣❡s♦sW q✉❡ s❡ ♠♦❞✐✜❝❛

❛ ❝❛❞❛ ♣❛ss♦ ❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦✳ ❆s ❢✉♥çõ❡s ❞❡ ✈❛r✐â♥❝✐❛ ❡ ❞❡ ❧✐❣❛çã♦ ❡♥tr❛♠ ♥♦

♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣♦r ♠❡✐♦ ❞❡ W ❡ z✳ ❆ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ✭✶✳✽✮ ♦❝♦rr❡ ❡♠ ❣❡r❛❧ ♥✉♠

♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛ss♦s✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦s ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ✉t✐❧✐③❛❞♦s✳ ➱ ✉s✉❛❧

✐♥✐❝✐❛r ✭✶✳✽✮ ❝♦♠ η(0) = g(y)✳ ❘❡ss❛❧t❛♠♦s q✉❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ♥♦r♠❛❧ ❧✐♥❡❛r ♥ã♦ é

♣r❡❝✐s♦ r❡❝♦rr❡r ❛♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ✭✶✳✽✮ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛ ❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛

✈❡r♦ss✐♠✐❧❤❛♥ç❛✳ ◆❡ss❡ ❝❛s♦✱ β̂ ❛ss✉♠❡ ❛ ❢♦r♠❛ ❢❡❝❤❛❞❛ β̂ = (XTX)−1XTy✳

✶✳✸✳✷ ❊st✐♠❛çã♦ ❞❡ φ

❖s ♠ét♦❞♦s ♠❛✐s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❡st✐♠❛r ♦ ♣❛râ♠❡tr♦ φ q✉❛♥❞♦ ♦ ♠❡s♠♦ é ❞❡s❝♦♥❤❡✲

❝✐❞♦✱ ♣♦ré♠ ✐❣✉❛❧ ♣❛r❛ t♦❞❛s ❛s ♦❜s❡r✈❛çõ❡s✱ sã♦✿ ♠ét♦❞♦ ❞♦ ❞❡s✈✐♦✱ ♠ét♦❞♦ ❞❡ P❡❛rs♦♥

❡ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳

❖ ♠ét♦❞♦ ❞♦ ❞❡s✈✐♦ ❜❛s❡✐❛✲s❡ ♥❛ ❛♣r♦①✐♠❛çã♦ χ2
n−p ♣❛r❛ D∗(y; µ̂)✳ ❆ ❡st✐♠❛t✐✈❛

❞❡ φ é ❡♥tã♦ ❞❛❞❛ ♣♦r

φ̂d =
n− p

D(y; µ̂)
.
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❖ ♠ét♦❞♦ ❞❡ P❡❛rs♦♥ é ❜❛s❡❛❞♦ ♥❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛ ❡st❛tíst✐❝❛ ❞❡

P❡❛rs♦♥ ❣❡♥❡r❛❧✐③❛❞❛ ♣❡❧❛ ❞✐str✐❜✉✐çã♦ χ2
n−p✳ ❆ss✐♠✱ ❛ ❡st✐♠❛t✐✈❛ ❞❡ φ é ❞❛❞❛ ♣♦r

φ̂P =
n− p

∑n
ℓ=1

{
(yℓ−µ̂ℓ)2

V (µ̂ℓ)

} .

◆❛ t❡♦r✐❛✱ ♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ é s❡♠♣r❡ ♣♦ssí✈❡❧✱ ♠❛s ♣♦❞❡

t♦r♥❛r✲s❡ ✐♥❛❝❡ssí✈❡❧ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ q✉❛♥❞♦ ♥ã♦ ❡①✐st✐r s♦❧✉çã♦ ❡①♣❧í❝✐t❛ ♣❛r❛ ❛

❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳ ❉❡✜♥✐♥❞♦ ♦ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐✲

❧❤❛♥ç❛ ▲(β, φ) ❝♦♠♦ ❢✉♥çã♦ ❞❡ β ❡ φ✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r ❞❡ ✭✶✳✻✮

▲(β, φ) =
n∑

ℓ=1

φ {yℓθℓ − b(θℓ)}+
n∑

ℓ=1

a(yℓ, φ). ✭✶✳✾✮

❆ ❢✉♥çã♦ ❡s❝♦r❡ t♦t❛❧ ❡ ❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ t♦t❛❧ ❞❡ ❋✐s❤❡r ♣❛r❛ ♦ ♣❛râ♠❡tr♦

φ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛❞❛s ♣♦r

Uφ =
∂▲(β, φ)
∂φ

=
n∑

ℓ=1

{yℓθℓ − b(θℓ)}+
n∑

ℓ=1

a′(yℓ, φ),

❡

Kφ = E

(

−∂
2▲(β, φ)
∂φ2

)

= −
n∑

ℓ=1

E {a′′(Yℓ, φ)} = −nd2,

❡♠ q✉❡ a′(yℓ, φ) = da(yℓ, φ)/dφ✱ a′′(yℓ, φ) = d2a(yℓ, φ)/dφ
2 ❡ d2 é ❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛

❞❛ ❢✉♥çã♦ d1(φ)✳

■❣✉❛❧❛♥❞♦ ❛ ❢✉♥çã♦ Uφ ❛ ③❡r♦✱ ♦❜t❡♠♦s

n∑

ℓ=1

a′(yℓ, φ̂) = −
n∑

ℓ=1

{yℓθ̂ℓ − b(θ̂ℓ)}.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✶✳✼✮ t❡♠♦s q✉❡

D(y; µ̂) = 2
n∑

ℓ=1

{

yℓ(θ̃ℓ − θ̂ℓ) + [b(θ̂ℓ)− b(θ̃ℓ)]
}

= 2
n∑

ℓ=1

{

yℓ(θ̃ℓ)− b(θ̃ℓ)
}

− 2
n∑

ℓ=1

{

yℓ(θ̂ℓ)− b(θ̂ℓ)
}

.

P♦rt❛♥t♦✱

n∑

ℓ=1

a′(yℓ, φ̂) =
1

2
D(y; µ̂)−

n∑

ℓ=1

{yℓθ̃ℓ − b(θ̃ℓ)},
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❝♦♠ D(y; µ̂) ❞❡♥♦t❛♥❞♦ ♦ ❞❡s✈✐♦ ❞♦ ♠♦❞❡❧♦ s♦❜ ✐♥✈❡st✐❣❛çã♦✳

❆ ❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ φ ♥♦s ❝❛s♦s ♥♦r♠❛❧ ❡ ♥♦r♠❛❧ ✐♥✲

✈❡rs❛✱ é ❞❛❞❛ ♣♦r φ̂ = n/D(y; µ̂)✳ P❛r❛ ♦ ❝❛s♦ ❣❛♠❛✱ ❛ ❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐✲

♠✐❧❤❛♥ç❛ ❞❡ φ ✈❡♠ ❞❛ ❡q✉❛çã♦

2n[log φ̂− ψ(φ̂)] = D(y; µ̂), ✭✶✳✶✵✮

❡♠ q✉❡ ψ(φ) = Γ′(φ)/Γ(φ) é ❛ ❢✉♥çã♦ ❞✐❣❛♠❛✳ ❈♦r❞❡✐r♦ ❡ ▼❝❈✉❧❧❛❣❤ ✭✶✾✾✶✮ ❞❡❞✉③✐r❛♠

✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ φ̂ ♦❜t✐❞❛ ❞❡ ✭✶✳✶✵✮ ♣❛r❛ ✈❛❧♦r❡s ♣❡q✉❡♥♦s ❞❡ φ✱

φ̂ ≈
n

[

1 +
(

1 + 2D(y;µ̂)
3n

)1/2
]

2D(y; µ̂)
.

❯t✐❧✐③❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ 1/2x < log x − ψ(x) < 1/x✱ ❈♦r❞❡✐r♦ ❡ ▼❝❈✉❧❧❛❣❤

✭✶✾✾✶✮ t❛♠❜é♠ ❞❡❞✉③✐r❛♠ q✉❡

n

❉(y; µ̂)
< φ̂ <

2n

❉(y; µ̂)
. ✭✶✳✶✶✮

❙✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❞❡ ❉(y; µ̂) ♣♦r (n− p)/φ̂d ❡♠ ✭✶✳✶✶✮✱ t❡♠♦s

nφ̂d

n− p
< φ̂ <

2nφ̂d

n− p
. ✭✶✳✶✷✮

❆♦ ❧✐♠✐t❡ q✉❛♥❞♦ n→ ∞✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✶✷✮ r❡s✉❧t❛ ❡♠

φ̂d < φ̂ < 2φ̂d. ✭✶✳✶✸✮

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✶✸✮ ♣r♦♣♦r❝✐♦♥❛ ❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❡st✐♠❛t✐✈❛s φ̂ ❡ φ̂d✳

❉❡r✐✈❛♥❞♦ Uφ ❡♠ r❡❧❛çã♦ ❛ βr✱ t❡♠♦s

Uφr =
∂2▲(β, φ)
∂φ∂βr

=
n∑

ℓ=1

(yℓ − µℓ)

Vℓ

dµℓ

dηℓ
xℓr.

▲♦❣♦✱ ❊(Uφβ) ❂ ✵✱ ♦ q✉❡ ♠♦str❛ q✉❡ ♦s ♣❛râ♠❡tr♦s β ❡ φ sã♦ ♦rt♦❣♦♥❛✐s✳

❆ss✐♥t♦t✐❝❛♠❡♥t❡✱ β̂ ❡ φ̂ ♣♦ss✉❡♠ ❞✐str✐❜✉✐çõ❡s Np(β,K
−1
β ) ❡ N(0, K−1

φ )✱ r❡s♣❡❝✲

t✐✈❛♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ β̂ ❡ φ̂ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❉❡♠♦♥str❛çõ❡s r✐❣♦r♦s❛s ❞❡st❡s

r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❋❛❤r♠❡✐r ❡ ❑❛✉❢♠❛♥♥ ✭✶✾✽✺✮ ❡

❙❡♥ ❡ ❙✐♥❣❡r ✭✶✾✾✸✱ ❈❛♣✳ ✼✮✳
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✶✳✹ ❚❡st❡s ❞❡ ❤✐♣ót❡s❡s

❖s ♠ét♦❞♦s ❞❡ ✐♥❢❡rê♥❝✐❛ ♥♦s ▼▲●s ❜❛s❡✐❛♠✲s❡✱ ❡ss❡♥❝✐❛❧♠❡♥t❡✱ ♥❛ t❡♦r✐❛ ❞❡

♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳ ❈♦♠ ❜❛s❡ ♥❡ss❛ t❡♦r✐❛✱ três ❡st❛tíst✐❝❛s sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛

t❡st❛r ❛s ❤✐♣ót❡s❡s r❡❧❛t✐✈❛s ❛♦s ♣❛râ♠❡tr♦s β✬s✱ sã♦ ❡❧❛s✿ ❡st❛tíst✐❝❛ ❞❛ r❛③ã♦ ❞❡ ✈❡r♦s✲

s✐♠✐❧❤❛♥ç❛s❀ ❡st❛tíst✐❝❛ ❞❡ ❲❛❧❞✱ ❜❛s❡❛❞❛ ♥❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♥tót✐❝❛ ❞❡ β̂ ❡ ❛

❡st❛tíst✐❝❛ ❡s❝♦r❡✱ ♦❜t✐❞❛ ❞❛ ❢✉♥çã♦ ❡s❝♦r❡✳

❙✉♣♦♥❤❛ q✉❡ q✉❡r❡♠♦s t❡st❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ H0 : β = β(0) ❝♦♥tr❛ ❛ ❤✐♣ót❡s❡

❛❧t❡r♥❛t✐✈❛ H1 : β 6= β(0)✱ ❡♠ q✉❡ β(0) é ✉♠ ✈❡t♦r ❞❡ ❞✐♠❡♥sã♦ p × 1 ❝♦♥❤❡❝✐❞♦ ❡ φ é

t❛♠❜é♠ ❛ss✉♠✐❞♦ ❝♦♥❤❡❝✐❞♦✳

❚❡st❡ ❞❛ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛s

❖ t❡st❡ ❞❛ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛s ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❤✐♣ót❡s❡ s✐♠♣❧❡s é ❝♦♠✉♠❡♥t❡

❞❡✜♥✐❞♦ ♣♦r

❘❱ = 2[ℓ(β̂)− ℓ(β0)],

❡♠ q✉❡ ℓ(β̂) ❡ ℓ(β0) sã♦ ♦s ✈❛❧♦r❡s ❞♦ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡♠ β̂ ❡

β0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡st❡ ❞❡ ❲❛❧❞

❖ t❡st❡ ❞❡ ❲❛❧❞ é ❞❡✜♥✐❞♦ ♣♦r

❲ = (β̂ − β(0))T ❱̂❛r−1(β̂)(β̂ − β(0)),

❡♠ q✉❡ ❱̂❛r(β̂) ❞❡♥♦t❛ ❛ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛ ❛ss✐♥tót✐❝❛ ❞❡ β̂ ❡st✐♠❛❞❛ ❡♠ β̂✳

❚❡st❡ ❡s❝♦r❡

❖ t❡st❡ ❡s❝♦r❡✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ t❡st❡ ❞❡ ❘❛♦✱ é ❞❡✜♥✐❞♦ q✉❛♥❞♦ Uβ(β̂) =

0 ♣♦r

SR = Uβ(β
0)T ❱̂❛r0(β̂)Uβ(β

0),
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❡♠ q✉❡ ❱̂❛r0(β̂) s✐❣♥✐✜❝❛ q✉❡ ❛ ✈❛r✐â♥❝✐❛ ❛ss✐♥tót✐❝❛ ❞❡ β̂ ❡stá s❡♥❞♦ ❡st✐♠❛❞❛ s♦❜ H0✳

❆s três ❡st❛tíst✐❝❛s ❞❡s❝r✐t❛s ❛❝✐♠❛ sã♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s ❡✱ s♦❜ H0✱

❝♦♥✈❡r❣❡♠ ❡♠ ❞✐str✐❜✉✐çã♦ ♣❛r❛ ❛ ✈❛r✐á✈❡❧ χ2
p✳



❈❛♣ít✉❧♦ ✷

❈♦rr❡çã♦ ❞♦ ❱✐és ❞♦s ❊st✐♠❛❞♦r❡s ❞❡

▼á①✐♠❛ ❱❡r♦ss✐♠✐❧❤❛♥ç❛

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❞✐✈❡rs♦s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s à ❝♦rr❡çã♦ ❞♦ ✈✐és

❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ✭❊▼❱s✮✳ ❆♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ❡①♣r❡s✲

sõ❡s ♠❛tr✐❝✐❛✐s ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ ♦r❞❡♠ n−1 ❞♦s ❊▼❱s ❡♠ ▼▲●s✳ ❚❛✐s ❡①♣r❡ssõ❡s

❢♦r❛♠ ♦❜t✐❞❛s ♣♦r ❈♦r❞❡✐r♦ ❡ ▼❝❈✉❧❧❛❣❤ ✭✶✾✾✶✮ ❛tr❛✈és ❞♦ ✉s♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ❈♦① ❡

❙♥❡❧❧ ✭✶✾✻✽✮ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❞♦s ❊▼❱s ❡♠ ♠♦❞❡❧♦s ♠✉❧t✐♣❛r❛✲

♠étr✐❝♦s✳ ❆ ♣❛rt✐r ❞❡st❛s ❡①♣r❡ssõ❡s✱ é ♣♦ssí✈❡❧ ♦❜t❡r ♦s ❊▼❱s ❝♦rr✐❣✐❞♦s ♣❡❧♦ ✈✐és ❞❡

♦r❞❡♠ n−1 ❡♠ ▼▲●s✳ ❖s r❡s✉❧t❛❞♦s ❞❛ ❙❡çã♦ ✷✳✸ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❈♦r❞❡✐r♦

❡ ▼❝❈✉❧❧❛❣❤ ✭✶✾✾✶✮✳

✷✳✶ ■♥tr♦❞✉çã♦

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❊▼❱s ❡♠ ❛♠♦str❛s ✜♥✐t❛s é ❡st✉❞❛❞♦ ♣♦r ✉♠❛ ♥♦tá✈❡❧ ár❡❛

❞❡ ♣❡sq✉✐s❛ ❡♠ ❡st❛tíst✐❝❛✳ ❊st❡s ❡st✐♠❛❞♦r❡s ♣♦ss✉❡♠ ❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s s✐❣♥✐✜❝❛✲

t✐✈❛s✱ t❛✐s ❝♦♠♦✱ ❝♦♥s✐stê♥❝✐❛✱ ✐♥✈❛r✐â♥❝✐❛ ❡ ❡✜❝✐ê♥❝✐❛ ❛ss✐♥tót✐❝❛✳ ❯♠❛ ❝❛r❛❝t❡ríst✐❝❛

✐♥❞❡s❡❥á✈❡❧ é q✉❡ ❡❧❡s sã♦ t✐♣✐❝❛♠❡♥t❡ ✈✐❡s❛❞♦s ♣❛r❛ ♦s ✈❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡✲

tr♦s q✉❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ n é ♣❡q✉❡♥♦ ♦✉ ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r é r❡❞✉③✐❞❛✳

❙❡♥❞♦ ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ n ❣r❛♥❞❡✱ ♦ ✈✐és q✉❡ é ❞❡ ♦r❞❡♠ n−1 ♣♦❞❡ ❛té s❡r ❝♦♥✲

s✐❞❡r❛❞♦ ✐♥s✐❣♥✐✜❝❛♥t❡ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❛♦ ❡rr♦ ♣❛❞rã♦ q✉❡ é ❞❡ ♦r❞❡♠ n−1/2✳ ◆♦

❡♥t❛♥t♦✱ ❡st✐♠❛❞♦r❡s ❝♦rr✐❣✐❞♦s ♣❡❧♦ ✈✐és ♣♦❞❡♠ ♠❡❧❤♦r❛r ❛ q✉❛❧✐❞❛❞❡ ❞❛s ❡st✐♠❛t✐✈❛s✱
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♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❡♠ s❡ tr❛t❛♥❞♦ ❞❡ ❛♠♦str❛s ♣❡q✉❡♥❛s✳

❆s ❝♦rr❡çõ❡s ❞♦s ✈✐❡s❡s tê♠ s✐❞♦ ❜❛st❛♥t❡ ❡st✉❞❛❞❛s ♥❛ ❧✐t❡r❛t✉r❛ ❡st❛tíst✐❝❛✳

❇❛rt❧❡tt ✭✶✾✺✸✮ ❞❡❞✉③✐✉ ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ ♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❞♦ ❊▼❱ ♥♦ ❝❛s♦

✉♥✐♣❛r❛♠étr✐❝♦✳ ❊①♣r❡ssõ❡s ❞❡ ♦r❞❡♠ n−1 ♣❛r❛ ♦s ♣r✐♠❡✐r♦s q✉❛tr♦ ❝✉♠✉❧❛♥t❡s ❡♠

❛♠♦str❛s ❛❧❡❛tór✐❛s ❞❡ ✉♠ ♦✉ ❞♦✐s ♣❛râ♠❡tr♦s ❞❡s❝♦♥❤❡❝✐❞♦s ❢♦r❛♠ ❞❛❞❛s ♣♦r ❍❛❧❞❛♥❡

✭✶✾✺✸✮ ❡ ❍❛❧❞❛♥❡ ❡ ❙♠✐t❤ ✭✶✾✺✻✮✳ ❙❤❡♥t♦♥ ❡ ❲❛❧❧✐♥❣t♦♥ ✭✶✾✻✷✮ ❛♣r❡s❡♥t❛r❛♠ ✉♠❛

❡①♣r❡ssã♦ ❣❡r❛❧ ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ ♦r❞❡♠ n−1 ❞♦s ❡st✐♠❛❞♦r❡s ♣❡❧♦ ♠ét♦❞♦ ❞♦s ♠♦♠❡♥t♦s

❡ ❞❛ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♥♦ ❝♦♥t❡①t♦ ❜✐♣❛r❛♠étr✐❝♦✳ ❇♦✇♠❛♥ ❡ ❙❤❡♥t♦♥ ✭✶✾✻✺✮

♦❜t✐✈❡r❛♠ ❡①♣r❡ssõ❡s ♣❛r❛ ♦ ✈✐és ❞♦ ❊▼❱ ❛té ❛ ♦r❞❡♠ n−2 ❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ ♠❡s♠❛

♦r❞❡♠✱ ♣❛r❛ ♦ ❝❛s♦ ♠✉❧t✐♣❛r❛♠étr✐❝♦✳ ❈♦① ❡ ❙♥❡❧❧ ✭✶✾✻✽✮ ❞❡❞✉③✐r❛♠ ✉♠❛ ❡①♣r❡ssã♦

❣❡r❛❧ ♣❛r❛ ♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❞♦s ❊▼❱s ♥♦s ❝❛s♦s ✉♥✐♣❛r❛♠étr✐❝♦ ❡ ♠✉❧t✐♣❛r❛♠étr✐❝♦✳

❯♠❛ ❡①♣r❡ssã♦ ❣❡r❛❧ ♣❛r❛ ♦ ✈✐és ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠ ♠♦❞❡❧♦s ♥ã♦✲❧✐♥❡❛r❡s ❡♠ q✉❡

❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s é ❝♦♥❤❡❝✐❞❛ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ♣♦r ❇♦① ✭✶✾✼✶✮✳ ❈♦♦❦ ❡t ❛❧✳

✭✶✾✽✻✮ ❢♦r♥❡❝❡r❛♠ ♦s ✈✐❡s❡s ❞♦s ❊▼❱s ❡♠ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ♥♦r♠❛❧ ♥ã♦✲❧✐♥❡❛r✳

❨♦✉♥❣ ❡ ❇❛❦✐r ✭✶✾✽✼✮ ❡①✐❜✐r❛♠ ❡st✐♠❛❞♦r❡s ❝♦rr✐❣✐❞♦s ❡♠ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ❧♦❣✲

❣❛♠❛ ❣❡♥❡r❛❧✐③❛❞♦s✳

❈♦r❞❡✐r♦ ❡ ▼❝❈✉❧❧❛❣❤ ✭✶✾✾✶✮ ♦❜t✐✈❡r❛♠ ✉♠❛ ❢ór♠✉❧❛ ❣❡r❛❧ ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ ♦r✲

❞❡♠ n−1 ❞♦s ❊▼❱s ❡♠ ♠♦❞❡❧♦s ❧✐♥❡❛r❡s ❣❡♥❡r❛❧✐③❛❞♦s✳ P❛✉❧❛ ✭✶✾✾✷✮ ❝♦♥s❡❣✉✐✉ ✉♠❛

❡①♣r❡ssã♦ ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠ ♠♦❞❡❧♦s ♥ã♦✲❧✐♥❡❛r❡s ❞❛ ❢❛♠í❧✐❛ ❡①♣♦✲

♥❡♥❝✐❛❧✳ ❈♦r❞❡✐r♦ ✭✶✾✾✸✮ ❛♣r❡s❡♥t♦✉ ❡①♣r❡ssõ❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❡♠ ❞♦✐s

♠♦❞❡❧♦s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ r❡❣r❡ssã♦✳ ❯♠ ❡st✐♠❛❞♦r ❝♦rr✐❣✐❞♦✱ ♦ q✉❛❧ ❝♦rr❡s♣♦♥❞❡ à

s♦❧✉çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❡s❝♦r❡ ♠♦❞✐✜❝❛❞❛ ❢♦✐ ❢♦r♥❡❝✐❞♦ ♣♦r ❋✐rt❤ ✭✶✾✾✸✮✳ ❈♦r❞❡✐r♦ ❡

❑❧❡✐♥ ✭✶✾✾✹✮ ❞❡❞✉③✐r❛♠ ❢ór♠✉❧❛s ♠❛tr✐❝✐❛✐s ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s

❡♠ ♠♦❞❡❧♦s ❆❘▼❆✳ ❊①♣r❡ssõ❡s ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ ♦r❞❡♠ n−1 ❞♦s ❊▼❱s ❞♦s ♣❛râ♠❡tr♦s

❡♠ ♠♦❞❡❧♦s ♥ã♦✲❡①♣♦♥❡♥❝✐❛✐s ♥ã♦✲❧✐♥❡❛r❡s ❢♦r❛♠ ❡①✐❜✐❞❛s ♣♦r P❛✉❧❛ ❡ ❈♦r❞❡✐r♦ ✭✶✾✾✺✮✳

❋❡rr❛r✐ ❡t✳ ❛❧ ✭✶✾✾✻✮ ♦❜t✐✈❡r❛♠ ❊▼❱s ❝♦rr✐❣✐❞♦s ❛té s❡❣✉♥❞❛ ❡ t❡r❝❡✐r❛ ♦r❞❡♠ ❡♠ ♠♦✲

❞❡❧♦s ✉♥✐♣❛r❛♠étr✐❝♦s ❡ ❝♦♠♣❛r❛r❛♠ s❡✉s ❡rr♦s ♣❛❞rã♦✳ ❈♦r❞❡✐r♦ ❡ ❱❛s❝♦♥❝❡❧❧♦s ✭✶✾✾✼✮

❢♦r♥❡❝❡r❛♠ ✉♠❛ ❢ór♠✉❧❛ ❣❡r❛❧ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ✈✐és ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠ ✉♠❛ ❛♠♣❧❛

❝❧❛ss❡ ❞❡ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ♠✉❧t✐✈❛r✐❛❞♦s ♥♦r♠❛✐s ♥ã♦✲❧✐♥❡❛r❡s✳ ❇♦tt❡r ❡ ❈♦r❞❡✐r♦

✭✶✾✾✽✮ ❞❡❞✉③✐r❛♠ ❢ór♠✉❧❛s ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❡♠ ♠♦❞❡❧♦s ❧✐✲

♥❡❛r❡s ❣❡♥❡r❛❧✐③❛❞♦s ❝♦♠ ❝♦✈❛r✐á✈❡✐s ♠♦❞❡❧❛♥❞♦ ♦ ♣❛râ♠❡tr♦ ❞❡ ❞✐s♣❡rsã♦✳ ❈♦r❞❡✐r♦ ❡

❈r✐❜❛r✐✲◆❡t♦ ✭✶✾✾✽✮ ❝♦♥❝❧✉ír❛♠✱ ❛tr❛✈és ❞❡ ❡st✉❞♦s ❞❡ s✐♠✉❧❛çã♦✱ q✉❡ ♣❛r❛ ♦s ♠♦❞❡❧♦s
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♥ã♦✲❡①♣♦♥❡♥❝✐❛✐s ♥ã♦✲❧✐♥❡❛r❡s ♦s ❊▼❱s ❝♦rr✐❣✐❞♦s sã♦ ♠❛✐s ♣r❡❝✐s♦s ❡♠ t❡r♠♦s ❞❡ ❡rr♦

♠é❞✐♦ q✉❛❞rát✐❝♦ ❞♦ q✉❡ ❛s ❡st✐♠❛t✐✈❛s ✉s✉❛✐s✳

❈♦r❞❡✐r♦ ❡ ❱❛s❝♦♥❝❡❧❧♦s ✭✶✾✾✾✮ ❛♣r❡s❡♥t❛r❛♠ ♦s ✈✐❡s❡s ❞❡ ♦r❞❡♠ n−1 ❞♦s ❊▼❱s

❡♠ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ✈♦♥ ▼✐s❡s✳ ❊①♣r❡ssõ❡s ♠❛tr✐❝✐❛✐s ♣❛r❛ ♦ ✈✐és ❞❡ s❡❣✉♥❞❛

♦r❞❡♠ ❞♦s ❊▼❱s ❡♠ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ♠✉❧t✐✈❛r✐❛❞♦s ♥ã♦✲❧✐♥❡❛r❡s ❝♦♠ ❡rr♦s t✲

❙t✉❞❡♥t ❢♦r❛♠ ❢♦r♥❡❝✐❞❛s ♣♦r ❱❛s❝♦♥❝❡❧❧♦s ❡ ❈♦r❞❡✐r♦ ✭✷✵✵✵✮✳ ❯♠❛ ❢ór♠✉❧❛ ❣❡r❛❧ ♣❛r❛

♦s ✈✐❡s❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❡♠ ✉♠❛ ❝❧❛ss❡ ❞❡ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ♥ã♦✲

❧✐♥❡❛r❡s s✐♠étr✐❝♦s ❢♦✐ ❞❡❞✉③✐❞❛ ♣♦r ❈♦r❞❡✐r♦ ❡t ❛❧✳ ✭✷✵✵✵✮✳ ❈r✐❜❛r✐✲◆❡t♦ ❡ ❱❛s❝♦♥❝❡❧❧♦s

✭✷✵✵✷✮ ❛♥❛❧✐s❛r❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♠ ❛♠♦str❛s ✜♥✐t❛s ❞♦s ❊▼❱s ❞♦s ♣❛râ♠❡tr♦s q✉❡

✐♥❞❡①❛♠ ❛ ❞✐str✐❜✉✐çã♦ ❜❡t❛✳ ❯♠❛ ❢ór♠✉❧❛ ❣❡r❛❧ ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s

❊▼❱s ❡♠ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ♥ã♦✲❧✐♥❡❛r t✲❙t✉❞❡♥t ❡♠ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❣r❛✉s ❞❡

❧✐❜❡r❞❛❞❡ é ❞❡s❝♦♥❤❡❝✐❞♦ ❢♦✐ ❞❛❞❛ ♣♦r ❱❛s❝♦♥❝❡❧❧♦s ❡ ❙✐❧✈❛ ✭✷✵✵✺✮✳ ❖s♣✐♥❛ ❡t ❛❧✳ ✭✷✵✵✻✮

❛♣r❡s❡♥t❛r❛♠ ❡①♣r❡ssõ❡s ❝♦♠ ❢♦r♠❛ ❢❡❝❤❛❞❛ ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ ♦r❞❡♠ n−1 ❞♦s ❊▼❱s

❡♠ ✉♠ ♠♦❞❡❧♦ ❜❡t❛✳ ▲❡♠♦♥t❡ ❡t ❛❧✳ ✭✷✵✵✼✮ ❡①✐❜✐r❛♠ ❡st✐♠❛❞♦r❡s ♥ã♦✲✈✐❡s❛❞♦s ♣❛r❛ ♦s

♣❛râ♠❡tr♦s ❞❛ ❞✐str✐❜✉✐çã♦ ❇✐r♥❜❛✉♠✲❙❛✉♥❞❡rs✳

❈♦r❞❡✐r♦ ❡ ❇❛rr♦s♦ ✭✷✵✵✼✮ ❞❡r❛♠ ❡①♣r❡ssõ❡s ♠❛tr✐❝✐❛✐s ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ ♦r❞❡♠

n−2 ❞♦s ❊▼❱s ❡♠ ▼▲●s✳ ❈♦r❞❡✐r♦ ❡ ❯❞♦ ✭✷✵✵✽✮ ❢♦r♥❡❝❡r❛♠ ❡①♣r❡ssõ❡s ♣❛r❛ ♦s ✈✐❡s❡s

❞❡ ♦r❞❡♠ n−2 ❞♦s ❊▼❱s ❡♠ ♠♦❞❡❧♦s ♥ã♦✲❧✐♥❡❛r❡s ❣❡♥❡r❛❧✐③❛❞♦s ❝♦♠ ❞✐s♣❡rsã♦ ♥❛s

❝♦✈❛r✐á✈❡✐s✳ ❈♦rr❡çã♦ ❞♦ ✈✐és ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ q✉❛s✐✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡st❡♥❞✐❞♦ ❢♦✐

❞❛❞❛ ♣♦r ❈♦r❞❡✐r♦ ❡ ❉❡♠étr✐♦ ✭✷✵✵✽✮✳ ❈♦r❞❡✐r♦ ❡t ❛❧✳ ✭✷✵✵✽✮ ❞❡s❡♥✈♦❧✈❡r❛♠ ❝♦rr❡çã♦ ❞♦

✈✐és ❞♦ ❊▼❱ ❡♠ ♠♦❞❡❧♦s ♥ã♦✲❧✐♥❡❛r❡s ❝♦♠ s✉♣❡r ❞✐s♣❡rsã♦✳ ❈♦r❞❡✐r♦ ✭✷✵✵✽✮ ❢♦r♥❡❝❡✉

❢ór♠✉❧❛s ♣❛r❛ ♦s ✈✐❡s❡s ❞♦s ❊▼❱s ❡♠ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ❧✐♥❡❛r❡s ❤❡t❡r♦s❝❡❞ást✐❝♦s✳

❈♦r❞❡✐r♦ ❡t ❛❧✳ ✭✷✵✵✾✮ ♦❜t✐✈❡r❛♠ ✉♠❛ ❢ór♠✉❧❛ ♠❛tr✐❝✐❛❧ ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ s❡❣✉♥❞❛

♦r❞❡♠ ❞♦s ❊▼❱s ❞♦s ♣❛râ♠❡tr♦s ❞❛ ♠é❞✐❛ ❡ ❞❛ ✈❛r✐â♥❝✐❛ ❡♠ ♠♦❞❡❧♦s ♥ã♦✲❧✐♥❡❛r❡s

❤❡t❡r♦s❝❡❞ást✐❝♦s✳ ❈②s♥❡✐r♦s ❡t ❛❧✳ ✭✷✵✵✾✮ ❛♣r❡s❡♥t❛r❛♠ ✉♠❛ ❢ór♠✉❧❛ ❣❡r❛❧ ♣❛r❛ ♦s

✈✐❡s❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❡♠ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ♥ã♦✲❧✐♥❡❛r❡s s✐♠étr✐❝♦s

❤❡t❡r♦s❝❡❞ást✐❝♦s✳

✷✳✷ ❋ór♠✉❧❛ ❞❡ ❈♦① ❡ ❙♥❡❧❧

❯♠❛ ❢ór♠✉❧❛ ❣❡r❛❧ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❞♦s ❊▼❱s ❡♠

♠♦❞❡❧♦s ♠✉❧t✐♣❛r❛♠étr✐❝♦s✱ ❝♦♠ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ = (θ1, ..., θp)
T ✱ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛



✷✸

♣♦r ❈♦① ❡ ❙♥❡❧❧ ✭✶✾✻✽✮ ❡ é ❞❛❞❛ ♣♦r

dr(θ) =
∑

s,t,u

κrsκtu
(
1

2
κstu + κst,u

)

, ✭✷✳✶✮

❡♠ q✉❡ r, s, t, u ✐♥❞❡①❛♠ ♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ❡ −κrs r❡♣r❡s❡♥t❛ ♦ ❡❧❡♠❡♥t♦ (r, s)

❞❛ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r✳ P❛r❛ ❝❛❧❝✉❧❛r ♦ ✈✐és✱ ❜❛st❛ ❝♦♥❤❡❝❡r ❛

✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r ❡ ♦s ❝✉♠✉❧❛♥t❡s κst,u ❡ κstu ❡♠ r❡❧❛çã♦ ❛

t♦❞♦s ♦s ♣❛râ♠❡tr♦s✳ ❆ ❡①♣r❡ssã♦ (1/2κstu+κst,u) ♥❛ ❢ór♠✉❧❛ ✭✷✳✶✮ ♣♦❞❡ s❡r s✉❜st✐t✉í❞❛

♣♦r (κ(u)st −1/2κstu)✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❇❛rt❧❡tt κst,u+κstu−κ(u)st = 0✳

❆ ❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❞❛ ❢ór♠✉❧❛ ✭✷✳✶✮ é ❞❡✜♥✐r ✉♠ ❊▼❱ ❝♦rr✐❣✐❞♦ ❛té ❛ ♦r❞❡♠

n−1 ❞❛❞♦ ♣♦r θ̃r = θ̂r − dr(θ̂)✱ ❡♠ q✉❡ dr(θ̂) é ❛ r✲és✐♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ d(θ̂)✳ ❖ ❊▼❱

❝♦rr✐❣✐❞♦ θ̃r t❡♠ ✈✐és ❞❡ ♦r❞❡♠ n−2✱ ✐st♦ é✱ E(θ̃r) = θr + O(n−2)✱ ❡ ♣♦❞❡ s❡r ♣r❡❢❡r✐❞♦

❡♠ r❡❧❛çã♦ ❛♦ ❊▼❱ ✉s✉❛❧ θ̂r ❝✉❥♦ ✈✐és é ❞❡ ♦r❞❡♠ n−1✳

✷✳✸ ❈♦rr❡çã♦ ❞♦ ✈✐és ❞♦s ❊▼❱s ❡♠ ▼▲●s

❆tr❛✈és ❞❛ ❢ór♠✉❧❛ ✭✷✳✶✮✱ ❈♦r❞❡✐r♦ ❡ ▼❝❈✉❧❧❛❣❤ ✭✶✾✾✶✮ ♦❜t✐✈❡r❛♠ ❡①♣r❡ssõ❡s

♠❛tr✐❝✐❛✐s ♣❛r❛ ♦s ✈✐❡s❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❡♠ ▼▲●s✳

❈♦♥s✐❞❡r❡♠♦s n ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s Y1, ..., Yn ❝♦♠ ❢✉♥çã♦ ❞❡♥s✐✲

❞❛❞❡ ✭✶✳✶✮ ❡ a(y, φ) ❞❛❞♦ ❡♠ ✭✶✳✷✮✳ ❙✉♣♦♥❤❛♠♦s q✉❡ d1(·) t❡♥❤❛ ❛s q✉❛tr♦ ♣r✐♠❡✐✲

r❛s ❞❡r✐✈❛❞❛s✳ ❙❡♥❞♦ ♦ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ β ❡ φ ❞❛❞♦

❡♠ ✭✶✳✾✮✱ ❞❡♥♦t❛r❡♠♦s ♦s ❝✉♠✉❧❛♥t❡s ❝♦♥❥✉♥t♦s ❞❛s ❞❡r✐✈❛❞❛s ❞❡ ▲ = ▲(β, φ) ♣♦r

κrs = E(∂2L/∂βr∂βs)✱ κr,s = E(∂L/∂βr∂L/∂βs)✱ κφr = E(∂2L/∂φ∂βr)✱ κ
(t)
rs = ∂κrs/∂βt✱

κrs,t = E(∂2L/∂βr∂βs∂L/∂βt)✱ κrst = E(∂3L/∂βr∂βs∂βt)✱ ❡t❝✳

❆ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ♣❛r❛ (β, φ) é ❞❛❞❛ ♣♦r

K =




−κrs 0

0 −nd2



 ,

❝✉❥❛ ✐♥✈❡rs❛ é

K−1 =




{−κrs} 0

0 {−nd2}−1



 ,

❡♠ q✉❡ {−κrs} r❡♣r❡s❡♥t❛ ♦ ✐♥✈❡rs♦ ❞❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡rKβ ❡ dr = d
(r)
1 (φ)

♣❛r❛ r = 2 é ❛ r✲és✐♠❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ d1(φ)✳



✷✹

❙❡❥❛ dr(β) ♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❞❛ r✲és✐♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ d(β) ❝♦♠ r = 1, ..., p✳

❯t✐❧✐③❛♥❞♦ ❛ ❢ór♠✉❧❛ ✭✷✳✶✮ t❡♠✲s❡ q✉❡ dr(β) ❞❡✈✐❞♦ à ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❡♥tr❡ β ❡ φ r❡❞✉③✲s❡

❛

dr(β) =

p
∑

s,t,u=1

κrsκtu
(
1

2
κstu + κst,u

)

+

p
∑

s=1

κrsκφφ
(
1

2
κsφφ + κsφ,φ

)

.

❈♦♠♦ κsφφ = κ
(φ)
sφ = κsφ,φ = 0✱ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ✜❝❛ ❞❛❞❛ ♣♦r

dr(β) =

p
∑

s,t,u=1

κrsκtu
(
1

2
κstu + κst,u

)

. ✭✷✳✷✮

◆♦t❡ q✉❡✱

1

2
κstu + κst,u = −1

2
φ

n∑

ℓ=1

(fℓ + 2gℓ)xℓsxℓtxℓu + φ
n∑

ℓ=1

gℓxℓsxℓtxℓu

= −1

2
φ

n∑

ℓ=1

fℓxℓsxℓtxℓu, ✭✷✳✸✮

❡♠ q✉❡ fℓ = V −1
ℓ (dµℓ/dηℓ)(d

2µℓ/dηℓ
2) ❡ gℓ = fℓ − V −2

ℓ V
(1)
ℓ (dµℓ/dηℓ)

3✳

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✸✮ ❡♠ ✭✷✳✷✮ ❡ r❡❛rr❛♥❥❛♥❞♦ ♦s t❡r♠♦s ❞♦ s♦♠❛tór✐♦ t❡♠♦s✱

dr(β) = −1

2
φ

n∑

ℓ=1

fℓ

(
p
∑

s=1

κrsxℓs

)(
p
∑

t,u=1

κtuxℓtxℓu

)

.

P♦rt❛♥t♦✱ ♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❞❡ β̂ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧✱ ❝♦♠♦

d(β) = −(2φ)−1(XTWX)−1XTZdF1, ✭✷✳✹✮

❡♠ q✉❡ Zd = ❞✐❛❣{z11, ..., znn}✱ s❡♥❞♦ Z = {zℓm} = X(XTWX)−1XT ✱ F = ❞✐❛❣{f1, ..., fn}
❡ 1 é ✉♠ ✈❡t♦r n× 1 ❞❡ ✉♥s✳

❆ ❡①♣r❡ssã♦ ✭✷✳✹✮ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ♦ ✈❡t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ r❡❣r❡ssã♦ ♥❛

r❡❣r❡ssã♦ ❧✐♥❡❛r ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

d(β) = (XTWX)−1XTWζ,

❡♠ q✉❡ ζ = −(2φ)−1W−1ZdF1✳

❖ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❞❡ η̂ é ❡s❝r✐t♦ ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ❝♦♠♦

d(η) = d(Xβ) = Xd(β) = −(2φ)−1X(XTWX)−1XTZdF1

= −(2φ)−1ZZdF1. ✭✷✳✺✮



✷✺

❙❡❥❛♠ G1 = ❞✐❛❣{dµ/dη} ❡ G2 = ❞✐❛❣{d2µ/dη2}✳ ❈♦♠♦ µℓ é ✉♠❛ ❢✉♥çã♦ ✉♠✲❛✲

✉♠ ❞❡ ηℓ✱ ♦❜tê♠✲s❡ ♣❛r❛ ❛ ♦r❞❡♠ n−1 q✉❡

d(µℓ) = d(ηℓ)
dµℓ

dηℓ
+

1

2
❱❛r1(η̂ℓ)

d2µℓ

dηℓ2
,

❡♠ q✉❡ ❱❛r1(η̂ℓ) é ♦ t❡r♠♦ n−1 ♥❛ ✈❛r✐â♥❝✐❛ ❞❡ η̂ℓ✳

❚❡♠♦s q✉❡✱

❱❛r(η̂) = ❱❛r(Xβ̂) = X❱❛r(β̂)XT = XK−1
β XT = φ−1X(XTWX)−1XT = φ−1Z.

❆ss✐♠✱







❱❛r1(η̂1)
✳✳✳

❱❛r1(η̂n)







= φ−1








z11
✳✳✳

znn







= φ−1








z11
✳ ✳ ✳

znn















1
✳✳✳

1







= φ−1Zd1.

P♦rt❛♥t♦✱

d(µ) = −(2φ)−1G1ZZdF1+ (2φ)−1G2Zd1.

❈♦♠♦ F ❡ Zd sã♦ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s✱ ❡♥tã♦ ZdF = FZd✳

▲♦❣♦✱ ♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❞❡ µ̂ é

d(µ) = −(2φ)−1G1ZFZd1+ (2φ)−1G2Zd1

= (2φ)−1(G2 −G1ZF )Zd1. ✭✷✳✻✮

❯s❛♥❞♦ ❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❡♥tr❡ β ❡ φ ♥❛ ❢ór♠✉❧❛ ✭✷✳✶✮✱ t❡♠✲s❡ q✉❡ ♦ ✈✐és n−1 ❞❡

φ̂ é ❡①♣r❡ss♦ ♣♦r

d(φ) = κφφ
p
∑

t,u=1

κtu
(
1

2
κφtu + κφt,u

)

+ (κφφ)2
(
1

2
κφφφ + κφφ,φ

)

. ✭✷✳✼✮

❈♦♠♦ κφt,u = −κφtu =
∑n

ℓ=1 ωℓxℓtxℓu✱ t❡♠♦s q✉❡

p
∑

t,u=1

κtu
(
1

2
κφtu + κφt,u

)

=
1

2

n∑

ℓ=1

ωℓ

(
p
∑

t,u=1

κtuxℓtxℓu

)

= − 1

2φ

n∑

ℓ=1

ωℓzℓℓ

= − 1

2φ
tr(WZ)

= − 1

2φ
♣♦st♦(X)

= − p

2φ
✭✷✳✽✮



✷✻

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✽✮ ❡♠ ✭✷✳✼✮ ❡ ✉t✐❧✐③❛❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ κφφ = nd2✱ κφφ,φ = 0 ❡

κφφφ = nd3✱ ♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❞❡ φ̂ é ❞❛❞♦ ♣♦r

d(φ) =
1

nd2

(−p
2φ

)

+

(
1

nd2

)2
nd3
2

=
φd3 − pd2
2nφd22

. ✭✷✳✾✮

❆ ♣❛rt✐r ❞❛s ❡①♣r❡ssõ❡s ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ❡ ✭✷✳✾✮✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦s ❊▼❱s ❝♦r✲

r✐❣✐❞♦s ♣❡❧♦ ✈✐és ❞❡ ♦r❞❡♠ n−1✱ β̃✱ η̃✱ µ̃ ❡ φ̃✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r

β̃ = β̂ − d(β̂), η̃ = η̂ − d(η̂), µ̃ = µ̂− d(µ̂) ❡ φ̃ = φ̂− d(φ̂),

❡♠ q✉❡ d(·) é ♦ ✈✐és ❛✈❛❧✐❛❞♦ ♥♦s ♣❛râ♠❡tr♦s β̂✱ η̂✱ µ̂ ❡ φ̂✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ❡st✐✲

♠❛❞♦r❡s ❝♦rr✐❣✐❞♦s tê♠ ✈✐❡s❡s ❞❡ ♦r❞❡♠ n−2✳ ❙❡♥❞♦ ❛ss✐♠✱ ❡s♣❡r❛✲s❡ q✉❡ ❡❧❡s t❡♥❤❛♠

♠❡❧❤♦r❡s ♣r♦♣r✐❡❞❛❞❡s ❡♠ ❛♠♦str❛s ✜♥✐t❛s q✉❡ ♦s ❊▼❱s ✉s✉❛✐s✱ ❝✉❥♦s ✈✐❡s❡s sã♦ ❞❡

♦r❞❡♠ n−1✳



❈❛♣ít✉❧♦ ✸

▼❛tr✐③ ❞❡ ❈♦✈❛r✐â♥❝✐❛s ❞❡ ❙❡❣✉♥❞❛

❖r❞❡♠

◆❡st❡ ❝❛♣ít✉❧♦✱ ❢♦r♥❡❝❡♠♦s ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s

❡♠ ▼▲●s ♣❛r❛ ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿ q✉❛♥❞♦ ❛ ❞✐s♣❡rsã♦ é ❝♦♥❤❡❝✐❞❛✱ q✉❛♥❞♦ ❛ ❞✐s♣❡rsã♦

é ❞❡s❝♦♥❤❡❝✐❞❛ ❡ q✉❛♥❞♦ ♦ ❊▼❱ é ❝♦rr❣✐❞♦ ♣❡❧♦ ✈✐és✱ ♣♦ré♠ ❝♦♠ ❞✐s♣❡rsã♦ ❝♦♥❤❡❝✐❞❛✳

❊st❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❈♦r❞❡✐r♦ ✭✷✵✵✹✮✱ ❈♦r❞❡✐r♦ ❡t ❛❧✳ ✭✷✵✵✻✮ ❡

❈❛✈❛❧❝❛♥t✐ ✭✷✵✵✾✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✸✳✶ ▼❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦ ❊▼❱

❡♠ ▼▲●s ❝♦♠ ❞✐s♣❡rsã♦ ❝♦♥❤❡❝✐❞❛

❚❛♥t♦ ♥❡st❛ s❡çã♦ ❝♦♠♦ ♥❛ ❙❡çã♦ ✸✳✸✱ ♦ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛

♣❛r❛ β s❡rá ❞❛❞♦ ♣♦r ✭✶✳✻✮ ❡ ❞❡♥♦t❛r❡♠♦s ♦s ❝✉♠✉❧❛♥t❡s ❝♦♥❥✉♥t♦s ❞❛s ❞❡r✐✈❛❞❛s ❞❡

ℓ = ℓ(β) ♣♦r κrs = E(∂2ℓ/∂βr∂βs)✱ κr,s = E(∂ℓ/∂βr∂ℓ/∂βs)✱ κrs(t) = ∂κrs/∂βt✱ κrs,t =

E(∂2ℓ/∂βr∂βs∂ℓ/∂βt)✱ κrst = E(∂3ℓ/∂βr∂βs∂βt)✱ ❡t❝✳ ❚♦❞♦s ♦s κ✬s r❡❢❡r❡♠✲s❡ ❛ ✉♠

t♦t❛❧ s♦❜r❡ ❛ ❛♠♦str❛ ❡ sã♦✱ ❡♠ ❣❡r❛❧✱ ❞❡ ♦r❞❡♠ n✳

❉❡ P❡❡rs ❡ ■q❜❛❧ ✭✶✾✽✺✮ ❞❡❝♦rr❡ q✉❡ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❛té ❛ ♦r❞❡♠ n−2 ❞♦

❊▼❱✱ β̂✱ é ❞❛❞❛ ♣♦r

❈♦✈1(β̂) = ❑−1
β + Σ,



✷✽

❡♠ q✉❡ Σ = Σ(1) + Σ(2) + Σ(3) ❝♦♠ Σ(r) = {σ(r)
ij }✱ r❂✶✱✷ ❡ ✸ ❡ σij ❞❛❞♦ ♣♦r

σij = σ
(1)
ij + σ

(2)
ij + σ

(3)
ij ,

❡♠ q✉❡

σ
(1)
ij = −

p
∑

a,b,c,d=1

κiaκjbκcd(κabcd + κa,bcd + 2κabc,d + 2κa,bc,d + 3κac,bd), ✭✸✳✶✮

σ
(2)
ij =

p
∑

a,b,c=1

p
∑

r,s,t=1

κiaκjrκbsκct
(
3

2
κabcκrst + 4κab,cκrst + κa,bcκrst + 2κab,cκr,st + κab,cκrt,s

)

, ✭✸✳✷✮

❡

σ
(3)
ij =

p
∑

a,b,c=1

p
∑

r,s,t=1

κiaκjbκrsκct(2κa,bcκr,st + κa,bcκrst + κabcκrst + 2κabcκr,st). ✭✸✳✸✮

❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ♦s ❝✉♠✉❧❛♥t❡s sã♦ ✐♥✈❛r✐❛♥t❡s s♦❜ ♣❡r♠✉t❛çã♦ ❞❡ ♣❛râ♠❡✲

tr♦s ❡ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ❇❛rt❧❡tt ✭✈✐❞❡ ❆♣ê♥❞✐❝❡ ❆✮✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ✭✸✳✶✮✲✭✸✳✸✮ ❞❛

s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

σ
(1)
ij = −

p
∑

a,b,c=1

κiaκjbκcd{κabcd + 3κa,bcd + 2(κadbc − κ
(d)
abc − κ

(a)
dbc + κ

(ad)
bc − κad,bc) + 3κac,bd}

= −
p
∑

a,b,c=1

κiaκjbκcd(κabcd + 3κa,bcd + 2κabcd − 4κ
(a)
bcd + 2κ

(ad)
bc − 2κac,bd + 3κac,bd)

= −
p
∑

a,b,c=1

κiaκjbκcd(3κabcd + 3κa,bcd − 4κ
(a)
bcd + 2κ

(ad)
bc + κac,bd)

= −
p
∑

a,b,c=1

κiaκjbκcd(3κ
(a)
bcd − 4κ

(a)
bcd + 2κ

(ad)
bc + κac,bd)

= −
p
∑

a,b,c=1

κiaκjbκcd(2κ
(ad)
bc − κ

(a)
bcd + κac,bd), ✭✸✳✹✮

σ
(2)
ij =

p
∑

a,b,c=1

p
∑

r,s,t=1

κiaκjrκbsκct
(
3

2
κabcκrst + 5κab,cκrst + 3κab,cκr,st

)

=

p
∑

a,b,c=1

p
∑

r,s,t=1

κiaκjrκbsκct
{(

3

2
κabc + 5κab,c

)

κrst + 3κab,cκr,st

}

, ✭✸✳✺✮



✷✾

❡

σ
(3)
ij =

p
∑

a,b,c=1

p
∑

r,s,t=1

κiaκjbκrsκct(2κa,bcκr,st + κa,bcκrst + κabcκrst + 2κabcκr,st)

=

p
∑

a,b,c=1

p
∑

r,s,t=1

κiaκjbκrsκct{2(κa,bc + κabc)κr,st + (κa,bc + κabc)κrst}

=

p
∑

a,b,c=1

p
∑

r,s,t=1

κiaκjbκrsκct{(2κr,st + κrst)κ
(a)
bc }. ✭✸✳✻✮

❆♣ós ❛❧❣✉♠❛ á❧❣❡❜r❛ ❡♠ ✭✸✳✹✮✱ ✭✸✳✺✮ ❡ ✭✸✳✻✮ ✭✈✐❞❡ ❆♣ê♥❞✐❝❡ ❇✮✱ ♦❜t❡♠♦s

σ
(1)
ij = −φ

n∑

ℓ=1

{(
p
∑

a=1

κiaxaℓ

)

hℓ

(
p
∑

c,d=1

xℓcκ
cdxdℓ

)(
p
∑

b=1

xℓbκ
bj

)}

,

σ
(2)
ij =

3

2
φ2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

fℓ

(
p
∑

b,s=1

xℓbκ
bsxsm

)(
p
∑

c,t=1

xℓcκ
ctxtm

)

fm

(
p
∑

r=1

xmrκ
rj

)}

+3φ2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

fℓ

(
p
∑

b,s=1

xℓbκ
bsxsm

)(
p
∑

c,t=1

xℓcκ
ctxtm

)

gm

(
p
∑

r=1

xmrκ
rj

)}

−2φ2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

gℓ

(
p
∑

b,s=1

xℓbκ
bsxsm

)(
p
∑

c,t=1

xℓcκ
ctxtm

)

fm

(
p
∑

r=1

xmrκ
rj

)}

−φ2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

gℓ

(
p
∑

b,s=1

xℓbκ
bsxsm

)(
p
∑

c,t=1

xℓcκ
ctxtm

)

gm

(
p
∑

r=1

xmrκ
rj

)}

,

❡

σ
(3)
ij = φ2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

(fℓ + gℓ)

(
p
∑

c,t=1

xℓcκ
ctxtm

)

fm

(
p
∑

r,s=1

xmrκ
rsxsm

)(
p
∑

b=1

xℓbκ
bj

)}

.

P♦❞❡♠♦s ❡s❝r❡✈❡r ❛s ❡①♣r❡ssõ❡s ❛❝✐♠❛ ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧✱ ❝♦♠♦

Σ(1) = φ−2PHZdP
T ,

Σ(2) =
3

2
φ−2PFZ(2)FP T + φ−2PGZ(2)FP T − φ−2PGZ(2)GP T ,

❡

Σ(3) = φ−2(XTWX)−1∆(XTWX)−1.

P♦rt❛♥t♦✱

Σ = φ−2PΛP T + φ−2(XTWX)−1∆(XTWX)−1,



✸✵

❡♠ q✉❡ Λ = HZd +
3
2
FZ(2)F + GZ(2)F − GZ(2)G✱ P = (XTWX)−1XT ✱ Z = XP ✱

H = ❞✐❛❣{h1, ..., hn}✱ hℓ = −(dµℓ/dηℓ)(d
3µℓ/dη

3
ℓ )/Vℓ− (dµℓ/dηℓ)

2(d2µℓ/dη
2
ℓ )V

(1)
ℓ /V 2

ℓ +

(dµℓ/dηℓ)
4V

(1)2
ℓ /V 3

ℓ ✱ V
(1)
ℓ = dVℓ/dµℓ✱ Zd = ❞✐❛❣{z11, ..., znn}✱ F = ❞✐❛❣{f1, ..., fn}✱

fℓ = V −1
ℓ (dµℓ/dηℓ)(d

2µℓ/dη
2
ℓ )✱ G = ❞✐❛❣{g1, ..., gn}✱ gℓ = V −1

ℓ (dµℓ/dηℓ)(d
2µℓ/dη

2
ℓ ) −

V −2
ℓ V

(1)
ℓ (dµℓ/dηℓ)

3 ❡ Z(2) = Z ⊙ Z✱ ❡♠ q✉❡ ⊙ ❞❡♥♦t❛ ♦ ♣r♦❞✉t♦ ❞❡ ❍❛❞❛♠❛r❞ ✭❘❛♦✱

✶✾✼✸✱ ♣á❣✳ ✸✵✮✳ ❆ ♠❛tr✐③ ∆ é ❞❡✜♥✐❞❛ ♣♦r

∆ =
n∑

ℓ=1

∆ℓcℓ,

❡♠ q✉❡ ∆ℓ = (fℓ + gℓ)xℓx
T
ℓ ✱ cℓ = δTℓ ZβZβd

F1✱ xTℓ = (xℓ1, ..., xℓp) é ❛ ℓ✲és✐♠❛ ❧✐♥❤❛ ❞❛

♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s X✱ Zβ = X(XTWX)−1XT ✱ δℓ é ✉♠ ✈❡t♦r ❞❡ ❞✐♠❡♥sã♦ n × 1

❝♦♠ ✉♠ ♥❛ ♣♦s✐çã♦ ℓ ❡ ③❡r♦ ♥❛s ❞❡♠❛✐s ♣♦s✐çõ❡s ❡ 1 é ✉♠ ✈❡t♦r n × 1 ❞❡ ✉♥s✳

▲♦❣♦✱ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ ♦r❞❡♠ n−2 ❞♦ ❊▼❱✱ β̂✱ é ❞❛❞❛ ♣♦r

❈♦✈1(β̂) = ❑−1
β + Σ = φ−1(XTWX)−1 + φ−2PΛP T + φ−2(XTWX)−1∆(XTWX)−1.

✸✳✷ ▼❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s

❡♠ ▼▲●s ❝♦♠ ❞✐s♣❡rsã♦ ❞❡s❝♦♥❤❡❝✐❞❛

❈♦♥s✐❞❡r❡ ♦ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ β ❡ φ ❡ ♦s ❝✉♠✉❧❛♥t❡s

❝♦♥❥✉♥t♦s ❞❛s ❞❡r✐✈❛❞❛s ❞❡ ▲(β, φ)✱ ♦s ♠❡s♠♦s ❞❛❞♦s ♥❛ ❙❡çã♦ ✷✳✸✳ ❙❡❥❛ dr = d
(r)
1 (φ) ❛

r✲és✐♠❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ d1(φ) ♣❛r❛ r = 2, 3, 4✳

❙❡❥❛♠ ξ = (βT , φ)T ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ❞❡ ❞✐♠❡♥sã♦ (p + 1) × 1 ♥♦ ♠♦❞❡❧♦

✭✶✳✶✮ ❡ ξ̂ ♦ s❡✉ ❊▼❱✳ ❆ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡ β̂ ❡ φ̂ é ❞❛❞❛ ♣♦r

❈♦✈2(ξ̂) = K−1 + Σ∗,

❡♠ q✉❡

Σ∗ =




Σ∗

ββ Σ∗
βφ

(Σ∗
βφ)

T Σ∗
φφ



 ,

❡♠ q✉❡ Σ∗
ββ = Σ

(1)∗
ββ +Σ

(2)∗
ββ +Σ

(3)∗
ββ é ✉♠❛ ♠❛tr✐③ ❞❡ ❞✐♠❡♥sã♦ p × p ❝♦♠ Σ

(r)∗
ββ = {σ(r)∗

ij }
♣❛r❛ r❂✶✱ ✷ ❡ ✸✱ Σ∗

βφ = Σ
(1)∗
βφ +Σ

(2)∗
βφ +Σ

(3)∗
βφ é ✉♠ ✈❡t♦r ❞❡ ❞✐♠❡♥sã♦ p × 1 ❝♦♠ Σ

(r)∗
βφ =

{σ(r)∗
iφ } ♣❛r❛ r❂✶✱ ✷ ❡ ✸✱ Σ∗

φφ = Σ
(1)∗
φφ + Σ

(2)∗
φφ + Σ

(3)∗
φφ é ✉♠ ❡s❝❛❧❛r ❝♦♠ Σ

(r)∗
φφ = {σ(r)∗

φφ }
♣❛r❛ r❂✶✱ ✷ ❡ ✸ ❡ ❛❧é♠ ❞✐ss♦✱



✸✶

σ
(1)∗
ij = σ

(1)
ij − κφφ

p
∑

a,b=1

κiaκjb(2κa,bφ,φ + 3κaφ,bφ), ✭✸✳✼✮

σ
(1)∗
iφ = −κφφ

p
∑

a,c,d=1

κiaκcd(κaφcd + κa,φcd + 2κaφc,d + 2κa,φc,d + 3κac,φd), ✭✸✳✽✮

σ
(1)∗
φφ = −(κφφ)3κφφφφ − (κφφ)2

p
∑

c,d=1

κcd(2κφ,φc,d + 3κφc,φd), ✭✸✳✾✮

σ
(2)∗
ij = σ

(2)
ij + κφφ

p
∑

a,c=1

p
∑

r,t=1

κiaκjrκct
(
3

2
κaφcκrφt + 4κaφ,cκrφt + κa,φcκrφt + 2κaφ,cκr,φt

)

+κφφ
p
∑

a,c=1

p
∑

r,t=1

κiaκjrκbs
(
3

2
κabφκrsφ + κa,bφκrsφ

)

, ✭✸✳✶✵✮

σ
(2)∗
iφ = κφφ

p
∑

a,b,c=1

p
∑

s,t=1

κiaκbsκct
(
3

2
κabcκφst + 4κab,cκφst + κa,bcκφst + κab,cκφt,s

)

,✭✸✳✶✶✮

σ
(2)∗
φφ = (κφφ)2

p
∑

b,c=1

p
∑

s,t=1

κbsκct
(
3

2
κφbcκφst + 4κφb,cκφst + κφb,cκφt,s

)

+
3

2
(κφφ)4κ2φφφ, ✭✸✳✶✷✮

σ
(3)∗
ij = +κφφ

p
∑

a,b=1

p
∑

r,s=1

κiaκjbκrs(2κa,bφκr,sφ + κa,bφκrsφ + κabφκrsφ + 2κabφκr,sφ)

+σ
(3)
ij , ✭✸✳✶✸✮

σ
(3)∗
iφ = κφφ

p
∑

a,c=1

p
∑

r,s,t=1

κiaκrsκct(2κa,φcκr,st + κa,φcκrst + κaφcκrst + 2κaφcκr,st), ✭✸✳✶✹✮

❡

σ
(3)∗
φφ = (κφφ)4κ2φφφφ + (κφφ)3

p
∑

r,s=1

κrs(κφφφκrsφ + 2κφφφκr,sφ). ✭✸✳✶✺✮

❆♣ós ❛❧❣✉♠❛ á❧❣❡❜r❛ ♥❛s ❡①♣r❡ssõ❡s ✭✸✳✼✮✲✭✸✳✶✺✮ ✭✈✐❞❡ ❆♣ê♥❞✐❝❡ ❇✮✱ ♦❜t❡♠♦s

σ
(1)∗
ij = −φ

n∑

ℓ=1

{(
p
∑

a=1

κiaxaℓ

)

hℓ

(
p
∑

c,d=1

xℓcκ
cdxdℓ

)(
p
∑

b=1

xℓbκ
bj

)}

− 1

nd2φ

n∑

ℓ=1

{(
p
∑

a=1

κiaxaℓ

)

ωℓ

(
p
∑

b=1

xℓbκ
bj

)}

, ✭✸✳✶✻✮



✸✷

σ
(1)∗
iφ = − 1

nd2

n∑

ℓ=1

{(
p
∑

a=1

κiaxaℓ

)

(fℓ + 2gℓ)

(
p
∑

c,d=1

xℓcκ
cdxdℓ

)}

, ✭✸✳✶✼✮

σ
(1)∗
φφ = −

(
1

nd2

)3

nd4 −
1

φ

(
1

nd2

)2 n∑

ℓ=1

ωℓ

{
p
∑

c,d=1

xℓcκ
cdxdℓ

}

, ✭✸✳✶✽✮

σ
(2)∗
ij =

3

2
φ2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

fℓ

(
p
∑

b,s=1

xℓbκ
bsxsm

)(
p
∑

c,t=1

xℓcκ
ctxtm

)

fm

(
p
∑

r=1

xmrκ
rj

)}

+3φ2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

fℓ

(
p
∑

b,s=1

xℓbκ
bsxsm

)(
p
∑

c,t=1

xℓcκ
ctxtm

)

gm

(
p
∑

r=1

xmrκ
rj

)}

−2φ2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

gℓ

(
p
∑

b,s=1

xℓbκ
bsxsm

)(
p
∑

c,t=1

xℓcκ
ctxtm

)

fm

(
p
∑

r=1

xmrκ
rj

)}

−φ2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

gℓ

(
p
∑

b,s=1

xℓbκ
bsxsm

)(
p
∑

c,t=1

xℓcκ
ctxtm

)

gm

(
p
∑

r=1

xmrκ
rj

)}

− 3

2nd2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

ωℓ

(
p
∑

c,t=1

xℓcκ
ctxtm

)

ωm

(
p
∑

r=1

xmrκ
rj

)}

✭✸✳✶✾✮

+
1

2nd2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

ωℓ

(
p
∑

b,s=1

xℓbκ
bsxsm

)

ωm

(
p
∑

r=1

xmrκ
rj

)}

,

σ
(2)∗
iφ =

φ

nd2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)(
3

2
fℓ − gℓ

)( p
∑

b,s=1

xℓbκ
bsxsm

)

ωm

(
p
∑

c,t=1

xmtκ
tcxcℓ

)}

, ✭✸✳✷✵✮

σ
(2)∗
φφ = −3

2

(
1

nd2

)2 n∑

ℓ,m=1

{

ωℓ

(
p
∑

b,s=1

xℓbκ
bsxsm

)(
p
∑

c,t=1

xcℓκ
ctxtm

)

ωm

}

+
3

2

(
1

nd2

)4

(nd3)
2, ✭✸✳✷✶✮

σ
(3)∗
ij = φ2

n∑

ℓ,m=1

{(
p
∑

a=1

κiaxaℓ

)

(fℓ + gℓ)

(
p
∑

c,t=1

xℓcκ
ctxtm

)

fm

(
p
∑

r,s=1

xmrκ
rsxsm

)(
p
∑

b=1

xℓbκ
bj

)}

, ✭✸✳✷✷✮

σ
(3)∗
iφ = 0, ✭✸✳✷✸✮



✸✸

❡

σ
(3)∗
φφ =

(
1

nd2

)4

(nd3)
2 +

(
1

nd2

)3

nd3

n∑

m=1

ωm

{
p
∑

r,s=1

xmrκ
rsxsm

}

. ✭✸✳✷✹✮

❉❛s ❡①♣r❡ssõ❡s ✭✸✳✶✻✮✲✭✸✳✷✹✮✱ t❡♠♦s ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧

Σ
(1)∗
ββ =

1

φ2
PHZdP

T − 1

nφ3d2
(XTWX)−1, ✭✸✳✷✺✮

Σ
(1)∗
βφ = − 1

nφ2d2
P (F + 2G)Zd1, ✭✸✳✷✻✮

Σ
(1)∗
φφ =

1

n2d22

(
p

φ2
− d4
d2

)

, ✭✸✳✷✼✮

Σ
(2)∗
ββ =

3

2φ2
PFZ(2)FP T +

1

φ2
PFZ(2)GP T − 1

φ2
PGZ(2)GP T +

1

nd2φ3
PWZWP T , ✭✸✳✷✽✮

Σ
(2)∗
βφ =

1

nd2φ2
P

(

−3

2
F +G

)

Z(2)W1, ✭✸✳✷✾✮

Σ
(2)∗
φφ = − 3

2n2d22φ
2
1
TWZ(2)W1+

3d23
2n2d42

, ✭✸✳✸✵✮

Σ
(3)∗
ββ = φ−2(XTWX)−1∆(XTWX)−1, ✭✸✳✸✶✮

Σ
(3)∗
βφ = 0, ✭✸✳✸✷✮

❡

Σ
(3)∗
φφ =

d3
n2d32

(
d3
d2

− p

φ

)

. ✭✸✳✸✸✮

P♦rt❛♥t♦ ♦s ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③ Σ∗ sã♦ ❞❛❞♦s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✸✳✷✺✮✲✭✸✳✸✸✮✳

▲♦❣♦ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ ♦r❞❡♠ n−2 ❞♦s ❊▼❱s β̂ ❡ φ̂ q✉❛♥❞♦ ❛ ❞✐s♣❡rsã♦

é ❞❡s❝♦♥❤❡❝✐❞❛ é ❞❛❞❛ ♣♦r

❈♦✈2(ξ̂) = K−1 + Σ∗ =




K−1

β + Σ∗
ββ Σ∗

βφ

(Σ∗
βφ)

T K−1
φ + Σ∗

φφ



 .



✸✹

✸✳✸ ▼❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦ ❊▼❱

❝♦rr✐❣✐❞♦ ♣❡❧♦ ✈✐és ❡♠ ▼▲●s ❝♦♠ ❞✐s♣❡rsã♦ ❝♦✲

♥❤❡❝✐❞❛

❈♦♥s✐❞❡r❡ ♦ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ β ❡ ♦s ❝✉♠✉❧❛♥t❡s ❝♦♥✲

❥✉♥t♦s ❞❛s ❞❡r✐✈❛❞❛s ❞❡ ℓ(β) ♦s ♠❡s♠♦s ❞❛❞♦s ♥❛ ❙❡çã♦ ✸✳✶✳

❙❡❥❛ β̃ = β̂− d(β̂) ♦ ❊▼❱ ❝♦rr✐❣✐❞♦ ♣❡❧♦ ✈íés ❞❡ ♦r❞❡♠ n−1✱ ❡♠ q✉❡ d(β̂) é ♦ ✈✐és

❞❡ ♦r❞❡♠ n−1 ❞❡ d(β) ❛✈❛❧✐❛❞♦ ❡♠ β̂✳ ❈♦♥s✐❞❡r❡ β̃r ❛ r✲és✐♠❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ✈❡t♦r β̃✳

❆ss✐♠✱ β̃r = β̂r − dr(β̂)✱ ❡♠ q✉❡ β̂r ❡ dr(β̂) sã♦ ❛s r✲és✐♠❛s ❝♦♠♣♦♥❡♥t❡s ❞♦s ✈❡t♦r❡s β̂

❡ d(β̂)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡ P❛❝❡ ❡ ❙❛❧✈❛♥ ✭✶✾✾✼✱ ♣á❣✳ ✸✻✵✮✱ ❞❡❝♦rr❡ q✉❡

dr(β̂) = dr(β) +

p
∑

v=1

drv(β̂v − βv) +Op(n
−2), ✭✸✳✸✹✮

❡♠ q✉❡

drv =
∂dr

∂βv

=

p
∑

w,s,y,t,u=1

{

κrwκsyκtu(κstu + 2κst,u)(κvwy + κv,wy)

+
1

2
κrsκtu(κstuv + κstu,v + 2κstv,u + 2κst,uv + 2κst,u,v)

}

,

❡ dr(β) ❞❛❞♦ ❡♠ ✭✷✳✷✮ sã♦ t❡r♠♦s ❞❡ ♦r❞❡♠ n−1✳

Pr❡t❡♥❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❡①♣r❡ssã♦ ❛té ♦r❞❡♠ n−2 ♣❛r❛ ❈♦✈(β̃r, β̃s)✳

P♦r ❞❡✜♥✐çã♦✱

❈♦✈(β̃r, β̃s) = ❊{[β̃r − ❊(β̃r)][β̃s − ❊(β̃s)]}.

❈♦♠♦ ❊(β̃r) = βr +O(n−2)✱ t❡♠♦s ❛té ♦r❞❡♠ n−2 q✉❡

❈♦✈(β̃r, β̃s) = ❊[(β̃r − βr)(β̃s − βs)]

= ❊[(β̂r − dr(β̂)− βr)(β̂s − ds(β̂)− βs)]

= ❊{[(β̂r − βr)− dr(β̂)][(β̂s − βs)− ds(β̂)]}

= ❊[(β̂r − βr)(β̂s − βs)]− ❊[ds(β̂)(β̂r − βr)]

−❊[dr(β̂)(β̂s − βs)] + ❊[dr(β̂)ds(β̂)]. ✭✸✳✸✺✮



✸✺

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✸✹✮ ♥♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❡ ✭✸✳✸✺✮ t❡♠♦s✱

❊[ds(β̂)(β̃r − βr)] = ❊

{

(β̂r − βr)
[

ds(β) +

p
∑

v=1

dsv(β̂v − βv) +Op(n
−2)
]}

= ds(β)❊(β̂r − βr) +

p
∑

v=1

dsv❊[(β̂r − βr)(β̂v − βv)] +O(n−2)

= ds(β)dr(β) +

p
∑

v=1

dsv(−κrv) +O(n−2). ✭✸✳✸✻✮

❖ t❡r❝❡✐r♦ t❡r♠♦ ❞❡ ✭✸✳✸✺✮ r❡s✉❧t❛ ♥❛ ❡①♣r❡ssã♦ ✭✸✳✸✻✮✱ ❛♣❡♥❛s tr♦❝❛♥❞♦ ♦ í♥❞✐❝❡

s ♣♦r r✳ ❙✉❜st✐t✉✐♥❞♦ ✭✸✳✸✹✮ ♥♦ q✉❛rt♦ t❡r♠♦ ❞❡ ✭✸✳✸✺✮✱ t❡♠♦s

E[dr(β̂)ds(β̂)] = ❊

{[

dr(β) +

p
∑

v=1

drv(β̂v − βv) +Op(n
−2)
][

ds(β) +

p
∑

k=1

dsk(β̂k − βk) +Op(n
−2)
]}

= dr(β)ds(β) + dr(β)

p
∑

k=1

dsk❊(β̂k − βk) + ds(β)

p
∑

v=1

drv❊(β̂v − βv)

+

p
∑

v,k=1

drvd
s
k❊[(β̂v − βv)(β̂k − βk)] +O(n−2)

= ds(β)dr(β) +O(n−2).

❆ss✐♠✱ ❛ ❡①♣r❡ssã♦ ✭✸✳✸✺✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❛té ❛ ♦r❞❡♠ n−2 ❝♦♠♦

❈♦✈(β̃r, β̃s) = E[(β̂r − βr)(β̂s − βs)]− ds(β)dr(β) +

p
∑

v=1

drv(κ
sv) +

p
∑

v=1

dsv(κ
rv). ✭✸✳✸✼✮

❖ ♣r✐♠❡✐r♦ t❡r♠♦ s✉❜tr❛í❞♦ ❞♦ s❡❣✉♥❞♦ t❡r♠♦ ♥❛ ❡①♣r❡ssã♦ ✭✸✳✸✼✮ é ❛ ❝♦✈❛r✐â♥❝✐❛

❛té ♦r❞❡♠ n−2 ❞❡ β̂ q✉❛♥❞♦ ♦ ♣❛râ♠❡tr♦ φ é ❝♦♥❤❡❝✐❞♦✳ ❊❧❛ ❢♦✐ ♦❜t✐❞❛ ♣♦r ❈♦r❞❡✐r♦

✭✷✵✵✹✮ ❡ é ❞❛❞❛ ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ♣♦r

φ−1(XTWX)−1 + φ−2PΛP T + φ−2(XTWX)−1∆(XTWX)−1.

❆♣ós ❛❧❣✉♠❛ á❧❣❡❜r❛ ✭✈✐❞❡ ❆♣ê♥❞✐❝❡ ❇✮ t❡♠♦s q✉❡ ♦ t❡r❝❡✐r♦ ❡ q✉❛rt♦ t❡r♠♦s ❞❡

✭✸✳✸✼✮✱ ❛♣❡♥❛s tr♦❝❛♥❞♦ s ♣♦r r✱ sã♦ ❞❛❞♦s ♣♦r✱

p
∑

v=1

dsv(κ
rv) = φ2

n∑

ℓ,m=1

{(
p
∑

w=1

κrwxmw

)

(fm + gm)

(
p
∑

s,y=1

xmyκ
ysxsℓ

)

fℓ

(
p
∑

t,u=1

xℓtκ
tuxuℓ

)(
p
∑

v=1

xmvκ
vr

)}

+
1

2
φ

n∑

ℓ=1

{(
p
∑

s=1

κrsxℓs

)

dℓ

(
p
∑

t,u=1

xℓtκ
tuxuℓ

)(
p
∑

v=1

xℓvκ
vr

)}

, ✭✸✳✸✽✮



✸✻

❡♠ q✉❡ dℓ = V −2
ℓ V

(1)
ℓ (dµℓ/dηℓ)

2(d2µℓ/dη
2
ℓ )−V −1

ℓ (dµℓ/dηℓ)(d
3µℓ/dη

3
ℓ )−V −1

ℓ (d2µℓ/dη
2
ℓ )

2✳

❆ ❡①♣r❡ssã♦ ✭✸✳✸✽✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ❝♦♠♦

φ−2(XTWX)−1∆(XTWX)−1 − 1

2
φ−2PDZdP

T , ✭✸✳✸✾✮

❡♠ q✉❡ D = ❞✐❛❣{d1, ..., dn}✳
P♦rt❛♥t♦✱ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ ♦r❞❡♠ n−2 ❞♦ ❊▼❱ ❝♦rr✐❣✐❞♦ ♣❡❧♦ ✈✐és✱ β̃✱

r❡❞✉③✲s❡ ❛

❈♦✈(β̃) = φ−1(XTWX)−1 + φ−2PΛP T + 3φ−2(XTWX)−1∆(XTWX)−1 − φ−2PDZdP
T .



❈❛♣ít✉❧♦ ✹

▼❛tr✐③ ❞❡ ❈♦✈❛r✐â♥❝✐❛s ❞❡ ❙❡❣✉♥❞❛

❖r❞❡♠ ❞♦s ❊▼❱s ❈♦rr✐❣✐❞♦s ♣❡❧♦ ❱✐és

❡♠ ▼▲●s ❝♦♠ ❉✐s♣❡rsã♦

❉❡s❝♦♥❤❡❝✐❞❛

◆❡st❡ ❝❛♣ít✉❧♦ ❡♥❝♦♥tr❛✲s❡ ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❆q✉✐✱ ❞❡s❡♥✲

✈♦❧✈❡♠♦s ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s

❝♦rr✐❣✐❞♦s ♣❡❧♦ ✈✐és ❡♠ ▼▲●s ❝♦♠ ❞✐s♣❡rsã♦ ❞❡s❝♦♥❤❡❝✐❞❛✱ ♣♦ré♠ ❛ ♠❡s♠❛ ♣❛r❛ t♦❞❛s

❛s ♦❜s❡r✈❛çõ❡s✳ ❈♦♠ ❜❛s❡ ♥❡ss❛ ♠❛tr✐③ r❡❛❧✐③❛♠♦s ❡st✉❞♦s ❞❡ s✐♠✉❧❛çã♦ ♣❛r❛ ✈❡r✐✜❝❛r

❛ s✉❛ ✈✐❛❜✐❧✐❞❛❞❡ ♣rát✐❝❛✳

✹✳✶ ▼❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

❈♦♥s✐❞❡r❡ ♦ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ β ❡ φ ❡ ♦s ❝✉♠✉❧❛♥t❡s

❝♦♥❥✉♥t♦s ❞❛s ❞❡r✐✈❛❞❛s ❞❡ ▲(β, φ)✱ ♦s ♠❡s♠♦s ❞❛❞♦s ♥❛ ❙❡çã♦ ✷✳✸✳

❙❡❥❛♠ β̃ = β̂−d(β̂) ❡ φ̃ = φ̂−d(φ̂) ♦s ❊▼❱s ❝♦rr✐❣✐❞♦s ♣❡❧♦ ✈íés ❞❡ ♦r❞❡♠ n−1✱ ❡♠

q✉❡ d(β̂) é ♦ ✈✐és ❞❡ ♦r❞❡♠ n−1✱ d(β)✱ ❛✈❛❧✐❛❞♦ ❡♠ β̂ ❡ d(φ̂) é ♦ ✈✐és ❞❡ ♦r❞❡♠ n−1✱ d(φ)✱

❛✈❛❧✐❛❞♦ ❡♠ φ̂✳ ❈♦♥s✐❞❡r❡ β̃r ❛ r✲és✐♠❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ✈❡t♦r β̃✳ ❆ss✐♠✱ β̃r = β̂r−dr(β̂)✱
❡♠ q✉❡ β̂r ❡ dr(β̂) sã♦ ❛s r✲és✐♠❛s ❝♦♠♣♦♥❡♥t❡s ❞♦s ✈❡t♦r❡s β̂ ❡ d(β̂)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳



✸✽

❉❡ P❛❝❡ ❡ ❙❛❧✈❛♥ ✭✶✾✾✼✱ ♣á❣✳ ✸✻✵✮ ✈❡♠ q✉❡

dr(ξ̂) = dr(ξ) +
∑

v

drv(ξ̂v − ξv) +Op(n
−2), ✭✹✳✶✮

❡♠ q✉❡

drv =
∂dr

∂ξv

=
∑

w,s,y,t,u

{

κrwκsyκtu(κstu + 2κst,u)(κvwy + κv,wy)

+
1

2
κrsκtu

(

κstuv + κstu,v + 2κstv,u + 2κst,uv + 2κst,u,v

)}

= O(n−1),

❡ ξ = (βT , φ)T é ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ❞❡s❝♦♥❤❡❝✐❞♦s✳

❆ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡ β̃ ❡ φ̃ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

Σ∗∗ =




Σ∗∗

ββ Σ∗∗
βφ

(Σ∗∗
βφ)

T Σ∗∗
φφ



 ,

❡♠ q✉❡ Σ∗∗
ββ = ❊{[β̃ − E(β̃)][β̃ − E(β̃)]T} é ✉♠❛ ♠❛tr✐③ ❞❡ ❞✐♠❡♥sã♦ p × p✱ Σ∗∗

βφ =

❊{[β̃ − E(β̃)][φ̃ − E(φ̃)]} é ✉♠ ✈❡t♦r ❞❡ ❞✐♠❡♥sã♦ p × 1 ❡ Σ∗∗
φφ = ❊{[φ̃ − E(φ̃)]2} é ✉♠

❡s❝❛❧❛r✳

❉❡ ✭✸✳✸✼✮ t❡♠♦s q✉❡

❈♦✈(β̃r, β̃s) = ❊[(β̂r − βr)(β̂s − βs)]− dr(β)ds(β)

+
∑

dsv(κ
rv) +

∑

drv(κ
sv), ✭✹✳✷✮

❡♠ q✉❡ ♦ s♦♠❛tór✐♦ é s♦❜r❡ t♦❞♦s ♦s p ✰ 1 ♣❛râ♠❡tr♦s β1, ..., βp ❡ φ✳

❖ ♣r✐♠❡✐r♦ t❡r♠♦ s✉❜tr❛í❞♦ ❞♦ s❡❣✉♥❞♦ t❡r♠♦ ♥❛ ❡①♣r❡ssã♦ ✭✹✳✷✮ é ❛ ❝♦✈❛r✐â♥❝✐❛

❛té ❛ ♦r❞❡♠ n−2 ❞❡ β̂ q✉❛♥❞♦ ♦ ♣❛râ♠❡tr♦ φ é ❞❡s❝♦♥❤❡❝✐❞♦✳ ❊❧❛ ❢♦✐ ♦❜t✐❞❛ ♣♦r ❈♦r❞❡✐r♦

❡t✳ ❛❧ ✭✷✵✵✻✮ ❡ é ❞❛❞❛ ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ♣♦r

φ−1(XTWX)−1 + φ−2PΛP T + φ−2(XTWX)−1∆(XTWX)−1

− 1

nd2φ3
(XTWX)−1 +

1

nd2φ3
PWZWP T . ✭✹✳✸✮



✸✾

❖ t❡r❝❡✐r♦ ❡ q✉❛rt♦ t❡r♠♦s ❞❡ ✭✹✳✷✮✱ ❛♣❡♥❛s tr♦❝❛♥❞♦ r ♣♦r s✱ sã♦ ❞❛❞♦s ♣♦r

∑

dsv(κ
rv) =

p
∑

v,w,s,y,t,u=1

κrvκrwκsyκtu(κstu + 2κs,tu)(κvwy + κv,wy)

+
1

2

p
∑

v,s,t,u=1

κrvκrsκtu(κstuv + κstu,v + 2κstv,u + 2κst,uv + 2κst,u,v)

+κφφ
p
∑

v,w,s,y=1

κrvκrwκsy(κsφφ + 2κs,φφ)(κvwy + κv,wy)

+
1

2
κφφ

p
∑

v,s=1

κrvκrs(κsφφv + κsφφ,v + 2κsφv,φ + 2κsφ,φv + 2κsφ,φ,v). ✭✹✳✹✮

❆♣ós ❛❧❣✉♠❛ á❧❣❡❜r❛ ✭✈✐❞❡ ❆♣ê♥❞✐❝❡ ❇✮ t❡♠♦s q✉❡ ❛ ❡①♣r❡ssã♦ ✭✹✳✹✮ é ✐❣✉❛❧ ❛

❡①♣r❡ssã♦ ✭✸✳✸✽✮✱ q✉❡ é ❞❛❞❛ ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ♣♦r ✭✸✳✸✾✮✳

P♦rt❛♥t♦✱ s✉❜st✐t✉✐♥❞♦ ✭✹✳✸✮ ❡ ✭✸✳✸✾✮ ❡♠ ✭✹✳✷✮✱ t❡♠♦s ❡♥tã♦ q✉❡ ❛té ❛ ♦r❞❡♠ n−2

Σ∗∗
ββ = φ−1(XTWX)−1 + φ−2PΛP T + 3φ−2(XTWX)−1∆(XTWX)−1

−φ−2PDZdP
T − 1

nd2φ3
(XTWX)−1 +

1

nd2φ3
PWZWP T . ✭✹✳✺✮

❖s q✉❛tr♦ ♣r✐♠❡✐r♦s t❡r♠♦s ❞❛ ❡①♣r❡ssã♦ ✭✹✳✺✮ sã♦ ♦s t❡r♠♦s ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛✲

r✐â♥❝✐❛s ❞❡ ♦r❞❡♠ n−2 ❞♦ ❊▼❱ ❝♦rr✐❣✐❞♦ ♣❡❧♦ ✈✐és ❡♠ ▼▲●s ♦❜t✐❞❛ ♣♦r ❈❛✈❛❧❝❛♥t✐

✭✷✵✵✾✮✳

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❡①♣r❡ssã♦ ♠❛tr✐❝✐❛❧ ♣❛r❛ Σ∗∗
βφ✳

P♦r ❞❡✜♥✐çã♦✱

❈♦✈(β̃r, φ̃) = E{[β̃r − E(β̃r)][φ̃− E(φ̃)]}.

❈♦♠♦ ❊(β̃r) = βr +O(n−2) ❡ ❊(φ̃) = φ+O(n−2)✱ t❡♠♦s ❛té ♦r❞❡♠ n−2 q✉❡

❈♦✈(β̃r, φ̃) = E[(β̃r − βr)(φ̃− φ)]

= E[(β̂r − dr(β̂)− βr)(φ̂− d(φ̂)− φ)]

= E{[(β̂r − βr)− dr(β̂)][(φ̂− φ)− d(φ̂)]}

= E[(β̂r − βr)(φ̂− φ)]− E[d(φ̂)(β̂r − βr)]

−E[dr(β̂)(φ̂− φ)] + E[dr(β̂)d(φ̂)]. ✭✹✳✻✮



✹✵

❙✉❜st✐t✉✐♥❞♦ ✭✹✳✶✮ ♥♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❡ ✭✹✳✻✮ t❡♠♦s

E[d(φ̂)(β̂r − βr)] = E

{

[β̂r − βr]
[

d(φ) +
∑

dφv (φ̂− φ) +Op(n
−2)
]}

= d(φ)E(β̂r − βr) +
∑

dφvE[(β̂r − βr)(φ̂− φ)] +O(n−2)

= d(φ)dr(β) +
∑

dφv (κ
rφ) +O(n−2)

= d(φ)dr(β) +O(n−2).

❙✉❜st✐t✉✐♥❞♦ ✭✹✳✶✮ ♥♦ t❡r❝❡✐r♦ t❡r♠♦ ❞❡ ✭✹✳✻✮ t❡♠♦s

E[dr(β̂)(φ̂− φ)] = E

{

[φ̂− φ]
[

dr(β) +
∑

drv(β̂v − βv) +Op(n
−2)
]}

= dr(β)E(φ̂− φ) +
∑

drvE[(β̂v − βv)(φ̂− φ)] +O(n−2)

= dr(β)d(φ) +
∑

drv(κ
vφ) +O(n−2)

= d(φ)dr(β) +O(n−2).

❙✉❜st✐t✉✐♥❞♦ ✭✹✳✶✮ ♥♦ q✉❛rt♦ t❡r♠♦ ❞❡ ✭✹✳✻✮ t❡♠♦s

E[dr(β̂)d(φ̂)] = E

{[

dr(β) +
∑

drv(β̂v − βv) +Op(n
−2)
][

d(φ) +
∑

dφk(φ̂− φ) +Op(n
−2)
]}

= dr(β)d(φ) + dr(β)
∑

dφkE[(φ̂− φ)] + d(φ)
∑

drvE(β̂v − βv)

+
∑

drvd
φ
kE[(β̂v − βv)(φ̂− φ)] +O(n−2)

= dr(β)d(φ) +O(n−2).

❆ss✐♠✱ ❛ ❡①♣r❡ssã♦ ✭✹✳✻✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❛té ♦r❞❡♠ n−2 ❝♦♠♦

❈♦✈(β̃r, φ̃) = E[(β̂r − βr)(φ̂− φ)]− dr(β)d(φ). ✭✹✳✼✮

❆ ❡①♣r❡ssã♦ ✭✹✳✼✮ é ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❛té ❛ ♦r❞❡♠ n−2 ❞❡ β̂ ❡ φ̂ ♦❜t✐❞❛ ♣♦r

❈♦r❞❡✐r♦ ❡t✳ ❛❧ ✭✷✵✵✻✮✳ ❊❧❛ é ❞❛❞❛ ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ♣♦r

− 1

nd2φ2
P (F + 2G)Zd1+

1

nd2φ2
P

(

−3

2
F +G

)

Z(2)W1. ✭✹✳✽✮

P♦rt❛♥t♦✱ Σ∗∗
βφ é ❞❛❞❛ ♣♦r ✭✹✳✽✮✳

❋✐♥❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ Σ∗∗
φφ✳

P♦r ❞❡✜♥✐çã♦✱

❈♦✈(φ̃, φ̃) = E{[φ̃− E(φ̃)]2}.



✹✶

❈♦♠♦ ❊(φ̃) = φ+O(n−2)✱ t❡♠♦s ❛té ♦r❞❡♠ n−2 q✉❡

❈♦✈(φ̃, φ̃) = E[(φ̃− φ)2]

= E[(φ̂− d(φ̂)− φ)2]

= E{[(φ̂− φ)− d(φ̂)]2}

= E[(φ̂− φ)2 − 2(φ̂− φ)d(φ̂) + d2(φ̂)]

= E[(φ̂− φ)2]− 2E[(φ̂− φ)d(φ̂)] + E[d2(φ̂)]. ✭✹✳✾✮

❙✉❜st✐t✉✐♥❞♦ ✭✹✳✶✮ ♥♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❡ ✭✹✳✾✮ t❡♠♦s

E[(φ̂− φ)d(φ̂)] = E

{

[φ̂− φ]
[

d(φ) +
∑

dφv (φ̂− φ) +Op(n
−2)
]}

= d(φ)E(φ̂− φ) +
∑

dφvE[(φ̂− φ)2] +O(n−2)

= d2(φ) +
∑

dφv (−κφφ) +O(n−2).

❙✉❜st✐t✉✐♥❞♦ ✭✹✳✶✮ ♥♦ t❡r❝❡✐r♦ t❡r♠♦ ❞❡ ✭✹✳✾✮ t❡♠♦s

E[d2(φ̂)] = E

{[

d(φ) +
∑

dφv (φ̂− φ) +Op(n
−2)
]2
}

= E

{

d2(φ) + 2d(φ)
∑

dφv (φ̂− φ) + (φ̂− φ)2
(∑

dφv

)2

+O(n−2)

}

= d2(φ) + 2d(φ)
∑

dφvE(φ̂− φ) + E[(φ̂− φ)2]
(∑

dφv

)2

+O(n−2)

= d2(φ) +O(n−2).

❆ss✐♠✱ ❛ ❡①♣r❡ssã♦ ✭✹✳✾✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

❈♦✈(φ̃, φ̃) = E[(φ̂− φ)2]− d2(φ) + 2
∑

dφv (κ
φφ). ✭✹✳✶✵✮

❖ ♣r✐♠❡✐r♦ t❡r♠♦ s✉❜tr❛í❞♦ ❞♦ s❡❣✉♥❞♦ t❡r♠♦ ♥❛ ❡①♣r❡ssã♦ ✭✹✳✶✵✮ é ❛ ❝♦✈❛r✐â♥❝✐❛

❛té ❛ ♦r❞❡♠ n−2 ❞❡ φ̂ ♦❜t✐❞❛ ♣♦r ❈♦r❞❡✐r♦ ❡t✳ ❛❧ ✭✷✵✵✻✮✳ ❊❧❛ é ❞❛❞❛ ♣♦r

− 1

nd2
+

1

n2d22

(
p

φ2
− d4
d2

)

− 3

2n2d22φ
2
1
TWZ(2)W1+

3d23
2n2d42

+
d3
n2d32

(
d3
d2

− p

φ

)

. ✭✹✳✶✶✮



✹✷

❖ t❡r❝❡✐r♦ t❡r♠♦ ❞❛ ❡①♣r❡ssã♦ ✭✹✳✶✵✮ é ❞❛❞♦ ♣♦r

∑

dφv (κ
φφ) = κφφ

p
∑

s,y,t,u=1

κφφκsyκtu(κstu + 2κs,tu)(κφφy + κφ,φy)

+κφφ
p
∑

t,u=1

κφφκφφκtu(κφtu + 2κφt,u)(κφφφ + κφ,φφ)

+κφφ
p
∑

s,y=1

κφφκsyκφφ(κsφφ + 2κsφ,φ)(κφφy + κφ,φy)

+(κφφ)4(κφφφ + 2κφφ,φ)(κφφφ + κφ,φφ)

+
1

2
κφφ

p
∑

t,u=1

κφφκtu(κφtuφ + κφtu,φ + 2κφtφ,u + 2κφt,uφ + 2κφt,u,φ)

+
1

2
(κφφ)3(κφφφφ + κφφφ,φ + 2κφφφ,φ + 2κφφ,φφ + 2κφφ,φ,φ). ✭✹✳✶✷✮

❆♣ós ❛❧❣✉♠❛ á❧❣❡❜r❛ ✭✈✐❞❡ ❆♣ê♥❞✐❝❡ ❇✮ t❡♠♦s q✉❡ ❛ ❡①♣r❡ssã♦ ✭✹✳✶✷✮ é ❞❛❞❛ ♣♦r

∑

dφv (κ
φφ) = − pd3

n2d32φ
+

d23
n2d42

+
d4

2n2d32
. ✭✹✳✶✸✮

P♦rt❛♥t♦✱ s✉❜st✐t✉✐♥❞♦ ❛s ❡①♣r❡ssõ❡s ✭✹✳✶✶✮ ❡ ✭✹✳✶✸✮ ❡♠ ✭✹✳✶✵✮ ♦❜t❡♠♦s ❛té ❛

♦r❞❡♠ n−2

Σ∗∗
φφ = − 1

nd2
+

p

n2d22φ
2
− 3

2n2d22φ
2
1
TWZ(2)W1+

9d23
2n2d42

− 3pd3
n2d32φ

. ✭✹✳✶✹✮

▲♦❣♦✱ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ Σ∗∗ tê♠ ❡❧❡♠❡♥t♦s ❞❛❞♦s ♣❡❧❛s

❡①♣r❡ssõ❡s ✭✹✳✺✮✱ ✭✹✳✽✮ ❡ ✭✹✳✶✹✮✳

✹✳✷ ❚❡st❡s ❞❡ ❲❛❧❞ ♠♦❞✐✜❝❛❞♦s

❙✉♣♦♥❤❛ q✉❡ q✉❡r❡♠♦s t❡st❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ H0 : ξ = ξ(0) ❝♦♥tr❛ ❛ ❤✐♣ót❡s❡

❛❧t❡r♥❛t✐✈❛ H1 : ξ 6= ξ(0)✱ ❡♠ q✉❡ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ξ = (βT , φ)T t❡♠ ❞✐♠❡♥sã♦

(p+ 1) × ✶✳ ❯♠❛ ❡st❛tíst✐❝❛ ❜❡♠ s✐♠♣❧❡s ♣❛r❛ t❡st❛r♠♦s ❛ ❤✐♣ót❡s❡ H0 é ❛ ❡st❛tíst✐❝❛

❞❡ ❲❛❧❞✱ q✉❡ ♥❡st❛ ❝✐r❝✉♥stâ♥❝✐❛ é ❞❛❞❛ ♣♦r

W = (ξ̂ − ξ(0))TK(ξ̂)(ξ̂ − ξ(0)), ✭✹✳✶✺✮

❡♠ q✉❡ K = ❞✐❛❣{Kβ, Kφ} é ❛✈❛❧✐❛❞❛ ♥❛ ❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ ξ✳

P♦❞❡♠♦s ♠♦❞✐✜❝❛r ❛ ❡st❛tíst✐❝❛ ✭✹✳✶✺✮ s✉❜st✐t✉✐♥❞♦ ♦ ❡st✐♠❛❞♦r ξ̂ ♣❡❧♦ ❡st✐♠❛❞♦r

❝♦rr✐❣✐❞♦ ♣❡❧♦ ✈✐és ❞❡ ♦r❞❡♠ n−1✱ ξ̃✳ ❚❡♠♦s ❡♥tã♦

Wm = (ξ̃ − ξ(0))TK(ξ̃)(ξ̃ − ξ(0)). ✭✹✳✶✻✮



✹✸

❯♠❛ ♦✉tr❛ ♠♦❞✐✜❝❛çã♦ ♥❛ ❡st❛tíst✐❝❛ ❞❡ ❲❛❧❞ r❡s✉❧t❛ ❡♠ s✉❜st✐t✉✐r ❛♦ ♠❡s♠♦

t❡♠♣♦ ♦ ❊▼❱ ξ̂ ♣❡❧♦ ❡st✐♠❛❞♦r ❝♦rr✐❣✐❞♦ ξ̃ ❡ ❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r ♣❡❧❛

♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ Σ∗∗✱ ❛✈❛❧✐❛❞❛ ❡♠ ξ̃✳ ❖❜t❡♠♦s ❛ss✐♠✱

Wc = (ξ̃ − ξ(0))T [Σ∗∗(ξ̃)]−1(ξ̃ − ξ(0)). ✭✹✳✶✼✮

✹✳✸ ❘❡s✉❧t❛❞♦s ❞❡ ❙✐♠✉❧❛çã♦

◆❡st❛ s❡çã♦✱ r❡❛❧✐③❛♠♦s ❞♦✐s ❡st✉❞♦s ❞❡ s✐♠✉❧❛çã♦✳ ❊♠ ❛♠❜♦s✱ ✉t✐❧✐③❛♠♦s ♦

♠♦❞❡❧♦ ❣❛♠❛ ❝♦♠ ❧✐❣❛çã♦ ❧♦❣❛rít♠✐❝❛✱ ✐st♦ é✱ log(µℓ) = β0 + β1x1ℓ + β2x2ℓ✱ ❝♦♠ ℓ =

1, ..., n✳ ❖s ✈❛❧♦r❡s ✈❡r❞❛❞❡✐r♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❢♦r❛♠ ✜①❛❞♦s ❡♠ β0 = 3✱ β1 = 2✱

β2 = 1 ❡ φ = 4✳ ❆s ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s x1 ❡ x2 ❢♦r❛♠ ❣❡r❛❞❛s ❛ ♣❛rt✐r ❞❛ ❞✐str✐❜✉✐çã♦

✉♥✐❢♦r♠❡ ♥♦ ✐♥t❡r✈❛❧♦ (0, 1) ❡✱ ♣❛r❛ ❝❛❞❛ n ❢♦r❛♠ ♠❛♥t✐❞❛s ❝♦♥st❛♥t❡s ❞✉r❛♥t❡ ❛s ✶✵✳✵✵✵

s✐♠✉❧❛çõ❡s✳

◆♦ ♣r✐♠❡✐r♦ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦✱ ❝♦♠♣❛r❛♠♦s ❛ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦

❞❡ ❋✐s❤❡r ❡ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❝♦rr✐❣✐❞♦s ♣❡❧♦ ✈✐és

❞❡ ♦r❞❡♠ n−1 ❝♦♠ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ♦❜s❡r✈❛❞❛s ❞♦s ❊▼❱s ❞♦s ♣❛râ♠❡tr♦s β0✱

β1✱ β2 ❡ φ✳ ❆s s✐♠✉❧❛çõ❡s ❢♦r❛♠ r❡❛❧✐③❛❞❛s ❛tr❛✈és ❞♦ ♣r♦❣r❛♠❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❘✳ ❖

t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ❢♦✐ ✈❛r✐❛❞♦ ❡♠ n❂✶✵✱ ✷✵✱ ✸✵ ❡ ✹✵✳ ❖s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛♠✲s❡ ♥❛s

❚❛❜❡❧❛s ✹✳✶ ❡ ✹✳✷✱ ❡♠ q✉❡ ❈♦✈✭ξ̂✮ r❡♣r❡s❡♥t❛ ❛ ♠é❞✐❛ ❞♦s ✶✵✳✵✵✵ ✈❛❧♦r❡s ❛❞q✉✐r✐❞♦s ♣❛r❛

❛ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r K✱ ❈♦✈✭ξ̃✮ é ❛ ♠é❞✐❛ ❞♦s ✶✵✳✵✵✵ ✈❛❧♦r❡s

♦❜t✐❞♦s ♣❛r❛ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❝♦rr✐❣✐❞♦s ♣❡❧♦

✈✐és ❞❡ ♦r❞❡♠ n−1 q✉❡ ♣♦ss✉✐ ❡❧❡♠❡♥t♦s ❞❛❞♦s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✺✮✱ ✭✹✳✽✮ ❡ ✭✹✳✶✹✮ ❡

❊◗▼(ξ̂) r❡♣r❡s❡♥t❛ ❛ ♠é❞✐❛ ❞♦s ✶✵✳✵✵✵ ✈❛❧♦r❡s ❛❞q✉✐r✐❞♦s ♣❛r❛ ♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦

❞♦ ❊▼❱ ❡♠ r❡❧❛çã♦ ❛♦s ✈❛❧♦r❡s ✈❡r❞❛❞❡✐r♦s✳

◆♦ s❡❣✉♥❞♦ ❡st✉❞♦✱ ♣r♦❝✉r❛♠♦s ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s

❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❝♦rr✐❣✐❞♦s ♣❡❧♦ ✈✐és✱ ♣❛r❛ ♦s t❡st❡s ❞❡ ❲❛❧❞ ♠♦❞✐✜❝❛❞♦s✳

❈♦♠♣❛r❛♠♦s ♦s ❞❡s❡♠♣❡♥❤♦s ❞❛s ❡st❛tíst✐❝❛s W ✱ Wm ❡ Wc ❛tr❛✈és ❞♦ t❛♠❛♥❤♦ ❡♠♣í✲

r✐❝♦ ❞♦s t❡st❡s ❞❡ ❲❛❧❞ ❞❛ ❤✐♣ót❡s❡ H0 : β
(0)
0 = 3✱ β(0)

1 = 2✱ β(0)
2 = 1 ❡ φ(0) = 4 ❝♦♥tr❛

H1✿ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s ✐❣✉❛❧❞❛❞❡s ❡♠ H0 ♥ã♦ s❡ ✈❡r✐✜❝❛✳ ❆❞♠✐t✐♥❞♦ H0 ✈❡r❞❛❞❡✐r❛✱ ♦

t❛♠❛♥❤♦ ❡♠♣ír✐❝♦ ❞♦ t❡st❡ ❞❡ ❲❛❧❞ é ❝❛❧❝✉❧❛❞♦✱ ♣❛r❛ ❝❛❞❛ ❡st❛tíst✐❝❛ ❞♦ t❡st❡✱ ❝♦♠♦ ❛

♣r♦♣♦rçã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈❡③❡s ❡♠ q✉❡H0 é r❡❥❡✐t❛❞❛✱ ❡st❛❜❡❧❡❝✐❞♦ ✉♠ ♥í✈❡❧ ♥♦♠✐♥❛❧

α ❡ ✉♠ t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛ n✳ ❆s s✐♠✉❧❛çõ❡s ❢♦r❛♠ r❡❛❧✐③❛❞❛s ❛tr❛✈és ❞❛ ❧✐♥❣✉❛❣❡♠ ❞❡



✹✹

♣r♦❣r❛♠❛çã♦ ♠❛tr✐❝✐❛❧ ❖①✳ ❋♦r❛♠ ✉t✐❧✐③❛❞♦s ♦s s❡❣✉✐♥t❡s ♥í✈❡✐s ♥♦♠✐♥❛✐s✿ α❂✶%✱ ✺%

❡ ✶✵% ❡ ❛s ❛♠♦str❛s ❝♦♥s✐❞❡r❛❞❛s ❢♦r❛♠ ❞❡ t❛♠❛♥❤♦s n❂✶✵✱ ✷✵✱ ✳✳✳✱ ✶✵✵✳ ❖s r❡s✉❧t❛❞♦s

❡stã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✸✳

P♦❞❡♠♦s ♦❜s❡r✈❛r ♥❛s ❚❛❜❡❧❛s ✹✳✶ ❡ ✹✳✷ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s

❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❝♦rr✐❣✐❞♦s ♣❡❧♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ❡stã♦ ❜❡♠ ♠❛✐s ♣ró①✐♠♦s

❞♦s ✈❛❧♦r❡s ❞❛ ♠❛tr✐③ ❞❡ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡♠ r❡❧❛çã♦ ❛♦s ♣❛râ♠❡tr♦s ✈❡r❞❛❞❡✐r♦s

❞♦ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❛ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r✱ ♣❛r❛ t♦❞♦s ♦s

t❛♠❛♥❤♦s ❞❛ ❛♠♦str❛✳

P♦❞❡♠♦s ♥♦t❛r ♥❛ ❚❛❜❡❧❛ ✹✳✸ q✉❡ ♣❛r❛ n ❂ ✶✵✱ ♦s t❛♠❛♥❤♦s ❡♠♣ír✐❝♦s ❞♦s t❡st❡s

❞❡ ❲❛❧❞ ❜❛s❡❛❞♦s ♥❛s ❡st❛tíst✐❝❛s W ✱ Wm ❡ Wc ❡stã♦ ♠✉✐t♦ ❞✐st❛♥t❡s ❞♦s r❡s♣❡❝t✐✈♦s

♥í✈❡✐s ♥♦♠✐♥❛✐s✳ P♦❞❡♠♦s ♥♦t❛r t❛♠❜é♠✱ ❝♦♥❢♦r♠❡ ❡s♣❡r❛❞♦✱ q✉❡ ♦ t❡st❡ ❜❛s❡❛❞♦ ♥❛

❡st❛tíst✐❝❛ Wc ❛♣r❡s❡♥t❛ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ❞♦ q✉❡ ♦s t❡st❡s ❜❛s❡❛❞♦s ♥❛s ❡st❛tíst✐❝❛s

W ❡ Wm✳ ❆s ❡st❛tíst✐❝❛s W ❡ Wm t❡♥❞❡♠ ❛ r❡❥❡✐t❛r ♠❛✐s ❞♦ q✉❡ ❞❡✈❡r✐❛♠✱ ♦ q✉❡ é

❢❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝❛❞♦ ♣❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ n ≥ 50 ❛♦ ♥í✈❡❧ ❞❡ ✺% ❡ ♣❛r❛ n ≥ 40 ❛♦

♥í✈❡❧ ❞❡ ✶✵%✳



✹✺

❚❛❜❡❧❛ ✹✳✶✿ ❈♦✈(ξ̂) ❛✈❛❧✐❛❞❛ ❡♠ ξ̂✱ ❈♦✈(ξ̃) ❛✈❛❧✐❛❞❛ ❡♠ ξ̃ ❡ ❊◗▼(ξ̂)

n = 10 n = 20

β̂0 β̂1 β̂2 φ̂ β̂0 β̂1 β̂2 φ̂

✵✳✶✼✺✾✾ ✲✵✳✶✹✶✺✺ ✲✵✳✶✺✽✷✽ ✵ ✵✳✵✼✾✸✺ ✲✵✳✵✺✾✺✺ ✲✵✳✵✻✾✺✾ ✵

β̂0 ✵✳✶✽✼✵✽ ✲✵✳✶✹✾✾✾ ✲✵✳✶✻✽✹✶ ✲✵✳✶✶✼✾✾ ✵✳✵✽✶✾✺ ✲✵✳✵✻✶✻✺ ✲✵✳✵✼✶✾✼ ✲✵✳✵✶✻✻✾

✵✳✷✻✽✸✽ ✲✵✳✷✶✸✹✸ ✲✵✳✷✸✼✸✶ ✲✵✳✷✽✺✽✾ ✵✳✵✾✺✷✵ ✲✵✳✵✼✶✵✽ ✲✵✳✵✽✸✵✹ ✲✵✳✵✷✾✵✾

✵✳✷✹✹✾✹ ✵✳✵✹✺✹✺ ✵ ✵✳✶✵✺✶✸ ✵✳✵✶✶✵✺ ✵

β̂1 ✵✳✷✺✽✸✷ ✵✳✵✹✽✸✸ ✵✳✵✹✺✶✷✾ ✵✳✶✵✽✻✹ ✵✳✵✶✶✺✽ ✵✳✵✵✶✾✾

✵✳✸✺✽✺✽ ✵✳✵✼✶✽✹ ✵✳✶✷✸✼✾ ✵✳✶✷✺✽✸ ✵✳✵✶✸✷✹ ✵✳✵✵✸✻✻

✵✳✷✸✻✼✹ ✵ ✵✳✶✶✻✶✹ ✵

β̂2 ✵✳✷✺✵✻✸ ✵✳✵✻✾✷✺ ✵✳✶✶✾✽✾ ✵✳✵✵✸✵✸

✵✳✸✹✼✶✺ ✵✳✷✵✷✵✶ ✵✳✶✸✽✻✹ ✵✳✵✶✶✷✻

✶✽✳✵✽✶✸✼ ✷✳✾✸✽✵✶

φ̂ ✷✽✳✻✹✽✾✾ ✸✳✼✼✸✺✷

✹✼✳✺✵✵✼✹ ✺✳✷✷✽✵✺



✹✻

❚❛❜❡❧❛ ✹✳✷✿ ❈♦✈(ξ̂) ❛✈❛❧✐❛❞❛ ❡♠ ξ̂✱ ❈♦✈(ξ̃) ❛✈❛❧✐❛❞❛ ❡♠ ξ̃ ❡ ❊◗▼(ξ̂)

n = 30 n = 40

β̂0 β̂1 β̂2 φ̂ β̂0 β̂1 β̂2 φ̂

✵✳✵✼✺✾✷ ✲✵✳✵✺✾✸✼ ✲✵✳✵✻✻✶✸ ✵ ✵✳✵✺✾✼✻ ✲✵✳✵✹✾✵✹ ✲✵✳✵✺✵✽✼ ✵

β̂0 ✵✳✵✼✽✵✼ ✲✵✳✵✻✶✶✾ ✲✵✳✵✻✽✵✸ ✲✵✳✵✵✽✼✾ ✵✳✵✻✶✵✻ ✲✵✳✵✺✵✶✽ ✲✵✳✵✺✶✾✾ ✲✵✳✵✵✺✷✷

✵✳✵✽✺✷✼ ✲✵✳✵✻✻✽✽ ✲✵✳✵✼✸✹✻ ✲✵✳✵✶✽✼✷ ✵✳✵✻✻✵✷ ✲✵✳✵✺✹✻✽ ✲✵✳✵✺✺✹✼ ✲✵✳✵✵✼✷✽

✵✳✵✾✷✷✵ ✵✳✵✷✵✾✹ ✵ ✵✳✵✼✹✵✼ ✵✳✵✶✾✷✻ ✵

β̂1 ✵✳✵✾✹✼✶ ✵✳✵✷✶✽✷ ✵✳✵✵✷✸✹ ✵✳✵✼✺✺✼ ✵✳✵✶✾✽✼ ✵✳✵✵✶✻✷

✵✳✶✵✹✾✹ ✵✳✵✷✸✵✷ ✵✳✵✵✼✷✼ ✵✳✵✽✷✼✼ ✵✳✵✷✶✺✶ ✵✳✵✵✸✼✼

✵✳✵✾✻✼✹ ✵ ✵✳✵✼✷✻✸ ✵

β̂2 ✵✳✵✾✾✷✵ ✵✳✵✵✷✹✷ ✵✳✵✼✹✵✶ ✵✳✵✵✶✻✵

✵✳✶✵✼✹✶ ✵✳✵✵✽✸✻ ✵✳✵✼✽✼✺ ✵✳✵✵✷✵✼

✶✳✺✷✼✽✾ ✶✳✵✶✼✾✼

φ̂ ✶✳✽✶✺✶✼ ✶✳✶✻✵✽✾

✷✳✹✵✸✺✾ ✶✳✹✻✵✼✻



✹✼

❚❛❜❡❧❛ ✹✳✸✿ ❚❛♠❛♥❤♦ ❞♦ t❡st❡ ♣❛r❛ ❛s ❡st❛tíst✐❝❛s W ✱ Wm ❡ Wc

n α(%) W Wm Wc n α(%) W Wm Wc

✶✳✵ ✶✸✳✵✼ ✶✵✳✾✷ ✾✳✻✽ ✶✳✵ ✷✳✷✵ ✶✳✾✽ ✶✳✸✵

✶✵ ✺✳✵ ✷✷✳✺✼ ✶✾✳✾✸ ✶✻✳✺✸ ✻✵ ✺✳✵ ✼✳✼✽ ✼✳✵✸ ✹✳✽✸

✶✵✳✵ ✷✾✳✺✻ ✷✼✳✼✸ ✷✷✳✷✵ ✶✵✳✵ ✶✸✳✶✸ ✶✷✳✾✶ ✽✳✽✷

✶✳✵ ✺✳✸✶ ✹✳✸✵ ✸✳✶✼ ✶✳✵ ✷✳✵✻ ✶✳✽✵ ✶✳✶✹

✷✵ ✺✳✵ ✶✷✳✸✽ ✶✵✳✾✼ ✼✳✾✶ ✼✵ ✺✳✵ ✼✳✶✵ ✻✳✻✻ ✹✳✼✷

✶✵✳✵ ✶✽✳✷✺ ✶✻✳✾✶ ✶✷✳✶✺ ✶✵✳✵ ✶✷✳✸✻ ✶✶✳✽✼ ✽✳✻✽

✶✳✵ ✸✳✺✹ ✷✳✾✵ ✷✳✵✷ ✶✳✵ ✶✳✼✶ ✶✳✺✹ ✶✳✵✻

✸✵ ✺✳✵ ✾✳✽✸ ✽✳✼✺ ✻✳✵✶ ✽✵ ✺✳✵ ✻✳✷✺ ✻✳✵✵ ✹✳✵✵

✶✵✳✵ ✶✺✳✹✺ ✶✹✳✺✺ ✶✵✳✵✹ ✶✵✳✵ ✶✶✳✾✶ ✶✶✳✺✹ ✽✳✷✸

✶✳✵ ✸✳✵✹ ✷✳✹✶ ✶✳✻✺ ✶✳✵ ✶✳✻✶ ✶✳✹✹ ✵✳✾✵

✹✵ ✺✳✵ ✽✳✻✶ ✽✳✵✻ ✺✳✹✸ ✾✵ ✺✳✵ ✻✳✺✷ ✺✳✾✾ ✹✳✶✶

✶✵✳✵ ✶✹✳✹✺ ✶✸✳✷✽ ✾✳✶✻ ✶✵✳✵ ✶✶✳✼✶ ✶✶✳✹✺ ✽✳✶✾

✶✳✵ ✷✳✻✵ ✷✳✶✽ ✶✳✸✾ ✶✳✵ ✶✳✻✸ ✶✳✹✹ ✵✳✾✺

✺✵ ✺✳✵ ✼✳✼✵ ✼✳✵✹ ✹✳✼✵ ✶✵✵ ✺✳✵ ✻✳✷✽ ✺✳✽✺ ✹✳✵✵

✶✵✳✵ ✶✸✳✺✷ ✶✷✳✾✶ ✽✳✽✾ ✶✵✳✵ ✶✶✳✼✼ ✶✶✳✶✹ ✽✳✶✼



❈❛♣ít✉❧♦ ✺

❚r❛❜❛❧❤♦s ❋✉t✉r♦s

❆ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉✐çã♦ t❡ór✐❝❛ ❞❡st❛ ❞✐ss❡rt❛çã♦ ❡♥❝♦♥tr❛✲s❡ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ♦♥❞❡

♦❜t✐✈❡♠♦s ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s

❝♦rr✐❣✐❞♦s ♣❡❧♦ ✈✐és ❡♠ ▼▲●s ❝♦♠ ❞✐s♣❡rsã♦ ❞❡s❝♦♥❤❡❝✐❞❛✱ ♣♦ré♠ ❛ ♠❡s♠❛ ♣❛r❛ t♦❞❛s

❛s ♦❜s❡r✈❛çõ❡s✳

❇❛s❡❛❞♦ ♥❛s ✐❞❡✐❛s ❞❡st❛ ❞✐ss❡rt❛çã♦✱ ❞✐✈❡rs♦s tr❛❜❛❧❤♦s ♣♦❞❡rã♦ s❡r ❞❡s❡♥✈♦❧✈✐✲

❞♦s✳ P♦❞❡♠♦s ❝✐t❛r✿

✭✐✮ ❊①t❡♥sã♦ ❞♦ ❝á❧❝✉❧♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ ♦r❞❡♠ n−2 ❞♦s ❊▼❱s ❝♦rr✐❣✐❞♦s

♣❡❧♦ ✈✐és ❞❡ ♦r❞❡♠ n−1 ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ♣❛râ♠❡tr♦ ❞❡ ❞✐s♣❡rsã♦ ♥ã♦ é ♦

♠❡s♠♦ ♣❛r❛ t♦❞❛s ❛s ♦❜s❡r✈❛çõ❡s❀

✭✐✐✮ ❈á❧❝✉❧♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦s ❊▼❱s ❝♦rr✐❣✐❞♦s ♣❡❧♦

✈✐és ♣❛r❛ ♦s ♠♦❞❡❧♦s ♥ã♦✲❧✐♥❡❛r❡s ❞❛ ❢❛♠í❧✐❛ ❡①♣♦♥❡♥❝✐❛❧ ✭▼◆▲❋❊s✮ ❝♦♠ ❞✐s♣❡r✲

sã♦ ❞❡s❝♦♥❤❡❝✐❞❛✱ ❝♦♥s✐❞❡r❛♥❞♦✱ ♦✉ ♥ã♦✱ ❛ ♠❡s♠❛ ♣❛r❛ t♦❞❛s ❛s ♦❜s❡r✈❛çõ❡s❀

✭✐✐✐✮ ❈♦♠♣❛r❛çã♦ ❞❛s ❡st❛tíst✐❝❛s ❲❛❧❞ ♠♦❞✐✜❝❛❞❛s ❝♦♠ ♦✉tr❛s ❡st❛tíst✐❝❛s✱ ♣♦r ❡①❡♠✲

♣❧♦✱ ❛ ❡st❛tíst✐❝❛ ❞❛ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛s ❡✴♦✉ ❛ ❡st❛tíst✐❝❛ ❡s❝♦r❡ ❛ss♦❝✐❛❞❛s

❛♦s t❡st❡s s♦❜r❡ ♦s ♣❛râ♠❡tr♦s ❞♦s ▼▲●s ❝♦♠ ❞✐s♣❡rsã♦ ❞❡s❝♦♥❤❡❝✐❞❛✱ ♣♦ré♠ ❛

♠❡s♠❛ ♣❛r❛ t♦❞❛s ❛s ♦❜s❡r✈❛çõ❡s✳



❆♣ê♥❞✐❝❡ ❆

■❞❡♥t✐❞❛❞❡s ❞❡ ❇❛rt❧❡tt ❡ ❈✉♠✉❧❛♥t❡s

❆✳✶ ■❞❡♥t✐❞❛❞❡s ❞❡ ❇❛rt❧❡tt

❆s ✐❞❡♥t✐❞❛❞❡s ❛❜❛✐①♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❈♦r❞❡✐r♦ ✭✶✾✾✶✱ ♣á❣✳ ✶✷✵✮

• κr = 0,

• κrs + κr,s = 0✱

• κrst + κr,st − κ
(r)
st = 0✱

• κr,s,t − 2κrst + Σ(3)κ
(t)
rs = 0✱

• κr,s,tu = κrstu − κ
(s)
rtu − κ

(r)
stu + κ

(rs)
tu − κrs,tu✱

• κr,s,t,u = −3κrstu + 2Σ(4)κ
(u)
rst − Σ(6)κ

(tu)
rs + Σ(3)κrs,tu✱

• κrstu + Σ(4)κr,stu + Σ(3)κrs,tu + Σ(6)κr,s,tu + κr,s,t,u = 0✱

❡♠ q✉❡ Σ(k) r❡♣r❡s❡♥t❛ ♦ s♦♠❛tór✐♦ s♦❜r❡ t♦❞❛s ❛s ❦ ❝♦♠❜✐♥❛çõ❡s ❞❡ í♥❞✐❝❡s✳

❆✳✷ ❈✉♠✉❧❛♥t❡s

• κφφ = nd2✱

• κφφ = {nd2}−1✱



✺✵

• κφφφ = κ
(φ)
φφ = nd3✱

• κφφφφ = nd4✱

• κrφ,φ = κrφ
(φ) = κrφφ = κrs,φ = κr,φφ = 0✱

• κφφ,φ = κφφ,φφ = κφφ,φ,φκφφφ,φ = 0✱

• κrs = −φ∑n
ℓ=1 ωℓxℓrxℓs✱

• κφr,s = −κφrs = −κ(φ)rs =
∑n

ℓ=1 ωℓxℓrxℓs✱

• κφφrs = κ
(st)
rφ = κ

(sφ)
rφ = κ

(φ)
φrs = κ

(s)
φφr = 0✱

• κ
(t)
φrs = −∑n

ℓ=1(fℓ + gℓ)xℓrxℓsxℓt,

• κrst = −φ∑n
ℓ=1(fℓ + 2gℓ)xℓrxℓsxℓt✱

• κrs,t = φ
∑n

ℓ=1 gℓxℓrxℓsxℓt✱

• κr,s,t = φ
∑n

ℓ=1(fℓ − gℓ)xℓrxℓsxℓt✱

• κrstu = φ

n∑

ℓ=1

{

− 6

V 3

(
dV

dµ

)2(
dµ

dη

)4

+
3

V 2

d2V

dµ2

(
dµ

dη

)4

+
12

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2

− 3

V

(
d2µ

dη2

)2

− 4

V

dµ

dη

d3µ

dη3

}

ℓ

xℓrxℓsxℓtxℓu,

• κrs,tu = φ
n∑

ℓ=1

{

1

V 3

(
dV

dµ

)2(
dµ

dη

)4

− 2

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
+

1

V

(
d2µ

dη2

)2
}

ℓ

xℓrxℓsxℓtxℓu,

• κr,s,tu = φ
n∑

ℓ=1

{

1

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
− 1

V 3

(
dV

dµ

)2(
dµ

dη

)4
}

ℓ

xℓrxℓsxℓtxℓu,

• κr,s,t,u = φ
n∑

ℓ=1

{

1

V 3

(
dV

dµ

)2(
dµ

dη

)4

+
1

V 2

d2V

dµ2

(
dµ

dη

)4
}

ℓ

xℓrxℓsxℓtxℓu,



✺✶

• κrst,u = φ
n∑

ℓ=1

{

2

V 3

(
dV

dµ

)2(
dµ

dη

)4

− 1

V 2

d2V

dµ2

(
dµ

dη

)4

− 3

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2

+
1

V

dµ

dη

d3µ

dη3

}

ℓ

xℓrxℓsxℓtxℓu,

• κ
(r)
stu = φ

n∑

ℓ=1

{

− 4

V 3

(
dV

dµ

)2(
dµ

dη

)4

+
2

V 2

d2V

dµ2

(
dµ

dη

)4

+
9

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2

− 3

V

(
d2µ

dη2

)2

− 3

V

dµ

dη

d3µ

dη3

}

ℓ

xℓrxℓsxℓtxℓu,

• κ
(rs)
tu = φ

n∑

ℓ=1

{

− 2

V 3

(
dV

dµ

)2(
dµ

dη

)4

+
1

V 2

d2V

dµ2

(
dµ

dη

)4

+
5

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2

− 2

V

(
d2µ

dη2

)2

− 2

V

dµ

dη

d3µ

dη3

}

ℓ

xℓrxℓsxℓtxℓu,

• κstuφ = κ
(φ)
stu = −

∑n
ℓ=1(fℓ + 2gℓ)xℓsxℓtxℓu✱

• κstu,φ = 0✱

• κ
(u)
stφ = κ

(φu)
st = −∑n

ℓ=1(fℓ + gℓ)xℓsxℓtxℓu✱

• κst,uφ = κstφ,u = −κst,u,φ =
∑n

ℓ=1 gℓxℓsxℓtxℓu✱

• κsφ,tφ = −κs,φ,tφ = φ−1
∑n

ℓ=1 ωℓxℓsxℓt✳



❆♣ê♥❞✐❝❡ ❇

❘❡s✉❧t❛❞♦s ❞♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ❡♥❝♦♥tr❛♠✲s❡ ♦s ❝á❧❝✉❧♦s ❞❡ ❛❧❣✉♠❛s ❡①♣r❡ssõ❡s ❞♦s ❈❛♣ít✉❧♦s ✸

❡ ✹✳

❇✳✶ ❘❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✸

❇✳✶✳✶ ❘❡s✉❧t❛❞♦s ❞❛ ❙❡çã♦ ✸✳✶

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✹✮

❚❡♠♦s q✉❡✱

• 2κ
(ad)
bc − κ

(a)
bcd = 2φ

n∑

ℓ=1

{

− 2

V 3

(
dV

dµ

)2(
dµ

dη

)4

+
1

V 2

d2V

dµ2

(
dµ

dη

)4

+
5

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
− 2

V

(
d2µ

dη2

)2

− 2

V

dµ

dη

d3µ

dη3

}

ℓ

xℓaxℓbxℓcxℓd

−φ
n∑

ℓ=1

{

− 4

V 3

(
dV

dµ

)2(
dµ

dη

)4

+
2

V 2

d2V

dµ2

(
dµ

dη

)4

+
9

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
− 3

V

(
d2µ

dη2

)2

− 3

V

dµ

dη

d3µ

dη3

}

ℓ

xℓaxℓbxℓcxℓd

= φ

n∑

ℓ=1

{

1

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
− 1

V

(
d2µ

dη2

)2

− 1

V

dµ

dη

d3µ

dη3

}

ℓ

xℓaxℓbxℓcxℓd.

• κac,bd = φ

n∑

ℓ=1

{

1

V 3

(
dV

dµ

)2(
dµ

dη

)4

− 2

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
+

1

V

(
d2µ

dη2

)2
}

ℓ

xℓaxℓbxℓcxℓd.



✺✸

❆ss✐♠✱

• 2κ
(ad)
bc − κ

(a)
bcd + κac,bd = φ

n∑

ℓ=1

{

1

V 3

(
dV

dµ

)2(
dµ

dη

)4

− 1

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2

− 1

V

dµ

dη

d3µ

dη3

}

ℓ

xℓaxℓbxℓcxℓd

= φ
n∑

ℓ=1

hℓxℓaxℓbxℓcxℓd.

▲♦❣♦✱

σ
(1)
ij = −φ

p
∑

a,b,c,d=1

κiaκjbκcd
n∑

ℓ=1

hℓxℓaxℓbxℓcxℓd.

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✺✮

❚❡♠♦s q✉❡✱

•
(
3

2
κabc + 5κab,c

)

κrst =

{

− 3

2
φ

n∑

ℓ=1

(fℓ + 2gℓ) xℓaxℓbxℓc + 5φ
n∑

ℓ=1

gℓxℓaxℓbxℓc

}

×
{

−φ
n∑

m=1

(fm + 2gm) xmrxmsxmt

}

=

{

−φ
n∑

ℓ=1

(
3

2
fℓ − 2gℓ

)

xℓaxℓbxℓc

}{

−φ
n∑

m=1

(fm + 2gm) xmrxmsxmt

}

= φ2

n∑

ℓ,m=1

(
3

2
fℓfm + 3fℓgm − 2gℓfm − 4gℓgm

)

xℓaxℓbxℓcxmrxmsxmt,

• 3κa,bcκr,st = 3

(

φ
n∑

ℓ=1

gℓxℓaxℓbxℓc

)(

φ
n∑

m=1

gmxmrxmsxmt

)

= φ2

n∑

ℓ,m=1

(3gℓgm)xℓaxℓbxℓcxmrxmsxmt.

❆ss✐♠✱

•
(
3

2
κabc + 5κab,c

)

κrst + 3κa,bcκr,st = φ2

n∑

ℓ,m=1

(
3

2
fℓfm + 3fℓgm − 2gℓfm − gℓgm

)

.

▲♦❣♦✱

σ
(2)
ij = φ2

p
∑

a,b,c=1

p
∑

r,s,t=1

κiaκjrκbsκct
n∑

ℓ,m=1

(
3

2
fℓfm + 3fℓgm − 2gℓfm − gℓgm

)

xℓaxℓbxℓcxmrxmsxmt.



✺✹

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✻✮

❚❡♠♦s q✉❡✱

• (2κr,st + κrst)κ
(a)
bc =

{

2φ
n∑

m=1

gmxmrxmsxmt − φ
n∑

m=1

(fm + 2gm)xmrxmsxmt

}

①

{

−φ
n∑

ℓ=1

(fℓ + gℓ)xℓaxℓbxℓc

}

=

{

−φ
n∑

m=1

fmxmrxmsxmt

}{

−φ
n∑

ℓ=1

(fℓ + gℓ)xℓaxℓbxℓc

}

= φ2

n∑

ℓ,m=1

{(fℓ + gℓ)fm}xℓaxℓbxℓcxmrxmsxmt.

▲♦❣♦✱

σ
(3)
ij = φ2

p
∑

a,b,c=1

p
∑

r,s,t=1

κiaκjbκrsκct
n∑

ℓ,m=1

{(fℓ + gℓ)fm}xℓaxℓbxℓcxmrxmsxmt.

❇✳✶✳✷ ❘❡s✉❧t❛❞♦s ❞❛ ❙❡çã♦ ✸✳✷

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✼✮

❚❡♠♦s q✉❡✱

• 2κa,bφ,φ + 3κaφ,bφ = −2κaφ,bφ + 3κaφ,bφ = κaφ,bφ = φ−1

n∑

ℓ=1

ωℓxℓaxℓb.

▲♦❣♦✱

σ
(1)∗
ij = σ

(1)
ij − 1

nd2φ

p
∑

a,b=1

κiaκjb
n∑

ℓ=1

ωℓxℓaxℓb.



✺✺

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✽✮

❚❡♠♦s q✉❡✱

• κaφcd + κa,φcd + 2κaφc,d = κaφcd + 3κa,φcd

= κaφcd + 3(κ
(a)
φcd − κaφcd)

= 3κ
(a)
φcd − 2κaφcd.

• 2κa,φc,d + 3κac,φd = 2(κadφc − κ
(d)
aφc − κ

(a)
dφc + κ

(ad)
φc − κad,φc) + 3κac,φd

= 2(κaφcd − 2κ
(d)
aφc − κaφ,cd) + 3κac,φd

= 2κaφcd − 4κ
(d)
aφc − 2κaφ,cd + 3κac,φd

= 2κaφcd − 4κ
(d)
aφc + κac,φd.

❆ss✐♠✱

• κaφcd + κa,φcd + 2κaφc,d + 2κa,φc,d + 3κac,φd = −κ(d)aφc + κac,φd

=
n∑

ℓ=1

(fℓ + gℓ)xℓaxℓcxℓd +
n∑

ℓ=1

gℓxℓaxℓcxℓd

=
n∑

ℓ=1

(fℓ + 2gℓ)xℓaxℓcxℓd.

▲♦❣♦✱

σ
(1)
iφ = − 1

nd2

p
∑

a,c,d=1

κiaκcd
n∑

ℓ=1

(fℓ + 2gℓ)xℓaxℓcxℓd.

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✾✮

❚❡♠♦s q✉❡✱

• 2κφ,φc,d + 3κφc,φd = −2κφc,φd + 3κφc,φd = κφc,φd = φ−1

n∑

ℓ=1

ωℓxℓcxℓd.



✺✻

▲♦❣♦✱

σ
(1)
φφ = −

(
1

nd2

)3

nd4 −
1

φ

(
1

nd2

)2 p
∑

c,d=1

κcd
n∑

ℓ=1

ωℓxℓcxℓd.

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✶✵✮

❚❡♠♦s q✉❡✱

•
(
3

2
κaφc + 5κaφ,c

)

κrφt =

{(

−3

2

n∑

ℓ=1

ωℓ + 5
n∑

ℓ=1

ωℓ

)

xℓaxℓc

}{

−
n∑

m=1

ωmxmrxmt

}

= −7

2

n∑

ℓ,m=1

ωℓωmxℓaxℓcxmrxmt,

• 2κaφ,cκr,φt = 2

(
n∑

ℓ=1

ωℓxℓaxℓc

)(
n∑

m=1

ωmxmrxmt

)

= 2
n∑

ℓ,m=1

ωℓωmxℓaxℓcxmrxmt,

•
(
3

2
κabφ + κa,bφ

)

κrsφ =

{(

−3

2

n∑

ℓ=1

ωℓ +
n∑

ℓ=1

ωℓ

)

xℓaxℓc

}{

−
n∑

m=1

ωmxmrxmt

}

=
1

2

n∑

ℓ,m=1

ωℓωmxℓaxℓcxmrxmt.

❆ss✐♠✱

•
(
3

2
κaφc + 5κaφ,c

)

κrφt + 2κaφ,cκr,φt = −3

2

n∑

ℓ,m=1

ωℓωmxℓaxℓcxmrxmt.

▲♦❣♦✱

σ
(2)∗
ij = σ

(2)
ij − 3

2nd2

n∑

a,c=1

p
∑

r,t=1

κiaκjrκct
n∑

ℓ,m=1

ωℓωmxℓaxℓcxmrxmt

+
1

2nd2

n∑

a,c=1

p
∑

r,t=1

κiaκjrκbs
n∑

ℓ,m=1

ωℓωmxℓaxℓcxmrxmt.



✺✼

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✶✶✮

❚❡♠♦s q✉❡✱

•
(
3

2
κabc + 5κab,c

)

κφst =

{(

−3

2
φ

n∑

ℓ=1

(fℓ + 2gℓ) + 5
n∑

ℓ=1

gℓ

)

xℓaxℓbxℓc

}{

−
n∑

m=1

ωmxmsxmt

}

=

{

−φ
n∑

ℓ=1

(
3

2
fℓ − 2gℓ)

)

xℓaxℓbxℓc

}{

−
n∑

m=1

ωmxmsxmt

}

= φ

n∑

ℓ,m=1

(
3

2
fℓ − 2gℓ

)

ωmxℓaxℓbxℓcxmsxmt.

• κab,cκφt,s =

(

φ

n∑

ℓ=1

gℓxℓaxℓbxℓc

)(
n∑

m=1

ωmxmsxmt

)

= φ
n∑

ℓ,m=1

gℓωmxℓaxℓbxℓcxmsxmt.

❆ss✐♠✱

•
(
3

2
κabc + 5κab,c

)

κφst + κab,cκφt,s = φ
n∑

ℓ,m=1

(
3

2
fℓ − gℓ

)

ωmxℓaxℓbxℓcxmsxmt.

▲♦❣♦✱

σ
(2)
iφ =

1

nd2φ

p
∑

a,b,c=1

p
∑

s,t=1

κiaκbsκct
n∑

ℓ,m=1

(
3

2
fℓ − gℓ

)

ωmxℓaxℓbxℓcxmsxmt.

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✶✷✮

❚❡♠♦s q✉❡✱

•
(
3

2
κφbc + 4κφ,bc

)

κφst =

{(

−3

2

n∑

ℓ=1

ωℓ + 4
n∑

ℓ=1

ωℓ

)

xℓbxℓc

}{

−
n∑

m=1

ωmxmsxmt

}

= −5

2

n∑

ℓ,m=1

ωℓωmxℓbxℓcxmsxmt.

• κφb,cκφt,s =

(
n∑

ℓ=1

ωℓxℓbxℓc

)(
n∑

m=1

ωmxmsxmt

)

=
n∑

ℓ,m=1

ωℓωmxℓbxℓcxmsxmt.



✺✽

❆ss✐♠✱

•
(
3

2
κφbc + 4κφ,bc

)

κφst + κφb,cκφt,s = −3

2

n∑

ℓ,m=1

ωℓωmxℓbxℓcxmsxmt.

▲♦❣♦✱

σ
(2)
φφ = −3

2

(
1

2nd2

)2 p
∑

b,c=1

p
∑

s,t=1

κbsκct
n∑

ℓ,m=1

ωℓωmxℓbxℓcxmsxmt

+
3

2

(
1

nd2

)4

(nd3)
2.

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✶✸✮

❚❡♠♦s q✉❡✱

• 2(κa,bφ + κabφ)κr,sφ = 2(κa,bφ − κa,bφ)κr,sφ = 0,

• (κa,bφ + κabφ)κrsφ = 0.

▲♦❣♦✱

σ
(3)∗
ij = σ

(3)
ij .

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✶✹✮

❚❡♠♦s q✉❡✱

• 2(κa,φc + κaφc)κr,st = 2(κa,φc − κa,φc)κr,st = 0,

• (κa,φc + κaφc)κrst = 0.

▲♦❣♦✱

σ
(3)
iφ = 0.



✺✾

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✶✺✮

❚❡♠♦s q✉❡✱

• κφφφ(κrsφ + 2κr,sφ) = κφφφ

(

−
n∑

m=1

ωm + 2
n∑

m=1

ωm

)

xmrxms

= κφφφ

n∑

m=1

ωmxmrxms.

▲♦❣♦✱

σ
(3)
φφ =

(
1

nd2

)4

(nd3)
2 +

(
1

nd2

)3

nd3

p
∑

r,s=1

κrs
n∑

m=1

ωmxmrxms.

❇✳✶✳✸ ❘❡s✉❧t❛❞♦ ❞❛ ❙❡çã♦ ✸✳✸

❈á❧❝✉❧♦ ❞❡
∑p

v=1 d
s
vκ

rv✳

❚❡♠♦s q✉❡✱

•
p
∑

v=1

dsvκrv =

p
∑

v,w,s,y,t,u=1

{

κrwκsyκtuκrv (κstu + 2κst,u)(κvwy + κv,wy)
︸ ︷︷ ︸

✭■✮

+
1

2
κrsκtuκrv (κstuv + κstu,v + 2κstv,u + 2κst,uv + 2κst,u,v)

︸ ︷︷ ︸

✭■■✮

}

,

❡♠ q✉❡✱

• κstu + 2κstu = −φ
n∑

ℓ=1

(fℓ + 2gℓ)xℓsxℓtxℓu + 2φ
n∑

ℓ=1

gℓxℓsxℓtxℓu

= −φ
n∑

ℓ=1

fℓxℓsxℓtxℓu,

• κvwy + κv,wy = −φ
n∑

m=1

(fm + 2gm)xmvxmwxmy + 2φ
n∑

m=1

gmxmvxmwxmy

= −φ
n∑

m=1

(fm + gm)xmvxmwxmy,



✻✵

• κstuv = φ
n∑

ℓ=1

{

− 6

V 3

(
dV

dµ

)2(
dµ

dη

)4

+
3

V 2

d2V

dµ2

(
dµ

dη

)4

+
12

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2

− 3

V

(
d2µ

dη2

)2

− 4

V

dµ

dη

d3µ

dη3

}

ℓ

xℓsxℓtxℓuxℓv,

• 3κstu,v = φ

n∑

ℓ=1

{

6

V 3

(
dV

dµ

)2(
dµ

dη

)4

− 3

V 2

d2V

dµ2

(
dµ

dη

)4

− 9

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2

+
3

V

dµ

dη

d3µ

dη3

}

ℓ

xℓsxℓtxℓuxℓv,

• 2κst,uv = φ
n∑

ℓ=1

{

2

V 3

(
dV

dµ

)2(
dµ

dη

)4

− 4

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
+

2

V

(
d2µ

dη2

)2
}

ℓ

xℓsxℓtxℓuxℓv,

• 2κst,u,v = φ

n∑

ℓ=1

{

2

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
− 2

V 3

(
dV

dµ

)2(
dµ

dη

)4
}

ℓ

xℓsxℓtxℓuxℓv.

❆ss✐♠✱

• ✭■✮ = φ2

n∑

ℓ,m=1

fℓ(fm + gm)xℓsxℓtxℓuxmvxmwxmy,

• ✭■■✮ = φ
n∑

ℓ=1

{

1

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
− 1

V

(
d2µ

dη2

)2

− 1

V

dµ

dη

d3µ

dη3

}

ℓ

xℓsxℓtxℓuxℓv.

▲♦❣♦✱

p
∑

v=1

dsv(κ
rv) =

p
∑

s,t,u=1

p
∑

v,w,y=1

κrwκsyκtuκrv
n∑

ℓ,m=1

fℓ(fm + gm)xℓsxℓtxℓuxmvxmwxmy

+
1

2
φ

p
∑

s,t,u,v=1

κrsκtuκrv
n∑

ℓ=1

{

1

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
− 1

V

(
d2µ

dη2

)2

− 1

V

dµ

dη

d3µ

dη3

}

ℓ

xℓsxℓtxℓuxℓv.



✻✶

❇✳✷ ❘❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✹

❇✳✷✳✶ ❘❡s✉❧t❛❞♦s ❞❛ ❙❡çã♦ ✹✳✶

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✹✳✹✮

❚❡♠♦s q✉❡✱

• κsφφ + 2κs,φφ = 0,

• κsφφv + κsφφ,v + 2κsφv,φ = 0,

• 2(κsφ,φv + κsφ,φ,v) = 2(κsφ,φv − κsφ,φv) = 0.

▲♦❣♦✱

∑

dsv(κ
rv) =

p
∑

s,t,u=1

p
∑

v,w,y=1

κrwκsyκtuκrv
n∑

ℓ,m=1

fℓ(fm + gm)xℓsxℓtxℓuxmvxmwxmy

+
1

2
φ

p
∑

s,t,u,v=1

κrsκtuκrv
n∑

ℓ=1

{

1

V 2

dV

dµ

(
dµ

dη

)2
d2µ

dη2
− 1

V

(
d2µ

dη2

)2

− 1

V

dµ

dη

d3µ

dη3

}

ℓ

xℓsxℓtxℓuxℓv.

❈á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ✭✹✳✶✷✮

❚❡♠♦s q✉❡✱

• κsφφ = κsφ,φ = κφφ,φ = 0,

• κφtuφ = κφtu,φ = κφtφ,u = 0,

• κφφφ,φ = κφφ,φφ = κφφ,φ,φ = 0.



✻✷

❆ss✐♠✱

∑

v

dφvκ
φφ = (κφφ)3κφφφ

n∑

ℓ=1

ωℓκ
tuxℓtxℓu + (κφφ)4κ2φφφ +

1

2
(κφφ)3κφφφφ

= −1

φ

(
1

nd2

)3

nd3

n∑

ℓ=1

ωℓzℓℓ +

(
1

nd2

)4

(nd3)
2 +

1

2

(
1

nd2

)3

nd4

= − nd3
n3d32φ

tr(WZ) +
n2d23
n4d42

+
nd4
2n3d32

= − d3
n2d32φ

♣♦st♦(X) +
d23
n2d42

+
d4

2n2d32

= − pd3
n2d32φ

+
d23
n2d42

+
d4

2n2d32
.

▲♦❣♦

Σ∗
φφ = − 1

nd2
+

1

n2d22

(
p

φ2
− d4
d2

)

− 3

2n2d22φ
2
1
TWZ(2)W1+

3d23
2n2d42

+
d3
n2d32

(
d3
d2

− p

φ

)

− 2pd3
n2d32φ

+
2d23
n2d42

+
d4
n2d32

= − 1

nd2
+

p

n2d22φ
2
− d4
n2d32

− 3

2n2d22φ
2
1
TWZ(2)W1+

3d23
2n2d42

+
d23
n2d42

− pd3
n2d32φ

− 2pd3
n2d32φ

+
2d23
n2d42

+
d4
n2d32

= − 1

nd2
+

p

n2d22φ
2
− 3

2n2d22φ
2
1TWZ(2)W1 +

9d23
2n2d42

− 3pd3
n2d32φ

.
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