
❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ♦ ♣r♦❝❡ss♦ ❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦✱ ❝♦♥s✐❞❡r❛❞♦ ♠♦✲

❞❡❧♦ ❝❧áss✐❝♦ ♥❛ t❡♦r✐❛ ❞♦ r✐s❝♦✱ ❝♦♠ ✈❛r✐❛♥t❡s ♣r♦♣♦st❛s ♣♦r ❏✉♥ ❈❛✐ ❡ ❉❛✈✐❞ ❉✐❝❦✲

s♦♥✭✷✵✵✹✮✳ ❙❡rã♦ ✐♥❝❧✉í❞❛s t❛①❛s ❞❡ ❥✉r♦s✱ ❛s q✉❛✐s s❡❣✉❡♠ ✉♠❛ ❈❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✱

❡ s❡✉s ❡❢❡✐t♦s✱ ❡♠ r❡❧❛çã♦ à ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛✱ s❡rã♦ ❛♥❛❧✐s❛❞♦s✳ ❖ ❝♦♥❤❡❝✐❞♦

❧✐♠✐t❛♥t❡ s✉♣❡r✐♦r ♣r♦♣♦st♦ ♣♦r ▲✉♥❞❜❡r❣✱ ♣❛r❛ ❡ss❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ✜❝❛ r❡❞✉③✐❞♦ ❡♠

✈✐rt✉❞❡ ❞❡ss❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝❧áss✐❝❛ é ❣❡♥❡r❛❧✐③❛❞❛✳

P❛❧❛✈r❛s ❈❤❛✈❡s✿ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✱ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛✱ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ▲✉♥❞❜❡r❣✱ ♣r♦❝❡ss♦ ❞❡ r✐s❝♦✱ t❛①❛s ❞❡ ❥✉r♦s✱ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞② ❞✐s❝r❡t❡ t✐♠❡ r✐s❦ ♣r♦❝❡ss✱ ❝♦♥s✐❞❡r❡❞ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧✱ ✇✐t❤

✈❛r✐❛♥ts ♣r♦♣♦s❡❞ ❜② ❏✉♥ ❈❛✐ ❛♥❞ ❉❛✈✐❞ ❉✐❝❦s♦♥✭✷✵✵✹✮✳ ❘❛t❡s ♦❢ ✐♥t❡r❡st✱ ✇❤✐❝❤

❢♦❧❧♦✇s ❛ ▼❛r❦♦✈ ❝❤❛✐♥✱ ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ❛♥❞ t❤❡✐r ❡✛❡❝t ♦♥ t❤❡ r✉✐♥ ♣r♦❜❛❜✐❧✐t✐❡s

✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞✳ ●❡♥❡r❛❧✐③❡❞ ▲✉♥❞❜❡r❣ ✐♥❡q✉❛❧✐t✐❡s ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ❛♥❞ s❤♦✇♥ ❤♦✇

t❤❡ ❝❧❛ss✐❝❛❧ ❜♦✉♥❞s ❢♦r t❤❡ r✉✐♥ ♣r♦❜❛❜✐❧✐t② ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳

❦❡②✲✇♦r❞s✿ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥✱ r✉✐♥ ♣r♦❜❛❜✐❧✐t②✱ ▲✉♥❞❜❡r❣ ✐♥❡q✉❛❧✐t②✱ r✐s❦

♣r♦❝❡ss❡s✱ r❛t❡s ♦❢ ✐♥t❡r❡st✱ ❝❤❛✐♥ ▼❛r❦♦✈✳



❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❊st✐♠❛t✐✈❛s ♣❛r❛ ❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡
❘✉í♥❛ ❡♠ ✉♠ ▼♦❞❡❧♦ ❞❡ ❘✐s❝♦ ❝♦♠

❚❛①❛ ❞❡ ❏✉r♦s ▼❛r❦♦✈✐❛♥❛

♣♦r

❆♥t♦♥✐♦ ▲✉✐③ ❙♦❛r❡s ❙❛♥t♦s †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❆♥❞ré ●✉st❛✈♦ ❈❛♠♣♦s P❡r❡✐r❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞♦ ●♦✈❡r♥♦ ❞♦ ❊st❛❞♦ ❞♦ P✐❛✉í ❡ ❞❛ ❋❛❝✉❧❞❛❞❡ ❙❛♥t♦

❆❣♦st✐♥❤♦ ❞❡ ❚❡r❡s✐♥❛



❊st✐♠❛t✐✈❛s ♣❛r❛ ❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡
❘✉í♥❛ ❡♠ ✉♠ ▼♦❞❡❧♦ ❞❡ ❘✐s❝♦ ❝♦♠

❚❛①❛s ❞❡ ❏✉r♦s ▼❛r❦♦✈✐❛♥❛

♣♦r

❆♥t♦♥✐♦ ▲✉✐③ ❙♦❛r❡s ❙❛♥t♦s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ▼❛t❡♠át✐❝❛

▲✐♥❤❛ ❞❡ P❡sq✉✐s❛✿ Pr♦❜❛❜✐❧✐❞❛❞❡ ❡ ❊st❛tíst✐❝❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢❛✳ ❉r❛✳ ❱✐✈✐❛♥❡ ❙✐♠✐♦❧✐ ▼❡❞❡✐r♦s ❈❛♠♣♦s

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥t♦♥✐♦ ❏♦sé ❞❛ ❙✐❧✈❛

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥❞ré ●✉st❛✈♦ ❈❛♠♣♦s P❡r❡✐r❛

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❢❡✈❡r❡✐r♦✴✷✵✵✼

✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r ♠❡ ❞❛r ❢♦rç❛s ♣❛r❛ ❝♦♥❝❧✉✐r ❡ss❛ t❛r❡❢❛✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ ♠❡✉s ♣❛✐s✱ q✉❡ s❡♠♣r❡ ✐♥❝❡♥t✐✈❛r❛♠ ♠❡✉ ♣r♦❣r❡ss♦✱ ❛ ♠❡✉s ✐r✲

♠ã♦s✱ ❛ ♠❡✉s ✜❧❤♦s✱ ♦s q✉❛✐s s♦❢r❡r❛♠ ❝♦♠ ♠✐♥❤❛ ❛✉sê♥❝✐❛✱ ❡ ❛ ♠✐♥❤❛ ❡s♣♦s❛ ❚â♥✐❛✱

q✉❡ ❢♦✐ ✉♠❛ ❣✉❡rr❡✐r❛ ♥❡ss❡ ♠♦♠❡♥t♦ ❞❛ ♥♦ss❛ ✈✐❞❛✳ ❙❡♠ ♦ ❛♣♦✐♦ ❞❡❧❡s✱ ❡ss❡ tr❛❜❛❧❤♦✱

❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✉♠✱ ♥ã♦ s❡r✐❛ ❝♦♥❝❧✉í❞♦✳

❆ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ♣r♦❢❡ss♦r ❆♥❞ré ●✉st❛✈♦ ❈❛♠♣♦s P❡r❡✐r❛✱ ♣❡❧❛s ❜r✐❧❤❛♥t❡s

❛✉❧❛s ❡ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ❞❡❞✐❝❛❞❛ ❡ ♣❛❝✐❡♥t❡ ❞✉r❛♥t❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❆♥t♦♥✐♦ ❏♦sé ❡ ❱✐✈✐❛♥❡ ❙✐♠✐♦❧✐✱ ♣❡❧❛s s✉❣❡stõ❡s ❞❡ ♠❡❧❤♦r✐❛ ❡

❝♦rr❡çõ❡s✱ ❜❡♠ ❝♦♠♦ ♣♦r t❡r❡♠ ❛❝❡✐t♦ ♣❛rt✐❝✐♣❛r ❞❛ ❜❛♥❝❛✳

❆♦s ❝♦❧❡❣❛s ❞♦ ♠❡str❛❞♦ ❡♠ ♠❛t❡♠át✐❝❛ ❞❛ ❯❋❈●✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛♦s ❞❡ ♠✐♥❤❛

t✉r♠❛✱ ♣❡❧♦s ✐♥❝❡♥t✐✈♦s ❡ ❡♥s✐♥❛♠❡♥t♦s ❝♦♠♣❛rt✐❧❤❛❞♦s✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❡ ♠❛t❡♠át✐❝❛ ❞❛ ❯❋❈● ❡ ❛♦s ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❞❡♣❛rt❛♠❡♥t♦ ❞❡

♠❛t❡♠át✐❝❛ ❡ ❡st❛tíst✐❝❛✱ ♣❡❧❛ ❞✐s♣♦s✐çã♦ ❡♠ ❛❥✉❞❛r✳

❆♦s ❛♠✐❣♦s ♣r♦❢❡ss♦r❡s ❞♦s ❉❡♣❛rt❛♠❡♥t♦s ❞❡ ▼❛t❡♠át✐❝❛ ❡ ❞❡ ■♥❢♦r♠át✐❝❛ ❡

❊st❛tíst✐❝❛ ❞❛ ❯❋P■✱ ♣❡❧❛ ♠♦t✐✈❛çã♦❀ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❛♦s ♣r♦❢❡ss♦r❡s ❏♦ã♦ ❳❛✈✐❡r ❡

▼❛r❝♦♥❞❡s ❈❧❛r❦✱ ♣❡❧❛ ♠✐♥❤❛ r❡❝♦♠❡♥❞❛çã♦ ❛♦ ♠❡str❛❞♦ ❡ ❛♦ ♣r♦❢❡ss♦r P❛✉❧♦ ❙ér❣✐♦

♣❡❧❛ ♦r✐❡♥t❛çã♦ ♥♦ ▲❛t❡①✳

❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ❝✉rs♦ ❞❡ ❈✐ê♥❝✐❛s ❈♦♥tá❜❡✐s ❞❛ ❋❛❝✉❧❞❛❞❡ ❙❛♥t♦ ❆❣♦st✐♥❤♦❀

❡♠ ♣❛rt✐❝✉❧❛r✱ ❛♦ ♣r♦❢❡ss♦r ❏♦s✐♠❛r ❆❧❝â♥t❛r❛✱ ♣❡❧♦ ❛♣♦✐♦ ❝♦♥tí♥✉♦✳

❆ t♦❞♦s ♦s ♠❡✉s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s q✉❡ t♦r❝❡r❛♠ ♣❡❧♦ ♠❡✉ s✉❝❡ss♦ ♥❡ss❛ ❡♠♣r❡✐✲

t❛❞❛✳

❋✐♥❛❧♠❡♥t❡✱ ♣♦ré♠ ♥ã♦ ♠❡♥♦s ✐♠♣♦rt❛♥t❡✱ ❛♦ ●♦✈❡r♥♦ ❞♦ ❊st❛❞♦ ❞♦ P✐❛✉í✱

♥❛ ♣❡ss♦❛ ❞♦ s❡❝r❡tár✐♦ ❞❛ ❢❛③❡♥❞❛ ❆♥t♦♥✐♦ ◆❡t♦✱ ❡ à ❞✐r❡çã♦ ❞❛ ❋❛❝✉❧❞❛❞❡ ❙❛♥t♦

❆❣♦st✐♥❤♦✱ ♥❛ ♣❡ss♦❛ ❞❛ ❞✐r❡t♦r❛ ■❛r❛ ▲✐r❛✱ ♣♦r ❛❝r❡❞✐t❛r❛♠ ♥❡st❡ s♦♥❤♦ ❡ ♣❡❧♦ ❢✉♥❞❛✲

♠❡♥t❛❧ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✐✐✐



❉❡❞✐❝❛tór✐❛

❉❡❞✐❝♦ ❡st❛ ❞✐ss❡rt❛çã♦ ❛ ♠❡✉s

♣❛✐s✿ ❏♦sé ▲✉✐③ ❞♦s ❙❛♥t♦s ❡

❘❛✐♠✉♥❞❛ ❙♦❛r❡s ❋✉rt❛❞♦ ❙❛♥✲

t♦s✭❉♦♥❛ ❉✉❧❝❡✮❀ ❛ ♠❡✉s ✐r♠ã♦s✿

❋r❛♥❝✐s❝❛ ❊❧✈✐r❛✱ ❈❛r❧❛✱ ▲✉✐③ ❈❛r✲

❧♦s✱ ■s❛❜❡❧❛ ❡ ▼❛r❝❡❧❧♦❀ ❛ ♠❡✉s ✜✲

❧❤♦s✿ ❆❧②ss♦♥✱ ❘❛♠♦♥ ❡ ❱ít♦r✱ ❡

❛ ♠✐♥❤❛ ❡s♣♦s❛ ❚â♥✐❛✳

✐✈



❈♦♥t❡ú❞♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶ Pr❡❧✐♠✐♥❛r❡s ✶✶

✶✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✷ ❊s♣❡r❛♥ç❛ ❈♦♥❞✐❝✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✸ Pr♦❝❡ss♦ ❊st♦❝ást✐❝♦ ❡ ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✹ ▼❛rt✐♥❣❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✺ Pr♦❝❡ss♦ ❞❡ ❘✐s❝♦ ❛ ❚❡♠♣♦ ❉✐s❝r❡t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷ ▼♦❞❡❧♦ ❞❡ ❘✐s❝♦ ❝♦♠ ❏✉r♦s ▼❛r❦♦✈✐❛♥♦s ✷✷

✷✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✷ ❊q✉❛çã♦ ❘❡❝✉rs✐✈❛ ❡ ■♥t❡❣r❛❧ ♣❛r❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❘✉í♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✸ ❉❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❘✉í♥❛ ♣❡❧❛ ❛❜♦r❞❛❣❡♠ ■♥❞✉t✐✈❛ ✳ ✸✺

✷✳✹ ❉❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❘✉í♥❛ ♣❡❧❛ ❛❜♦r❞❛❣❡♠ ▼❛rt✐♥❣❛❧❡ ✹✶

✸ ❘❡s✉❧t❛❞♦s ◆✉♠ér✐❝♦s ✹✾

✸✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✷ ❊①❡♠♣❧♦ ♥✉♠ér✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✸ ❊①❡♠♣❧♦s ♥✉♠ér✐❝♦s ✉t✐❧✐③❛♥❞♦ ♦ ▼❆P▲❊ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

❇✐❜❧✐♦❣r❛✜❛ ✻✹

✐



■♥tr♦❞✉çã♦

❊♠ ❇♦✇❡rs ❡t ❛❧✳ ✭✶✾✾✼✮✱ ❧❡♠♦s✿

❈❛❞❛ ✉♠ ❞❡ ♥ós ♣❧❛♥❡❥❛ ❡ t❡♠ ❡①♣❡❝t❛t✐✈❛s s♦❜r❡ ♦s ❝❛♠✐♥❤♦s q✉❡ ♥♦ss❛ ✈✐❞❛

s❡❣✉✐rá✳ ❈♦♥t✉❞♦✱ ❛ ❤✐stór✐❛ ❡♥s✐♥❛ q✉❡ ♦s ♣❧❛♥♦s tr❛ç❛❞♦s✱ q✉❛♥❞♦ ❧❡✈❛❞♦s ❛ t❡r♠♦✱

♥❡♠ s❡♠♣r❡ ❛❝♦♥t❡❝❡♠ ❝♦♠♦ ♣❧❛♥❡❥❛❞♦s ❡ ❛❧❣✉♠❛s ✈❡③❡s ❡①♣❡❝t❛t✐✈❛s ♥ã♦ sã♦ ❝♦♥✲

❝r❡t✐③❛❞❛s✳ ❖❝❛s✐♦♥❛❧♠❡♥t❡ ♣❧❛♥♦s sã♦ ❢r✉str❛❞♦s ♣♦rq✉❡ sã♦ ❝♦♥str✉í❞♦s s♦❜r❡ ❜❛s❡s

♥ã♦ r❡❛❧íst✐❝❛s✳ ❊♠ ♦✉tr❛s s✐t✉❛çõ❡s✱ ❛❝♦♥t❡❝✐♠❡♥t♦s ✐♥❡s♣❡r❛❞♦s ✐♥t❡r❢❡r❡♠✳ ❖ ❙❡❣✉r♦

❡①✐st❡ ♣❛r❛ ♣r♦t❡❣❡r ❝♦♥tr❛ r❡✈❡s❡s ✜♥❛♥❝❡✐r♦s sér✐♦s q✉❡ r❡s✉❧t❛♠ ❞❛ ✐♥tr♦♠✐ssã♦ ❞❡

❡✈❡♥t♦s ❛❧❡❛tór✐♦s s♦❜r❡ ♦s ♣❧❛♥♦s ❞♦s ✐♥❞✐✈í❞✉♦s✳

❯♠ s✐st❡♠❛ ❞❡ s❡❣✉r♦s é ✉♠ ♠❡❝❛♥✐s♠♦ ❞❡ r❡❞✉çã♦ ❞♦s ✐♠♣❛❝t♦s ✜♥❛♥❝❡✐r♦s ❛❞✲

✈❡rs♦s ❞❡✈✐❞♦ ❛ ❡✈❡♥t♦s ❛❧❡❛tór✐♦s q✉❡ ✐♠♣❡❞❡♠ ❛ r❡❛❧✐③❛çã♦ ❞❡ ❡①♣❡❝t❛t✐✈❛s r❛③♦á✈❡✐s✳

❆ ❥✉st✐✜❝❛t✐✈❛ ❡❝♦♥ô♠✐❝❛ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ s❡❣✉r♦s é q✉❡ ❡❧❡ ❝♦♥tr✐❜✉❡ ♣❛r❛ ❛

❢❡❧✐❝✐❞❛❞❡ ❣❡r❛❧✱ ♣❡❧❛ ♠❡❧❤♦r✐❛ ❞❛s ♣❡r♣❡❝t✐✈❛s ❞❡ q✉❡ ♣❧❛♥♦s ♥ã♦ s❡rã♦ ❢r✉str❛❞♦s ♣♦r

❡✈❡♥t♦s ❛❧❡❛tór✐♦s✳ ❚❛✐s s✐st❡♠❛s ♣♦❞❡♠ t❛♠❜é♠ ❛✉♠❡♥t❛r ❛ ♣r♦❞✉çã♦ t♦t❛❧✱ ♣❡❧♦ ❡♥✲

❝♦r❛❥❛♠❡♥t♦ ❞❡ ✐♥❞✐✈í❞✉♦s ❡ ❝♦r♣♦r❛çõ❡s ❛ ❡♠❜❛r❝❛r ❡♠ ❛✈❡♥t✉r❛s ♦♥❞❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡

❞❡ ❣r❛♥❞❡s ♣❡r❞❛s ✐♥✐❜✐r✐❛♠ t❛✐s ♣r♦❥❡t♦s ♥❛ ❛✉sê♥❝✐❛ ❞❡ s❡❣✉r♦✳ ❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦

s❡❣✉r♦ ♠❛rít♠♦✱ ♣❛r❛ r❡❞✉③✐r ♦ ✐♠♣❛❝t♦ ✜♥❛♥❝❡✐r♦ ❞♦s ♣❡r✐❣♦s ❞♦ ♠❛r✱ é ✉♠ ❡①❡♠♣❧♦

❞❡ss❡ ♣♦♥t♦✳ ❖ ❝♦♠ér❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧ q✉❡ ♣❡r♠✐t✐✉ ❡s♣❡❝✐❛❧✐③❛çõ❡s ❡ ♣r♦❞✉çõ❡s ♠❛✐s

❡✜❝✐❡♥t❡s ❡ ❛✐♥❞❛ ✉♠❛ ❛t✐✈✐❞❛❞❡ ❝♦♠❡r❝✐❛❧ ♠✉t✉❛♠❡♥t❡ ✈❛♥t❛❥♦s❛✱ ♣♦❞❡r✐❛ s❡r ♠✉✐t♦

❛rr✐s❝❛❞❛ ♣❛r❛ só❝✐♦s ❝♦♠❡r❝✐❛✐s ♣♦t❡♥❝✐❛✐s s❡♠ ✉♠ s✐st❡♠❛ ❞❡ s❡❣✉r♦ ♣❛r❛ ❝♦❜r✐r ♣♦s✲

sí✈❡✐s ♣❡r❞❛s ♥♦ ♠❛r✳

❊①✐st❡♠ ❜❛s✐❝❛♠❡♥t❡ ❞♦✐s t✐♣♦s ❞❡ s❡❣✉r♦s✱ ❛ s❛❜❡r✿ ❖s ❞❡ ✈✐❞❛ ✭❙❡❣✉r♦ q✉❡ ❝♦♥✲

s❛❣r❛ ❣❛r❛♥t✐❛s ❝✉❥❛ ❡①❡❝✉çã♦ ❞❡♣❡♥❞❡ ❞❛ ❞✉r❛çã♦ ❞❛ ✈✐❞❛ ❤✉♠❛♥❛✮ ❡ ♦s ❞❡ ♥ã♦✲✈✐❞❛✳

❚r❛t❛r❡♠♦s ♥❡st❡ tr❛❜❛❧❤♦ ❛♣❡♥❛s ❞♦s s❡❣✉r♦s ❞❡ ♥ã♦✲✈✐❞❛ q✉❡ é ♦♥❞❡ ❛ t❡♦r✐❛ ❞♦

r✐s❝♦ s❡ ❛♣❧✐❝❛✳

P♦❞❡rí❛♠♦s s✐♠♣❧✐✜❝❛r ♦ ♣r♦❝❡ss♦ ❞❡ s❡❣✉r♦s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❚❡♠♦s ✉♠❛

✻



✼

❡♠♣r❡s❛ s❡❣✉r❛❞♦r❛ ✭t❛♠❜é♠ ❝❤❛♠❛❞❛ ❞❡ s❡❣✉r❛❞♦r✮ ❡ s❡✉s ❝❧✐❡♥t❡s ✭t❛♠❜é♠ ❝❤❛♠❛✲

❞♦s ❞❡ s❡❣✉r❛❞♦s✮✳ ❆ ❡♠♣r❡s❛ s❡❣✉r❛❞♦r❛ ❝♦❜r❛ ✉♠ ♣rê♠✐♦ ✭♣r❡ç♦ ♣❛❣♦ ♣❡❧♦ t♦♠❛❞♦r

❞❡ s❡❣✉r♦ à ❡♠♣r❡s❛ ❞❡ s❡❣✉r♦s ♣❡❧❛ ❝♦♥tr❛t❛çã♦ ❞♦ s❡❣✉r♦✮ ❛♦ ❝❧✐❡♥t❡ ♣❛r❛ s❡❣✉r❛r

✉♠ ❜❡♠ ✭❛✉t♦♠ó✈❡❧✱ ❝❛s❛ ❡t❝✮✳ ❈❛s♦ ❡ss❡ ❜❡♠ s♦❢r❛ ❛❧❣✉♠ ❞❛♥♦ ❞❡✈✐❞♦ ❛ ❡✈❡♥t♦s

❛❧❡❛tór✐♦s ✭t❛✐s ❡✈❡♥t♦s sã♦ ❞❡s❝r✐t♦s ♥♦ ❝♦♥tr❛t♦ ✜r♠❛❞♦ ❡♥tr❡ s❡❣✉r❛❞♦r ❡ s❡❣✉r❛❞♦✮

♦ s❡❣✉r❛❞♦r ✐♥❞❡♥✐③❛ ✭✈❛❧♦r ♣❛❣♦ ♣♦r ✉♠❛ ❡♠♣r❡s❛ ❞❡ s❡❣✉r♦s ♣❛r❛ r❡♣❛r❛r ♦✉ r❡ss❛r❝✐r

✉♠ ❞❛♥♦ r❡s✉❧t❛♥t❡ ❞❡ ✉♠ s✐♥✐str♦✮ ❛♦ s❡❣✉r❛❞♦ ❛♣ós ✉♠❛ ❛♥á❧✐s❡ ❞♦s ❞❛♥♦s s♦❢r✐❞♦s

✭♣❡r❞❛ t♦t❛❧✱ ♣❛r❝✐❛❧✱ ❡t❝✮✳

❆ ♣❛❧❛✈r❛ s✐♥✐str♦ ✉t✐❧✐③❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡ s✐❣♥✐✜❝❛ ✲ ❊✈❡♥t♦ ♦✉ sér✐❡ ❞❡ ❡✈❡♥t♦s

r❡s✉❧t❛♥t❡s ❞❡ ✉♠❛ ♠❡s♠❛ ❝❛✉s❛ s✉s❝❡♣tí✈❡❧ ❞❡ ❢❛③❡r ❢✉♥❝✐♦♥❛r ❛s ❣❛r❛♥t✐❛s ❞❡ ✉♠ ♦✉

♠❛✐s ❝♦♥tr❛t♦s ❞❡ s❡❣✉r♦✳

❈♦♠ ❡ss❡s ❞❛❞♦s ✉♠❛ s❡❣✉r❛❞♦r❛ ♣♦❞❡r✐❛ ♠♦❞❡❧❛r ❛ q✉❛♥t✐❛ ❞❡ ❞✐♥❤❡✐r♦ q✉❡ ❡❧❛

t❡rá ❡♠ ❝❛✐①❛ ♥♦ t❡♠♣♦ t ♣♦r

❉✐♥❤❡✐r♦ ❡♠ ❝❛✐①❛ (t)❂ ❝❛♣✐t❛❧ ✐♥✐❝✐❛❧ ✰ ❉✐♥❤❡✐r♦ r❡❝❡❜✐❞♦ ❡♠ ♣rê♠✐♦s (t) ✲ ❉✐♥❤❡✐r♦

♣❛❣♦ ❡♠ ✐♥❞❡♥✐③❛çõ❡s (t)

❯t✐❧✐③❛♥❞♦ ❡st❛s ✐❞é✐❛s✱ ❡♠ ✶✾✵✸✱ ❋✐❧✐♣ ▲✉♥❞❜❡r❣ ❞❡s❡♥✈♦❧✈❡✉ ❡♠ s✉❛ t❡s❡ ❞❡

❞♦✉t♦r❛❞♦ ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❝♦♠ ♠❛✐s ♣r❡❝✐sã♦✱ ❝♦♥❤❡❝✐❞♦

❝♦♠♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦ ❞❡ r✐s❝♦✳ ◆♦ s❡✉ ♠♦❞❡❧♦ ❡❧❡ ❛ss✉♠✐✉ q✉❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❝❤❡❣❛❞❛s

❞❡ ✐♥❞❡♥✐③❛çõ❡s é ✉♠ ♣r♦❝❡ss♦ ❞❡ P♦✐ss♦♥ ❤♦♠♦❣ê♥❡♦✱ ❛s q✉❛♥t✐❛s ❞❡ ✐♥❞❡♥✐③❛çõ❡s sã♦

✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞❛s✭✐✳✐✳❞✳✮✱ ✐♥❞❡♣❡♥❞❡♥t❡s

❞♦s t❡♠♣♦s ❞❡ ♦❝♦rrê♥❝✐❛s ❞❛s ✐♥❞❡♥✐③❛çõ❡s✱ ❡ ❛ ❡♥tr❛❞❛s ❞♦s ♣rê♠✐♦s é ❧✐♥❡❛r ♥♦

t❡♠♣♦✳ ▲✉♥❞❜❡r❣ ✉t✐❧✐③♦✉ ♦ Pr♦❝❡ss♦ ❞❡ P♦✐ss♦♥ {Nt}t≥0 ♣❛r❛ ♠♦❞❡❧❛r ♦ ♥ú♠❡r♦ ❞❡

✐♥❞❡♥✐③❛çõ❡s q✉❡ ❝❤❡❣❛♠ à s❡❣✉r❛❞♦r❛ ❛té ♦ t❡♠♣♦ t✱ ♦❜t❡♥❞♦ ♦ s❡❣✉✐♥t❡ ♠♦❞❡❧♦✱ ♦

q✉❛❧ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❝❧áss✐❝♦

U(t) = u+ ct−

Nt
∑

i=1

Yi, ✭✶✮

♦♥❞❡✿

• u r❡♣r❡s❡♥t❛ ♦ ❝❛♣✐t❛❧ ✐♥✐❝✐❛❧✳
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• c r❡♣r❡s❡♥t❛ ❛ t❛①❛ ❞❡ ♣rê♠✐♦ ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ q✉❡ ❡♥tr❛ ♥❛ s❡❣✉r❛❞♦r❛✳

• Nt r❡♣r❡s❡♥t❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡❞✐❞♦s ❞❡ ✐♥❞❡♥✐③❛çã♦ q✉❡ ❝❤❡❣❛♠ à s❡❣✉r❛❞♦r❛

❛té ♦ t❡♠♣♦ t✳

• {Yn}n∈◆ ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ✈✳❛✳✬s q✉❡ r❡♣r❡s❡♥t❛♠ ♦s ✈❛❧♦r❡s ❞❛s ✐♥❞❡♥✐③❛çõ❡s

♣❛❣❛s ♣❡❧❛ s❡❣✉r❛❞♦r❛✳

◆♦ ❡st✉❞♦ ❞❡ss❡ ♠♦❞❡❧♦✱ ♣r♦❝✉r❛✲s❡ r❡s♣♦♥❞❡r ❛ s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛✿ ◗✉❛❧ ❛ ♣r♦❜❛❜✐❧✐✲

❞❛❞❡ ❞♦ ❝❛♣✐t❛❧ ❞❛ s❡❣✉r❛❞♦r❛ ✜❝❛r ♥❡❣❛t✐✈♦ ❡♠ ❛❧❣✉♠ ✐♥st❛♥t❡✱ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

❞❡s❡❥❛✲s❡ ❝❛❧❝✉❧❛r

P (U(t) < 0 ♣❛r❛ ❛❧❣✉♠ t). ✭✷✮

❚❛❧ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛✳ ❆♣❡♥❛s ❡♠ ♣♦✉❝♦s

❝❛s♦s é ♣♦ssí✈❡❧ ❝♦♥s❡❣✉✐r ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ❡ss❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❉❡✈✐❞♦ ❛ ❡st❛ ❞✐✜✲

❝✉❧❞❛❞❡ ♦ q✉❡ s❡ ♣r♦❝✉r❛ sã♦ ❡st✐♠❛t✐✈❛s ♣r❡❝✐s❛s ♣❛r❛ t❛❧ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦❞❡❧♦ ✭✶✮ ▲✉♥❞❜❡r❣ ❛♣r❡s❡♥t♦✉ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ q✉❡ ✜❝♦✉ ❝♦✲

♥❤❡❝✐❞❛ ❝♦♠♦ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲✉♥❞❜❡r❣✱ ❛ q✉❛❧ ❢♦r♥❡❝❡ ✉♠ ❧✐♠✐t❛♥t❡ s✉♣❡r✐♦r ♣❛r❛ ❛

♣r♦❜❛❜❧✐❞✐❞❛❞❡ ❞❡ r✉í♥❛✱ ❛ss✉♠✐♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝❡rt♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❥✉st❡✳

▼✉✐t♦s ❛✉t♦r❡s tr❛❜❛❧❤❛r❛♠ ❝♦♠ ♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦ ❞❡ ▲✉♥❞❜❡r❣ t❡♥t❛♥❞♦ ♠❡❧❤♦rá✲

❧♦ ♥♦ s❡♥t✐❞♦ ❞❡ ♦ t♦r♥❛r ♠❛✐s ♣ró①✐♠♦ ❞❛ r❡❛❧✐❞❛❞❡ ♣♦ssí✈❡❧✳ ❉❡♥tr❡ ❛q✉❡❧❡s q✉❡

tr❛❜❛❧❤❛♠ ❝♦♠ ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛✱ ❡♠ ♠♦❞❡❧♦s ❞❡ r✐s❝♦ ♠❛✐s

❣❡r❛✐s ♣♦❞❡♠♦s ❝✐t❛r✱ ❨❛♥❣ ❬✷✼❪ q✉❡ ❞✐s❝✉t✐✉ ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛s t❛①❛s

❞❡ ❥✉r♦s ❝♦♥st❛♥t❡s ✐❞ê♥t✐❝❛s✳ ❈❛✐ ❬✸❪ ❡st✉❞♦✉ ✉♠ ♠♦❞❡❧♦ ❝♦♠ t❛①❛s ❞❡ ❥✉r♦s i.i.d.❀ ❡

❈❛✐ ❬✹❪✱ ✉♠ ♠♦❞❡❧♦ ❞❡♣❡♥❞❡♥t❡ ♣❛r❛ t❛①❛s ❞❡ ❥✉r♦s✱ ♥♦ q✉❛❧ ❛s t❛①❛s sã♦ ❛ss✉♠✐❞❛s

t❡r ✉♠❛ ❡str✉t✉r❛ ❆❘✭✶✮✳ ▼♦❞❡❧♦s ❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ♣♦r ❨❛♥❣

❡ ❩❤❛♥❣ ❬✷✽❪✳ ❊♠ r❡❧❛çã♦ ❛ ❢ór♠✉❧❛s ❛ss✐♥tót✐❝❛s ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛✱ ❚❛♥❣

❡ ❚s✐ts✐❛s❤✈✐❧✐ ❬✷✸❪ ♦❜t✐✈❡r❛♠ ❢ór♠✉❧❛s ❛ss✐♥tót✐❝❛s ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❡♠

t❡♠♣♦ ✜♥✐t♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛s t❛①❛s ❞❡ ❥✉r♦s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s i.i.d. ❡ ❛ ❞✐str✐❜✉✐çã♦

❞❡ ♣❡r❞❛ G s❡♥❞♦ ❞❡ ❝❛✉❞❛ ♣❡s❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❡♠ ♠♦❞❡❧♦s

❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦ ♠❛✐s ❣❡r❛❧ ❢♦✐ ❡st✉❞❛❞❛ ♣♦r ◆②r❤✐♥❡♥ ❬✶✽❪ ❡ ❬✶✾❪✳
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◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❛♣r❡s❡♥t❛❞♦ ♣♦r ❏✉♥ ❈❛✐ ❡ ❉❛✈✐❞

❈✳ ▼✳ ❉✐❝❦s♦♥ ❬✷❪✱ ♦ q✉❛❧ ❡st❡♥❞❡ ♦s ♠♦❞❡❧♦s ❛♣r❡s❡♥t❛❞♦s ❡♠ ❈❛✐ ✭✷✵✵✷❛✮❬✸❪ ❡ ✭✷✵✵✷❜✮

❬✹❪✳

◆♦ ❝❛♣ít✉❧♦ ✶ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ r❡✈✐sã♦ ❞❡ ❛❧❣✉♥s tó♣✐❝♦s ❞❛ t❡♦r✐❛ ❞❛s ♣r♦❜❛✲

❜✐❧✐❞❛❞❡s q✉❡ s❡rã♦ r❡♣❡t✐❞❛♠❡♥t❡ ✉t✐❧✐③❛❞♦s ❞✉r❛♥t❡ t♦❞♦ ❡ss❡ tr❛❜❛❧❤♦✱ ❜❡♠ ❝♦♠♦

❛♣r♦✈❡✐t❛♠♦s ♣❛r❛ ❧❡♠❜r❛r ♦s ♠♦❞❡❧♦s ❡st✉❞❛❞♦s ❡♠ ❈❛✐ ❬✸❪ ❡ ❬✹❪✱ ❡ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦

♥❡st❡s tr❛❜❛❧❤♦s✳

◆♦ ❝❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❜ás✐❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦✱ ❝♦♠ ❥✉✲

r♦s ♦r✐✉♥❞♦s ❞❡ ♣♦ssí✈❡✐s ✐♥✈❡st✐♠❡♥t♦s ♠♦❞❡❧❛❞♦s ♣♦r ✉♠❛ ❈❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✳ ❊♠

sí♠❜♦❧♦s

Uk = Uk−1(1 + Ik) − Zk, k = 1, 2, ... ✭✸✮

❖♥❞❡ U0 = u ≥ 0 é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ r❡♣r❡s❡♥t❛ ♦ ❝❛♣✐t❛❧ ✐♥✐❝✐❛❧✱ {Zk, k = 1, 2, ...}

é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞❛s

(i.i.d.)✱ ❝♦♠ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❝♦♠✉♠ G(z) = Pr(Z1 ≤ z)✱ ❡ {Ik, k = 0, 1, ...} é

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ {Zk, k = 1, 2, ...}✳ ◆♦ ❝♦♥✲

t❡①t♦ ❞❡ s❡❣✉r♦s ❞❡ r✐s❝♦✱ Zk ❞❡♥♦t❛ ❛ ♣❡r❞❛ ❧íq✉✐❞❛ ♥♦ ♣❡rí♦❞♦ k✱ ✐st♦ é✱ ❞♦ t❡♠♣♦

k − 1 ❛♦ t❡♠♣♦ k✳ ❆ ♣❡r❞❛ ❧íq✉✐❞❛ é ❝❛❧❝✉❧❛❞❛ ♥♦ ✜♥❛❧ ❞❡ ❝❛❞❛ ♣❡rí♦❞♦ ❡ é ✐❣✉❛❧ ❛♦

t♦t❛❧ ❞❡ ✐♥❞❡♥✐③❛çõ❡s ♣❛❣❛s ♠❡♥♦s ♦ t♦t❛❧ ❞❡ ♣rê♠✐♦s r❡❝❡❜✐❞♦s ♥♦ ♣❡rí♦❞♦ k✳ ❆ss✐♠✱

Zk = Yk − Xk✱ ❝♦♠ {Yk, k = 1, 2, ...} s❡q✉ê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s

❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞❛s (i.i.d.) ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ {Xk, k = 1, 2, ...}✱ q✉❡ t❛♠❜é♠

é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s i.i.d.✳ ❆❧é♠ ❞✐ss♦✱ Ik ❞❡♥♦t❛ ❛ t❛①❛ ❞❡ ❥✉r♦s

♥♦ ♣❡rí♦❞♦ k✳ ❆ss✐♠✱ UK ❞❛❞♦ ♣♦r ✭✸✮ é ♦ ❝❛♣✐t❛❧ ❞❡ ✉♠❛ s❡❣✉r❛❞♦r❛✱ ❝♦♠ ❝❛♣✐t❛❧

✐♥✐❝✐❛❧ u✱ ❛♦ ✜♥❛❧ ❞♦ ♣❡rí♦❞♦ k✳ P♦r ♦✉tr♦ ❧❛❞♦✱ r❡❢❡r✐♠♦✲♥♦s à ❞✐str✐❜✉✐çã♦ G ❝♦♠♦

✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣❡r❞❛✳

❈♦♠ ❡st❡ ♠♦❞❡❧♦ ❡♠ ♠ã♦s ❛❞♦t❛♠♦s ❞✉❛s ❛❜♦r❞❛❣❡♥s ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♥s❡❣✉✐r

✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛✱ ❛ s❛❜❡r✿ ■♥❞✉t✐✈❛ ❡ ♣♦r ▼❛rt✐♥❣❛❧❡s✳

◆❛ ❛❜♦r❞❛❣❡♠ ✐♥❞✉t✐✈❛ ♠♦str❛♠♦s q✉❡ s❡R0 > 0 ✉♠❛ ❝♦♥st❛♥t❡ s❛t✐s❢❛③❡♥❞♦E[eR0Z1 ] =

1✳ ❊♥tã♦✱

ψ(u, is) ≤ β0E
(

e−R0u(1+I1) | I0 = is
)

, u ≥ 0,



✶✵

♦♥❞❡

β−1
0 = inf

t≥0

∫ +∞
t

eR0zdG(z)

eR0tG(t)

❖♥❞❡ ψ(u, is) r❡♣r❡s❡♥t❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ s❡ ❛ t❛①❛ ✐♥✐❝✐❛❧ ❞❡ ❥✉r♦s é is✳

◆❛ ❛❜♦r❞❛❣❡♠ ♠❛rt✐♥❣❛❧❡s ♠♦str❛♠♦s q✉❡ s❡ q✉❡ E(Z1) < 0✱ q✉❡ R0 > 0 é ❛ ❝♦♥st❛♥t❡

s❛t✐s❢❛③❡♥❞♦ E[eR0Z1 ] = 1✱ ❡ s❡ ❡①✐st✐r ρs > 0 s❛t✐s❢❛③❡♥❞♦

E
(

eρsZ1(1+I1)−1

| I0 = is
)

= 1, s = 0, 1, . . . , N

❊♥tã♦✱

R1 = min
0≤ s ≤N

{ρs} ≥ R0

❡✱ ♣❛r❛ t♦❞♦ s = 0, 1, . . . , N ✱

E
(

eR1Z1(1+I1)−1

| I0 = is
)

≤ 1

❡

ψ(u, is) ≤ e−R1u, u ≥ 0.

❋✐♥❛❧✐③❛♠♦s ♦ tr❛❜❛❧❤♦ ❝♦♠ ♦ ❝❛♣ít✉❧♦ ✸ ♦♥❞❡ ❛♣r❡s❡♥t❛♠♦s ❞♦✐s ❡①❡♠♣❧♦s ♥✉♠ér✐✲

❝♦s ♣❛r❛ ✐❧✉str❛r ❛s ❡st✐♠❛t✐✈❛s ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ r✉í♥❛ ♦❜t✐❞❛s ♥♦ ❝❛♣ít✉❧♦ ✷✳

◆♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ s✉♣♦♠♦s q✉❡ Y1 t❡♠ ❞✐str✐❜✉✐çã♦ ❡①♣♦♥❡♥❝✐❛❧ ❝♦♠ ♣❛râ♠❡tr♦

α = 1 ❞❡ ♠♦❞♦ q✉❡ E(Y1) = 1 ❡ var(Y1) = 1✱ ❡✱ ♥♦ s❡❣✉♥❞♦ ❡①❡♠♣❧♦✱ s✉♣♦♠♦s q✉❡

Y1 t❡♠ ❞✐str✐❜✉✐çã♦ ❣❛♠❛ ❝♦♠ ❝❛❞❛ ♣❛râ♠❡tr♦ ✐❣✉❛❧ ❛ 1
2
❞❡ ♠♦❞♦ q✉❡ E(Y1) = 1 ❡

var(Y1) = 2✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣rê♠✐♦ ❛♥✉❛❧ ❡♠ ❛♠❜♦s ♦s ❡①❡♠♣❧♦s é 1, 1✱ ❛ s❛❜❡r ❡①✐st❡

✉♠❛ ❝❛r❣❛ ❞❡ s❡❣✉r❛♥ç❛ ❞❡ 10%✳ ❆ss✐♠✱ Zk = Yk −1, 1, k = 1, 2, ... ✳ ❈♦♥s✐❞❡r❛♠♦s ✉♠

♠♦❞❡❧♦ ❞❡ ❥✉r♦s ❝♦♠ três ♣♦ssí✈❡✐s t❛①❛s✿ i0 = 6%, i1 = 8% ❡ i2 = 10%✳ ❙❡❥❛ P = {Pst}

❞❛❞❛ ♣♦r

P =











0.2 0.8 0

0.15 0.7 0.15

0 0.8 0.2











.

❊♠ ❛♠❜♦s ♦s ❡①❡♠♣❧♦s ❝❤❡❣❛♠♦s q✉❡ ♦ ❧✐♠✐t❛♥t❡ s✉♣❡r✐♦r ♦❜t✐❞♦ ✉t✐❧✐③❛♥❞♦ ❛ ❛❜♦r✲

❞❛❣❡♠ ✐♥❞✉t✐✈❛ é ♠❛✐s r❡✜♥❛❞♦ ❞♦ q✉❡ ♦ ❧✐♠✐t❛♥t❡ ♦❜t✐❞♦ ♣❡❧❛ ❛❜♦r❞❛❣❡♠ ♠❛rt✐♥❣❛❧❡✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

✶✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ r❡❧❡♠❜r❛♠♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡

✉t✐❧✐③❛♠♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ◆❛ s❡çã♦ ✶✳✷ tr❛t❛♠♦s ❞♦s r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡s ❛

✐♥t❡❣r❛çã♦ ❞❡ ✈✳❛✳✬s ❡ ❞❡ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✱ t♦❞♦s ♦s ❞❡t❛❧❤❡s ❡stã♦ ❡①♣❧✐❝✐t❛❞♦s ❡♠

❈❤✉♥❣✱ ❬✶✺❪ ♦✉ ❑❛r❧✐♥ ❡ ❚❛②❧♦r✱ ❬✶✻❪✳ ◆❛ s❡çã♦ ✶✳✸ tr❛t❛♠♦s ❞♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s

s♦❜r❡ ❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✱ ❡ ♦s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ■s❛❛❝s♦♥ ❡ ▼❛❞s❡♥✱

❬✶✸❪ ♦✉ ❘♦ss✱ ❬✷✵❪✳ ◆❛ s❡çã♦ ✶✳✹✱ tr❛t❛♠♦s ❞❡ ♠❛rt✐♥❣❛❧❡s✱ s✉❜ ❡ s✉♣❡r♠❛rt✐♥❣❛❧❡s ❡ ♦

t❡♦r❡♠❛ ❞❛ ♣❛r❛❞❛ ♦♣❝✐♦♥❛❧ ✱ ♦s ❞❡t❛❧❤❡s ✈❡r ❘♦ss✱ ❬✷✵❪✱ ❋❡rr❡✐r❛✱ ❬✾❪ ♦✉ ❈❤✉♥❣✱ ❬✶✺❪ ✳

◆❛ s❡çã♦ ✶✳✺ ❢❛❧❛♠♦s ✉♠ ♣♦✉❝♦ ❞♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦ ❛rt✐❣♦ ❞❡ ❈❛✐✱❬✹❪✱ q✉❡ ❢♦✐ ❞❡t❛❧❤❛❞♦

♥♦ tr❛❜❛❧❤♦ ❞❡ ●r✐s✐✱ ❬✶✷❪✳

✶✳✷ ❊s♣❡r❛♥ç❛ ❈♦♥❞✐❝✐♦♥❛❧

❈♦♠❡ç❛♠♦s ❡st❛ s❡çã♦ r❡❧❡♠❜r❛♥❞♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥❞✉③✐❞❛ ♣♦r ✉♠❛ ✈❛r✐á✈❡❧

❛❧❡❛tór✐❛ ✭✈✳❛✳✮✳ P❛r❛ ✐st♦ ❝♦♥s✐❞❡r❡ (Ω,F , P ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡X : Ω → ❘✱

✉♠❛ ✈✳❛✳✳

❚❡♦r❡♠❛ ✶✳✶ ❈❛❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ s♦❜r❡ ♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω,F , P ) ✐♥❞✉③

✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (❘,B, µ) ♣♦r ♠❡✐♦ ❞❛ s❡❣✉✐♥t❡ ❝♦rr❡s♣♦♥❞ê♥❝✐❛✿

∀B ∈ B, µ(B) = P
{

X−1(B)
}

= P (X ∈ B) ✭✶✳✶✮

◆♦t❡ q✉❡ µ é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❝❤❛♠❛❞❛ ❛ ✧♠❡❞✐❞❛ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡✧ ❞❡ X✱ ❡ s✉❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ F s❡rá ❝❤❛♠❛❞❛ ❢✉♥çã♦ ❞✐str✐❜✉✐çã♦

✶✶



✶✷

❞❡ X✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ F é ❞❛❞❛ ♣♦r✿

F (x) = µ((−∞, x]) = P (X ≤ x)✳

❚❡♦r❡♠❛ ✶✳✷ ❙❡ X é ✉♠❛ ✈✳❛✳✱ f é ✉♠❛ ❢✉♥çã♦ ❇♦r❡❧ ♠❡♥s✉rá✈❡❧ s♦❜r❡ (❘,B)✱ ❡♥tã♦

f(X) é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳

❊ss❡ r❡s✉❧t❛❞♦ ✈❛❧❡ t❛♠❜é♠ ♣❛r❛ ♠❛✐s ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳

❚❡♦r❡♠❛ ✶✳✸ ❙❡❥❛ X ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ s♦❜r❡ ♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω,F , P )

❡ (❘,B, µ) ♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥❞✉③✐❞♦ ♣♦r ❡ss❛ ✈✳❛✳✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ t❡♦r❡♠❛

✶✳✶✳ ❙❡❥❛✱ ❛✐♥❞❛✱ f ✉♠❛ ❢✉♥çã♦ ❇♦r❡❧ ♠❡♥s✉rá✈❡❧✳ ❊♥tã♦✱ t❡♠♦s✿
∫

Ω

f(X(w))P (dw) =

∫

❘

f(x)µ(dx) =

∫

❘

f(x)dµ(x) ✭✶✳✷✮

❉❡s❞❡ q✉❡ ✉♠ ❞♦s ❧❛❞♦s ❡①✐st❛✳ ❯s❛♠♦s t❛♠❜é♠ ❛ ♥♦t❛çã♦ µ(dx) = PX(dx) =

dPX(x) = dFX(x)✳

❚❡♦r❡♠❛ ✶✳✹ ❙❡❥❛ (X, Y ) ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ s♦❜r❡ ♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω,F , P )

❡ (❘2,B2, µ2) ♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥❞✉③✐❞♦ ♣♦r ❡ss❡ ✈❡t♦r✳ ❙❡❥❛ ❛✐♥❞❛ f ✉♠❛

❢✉♥çã♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s ❇♦r❡❧ ♠❡♥s✉rá✈❡❧✳ ❊♥tã♦✱
∫

Ω

f(X(w), Y (w))P (dw) =

∫∫

❘2

f(x, y)µ2(dx, dy). ✭✶✳✸✮

❉❡s❞❡ q✉❡ ✉♠ ❞♦s ❧❛❞♦s ❡①✐st❛✳ ❖❜s❡r✈❡ ♥♦✈❛♠❡♥t❡ q✉❡ ❡♠ ♥♦ss❛ ♥♦t❛çã♦ µ2(dx, dy) =

PX,Y (dx, dy) = dPX,Y (x, y) = dFX,Y (x, y)✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ t❡♦r❡♠❛ ✶✳✸✱ t❡♠♦s✿

❙❡ µX ❡ FX ❞❡♥♦t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ ❛ ❢✉♥çã♦ ❞✐s✲

tr✐❜✉✐çã♦ ✐♥❞✉③✐❞❛ ♣♦r X✱ ❡♥tã♦

E(X) =

∫

❘

xµX(dx) =

∫

❘

xPX(dx) =

∫ ∞

−∞
xdFX(x)❀

❡ ♠❛✐s ❣❡r❛❧♠❡♥t❡

E(f(X)) =

∫

❘

f(x)µX(dx) =

∫

❘

f(x)PX(dx) =

∫ ∞

−∞
f(x)dFX(x)✱

❞❡s❞❡ q✉❡ ❛ ❡s♣❡r❛♥ç❛ ❡①✐st❛✳



✶✸

❉❡✜♥✐çã♦ ✶✳✶ ❙❡❥❛ (Ω,F , P ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❙❡❥❛✱ ❛✐♥❞❛✱ A ∈ F ✱ t❛❧

q✉❡ P (A) > 0✳ ❉❡✜♥✐♠♦s PA(E) = P (E | A)✱ s♦❜r❡ F ✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

PA(E) =
P (E ∩ A)

P (A)
✭✶✳✹✮

◆♦t❡ q✉❡ PA(•) : F → [0, 1] é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ✉♠❛

♣r♦❜❛❜✐❧✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✶✳✷ ❆ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ r❡❧❛t✐✈❛ ❛ A ∈ F ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛

✐♥t❡❣rá✈❡❧ Y é ❛ ✐♥t❡❣r❛❧ ❞❡ss❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝♦♠ r❡s♣❡✐t♦ à ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡✜♥✐❞❛ ❛❝✐♠❛✳

❆ss✐♠✱

EA(Y ) =

∫

Ω

Y (w)PA(dw) =
1

P (A)

∫

A

Y (w)P (dw)

✭❛✮ ❙❡ X ❡ Y sã♦ ✈✳❛✳✬s ❞✐s❝r❡t❛s✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ y t❛❧ q✉❡ P (Y = y) > 0✱ ❞❡✜♥✐♠♦s

P (X = x | Y = y) =
P (X = x, Y = y)

P (Y = y)
❝♦♠♦ ❛ ❢✉♥çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ X ❞❛❞♦ Y = y✳ ❉❛í✱ ❛ ❢✉♥çã♦ ❞❡ ❞✐s✲

tr✐❜✉✐çã♦ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ X ❞❛❞♦ Y = y s❡rá

FX|Y (x|y) = P (X ≤ x | Y = y) =
∑

z≤x

P (X = z | Y = y)✱ ∀x ∈ ❘✳

❉❡ss❛ ❢♦r♠❛✱ ❛ ❊s♣❡r❛♥ç❛ ❈♦♥❞✐❝✐♦♥❛❧ ❞❡ X ❞❛❞♦ Y = y é ❞❡✜♥✐❞❛ ❝♦♠♦

E(X|Y = y) =

∫

❘

xdFX|Y (x|y) =
∑

x

xP (X = x|Y = y)✳

✭❜✮ ❙❡ X ❡ Y ❢♦r❡♠ ❝♦♥tí♥✉❛s✱ ❝♦♠ ❞❡♥s✐❞❛❞❡ ❝♦♥❥✉♥t❛ f(x, y)✱ ❞❡✜♥✐♠♦s✱ ♣❛r❛ ❝❛❞❛ y

fX|Y (x|y) =







f(x,y)
fY (y)

, ♣❛r❛ y t❛❧ q✉❡ fY (y) > 0

0, ♣❛r❛ y t❛❧ q✉❡ fY (y) = 0

❝♦♠♦ s❡♥❞♦ ❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ X ❞❛❞♦ Y = y✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ❛

❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ X ❞❛❞♦ Y = y s❡❣✉❡ ❝♦♠♦

FX|Y (x|y) =

∫ x

−∞
fX|Y (z|y)dz✱ ∀x ∈ ❘✳

❆ ❊s♣❡r❛♥ç❛ ❈♦♥❞✐❝✐♦♥❛❧ ❞❡ X ❞❛❞♦ Y = y✱ ♥❡ss❡ ❝❛s♦✱ s❡rá
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E(X|Y = y) =

∫

❘

xdFX|Y (x|y) =

∫

❘

xfX|Y (x|y)dx✳

❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ Y ✱ ♦ ✈❛❧♦r ❞❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ♠✉❞❛✱ ❧♦❣♦ ♣♦❞❡✲

♠♦s ✐♥t❡r♣r❡t❛r E(X|Y = y) ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❡ Y ✱ ♦✉ s❡❥❛✱ E(X|Y = y) = ϕ(y)✳

❆ss✐♠✱ E(X|Y = y) é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❡ E(X|Y ) = ϕ(Y ) é ❝❤❛♠❛❞❛ ❡s♣❡r❛♥ç❛

❝♦♥❞✐❝✐♦♥❛❧ ❞❡ X ❞❛❞♦ Y ✳

❉❡✜♥✐çã♦ ✶✳✸ ❙❡❥❛ Y ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ♥♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω,F , P ) ❡ B(❘) =

B ❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧✳ ❉❡✜♥✐♠♦s ❛ σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r Y ✱ ❞❡♥♦t❛❞❛ ♣♦r σ(Y )✱ ❝♦♠♦

s❡❣✉❡

σ(Y ) = Y −1(B) = {A ∈ F ; A = [Y ∈ B], ♣❛r❛ ❛❧❣✉♠ B ∈ B}

◆♦t❡ q✉❡ σ(Y ) ⊂ F ✱ ❧♦❣♦ é ✉♠❛ s✉❜✲σ✲á❧❣❡❜r❛✱ ❡ s❡♥❞♦ E(X|Y ) = ϕ(Y )✱ ♦♥❞❡ ϕ é

✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ❛ ❇♦r❡❧✱ ❡♥tã♦ E(X|Y ) é ♠❡♥s✉rá✈❡❧ ❡♠ r❡❧❛çã♦ à σ✲á❧❣❡❜r❛

❣❡r❛❞❛ ♣♦r Y ✱ ♦✉ s❡❥❛✱ é σ(Y )✲♠❡♥s✉rá✈❡❧✳

❉❡✜♥✐çã♦ ✶✳✹ ❙❡❥❛ X ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ s♦❜r❡ (Ω,F , P ) ❝♦♠ E|X| < ∞✱ G

✉♠❛ σ✲á❧❣❡❜r❛ t❛❧ q✉❡ G ⊂ F ✱ ♦✉ s❡❥❛✱ G é ✉♠❛ s✉❜✲σ✲á❧❣❡❜r❛✳ ❉❡✜♥✐♠♦s ❛ ❡s♣❡r❛♥ç❛

❝♦♥❞✐❝✐♦♥❛❧ ❞❡ X ❞❛❞♦ G ❝♦♠♦ s❡♥❞♦ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ E(X|G) t❛❧ q✉❡

✭✐✮ E(X|G) é G✲♠❡♥s✉rá✈❡❧❀

✭✐✐✮ ∀A ∈ G✱

∫

A

E(X|G)dP =

∫

A

XdP ✳

❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s sã♦ ❛♣r❡s❡♥t❛❞❛s ❛ s❡❣✉✐r✱ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ q✉❡ X

❡ Y sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❡♠ (Ω,F , P )✱ ❝♦♠ E|X| <∞✱ ❡ G ⊂ F ✿

✭❛✮ ❙❡ X é G✲♠❡♥s✉rá✈❡❧✱ ❡♥tã♦ E(X|G) = X❀

✭❜✮ ❙❡ σ(X) ⊂ σ(Y )✱ ❡♥tã♦ E(X|σ(Y )) = X❀

✭❝✮ E(E(X|G)) = E(X)❀

✭❞✮ ❙❡❥❛♠ G1 ❡ G2 σ✲á❧❣❡❜r❛s t❛✐s q✉❡ G1 ⊂ G2 ⊂ F ✱ ❡♥tã♦
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E(E(X|G1)|G2) = E(X|G1) = E(E(X|G2)|G1)❀

✭❡✮ ❙❡❥❛ Z ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ G✲♠❡♥s✉rá✈❡❧ ❡ E|XZ| <∞✱ ❡♥tã♦

E(XZ|G) = ZE(X|G)

✭❢✮ ❙❡❥❛♠ X ❡ Y ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡♥tã♦ E(X|Y ) = E(X)

❉❡✜♥✐çã♦ ✶✳✺ ❙❡❥❛♠ Y1, Y2, . . . , Yn ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❡♠ (Ω,F , P )✱ ❡ B ❛ σ✲á❧❣❡❜r❛

❞❡ ❇♦r❡❧✳ ❉❡✜♥✐♠♦s ❛ σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r Y1, Y2, . . . , Yn✱ ❞❡♥♦t❛❞❛ ♣♦r σ(Y1, Y2, . . . , Yn)✱

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

σ(Y1, Y2, . . . , Yn) = {A ∈ F ; A = [Y1 ∈ B1, . . . , Yn ∈ Bn], onde Bi ∈ B, i = 1, 2, . . . , n }

❉❡ss❛ ♠❛♥❡✐r❛✱ s❡ X é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❡♠ (Ω,F , P )✱ ❝♦♠ E|X| <∞✱ t❡♠♦s

E(X|σ(Y1, Y2, . . . , Yn)) = E(X|Y1, Y2, . . . , Yn)✱ ♦♥❞❡E(X|Y1, Y2, . . . , Yn) = ϕ(Y1, Y2, . . . , Yn)

❡ ϕ é ✉♠❛ ❢✉♥çã♦ Bn✲♠❡♥s✉rá✈❡❧✱ ♦✉ s❡❥❛✱ ϕ−1(B) ⊂ Bn t❛❧ q✉❡

ϕ(y1, y2, . . . , yn) = E(X|Y1 = y1, . . . , Yn = yn) = E(X|Y1, Y2, . . . , Yn)I[Y1=y1,...,Yn=yn]✱

♦♥❞❡ IA é ❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛ ❞♦ ❝♦♥❥✉♥t♦ A✳ ❆ss✐♠✱ ❝❛s♦ ❛s ✈❛r✐á✈❡✐s s❡❥❛♠ ❞✐s❝r❡t❛s✱

t❡♠♦s✿

E(X|Y1 = y1, . . . , Yn = yn) =
∑

x∈D

xP (X = x|Y1 = y1, . . . , Yn = yn)✱ ♦♥❞❡ D é ♦ ❝♦♥✲

❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✈❛❧♦r❡s ♣♦ssí✈❡✐s ♣❛r❛ X✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❛s ✈❛r✐á✈❡✐s ❢♦r❡♠ ❝♦♥tí♥✉❛s✱ t❡♠♦s✿

E(X|Y1 = y1, . . . , Yn = yn) =

∫

❘

xfX|Y1,...,Yn
(x|y1, . . . , yn)dx✱ ♦♥❞❡

fX|Y1,...,Yn
(x|y1, . . . , yn) =

fX,Y1,...,Yn
(x, y1, . . . , yn)

fY1,...,Yn
(y1, . . . , yn)

✳

◆♦t❡ q✉❡✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✭❝✮✱
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E(X) = E(E(X|Y1, . . . , Yn)) =

∫

❘n

E(X|Y1 = y1, . . . , Yn = yn)dFY1,...,Yn
(y1, . . . , yn)✳

◆♦t❡✱ t❛♠❜é♠✱ q✉❡ s❡ (Ω,F , P ) é ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ A ∈ F ❡✈❡♥t♦ ❛r❜✐trár✐♦✱ ❡

Y é ✈✳❛✳ ♥❡ss❡ ❡s♣❛ç♦✱ ❡♥tã♦✿

E(IA) =

∫

Ω

IAdP =

∫

Ω∩A

dP =

∫

A

dP = P (A)✳

❉❛í✱ s❡ G ⊂ F ✱ ❡♥tã♦

E(IA|G) = P (A|G)✱ ∀A ∈ F ✳ ❆ss✐♠✱ s❡❣✉❡ q✉❡

P (A) = E(IA) = E(E(IA|Y )) =

∫

❘

E(IA|Y = y)dFY (y) =

∫

❘

P (A|Y = y)dFY (y)✳

❉❡ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧✱ t❡♠♦s✿

P (A) =

∫

❘n

P (A|Y1 = y1, . . . , Yn = yn)dFY1,...,Yn
(y1, . . . , yn)✱ ♦♥❞❡

P (A|Y1 = y1, . . . , Yn = yn) = E(IA|Y1 = y1, . . . , Yn = yn)✳

✶✳✸ Pr♦❝❡ss♦ ❊st♦❝ást✐❝♦ ❡ ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈

◆❡st❛ s❡çã♦ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ r❡❝♦r❞❛r ♦s r❡s✉❧t❛❞♦s ❡ ❞❡✜♥✐çõ❡s r❡❧❛t✐✈♦s ❛

❝❛❞❡✐❛s ❞❡ ▼❛r❦♦✈✱ ❡ ♣❛r❛ t❛♥t♦ ❝♦♠❡ç❛♠♦s ❞❡✜♥✐♥❞♦✱

❉❡✜♥✐çã♦ ✶✳✻ ❯♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s {X(t), t ∈ T}

❞❡✜♥✐❞❛s s♦❜r❡ ✉♠ ♠❡s♠♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω,F , P )✳ ■st♦ é✱ ♣❛r❛ ❝❛❞❛ t ∈ T ✱

X(t) = Xt é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳

❉❡✜♥✐çã♦ ✶✳✼ ❖ ❝♦♥❥✉♥t♦ S ❞❡ t♦❞♦s ♦s ❞✐st✐♥t♦s ✈❛❧♦r❡s ❛ss✉♠✐❞♦s ♣♦r ✉♠ ♣r♦❝❡ss♦

❡st♦❝ást✐❝♦ é ❝❤❛♠❛❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ❞♦ ♣r♦❝❡ss♦✳ ❙❡ S é ❡♥✉♠❡rá✈❡❧ ✱ ❞✐③❡♠♦s q✉❡

♦ ♣r♦❝❡ss♦ é ✉♠❛ ❈❆❉❊■❆✳

P♦❞❡♠♦s ✐♥t❡r♣r❡t❛r t ❝♦♠♦ ♦ t❡♠♣♦ ❡ ❞✐③❡♠♦s q✉❡ Xt é ♦ ❡st❛❞♦ ❞♦ ♣r♦❝❡ss♦ ♥♦ t❡♠♣♦

t✳ ❙❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s T ❢♦r ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧✱ ❞✐③❡♠♦s q✉❡ ♦ ♣r♦❝❡ss♦ é ❛

t❡♠♣♦ ❞✐s❝r❡t♦✱ s❡ ♥ã♦✲❡♥✉♠❡rá✈❡❧❀ ♦ ♣r♦❝❡ss♦ é ❞✐t♦ ❛ t❡♠♣♦ ❝♦♥tí♥✉♦✳



✶✼

❯♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s✱

Xt(w) = X(t, w)✳ ❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ t ✜①♦✱ ❛ ❢✉♥çã♦ é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✱ ❡

♣❛r❛ w ✜①❛❞♦✱ ❛ ❢✉♥çã♦ ❞❡ t r❡s✉❧t❛♥t❡✱ ❞❡ ✈❛❧♦r r❡❛❧✱ é ❝❤❛♠❛❞❛ ✉♠ ❝❛♠✐♥❤♦ ❛♠♦str❛❧

♦✉ tr❛❥❡tór✐❛ ❛♠♦str❛❧✳

❉❡✜♥✐çã♦ ✶✳✽ ❯♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ {Xk} , k = 1, 2, . . . ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s S =

{1, 2, 3, . . .} é ❞✐t♦ s❛t✐s❢❛③❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ▼❛r❦♦✈ s❡✱ ♣❛r❛ t♦❞♦ n✱ ❡ t♦❞♦ ❡st❛❞♦

i1, i2, . . . , in ❡♠ S✱ t❡♠♦s

P (Xn = in | Xn−1 = in−1, Xn−2 = in−2, . . . , X1 = i1) = P (Xn = in | Xn−1 = in−1)

✭✶✳✺✮

❉❡✜♥✐çã♦ ✶✳✾ ❯♠ ♣r♦❝❡ss♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦ {Xk} , k = 0, 1, 2, . . .✱ ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡s✲

t❛❞♦s ❡♥✉♠❡rá✈❡❧✱ q✉❡ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ▼❛r❦♦✈ é ❝❤❛♠❛❞♦ ❈❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✳

❉❡✜♥✐çã♦ ✶✳✶✵ ❯♠❛ ❈❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ é ❤♦♠♦❣ê♥❡❛ ♦✉ ❡st❛❝✐♦♥ár✐❛ ♥♦ t❡♠♣♦ s❡ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✐r ❞❡ ✉♠ ❡st❛❞♦ ❛ ♦✉tr♦ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ ❡♠ q✉❡ ♦ ♣❛ss♦ é

❞❛❞♦✳ ■st♦ é✱ ♣❛r❛ t♦❞♦s ♦s ❡st❛❞♦s i, j ∈ S✱ t❡♠♦s✿

P (Xn = j | Xn−1 = i) = P (Xn+k = j | Xn+k−1 = i) ✭✶✳✻✮

♣❛r❛ k = −(n− 1),−(n− 2), . . . ,−1, 0, 1, 2, . . .✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡st❛❝✐♦♥❛r✐❡❞❛❞❡ ❢❛❧❤❛✱ ❡♥tã♦ ❛ ❈❛❞❡✐❛ é ❞✐t❛ ♥ã♦✲

❤♦♠♦❣ê♥❡❛ ♦✉ ♥ã♦✲❡st❛❝✐♦♥ár✐❛✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ♥♦ t❡♠♣♦ n − 1 ❡st❡❥❛♠♦s ♥♦ ❡st❛❞♦ i✳ ❆ss✐♠✱ ❞❡♥♦t❛r❡♠♦s

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡✱ ♥♦ t❡♠♣♦ n ❡st❛r♠♦s ♥♦ ❡st❛❞♦ j✱ s❛❜❡♥❞♦ q✉❡ ♥♦ t❡♠♣♦ n − 1

❡st❛♠♦s ♥♦ ❡st❛❞♦ i✱ ♣♦r P (Xn = j | Xn−1 = i) = P
(n−1,n)
ij ✳ ◆♦t❡ q✉❡ ❡st❛♠♦s ❞❡✜♥✐♥❞♦

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✐r ❞♦ ❡st❛❞♦ i ❛♦ ❡st❛❞♦ j ❡♠ ❛♣❡♥❛s ✉♠ ♣❛ss♦✱ ♣♦✐s é ❞♦ t❡♠♣♦

n − 1 ❛♦ t❡♠♣♦ n✳ ❈❛s♦ ❛ ❝❛❞❡✐❛ s❡❥❛ ❡st❛❝✐♦♥ár✐❛✱ ❡♥tã♦ P
(n−1,n)
ij = P

(n+k−1,n+k)
ij ✱

♣❛r❛ t♦❞♦ k = −(n− 1),−(n− 2), . . . ,−1, 0, 1, 2, . . .✱ ♦✉ s❡❥❛✱ P (n−1,n)
ij ♥ã♦ ❞❡♣❡♥❞❡ ❞♦

t❡♠♣♦✱ ♥♦ s❡♥t✐❞♦ ❞❡ s❡r ♦ ♠❡s♠♦ ✈❛❧♦r✱ ♣❛r❛ t♦❞♦ n = 1, 2, . . . s❡❧❡❝✐♦♥❛❞♦✳ P♦rt❛♥t♦✱

❞❡♥♦t❛♠♦s✿

P
(n−1,n)
ij = P (Xn = j | Xn−1 = i) = Pij

❊ss❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s sã♦ ❝❤❛♠❛❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❛ ❝❛❞❡✐❛✳

❈♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛✱ {Xk} ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s S = {1, 2, 3, . . . , n}✳

P❛r❛ ❡ss❛ ❝❛❞❡✐❛ ❡①✐st❡♠ n2 ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ {Pij}✱ i = 1, 2, . . . , n ❡ j =
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1, 2, . . . , n✳ ❆ ♠❛♥❡✐r❛ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ❞❡ r❡❝♦r❞❛r ❡ss❡s ✈❛❧♦r❡s é ❡♠ ❢♦r♠❛ ❞❡ ✉♠❛

♠❛tr✐③ P = {Pij; i, j = 1, 2, . . . , n}✱ ♥❛ q✉❛❧ Pij é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✐r♠♦s ❞♦ ❡st❛❞♦ i

❛♦ ❡st❛❞♦ j ❡♠ ❛♣❡♥❛s ✉♠ ♣❛ss♦✳ ❊①♣❧✐❝✐t❛♠❡♥t❡ t❡♠♦s✿

P =

















P11 P12 . . . P1n

P21 P22 . . . P2n

✳✳✳
✳✳✳

✳✳✳

Pn1 Pn2 . . . Pnn

















◆♦t❡ q✉❡ t♦❞❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✐✮ t♦❞❛s ❛s ❡♥tr❛❞❛s sã♦ ♥ã♦✲♥❡❣❛t✐✈❛s✱ ♣♦✐s sã♦ ♣r♦❜❛❜✐❧✐❞❛❞❡s❀ ❡

✭✐✐✮ ❛ s♦♠❛ ❞❛s ❡♥tr❛❞❛s ❡♠ ❝❛❞❛ ❧✐♥❤❛ é s❡♠♣r❡ ✉♠✳

✶✳✹ ▼❛rt✐♥❣❛❧❡s

◆❡ss❛ s❡çã♦ ✈❡r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❜ás✐❝♦s s♦❜r❡ ♠❛rt✐♥❣❛❧❡s✱ q✉❡ t❛♠❜é♠

s❡rã♦ ✉s❛❞♦s ♥♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

❉❡✜♥✐çã♦ ✶✳✶✶ ❯♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ {Zn, n ≥ 1} é ❞✐t♦ s❡r ✉♠ ♠❛rt✐♥❣❛❧❡ s❡ E(|Zn|) <

∞✱ ♣❛r❛ t♦❞♦ n✱ ❡

E(Zn+1 | Z1, Z2, . . . , Zn) = Zn ✭✶✳✼✮

❯♠ ♠❛rt✐♥❣❛❧❡ é ✉♠❛ ✈❡rsã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ✉♠ ❥♦❣♦ ❥✉st♦✳ ❙❡ ✐♥t❡r♣r❡t❛♠♦s Zn ❝♦♠♦

❛ ❢♦rt✉♥❛ ❞❡ ✉♠ ❥♦❣❛❞♦r ❛♣ós ♦ ♥✲és✐♠♦ ❥♦❣♦✱ ❡♥tã♦ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❞✐③ q✉❡ ❛ ❢♦rt✉♥❛

❡s♣❡r❛❞❛ ❞❡♣♦✐s ❞♦ ✭♥✰✶✮✲és✐♠♦ ❥♦❣♦ é ✐❣✉❛❧ ❛ s✉❛ ❢♦rt✉♥❛ ❛♣ós ♦ ♥✲és✐♠♦ ❥♦❣♦✱ ♥ã♦

✐♠♣♦rt❛♥❞♦ ♦ q✉❡ t❡♥❤❛ ♦❝♦rr✐❞♦ ♣r❡✈✐❛♠❡♥t❡✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ❡s♣❡r❛♥ç❛ ❛ ❛♠❜♦s

♦s ♠❡♠❜r♦s ❞❛ ❡q✉❛çã♦ ✭✶✳✼✮✱ t❡♠♦s✿

E
(

E(Zn+1 | Z1, Z2, . . . , Zn)
)

= E(Zn)✳ ❉❛í✱

E(Zn+1) = E(Zn)✱ ❡ ❧♦❣♦ E(Zn) = E(Z1)✱ ♣❛r❛ t♦❞♦ n✳

❉❡✜♥✐çã♦ ✶✳✶✷ ❙❡❥❛ {Zn, n ≥ 0} ✉♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦✱ ❝♦♠ ❛s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s

s♦❜r❡ ♦ ♠❡s♠♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω,F , P )✱ ❡ {An}n≥0 ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡

❞❡ s✉❜✲σ✲á❧❣❡❜r❛s ❞❡ F ✱ t❛✐s q✉❡ Zn é An✲♠❡♥s✉rá✈❡❧✳ ❉✐③❡♠♦s q✉❡ {Zn, n ≥ 0} é

s✉❜♠❛rt✐♥❣❛❧❡ s❡ E(Zn+1 | An) ≥ Zn ❡ s✉♣❡r♠❛rt✐♥❣❛❧❡ s❡ E(Zn+1 | An) ≤ Zn✱ ∀n ≥ 0✳



✶✾

◆♦ ❝❛s♦ ❡♠ q✉❡An = σ(Z0, Z1, . . . , Zn)✱ ❛ σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r Z0, Z1, . . . , Zn✱ ❝♦st✉♠❛✲

s❡ ❞✐③❡r s✐♠♣❧❡s♠❡♥t❡ q✉❡ {Zn} é ✉♠ ♠❛rt✐♥❣❛❧❡✱ s✉❜♠❛rt✐♥❣❛❧❡ ♦✉ s✉♣❡r♠❛rt✐♥❣❛❧❡✳

❯♠ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡ é q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✭s✉❜ ♦✉ s✉♣❡r✮ ♠❛rt✐♥❣❛❧❡ ♥ã♦ é

❛❧t❡r❛❞❛ s❡ ❝♦♥s✐❞❡r❛r♠♦s ✉♠❛ ❛♠♦str❛❣❡♠ ❞♦ ♣r♦❝❡ss♦ s♦♠❡♥t❡ s♦❜r❡ ✉♠❛ s❡q✉ê♥❝✐❛

❝r❡s❝❡♥t❡ ❞❡ t❡♠♣♦s ❞❡ ♣❛r❛❞❛ ❧✐♠✐t❛❞♦s✳ ❊ss❡ r❡s✉❧t❛❞♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ❚❡♦✲

r❡♠❛ ❞❛ ❆♠♦str❛❣❡♠ ❖♣❝✐♦♥❛❧ ✭❧✐♠✐t❛❞❛✮ ❡ s❡rá ❛♣r❡s❡♥t❛❞♦ ❛ s❡❣✉✐r✳ P❛r❛ ✐ss♦✱

❧❡♠❜r❡♠♦s q✉❡ ✉♠ t❡♠♣♦ ❞❡ ♣❛r❛❞❛✱ ♦✉ ✉♠❛ ✈❛r✐á✈❡❧ ♦♣❝✐♦♥❛❧ r❡❧❛t✐✈♦ ❛ ✉♠❛ s❡q✉ê♥✲

❝✐❛ ❝r❡s❝❡♥t❡ ❞❡ σ✲á❧❣❡❜r❛s {An}n≥0✱ é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ T t♦♠❛♥❞♦ ✈❛❧♦r❡s ❡♠

{0, 1, 2, . . .} ∪ {+∞}✱ t❛❧ q✉❡ {T = n} ∈ An✱ ∀n ≥ 0✳ ❙❡ P (T < ∞) = 1✱ ❞✐③❡♠♦s q✉❡

T é ✉♠ t❡♠♣♦ ❞❡ ♣❛r❛❞❛ ✜♥✐t♦✱ ❡ s❡ ❡①✐st❡ N ∈ ❘ t❛❧ q✉❡ P (T ≤ N) = 1✱ ❡♥tã♦ T

é ✉♠ t❡♠♣♦ ❞❡ ♣❛r❛❞❛ ❧✐♠✐t❛❞♦✳ ▼❛✐s ❛✐♥❞❛✱ ❞❡♥♦t❛♠♦s ♣♦r AT ❛ σ✲á❧❣❡❜r❛ ❢♦r♠❛❞❛

♣♦r t♦❞♦s ♦s ❡✈❡♥t♦s A t❛✐s q✉❡ A ∩ {T ≤ n} ∈ An✱ ∀n ≥ 0✳

❚❡♦r❡♠❛ ✶✳✺ ❙❡❥❛ {Xn,An}n≥0 ✉♠ s✉♣❡r♠❛rt✐♥❣❛❧❡✳ ❙❡ T é ✉♠ t❡♠♣♦ ❞❡ ♣❛r❛❞❛

❧✐♠✐t❛❞♦✭r❡❧❛t✐✈♦ ❛ An✮✱ ❡ X
+
T é ❛ ♣❛rt❡ ♣♦s✐t✐✈❛ ❞❡ XT ✱ ❡♥tã♦✿

E(X+
T ) <∞ ❡ E(XT | A0) ≤ X0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ E(XT ) ≤ E(X0)✳

▲❡♠❛ ✶✳✶ ❙❡❥❛ {Xn,An} ✉♠❛ s✉♣❡r♠❛rt✐♥❣❛❧❡ ❡ T ✉♠ t❡♠♣♦ ❞❡ ♣❛r❛❞❛✳ ❊♥tã♦

{Yn,An} ❞❡✜♥✐❞♦ ♣♦r Yn = XT∧n é ✉♠ s✉♣❡r♠❛rt✐♥❣❛❧❡✱ ♦♥❞❡ T ∧ n = min {T, n}✳

✶✳✺ Pr♦❝❡ss♦ ❞❡ ❘✐s❝♦ ❛ ❚❡♠♣♦ ❉✐s❝r❡t♦

◆❡st❛ s❡çã♦✱ ❞❡s❝r❡✈❡♠♦s ✉♠ ♠♦❞❡❧♦ ❝❧áss✐❝♦ ❞❛ ❚❡♦r✐❛ ❞❛ ❘✉í♥❛ ❞❡♥♦♠✐♥❛❞♦

Pr♦❝❡ss♦ ❞❡ ❘❡s❡r✈❛ ❞❡ ❘✐s❝♦ ❛ ❚❡♠♣♦ ❉✐s❝r❡t♦✱ ❡st✉❞❛❞♦ ❡ ❞❡t❛❧❤❛❞♦ ❡♠ ●r✐s✐✱ ❬✶✷❪✳

◆❡ss❡ ♠♦❞❡❧♦✱ ❛ss♦❝✐❛♠✲s❡ ❞♦✐s ♣r♦❝❡ss♦s ✐♥❞❡♣❡♥❞❡♥t❡s {Xk} ❡ {Yk}✱ ❢♦r♠❛❞♦s ♣♦r

✈✳❛✬s (i .i .d)✱ ♥ã♦ ♥❡❣❛t✐✈❛s✱ ♦♥❞❡ ♥♦ ♣r✐♠❡✐r♦✱ ❝❛❞❛ Xk r❡♣r❡s❡♥t❛ ♦ t♦t❛❧ ❞♦s ♣rê♠✐♦s

r❡❝❡❜✐❞♦s ♣♦r ✉♠❛ s❡❣✉r❛❞♦r❛ ❡♥tr❡ ♦s t❡♠♣♦s k−1 ❡ k❀ ❡ ♥♦ s❡❣✉♥❞♦✱ ❝❛❞❛ Yk✱ ♦ t♦t❛❧

❞❛s ✐♥❞❡♥✐③❛çõ❡s ♣❛❣❛s ♣♦r ❡❧❛ ♥♦ ♠❡s♠♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦✳

❙❡♥❞♦ u ♦ ❝❛♣✐t❛❧ ✐♥✐❝✐❛❧ ❞❡ss❛ s❡❣✉r❛❞♦r❛✱ ♣♦❞❡♠♦s ❡①♣r❡ss❛r ❡ss❡ ♣r♦❝❡ss♦ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿

Rn = u+
n
∑

k=1

(Xk − Yk), n = 1, 2, 3, . . . ✭✶✳✽✮

❝♦♠ R0 = u✱ ♦♥❞❡ Rn r❡♣r❡s❡♥t❛ ♦ s❛❧❞♦ ❞❡ ❝❛♣✐t❛❧ ❞❛ s❡❣✉r❛❞♦r❛ ♥♦ t❡♠♣♦ n✱ ♦✉ s❡❥❛✱

♥♦ ✜♥❛❧ ❞♦ ♣❡rí♦❞♦ ❞❡ n− 1 ❛ n✳



✷✵

❘❡❝✉rs✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ❝♦♠♦ s❡❣✉❡✿






Rn = Rn−1 +Xn − Yn,

R0 = u.

❉✐③❡♠♦s q✉❡ ♦❝♦rr❡ ❛ r✉í♥❛ ❞❛ s❡❣✉r❛❞♦r❛ q✉❛♥❞♦ ♦ ♣r♦❝❡ss♦ ✭✶✳✽✮ ❛t✐♥❣❡ ✈❛❧♦r❡s

♥❡❣❛t✐✈♦s✳ ❈♦♠ ✐ss♦✱ ♦ t❡♠♣♦ ❞❡ r✉í♥❛✱ ❞❡♥♦t❛❞♦ ♣♦r τ(u)✱ s❡rá ♦ ♣r✐♠❡✐r♦ ✐♥st❛♥t❡

♦♥❞❡ ♦ ♣r♦❝❡ss♦ ❞❡ r✐s❝♦ ❛t✐♥❣❡ ✈❛❧♦r❡s ♥❡❣❛t✐✈♦s✱ ♦✉ s❡❥❛✱

τ(u) = min {n ≥ 0; Rn < 0 }✳

❆ss✐♠✱ ❞❡✜♥✐♠♦s ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❞❛ s❡❣✉r❛❞♦r❛✱ ❞❡♥♦t❛❞❛ ♣♦r ψ(u)✱ ♥♦ ♠♦✲

❞❡❧♦ ✭✶✳✽✮✱ ♣♦r

ψ(u) = P (τ(u) < ∞) = P (Rn < 0, ♣❛r❛ ❛❧❣✉♠ n <∞) = P (
∞
⋃

k=1

[Rk < 0])✳

❯♠ r❡s✉❧t❛❞♦ ❜❛st❛♥t❡ ❡①♣r❡ss✐✈♦ ❞❛ ❚❡♦r✐❛ ❞❛ ❘✉í♥❛ é ❛ r❡♥♦♠❛❞❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ▲✉♥❞❜❡r❣✱ ❛ q✉❛❧ ❞❡✜♥❡ ✉♠ ❧✐♠✐t❛♥t❡ s✉♣❡r✐♦r ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛✳ ❊❧❛

s❡rá ❛♣r❡s❡♥t❛❞❛ ♥❡st❛ s❡çã♦ ♣❡❧♦ t❡♦r❡♠❛ s❡❣✉✐♥t❡✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ s❡rá ♦♠✐t✐❞❛✿

❚❡♦r❡♠❛ ✶✳✻ ❙❡❥❛ Rn ♦ ♣r♦❝❡ss♦ ❞❡ r❡s❡r✈❛ ❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦ ❞❡s❝r✐t♦ ❡♠

✭✶✳✽✮✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ γ > 0 t❛❧ q✉❡ E(e−γ(X1−Y1)) = 1✳ ◆❡ss❛s ❝♦♥❞✐çõ❡s t❡♠♦s

q✉❡

ψ(u) ≤ e−γu

❊♠ ✷✵✵✷✱ ❈❛✐ ❬✹❪ ♣r♦♣ôs ♠♦❞✐✜❝❛çõ❡s ❛♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦✱ ❛❝r❡s❝❡♥✲

t❛♥❞♦ ❛ ❡❧❡ t❛①❛s ❞❡ ❥✉r♦s✱ ❝✉❥♦s r❡s✉❧t❛❞♦s ❡ ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ●r✐s✐

❬✶✷❪✳

Rn = (Rn−1 +Xn)(1 + In) − Yn

❡

Rn = Rn−1(1 + In) +Xn − Yn

❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ❞♦✐s ♠♦❞❡❧♦s ❛❝✐♠❛ é q✉❡ ♥♦ ♣r✐♠❡✐r♦✱ ❝♦♥s✐❞❡r❛♠✲s❡ ♦s ♣rê♠✐♦s

Xk s❡♥❞♦ ♣❛❣♦s ♥♦ ✐♥í❝✐♦ ❞♦ ♣❡rí♦❞♦ (k− 1, k) ❡ s❡♥❞♦ ✐♥✈❡st✐❞♦s ❞✉r❛♥t❡ ❡ss❡ ♣❡rí♦❞♦



✷✶

❛ ✉♠❛ t❛①❛ ❞❡ ❥✉r♦s Ik✱ ❡♥q✉❛♥t♦ ♥♦ s❡❣✉♥❞♦ ♠♦❞❡❧♦ ♦s ♣rê♠✐♦s Xk sã♦ ♣❛❣♦s ❛♣❡♥❛s

♥♦ ✜♥❛❧ ❞♦ ♣❡rí♦❞♦ (k − 1, k)✱ ♥ã♦ r❡❝❡❜❡♥❞♦ ❥✉r♦s ❞✉r❛♥t❡ ❡ss❡ t❡♠♣♦✳ ❆s ✈❛r✐á✈❡✐s

❛❧❡❛tór✐❛s In sã♦ ❝♦♥s✐❞❡r❛❞❛s ❝♦♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ❛✉t♦r❡❣r❡ss✐✈❛ ❞❡

♦r❞❡♠ ✶✱ ♦✉ s❡❥❛✱

In = αIn−1 +Wn

♦♥❞❡ α > 0 ❡ I0 = i0 sã♦ ❝♦♥st❛♥t❡s r❡❛✐s ❡ {W1,W2, . . .} sã♦ ✈✳❛✬s i .i .d .✱ ♥ã♦✲♥❡❣❛t✐✈❛s

✐♥❞❡♣❡♥❞❡♥t❡s ❞❛s ✈❛r✐á✈❡✐s {X1, X2, . . .} ❡ {Y1, Y2, . . .}✳

❯s❛♥❞♦ ❡q✉❛çõ❡s ✐♥t❡❣r❛✐s ♣❛r❛ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ r✉í♥❛✱ ❈❛✐✱❬✹❪ ♦❜t❡✈❡ ♥♦✈❛s

❞❡s✐❣✉❛❧❞❛❞❡s ❞♦ t✐♣♦ ▲✉♥❞❜❡r❣✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡ φ(u, i0) ❡ ϕ(u, i0) sã♦✱ r❡s♣❡❝✲

t✐✈❛♠❡♥t❡✱ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ r✉í♥❛ ❞♦s ❞♦✐s ♣r♦❝❡ss♦s ❛♥t❡r✐♦r❡s✱ ❡❧❡ ♠♦str♦✉ q✉❡

❡①✐st❡♠ A(u, i0) ❡ B(u, i0) t❛✐s q✉❡ φ(u, i0) ≤ A(u, i0) ❡ ϕ(u, i0) ≤ B(u, i0)✳ ❊♠ s❡❣✉✐❞❛✱

❝♦♠♣❛r♦✉ ❡ss❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♥❝♦♥tr❛❞❛ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦✱

❝♦♥❝❧✉✐♥❞♦ q✉❡

A(u, i0) ≤ B(u, i0) ≤ e−γu

❡ ♠♦str❛♥❞♦ ❛ss✐♠ ❝♦♠♦ ❛s t❛①❛s ❞❡ ❥✉r♦s ❛❣❡♠ r❡❞✉③✐♥❞♦ ♦ ❧✐♠✐t❛♥t❡ ♣❛r❛ ❛ ♣r♦❜❛❜✐✲

❧✐❞❛❞❡ ❞❡ r✉í♥❛✳ ❋✐♥❛❧♠❡♥t❡✱ ❢♦✐ ♠♦str❛❞♦ ♣♦r ❡❧❡ q✉❡

ψ(u) ≤ βe−γu

♦♥❞❡ β ≤ 1 ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛s ✐♥❞❡♥✐③❛çõ❡s Y1✳



❈❛♣ít✉❧♦ ✷

▼♦❞❡❧♦ ❞❡ ❘✐s❝♦ ❝♦♠ ❏✉r♦s

▼❛r❦♦✈✐❛♥♦s

✷✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❛♣r❡s❡♥t❛❞♦ ♣♦r ❏✉♥ ❈❛✐ ❡ ❉❛✈✐❞ ❈✳

▼✳ ❉✐❝❦s♦♥ ❬✷❪✱ ♦ q✉❛❧ ❡st❡♥❞❡ ♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦ ❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦ ❛♣r❡s❡♥t❛❞♦

♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❊❧❡s ❝♦♥s✐❞❡r❛r❛♠✱ ♥♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❜ás✐❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦✱ ❛

❡♥tr❛❞❛ ❞❡ ❥✉r♦s ♦r✐✉♥❞♦s ❞❡ ♣♦ssí✈❡✐s ✐♥✈❡st✐♠❡♥t♦s✱ s❡♥❞♦ q✉❡ ❛ t❛①❛ ❞❡ ❥✉r♦s s❡❣✉❡

✉♠❛ ❈❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❛ t❡♠♣♦

❞✐s❝r❡t♦ ❞❛❞♦ ♣♦r

Uk = Uk−1(1 + Ik) − Zk, k = 1, 2, ... ✭✷✳✶✮

♦♥❞❡ U0 = u ≥ 0 é ✉♠❛ ❝♦♥st❛♥t❡✱ {Zk, k = 1, 2, ...} é ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ✈❛r✐á✲

✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞❛s (i.i.d.)✱ ❝♦♠ ❢✉♥çã♦ ❞❡ ❞✐s✲

tr✐❜✉✐çã♦ ❝♦♠✉♠ G(z) = P (Z1 ≤ z)✱ ❡ {Ik, k = 0, 1, ...} é ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s

❛❧❡❛tór✐❛s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ {Zk, k = 1, 2, ...}✳ ◆♦ ❝♦♥t❡①t♦ ❞❡ s❡❣✉r♦s ❞❡ r✐s❝♦✱ Zk

❞❡♥♦t❛ ❛ ♣❡r❞❛ ❧íq✉✐❞❛ ♥♦ ♣❡rí♦❞♦ k✱ ✐st♦ é✱ ❞♦ t❡♠♣♦ k−1 ❛♦ t❡♠♣♦ k✳ ❆ ♣❡r❞❛ ❧íq✉✐❞❛

é ❝❛❧❝✉❧❛❞❛ ♥♦ ✜♥❛❧ ❞❡ ❝❛❞❛ ♣❡rí♦❞♦ ❡ é ✐❣✉❛❧ ❛♦ t♦t❛❧ ❞❡ ✐♥❞❡♥✐③❛çõ❡s ♣❛❣❛s ♠❡♥♦s ♦

t♦t❛❧ ❞❡ ♣rê♠✐♦s r❡❝❡❜✐❞♦s ♥♦ ♣❡rí♦❞♦ k✳ ❆ss✐♠✱ Zk = Yk −Xk✱ ❝♦♠ {Yk, k = 1, 2, ...}

s❡q✉ê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐✳✐✳❞✳ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ {Xk, k = 1, 2, ...}✱ q✉❡ t❛♠✲

❜é♠ é ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s i.i.d.✳ ❆❧é♠ ❞✐ss♦✱ Ik ❞❡♥♦t❛ ❛ t❛①❛ ❞❡

❥✉r♦s ♥♦ ♣❡rí♦❞♦ k✳ ❆ss✐♠✱ Uk ❞❛❞♦ ♣♦r ✭✷✳✶✮ é ♦ ❝❛♣✐t❛❧ ❞❡ ✉♠❛ s❡❣✉r❛❞♦r❛✱ ❝♦♠

❝❛♣✐t❛❧ ✐♥✐❝✐❛❧ u✱ ❛♦ ✜♥❛❧ ❞♦ ♣❡rí♦❞♦ k✳ P♦r ♦✉tr♦ ❧❛❞♦✱ r❡❢❡r✐♠♦✲♥♦s à ❞✐str✐❜✉✐çã♦ G

✷✷
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❝♦♠♦ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣❡r❞❛✳ ◆♦t❡♠♦s q✉❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✮ é ❡q✉✐✈❛❧❡♥t❡ ❛

Uk = u

k
∏

j=1

(1 + Ij) −
k
∑

j=1

(Zj

k
∏

t=j+1

(1 + It)), k = 1, 2, ... ✭✷✳✷✮

❖♥❞❡ ❞❡♥♦t❛♠♦s
b
∏

t=a

Xt = 1 ❡
b
∑

t=a

Xt = 0✱ ❝❛s♦ a > b✳

❉❡ ❢❛t♦✱ P❛r❛ k = 1✱ t❡♠♦s✿

U1 = U0(1 + I1) − Z1 = u(1 + I1) − Z1 = u

1
∏

j=1

(1 + Ij) −
1
∑

j=1

(Zj

1
∏

t=j+1

(1 + It))✱ ✈❛✲

❧❡♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡✳

❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ é ✈á❧✐❞❛ ♣❛r❛ k = n ❡ ♠♦str❡♠♦s q✉❡ ✈❛❧❡✱ t❛♠❜é♠✱ ♣❛r❛

k = n+ 1✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ s❡rá

Un = u

n
∏

j=1

(1 + Ij) −
n
∑

j=1

(Zj

n
∏

t=j+1

(1 + It))✳

❆ss✐♠✱

Un+1 = Un(1 + In+1) − Zn+1

Un+1 =

{

u

n
∏

j=1

(1 + Ij) −
n
∑

j=1

(Zj

n
∏

t=j+1

(1 + It))

}

(1 + In+1) − Zn+1

Un+1 = u

n+1
∏

j=1

(1 + Ij) − (1 + In+1)
n
∑

j=1

(Zj

n
∏

t=j+1

(1 + It)) − Zn+1

Un+1 = u

n+1
∏

j=1

(1 + Ij) −
n
∑

j=1

(Zj

n+1
∏

t=j+1

(1 + It)) − Zn+1

Un+1 = u

n+1
∏

j=1

(1 + Ij) −
n+1
∑

j=1

(Zj

n+1
∏

t=j+1

(1 + It))✱

♠♦str❛♥❞♦ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ k = 1, 2, ...

❊st✉❞❛r❡♠♦s ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ✭✷✳✷✮✳ ❖ ❡❢❡✐t♦ ❞♦s

❥✉r♦s s♦❜r❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ♥♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❝♦♥tí♥✉♦ t❡♠ s✐❞♦

❞✐s❝✉t✐❞♦ ♣♦r ✈ár✐♦s ❛✉t♦r❡s✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛✱ ❡♠ ♠✉✐t♦s ♠♦❞❡❧♦s

❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❝♦♥tí♥✉♦✱ ♣♦❞❡ s❡r r❡❞✉③✐❞❛ àq✉❡❧❛ ❡♥❝♦♥tr❛❞❛ ♥♦s ♠♦❞❡❧♦s ❞❡ r✐s❝♦
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❛ t❡♠♣♦ ❞✐s❝r❡t♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦s ♠♦❞❡❧♦s ❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦ sã♦ ♠♦❞❡❧♦s

❡st♦❝ást✐❝♦s ✐♥t❡r❡ss❛♥t❡s✱ t❛♥t♦ ❡♠ t❡♦r✐❛ q✉❛♥t♦ ❡♠ ❛♣❧✐❝❛çã♦✱ ❡ ❛❧❣✉♥s ♠♦❞❡❧♦s ❛

t❡♠♣♦ ❝♦♥tí♥✉♦ ♣♦❞❡♠ s❡r ❛♣r♦①✐♠❛❞♦s ♣♦r ♠♦❞❡❧♦s ❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦✳ ■ss♦

♣♦❞❡ s❡r ✈✐st♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ●r❛♥❞❡❧❧ ❬✶✶❪✱ ❆s♠✉ss❡♥ ❬✶❪✱ ❡ ♦✉tr♦s✱ ❝♦♠ ❛❧❣✉♥s

❞❡t❛❧❤❡s ❡♠ ❙❛♥t❛♥❛ ❬✻❪✳

❖ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦ ✭✷✳✷✮ t❡♠ ✉♠❛ ❡str✉t✉r❛ s✐♠♣❧❡s✳ ❊♥tr❡t❛♥t♦✱

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ♥❡ss❡ ♠♦❞❡❧♦ é ❞✐❢í❝✐❧ ❞❡ s❡ ♦❜t❡r✱ ❡ r❡s✉❧t❛❞♦s ❡①♣❧í❝✐t♦s ❡s✲

tã♦ r❛r❛♠❡♥t❡ ❞✐s♣♦♥í✈❡✐s✱ q✉❛♥❞♦ ❥✉r♦s sã♦ ✐♥❝❧✉í❞♦s ❛♦ ♠♦❞❡❧♦✳ ❆❧é♠ ❞❛s ❢ór♠✉❧❛s

❛ss✐♥tót✐❝❛s ♣❛r❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛✱ ♦✉tr♦ ♠ét♦❞♦ ❛♥❛❧ít✐❝♦ ❝♦♠✉♠❡♥t❡ ✉s❛❞♦ ❡♠

t❡♦r✐❛ ❞♦ r✐s❝♦ é ❛ ♦❜t❡♥çã♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❝♦♠♦ ❛♣♦♥✲

t❛❞♦ ❡♠ ❆s♠✉ss❡♠ ❬✶❪✳ ❈♦♠ r❡s♣❡✐t♦ às ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ♥♦

♠♦❞❡❧♦ ❞❡ r✐s❝♦ ✭✷✳✷✮✱ ❨❛♥❣ ❬✷✼❪ ❞✐s❝✉t✐✉ ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛s t❛①❛s ❞❡

❥✉r♦s ❝♦♥st❛♥t❡s ❡ ✐❞ê♥t✐❝❛s✳ ❈❛✐ ❬✸❪ ❡st✉❞♦✉ ✉♠ ♠♦❞❡❧♦ ❝♦♠ t❛①❛s ❞❡ ❥✉r♦s i.i.d.❀ ❡

❈❛✐ ❬✹❪✱ ✉♠ ♠♦❞❡❧♦ ❞❡♣❡♥❞❡♥t❡ ♣❛r❛ t❛①❛s ❞❡ ❥✉r♦s✱ ♥♦ q✉❛❧ ❛s t❛①❛s sã♦ ❛ss✉♠✐❞❛s t❡r

✉♠❛ ❡str✉t✉r❛ ❆❘✭✶✮✱ ♦s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ✈✐st♦s ❡♠ ●r✐s✐ ❬✶✷❪✳ ❯♠ ♠♦❞❡❧♦ ❞❡ r✐s❝♦

❛ t❡♠♣♦ ❞✐s❝r❡t♦ r❡❧❛❝✐♦♥❛❞♦ ❛ ✭✷✳✷✮ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ♣♦r ❨❛♥❣ ❡ ❩❤❛♥❣ ❬✷✽❪✳ ❊♠ r❡❧❛çã♦

❛ ❢ór♠✉❧❛s ❛ss✐♥tót✐❝❛s ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ♥♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ✭✷✳✷✮✱ ❚❛♥❣

❡ ❚s✐ts✐❛s❤✈✐❧✐ ❬✷✸❪ ♦❜t✐✈❡r❛♠ ❢ór♠✉❧❛s ❛ss✐♥tót✐❝❛s ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❡♠

t❡♠♣♦ ✜♥✐t♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛s t❛①❛s ❞❡ ❥✉r♦s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s i.i.d. ❡ ❛ ❞✐str✐❜✉✐çã♦

❞❡ ♣❡r❞❛ G s❡♥❞♦ ❞❡ ❝❛✉❞❛ ♣❡s❛❞❛✳ ❉❡t❛❧❤❡s s♦❜r❡ ❞✐str✐❜✉✐çõ❡s ❞❡ ❝❛✉❞❛ ♣❡s❛❞❛ ✈❡r

❙❛♥t❛♥❛❬✷✶❪✳ ❆❧é♠ ❞✐ss♦✱ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❡♠ ♠♦❞❡❧♦s ❞❡ r✐s❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦

♠❛✐s ❣❡r❛❧ ❢♦✐ ❡st✉❞❛❞❛ ♣♦r ◆②r❤✐♥❡♥ ❬✶✽❪ ❡ ❬✶✾❪✳

P❛r❛ ♥♦ss♦ ❡st✉❞♦✱ ❛ss✉♠✐♠♦s q✉❡ ❛ t❛①❛ ❞❡ ❥✉r♦s {In, n = 0, 1, ...} s❡❣✉❡ ✉♠❛

❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✳ ❆ss✉♠✐♠♦s ❛✐♥❞❛ q✉❡✱ ♣❛r❛ t♦❞♦ n = 0, 1, ..., In t❡♠ ❡s♣❛ç♦ ❞❡

❡st❛❞♦s J = {i0, i1, ..., iN}✳ ❙✉♣♦♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ n = 0, 1, ...✱ ❡ ♣❛r❛ t♦❞♦ ❡st❛❞♦

is, it, it0 , ..., itn−1
✱

P (In+1 = it|In = is, In−1 = itn−1
, ..., I0 = it0) = P (In+1 = it|In = is) = Pst ≥ 0, ✭✷✳✸✮

♣❛r❛ s, t = 0, 1, ...N ✱ ♦♥❞❡
N
∑

t=0

Pst = 1✱ ♣❛r❛ s = 0, 1, ..., N ✳

◆♦ ♥♦ss♦ ❡st✉❞♦✱ ❛ t❛①❛ ❞❡ ❥✉r♦s {In, n = 0, 1, ...} ♣♦❞❡ s❡r ♥❡❣❛t✐✈❛✳ ◆❡ss❡ ❝❛s♦✱

❞✐③❡♠♦s q✉❡ {In, n = 0, 1, ...} sã♦ t❛①❛s ❞❡ r❡t♦r♥♦ ❞❡ ✉♠ ✐♥✈❡st✐♠❡♥t♦ ❞❡ r✐s❝♦✳
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❉❡✜♥✐♠♦s ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❝♦♠ ❤♦r✐③♦♥t❡ ✜♥✐t♦ ❡ ✐♥✜♥✐t♦ ♥♦ ♠♦❞❡❧♦ ❞❡

r✐s❝♦ ✭✷✳✷✮ ❝♦♠ ♠♦❞❡❧♦ ❞❡ ❥✉r♦s ✭✷✳✸✮✱ ❝❛♣✐t❛❧ ✐♥✐❝✐❛❧ u✱ ❡ ✉♠❛ ❞❛❞❛ t❛①❛ ❞❡ ❥✉r♦s ✐♥✐❝✐❛❧

I0 = is✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r✿

ψn(u, is) = P

{

n
⋃

k=1

(Uk < 0)|I0 = is

}

✭✷✳✹✮

❡

ψ(u, is) = P

{ ∞
⋃

k=1

(Uk < 0)|I0 = is

}

, ✭✷✳✺✮

♦♥❞❡ Uk é ❞❛❞❛ ♣♦r ✭✷✳✷✮✳ ❆ss✐♠✱

ψ1(u, is) ≤ ψ2(u, is) ≤ ψ3(u, is) ≤ . . . ❡ lim
n→∞

ψn(u, is) = ψ(u, is)✳

❉❡ ❢❛t♦✱ s❡❥❛ An = {w; Uk(w) < 0 ♣❛r❛ ❛❧❣✉♠ 1 ≤ k ≤ n}✳ ❉❡ss❛ ❢♦r♠❛✱

An =
n
⋃

k=1

{w; Uk(w) < 0}. ✭✷✳✻✮

◆♦t❡ q✉❡ An ⊂ An+1✱ ∀n ∈ ◆✳ ❆ss✐♠✱

P (An|I0 = is) ≤ P (An+1|I0 = is)✱ ✐♠♣❧✐❝❛♥❞♦ P

{

n
⋃

k=1

(Uk < 0)|I0 = is

}

≤ P

{

n+1
⋃

k=1

(Uk < 0)|I0 = is

}

✳

P♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ψn(u, is) ≤ ψn+1(u, is)✱ ∀n ∈ ◆✳ ◆♦t❡ t❛♠❜é♠ q✉❡An ↑
∞
⋃

n=1

An✱

❡
∞
⋃

n=1

An =
∞
⋃

n=1

n
⋃

k=1

{w; Uk(w) < 0} =
∞
⋃

k=1

{w; Uk(w) < 0} = A. ✭✷✳✼✮

▼♦str❡♠♦s q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ✈❡r❞❛❞❡✐r❛✳

❙❡ x ∈

∞
⋃

n=1

n
⋃

k=1

{w; Uk(w) < 0} =⇒ ∃n0 ∈ ◆ t❛❧ q✉❡ x ∈

n0
⋃

k=1

{w; Uk(w) < 0} =⇒ ∃k0 ≤

n0 t❛❧ q✉❡ x ∈ {w; Uk0
(w) < 0} =⇒ x ∈

∞
⋃

k=1

{w; Uk(w) < 0}✱ ♠♦str❛♥❞♦ q✉❡
∞
⋃

n=1

An ⊂

A.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x ∈
∞
⋃

k=1

{w; Uk(w) < 0} =⇒ ∃k0 ∈ ◆ t❛❧ q✉❡ x ∈ {w; Uk0
(w) < 0} =⇒

x ∈
n
⋃

k=1

{w; Uk(w) < 0} ♣❛r❛ n ≥ k0 =⇒ x ∈
∞
⋃

n=1

n
⋃

k=1

{w; Uk(w) < 0}✱ ♠♦str❛♥❞♦ q✉❡

A ⊂
∞
⋃

n=1

An✳



✷✻

❉❛í✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

P (An|I0 = is)
n→∞
−→ P (A|I0 = is) ⇐⇒ ψn(u, is)

n→∞
−→ ψ(u, is) ✭✷✳✽✮

◗✉❛♥❞♦ In = 0, ♣❛r❛ n = 0, 1, . . . ✱ ♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ✭✷✳✷✮ é r❡❞✉③✐❞♦ ❛♦

s❡❣✉✐♥t❡ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❝❧áss✐❝♦ ❛ t❡♠♣♦ ❞✐s❝r❡t♦

Uk = u−

k
∑

t=1

Zt, k = 1, 2, . . . ✭✷✳✾✮

❈♦♥s✐❞❡r❡♠♦s ψ(u) ❞❡♥♦t❛♥❞♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❝♦♠ ❤♦r✐③♦♥t❡ ✐♥✜♥✐t♦ ♥♦

♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❝❧áss✐❝♦ ❞❛❞♦ ♣♦r ✭✷✳✾✮✱ ❛ s❛❜❡r ψ(u) = P
(

∞
⋃

k=1

[

k
∑

t=1

Zt > u
])

✳ ❉❡ ❢❛t♦✱

ψ(u) = P (Uk < 0 ♣❛r❛ ❛❧❣✉♠ k ∈ ◆)✳ ▲♦❣♦✱

ψ(u) = P
(

∞
⋃

k=1

[

Uk < 0
])

= P
(

∞
⋃

k=1

[

u−

k
∑

t=1

Zt < 0
])

= P
(

∞
⋃

k=1

[

k
∑

t=1

Zt > u
])

✳

P❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ψ(u)✱ ❛ ❜❡♠ ❝♦♥❤❡❝✐❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲✉♥❞❜❡r❣ ❞✐③

q✉❡ s❡ E(Z1) < 0 ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ R0 > 0 s❛t✐s❢❛③❡♥❞♦

E[eR0Z1 ] = 1, ✭✷✳✶✵✮

❡♥tã♦

ψ(u) ≤ e−R0u, u ≥ 0. ✭✷✳✶✶✮

■ss♦ ♣♦❞❡ s❡r ✈✐st♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❘♦ss ❬✷✵❪✳

❙❡ t♦❞❛s ❛s t❛①❛s ❞❡ ❥✉r♦s ❢♦r❡♠ ♥ã♦✲♥❡❣❛t✐✈❛s✱ ✐st♦ é✱ In ≥ 0✱ ♣❛r❛ n = 0, 1, . . .✱

❡♥tã♦

ψ(u, is) ≤ ψ(u), u ≥ 0. ✭✷✳✶✷✮

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❛♥❞♦ U
′

k = U
′

k−1(1 + Ik) − Zk ❝♦♠ U
′

0 = u ♦ ♠♦❞❡❧♦ ❝♦♠ t❛①❛s ❞❡

❥✉r♦s✱ ❡ Uk = u−

k
∑

t=1

Zk ♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦✱ t❡♠♦s U
′

k ≥ Uk✱ ∀k ∈ ◆✳

P❛r❛ ✈❡r✐✜❝❛r♠♦s ✐ss♦ ♦❜s❡r✈❡ q✉❡ ♣❛r❛ k = 1✱ U
′

1 = U
′

0(1 + I1) − Z1 ≥ U
′

0 − Z1 =

u−Z1 = U1✱ ✈❛❧❡♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡✳ ❙✉♣♦♥❞♦ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ é ✈á❧✐❞❛ ♣❛r❛ k = n✱

♦✉ s❡❥❛✱ U
′

n ≥ Un✱ ♠♦str❡♠♦s q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♥t✐♥✉❛ ✈á❧✐❞❛ ♣❛r❛ k = n + 1✳



✷✼

❱❡❥❛♠♦s✳

U
′

n+1 = U
′

n(1 + In+1) − Zn+1 ≥ U
′

n − Zn+1 ≥ Un − Zn+1 = u−
(

n
∑

t=1

Zt

)

− Zn+1✱ ✐♠♣❧✐✲

❝❛♥❞♦

U
′

n+1 ≥ u−

n+1
∑

t=1

Zt = Un+1✱ ♠♦str❛♥❞♦ ♦ q✉❡ ♣r❡t❡♥❞í❛♠♦s✳

❆ss✐♠✱ A =
∞
⋃

k=1

[

U
′

k < 0
]

⊂

∞
⋃

k=1

[

Uk < 0
]

= B ❡ ❝♦♠♦ P
(

· | I0 = is

)

é ✉♠❛ ♣r♦✲

❜❛❜✐❧✐❞❛❞❡✱ t❡♠♦s✿

P
(

∞
⋃

k=1

[

U
′

k < 0
]

| I0 = is

)

≤ P
(

∞
⋃

k=1

[

Uk < 0
]

| I0 = is

)

✳

❈♦♠♦ Uk é ✉♠ ♣r♦❝❡ss♦ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ t❛①❛s ❞❡ ❥✉r♦s✱ ♦✉ s❡❥❛✱ I0 é ✐♥❞❡♣❡♥✲

❞❡♥t❡ ❞❡ Uk✱ ❝♦♥❝❧✉í♠♦s q✉❡ P
(

∞
⋃

k=1

[

U
′

k < 0
]

| I0 = is

)

≤ P
(

∞
⋃

k=1

[

Uk < 0
])

✳ P♦rt❛♥t♦✱

ψ(u, is) ≤ ψ(u)✳

❊ss❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛✜r♠❛ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ♥♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ❝❧áss✐❝♦

é r❡❞✉③✐❞❛ ♣❡❧❛ ❛❞✐çã♦ ❞❡ r❡♥❞✐♠❡♥t♦s ❞❡ ❥✉r♦s ♥ã♦✲♥❡❣❛t✐✈♦s ❛♦ ❝❛♣✐t❛❧✳ ❆ss✐♠✱ s❡

♦❜t✐✈❡r♠♦s ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ψ(u, is) ❝♦♠ t❛①❛s ❞❡ ❥✉r♦s

♥ã♦✲♥❡❣❛t✐✈❛s {In, n = 0, 1, . . .}✱ ❞✐❣❛♠♦s ψ(u, is) ≤ ∆(u, is)✱ u ≥ 0✱ ❡♥tã♦ ∆(u, is)✱ s❡

❢♦r ✉♠❛ ❡st✐♠❛t✐✈❛ ♥♦ s❡♥t✐❞♦ ❞❡ ❛❝r❡s❝❡♥t❛r ❛❧❣✉♠❛ ✐♥❢♦r♠❛çã♦✱ ❞❡✈❡rá s❛t✐s❢❛③❡r

∆(u, is) ≤ e−R0u, u ≥ 0. ✭✷✳✶✸✮

✷✳✷ ❊q✉❛çã♦ ❘❡❝✉rs✐✈❛ ❡ ■♥t❡❣r❛❧ ♣❛r❛ Pr♦❜❛❜✐❧✐❞❛❞❡

❞❡ ❘✉í♥❛

◆❡st❛ s❡çã♦✱ ♦❜t❡♠♦s ❡q✉❛çõ❡s r❡❝✉rs✐✈❛ ❡ ✐♥t❡❣r❛❧ ♣❛r❛ ψ(u, is)✳ ❊ss❛s ❡q✉❛çõ❡s

✈❛❧❡♠ ♣❛r❛ q✉❛✐sq✉❡r t❛①❛s ❞❡ ❥✉r♦s✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ t♦❞♦ ♦ r❡st❛♥t❡ ❞❡st❡ tr❛❜❛❧❤♦✱

❞❡♥♦t❛♠♦s ❛ ❝❛✉❞❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞✐str✐❜✉✐çã♦ B ♣♦r B(x) = 1 − B(x)✱ ❡ ♣♦r IA ❛

❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛ ❞♦ ❝♦♥❥✉♥t♦ ❆✳

▲❡♠❛ ✷✳✶ P❛r❛ n = 1, 2, . . . ❡ q✉❛❧q✉❡r u ≥ 0✱

ψn+1(u, is) =
N
∑

t=0

Pst

(

G(u(1 + it)) +

∫ u(1+it)

−∞
ψn(u(1 + it) − z, it)dG(z)

)

✭✷✳✶✹✮



✷✽

❝♦♠

ψ1(u, is) =
N
∑

t=0

PstG(u(1 + it)) ✭✷✳✶✺✮

❡

ψ(u, is) =
N
∑

t=0

Pst

(

G(u(1 + it)) +

∫ u(1+it)

−∞
ψ(u(1 + it) − z, it)dG(z)

)

✭✷✳✶✻✮

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s Z1 = z ❡ I1 = it✱ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ t❡♠✲s❡ U1 = h − z✱ ♦♥❞❡

h = u(1 + it)✳ ❆ss✐♠✱ s❡ z > h✱

P
(

U1 < 0 | Z1 = z, I0 = is, I1 = it

)

= E
(

I[U1< 0] | Z1 = z, I0 = is, I1 = it

)

=

= E

(

I[(
u(1+I1)−Z1

)

< 0

] | Z1 = z, I0 = is, I1 = it

)

=

= E

(

I[
Z1> u(1+I1)

] | Z1 = z, I0 = is, I1 = it

)

= E
(

1 | Z1 = z, I0 = is, I1 = it

)

= 1✳

❈♦♠♦ A =
[

U1 < 0
]

⊂

n+1
⋃

k=1

[

Uk < 0
]

= B✱ ❡♥tã♦ IA ≤ IB✳

P♦rt❛♥t♦✱ P
(

n+1
⋃

k=1

[

Uk < 0
]

|Z1 = z, I0 = is, I1 = it

)

= 1✳

❆❣♦r❛✱ s❡ 0 ≤ z ≤ h✱ t❡♠✲s❡✿

P
(

U1 < 0|Z1 = z, I0 = is, I1 = it

)

= E

(

I[
Z1> u(1+I1)

] | Z1 = z, I0 = is, I1 = it

)

=

= E
(

0 | Z1 = z, I0 = is, I1 = it

)

= 0✱ ♣♦✐s ♦s w ∈ Ω t❛✐s q✉❡ I1(w) = it✱ I0(w) = is

❡ Z1(w) = z ❢❛③❡♠ ❝♦♠ q✉❡ Z1(w) ≤ u(1 + I1(w))✱ ✐♠♣❧✐❝❛♥❞♦ z ≤ h ❡✱ ♣♦rt❛♥t♦✱

I[
Z1> u(1+I1)

](w) = 0✳

❆ss✐♠✱

P
(

n+1
⋃

k=1

[

Uk < 0
]

| Z1 = z, I0 = is, I1 = it

)

=

= E

(

I[ n+1
⋃

k=1

[

Uk < 0
]

] | Z1 = z, I0 = is, I1 = it

)

=



✷✾

= E

(

I[

U1 < 0

]

⋃

[ n+1
⋃

k=2

[

Uk < 0
]

] | Z1 = z, I0 = is, I1 = it

)

=

= E

(

I[
U1< 0

] | Z1 = z, I0 = is, I1 = it

)

+

+E

(

I[ n+1
⋃

k=2

[

Uk < 0
]

] | Z1 = z, I0 = is, I1 = it

)

−

−E

(

I[

U1 < 0

]

⋂

[ n+1
⋃

k=2

[

Uk < 0
]

] | Z1 = z, I0 = is, I1 = it

)

=

= E

(

I[ n+1
⋃

k=2

[

Uk < 0
]

] | Z1 = z, I0 = is, I1 = it

)

=

= E

(

I
[ n+1
⋃

k=2

[

u

k
∏

j=1

(1 + Ij) −
k
∑

j=1

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0
]

]
| Z1 = z, I0 = is, I1 = it

)

=

= E

(

I
[ n+1
⋃

k=2

[

u(1 + I1)
k
∏

j=2

(1 + Ij) − Z1

k
∏

λ=2

(1 + Iλ) −
k
∑

j=2

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0
]

]
| Z1 =

z, I0 = is, I1 = it

)

=

= E

(

I
[ n+1
⋃

k=2

[

(u(1 + I1) − Z1)
k
∏

j=2

(1 + Ij) −
k
∑

j=2

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0
]

]
| Z1 = z, I0 =

is, I1 = it

)

=

= E

(

I
[ n+1
⋃

k=2

[

(u(1 + it) − z)
k
∏

j=2

(1 + Ij) −
k
∑

j=2

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0
]

]
| Z1 = z, I0 =

is, I1 = it

)

=

= P

(

n+1
⋃

k=2

[

(h− z)
k
∏

j=2

(1 + Ij) −
k
∑

j=2

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0

]

| Z1 = z, I0 = is, I1 = it

)

❈♦♠♦ {In, n = 0, 1, . . .} ❡ {Zn, n = 1, 2, . . .} sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❡ {Zk, k = 2, 3, . . .}



✸✵

é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ Z1✱ ❡♥tã♦✿ P
(

n+1
⋃

k=1

[

Uk < 0
]

| Z1 = z, I0 = is, I1 = it

)

=

= P

(

n+1
⋃

k=2

[

(h− z)
k
∏

j=2

(1 + Ij) −
k
∑

j=2

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0

]

| I0 = is, I1 = it

)

❈♦♠♦ ❛ss✉♠✐♠♦s q✉❡ ❛ t❛①❛ ❞❡ ❥✉r♦s {In, n = 0, 1, ...} s❡❣✉❡ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✱

t❡♠✲s❡✿ P
(

n+1
⋃

k=1

[

Uk < 0
]

| Z1 = z, I0 = is, I1 = it

)

=

= P

(

n+1
⋃

k=2

[

(h− z)
k
∏

j=2

(1 + Ij) −
k
∑

j=2

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0

]

| I1 = it

)

=

= E

(

I
[ n+1
⋃

k=2

[

(h− z)
k
∏

j=2

(1 + Ij) −
k
∑

j=2

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0
]

]
| I1 = it

)

✳

❈♦♠♦ ❛ ✐♥❞✐❝❛❞♦r❛ é ✉♠❛ ❢✉♥çã♦ ❞❡ Z2, . . . , Zn+1, I2, . . . , In+1✱ ❡♥tã♦✱ ❢❛③❡♥❞♦

X = (Z2, . . . , Zn+1, I2, . . . , In+1)✱ t❡♠✲s❡✿

P

(

n+1
⋃

k=2

[

(h− z)
k
∏

j=2

(1 + Ij) −
k
∑

j=2

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0

]

| I1 = it

)

=

=

∫

Ω

ϕ(X)dP (w|I1 = it) =

=

∫

❘n×J n

ϕ(z2, . . . , zn+1, i2, . . . , in+1)dFX(z2, . . . , zn+1, i2, . . . , in+1|I1 = it)✳

❆❧é♠ ❞✐ss♦✱ {Ik, k = 0, 1, ...} é ✉♠❛ ❈❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❤♦♠♦❣ê♥❡❛ ❡ é ✉♠❛ s❡q✉ê♥✲

❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ {Zk, k = 1, 2, ...}✱ ❛ q✉❛❧ é (i.i.d.)✱ ♣♦r✲

t❛♥t♦✱✉s❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❤♦♠♦❣ê♥❛✱

P

(

n+1
⋃

k=2

[

(h− z)
k
∏

j=2

(1 + Ij) −
k
∑

j=2

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0

]

| I1 = it

)

=

=

∫

❘n×J n

ϕ(x)dFZ2,...,Zn+1
(z2, . . . , zn+1|I1 = it)dFI2,...,In+1

(i2, . . . , in+1|I1 = it) =

=

∫

❘n×J n

ϕ(x)dFZ2,...,Zn+1
(z2, . . . , zn+1)dFI2,...,In+1

(i2, . . . , in+1|I1 = it) =



✸✶

=

∫

❘n×J n

ϕ(x)dFZ2
(z2). . . . .dFZn+1

(zn+1).P
(

I2 = i2, . . . , In+1 = in+1|I1 = it
)

❂

=

∫

❘n×J n

ϕ(x)dFZ1
(z2). . . . .dFZn

(zn+1).P
(

I1 = i2, . . . , In = in+1|I0 = it
)

=

=

∫

❘n×J n

ϕ(x)dFZ1,...,Zn
(z2, . . . , zn+1).dFI1,...,In

(i2, . . . , in+1|I0 = it) =

=

∫

❘n×J n

ϕ(x)dFZ1,...,Zn
(z2, . . . , zn+1|I0 = it).dFI1,...,In

(i2, . . . , in+1|I0 = it) =

=

∫

❘n×J n

ϕ(x)dFZ1,...,Zn,I1,...,In
(z2, . . . , zn+1, i2, . . . , in+1|I0 = it) =

=

∫

Ω

ϕ(Y )dP (w|I0 = it), ❝♦♠ Y = Z1, ..., Zn, I1, ..., In✳

❆ss✐♠✱

P
(

n+1
⋃

k=1

[

Uk < 0
]

| Z1 = z, I0 = is, I1 = it

)

=

= E

(

I
[ n
⋃

k=1

[

(h− z)
k
∏

j=1

(1 + Ij) −
k
∑

j=1

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0
]

]
| I0 = it

)

=

= P

(

n
⋃

k=1

[

(h− z)
k
∏

j=1

(1 + Ij) −
k
∑

j=1

(Zj

k
∏

λ=j+1

(1 + Iλ)) < 0

]

| I0 = it

)

✳

❯s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✹✮✱ t❡♠♦s✿

P
(

n+1
⋃

k=1

[

Uk < 0
]

| Z1 = z, I0 = is, I1 = it

)

= ψn(h− z, it) = ψn(u(1 + it) − z, it)✳

❉❡ss❛ ❢♦r♠❛✱

ψn+1(u, is) = P
(

n+1
⋃

k=1

[

Uk < 0
]

|I0 = is

)

= E

(

I[n+1
⋃

k=1

[Uk < 0]

] | I0 = is

)

=

=
1

P
(

I0 = is

) .

∫

(I0=is)

I[n+1
⋃

k=1

[Uk < 0]

]dP



✸✷

❈♦♠♦ {w; I0(w) = is} ∈ σ(I0, I1, Z1)✱ t❡♠♦s✿

ψn+1(u, is) =
1

P
(

I0 = is

) .

∫

(I0=is)

E
(

I[ n+1
⋃

k=1

[Uk < 0]

] | I0, I1, Z1

)

dP =

❈♦♠♦ ❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞♦ ✐♥t❡❣r❛♥❞♦ é ✉♠❛ ❢✉♥çã♦ ❞❛s ✈✳❛✳✬s I0, I1 e Z1✱ ❡♥tã♦

ψn+1(u, is) =
1

P
(

I0 = is

) .

∫

(I0=is)

ξ(I0, I1, Z1)dP =

=
1

P
(

I0 = is

) .

∫

{w; I0(w)=is, I1(w)∈J , Z1(w)∈❘}
ξ(I0, I1, Z1)dP =

=
1

P
(

I0 = is

) .

∫

❘

∑

j∈J

∑

i∈{is}
ξ(z, j, i)dP(Z1,I1,I0)(z, j, i)

❉❛í✱

ψn+1(u, is) =
1

P
(

I0 = is

) .

∫

❘

∑

j∈J
ξ(z, j, is)dP(Z1,I1,I0)(z, j, is) =

=
1

P
(

I0 = is

) .

∫

❘

∑

j∈J
ξ(z, j, is)dPI1,I0(j, is)dPZ1

(z) =

=
1

P
(

I0 = is

) .

∫

❘

N
∑

t=0

ξ(z, it, is)P
(

I1 = it, I0 = is)dG(z) =

=
N
∑

t=0

Pst

∫

❘

ξ(z, it, is)dG(z) =

=
N
∑

t=0

Pst

∫ +∞

−∞
E
(

I[ n+1
⋃

k=1

[Uk < 0]

] | I0 = is, I1 = it, Z1 = z
)

dG(z) =



✸✸

=
N
∑

t=0

Pst

{

∫ u(1+it)

−∞
P
(

n+1
⋃

k=1

[

Uk < 0
]

|I0 = is, I1 = it, Z1 = z
)

dG(z)+

+

∫ +∞

u(1+it)

P
(

n+1
⋃

k=1

[

Uk < 0
]

|I0 = is, I1 = it, Z1 = z
)

dG(z)

}

=

=
N
∑

t=0

Pst

{

∫ u(1+it)

−∞
ψn

(

u(1 + it) − z, it
)

dG(z) +

∫ +∞

u(1+it)

dG(z)

}

=

=
N
∑

t=0

Pst

{

∫ u(1+it)

−∞
ψn

(

u(1 + it) − z, it
)

dG(z) + 1 −G
(

u(1 + it)
)

}

=

P♦rt❛♥t♦✱

ψn+1(u, is) =
N
∑

t=0

Pst

{

∫ u(1+it)

−∞
ψn

(

u(1 + it) − z, it
)

dG(z) +G
(

u(1 + it)
)

}

✭✷✳✶✼✮

▼♦str❛♥❞♦✱ ❛ss✐♠✱ ❛ ❡q✉❛çã♦ ✭✷✳✶✹✮✳ ❉❛í✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡ n −→ ∞ ❡♠ ✭✷✳✶✼✮✱

t❡♠✲s❡✿

lim
n→∞

ψn+1(u, is) = lim
n→∞

N
∑

t=0

Pst

{

∫ u(1+it)

−∞
ψn

(

u(1 + it) − z, it
)

dG(z) +G
(

u(1 + it)
)

}

✳ ▲♦❣♦✱

ψ(u, is) =
N
∑

t=0

Pst

{

G
(

u(1 + it)
)

+ lim
n→∞

∫ u(1+it)

−∞
ψn

(

u(1 + it) − z, it
)

dG(z)

}

❈♦♠♦ {ψn} é s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠♦♥ót♦♥❛s ♥ã♦✲❞❡❝r❡s❝❡♥t❡s✱ ♥ã♦✲♥❡❣❛t✐✈❛s✱ ❡ lim
n→∞

ψn = ψ✱

t❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ▼♦♥ót♦♥❛✱ q✉❡✿

ψ(u, is) =
N
∑

t=0

Pst

{

G
(

u(1 + it)
)

+

∫ u(1+it)

−∞
lim

n→∞
ψn

(

u(1 + it) − z, it
)

dG(z)

}

=

=
N
∑

t=0

Pst

{

G
(

u(1 + it)
)

+

∫ u(1+it)

−∞
ψ
(

u(1 + it) − z, it
)

dG(z)

}



✸✹

♠♦str❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✶✻✮✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❡q✉❛çã♦ ✭✷✳✶✺✮ s❡❣✉❡ ❞❡✿

ψ1(u, is) = P
(

Z1 > u(1 + I1) | I0 = is
)

= E
(

I[
Z1>u(1+I1)

] | I0 = is
)

=
1

P (I0 = is)
.

∫

(I0=is)

I[
Z1>u(1+I1)

]dP

❈♦♠♦ {w; I0(w) = is} ∈ σ(I0, I1, Z1)✱ t❡♠✲s❡✿

ψ1(u, is) =
1

P (I0 = is)
.

∫

(I0=is)

E
(

I[
Z1>u(1+I1)

] | I0, I1, Z1

)

dP

=
1

P (I0 = is)
.

∫

(I0=is)

φ(I0, I1, Z1)dP

=
1

P (I0 = is)
.

∫

❘×J×{is}
φ(i, it, z)dPI0,I1,Z1

(i, it, z)

=
1

P (I0 = is)
.

∫

❘

∑

j∈J
φ(is, j, z)dFI0,I1(is, j)dFZ1

(z)

▼❛s J é ✜♥✐t♦✱ ❧♦❣♦

ψ1(u, is) =
1

P (I0 = is)
.

∫

❘

N
∑

t=0

φ(is, it, z)P
(

I1 = it, I0 = is
)

dG(z)

=
N
∑

t=0

Pst

∫ +∞

−∞
φ(is, it, z)dG(z)

=
N
∑

t=0

Pst

∫ +∞

−∞
E
(

I[
Z1>u(1+I1)

] | I0 = is, I1 = it, Z1 = z
)

dG(z)

=
N
∑

t=0

Pst

{

∫ u(1+it)

−∞
φ(is, it, z)dG(z) +

∫ +∞

u(1+it)

φ(is, it, z)dG(z)

}

=
N
∑

t=0

Pst

∫ +∞

u(1+it)

dG(z) =
N
∑

t=0

Pst

(

G
(

u(1 + it)
)

)



✸✺

�

❘❡ss❛❧t❛♠♦s q✉❡ ❛s té❝♥✐❝❛s ✉s❛❞❛s ♥❡ss❛ ❞❡♠♦♥str❛çã♦ sã♦ s✐♠✐❧❛r❡s àq✉❡❧❛s ❡♠ ❨❛♥❣

❬✷✻❪✳

❆ s❡❣✉✐r ✉s❛r❡♠♦s ❛ ❡q✉❛çã♦ r❡❝✉rs✐✈❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❝♦♠ ❤♦r✐③♦♥t❡

✜♥✐t♦ ♣❛r❛ ♦❜t❡r♠♦s ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ✜♥❛❧✱ q✉❛♥❞♦ ❛s t❛①❛s

❞❡ ❥✉r♦s sã♦ ♥ã♦✲♥❡❣❛t✐✈❛s✳

✷✳✸ ❉❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❘✉í♥❛ ♣❡❧❛

❛❜♦r❞❛❣❡♠ ■♥❞✉t✐✈❛

◆❡st❛ s❡çã♦✱ ❡ ♥❛ s❡çã♦ s❡❣✉✐♥t❡✱ ❛ss✉♠✐r❡♠♦s q✉❡ t♦❞❛s ❛s t❛①❛s ❞❡ ❥✉r♦s sã♦

♥ã♦✲♥❡❣❛t✐✈❛s✱ ✐st♦ é✱ In ≥ 0 ♣❛r❛ n = 0, 1, . . . ❡ ♦❜t❡r❡♠♦s ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛

ψ(u, is) ♣♦r ✉♠❛ ❛❜♦r❞❛❣❡♠ ✐♥❞✉t✐✈❛ s♦❜r❡ ❛ ❡q✉❛çã♦ r❡❝✉rs✐✈❛ ♦❜t✐❞❛ ♥❛ s❡çã♦ ✷✳✷✳

❚❡♦r❡♠❛ ✷✳✶ ❙❡❥❛ R0 > 0 ✉♠❛ ❝♦♥st❛♥t❡ s❛t✐s❢❛③❡♥❞♦ ✭✷✳✾✮✳ ❊♥tã♦✱

ψ(u, is) ≤ β0E
(

e−R0u(1+I1) | I0 = is
)

, u ≥ 0, ✭✷✳✶✽✮

♦♥❞❡

β−1
0 = inf

t≥0

∫ +∞

t

eR0zdG(z)

eR0tG(t)
✭✷✳✶✾✮

❉❡♠♦♥str❛çã♦✳ P❛r❛ t♦❞♦ x ≥ 0✱ t❡♠♦s✿

G(x) = G(x).eR0x.e−R0x.

(

∫ +∞

x

eR0zdG(z)

)−1

.

∫ +∞

x

eR0zdG(z)

=

(

∫ +∞

x

eR0zdG(z)

)−1

(

G(x).eR0x
)−1 .e−R0x.

∫ +∞

x

eR0zdG(z)



✸✻

P♦r ♦✉tr♦ ❧❛❞♦✱

β−1
0 = inf

t≥0

∫ +∞

t

eR0zdG(z)

eR0tG(t)
≤

(

∫ +∞

x

eR0zdG(z)

)

eR0x.G(x)
, ∀x ≥ 0✳

▲♦❣♦✱

β0 ≥

(

∫ +∞

x

eR0zdG(z)

eR0x.G(x)

)−1

❆ss✐♠✱

G(x) ≤ β0.e
−R0x.

∫ +∞

x

eR0zdG(z) ✭✷✳✷✵✮

≤ β0.e
−R0x.

∫ +∞

−∞
eR0zdG(z)

≤ β0.e
−R0x ✭✷✳✷✶✮

❈♦♠ ✐ss♦✱ ✭✷✳✶✺✮ ❡ ✭✷✳✷✵✮ ✐♠♣❧✐❝❛♠ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r u ≥ 0 ❡ q✉❛❧q✉❡r is ≥ 0✱

ψ1(u, is) =
N
∑

t=0

PstG(u(1 + it))

≤

N
∑

t=0

Pstβ0e
−R0

(

u(1+it)
)

≤ β0

N
∑

t=0

e−R0

(

u(1+it)
)

P (I1 = it | I0 = is)

= β0E

(

e−R0u(1+I1) | I0 = is

)

❆❣♦r❛✱ ❛ss✉♠❛♠♦s ❝♦♠♦ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r u ≥ 0 ❡ q✉❛❧q✉❡r

is ≥ 0✱

ψn(u, is) ≤ β0E

(

e−R0u(1+I1) | I0 = is

)

✭✷✳✷✷✮



✸✼

❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ 0 ≤ z ≤ u(1 + it)✱ ❝♦♠ u ❡ is s✉❜st✐t✉í❞♦s ♣♦r u(1 + it) − z ❡ it✱

r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♠ ✭✷✳✷✷✮✱ ❡ ♣❛r❛ I1 ≥ 0✱ t❡♠✲s❡✿

ψn(u(1 + it) − z, it) ≤ β0E

(

e−R0(u(1+it)−z)(1+I1) | I0 = it

)

P♦r ♦✉tr♦ ❧❛❞♦✱

0 ≤ z ≤ u(1 + it) ✐♠♣❧✐❝❛ u(1 + it) − z ≥ 0✱ ❡ R0 > 0 ✐♠♣❧✐❝❛ −R0 < 0✳ ❉❛í✱

−R0

(

u(1 + it) − z
)

≤ 0✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ I1 ≥ 0 ✐♠♣❧✐❝❛ 1 + I1 ≥ 1✱ t❡♠✲s❡✿

−R0

(

u(1 + it) − z
)

(1 + I1) ≤ −R0

(

u(1 + it) − z
)

✳ ❉✐ss♦✱ r❡s✉❧t❛ q✉❡

e−R0

(

u(1+it)−z
)

(1+I1) ≤ e−R0

(

u(1+it)−z
)

✳ ❯s❛♥❞♦ ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐✲

❝✐♦♥❛❧✱ t❡♠♦s✿

E

(

e−R0

(

u(1+it)−z
)

(1+I1) | I0 = it

)

≤ E

(

e−R0

(

u(1+it)−z
)

| I0 = it

)

✳

❈♦♠♦ e−R0

(

u(1+it)−z
)

é ❝♦♥st❛♥t❡✱ t❡♠✲s❡✿

E

(

e−R0

(

u(1+it)−z
)

(1+I1) | I0 = it

)

≤ e−R0

(

u(1+it)−z
)

✳

❆ss✐♠✱

ψn(u(1 + it) − z, it) ≤ β0e
−R0(u(1+it)−z) ✭✷✳✷✸✮

P♦rt❛♥t♦✱ ♣♦r ✭✷✳✶✹✮✱ ✭✷✳✷✵✮ ❡ ✭✷✳✷✸✮✱ t❡♠✲s❡✿

ψn+1(u, is) =
N
∑

t=0

Pst

(

G(u(1 + it)) +

∫ u(1+it)

−∞
ψn(u(1 + it) − z, it)dG(z)

)

≤

N
∑

t=0

Pst

(

β0.e
−R0(u(1+it)).

∫ +∞

u(1+it)

eR0zdG(z) +

∫ u(1+it)

−∞
β0e

−R0(u(1+it)−z)dG(z)
)

≤

N
∑

t=0

Pst

(

β0.e
−R0(u(1+it)).

∫ +∞

u(1+it)

eR0zdG(z) + β0.e
−R0(u(1+it))

∫ u(1+it)

−∞
eR0zdG(z)

)



✸✽

▲♦❣♦✱

ψn+1(u, is) ≤
N
∑

t=0

Pstβ0.e
−R0(u(1+it))

(

∫ +∞

−∞
eR0zdG(z)

)

≤

N
∑

t=0

Pstβ0.e
−R0u(1+it)E(eR0Z1)

≤

N
∑

t=0

Pstβ0.e
−R0u(1+it)

≤ β0E
(

e−R0u(1+I1) | I0 = is

)

▲♦❣♦✱ ♣❛r❛ q✉❛❧q✉❡r n = 1, 2, . . . , ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✷✷✮ é ✈á❧✐❞❛✳ ▲♦❣♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

✭✷✳✶✽✮ s❡❣✉❡✱ ❢❛③❡♥❞♦ n −→ ∞ ❡♠ ✭✷✳✷✷✮✳ �

◆♦t❡♠♦s q✉❡ 0 ≤ β0 ≤ 1✱ ❥á q✉❡✱ ♣❛r❛ t♦❞♦ t ≥ 0✱ t❡♠✲s❡✿

∫ +∞

t

eR0zdG(z) ≥

∫ +∞

t

eR0tdG(z) = eR0t

∫ +∞

t

dG(z)✳ ❆ss✐♠✱

∫ +∞

t

eR0zdG(z)

eR0tG(t)
≥
eR0t

∫ +∞

t

dG(z)

eR0tG(t)
=

1 −

∫ t

−∞
dG(z)

G(t)
=

1 −G(t)

G(t)
= 1✳

❉❡ss❛ ❢♦r♠❛✱ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ♥♦ t❡♦r❡♠❛ ✭✷✳✶✮ é ♠❡♥♦r ❞♦ q✉❡ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r

❞❡ ▲✉♥❞❜❡r❣✱ ✐st♦ é✱

β0E
(

e−R0u(1+I1) | I0 = is
)

≤ β0E
(

e−R0u | I0 = is
)

= β0e
−R0u ≤ e−R0u, u ≥ 0✳

❆❧é♠ ❞✐ss♦✱ s❡ In = 0, ∀n = 0, 1, . . .✱ ❡♥tã♦ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ♥♦ ❚❡♦r❡♠❛ ✷✳✶

r❡❞✉③✲s❡ ❛ β0e
−R0u✱ ♦ q✉❛❧ ♣r♦❞✉③ ✉♠ ❛♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ❞❡ ▲✉♥❞❜❡r❣✱

❥á q✉❡ 0 ≤ β0 ≤ 1✳ P❛r❛ ❞❡s✐❣✉❛❧❞❛❞❡s ❞♦ t✐♣♦ ❞❡ ▲✉♥❞❜❡r❣ ❡♠ ♦✉tr♦s ♠♦❞❡❧♦s ❞❡ ♣r♦✲

❜❛❜✐❧✐❞❛❞❡ ❛♣❧✐❝❛❞❛✱ ✈❡❥❛ ❲✐❧❧♠♦t ❡t ❛❧ ✭✷✵✵✶✮✱ ❲✐❧❧♠♦t ❛♥❞ ▲✐♥ ✭✷✵✵✶✮ ❡ ❛s r❡❢❡rê♥❝✐❛s

❧á ❝♦♥t✐❞❛s✳

❊♠ ♠✉✐t❛s s✐t✉❛çõ❡s ♣rát✐❝❛s✱ ♦s ♣rê♠✐♦s ❡♠ ❝❛❞❛ ♣❡rí♦❞♦ sã♦ ❝♦♥st❛♥t❡s ❡ ❛s

♣❡r❞❛s sã♦ ❞❡✈✐❞❛s ❛♦ ✈❛❧♦r ❞❛s ✐♥❞❡♥✐③❛çõ❡s✳ ❙❡ ❞❡♥♦t❛♠♦s ♦ ♣rê♠✐♦ ❝♦♥st❛♥t❡ ❡ ♦



✸✾

✈❛❧♦r ❞❛s ✐♥❞❡♥✐③❛çõ❡s ♥♦ ♣❡rí♦❞♦ k ♣♦r p > 0 ❡ Yk✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ Zk = Yk−p✱

❝♦♠ k = 1, 2, . . .✳ ❉❡ ❢❛t♦✱ ❡ss❡ ♠♦❞❡❧♦ é ✉♠❛ ❛♥❛❧♦❣✐❛ ❞✐s❝r❡t❛ ❞♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦ ❞❡

r✐s❝♦ ❛ t❡♠♣♦ ❝♦♥tí♥✉♦✳ ◆❡ss❡ ❝❛s♦✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r r❡✜♥❛❞♦ ♣❛r❛ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ψ(u, is)✳

❊♥✉♥❝✐❛r❡♠♦s ❛ s❡❣✉✐r ✉♠ ❧❡♠❛ q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❝♦r♦❧ár✐♦

✭✷✳✶✮✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ ❧❡♠❛✱ ♦ q✉❛❧ é ❛ ♣r♦♣♦s✐çã♦ ✻✳✶✳✶✱ ♣á❣✐♥❛ ✾✻✱ ❞♦ ❧✐✈r♦

❲✐❧❧♠♦t ❡ ▲✐♥✱ ❬✷✹❪✱ s❡rá ♦♠✐t✐❞❛ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ ❡❧❛ ✉s❛r ✉♠ r❡s✉❧t❛❞♦ ❞♦ ❧✐✈r♦

❙❤❛❦❡❞ ❡ ❙❤❛♥t❤✐❦✉♠❛r✱ ❬✷✷❪✱ ❛♦ q✉❛❧ ♥ã♦ t✐✈❡♠♦s ❛❝❡ss♦✳

❆♥t❡s ❡①♣❧✐❝❛r❡♠♦s ♦ q✉❡ s✐❣♥✐✜❝❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ◆♦✈❛ P✐♦r q✉❡ ❛ ❯s❛❞❛ ❡♠ ❖r❞❡♠

❈♦♥✈❡①❛✲◆❲❯❈ q✉❡ ❛♣❛r❡❝❡ ♥❛ ❤✐♣ót❡s❡ ❞♦ ❧❡♠❛ ❛ s❡❣✉✐r✳

❉✐③❡♠♦s q✉❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ F é ◆❲❯❈ s❡✱ ♣❛r❛ t♦❞♦ x ≥ 0, y ≥ 0✱
∫ +∞

x+y

F (t)dt ≥

F (x)

∫ +∞

y

F (t)dt

❉❡♥tr❡ ❛s ❞✐str✐❜✉✐çõ❡s q✉❡ s❡ ❡♥❝❛✐①❛♠ ♥❡st❛ ❞❡✜♥✐çã♦ ♣♦❞❡♠♦s ❝✐t❛r ❛s ❞✐str✐❜✉✐çõ❡s

❞❡ t❛①❛ ❞❡ ❢❛❧❤❛s ❞❡❝r❡s❝❡♥t❡✲❉❋❘❀ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❡①♣♦♥❡♥❝✐❛❧ ❡ ❛ ❣❛♠❛✳

▲❡♠❛ ✷✳✷ ❙✉♣♦♥❤❛ t > 0✱ x ≥ 0✱ ❡

∫ ∞

0

etydF (y) <∞✳ ❊♥tã♦✱ s❡ F (y) é ◆❲❯❈✱

t❡♠♦s✿

inf
0≤z≤x,F (z)>0

∫ ∞

z

etydF (y)

etzF (z)
=

∫ ∞

0

etydF (y) = E(etY ) ✭✷✳✷✹✮

❈♦r♦❧ár✐♦ ✷✳✶ ◆♦ ♠♦❞❡❧♦ ❞❡ r✐s❝♦ ✭✷✳✷✮✱ s❡ Zk = Yk − p✱ k = 1, 2, . . .✱ ♦♥❞❡ Y1, Y2, . . .

sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ♥ã♦✲♥❡❣❛t✐✈❛s ❡ p > E(Yk) é ✉♠❛ ❝♦♥st❛♥t❡✱

❝♦♥s✐❞❡r❡ R0 > 0 t❛❧ q✉❡ E(eR0Z1) = 1✳ ❊♥tã♦✱

ψ(u, is) ≤ β.E
(

e−R0u(1+I1) | I0 = is
)

, u ≥ 0, ✭✷✳✷✺✮

♦♥❞❡

β−1 = inf
t≥0

∫ +∞

t

eR0ydF (y)

eR0tF (t)
, ✭✷✳✷✻✮

❡ F é ❛ ❞✐str✐❜✉✐çã♦ ❝♦♠✉♠ ❞❡ Yk✱ k = 1, 2, . . .✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ❋ é ✉♠❛ ❞✐str✐❜✉✐çã♦ ◆❲❯❈✱ ❡♥tã♦

ψ(u, is) ≤
(

E(eR0Y1)
)−1

.E
(

e−R0u(1+I1) | I0 = is
)

, u ≥ 0 ✭✷✳✷✼✮



✹✵

❉❡♠♦♥str❛çã♦✳ ◆❡ss❡ ❝❛s♦✱ G(z) = P (Y1 − z ≤ p) = F (z + p)✳ ❆ss✐♠✱

∫ +∞

t

eR0zdG(z)

eR0tG(t)
=

∫ +∞

t

eR0zdF (z + p)

eR0tF (t+ p)

=

∫ +∞

t+p

eR0(y−p)dF (y)

eR0tF (t+ p)

=

∫ +∞

t+p

eR0ye−R0pdF (y)

eR0tF (t+ p)

=

∫ +∞

t+p

eR0ydF (y)

eR0(t+p)F (t+ p)

❉❡ss❛ ❢♦r♠❛✱ ❛ ❡q✉❛çã♦ ✭✷✳✶✾✮ ❞á

β−1
0 = inf

t≥0

∫ +∞

t

eR0zdG(z)

eR0tG(t)
= inf

t≥0

∫ +∞

t+p

eR0ydF (y)

eR0(t+p)F (t+ p)
= inf

t≥0
g(t+ p)✱ ♦♥❞❡

g(x) =

∫ +∞

x

eR0ydF (y)

eR0xF (x)
✳

❊♥tr❡t❛♥t♦✱ inf
t≥0

g(t+ p) ≥ inf
t≥0

g(t) = β−1✳

❆ss✐♠✱ β−1
0 ≥ β−1 ♦✉ β0 ≤ β✳ P♦r ✐ss♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✷✺✮ s❡❣✉❡ ❞❡ ✭✷✳✶✾✮✱ ♣♦✐s

ψ(u, is) ≤ β0E
(

e−R0u(1+it) | I0 = is
)

≤ β.E
(

e−R0u(1+it) | I0 = is
)

❆ss✐♠✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ s❛❜❡♠♦s q✉❡ s❡ F é ◆❲❯❈✱ ❡♥tã♦ β−1 = E(eR0Y1)✳

P♦rt❛♥t♦✱ ✭✷✳✷✼✮ s❡❣✉❡ ❞❡ ✭✷✳✷✺✮✳ �



✹✶

✷✳✹ ❉❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❘✉í♥❛ ♣❡❧❛

❛❜♦r❞❛❣❡♠ ▼❛rt✐♥❣❛❧❡

❖✉tr❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♦❜t❡r ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ é ❛ ❛❜♦r✲

❞❛❣❡♠ ▼❛rt✐♥❣❛❧❡✳ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❝❡ss♦ ❞❡ r✐s❝♦ ✭✷✳✷✮ é ✐❣✉❛❧

à ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❝❡ss♦ ❞❡ r✐s❝♦ ❞❡s❝♦♥t❛❞♦ {Vn, n = 1, 2, . . .}✳

❊ss❡ ♣r♦❝❡ss♦ ❞❡ r✐s❝♦ ❞❡s❝♦♥t❛❞♦ ❝♦♥s✐❞❡r❛ q✉❡ ♦ ❝❛♣✐t❛❧ Vk s❡rá ♦ ✈❛❧♦r ❛t✉❛❧✱ ♥❛

❞❛t❛ ③❡r♦✱ ❞♦ ❝❛♣✐t❛❧ Uk✱ ♦✉ s❡❥❛✱ ♥❛ ❞❛t❛ k t♦♠❛✲s❡ ♦ ❝❛♣✐t❛❧ Uk ❡ ❛♣❧✐❝❛✲s❡ ♦ ❞❡s❝♦♥t♦

r❛❝✐♦♥❛❧ ❝♦♠♣♦st♦ à t❛①❛ Ik✱ ❡♥❝♦♥tr❛♥❞♦ ♦ ✈❛❧♦r ❛t✉❛❧ ♥❛ ❞❛t❛ k − 1✱ ❡♠ s❡❣✉✐❞❛

t♦♠❛✲s❡ ❡ss❡ ✈❛❧♦r ❛t✉❛❧ ❡ ❛♣❧✐❝❛✲s❡ ♦ ❞❡s❝♦♥t♦ à t❛①❛ Ik−1✱ ♦❜t❡♥❞♦ ♦ ✈❛❧♦r ❛t✉❛❧ ♥❛

❞❛t❛ k − 2 ❡ ♣r♦ss❡❣✉❡✲s❡ ❛ss✐♠ ❛té ♦❜t❡r ♦ ✈❛❧♦r ❛t✉❛❧ ♥❛ ❞❛t❛ ③❡r♦✱ ♦ q✉❛❧ s❡rá ♦

Vk✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ❡♠ t❡r♠♦s ❞♦ ♣r♦❝❡ss♦ ❞❡ r✐s❝♦

❞❡s❝♦♥t❛❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

ψn(u, is) = P
(

n
⋃

k=1

[

Uk < 0
]

| I0 = is
)

= P
(

n
⋃

k=1

[

Vk < 0
]

| I0 = is
)

✱ ♦♥❞❡

Vk = Uk

k
∏

j=1

(1 + Ij)
−1, k = 1, 2, . . .✳

❈♦♠ ♦❜❥❡t✐✈♦ ❞❡ ✈❡r✐✜❝❛r ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♥s✐❞❡r❡♠♦s ♦s ❝♦♥❥✉♥t♦s

A =
n
⋃

k=1

{w ∈ Ω; Uk(w) < 0} ❡ B =
n
⋃

k=1

{w ∈ Ω; Vk(w) < 0} ❡ ♠♦str❡♠♦s q✉❡ ❆❂❇✳

❙❡ x ∈ A =⇒ ∃k0 ∈ N, k0 ≤ n ✱ t❛❧ q✉❡ Uk0
(x) < 0✳ ❈♦♠♦ Vk0

(x) = Uk0
(x)

k0
∏

j=1

(1 + Ij(x))
−1

❡ Ij(x) ≥ 0,∀j✱ t❡♠♦s ❡♥tã♦ Vk0
(x) < 0✳ ❈♦♠♦ k0 ≤ n t❡♠♦s q✉❡ x ∈

n
⋃

k=1

{w ∈ Ω, Vk(w) < 0} =

B✳

❙❡ x ∈ B =⇒ ∃k0 ∈ N, k0 ≤ n, tal que Vk0
(x) < 0✳ ❈♦♠♦ Ij(x) ≥ 0,∀j

t❡♠♦s ❡♥tã♦ Uk0
(x) < 0✳ ❈♦♠♦ k0 ≤ n t❡♠♦s q✉❡ x ∈

n
⋃

k=1

{w ∈ Ω, Uk(w) < 0} = A✳

P♦rt❛♥t♦ A = B✳

◆♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦ ❞❡ r✐s❝♦ ✭✷✳✾✮✱
{

e−R0Un , n = 1, 2, . . . ,
}

é ✉♠♠❛rt✐♥❣❛❧❡✳ ❊♥tr❡✲

t❛♥t♦✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ✭✷✳✷✮ ♥ã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ r > 0 t❛❧ q✉❡
{

e−rUn , n = 1, 2, . . .
}



✹✷

s❡❥❛ ✉♠♠❛rt✐♥❣❛❧❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ r > 0 t❛❧ q✉❡
{

e−rVn , n = 1, 2, . . .
}

é ✉♠ s✉♣❡r♠❛rt✐♥❣❛❧❡✱ ♣❡r♠✐t✐♥❞♦✲♥♦s ♦❜t❡r ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥✈♦❧✈❡♥❞♦ ♣r♦❜❛❜✐❧✐❞❛❞❡s

♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ P❛r❛❞❛ ❖♣❝✐♦♥❛❧✳ ❊ss❛ ❝♦♥st❛♥t❡ ❡stá ❞❡✜♥✐❞❛ ♥❛ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✶ ❆ss✉♠❛ q✉❡ E(Z1) < 0✱ q✉❡ R0 > 0 é ❛ ❝♦♥st❛♥t❡ s❛t✐s❢❛③❡♥❞♦

✭✷✳✶✵✮✱ ❡ q✉❡ ❡①✐st❛ ρs > 0 s❛t✐s❢❛③❡♥❞♦

E
(

eρsZ1(1+I1)−1

| I0 = is
)

= 1, s = 0, 1, . . . , N ✭✷✳✷✽✮

❊♥tã♦✱

R1 = min
0≤ s ≤N

{ρs} ≥ R0 ✭✷✳✷✾✮

❡✱ ♣❛r❛ t♦❞♦ s = 0, 1, . . . , N ✱

E
(

eR1Z1(1+I1)−1

| I0 = is
)

≤ 1 ✭✷✳✸✵✮

❉❡♠♦♥str❛çã♦✳ P❛r❛ q✉❛❧q✉❡r s = 0, 1, . . . , N ✱ s❛❜❡♠♦s q✉❡ ❛ ❢✉♥çã♦

ls(r) = E
(

erZ1(1+I1)−1

| I0 = is
)

− 1 é ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛✳ ❉❡ ❢❛t♦✱ ❡ss❛ ❢✉♥çã♦

♣♦❞❡ s❡r ❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ls(r) =
1

P (I0 = is)

∫

(I0=is)

erZ1(1+I1)−1

dP − 1

❆ss✐♠✱ ❡♠ ✈✐rt✉❞❡ ❞♦ ✐♥t❡❣r❛♥❞♦ ♣♦ss✉✐r ❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛ ❡♠ r❡❧❛çã♦ ❛ r✱ ❛ ❞❡r✐✈❛❞❛

❞❡ss❛ ❢✉♥çã♦ s❡rá✿

l
′

s(r) =
1

P (I0 = is)

d

dr

[∫

(I0=is)

erZ1(1+I1)−1

dP

]

=
1

P (I0 = is)

∫

(I0=is)

d

dr

[

erZ1(1+I1)−1

]

dP

=
1

P (I0 = is)

∫

(I0=is)

erZ1(1+I1)−1

Z1(1 + I1)
−1dP

❆ss✐♠✱



✹✸

l
′′

s (r) =
1

P (I0 = is)

∫

(I0=is)

erZ1(1+I1)−1

Z2
1(1 + I1)

−2dP ❡✱ ♣♦rt❛♥t♦✱ l
′′

s (r) ≥ 0✱ ∀r✱

♠♦str❛♥❞♦ ♥♦ss❛ ❛✜r♠❛çã♦✳

❆❧é♠ ❞✐ss♦✱ ls(0) = E
(

e0Z1(1+I1)−1

| I0 = is
)

− 1 = 0 ❡

l
′

s(0) =
1

P (I0 = is)

∫

(I0=is)

Z1(1 + I1)
−1dP = E

(

Z1(1 + I1)
−1 | I0 = is

)

❈♦♠♦ ❛s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞❛ ú❧t✐♠❛ ❡q✉❛çã♦ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s✱ t❡♠✲s❡✿

l
′

s(0) = E(Z1)E
(

(1 + I1)
−1 | I0 = is

)

✳ ❈♦♠♦ E(Z1) < 0 ❡ (1 + I1)
−1 > 0✱ ❡♥tã♦

E
(

(1 + I1)
−1 | I0 = is

)

> 0✱ ♦ q✉❡ ✐♠♣❧✐❝❛ l
′

s(0) < 0✳

▲♦❣♦✱ ρs é ❛ ú♥✐❝❛ r❛✐③ ♣♦s✐t✐✈❛ ❞❛ ❡q✉❛çã♦ ls(r) = 0 ❡♠ (0,+∞)✳ ❆ss✐♠✱ ♣❡❧❛ ❞❡✲

s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥ ❡ ✭✷✳✶✵✮✱ t❡♠✲s❡✿

E
(

eR0Z1(1+I1)−1

| I0 = is
)

=
1

P (I0 = is)

∫

(I0=is)

eR0Z1(1+I1)−1

dP

=
1

P (I0 = is)

∫

{w,I0(w)=is,I1(w)∈J ,Z1(w)∈❘}
eR0Z1(1+I1)−1

dP

=
1

P (I0 = is)

∫

R

∑

j∈J
eR0z(1+j)−1

dPZ1
(z)dPI1,I0(j, is)

=
1

P (I0 = is)

∫

❘

∑

j∈J
eR0z(1+j)−1

dG(z)P (I1 = j, I0 = is)

=
N
∑

t=0

Pst

∫

❘

eR0z(1+it)−1

dG(z)

=
N
∑

t=0

PstE
(

eR0Z1(1+it)−1)



✹✹

P♦r ♦✉tr♦ ❧❛❞♦✱ ❢❛③❡♥❞♦ Y = eR0Z1 ❡ ϕ(y) = y(1+it)−1

✱ t❡♠✲s❡✿

ϕ
′′

(y) =
[

(1 + it)
−2 − (1 + it)

−1
]

y(1+it)−1−2✳

◆♦t❡♠♦s q✉❡

(1 + it)
2 = (1 + it)(1 + it) ≥ (1 + it)✳ P♦rt❛♥t♦✱ (1 + it)

−2 − (1 + it)
−1 ≤ 0✳ ❛❧é♠ ❞✐ss♦✱

y(1+it)−1−2 é ♣♦s✐t✐✈❛✱ ♣♦✐s y é ♣♦s✐t✐✈❛✳ ❆ss✐♠✱ ϕ
′′

(y) ≤ 0✳ ❈♦♥❝❧✉í♠♦s✱ ❡♥tã♦✱ q✉❡ ϕ(y)

é ❝ô♥❝❛✈❛✳ ▲♦❣♦✱ ✉s❛♥❞♦ ❛ ✈❡rsã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥ ♣❛r❛ ❢✉♥çõ❡s ❝ô♥❝❛✈❛s ❡

✭✷✳✶✵✮✱ t❡♠♦s✿

E[ϕ(Y )] ≤ ϕ
(

EY
)

=⇒ E
(

eR0Z1(1+it)−1
)

≤
(

EY
)(1+it)−1

=
(

E(eR0Z1)
)(1+it)−1

✳

❉❛í✱

E
(

eR0Z1(1+I1)−1

| I0 = is
)

=
N
∑

t=0

PstE
(

eR0Z1(1+it)−1)

≤

N
∑

t=0

Pst

(

E(eR0Z1)
)(1+it)−1

≤
N
∑

t=0

Pst = 1

❈♦♠♦ ls(R0) = E
(

eR0Z1(1+I1)−1

| I0 = is
)

− 1✱ t❡♠♦s ls(R0) ≤ 0✳ P♦rt❛♥t♦✱ R0 ≤ ρs ❡

R1 = min
0≤ s ≤N

ρs ≥ R0✳ ❆ss✐♠✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✷✾✮ é ✈á❧✐❞❛✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦

s = 0, 1, . . . , N ✱ R1 = min
0≤ t ≤N

ρt ≤ ρs✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ls(R1) ≤ 0✱ ✐st♦ é✱

E
(

eR1Z1(1+I1)−1

| I0 = is
)

− 1 ≤ 0 ❡✱ ✜♥❛❧♠❡♥t❡✱

E
(

eR1Z1(1+I1)−1

| I0 = is
)

≤ 1 �

❚❡♦r❡♠❛ ✷✳✷ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✱ ♣❛r❛ t♦❞♦ s = 0, 1, . . . , N ✱ t❡♠✲

s❡✿



✹✺

ψ(u, is) ≤ e−R1u, u ≥ 0 ✭✷✳✸✶✮

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♦ ♣r♦❝❡ss♦ ❞❡ r✐s❝♦ {Uk} ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ ❞❡♥♦t❛♠♦s

Vk = Uk

k
∏

j=1

(1 + Ij)
−1 ✭✷✳✸✷✮

P♦rt❛♥t♦✱

Vk =

[

u

k
∏

t=1

(1 + It) −
k
∑

t=1

(Zt

k
∏

λ=t+1

(1 + Iλ))

] k
∏

j=1

(1 + Ij)
−1

= u

k
∏

t=1

(1 + It)
k
∏

j=1

(1 + Ij)
−1 −

k
∏

j=1

(1 + Ij)
−1

k
∑

t=1

(Zt

k
∏

λ=t+1

(1 + Iλ))

= u

k
∏

j=1

(1 + Ij)(1 + Ij)
−1 −

k
∑

t=1

(Zt

k
∏

j=1

(1 + Ij)
−1

k
∏

λ=t+1

(1 + Iλ))

= u−

k
∑

t=1

(Zt

t
∏

j=1

(1 + Ij)
−1

k
∏

j=t+1

(1 + IJ)−1

k
∏

λ=t+1

(1 + Iλ))

= u−
k
∑

t=1

(Zt

t
∏

j=1

(1 + Ij)
−1

❡ s❡♥❞♦ Sn = e−R1Vn ✱ ♣♦❞❡♠♦s ♦❜t❡r✿

Sn+1 = e















−R1

[

u−

n+1
∑

t=1

(Zt

t
∏

j=1

(1 + Ij)
−1)
]















= e















−R1

[

u−

n
∑

t=1

(Zt

t
∏

j=1

(1 + Ij)
−1) − Zn+1

n+1
∏

j=1

(1 + Ij)
−1
]















= e−R1Vne















R1Zn+1

n+1
∏

j=1

(1 + Ij)
−1















= Sne















R1Zn+1

n+1
∏

j=1

(1 + Ij)
−1

















✹✻

❆ss✐♠✱ ♣❛r❛ q✉❛❧q✉❡r n ≥ 1✱ ❡ s❡♥❞♦ Sn ♠❡♥s✉rá✈❡❧ ❡♠ r❡❧❛çã♦ ❛ σ(I1, . . . , In, Z1, . . . , Zn)✱

t❡♠♦s✿

E(Sn+1 | Z1, . . . , Zn, I1, . . . , In) = E
(

Sne















R1Zn+1

n+1
∏

j=1

(1 + Ij)
−1















| Z1, . . . , Zn, I1, . . . , In
)

= SnE
(

e















R1Zn+1

n+1
∏

j=1

(1 + Ij)
−1















| Z1, . . . , Zn, I1, . . . , In
)

= SnE
(

e











R1Zn+1(1+In+1)−1

n
∏

j=1

(1 + Ij)
−1











| Z1, . . . , Zn, I1, . . . , In
)

❈♦♠♦ {Zn, n = 1, 2, . . .} é ✭✐✳✐✳❞✳✮ ❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ {In, n = 1, 2, . . .}✱ t❡♠✲s❡✿

E(Sn+1 | Z1, . . . , Zn, I1, . . . , In) = SnE
(

e











R1Zn+1(1+In+1)−1

n
∏

j=1

(1 + Ij)
−1











| I1, . . . , In
)

❈♦♥s✐❞❡r❛♥❞♦ Y = eR1Zn+1(1+In+1)−1

✱ ϕ(y) = y











n
∏

j=1

(1 + Ij)
−1











❡ ❛♣❧✐❝❛♥❞♦ ❛ ✈❡rsã♦ ❞❛

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥✱ ♣❛r❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✱ à ❢✉♥çã♦ ❝ô♥❝❛✈❛ ϕ✱ t❡♠✲s❡✿

E(Sn+1 | Z1, . . . , Zn, I1, . . . , In) ≤ Sn

(

E
(

eR1Zn+1(1+In+1)−1

| I1, . . . , In
)

)

n
∏

j=1

(1 + Ij)
−1

≤ Sn

(

E
(

eR1Zn+1(1+In+1)−1

| I1, . . . , In
)

)

n
∏

j=1

(1 + Ij)
−1

❊♠ ✈✐rt✉❞❡ ❞❡ {In, n = 1, 2, . . .} s❡❣✉✐r ✉♠❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈✱ t❡♠♦s✿

E(Sn+1 | Z1, . . . , Zn, I1, . . . , In) ≤ Sn

(

E
(

eR1Zn+1(1+In+1)−1

| In
)

)

n
∏

j=1

(1 + Ij)
−1

✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ eR1Zn+1(1+In+1)−1

❢✉♥çã♦ ❞❡ Zn+1 e In+1✱ ♦✉ s❡❥❛✱



✹✼

ξ(Zn+1, In+1) = eR1Zn+1(1+In+1)−1

✱ t❡♠✲s❡✿

E(ξ(Zn+1, In+1) | In = j) =

∫

Ω

ξ(Zn+1, In+1)dP (w | In = j)

=

∫

❘×J
ξ(z, i)dFZn+1,In+1

(z, i | In = j)

❯s❛♥❞♦ ❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❞❡ {Zn} ❝♦♠ {In}✱ ❛ ❡st❛❝✐♦♥❛r✐❡❞❛❞❡ ❞❛ ❈❛❞❡✐❛ ❞❡ ▼❛r❦♦✈

❡ ♦ ❢❛t♦ ❞❡ {Zk}k≥1 s❡r ✐✳✐✳❞✳✱ t❡♠✲s❡✿

E(ξ(Zn+1, In+1) | In = j) =

∫

❘×J
ξ(z, i)dPZn+1

(z | In = j)dPIn+1
(i | In = j)

=

∫

R×J
ξ(z, i)dPZn+1

(z)P (In+1 = i | In = j)

=

∫

❘×J
ξ(z, i)dPZ1

(z)P (I1 = i | I0 = j)

=

∫

❘×J
ξ(z, i)dPZ1

(z | I0 = j)dPI1(i | I0 = j)

=

∫

❘×J
ξ(z, i)dPZ1,I1(z, i | I0 = j)

=

∫

Ω

ξ(Z1, I1)dP (w | I0 = j)

= E
(

eR1Z1(1+I1)−1

| I0 = j
)

❈♦♠♦ ❡ss❛ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡ ♣❛r❛ t♦❞♦ j ∈ J ✱ ❡♥tã♦ ❝♦♥❝❧✉í♠♦s q✉❡

E(ξ(Zn+1, In+1) | In) = E(ξ(Z1, I1) | I0)✳

P♦rt❛♥t♦✱

E
(

Sn+1 | Z1, . . . , Zn, I1, . . . , In
)

≤ Sn

(

E
(

eR1Z1(1+I1)−1

| I0
)

)

n
∏

j=1

(1 + Ij)
−1

≤ Sn✳



✹✽

❊ss❡ r❡s✉❧t❛❞♦ ✐♠♣❧✐❝❛ q✉❡ {Sn, n = 1, 2, . . .} é ✉♠ s✉♣❡r♠❛rt✐♥❣❛❧❡ ❝♦♠ r❡s♣❡✐t♦ à

σ(I1, . . . , In, Z1, . . . , Zn)✳ ❙❡❥❛ ❛❣♦r❛ Ts = min {k; Vk < 0 | I0 = is}✱ ♦♥❞❡ Vk é ❞❛❞♦

♣♦r ✭✷✳✸✷✮✳ ❉❡ss❛ ❢♦r♠❛✱ Ts é ✉♠ t❡♠♣♦ ❞❡ ♣❛r❛❞❛ ❡ n∧Ts = min {n, Ts} é ✉♠ t❡♠♣♦

❞❡ ♣❛r❛❞❛ ❧✐♠✐t❛❞♦✱ ❧♦❣♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ P❛r❛❞❛ ❖♣❝✐♦♥❛❧ ♣❛r❛ s✉♣❡r♠❛rt✐♥❣❛❧❡s✱

t❡♠✲s❡✿

E(Sn∧Ts
) ≤ E(S0) = E(e−R1V0) = E(e−R1u) = e−R1u✳ P♦rt❛♥t♦✱

e−R1u ≥ E(Sn∧Ts
) ≥ E(Sn∧Ts

I[
Ts≤n

]) = E(STs
I[

Ts≤n
]) = E(e−R1VTsI[

Ts≤n
])✳

❖❜s❡r✈❡♠♦s q✉❡ VTs
< 0✱ ♣♦✐s Ts = min {k; Vk < 0 | I0 = is}✳ ❆ss✐♠✱ −R1VTs

≥ 0✱

✐♠♣❧✐❝❛♥❞♦ e−R1VTs ≥ e0 = 1✳ ▲♦❣♦✱

e−R1u ≥ E(I[
Ts≤n

]) = P (Ts ≤ n)✳

❉❛í✱

e−R1u ≥ P
(

[V1 < 0] ∪ [V2 < 0] ∪ . . . ∪ [Vn < 0] | I0 = is
)

≥ P
(

n
⋃

k=1

[Vk < 0] | I0 = is
)

P♦rt❛♥t♦✱

ψn(u, is) ≤ e−R1u ✭✷✳✸✸✮

❆ss✐♠✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✸✶✮ s❡❣✉❡ ❢❛③❡♥❞♦ n −→ +∞ ❡♠ ✭✷✳✸✸✮✳ �

➱ ❝❧❛r♦ q✉❡ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ♦❜t✐❞♦ ✉s❛♥❞♦ ♠❛rt✐♥❣❛❧❡ é t❛♠❜é♠ ♠❡♥♦r q✉❡ ♦

❧✐♠✐t❡ s✉♣❡r✐♦r ❞❡ ▲✉♥❞❜❡r❣✱ ✐st♦ é✱ e−R1u ≤ e−R0u, u ≥ 0✱ ❥á q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

✭✷✳✷✾✮ ✈❛❧❡✳ ❆❧é♠ ❞✐ss♦✱ s❡ In = 0✱ ♣❛r❛ t♦❞♦ n = 0, 1, . . .✱ ❡♥tã♦ R1 = R0 ❡ ♦ ❧✐♠✐t❡

s✉♣❡r✐♦r ♥♦ ❚❡♦r❡♠❛ ✷✳✷ s❡ tr❛♥s❢♦r♠❛ ♥♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ❞❡ ▲✉♥❞❜❡r❣✳

❘❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s✱ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ s❡❣✉✐♥t❡✱ s✉❣❡r❡♠ q✉❡ ♦ ❧✐♠✐t❡

s✉♣❡r✐♦r ♦❜t✐❞♦ ♣❡❧❛ ❛❜♦r❞❛❣❡♠ ✐♥❞✉t✐✈❛ ❞❛ s❡çã♦ ✷✳✷ é ♠❡♥♦r q✉❡ ♦ ♦❜t✐❞♦ ♣❡❧❛ ❛❜♦r✲

❞❛❣❡♠ ♠❛rt✐♥❣❛❧❡ ❞❡st❛ s❡çã♦✳



❈❛♣ít✉❧♦ ✸

❘❡s✉❧t❛❞♦s ◆✉♠ér✐❝♦s

✸✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ ❡①❡♠♣❧♦ ♣❛rt✐❝✉❧❛r ❞♦ ♥♦ss♦ ❡st✉❞♦✱ ♣❛r❛

✐❧✉str❛r ♦s ❧✐♠✐t❡s ♦❜t✐❞♦s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❡✱ ❡♠ s❡❣✉✐❞❛✱ ✉t✐❧✐③❛♥❞♦ ♦ ♣r♦❣r❛♠❛

▼❆P▲❊ ✾ ♣❛r❛ ❛❥✉❞❛r ♥♦s ❝á❧❝✉❧♦s ❡ ❣rá✜❝♦s✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦✉tr♦ ❡①❡♠♣❧♦ ❡ ✈♦❧t❛r❡✲

♠♦s ❛♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦✱ ♠♦str❛♥❞♦ ❝♦♠♣❛r❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛s ❞✉❛s

❛❜♦r❞❛❣❡♥s ❝♦♥s✐❞❡r❛❞❛s✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ❛❞✐❝✐♦♥❛r❡♠♦s ♦s ❝♦♠❛♥❞♦s ✉t✐❧✐③❛❞♦s ♥♦

▼❆P▲❊✱ ❛ ✜♠ ❞❡ q✉❡ ❛q✉❡❧❡s q✉❡ ❞❡s❡❥❛r❡♠✱ ❡ s❡ ❛❝❤❛r❡♠ ❝❛♣❛③❡s✱ ♣♦ss❛♠ r❡❢❛③❡r

❡ss❡s ❝á❧❝✉❧♦s✳

✸✳✷ ❊①❡♠♣❧♦ ♥✉♠ér✐❝♦

❊ss❡ ❡①❡♠♣❧♦ ✐❧✉str❛ ♦s ❧✐♠✐t❡s ♦❜t✐❞♦s ♥❛s s❡çõ❡s ✷✳✷ ❡ ✷✳✸✳ P❛r❛ ✐ss♦✱ ❛ss✉♠✐♠♦s

q✉❡ ♦ ✈❛❧♦r ❞❛s ✐♥❞❡♥✐③❛çõ❡s ♥♦ ❛♥♦ k é Yk✳ ❈♦♥s✐❞❡r❛♠♦s Y1 t❡♥❞♦ ✉♠❛ ❞✐str✐❜✉✐çã♦

●❛♠♠❛ ❝♦♠ ❝❛❞❛ ♣❛râ♠❡tr♦ ✐❣✉❛❧ ❛ 1
2
✱ q✉❡ E(Y1) = 1 ❡ V ar(Y1) = 2✳ ❆❧é♠ ❞✐ss♦✱

♦ ♣rê♠✐♦ ❛♥✉❛❧ é p = 1, 1✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛ ❝❛r❣❛ ❞❡ 10%✳ ❆ss✐♠✱ Zk = Yk − 1, 1✱

k = 1, 2, . . .✳ ❈♦♥s✐❞❡r❛r❡♠♦s ✉♠ ♠♦❞❡❧♦ ❞❡ ❥✉r♦s ❝♦♠ três ♣♦ssí✈❡✐s t❛①❛s ❞❡ ❥✉r♦s✿

i0 = 6%, i1 = 8% e i2 = 10%✳ ❙❡❥❛ P = {Pst} ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❞❛ ❝❛❞❡✐❛ ❞❛❞❛

♣♦r

✹✾



✺✵

P =











0, 2 0, 8 0

0, 15 0, 7 0, 15

0 0, 8 0, 2











❆ss✐♠✱ ♥♦ss♦ ♠♦❞❡❧♦ ❞❡ t❛①❛ ❞❡ ❥✉r♦s ✐♥❝♦r♣♦r❛ ♠é❞✐❛ ❞❡ r❡t♦r♥♦ ❛ ✉♠ ♥í✈❡❧ ❞❡ 8%✳

❆ ❝♦♥st❛♥t❡ R0 q✉❡ s❛t✐s❢❛③ ✭✷✳✾✮ é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ s❡❣✉❡✿

E(eR0Z1) = 1 =⇒ E(eR0(Y1−1,1)) = 1 =⇒ E(eR0Y1e−1,1R0) = 1 =⇒ e−1,1R0E(eR0Y1) = 1

❈♦♠♦ ♥♦ss❛ ❞✐str✐❜✉✐çã♦ ●❛♠♠❛ é ◆❲❯❈✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦s r❡s✉❧t❛❞♦s ❞♦ ❝♦r♦❧ár✐♦

✸✳✶✱ s❡♥❞♦ MY (t) = E(etY1) = (1 − 2t)
−1

2 ✳ ❆ss✐♠✱

e−1,1R0(1 − 2R0)
−1

2 = 1 =⇒ −1, 1R0 −
1
2
ln(1 − 2R0) = 0✳ ❉❛í✱

1, 1R0 + 1
2
ln(1 − 2R0) = 0 =⇒ R0 = 0, 08807✳

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ s = 0✱ t❡♠✲s❡✿

ψ(u, i0) ≤
(

E(eR0Y1)
)−1

E(e−R0u(1+I1) | I0 = i0), u ≥ 0

❈♦♥s✐❞❡r❛♥❞♦ ξ(I1, I0) = e−R0u(1+I1)✱ t❡♠♦s✿

ψ(u, i0) ≤ ((1 − 2R0)
−1/2)−1 1

P (I0 = i0)

∫

(I0=i0)

ξ(I1, I0)dP

❆♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ✶✳✹✱ t❡♠♦s✿

ψ(u, i0) ≤ (1 − 2R0)
1/2 1

P (I0 = i0)

∫

I

∫

{i0}
ξ(it, i)dFI1,I0(it, i)

≤ (1 − 2R0)
1/2 1

P (I0 = i0)

∫

I
ξ(it, i0)dFI1,I0(it, i0)

≤ (1 − 2R0)
1/2 1

P (I0 = i0)

2
∑

t=0

ξ(it, i0)P (I1 = it, I0 = i0)

≤ (1 − 2R0)
1/2

2
∑

t=0

P0tξ(it, i0)

≤ (1 − 2R0)
1/2

(

P00ξ(i0, i0) + P01ξ(i1, i0) + P02ξ(i2, i0)

)

≤ (1 − 2R0)
1/2
(

0, 2e−1,06R0u + 0, 8e−1,08R0u + 0e−1,1R0u
)



✺✶

❉❛í✱

ψ(u, i0) ≤ (1 − 2R0)
1/2
(

0, 2e−1,06R0u + 0, 8e−1,08R0u
)

, u ≥ 0. ✭✸✳✶✮

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ❡♥❝♦♥tr❛♠♦s ❡①♣r❡ssõ❡s ❛♥á❧♦❣❛s ♣❛r❛ ψ(u, is)✱ ❝♦♥s✐❞❡r❛♥❞♦ s = 1

❡ s = 2✳

P♦❞❡♠♦s t❛♠❜é♠ ❡♥❝♦♥tr❛r R1 ❝♦♠♦ s❡❣✉❡✿

P❛r❛ s = 0, 1, 2✱ t❡♠✲s❡✿

E
(

eρsZ1(1+I1)−1

| I0 = is
)

= 1

E
(

eρs(Y1−1,1)(1+I1)−1

| I0 = is
)

= 1

E
(

e(ρsY1−1,1ρs)(1+I1)−1

| I0 = is
)

= 1

∫

Ω

e(ρsY1−1,1ρs)(1+I1)−1

dP (w | I0 = is) = 1

∫

❘

∫

J
e(ρsy−1,1ρs)(1+it)−1

dPY1,I1(y, it | I0 = is) = 1

∫

❘

∫

J
e(ρsy−1,1ρs)(1+it)−1

dPY1
(y | I0 = is)dPI1(it | I0 = is) = 1

∫

❘

∫

J
e(ρsy−1,1ρs)(1+it)−1

dPY1
(y)dPI1(it | I0 = is) = 1

∫

❘

2
∑

t=0

e(ρsy−1,1ρs)(1+it)−1

dPY1
(y)P (I1 = it | I0 = is) = 1

2
∑

t=0

Pste
−1,1ρs(1+it)−1

∫

❘

eρsy(1+it)−1

dPy1
(y) = 1

2
∑

t=0

Pste
−1,1ρs(1+it)−1

MY1

(

ρs

1 + it

)

= 1✳

❆ss✐♠✱ ♣❛r❛ s = 0✱

P00e
−1,1ρ0(1+i0)−1

MY1
(
ρ0

1 + i0
)+P01e

−1,1ρ0(1+i1)−1

MY1
(
ρ0

1 + i1
)+P02e

−1,1ρ0(1+i2)−1

MY1
(
ρ0

1 + i2
) = 1



✺✷

0, 2(1 −
2ρ0

1, 06
)
−1

2 e
−1,1ρ0

1,06 + 0, 8(1 −
2ρ0

1, 08
)
−1

2 e
−1,1ρ0

1,08 + 0(1 −
2ρ0

1, 1
)
−1

2 e
−1,1ρ0

1,1 = 1

✐♠♣❧✐❝❛♥❞♦ ρ0 = 0, 09475✳

P❛r❛ s = 1✱

P10e
−1,1ρ1(1+i0)−1

MY1
(
ρ1

1 + i0
)+P11e

−1,1ρ1(1+i1)−1

MY1
(
ρ1

1 + i1
)+P12e

−1,1ρ1(1+i2)−1

MY1
(
ρ1

1 + i2
) = 1

0, 15(1 −
2ρ1

1, 06
)
−1

2 e
−1,1ρ1

1,06 + 0, 7(1 −
2ρ1

1, 08
)
−1

2 e
−1,1ρ1

1,08 + 0, 15(1 −
2ρ1

1, 1
)
−1

2 e
−1,1ρ1

1,1 = 1

✐♠♣❧✐❝❛♥❞♦ ρ1 = 0, 09509✳

P❛r❛ s = 2✱

P20e
−1,1ρ2(1+i0)−1

MY1
(
ρ2

1 + i0
)+P21e

−1,1ρ2(1+i1)−1

MY1
(
ρ2

1 + i1
)+P22e

−1,1ρ2(1+i2)−1

MY1
(
ρ2

1 + i2
) = 1

0(1 −
2ρ2

1, 06
)
−1

2 e
−1,1ρ2

1,06 + 0, 8(1 −
2ρ2

1, 08
)
−1

2 e
−1,1ρ2

1,08 + 0, 2(1 −
2ρ2

1, 1
)
−1

2 e
−1,1ρ2

1,1 = 1

✐♠♣❧✐❝❛♥❞♦ ρ2 = 0, 09545✳

❆ss✐♠✱ R1 = min {ρ0, ρ1, ρ2} = 0, 09475 ❡ ♦ ❚❡♦r❡♠❛ ✷✳✷ ❞á✿

ψ(u, is) ≤ e−R1u, u ≥ 0 ✭✸✳✷✮

✸✳✸ ❊①❡♠♣❧♦s ♥✉♠ér✐❝♦s ✉t✐❧✐③❛♥❞♦ ♦ ▼❆P▲❊

❆ss✉♠✐r❡♠♦s q✉❡ ♦ ✈❛❧♦r ❞❛s ✐♥❞❡♥✐③❛çõ❡s ♥♦ ❛♥♦ k é Yk✳ ❆ss✐♠✱ ♥♦ ♣r✐♠❡✐r♦

❡①❡♠♣❧♦✱ s✉♣♦r❡♠♦s q✉❡ Y1 t❡♠ ❞✐str✐❜✉✐çã♦ ❡①♣♦♥❡♥❝✐❛❧ ❝♦♠ ♣❛râ♠❡tr♦ λ = 1✱ ❞❡

♠♦❞♦ q✉❡ E(Y1) = 1 ❡ var(Y1) = 1❀ ❡✱ ♥♦ s❡❣✉♥❞♦ ❡①❡♠♣❧♦✱ s✉♣♦r❡♠♦s q✉❡ Y1 t❡♠

❞✐str✐❜✉✐çã♦ ❣❛♠❛✱ ❝♦♠ ❝❛❞❛ ♣❛râ♠❡tr♦ ✐❣✉❛❧ ❛ 1
2
✱ ❞❡ ♠♦❞♦ q✉❡ E(Y1) = 1 ❡ var(Y1) =

2✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣rê♠✐♦ ❛♥✉❛❧ ❡♠ ❛♠❜♦s ♦s ❡①❡♠♣❧♦s é 1, 1✱ ❛ s❛❜❡r ❡①✐st❡ ✉♠❛ ❝❛r❣❛ ❞❡

s❡❣✉r❛♥ç❛ ❞❡ 10%✳ ❆ss✐♠ Zk = Yk − 1, 1, k = 1, 2, ...✳ ❈♦♥s✐❞❡r❛r❡♠♦s ✉♠ ♠♦❞❡❧♦ ❞❡

❥✉r♦s ❝♦♠ três ♣♦ssí✈❡✐s t❛①❛s✿ i0 = 6%, i1 = 8% ❡ i2 = 10%✱ ❝♦♠ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦



✺✸

❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s P = {Pst} ❞❛❞❛ ♣♦r

P =











0.2 0.8 0

0.15 0.7 0.15

0 0.8 0.2











.

P♦❞❡♠♦s✱ ❝♦♠ ✐ss♦✱ ❛♣r❡s❡♥t❛r ♦s ❡①❡♠♣❧♦s ❡♠ ❞❡t❛❧❤❡s✳

❊①❡♠♣❧♦ ✸✳✶ ❊♥❝♦♥tr❡♠♦s✱ ✉t✐❧✐③❛♥❞♦ ♦ ♣r♦❣r❛♠❛ ▼❆P▲❊ ✾ ♣❛r❛ r❡s♦❧✈❡r ♦s ❝á❧❝✉✲

❧♦s✱ ♦s ❧✐♠✐t❛♥t❡s ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ♣❛r❛ ♦s três ♠♦❞❡❧♦s✱ ❛ s❛❜❡r✿ ▲✉♥❞❜❡r❣✱

♣❡❧❛ ❡q✉❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ ❡ ♣❡❧❛ ❛❜♦r❞❛❣❡♠ ♠❛rt✐♥❣❛❧❡✳

▲✉♥❞❜❡r❣✿ ◆❡st❡ ❝❛s♦✱ s❡ E(Z1) < 0 ❡ ❡①✐st✐r R0 t❛❧ q✉❡ eR0Z1 = 1 ❡♥tã♦ ψ(u) ≤

e−R0u, u ≥ 0✳

◆♦t❡ q✉❡

Z1 = Y1 − 1.1 ⇒ E(Z1) = E(Y1) − 1.1 = 1 − 1.1 = −0.1 < 0

♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ ♣r✐♠❡✐r❛ ❤✐♣ót❡s❡ s❡❥❛ s❛t✐s❢❡✐t❛✳

◆♦t❡ q✉❡

eR0Z1 = 1 ⇔ eR0(Y1−1.1) = 1 ⇔ eR0Y1e−1.1R0 = 1

♠❛s eR0Y1 = 1
1−R0

♣♦r s❡r ❛ ❢✉♥çã♦ ❣❡r❛tr✐③ ❞❡ ♠♦♠❡♥t♦s ❞❡ ✉♠❛ ❡①♣♦♥❡♥❝✐❛❧ ♥♦ ♣♦♥t♦

R0✱ ❞❡st❛ ❢♦r♠❛ ❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

eR0Z1 = 1 ⇔
1

1 −R0

e−1.1R0 = 1.

❯s❛♥❞♦ ♦ ❝♦♠❛♥❞♦ ❢s♦❧✈❡ ❞♦ ▼❆P▲❊ ✾ ♣❛r❛ r❡s♦❧✈❡r ❡st❛ ❡q✉❛çã♦✱ ♦❜t❡♠♦s

> ❘✵✿❂❢s♦❧✈❡✭❡①♣✭✲✶✳✶✯①✮✯✭✶✴✭✶✲①✮✮❂✶✱①✱✵✳✵✵✶✳✳✶✮❀

❘✵ ✿❂ ✵✳✶✼✻✶✸✹✶✹✸✻

❡ t❡r❡♠♦s q✉❡ ψ(u) ≤ e−R0u = e−0.1761341436u, u ≥ 0✳

❘❡❝✉rs✐✈♦✿ ❖ ❝♦r♦❧ár✐♦ ✷✳✶ ❞✐③ q✉❡ s❡ Zk = Yk − p, k = 1, 2, ... ❝♦♠ Y1, Y2, ... ✈✳❛✳✬s

✐♥❞❡♣❡♥❞❡♥t❡s ❡ ♥ã♦✲♥❡❣❛t✐✈❛s ❝♦♠ p > E(Y1) ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ R0 s❛t✐s❢❛③❡♥❞♦

✭✷✳✾✮✱ ❡♥tã♦

ψ(u, is) ≤ βE(e−R0u(1+I1)|I0 = is), u ≥ 0



✺✹

♦♥❞❡

β−1 = inf
t≥0

∫∞
t
eR0ydF (y)

eR0tF (t)

❈♦♠♦ ✉♠❛ ✈✳❛✳ ❝♦♠ ❞✐str✐❜✉✐çã♦ ❡①♣♦♥❡♥❝✐❛❧ ❝♦♠ ♣❛râ♠❡tr♦ λ t❡♠ ❞❡♥s✐❞❛❞❡ f(y) =

λe−λy, y ≥ 0 ❡ f(y) = 0, y < 0✱ ❝❛❧❝✉❧❛♥❞♦ ❛ ❢r❛çã♦ ❛❝✐♠❛ ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡ λ 6= R0

t❡♠♦s
∫∞

t
eR0ydF (y)

eR0tF (t)
=

∫∞
t
eR0yλe−λydy

eR0t
∫∞

t
λe−λydy

=
λ
∫∞

t
e−y(λ−R0)dy

eR0te−λt
=

λ
λ−R0

e−t(λ−R0)

e−t(λ−R0)
=

λ

λ−R0

.

❖✉ s❡❥❛✱ ❛ ❢r❛çã♦ ❛❝✐♠❛ é ✉♠ ✈❛❧♦r ❝♦♥st❛♥t❡ ♣❛r❛ t♦❞♦ t ≥ 0✱ ❧♦❣♦ s❡✉ í♥✜♠♦ é ♦

♣ró♣r✐♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦✱ ♦✉ s❡❥❛✱ β−1 = λ
λ−R0

✳ P❛r❛ ♦ ♥♦ss♦ ❝❛s♦ ❡♠ q✉❡ λ = 1 ❡

R0 = 0.1761341436 ✭♦❜t✐❞♦ ♥♦ ❝❛s♦ ❞❡ ▲✉♥❞❜❡r❣✮ t❡♠♦s

> ✶✴✭✶✲❘✵✮❀

✶✳✷✶✸✼✽✾✽✸✸

> ❜❡t❛ ✿❂ ✶✴%❀

β✿❂✵✳✽✷✸✽✻✺✽✺✻✷

❈❛❧❝✉❧❛♥❞♦ E(e−R0u(1+I1)|I0 = is) t❡♠♦s

E(e−R0u(1+I1)|I0 = is) =
2
∑

k=0

e−R0u(1+ik)P (I1 = ik|I0 = is) =
2
∑

k=0

e−R0u(1+ik)Psk.

P❛r❛ ❝❛❧❝✉❧❛r♠♦s ❡ss❡s ✈❛❧♦r❡s ✉t✐❧✐③❛♥❞♦ ♦ ▼❆P▲❊ ♣r❡❝✐s❛♠♦s ♣r✐♠❡✐r♦ ❞❡✜♥✐r ❛s ❝♦♥✲

st❛♥t❡s ❞♦ ♣r♦❜❧❡♠❛✱ ❛ s❛❜❡r Psk q✉❡ sã♦ ❛s ❡♥tr❛❞❛s ❞❛ ♠❛tr✐③ P ❡ i0, i1, i2 q✉❡ sã♦ ♦s

❥✉r♦s ❞❛❞♦s✳ P♦❞❡♠♦s ❢❛③❡r ✐ss♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

> P✿❂❧✐♥❛❧❣❬♠❛tr✐①❪✭✸✱✸✱❬✵✳✷✱✵✳✽✱✵✱✵✳✶✺✱✵✳✼✱✵✳✶✺✱✵✱✵✳✽✱✵✳✷❪✮❀



✺✺

P :=











0.2 0.8 0

0.15 0.7 0.15

0 0.8 0.2











.

> ✐❬✵❪✿❂✵✳✵✻❀

✐❬✵❪ ✿❂ ✵✳✵✻

> ✐❬✶❪✿❂✵✳✵✽❀

✐❬✶❪ ✿❂ ✵✳✵✽

> ✐❬✷❪✿❂✵✳✶❀

✐❬✷❪ ✿❂ ✵✳✶

❊♥tã♦ ❝❛❧❝✉❧❛♠♦s E(e−R0u(1+I1)|I0 = is) =
∑2

k=0 e
−R0u(1+ik)Psk q✉❛♥❞♦ is = i0 = i[0]

✉t✐❧✐③❛♥❞♦ ♦ ❝♦♠❛♥❞♦ s✉♠

> s✉♠✭✬❡①♣✭✲❘✵✯✉✯✭✶✰✐❬❦❪✮✮✯P❬✶✱❦❪✬✱ ✬❦✬❂✶✳✳✸✮ ❀

✳✷✯❡①♣✭✲✶✳✵✻✯❘✵✯✉✮✰✳✽✯❡①♣✭✲✶✳✵✽✯❘✵✯✉✮

◆♦t❡ q✉❡ ❛♣❛r❡❝❡ u ♥❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r ✉♠❛ ✈❡③ q✉❡ ♥ã♦ ❛tr✐❜✉í♠♦s ✈❛❧♦r ♥❡♥❤✉♠

❛♦ u✳ ▼❛✐s ❛❞✐❛♥t❡ ❞❛r❡♠♦s ✈❛❧♦r❡s ❛♦ u ❡ ❝❛❧❝✉❧❛r❡♠♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ ❡st❡s ✈❛❧♦r❡s✳

❆ss✐♠ t❡♠♦s q✉❡

ψ(u, i0) ≤ βE(e−R0u(1+I1)|I0 = is) = 0.8238658562
2
∑

k=0

e−0.1761341436u(1+ik)P0k

♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡st❛ ❡①♣r❡ssã♦ ♥♦ ▼❆P▲❊ s❡rá ✐♥tr♦❞✉③✐❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

> ❜❡t❛✯s✉♠✭✬❡①♣✭✲❘✵✯✉✯✭✶✰✐❬❦❪✮✮✯P❬✶✱❦❪✬✱ ✬❦✬❂✶✳✳✸✮ ❀

▼❛rt✐♥❣❛❧❡✿ ◆❛ ❛❜♦r❞❛❣❡♠ ♣♦r ♠❛rt✐♥❣❛❧❡✱ t❡♠♦s ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✭✷✳✶✮ ❡ ♣❡❧♦ t❡♦✲

r❡♠❛ ✭✷✳✷✮✱ q✉❡ s❡ E(Z1) < 0 ❡ ❡①✐st❡♠ ρs, s = 0, 1, 2, ..., N s❛t✐s❢❛③❡♥❞♦

E(eρsZ1(1+I1)−1

|I0 = is) = 1, s = 0, 1, ..., N



✺✻

❡♥tã♦ R1 = min0≤s≤N{ρs} ≥ R0 ❡

φ(u, is) ≤ e−R1u, u ≥ 0.

❊♥tã♦ t❡r❡♠♦s q✉❡ ❝❛❧❝✉❧❛r ♥♦ ♥♦ss♦ ❝❛s♦ ρ0, ρ1, ρ2 ❡ t♦♠❛r R1 = min0≤s≤2{ρs}✳ ❈♦♠

✐ss♦ t❡r❡♠♦s

φ(u, is) ≤ e−R1u, u ≥ 0.

❙❡ ❝❛❧❝✉❧❛♥❞♦ E(eρsZ1(1+I1)−1

|I0 = is) = 1 t❡♠♦s

E(eρsZ1(1+I1)−1

|I0 = is) = 1 ⇔ E(eρs(Y1−1.1)(1+I1)−1

|I0 = is) = 1 ⇔

E(eρsY1(1+I1)−1−1.1ρs(1+I1)−1

|I0 = is) = 1 ⇔ E(eρsY1(1+I1)−1

e−1.1ρs(1+I1)−1

|I0 = is) = 1 ⇔

❈❛❧❝✉❧❛♥❞♦ ❡st❛ ❡s♣❡r❛♥ç❛ ❛❝✐♠❛ t❡♠♦s

E(eρsY1(1+I1)−1

e−1.1ρs(1+I1)−1

|I0 = is) =
∑

j∈J

∫ ∞

0

eρsy(1+j)−1

e−1.1ρs(1+j)−1

PY1,I1(y, j|I0 = is)

∑

j∈J

∫ ∞

0

eρsy(1+j)−1

e−1.1ρs(1+j)−1

PY1
(y)PI1(j|I0 = is)

=
∑

j∈J

{∫ ∞

0

eρsy(1+j)−1

PY1
(dy)

}

e−1.1ρs(1+j)−1

Pis,j

=
∑

j∈J
MY1

(ρs(1 + j)−1)e−1.1ρs(1+j)−1

Pis,j

=
∑

j∈J

1

1 − ρs(1 + j)−1
e−1.1ρs(1+j)−1

Pis,j

P❛r❛ ♥ã♦ ✜❝❛r♠♦s ❝♦♠ ❡①♣r❡ssõ❡s ♠✉✐t♦ ❣r❛♥❞❡s ♥♦ ▼❆P▲❊ ❞❡✜♥✐♠♦s ❛❧❣✉♠❛s ❢✉♥çõ❡s

❛✉①✐❧✐❛r❡s

>❣✿❂①→✭✶✴✭✶✲①✮✮❀

❣✿❂①→ 1
1−x



✺✼

>❤✿❂→❡①♣✭✲✶✳✶✯①✮❀

❤✿❂①→ e−1.1x

❈❛❧❝✉❧❛♥❞♦ ❡♥tã♦ ♦s ✈❛❧♦r❡s ❞❡ ρ0, ρ1, ρ2 t❡♠♦s

> r❤♦✶✿❂❢s♦❧✈❡✭P❬✶✱✶❪✯❤✭①✴✶✳✵✻✮✯❣✭①✴✶✳✵✻✮✰P❬✶✱✷❪✯❤✭①✴✶✳✵✽✮✯❣✭①✴✶✳✵✽✮

✰P❬✶✱✸❪✯❤✭①✴✶✳✶✮✯❣✭①✴✶✳✶✮❂✶✱①✱✳✵✶✳✳✶✮❀

ρ1 ✿❂ ✵✳✶✽✾✹✾✼✸✾✽✻

> r❤♦✷✿❂❢s♦❧✈❡✭P❬✷✱✶❪✯❤✭①✴✶✳✵✻✮✯❣✭①✴✶✳✵✻✮✰P❬✷✱✷❪✯❤✭①✴✶✳✵✽✮✯❣✭①✴✶✳✵✽✮

✰P❬✷✱✸❪✯❤✭①✴✶✳✶✮✯❣✭①✴✶✳✶✮❂✶✱①✱✳✵✶✳✳✶✮❀

ρ2 ✿❂ ✵✳✶✾✵✶✽✷✼✼✹✾

> r❤♦✸✿❂❢s♦❧✈❡✭P❬✸✱✶❪✯❤✭①✴✶✳✵✻✮✯❣✭①✴✶✳✵✻✮✰P❬✸✱✷❪✯❤✭①✴✶✳✵✽✮✯❣✭①✴✶✳✵✽✮

✰P❬✸✱✸❪✯❤✭①✴✶✳✶✮✯❣✭①✴✶✳✶✮❂✶✱①✱✳✵✶✳✳✶✮❀

ρ3 ✿❂ ✵✳✶✾✵✾✵✼✹✹✻✽

> ❘✶✿❂♠✐♥✭r❤♦✶✱r❤♦✷✱r❤♦✷✮❀ ❘✶ ✿❂ ✵✳✶✽✾✹✾✼✸✾✽✻

P❡❧♦ t❡♦r❡♠❛ ✭✷✳✷✮✱ t❡♠♦s ❡♥tã♦ q✉❡ ψ(u, is) ≤ e−R1u, u ≥ 0✳

▼♦♥t❛♥❞♦ ♥♦ss❛ t❛❜❡❧❛ ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ u t❡♠♦s✱ ♣❡❧❛ s✉❜st✐t✉✐çã♦ ❞❡st❡s ✈❛❧♦r❡s

♥❛s ❡①♣r❡ssõ❡s ❛♥t❡r✐♦r♠❡♥t❡ ♦❜t✐❞❛s✱ ❡ ❝❛❧❝✉❧❛♥❞♦ ❝♦♠ ❛❥✉❞❛ ❞♦ ▼❆P▲❊✱ ♦s s❡❣✉✐♥t❡s

✈❛❧♦r❡s



✺✽

❚❛❜❡❧❛ ✸✳✶✿ ▲✐♠✐t❡s ♣❛r❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ✲ ❝❛s♦ ❊①♣✭✶✮

u ■♥❞✉çã♦ ▼❛rt✐♥❣❛❧❡ ▲✉♥❞❜❡r❣

is = 6% is = 8% is = 10%

✵ ✶✳✵✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵✵

✺ ✵✳✸✽✼✻✼✾✸✶✺✾ ✵✳✸✽✻✸✷✹✹✵✷✾ ✵✳✸✽✹✾✺✼✺✵✺✶ ✵✳✸✽✼✼✶✹✶✷✽✻ ✵✳✹✶✹✺✵✹✽✵✷✻

✶✵ ✵✳✶✺✵✸✵✷✼✾✶✷ ✵✳✶✹✾✷✻✵✹✸✺✺ ✵✳✶✹✽✶✾✾✺✺✾✵ ✵✳✶✺✵✸✷✷✷✹✺✺ ✵✳✶✼✶✽✶✹✷✸✶✹

✶✺ ✵✳✵✺✽✷✼✺✶✻✵✵ ✵✳✵✺✼✻✼✸✻✽✸✹ ✵✳✵✺✼✵✺✻✶✵✻✽ ✵✳✵✺✽✷✽✷✵✺✽✹ ✵✳✵✺✽✷✽✷✵✺✽✹

✷✵ ✵✳✵✷✷✺✾✺✺✵✾✽ ✵✳✵✷✷✷✽✻✾✼✸✻ ✵✳✵✷✶✾✻✼✸✼✽✹ ✵✳✵✷✷✺✾✻✼✼✼✹ ✵✳✵✷✾✺✷✵✶✸✵✶✵

✷✺ ✵✳✵✵✽✼✻✶✺✾✼✷ ✵✳✵✵✽✻✶✸✷✵✽✵ ✵✳✵✵✽✹✺✽✶✹✷✶ ✵✳✵✵✽✼✻✶✵✽✾✽ ✵✳✵✶✷✷✸✻✷✸✺✼✵

✸✵ ✵✳✵✵✸✸✾✼✺✺✾✾ ✵✳✵✵✸✸✷✾✵✹✶✺ ✵✳✵✵✸✷✺✻✽✵✼✾ ✵✳✵✵✸✸✾✻✼✾✽✸ ✵✳✵✵✺✵✼✶✾✼✽✹✻

❊①❡♠♣❧♦ ✸✳✷ ◆❡st❡ s❡❣✉♥❞♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❛♥❞♦ Y1 ❝♦♠ ❞✐str✐❜✉✐çã♦ ●❛♠♠❛✱ s❡❣✉✐r❡✲

♠♦s ♦s ♠❡s♠♦s ♣❛ss♦s ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✳ P♦r ✐ss♦✱ ❡✈✐t❛r❡♠♦s ❞❡t❛❧❤❛r ❞❡♠❛✐s ❝❛❞❛

❡t❛♣❛✳

▲✉♥❞❜❡r❣✿ ◆❡st❡ ❝❛s♦✱ s❡ E(Z1) < 0 ❡ ❡①✐st✐r R0 t❛❧ q✉❡ eR0Z1 = 1 ❡♥tã♦ ψ(u) ≤

e−R0u, u ≥ 0✳

◆♦t❡ q✉❡

Z1 = Y1 − 1.1 ⇒ E(Z1) = E(Y1) − 1.1 = 1 − 1.1 = −0.1 < 0

♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ ♣r✐♠❡✐r❛ ❤✐♣ót❡s❡ s❡❥❛ s❛t✐s❢❡✐t❛✳

◆♦t❡ q✉❡

eR0Z1 = 1 ⇔ eR0(Y1−1.1) = 1 ⇔ eR0Y1e−1.1R0 = 1

♠❛s eR0Y1 = (1 − 2R0)
− 1

2 ♣♦r s❡r ❛ ❢✉♥çã♦ ❣❡r❛tr✐③ ❞❡ ♠♦♠❡♥t♦s ❞❡ ✉♠❛ ❣❛♠❛ ❞❡

♣❛râ♠❡tr♦s ✐❣✉❛✐s ❛ 1
2
♥♦ ♣♦♥t♦ R0✱ ❞❡st❛ ❢♦r♠❛ ❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r ♣♦❞❡ s❡r r❡❡s❝r✐t❛

❝♦♠♦

eR0Z1 = 1 ⇔ (1 − 2R0)
− 1

2 e−1.1R0 = 1.

❯s❛♥❞♦ ♦ ❝♦♠❛♥❞♦ ❢s♦❧✈❡ ❞♦ ▼❆P▲❊ ✾ ♣❛r❛ r❡s♦❧✈❡r ❡st❛ ❡q✉❛çã♦✱ ♦❜t❡♠♦s

>❘✵✿❂❢s♦❧✈❡✭❡①♣✭✲✶✳✶✯①✮✯✭✶✲✷✯①✮ˆ✭✲✶✴✷✮❂✶✱①✱✵✳✵✵✶✳✳✶✮❀

❘✵ ✿❂ ✵✳✵✽✽✵✻✼✵✼✶✽✷



✺✾

❡ t❡r❡♠♦s q✉❡ ψ(u) ≤ e−R0u = e−0.08806707182u, u ≥ 0✳

❘❡❝✉rs✐✈♦✿ ❖ ❝♦r♦❧ár✐♦ ✭✷✳✶✮ ❞✐③ q✉❡ s❡ Zk = Yk − p, k = 1, 2, ... ❝♦♠ Y1, Y2, ... ✈✳❛✳✬s

✐♥❞❡♣❡♥❞❡♥t❡s ❡ ♥ã♦✲♥❡❣❛t✐✈❛s ❝♦♠ p > E(Y1) ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ R0 s❛t✐s❢❛③❡♥❞♦

✭✷✳✾✮✱ ❡♥tã♦

ψ(u, is) ≤ βE(e−R0u(1+I1)|I0 = is), u ≥ 0

♦♥❞❡ β−1 = E(eR0Y1) ❝❛s♦ ❛ F s❡❥❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ◆❲❯❈✳

❈♦♠♦ ❛ ❞✐str✐❜✉✐çã♦ ❣❛♠❛ é ◆❲❯❈ t❡♠♦s ❡♥tã♦ q✉❡

β−1 = E(eR0Y1) = (1 − 2R0)
− 1

2 .

❯s❛♥❞♦ ♦ ▼❆P▲❊ ♣❛r❛ ❝❛❧❝✉❧❛r ✐ss♦ t❡♠♦s

> ❜❡t❛✿❂✭✶✲✷✯❘✵✮ˆ✭✶✴✷✮❀

β := .9076705660

❈❛❧❝✉❧❛♥❞♦ E(e−R0u(1+I1)|I0 = is) t❡♠♦s

E(e−R0u(1+I1)|I0 = is) =
2
∑

k=0

e−R0u(1+ik)P (I1 = ik|I0 = is) =
2
∑

k=0

e−R0u(1+ik)Psk.

P❛r❛ ❝❛❧❝✉❧❛r♠♦s ❡ss❡s ✈❛❧♦r❡s ✉t✐❧✐③❛♥❞♦ ♦ ▼❆P▲❊✱ ♣r❡❝✐s❛♠♦s ♣r✐♠❡✐r♦ ❞❡✜♥✐r ❛s

❝♦♥st❛♥t❡s ❞♦ ♣r♦❜❧❡♠❛✱ ❛ s❛❜❡r Psk✱ q✉❡ sã♦ ❛s ❡♥tr❛❞❛s ❞❛ ♠❛tr✐③ P ✱ ❡ i0, i1, i2✱ q✉❡

sã♦ ♦s ❥✉r♦s ❞❛❞♦s✳ P♦❞❡♠♦s ❢❛③❡r ✐ss♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

> P✿❂❧✐♥❛❧❣❬♠❛tr✐①❪✭✸✱✸✱❬✵✳✷✱✵✳✽✱✵✱✵✳✶✺✱✵✳✼✱✵✳✶✺✱✵✱✵✳✽✱✵✳✷❪✮❀

P :=











0.2 0.8 0

0.15 0.7 0.15

0 0.8 0.2











.



✻✵

> ✐❬✵❪✿❂✵✳✵✻❀

✐❬✵❪ ✿❂ ✵✳✵✻

> ✐❬✶❪✿❂✵✳✵✽❀

✐❬✶❪ ✿❂ ✵✳✵✽

> ✐❬✷❪✿❂✵✳✶❀

✐❬✷❪ ✿❂ ✵✳✶

❊♥tã♦ ❝❛❧❝✉❧❛♠♦s E(e−R0u(1+I1)|I0 = is) =
∑2

k=0 e
−R0u(1+ik)Psk q✉❛♥❞♦ is = i0 = i[0]

✉t✐❧✐③❛♥❞♦ ♦ ❝♦♠❛♥❞♦ s✉♠

> s✉♠✭✬❡①♣✭✲❘✵✯✉✯✭✶✰✐❬❦❪✮✮✯P❬✶✱❦❪✬✱ ✬❦✬❂✶✳✳✸✮ ❀

✳✷✯❡①♣✭✲✶✳✵✻✯❘✵✯✉✮✰✳✽✯❡①♣✭✲✶✳✵✽✯❘✵✯✉✮

◆♦t❡ q✉❡ ❛♣❛r❡❝❡ u ♥❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r ✉♠❛ ✈❡③ q✉❡ ♥ã♦ ❛tr✐❜✉í♠♦s ✈❛❧♦r ♥❡♥❤✉♠

❛♦ u✳ ▼❛✐s ❛❞✐❛♥t❡ ❞❛r❡♠♦s ✈❛❧♦r❡s ❛♦ u ❡ ❝❛❧❝✉❧❛r❡♠♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ ❡st❡s ✈❛❧♦r❡s✳

❆ss✐♠ t❡♠♦s q✉❡

ψ(u, i0) ≤ βE(e−R0u(1+I1)|I0 = is) = 0.9076705660
2
∑

k=0

e−0.08806707182u(1+ik)P0k

♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡st❛ ❡①♣r❡ssã♦ ♥♦ ▼❆P▲❊ s❡rá ✐♥tr♦❞✉③✐❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

> ❜❡t❛✯s✉♠✭✬❡①♣✭✲❘✵✯✉✯✭✶✰✐❬❦❪✮✮✯P❬✶✱❦❪✬✱ ✬❦✬❂✶✳✳✸✮ ❀

▼❛rt✐♥❣❛❧❡✿ ◆❛ ❛❜♦r❞❛❣❡♠ ♣♦r ♠❛rt✐♥❣❛❧❡✱ t❡♠♦s ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✭✷✳✶✮ ❡ ♣❡❧♦ t❡♦✲

r❡♠❛ ✭✷✳✷✮✱ q✉❡ s❡ E(Z1) < 0 ❡ ❡①✐st❡♠ ρs, s = 0, 1, 2, ..., N s❛t✐s❢❛③❡♥❞♦

E(eρsZ1(1+I1)−1

|I0 = is) = 1, s = 0, 1, ..., N

❡♥tã♦ R1 = min0≤s≤N{ρs} ≥ R0 ❡

φ(u, is) ≤ e−R1u, u ≥ 0.



✻✶

❊♥tã♦ t❡r❡♠♦s q✉❡ ❝❛❧❝✉❧❛r ♥♦ ♥♦ss♦ ❝❛s♦ ρ0, ρ1, ρ2 ❡ t♦♠❛r R1 = min0≤s≤2{ρs}✳ ❈♦♠

✐ss♦ t❡r❡♠♦s

φ(u, is) ≤ e−R1u, u ≥ 0.

❙❡ E(eρsZ1(1+I1)−1

|I0 = is) = 1✱ ❡♥tã♦

E(eρsZ1(1+I1)−1

|I0 = is) = 1 ⇔ E(eρs(Y1−1.1)(1+I1)−1

|I0 = is) = 1 ⇔

E(eρsY1(1+I1)−1−1.1ρs(1+I1)−1

|I0 = is) = 1 ⇔ E(eρsY1(1+I1)−1

e−1.1ρs(1+I1)−1

|I0 = is) = 1

❈❛❧❝✉❧❛♥❞♦ ❛ ❡s♣❡r❛♥ç❛ ❛❝✐♠❛✱ t❡♠♦s

E(eρsY1(1+I1)−1

e−1.1ρs(1+I1)−1

|I0 = is) =
∑

j∈J

∫ ∞

0

eρsy(1+j)−1

e−1.1ρs(1+j)−1

PY1,I1(y, j|I0 = is)

=
∑

j∈J

∫ ∞

0

eρsy(1+j)−1

e−1.1ρs(1+j)−1

PY1
(y)PI1(j|I0 = is)

=
∑

j∈J

{∫ ∞

0

eρsy(1+j)−1

PY1
(dy)

}

e−1.1ρs(1+j)−1

Pis,j

=
∑

j∈J
MY1

(ρs(1 + j)−1)e−1.1ρs(1+j)−1

Pis,j

=
∑

j∈J
(1 − 2ρs(1 + j)−1)−

1

2 e−1.1ρs(1+j)−1

Pis,j

P❛r❛ ♥ã♦ ✜❝❛r♠♦s ❝♦♠ ❡①♣r❡ssõ❡s ♠✉✐t♦ ❣r❛♥❞❡s ♥♦ ▼❆P▲❊ ❞❡✜♥✐♠♦s ❛❧❣✉♠❛s ❢✉♥çõ❡s

❛✉①✐❧✐❛r❡s

>❣✿❂①→✭✶✲✷✯①✮ˆ✲✶✴✷❀

❣✿❂①→ 1√
1−2x

>❤✿❂→❡①♣✭✲✶✳✶✯①✮❀

❤✿❂①→ e−1.1x



✻✷

❈❛❧❝✉❧❛♥❞♦ ❡♥tã♦ ♦s ✈❛❧♦r❡s ❞❡ ρ0, ρ1, ρ2 t❡♠♦s

> r❤♦✶✿❂❢s♦❧✈❡✭P❬✶✱✶❪✯❤✭①✴✶✳✵✻✮✯❣✭①✴✶✳✵✻✮✰P❬✶✱✷❪✯❤✭①✴✶✳✵✽✮✯❣✭①✴✶✳✵✽✮

✰P❬✶✱✸❪✯❤✭①✴✶✳✶✮✯❣✭①✴✶✳✶✮❂✶✱①✱✳✵✶✳✳✶✮❀

ρ1 ✿❂ ✵✳✵✾✹✼✹✽✼✷✻✼✸

> r❤♦✷✿❂❢s♦❧✈❡✭P❬✷✱✶❪✯❤✭①✴✶✳✵✻✮✯❣✭①✴✶✳✵✻✮✰P❬✷✱✷❪✯❤✭①✴✶✳✵✽✮✯❣✭①✴✶✳✵✽✮

✰P❬✷✱✸❪✯❤✭①✴✶✳✶✮✯❣✭①✴✶✳✶✮❂✶✱①✱✳✵✶✳✳✶✮❀

ρ2 ✿❂ ✵✳✵✾✺✵✾✶✹✸✻✺✵

> r❤♦✸✿❂❢s♦❧✈❡✭P❬✸✱✶❪✯❤✭①✴✶✳✵✻✮✯❣✭①✴✶✳✵✻✮✰P❬✸✱✷❪✯❤✭①✴✶✳✵✽✮✯❣✭①✴✶✳✵✽✮

✰P❬✸✱✸❪✯❤✭①✴✶✳✶✮✯❣✭①✴✶✳✶✮❂✶✱①✱✳✵✶✳✳✶✮❀

ρ3 ✿❂ ✵✳✵✾✺✹✺✸✼✹✽✶✻

> ❘✶✿❂♠✐♥✭r❤♦✶✱r❤♦✷✱r❤♦✷✮❀

❘✶ ✿❂ ✵✳✵✾✹✼✹✽✼✷✻✼✸

P❡❧♦ t❡♦r❡♠❛ ✭✷✳✷✮✱ t❡♠♦s ❡♥tã♦ q✉❡ ψ(u, is) ≤ e−R1u, u ≥ 0✳

▼♦♥t❛♥❞♦ ♥♦ss❛ t❛❜❡❧❛ ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ u t❡♠♦s✱ ♣❡❧❛ s✉❜st✐t✉✐çã♦ ❞❡st❡s ✈❛❧♦r❡s

♥❛s ❡①♣r❡ssõ❡s ❛♥t❡r✐♦r♠❡♥t❡ ♦❜t✐❞❛s✱ ❡ ❝❛❧❝✉❧❛♥❞♦ ❝♦♠ ❛❥✉❞❛ ❞♦ ▼❆P▲❊✱ ♦s s❡❣✉✐♥t❡s

✈❛❧♦r❡s



✻✸

❚❛❜❡❧❛ ✸✳✷✿ ▲✐♠✐t❡s ♣❛r❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r✉í♥❛ ✲ ❝❛s♦ ●✭✶✴✷✱✶✴✷✮

u ■♥❞✉çã♦ ▼❛rt✐♥❣❛❧❡ ▲✉♥❞❜❡r❣

is = 6% is = 8% is = 10%

✵ ✶✳✵✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵✵✵✵✵

✺ ✵✳✺✻✺✶✹✼✺✻✷✷ ✵✳✺✻✹✶✺✻✵✼✼✷ ✵✳✺✻✸✶✻✵✷✶✻✼ ✵✳✻✷✷✻✻✻✽✻✸✵ ✵✳✻✹✸✽✷✵✹✼✸✽

✶✵ ✵✳✸✺✶✽✽✺✶✵✹✵ ✵✳✸✺✵✻✺✺✷✽✾✹ ✵✳✸✹✾✹✶✹✺✾✻✺ ✵✳✸✽✼✼✶✹✵✷✷✷ ✵✳✹✶✹✺✵✹✽✵✷✺

✶✺ ✵✳✷✶✾✶✵✶✺✵✶✷ ✵✳✷✶✼✾✺✼✹✵✷✷ ✵✳✷✶✻✼✾✽✵✾✵✵ ✵✳✷✹✶✹✶✻✻✼✸✾ ✵✳✷✻✻✽✻✻✻✼✽✹

✷✵ ✵✳✶✸✻✹✷✺✹✶✾✻ ✵✳✶✸✺✹✼✾✸✵✸✾ ✵✳✶✸✹✺✶✻✸✼✼✼ ✵✳✶✺✵✸✷✷✶✻✸✵ ✵✳✶✼✶✽✶✹✷✸✶✹

✷✺ ✵✳✵✽✹✾✹✼✺✷✽✶ ✵✳✵✽✹✷✶✹✵✶✾✸ ✵✳✵✽✸✹✻✹✶✽✸✽ ✵✳✵✾✸✻✵✵✻✷✾✼ ✵✳✶✶✵✻✶✼✺✶✾✽

✸✵ ✵✳✵✺✷✽✾✹✻✹✼✹ ✵✳✵✺✷✸✹✽✼✵✹✽ ✵✳✵✺✶✼✽✽✶✹✽✼ ✵✳✵✺✽✷✽✷✵✶✵✹ ✵✳✵✼✶✷✶✼✽✷✸✾

❊st❡s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s s✉❣❡r❡♠ q✉❡ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ♦❜t✐❞♦ ♣❡❧❛ ❛❜♦r❞❛❣❡♠

✐♥❞✉t✐✈❛ é ♠❛✐s ♣r❡❝✐s♦ q✉❡ ♦ ♦❜t✐❞♦ ♣❡❧❛ ❛❜♦r❞❛❣❡♠ ✈✐❛ ♠❛rt✐♥❣❛❧❡✳



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❆s♠✉ss❡♥✱ ❙✳ ❘✉✐♥ Pr♦❜❛❜✐❧✐t✐❡s✳ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝✱ ❙✐♥❣❛♣♦r❡✱ ✷✵✵✵✳

❬✷❪ ❈❛✐✱ ❏✉♥ ❛♥❞ ❉✐❝❦s♦♥✱ ❉❛✈✐❞ ❈✳ ▼✳ ❘✉✐♥ Pr♦❜❛❜✐❧✐t✐❡s ✇✐t❤ ❛ ▼❛r❦♦✈ ❝❤❛✐♥ ✐♥t❡r❡st

♠♦❞❡❧✳ ■♥s✉r❛♥❝❡✿ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❊❝♦♥♦♠✐❝s ✸✺✱ ✺✶✸✲✺✷✺✱ ✷✵✵✹✳

❬✸❪ ❈❛✐✱ ❏✳ ❉✐s❝r❡t❡ t✐♠❡ r✐s❦ ♠♦❞❡❧s ✉♥❞❡r r❛t❡s ♦❢ ✐♥t❡r❡st✳ Pr♦❜✳ ❊♥❣✳ ■♥❢✳ ❙❝✐✳ ✶✻✱

✸✵✾✲✸✷✹✱ ✷✵✵✷❛✳

❬✹❪ ❈❛✐✱ ❏✳ Pr♦❜❛❜✐❧✐t✐❡s ✇✐t❤ ❞❡♣❡♥❞❡♥ts r❛t❡s ♦❢ ✐♥t❡r❡st✳ ❏✳ ❆♣♣❧✳ Pr♦❜✳ ✸✾✱ ✸✶✷✲✸✷✸✱

✷✵✵✷❜✳

❬✺❪ ❊♠❜r❡❝❤ts✱ P✳✱ ❑❧✉♣♣❡❧❜❡r❣✱ ❈✳✱ ▼✐❦♦s❝❤✱ ❚✳ ▼♦❞❡❧❧✐♥❣ ❊①tr❡♠❛❧ ❊✈❡♥ts ❢♦r ■♥✲

s✉r❛♥❝❡ ❛♥❞ ❋✐♥❛♥❝❡✳ ❇❡r❧✐♥✿ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✾✼✳

❬✻❪ ❙❛♥t❛♥❛✱ ❋✳ ▲✳ ❞❡✳ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❘✉í♥❛ ♥♦ ▼♦❞❡❧♦ ❞❡ ❙♣❛rr❡ ❆♥❞❡rs❡♥ ▼♦❞✐✜✲

❝❛❞♦ ♣❡❧❛ ■♥❝❧✉sã♦ ❞❡ ❏✉r♦ ❈♦♠♣♦st♦ ❈♦♥t✐♥✉❛♠❡♥t❡✳ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✱

❉❡♣t♦✳ ❞❡ ▼❛t❡♠át✐❝❛✱ ❯♥❇✱ ✷✵✵✻✳

❬✼❪ ❋❡❧❧❡r✱ ❲✐❧❧✐❛♠✳ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ Pr♦❜❛❜✐❧✐t② ❚❤❡♦r② ❛♥❞ ■ts ❆♣♣❧✐❝❛t✐♦♥s✳ ❱♦❧✳

■✱ ✸♥❞ ❡❞✳ ◆❡✇ ❨♦r❦✿ ❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥s✱ ✶✾✼✶✳

❬✽❪ ❋❡❧❧❡r✱ ❲✐❧❧✐❛♠✳ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ Pr♦❜❛❜✐❧✐t② ❚❤❡♦r② ❛♥❞ ■ts ❆♣♣❧✐❝❛t✐♦♥s✳ ❱♦❧✳

■■✱ ✷♥❞ ❡❞✳ ◆❡✇ ❨♦r❦✿ ❲✐❧❡②✱ ✶✾✼✶✳

❬✾❪ ❋❡rr❡✐r❛✱ ❉é❜♦r❛ ❇✳ ❊st✐♠❛t✐✈❛s ♣❛r❛ ❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❘✉í♥❛ ❡♠ ✉♠ ▼♦❞❡❧♦
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