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Aguiar, Anna Paula Virgolino de Andrade. 

       Projeto de controladores PID multivariáveis baseado em dados 
frequenciais / Anna Paula Virgolino de Andrade Aguiar. - Campina 
Grande, 2023. 
      128 f. : il. color.  

   
        Tese (Doutorado em Engenharia Elétrica) - Universidade Federal de 

Campina Grande, Centro de Engenharia Elétrica e Informática, 2023.  
        "Orientação: Prof. Dr. Péricles Rezende Barros, Prof. Dr. George 

Acioli Júnior." 
       Referências. 
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George. III. Título. 
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MINISTÉRIO DA EDUCAÇÃO
UNIVERSIDADE FEDERAL DE CAMPINA GRANDE

POS-GRADUACAO EM ENGENHARIA ELETRICA
Rua Aprigio Veloso, 882, - Bairro Universitario, Campina Grande/PB, CEP 58429-900

  

REGISTRO DE PRESENÇA E ASSINATURAS

ATA DA DEFESA PARA CONCESSÃO DO GRAU DE DOUTORA EM CIÊNCIAS, NO DOMÍNIO DA
ENGENHARIA ELÉTRICA, REALIZADA EM 5 DE JULHO DE 2023 (Nº363)

 

CANDIDATA: ANNA PAULA VIRGOLINO DE ANDRADE AGUIAR. COMISSÃO EXAMINADORA: ALEXANDRE
JEAN RENÉ SERRES, D.Sc., UFCG, Presidente da Comissão e Examinador interno, PÉRICLES REZENDE
BARROS, Ph.D., UFCG, GEORGE ACIOLI JUNIOR, D.Sc., UFCG, Orientadores, JAIDILSON JÓ DA SILVA, D.Sc.,
UFCG., Examinador Interno, LUCIOLA CAMPESTRINI, Dr., UFRGS, CARLOS EDUARDO TRABUCO DOREA, Dr.,
UFRN, LUIS GUSTAVO SOARES LONGHI, Dr., PETROBRAS., Examinadores externos. TÍTULO DA TESE:
Projeto de controladores PID mul�variáveis baseado em dados frequenciais. ÁREA DE CONCENTRAÇÃO:
Processamento da Informação. HORA DE INÍCIO: 14:00 – LOCAL: Sala Virtual. Em sessão pública, após
exposição de cerca de 45 minutos, a candidata foi arguida oralmente pelos membros da Comissão
Examinadora, tendo demonstrado suficiência de conhecimento e capacidade de sistema�zação, no tema
de sua tese, obtendo conceito APROVADO. Face à aprovação, declara o presidente da Comissão, achar-se
a examinada, legalmente habilitada a receber o Grau de Doutor em Ciências, no domínio da Engenharia
Elétrica, cabendo a Universidade Federal de Campina Grande, como de direito, providenciar a expedição
do Diploma, a que a mesma faz jus. Na forma regulamentar, foi lavrada a presente ata, que é assinada por
mim, Filipe Emmanuel Por�rio Correia, e os membros da Comissão Examinadora presentes. Campina
Grande, 5 de Julho de 2023.

Filipe Emmanuel Porfírio Correia

Secretário

ALEXANDRE JEAN RENÉ SERRES, D.Sc., UFCG

Presidente da Comissão e Examinador Interno

 

PÉRICLES REZENDE BARROS, Ph.D., UFCG

Orientador

 

GEORGE ACIOLI JUNIOR, D.Sc., UFCG
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Orientador

 

JAIDILSON JÓ DA SILVA, D.Sc., UFCG

Examinador interno

 

LUCIOLA CAMPESTRINI, Dr., UFRGS

Examinadora Externa

 

CARLOS EDUARDO TRABUCO DOREA, Dr., UFRN

Examinador Externo

 

ANNA PAULA VIRGOLINO DE ANDRADE AGUIAR

CANDIDATA

 

 

 2 - APROVAÇÃO

2.1. Segue a presente Ata de Defesa de Tese de Doutorado da candidata ANNA PAULA VIRGOLINO DE
ANDRADE AGUIAR, assinada eletronicamente pela Comissão Examinadora acima iden�ficada.

2.2. No caso de examinadores externos que não  possuam credenciamento de usuário externo a�vo no
SEI, para igual assinatura eletrônica, os examinadores internos signatários cer�ficam que os
examinadores externos acima iden�ficados par�ciparam da defesa da tese e tomaram conhecimento do
teor deste documento.

Documento assinado eletronicamente por FILIPE EMMANUEL PORFIRIO CORREIA, SECRETÁRIO (A),
em 17/07/2023, às 10:08, conforme horário oficial de Brasília, com fundamento no art. 8º, caput, da
Portaria SEI nº 002, de 25 de outubro de 2018.

Documento assinado eletronicamente por PERICLES REZENDE BARROS, PROFESSOR 3 GRAU, em
17/07/2023, às 10:39, conforme horário oficial de Brasília, com fundamento no art. 8º, caput, da
Portaria SEI nº 002, de 25 de outubro de 2018.

Documento assinado eletronicamente por ALEXANDRE JEAN RENE SERRES, COORDENADOR DE POS-
GRADUACAO, em 17/07/2023, às 13:30, conforme horário oficial de Brasília, com fundamento no
art. 8º, caput, da Portaria SEI nº 002, de 25 de outubro de 2018.

Documento assinado eletronicamente por GEORGE ACIOLI JUNIOR, PROFESSOR(A) DO MAGISTERIO
SUPERIOR, em 17/07/2023, às 14:26, conforme horário oficial de Brasília, com fundamento no art.
8º, caput, da Portaria SEI nº 002, de 25 de outubro de 2018.

https://sei.ufcg.edu.br/sei/publicacoes/controlador_publicacoes.php?acao=publicacao_visualizar&id_documento=181846&id_orgao_publicacao=0
https://sei.ufcg.edu.br/sei/publicacoes/controlador_publicacoes.php?acao=publicacao_visualizar&id_documento=181846&id_orgao_publicacao=0
https://sei.ufcg.edu.br/sei/publicacoes/controlador_publicacoes.php?acao=publicacao_visualizar&id_documento=181846&id_orgao_publicacao=0
https://sei.ufcg.edu.br/sei/publicacoes/controlador_publicacoes.php?acao=publicacao_visualizar&id_documento=181846&id_orgao_publicacao=0
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Documento assinado eletronicamente por Carlos Eduardo Trabuco Dórea, Usuário Externo, em
18/07/2023, às 09:45, conforme horário oficial de Brasília, com fundamento no art. 8º, caput, da
Portaria SEI nº 002, de 25 de outubro de 2018.

Documento assinado eletronicamente por JAIDILSON JO DA SILVA, PROFESSOR(A) DO MAGISTERIO
SUPERIOR, em 19/07/2023, às 14:43, conforme horário oficial de Brasília, com fundamento no art.
8º, caput, da Portaria SEI nº 002, de 25 de outubro de 2018.

Documento assinado eletronicamente por Anna Paula Virgolino de Andrade Aguiar, Usuário
Externo, em 04/08/2023, às 11:06, conforme horário oficial de Brasília, com fundamento no art. 8º,
caput, da Portaria SEI nº 002, de 25 de outubro de 2018.

A auten�cidade deste documento pode ser conferida no site h�ps://sei.ufcg.edu.br/auten�cidade,
informando o código verificador 3581663 e o código CRC 76E394B9.

Referência: Processo nº 23096.051364/2023-36 SEI nº 3581663

https://sei.ufcg.edu.br/sei/publicacoes/controlador_publicacoes.php?acao=publicacao_visualizar&id_documento=181846&id_orgao_publicacao=0
https://sei.ufcg.edu.br/sei/publicacoes/controlador_publicacoes.php?acao=publicacao_visualizar&id_documento=181846&id_orgao_publicacao=0
https://sei.ufcg.edu.br/sei/publicacoes/controlador_publicacoes.php?acao=publicacao_visualizar&id_documento=181846&id_orgao_publicacao=0
https://sei.ufcg.edu.br/sei/controlador_externo.php?acao=documento_conferir&id_orgao_acesso_externo=0


Caro Professor 
Alexandre Jean René Serres 
Coordenador do PPgEE/UFCG 

 
 
 
 
 

Eu, LUCIOLA CAMPESTRINI, Dr., UFRGS, na qualidade de membro da 
comissão examinadora da defesa da tese de Doutorado intitulada “Projeto de 
controladores PID multivariáveis baseado em dados frequenciais”, de ANNA PAULA 

VIRGOLINO DE ANDRADE AGUIAR, da qual participei por videoconferência, no 
dia 5 de Julho de 2023, declaro ter recebido cópia da ata, que consta nos autos do 
processo n° 23096.051364/2023-36, como documento n° 3581663, a qual li e, embora 
não tenha podido assinar, é para todos os efeitos como se eu tivesse, pois está em 
perfeita conformidade com o que foi deliberado pela comissão e, portanto, estou de 
pleno acordo com seus termos. 

 
 
 
LUCIOLA CAMPESTRINI, Dr., UFRGS 
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❢❡❝❤❛❞❛ ❛❢❡t❛ ♦ ❜♦♠ ❞❡s❡♠♣❡♥❤♦ ❞❛s ♦✉tr❛s ♠❛❧❤❛s✱ ❞❡✈✐❞♦ à ✐♥t❡r❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡

❛s ❞✐❢❡r❡♥t❡s ♠❛❧❤❛s✳ ❉❡♥tr❡ ❛s ♠❛♥❡✐r❛s ❞❡ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡

❛s ♠❛❧❤❛s ❡stã♦ ♦ ✉s♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ❝❡♥tr❛❧✐③❛❞♦ ♦✉ ❞♦ ❝♦♥tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠

❞❡s❛❝♦♣❧❛❞♦r✳ ◆❡st❛ ❚❡s❡✱ ❞✉❛s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❡ ✉♠❛ ❞❡ r❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r

P■✴P■❉ ▼■▼❖ ❡ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ sã♦

❞❡s❡♥✈♦❧✈✐❞❛s✳ ❆s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ sã♦ ❢♦r♠✉❧❛❞❛s ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✲

✈❡①❛✱ ❝✉❥♦ ♦❜❥❡t✐✈♦ é ♠✐♥✐♠✐③❛r ❛ ♥♦r♠❛ ✐♥✜♥✐t❛ ❞❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❢✉♥çõ❡s ❣❛♥❤♦ ❞❡

♠❛❧❤❛ ♣r♦❥❡t❛❞❛ ❡ ❞❡s❡❥❛❞❛✳ ❘❡str✐çõ❡s ❡①♣r❡ss❛s ♣♦r ▲▼■ sã♦ ✐♥s❡r✐❞❛s ❛♦ ♣r♦❜❧❡♠❛ ❞❡

♠❛♥❡✐r❛ ❛ ❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣r♦❥❡t❛❞❛✳ ❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❞✉❛s

té❝♥✐❝❛s é ❛ r❡str✐çã♦ ❛❞✐❝✐♦♥❛❞❛✳ ◆❛ té❝♥✐❝❛ ❞❡ r❡♣r♦❥❡t♦✱ ♦s ✐♥❝r❡♠❡♥t♦s ❞♦s ♣❛râ♠❡tr♦s

❞♦ ❝♦♥tr♦❧❛❞♦r P■✴P■❉ ✐♥✐❝✐❛❧ sã♦ ❝❛❧❝✉❧❛❞♦s ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ♥♦✈❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ s❡

❛♣r♦①✐♠❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ◆❡ss❛s té❝♥✐❝❛s✱ ❞❛❞♦s ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛

sã♦ ✉t✐❧✐③❛❞♦s ❡ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦ ❞♦ ♣r♦❝❡ss♦ ♥ã♦ é ♥❡❝❡ssár✐❛✳ ❆

❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ é r❡❛❧✐③❛❞❛ ❝❛❧❝✉❧❛♥❞♦ ✉♠ í♥❞✐❝❡ ❞❡ ❡rr♦ ❞♦ ❞❡s❛✲

❝♦♣❧❛❞♦r ❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❢r❡q✉ê♥❝✐❛✳ ❈❛s♦ ❡ss❡ ❡rr♦ ♥ã♦ s❡❥❛ ♣ró①✐♠♦ ❞❡ ③❡r♦✱ ♦s

♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ sã♦ r❡♣r♦❥❡t❛❞♦s ❞❡ ♠❛♥❡✐r❛ ❛ r❡❞✉③✐r ❡st❡ í♥❞✐❝❡✳

❊①❡♠♣❧♦s ❞❡ s✐♠✉❧❛çã♦ ♠♦str❛♠ ❛ ❡❢❡t✐✈✐❞❛❞❡ ❞❛s té❝♥✐❝❛s ❡♠ ♣r♦❝❡ss♦s ❞❡ ❞✐❢❡r❡♥t❡s

♦r❞❡♥s✳

✈



❆❜str❛❝t

❚❤❡ ♣r♦♣♦rt✐♦♥❛❧ ✐♥t❡❣r❛❧ ❞❡r✐✈❛t✐✈❡ ✭P■❉✮ ❝♦♥tr♦❧❧❡r ✐s st✐❧❧ t❤❡ ♠♦st ✉s❡❞ ✐♥ t❤❡

✐♥❞✉str②✳ ▼❛♥② ♦❢ t❤❡ P■❉ ❞❡s✐❣♥ t❡❝❤♥✐q✉❡s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♣r♦❝❡ss ♠♦❞❡❧ ❛♥❞ ❢♦r✲

♠✉❧❛t❡❞ ❢♦r s②st❡♠s ✇✐t❤ s✐♥❣❧❡ ✐♥♣✉t ❛♥❞ s✐♥❣❧❡ ♦✉t♣✉t✳ ❚❤❡ ❞❡s✐r❡❞ ♣❡r❢♦r♠❛♥❝❡ ✐s ♥♦t

❛❝❤✐❡✈❡❞ ❞✉❡ t♦ ♣♦♦r t✉♥✐♥❣ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r✱ ✇❤✐❝❤ ❝❛♥ ♦❝❝✉r✱ ❜❡❝❛✉s❡ ♦❢ ♠♦❞❡❧❧✐♥❣ ❡r✲

r♦rs✳ ❚❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ❜② ✉s✐♥❣ ♣r♦❝❡ss ❞❛t❛ ❛♥❞ ♥♦t t❤❡ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧ ♦❢

t❤❡ ♣r♦❝❡ss ✐♥ t❤❡ ❝♦♥tr♦❧❧❡r ❞❡s✐❣♥✳ ▼✉❧t✐✈❛r✐❛❜❧❡ ✭▼■▼❖✮ ♣r♦❝❡ss❡s ❛r❡ ♦❢t❡♥ ❢♦✉♥❞ ✐♥

✐♥❞✉str②✳ ■♥ t❤❡s❡ ♣r♦❝❡ss❡s✱ t❤❡ ❝♦♥tr♦❧❧❡r ♦❢ ❛ ❝❧♦s❡❞ ❧♦♦♣ ❛✛❡❝ts t❤❡ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡

♦❢ t❤❡ ♦t❤❡r ❧♦♦♣s✱ ❞✉❡ t♦ t❤❡ ✐t❡r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❧♦♦♣s✳ ❆♠♦♥❣ t❤❡ ✇❛②s t♦

s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧♦♦♣s ❛r❡ t❤❡ ✉s✐♥❣ ❛ ❝❡♥tr❛❧✐③❡❞ ❝♦♥tr♦❧❧❡r

♦r ❛ ❞❡❝❡♥tr❛❧✐③❡❞ ♦♥❡ ✇✐t❤ ❛ ❞❡❝♦✉♣❧❡r✳ ■♥ t❤✐s t❤❡s✐s✱ ❛r❡ ❞❡✈❡❧♦♣❡❞ t✇♦ P■✴P■❉ ▼■▼❖

❝♦♥tr♦❧❧❡r ❞❡s✐❣♥ ❛♥❞ P■✴P■❉ ▼■▼❖ ❝♦♥tr♦❧❧❡r r❡❞❡s✐❣♥ t❡❝❤♥✐q✉❡s ❛s ✇❡❧❧ ❛s ✐♥✈❡rt❡❞

❞❡❝♦✉♣❧❡r ❡✈❛❧✉❛t✐♦♥ ❛♥❞ r❡❞❡s✐❣♥ ♠❡t❤♦❞♦❧♦❣②✳ ❚❤❡ ❞❡s✐❣♥ t❡❝❤♥✐q✉❡s ❛r❡ ❢♦r♠✉❧❛t❡❞ ❛s

❛ ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤♦s❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♠✐♥✐♠✐③❡ t❤❡ ✐♥✜♥✐t❡ ♥♦r♠ ♦❢ t❤❡

❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞❡s✐❣♥❡❞ ❛♥❞ ❞❡s✐r❡❞ ❧♦♦♣ ❣❛✐♥ ❢✉♥❝t✐♦♥s✳ ▲✐♥❡❛r ♠❛tr✐① ✐♥❡q✉❛❧✐t②

❝♦♥str❛✐♥ts ❛r❡ ✐♥s❡rt❡❞ ✐♥t♦ t❤❡ ♣r♦❜❧❡♠ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❞❡s✐❣♥❡❞ ❝❧♦s❡❞ ❧♦♦♣

st❛❜✐❧✐t②✳ ■♥ t❤❡ r❡❞❡s✐❣♥ t❡❝❤♥✐q✉❡✱ t❤❡ ✐♥✐t✐❛❧ P■✴P■❉ ❝♦♥tr♦❧❧❡r ♣❛r❛♠❡t❡rs ✐♥❝r❡♠❡♥ts

❛r❡ ❝♦♠♣✉t❡❞ s♦ t❤❛t t❤❡ ♥❡✇ ❝❧♦s❡❞ ❧♦♦♣ ❝❧♦s❡ t♦ ❛ r❡❢❡r❡♥❝❡ ♠♦❞❡❧✳ ❋r❡q✉❡♥❝② ❞♦♠❛✐♥

❞❛t❛ ❛r❡ ✉s❡❞✱ s♦ t❤❛t ✐♥ t❤❡s❡ t❡❝❤♥✐q✉❡s✱ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧

✐s ♥♦t ♥❡❝❡ss❛r②✳ ■♥✈❡rt❡❞ ❞❡❝♦✉♣❧❡r ❡✈❛❧✉❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❜② ❝❛❧❝✉❧❛t✐♥❣ ❛ ❞❡❝♦✉♣❧❡r

❡rr♦r ✐♥❞❡① ❛t ❛ ❣✐✈❡♥ ❢r❡q✉❡♥❝②✳ ■❢ t❤✐s ❡rr♦r ✐s ♥♦t ❝❧♦s❡ t♦ ③❡r♦✱ t❤❡ ✐♥✈❡rt❡❞ ❞❡❝♦✉♣❧❡r

♣❛r❛♠❡t❡rs ❛r❡ r❡❞❡s✐❣♥❡❞ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤✐s ✐♥❞❡①✳ ❙✐♠✉❧❛t✐♦♥ ❡①❛♠♣❧❡s s❤♦✇ t❤❡

❡✛❡❝t✐✈❡♥❡ss ♦❢ t❡❝❤♥✐q✉❡s ♣r♦❝❡ss❡s ♦❢ ❞✐✛❡r❡♥t ♦r❞❡rs✳

✈✐



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✷

✶✳✶ ▼♦t✐✈❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✷ ❘❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷✳✶ Pr♦❥❡t♦ r♦❜✉st♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ♠✉❧t✐✈❛r✐á✈❡❧ ❝♦♠ r❡str✐çõ❡s ▲▼■ ✹

✶✳✷✳✷ Pr♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ♠✉❧t✐✈❛r✐á✈❡❧ ❜❛s❡❛❞♦ ❡♠ ❞❛❞♦s ❞❛ ♠❛✲

❧❤❛ ❢❡❝❤❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✷✳✸ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✸ ❈♦♥tr✐❜✉✐çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✹ ❊str✉t✉r❛ ❞♦ ❞♦❝✉♠❡♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✶✷

✷✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
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▲✐st❛ ❞❡ ❙✐❣❧❛s

❈❜❚ ✲ ❈♦rr❡❧❛t✐♦♥✲❜❛s❡❞ t✉♥✐♥❣

❈▲P ✲ ❈♦♥tr♦❧❛❞♦r ▲ó❣✐❝♦ Pr♦❣r❛♠á✈❡❧

❉❉❈ ✲ ❉❛t❛✲❉r✐✈❡♥ ❈♦♥tr♦❧

❋❖P❚❉ ✲ ❋✐rst ❖r❞❡r P❧✉s ❉❡❛❞ ❚✐♠❡

❍❉❚ ✲ ❍✐❞r♦tr❛t❛♠❡♥t♦

■▼❈ ✲ ■♥t❡r♥❛❧ ▼♦❞❡❧ ❈♦♥tr♦❧

■❋❚ ✲ ■t❡r❛t✐✈❡ ❋❡❡❞❜❛❝❦ ❚✉♥✐♥❣

▲■❚ ✲ ▲✐♥❡❛r ■♥✈❛r✐❛♥t❡ ♥♦ ❚❡♠♣♦

▲▼■ ✲ ▲✐♥❡❛r ▼❛tr✐① ■♥❡q✉❛❧✐t②

▼❇❈ ✲ ▼♦❞❡❧✲❇❛s❡❞ ❈♦♥tr♦❧

▼■▼❖ ✲ ▼✉❧t✐♣❧❡ ■♥♣✉t ▼✉❧t✐♣❧❡ ❖✉t♣✉t
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●❧♦ssár✐♦ ✷
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❚■❚❖ ✲ ❚✇♦ ■♥♣✉t ❚✇♦ ❖✉t♣✉t

❚❱ ✲ ❚♦t❛❧ ❱❛❧✉❡

❱❘❋❚ ✲ ❱✐rt✉❛❧ ❘❡❢❡r❡♥❝❡ ❋❡❡❞❜❛❝❦ ❚✉♥✐♥❣
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❞❡ ♣r♦❝❡ss♦s✳ ◆❛ ❧✐t❡r❛t✉r❛✱ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ❞✐✈❡rs❛s té❝♥✐❝❛s ❞❡ s✐♥t♦♥✐❛ ❞♦s ♣❛râ♠❡✲

tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉✳ ❊st❛s té❝♥✐❝❛s sã♦ ❞✐✈✐❞✐❞❛s ❡♠ ❞♦✐s ❣r❛♥❞❡s ❣r✉♣♦s✿ ❜❛s❡❛❞❛s

♥♦ ♠♦❞❡❧♦ ✭▼❇❈ ✲ ❞♦ ✐♥❣❧ês ▼♦❞❡❧✲❇❛s❡❞ ❈♦♥tr♦❧✮ ❞♦ ♣r♦❝❡ss♦ ♦✉ ❡♠ ❞❛❞♦s ✭❉❉❈ ✲ ❞♦

✐♥❣❧ês ❉❛t❛✲❉r✐✈❡♥ ❈♦♥tr♦❧✮ ✭❑❊❘●❯❙✱ ✷✵✶✾✮✳

◆❛s té❝♥✐❝❛s ▼❇❈✱ ♦ ♠♦❞❡❧♦ ❞♦ ♣r♦❝❡ss♦ é ❛ ❜❛s❡ ❞♦ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r✱ ❞❛ ❛♥á❧✐s❡

❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❞❛ ❛✈❛❧✐❛çã♦ ❞❡ ❞❡s❡♠♣❡♥❤♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛ t❛r❡❢❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦

❞♦s ♠♦❞❡❧♦s ❞♦ ♣r♦❝❡ss♦ é ❞✐❢í❝✐❧ ❡ ❝✉st♦s❛✱ r❡♣r❡s❡♥t❛♥❞♦ ❝❡r❝❛ ❞❡ 75% ❞♦ ❡s❢♦rç♦ ❞♦

♣r♦❥❡t♦ ✭❑❊❘●❯❙✱ ✷✵✶✾✮✳ ❊♠ ❛❧❣✉♥s ❝❛s♦s✱ ♣♦❞❡ ♥ã♦ s❡r ♣♦ssí✈❡❧ ♦❜t❡r ✉♠ ♠♦❞❡❧♦

s✉✜❝✐❡♥t❡♠❡♥t❡ ♣r❡❝✐s♦✱ ♦✉ s❡❥❛✱ ❛ ✐❞❡♥t✐✜❝❛çã♦ é ✐♥✈✐á✈❡❧✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛

♠❛❧❤❛ ❞❡ ❝♦♥tr♦❧❡ ♣♦❞❡ s❡r ❛❢❡t❛❞♦ ♣♦r ✐♥❡✈✐tá✈❡✐s ✐♥❝❡rt❡③❛s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❞✐♥â♠✐❝❛s

♥ã♦ ♠♦❞❡❧❛❞❛s✳ ❊ss❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡ ♠♦❞❡❧❛❣❡♠ t❡♠ ♠♦t✐✈❛❞♦ ♦ ✐♥t❡r❡ss❡ ❡♠ ♠ét♦❞♦s ❞❡

♣r♦❥❡t♦ q✉❡ ♥ã♦ sã♦ ❜❛s❡❛❞♦s ❡♠ ♠♦❞❡❧♦s ❞❡ ♣❧❛♥t❛s ✭❇❆❩❆◆❊▲▲❆❀ ❈❆▼P❊❙❚❘■◆■❀

❊❈❑❍❆❘❉✱ ✷✵✶✶✮✱ ✭❙❖▼❊❋❯◆❀ ❆❑■◆●❇❆❉❊❀ ❉❆❍❯◆❙■✱ ✷✵✷✶✮✳ ❊♠❜♦r❛ ❛ ♣r✐♠❡✐r❛

té❝♥✐❝❛ ❉❉❈ t❡♥❤❛ s✐❞♦ ♣r♦♣♦st❛ ♣♦r ❩✐❡❣❧❡r ❡ ◆✐❝❤♦❧s ✭✶✾✹✷✮✱ ❛♣❡♥❛s ♥♦s ú❧t✐♠♦s ✈✐♥t❡

❛♥♦s ❡❧❛s tê♠ ❛tr❛í❞♦ ♠❛✐♦r ✐♥t❡r❡ss❡ ❞♦s ♣❡sq✉✐s❛❞♦r❡s ✭❋❖❘▼❊◆❚■◆ ❡t ❛❧✳✱ ✷✵✶✾✮✳ ❯♠❛

r❛③ã♦ é ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡❝♥♦❧♦❣✐❛ ❡ ❞❛ ❝✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦✳

◆❛s té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧❡ ❜❛s❡❛❞❛s ❡♠ ❞❛❞♦s✱ ♦ ❝♦♥tr♦❧❛❞♦r é ♣r♦❥❡t❛❞♦ ❞✐r❡t❛♠❡♥t❡

❞♦s ❞❛❞♦s ❞❡ ♦♣❡r❛çã♦ ♦✉ ❝♦❧❡t❛❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❡s♣❡❝í✜❝♦✳ ❖ ♠♦❞❡❧♦

♣❛r❛♠étr✐❝♦ ❡①♣❧í❝✐t♦ ❞♦ ♣r♦❝❡ss♦ ♥ã♦ é ✉t✐❧✐③❛❞♦✳ ❆ ❡st❛❜✐❧✐❞❛❞❡✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❛

✷



❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦ ✸

r♦❜✉st❡③ ♣♦❞❡♠ s❡r ❣❛r❛♥t✐❞❛s ♣♦r r✐❣♦r♦s❛ ❛♥á❧✐s❡ ♠❛t❡♠át✐❝❛ ✭❍❖❯❀❲❆◆●✱ ✷✵✶✸✮✳ ◆♦s

♠ét♦❞♦s ♦r✐❡♥t❛❞♦s ❛ ❞❛❞♦s ❛ ♣r✐♥❝✐♣❛❧ ❢♦♥t❡ ❞❡ ✐♥❝❡rt❡③❛ é ♦ r✉í❞♦ ❞❡ ♠❡❞✐çã♦ ✭❑❆❘■▼■❀

❑❆▼▼❊❘✱ ✷✵✶✼✮✳ ◆♦ ❣❡r❛❧✱ ❛s té❝♥✐❝❛s ❉❉❈ tê♠ ❝♦♠♦ ♣❛râ♠❡tr♦ ❞❡ ♣r♦❥❡t♦ ✉♠ ♠♦❞❡❧♦

❞❡ r❡❢❡rê♥❝✐❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛✱ ♦ q✉❛❧ ❞❡s❝r❡✈❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡s❡❥❛❞♦ ✭❍❯❋❋❀ ❙■▲❱❆❀

❈❆▼P❊❙❚❘■◆■✱ ✷✵✶✽✮✳

❊♠ ❍♦✉ ❡ ❲❛♥❣ ✭✷✵✶✸✮✱ ❛s té❝♥✐❝❛s ❉❉❈ sã♦ ❝❧❛ss✐✜❝❛❞❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡str✉t✉r❛

❞♦ ❝♦♥tr♦❧❛❞♦r ❡ ❞♦ t✐♣♦ ❞♦ ❞❛❞♦ ✉t✐❧✐③❛❞♦✳ ◗✉❛♥t♦ à ❡str✉t✉r❛ ❞♦ ❝♦♥tr♦❧❛❞♦r✱ ❛s té❝♥✐❝❛s

♣♦❞❡♠ s❡r ♣❛r❛ ❝♦♥tr♦❧❛❞♦r❡s ❞❡ ❡str✉t✉r❛ ❝♦♥❤❡❝✐❞❛ ❡ ✜①❛ ♦✉ ❞❡ ❡str✉t✉r❛ ❞❡s❝♦♥❤❡❝✐❞❛✳

◗✉❛♥t♦ ❛♦ t✐♣♦ ❞❡ ❞❛❞♦ ✉t✐❧✐③❛❞♦✱ ❛s té❝♥✐❝❛s ♣♦❞❡♠ s❡r✿ ♦✛✲❧✐♥❡✱ ♦♥✲❧✐♥❡ ♦✉ ❛♠❜♦s

✭♠ét♦❞♦s ❤í❜r✐❞♦s✮✳ ❖s ❞❛❞♦s ✉t✐❧✐③❛❞♦s ♣♦❞❡♠ s❡r ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ♦✉ ❞❛ ❢r❡q✉ê♥❝✐❛✳

▼✉✐t❛s ❞❛s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r sã♦ ❢♦r♠✉❧❛❞❛s ♣❛r❛ s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧❡

❝♦♠ ú♥✐❝❛ ❡♥tr❛❞❛ ❡ ú♥✐❝❛ s❛í❞❛ ✭❙■❙❖ ✲ ❞♦ ✐♥❣❧ês ❙✐♥❣❧❡ ■♥♣✉t ❙✐♥❣❧❡ ❖✉t♣✉t✮✳ ◆♦

❡♥t❛♥t♦✱ ♣r♦❝❡ss♦s ❝♦♠ ♠ú❧t✐♣❧❛s ❡♥tr❛❞❛s ❡ ♠ú❧t✐♣❧❛s s❛í❞❛s ✭▼■▼❖ ✲ ❞♦ ✐♥❣❧ês ▼✉❧t✐♣❧❡

■♥♣✉t ▼✉❧t✐♣❧❡ ❖✉t♣✉t✮✱ ❝♦♠♦ ❝❛❧❞❡✐r❛s✱ tr♦❝❛❞♦r❡s ❞❡ ❝❛❧♦r✱ r❡❛t♦r❡s q✉í♠✐❝♦s ❡ ❝♦❧✉♥❛s

❞❡ ❞❡st✐❧❛çã♦✱ sã♦ ❢r❡q✉❡♥t❡♠❡♥t❡ ❡♥❝♦♥tr❛❞♦s ♥❛ ✐♥❞ústr✐❛✳ ❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ss❡s

♣r♦❝❡ss♦s é ❛ ❡①✐stê♥❝✐❛ ❞❡ ✐♥t❡r❛çã♦✴❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛s ❞✐❢❡r❡♥t❡s ♠❛❧❤❛s ❞❡ ❝♦♥tr♦❧❡✳

❖ ❞❡s❡♠♣❡♥❤♦ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ é ❛❢❡t❛❞♦ ♣❡❧♦ ❛❝♦♣❧❛♠❡♥t♦✱ ♣♦✐s ❛ ❛çã♦ ❞❡ ❝♦♥tr♦❧❡

❞❡ ✉♠❛ ♠❛❧❤❛ ✐♥t❡r❢❡r❡ ♥♦ ❞❡s❡♠♣❡♥❤♦ ❞❛s ♦✉tr❛s ♠❛❧❤❛s✱ ♣♦❞❡♥❞♦ ❧❡✈❛r ♦ s✐st❡♠❛ à

✐♥st❛❜✐❧✐❞❛❞❡✳

❯♠❛ ♠❛♥❡✐r❛ ❞❡ ♣r♦❥❡t❛r ❝♦♥tr♦❧❛❞♦r❡s ♠✉❧t✐✈❛r✐á✈❡✐s é ✉s❛♥❞♦ té❝♥✐❝❛s ❝❧áss✐❝❛s ❞❡

❝♦♥tr♦❧❡ r♦❜✉st♦✳ ❊ss❛s té❝♥✐❝❛s ♣♦❞❡♠ s❡r ❜❛s❡❛❞❛s ♥♦ ♠♦❞❡❧♦ ❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ♦✉

♥❛ r❡s♣♦st❛ ❞♦ ♣r♦❝❡ss♦ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛✳ ❯s❛r ❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ t❡♠ ❝♦♠♦

✈❛♥t❛❣❡♥s✿ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦ ❞♦ ♣r♦❝❡ss♦ ♥ã♦ é ♥❡❝❡ssár✐♦✱ ❛ ♦r❞❡♠

❞♦ ♣r♦❝❡ss♦ ♥ã♦ ❛❢❡t❛ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ♣r♦❥❡t♦ ❡ ❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ ♦❜t❡r

❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ✭❑❆▼▼❊❘ ❡t ❛❧✳✱ ✷✵✶✾✮✳

❖ ❝♦♥tr♦❧❡ r♦❜✉st♦ é ❢♦r♠✉❧❛❞♦ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♠ r❡str✐çõ❡s✱ q✉❡ ♣♦❞❡

s❡r ❝♦♥✈❡①♦ ♦✉ ♥ã♦✲❝♦♥✈❡①♦✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ♣r♦❝❡❞✐♠❡♥t♦s ❞❡ ❝♦♥✈❡①✐✜❝❛çã♦ ♣♦❞❡♠

s❡r ❛♣❧✐❝❛❞♦s ✭❇❖❨❉❀ ❍❆❙❚❀ ➴❙❚❘Ö▼✱ ✷✵✶✻✮✳

❆s ❡str✉t✉r❛s ❞❡ ❝♦♥tr♦❧❡ P■❉ ♣❛r❛ ♣r♦❝❡ss♦s ▼■▼❖ sã♦ ❝❧❛ss✐✜❝❛❞❛s ❝♦♠♦✿ ❝♦♥tr♦❧❡

❝❡♥tr❛❧✐③❛❞♦✱ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❡ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r✳ ❖

❝♦♥tr♦❧❛❞♦r P■❉ ❝❡♥tr❛❧✐③❛❞♦ ❝♦♥s✐st❡ ❡♠ ✉♠❛ ♠❛tr✐③ ❝♦♠♣❧❡t❛ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s✱ ❞❛ q✉❛❧

❝❛❞❛ ❡❧❡♠❡♥t♦ é ✉♠ ❝♦♥tr♦❧❛❞♦r P■❉✳ ❈♦♠ ❡st❛ ❡str✉t✉r❛ é ♣♦ssí✈❡❧ ❛❧❝❛♥ç❛r ♠❛✐♦r r❡❞✉✲

çã♦ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❡ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦✱ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ❛s ♦✉tr❛s ❡str✉t✉r❛s

✭●❆❘❘■❉❖ ❡t ❛❧✳✱ ✷✵✷✶✮✳

◆♦ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦✱ ♦ ♣r♦❝❡ss♦ é ❞✐✈✐❞✐❞♦ ❡♠ s✉❜s✐st❡♠❛s ❙■❙❖ ❡ té❝♥✐❝❛s

❞❡ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ ❙■❙❖ sã♦ ✉t✐❧✐③❛❞❛s✳ ❈♦♥t✉❞♦✱ q✉❛♥❞♦ ❡ss❡ ❝♦♥tr♦❧❡ é ♣r♦❥❡t❛❞♦

✉s❛♥❞♦ té❝♥✐❝❛s ♥❛s q✉❛✐s ♦ ❛❝♦♣❧❛♠❡♥t♦ é t♦t❛❧♠❡♥t❡ ✐❣♥♦r❛❞♦✱ ♦ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❛
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❞❡❣r❛❞❛çã♦ ❞♦ ❞❡s❡♠♣❡♥❤♦ ♦✉ ❛té ♠❡s♠♦ ❛ ✐♥st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳ ❯♠❛ ♠❛♥❡✐r❛

❞❡ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛ é ❛♣❧✐❝❛r té❝♥✐❝❛s ❞❡ s✐♥t♦♥✐❛ ❝♦♠❜✐♥❛❞❛s ❝♦♠ ♠❡t♦❞♦❧♦❣✐❛s

❝♦♠♦ ♦ ❢❡❝❤❛♠❡♥t♦ s❡q✉❡♥❝✐❛❧ ❞❛s ♠❛❧❤❛s ✭▼❆❨◆❊✱ ✶✾✼✾❀ ▼❖❘❊■❘❆ ❡t ❛❧✳✱ ✷✵✷✶✮ ♦✉

✉s❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ ♠❛❧❤❛ ❛❜❡rt❛ ❡❢❡t✐✈❛✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ●❛rr✐❞♦ ❡t ❛❧✳ ✭✷✵✷✶✮✱

❊✉③é❜✐♦ ❡t ❛❧✳ ✭✷✵✷✵✮ ❡ ❙✐❧✈❛ ❡ ❇❛rr♦s ✭✷✵✷✵✮✳

◆♦ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r✱ ✉♠ ❜❧♦❝♦ é ✐♠♣❧❡♠❡♥t❛❞♦ ❡♥tr❡ ♦ ❝♦♥✲

tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❡ ♦ ♣r♦❝❡ss♦ ▼■▼❖✱ ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ❡❧✐♠✐♥❛r✴r❡❞✉③✐r ♦ ❛❝♦✲

♣❧❛♠❡♥t♦ ✭▲■❯ ❡t ❛❧✳✱ ✷✵✶✾✮✳ ❖ ❞❡s❛❝♦♣❧❛❞♦r ♣♦❞❡ s❡r ❡stát✐❝♦ ♦✉ ❞✐♥â♠✐❝♦✱ s❡♥❞♦ ♦

❞✐♥â♠✐❝♦ ❝❧❛ss✐✜❝❛❞♦ ❝♦♠♦✿ ✐❞❡❛❧✱ s✐♠♣❧✐✜❝❛❞♦ ♦✉ ✐♥✈❡rt✐❞♦✳ ❖ s✐st❡♠❛ ❞❡s❛❝♦♣❧❛❞♦ é tr❛✲

t❛❞♦ ❝♦♠♦ ♠ú❧t✐♣❧❛s ♠❛❧❤❛s ❙■❙❖ ❡ ♠ét♦❞♦s ❞❡ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ ♠❡♥♦s ❝♦♥s❡r✈❛❞♦r❡s

sã♦ ❛♣❧✐❝❛❞♦s ❞✐r❡t❛♠❡♥t❡ ✭❈❆■ ❡t ❛❧✳✱ ✷✵✵✽✮✳ ❊♠ ❣❡r❛❧✱ ❛s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❞♦ ❞❡s❛✲

❝♦♣❧❛❞♦r sã♦ ❜❛s❡❛❞❛s ❡♠ ✉♠ ♠♦❞❡❧♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞♦ ♣r♦❝❡ss♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛ss✐♠

❝♦♠♦ ♥♦ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r✱ ✐♥❝❡rt❡③❛s ♥♦ ♠♦❞❡❧♦ t❛♠❜é♠ ❛❢❡t❛♠ ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦

❞❡s❛❝♦♣❧❛❞♦r✳

◆❡st❛ t❡s❡✱ ❝♦♥tr✐❜✉✐çõ❡s ♥♦ ❝♦♥t❡①t♦ ❞❡ ❝♦♥tr♦❧❡ P■❉ ♠✉❧t✐✈❛r✐á✈❡❧ sã♦ ❛♣r❡s❡♥t❛❞❛s✳

❚é❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ♠✉❧t✐✈❛r✐á✈❡❧ ❛♣❧✐❝❛❞♦ ❛ ♣r♦❝❡ss♦s

▼■▼❖ sã♦ ❛♣r❡s❡♥t❛❞❛s✳ ◆❡ss❛s té❝♥✐❝❛s✱ ♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r sã♦ ♣r♦❥❡t❛✲

❞♦s✴r❡♣r♦❥❡t❛❞♦s ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ q✉❡ ❛ ♥♦✈❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ s❡ ❛♣r♦①✐♠❡ ❞❡ ✉♠ ♠♦❞❡❧♦

❞❡ r❡❢❡rê♥❝✐❛✳ ❉❛❞♦s ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ❡♠ ♠❛❧❤❛ ❛❜❡rt❛✴❢❡❝❤❛❞❛ sã♦

✉t✐❧✐③❛❞♦s ♣❛r❛ s♦❧✉❝✐♦♥❛r ♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❥❡t♦ ❡ r❡♣r♦❥❡t♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆❡ss❡s

❝❛s♦s✱ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦ ❞♦ ♣r♦❝❡ss♦ ♥ã♦ é ♥❡❝❡ssár✐♦✳

❆❧é♠ ❞✐ss♦✱ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ❡♠

♠❛❧❤❛ ❢❡❝❤❛❞❛✱ ❛♣❧✐❝❛❞❛ ❛ ♣r♦❝❡ss♦s ❝♦♠ ❞✉❛s ❡♥tr❛❞❛s ❡ ❞✉❛s s❛í❞❛ ✭❚■❚❖ ✲ ❞♦ ✐♥❣❧ês

❚✇♦ ■♥♣✉t ❚✇♦ ❖✉t♣✉t✮✱ é ❛♣r❡s❡♥t❛❞❛✳ ❆ ❛✈❛❧✐❛çã♦ é r❡❛❧✐③❛❞❛ ❝❛❧❝✉❧❛♥❞♦ ✉♠ í♥❞✐❝❡

❞❡ ❡rr♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦✳ ❖s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r sã♦

r❡♣r♦❥❡t❛❞♦s ❛ ✜♠ ❞❡ r❡❞✉③✐r ❡ss❡ ❡rr♦✳

✶✳✷ ❘❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛

◆❡st❛ ❙❡çã♦✱ ❛ r❡✈✐sã♦ ❞❛ ❧✐t❡r❛t✉r❛ r❡❢❡r❡♥t❡ ❛♦s t❡♠❛s ❛❜♦r❞❛❞♦s ♥❡st❛ t❡s❡ é ❛♣r❡s❡♥✲

t❛❞❛✳

✶✳✷✳✶ Pr♦❥❡t♦ r♦❜✉st♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ♠✉❧t✐✈❛r✐á✈❡❧ ❝♦♠ r❡s✲

tr✐çõ❡s ▲▼■

Pr♦❥❡t❛r ♦ ❝♦♥tr♦❧❛❞♦r P■❉ ♠✉❧t✐✈❛r✐á✈❡❧ ♣❛r❛ s❛t✐s❢❛③❡r r❡q✉✐s✐t♦s ❞❡ r♦❜✉st❡③ ❡ ❡st❛❜✐✲

❧✐❞❛❞❡ ♥ã♦ é ✉♠❛ t❛r❡❢❛ ❢á❝✐❧✱ ❞❡✈✐❞♦ ❛♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛s ♠❛❧❤❛s ❡ à q✉❛♥t✐❞❛❞❡ ❞❡
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♣❛râ♠❡tr♦s ❛ s❡r❡♠ ❝❛❧❝✉❧❛❞♦s✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ s✉♣❡r❛r ❡ss❛ ❞✐✜❝✉❧❞❛❞❡✱ té❝♥✐❝❛s ❞❡

♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ r♦❜✉st♦ ♣♦❞❡♠ s❡r ❢♦r♠✉❧❛❞❛s ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❜❛s❡❛❞♦

♥❛s ♥♦r♠❛s H2 ❡ H∞✳ P❛r❛ ❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣r♦❥❡t❛❞❛✱ r❡str✐çõ❡s

♥❛ ❢♦r♠❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♠❛tr✐❝✐❛❧ ❧✐♥❡❛r❡s ✭▲▼■ ✲ ❞♦ ✐♥❣❧ês ▲✐♥❡❛r ▼❛tr✐① ■♥❡q✉❛❧✐t②✮

sã♦ ✐♥s❡r✐❞❛s ❛♦ ♣r♦❜❧❡♠❛✳ ▼✉✐t♦s ❞❡ss❡s ♣r♦❜❧❡♠❛s sã♦ ❛♣❧✐❝❛❞♦s ❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦

❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ❞♦s ♣r♦❝❡ss♦s ▼■▼❖✳

P❛r❛ ❡✈✐t❛r ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦ ♠♦❞❡❧♦✱ ❡♠ ●❛❧❞♦s✱ ❑❛r✐♠✐ ❡ ▲♦♥❣❝❤❛♠♣ ✭✷✵✶✵✮✱ ♦ ❝♦♥✲

tr♦❧❛❞♦r ❝❡♥tr❛❧✐③❛❞♦ ❧✐♥❡❛r♠❡♥t❡ ♣❛r❛♠❡tr✐③❛❞♦ é ♣r♦❥❡t❛❞♦ ✉s❛♥❞♦ ❞❛❞♦s ♥♦ ❞♦♠í♥✐♦

❞❛ ❢r❡q✉ê♥❝✐❛ ♣❛r❛ r❡s♦❧✈❡r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛✳ ❆ ❡st❛❜✐❧✐❞❛❞❡ é ❣❛r❛♥✲

t✐❞❛ ♣❡❧♦ ❝r✐tér✐♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ◆②q✉✐st✱ ♦ q✉❛❧ é ❛♣r♦①✐♠❛❞♦ ♣♦r ✉♠

❝♦♥❥✉♥t♦ ❞❡ r❡str✐çõ❡s ❝♦♥✈❡①❛s✳ ❖s ❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❞♦ ❝♦♥tr♦❧❛❞♦r sã♦

❛❥✉st❛❞♦s ♣❛r❛ s❛t✐s❢❛③❡r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡s❡❥❛❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✱

❡♥q✉❛♥t♦ ♦s ❞❡♠❛✐s ❡❧❡♠❡♥t♦s sã♦ ♣r♦❥❡t❛❞♦s ♣❛r❛ ❞❡s❛❝♦♣❧❛r ♦ s✐st❡♠❛✳

❊♠ ❍❛st ❡t ❛❧✳ ✭✷✵✶✸✮✱ ✉♠ ♠ét♦❞♦ ❞❡ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❛❞♦r P■❉ é ❢♦r♠✉❧❛❞♦ ❝♦♠♦

♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❜❛s❡❛❞♦ ♥❛ ♥♦r♠❛ H∞ ❡ ♥❛ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛

❢r❡q✉ê♥❝✐❛ ❞❡ ♣r♦❝❡ss♦s ❙■❙❖✳ ❖ ♦❜❥❡t✐✈♦ é ♠✐♥✐♠✐③❛r ❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❡♠ ❜❛✐①❛

❢r❡q✉ê♥❝✐❛✳ ❆ ❡①t❡♥sã♦ ❞❡ss❡ ♠ét♦❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ▼■▼❖ ❡stá✈❡✐s é ❛♣r❡s❡♥t❛❞❛ ❡♠

❇♦②❞✱ ❍❛st ❡ ➴strö♠ ✭✷✵✶✻✮✱ ♦♥❞❡ ♣❛r❛ ❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✱ r❡str✐✲

çõ❡s ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡✱ s❡♥s✐❜✐❧✐❞❛❞❡ ❝♦♠♣❧❡♠❡♥t❛r ❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡

sã♦ ✐♥s❡r✐❞❛s ❛♦ ♣r♦❜❧❡♠❛ ♥❛ ❢♦r♠❛ ❞❡ ▲▼■✳ ❈♦♠♦ ❛s r❡str✐çõ❡s sã♦ ♥ã♦ ❝♦♥✈❡①❛s ♦ ♣r♦✲

❝❡❞✐♠❡♥t♦ ❝ô♥❝❛✈♦✲❝♦♥✈❡①♦ ✭▲■PP❀ ❇❖❨❉✱ ✷✵✶✻✮ é ✉t✐❧✐③❛❞♦✳ ❖ r❡s✉❧t❛❞♦ é ✉♠ ♠í♥✐♠♦

❧♦❝❛❧ ❡ ❞❡♣❡♥❞❡ ❞♦s ♣❛râ♠❡tr♦s ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✳

❖t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❡ r❡str✐çõ❡s ▲▼■ t❛♠❜é♠ sã♦ ✉t✐❧✐③❛❞❛s ❡♠ ❑❛r✐♠✐ ❡ ❑❛♠♠❡r

✭✷✵✶✼✮✱ ♦♥❞❡ té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❜❛s❡❛❞❛s ♥♦s ❝r✐tér✐♦s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❛s ♥♦r♠❛s H2✱

H∞ ❡ ♥❛ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ sã♦ ❛♣r❡s❡♥t❛❞❛s✳ ◆❡ss❡ ❝❛s♦✱ ♦ ❝♦♥tr♦❧❛❞♦r ❝♦♥s✐❞❡r❛❞♦

♥ã♦ ♣r❡❝✐s❛ s❡r ❧✐♥❡❛r♠❡♥t❡ ♣❛r❛♠❡tr✐③❛❞♦✳ P❛r❛ t♦r♥❛r ♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧ ❝♦♥✈❡①♦✱ ♦

♣r♦❝❡❞✐♠❡♥t♦ ❝ô♥❝❛✈♦✲❝♦♥✈❡①♦ é ❛♣❧✐❝❛❞♦✳

❆s♣❡❝t♦s ♣rát✐❝♦s ❞❛ té❝♥✐❝❛ ❜❛s❡❛❞❛ ♥❛ ♥♦r♠❛ H2 sã♦ ❞✐s❝✉t✐❞♦s ❡♠ ❑❛♠♠❡r ❡

❑❛r✐♠✐ ✭✷✵✶✽✮✱ ♦♥❞❡ t❛♠❜é♠ sã♦ ❛❝r❡s❝❡♥t❛❞❛s r❡str✐çõ❡s ▲▼■ ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡

❝♦♠♣❧❡♠❡♥t❛r ❡ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ♣♦♥❞❡r❛❞♦s✳ ❊♠ ❑❛♠♠❡r ❡ ❑❛r✐♠✐ ✭✷✵✶✾✮✱ ♦ ♠ét♦❞♦

❜❛s❡❛❞♦ ♥❛ ♥♦r♠❛ H∞ ❢♦✐ ❛♣❧✐❝❛❞♦ ❛♦ ❝♦♥tr♦❧❡ ♣r✐♠ár✐♦ ❡ s❡❝✉♥❞ár✐♦ ❞❡ r❡❞❡s ❞❡ ♠é❞✐❛

❡ ❜❛✐①❛ t❡♥sã♦✳ ❏á ❡♠ ❑❛♠♠❡r ❡t ❛❧✳ ✭✷✵✶✾✮✱ ❢♦✐ ❛♣❧✐❝❛❞♦ ❛♦ ❝♦♥tr♦❧❡ ❞❡ ✐♥✈❡rs♦r❡s

❝♦♥❡❝t❛❞♦s à r❡❞❡ ❡❧étr✐❝❛✳ ❆❞❡q✉❛çõ❡s ♣❛r❛ ❛♣❧✐❝❛çã♦ ❡♠ ❝♦♥✈❡rs♦r❡s ❞❡ ❡♥❡r❣✐❛ ❞❡ ✉♠

❛❝❡❧❡r❛❞♦r ❞❡ ♣❛rtí❝✉❧❛s sã♦ ❛♣r❡s❡♥t❛❞❛s ❡♠ ◆✐❝♦❧❡tt✐✱ ▼❛rt✐♥♦ ❡ ❑❛r✐♠✐ ✭✷✵✶✼✮✳

❊♠ ●❛rr✐❞♦ ❡t ❛❧✳ ✭✷✵✷✶✮✱ ♦ ♣r♦❝❡ss♦ ♠✉❧t✐✈❛r✐á✈❡❧ é ❞❡❝♦♠♣♦st♦ ❡♠ ♠❛❧❤❛s ❙■❙❖

✉s❛♥❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♠❛❧❤❛ ❛❜❡rt❛ ❡❢❡t✐✈❛ ❡ ✉♠ ❝♦♥tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦ é ♣r♦❥❡t❛❞♦✳

❯♠ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❝❡♥tr❛❧✐③❛❞♦ ❜❛s❡❛❞♦ ❡♠ ❞❛❞♦s ❢r❡q✉❡♥❝✐❛✐s ❡ ♣r♦❣r❛♠❛çã♦



❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦ ✻

❧✐♥❡❛r ✐t❡r❛t✐✈❛ é ❛♣r❡s❡♥t❛❞♦ ❡♠ ●❛rr✐❞♦ ❡t ❛❧✳ ✭✷✵✷✷✮✳ ❊ss❛ ♠❡t♦❞♦❧♦❣✐❛ é ❜❛s❡❛❞❛ ♥♦

❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♠❛❧❤❛ ❡q✉✐✈❛❧❡♥t❡✳

✶✳✷✳✷ Pr♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ♠✉❧t✐✈❛r✐á✈❡❧ ❜❛s❡❛❞♦ ❡♠ ❞❛❞♦s

❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛

❯♠❛ ♠❛❧❤❛ ❞❡ ❝♦♥tr♦❧❡ ❝♦♠ ❞❡s❡♠♣❡♥❤♦ ❛❞❡q✉❛❞♦ ✐♠♣❧✐❝❛ ♥♦ ❛✉♠❡♥t♦ ❞❛ ♣r♦❞✉çã♦

✐♥❞✉str✐❛❧ ❡ ❞♦ t❡♠♣♦ ❞❡ ♦♣❡r❛çã♦ ❞❡ ✐♥str✉♠❡♥t♦s ❡ ❡q✉✐♣❛♠❡♥t♦s ❡ ♥❛ r❡❞✉çã♦ ❞♦s

❝✉st♦s ❞❡ ❡♥❡r❣✐❛ ❡ ♠❛♥✉t❡♥çã♦✳ ❈♦♥t✉❞♦✱ ❣r❛♥❞❡ ♣❛rt❡ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s ❡♠ ♦♣❡r❛çã♦

sã♦ ♠❛❧ s✐♥t♦♥✐③❛❞♦s ✭❊❯❩➱❇■❖✱ ✷✵✶✺✮✳ ❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ té❝♥✐❝❛s s✐♠♣❧❡s ♣❛r❛

❛✈❛❧✐❛çã♦ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ q✉❡ ♦s ❡♥❣❡♥❤❡✐r♦s ✐♥❞✉str✐❛✐s ❡♥①❡r❣✉❡♠

❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❛❥✉st❛r ❛ s✐♥t♦♥✐❛ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s✳

❯♠ ♠ét♦❞♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉✱ ♣❛r❛ ♣r♦✲

❝❡ss♦s ❙■❙❖✱ é ❛♣r❡s❡♥t❛❞♦ ❡♠ ●❛♦ ❡t ❛❧✳ ✭✷✵✶✼✮✳ ❆ ❛✈❛❧✐❛çã♦ é r❡❛❧✐③❛❞❛ ❡♠ r❡❧❛çã♦ ❛

✈❛r✐❛çã♦ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡✳ ◆♦ r❡♣r♦❥❡t♦✱ ✐♥❝r❡♠❡♥t♦s ❞♦s ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r sã♦

❝❛❧❝✉❧❛❞♦s ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♦❜t✐❞❛ ❡st❡❥❛ ♦ ♠❛✐s ♣ró①✐♠♦ ♣♦ssí✈❡❧ ❞❡ ✉♠

♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✳ P❛r❛ ✐ss♦✱ ❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ ♣r♦❝❡ss♦ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ é

✉t✐❧✐③❛❞❛✳

❊♠ ▼♦r❡✐r❛✱ ❆❝✐♦❧✐ ❏ú♥✐♦r ❡ ❇❛rr♦s ✭✷✵✶✽❜✮✱ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ ♥♦ ❞♦♠í♥✐♦ ❞❛

❢r❡q✉ê♥❝✐❛ ❢♦r❛♠ ❛❞✐❝✐♦♥❛❞❛s ❛♦ ♠ét♦❞♦ ❞❡ r❡♣r♦❥❡t♦ ❞❡ ●❛♦ ❡t ❛❧✳ ✭✷✵✶✼✮✳ ❖ ❞❡s❡♠♣❡♥❤♦

❞❛ ♠❛❧❤❛ é ❛✈❛❧✐❛❞♦ ❡♠ ❝♦♠♣❛r❛çã♦ ❛ ✉♠ ❜❡♥❝❤♠❛r❦✐♥❣ ❡♠ ❝♦♥tr♦❧❡ ♣♦r ♠♦❞❡❧♦ ✐♥t❡r♥♦

✭■▼❈ ✲ ❞♦ ✐♥❣❧ês ■♥t❡r♥❛❧ ▼♦❞❡❧ ❈♦♥tr♦❧✮✱ ♥♦ q✉❛❧ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ é ❞❡✜♥✐❞❛ ❞❡

❛❝♦r❞♦ ❝♦♠ ❛s ♠❛r❣❡♥s ❞❡ ❣❛♥❤♦ ❡ ❢❛s❡ ❞❡s❡❥❛❞❛s✳ ❏á ❡♠ ▼♦r❡✐r❛✱ ❆❝✐♦❧✐ ❏ú♥✐♦r ❡ ❇❛rr♦s

✭✷✵✶✽❛✮✱ ❛ r❡s♣♦st❛ ❞♦ s✐st❡♠❛ ♥❛s ❢r❡q✉ê♥❝✐❛s ❝rít✐❝❛s ❡ ❞❡ ❝r✉③❛♠❡♥t♦ sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛

r❡♣r♦❥❡t❛r ♦ ❝♦♥tr♦❧❛❞♦r✳ ❊ss❡s ❞❛❞♦s sã♦ ♦❜t✐❞♦s ❛tr❛✈és ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❜❛s❡❛❞♦ ❡♠

r❡❧é✳ ❊♠ ▼♦r❡✐r❛ ❡t ❛❧✳ ✭✷✵✷✵✮✱ ❡ss❛s té❝♥✐❝❛s ❞❡ r❡♣r♦❥❡t♦ sã♦ r❡❡s❝r✐t❛s ❞❡ ❢♦r♠❛ ♠❛✐s

❞✐r❡t❛ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ s✐♠♣❧✐✜❝❛r ❛ ❛♣❧✐❝❛çã♦ ♣rát✐❝❛✳

❆ ❛✈❛❧✐❛çã♦ ❡ ♦ r❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ t❛♠❜é♠ sã♦ r❡❛❧✐③❛❞♦s ❡♠ ❨✉ ❡ ▲✐

✭✷✵✷✶✮✳ ❆ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ✐♥✐❝✐❛❧ é ✉s❛❞❛ ♣❛r❛ ❛✈❛❧✐❛r ♦ ❝♦♥tr♦❧❛❞♦r

❡ ✐❞❡♥t✐✜❝❛r ✉♠ ♠♦❞❡❧♦✳ ❖ ❝♦♥tr♦❧❛❞♦r é r❡♣r♦❥❡t❛❞♦ ❝♦♠ ❜❛s❡ ♥♦ ♠♦❞❡❧♦ ✐❞❡♥t✐✜❝❛❞♦ ❡

♥♦ ❞❡s❡♠♣❡♥❤♦ ❞❡s❡❥❛❞♦✳ ❊st❛ té❝♥✐❝❛ é ❛♣❧✐❝❛❞❛ ❛ ♣r♦❝❡ss♦s ❙■❙❖✳

❊♠❜♦r❛ ♥ã♦ s❡❥❛♠ ❛♣r❡s❡♥t❛❞❛s ❝♦♠♦ r❡♣r♦❥❡t♦✱ ♥❛ ❧✐t❡r❛t✉r❛ sã♦ ❡♥❝♦♥tr❛❞❛s ♦✉tr❛s

té❝♥✐❝❛s ❜❛s❡❛❞❛s ❡♠ ❞❛❞♦s ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳ ❖ ❝♦♥tr♦❧❛❞♦r é ♣r♦❥❡t❛❞♦ ❞❡ ♠❛♥❡✐r❛

q✉❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♦❜t✐❞❛ s❡ ❛♣r♦①✐♠❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ❉❛❞♦s ♥♦ ❞♦♠í♥✐♦

❞♦ t❡♠♣♦ sã♦ ✉t✐❧✐③❛❞♦s✱ ♥ã♦ s❡♥❞♦ ♥❡❝❡ssár✐❛ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞♦ ♣r♦❝❡ss♦✳

◆♦ ✐t❡r❛t✐✈❡ ❢❡❡❞❜❛❝❦ t✉♥✐♥❣ ✭■❋❚✮✱ ❛♣r❡s❡♥t❛❞♦ ❡♠ ❍❥❛❧♠❛rss♦♥✱ ●✉♥♥❛rss♦♥ ❡ ●❡✈❡rs

✭✶✾✾✹✮✱ ✉♠❛ ♦t✐♠✐③❛çã♦ ✐t❡r❛t✐✈❛ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r ❞❡ ❡str✉t✉r❛ ✜①❛✱ ❞❡



❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦ ✼

❛❝♦r❞♦ ❝♦♠ ✉♠ ❣r❛❞✐❡♥t❡ ❡st✐♠❛❞♦ ❞♦ ❝r✐tér✐♦ ❞❡ ❞❡s❡♠♣❡♥❤♦✱ ❜❛s❡❛❞♦ ♥♦ ❡rr♦ q✉❛❞rát✐❝♦

♠é❞✐♦ ♣❛r❛ ♣r♦❝❡ss♦s ❙■❙❖✱ é ♣r♦♣♦st❛✳ ❊♠ ❍❥❛❧♠❛rss♦♥ ✭✶✾✾✾✮✱ ♦ ■❋❚ é ❡st❡♥❞✐❞♦ ♣❛r❛

♣r♦❝❡ss♦s ▼■▼❖✳

Pr♦♣♦st♦ ♣♦r ❑❛r✐♠✐✱ ▼✐➨❦♦✈✐➣ ❡ ❇♦♥✈✐♥ ✭✷✵✵✷✮✱ ♥♦ ❝♦rr❡❧❛t✐♦♥✲❜❛s❡❞ t✉♥✐♥❣ ✭❈❜❚✮✱

♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r sã♦ s✐♥t♦♥✐③❛❞♦s ✐t❡r❛t✐✈❛♠❡♥t❡ ❝♦♠ ♦❜❥❡t✐✈♦ ❞❡ ❞❡s❝♦rr❡❧❛✲

❝✐♦♥❛r ♦ ❡rr♦ ❞❡ s❛í❞❛ ❡♥tr❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♦❜t✐❞❛ ❡ ❛ ❞❡s❡❥❛❞❛ ❝♦♠ ♦ s✐♥❛❧ ❞❡ r❡❢❡rê♥❝✐❛✳

❆ ❡①t❡♥sã♦ ❞❡ss❡ ♠ét♦❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ▼■▼❖ é ❛♣r❡s❡♥t❛❞❛ ❡♠ ▼✐➨❦♦✈✐➣ ❡t ❛❧✳ ✭✷✵✵✼✮✳

❖ ■❋❚ ❡ ♦ ❈❜❚ ♣♦❞❡♠ t❡r ❛ ❛♣❧✐❝❛çã♦ ♣rát✐❝❛ r❡str✐t❛ ❞❡✈✐❞♦ à ♥❡❝❡ss✐❞❛❞❡ ❞❛ r❡❛❧✐③❛çã♦

❞❡ ♠✉✐t♦s ❡①♣❡r✐♠❡♥t♦s✳ ❊♥tr❡t❛♥t♦✱ ✈❡rsõ❡s ♥ã♦ ✐t❡r❛t✐✈❛s ❞♦ ❈❜t ✭◆❈❜❚ ✲ ❞♦ ✐♥❣❧ês

◆♦♥✲✐t❡r❛t✐✈❡ ❈♦rr❡❧❛t✐♦♥✲❜❛s❡❞ t✉♥✐♥❣✮ ♣❛r❛ s✐st❡♠❛s ❙■❙❖ ❡ ▼■▼❖ sã♦ ❛♣r❡s❡♥t❛❞❛s

❡♠ ❑❛r✐♠✐✱ ❍❡✉s❞❡♥ ❡ ❇♦♥✈✐♥ ✭✷✵✵✼✮✱ ❨✉❜❛✐✱ ❯s❛♠✐ ❡ ❍✐r❛✐ ✭✷✵✵✾✮✱ ❚❡r❛❞❛✱ ❨✉❜❛✐ ❡ ❍✐r❛✐

✭✷✵✶✶✮✱ ❙❛t♦ ❡t ❛❧✳ ✭✷✵✶✻✮ ❡ ❙✐❧✈❛ ❡ ❊❝❦❤❛r❞ ✭✷✵✷✵✮✳

❖✉tr♦ ♠ét♦❞♦ ♥ã♦ ✐t❡r❛t✐✈♦ é ♦ ✈✐rt✉❛❧ r❡❢❡r❡♥❝❡ ❢❡❡❞❜❛❝❦ t✉♥✐♥❣ ✭❱❘❋❚✮✱ ✐♥✐❝✐❛❧♠❡♥t❡

❛♣r❡s❡♥t❛❞♦ ♣♦r ●✉❛r❞❛❜❛ss✐ ❡ ❙❛✈❛r❡s✐ ✭✷✵✵✵✮ ♦♥❞❡ ♣r♦❝❡ss♦s ❙■❙❖ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s✳

◆♦ ❱❘❋❚✱ ♦ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r é tr❛t❛❞♦ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ♣❛râ✲

♠❡tr♦s ✐♥tr♦❞✉③✐♥❞♦ ✉♠ s✐♥❛❧ ❞❡ r❡❢❡rê♥❝✐❛ ✈✐rt✉❛❧✳ P❛r❛ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛✱ ❞❛❞♦s

♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ❞❡ ♠❛❧❤❛ ❛❜❡rt❛ ♦✉ ❢❡❝❤❛❞❛ ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s ✭❈❆▼P■❀ ▲❊❈✲

❈❍■◆■❀ ❙❆❱❆❘❊❙■✱ ✷✵✵✷✮✳ ❊♠ ❘❡♠❡s ❡t ❛❧✳ ✭✷✵✷✶✮✱ ♦ ❱❘❋❚ é ✉t✐❧✐③❛❞♦ ♣❛r❛ ♣r♦❥❡t❛r

♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❞❡ t❡♥sã♦ ❞❡ ❝♦♥✈❡rs♦r❡s ❈❈✲❈❈✳ ❆ ❡①t❡♥sã♦ ❞♦ ❱❘❋❚ ♣❛r❛ s✐st❡♠❛s

▼■▼❖ é ❡♥❝♦♥tr❛❞❛ ❡♠ ❈❛♠♣❡str✐♥✐ ❡t ❛❧✳ ✭✷✵✶✻✮✱ ❙✐❧✈❛✱ ❈❛♠♣❡str✐♥✐ ❡ ❇❛③❛♥❡❧❧❛ ✭✷✵✶✻✮

❡ ❏❡♥❣✱ ❏✐❛♥ ❡ ▲❡❡ ✭✷✵✶✼✮✳

❊♠ ❈❛♠♣❡str✐♥✐ ❡t ❛❧✳ ✭✷✵✶✼✮✱ ❛ té❝♥✐❝❛ ♦♣t✐♠❛❧ ❝♦♥tr♦❧❧❡r ✐❞❡♥t✐✜❝❛t✐♦♥ ✭❖❈■✮✱ ♦♥❞❡ é

✉t✐❧✐③❛❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❡rr♦ ❞❡ ♣r❡❞✐çã♦ ♣❛r❛ ♣r♦❥❡t❛r ♦ ❝♦♥tr♦❧❛❞♦r✱ é ❛♣r❡s❡♥t❛❞❛✳ ◆❡ss❡

❝❛s♦✱ ❞❛❞♦s ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s✳ P❛r❛ ♣r♦❝❡ss♦s ❙■❙❖✱ ♦ ❛❧❣♦r✐t♠♦

❞❡ ✐❞❡♥t✐✜❝❛çã♦ é ❛♣❧✐❝❛❞♦ ❞❡ ❢♦r♠❛ ❞✐r❡t❛✱ ♣♦❞❡♥❞♦ s❡r r❡s♦❧✈✐❞♦ ✉s❛♥❞♦ ♣♦r ❡①❡♠♣❧♦ ❛

t♦♦❧❜♦① ❞❡ ❡rr♦ ❞❡ ♣r❡❞✐çã♦ ❞♦ ▼❛t❧❛❜✳ P♦ré♠✱ ♣❛r❛ ♣r♦❝❡ss♦s ▼■▼❖✱ ♦ ♣r♦❜❧❡♠❛ ♥ã♦

é r❡s♦❧✈✐❞♦ ❞✐r❡t❛♠❡♥t❡ ❡ ❛ t♦♦❧❜♦① ♥ã♦ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛✱ ❛ s♦❧✉çã♦ é ❛♣❧✐❝❛r ❞❡ ❢♦r♠❛

s❡q✉❡♥❝✐❛❧ ♦s ❛❧❣♦r✐t♠♦s st❡❡♣❡st ❞❡s❝❡♥t ❡ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛rt✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ❡♠

❍✉✛✱ ❙✐❧✈❛ ❡ ❈❛♠♣❡str✐♥✐ ✭✷✵✶✽✮ ❡ ❍✉✛ ❡t ❛❧✳ ✭✷✵✶✾✮✳

✶✳✷✳✸ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r

❆s ❡str✉t✉r❛s ❜ás✐❝❛s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ❞✐♥â♠✐❝♦ ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞❛s ❡♠✿ ✐❞❡❛✐s✱ s✐♠✲

♣❧✐✜❝❛❞❛s ❡ ✐♥✈❡rt✐❞❛s✳ ❆ ❡str✉t✉r❛ ✐❞❡❛❧ ♥ã♦ é ✉t✐❧✐③❛❞❛ ♥❛ ♣rát✐❝❛✱ ♣♦✐s ♦ ❞❡s❛❝♦♣❧❛❞♦r

♦❜t✐❞♦ é ❝♦♠♣❧❡①♦✱ ♦ q✉❡ ❞✐✜❝✉❧t❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦✳ ❖ r❡s✉❧t❛❞♦ ❞❛ ❡str✉t✉r❛ s✐♠♣❧✐✜❝❛❞❛

é ✉♠ ❞❡s❛❝♦♣❧❛❞♦r s✐♠♣❧❡s✱ ♥♦ ❡♥t❛♥t♦ ❛ ♠❛tr✐③ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦

r❡s✉❧t❛♥t❡ é ❝♦♠♣❧❡①❛✳ ❈♦♠ ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ s❡ ♦❜té♠ ❛♦ ♠❡s♠♦ t❡♠♣♦ ❛ ♣r✐♥✲

❝✐♣❛❧ ✈❛♥t❛❣❡♠ ❞❛s ❡str✉t✉r❛s ✐❞❡❛❧ ✭r❡♣r❡s❡♥t❛çã♦ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ s✐♠♣❧❡s✮ ❡



❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦ ✽

s✐♠♣❧✐✜❝❛❞❛ ✭❞❡s❛❝♦♣❧❛❞♦r s✐♠♣❧❡s✮ ✭❏Ú◆■❖❘ ❡t ❛❧✳✱ ✷✵✶✷✮✳

❈♦♠♣❛r❛♥❞♦ ❛s três ❡str✉t✉r❛s✱ ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ t❡♠ ❝♦♠♦ ✈❛♥t❛❣❡♠ ❛ ❢❛✲

❝✐❧✐❞❛❞❡ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ❡q✉✐♣❛♠❡♥t♦s ✐♥❞✉str✐❛✐s ❝♦♠♦ ❈▲P ✭❈♦♥tr♦❧❛❞♦r ▲ó❣✐❝♦

Pr♦❣r❛♠á✈❡❧✮ ❡ ❙❉❈❉ ✭❙✐st❡♠❛ ❉✐❣✐t❛❧ ❞❡ ❈♦♥tr♦❧❡ ❉✐str✐❜✉í❞♦✮✳ ❊ss❛ ✐♠♣❧❡♠❡♥t❛çã♦

é r❡❛❧✐③❛❞❛ ❝♦♠ ❛ ✉t✐❧✐③❛çã♦ ❞♦s ❜❧♦❝♦s ❞❛s ❢✉♥çõ❡s ❧❡❛❞✲❧❛❣ ❡ t❡♠♣♦ ♠♦rt♦ ❡ ❛ ❡♥tr❛❞❛

❢❡❡❞❢♦r✇❛r❞ ❡①✐st❡♥t❡ ♥♦ ❝♦♥tr♦❧❛❞♦r P■❉ ✭❆●❯■❆❘ ❡t ❛❧✳✱ ✷✵✷✵✮✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣r♦❜❧❡♠❛

❛♥t✐✲✇✐♥❞✉♣ ♣♦❞❡ s❡r tr❛t❛❞♦ ❝♦♠♦ ♥♦ ❝❛s♦ ❙■❙❖ ✭●❆❘❘■❉❖ ❡t ❛❧✳✱ ✷✵✶✽✮✳ P♦r ♦✉tr♦

❧❛❞♦✱ ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣♦❞❡ s❡r ✐♥stá✈❡❧ q✉❛♥❞♦ ③❡r♦s ♥♦ s❡♠✐✲♣❧❛♥♦ ❞✐r❡✐t♦ ✭❘❍P

✲ ❞♦ ✐♥❣❧ês ❘✐❣❤t ❍❛❧❢ P❧❛♥❡✮ ❛♣❛r❡❝❡♠ ♥❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ✭▲■❯ ❡t

❛❧✳✱ ✷✵✶✾✮✳

❊♠ ●✉r✉♠✉rt❤② ❡ ❉❛s ✭✷✵✶✾✮✱ ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ é ✉t✐❧✐③❛❞♦ ♥♦ ❝♦♥tr♦❧❡ ❞❡ ✉♠

s✐st❡♠❛ ❚■❚❖ ❞❡ t❛♥q✉❡s ❛❝♦♣❧❛❞♦s✱ t♦r♥❛♥❞♦ ♣♦ssí✈❡❧ ♣r♦❥❡t❛r ♦ ❝♦♥tr♦❧❛❞♦r ♣❛r❛ ❞✉❛s

♠❛❧❤❛s ❙■❙❖✳ ❊♠ ▼❛❤❛♣❛tr♦ ❡t ❛❧✳ ✭✷✵✶✻✮✱ ✉♠ ❡st✉❞♦ ❝♦♠♣❛r❛t✐✈♦ ❡♥tr❡ ❝♦♥tr♦❧❛❞♦r ❞❡

❞❡s❛❝♦♣❧❛♠❡♥t♦ ■▼❈ ❡ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ❛♣❧✐❝❛❞♦ ❛♦

❝♦♥tr♦❧❡ ❞❡ ♥í✈❡❧ ❞❡ ❞♦✐s t❛♥q✉❡s ❛❝♦♣❧❛❞♦s é ❛♣r❡s❡♥t❛❞♦✳ ◆♦ ❝❛s♦ ❡st✉❞❛❞♦✱ ♦ ♠❡❧❤♦r ❞❡✲

s❡♠♣❡♥❤♦ ❞❡ ❝♦♥tr♦❧❡ é ❛❧❝❛♥ç❛❞♦ ❝♦♠ ❛ ❛❜♦r❞❛❣❡♠ q✉❡ ✉t✐❧✐③❛ ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦✳

❘❡s✉❧t❛❞♦ s✐♠✉❧❛r é ❛♣r❡s❡♥t❛❞♦ ❡♠ ◆❛✈rát✐❧ ❡t ❛❧✳ ✭✷✵✷✶✮✱ ♦♥❞❡ ♦ ❝♦♥tr♦❧❡ ❞❡ ✉♠ s✐st❡♠❛

❞❡ tú♥❡❧ ❞❡ ❛r q✉❡♥t❡ ❡♠ ❡s❝❛❧❛ ❧❛❜♦r❛t♦r✐❛❧ é r❡❛❧✐③❛❞♦ ✉s❛♥❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦✱

❝♦♥tr♦❧❛❞♦r P■❉ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❡ ❝♦♥tr♦❧❡ ❢❡❡❞❢♦r✇❛r❞✳

❖ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ é ❛♣❧✐❝❛❞♦ ❛♦ ❝♦♥tr♦❧❡ ❞❡ t❡♠♣❡r❛t✉r❛ ❞♦s r❡❛t♦r❡s ❞❛ ✉♥✐✲

❞❛❞❡ ❞❡ ❤✐❞r♦tr❛t❛♠❡♥t♦ ✭❍❉❚✮ ❞❛ ❘❡✜♥❛r✐❛ ❆❧❜❡rt♦ P❛sq✉❛❧✐♥✐ ✲ P❊❚❘❖❇❘❆❙ ❙✴❆

✭❘❡❢❛♣✮ ❡♠ ❆❣✉✐❛r ❡t ❛❧✳ ✭✷✵✷✵✮✳ ❈♦♠ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦✱ ❞❛

✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ♠❛❧❤❛s ❞❡ ❝♦♥tr♦❧❡ ❞❡ t❡♠♣❡r❛t✉r❛ ❢♦✐ r❡❞✉③✐❞❛✱ ♠❡❧❤♦r❛♥❞♦ ♦ ❞❡s❡♠✲

♣❡♥❤♦ ❞❛s ♠❛❧❤❛s ❞❡ ❝♦♥tr♦❧❡✳ ❆❧é♠ ❞✐ss♦✱ ❛ r❡❞✉çã♦ s✐❣♥✐✜❝❛t✐✈❛ ♥♦ ❡s❢♦rç♦ ❞❡ ❝♦♥tr♦❧❡

❢♦✐ ♦❜s❡r✈❛❞❛✳ ❏á ❡♠ ❘❛♦ ❡t ❛❧✳ ✭✷✵✶✾✮✱ ♦ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r é ❛♣❧✐✲

❝❛❞♦ ♥❛ ✉♥✐❞❛❞❡ ❞❡ ❝r❛q✉❡❛♠❡♥t♦ ❝❛t❛❧ít✐❝♦✱ ♦♥❞❡ ♦ r❛str❡❛♠❡♥t♦ ❞♦ s✐♥❛❧ ❞❡ r❡❢❡rê♥❝✐❛

❡ ❛ r❡❥❡✐çã♦ ❛ ♣❡rt✉r❜❛çõ❡s ❢♦r❛♠ ✈❡r✐✜❝❛❞❛s✳

❖ ♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ❞✐♥â♠✐❝♦ ❣❡r❛❧♠❡♥t❡ é ❜❛s❡❛❞♦ ❡♠ ♠♦❞❡❧♦ ❞❡ ♦r❞❡♠ ❜❛✐①❛

❞♦ ♣r♦❝❡ss♦✱ t♦r♥❛♥❞♦✲s❡ ❡✜❝❛③ ❛♣❡♥❛s ♣❛r❛ ❛s ❢r❡q✉ê♥❝✐❛s ♥❛s q✉❛✐s ♦ ♠♦❞❡❧♦ é ♣r❡❝✐s♦✳

❯♠❛ ♠❡t♦❞♦❧♦❣✐❛ ♣❛r❛ ❛✈❛❧✐❛r ❡ r❡♣r♦❥❡t❛r ♦ ❞❡s❛❝♦♣❧❛❞♦r s✐♠♣❧✐✜❝❛❞♦ ❢♦✐ ♦r✐❣✐♥❛❧♠❡♥t❡

♣r♦♣♦st❛ ❡♠ ❆❝✐♦❧✐ ❏ú♥✐♦r ❡ ❇❛rr♦s ✭✷✵✶✶✮✱ ♦♥❞❡ ♦ ♦❜❥❡t✐✈♦ é ❛❧❝❛♥ç❛r ♦ ❞❡s❛❝♦♣❧❛♠❡♥t♦

❡❢❡t✐✈♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ω90✱ ♥❛ q✉❛❧ ❛ ❢❛s❡ ❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡

−90o✱ ❡♠ ♠❛❧❤❛ ❛❜❡rt❛✳ ❊ss❛ ♠❡t♦❞♦❧♦❣✐❛ é ❡st❡♥❞✐❞❛ ♣❛r❛ ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ❡♠

❆❣✉✐❛r✱ ❆❝✐♦❧✐ ❏ú♥✐♦r ❡ ❇❛rr♦s ✭✷✵✶✽✮✳ ◆♦ ❡♥t❛♥t♦✱ ❡♠❜♦r❛ ❢♦r♥❡ç❛ ❜♦♥s r❡s✉❧t❛❞♦s ♣❛r❛

❛ ❢r❡q✉ê♥❝✐❛ ❞❡s❡❥❛❞❛✱ ❝♦♠ ❡ss❡ r❡♣r♦❥❡t♦ ♦ ❞❡s❛❝♦♣❧❛♠❡♥t♦ ♥♦ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ ♣♦❞❡

s❡r ❞❡❣r❛❞❛❞♦✳

❱✐s❛♥❞♦ s♦❧✉❝✐♦♥❛r ❡ss❡ ♣r♦❜❧❡♠❛✱ ❡♠ ❆❣✉✐❛r✱ ❆❝✐♦❧✐ ❏ú♥✐♦r ❡ ❇❛rr♦s ✭✷✵✷✶✮ ❡ ❆❣✉✐❛r✱



❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦ ✾

❆❝✐♦❧✐ ❏ú♥✐♦r ❡ ❇❛rr♦s ✭✷✵✶✾✮✱ ♦✉tr❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ r❡♣r♦❥❡t♦ ❞♦s ❞❡s❛❝♦♣❧❛❞♦r❡s s✐♠✲

♣❧✐✜❝❛❞♦ ❡ ✐♥✈❡rt✐❞♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ é ❛♣r❡s❡♥t❛❞❛✳ ◆❡ss❡ ❝❛s♦✱ ♦ ♦❜❥❡t✐✈♦ é ❣❛r❛♥t✐r

♦ ❞❡s❛❝♦♣❧❛♠❡♥t♦ ❡❢❡t✐✈♦ s♦❜r❡ ❛ ❧❛r❣✉r❛ ❞❡ ❜❛♥❞❛ ❞♦ ♣r♦❝❡ss♦✱ ♦✉ s❡❥❛✱ ♥♦ ✐♥t❡r✈❛❧♦ ❞❡

❢r❡q✉ê♥❝✐❛ ❡♥tr❡ ω = 0 ❡ ω90✳ ❯♠❛ ❧✐♠✐t❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ♣rát✐❝❛ ❞❡ss❛s ♠❡t♦❞♦❧♦❣✐❛s é ❛

♥❡❝❡ss✐❞❛❞❡ ❞❛ r❡❛❧✐③❛çã♦ ❞❡ ❡①♣❡r✐♠❡♥t♦ ❡♠ ♠❛❧❤❛ ❛❜❡rt❛ ♣❛r❛ ❛ ❛✈❛❧✐❛çã♦✱ ♣♦✐s ❛❧❣✉♥s

♣r♦❝❡ss♦s ❞❡✈❡♠ s❡r ♠❛♥t✐❞♦s ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣❛r❛ ❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡ ✭P❆❉■▲▲❆

❡t ❛❧✳✱ ✷✵✶✼✮✳

✶✳✸ ❈♦♥tr✐❜✉✐çõ❡s

◆♦ ❝♦♥t❡①t♦ ❞❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ♠✉❧t✐✈❛r✐á✈❡❧✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ❝♦♥tr✐❜✉✐çõ❡s

r❡❧❛t✐✈❛s ❛♦ ♣r♦❥❡t♦ ❡ ❛♦ r❡♣r♦❥❡t♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r✳

❉✉❛s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ♠✉❧t✐✈❛r✐á✈❡❧ sã♦ ❢♦r♠✉❧❛❞❛s ❝♦♠♦ ♣r♦❜❧❡♠❛

❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❝♦♠ r❡str✐çõ❡s ▲▼■✳ ❖ ♦❜❥❡t✐✈♦ é ❝❛❧❝✉❧❛r ♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥✲

tr♦❧❛❞♦r✱ ♦s q✉❛✐s ♠✐♥✐♠✐③❛♠ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❢✉♥çõ❡s ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ♣r♦❥❡t❛❞❛ ❡

❛ ❞❡s❡❥❛❞❛✳ ■ss♦ é r❡❛❧✐③❛❞♦ ❞❡ ♠❛♥❡✐r❛ ❛ ❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳ ❆

❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s té❝♥✐❝❛s ♣r♦♣♦st❛s é ❛ r❡str✐çã♦ ✐♥s❡r✐❞❛ ❛♦ ♣r♦❜❧❡♠❛✳ ❆ ♠❡s♠❛ ❢✉♥çã♦

♦❜❥❡t✐✈♦ é ✉s❛❞❛ ❡♠ ✭❑❆❘■▼■❀ ❑❆▼▼❊❘✱ ✷✵✶✼✮✱ ♥♦ ❡♥t❛♥t♦ s❡♠ ❣❛r❛♥t✐❛ ❞❡ ❡st❛❜✐❧✐✲

❞❛❞❡✳ P❛r❛ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛✱ ❞❛❞♦s ❞❡ ♠❛❧❤❛ ❛❜❡rt❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ sã♦

✉t✐❧✐③❛❞♦s✳

❚é❝♥✐❝❛s ❞❡ r❡♣r♦❥❡t♦ ❛♣❧✐❝❛❞❛s ❛ ♣r♦❝❡ss♦s ❙■❙❖ sã♦ ❡♥❝♦♥tr❛❞❛s ❞❛ ❧✐t❡r❛t✉r❛✳ ◆❡st❛

t❡s❡✱ ✉♠❛ té❝♥✐❝❛ ❞❡ r❡♣r♦❥❡t♦ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s P■ ❡ P■❉ ♠✉❧t✐✈❛r✐á✈❡✐s é ❛♣r❡s❡♥t❛❞❛✳

❉❛❞♦s ❞♦ ♣r♦❝❡ss♦ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ sã♦ ✉t✐❧✐③❛❞♦s✳ ❖ ♦❜❥❡t✐✈♦

é ❝❛❧❝✉❧❛r ♦ ✐♥❝r❡♠❡♥t♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛

r❡♣r♦❥❡t❛❞❛ s❡ ❛♣r♦①✐♠❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ❯♠❛ ♠❛♥❡✐r❛ ❞❡ ❞❡✜♥✐r ❡ss❡ ♠♦❞❡❧♦

❞❡ r❡❢❡rê♥❝✐❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣❛r❛ ♣r♦❝❡ss♦s ♠✉❧t✐✈❛r✐á✈❡✐s é ❛♣r❡s❡♥t❛❞❛✳

❊♠ r❡❧❛çã♦ ❛♦ ❝♦♥tr♦❧❡ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r✱ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ♣❛r❛ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦

❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ é ♣r♦♣♦st❛✳ ❉✐❢❡r❡♥t❡ ❞❛s ♠❡t♦❞♦❧♦❣✐❛s ❡♥❝♦♥tr❛❞❛s ♥❛ ❧✐t❡r❛✲

t✉r❛✱ ♦♥❞❡ ❛ ♠❛❧❤❛ ❛❜❡rt❛ é ❛✈❛❧✐❛❞❛✱ ♥❡st❛ t❡s❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ é ❝♦♥s✐❞❡r❛❞❛✳ ❆ss✐♠✱

❞❛❞♦s ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ sã♦ ✉t✐❧✐③❛❞♦s✳ ❖ ♦❜❥❡t✐✈♦ ❞♦ ♣r♦❝❡❞✐✲

♠❡♥t♦ ❛♣r❡s❡♥t❛❞♦ é r❡♣r♦❥❡t❛r ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ❞❡ ❢♦r♠❛ ❛ t♦r♥á✲❧♦ ❡❢❡t✐✈♦ ♥❛s

❢r❡q✉ê♥❝✐❛s ❞❡ ✐♥t❡r❡ss❡ ♣❛r❛ ❝♦♥tr♦❧❡✳ ❊ss❛ ♠❡t♦❞♦❧♦❣✐❛ é ❛♣❧✐❝❛❞❛ ❛ ♣r♦❝❡ss♦s ❚■❚❖✳

❆ ♣❛rt✐r ❞❡ss❛s ❝♦♥tr✐❜✉✐çõ❡s ❢♦r❛♠ ♣✉❜❧✐❝❛❞♦s ♦s s❡❣✉✐♥t❡s tr❛❜❛❧❤♦s✿

• ❆rt✐❣♦s ❡♠ r❡✈✐st❛

❆●❯■❆❘✱ ❆✳ P✳ ❱✳ ❞✳ ❆✳❀ ❆❈■❖▲■ ❏Ú◆■❖❘✱ ●✳❀ ❇❆❘❘❖❙✱ P✳ ❘✳ ❊✈❛❧✉❛t✐♦♥ ❛♥❞

r❡❞❡s✐❣♥ ♦❢ t❤❡ ✐♥✈❡rt❡❞ ❞❡❝♦✉♣❧❡r✿ ♦♣❡♥ ❛♥❞ ❝❧♦s❡❞✲❧♦♦♣ ❛♣♣r♦❛❝❤❡s✳ ■♥t❡r♥❛t✐♦♥❛❧



❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦ ✶✵

❏♦✉r♥❛❧ ♦❢ ❈♦♥tr♦❧✱ ❆✉t♦♠❛t✐♦♥ ❛♥❞ ❙②st❡♠s✱ ❙♣r✐♥❣❡r✱ ✈✳ ✶✽✱ ♥✳ ✻✱ ♣✳ ✶✹✸✺✲✶✹✹✹✱

✷✵✷✵✳

❆●❯■❆❘✱ ❆✳ P✳ ❱✳ ❞✳ ❆✳ ❡t ❛❧✳ ■♥✈❡rt❡❞ ❞❡❝♦✉♣❧✐♥❣ P■❉ ❝♦♥tr♦❧ ❛♣♣❧✐❡❞ t♦ t❤❡ r❡✲

❛❝t♦rs ♦❢ ❛ ❞✐❡s❡❧ ❤②❞r♦tr❡❛t✐♥❣ ✉♥✐t✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♥tr♦❧✱ ❆✉t♦♠❛t✐♦♥ ❛♥❞ ❊❧❡❝tr✐❝❛❧

❙②st❡♠s✱ ✈✳ ✸✹✱ ♥✳ ✷✱ ♣✳ ✸✶✺✲✸✷✸✱ ✷✵✷✸✳

• ❆rt✐❣♦s ❡♠ ❝♦♥❣r❡ss♦ ❙ã♦ P❛✉❧♦✿ ■❊❊❊✱ ✷✵✶✽✳ ♣✳ ✸✻✶❄✸✻✻✳ ❆●❯■❆❘✱ ❆✳ P✳ ❱✳ ❞✳

❆✳ ❡t ❛❧✳ ❈♦♥tr♦❧❡ P■❉ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r ❛♣❧✐❝❛❞♦ ❛♦s r❡❛t♦r❡s ❞❡

✉♠❛ ✉♥✐❞❛❞❡ ❞❡ ❤✐❞r♦tr❛t❛♠❡♥t♦ ❞❡ ❞✐❡s❡❧✳ ■♥✿ ❈♦♥❣r❡ss♦ ❇r❛s✐❧❡✐r♦ ❞❡ ❆✉t♦♠át✐❝❛

✭❈❇❆✮✱ ✈✳ ✷✱ ♥✳ ✶✳ ❇r❛s✐❧✿ ❙❇❆✱ ✷✵✷✵✳

❋❘❊■❘❊✱ ❱✳ ▼✳ ❊✳ ❡t ❛❧✳ Pr♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ P■ ❜❛s❡❛❞♦ ❡♠ ❞❛❞♦s ❛♣❧✐❝❛❞♦ ❛ ✉♠

♠ó❞✉❧♦ ❞✐❞át✐❝♦ ❝♦♠ ✐♥t❡r❢❛❝❡ ✇❡❜✳ ■♥✿ ❈♦♥❣r❡ss♦ ❇r❛s✐❧❡✐r♦ ❞❡ ❆✉t♦♠át✐❝❛ ✭❈❇❆✮✱

✈✳ ✷✱ ♥✳ ✶✳ ❇r❛s✐❧✿ ❙❇❆✱ ✷✵✷✵✳

❆●❯■❆❘✱ ❆✳ P✳ ❱✳ ❞✳ ❆✳ ❡t ❛❧✳ ❆ ❞❛t❛✲❞r✐✈❡♥ ❛♣♣r♦❛❝❤ t♦ ▼■▼❖ P■❉ t✉♥✐♥❣ ✈✐❛

▲▼■ ❝♦♥str❛✐♥ts✳ ▼♦❞❡❧✐♥❣✱ ❊st✐♠❛t✐♦♥ ❛♥❞ ❈♦♥tr♦❧ ❈♦♥❢❡r❡♥❝❡ ✭▼❊❈❈✮✱ ✈✳ ✺✹✱ ♥✳

✷✵✱ ♣✳ ✺✼✸✲✺✼✽✳ ❊❯❆✿ ■❋❆❈✱ ✷✵✷✶✳

❆●❯■❆❘✱ ❆✳ P✳ ❱✳ ❞✳ ❆✳ ❡t ❛❧✳ ❆ ❝❧♦s❡❞✲❧♦♦♣ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ P■ r❡t✉♥✐♥❣ t❡❝❤✲

♥✐q✉❡ ❢♦r ♠✉❧t✐✈❛r✐❛❜❧❡ s②st❡♠s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❆❞✈❛♥❝❡❞ ❈♦♥tr♦❧ ♦❢

❈❤❡♠✐❝❛❧ Pr♦❝❡ss❡s ✭❆❉❈❍❊▼✮✱ ✈✳ ✺✹✱ ♥✳ ✸✱ ♣✳ ✹✻✸✲✹✻✽✳ ■tá❧✐❛✿ ■❋❆❈✱ ✷✵✷✶✳

▼❖❘❊■❘❆✱ ▲✳ ❏✳ ❞✳ ❙✳ ❡t ❛❧✳ ❚✐♠❡ ❛♥❞ ❢r❡q✉❡♥❝② ❞❛t❛✲❞r✐✈❡♥ P■❉ r❡t✉♥✐♥❣ ❛♣✲

♣❧✐❡❞ ✐♥ ▼■▼❖ ♣r♦❝❡ss✳ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❆❞✈❛♥❝❡❞ ❈♦♥tr♦❧ ♦❢ ❈❤❡♠✐❝❛❧

Pr♦❝❡ss❡s ✭❆❉❈❍❊▼✮✱ ✈✳ ✺✹✱ ♥✳ ✸✱ ♣✳ ✹✻✾✲✹✼✹✳ ■tá❧✐❛✿ ■❋❆❈✱ ✷✵✷✶✳

❋❘❊■❘❊✱ ❱✳ ▼✳ ❊✳ ❡t ❛❧✳ Pr♦❥❡t♦ ♥ã♦ ✐t❡r❛t✐✈♦ ❞❡ ❝♦♥tr♦❧❛❞♦r P■ ❜❛s❡❛❞♦ ❡♠

❞❛❞♦s ❛♣❧✐❝❛❞♦ ❛ ✉♠ ♠ó❞✉❧♦ ❞✐❞át✐❝♦ ❝♦♠ ✐♥t❡r❢❛❝❡ ✇❡❜✳ ■♥✿ ❙✐♠♣ós✐♦ ❇r❛s✐❧❡✐r♦

❞❡ ❆✉t♦♠❛çã♦ ■♥t❡❧✐❣❡♥t❡ ✭❙❇❆■✮✱ ✈✳ ✶✱ ♥✳ ✶✱ ♣✳ ✾✵✶✲✾✵✽✳ ❇r❛s✐❧✿ ❙❇❆✱ ✷✵✷✶✳

❆●❯■❆❘✱ ❆✳ P✳ ❱✳ ❞✳ ❆✳❀ ❆❈■❖▲■ ❏Ú◆■❖❘✱ ●✳❀ ❇❆❘❘❖❙✱ P✳ ❘✳ ❊①♣❡r✐♠❡♥t❛❧

❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❢r❡q✉❡♥❝②✲❞♦♠❛✐♥ ❞❛t❛✲❜❛s❡❞ ❛♣♣r♦❛❝❤ t♦ ▼■▼❖ P■❉ t✉♥✐♥❣ ✈✐❛

▲▼■ ❝♦♥str❛✐♥ts✳ ❈♦♥❣r❡ss♦ ❇r❛s✐❧❡✐r♦ ❞❡ ❆✉t♦♠át✐❝❛ ✭❈❇❆✮✳ ❇r❛③✐❧✿ ❙❇❆✱ ✷✵✷✷✳

❋❘❊■❘❊✱ ❱✳ ▼✳ ❊✳ ❡t ❛❧✳ ❊str❛té❣✐❛s ❞❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■ ♠✉❧t✐✈❛r✐á✈❡❧

❜❛s❡❛❞❛s ❡♠ ❞❛❞♦s ❛♣❧✐❝❛❞❛s ❛ ✉♠ ♣r♦❝❡ss♦ t❡r♠♦❡❧étr✐❝♦✳❈♦♥❣r❡ss♦ ❇r❛s✐❧❡✐r♦ ❞❡

❆✉t♦♠át✐❝❛ ✭❈❇❆✮✱ ❇r❛③✐❧✿ ❙❇❆✱ ✷✵✷✷✳

• ❈❛♣ít✉❧♦ ❞❡ ❧✐✈r♦

❆●❯■❆❘✱ ❆✳ P✳ ❱✳ ❞✳ ❆✳❀ ❆❈■❖▲■ ❏Ú◆■❖❘✱ ●✳❀ ❇❆❘❘❖❙✱ P✳ ❘✳ ▼■▼❖ P■❉

❝♦♥tr♦❧ r❡t✉♥✐♥❣ ✉s✐♥❣ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡✳ ■♥✿ P■❉ ❈♦♥tr♦❧✳ ✶❡❞✳

▲♦♥❞r❡s✿ ■♥t❡❝❤♦♣❡♥✱ ✷✵✷✷✳



❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦ ✶✶

✶✳✹ ❊str✉t✉r❛ ❞♦ ❞♦❝✉♠❡♥t♦

❊st❡ ❞♦❝✉♠❡♥t♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳

❆ ✐♥tr♦❞✉çã♦ é ❛♣r❡s❡♥t❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ♥♦ q✉❛❧ ❡stã♦ ❞✐s♣♦st❛s ❛ ♠♦t✐✈❛çã♦ ❞♦

tr❛❜❛❧❤♦ ❡ ❛ r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛ ❞❛s ❛❜♦r❞❛❣❡♥s ❞❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ♠✉❧t✐✈❛✲

r✐á✈❡❧ ❝♦♠ r❡str✐çõ❡s ▲▼■✱ ❞❛s té❝♥✐❝❛s ❞❡ r❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❡ ❞❡ ♠❡t♦❞♦❧♦❣✐❛s

❞❡ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❝♦♥tr✐❜✉✐çõ❡s ♣r❡❧✐♠✐♥❛r❡s sã♦

❛♣r❡s❡♥t❛❞❛s✳

❆ ❢✉♥❞❛♠❡♥t❛çã♦ t❡ór✐❝❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛ ♣r♦♣♦st❛ ❞❡ t❡s❡ é

❛♣r❡s❡♥t❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❆s ❢♦r♠✉❧❛çõ❡s ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❝❡♥tr❛❧✐③❛❞♦ ❡ ❞❡s❝❡♥✲

tr❛❧✐③❛❞♦ ❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ sã♦ ❞❡s❝r✐t❛s✳ ❆ ❡str✉t✉r❛ ❞❡ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠

❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ é ❞❡t❛❧❤❛❞❛✳ ❆✐♥❞❛ sã♦ ❞❡✜♥✐❞❛s ❛s ❡s♣❡❝✐✜❝❛çõ❡s ❞❡ ❞❡s❡♠♣❡♥❤♦

❡ r♦❜✉st❡③ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♠✉❧t✐✈❛r✐á✈❡❧✳ P♦r ✜♠✱ ❛ ❞❡✜♥✐çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠❛tr✐❝✐❛❧

❧✐♥❡❛r ❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❝♦♥✈❡①✐✜❝❛çã♦ sã♦ r❡✈✐s❛❞♦s✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❛s té❝♥✐❝❛s ❞❡ s✐♥t♦♥✐❛ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r ♠✉❧t✐✈❛r✐á✈❡❧

r♦❜✉st♦✱ ❢♦r♠✉❧❛❞❛s ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❝♦♠ r❡str✐çõ❡s ▲▼■✱ sã♦ ♣r♦✲

♣♦st❛s✳ ❆ ❢♦r♠✉❧❛çã♦ ❞❛s ❢✉♥çõ❡s ❞❡ ❝✉st♦ ❡ ❞❛s r❡str✐çõ❡s sã♦ ❞❡t❛❧❤❛❞❛s✳ ❉❛❞♦s ♥♦

❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ sã♦ ✉s❛❞♦s ♣❛r❛ r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s ♣r♦♣♦st♦s✳ ❆❧é♠ ❞✐ss♦✱ ✉♠❛

❞❡✜♥✐çã♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♥❡❝❡ssár✐♦ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❛s

té❝♥✐❝❛s é ❛♣r❡s❡♥t❛❞❛✳ ❘❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❛s té❝♥✐❝❛s ♣r♦♣♦st❛s sã♦

❞✐s❝✉t✐❞♦s ♥♦ ✜♥❛❧ ❞♦ ❈❛♣ít✉❧♦✳

❯♠❛ té❝♥✐❝❛ ❞❡ r❡♣r♦❥❡t♦ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s P■ ❡ P■❉ ♠✉❧t✐✈❛r✐á✈❡✐s ❜❛s❡❛❞❛ ♥❛ r❡s✲

♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ é ♣r♦♣♦st❛ ♥♦ ❈❛♣ít✉❧♦ ✹✳ ❘❡s✉❧t❛❞♦s

❞❡ s✐♠✉❧❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❛ té❝♥✐❝❛ ♣r♦♣♦st❛ sã♦ ❞✐s❝✉t✐❞♦s✳

❆ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖

❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ✉t✐❧✐③❛♥❞♦ ❡str✉t✉r❛ ❞❡ r❡❛❧✐♠❡♥t❛çã♦ ❝♦♠ r❡❧é✲✐♥t❡❣r❛❞♦r é ❛♣r❡s❡♥t❛❞❛

♥♦ ❈❛♣ít✉❧♦ ✺✳ ❆❧é♠ ❞✐ss♦✱ r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ♣r♦♣♦st❛

sã♦ ❞✐s❝✉t✐❞♦s✳

❊st❛ t❡s❡ é ✜♥❛❧✐③❛❞❛ ❝♦♠ ❛s ❝♦♥❝❧✉sõ❡s ❛♣r❡s❡♥t❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✻✱ ♥♦ q✉❛❧ tr❛❜❛❧❤♦s

❢✉t✉r♦s sã♦ s✉❣❡r✐❞♦s✳



❈❛♣ít✉❧♦ ✷

❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s

✷✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❈❛♣ít✉❧♦✱ ❞❡✜♥✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛ t❡s❡ sã♦ ❛♣r❡s❡♥t❛✲

❞❛s✳ ❆s ❝❛r❛❝t❡ríst✐❝❛s ❞♦s s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ❝♦♥s✐❞❡r❛❞♦s ❡ ❛s ❡str✉t✉r❛s ❞❡ ❝♦♥tr♦❧❡

❝❡♥tr❛❧✐③❛❞♦✱ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ sã♦ ❞❡s❝r✐t❛s✳

❆❧é♠ ❞✐ss♦✱ ♦ ♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ é ❛♣r❡s❡♥t❛❞♦✳ ❊s✲

♣❡❝✐✜❝❛çõ❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❡ r♦❜✉st❡③✱ ✉t✐❧✐③❛❞❛s ❝♦♠♦ ❝r✐tér✐♦s ♥❛s té❝♥✐❝❛s ♣r♦♣♦st❛s ❡

♥❛ ❛♥á❧✐s❡ ❞♦s ♣r♦❥❡t♦s ♣r♦♣♦st♦s✱ sã♦ ❞❡✜♥✐❞❛s✳

❊st❡ ❈❛♣ít✉❧♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆❛ ❙❡çã♦ ✷✳✷✱ sã♦ ❛♣r❡s❡♥t❛❞❛s

❞❡✜♥✐çõ❡s r❡❧❛❝✐♦♥❛❞❛s ❛ ♠❛❧❤❛ ❞❡ r❡❛❧✐♠❡♥t❛çã♦ ❜ás✐❝❛✱ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦

❝♦♥tr♦❧❛❞♦r P■❉ ❡ ❛♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦✳ ◆❛s ❙❡çõ❡s ✷✳✸ ❡ ✷✳✹✱ ♦s í♥❞✐❝❡s ❞❡ ❞❡✲

s❡♠♣❡♥❤♦ ❡ r♦❜✉st❡③ sã♦ ❞❡s❝r✐t♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ♠❛tr✐❝✐❛❧ ❧✐♥❡❛r ❡ ♦

♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❝♦♥✈❡①✐✜❝❛çã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❙❡çõ❡s ✷✳✺ ❡ ✷✳✻✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❈❛♣ít✉❧♦ é ✜♥❛❧✐③❛❞♦ ❝♦♠ ❛s ❝♦♥❝❧✉sõ❡s ♥❛ ❙❡çã♦ ✷✳✼✳

✷✳✷ ❉❡s❝r✐çã♦ ❞♦ s✐st❡♠❛

◆❡st❛ ❙❡çã♦✱ ❛s ❞❡✜♥✐çõ❡s ❞❡ ♣r♦❝❡ss♦ ❡ ❞❛s ❡str✉t✉r❛s ❞❡ ❝♦♥tr♦❧❡ ❝♦♥s✐❞❡r❛❞❛s ♥❡st❛ t❡s❡

sã♦ ❛♣r❡s❡♥t❛❞❛s✳

✷✳✷✳✶ ▼❛❧❤❛ ❞❡ r❡❛❧✐♠❡♥t❛çã♦ ❜ás✐❝❛

❈♦♥s✐❞❡r❛✲s❡ ♦ ♣r♦❝❡ss♦ ▼■▼❖ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✱ ♦♥❞❡ ♦

❞✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ❡str✉t✉r❛ ❜ás✐❝❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ é ♠♦str❛❞♦✳ ❖ ♣r♦❝❡ss♦ ♠✉❧t✐✲

✈❛r✐á✈❡❧ ▲■❚ ✭❧✐♥❡❛r ✐♥✈❛r✐❛♥t❡ ♥♦ t❡♠♣♦✮ ❡ ❡stá✈❡❧ G(s)✱ ❝♦♠ n ❡♥tr❛❞❛s ✭❛t✉❛❞♦r❡s✮ ❡ n

s❛í❞❛s ✭s❡♥s♦r❡s✮ é ❝♦♥tr♦❧❛❞♦ ♣❡❧♦ ❝♦♥tr♦❧❛❞♦r C(s) ✐♥✈❛r✐❛♥t❡ ♥♦ t❡♠♣♦✳ ❆s ❡♥tr❛❞❛s ❞♦

✶✷



❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✶✸

❋✐❣✉r❛ ✷✳✶✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ❡str✉t✉r❛ ❜ás✐❝❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

s✐st❡♠❛ sã♦ ♦ s✐♥❛❧ ❞❡ r❡❢❡rê♥❝✐❛ r(t) ❡ ♦ s✐♥❛❧ r❡❢❡r❡♥t❡ à ♣❡rt✉r❜❛çã♦ ❞❛ ♣❧❛♥t❛ v(t)✳ ❆

❡♥tr❛❞❛ ❡ ❛ s❛í❞❛ ❞♦ ♣r♦❝❡ss♦ sã♦ ❞❛❞❛s ♣♦r u(t) ❡ y(t)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ e(t) é ♦ s✐♥❛❧

❞❡ ❡rr♦✳

❆ r❡❧❛çã♦ ❡♥tr❡ ♦s s✐♥❛✐s r❡♣r❡s❡♥t❛❞♦s ♥♦ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ❋✐❣✉r❛ ✷✳✶ é ❞❛❞❛

♣♦r✿

U(s) = C(s)E(s) +V(s), ✭✷✳✶✮

e(t) = r(t)− y(t). ✭✷✳✷✮

❆ ♣❛rt✐r ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ✭❋✐❣✉r❛ ✷✳✶✮ ❡ ❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s✲

❢❡rê♥❝✐❛ ❞❛ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛✿

L(s) = G(s)C(s), ✭✷✳✸✮

sã♦ ❞❡✜♥✐❞❛s ❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡✿

• ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❝♦♠♣❧❡♠❡♥t❛r ♦✉ ❢✉♥çã♦ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛

T(s) = (I+ L(s))−1L(s) ✭✷✳✹✮

é ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ r❡❢❡rê♥❝✐❛ ✭r✮ ♣❛r❛ ❛ s❛í❞❛ ✭y✮✱ ♥❛ q✉❛❧ I é ❛ ♠❛tr✐③

✐❞❡♥t✐❞❛❞❡ ❡ (·)−1 é ❛ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③✳

• ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡

S(s) = (I+ L(s))−1 ✭✷✳✺✮

é ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ r❡❢❡rê♥❝✐❛ ✭r✮ ♣❛r❛ ♦ ❡rr♦ ✭e✮ ❡ r❡♣r❡s❡♥t❛ ❛ ♠❡❞✐❞❛

❞♦ ❡rr♦ ❞❡ r❛str❡❛♠❡♥t♦✳

❆ r❡❧❛çã♦ ❡♥tr❡ ❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❝♦♠♣❧❡♠❡♥t❛r é ❞❛❞❛ ♣♦r✿

S(s) +T(s) = I. ✭✷✳✻✮



❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✶✹

• ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡ ♦✉ ♣❛râ♠❡tr♦✲◗

Q(s) = (I+ L(s))−1C(s) ✭✷✳✼✮

é ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ r❡❢❡rê♥❝✐❛ ✭r✮ ♣❛r❛ ❛ ❡♥tr❛❞❛ ✭u✮ ❡ r❡♣r❡s❡♥t❛ ♦ ❡s❢♦rç♦

❞❡ ❝♦♥tr♦❧❡✳

❉❛❞❛ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ Lr(s)✱ ❢✉♥çõ❡s

❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ r❡❢❡rê♥❝✐❛ sã♦ ❞❡✜♥✐❞❛s✿

• ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ r❡❢❡rê♥❝✐❛

Tr(s) = (I+ Lr(s))
−1Lr(s), ✭✷✳✽✮

• ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ r❡❢❡rê♥❝✐❛

Sr(s) = (I+ Lr(s))
−1. ✭✷✳✾✮

❆ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ sã♦ ❞❛❞❛s✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r G(jω) ❡ T(jω)✳ ❆ss✉♠❡✲s❡ q✉❡ G(jω) ❡ T(jω) sã♦ ❧✐♠✐t❛❞❛s ♣❛r❛

t♦❞❛s ❛s ❢r❡q✉ê♥❝✐❛s ω✳ ❆ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞♦ ♠♦❞❡❧♦ ❞♦

♣r♦❝❡ss♦ ♦✉ ❝❛❧❝✉❧❛❞❛ ❞✐r❡t❛♠❡♥t❡ ❞♦s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ✭u ♥♦ ❝❛s♦ ❞❛ ♠❛❧❤❛ ❛❜❡rt❛ ❡ r

♥♦ ❝❛s♦ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✮ ❡ s❛í❞❛ ✭y✮ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ✉s❛♥❞♦ ❛ ❛♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r

✭●❖❖❉❲■◆ ❡t ❛❧✳✱ ✷✵✵✶✮✿

G(jω) ≈
[

N−1
∑

k=0

y(k)e−jωTsk

][

N−1
∑

k=0

u(k)e−jωTsk

]−1

, ✭✷✳✶✵✮

T(jω) ≈
[

N−1
∑

k=0

y(k)e−jωTsk

][

N−1
∑

k=0

r(k)e−jωTsk

]−1

, ✭✷✳✶✶✮

s❡♥❞♦ N é ♦ t❛♠❛♥❤♦ ❞♦s ✈❡t♦r❡s ❞❡ ❞❛❞♦s ❞❡ ❡♥tr❛❞❛✴s❛í❞❛✱ y(k)✱ u(k) ❡ r(k) sã♦ ❛

s❛í❞❛✱ ❛ ❡♥tr❛❞❛ ❡ ❛ r❡❢❡rê♥❝✐❛ ♥♦ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ k ❡ Ts é ♦ ♣❡rí♦❞♦ ❞❡ ❛♠♦str❛❣❡♠✳



❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✶✺

✷✳✷✳✷ ❈♦♥tr♦❧❛❞♦r ♠✉❧t✐✈❛r✐á✈❡❧

❈♦♥s✐❞❡r❛✲s❡ ♦ ❝♦♥tr♦❧❛❞♦r ♠✉❧t✐✈❛r✐á✈❡❧ ❞❡ ❡str✉t✉r❛ ✜①❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ✈❡t♦r ❞❡

♣❛râ♠❡tr♦s θ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ♠❛tr✐③ C(s,θ) ❞❛❞❛ ♣♦r✿

C(s,θ) =















C11(s,θ) C12(s,θ) · · · C1n(s,θ)

C21(s,θ) C22(s,θ) · · · C2n(s,θ)
✳✳✳

✳✳✳ ✳ ✳ ✳ ✳✳✳

Cn1(s,θ) Cn2(s,θ) · · · Cnn(s,θ)















, ✭✷✳✶✷✮

❝♦♠ Cij ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦s ✈❛❧♦r❡s ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❛ ♠❛tr✐③ ✭✷✳✶✷✮✱ ♦ ❝♦♥tr♦❧❛❞♦r ♠✉❧t✐✈❛✲

r✐á✈❡❧ ♣♦❞❡ s❡r ❝❡♥tr❛❧✐③❛❞♦ ♦✉ ❞❡s❝❡♥tr❛❧✐③❛❞♦✳

❈♦♥tr♦❧❛❞♦r ❝❡♥tr❛❧✐③❛❞♦

❖ ❝♦♥tr♦❧❛❞♦r ❝❡♥tr❛❧✐③❛❞♦ é ❞❛❞♦ ♣❡❧❛ ♠❛tr✐③ ✭✷✳✶✷✮✱ ❝♦♠ ❡❧❡♠❡♥t♦s ❢♦r❛ ❞❛ ❞✐❛❣♦♥❛❧

♣r✐♥❝✐♣❛❧ ♥ã♦ ♥✉❧♦s✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ❝♦♥tr♦❧❛❞♦r ❣❡r❛❧✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❛ ♠❛tr✐③ ✭✷✳✶✷✮

é t♦t❛❧♠❡♥t❡ ♣❛r❛♠❡tr✐③❛❞♦ ❡♠ t❡r♠♦s ❞❡ ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s✿

Cij(s,θ) =
Xnumijps

p + · · ·+Xnumij1s+Xnumij0

sp + · · ·+Xdenij1s+Xdenij0

. ✭✷✳✶✸✮

❆ss✐♠✱ ♦ ❝♦♥tr♦❧❛❞♦r ✭✷✳✶✷✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛ ❞❡ ❢r❛çõ❡s ♠❛tr✐❝✐❛✐s✿

C(s) = Xnum(s)X
−1

den(s), ✭✷✳✶✹✮

♥❛ q✉❛❧ Xnum(s) ❡ Xden(s) sã♦ ♠❛tr✐③❡s ❞❡ ♣♦❧✐♥ô♠✐♦s✳

❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r é ❝♦♥s✐❞❡r❛r ❛s ♠❛tr✐③❡s Xnum(s) ❡ Xden(s) ♥❛ ❢♦r♠❛✿

XnumPID(s) = s2KD + sKP +KI , ✭✷✳✶✺✮

XdenPID(s) = sI, ✭✷✳✶✻✮

♦✉ s❡❥❛✱ ❝♦♥s✐❞❡r❛r q✉❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❛ ♠❛tr✐③ ✭✷✳✶✷✮ é ✉♠ ❝♦♥tr♦❧❛❞♦r P■❉✿

Cij(s) = KPij +
KIij

s
+ sKDij, ✭✷✳✶✼✮

♦♥❞❡ KP ✱ KI ❡ KD sã♦ ♦s ❣❛♥❤♦s ♣r♦♣♦r❝✐♦♥❛❧✱ ✐♥t❡❣r❛❧ ❡ ❞❡r✐✈❛t✐✈♦ ❡ KP ✱ KI ❡ KD sã♦

❛s ♠❛tr✐③❡s ❞♦s ❣❛♥❤♦s ♣r♦♣♦r❝✐♦♥❛❧✱ ✐♥t❡❣r❛❧ ❡ ❞❡r✐✈❛t✐✈♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆❡st❡ ❝❛s♦✱



❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✶✻

♦ ❝♦♥tr♦❧❛❞♦r ✭✷✳✶✷✮ t❛♠❜é♠ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛✿

C(s) = KP +
KI

s
+ sKD. ✭✷✳✶✽✮

❈♦♥tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦

❆ss✐♠ ❝♦♠♦ ♦ ❝♦♥tr♦❧❛❞♦r ❝❡♥tr❛❧✐③❛❞♦✱ ♦ ❞❡s❝❡♥tr❛❧✐③❛❞♦ t❛♠❜é♠ é ❞❛❞♦ ♣♦r ✉♠❛ ♠❛tr✐③

❞❡ ❝♦♥tr♦❧❛❞♦r❡s✳ ❆ ❞✐❢❡r❡♥ç❛ é q✉❡ ♥♦ ❝♦♥tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s

❢♦r❛ ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❞❛ ♠❛tr✐③ sã♦ ♥✉❧♦s✿

C(s) =















C11(s) 0 · · · 0

0 C22(s) · · · 0
✳✳✳

✳✳✳ ✳ ✳ ✳ ✳✳✳

0 0 · · · Cnn(s)















. ✭✷✳✶✾✮

❈♦♥s✐❞❡r❛♥❞♦ ❡ss❛ ❞✐❢❡r❡♥ç❛✱ t♦❞❛s ❛s ❡q✉❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ♣❛r❛ ♦ ❝♦♥tr♦❧❛❞♦r ❝❡♥✲

tr❛❧✐③❛❞♦ sã♦ ✈á❧✐❞❛s ♣❛r❛ ♦ ❞❡s❝❡♥tr❛❧✐③❛❞♦✳

❉❡✈✐❞♦ ❛♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛s ♠❛❧❤❛s ❞♦ ♣r♦❝❡ss♦ ▼■▼❖✱ ♦ ♣r♦❥❡t♦ ❞❡ss❡ ❝♦♥tr♦❧❛❞♦r

♣♦❞❡ r❡s✉❧t❛r ❡♠ ✉♠❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ✐♥stá✈❡❧ ♦✉ q✉❡ ♥ã♦ ❛t✐♥❣❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡s❡❥❛❞♦✳

❯♠❛ ♠❛♥❡✐r❛ ❞❡ ♠❡❧❤♦r❛r ❡ss❡ ❞❡s❡♠♣❡♥❤♦ é ✐♠♣❧❡♠❡♥t❛r ♦ ❝♦♥tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦

❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ♦ ❜❧♦❝♦ ❞❡s❛❝♦♣❧❛❞♦r ✭✈❡r ❙❡çã♦ ✷✳✷✳✸✮✳

❋✐❧tr♦ ❞❡r✐✈❛t✐✈♦

❈♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ❡✈✐t❛r ❛ ❛♠♣❧✐✜❝❛çã♦ ❞♦ r✉í❞♦ ❞❡ ♠❡❞✐çã♦✱ ♥❛ ♣rát✐❝❛✱ ✉♠ ✜❧tr♦

❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ é ✐♠♣❧❡♠❡♥t❛❞♦ ♥❛ ❛çã♦ ❞❡r✐✈❛t✐✈❛ ❞♦ ❝♦♥tr♦❧❛❞♦r✱ ❡q✉❛çã♦ ✭✷✳✶✼✮✳

❆ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦ ✜❧tr♦ ✭τfij✮✱ t✐♣✐❝❛♠❡♥t❡✱ é ❝❛❧❝✉❧❛❞❛ ❝♦♠ ❜❛s❡ ♥♦s ❣❛♥❤♦s

♣r♦♣♦r❝✐♦♥❛❧ ❡ ❞❡r✐✈❛t✐✈♦ ✭❲❆◆●✱ ✷✵✷✵✮ ❡ é ❞❛❞❛ ♣♦r✿

τfij = 0,1
KDij

KPij

. ✭✷✳✷✵✮

✷✳✷✳✸ ❈♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦

❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❛♣r❡s❡♥t❛❞♦ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r é ✈á❧✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s

❝♦♠ ❞✉❛s ❡♥tr❛❞❛s ❡ ❞✉❛s s❛í❞❛s✳ ❆ss✐♠✱ ♥❡st❛ ❙❡çã♦✱ é ❝♦♥s✐❞❡r❛❞♦ ♦ ♣r♦❝❡ss♦ ❚■❚❖

❞❛❞♦ ♣♦r✿

G(s) =

[

G11(s) G12(s)

G21(s) G22(s)

]

, ✭✷✳✷✶✮

♦♥❞❡ G11(s) ❡ G22(s) r❡♣r❡s❡♥t❛♠ ❛ ❞✐♥â♠✐❝❛ ❞❛s r❡❧❛çõ❡s ❞✐r❡t❛s ❡♥tr❡ ❛ ❡♥tr❛❞❛ i ❡ ❛

s❛í❞❛ i ❡ G12(s) ❡ G21(s) ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ❞✐❢❡r❡♥t❡s ♠❛❧❤❛s✱ ♦✉ s❡❥❛✱ ❛ ❡♥tr❛❞❛ i ❡ ❛



❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✶✼

❋✐❣✉r❛ ✷✳✷✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞♦ ♣r♦❝❡ss♦ ❚■❚❖ ❝♦♠ ❝♦♥tr♦❧❛❞♦r
❞❡s❝❡♥tr❛❧✐③❛❞♦ ❡ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

s❛í❞❛ j✱ ❝♦♠ i ̸= j✳

❖ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞♦ ♣r♦❝❡ss♦ ❚■❚❖ G(s) ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❝♦♠ ❝♦♥tr♦❧❛❞♦r

❞❡s❝❡♥tr❛❧✐③❛❞♦ C(s) ❡ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦D(s) é ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✷✳ ❖❜s❡r✈❛✲

s❡ q✉❡ ♦ s✐♥❛❧ ❞❡ s❛í❞❛ ❞♦ ❝♦♥tr♦❧❛❞♦r u(t) é ❞✐❢❡r❡♥t❡ ❞♦ s✐♥❛❧ u′(t) ❛♣❧✐❝❛❞♦ ❛♦ ♣r♦❝❡ss♦✱

❞❡✈✐❞♦ à ♣r❡s❡♥ç❛ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✳ ❖ ❝♦♥tr♦❧❛❞♦r ❚■❚❖ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❡ ♦ ❞❡s❛❝♦♣❧❛❞♦r

✐♥✈❡rt✐❞♦ sã♦ ❞❛❞♦s ♣❡❧❛s ♠❛tr✐③❡s ✭❆❈■❖▲■ ❏Ú◆■❖❘✱ ✷✵✶✷✮✿

C(s) =

[

C1(s) 0

0 C2(s)

]

, ✭✷✳✷✷✮

D(s) =

[

1 D12(s)

D21(s) 1

]

. ✭✷✳✷✸✮

❉❛ ❋✐❣✉r❛ ✷✳✷✱ t❡♠✲s❡ q✉❡ ❛ ♠❛tr✐③ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ F(s) é

❞❛❞♦ ♣♦r✿

F(s) =









G11(s)
G12(s) +G11(s)D12(s)

1−D12(s)D21(s)
G21(s) +G22(s)D21(s)

1−D12(s)D21(s)
G22(s)









, ✭✷✳✷✹✮

♦♥❞❡ ♦ ♣r♦❝❡ss♦ G(s) ❡ ♦ ❞❡s❛❝♦♣❧❛❞♦r D(s) sã♦ ❞❡✜♥✐❞♦s ♣❡❧❛s ❡q✉❛çõ❡s ✭✷✳✷✶✮ ❡ ✭✷✳✷✸✮✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳



❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✶✽

❖ ❞❡s❛❝♦♣❧❛❞♦r é ♣r♦❥❡t❛❞♦ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ s❡❥❛ ❞✐❛❣♦♥❛❧

❞♦♠✐♥❛♥t❡ ✭▲■❯ ❡t ❛❧✳✱ ✷✵✶✾✮✳ ❆ss✐♠✱ ♣❛r❛ ♣r♦❥❡t❛r ♦ ❞❡s❛❝♦♣❧❛❞♦r✱ ♦s ❡❧❡♠❡♥t♦s ❞❛

❞✐❛❣♦♥❛❧ s❡❝✉♥❞ár✐❛ ❞❛ ♠❛tr✐③ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✹✮ sã♦ ✐❣✉❛❧❛❞♦s ❛ ③❡r♦✿

G12(s) +G11(s)D12(s)

1−D12(s)D21(s)
= 0, ✭✷✳✷✺✮

G21(s) +G22(s)D21(s)

1−D12(s)D21(s)
= 0. ✭✷✳✷✻✮

❘❡s♦❧✈❡♥❞♦ ✭✷✳✷✺✮ ❡ ✭✷✳✷✻✮✱ t❡♠ q✉❡✿

D12(s) = −G12(s)

G11(s)
✭✷✳✷✼✮

D21(s) = −G21(s)

G22(s)
✭✷✳✷✽✮

P❛r❛ s✐♠♣❧✐✜❝❛r ♦ ♣r♦❥❡t♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✱ ❛ss✉♠❡✲s❡ q✉❡ ❝❛❞❛ ❡❧❡✲

♠❡♥t♦ ❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ é ❛♣r♦①✐♠❛❞♦ ♣♦r ✉♠ ♠♦❞❡❧♦ ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ❞❡ t❡♠♣♦ ✭❋❖P❚❉ ✲ ❞♦ ✐♥❣❧ês ❋✐rst ❖r❞❡r P❧✉s ❚✐♠❡ ❉❡❧❛②✮✿

Gij =
Kij

τijs+ 1
e−Lpijs, ✭✷✳✷✾✮

♦♥❞❡ Kij é ♦ ❣❛♥❤♦ ❡stát✐❝♦ ❞♦ ♣r♦❝❡ss♦✱ τij é ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❡ Lpij é ♦ ❛tr❛s♦✳

❆ss✐♠✱

D12(s) = −G12(s)

G11(s)
= −K1(τ11s+ 1)

(τ12s+ 1)
e−ηLd1s, ✭✷✳✸✵✮

D21(s) = −G21(s)

G22(s)
= −K2(τ22s+ 1)

(τ21s+ 1)
e−ηLd2s, ✭✷✳✸✶✮

♦♥❞❡ Ki é ♦ ❣❛♥❤♦ ❡stát✐❝♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✿

K1 = K12/K11, K2 = K21/K22, ✭✷✳✸✷✮

Ldi é ♦ ❛tr❛s♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✿

Ld1 = Lp12 − Lp11, Ld2 = Lp21 − Lp22. ✭✷✳✸✸✮

❡ η✿

η =

{

1; se Ldi ≥ 0

0; se Ldi < 0,
✭✷✳✸✹✮

❖ ♣❛râ♠❡tr♦ η é ✐♥s❡r✐❞♦ ♣❛r❛ ❡✈✐t❛r q✉❡ ♦ ❞❡s❛❝♦♣❧❛❞♦r s❡❥❛ ♥ã♦✲❝❛✉s❛❧✱ ♦ q✉❡ ♣♦❞❡r✐❛



❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✶✾

♦❝♦rr❡r s❡ Ld1 < 0 ♦✉ Ld2 < 0✳ ❊ss❛ ❛♣r♦①✐♠❛çã♦ ♣♦❞❡ ✐♥t❡r❢❡r✐r ♥♦ ❞❡s❡♠♣❡♥❤♦ ❞♦

❞❡s❛❝♦♣❧❛❞♦r✳

✷✳✸ ❊s♣❡❝✐✜❝❛çõ❡s ❞❡ ❞❡s❡♠♣❡♥❤♦

❯♠❛ ♠❛♥❡✐r❛ ❞❡ ❛✈❛❧✐❛r ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ é r❡❛❧✐③❛♥❞♦ ✉♠ ❡①♣❡r✐♠❡♥t♦✱ ♥♦ q✉❛❧ ✉♠ s✐♥❛❧

❞♦ t✐♣♦ ❞❡❣r❛✉ ✉♥✐tár✐♦ é ❛♣❧✐❝❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❞❡ ♠❛♥❡✐r❛ s❡q✉❡♥❝✐❛❧✳ ❊♠ s❡❣✉✐❞❛✱

í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ sã♦ ❝❛❧❝✉❧❛❞♦s✿

• ❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✭▼r✮

◗✉❛♥❞♦ ♦ ❝r✐tér✐♦ ❞❡ ♣r♦❥❡t♦ é ❛♣r♦①✐♠❛r ❛ s❛í❞❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❛ ✉♠❛ ❝✉r✈❛ ❞❡

r❡❢❡rê♥❝✐❛✱ ❝❛❧❝✉❧❛✲s❡ ♦ ▼r✿

▼r =
∞
∑

t=1

|y(t)− yr(t)|, ✭✷✳✸✺✮

♦♥❞❡ yr é ♦ s✐♥❛❧ ❞❡ s❛í❞❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞❡ r❡❢❡rê♥❝✐❛ Tr(s)✳

• ❱❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✭❚❱✮ ✭❨❯ ❡t ❛❧✳✱ ✷✵✶✹✮

❖ ✈❛❧♦r ❞❛ ✈❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ é ✉s❛❞♦ ♣❛r❛ ❛✈❛❧✐❛r ♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡

❡ é ❞❛❞♦ ♣❡❧❛ s♦♠❛ ❞❡ t♦❞♦s ♦s s❡✉s ♠♦✈✐♠❡♥t♦s✳ ❖ í♥❞✐❝❡ ❚❱ é ❞❡✜♥✐❞♦ ♣♦r✿

❚❱ =
∞
∑

t=1

|u(t+ 1)− u(t)|. ✭✷✳✸✻✮

◗✉❛♥t♦ ♠❛✐♦r ❢♦r ♦ ✈❛❧♦r ❞❡ ❚❱✱ ♠❛✐s ❛❣r❡ss✐✈♦ é ♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡✱ ♦ q✉❡ ♥ã♦ é

❞❡s❡❥❛❞♦✱ ♣♦✐s ❛✉♠❡♥t❛ ♦ ❞❡s❣❛st❡ ❞♦ ❛t✉❛❞♦r✳

❈♦♠ ❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ s✐st❡♠❛ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❛✐♥❞❛ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r

♦✉tr❛s ❝❛r❛❝t❡ríst✐❝❛s ❝♦♠♦ s♦❜r❡ss✐♥❛❧✱ ❡rr♦ ❞❡ r❡❣✐♠❡ ❡st❛❝✐♦♥ár✐♦ ❡ t❡♠♣♦ ❞❡ s✉❜✐❞❛✳ ❖

s♦❜r❡ss✐♥❛❧ é ❛ ✐♥❞✐❝❛çã♦ ❞♦ q✉❛♥t♦ ♦ s✐♥❛❧ ❞❡ s❛í❞❛ ✉❧tr❛♣❛ss❛ ♦ ✈❛❧♦r ❞❛ r❡❢❡rê♥❝✐❛ ❡ ♥ã♦

❞❡✈❡ s❡r ♠❛✐♦r ❞♦ q✉❡ 20%✱ q✉❛♥❞♦ ✉♠ ❞❡❣r❛✉ é ❛♣❧✐❝❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ✭❙❑❖●❊❙❚❆❉❀

P❖❙❚▲❊❚❍❲❆■❚❊✱ ✷✵✵✶✮✳ ❖ ❡rr♦ ❞❡ r❡❣✐♠❡ ❡st❛❝✐♦♥ár✐♦ é ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ r❡❢❡rê♥❝✐❛

✭✈❛❧♦r ❞❡s❡❥❛❞♦✮ ❡ ♦ ✈❛❧♦r ✜♥❛❧ ❞❛ s❛í❞❛ ❡ é ✉♠❛ ♠❡❞✐❞❛ ❞♦ r❛str❡❛♠❡♥t♦ ❞❡ r❡❢❡rê♥❝✐❛

♥♦ r❡❣✐♠❡ ♣❡r♠❛♥❡♥t❡✳ ❖ t❡♠♣♦ ❞❡ s✉❜✐❞❛ é ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❡♥tr❡ ❛ ❛♣❧✐❝❛çã♦ ❞♦

❞❡❣r❛✉ ❡ ♦ ♣r✐♠❡✐r♦ ✐♥st❛♥t❡ ♥♦ q✉❛❧ ❛ s❛í❞❛ ❛t✐♥❣❡ 90% ❞♦ ✈❛❧♦r ✜♥❛❧ ❡ ✐♥❞✐❝❛ ❛ ✈❡❧♦❝✐❞❛❞❡

❞❛ r❡s♣♦st❛✳



❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✷✵

✷✳✹ ❊s♣❡❝✐✜❝❛çõ❡s ❞❡ r♦❜✉st❡③ ❡ ❡st❛❜✐❧✐❞❛❞❡

❖ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ▼S ♣♦❞❡ s❡r ✉s❛❞♦ ❝♦♠♦ ♠❡❞✐❞❛ ❞❡

r♦❜✉st❡③ ❡ ♦❝♦rr❡ ♣ró①✐♠♦ à ❢r❡q✉ê♥❝✐❛ ❞❡ ❝r✉③❛♠❡♥t♦✱ ❢r❡q✉ê♥❝✐❛ ♥❛ q✉❛❧ ♦ ❣❛♥❤♦ ❞❛

❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ é ✉♥✐tár✐♦✳ P❛r❛ ♣r♦❝❡ss♦s ▼■▼❖✱ MS é ❞❛❞♦ ♣❡❧♦ ♠á①✐♠♦ ✈❛❧♦r

s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ S(jω) ✭➴❙❚❘Ö▼❀ ❍➘●●▲❯◆❉❀ ❆❙❚❘❖▼✱ ✷✵✵✻✮✿

MS = σmax(S(jω)), ✭✷✳✸✼✮

♦♥❞❡ σmax é ♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r✳ ❖ ♣✐♦r ❝❛s♦ ❞❛ ❛♠♣❧✐✜❝❛çã♦ ❞❛ ♣❡rt✉r❜❛çã♦ ❞♦

s✐st❡♠❛ é r❡♣r❡s❡♥t❛❞♦ ♣♦r MS✳ ❊st❡ ✈❛❧♦r t❛♠❜é♠ é r❡❧❛❝✐♦♥❛❞♦ às ♠❛r❣❡♥s ❞❡ ❡st❛✲

❜✐❧✐❞❛❞❡✳ ◗✉❛♥t♦ ♠❡♥♦r ♦ ✈❛❧♦r ❞❡ MS✱ ♠❛✐♦r é ❛ ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛✳

❯♠❛ ♠❛♥❡✐r❛ ❞❡ ❛✈❛❧✐❛r ❛ ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ s✐st❡♠❛ é ❛tr❛✈és ❞❛ ❛♥á❧✐s❡ ❞❛

♣r♦①✐♠✐❞❛❞❡ ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ◆②q✉✐st ❝♦♠ ♣♦♥t♦ ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡✳

P❛r❛ ❡s♣❡❝✐✜❝❛çã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✱ ❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡ ♣♦❞❡ s❡r ✉s❛❞❛✳

■ss♦ é ♣♦ssí✈❡❧ ♣♦rq✉❡ ♣❛r❛ ♣r♦❝❡ss♦s ❡stá✈❡✐s✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ é ❣❛r❛♥t✐❞❛

s❡ ♦ ♣✐❝♦ ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❡ Q(jω) ❢♦r ❧✐♠✐t❛❞♦ ✭❇❖❨❉❀ ❍❆❙❚❀ ➴❙❚❘Ö▼✱

✷✵✶✻✮✱ ♦✉ s❡❥❛✿

∥Q(jω)∥∞ ≤ Qmax, ✭✷✳✸✽✮

♦♥❞❡ ∥Q(jω)∥∞ = supω∈R σmax(Q(jω)) é ❛ ♥♦r♠❛ H∞ ❞❡ Q(jω) ♣❛r❛ t♦❞♦s ♦s ✈❛❧♦r❡s

r❡❛✐s ❞❡ ω ❡ Qmax é ✉♠ ♥ú♠❡r♦ r❡❛❧✳ ❈❛❞❛ ♠❛❧❤❛ ❞❡ ❝♦♥tr♦❧❡ t❡♠ ♦s ✈❛❧♦r❡s ♣❡r♠✐t✐❞♦s

♣❛r❛ ❛ ❛♠♣❧✐t✉❞❡ ❡ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡✳ ❱❛❧♦r❡s ♠✉✐t♦ ❛❧t♦s ♣♦❞❡♠

r❡s✉❧t❛r ♥❛ ✐♥st❛❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛✳

✷✳✺ ❉❡s✐❣✉❛❧❞❛❞❡ ♠❛tr✐❝✐❛❧ ❧✐♥❡❛r

❆s ❞❡s✐❣✉❛❧❞❛❞❡s ♠❛tr✐❝✐❛✐s ❧✐♥❡❛r❡s ✭▲▼■✮ sã♦ ❡①♣r❡ssõ❡s ♠❛t❡♠át✐❝❛s ♥❛ ❢♦r♠❛ ✭❇❖❨❉

❡t ❛❧✳✱ ✶✾✾✹✮✿

Z(x) ≜ Z0 +
m
∑

i=1

xiZi > 0, ✭✷✳✸✾✮

♦♥❞❡ x ∈ R
m é ✉♠❛ ✈❛r✐á✈❡❧✱ Zi = ZT

i ∈ R
n×n é ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❝♦♥❤❡❝✐❞❛ ❡ (·)T

✐♥❞✐❝❛ ♦ tr❛♥s♣♦st♦✳ ❖ sí♠❜♦❧♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ s✐❣♥✐✜❝❛ q✉❡ Z(x) é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ♦✉

s❡❥❛✱ wTZ(x)w > 0 ♣❛r❛ t♦❞♦ w ∈ R
n ♥ã♦ ♥✉❧♦✳ ❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✸✾✮✱

t❡♠✲s❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ {x|Z(x) > 0} é ❝♦♥✈❡①♦✱ ♦✉ s❡❥❛✱ ❛ ▲▼■ é ❝♦♥✈❡①❛ ❡♠ x✳

❆s ▲▼■s sã♦ ❜❛st❛♥t❡ ✉t✐❧✐③❛❞❛s ♥❛ ❢♦r♠✉❧❛çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①♦s

✉s❛❞♦s ♣❛r❛ ♣r♦❥❡t❛r ❝♦♥tr♦❧❛❞♦r❡s ✭❇❖❨❉ ❡t ❛❧✳✱ ✶✾✾✹✮✳ ■ss♦ ♦❝♦rr❡ ♣♦rq✉❡ ❞❡s✐❣✉❛❧❞❛❞❡s

❧✐♥❡❛r❡s✱ q✉❛❞rát✐❝❛s✱ ❞❡ ♥♦r♠❛ ❞❡ ♠❛tr✐③ ❡ r❡str✐çõ❡s ❞❡ ▲②❛♣✉♥♦✈ ♣♦❞❡♠ s❡r ❡①♣r❡ss❛s ♥❛



❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✷✶

❢♦r♠❛ ❞❡ ▲▼■✳ P♦r ❡①❡♠♣❧♦✱ ✉s❛♥❞♦ ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❙❝❤✉r✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ q✉❛❞rát✐❝❛

❞❛❞❛ ♣♦r ✭❇❖❨❉ ❡t ❛❧✳✱ ✶✾✾✹✮✿

A1(x)−A2(x)A
−1
3 (x)AT

2 (x) > 0, A3(x) > 0, ✭✷✳✹✵✮

❝♦♠ A1(x) = AT
1 (x)✱ A3(x) = AT

3 (x) ❡ A2(x) ✉♠❛ ✈❛r✐á✈❡❧ ♠❛tr✐❝✐❛❧✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛

❢♦r♠❛ ❞❡ ▲▼■✿
[

A1(x) A2(x)

AT
2 (x) A3(x)

]

> 0. ✭✷✳✹✶✮

✷✳✻ ❈♦♥✈❡①✐✜❝❛çã♦

❆s r❡str✐çõ❡s ♥❛s ♥♦r♠❛s ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ s❡rã♦ ❢♦r♠✉❧❛❞❛s ❝♦♠♦ ❞❡s✐❣✉❛❧❞❛❞❡s

♥❛ ❢♦r♠❛✿

P∗P ≥ B∗B, ✭✷✳✹✷✮

♦♥❞❡ P,B ∈ C
n×n sã♦ ❧✐♥❡❛r❡s ❡♠ r❡❧❛çã♦ às ✈❛r✐á✈❡✐s ❞❡ ♦t✐♠✐③❛çã♦ ❡ (·)∗ é ♦ tr❛♥s♣♦st♦

❝♦♥❥✉❣❛❞♦ ❝♦♠♣❧❡①♦✳ ❯s❛♥❞♦ ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❙❝❤✉r✱ ♣♦❞❡✲s❡ r❡❡s❝r❡✈❡r ✭✷✳✹✷✮ ♥❛ ❢♦r♠❛✿

[

P∗P B

B∗ I

]

> 0. ✭✷✳✹✸✮

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✹✸✮ é ❝♦♥✈❡①❛ ❡♠ r❡❧❛çã♦ ❛ B ❡ q✉❛❞rát✐❝❛ ❡♠ r❡❧❛çã♦

❛ P✱ ♦ q✉❡ s✐❣♥✐✜❝❛ ✉♠❛ r❡str✐çã♦ ❝ô♥❝❛✈♦✲❝♦♥✈❡①❛✳

❆ ❝♦♥✈❡①✐✜❝❛çã♦ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛ ✉s❛♥❞♦ ❛ ❡①♣❛♥sã♦ ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r ❞❡ P∗P✳

❉❡ss❛ ❢♦r♠❛✱ ❛ ❧✐♥❡❛r✐③❛çã♦ ❞❛ ♣❛rt❡ ❝ô♥❝❛✈❛ ❡♠ t♦r♥♦ ❞❡ ✉♠ ♣♦♥t♦ ❝♦♥❤❡❝✐❞♦ Pc é

r❡❛❧✐③❛❞❛ ✭❑❆❘■▼■❀ ❑❆▼▼❊❘✱ ✷✵✶✼❀ ❇❖❨❉❀ ❍❆❙❚❀ ➴❙❚❘Ö▼✱ ✷✵✶✻✮✿

P∗P ≈ P∗

cPc + (P−Pc)
∗Pc +P∗

c(P−Pc), ✭✷✳✹✹✮

P∗P ≈ P∗

cPc +P∗Pc −P∗

cPc +P∗

cP−P∗

cPc, ✭✷✳✹✺✮

P∗P ≥ P∗Pc +P∗

cP−P∗

cPc. ✭✷✳✹✻✮

❖ ❧❛❞♦ ❡sq✉❡r❞♦ é ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ❞❡ P ❞❡ ✭✷✳✹✷✮❀ ♦ ❧❛❞♦ ❞✐r❡✐t♦ é ✉♠❛ ❢✉♥çã♦

❛✜♠ ❞❡ P✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✹✷✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❝♦♥✈❡①❛✿

P∗Pc +P∗

cP−P∗

cPc ≥ B∗B. ✭✷✳✹✼✮



❈❛♣ít✉❧♦ ✷✳ ❋✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ✷✷

✷✳✼ ❈♦♥❝❧✉sõ❡s

◆❡st❡ ❈❛♣ít✉❧♦ ❢♦r❛♠ r❡✈✐s❛❞❛s ❞❡✜♥✐çõ❡s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛ t❡s❡✳

❊s♣❡❝✐✜❝❛çõ❡s ❞❡ ❡st❛❜✐❧✐❞❛❞❡✱ ▲▼■ ❡ ❛ ❝♦♥✈❡①✐✜❝❛çã♦ sã♦ ✉t✐❧✐③❛❞❛s ♥❛ ❢♦r♠✉❧❛çã♦ ❞♦

♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❝♦♠ r❡str✐çã♦ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸✳ ❈♦♥tr♦❧❛❞♦r❡s

P■ ❝❡♥tr❛❧✐③❛❞♦s ❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦s sã♦ r❡♣r♦❥❡t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✹✳ ❆s ❡s♣❡❝✐✜❝❛çõ❡s

❞❡ ❞❡s❡♠♣❡♥❤♦ ❡ r♦❜✉st❡③ sã♦ ✉s❛❞❛s ♣❛r❛ ❛✈❛❧✐❛r ❛s ♠❛❧❤❛s ❢❡❝❤❛❞❛s ♣r♦❥❡t❛❞❛s✳ ❖

❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ é ❛✈❛❧✐❛❞♦ ❡ r❡♣r♦❥❡t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✺ ❡ ♦ ▼r ❞❛ ♠❛❧❤❛ ❛❜❡rt❛

❞❡s❛❝♦♣❧❛❞❛ ✐♥✐❝✐❛❧ ❡ r❡♣r♦❥❡t❛❞❛ é ❝❛❧❝✉❧❛❞♦✳



❈❛♣ít✉❧♦ ✸

Pr♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ r♦❜✉st♦✿

❛❜♦r❞❛❣❡♠ ▲▼■

✸✳✶ ■♥tr♦❞✉çã♦

❖ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ♣❛r❛ ♣r♦❝❡ss♦s ❙■❙❖ q✉❡ ❛t❡♥❞❛ às ❡s♣❡❝✐✜❝❛çõ❡s ❞❡ ❞❡✲

s❡♠♣❡♥❤♦✱ ❡st❛❜✐❧✐❞❛❞❡ ❡ r♦❜✉st❡③ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♥ã♦ é ✉♠❛ t❛r❡❢❛ tr✐✈✐❛❧✳ ◗✉❛♥❞♦ s❡

tr❛t❛ ❞❡ ♣r♦❝❡ss♦s ▼■▼❖✱ ❞❡✈✐❞♦ à ✐♥t❡r❛çã♦✴❛❝♦♣❧❛♠❡♥t♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ❞❡

❡♥tr❛❞❛ ❡ s❛í❞❛✱ ♦ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ s❡ t♦r♥❛ ❛✐♥❞❛ ♠❛✐s ❝♦♠♣❧❡①♦✳ ❖ ❜♦♠ ❞❡s❡♠♣❡♥❤♦

❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♠✉❧t✐✈❛r✐á✈❡❧ ❞❡♣❡♥❞❡ ❞♦ ❣r❛✉ ❞❡ ❛❝♦♣❧❛♠❡♥t♦✱ ❞❛ ❡str✉t✉r❛ ❞❡ ❝♦♥tr♦❧❡

❡s❝♦❧❤✐❞❛ ❡ ❞❛ s✐♥t♦♥✐❛ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r✳

P❛r❛ ♣r♦❝❡ss♦s ❝♦♠ ❢r❛❝♦ ❛❝♦♣❧❛♠❡♥t♦✱ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡s❡❥❛❞♦ ♣♦❞❡ s❡r ❛❧❝❛♥ç❛❞♦

✉s❛♥❞♦ té❝♥✐❝❛ ❞❡ ♣r♦❥❡t♦ ❞❛ ❡str✉t✉r❛ ❞❡ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦✱ ♠❡s♠♦ q✉❛♥❞♦ ♦

❛❝♦♣❧❛♠❡♥t♦ ♥ã♦ é ❝♦♥s✐❞❡r❛❞♦✳ ◆♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s ▼■▼❖✱ ✉♠❛ ♠❛♥❡✐r❛ ❞❡ tr❛t❛r

❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ♠❛❧❤❛s é ✐♠♣❧❡♠❡♥t❛♥❞♦ ♦ ❜❧♦❝♦ ❞❡s❛❝♦♣❧❛❞♦r ✭✈❡r ❈❛♣ít✉❧♦ ✺✮ ❡♠

❝♦♥❥✉♥t♦ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦✳ ❖✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ é ✉t✐❧✐③❛r ❛ ❡str✉t✉r❛

❞❡ ❝♦♥tr♦❧❡ ❝❡♥tr❛❧✐③❛❞♦✳ ◆❡st❡ ❝❛s♦✱ ❛ ❞✐✜❝✉❧❞❛❞❡ ❞♦ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ é ❛ q✉❛♥t✐❞❛❞❡

❞❡ ♣❛râ♠❡tr♦s ❛ s❡r❡♠ s✐♥t♦♥✐③❛❞♦s✱ q✉❡ ❝r❡s❝❡ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❡♥tr❛❞❛s ❡

s❛í❞❛s ❞♦ ♣r♦❝❡ss♦✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖✱ ♦✐t♦

♣❛râ♠❡tr♦s ♣r❡❝✐s❛♠ s❡r ❝❛❧❝✉❧❛❞♦s✳

▼✉✐t❛s ❞❛s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ P■❉ ❝❡♥tr❛❧✐③❛❞♦ ❡♥❝♦♥tr❛❞❛s ♥❛ ❧✐t❡r❛t✉r❛

sã♦ ❜❛s❡❛❞❛s ❡♠ ♠♦❞❡❧♦s ❞❡ ♣r✐♠❡✐r❛ ♦✉ s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ❞❡ t❡♠♣♦ ❞♦ ♣r♦✲

❝❡ss♦✱ ❛ ✜♠ ❞❡ ❣❛r❛♥t✐r ✉♠ ❝♦♥tr♦❧❛❞♦r s✐♠♣❧❡s✳ ◆♦ ❡♥t❛♥t♦✱ ❛s ❞✐♥â♠✐❝❛s ❞♦s ♣r♦❝❡ss♦s

✐♥❞✉str✐❛✐s sã♦ ♠❡❧❤♦r r❡♣r❡s❡♥t❛❞❛s ♣♦r ♠♦❞❡❧♦s ❞❡ ❛❧t❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ❞❡ t❡♠♣♦✳ ❆s

s✐♠♣❧✐✜❝❛çõ❡s ❡ ❛♣r♦①✐♠❛çõ❡s ❞♦ ♠♦❞❡❧♦ ♣♦❞❡♠ ❝♦♠♣r♦♠❡t❡r ♦ ❞❡s❡♠♣❡♥❤♦ ❡ ❛ ❡st❛❜✐✲

❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ♠♦❞❡❧♦s ♣❛r❛ ♣r♦❝❡ss♦s ▼■▼❖

é ✉♠❛ t❛r❡❢❛ ❝♦♠♣❧❡①❛ ✭❏❊◆●❀ ❏■❆◆❀ ▲❊❊✱ ✷✵✶✼✮ q✉❡ ❞❡♠❛♥❞❛ ❛❧t♦ ❝✉st♦✱ ♣♦❞❡♥❞♦ s❡r

✷✸
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✐♥✈✐á✈❡❧ ♥❛ ♣rát✐❝❛✳ ❯♠❛ ♠❛♥❡✐r❛ ❞❡ s✉♣❡r❛r ❡ss❛s ❞✐✜❝✉❧❞❛❞❡s é s✉❜st✐t✉✐r ♦ ♠♦❞❡❧♦

♣❛r❛♠étr✐❝♦ ❞♦ ♣r♦❝❡ss♦ ♣♦r ❞❛❞♦s ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ♥♦ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r✳

❉❛❞♦s ❞♦ ♣r♦❝❡ss♦ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ tê♠ s✐❞♦ ✉t✐❧✐③❛❞♦s ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦✲

❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❞♦ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ r♦❜✉st♦ ✭❑❆❘■▼■❀ ❑❆▼▼❊❘✱ ✷✵✶✼✮✳

❯♠ ❝♦♥tr♦❧❛❞♦r q✉❡ ❣❛r❛♥t❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❛s ❡s♣❡❝✐✜❝❛çõ❡s ❞♦ ❞❡s❡♠♣❡♥❤♦ ❡♠ ♠❛❧❤❛

❢❡❝❤❛❞❛ é ❝♦♥s✐❞❡r❛❞♦ r♦❜✉st♦✱ ♠❡s♠♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✐♥❝❡rt❡③❛s ♥♦ ♠♦❞❡❧♦ ❞♦ s✐st❡♠❛ ❡

❞❡ ♣❡rt✉r❜❛çõ❡s ❡①t❡r♥❛s ❛t✉❛♥❞♦ s♦❜r❡ ❡❧❡✳ ❆s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ r♦❜✉st♦

♣♦❞❡♠ s❡r ❢♦r♠✉❧❛❞❛s ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦✱ ❞♦ q✉❛❧ ❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ é ❡①♣r❡ss❛

❡♠ t❡r♠♦s ❞❛s ♥♦r♠❛s H2 ♦✉ H∞✳ ❯♠❛ ❢♦r♠❛ ❞❡ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦

H∞ é ✉t✐❧✐③❛♥❞♦ ❛❧❣✉♠ ❞♦s ❞✐✈❡rs♦s ❛❧❣♦r✐t♠♦s ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❞✐s♣♦♥í✈❡✐s✱ ♦ q✉❡

é ♣♦ssí✈❡❧ s❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ H∞ ❢♦r ❢♦r♠✉❧❛❞♦ ✉s❛♥❞♦ ▲▼■s✳ ◆♦ ❣❡r❛❧✱ ♣❛r❛

♣r♦❝❡ss♦s ♠✉❧t✐✈❛r✐á✈❡✐s✱ ❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ H∞ r❡s✉❧t❛ ❡♠ ✉♠ ❝♦♥tr♦❧❛❞♦r

❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❛ ♠❡s♠❛ ♦r❞❡♠ ❞♦ ♠♦❞❡❧♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❛ ♣❧❛♥t❛✳

◆❡st❡ ❈❛♣ít✉❧♦✱ ❞✉❛s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r r♦❜✉st♦ ♠✉❧t✐✈❛r✐á✈❡❧ ❢♦r♠✉✲

❧❛❞❛s ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❝♦♠ r❡str✐çõ❡s ▲▼■ sã♦ ❛♣r❡s❡♥t❛❞❛s✳ ❖

♦❜❥❡t✐✈♦ é ♣r♦❥❡t❛r ♦ ❝♦♥tr♦❧❛❞♦r ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❡st❡❥❛ ♦ ♠❛✐s

♣ró①✐♠♦ ♣♦ssí✈❡❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ r❡❢❡rê♥❝✐❛✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ♥♦r♠❛H∞✳ ❘❡str✐çõ❡s

▲▼■ sã♦ ❛❞✐❝✐♦♥❛❞❛s ❛♦ ♣r♦❜❧❡♠❛ ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛

❢❡❝❤❛❞❛ ♣r♦❥❡t❛❞❛✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ é s♦❧✉❝✐♦♥❛❞♦ ✉t✐❧✐③❛♥❞♦ ❞❛❞♦s ❞♦ ♣r♦❝❡ss♦

♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛✱ ♥ã♦ s❡♥❞♦ ♥❡❝❡ssár✐♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♠♦❞❡❧♦s ♣❛r❛♠étr✐❝♦s

❞♦ ♣r♦❝❡ss♦✳ ❊st❡s ❞❛❞♦s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ♣♦r ♠❡✐♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✱ ❡q✉❛✲

çã♦ ✭✷✳✶✵✮✱ ❞❡ ❞❛❞♦s ❞♦ ♣r♦❝❡ss♦ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ❝♦❧❡t❛❞♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳ ❆s

❞✉❛s té❝♥✐❝❛s ♣♦ss✉❡♠ ❛ ♠❡s♠❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡❧❛s sã♦ ❛s r❡str✐çõ❡s

✐♥s❡r✐❞❛ ❛♦ ♣r♦❜❧❡♠❛✳

❊st❡ ❈❛♣ít✉❧♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆❛ ❙❡çã♦ ✸✳✷✱ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞♦

♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❛♣r❡s❡♥t❛❞♦ é ❞❡✜♥✐❞❛✳ ❘❡str✐çõ❡s sã♦ ❛❞✐❝✐♦♥❛❞❛s ❛♦ ♣r♦❜❧❡♠❛

❞❡ ♠✐♥✐♠✐③❛çã♦ ♥❛s s❡çõ❡s ✸✳✸ ❡ ✸✳✹✱ ♥❛s q✉❛✐s ❞♦✐s ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❥❡t♦ ❞❡

❝♦♥tr♦❧❡ sã♦ ❢♦r♠✉❧❛❞♦s✳ ❆ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ é ❞❡✜♥✐❞❛ ♥❛ ❙❡çã♦ ✸✳✺✳

❘❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ sã♦ ❞✐s❝✉t✐❞♦s ♥❛ ❙❡çã♦ ✸✳✻✳ ❖ ❈❛♣ít✉❧♦ é ✜♥❛❧✐③❛❞♦ ❝♦♠ ❛s

❝♦♥❝❧✉sõ❡s ♥❛ ❙❡çã♦ ✸✳✼✳

✸✳✷ Pr♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦ ❞❛s té❝♥✐❝❛s ♣r♦♣♦st❛s

◆❡st❛ ❙❡çã♦✱ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ é ❞❡✜♥✐❞❛✳ ❈♦♥s✐❞❡r❛✲s❡ ♦ ♣r♦❝❡ss♦

♠✉❧t✐✈❛r✐á✈❡❧ ▲■❚ ❡ ❡stá✈❡❧ G(s) ❡ ♦ ❝♦♥tr♦❧❛❞♦r ♠✉❧t✐✈❛r✐á✈❡❧ C(s,θ) ❞❡ ❡str✉t✉r❛ ✜①❛ ❡

✉♠❛ ❞❛❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ Lr(s)✳ ❖s ♣❛râ♠❡tr♦s

❞♦ ❝♦♥tr♦❧❛❞♦r r♦❜✉st♦ sã♦ ❝❛❧❝✉❧❛❞♦s ♠✐♥✐♠✐③❛♥❞♦ ❛ ♥♦r♠❛ H∞ ❞❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s
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❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ♣r♦❥❡t❛❞❛ L(s,θ) ❡ ❞❡ r❡❢❡rê♥❝✐❛ Lr(s)✿

min
θ

∥L(jω,θ)− Lr(jω)∥∞, ✭✸✳✶✮

s❡♥❞♦ θ ❛ ♠❛tr✐③ ❞❡ ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r✳

❖ ♣r♦❜❧❡♠❛ ❞❡✜♥✐❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✮ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♠

r❡str✐çã♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♠❛tr✐③ q✉❛❞rát✐❝❛ ✭◗▼■ ✲ ❞♦ ✐♥❣❧ês ◗✉❛❞r❛t✐❝ ▼❛tr✐① ■♥❡✲

q✉❛❧✐t②✮ ❞❛❞♦ ♣♦r✿

minθ γ

s✉❥❡✐t♦ ❛✿ (G(jω)C(jω,θ)− Lr(jω))
∗(G(jω)C(jω,θ)− Lr(jω)) < γI,

∀ω ∈ Ω

✭✸✳✷✮

s❡♥❞♦ Ω = [ω1,ω2, · · · ,ωN ] ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❢r❡q✉ê♥❝✐❛s✳

❆ r❡str✐çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✮ é ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❞❡ ▲▼■ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ❝♦♥tr♦❧❛❞♦r

t♦t❛❧♠❡♥t❡ ♣❛r❛♠❡tr✐③❛❞♦ ✭❙❡çã♦ ✸✳✷✳✶✮ ❡ ♦ ❝♦♥tr♦❧❛❞♦r P■❉ ✭❙❡çã♦ ✸✳✷✳✷✮✳

✸✳✷✳✶ ❈❛s♦ ❣❡r❛❧✿ ❈♦♥tr♦❧❛❞♦r t♦t❛❧♠❡♥t❡ ♣❛r❛♠❡tr✐③❛❞♦

❈♦♥s✐❞❡r❛♥❞♦✲s❡ ♦ ❝♦♥tr♦❧❛❞♦r t♦t❛❧♠❡♥t❡ ♣❛r❛♠❡tr✐③❛❞♦ C(s,θ) = Xnum(s,θ)X
−1

den(s,θ)✱

❞♦ q✉❛❧ ❝❛❞❛ ❡❧❡♠❡♥t♦ é ❞❛ ❢♦r♠❛ ❞❡ ❞✐✈✐sã♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❛ r❡str✐çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✮

♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛✿

(G(jω)Xnum(jω,θ)X
−1

den(jω,θ)− Lr(jω))
∗(G(jω)Xnum(jω,θ)X

−1

den(jω,θ)− Lr(jω)) < γI,

✭✸✳✸✮

❆ ♣❛rt✐r ❞❛ ♠❛♥✐♣✉❧❛çã♦ ❞❡ss❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ♦❜té♠✲s❡✿

(G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))
∗(G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))

< X∗

den(jω,θ)γXden(jω,θ),

✭✸✳✹✮
X∗

den(jω,θ)γXden(jω,θ)− (G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))
∗

(G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ)) > 0.
✭✸✳✺✮

❆♣❧✐❝❛♥❞♦ ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❙❝❤✉r ✭❙❡çã♦ ✷✳✺✮✿
[

X
∗

den(jω)Xden(jω) (G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))
∗

G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ) γI

]

≥ 0.

✭✸✳✻✮

❈♦♠♦ ♦ t❡r♠♦ X∗

den(jω)Xden(jω) é ♥ã♦ ❝♦♥✈❡①♦✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❝♦♥✈❡①✐✜❝❛çã♦ ✭❙❡çã♦
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✷✳✻✮ é ✉t✐❧✐③❛❞♦ ❡ ❛ r❡str✐çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✮ é ❡s❝r✐t❛ ♥❛ ❢♦r♠❛✿
[

κ(jω,θ) (G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))
∗

G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ) γI

]

≥ 0,

✭✸✳✼✮

s❡♥❞♦

κ(jω,θ) = X∗

den(jω)Xdenc
(jω) +X∗

denc
(jω)Xden(jω)−X∗

denc
(jω)Xdenc

(jω) ✭✸✳✽✮

❡ Xdenc
(s) ✉♠❛ ♠❛tr✐③ ❞❡ ♣♦❧✐♥ô♠✐♦s ♣❛rt❡ ❞❡ ✉♠ ❝♦♥tr♦❧❛❞♦r ❝♦♥❤❡❝✐❞♦ q✉❡ ❡st❛❜✐❧✐③❛ ❛

♠❛❧❤❛ ❢❡❝❤❛❞❛ ♥❡❝❡ssár✐♦ ♣❛r❛ ✐♥✐❝✐❛❧✐③❛r ♦ ❛❧❣♦r✐t♠♦✳

❙✉❜st✐t✉✐♥❞♦ ❛ r❡str✐çã♦ ❞❡ ✭✸✳✷✮ ♣♦r ✭✸✳✼✮✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦ ♣❛ss❛ ❛ s❡r✿

minθ γ

s✉❥❡✐t♦ ❛✿
[

κ(jω,θ) (G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))
∗

(G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ)) γI

]

≥ 0,

∀ω ∈ Ω.

✭✸✳✾✮

✸✳✷✳✷ ❈❛s♦ ♣❛rt✐❝✉❧❛r✿ ❈♦♥tr♦❧❛❞♦r P■❉

❈♦♥s✐❞❡r❛♥❞♦✲s❡ ♦ ❝♦♥tr♦❧❛❞♦r P■❉✱ ❛ r❡str✐çã♦ ❞❡ ✭✸✳✷✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛✿

(G(jω)C(jω,θ)(jω,θ)− Lr(jω))
∗(G(jω)C(jω,θ)− Lr(jω)) < γI, ✭✸✳✶✵✮

❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✸✳✶✵✮ ❡ ✉s❛♥❞♦ ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❙❝❤✉r ✭❙❡çã♦ ✷✳✺✮✱ ❛ r❡str✐çã♦

❞❡✜♥✐❞❛ ❡♠ ✭✸✳✷✮ é ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❞❡ ▲▼■✿

[

I (G(jω)C(jω,θ)− Lr(jω))
∗

(G(jω)C(jω,θ)− Lr(jω)) γI

]

≥ 0. ✭✸✳✶✶✮

❖❜s❡r✈❡ q✉❡ ♥❡ss❡ ❝❛s♦ ♥ã♦ ❢♦✐ ♣r❡❝✐s♦ ✉t✐❧✐③❛r ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❝ô♥❝❛✈♦✲❝♦♥✈❡①♦✱ ♣♦✐s

♦ ❝♦♥tr♦❧❛❞♦r P■❉ é ❧✐♥❡❛r♠❡♥t❡ ♣❛r❛♠❡tr✐③❛❞♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡

♠✐♥✐♠✐③❛çã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ✉♠ ❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✳

❙✉❜st✐t✉✐♥❞♦ ❛ r❡str✐çã♦ ❞❡ ✭✸✳✷✮ ♣♦r ✭✸✳✶✶✮✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦ ♣❛ss❛ ❛ s❡r✿

minθ γ

s✉❥❡✐t♦ ❛✿

[

I (G(jω)C(jω,θ)− Lr(jω))
∗

(G(jω)C(jω,θ)− Lr(jω)) γI

]

≥ 0,

∀ω ∈ Ω.

✭✸✳✶✷✮
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✸✳✷✳✸ ❈♦♥s✐❞❡r❛çõ❡s

❆ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r r❡s✉❧t❛❞♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✮

♥ã♦ é ❣❛r❛♥t✐❞❛✳ ❆ ✐♥s❡rçã♦ ❞❡ r❡str✐çõ❡s ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ é ✉♠❛ ❛❧t❡r♥❛t✐✈❛

♣❛r❛ ❛ss❡❣✉r❛r q✉❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣r♦❥❡t❛❞❛ s❡rá ❡stá✈❡❧✳ ❆ss✐♠✱ ❞♦✐s ♥♦✈♦s ♣r♦❜❧❡♠❛s

sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ◆♦ ♣r✐♠❡✐r♦✱ r❡str✐çõ❡s ❞❛ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡ sã♦ ❝♦♥s✐❞❡r❛❞❛s

✭❙❡çã♦ ✸✳✸✮✳ ◆♦ s❡❣✉♥❞♦✱ ❛s r❡str✐çõ❡s ✐♥s❡r✐❞❛s sã♦ r❡❧❛❝✐♦♥❛❞❛s ❛ ♠❛r❣❡♥s ❞❡ ❡st❛❜✐❧✐❞❛❞❡

✭❙❡çã♦ ✸✳✹✮✳

✸✳✸ ❚é❝♥✐❝❛ ♣r♦♣♦st❛ ✶ ✲ ❘❡str✐çã♦ ❞❛ ♠❛❣♥✐t✉❞❡ ❞♦

s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡

P❛r❛ s✐st❡♠❛s ❡stá✈❡✐s ❡♠ ♠❛❧❤❛ ❛❜❡rt❛✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣♦❞❡ s❡r ❣❛r❛♥✲

t✐❞❛ s❡ ♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ❢♦r ❧✐♠✐t❛❞♦ ✭❙❡çã♦ ✷✳✹✮✳ ❆ss✐♠✱ ✉♠❛ r❡str✐çã♦ ❛ s❡r ✐♥s❡r✐❞❛ ♥♦

♣r♦❜❧❡♠❛ ❞❡✜♥✐❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✮ é✿

∥Q(jω,θ)∥∞ ≤ Qmax, ✭✸✳✶✸✮

s❡♥❞♦

Q(s,θ) = (I+ L(s,θ))−1C(s,θ) ✭✸✳✶✹✮

❡ Qmax ∈ R é ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❡s❡❥❛❞♦ ♣❛r❛ ♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡

s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡✳

❖ ♥♦✈♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ é✱ ❡♥tã♦✱ ❞❛❞♦ ♣♦r✿

minθ ∥L(jω,θ)− Lr(jω)∥∞
s✉❥❡✐t♦ ❛✿ ∥Q(jω,θ)∥∞ ≤ Qmax

✭✸✳✶✺✮

❖ ♣r♦❜❧❡♠❛ ❞❛❞♦ ♣♦r ✭✸✳✶✺✮ é ♥ã♦ ❝♦♥✈❡①♦✳ ❆ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❢♦✐ r❡❡s❝r✐t❛ ♥❛ ❙❡çã♦

✸✳✷✳ ❆ r❡str✐çã♦ ❞❡ ✭✸✳✶✺✮ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛✿

Q∗(jω,θ)Q(jω,θ) ≤ Q2
maxI ✭✸✳✶✻✮

t❛♠❜é♠ ❞❡✈❡ s❡r r❡❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❞❡ ▲▼■✱ ♣❛r❛ s❡r ✐♥s❡r✐❞❛ ❝♦♠♦ r❡str✐çã♦ ❛♦ ♣r♦❜❧❡♠❛

❞❡ ♠✐♥✐♠✐③❛çã♦ ✭✸✳✶✮✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛s ♣ró①✐♠❛s s❡çõ❡s✳
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✸✳✸✳✶ Pr♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝❛s♦ ❣❡r❛❧✿ ❈♦♥tr♦❧❛❞♦r t♦t❛❧♠❡♥t❡

♣❛r❛♠❡tr✐③❛❞♦

❆ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ❞❡ Q(jω,θ) ❛ ❡q✉❛çã♦ ✭✸✳✶✻✮ é r❡❡s❝r✐t❛ ♥❛ ❢♦r♠❛✿

((I+ L(jω,θ))−1C(jω,θ))∗((I+ L(jω,θ))−1C(jω,θ)) ≤ Q2
maxI ✭✸✳✶✼✮

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝♦♥tr♦❧❛❞♦r C(jω,θ) = Xnum(jω,θ)X
−1

den(jω,θ)✱ t❡♠✲s❡✿

(Xden(jω) +G(jω)Xnum(jω))∗(Xden(jω) +G(jω)Xnum(jω)) ≥ (1/Q2
max)X

∗

num(jω)Xnum(jω).

✭✸✳✶✽✮

◆♦ ❡♥t❛♥t♦✱ ❛ ❡q✉❛çã♦ ✭✸✳✶✽✮ é ♥ã♦ ❝♦♥✈❡①❛✳ P❛r❛ ❧✐♥❡❛r✐③❛r ❛ ♣❛rt❡ ❝ô♥❝❛✈❛ ✭❙❡✲

çã♦ ✷✳✺✮✱ ❝♦♥s✐❞❡r❛♠✲s❡ ❛s ♠❛tr✐③❡s Xnumc
(jω) ❡ Xdenc

(jω) ❞❡ ✉♠ ❝♦♥tr♦❧❛❞♦r ❝♦♥❤❡❝✐❞♦

✭❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✮ q✉❡ ❡st❛❜✐❧✐③❛ ♦ s✐st❡♠❛✳ ❋❛③❡♥❞♦ P(jω,θ) = Xden(jω,θ) +

G(jω)Xnum(jω,θ)✱ Pc(jω) = Xdenc
(jω) +G(jω)Xnumc

(jω)✱ t❡♠✲s❡✿

P∗(jω,θ)P(jω,θ) ≥ P∗(jω,θ)Pc(jω) +P∗

c(jω)P(jω,θ)−P∗

c(jω)Pc(jω), ✭✸✳✶✾✮

❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✷✳✻✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✾✮ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✽✮✿

P∗(jω,θ)Pc(jω) +P∗

c(jω)P(jω,θ)−P∗

c(jω)Pc(jω)

≥ (1/Q2
max)X

∗

num(jω)Xnum(jω),
✭✸✳✷✵✮

P∗(jω,θ)Pc(jω) +P∗

c(jω)P(jω,θ)−P∗

c(jω)Pc(jω)

−(1/Q2
max)X

∗

num(jω)Xnum(jω) ≥ 0.
✭✸✳✷✶✮

❆♣❧✐❝❛♥❞♦ ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❙❝❤✉r ❡♠ ✭✸✳✷✶✮✱ ❛ s❡❣✉✐♥t❡ r❡str✐çã♦ ❝♦♥✈❡①❛ ♥❛ ❢♦r♠❛ ❞❡

▲▼■ é ♦❜t✐❞❛✿

[

P∗(jω,θ)Pc(jω) +P∗

c(jω)P(jω,θ)−P∗

c(jω)Pc(jω) ((1/Qmax)Xnum(jω,θ))
∗

(1/Qmax)Xnum(jω,θ) I

]

≥ 0.

✭✸✳✷✷✮

❈♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✸✳✷✱ ❛ r❡str✐çã♦ ✭✸✳✷✷✮

❡ ❛ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ G(jω) ❡ ❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡

❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ Lr(jω)✱ ♦ ❝♦♥tr♦❧❛❞♦r é ♣r♦❥❡t❛❞♦ ❝♦♥❢♦r♠❡ ❞❡✜♥✐çã♦ ✶✳

❉❡✜♥✐çã♦ ✶ ❉❛❞❛ ❛ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ▲■❚ ❡ ❡stá✈❡❧ G(jω)

❡ ❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ ▲■❚ ❡ ❡stá✈❡❧ Lr(jω) ❡♠ ✉♠

❝♦♥❥✉♥t♦ ❞❡ ❢r❡q✉ê♥❝✐❛s Ω✳ ❖s ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r r♦❜✉st♦ ♠✉❧t✐✈❛r✐á✈❡❧✱ q✉❡ ❣❛r❛♥t❡ ❛

❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✱ sã♦ ❝❛❧❝✉❧❛❞♦s r❡s♦❧✈❡♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛
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❝♦♠ r❡str✐çõ❡s ▲▼■ ❞❡✜♥✐❞♦ ♣♦r✿

minθ γ

s✉❥❡✐t♦ ❛✿
[

κ(jω,θ) (G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))
∗

G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ) γI

]

≥ 0,

[

P∗(jω,θ)Pc(jω) +P∗

c(jω)P(jω,θ)−P∗

c(jω)Pc(jω) ((1/Qmax)Xnum(jω,θ))
∗

(1/Qmax)Xnum(jω,θ) I

]

≥ 0,

∀ω ∈ Ω,

✭✸✳✷✸✮

❝♦♠ κ(jω,θ) = X∗

den(jω)Xdenc
(jω)+X∗

denc
(jω)Xden(jω)−X∗

denc
(jω)Xdenc

(jω)✱ P(jω,θ) =

Xden(jω,θ) +G(jω)Xnum(jω,θ) ❡ Pc(jω) = Xdenc
(jω) +G(jω)Xnumc

(jω)✳

✸✳✸✳✷ Pr♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r✿ ❈♦♥tr♦❧❛❞♦r P■❉

◆♦ ♣r♦❜❧❡♠❛ ❛♣r❡s❡♥t❛❞♦ ♥♦ ▲❡♠❛ ✶✱ ✉♠❛ ❢♦r♠✉❧❛çã♦ ❣❡r❛❧ ❞♦ ❝♦♥tr♦❧❛❞♦r✱ ♦✉ s❡❥❛✱ ✉♠

❝♦♥tr♦❧❛❞♦r t♦t❛❧♠❡♥t❡ ♣❛r❛♠❡tr✐③❛❞♦✱ é ❝♦♥s✐❞❡r❛❞❛✳ ◆♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ ♦ ❝♦♥tr♦❧❛❞♦r

P■❉ é ✉t✐❧✐③❛❞♦✱ ♦ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❞❡ ♠❛♥❡✐r❛ ♠❛✐s ❞✐r❡t❛✳ ❆ss✐♠✱ ♦s ❣❛♥❤♦s

❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ sã♦ ❝❛❧❝✉❧❛❞♦s r❡s♦❧✈❡♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❝♦♠

r❡str✐çã♦ ▲▼■ ❞❛❞♦ ♣♦r✿

minθ γ

s✉❥❡✐t♦ ❛✿
[

I (G(jω)C(jω,θ)− Lr(jω))
∗

G(jω)C(jω,θ)− Lr(jω) γI

]

≥ 0,

[

P∗(jω,θ)Pc(jω) +P∗

c(jω)P(jω,θ)−P∗

c(jω)Pc(jω) 1/Qmax

1/Qmax I

]

≥ 0,

∀ω ∈ Ω,

✭✸✳✷✹✮

♦♥❞❡ P(jω,θ) = I+G(jω)C(jω,θ) ❡ Pc(jω) = I+G(jω)Cc(jω)✳

✸✳✸✳✸ ■♥✐❝✐❛❧✐③❛çã♦ ❞♦s ❛❧❣♦r✐t♠♦s

P❛r❛ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ é ♥❡❝❡ssár✐♦ ❞❡✜♥✐r ♦ ✈❛❧♦r ❞❡ Qmax ❡ ✉♠

❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦ Xnumc
❡ Xdenc

♦✉ Cc✱ ✉s❛❞♦ ♥❛ ❝♦♥✈❡①✐✜❝❛çã♦✳
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❊♠ ❇♦②❞✱ ❍❛st ❡ ➴strö♠ ✭✷✵✶✻✮✱ ♦ ✈❛❧♦r ❞❡ Qmax é ❞❡✜♥✐❞♦ ♣♦r✿

Qmax =
α

σmin(G(0))
, ✭✸✳✷✺✮

s❡♥❞♦ α ✉♠ ✐♥t❡✐r♦ ♥♦ ✐♥t❡r✈❛❧♦ [3,10]✱ σmin ♦ ♠❡♥♦r ✈❛❧♦r s✐♥❣✉❧❛r ❡ G(0) ❛ ♠❛tr✐③ ❞❡

❣❛♥❤♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❝❡ss♦ G(s)✳ ❊ss❡ ✈❛❧♦r ♣♦❞❡ s❡r ✉s❛❞♦ ❝❛s♦ G(0) s❡❥❛ ❝♦♥❤❡❝✐❞♦✳

◗✉❛❧q✉❡r ❝♦♥tr♦❧❛❞♦r ❝♦♥❤❡❝✐❞♦ q✉❡ ❡st❛❜✐❧✐③❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ❝♦♠♦

❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✳ ❊♠ ❇♦②❞✱ ❍❛st ❡ ➴strö♠ ✭✷✵✶✻✮✱ é ✉t✐❧✐③❛❞♦ ♦ ❝♦♥tr♦❧❛❞♦r

✐♥t❡❣r❛❧ ❞❛❞♦ ♣♦r✿

Cc(s) =
ϵ(G(0))−1

s
, ✭✸✳✷✻✮

s❡♥❞♦ ϵ ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣❡q✉❡♥♦✱ ♠❡♥♦r ❞♦ q✉❡ ✶✱ ❡ ♣♦s✐t✐✈♦✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ ♦ r❡s✉❧t❛❞♦

❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ é ✉♠ s✉❜✲ót✐♠♦ ❡ ❞❡♣❡♥❞❡ ❞♦ ❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✳

✸✳✹ ❚é❝♥✐❝❛ ♣r♦♣♦st❛ ✷ ✲ ❘❡str✐çã♦ ❞❛ ♠❛r❣❡♠ ❞❡ ❡st❛✲

❜✐❧✐❞❛❞❡

❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✶ ❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛

❞❡s❡❥❛❞❛ ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✸✳✷✳ ❖ s✐st❡♠❛ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣r♦❥❡t❛❞♦ ♣♦❞❡ s❡r

r❡♣r❡s❡♥t❛❞♦ ❡♠ ❢✉♥çã♦ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞❡s❡❥❛❞❛ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✸✳

❆ ♣❛rt✐r ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✸✱ t❡♠✲s❡ q✉❡ ❛ ❢✉♥çã♦ ❞❡

tr❛♥s❢❡rê♥❝✐❛ Hr(s) é ❞❡✜♥✐❞❛ ❡♠ ❢✉♥çã♦ ❞❡ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛

❞❡ r❡❢❡rê♥❝✐❛ Lr(s)✿

Hr(s) = −(I+ Lr(s))
−1 = −Sr(s), ✭✸✳✷✼✮

s❡♥❞♦ Sr(s) ❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ r❡❢❡rê♥❝✐❛✳

❋✐❣✉r❛ ✸✳✶✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣r♦❥❡t❛❞❛

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❆ ❝♦♥❞✐çã♦ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ✐♥t❡r♥❛ ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ❋✐❣✉r❛ ✸✳✸ é ❛♣r❡s❡♥t❛❞❛

♥♦ ❚❡♦r❡♠❛ ✶✳

❚❡♦r❡♠❛ ✶ ❈♦♥s✐❞❡r❡ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✸✱ ❝♦♠ ❛ ❢✉♥çã♦ ❞❡
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❋✐❣✉r❛ ✸✳✷✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞❡s❡❥❛❞❛

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❋✐❣✉r❛ ✸✳✸✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣r♦❥❡t❛❞❛ ❡♠ ❢✉♥çã♦ ❞❛ ❞❡s❡❥❛❞❛

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❣❛♥❤♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❡s❡❥❛❞❛ Lr(jω) ❡stá✈❡❧✱ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢r❡q✉ê♥✲

❝✐❛s Ω✳ ❆ss✉♠❛ q✉❡ H(jω) ❡ L(jω)− Lr(jω) t❛♠❜é♠ sã♦ ❡stá✈❡✐s✳

✶✳ ❯♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❡st❛❜✐❧✐❞❛❞❡ ✐♥t❡r♥❛ é✿

σmax(L(jω)− Lr(jω)) < σmax(I+ Lr(jω)), ∀ω ∈ Ω, ✭✸✳✷✽✮

❝♦♠ σmax ♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r✳

✷✳ ❖✉tr❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ ✐♥t❡r♥❛ é q✉❡✿

∥L− Lr∥∞ < ∥I+ Lr∥∞. ✭✸✳✷✾✮

Pr♦✈❛✳ ❈♦♥s✐❞❡r❡ ❛ ♣❛rt❡ ✶✳ ❆ss✉♠❛ q✉❡ Hr(s) ❡ (L(s,θ)− Lr(s)) sã♦ ❡stá✈❡✐s✳ P❡❧♦

t❡♦r❡♠❛ ❞♦ ❣❛♥❤♦ ♣❡q✉❡♥♦✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ✐♥t❡r♥❛ ❞♦ s✐st❡♠❛ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✸

é ❣❛r❛♥t✐❞❛ s❡ ∥Hr(L− Lr)∥∞ < 1 ✭❇❖❙●❘❆❀ ❑❲❆❑❊❘◆❆❆❑❀ ▼❊■◆❙▼❆✱ ✷✵✵✶✮✿

sup
ω

σmax((Hr(jω))(L(jω,θ)− Lr(jω))) < 1, ✭✸✳✸✵✮

σmax((Hr(jω))(L(jω,θ)− Lr(jω))) < 1. ✭✸✳✸✶✮

❉❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦✱ t❡♠✲s❡✿

σmax(Hr(jω)(L(jω,θ)− Lr(jω))) ≤ σmax(Hr(jω))σmax(L(jω,θ)− Lr(jω)), ✭✸✳✸✷✮
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σmax(Hr(jω))σmax(L(jω,θ)− Lr(jω)) < 1. ✭✸✳✸✸✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✷✼✮ ♥❛ ❡q✉❛çã♦ ✭✸✳✸✸✮✿

σmax(Sr(jω))σmax(L(jω,θ)− Lr(jω)) < 1. ✭✸✳✸✹✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ♦s ❞♦✐s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ✭✸✳✸✹✮ ♣♦r σmax(Sr(jω))/σmin(Sr(jω))✱ t❡♠✲s❡✿

σmax(Sr(jω))

σmin(Sr(jω))
σmax(L(jω,θ)− Lr(jω)) <

σmax(Sr(jω))

σmin(Sr(jω))

1

σmax(Sr(jω))
. ✭✸✳✸✺✮

P❛r❛ σmax(Sr(jω)) tã♦ ♣❡q✉❡♥♦ q✉❡ σmax(Sr(jω))/σmin(Sr(jω)) ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ♣ró✲

①✐♠♦ ❞❡ ✶✱ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♥ã♦ é s❡♥sí✈❡❧ à ✐♥❝❡rt❡③❛ ❞❡ ❡♥tr❛❞❛ ✭▼❆❈■❊❏❖❲❙❑■✱ ✶✾✽✾✮✱

❡♥tã♦✿

σmax(L(jω,θ)− Lr(jω)) <
1

σmin(Sr(jω))
. ✭✸✳✸✻✮

❆ss✐♠✱ ❛ ❡q✉❛çã♦ ✭✸✳✸✺✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛✿

σmax(L(jω,θ)− Lr(jω)) < σmax(I+ Lr(jω)), ∀ω ∈ R. ✭✸✳✸✼✮

❈♦♥s✐❞❡r❡ ❛ ♣❛rt❡ ✷✿

∥Hr(L− Lr)∥∞ ≤ ∥Hr∥∞∥(L− Lr)∥∞. ✭✸✳✸✽✮

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❞♦ ❣❛♥❤♦ ♣❡q✉❡♥♦ ❡ s✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✷✼✮

♥❛ ❡q✉❛çã♦ ✭✸✳✸✽✮✿

∥L− Lr∥∞ < ∥I+ Lr∥∞. ✭✸✳✸✾✮

P❛r❛ ♠♦❞✐✜❝❛r ❛ ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✱ ✉♠ ❢❛t♦r β ∈ [0.25,1] é ❛❞✐❝✐♦♥❛❞♦ ❛s ❝♦♥✲

❞✐çõ❡s ❞♦ t❡♦r❡♠❛ ✶✿

σmax(L(jω)− Lr(jω)) <
√

β σmax(I+ Lr(jω)) ✭✸✳✹✵✮

❡

∥L− Lr∥∞ <
√

β ∥I+ Lr∥∞. ✭✸✳✹✶✮

◗✉❛♥t♦ ♠❡♥♦r ❢♦r ♦ ✈❛❧♦r ❞❡ β✱ ♠❡♥♦r s❡rá ♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡

s❡♥s✐❜✐❧✐❞❛❞❡ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♠❛✐♦r s❡rá ❛ ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✳ ■ss♦ ♣♦❞❡ s❡r

✈✐st♦ ♥❛ ❋✐❣✉r❛ ✸✳✹✱ ♦♥❞❡ ♦ ✈❛❧♦r s✐♥❣✉❧❛r ♠á①✐♠♦ ❞❡ S(jω) ♣r♦❥❡t❛❞❛ ♣❛r❛ ❞✐❢❡r❡♥t❡s

✈❛❧♦r❡s ❞❡ β é ♠♦str❛❞♦✳
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❋✐❣✉r❛ ✸✳✹✿ ▼á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❡ S(jω) ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ β
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❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❊♥tã♦✱ ❛ ❝♦♥❞✐çã♦ ✷ ❞♦ t❡♦r❡♠❛ ✶ é ✐♥s❡r✐❞❛ ❛♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✮ r❡s✉❧t❛♥❞♦ ♥♦ ♣r♦❜❧❡♠❛

♣r♦♣♦st♦ ❞❛❞♦ ♣♦r✿

minθ ∥L(jω,θ)− Lr(jω)∥∞
s✉❥❡✐t♦ ❛✿ ∥L− Lr∥∞ <

√
β ∥I+ Lr∥∞.

✭✸✳✹✷✮

❆ ❢♦r♠❛ ❝♦♥✈❡①❛ ❞❡ss❡ ♣r♦❜❧❡♠❛ é ❛♣r❡s❡♥t❛❞❛ ♥❛s ❞✉❛s ♣ró①✐♠❛s s❡çõ❡s✳

✸✳✹✳✶ Pr♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝❛s♦ ❣❡r❛❧✿ ❈♦♥tr♦❧❛❞♦r t♦t❛❧♠❡♥t❡

♣❛r❛♠❡tr✐③❛❞♦

◆❛ ❙❡çã♦ ✸✳✷✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦ ✭✸✳✹✷✮ ❢♦✐ r❡❡s❝r✐t♦ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❝♦♥✈❡①♦

❝♦♠ r❡str✐çõ❡s ▲▼■✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❡s❝r❡✈❡r ❛ r❡str✐çã♦ ❞❡ ✭✸✳✹✷✮ ♥❛ ❢♦r♠❛ ❞❡ ▲▼■✱

✐♥✐❝✐❛❧♠❡♥t❡ s❡ ❡s❝r❡✈❡ ♥❛ ❢♦r♠❛ ❞❡ ◗▼■✿

(L(jω,θ)− Lr(jω))
∗(L(jω,θ)− Lr(jω)) < β(I+ Lr(jω))

∗(I+ Lr(jω)) ✭✸✳✹✸✮
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❙✉❜st✐t✉✐♥❞♦ L(jω,θ) ♣♦r G(jω)C(jω,θ)✱ t❡♠✲s❡✿

(G(jω)C(jω,θ)−Lr(jω))
∗(G(jω)C(jω,θ)−Lr(jω)) < β(I+Lr(jω))

∗(I+Lr(jω)). ✭✸✳✹✹✮

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝♦♥tr♦❧❛❞♦r t♦t❛❧♠❡♥t❡ ♣❛r❛♠❡tr✐③❛❞♦C(jω,θ) = Xnum(jω,θ)(Xden(jω,θ))
−1✱

t❡♠✲s❡✿

(G(jω)Xnum(jω,θ)(Xden(jω,θ))
−1 − Lr(jω))

∗(G(jω)Xnum(jω,θ)(Xden(jω,θ))
−1 − Lr(jω))

< β(I+ Lr(jω))
∗(I+ Lr(jω)),

✭✸✳✹✺✮

(G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))
∗(G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))

< β(Xden(jω,θ))
∗(I+ Lr(jω))

∗(I+ Lr(jω))Xden(jω,θ).

✭✸✳✹✻✮

❯s❛♥❞♦ ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❙❝❤✉r✱ ❛ s❡❣✉✐♥t❡ ▲▼■ é ♦❜t✐❞❛✿
[

((I+ Lr(jω))Xden(jω,θ))
∗ (G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))

∗

G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ) β(I+ Lr(jω))Xden(jω,θ)

]

≥ 0.

✭✸✳✹✼✮

❊♥tã♦✱ ♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r sã♦ ♣r♦❥❡t❛❞♦s ❝♦♥❢♦r♠❡ ❞❡✜♥✐çã♦ ✷✳

❉❡✜♥✐çã♦ ✷ ❉❛❞❛ ❛ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ G(jω) ❞♦ ♣r♦❝❡ss♦ ▲■❚ ❡ ❡stá✈❡❧

❡ ❞❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ ▲■❚ ❡ ❡stá✈❡❧ Lr(jω)✱ ❡♠ ✉♠

❝♦♥❥✉♥t♦ ❞❡ ❢r❡q✉ê♥❝✐❛s Ω✳ ❖s ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r r♦❜✉st♦ ♠✉❧t✐✈❛r✐á✈❡❧✱ q✉❡ ❣❛r❛♥t❡ ❛

❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✱ sã♦ ❝❛❧❝✉❧❛❞♦s r❡s♦❧✈❡♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛

❝♦♠ r❡str✐çã♦ ▲▼■ ❞❡✜♥✐❞♦ ♣♦r✿

minθ γ

s✉❥❡✐t♦ ❛✿
[

κ(jω,θ) (G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))
∗

G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ) γI

]

≥ 0,

[

((I+ Lr(jω))Xden(jω,θ))
∗ (G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ))

∗

G(jω)Xnum(jω,θ)− Lr(jω)Xden(jω,θ) β(I+ Lr(jω))Xden(jω,θ)

]

≥ 0,

∀ω ∈ Ω,

✭✸✳✹✽✮

♥♦ q✉❛❧ κ(jω,θ) = X∗

den(jω)Xdenc
(jω)+X∗

denc
(jω)Xden(jω)−X∗

denc
(jω)Xdenc

(jω) é ❢✉♥çã♦

❞❡ ✉♠ ❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✳

❉❡✈✐❞♦ à ❢♦r♠✉❧❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦✱ ♣❛r❛ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ♣r♦✲

♣♦st♦ ♥♦ ▲❡♠❛ ✷✱ é ♥❡❝❡ssár✐♦ ✉♠ ❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✳ ❊ss❡ ❝♦♥tr♦❧❛❞♦r ❞❡✈❡

❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳ ❯♠❛ ♠❛♥❡✐r❛ ❞❡ ❞❡✜♥✐✲❧♦ é ❛♣r❡s❡♥t❛❞❛ ♥❛

❙❡çã♦ ✸✳✸✳✸✳
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✸✳✹✳✷ Pr♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r✿ ❈♦♥tr♦❧❛❞♦r P■❉

❖ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❛♣r❡s❡♥t❛❞♦ ♥♦ ▲❡♠❛ ✷ ❢♦✐ ❢♦r♠✉❧❛❞♦ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ❝♦♥tr♦❧❛❞♦r

t♦t❛❧♠❡♥t❡ ♣❛r❛♠❡tr✐③❛❞♦✳ P♦ré♠✱ ♥♦ ❝❛s♦ ♦♥❞❡ ♦s ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③ ❞♦ ❝♦♥tr♦❧❛❞♦r

sã♦ ♥❛ ❢♦r♠❛ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉✱ ♦ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❡ ♠❛♥❡✐r❛ ♠❛✐s s✐♠♣❧❡s ❡

❞✐r❡t❛✱ ❞❛ s❡❣✉✐♥t❡✿

minθ γ

s✉❥❡✐t♦ ❛✿

[

I (G(jω)C(jω,θ)− Lr(jω))
∗

G(jω)C(jω,θ)− Lr(jω) γI

]

≥ 0,

[

(I+ Lr(jω))
∗(I+ Lr(jω)) (G(jω)C(jω,θ)− Lr(jω))

∗

G(jω)C(jω,θ)− Lr(jω) βI

]

≥ 0,

∀ω ∈ Ω.

✭✸✳✹✾✮

❖❜s❡r✈❡ q✉❡ ♥❡ss❡ ❝❛s♦✱ ✉♠ ❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦ ♥ã♦ é ♥❡❝❡ssár✐♦✳

✸✳✺ ❋✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛

❆ ❡s♣❡❝✐✜❝❛çã♦ ❞❡ ♣r♦❥❡t♦ ❞❛ té❝♥✐❝❛ ♣r♦♣♦st❛ é ❛ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛

Lr(s)✳ ❊st❛ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❛ ♣❛rt✐r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❝♦♠♣❧❡♠❡♥t❛r T(s)✳ P♦r

❞❡✜♥✐çã♦✱ t❡♠✲s❡✿

T(s) = L(s)(I+ L(s))−1. ✭✸✳✺✵✮

❆ ♣❛rt✐r ❞❡ss❛ ❞❡✜♥✐çã♦✱ Lr(s) ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ ❢✉♥çã♦ ❞❡ Tr(s)✱ ♦✉ s❡❥❛✿

Lr(s) = Tr(s)(I−Tr(s))
−1. ✭✸✳✺✶✮

❈♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ♦❜t❡r ✉♠❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♦ ♠❛✐s ❞❡s❛❝♦♣❧❛❞❛ ♣♦ssí✈❡❧✱ ♦ ♠♦❞❡❧♦

❞❡ r❡❢❡rê♥❝✐❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ✭Tr(s)✮ é ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠❛ ♠❛tr✐③ ❞❡ tr❛♥s❢❡rê♥❝✐❛

❞✐❛❣♦♥❛❧✱ ❞❛❞♦ ♣♦r✿

Tr(s) =















Tr11(s) 0 · · · 0

0 Tr22(s) · · · 0
✳✳✳

✳✳✳ ✳ ✳ ✳ ✳✳✳

0 0 · · · Trnn(s)















. ✭✸✳✺✷✮

❈❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ Tr(s)✱ ❡q✉❛çã♦ ✭✸✳✺✷✮✱ é ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ s❡r ❞❡✜♥✐❞❛

♣❡❧♦ ♣r♦❥❡t✐st❛✳ ◆❡st❛ ♣r♦♣♦st❛✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ s✐♠♣❧✐✜❝❛r ♦ ♣r♦❥❡t♦ ❞❡ Tr(s)✱ ❝❛❞❛
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❡❧❡♠❡♥t♦ ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ é ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❋❖P❚❉✿

Trii(s) =
e−Lpiis

τciis+ 1
, ✭✸✳✺✸✮

♦♥❞❡ τcii é ♦ ♣❛râ♠❡tr♦ ❞❡ ♣r♦❥❡t♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦✱ Lpii é ♦ ❛tr❛s♦ ❞♦

♣r♦❝❡ss♦ ❡ i = 1,2,...,n✳ P❛r❛ ♦❜t❡r ✉♠❛ ♠❛❧❤❛ rá♣✐❞❛ ❡ r❡❥❡✐çã♦ ❞❡ ♣❡rt✉r❜❛çã♦ ♣❡q✉❡♥♦s

✈❛❧♦r❡s ❞❡ τc ❞❡✈❡♠ s❡r ❝♦♥s✐❞❡r❛❞♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❛ r♦❜✉st❡③ ❞❛ ♠❛❧❤❛

❢❡❝❤❛❞❛ ❡ ❛ r❡❞✉çã♦ ❞❛ ✈❛r✐❛çã♦ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ sã♦ r❡s✉❧t❛❞♦s ❞❡ ❛❧t♦ ✈❛❧♦r❡s ❞❡ τcii✳

❚❛❜❡❧❛ ✸✳✶✿ ❈♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ r❡❢❡rê♥❝✐❛
✭Tr(s)✮✳

❚✐♣♦ ❞❡ ♠❛❧❤❛ τcii
▼✉✐t♦ rá♣✐❞❛ 1/3(τii + Lpii)
❘á♣✐❞❛ 2/3(τii + Lpii)
◆♦r♠❛❧ τii + Lpii

▲❡♥t❛ 3/2(τii + Lpii✮
▼✉✐t♦ ❧❡♥t❛ 2(τii + Lpii)

❖ ✈❛❧♦r ❞❡ τc ❞❡✈❡ s❡r ❞❡✜♥✐❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞❡s❡❥❛❞♦✳

❉❡st❛ ❢♦r♠❛✱ sã♦ ❞❡✜♥✐❞♦s ❝✐♥❝♦ t✐♣♦s ❞❡ ♠❛❧❤❛✿ ♠✉✐t♦ rá♣✐❞❛✱ rá♣✐❞❛✱ ♥♦r♠❛❧✱ ❧❡♥t❛ ❡

♠✉✐t♦ ❧❡♥t❛✳ ◆❛ ❚❛❜❡❧❛ ✸✳✶✱ ♦ ✈❛❧♦r ❞❡ τc ♣❛r❛ ❝❛❞❛ t✐♣♦ ❞❡ ♠❛❧❤❛ é ❛♣r❡s❡♥t❛❞♦✳ ❊ss❡s

✈❛❧♦r❡s sã♦ ❜❛s❡❛❞♦s ♥❛ ❞❡✜♥✐çã♦ ✉t✐❧✐③❛❞❛ ♥♦ s♦❢t✇❛r❡ ❛♣r❡s❡♥t❛❞♦ ❡♠ ❇❛rr♦s ❡t ❛❧✳

✭✷✵✵✾✮✳ ❖❜s❡r✈❛✲s❡ q✉❡ ❡ss❡s ✈❛❧♦r❡s sã♦ ❞❡✜♥✐❞♦s ❡♠ ❢✉♥çã♦ ❞❛ s♦♠❛ ❞♦ ❛tr❛s♦ ✭Lpii✮

❝♦♠ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡ ✭τii✮ ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❞❛

❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦✳

✸✳✻ ❘❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦

◆❡st❛ ❙❡çã♦✱ ♦s r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❛s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥✲

tr♦❧❛❞♦r r♦❜✉st♦ ♠✉❧t✐✈❛r✐á✈❡❧ ♣r♦♣♦st❛s sã♦ ❛♣r❡s❡♥t❛❞♦s✳ Pr♦❝❡ss♦s ❜❡♥❝❤♠❛r❦ ❝♦♠

❞✐♠❡♥sõ❡s 2× 2✱ 3× 3 ❡ 4× 4✱ ✐♥❝❧✉✐♥❞♦ ✉♠ ♣r♦❝❡ss♦ tr✐❛♥❣✉❧❛r 4× 4✱ sã♦ ❝♦♥s✐❞❡r❛❞♦s✳

❆ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ❢♦✐ ♦❜t✐❞❛ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳ P❛r❛

✐ss♦✱ ♦ ♣r♦❝❡ss♦ ❢♦✐ ❡①❝✐t❛❞♦ ❝♦♠ ✉♠ s✐♥❛❧ ❜✐♥ár✐♦ ♣s❡✉❞♦❛❧❡❛tór✐♦ ✭P❘❇❙ ✲ ❞♦ ✐♥❣❧ês

♣s❡✉❞♦ r❛♥❞♦♠ ❜✐♥❛r② s❡q✉❡♥❝❡✮✱ ♣♦r s❡r ✉♠ s✐♥❛❧ ♠❛✐s r✐❝♦ ♥♦ ❡s♣❡❝tr♦ ❞❡ ❢r❡q✉ê♥❝✐❛

❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ s✐♥❛✐s ♠❛✐s s✐♠♣❧❡s ❝♦♠♦ ♦ ❞❡❣r❛✉✳ ❖ ♣❡rí♦❞♦ ❞❡ ❝❧♦❝❦ ❞♦ s✐♥❛❧

P❘❇❙ Tck ❢♦✐ ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡ ❡st✐♠❛❞❛ τii

❞♦ ♣r♦❝❡ss♦ ✭■❙❊❘▼❆◆◆❀ ▼Ü◆❈❍❍❖❋✱ ✷✵✶✶✮✿

Tck =
τii
5
. ✭✸✳✺✹✮
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❆♣ós ❛ ❝♦❧❡t❛ ❞♦s ❞❛❞♦s✱ ❛s r❡s♣♦st❛s ❡♠ ❢r❡q✉ê♥❝✐❛ ❢♦r❛♠ ♦❜t✐❞❛s ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ ❞❛

tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞♦s s✐♥❛✐s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❝♦❧❡t❛❞♦s✳

❆s té❝♥✐❝❛s ♣r♦♣♦st❛s sã♦ ❝♦♠♣❛r❛❞❛s ❝♦♠ ❛ té❝♥✐❝❛ ♣r♦♣♦st❛ ♣♦r ❑❛r✐♠✐ ❡ ❑❛♠♠❡r

✭✷✵✶✼✮ ✭❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛✮✳ ❊ss❛ té❝♥✐❝❛ t❛♠❜é♠ é ❢♦r♠✉❧❛❞❛ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡

♦t✐♠✐③❛çã♦ ❡ ❛ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ é ✉t✐❧✐③❛❞❛✳ ❖ ♣r♦❜❧❡♠❛

♣r♦♣♦st♦ ♣♦r ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ ♣♦ss✉✐ ❛ ♠❡s♠❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞♦s ♠ét♦❞♦s

♣r♦♣♦st♦s✱ ♣♦ré♠ s❡♠ ♥❡♥❤✉♠❛ r❡str✐çã♦✱ ♥ã♦ ❣❛r❛♥t✐♥❞♦ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛

❝♦♠♦ é ♠♦str❛❞♦ ♥♦s ❡①❡♠♣❧♦s✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❢♦✐ s♦❧✉❝✐♦♥❛❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ❢r❛♠❡✇♦r❦ ❈❱❳ ❞♦ ▼❛t❧❛❜

✭●❘❆◆❚❀ ❇❖❨❉✱ ✷✵✵✽✮✳

❖ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❡s❝♦❧❤✐❞♦ ❢♦✐ s❡♠♣r❡ ♦ ♠❛✐s rá♣✐❞♦✳ ◆♦

❡♥t❛♥t♦✱ q✉❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ✜❝♦✉ s❡♠ s♦❧✉çã♦✱ ♠♦❞❡❧♦ ❝♦♠ r❡s♣♦st❛ ♠❛✐s ❧❡♥t❛ ❢♦✐ s❡❧❡❝✐✲

♦♥❛❞♦ ❛té q✉❡ ♦ ♣r♦❜❧❡♠❛ ❢♦ss❡ r❡s♦❧✈✐❞♦✳ ❖ ✈❛❧♦r ❞❡ Qmax ❡ ♦ ❝♦♥tr♦❧❛❞♦r ✐♥✐❝✐❛❧ ❢♦r❛♠

❡s❝♦❧❤✐❞♦s ❝♦♥❢♦r♠❡ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✸✳✸✳✸✳ P❛r❛ ❛ té❝♥✐❝❛ ✶✱ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞♦

✈❛❧♦r ❞❡ Qmax ❢♦✐ ✐♥✐❝✐❛❧♠❡♥t❡ ✉s❛❞♦ α = 3✱ ♣♦ré♠ ❡♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s ♦ ♣r♦❜❧❡♠❛ ✜❝♦✉

s❡♠ s♦❧✉çã♦✳ ❊♥tã♦✱ ❢♦✐ ✉s❛❞♦ α = 10✳

❆s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡

❝♦♥tr♦❧❡ ✭❙❡çã♦ ✷✳✹✮ ❡ ♦s í♥❞✐❝❡s ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ✭❙❡çã♦ ✷✳✸✮ sã♦ ✉t✐❧✐③❛❞♦s ♣❛r❛

❝♦♠♣❛r❛r ❛s té❝♥✐❝❛s✳

✸✳✻✳✶ ❊①❡♠♣❧♦ ✶

❈♦♥s✐❞❡r❛✲s❡ ❛ ❝♦❧✉♥❛ ❞❡ ❞❡st✐❧❛çã♦ ❜✐♥ár✐❛ ❲♦♦❞✲❇❡rr② ✭❲❖❖❉❀ ❇❊❘❘❨✱ ✶✾✼✸✮✿

Gex1(s) =









12,8e−s

16,7s+ 1

−18,9e−3s

21s+ 1
6,6e−7s

10,9s+ 1

−19,4e−3s

14,4s+ 1









. ✭✸✳✺✺✮

❖ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✱ ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ ♠❛❧❤❛ ♠✉✐t♦ rá♣✐❞❛ ❞❛

❚❛❜❡❧❛ ✸✳✶✱ é ❞❛❞♦ ♣♦r✿

Trex1(s) =









e−1s

5,9s+ 1
0

0
e−3s

5,8s+ 1









. ✭✸✳✺✻✮

❆ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ ❢♦✐ ♦❜t✐❞❛ s✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✺✻✮ ♥❛

❡q✉❛çã♦ ✭✸✳✺✶✮✳ P❛r❛ ✐♥✐❝✐❛❧✐③❛r ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♥❛ té❝♥✐❝❛ ✶✱ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s

Qmax = 0,7381 ✭α = 3✮ ❡ ♦ ❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✱ ❡q✉❛çã♦ ✭✸✳✷✻✮✱ ❝♦♠ ϵ = 0,01✱
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❚❛❜❡❧❛ ✸✳✷✿ ●❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r ✲ ❊①❡♠♣❧♦ ✶✳
C11 C12

KP KI KD KP KI KD

❚é❝♥✐❝❛ ✶ ✵✱✶✺✹✻ ✵✱✵✶✸✶ ✵✱✵✾✺✺ ✲✵✱✵✶✻✸ ✲✵✱✵✵✽✹ ✵✱✵✹✺✽
❚é❝♥✐❝❛ ✷✿ β = 0,4 ✵✱✶✼✽✵ ✵✱✵✶✻✸ ✵✱✶✶✹✽ ✲✵✱✵✶✵✹ ✲✵✱✵✶✵✾ ✲✵✱✵✶✺✵
❚é❝♥✐❝❛ ✷✿ β = 0,8 ✵✱✷✵✽✵ ✵✱✵✶✾✷ ✵✱✶✼✺✾ ✵✱✵✷✼✵ ✲✵✱✵✶✷✺ ✵✱✵✹✺✶
❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ ✵✱✶✺✶✵ ✵✱✵✷✷✸ ✶✱✸✵✻✾ ✵✱✷✻✸✾ ✲✵✱✵✶✻✹ ✲✵✱✹✹✺✼

C21 C22

KP KI KD KP KI KD

❚é❝♥✐❝❛ ✶ ✵✱✵✹✵✺ ✵✱✵✵✹✷ ✲✵✱✵✽✺✾ ✲✵✱✵✺✶✶ ✲✵✱✵✵✺✼ ✲✵✱✵✽✻✺
❚é❝♥✐❝❛ ✷✿ β = 0,4 ✵✱✵✺✾✵ ✵✱✵✵✺✸ ✲✵✱✵✽✶✼ ✲✵✱✵✹✾✻ ✲✵✱✵✵✼✺ ✲✵✱✵✹✸✾
❚é❝♥✐❝❛ ✷✿ β = 0,8 ✵✱✵✼✸✷ ✵✱✵✵✻✺ ✲✵✱✶✵✼✽ ✲✵✱✵✸✼✹ ✲✵✱✵✵✽✽ ✲✵✱✶✵✵✻
❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ ✵✱✵✸✼✷ ✵✱✵✵✼✾ ✲✵✱✺✵✶✵ ✵✱✵✼✼✾ ✲✵✱✵✶✶✵ ✲✶✱✷✸✽✸

❞❛❞♦ ♣♦r✿

Cex1(s) =







0,0016

s

−0,0015

s
0,0005

s

−0,0010

s






. ✭✸✳✺✼✮

❉♦✐s ✈❛❧♦r❡s ❞❡ β✿ ✵✱✹ ❡ ✵✱✽ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ♣❛r❛ ❛♣❧✐❝❛r ❛ té❝♥✐❝❛ ♣r♦♣♦st❛ ✷✳

◆❛ ❚❛❜❡❧❛ ✸✳✷✱ ♦s ❣❛♥❤♦s ❞♦s ❝♦♥tr♦❧❛❞♦r❡s ♣r♦❥❡t❛❞♦s ❝♦♠ ❝❛❞❛ ✉♠❛ ❞❛s té❝♥✐❝❛s✱

❛♣r❡s❡♥t❛❞❛s ♥❡st❡ ❈❛♣ít✉❧♦ ❡ ❡♠ ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮✱ sã♦ ❛♣r❡s❡♥t❛❞♦s✳

❆ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣r♦❥❡t❛❞❛ ❝♦♠ ❛ té❝♥✐❝❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮

r❡s✉❧t♦✉ ❡♠ ✉♠❛ r❡♣♦st❛ ♦s❝✐❧❛tór✐❛✱ ♥♦ ❧✐♠✐t❡ ❞❛ ✐♥st❛❜✐❧✐❞❛❞❡✳ ❯♠❛ ❥✉st✐✜❝❛t✐✈❛ é ♦

✈❛❧♦r ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r C22✳ ❖ ❣❛♥❤♦ ♣r♦♣♦r❝✐♦♥❛❧ é ♣♦s✐t✐✈♦✱ ♥♦ ❡♥t❛♥t♦ ♦

❡s♣❡r❛❞♦ ❡r❛ ✉♠ ❣❛♥❤♦ ♥❡❣❛t✐✈♦✱ ❞❡✈✐❞♦ ❛♦ s✐♥❛❧ ❞❡ G22✳ ❆❧é♠ ❞✐ss♦✱ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦

❝♦♠ ❛s té❝♥✐❝❛s ♣r♦♣♦st❛s ✶ ❡ ✷ ♦ ✈❛❧♦r ❞♦s ❣❛♥❤♦s ✐♥t❡❣r❛❧ ❡ ❞❡r✐✈❛t✐✈♦ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡

❞❡③ ✈❡③❡s ♠❛✐♦r✳

❆s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ✉♥✐tár✐♦ ❞❡ ❝❛❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣r♦❥❡t❛❞❛✱ ❡①❝❡t♦ ❛ ♣r♦❥❡t❛❞❛

❝♦♠ ❛ té❝♥✐❝❛ ❞❡ ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✉r❛ ✸✳✺✳ ❖ ❞❡❣r❛✉ ❢♦✐

❛♣❧✐❝❛❞♦ ♥❛s ♠❛❧❤❛s ✶ ❡ ✷ ❞❡ ♠❛♥❡✐r❛ s❡q✉❡♥❝✐❛❧ ♥♦s ✐♥st❛♥t❡s ✵ ❡ ✺✵ ♠✐♥✉t♦s✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ❖❜s❡r✈❡ q✉❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❛s ♠❛❧❤❛s ❢♦✐ r❡❞✉③✐❞♦✳ ❆s s❛í❞❛s ❞❛s

♠❛❧❤❛s ❢❡❝❤❛❞❛s ♣r♦♣♦st❛s s❡ ❛♣r♦①✐♠❛♠ ❞❛ s❛í❞❛ ❞❡s❡❥❛❞❛✱ ♣♦ré♠ ❝♦♠ t❡♠♣♦ ❞❡ s✉❜✐❞❛

♠❛✐♦r✳ ❆ r❡s♣♦st❛ ♠❛✐s s✉❛✈❡ ✭♠❛✐♦r t❡♠♣♦ ❞❡ s✉❜✐❞❛✮ ❢♦✐ r❡s✉❧t❛❞♦ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛

❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ♦❜t✐❞♦ ❝♦♠ ❛ té❝♥✐❝❛ ✶ ♣r♦♣♦st❛✳ ❖ s♦❜r❡ss✐♥❛❧ ❡ ♦ ❡rr♦ ❞❡ r❡❣✐♠❡ sã♦

♥✉❧♦s ❡♠ t♦❞♦s ♦s ❝❛s♦s ❝♦♥s✐❞❡r❛❞♦s✳

❖s s✐♥❛✐s ❞❡ ❝♦♥tr♦❧❡ ❡ ❛s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡

❞❡ ❝♦♥tr♦❧❡ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❋✐❣✉r❛s ✸✳✻ ❡ ✸✳✼✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ♠❛✐♦r ✈❛❧♦r s✐♥❣✉❧❛r

❞❡ Q(jω) é ♦❜t✐❞♦ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ❞❡ ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮✱ ♣❡❧♦ ❢❛t♦ ❞❛ r❡s♣♦st❛

❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ t❡r ✉♠❛ r❡s♣♦st❛ ♦s❝✐❧❛tór✐❛✳ ❈♦♠ ❛s té❝♥✐❝❛s ♣r♦♣♦st❛s ❛ ❝✉r✈❛ ❞♦
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❋✐❣✉r❛ ✸✳✺✿ ❘❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❛s ♠❛❧❤❛s ❢❡❝❤❛❞❛s ✲ ❊①❡♠♣❧♦ ✶✳
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Malha 2

Referência

Técnica 1

Técnica 2:  = 0,4

Técnica 2:  = 0,8

Modelo de referência

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❡ Q(jω) ✜❝♦✉ ❛❜❛✐①♦ ❞❡ ✶✳

◆❛ ❋✐❣✉r❛ ✸✳✽✱ ❛s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ sã♦

❛♣r❡s❡♥t❛❞❛s✳ ❆♣❡♥❛s ❛ ❝✉r✈❛ ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛

♣r♦♣♦st❛ ♣♦r ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ ♣♦ss✉✐ ✈❛❧♦r ♠❛✐♦r ❞♦ q✉❡ ❞♦✐s✱ s❡♥❞♦ ♦ ✈❛❧♦r ❞♦

♣✐❝♦ ✐❣✉❛❧ ❛ ✶✽✱✽ ♥❛ ❢r❡q✉ê♥❝✐❛ ω = 0,97 r❛❞✴s✳ ❊♠ t♦❞♦s ♦s ♦✉tr♦s ❝❛s♦s✱ ❛s ❝✉r✈❛s

❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ✜❝❛r❛♠ s❡♠♣r❡ ❛❜❛✐①♦ ❞❡ ❞♦✐s✳ ❈♦♥❝❧✉✐✲s❡ ❛ss✐♠ q✉❡ t♦❞❛s ❛s

♠❛❧❤❛s ❢❡❝❤❛❞❛s ♣r♦♣♦st❛s sã♦ r♦❜✉st❛s✱ ❡①❝❡t♦ ❛ ❞❡ ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮✳

❖s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ▼r ❡ ❚❱ sã♦ ❛♣r❡s❡♥t❛❞♦s ❚❛❜❡❧❛ ✸✳✸✳ ❈♦♠ té❝♥✐❝❛ ♣r♦♣♦st❛

✷ ❢♦r❛♠ ♦❜t✐❞♦s ♦s ♠❡♥♦r❡s ✈❛❧♦r❡s ♣❛r❛ ♦s í♥❞✐❝❡s ♣❛r❛ ♦ ▼r✳ ❖s ♠❛✐♦r❡s ✈❛❧♦r❡s ❢♦r❛♠

♦❜t✐❞♦s ❝♦♠ ❛ té❝♥✐❝❛ ♣r♦♣♦st❛ ❡♠ ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮✱ ♦ q✉❡ é ❥✉st✐✜❝❛❞♦ ♣❡❧❛

r❡s♣♦st❛ ♦s❝✐❧❛tór✐❛✳ ◗✉❛♥t♦ ❛ ✈❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡✱ ♦❜s❡r✈❛✲s❡ q✉❡ ❛s

té❝♥✐❝❛s ♣r♦♣♦st❛s r❡s✉❧t❛r❛♠ ❡♠ ♠❡♥♦r ✈❛r✐❛çã♦✳

❆ss✐♠✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ ❝♦♠ ❛ té❝♥✐❝❛ ♣r♦♣♦st❛ ✶ ❢♦✐ ♣♦ssí✈❡❧ ❛❧❝❛♥ç❛r ♦ ❞❡s❡♠♣❡♥❤♦

❛❞❡q✉❛❞♦✱ ❡♠❜♦r❛ ❛ ❧✐♠✐t❛çã♦ ❞❛ ♠❛❣♥✐t✉❞❡ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ r❡s✉❧t❡ ❡♠ ✉♠ s✐♥❛❧ ❞❡

s❛í❞❛ ♠❛✐s s✉❛✈❡ ❞♦ q✉❡ ♦ ❞❡s❡❥❛❞♦✳ ❈♦♠ ❛ té❝♥✐❝❛ ♣r♦♣♦st❛ ✷✱ ♦s ❝r✐tér✐♦s ❞❡ ❞❡s❡♠♣❡✲

♥❤♦ ❢♦r❛♠ ❛❧❝❛♥ç❛❞♦s ♠❡s♠♦ q✉❛♥❞♦ ✉♠❛ ♠❛✐♦r ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ✭β = 0,4✮ ❢♦✐

r❡q✉❡r✐❞❛✳
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❋✐❣✉r❛ ✸✳✻✿ ❙✐♥❛✐s ❞❡ ❝♦♥tr♦❧❡ ✲ ❊①❡♠♣❧♦ ✶✳
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❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❚❛❜❡❧❛ ✸✳✸✿ ❮♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✲ ❊①❡♠♣❧♦ ✶✳
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷
❚é❝♥✐❝❛ ✶ ✻✱✺✶✽✹ ✶✷✱✵✶✽
❚é❝♥✐❝❛ ✷✿ β = 0,4 ✹✱✽✻✻✼ ✽✱✵✸✺✶
❚é❝♥✐❝❛ ✷✿ β = 0,8 ✺✱✷✾✻✾ ✻✱✹✼✵✻
❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ ✷✺✱✺✾✸ ✷✸✱✸✾✵

❱❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✲ ❚❱
▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷

❚é❝♥✐❝❛ ✶ ✸✱✹✽✺✾ ✷✱✸✺✻✺
❚é❝♥✐❝❛ ✷✿ β = 0,4 ✸✱✸✵✶✸ ✷✱✹✹✽✷
❚é❝♥✐❝❛ ✷✿ β = 0,8 ✺✱✾✹✵✵ ✷✱✾✼✶✶
❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ ✶✾✱✾✼✺ ✶✼✱✼✵✷
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❋✐❣✉r❛ ✸✳✼✿ ▼á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡ ✭Q(jω)✮ ✲ ❊①❡♠✲
♣❧♦ ✶✳

10
-2

10
-1

10
0
 

 (rad/s)

10
-1

10
0
 

10
1
 

M
á
x
im

o
 v

a
lo

r 
s
in

g
u
la

r 
d
e
 Q

(j
)

Técnica 1

Técnica 2:  = 0,4

Técnica 2:  = 0,8

Karimi e Kammer (2017)

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳
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❋✐❣✉r❛ ✸✳✽✿ ▼á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ✭S(jω)✮ ✲ ❊①❡♠♣❧♦ ✶✳
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Karimi e Kammer (2017)

Modelo de referência

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳
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✸✳✻✳✷ ❊①❡♠♣❧♦ ✷

❈♦♥s✐❞❡r❛✲s❡ ❛ ❝♦❧✉♥❛ t❡r♥ár✐❛ ❚②r❡✉s ❝❛s♦ ✹ ✭▲❯❨❇❊◆✱ ✶✾✽✻✮✿

Gex2(s) =

















−1,986e−0,71s

66,7s+ 1

5,24e−60s

400s+ 1

5,984e−2,24s

14,29s+ 1
0,0204e−0,59s

(7,14s+ 1)2
−0,33e−0,68s

(2,38s+ 1)2
2,38e−0,42s

(1,43s+ 1)2

0,37e−7,75s

22,22s+ 1

−11,3e−3,79s

(21,74s+ 1)2
−9,811e−1,59s

11,36s+ 1

















✭✸✳✺✽✮

❡ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛✱ ♠❛❧❤❛ ❞♦ t✐♣♦ ♥♦r♠❛❧ ✭❚❛❜❡❧❛ ✸✳✶✮✱ ❞❛❞♦ ♣♦r✿

Trex2(s) =















e−0,71s

70s+ 1
0 0

0
e−3,8s

15,24s+ 1
0

0 0
e−1,59s

46,03s+ 1















. ✭✸✳✺✾✮

◆❡st❡ ❝❛s♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❛❜❡❧❛ ✸✳✶ ♠❛❧❤❛ ❞♦ t✐♣♦ ♥♦r♠❛❧ ❢♦✐ ❝♦♥s✐❞❡r❛❞❛✱ ♣♦✐s

❛♦ ✉s❛r ♠♦❞❡❧♦s ❞❡ r❡❢❡rê♥❝✐❛ ♠❛✐s rá♣✐❞♦s ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♥❛ té❝♥✐❝❛ ✶ ✜❝♦✉ s❡♠

s♦❧✉çã♦✳

P❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ♣r♦♣♦st♦ ♥❛ té❝♥✐❝❛ ✶ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s

Qmax = 7,1831 ✭α = 10✮ ❡ ♦ ❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✱ ❝♦♠ ϵ = 0,01✱ ❞❛❞♦ ♣♦r✿

Cex2(s) =















−0,0055

s

0,0030

s

−0,0026

s
−0,0002

s

−0,0031

s

−0,0009

s
1,97 ∗ 10−5

s

0,0037

s

−0,0001

s















. ✭✸✳✻✵✮

P❛r❛ ❛ té❝♥✐❝❛ ♣r♦♣♦st❛ ✷✱ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ β = 0,8✳ ❈♦♠ ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❝♦♥s✐❞❡✲

r❛❞♦ ♥ã♦ é ♣♦ssí✈❡❧ ✉s❛r β < 0,8✱ ♣♦✐s ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ✜❝❛ s❡♠ s♦❧✉çã♦✳ ❆ss✐♠✱

❛ ♦♣çã♦ é r❡❧❛①❛r ❛ r❡str✐çã♦ ❢❛③❡♥❞♦ ❞❡ β >= 0,8✱ ❞✐♠✐♥✉✐♥❞♦ ❛ ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✱

♦✉ ❛✉♠❡♥t❛♥❞♦ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✱ ❞❡✐①❛♥❞♦✲♦ ♠❛✐s s✉❛✈❡✳

◆❡ss❡ ❝❛s♦✱ ♦♣t♦✉✲s❡ ♣♦r ❛✉♠❡♥t❛ ♦ ✈❛❧♦r ❞❡ β✳

❖s ❣❛♥❤♦s ❞♦s ❝♦♥tr♦❧❛❞♦r❡s r❡s✉❧t❛♥t❡s ❞❛ s♦❧✉çã♦ ❞❡ ❝❛❞❛ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦

sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✸✳✹✳

❆s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ✉♥✐tár✐♦ ❞♦s s✐st❡♠❛s ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❝♦♠ ♦s ❝♦♥tr♦❧❛❞♦r❡s

♣r♦❥❡t❛❞♦s sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✉r❛ ✸✳✾✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❛s r❡s♣♦st❛s ❞❛s ♠❛❧❤❛s

♣r♦♣♦st❛s s❡ ❛♣r♦①✐♠❛♠ ❞❛ ❝✉r✈❛ ❞❡s❡❥❛❞❛✳ ◆♦ ❡♥t❛♥t♦✱ ❛ s❛í❞❛ ❞❛ ♠❛❧❤❛ ✷✱ r❡s✉❧t❛❞♦ ❞❛

❛♣❧✐❝❛çã♦ ❞❛ té❝♥✐❝❛ ✷✱ ❛♣r❡s❡♥t♦✉ t❡♠♣♦ ❞❡ s✉❜✐❞❛ três ✈❡③❡s ♠❛✐♦r ❞♦ q✉❡ ♦ ♠♦❞❡❧♦ ❞❡
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❚❛❜❡❧❛ ✸✳✺✿ ❮♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✲ ❊①❡♠♣❧♦ ✷✳
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷ ▼❛❧❤❛ ✸
❚é❝♥✐❝❛ ✶ ✼✶✱✷✺✷✺ ✷✷✱✶✶✺✵ ✹✷✱✶✶✹✶
❚é❝♥✐❝❛ ✷✿ β = 0,8 ✸✽✱✾✶✸✺ ✻✺✱✽✸✷✵ ✺✾✱✸✼✽✵
❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ ✸✼✵✱✺✽✽✼ ✸✽✱✶✶✾✻ ✷✾✶✱✽✷✷✶

❱❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✲ ❚❱
▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷ ▼❛❧❤❛ ✸

❚é❝♥✐❝❛ ✶ ✶✹✸✱✺✼✹✻ ✶✻✱✶✻✵✷ ✸✱✺✶✺✽
❚é❝♥✐❝❛ ✷✿ β = 0,8 ✸✾✱✵✻✶✾ ✹✱✶✺✼✹ ✶✱✵✷✶✻
❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ ✷✹✷✱✸✽✹✸ ✻✱✶✽✻✻ ✶✼✱✷✼✶✺

r❡❢❡rê♥❝✐❛✳ ❆ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣r♦♣♦st❛ ♣♦r ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ ❛♣r❡s❡♥t♦✉ ♦s❝✐❧❛çã♦

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♠❡♥♦r r❡❞✉çã♦ ❞♦ ❛❝♦♣❧❛♠❡♥t♦✳

❖s s✐♥❛✐s ❞❡ ❝♦♥tr♦❧❡ ❡ ❛s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡

❞❡ ❝♦♥tr♦❧❡ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❋✐❣✉r❛s ✸✳✶✵ ❡ ✸✳✶✶✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ♠❡♥♦r❡s ✈❛r✐❛✲

çõ❡s ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ❢♦r❛♠ ❛❧❝❛♥ç❛❞❛s ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ♣r♦♣♦st♦ ♥❛ té❝♥✐❝❛ ✷✳ ❊st❡

❢❛t♦ t❛♠❜é♠ é ♦❜s❡r✈❛❞♦ ♥❛ ❚❛❜❡❧❛ ✸✳✺✱ ♦♥❞❡ sã♦ ❛♣r❡s❡♥t❛❞♦s ♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦

✭▼r ❡ ❚❱✮✳

❆ ❝✉r✈❛ ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛

✸✳✶✷✳ ❖s ✈❛❧♦r❡s ❞♦s ♣✐❝♦s ❞❛s ❝✉r✈❛s r❡s✉❧t❛♥t❡s ❞♦s ❝♦♥tr♦❧❛❞♦r❡s ♦❜t✐❞♦s ❝♦♠ ❛s té❝♥✐❝❛s

♣r♦♣♦st❛s sã♦ ♠❡♥♦r❡s ❞♦ q✉❡ ❞♦✐s✳ ❈♦♠ ❛ té❝♥✐❝❛ ❞❡ ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮✱ ♦ ♣✐❝♦ é

✻✱✻✺ ♥❛ ❢r❡q✉ê♥❝✐❛ ω = 0,104 r❛❞✴s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛s ♠❛❧❤❛s ♣r♦♣♦st❛s ♣♦ss✉❡♠ ♠❛✐♦r❡s

♠❛r❣❡♥s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❡ ♠❛✐♦r r♦❜✉st❡③✳
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✸✳✻✳✸ ❊①❡♠♣❧♦ ✸

❈♦♥s✐❞❡r❛✲s❡ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ❆❧❛t✐q✐ ❝❛s♦ ✶ ✭▲❯❨❇❊◆✱ ✶✾✽✻✮✿

Gex3(s) =

























2,22e−2,5s

(36s+ 1)(25s+ 1)

−2,94(7,9s+ 1)e−0,05s

(23,7s+ 1)2
0,017e−0,2s

(31,6s+ 1)(7s+ 1)

−0,64e−20s

(29s+ 1)2

−2,33e−5s

(35s+ 1)2
3,46e−1,01s

32s+ 1

−0,51e−7,5s

(32s+ 1)2
1,68e−2s

(28s+ 1)2

−1,06e−22s

(17s+ 1)2
3,511e−13s

(12s+ 1)2
4,41e−1,01s

16,2s+ 1

−5,38e−0,5s

17s+ 1
−5,73e−2,5s

(8s+ 1)(50s+ 1)

4,32(25s+ 1)e−0,01s

(50s+ 1)(5s+ 1)

−1,25e−2,8s

(43,6s+ 1)(9s+ 1)

4,78e−1,15s

(48s+ 1)(5s+ 1)
























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❡ ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✱ ♠❛❧❤❛ rá♣✐❞❛ ❛ ❝♦♥❢♦r♠❡ ❚❛❜❡❧❛ ✸✳✶✱ ❞❛❞♦ ♣♦r✿

Trex3(s) =























e−2,5s

42,33s+ 1
0 0 0

0
e−1,01s

22,01s+ 1
0 0

0 0
e−1,01s

11,47s+ 1
0

0 0 0
e−1,15s

36,1s+ 1























. ✭✸✳✻✷✮

◗✉❛♥❞♦ ❛ ♠❛❧❤❛ ♠✉✐t♦ rá♣✐❞❛ ❢♦✐ ❝♦♥s✐❞❡r❛❞❛ ♦ ❛❧❣♦r✐t♠♦ ❞❛ té❝♥✐❝❛ ♣r♦♣♦st❛ ✶ ✜❝♦✉

s❡♠ s♦❧✉çã♦✳

❖ ❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦✱ ❡q✉❛çã♦ ✭✸✳✷✻✮✱ ❝♦♠ ϵ = 0,001✱ é ❞❛❞♦ ♣♦r✿

Cex3(s) =























0,0016

s

0,0014

s

0,0001

s

−0,0002

s
0,0004

s

0,0008

s

3,7 ∗ 10−5

s

−0,0002

s
0,0030

s

0,0014

s

0,0005

s

0,0005

s
0,0023

s

0,0014

s

0,0002

s

0,0003

s























. ✭✸✳✻✸✮

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ✐♥✐❝✐❛❧✐③❛r ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ✶ ❢♦✐ ✉t✐❧✐③❛❞♦ Qmax = 48,2629 ✭α = 10✮✳

❖s ❣❛♥❤♦s ❞♦s ❝♦♥tr♦❧❛❞♦r❡s ♣r♦❥❡t❛❞♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✸✳✻✳

◆❛ ❋✐❣✉r❛ ✸✳✶✸✱ ❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞❡ ❝❛❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ sã♦ ❛♣r❡s❡♥t❛❞❛s✳ ❚♦❞❛s

❛s ♠❛❧❤❛s ❢❡❝❤❛❞❛s s❡ ❛♣r♦①✐♠❛r❛♠ ❞♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ❖❜s❡r✈❛✲s❡ s♦❜r❡ss✐♥❛❧ ♥❛

s❛í❞❛ ❞❛ ♠❛❧❤❛ ✷✱ q✉❛♥❞♦ ♦ ❝♦♥tr♦❧❛❞♦r ♣r♦♣♦st♦ ♥❛ té❝♥✐❝❛ ✷ ✭β = 0,8✮ ❡ ♦ ❝♦♥tr♦❧❛❞♦r

❞❡ ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ sã♦ ✉t✐❧✐③❛❞♦s✳ ◆❛ ❚❛❜❡❧❛ ✸✳✼✱ ♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦

sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ❖s ♠❡♥♦r❡s ✈❛❧♦r❡s ❞❡ ▼r sã♦ ♦❜t✐❞♦s ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ♣r♦♣♦st♦ ♥❛

té❝♥✐❝❛ ✷ ❝♦♠ β = 0,4✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡✱ ❝♦♠ ❡st❡ ❝♦♥tr♦❧❛❞♦r✱ ❛ s❛í❞❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛

✜❝♦✉ ♠❛✐s ♣ró①✐♠❛ ❞❛ s❛í❞❛ ❞❡s❡❥❛❞❛✳

❖s s✐♥❛✐s ❞❡ ❝♦♥tr♦❧❡ ❡ ❛s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❡ Q(jω) sã♦ ❛♣r❡s❡♥t❛❞♦s
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♥❛s ❋✐❣✉r❛s ✸✳✶✹ ❡ ✸✳✶✺✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ♠❛✐♦r ✈❛❧♦r ❞❡ Q(jω) é ♦❜t✐❞♦ ❝♦♠ ♦ ❝♦♥✲

tr♦❧❛❞♦r ❞❛ té❝♥✐❝❛ ✶✱ ❛✐♥❞❛ ❛ss✐♠✱ ❛ r❡str✐çã♦ ❛❞✐❝✐♦♥❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ é

❛t❡♥❞✐❞❛✳

❆s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❡ S(jω) sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✉r❛ ✸✳✶✻✳ ◆❡ss❡

❝❛s♦✱ ❛ ú♥✐❝❛ ❝✉r✈❛ ❝♦♠ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ S(jω) ♠❡♥♦r❡s ❞♦ q✉❡ ❞♦✐s é ❝♦rr❡s♣♦♥❞❡♥t❡

❛♦ ❝♦♥tr♦❧❛❞♦r ♣r♦♣♦st♦ ♥❛ té❝♥✐❝❛ ✷✱ q✉❛♥❞♦ β = 0,4✳ ❙❡♥❞♦ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❝♦♠ ❡st❡

❝♦♥tr♦❧❛❞♦r ❛ q✉❡ ♣♦ss✉✐ ❛ ♠❛✐♦r ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✳
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❚❛❜❡❧❛ ✸✳✼✿ ❮♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✲ ❊①❡♠♣❧♦ ✸✳
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷ ▼❛❧❤❛ ✸ ▼❛❧❤❛ ✹
❚é❝♥✐❝❛ ✶ ✸✸✱✽✾✷ ✸✽✱✶✸✶ ✼✷✱✻✾✹ ✺✵✱✷✻✺
❚é❝♥✐❝❛ ✷✿ β = 0,4 ✷✶✱✷✷✷ ✷✸✱✻✷✽ ✶✸✱✼✽✻ ✷✶✱✶✺✻
❚é❝♥✐❝❛ ✷✿ β = 0,8 ✷✼✱✵✷✺ ✹✹✱✽✽✶ ✷✶✱✾✶✻ ✷✹✱✺✷✶
❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮ ✷✶✱✺✼✹ ✻✵✱✼✶✸ ✷✷✱✵✼✾ ✹✽✱✻✵✸

❱❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✲ ❚❱
▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷ ▼❛❧❤❛ ✸ ▼❛❧❤❛ ✹

❚é❝♥✐❝❛ ✶ ✶✵✶✱✻✸ ✺✸✱✽✵✻ ✶✵✸✱✶✵ ✼✺✱✼✻✵
❚é❝♥✐❝❛ ✷✿ β = 0,4 ✹✺✱✽✸✾ ✶✻✱✹✼✵ ✹✼✱✺✹✽ ✷✺✱✺✸✵
❚é❝♥✐❝❛ ✷✿ β = 0,8 ✸✵✱✽✵✶ ✷✵✱✷✹✵ ✸✻✱✸✶✸ ✶✺✱✶✼✶
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❝♦♥tr♦❧❛❞♦r✱ ❝♦♠ ϵ = 0,0001✱ ♣♦r✿
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❆❧é♠ ❞✐ss♦✱ β = 0,5 ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ♥❛ té❝♥✐❝❛ ♣r♦♣♦st❛ ✷✳ ❈♦♠ ♠❡♥♦r❡s ✈❛❧♦r❡s ❞❡ β ♥ã♦

❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r ♦s ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r✳ ❖s ♣❛râ♠❡tr♦s ❞♦s ❝♦♥tr♦❧❛❞♦r❡s ♣r♦❥❡t❛❞♦s

sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✸✳✽✳

◆❛s ❋✐❣✉r❛s ✸✳✶✼ ❡ ✸✳✶✽✱ ❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞❡ ❝❛❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♣r♦❥❡t❛❞❛ ❡

❛ ❝✉r✈❛ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ sã♦ ❛♣r❡s❡♥t❛❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s ❞♦ ♠á①✐♠♦
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❊♠❜♦r❛ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ♣r♦♣♦st♦ ♣♦r ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮

s❡ ❛♣r♦①✐♠❛ ♠❛✐s ❞♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ✭✸✳✶✼✮✱ ❡stá ♣♦ss✉✐ ♦ ♠❛✐♦r ❛❝♦♣❧❛♠❡♥t♦✳ ❆
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❢♦r♠✉❧❛❞♦s ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❝♦♠ r❡str✐çõ❡s ▲▼■✳ ❖ ♦❜❥❡t✐✈♦ é ♠✐♥✐✲

♠✐③❛r ❛ ♥♦r♠❛ H∞ ❞❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ♣r♦❥❡t❛❞❛ ❡ ❞❡ r❡❢❡rê♥❝✐❛✳

❘❡str✐çõ❡s ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ♥❛ ❢♦r♠❛ ❞❡ ▲▼■ sã♦ ✐♥s❡r✐❞❛s ❛♦s ♣r♦❜❧❡♠❛s✱ ❝♦♠ ❛ ✜♥❛✲

❧✐❞❛❞❡ ❞❡ ❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳ ❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ❞♦✐s ♣r♦❜❧❡♠❛s

♣r♦♣♦st♦s sã♦ ❛s r❡str✐çõ❡s ✐♥s❡r✐❞❛s✳

◆♦ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛ ♣r♦♣♦st♦✱ ✉♠ ❧✐♠✐t❡ ♠❛❣♥✐t✉❞❡ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ é ✐♥s❡r✐❞♦

❝♦♠♦ r❡str✐çã♦✳ ◆❡st❡ ❝❛s♦✱ ♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧♠❡♥t❡ ❢♦r♠✉❧❛❞♦ é ♥ã♦✲❝♦♥✈❡①♦✳ ❊♥tã♦✱

♦ ♣r♦❝❡❞✐♠❡♥t♦ ❝ô♥❝❛✈♦✲❝♦♥✈❡①♦ é ✉t✐❧✐③❛❞♦✳ ❙❡♥❞♦ ♥❡❝❡ssár✐♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ✉♠

❝♦♥tr♦❧❛❞♦r ✐♥✐❝✐❛❧ ♣❛r❛ ✐♥✐❝✐❛❧✐③❛r ♦ ❛❧❣♦r✐t♠♦✳ ❖ r❡s✉❧t❛❞♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ♦t✐♠✐③❛çã♦ é

✉♠ s✉❜✲ót✐♠♦✳ ❖s ♣❛râ♠❡tr♦s ❞❡ ♣r♦❥❡t♦ sã♦ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡

❞❡ ❝♦♥tr♦❧❡ ❡ ❛ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛✳

◆♦ s❡❣✉♥❞♦ ♣r♦❜❧❡♠❛✱ ❛ r❡str✐çã♦ ✐♥s❡r✐❞❛ é r❡❧❛❝✐♦♥❛❞❛ à ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✳

◆❡st❡ ❝❛s♦✱ ♦ ♣r♦❜❧❡♠❛ ❢♦r♠✉❧❛❞♦ é ❝♦♥✈❡①♦✱ ♥ã♦ s❡♥❞♦ ♥❡❝❡ssár✐❛ ♥❡♥❤✉♠❛ ♠❛♥✐♣✉❧❛çã♦✳

❖s ♣❛râ♠❡tr♦s ❞❡ ♣r♦❥❡t♦s sã♦ ♦ ❢❛t♦r β ✉s❛❞♦ ♣❛r❛ ♠❛♥✐♣✉❧❛r ❛ ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡

❡ ❛ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛✳

❆ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ❞❡ r❡❢❡rê♥❝✐❛ é ❞❡✜♥✐❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ r❡❢❡rê♥❝✐❛

❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳ ❊st❡ ♠♦❞❡❧♦ é ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✱ ❛ ✜♠ ❞❡ r❡❞✉③✐r ♦

❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛s ♠❛❧❤❛s ❞❡ ❝♦♥tr♦❧❡✳ ❖s ❡❧❡♠❡♥t♦s ♥ã♦ ♥✉❧♦s ❞❛ ♠❛tr✐③ sã♦ ❢✉♥çõ❡s

❞❡ tr❛♥s❢❡rê♥❝✐❛ ❋❖P❚❉✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❡♠❜♦r❛ ♦✉tr❛s ❢✉♥çõ❡s ♣♦ss❛♠ s❡r ✉t✐❧✐③❛❞❛s✳

❱❛❧♦r❡s ❛♣r♦①✐♠❛❞♦s ❞♦ ❛tr❛s♦ ❡ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡ ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧

❞❛ ♠❛tr✐③ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ sã♦ ✉s❛❞♦s ♣❛r❛ ❞❡✜♥✐r ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞❡ss❡s

♠♦❞❡❧♦s✳

❘❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ ❝♦♥s✐❞❡r❛♥❞♦ ♣r♦❝❡ss♦s ❝♦♠ ❞✐❢❡r❡♥t❡s ❞✐♠❡♥sõ❡s ❢♦r❛♠ ❛♣r❡✲

s❡♥t❛❞♦s✳ ❊♠ t♦❞♦s ♦s ❡①❡♠♣❧♦s✱ ❝♦♠ ♦s ❝♦♥tr♦❧❛❞♦r❡s ♣r♦♣♦st♦s ❢♦r❛♠ ♦❜t✐❞❛s ♠❛❧❤❛s

❢❡❝❤❛❞❛s ❡stá✈❡✐s ❡ r♦❜✉st❛s✳ ❉✐❢❡r❡♥t❡ ❞♦ ♣r♦❥❡t♦ ♣r♦♣♦st♦ ♣♦r ❑❛r✐♠✐ ❡ ❑❛♠♠❡r ✭✷✵✶✼✮✱

❝♦♠ ♦ q✉❛❧ ❡♠ ❛❧❣✉♥s ❝❛s♦s ❢♦r❛♠ ♦❜t✐❞❛s ♠❛❧❤❛s ❢❡❝❤❛❞❛s ♥♦ ❧✐♠✐t❡ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❡

♦s❝✐❧❛tór✐❛s✳



❈❛♣ít✉❧♦ ✹

❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦

♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧

✹✳✶ ■♥tr♦❞✉çã♦

❆♣❡s❛r ❞❛s ✐♥ú♠❡r❛s té❝♥✐❝❛s ❞❡ ❛❥✉st❡ ❞❡ ❝♦♥tr♦❧❡ ❡①✐st❡♥t❡s✱ ♦ ♠❛✉ ❢✉♥❝✐♦♥❛♠❡♥t♦ é

♦❜s❡r✈❛❞♦ ❡♠ ♠❛✐s ❞❡ 60% ❞♦s ❝♦♥tr♦❧❛❞♦r❡s ✐♥❞✉str✐❛✐s ✭●❆❖ ❡t ❛❧✳✱ ✷✵✶✼✮✳ ❊st❡ ❢❛t♦

♣♦❞❡ ♦❝♦rr❡r ♣♦r ♠♦t✐✈♦s ❝♦♠♦ ❢❛❧❤❛ ♥♦ ♣r♦❥❡t♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r✱ ♣r♦❜❧❡♠❛s

♥♦s ❡q✉✐♣❛♠❡♥t♦s ✭s❡♥s♦r❡s✱ ❛t✉❛❞♦r❡s✮ ♦✉ ❛❧t❡r❛çã♦ ♥❛ ❡str✉t✉r❛ ❞❛ ♣❧❛♥t❛✳ ◆♦ ❡♥t❛♥t♦✱

✈❛❧♦r❡s ❞❡ ♣❛râ♠❡tr♦s ✐♥❛❞❡q✉❛❞♦s sã♦ ❛ ♣r✐♥❝✐♣❛❧ ❝❛✉s❛ ❞❡ ♠❛✉ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❛ ♠❛❧❤❛

❢❡❝❤❛❞❛ ✭▼❖❘❊■❘❆❀ ❆❈■❖▲■ ❏Ú◆■❖❘❀ ❇❆❘❘❖❙✱ ✷✵✶✽❛✮✳

❖ ♠❛✉ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❡❝♦rr❡♥t❡ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r é ❝❛✉s❛❞♦ ♣❡❧❛ ❢❛❧t❛

❞❡ ♣r✐♦r✐③❛çã♦ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ ❡ ♦ r❡❝❡✐♦ ❡♠ ❝❛✉s❛r ♣❡rt✉r❜❛çõ❡s ❡①❝❡ss✐✈❛s

♥♦ ♣r♦❝❡ss♦ ✭❊❯❩➱❇■❖✱ ✷✵✶✺✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❛❞❡q✉❛❞♦ ❞❛s ♠❛❧❤❛s

❞❡ ❝♦♥tr♦❧❡ é ✐♠♣r❡s❝✐♥❞í✈❡❧ ♣❛r❛ ❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ✭❙❊❇❖❘● ❡t ❛❧✳✱ ✷✵✶✻✮✳ ❯♠❛

❞✐✜❝✉❧❞❛❞❡ ♥❛ s✐♥t♦♥✐❛ é ♦ ❢❛t♦ ❞❡ ✉s❛r ❞❛❞♦s ❞❡ ♠❛❧❤❛ ❛❜❡rt❛ ❡♠ ♠✉✐t❛s ❞❛s té❝♥✐❝❛s ❞❡

♣r♦❥❡t♦ ✉t✐❧✐③❛❞❛s✱ ♣♦ré♠ ❛❧❣✉♥s ♣r♦❝❡ss♦s ❞❡✈❡♠ s❡r ♠❛♥t✐❞♦s ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛✱ ♣❛r❛

❡✈✐t❛r ✐♥st❛❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛✳ ◆❡st❡s ♣r♦❝❡ss♦s✱ té❝♥✐❝❛s ❜❛s❡❛❞❛s ❡♠ ✐♥❢♦r♠❛çõ❡s ❞❡

♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞❡✈❡♠ s❡r ❛♣❧✐❝❛❞❛s✳

◆❛ ❧✐t❡r❛t✉r❛ sã♦ ❡♥❝♦♥tr❛❞❛s té❝♥✐❝❛s ❞❡ r❡♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❛❞♦r P■✱ ❝♦♠♦ ❛s ❛♣r❡s❡♥✲

t❛❞❛s ❡♠ ●❛♦ ❡t ❛❧✳ ✭✷✵✶✼✮ ❡ ▼♦r❡✐r❛✱ ❆❝✐♦❧✐ ❏ú♥✐♦r ❡ ❇❛rr♦s ✭✷✵✶✽❛✱ ✷✵✶✽❜✮✳ ◆♦ ❡♥t❛♥t♦✱

❡ss❛s té❝♥✐❝❛s sã♦ ❞❡s❡♥✈♦❧✈✐❞❛s ♣❛r❛ ♣r♦❝❡ss♦s ❙■❙❖✳ ❖ ❝♦♥tr♦❧❛❞♦r ▼■▼❖ ❞❡s❝❡♥tr❛❧✐✲

③❛❞♦ é ❝♦♥s✐❞❡r❛❞♦ ❡♠ ▼♦r❡✐r❛ ❡t ❛❧✳ ✭✷✵✷✶✮✱ ♦♥❞❡ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ✐t❡r❛t✐✈❛ é ✉t✐❧✐③❛❞❛

♣❛r❛ ❛♣❧✐❝❛r ❛s té❝♥✐❝❛s ❛♣r❡s❡♥t❛❞❛s ❡♠ ▼♦r❡✐r❛✱ ❆❝✐♦❧✐ ❏ú♥✐♦r ❡ ❇❛rr♦s ✭✷✵✶✽❛✱ ✷✵✶✽❜✮

❛♦ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦✳ ❯♠❛ ❞❡s✈❛♥t❛❣❡♠ ❞❡ss❛ ♠❡t♦❞♦❧♦❣✐❛ é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡①✲

♣❡r✐♠❡♥t♦s ♥❡❝❡ssár✐♦s✱ q✉❡ é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s r❡❛❧✐③❛❞❛s✳

◆❡st❡ ❈❛♣ít✉❧♦✱ ✉♠❛ té❝♥✐❝❛ ❞❡ r❡♣r♦❥❡t♦ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s P■✴P■❉ ♠✉❧t✐✈❛r✐á✈❡✐s

✻✺



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✻✻

❜❛s❡❛❞❛ ❡♠ ❞❛❞♦s ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ é ❛♣r❡s❡♥t❛❞❛✳ ❖ ♦❜❥❡t✐✈♦

é ♦❜t❡r ♦s ✐♥❝r❡♠❡♥t♦s ❞♦s ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r P■✴P■❉ ▼■▼❖ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ♠❛❧❤❛

❢❡❝❤❛❞❛ ♦❜t✐❞❛ s❡❥❛ ♣ró①✐♠❛ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ Tr(s)✳ ❖

❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦ ❞♦ ♣r♦❝❡ss♦ ♥ã♦ é ♥❡❝❡ssár✐♦✳

❊st❡ ❈❛♣ít✉❧♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆❛ ❙❡çã♦ ✹✳✷✱ ❛ té❝♥✐❝❛ ❞❡ r❡♣r♦❥❡t♦

♣r♦♣♦st❛ é ❛♣r❡s❡♥t❛❞❛✳ ◆❛ ❙❡çã♦ ✹✳✸✱ ♦s r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ sã♦ ❞✐s❝✉t✐❞♦s✳ ❖

❈❛♣ít✉❧♦ é ✜♥❛❧✐③❛❞♦ ❝♦♠ ❛s ❝♦♥❝❧✉sõ❡s ♥❛ ❙❡çã♦ ✹✳✹✳

✹✳✷ ❚é❝♥✐❝❛ ♣r♦♣♦st❛

❈♦♥s✐❞❡r❛✲s❡ ❛ ♠❛❧❤❛ ♠✉❧t✐✈❛r✐á✈❡❧ ❢❡❝❤❛❞❛ ✐♥✐❝✐❛❧ T0(s) ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ♠✉❧t✐✈❛r✐á✈❡❧

✐♥✐❝✐❛❧ C0(s)✿

C0(s) =















C11(s) C12(s) · · · C1n(s)

C21(s) C22(s) · · · C2n(s)
✳✳✳

✳✳✳ ✳ ✳ ✳ ✳✳✳

Cn1(s) Cn2(s) · · · Cnn(s)















, ✭✹✳✶✮

♦♥❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ Cij(s) é ✉♠ ❝♦♥tr♦❧❛❞♦r P■ ♦✉ P■❉✳

❈♦♥s✐❞❡r❛✲s❡ ❛✐♥❞❛ ✉♠ ❞❛❞♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ Tr(s)✱ ♦ q✉❛❧

r❡♣r❡s❡♥t❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡s❡❥❛❞♦✳ ❖ ♦❜❥❡t✐✈♦ ❞♦ r❡♣r♦❥❡t♦ é ❝❛❧❝✉❧❛r ♦s ✐♥❝r❡♠❡♥t♦s

❞♦ ❝♦♥tr♦❧❛❞♦r ✐♥✐❝✐❛❧ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ♥♦✈❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❡st❡❥❛ ♦ ♠❛✐s ♣ró①✐♠♦ ♣♦ssí✈❡❧

❞♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ❆ss✐♠✱ ♦ ❝♦♥tr♦❧❛❞♦r r❡♣r♦❥❡t❛❞♦ C1(s) é ❞❛❞♦ ♣♦r✿

C1(s) = C0(s) +C∆(s), ✭✹✳✷✮

♦♥❞❡ ♦s ❣❛♥❤♦s ❞❡ C∆(s) r❡♣r❡s❡♥t❛♠ ♦s ✐♥❝r❡♠❡♥t♦s ❞♦s ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r ✐♥✐❝✐❛❧

C0(s)✳

❖ r❡♣r♦❥❡t♦ é r❡❛❧✐③❛❞♦ ❡♠ ❞✉❛s ❡t❛♣❛s✳ ◆❛ ♣r✐♠❡✐r❛ ❡t❛♣❛✱ ❛ r❡s♣♦st❛ ♥♦ ❞♦♠í✲

♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ C∆(s) é ❝❛❧❝✉❧❛❞❛✱ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❢r❡q✉ê♥❝✐❛s Ω =

[ω1, ω2, · · · , ωN ]✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛s ♠❛❧❤❛s✱ ❝♦♥❢♦r♠❡ ♦ ▲❡♠❛ ✷✳ P❛r❛

✐ss♦✱ ❞❛❞♦s ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ✐♥✐❝✐❛❧✱ ❞♦ ❝♦♥tr♦❧❛❞♦r ✐♥✐❝✐❛❧ ❡ ❞♦

♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ sã♦ ♥❡❝❡ssár✐♦s✳ ❖s ❞❛❞♦s ❢r❡q✉❡♥❝✐❛✐s ❞❛ ♠❛❧❤❛ ✐♥✐❝✐❛❧ T0(s) ♣♦❞❡♠

s❡r ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞♦ ♠♦❞❡❧♦ ❡st✐♠❛❞♦ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♦✉ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r

❞❡ ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ✭❡q✉❛çã♦ ✭✷✳✶✶✮✮✳ ◆❛ s❡❣✉♥❞❛ ❡t❛♣❛✱

❛ ♣❛rt✐r ❞♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ♥♦ ▲❡♠❛ ✷✱ ♦s ♣❛râ♠❡tr♦s ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ C∆(s) sã♦

❝❛❧❝✉❧❛❞♦s ✉s❛♥❞♦ ♦ ▲❡♠❛ ✸ ♦✉ ♦ ▲❡♠❛ ✹✳

▲❡♠❛ ✷ ❈♦♥s✐❞❡r❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ✐♥✐❝✐❛❧ ❡stá✈❡❧ ❡ ❛ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛

❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞❡ r❡❢❡rê♥❝✐❛ Tr(jω)✳ ❆ r❡s♣♦st❛ ❞❡ C∆(jω) ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✻✼

é ❞❛❞❛ ♣♦r✿

C∆(jω) = C0(jω)(T0(jω))−1(Tr(jω)−T0(jω))(Sr(jω))
−1, ✭✹✳✸✮

♦♥❞❡ Sr(jω) = I−Tr(jω) é ❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ r❡❢❡r❡♥t❡ ❛♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✳

Pr♦✈❛✳ P♦r ❞❡✜♥✐çã♦✿

S0(s) = (I−T0(s)) = (I+G(s)C0(s))−1. ✭✹✳✹✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✹✮ ♣❡❧♦ ✐♥✈❡rs♦ ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛

♣r♦❥❡t❛❞❛ S1(s) = (I+G(s)C1(s))−1 ❡ ♣♦r Sr(s)✱ t❡♠✲s❡✿

S0(s)(S1(s))−1Sr(s) = (I+G(s)C0(s))−1(I+G(s)C1(s))Sr(s). ✭✹✳✺✮

❈♦♠♦ ♦ ♦❜❥❡t✐✈♦ é ❢❛③❡r ❝♦♠ q✉❡ ❛ ♥♦✈❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❡st❡❥❛ ♦ ♠❛✐s ♣ró①✐♠♦ ♣♦ssí✈❡❧

❞♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✱ ❝♦♥s✐❞❡r❛✲s❡ S1(s) = Sr(s)✱ ❡♥tã♦✿

S0(s) = (I+G(s)C0(s))−1(I+G(s)C1(s))Sr(s). ✭✹✳✻✮

❊♠ s❡❣✉✐❞❛✱ s✉❜st✐t✉✐✲s❡ C1(s) ♣♦r C0(s) +C∆(s) ♥❛ ❡q✉❛çã♦ ✭✹✳✻✮ ♣❛r❛ ♦❜t❡r✿

S0(s) = (I+G(s)C0(s))−1(I+G(s)(C0(s) +C∆(s)))Sr(s), ✭✹✳✼✮

S0(s) = [(I+G(s)C0(s))−1(I+G(s)C0(s)) + (I+G(s)C0(s))−1(G(s)C0(s)∆(s))]Sr(s),

✭✹✳✽✮

❝♦♠ ∆(s) = (C0(s))−1C∆(s)✳

P♦r ❞❡✜♥✐çã♦✱ T0(s) = (I+G(s)C0(s))−1G(s)C0(s) q✉❡ s✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✹✳✽✮

r❡s✉❧t❛ ❡♠✿

S0(s) = [I+T0(s)∆(s)]Sr(s), ✭✹✳✾✮

S0(s)− Sr(s) = T0(s)∆(s)Sr(s). ✭✹✳✶✵✮

P❛r❛ ❡s❝r❡✈❡r ∆(s) ❡♠ ❢✉♥çã♦ ❞❛ s❡♥s✐❜✐❧✐❞❛❞❡ ❝♦♠♣❧❡♠❡♥t❛r✱ s✉❜st✐t✉✐✲s❡ S0(s) ♣♦r

I−T0(s)✿

Tr(s)−T0(s) = T0(s)∆(s)Sr(s), ✭✹✳✶✶✮

∆(s) = (T0(s))−1(Tr(s)−T0(s))(Sr(s))
−1. ✭✹✳✶✷✮

❈♦♥s✐❞❡r❛♥❞♦ ∆(s) = (C0(s))−1C∆(s) ❡ ❝♦❧♦❝❛♥❞♦ C∆(s) ❡♠ ❡✈✐❞ê♥❝✐❛✱ t❡♠✲s❡ q✉❡✿

C∆(s) = C0(s)(T0(s))−1(Tr(s)−T0(s))(Sr(s))
−1. ✭✹✳✶✸✮



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✻✽

P♦r ✜♠✱ s✉❜st✐t✉✐♥❞♦ s ♣♦r jω ♥❛ ❡q✉❛çã♦ ✭✹✳✶✸✮✱ ♦❜té♠✲s❡ ❛ ❡q✉❛çã♦ ✭✹✳✸✮✳

❆ ♣❛rt✐r ❞❛ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ C∆ ✭✹✳✸✮✱ ♦s ❝♦♥tr♦❧❛❞♦r❡s P■ ♦✉

P■❉ ♣♦❞❡♠ s❡r r❡♣r♦❥❡t❛❞♦s✳ ❖ r❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✹✳✷✳✶

❡ ♦ ❞♦ P■❉ ♥❛ ❙❡çã♦ ✹✳✷✳✷✳

✹✳✷✳✶ ❈♦♥tr♦❧❛❞♦r P■

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝♦♥tr♦❧❛❞♦r P■✱ t❡♠✲s❡ q✉❡✿

C∆
ij (jω) = K∆

Pij +
K∆

Iij

jω
, ✭✹✳✶✹✮

♦s ♣❛râ♠❡tr♦s ❞❡ C∆(s)✱ ♦✉ s❡❥❛✱ ♦s ✐♥❝r❡♠❡♥t♦s ❞♦s ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r ✐♥✐❝✐❛❧✱ sã♦

❝❛❧❝✉❧❛❞♦s ❝♦♥❢♦r♠❡ ❛♣r❡s❡♥t❛❞♦ ♥♦ ▲❡♠❛ ✸✳

▲❡♠❛ ✸ ❉❛❞❛ ❛ r❡s♣♦st❛ ❞❡ C∆(jω) ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❢r❡q✉ê♥❝✐❛s Ω = [ω1,ω2, · · · ,ωN ]✱

♦s ❣❛♥❤♦s K∆
Pij ❡ K∆

Iij ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ C∆(s) sã♦ ❞❛❞♦s ♣♦r✿

K∆
Pij =

1

N
ΦT

rij
Ωrij , ✭✹✳✶✺✮

K∆
Iij = (ΦT

iij
Φiij)

−1ΦT
iij
Ωiij , ✭✹✳✶✻✮

♦♥❞❡✿

Φrij =















1

1
✳✳✳

1















, Ωrij =















ℜ(C∆
ij (jω1))

ℜ(C∆
ij (jω2))
✳✳✳

ℜ(C∆
ij (jωN))















, ✭✹✳✶✼✮

Φiij =















−1/ω1

−1/ω2

✳✳✳

−1/ωN















, Ωiij =















ℑ(C∆
ij (jω1))

ℑ(C∆
ij (jω2))
✳✳✳

ℑ(C∆
ij (jωN))















, ✭✹✳✶✽✮

ℜ ❡ ℑ sã♦ ❛s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ C∆
ij (jω) é

♦ ✈❛❧♦r ❞♦ ❡❧❡♠❡♥t♦ i,j ❞❛ ❡q✉❛çã♦ ✭✹✳✸✮ ♣❛r❛ ❛ ❢r❡q✉ê♥❝✐❛ ω✳

Pr♦✈❛✳ ❆ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡C∆(jω) é ✉♠ ♥ú♠❡r♦

❝♦♠♣❧❡①♦ ♥❛ ❢♦r♠❛ C∆
ij (jω) = aij+bijj✱ ♦♥❞❡ aij = ℜ(C∆

ij (jω)) ❡ bij = ℑ(C∆
ij (jω))✳ ❆ss✐♠✱



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✻✾

❛ ❡q✉❛çã♦ ✭✹✳✶✹✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛✿

K∆
Pij +

K∆
Iij

jω
= ℜ(C∆

ij (jω)) + jℑ(C∆
ij (jω)). ✭✹✳✶✾✮

❙❡♣❛r❛♥❞♦ ❛s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✐♥ár✐❛✱ t❡♠✲s❡ q✉❡ ♣❛r❛ ❝❛❞❛ ❢r❡q✉ê♥❝✐❛✿

K∆
Pij = ℜ(C∆

ij (jω)), ✭✹✳✷✵✮

−
K∆

Iij

ω
= ℑ(C∆

ij (jω)). ✭✹✳✷✶✮

❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢r❡q✉ê♥❝✐❛ ❝♦♠ N ♣♦♥t♦s✱ t❡♠✲s❡ q✉❡✿















1

1
✳✳✳

1















K∆
Pij =















ℜ(C∆
ij (jω1))

ℜ(C∆
ij (jω2))
✳✳✳

ℜ(C∆
ij (jωN))















, ✭✹✳✷✷✮















−1/ω1

−1/ω2

✳✳✳

−1/ωN















K∆
Iij =















ℑ(C∆
ij (jω1))

ℑ(C∆
ij (jω2))
✳✳✳

ℑ(C∆
ij (jωN))















. ✭✹✳✷✸✮

❉❡✜♥✐♥❞♦ Φrij ❡ Ωrij ❝♦♥❢♦r♠❡ ❛ ❡q✉❛çã♦ ✭✹✳✶✼✮✱ t❡♠✲s❡✿

K∆
Pij = (ΦT

rij
Φrij)

−1ΦT
rij
Ωiij . ✭✹✳✷✹✮

P♦ré♠✱ ❝♦♠♦ Φrij é ✉♠ ✈❡t♦r ❝♦❧✉♥❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ N ❝♦♠ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ✐❣✉❛✐s à

✶✱ ❡♥tã♦✿

ΦT
rij
Φrij = N, ✭✹✳✷✺✮

(ΦT
rij
Φrij)

−1 = 1/N. ✭✹✳✷✻✮

❆ss✐♠✱ ♦❜té♠✲s❡ ❛ ❡q✉❛çã♦ ✭✹✳✶✺✮✳

❉❡✜♥✐♥❞♦ Φiij ✱ Ωiij ❝♦♠♦ ♥❛ ❡q✉❛çã♦ ✭✹✳✶✽✮✱ ♦❜té♠✲s❡ ❛ ❡q✉❛çã♦ ✭✹✳✶✻✮✳

❆ ❡s♣❡❝✐✜❝❛çã♦ ❞♦ ♣r♦❥❡t♦ é ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ Tr(s)✳ ❊st❡

♠♦❞❡❧♦ é ❞❡✜♥✐❞♦ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✸✳✺✱ ♥❛ q✉❛❧ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ é ❞❡✜♥✐❞❛

❛ ♣❛rt✐r ❞❡ ❛♣r♦①✐♠❛çõ❡s ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❡ ❞♦ ❛tr❛s♦ ❞❛s ♠❛❧❤❛s

❞✐r❡t❛s✳



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✼✵

✹✳✷✳✷ ❈♦♥tr♦❧❛❞♦r P■❉

❈♦♥s✐❞❡r❛✲s❡ ❛❣♦r❛ ♦ ❝♦♥tr♦❧❛❞♦r P■❉✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ C∆(s) sã♦ ❞❛ ❢♦r♠❛✿

C∆
ij (s) = K∆

Pij +
K∆

Iij

s
+K∆

Dijs. ✭✹✳✷✼✮

❆ss✐♠✱ ♦s ♣❛râ♠❡tr♦s K∆
Pij✱ K

∆
Iij ❡ K∆

Dij sã♦ ❝❛❧❝✉❧❛❞♦s ❝♦♠♦ ♠♦str❛❞♦ ♥♦ ▲❡♠❛ ✹✳

▲❡♠❛ ✹ ❖s ♣❛râ♠❡tr♦s K∆
Pij✱ K

∆
Iij ❡ K∆

Dij ❞❡ C∆(jω) sã♦ ❞❛❞♦s ♣♦r✿

K∆
Pij =

1

N
ΦT

rij
Ωrij ✭✹✳✷✽✮

[

K∆
Iij

K∆
Dij

]

= (ΦT
iij
Φiij)

−1ΦT
iij
Ωiij , ✭✹✳✷✾✮

♦♥❞❡

Φrij =















1

1
✳✳✳

1















, Ωrij =















ℜ(C∆
ij (jω1))

ℜ(C∆
ij (jω2))
✳✳✳

ℜ(C∆
ij (jωN))















, ✭✹✳✸✵✮

Φiij =















−1/ω1 ω1

−1/ω2 ω2

✳✳✳
✳✳✳

−1/ωN ωN















, Ωiij =















ℑ(C∆
ij (jω1))

ℑ(C∆
ij (jω2))
✳✳✳

ℑ(C∆
ij (jωN))















, ✭✹✳✸✶✮

ℜ ❡ ℑ sã♦ ❛s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ ❡ C∆
ij (jω) é ♦ ✈❛❧♦r ❞♦ ❡❧❡♠❡♥t♦

ij ❞❛ ❡q✉❛çã♦ ✭✹✳✸✮ ♣❛r❛ ❛ ❢r❡q✉ê♥❝✐❛ ω > 0✳

Pr♦✈❛✳ ❈♦♠♦ C∆(jω) é ✉♠❛ ♠❛tr✐③ ❝♦♠♣❧❡①❛✱ ❡♥tã♦ ❝❛❞❛ ❡❧❡♠❡♥t♦ é ❞❛ ❢♦r♠❛

C∆
ij(jω) = aij + bijj✱ ♦♥❞❡ aij = ℜ(C∆

ij(jω)) ❡ bij = ℑ(C∆
ij(jω)) ❡✿

C∆(jω) =















a11 + jb11 a12 + jb12 · · · a1n + jb1n

a21 + jb21 a22 + jb22 · · · a2n + jb2n
✳✳✳

✳✳✳ ✳ ✳ ✳ ✳✳✳

an1 + jbn1 an2 + jbn2 · · · ann + jbnn















, ✭✹✳✸✷✮



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✼✶

KP +
KI

jω
+ jωKD =















a11 + jb11 a12 + jb12 · · · a1n + jb1n

a21 + jb21 a22 + jb22 · · · a2n + jb2n
✳✳✳

✳✳✳ ✳ ✳ ✳ ✳✳✳

an1 + jbn1 an2 + jbn2 · · · ann + jbnn















. ✭✹✳✸✸✮

P❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦✿

K∆
Pij +

K∆
Iij

jω
+ jωK∆

Dij = aij + jbij, ✭✹✳✸✹✮

K∆
Pij +

K∆
Iij

jω
+ jωK∆

Dij = ℜ(C∆
ij(jω)) + jℑ(C∆

ij(jω)), ✭✹✳✸✺✮

K∆
Pij − j

K∆
Iij

ω
+ jωK∆

Dij = ℜ(C∆
ij(jω)) + jℑ(C∆

ij(jω)). ✭✹✳✸✻✮

❙❡♣❛r❛♥❞♦✲s❡ ❛s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✐♥ár✐❛✱ t❡♠✲s❡✿

K∆
Pij = ℜ(C∆

ij(jω)), ✭✹✳✸✼✮

−
K∆

Iij

ω
+ ωK∆

Dij = ℑ(C∆
ij(jω)). ✭✹✳✸✽✮

❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡q✉ê♥❝✐❛ ❝♦♠ N ♣♦♥t♦s✿















1

1
✳✳✳

1















K∆
Pij =















ℜ(C∆
ij(jω1))

ℜ(C∆
ij(jω2))
✳✳✳

ℜ(C∆
ij(jωN))















, ✭✹✳✸✾✮















−1/ω1 ω1

−1/ω2 ω2

✳✳✳
✳✳✳

−1/ωN ωN















[

K∆
Iij K∆

Dij

]

=















ℑ(C∆
ij(jω1))

ℑ(C∆
ij(jω2))
✳✳✳

ℑ(C∆
ij(jωN))















. ✭✹✳✹✵✮

❉❡✜♥✐♥❞♦ Φrij ❡ Ωrij ❝♦♥❢♦r♠❡ ❛ ❡q✉❛çã♦ ✭✹✳✸✵✮✱ t❡♠✲s❡✿

K∆
Pij = (ΦT

rij
Φrij)

−1ΦT
rij
Ωiij . ✭✹✳✹✶✮

P♦ré♠✱ ❝♦♠♦ Φrij é ✉♠ ✈❡t♦r ❝♦❧✉♥❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ N ❝♦♠ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ✐❣✉❛✐s à

✶✱ ❡♥tã♦✿

ΦT
rij
Φrij = N, ✭✹✳✹✷✮

(ΦT
rij
Φrij)

−1 = 1/N. ✭✹✳✹✸✮

❆ss✐♠✱ ♦❜té♠✲s❡ ❛ ❡q✉❛çã♦ ✭✹✳✷✽✮✳



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✼✷

❉❡✜♥✐♥❞♦ Φiij ❡ Ωiij ❝♦♠♦ ♥❛ ❡q✉❛çã♦ ✭✹✳✸✶✮✱ ♦❜té♠✲s❡ ❛ ❡q✉❛çã♦ ✭✹✳✷✾✮✳

✹✳✸ ❘❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦

◆❡st❛ ❙❡çã♦✱ ♦s r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❛ té❝♥✐❝❛ ❞❡ r❡♣r♦❥❡t♦ ❞♦s ❝♦♥✲

tr♦❧❛❞♦r❡s P■✴P■❉ ♣r♦♣♦st❛ ♥❡st❛ ❙❡çã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s✳ Pr♦❝❡ss♦s ❜❡♥❝❤♠❛r❦ ❝♦♠

❞✐❢❡r❡♥t❡s ❞✐♠❡♥sõ❡s sã♦ ❝♦♥s✐❞❡r❛❞♦s✳ ◆♦ ❡①❡♠♣❧♦ ✶✱ ♦ ❝♦♥tr♦❧❛❞♦r P■❉ é r❡♣r♦❥❡t❛❞♦✱

♥♦s ❞❡♠❛✐s ❡①❡♠♣❧♦s ♦ ❝♦♥tr♦❧❛❞♦r P■ é ❝♦♥s✐❞❡r❛❞♦✳

❆ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❢♦✐ ♦❜t✐❞❛ ❡①♣❡✲

r✐♠❡♥t❛❧♠❡♥t❡✳ P❛r❛ ✐ss♦✱ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❢♦✐ ❡①❝✐t❛❞❛ ❝♦♠ ✉♠ s✐♥❛❧ P❘❇❙✱ ♣♦r s❡r ✉♠

s✐♥❛❧ ♠❛✐s r✐❝♦✳ ❆ss✐♠ ❝♦♠♦ ♥♦ ❈❛♣ít✉❧♦ ❛♥t❡r✐♦r ♦ ♣❡rí♦❞♦ ❞❡ ❝❧♦❝❦ ❞♦ s✐♥❛❧ P❘❇❙ Tck

❢♦✐ ❞❡✜♥✐❞♦ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡ ❡st✐♠❛❞❛ τii ❞♦ ♣r♦❝❡ss♦

✭■❙❊❘▼❆◆◆❀ ▼Ü◆❈❍❍❖❋✱ ✷✵✶✶✮✿

Tck =
τii
5
. ✭✹✳✹✹✮

❊♠ s❡❣✉✐❞❛✱ ❢♦✐ r❡❛❧✐③❛❞❛ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞♦s s✐♥❛✐s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❝♦❧❡t❛❞♦s✳

❆s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ✐♥✐❝✐❛❧ ✭S0(jω) ❡

Q0(jω)✮ ❡ r❡♣r♦❥❡t❛❞❛ ✭S1(jω) ❡ Q1(jω)✮ ✭❙❡çã♦ ✷✳✹✮ sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❝♦♠♣❛r❛r ❛s

♠❛❧❤❛s ❢❡❝❤❛❞❛s ✐♥✐❝✐❛❧ ❡ r❡♣r♦❥❡t❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ ♦s í♥❞✐❝❡s ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ❛♣r❡✲

s❡♥t❛❞♦s ♥❛ ❙❡çã♦ ✷✳✸ t❛♠❜é♠ sã♦ ❝❛❧❝✉❧❛❞♦s ❛ ♣❛rt✐r ❞❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ✉♥✐tár✐♦ ❞❛

♠❛❧❤❛ ❢❡❝❤❛❞❛✳

✹✳✸✳✶ ❊①❡♠♣❧♦ ✶

❈♦♥s✐❞❡r❛✲s❡ ❛ ❝♦❧✉♥❛ ❞❡ ❞❡st✐❧❛çã♦ ❜✐♥ár✐❛ ❲♦♦❞✲❇❡rr② ✭❲❖❖❉❀ ❇❊❘❘❨✱ ✶✾✼✸✮✿

Gex1(s) =









12,8e−s

16,7s+ 1

−18,9e−3s

21s+ 1
6,6e−7s

10,9s+ 1

−19,4e−3s

14,4s+ 1









. ✭✹✳✹✺✮

❖ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✱ ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ♠♦❞❡❧♦ ♠✉✐t♦ rá♣✐❞♦ ❞❛ ❚❛❜❡❧❛ ✸✳✶✱ é ❞❛❞♦

♣♦r✿

Trex1(s) =









e−1s

5,9s+ 1
0

0
e−3s

5,8s+ 1









✭✹✳✹✻✮



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✼✸

❡ ♦ ❝♦♥tr♦❧❛❞♦r ✐♥✐❝✐❛❧ é ❞❛❞♦ ♣♦r ✭❱❯❀ ▲❊❊❀ ▲❊❊✱ ✷✵✵✼✮✿

C0
ex1(s) =







0,34 +
0,0198

s
+ 0,167s 0

0 −0,14− 0,0081

s
− 0,19s






. ✭✹✳✹✼✮

◆❡st❡ ❡①❡♠♣❧♦✱ ♦ r❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ é r❡❛❧✐③❛❞♦✳ P❛r❛ r❡♣r♦❥❡t❛r ♦ ❝♦♥tr♦✲

❧❛❞♦r P■❉✱ ♣r✐♠❡✐r♦ ❢♦✐ ❝❛❧❝✉❧❛❞♦ ♦ ✈❛❧♦r ❞❡ C∆(jω) ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✸✮ ❞♦ ▲❡♠❛ ✷✳

❊♠ s❡❣✉✐❞❛✱ ♦s ❣❛♥❤♦s ❞❡ K∆
Pij✱ K

∆
Iij ❡ K∆

Dij ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✹✳✷✽✮

❡ ✭✹✳✷✾✮ ❞♦ ▲❡♠❛ ✹✳ ❙♦♠❛♥❞♦ ♦s ❣❛♥❤♦s ❝❛❧❝✉❧❛❞♦s ✭C∆✮ ❝♦♠ ♦s ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r

✐♥✐❝✐❛❧✱ ❡q✉❛çã♦ ✭✹✳✷✮✱ t❡♠✲s❡ ♦ ❝♦♥tr♦❧❛❞♦r r❡♣r♦❥❡t❛❞♦ ❞❛❞♦ ♣♦r✿

C1
ex1(s) =







0,16 +
0,0197

s
+ 0,168s −0,0672− 0,0157

s
+ 0,0339s

−0,0132 +
0,0088

s
− 0,0662s −0,0538− 0,012

s
− 0,102s






. ✭✹✳✹✽✮

❖❜s❡r✈❡ q✉❡ ♠❡s♠♦ ♦ ❝♦♥tr♦❧❛❞♦r ✐♥✐❝✐❛❧ s❡♥❞♦ ❞❡s❝❡♥tr❛❧✐③❛❞♦✱ ♦ r❡♣r♦❥❡t❛❞♦ é ❝❡♥tr❛❧✐✲

③❛❞♦✳ ❊st❡ ❢❛t♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❡s❝♦❧❤❛ ❞♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞✐❛❣♦♥❛❧ ❡ ❞❛ ❡①✐stê♥❝✐❛

❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛s ♠❛❧❤❛s✳

❆s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞❛s ♠❛❧❤❛s ❢❡❝❤❛❞❛s r❡♣r♦❥❡t❛❞❛s ✭T1(s)✮✱ ✐♥✐❝✐❛❧ ✭❱❯❀ ▲❊❊❀

▲❊❊✱ ✷✵✵✼✮ ❡ ❞❡ r❡❢❡rê♥❝✐❛ ✭Tr(s)✮✱ ❛ss✐♠ ❝♦♠♦ ♦ s✐♥❛❧ ❞❡ r❡❢❡rê♥❝✐❛✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛

❋✐❣✉r❛ ✹✳✶✳ P♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ♦ s✐♥❛❧ ❞❡ s❛í❞❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r

r❡♣r♦❥❡t❛❞♦ s❡ ❛♣r♦①✐♠❛ ❞♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❝♦♠ r❡❞✉çã♦ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛s

♠❛❧❤❛s✳ ❊ss❛ r❡❞✉çã♦ é ❥✉st✐✜❝❛❞❛ ♣❡❧♦ ❢❛t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r r❡♣r♦❥❡t❛❞♦ s❡r ❝❡♥tr❛❧✐③❛❞♦✱

❞✐❢❡r❡♥t❡ ❞♦ ✐♥✐❝✐❛❧ q✉❡ é ❞❡s❝❡♥tr❛❧✐③❛❞♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠ s♦❜r❡ss✐♥❛❧ ❞❡ 9% é ♦❜s❡r✲

✈❛❞♦ ♥❛ ♠❛❧❤❛ ✷ r❡♣r♦❥❡t❛❞❛✱ ❡♥q✉❛♥t♦ q✉❡ ❛ s❛í❞❛ ❞❛ ♠❛❧❤❛ ✐♥✐❝✐❛❧ ♦ s♦❜r❡ss✐♥❛❧ é ♥✉❧♦✳

❆ ♠❛❧❤❛ r❡♣r♦❥❡t❛❞❛ t❛♠❜é♠ ❛♣r❡s❡♥t❛ r❡❞✉çã♦ ♥♦ ▼r✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❚❛❜❡❧❛ ✹✳✶✳

❚❛❜❡❧❛ ✹✳✶✿ ❮♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✲ ❊①❡♠♣❧♦ ✶✳
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷
❘❡♣r♦❥❡t❛❞♦ ✼✱✾✼✷✶ ✶✶✱✺✾✾
❱✉✱ ▲❡❡ ❡ ▲❡❡ ✭✷✵✵✼✮ ✶✷✱✵✸✾ ✶✸✱✻✾✸
❱❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✲ ❚❱

▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷
❘❡♣r♦❥❡t❛❞♦ ✺✱✹✶✾✹ ✷✱✵✻✹✺
❱✉✱ ▲❡❡ ❡ ▲❡❡ ✭✷✵✵✼✮ ✹✱✵✻✶✵ ✶✱✵✸✽✼

❖ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ❞❛s ♠❛❧❤❛s r❡♣r♦❥❡t❛❞❛ ❡ ✐♥✐❝✐❛❧ ❡ ❛s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥✲

❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡ ✭Q(jω)✮ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❋✐❣✉r❛s ✹✳✷ ❡

✹✳✸✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ✈❛❧♦r ❞❛ ✈❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✭❚❱✮ é ❛♣r❡s❡♥t❛❞♦



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✼✹

❋✐❣✉r❛ ✹✳✶✿ ❘❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❛s ♠❛❧❤❛s ❢❡❝❤❛❞❛s ✲ ❊①❡♠♣❧♦ ✶✳
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Malha 1

Referência

Proposto

Vu, Lee e Lee (2007)

Modelo de referência
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Malha 2

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

♥❛ ❚❛❜❡❧❛ ✹✳✶✳ ❈♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✷✱ ♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ❞❛ ♠❛❧❤❛

r❡♣r♦❥❡t❛❞❛ s♦❢r❡ ♠❛✐♦r ✈❛r✐❛çã♦✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ ✈❛❧♦r ❞❡ ❚❱ é ♠❛✐♦r✳ ❆ ❥✉st✐✜❝❛✈❛

é ❛ s✉❜st✐t✉✐çã♦ ❞♦ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ♣❛r❛ ❝❡♥tr❛❧✐③❛❞♦✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❢r❡q✉ê♥✲

❝✐❛s ♠❛✐♦r❡s ❞♦ q✉❡ 0,02 r❛❞✴s ❛ ❝✉r✈❛ ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❡ Q1(jω) ❞❛ ♠❛❧❤❛

r❡♣r♦❥❡t❛❞❛ ❡stá ❛❜❛✐①♦ ❞❛ ❝✉r✈❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ♠❛❧❤❛ ✐♥✐❝✐❛❧✳

❆s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛

❋✐❣✉r❛ ✹✳✹✳ ❖ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛s ♠❛❧❤❛s r❡♣r♦❥❡t❛❞❛ ❡ ✐♥✐❝✐❛❧ é s❡♠♣r❡ ♠❡♥♦r

❞♦ q✉❡ ❞♦✐s✱ ♦ q✉❡ ❣❛r❛♥t❡ ❛ r♦❜✉st❡③✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ♠á①✐♠♦ ✈❛❧♦r ❞❛ ❝✉r✈❛ ❞❛ ♠❛❧❤❛

r❡♣r♦❥❡t❛❞❛ é ♠❡♥♦r ❞♦ q✉❡ ♦ ✈❛❧♦r ❞❛ ♠❛❧❤❛ ✐♥✐❝✐❛❧ ♣❛r❛ ❛ ♠❛✐♦r✐❛ ❞❛s ❢r❡q✉ê♥❝✐❛s✳
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❋✐❣✉r❛ ✹✳✷✿ ❙✐♥❛✐s ❞❡ ❝♦♥tr♦❧❡ ✲ ❊①❡♠♣❧♦ ✶✳
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♣❧♦ ✶✳

10
-2

10
-1

10
0
 

 (rad/s)

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

M
á
x
im

o
 v

a
lo

r 
s
in

g
u
la

r 
d
e
 Q

(j
)

Proposto

Vu, Lee e Lee (2007)

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳
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Modelo de referência

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✼✽

✹✳✸✳✷ ❊①❡♠♣❧♦ ✷

❈♦♥s✐❞❡r❛✲s❡ ❛ ❝♦❧✉♥❛ t❡r♥ár✐❛ ❚②r❡✉s ❝❛s♦ ✹ ✭▲❯❨❇❊◆✱ ✶✾✽✻✮✿

Gex2(s) =

















−1,986e−0,71s

66,7s+ 1

5,24e−60s

400s+ 1

5,984e−2,24s

14,29s+ 1
0,0204e−0,59s

(7,14s+ 1)2
−0,33e−0,68s

(2,38s+ 1)2
2,38e−0,42s

(1,43s+ 1)2

0,37e−7,75s

22,22s+ 1

−11,3e−3,79s

(21,74s+ 1)2
−9,811e−1,59s

11,36s+ 1

















, ✭✹✳✹✾✮

♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛✱ ♠❛❧❤❛ ♥♦r♠❛❧ ✭❚❛❜❡❧❛ ✸✳✶✮✱ ❞❛❞♦ ♣♦r✿

Trex2(s) =















e−0,71s

70s+ 1
0 0

0
e−3.8s

15,24s+ 1
0

0 0
e−1,59s

46,03s+ 1















. ✭✹✳✺✵✮

❡ ♦ ❝♦♥tr♦❧❛❞♦r ❝❡♥tr❛❧✐③❛❞♦ ✐♥✐❝✐❛❧ ❞❛❞♦ ♣♦r ✭▲❊❊❀ ❊❉●❆❘✱ ✷✵✵✻✮✿

C0
ex2(s) =















−7,04− 0,623

s
0 0

0 −2,2− 0,0948

s
0

0 0 −0,114− 0,0047

s















. ✭✹✳✺✶✮

P❛r❛ r❡❛❧✐③❛r ♦ r❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■✱ ♣r✐♠❡✐r♦ ❢♦✐ ❝❛❧❝✉❧❛❞♦ ♦ ✈❛❧♦r ❞❡ C∆(jω)

✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳ ❊♠ s❡❣✉✐❞❛✱ ♦s ❣❛♥❤♦s ❞❡ K∆
Pij ❡ K

∆
Iij ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s ✉s❛♥❞♦ ❛s ❡q✉❛✲

çõ❡s ✭✹✳✶✺✮ ❡ ✭✹✳✶✻✮ ❞♦ ▲❡♠❛ ✸✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❋✐♥❛❧♠❡♥t❡✱ r❡s♦❧✈❡✲s❡ ❛ ❡q✉❛çã♦ ✭✹✳✷✮✱

♦✉ s❡❥❛✱ ❛❞✐❝✐♦♥❛✲s❡ ♦s ✈❛❧♦r❡s ❞♦s ❣❛♥❤♦s ❞❡ C∆ ❛♦s ✈❛❧♦r❡s ❞♦s ❣❛♥❤♦s ❞♦ ❝♦♥tr♦❧❛❞♦r

✐♥✐❝✐❛❧ ✭✹✳✺✶✮ ❡ ♦❜té♠✲s❡ ♦ ❝♦♥tr♦❧❛❞♦r r❡♣r♦❥❡t❛❞♦ ❞❛❞♦ ♣♦r✿

C1
ex2(s) =















−0,447− 0,0076

s
3,81 +

0,0295

s
0,119− 0,0041

s

−0,0167− 0,0003

s
−0,392− 0,0161

s
−0,0988− 0,0018

s

−0,0007 −0,0705 +
0,0196

s
−0,0153− 0,0002

s















. ✭✹✳✺✷✮

❆s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞❛s ♠❛❧❤❛s ❢❡❝❤❛❞❛s r❡♣r♦❥❡t❛❞❛s✱ ✐♥✐❝✐❛❧ ✭▲❊❊❀ ❊❉●❆❘✱ ✷✵✵✻✮

❡ ❞♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❡ ♦ s✐♥❛❧ ❞❡ r❡❢❡rê♥❝✐❛ sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✉r❛ ✹✳✺✳ P♦❞❡✲s❡

♦❜s❡r✈❛r q✉❡ ❛ r❡s♣♦st❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r r❡♣r♦❥❡t❛❞♦ s❡ ❛♣r♦①✐♠❛ ❞♦

♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ❊♠❜♦r❛✱ ♥❛ ♠❛❧❤❛ r❡♣r♦❥❡t❛❞❛✱ ✈❡r✐✜❝❛✲s❡ ♠❛✐♦r ❛❝♦♣❧❛♠❡♥t♦ ❞❛

s❛í❞❛ ✶ ❝♦♠ ❛s ❡♥tr❛❞❛s ❞❛s ♦✉tr❛s ♠❛❧❤❛s✱ ♥❛s ❞❡♠❛✐s ♠❛❧❤❛s ♦ ❛❝♦♣❧❛♠❡♥t♦ ❢♦✐ r❡❞✉③✐❞♦✳



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✼✾

❚❛❜❡❧❛ ✹✳✷✿ ❮♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✲ ❊①❡♠♣❧♦ ✷✳
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷ ▼❛❧❤❛ ✸
❘❡♣r♦❥❡t❛❞♦ ✾✺✱✵✼✾ ✶✱✷✶✷✹ ✷✵✱✻✷
❉❤❛♥②❛ ❘❛♠ ❡ ❈❤✐❞❛♠❜❛r❛♠ ✭✷✵✶✺✮ ✶✵✸✱✷✹ ✹✼✱✸✸✵ ✷✺✵✱✾✻

❱❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✲ ❚❱
▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷ ▼❛❧❤❛ ✸

❘❡♣r♦❥❡t❛❞♦ ✼✱✾✵✸✵ ✵✱✼✽✼✾ ✵✱✺✺✵✾
❉❤❛♥②❛ ❘❛♠ ❡ ❈❤✐❞❛♠❜❛r❛♠ ✭✷✵✶✺✮ ✹✶✱✸✷✶ ✶✷✱✶✸✽ ✷✱✹✶✼✷

❆❧é♠ ❞✐ss♦✱ ♦s s✐♥❛✐s ❞❡ s❛í❞❛ ❞❛ ♠❛❧❤❛ r❡♣r♦❥❡t❛❞❛ ♥ã♦ ❛♣r❡s❡♥t❛ s♦❜r❡ss✐♥❛❧ ♥❡♠ ♦s❝✐✲

❧❛çã♦✱ ❞✐❢❡r❡♥t❡ ❞❛ ♠❛❧❤❛ ✐♥✐❝✐❛❧ q✉❡ é ✉♠ s✐st❡♠❛ s✉❜❛♠♦rt❡❝✐❞♦✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱

♣♦❞❡✲s❡ ♦❜s❡r✈❛r ♥❛ ❚❛❜❡❧❛ ✹✳✷ ❛ r❡❞✉çã♦ ❞♦ ▼r ❞❛ ♠❛❧❤❛ r❡♣r♦❥❡t❛❞❛ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦

❛♦ ❞❛ ♠❛❧❤❛ ✐♥✐❝✐❛❧✳

◆❛s ❋✐❣✉r❛s ✹✳✻ ❡ ✹✳✼✱ ♦s s✐♥❛✐s ❞❡ ❝♦♥tr♦❧❡ ❞❛s ♠❛❧❤❛s r❡♣r♦❥❡t❛❞❛ ❡ ✐♥✐❝✐❛❧ ❡ ❛s ❝✉r✈❛s

❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡ ✭Q(jω)✮ sã♦ ❛♣r❡s❡♥t❛❞♦s✳

❆ ✈❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✭❚❱✮ é ❛♣r❡s❡♥t❛❞❛ ♥❛ ❚❛❜❡❧❛ ✹✳✷✳ ❖❜s❡r✈❛✲s❡ ♦

♠❡♥♦r ✈❛❧♦r ❞❡ ❚❱ ♣❛r❛ ♠❛❧❤❛ r❡♣r♦❥❡t❛❞❛ q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛ ❝♦♠ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛

✐♥✐❝✐❛❧✳

❆❧é♠ ❞✐ss♦✱ ❛ ♠❛❧❤❛ r❡♣r♦❥❡t❛❞❛ é ♠❛✐s r♦❜✉st❛✱ ♣♦✐s ♦ ♣✐❝♦ ❞❛ ❝✉r✈❛ ❞♦ ♠á①✐♠♦ ✈❛❧♦r

s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ✭S1(jω)✮ é ♠❡♥♦r ❞♦ q✉❡ ✷ ✭✈❡r ❋✐❣✉r❛ ✹✳✽✮✳ ❖ ✈❛❧♦r

❞♦ ♣✐❝♦ ❞❛ ♠❛❧❤❛ ✐♥✐❝✐❛❧ é 12,2 ♥❛ ❢r❡q✉ê♥❝✐❛ ω = 0,08 r❛❞✴s✳

❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s sã♦ ❥✉st✐✜❝❛❞♦s ♣❡❧♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞❡ r❡❢❡rê♥❝✐❛

❝♦♥s✐❞❡r❛❞♦✳ ❉❡✈✐❞♦ à ❡ss❛ ❡s❝♦❧❤❛✱ ♦ ♦❜❥❡t✐✈♦ ❞♦ r❡♣r♦❥❡t♦ ❢♦✐ t♦r♥❛r ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♠❛✐s

s✉❛✈❡✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡♠✲s❡ ♠❛✐♦r ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✱ r❡❞✉çã♦ ❞❡ ♦s❝✐❧❛çã♦ ♥♦s

s✐♥❛✐s ❞❡ s❛í❞❛ ❡ r❡❞✉çã♦ ❞❛s ✈❛r✐❛çõ❡s ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡✳
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❋✐❣✉r❛ ✹✳✺✿ ❘❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❛s ♠❛❧❤❛s ❢❡❝❤❛❞❛s ✲ ❊①❡♠♣❧♦ ✷✳
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❋✐❣✉r❛ ✹✳✻✿ ❙✐♥❛✐s ❞❡ ❝♦♥tr♦❧❡ ✲ ❊①❡♠♣❧♦ ✷✳
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❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✽✷

❋✐❣✉r❛ ✹✳✼✿ ▼á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡ ✭Q(jω)✮ ✲ ❊①❡♠✲
♣❧♦ ✷✳
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❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳
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❋✐❣✉r❛ ✹✳✽✿ ▼á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ✭S(jω)✮ ✲ ❊①❡♠♣❧♦ ✷✳
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Modelo de referência

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✽✹

✹✳✸✳✸ ❊①❡♠♣❧♦ ✸

❈♦♥s✐❞❡r❛✲s❡ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦ ♣r♦❝❡ss♦ ❆❧❛t✐q✐ ❝❛s♦ ✶ ✭▲❯❨❇❊◆✱ ✶✾✽✻✮✿

Gex3(s) =

























2,22e−2,5s

(36s+ 1)(25s+ 1)

−2,94(7,9s+ 1)e−0,05s

(23,7s+ 1)2
0,017e−0,2s

(31,6s+ 1)(7s+ 1)

−0,64e−20s

(29s+ 1)2

−2,33e−5s

(35s+ 1)2
3,46e−1,01s

32s+ 1

−0,51e−7,5s

(32s+ 1)2
1,68e−2s

(28s+ 1)2

−1,06e−22s

(17s+ 1)2
3,511e−13s

(12s+ 1)2
4,41e−1,01s

16,2s+ 1

−5,38e−0,5s

17s+ 1
−5,73e−2,5s

(8s+ 1)(50s+ 1)

4,32(25s+ 1)e−0,01s

(50s+ 1)(5s+ 1)

−1,25e−2,8s

(43,6s+ 1)(9s+ 1)

4,78e−1,15s

(48s+ 1)(5s+ 1)

























, ✭✹✳✺✸✮

❡ ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ✭♠❛❧❤❛ rá♣✐❞❛ ♥❛ ❚❛❜❡❧❛ ✸✳✶✮ ❞❛❞♦ ♣♦r✿

Trex3(s) =























e−2,5s

42,33s+ 1
0 0 0

0
e−1,01s

22,01s+ 1
0 0

0 0
e−1,01s

11,47s+ 1
0

0 0 0
e−1,15s

36,1s+ 1























. ✭✹✳✺✹✮

◆❡ss❡ ❡①❡♠♣❧♦ ♦ ❝♦♥tr♦❧❛❞♦r ✐♥✐❝✐❛❧ ✭❈❍❊◆❀ ❙❊❇❖❘●✱ ✷✵✵✸✮ é ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❡ ❞❛❞♦

♣♦r✿

C0
ex3(s) =























0,176 +
0,0028

s
0 0 0

0 0,220 +
0,0071

s
0 0

0 0 3,15 +
0,3923

s
0

0 0 0 0,447 +
0,0094

s























.

✭✹✳✺✺✮

❖ ❝♦♥tr♦❧❛❞♦r r❡♣r♦❥❡t❛❞♦ é ♦ ❝♦♥tr♦❧❛❞♦r ❝❡♥tr❛❧✐③❛❞♦ ❞❛❞♦ ♣♦r✿

C1
ex3(s) =























0,104 +
0,0351

s
−0,673 +

0,0619

s
−0,363 +

0,0090

s
−0,215− 0,0044

s

−0,42 +
0,0083

s
0,106− 0,0346

s
−0,17− 0,005

s
−0,0841− 0,005

s

0,999 +
0,0633

s
0,266 +

0,0573

s
−0,098 +

0,0396

s
0,354 +

0,0127

s

0,953 +
0,0504

s
−0,0485 +

0,0574

s
−0,357 +

0,0178

s
0,382 +

0,0081

s























.

✭✹✳✺✻✮

❆s r❡s♣♦st❛s ❞❛s ♠❛❧❤❛s ❢❡❝❤❛❞❛s r❡♣r♦❥❡t❛❞❛✱ ✐♥✐❝✐❛❧ ❡ ❞❡ r❡❢❡rê♥❝✐❛✱ ❛❧é♠ ❞♦ s✐♥❛❧

❞❡ r❡❢❡rê♥❝✐❛✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✉r❛ ✹✳✾✳ ❖❜s❡r✈❡ q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ♠❛❧❤❛s

❞✐r❡t❛s s❡ ❛♣r♦①✐♠❛♠ ❞♦ ❞❡s❡❥❛❞♦✱ ❢❛t♦ t❛♠❜é♠ ✈❡r✐✜❝❛❞♦ ♥❛ ❚❛❜❡❧❛ ✹✳✸✱ ♥❛ q✉❛❧ ♦s



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✽✺

❚❛❜❡❧❛ ✹✳✸✿ ❮♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✲ ❊①❡♠♣❧♦ ✸✳
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷ ▼❛❧❤❛ ✸ ▼❛❧❤❛ ✹
❘❡♣r♦❥❡t❛❞♦ ✼✾✱✸✶✾ ✻✾✱✹✺✽ ✺✽✱✶✼✺ ✷✵✷✱✷✷
❈❤❡♥ ❡ ❙❡❜♦r❣ ✭✷✵✵✸✮ ✽✾✾✱✸✻ ✶✸✺✱✺✽ ✺✼✱✵✾✸ ✸✼✺✱✸✶

❱❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✲ ❚❱
▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷ ▼❛❧❤❛ ✸ ▼❛❧❤❛ ✹

❘❡♣r♦❥❡t❛❞♦ ✶✷✱✾✽✷ ✹✱✺✵✼✼ ✼✱✷✻✷ ✶✵✱✻✺✺
❈❤❡♥ ❡ ❙❡❜♦r❣ ✭✷✵✵✸✮ ✷✱✺✵✵✾ ✶✱✶✺✶✽ ✶✸✻✱✻✺ ✹✱✷✸✾✸

í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ◆❡st❡ ❡①❡♠♣❧♦✱ ♦ ♦❜❥❡t✐✈♦ ❢♦✐ t♦r♥❛r ❛ r❡s♣♦st❛

❞❛s ♠❛❧❤❛s ✶ ❡ ✷ ♠❛✐s rá♣✐❞❛s✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ♦❜s❡r✈❛✲s❡ s♦❜r❡ss✐♥❛❧ ❡ ❛✉♠❡♥t♦ ❞❛

r❡s♣♦st❛ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ♥❛s ♠❛❧❤❛s ❝r✉③❛❞❛s✳

❆❧é♠ ❞✐ss♦✱ ❛ ✈❛r✐❛çã♦ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ❛✉♠❡♥t❛✱ ❝♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛

❚❛❜❡❧❛ ✹✳✸ ❡ ♥❛ ❋✐❣✉r❛ ✹✳✶✵✱ ♥❛ q✉❛❧ ♦s s✐♥❛✐s ❞❡ ❝♦♥tr♦❧❡ sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ❆s ❝✉r✈❛s ❞♦

♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡ sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✉r❛

✹✳✶✶✳ ❖❜s❡r✈❡ ♦ ❛✉♠❡♥t♦ ❞❛ ♠❛❣♥✐t✉❞❡ ❞❡ Q(s) ❡♠ t♦❞❛s ❛s ❢r❡q✉ê♥❝✐❛s ❝♦♥s✐❞❡r❛❞❛ ❝♦♠

♦ r❡♣r♦❥❡t♦✳

◆❛ ❋✐❣✉r❛ ✹✳✶✷✱ ❛s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛s ❢✉♥çõ❡s ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ sã♦

❛♣r❡s❡♥t❛❞❛s✳ ◆❡st❡ ❝❛s♦✱ ♦ ✈❛❧♦r ❞♦ ♣✐❝♦ ❞❛ ❝✉r✈❛ ❞❛ ♠❛❧❤❛ r❡♣r♦❥❡t❛❞❛ é 5,48 ♥❛

❢r❡q✉ê♥❝✐❛ ω = 0,078 r❛❞✴s✱ ✈❛❧♦r ❛❧t♦ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❛ ♠❛❧❤❛ ✐♥✐❝✐❛❧✳ ◆♦ ❡♥t❛♥t♦✱

❡ss❡ ✈❛❧♦r ♥ã♦ s✐❣♥✐✜❝❛ ✐♥st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ r❡♣r♦❥❡t❛❞❛✳ ❊ss❡ ❛✉♠❡♥t♦ ❡r❛

♣r❡✈✐st♦✱ ❞❡✈✐❞♦ ❛♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❡s❝♦❧❤✐❞♦✳

◆❡ss❡ ❡①❡♠♣❧♦✱ ✈❡r✐✜❝♦✉✲s❡ ✉♠ ❣r❛♥❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛s ♠❛❧❤❛s ❡ ♦ ✈❛❧♦r ❞♦ ♣✐❝♦

❞❛ ❝✉r✈❛ ❞❡ σmax(S(jω)) ♠❛✐♦r ❞♦ q✉❡ 2✳ P❛r❛ ❞✐♠✐♥✉✐r ♦ ❛❝♦♣❧❛♠❡♥t♦ ❡ ❛✉♠❡♥t❛r ❛

r♦❜✉st❡③✱ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ♠❛✐s s✉❛✈❡ ❞❡✈❡ s❡r ✉t✐❧✐③❛❞♦✳ P♦r ❡①❡♠♣❧♦✱ ✉s❛♥❞♦

❝♦♠♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❛ ♠❛❧❤❛ ❧❡♥t❛ ✭❚❛❜❡❧❛ ✸✳✶✮✱ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛

♠❡♥♦s ❛❝♦♣❧❛❞❛ ❡ ✈❛❧♦r❡s ❞❡ σmax(S(jω)) ♠❡♥♦r❡s ❞♦ q✉❡ ✸✳
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✹✳✸✳✹ ❊①❡♠♣❧♦ ✹

❈♦♥s✐❞❡r❛✲s❡ ♦ ♠♦❞❡❧♦ ❞♦s r❡❛t♦r❡s ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❤✐❞r♦tr❛t❛♠❡♥t♦ ✭❆●❯■❆❘ ❡t ❛❧✳✱

✷✵✷✵✮✿

Gex4(s) =

























1,1215e−838s

538,01s+ 1
0 0 0

0,8785e−1478s

882,82s+ 1

−0,1931e−612,78s

433,16s+ 1
0 0

0,8770e−2646,46s

878,77s+ 1

−0,1647e−1699,31s

2378,17s+ 1

−0,0674e−473,21s

455,03s+ 1
0

0,9321e−3568s

1052,2s+ 1

−0,1588e−2299,74s

1363,77s+ 1

−0,0572e−882,65s

949,36s+ 1

−0,0783e−475,87s

693,15s+ 1

























✭✹✳✺✼✮

❡ ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✱ ❛ ♠❛❧❤❛ ♠✉✐t♦ rá♣✐❞❛ ❞❛ ❚❛❜❡❧❛ ✸✳✶✱ ❞❛❞♦ ♣♦r✿

Trex4(s) =























e−838s

473,7s+ 1
0 0 0

0
e−613s

348,6s+ 1
0 0

0 0
e−473s

309,4s+ 1
0

0 0 0
e−476s

389,7s+ 1























. ✭✹✳✺✽✮

❖ ❝♦♥tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦ ✐♥✐❝✐❛❧ ♣r♦❥❡t❛❞♦ ♣❡❧♦ ♠ét♦❞♦ ❙■▼❈ ✭❙❑❖●❊❙❚❆❉✱

✷✵✵✸✮ é ❞❛❞♦ ♣♦r✿

C0
ex4(s) =























0,1336 +
0,0003

s
0 0 0

0 −0,8294− 0,0019

s
0 0

0 0 −2,898− 0,0064

s
0

0 0 0 −3,146− 0,0045

s























. ✭✹✳✺✾✮

❈♦♠♦ ❛ ❞✐♥â♠✐❝❛ ❞♦ ♣r♦❝❡ss♦✱ ❝♦♥s✐❞❡r❛❞♦ ♥❡st❡ ❡①❡♠♣❧♦✱ é r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛

♠❛tr✐③ ❞❡ tr❛♥s❢❡rê♥❝✐❛ tr✐❛♥❣✉❧❛r✱ ♦ ❝♦♥tr♦❧❛❞♦r ♦❜t✐❞♦ t❛♠❜é♠ é tr✐❛♥❣✉❧❛r✳ ❉❡ss❛

❢♦r♠❛✱ ♦ ❝♦♥tr♦❧❛❞♦r r❡♣r♦❥❡t❛❞♦ é ❞❛❞♦ ♣♦r✿

C1
ex4(s) =























0,713 +
0,0006

s
0 0 0

−0,234 +
0,0013

s
−3,77− 0,0046

s
0 0

0,673− 0,0027

s
−0,413− 0,0016

s
−10,7− 0,0122

s
0

2,37 +
0,0011

s
0,47− 0,0048

s
−2,35 +

0,012

s
−11,1− 0,0102

s























. ✭✹✳✻✵✮

◆❛ ❋✐❣✉r❛ ✹✳✶✸✱ ❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞❛s ♠❛❧❤❛s ❢❡❝❤❛❞❛s ✐♥✐❝✐❛❧ ❡ r❡♣r♦❥❡t❛❞❛ sã♦
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❚❛❜❡❧❛ ✹✳✹✿ ❮♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✲ ❊①❡♠♣❧♦ ✹✳
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷ ▼❛❧❤❛ ✸ ▼❛❧❤❛ ✹
❘❡♣r♦❥❡t❛❞♦ ✺✸✾✱✷✽ ✾✶✵✱✶✾ ✷✹✷✼✱✺ ✸✺✷✵✱✺
❙❦♦❣❡st❛❞ ✭✷✵✵✸✮ ✶✻✻✵✱✼ ✸✺✾✺✱✾ ✸✻✻✻✱✹ ✺✻✸✵✱✺

❱❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✲ ❚❱
▼❛❧❤❛ ✶ ▼❛❧❤❛ ✷ ▼❛❧❤❛ ✸ ▼❛❧❤❛ ✹

❘❡♣r♦❥❡t❛❞♦ ✶✱✹✼✻✵ ✶✻✱✽✼✺ ✺✼✱✽✵✶ ✻✻✱✹✺✼
❙❦♦❣❡st❛❞ ✭✷✵✵✸✮ ✵✱✼✺✽✸ ✽✱✻✷✷ ✷✽✱✼✷✺ ✸✵✱✸✸✷

❛♣r❡s❡♥t❛❞❛s✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❡✜♥✐❞♦✱ ♦ ♦❜❥❡t✐✈♦ ❞♦ r❡♣r♦❥❡t♦ ❢♦✐

❞✐♠✐♥✉✐r ♦ t❡♠♣♦ ❞❡ r❡s♣♦st❛ ❞❛ ♠❛❧❤❛✳ ❖ q✉❡ r❡s✉❧t♦✉ ❡♠ ✉♠ s♦❜r❡ss✐♥❛❧ ❞❡ 5% ❡ 3,8%

♥❛s ♠❛❧❤❛s ✶ ❡ ✷✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦s ✈❛❧♦r❡s ❞♦ ❡rr♦ ❞❡ r❛str❡❛♠❡♥t♦ ❞♦

▼r ❢♦r❛♠ r❡❞✉③✐❞♦s ❝♦♠ ♦ r❡♣r♦❥❡t♦✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❚❛❜❡❧❛ ✹✳✹✳

❈♦♠♦ ❡s♣❡r❛❞♦✱ ❞❡✈✐❞♦ ❛♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❡s❝♦❧❤✐❞♦✱ ❛ ✈❛r✐❛çã♦ ❞♦ s✐♥❛❧ ❞❡

❝♦♥tr♦❧❡✱ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❚❛❜❡❧❛ ✹✳✹✱ ❛✉♠❡♥t♦✉ ❝♦♠ ♦ r❡♣r♦❥❡t♦✳ ❊st❡ ❢❛t♦ t❛♠❜é♠ é

♦❜s❡r✈❛❞♦ ♥❛s ❋✐❣✉r❛s ✹✳✶✹ ❡ ✹✳✶✺✱ ♦♥❞❡ ♦s s✐♥❛✐s ❞❡ ❝♦♥tr♦❧❡ ❡ ❛s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r

s✐♥❣✉❧❛r ❞❡ Q(jω) sã♦ ❛♣r❡s❡♥t❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆❛ ❋✐❣✉r❛ ✹✳✶✻✱ ❛s ❝✉r✈❛s ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❡ S(jω) sã♦ ❛♣r❡s❡♥t❛❞❛s✳ ❖

♣✐❝♦ ❞❛ ❝✉r✈❛ r❡♣r♦❥❡t❛❞❛ é 2,3✳ ◆❡ss❡ ❝❛s♦✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s ❡s❝♦❧❤❛s ❞♦ ♣r♦❥❡t♦✱

❛ ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ✐♥✐❝✐❛❧ é ♠❛✐♦r ❞♦ q✉❡ ❞❛ ♠❛❧❤❛ r❡♣r♦❥❡t❛❞❛✳ ❈♦♠ ♦

r❡♣r♦❥❡t♦ ❢♦✐ ♣♦ssí✈❡❧ t♦r♥❛r ❛ r❡s♣♦st❛ ❞♦ s✐st❡♠❛ ♠❛✐s rá♣✐❞❛✱ ♣♦ré♠ s❡♠ ❝♦♠♣r♦♠❡t❡r

❛ ❡st❛❜✐❧✐❞❛❞❡✳
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❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✾✺

❋✐❣✉r❛ ✹✳✶✻✿ ▼á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ✭S(jω)✮ ✲ ❊①❡♠♣❧♦ ✹✳

10
-3

10
-2

 (rad/s)

1

1,2

1,4

1,6

1,8

2

2,2

2,4

2,6

2,8

3

M
á
x
im

o
 v

a
lo

r 
s
in

g
u
la

r 
d
e
 S

(j
)

Proposto

Skogestad (2003)

Modelo de referência

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳



❈❛♣ít✉❧♦ ✹✳ ❘❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❜❛s❡❛❞♦ ♥❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ✾✻

✹✳✹ ❈♦♥❝❧✉sõ❡s

◆❡st❡ ❈❛♣ít✉❧♦✱ ❛ té❝♥✐❝❛ ❞❡ r❡♣r♦❥❡t♦ ❞♦s ❝♦♥tr♦❧❛❞♦r❡s P■ ❡ P■❉ ♠✉❧t✐✈❛r✐á✈❡❧ ❜❛s❡❛❞❛

❡♠ ❞❛❞♦s ❞♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❢♦✐ ❛♣r❡s❡♥t❛❞❛✳ ❖ ❝♦♥tr♦❧❛❞♦r é

r❡♣r♦❥❡t❛❞♦ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ♥♦✈❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❡st❡❥❛ ♦ ♠❛✐s ♣ró①✐♠♦ ♣♦ssí✈❡❧ ❞❡ ✉♠

♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ❖s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❞♦ ❛❧❣♦r✐t♠♦ sã♦ ❛ r❡s♣♦st❛ ♥♦ ❞♦♠í♥✐♦ ❞❛

❢r❡q✉ê♥❝✐❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ✐♥✐❝✐❛❧✱ ♦ ❝♦♥tr♦❧❛❞♦r ✐♥✐❝✐❛❧ ❡ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❡

♠❛❧❤❛ ❢❡❝❤❛❞❛✳ ❆ ❡s♣❡❝✐✜❝❛çã♦ ❞❡ ♣r♦❥❡t♦ é ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳

❆ r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞♦s

❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♦✉ ❞❡ ✉♠ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦ ❞❛ ♠❛❧❤❛

❢❡❝❤❛❞❛✳ ◆❡st❡ ú❧t✐♠♦ ❝❛s♦✱ ♥ã♦ é ♥❡❝❡ssár✐♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦ ❞♦

♣r♦❝❡ss♦✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ♣r♦❥❡t♦ ♥ã♦ s❡rá ❝♦♠♣r♦♠❡t✐❞♦ ♣♦r ✐♥❡✈✐tá✈❡✐s ❡rr♦s ❞❡

♠♦❞❡❧❛❣❡♠✳

❖ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ é ❞❛❞♦ ♣♦r ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✱ ❞❛ q✉❛❧ ♦s ❡❧❡♠❡♥t♦s ♥ã♦

♥✉❧♦s sã♦ ❞❡✜♥✐❞♦s ❝♦♠♦ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦✱ ♣♦r

s✐♠♣❧✐❝✐❞❛❞❡✳ ❆s ❝♦♥st❛♥t❡s ❞❡ t❡♠♣♦ sã♦ ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❡ ❛♣r♦①✐♠❛çõ❡s ❞❛ ❝♦♥st❛♥t❡

❞❡ t❡♠♣♦ ❡ ❞♦ ❛tr❛s♦ ❞❛s ♠❛❧❤❛s ❞✐r❡t❛s ❞♦ ♣r♦❝❡ss♦✳

❘❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ ❞❡ ♣r♦❝❡ss♦s ❝♦♠ ❞✐❢❡r❡♥t❡s ❞✐♠❡♥sõ❡s ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s✳

❊♠ t♦❞♦s ♦s ❝❛s♦s ❞✐s❝✉t✐❞♦s✱ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ r❡♣r♦❥❡t❛❞❛ ✜❝♦✉ ♣ró①✐♠❛ ❞❛ ❞❡s❡❥❛❞❛✳

❊♥tr❡t❛♥t♦✱ q✉❛♥❞♦ ♦ ♦❜❥❡t✐✈♦ ❞♦ r❡♣r♦❥❡t♦ ❢♦✐ ❞✐♠✐♥✉✐r ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞❛ ♠❛❧❤❛

❢❡❝❤❛❞❛✱ ♦ r❡s✉❧t❛❞♦ ❢♦✐ ❛ r❡❞✉çã♦ ❞❛ ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✱ ♦ q✉❡ s✐❣♥✐✜❝❛ ❛✉♠❡♥t❛r ♦

✈❛❧♦r ❞♦ ♣✐❝♦ ❞❛ ❝✉r✈❛ ❞♦ ♠á①✐♠♦ ✈❛❧♦r s✐♥❣✉❧❛r ❞❡ S(jω)✳

◆♦s ❡①❡♠♣❧♦s ✶✱ ✷ ❡ ✸✱ ❝♦♥tr♦❧❛❞♦r❡s ❞❡s❝❡♥tr❛❧✐③❛❞♦s P■❉ ❡ P■ ✐♥✐❝✐❛✐s ❢♦r❛♠ ❝♦♥✲

s✐❞❡r❛❞♦s✳ ❈♦♠♦ ♦ ♦❜❥❡t✐✈♦ ❡r❛ t♦r♥❛r ♦ s✐st❡♠❛ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞✐❛❣♦♥❛❧✱ ♠❡s♠♦ ♦

♣r♦❝❡ss♦ s❡♥❞♦ ❢♦rt❡♠❡♥t❡ ❛❝♦♣❧❛❞♦✱ ♦ r❡♣r♦❥❡t♦ r❡s✉❧t♦✉ ♥♦ ❝♦♥tr♦❧❛❞♦r ❝❡♥tr❛❧✐③❛❞♦✳ ◆♦

❡①❡♠♣❧♦ ✹✱ ❛ ❞✐♥â♠✐❝❛ ❞♦ ♣r♦❝❡ss♦ ❝♦♥s✐❞❡r❛❞♦ é r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r✳

❆ss✐♠✱ ♦❜t❡✈❡✲s❡ ❝♦♠ ♦ r❡♣r♦❥❡t♦ ✉♠ ❝♦♥tr♦❧❛❞♦r ♥❛ ❢♦r♠❛ ❞❡ ♠❛tr✐③ tr✐❛♥❣✉❧❛r✳



❈❛♣ít✉❧♦ ✺

❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r

✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖

✺✳✶ ■♥tr♦❞✉çã♦

❯♠❛ ❞❛s ❡str✉t✉r❛s ❞❡ ❝♦♥tr♦❧❡ ❞❡ ♣r♦❝❡ss♦s ▼■▼❖ é ♦ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠

❞❡s❛❝♦♣❧❛❞♦r✳ ❖ ❜❧♦❝♦ ❞❡s❛❝♦♣❧❛❞♦r é ✐♠♣❧❡♠❡♥t❛❞♦ ❡♥tr❡ ♦ ♣r♦❝❡ss♦ ❡ ❝♦♥tr♦❧❛❞♦r P■❉

❞❡s❝❡♥tr❛❧✐③❛❞♦✳ ◆❡ss❛ ❡str✉t✉r❛ ♦ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❡ é ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s ❡t❛♣❛s✿ ♣r♦❥❡t♦

❞♦ ❞❡s❛❝♦♣❧❛❞♦r ❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦✳

❖ ♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r é✱ ❡♠ ❣❡r❛❧✱ ❜❛s❡❛❞♦ ❡♠ ✉♠ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦ ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ❞❡ t❡♠♣♦ ❞♦ ♣r♦❝❡ss♦✳ ❊st❡ ♠♦❞❡❧♦ é ✉t✐❧✐③❛❞♦ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡

s✐♠♣❧✐✜❝❛r ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✱ ❢❛❝✐❧✐t❛♥❞♦ ❛ ✐♠♣❧❡♠❡♥t❛çã♦✳ ◆♦

❡♥t❛♥t♦✱ ✐♥❡✈✐tá✈❡✐s ✐♥❝❡rt❡③❛s ♥♦ ♠♦❞❡❧♦ ❡ ❛♣r♦①✐♠❛çõ❡s ♣♦❞❡♠ ❞❡❣r❛❞❛r ♦ ❞❡s❡♠♣❡♥❤♦

❞♦ ❞❡s❛❝♦♣❧❛❞♦r✱ s❡♥❞♦ ❡❢❡t✐✈♦ ❛♣❡♥❛s ♥❛s ❢r❡q✉ê♥❝✐❛s ♥❛s q✉❛✐s ♦ ♠♦❞❡❧♦ é ♣r❡❝✐s♦✳ ❆❧é♠

❞✐ss♦✱ ♠♦❞✐✜❝❛çõ❡s ♥♦s ♣❛râ♠❡tr♦s ♣♦❞❡♠ s❡r ♥❡❝❡ssár✐❛s ❝❛s♦ ❤❛❥❛ ❛❧t❡r❛çõ❡s ♥❛ ♣❧❛♥t❛✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡s❡❥❛❞♦ ❞❛ ♠❛❧❤❛ ❞❡ ❝♦♥tr♦❧❡ é ❛❢❡t❛❞♦ ♣♦r ♣❛râ♠❡tr♦s

♠❛❧ s✐♥t♦♥✐③❛❞♦s✳

❉❛❞♦s ♠♦t✐✈♦s✱ ❡✈✐❞❡♥❝✐❛✲s❡ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦✲

❥❡t♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✳ ❈♦♠ ♦ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✱ ♣♦❞❡✲s❡ ❣❛r❛♥t✐r

♦ ❞❡s❡♠♣❡♥❤♦ ❛❞❡q✉❛❞♦ ❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ✐♥t❡r❡ss❡✳ ❆ ♥❡❝❡ss✐❞❛❞❡ ❞♦

r❡♣r♦❥❡t♦ é ✈❡r✐✜❝❛❞❛ ❛tr❛✈és ❞❡ ✉♠❛ ❛✈❛❧✐❛çã♦✳

❆s ♠❡t♦❞♦❧♦❣✐❛s ❡①✐st❡♥t❡s ♣❛r❛ ❛✈❛❧✐❛r ❡ r❡♣r♦❥❡t❛r ♦ ❞❡s❛❝♦♣❧❛❞♦r sã♦ ❢♦r♠✉❧❛❞❛s

♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ❡ ✉t✐❧✐③❛♠ ❞❛❞♦s ❝♦❧❡t❛❞♦s ❡♠ ♠❛❧❤❛ ❛❜❡rt❛ ✭❆❈■❖▲■ ❏Ú◆■❖❘❀

❇❆❘❘❖❙✱ ✷✵✶✶✮✱ ✭❆●❯■❆❘❀ ❆❈■❖▲■ ❏Ú◆■❖❘❀ ❇❆❘❘❖❙✱ ✷✵✶✽✮✱ ✭❆●❯■❆❘❀ ❆❈■❖▲■

❏Ú◆■❖❘❀ ❇❆❘❘❖❙✱ ✷✵✶✾✮✱ ✭❆●❯■❆❘❀ ❆❈■❖▲■ ❏Ú◆■❖❘❀ ❇❆❘❘❖❙✱ ✷✵✷✶✮✳ ◆❡ss❡s tr❛✲

❜❛❧❤♦s ❡str✉t✉r❛s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r s✐♠♣❧✐✜❝❛❞♦ ❡ ✐♥✈❡rt✐❞♦ sã♦ ❝♦♥s✐❞❡r❛❞❛s✳ ❊♥tr❡t❛♥t♦✱

❡♠ ♣r♦❝❡ss♦s ✐♥❞✉str✐❛✐s é ❝♦♠✉♠ ♠❛♥t❡r ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞❡✈✐❞♦ ❛ r❡str✐çõ❡s ❞❡ ♣r♦❞✉✲

✾✼



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✾✽

çã♦✱ r❛③õ❡s ❞❡ s❡❣✉r❛♥ç❛ ♦✉ ✐♥st❛❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛ ✭P❆❉■▲▲❆ ❡t ❛❧✳✱ ✷✵✶✼✮✳

❱✐s❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉str✐❛❧ ❞❛ ♠❡t♦❞♦❧♦❣✐❛✱ ♥❡st❡ ❈❛♣ít✉❧♦✱ ✉♠❛ té❝♥✐❝❛ ❞❡ ❛✈❛✲

❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ é ❛♣r❡s❡♥t❛❞❛✳ Pr✐♠❡✐r♦✱ ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦

❞❡s❛❝♦♣❧❛❞♦r ❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ✐♥t❡r❡ss❡ é ❛✈❛❧✐❛❞♦✳ ❊♠ s❡❣✉✐❞❛✱ ❝❛s♦

♥❡❝❡ssár✐♦✱ ♦ r❡♣r♦❥❡t♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r é r❡❛❧✐③❛❞♦✳ ❆ ♠❡t♦❞♦❧♦❣✐❛ é

❛♣❧✐❝❛❞❛ ❛ ♣r♦❝❡ss♦s ❝♦♠ ❞✉❛s ❡♥tr❛❞❛s ❡ ❞✉❛s s❛í❞❛s ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳

❊st❡ ❈❛♣ít✉❧♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆❛ ❙❡çã♦ ✺✳✷✱ ❛s ♠❡t♦❞♦❧♦❣✐❛s ❞❡

❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ♣r♦♣♦st❛s sã♦ ❛♣r❡s❡♥t❛❞❛s✳ ◆❛ ❙❡çã♦ ✺✳✸✱ ♦s r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦

❞❛ ❛♣❧✐❝❛çã♦ ❞❛s ♠❡t♦❞♦❧♦❣✐❛s sã♦ ❞✐s❝✉t✐❞♦s✳ ❖ ❈❛♣ít✉❧♦ é ✜♥❛❧✐③❛❞♦ ❝♦♠ ❛s ❝♦♥❝❧✉sõ❡s

♥❛ ❙❡çã♦ ✺✳✹✳

✺✳✷ ▼❡t♦❞♦❧♦❣✐❛ ♣r♦♣♦st❛

❈♦♥s✐❞❡r❛✲s❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❞♦ ♣r♦❝❡ss♦ ❚■❚❖ G(s) ❝♦♠ ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ D0(s)✱

❡q✉❛çã♦ ✭✷✳✷✸✮✱ ❡ ♦ ❝♦♥tr♦❧❛❞♦r P■❉ ❞❡s❝❡♥tr❛❧✐③❛❞♦ C(s)✱ ❡q✉❛çã♦ ✭✷✳✷✷✮✱ ❝♦♠♦ ❛♣r❡s❡♥✲

t❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✷✳ ❖ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ é ❞❛❞♦ ♣♦r F(s)✱ ❡q✉❛çã♦ ✭✷✳✷✹✮✱ ❡ ❛ ♠❛❧❤❛

❢❡❝❤❛❞❛ ❝♦♠ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❡ ❞❡s❛❝♦♣❧❛❞♦r é ❞❛❞❛ ♣♦r✿

T(s) =

[

T11(s) T12(s)

T21(s) T22(s)

]

= (I+ F(s)C(s))−1F(s)C(s), ✭✺✳✶✮

♦♥❞❡

T11(s) =
G11(s)C1(s)(1 +G22(s)C2(s))− F12(s)F21(s)C1(s)C2(s)

det(I+ F(s)C(s))
, ✭✺✳✷✮

T22(s) =
G22(s)C2(s)(1 +G11(s)C1(s))− F12(s)F21(s)C1(s)C2(s)

det(I+ F(s)C(s))
, ✭✺✳✸✮

T12(s) =
F12(s)C2(s)

det(I+ F(s)C(s))
, ✭✺✳✹✮

T21(s) =
F21(s)C1(s)

det(I+ F(s)C(s))
✭✺✳✺✮

❡ det(I+ F(s)C(s)) = (1 +G11(s)C1(s))(1 +G22(s)C2(s))− F12(s)F21(s)C1(s)C2(s)✳

❈♦♥s✐❞❡r❛✲s❡ ❛✐♥❞❛ q✉❡ ♦s ❡❧❡♠❡♥t♦s ♥ã♦ ♥✉❧♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✱ ♦✉ s❡❥❛✱ ♦s ❡❧❡♠❡♥t♦s

❞❛ ❞✐❛❣♦♥❛❧ s❡❝✉♥❞ár✐❛ ❞♦s ❞❡s❛❝♦♣❧❛❞♦r❡s ✐♥✐❝✐❛❧D0(s) ❡ r❡♣r♦❥❡t❛❞♦ D1(s) sã♦ ❞❛ ❢♦r♠❛✿

D0,1
ij (jωj) = Ki

(jωjτ 0,1ii + 1)e−jωjLdi

(jωjτ 0,1ij + 1)
, ✭✺✳✻✮



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✾✾

❝♦♠ i,j = 1,2 ❡ i ̸= j✳ ❖s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r sã♦ ♦ ❣❛♥❤♦✱ ❛s ❝♦♥st❛♥t❡s ❞❡

t❡♠♣♦ ❞♦ ❞❡♥♦♠✐♥❛❞♦r ❡ ❞♦ ♥✉♠❡r❛❞♦r ❡ ♦ ❛tr❛s♦✳

❖ s✐st❡♠❛ é ❞❡s❛❝♦♣❧❛❞♦ s❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ T(s) ❢♦r r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③

❞✐❛❣♦♥❛❧✱ ♦✉ s❡❥❛✱ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧ s❡❝✉♥❞ár✐❛ ❞❡ T(s) ❢♦r❡♠ ♥✉❧♦s✳ ❆ss✐♠✱ ♦ ❡rr♦

❞❡ ❞❡s❛❝♦♣❧❛♠❡♥t♦ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ é ♦❜t✐❞♦ ❝❛❧❝✉❧❛♥❞♦ ♦ ✈❛❧♦r ❞♦s ❡❧❡♠❡♥t♦s ❞❛

❞✐❛❣♦♥❛❧ s❡❝✉♥❞ár✐❛ ❞❡ T(s)✳ ◗✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ ③❡r♦ ❢♦r ❡ss❡ ✈❛❧♦r✱ ♠❛✐s ❡✜❝✐❡♥t❡

é ♦ ❞❡s❛❝♦♣❧❛❞♦r✳ ❈❛s♦ ❡ss❡ ✈❛❧♦r ♥ã♦ s❡❥❛ ♣ró①✐♠♦ ❛ ③❡r♦ ♦s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r

❞❡✈❡♠ s❡r r❡♣r♦❥❡t❛❞♦s✳ ❆s ♠❡t♦❞♦❧♦❣✐❛s ❞❡ ❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ❡ ❞❡ r❡♣r♦❥❡t♦ sã♦

❛♣r❡s❡♥t❛❞❛s ♥❛s s❡çõ❡s ✺✳✷✳✶ ❡ ✺✳✷✳✷✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✺✳✷✳✶ ❆✈❛❧✐❛çã♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦

P❛r❛ q✉❡ ❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ T(s) s❡❥❛ ❞✐❛❣♦♥❛❧ ❞♦♠✐♥❛♥t❡✱ ♦s ❡❧❡♠❡♥t♦s T12(s) ❡ T21(s)

❞❡✈❡♠ s❡r ✐❣✉❛✐s ❛ ③❡r♦✳ P❛r❛ ❝❛❧❝✉❧❛r ♦ ❡rr♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✱ s✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❞❡

F(s)✱ ❡q✉❛çã♦ ✭✷✳✷✹✮✱ ♥❛s ❡q✉❛çõ❡s ✭✺✳✹✮ ❡ ✭✺✳✺✮✿

Y1(s)

R2(s)
=

(G12(s) +G11(s)D
0
12(s))C2(s)

det(I+ F(s)C(s))(1−D0
12(s)D

0
21(s))

, ✭✺✳✼✮

Y2(s)

R1(s)
=

(G21(s) +G22(s)D
0
21(s))C1(s)

det(I+ F(s)C(s))(1−D0
12(s)D

0
21(s))

. ✭✺✳✽✮

❆ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ✭✺✳✼✮ ❡ ✭✺✳✽✮✱ ♦ í♥❞✐❝❡ ❞❡ ❡rr♦ ❞❡ ❞❡s❛❝♦♣❧❛♠❡♥t♦ é ❞❡✜♥✐❞♦✳

❉❡✜♥✐çã♦ ✸ ❈♦♥s✐❞❡r❛✲s❡ ♦ s✐st❡♠❛ ❞❡s❛❝♦♣❧❛❞♦ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ T(s)✱ ❡q✉❛çã♦ ✭✺✳✶✮✳

❖ í♥❞✐❝❡ ❞❡ ❡rr♦ Hi(jω
j
90)✱ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦✱ ♥❛ ❢r❡q✉ê♥❝✐❛ ωj

90 ❞❛ ♠❛❧❤❛ i é

❞❡✜♥✐❞♦ ♣♦r✿

Hi(jω
j
90) =

(Gij(jω
j
90) +Gii(jω

j
90)D

0
ij(jω

j
90))Cj(jω

j
90)

det(I+ F(jωj
90)C(jωj

90))(1−D0
ij(jω

j
90)D

0
ji(jω

j
90))

, ✭✺✳✾✮

♦♥❞❡ i,j = 1,2 ❡ i ̸= j✳

❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✺✳✶✷✮ é ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r s❡ T12(s) ≈ 0 ❡ T21(s) ≈ 0 ❡♠ ✉♠

❞❡t❡r♠✐♥❛❞♦ ♣♦♥t♦ ❞❡ ❢r❡q✉ê♥❝✐❛✳ ❆q✉✐ ❛ ❢r❡q✉ê♥❝✐❛ ✉t✐❧✐③❛❞❛ é ω90✱ ❛ ❢r❡q✉ê♥❝✐❛ ♥❛ q✉❛❧

❛ ❢❛s❡ ❞❛ r❡s♣♦st❛ ❢r❡q✉❡♥❝✐❛❧ ❞♦ s✐st❡♠❛ é −90o✳

P❛r❛ ❡①❝✐t❛r ❛ ❢r❡q✉ê♥❝✐❛ ωj
90✱ ♦ ❡①♣❡r✐♠❡♥t♦ ❞♦ r❡❧é ✐♥t❡❣r❛❞♦r é r❡❛❧✐③❛❞♦✳ P❛r❛

✐♠♣❧❡♠❡♥t❛r ♦ r❡❧é ✐♥t❡❣r❛❞♦r é ✉s❛❞♦ ✉♠ r❡❧é ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ✉♠ ✐♥t❡❣r❛❞♦r ✭✈❡r

❋✐❣✉r❛ ✺✳✶✮✳ ❖ ❡①♣❡r✐♠❡♥t♦ é ❡①❡❝✉t❛❞♦ s❡q✉❡♥❝✐❛❧♠❡♥t❡ ♥❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ T(s)✳ ◆❛

❋✐❣✉r❛ ✺✳✶✱ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞♦ ❡①♣❡r✐♠❡♥t♦ ❞♦ r❡❧é ✐♥t❡❣r❛❞♦r r❡❛❧✐③❛❞♦ ♥❛ ♠❛❧❤❛ ✷

é ❛♣r❡s❡♥t❛❞♦✳



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✶✵✵

❋✐❣✉r❛ ✺✳✶✿ ❉✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❖ s✐♥❛❧ ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r é ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✷✱ ♦♥❞❡

T1 = 2π/ω1
90 é ♦ ♣❡rí♦❞♦ ❞❛ ♦s❝✐❧❛çã♦ ❞♦ s✐♥❛❧ ❛♣❧✐❝❛❞♦ ♥❛ ♠❛❧❤❛ 1✱ T2 = 2π/ω2

90 é

♦ ♣❡rí♦❞♦ ❞♦ s✐♥❛❧ ❛♣❧✐❝❛❞♦ ♥❛ ♠❛❧❤❛ 2✱ Nii ≥ 2 é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡rí♦❞♦s ❞♦ r❡❧é

✐♥t❡❣r❛❞♦r ❡①❡❝✉t❛❞♦s ♥❛ ♠❛❧❤❛ i ❡ N12 ≥ 1 é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡rí♦❞♦s T1 ♥♦ ✐♥t❡r✈❛❧♦

❡♥tr❡ ❛s ❡①❝✐t❛çõ❡s ❞❛s ❞✐❢❡r❡♥t❡s ♠❛❧❤❛s✳

❆♣ós ❛ r❡❛❧✐③❛çã♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✱ ❛s tr❛♥s❢♦r♠❛❞❛s ❞❡ ❋♦✉r✐❡r ❞♦s s✐♥❛✐s ❞❡ ❡♥tr❛❞❛

❡ s❛í❞❛ sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❝❛❧❝✉❧❛r ♦ í♥❞✐❝❡ ❞❡ ❡rr♦✳ ❙❡ ♦ í♥❞✐❝❡ ❞❡ ❡rr♦ ♥ã♦ ❢♦r ♣ró①✐♠♦

❛ ③❡r♦✱ ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ❞❡✈❡ s❡r r❡♣r♦❥❡t❛❞♦✳

✺✳✷✳✷ ❘❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦

❈♦♠ ♦ ❞❡s❛❝♦♣❧❛❞♦r r❡♣r♦❥❡t❛❞♦ D1(s) ❞❡✈❡✲s❡ ❣❛r❛♥t✐r q✉❡ ♦ í♥❞✐❝❡ ❞❡ ❡rr♦ ♥❛ ❢r❡q✉ê♥❝✐❛✱

❡q✉❛çã♦ ✭✺✳✾✮✱ s❡❥❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✐❣✉❛❧ ❛ ③❡r♦✱ ✐st♦ é✿

(Gij(jω
j
90) +Gii(jω

j
90)D

1
ij(jω

j
90))Cj(jω

j
90)

det(I+ F(jωj
90)C(jωj

90))(1−D1
ij(jω

j
90)D

1
ji(jω

j
90))

≈ 0. ✭✺✳✶✵✮

❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✺✳✶✵✮✱ t❡♠✲s❡✿

D1
ij(jω

j
90) = −Gij(jω

j
90)

Gii(jω
j
90)

. ✭✺✳✶✶✮

❘❡❡s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✾✮✱ t❡♠✲s❡✿

D0
ij(jω

j
90) =

Hi(jω
j
90)det(I+ F(jωj

90)C(jωj
90))(1−D0

ij(jω
j
90)D

0
ji(jω

j
90))

Gii(jω
j
90)Cj(jω

j
90)

− Gij(jω
j
90)

Gii(jω
j
90)

.

✭✺✳✶✷✮
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❋✐❣✉r❛ ✺✳✷✿ ❙✐♥❛✐s ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦✳
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❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❙✉❜tr❛✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✶✶✮ ❞❛ ❡q✉❛çã♦ ✭✺✳✶✷✮✱ t❡♠✲s❡✿

D1
ij(jω

j
90)−D0

ij(jω
j
90) = −

Hi(jω
j
90)det(I+ F(jωj

90)C(jωj
90))(1−D0

ij(jω
j
90)D

0
ji(jω

j
90))

Gii(jω
j
90)Cj(jω

j
90)

.

✭✺✳✶✸✮

❆ss✐♠✱ ❛ ❡q✉❛çã♦ ❞❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ é ❞❡✜♥✐❞❛✳

❉❡✜♥✐çã♦ ✹ ❆ ❡q✉❛çã♦ ❞❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♠❛❧❤❛ i é ❞❛❞❛ ♣♦r✿

[D1
ij(jω

j
90)−D0

ij(jω
j
90)] =

−Υi(jω
j
90)

Gii(jω
j
90)Cj(jω

j
90)

, ✭✺✳✶✹✮

♦♥❞❡ Υi(jω
j
90) = Hi(jω

j
90)(1 − D0

ij(jω
j
90)D

0
ji(jω

j
90))det(I + F(jωj

90)C(jωj
90))✱ i,j = 1,2 ❡

i ̸= j✳

❖ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ r❡♣r♦❥❡t♦ é ❢♦r♠✉❧❛❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✺✳✶✹✮ ❞❡ r❡♣r♦❥❡t♦ ❡

♣♦ss✉✐ ❞♦✐s ❝❛s♦s✳ ❊♠ ❝❛❞❛ ❝❛s♦✱ ✉♠❛ ❞❛s ❝♦♥st❛♥t❡s ❞❡ t❡♠♣♦ ✭♥✉♠❡r❛❞♦r ♦✉ ❞❡♥♦✲

♠✐♥❛❞♦r✮ é ♠♦❞✐✜❝❛❞❛ ✉s❛♥❞♦ ❛ r❡s♣♦st❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ♥❛ ❢r❡q✉ê♥❝✐❛ ω90✱ ❝♦♥❢♦r♠❡

❛♣r❡s❡♥t❛❞♦ ❛ s❡❣✉✐r✳



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✶✵✷

❈❛s♦ ✶✿ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦ ❞❡♥♦♠✐♥❛❞♦r ✭τ 1ij✮

◆❡ss❡ ❝❛s♦✱ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦ ❞❡♥♦♠✐♥❛❞♦r é r❡♣r♦❥❡t❛❞❛✳ ❖ ♥♦✈♦ ✈❛❧♦r ❞❡ τ 1ij é

❞❛❞♦ ♣♦r✿

τ 1ij =

ℑ
(

Ki − Γi(jω
j
90)

Γi(jω
j
90)

)

ωj
90

, ✭✺✳✶✺✮

♦♥❞❡

Γi(jω
j
90) =

−Υi(jω
j
90)

Ĝii(jω
j
90)Cj(jω

j
90)

+D0
ij(jω

j
90)

(jωj
90τ

0
ii + 1)e−jω

j
90
Ldi

. ✭✺✳✶✻✮

❆ ❡q✉❛çã♦ ✭✺✳✶✺✮ é ♦❜t✐❞❛ s✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✻✮ ♥❛ ❡q✉❛çã♦ ✭✺✳✶✹✮ ❡ r❡s♦❧✈❡♥❞♦

♣❛r❛ τ 1ij✳

P❛r❛ ❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡✱ ♦ ✈❛❧♦r ❞❡ τ 1ij ❞❡✈❡ s❡r s❡♠♣r❡ ♣♦s✐t✐✈♦✳ ❱❛❧♦r❡s ♥❡❣❛t✐✈♦s

❞❡ τ 1ij ❝♦rr❡s♣♦♥❞❡ à ✐♥s❡rçã♦ ❞❡ ✉♠ ♣♦❧♦ ✐♥stá✈❡❧ ♥♦ s✐st❡♠❛✳ ❆ss✐♠✱ q✉❛♥❞♦ τ 1ij < 0 ❡ss❡

❝❛s♦ ❞❡✈❡ s❡r ❞❡s❝❛rt❛❞♦ ❡ ♦ ❝❛s♦ ✷ ❝♦♥s✐❞❡r❛❞♦✳

❈❛s♦ ✷✿ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦ ♥✉♠❡r❛❞♦r ✭τ 1ii✮

◆❡ss❡ ❝❛s♦✱ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦ ♥✉♠❡r❛❞♦r é r❡♣r♦❥❡t❛❞❛✳ ❖ ♥♦✈♦ ✈❛❧♦r ❞❡ τ 1ii é ❞❛❞♦

♣♦r✿

τ 1ii =
ℑ(Ψi(jω

j
90))

Kiω
j
90

, ✭✺✳✶✼✮

♦♥❞❡✿

Ψi(jω
j
90) =

[

−Υi(jω
j
90)

Ĝii(jω
j
90)Cj(jω

j
90)

+D0
ij(jω

j
90)

]

(jωj
90τ

0
ij + 1)e+jω

j
90
Ldi , ✭✺✳✶✽✮

❆ ❡q✉❛çã♦ ✭✺✳✶✼✮ é ♦❜t✐❞❛ s✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✻✮ ♥❛ ❡q✉❛çã♦ ✭✺✳✶✹✮ ❡ r❡s♦❧✈❡♥❞♦

♣❛r❛ τ 1ii✳

✺✳✷✳✸ ❈♦♥s✐❞❡r❛çõ❡s

❖ ✢✉①♦❣r❛♠❛ ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ é ❛♣r❡✲

s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✸✳ ❆ ♠❡t♦❞♦❧♦❣✐❛ é ✐♥✐❝✐❛❞❛ ❝♦♠ ❛ ❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✱ ♦✉

s❡❥❛✱ ❝♦♠ ♦ ❝á❧❝✉❧♦ ❞♦ ❡rr♦ ❞❡ ❞❡s❛❝♦♣❧❛♠❡♥t♦✳ ❙❡ ♦ ❡rr♦ ❢♦r ♣ró①✐♠♦ ❞❡ ③❡r♦✱ ♦ r❡♣r♦❥❡t♦

♥ã♦ é r❡❛❧✐③❛❞♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦ ❞❡♥♦♠✐♥❛❞♦r τ 1ij é r❡♣r♦❥❡t❛❞❛✳

❖ ✈❛❧♦r ❞❡ τ 1ij ❞❡✈❡ s❡r ✉♠ ♥ú♠❡r♦ r❡❛❧ ♠❛✐♦r ❞♦ q✉❡ ③❡r♦✱ ♣❛r❛ ❡✈✐t❛r ♣♦❧♦ ✐♥stá✈❡❧ ♥♦

s✐st❡♠❛✱ ❛ss✐♠✱ s❡ τ 1ij > 0✱ ♦ r❡♣r♦❥❡t♦ ❡stá ✜♥❛❧✐③❛❞♦✳ P♦ré♠✱ s❡ τ 1ij < 0✱ ❛ ❝♦♥st❛♥t❡ ❞❡

t❡♠♣♦ ❞♦ ♥✉♠❡r❛❞♦r é r❡♣r♦❥❡t❛❞❛ ❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ é ✜♥❛❧✐③❛❞♦✳



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✶✵✸

❋✐❣✉r❛ ✺✳✸✿ ❋❧✉①♦❣r❛♠❛ ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡r✲
t✐❞♦✳

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❖ ❣❛♥❤♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ♥ã♦ é r❡♣r♦❥❡t❛❞♦✱ ♣♦rq✉❡ ♦ í♥❞✐❝❡ ❞❡ ❡rr♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ③❡r♦

é ❝♦rr✐❣✐❞♦ ♣❡❧❛ ❛çã♦ ✐♥t❡❣r❛❧ ❞♦ ❝♦♥tr♦❧❛❞♦r P■✴P■❉✳ ❖ ❛tr❛s♦ t❛♠❜é♠ ♥ã♦ é r❡♣r♦❥❡t❛❞♦✱

♣♦✐s ❡rr♦s ♥❡ss❡ ♣❛râ♠❡tr♦ sã♦ ❝♦rr✐❣✐❞♦s ♣❡❧❛s ❝♦♥st❛♥t❡s ❞❡ t❡♠♣♦✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❡q✉❛çõ❡s ✭✺✳✶✺✮ ❡ ✭✺✳✶✼✮ ❞❡ r❡♣r♦❥❡t♦✱ ✈❡r✐✜❝❛✲s❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ t❡r

♦ ♠♦❞❡❧♦ ❞❡ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ ✭F(s)✮✳ ❈❛s♦ ❛❧❣✉♠ ♠♦❞❡❧♦ ❞♦ ♣r♦❝❡ss♦ s❡❥❛ ❝♦♥❤❡❝✐❞♦✱

F(s) ♣♦❞❡ s❡r ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞♦ ♠♦❞❡❧♦ ❞♦ ♣r♦❝❡ss♦ ❡ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧✳ ❈❛s♦

❝♦♥trár✐♦✱ F(s) ♣♦❞❡ s❡r ❡st✐♠❛❞♦ ✉s❛♥❞♦ ♦s ❞❛❞♦s ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ✭❡♥tr❛❞❛ ❡

s❛í❞❛ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦✮✳



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✶✵✹

✺✳✸ ❘❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦

◆❡st❛ ❙❡çã♦✱ ♦s r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦

❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ três ❞✐❢❡r❡♥t❡s ♣r♦❝❡ss♦s ❜❡♥❝❤♠❛r❦ ❝♦♠ ❞✉❛s ❡♥tr❛❞❛s ❡

❞✉❛s s❛í❞❛s sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ❈♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ♠♦str❛r ❛ ❛♣❧✐❝❛çã♦ ❞❛ ♠❡t♦❞♦❧♦❣✐❛

❡♠ ♣r♦❝❡ss♦s ♠❛✐♦r❡s✱ ♥♦ q✉❛rt♦ ❡①❡♠♣❧♦✱ ❛ ❛♣❧✐❝❛çã♦ ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❡♠ ✉♠ ♣r♦❝❡ss♦

4× 4 tr✐❛♥❣✉❧❛r é ❛♣r❡s❡♥t❛❞❛✳ ◆❡st❡ ❝❛s♦✱ ♦ ♣r♦❝❡ss♦ é ❞✐✈✐❞✐❞♦ ❡♠ s✉❜♣r♦❝❡ss♦s 2× 2✳

❊♠ ❝❛❞❛ ❡①❡♠♣❧♦✱ ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ ❢♦✐ ♣r♦❥❡t❛❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ♠♦❞❡❧♦ ❡st✐♠❛❞♦

❞♦ ♣r♦❝❡ss♦✳ ❊st❡ ♠♦❞❡❧♦ ❢♦✐ ✐❞❡♥t✐✜❝❛❞♦ ✉s❛♥❞♦ ❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ ♣r♦❝❡ss♦ ❡ ♦

❛❧❣♦r✐t♠♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ✭■❙❊❘▼❆◆◆❀ ▼Ü◆❈❍❍❖❋✱ ✷✵✶✶✮✳

❊♠ s❡❣✉✐❞❛✱ ♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ❛✈❛❧✐❛çã♦ é ❡①❡❝✉t❛❞♦ ❡ ♦s í♥❞✐❝❡s ❞❡ ❡rr♦ (Hi(jω
j
90)) sã♦

❝❛❧❝✉❧❛❞♦s✳ ❊♥tã♦✱ ♦ ❞❡s❛❝♦♣❧❛❞♦r é r❡♣r♦❥❡t❛❞♦✳ ❖ ♠♦❞❡❧♦ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ ❢♦✐

♦❜t✐❞♦ ❞♦ ♠♦❞❡❧♦ ❡st✐♠❛❞♦ ❞♦ ♣r♦❝❡ss♦ ❡ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧✱ ❡q✉❛çã♦ ✭✷✳✷✹✮✳

❖ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❞❡s❛❝♦♣❧❛❞♦r❡s ✐♥✐❝✐❛❧ ❡ r❡♣r♦❥❡t❛❞♦s sã♦ ❝♦♠♣❛r❛❞♦s ❛tr❛✈és ❞♦

í♥❞✐❝❡ ❞❡ ❡rr♦ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ (Hi(jω
j
90)) ❡ ❞♦ r❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥✲

❝✐❛✱ ❡q✉❛çã♦ ✭✷✳✸✺✮✳ ◆❡ss❡ ❝❛s♦✱ ❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ é ♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❛ s❛í❞❛ r❡❛❧✱ ♣♦r

❡①❡♠♣❧♦✱ s❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ é ♥✉❧♦✱ ❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ é ✉♠ ✈❡t♦r ❞❡ ③❡r♦s✳

✺✳✸✳✶ ❊①❡♠♣❧♦ ✶

❈♦♥s✐❞❡r❛✲s❡ ❛ ❝♦❧✉♥❛ ❞❡ ❞❡st✐❧❛çã♦ ❜✐♥ár✐❛ ❲♦♦❞✲❇❡rr② ✭❲❖❖❉❀ ❇❊❘❘❨✱ ✶✾✼✸✮✿

Gex1(s) =









12,8e−s

16,7s+ 1

−18,9e−3s

21s+ 1
6,6e−7s

10,9s+ 1

−19,4e−3s

14,4s+ 1









. ✭✺✳✶✾✮

❖ ♠♦❞❡❧♦ ❡st✐♠❛❞♦ ❞♦ ♣r♦❝❡ss♦✱ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧✱ é

❞❛❞♦ ♣♦r✿

Ĝex1(s) =









12,5e−1,01s

18,275s+ 1

−18,4e2,99s

21,6s+ 1
6,9e−7,06s

10,06s+ 1

−19,6e−2,98s

14,05s+ 1









. ✭✺✳✷✵✮

❆ ♠❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ ❢♦✐ ❢❡❝❤❛❞❛ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r P■ ❞❡s❝❡♥tr❛❧✐③❛❞♦

❞❛❞♦ ♣♦r ✭❆❈■❖▲■ ❏Ú◆■❖❘✱ ✷✵✶✷✮✿

Cex1(s) =







0,6750 +
0,0408

s
0

0 −0,0770− 0,0168

s






. ✭✺✳✷✶✮

◆❛ ❋✐❣✉r❛ ✺✳✹✱ ♦ s✐♥❛❧ ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ ❡ ♦ s✐♥❛❧



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✶✵✺

❋✐❣✉r❛ ✺✳✹✿ ❙✐♥❛✐s ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ✐♥✐❝✐❛❧ ✲ ❊①❡♠♣❧♦ ✶✳
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Variável de processo

Referência

❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❚❛❜❡❧❛ ✺✳✶✿ P❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✲ ❊①❡♠♣❧♦ ✶✳
D12 D21

K0,1
1 τ 0,112 τ 0,111 K0,1

2 τ 0,121 τ 0,122

■♥✐❝✐❛❧ ✶✱✹✼✷ ✷✶✱✻✵✵ ✶✽✱✷✼✺ ✵✱✸✺✷ ✶✵✱✵✻✵ ✶✹✱✵✺✵
❈❛s♦ ✶ ✲ ✷✸✱✵✸✶ ✲ ✲ ✶✵✱✾✸✸ ✲
❈❛s♦ ✷ ✲ ✲ ✶✼✱✶✵✻ ✲ ✲ ✶✷✱✽✻✻

❞❡ s❛í❞❛ ❞♦ ♣r♦❝❡ss♦ sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ❖❜s❡r✈❛✲s❡ q✉❡ ❞✉r❛♥t❡ ❛ ❛♣❧✐❝❛çã♦ ❞♦ r❡❧é ♥❛

❡♥tr❛❞❛ i✱ ❛ s❛í❞❛ j✱ ❝♦♠ i ̸= j✱ s♦❢r❡ ❛❧t❡r❛çã♦✳ ❆s ❢r❡q✉ê♥❝✐❛s ❞❡ ♦s❝✐❧❛çã♦ ❞♦s r❡❧és sã♦

ω1
90 = 0,739 r❛❞✴s ❡ ω2

90 = 0,17 r❛❞✴s✳ ❖s í♥❞✐❝❡s ❞❡ ❡rr♦ ♣❛r❛ ♦s ❞❡s❛❝♦♣❧❛❞♦r❡s D12 ❡

D21 sã♦ ❞❛❞♦s ♣♦r |H1(jω
j
90)| = 0,0314 ❡ |H2(jω

j
90)| = 0,0732✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ♠♦❞❡❧♦ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ ✭F(s)✮ é ✉t✐❧✐③❛❞♦ ♥♦ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r✱

s❡♥❞♦ ♦❜t✐❞♦ s✉❜st✐t✉✐♥❞♦ ✭✺✳✷✵✮ ❡ ♦s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ ♥❛ ❡q✉❛çã♦ ✭✷✳✷✹✮✳

❖s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ ✭♣r♦❥❡t❛❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✺✳✷✵✮✮ ❡ ❞♦s

❞❡s❛❝♦♣❧❛❞♦r❡s r❡♣r♦❥❡t❛❞♦s ✭❝❛s♦s ✶ ❡ ✷✮ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✺✳✶✳ ❖s ❞❡s❛❝♦✲

♣❧❛❞♦r❡s r❡♣r♦❥❡t❛❞♦s ❡♠ ❝❛❞❛ ❝❛s♦ t❛♠❜é♠ ❢♦r❛♠ ❛✈❛❧✐❛❞♦s✳ ❖s s✐♥❛✐s ❞❡ ❡①❝✐t❛çã♦ ❞❡

❛✈❛❧✐❛çã♦ ❡ ❞❡ s❛í❞❛ ❞♦s ♣r♦❝❡ss♦s ❞❡s❛❝♦♣❧❛❞♦s ❝♦♠ ♦s ❞❡s❛❝♦♣❧❛❞♦r❡s ✐♥✐❝✐❛❧ ❡ r❡♣r♦❥❡✲

t❛❞♦s ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✺✳ ◆❡ss❡ ❝❛s♦✱ ❛♣❡♥❛s ❛ ♣❛rt❡ ❞♦

s✐♥❛❧ r❡❢❡r❡♥t❡ ❛♦ ❛❝♦♣❧❛♠❡♥t♦✱ ♦✉ s❡❥❛✱ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ♦♥❞❡ ❛ ❡♥tr❛❞❛ i ❢♦✐ ❡①❝✐t❛❞❛



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✶✵✻

❋✐❣✉r❛ ✺✳✺✿ ❙✐♥❛✐s ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ✲ ❊①❡♠♣❧♦ ✶✳
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❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❡ ❛ s❛í❞❛ j ♥♦ ♠❡s♠♦ ✐♥t❡r✈❛❧♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛✳

❖❜s❡r✈❛✲s❡ q✉❡ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ♥❛ s❛í❞❛ ✶ ❞❡✈✐❞♦ à ❡①❝✐t❛çã♦ ♥❛ ❡♥tr❛❞❛ ✷ ❢♦✐ r❡❞✉③✐❞❛

q✉❛♥❞♦ ✉♠ ❞♦s ❞❡s❛❝♦♣❧❛❞♦r❡s r❡♣r♦❥❡t❛❞♦ ❢♦✐ ✉t✐❧✐③❛❞♦✳ ❊st❡ ❢❛t♦ t❛♠❜é♠ ♣♦❞❡ s❡r

♦❜s❡r✈❛❞♦ ♥❛ ❚❛❜❡❧❛ ✺✳✷✱ ♦♥❞❡ ♦ í♥❞✐❝❡ ❞❡ ❡rr♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ❡ ♦ r❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡

r❡❢❡rê♥❝✐❛ ▼r sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ➱ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ♣♦r ♠❡✐♦ ❞❡ss❡ ❡①❡♠♣❧♦✱ ❛ r❡❞✉çã♦ ❞♦

í♥❞✐❝❡ ❞❡ ❡rr♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ❡ ❞♦ r❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ♣❛r❛ ❛♠❜♦s ♦s ❝❛s♦s ❞❡ r❡♣r♦❥❡t♦✳

❖✉ s❡❥❛✱ ❝♦♠ ♦ r❡♣r♦❥❡t♦ ♦ ❞❡s❛❝♦♣❧❛♠❡♥t♦ ♣❛ss♦✉ ❛ s❡r ♠❛✐s ❡❢❡t✐✈♦✳



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✶✵✼

❚❛❜❡❧❛ ✺✳✷✿ ❮♥❞✐❝❡ ❞❡ ❡rr♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✲ ❊①❡♠♣❧♦ ✶✳
❉♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛
|H1| |H2|

■♥✐❝✐❛❧ ✵✱✵✸✶✹ ✵✱✵✼✸✷
❈❛s♦ ✶ ✵✱✵✵✹✽ ✵✱✵✺✶✼
❈❛s♦ ✷ ✵✱✵✵✹✵ ✵✱✵✺✵✸
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

D12 D21

■♥✐❝✐❛❧ ✷✽✾✱✾✾ ✷✵✺✱✸✺
❈❛s♦ ✶ ✹✻✱✶✹✽ ✶✷✶✱✽✽
❈❛s♦ ✷ ✸✽✱✽✽✵ ✶✶✺✱✻✻

✺✳✸✳✷ ❊①❡♠♣❧♦ ✷

❈♦♥s✐❞❡r❛✲s❡ ❛ ❝♦❧✉♥❛ ❲❛r❞❧❡✲❲♦♦❞ ✭▲❯❨❇❊◆✱ ✶✾✽✻✮✿

Gex2(s) =









0,126e−6s

60s+ 1

−0,101e−12s

(48s+ 1)(45s+ 1)
0,094e−8s

38s+ 1

−0,12e−8s

35s+ 1









. ✭✺✳✷✷✮

❖ ♠♦❞❡❧♦ ❡st✐♠❛❞♦ ❞♦ ♣r♦❝❡ss♦✱ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧✱ é

❞❛❞♦ ♣♦r✿

Ĝex2(s) =









0,13e−6s

58s+ 1

−0,11e−28,5s

124s+ 1
0,1e−8,16s

37s+ 1

−0,15e−8s

35s+ 1









. ✭✺✳✷✸✮

❆ ♠❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ ❢♦✐ ❢❡❝❤❛❞❛ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ❞❛❞♦ ♣♦r ✭▲❯❨❇❊◆✱

✶✾✽✻✮✿

Cex2(s) =







18 +
0,9474

s
0

0 −24− 1

s






✭✺✳✷✹✮

◆❛ ❋✐❣✉r❛ ✺✳✻✱ ♦s s✐♥❛✐s ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ ❡ ♦s s✐♥❛✐s

❞❡ s❛í❞❛ ❞♦ ♣r♦❝❡ss♦ sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ❆s ❢r❡q✉ê♥❝✐❛s ❞❡ ♦s❝✐❧❛çã♦ ❞♦s r❡❧és ❞❛s ♠❛❧❤❛s ✶

❡ ✷ sã♦ ω1
90 = 0,0537 r❛❞✴s ❡ ω2

90 = 0,1074 r❛❞✴s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ♠♦❞❡❧♦ ❞♦ ♣r♦❝❡ss♦

❞❡s❛❝♦♣❧❛❞♦ ❢♦✐ ❡st✐♠❛❞♦ ❛ ♣❛rt✐r ❞❡ ✭✺✳✷✸✮ ❡ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧✳

❖s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ ✭♣r♦❥❡t❛❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✺✳✷✸✮✮ ❡ ❞♦s

❞❡s❛❝♦♣❧❛❞♦r❡s r❡♣r♦❥❡t❛❞♦s ✭❝❛s♦s ✶ ❡ ✷✮ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✺✳✸✳ ◆❛ ❚❛❜❡❧❛

✺✳✹✱ sã♦ ❛♣r❡s❡♥t❛❞♦s ♦s í♥❞✐❝❡s ❞❡ ❡rr♦ ❞❡ ❞❡s❛❝♦♣❧❛♠❡♥t♦ ♣❛r❛ ❝❛❞❛ ❝❛s♦✳ ❖❜s❡r✈❛✲s❡

r❡❞✉çã♦ ❞♦s í♥❞✐❝❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ q✉❛♥❞♦ ❝♦♥s✐❞❡r❛❞♦ ♦ ❝❛s♦ ✷✳

❖s s✐♥❛✐s ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞♦s ❞❡s❛❝♦♣❧❛❞♦r❡s ✐♥✐❝✐❛❧ ❡ r❡♣r♦❥❡t❛❞♦s ❡ ♦s s✐♥❛✐s

❞❡ s❛í❞❛ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✼✳ ❈♦♠♦



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✶✵✽

❋✐❣✉r❛ ✺✳✻✿ ❙✐♥❛✐s ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ✐♥✐❝✐❛❧ ✲ ❊①❡♠♣❧♦ ✷✳
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❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❚❛❜❡❧❛ ✺✳✸✿ P❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✲ ❊①❡♠♣❧♦ ✷✳
D12 D21

K0,1
1 τ 0,112 τ 0,111 K0,1

2 τ 0,121 τ 0,122

■♥✐❝✐❛❧ ✵✱✽✹✻✷ ✶✷✹✱✵✵ ✺✽✱✵✵✵ ✵✱✻✻✻✼ ✸✼✱✵✵✵ ✸✺✱✵✵✵
❈❛s♦ ✶ ✲ ✶✸✸✱✵✼ ✲ ✲ ✸✷✱✺✷✵ ✲
❈❛s♦ ✷ ✲ ✲ ✸✾✱✽✹✶ ✲ ✲ ✸✾✱✼✹✵



❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✶✵✾

❚❛❜❡❧❛ ✺✳✹✿ ❮♥❞✐❝❡ ❞❡ ❡rr♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✲ ❊①❡♠♣❧♦ ✷✳
❉♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛
|H1| |H2|

■♥✐❝✐❛❧ ✵✱✷✸✵✾ ✵✱✶✸✸✶
❈❛s♦ ✶ ✵✱✷✶✹✸ ✵✱✵✻✻✹
❈❛s♦ ✷ ✵✱✶✺✾✶ ✵✱✵✺✼✾
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

D12 D21

■♥✐❝✐❛❧ ✸✺✺✻✱✸ ✸✺✺✼✱✻
❈❛s♦ ✶ ✸✷✺✺✱✹ ✶✽✷✻✱✾
❈❛s♦ ✷ ✷✷✹✶✱✽ ✶✻✵✽✱✵

❡s♣❡r❛❞♦✱ ♦❜s❡r✈❛✲s❡ q✉❡ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ♥❛s s❛í❞❛s ✶ ❡ ✷ ❞❡✈✐❞♦ à ❡①❝✐t❛çã♦ ❞❛ ❡♥tr❛❞❛

♦♣♦st❛ ❢♦r❛♠ r❡❞✉③✐❞❛s✱ s❡♥❞♦ ❛ ♠❛✐♦r r❡❞✉çã♦ ❛❧❝❛♥ç❛❞❛ ♥❛ s❛í❞❛ ✷✳

✺✳✸✳✸ ❊①❡♠♣❧♦ ✸

❈♦♥s✐❞❡r❛✲s❡ ♦ ♣r♦❝❡ss♦ ❚②r❡✉s ❙t❛❜✐❧✐③❡r ✭▲❯❨❇❊◆✱ ✶✾✽✻✮

Gex3(s) =









−0,1153(10s+ 1)e−0,1s

(4s+ 1)3
0,2429e−2s

(33s+ 1)2

−0,0887e−12,6s

(43s+ 1)(22s+ 1)

0,2429e−0,17s

(44s+ 1)(20s+ 1)









. ✭✺✳✷✺✮

❖ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ é ♣r♦❥❡t❛❞♦ ❛ ♣❛rt✐r ❞♦ ♠♦❞❡❧♦ ❡st✐♠❛❞♦ ❞♦ ♣r♦❝❡ss♦ ❞❛❞♦ ♣♦r✿

Ĝex3(s) =









−0,13e−1,9s

3,5s+ 1

0,26e−16,5s

65s+ 1
−0,25e−13,8s

286s+ 1

0,2e−12,6s

61s+ 1









. ✭✺✳✷✻✮

❆ ♠❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ ❢♦✐ ❢❡❝❤❛❞❛ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ❞❛❞♦ ♣♦r ✭▲❯❨❇❊◆✱

✶✾✽✻✮✿

Cex3(s) =







−16,6− 0,8058

s
0

0 70,6 +
0,8814

s






✭✺✳✷✼✮

◆❛ ❋✐❣✉r❛ ✺✳✽✱ ♦s s✐♥❛✐s ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ ❡ ❞❡ s❛í❞❛ ❞♦

♣r♦❝❡ss♦ sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ❆s ❢r❡q✉ê♥❝✐❛s ❞❡ ♦s❝✐❧❛çã♦ ❞♦s r❡❧és ❞❛s ♠❛❧❤❛s ✶ ❡ ✷ sã♦

ω1
90 = 0,596 r❛❞✴s ❡ ω2

90 = 0,138 r❛❞✴s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆❡ss❡ ❡①❡♠♣❧♦✱ ❝♦♠ ♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧✱ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ✶ ♥❛ s❛í❞❛ ✷ é

♣r❛t✐❝❛♠❡♥t❡ ✐♥❡①✐st❡♥t❡ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ❛ ✐♥t❡r❢❡rê♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ✷ ♥❛ s❛í❞❛ ✶✳

❆ss✐♠✱ ❛♣❡♥❛s ♦ ❞❡s❛❝♦♣❧❛❞♦r D12 é r❡♣r♦❥❡t❛❞♦✳ ❖s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧

✭♣r♦❥❡t❛❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✺✳✷✻✮✮ ❡ ❞♦s ❞❡s❛❝♦♣❧❛❞♦r❡s r❡♣r♦❥❡t❛❞♦s ✭❝❛s♦s ✶ ❡ ✷✮ sã♦
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❈❛♣ít✉❧♦ ✺✳ ❆✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖ ✶✶✷

❚❛❜❡❧❛ ✺✳✺✿ P❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✲ ❊①❡♠♣❧♦ ✸✳
D12 D21

K0,1
1 τ 0,112 τ 0,111 K0,1

2 τ 0,121 τ 0,122

■♥✐❝✐❛❧ ✷✱✵✵✵ ✻✺✱✵✵ ✸✱✺✵✵ ✶✱✷✺✵ ✷✽✻✱✵ ✻✶✱✵✵
❈❛s♦ ✶ ✲ ✶✺✾✱✹ ✲ ✲ ✲ ✲
❈❛s♦ ✷ ✲ ✲ ✷✱✶✾✵ ✲ ✲ ✲

❚❛❜❡❧❛ ✺✳✻✿ ❮♥❞✐❝❡ ❞❡ ❡rr♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✲ ❊①❡♠♣❧♦ ✸✳
❉♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛
|H1| |H2|

■♥✐❝✐❛❧ ✶✱✻✽✹✶ ✵✱✵✵✶✸
❈❛s♦ ✶ ✵✱✺✻✼✻ ✵✱✵✵✶✸
❈❛s♦ ✷ ✶✱✻✹✼✾ ✵✱✵✵✶✸
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

D12 D21

■♥✐❝✐❛❧ ✶✾✹✵✼ ✹✻✱✾✽✵
❈❛s♦ ✶ ✻✹✹✼✱✾ ✹✺✱✷✽✵
❈❛s♦ ✷ ✶✽✾✹✾ ✹✺✱✻✷✵

❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✺✳✺✳

❖s s✐♥❛✐s ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞♦s ❞❡s❛❝♦♣❧❛❞♦r❡s ✐♥✐❝✐❛❧ ❡ r❡♣r♦❥❡t❛❞♦ ❡ ❞❡ s❛í❞❛

❞♦ ♣r♦❝❡ss♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✾✳ ❖ í♥❞✐❝❡ ❞❡ ❡rr♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ❡ ♦ r❛str❡✲

❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✺✳✻✳ ❖❜s❡r✈❛✲s❡ q✉❡ ❝♦♠ ♦

r❡♣r♦❥❡t♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❢♦✐ r❡❞✉③✐❞♦✱ s❡♥❞♦ ❝♦♠ ♦ r❡♣r♦❥❡t♦ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦

❞❡♥♦♠✐♥❛❞♦r ✭❝❛s♦ ✶ ❞♦ r❡♣r♦❥❡t♦✮ ❛ ♠❛✐♦r r❡❞✉çã♦✳ ❊st❡ ❢❛t♦ t❛♠❜é♠ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦

♥❛ ❚❛❜❡❧❛ ✺✳✻✳

✺✳✸✳✹ ❊①❡♠♣❧♦ ✹

❈♦♥s✐❞❡r❛✲s❡ ♦ ♠♦❞❡❧♦ ❞♦s r❡❛t♦r❡s ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❤✐❞r♦tr❛t❛♠❡♥t♦ ✭❆●❯■❆❘ ❡t ❛❧✳✱

✷✵✷✵✮✿

Gex4(s) =

























1,1215e−838s

538,01s+ 1
0 0 0

0,8785e−1478s

882,82s+ 1

−0,1931e−612,78s

433,16s+ 1
0 0

0,8770e−2646,46s

878,77s+ 1

−0,1647e−1699,31s

2378,17s+ 1

−0,0674e−473,21s

455,03s+ 1
0

0,9321e−3568s

1052,2s+ 1

−0,1588e−2299,74s

1363,77s+ 1

−0,0572e−882,65s

949,36s+ 1

−0,0783e−475,87s

693,15s+ 1

























✭✺✳✷✽✮

❆♣❡s❛r ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛ s❡r ❞❡s❡♥✈♦❧✈✐❞❛ ♣❛r❛ ♣r♦❝❡ss♦s 2×2✱ ♥❡st❡ ❡①❡♠✲

♣❧♦ s❡rá ❛♣❧✐❝❛❞❛ ❛♦ ♣r♦❝❡ss♦ 4× 4 ❞♦s r❡❛t♦r❡s ❞♦ ❍❉❚✳ P❛r❛ ✐ss♦✱ ♦ ♣r♦❝❡ss♦ é ❞✐✈✐❞✐❞♦

❡♠ três s✉❜♣r♦❝❡ss♦s 2× 2✿ ♠❛❧❤❛ ✶ ✴ ♠❛❧❤❛ ✷✱ ♠❛❧❤❛ ✷ ✴ ♠❛❧❤❛ ✸ ❡ ♠❛❧❤❛ ✸ ✴ ♠❛❧❤❛ ✹✳
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❖ ❞❡s❛❝♦♣❧❛❞♦♠❡♥t♦ ♣❛r❝✐❛❧ é r❡❛❧✐③❛❞♦ ❡♠ ❝❛❞❛ s✉❜♣r♦❝❡ss♦✱ ♣♦✐s ❞❡✈✐❞♦ à ❝❛r❛❝t❡ríst✐❝❛

tr✐❛♥❣✉❧❛r✱ ❛s ✐♥t❡r❛çõ❡s sã♦ ❛♣❡♥❛s ❡♠ ✉♠ s❡♥t✐♥❞♦✱ ♦✉ s❡❥❛✱ ❛ ❡♥tr❛❞❛ ✶ ♣❡rt✉r❜❛ ❛ s❛í❞❛

✷✱ ♠❛s ❛ ❡♥tr❛❞❛ ✷ ♥ã♦ ❛❧t❡r❛ ❛ s❛í❞❛ ✶✳ ❆s ❞❡♠❛✐s ✐♥t❡r❛çõ❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❞❛

❡♥tr❛❞❛ ✶ ♥❛s s❛í❞❛s ✸ ❡ ✹ ❢♦r❛♠ ❞❡s❝♦♥s✐❞❡r❛❞❛s✳ ❆ ❡str✉t✉r❛ ❞❡ ❝♦♥tr♦❧❡ ❝♦♥s✐❞❡r❛❞❛

♥❡st❡ ❡①❡♠♣❧♦ é s❡♠❡❧❤❛♥t❡ ❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❆❣✉✐❛r ❡t ❛❧✳ ✭✷✵✷✵✮✱ ♦♥❞❡ ♦s r❡s✉❧t❛❞♦s ❞❛

✐♠♣❧❡♠❡♥t❛çã♦ ❞❛ ❡str✉t✉r❛ ❞❡ ❝♦♥tr♦❧❡ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♥♦

♣r♦❝❡ss♦ r❡❛❧ sã♦ ❛♣r❡s❡♥t❛❞♦s✳

❖ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ ♣❛r❛ ❝❛❞❛ s✉❜♣r♦❝❡ss♦ é ♣r♦❥❡t❛❞♦ ❛ ♣❛rt✐r ❞♦ ♠♦❞❡❧♦ ❡st✐♠❛❞♦

❞♦ ♣r♦❝❡ss♦ ❡ é ❞❛❞♦ ♣♦r✿

Ĝex4(s) =

























1,2337e−905,04s

672,51s+ 1
0 0 0

1,0542e−1596s

1103,5s+ 1

−0,2279e−661,8s

541,45s+ 1
0 0

0
−0,1976e−1835s

2972,7s+ 1

−0,0795e−511,07s

568,79s+ 1
0

0 0
−0,0686e−953,26s

1186,7s+ 1

−0,0924e−513,94s

866,44s+ 1

























. ✭✺✳✷✾✮

❆ ♠❛❧❤❛ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ ❢♦✐ ❢❡❝❤❛❞❛ ❝♦♠ ♦ ❝♦♥tr♦❧❛❞♦r ❞❡s❝❡♥tr❛❧✐③❛❞♦ ♣r♦✲

❥❡t❛❞♦ ♣❡❧♦ ♠ét♦❞♦ ❙■▼❈ ✭❙❑❖●❊❙❚❆❉✱ ✷✵✵✸✮ ❞❛❞♦ ♣♦r✿

Cex4(s) =























0,1336 +
0,0003

s
0 0 0

0 −0,8294− 0,0019

s
0 0

0 0 −2,898− 0,0064

s
0

0 0 0 −3,146− 0,0045

s























. ✭✺✳✸✵✮

◆❛ ❋✐❣✉r❛ ✺✳✶✵✱ ♦s s✐♥❛✐s ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ ❡ ❞❡ s❛í❞❛

❞♦ ♣r♦❝❡ss♦ sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ❆s ❢r❡q✉ê♥❝✐❛s ❞❡ ♦s❝✐❧❛çã♦ ❞♦s r❡❧és ❞❛s ♠❛❧❤❛s ✶✱ ✷ ❡ ✸

sã♦ ω1
90 = 0,00058 r❛❞✴s✱ ω2

90 = 0,00067 r❛❞✴s ❡ ω3
90 = 0,00038 r❛❞✴s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖

♠♦❞❡❧♦ ❞♦ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ ❢♦✐ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞♦ ♠♦❞❡❧♦ ✭✺✳✷✾✮ ❡ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r

✐♥✐❝✐❛❧✳

❖s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✐❝✐❛❧ ✭♣r♦❥❡t❛❞♦ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✺✳✷✾✮✮ ❡ ❞♦s

❞❡s❛❝♦♣❧❛❞♦r❡s r❡♣r♦❥❡t❛❞♦s ✭❝❛s♦s ✶ ❡ ✷✮ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✺✳✼✳

❖s s✐♥❛✐s ❞❡ ❡①❝✐t❛çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞♦s ❞❡s❛❝♦♣❧❛❞♦r❡s ✐♥✐❝✐❛❧ ❡ r❡♣r♦❥❡t❛❞♦ ❡ ❞❡ s❛í❞❛

❞♦ ♣r♦❝❡ss♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✶✶✳ ❖❜s❡r✈❛✲s❡ ❛ r❡❞✉çã♦ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡

❛s ♠❛❧❤❛s q✉❛♥❞♦ ♦ ❞❡s❛❝♦♣❧❛❞♦r r❡♣r♦❥❡t❛❞♦ ❝❛s♦ ✶ é ✉t✐❧✐③❛❞♦✳ ❊st❡ ❢❛t♦ t❛♠❜é♠ ♣♦❞❡

s❡r ✈❡r✐✜❝❛❞♦ ♥❛ ❚❛❜❡❧❛ ✺✳✻✱ ♦♥❞❡ ♦ ❡rr♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ❡ ♦ r❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ✭▼r✮

sã♦ ❛♣r❡s❡♥t❛❞♦s✳ ❈♦♠ ♦ r❡♣r♦❥❡t♦ ❝❛s♦ ✷✱ ♦❜s❡r✈❛✲s❡ r❡❞✉çã♦ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❛s s❛í❞❛s
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❋♦♥t❡✿ ❊❧❛❜♦r❛❞❛ ♣❡❧❛ ❛✉t♦r❛✳

❚❛❜❡❧❛ ✺✳✼✿ P❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✲ ❊①❡♠♣❧♦ ✹✳
D21 D32 D43

K0,1
1 τ 0,121 τ 0,122 K0,1

2 τ 0,132 τ 0,133 K0,1
3 τ 0,143 τ 0,144

■♥✐❝✐❛❧ ✹✱✻✷✻✻ ✶✶✵✸✱✺ ✺✹✶✱✹✺ ✲✷✱✹✽✺✵ ✷✾✼✷✱✼ ✺✻✽✱✼✾✾ ✲✵✱✼✹✷✾ ✶✶✽✻✱✼ ✽✻✻✱✹✹
❈❛s♦ ✶ ✲ ✾✹✻✱✷✸ ✲ ✲ ✷✹✺✻✱✽ ✲ ✲ ✶✶✼✹✱✶ ✲
❈❛s♦ ✷ ✲ ✲ ✻✽✽✱✹✸ ✲ ✲ ✽✸✷✱✶✺ ✲ ✲ ✽✻✸✱✷✻
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❚❛❜❡❧❛ ✺✳✽✿ ❮♥❞✐❝❡ ❞❡ ❡rr♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✲ ❊①❡♠♣❧♦ ✹✳
❉♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛
|H1| |H2| |H3|

■♥✐❝✐❛❧ ✵✱✵✸✾✼ ✵✱✵✹✹✾ ✵✱✵✷✹✶
❈❛s♦ ✶ ✵✱✵✶✵✺ ✵✱✵✶✵✽ ✵✱✵✷✶✵
❈❛s♦ ✷ ✵✱✵✵✷✾ ✵✱✵✶✽✵ ✵✱✵✷✺✵
❘❛str❡❛♠❡♥t♦ ❞❛ s❛í❞❛ ❞❡ r❡❢❡rê♥❝✐❛ ✲ ▼r

D21 D32 D43

■♥✐❝✐❛❧ ✾✾✷✽✱✷ ✾✽✺✵✱✹ ✹✺✾✺✱✷
❈❛s♦ ✶ ✸✵✺✵✱✼ ✷✺✷✶✱✽ ✹✶✹✺✱✶
❈❛s♦ ✷ ✶✸✶✾✱✵ ✺✽✵✻✱✺ ✹✼✹✷✱✸

✶ ❡ ✷✱ ♣♦ré♠ ♣❛r❛ ❛ s❛í❞❛ ✸✱ ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ❢♦✐ ❛❧❝❛♥ç❛❞♦✳
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✺✳✹ ❈♦♥❝❧✉sã♦

◆❡st❡ ❈❛♣ít✉❧♦✱ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ♣❛r❛

♣r♦❝❡ss♦s ❚■❚❖ ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❢♦✐ ❛♣r❡s❡♥t❛❞❛✳ ❖ ❡①♣❡r✐♠❡♥t♦ ❞♦ r❡❧é ✐♥t❡❣r❛❞♦r

é ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛✈❛❧✐❛r ♦ ❞❡s❛❝♦♣❧❛❞♦r ♥❛ ❢r❡q✉ê♥❝✐❛ ♦♥❞❡ ❛ ❢❛s❡ é −90o✳ ❖ ♦❜❥❡t✐✈♦

❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦ é ❝❛❧❝✉❧❛r ♦ í♥❞✐❝❡ ❞❡ ❡rr♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r

✐♥✈❡rt✐❞♦✱ ✈❡r✐✜❝❛♥❞♦ ♦ q✉ã♦ ♣ró①✐♠♦ é ❞❡ ③❡r♦✳ ❏á ♥♦ r❡♣r♦❥❡t♦ t❡♠✲s❡ ❝♦♠♦ ✜♥❛❧✐❞❛❞❡

r❡❝❛❧❝✉❧❛r ♦s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ♣❛r❛ r❡❞✉③✐r ♦ ❛❝♦♣❧❛♠❡♥t♦✱ ♦✉ s❡❥❛✱ r❡❞✉③✐r ♦

í♥❞✐❝❡ ❞❡ ❡rr♦✳

◆♦ r❡♣r♦❥❡t♦ ❞♦✐s ❝❛s♦s sã♦ ❝♦♥s✐❞❡r❛❞♦s✳ ◆♦ ❝❛s♦ ✶✱ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦ ❞❡✲

♥♦♠✐♥❛❞♦r ✭τij✮ é ♠♦❞✐✜❝❛❞❛✳ P❛r❛ ♥ã♦ ✐♥s❡r✐r ♣♦❧♦s ✐♥stá✈❡✐s ♥♦ s✐st❡♠❛ ❡ ❣❛r❛♥t✐r ❛

❡st❛❜✐❧✐❞❛❞❡✱ ♦ ✈❛❧♦r ❝❛❧❝✉❧❛❞♦ ❞❡✈❡ s❡r ♣♦s✐t✐✈♦✳ ❙❡ ♦ ♥♦✈♦ ✈❛❧♦r r❡♣r♦❥❡t❛❞♦ ❞❡ τij ❢♦r

♥❡❣❛t✐✈♦✱ ❡ss❡ ❝❛s♦ ❞❡✈❡ s❡r ❞❡s❝❛rt❛❞♦ ❡ ♦ ❝❛s♦ ✷ ❡①❡❝✉t❛❞♦✳ ◆♦ ❝❛s♦ ✷✱ ❛ ❝♦♥st❛♥t❡ ❞❡

t❡♠♣♦ ❞♦ ♥✉♠❡r❛❞♦r é ♠♦❞✐✜❝❛❞❛✳ ❖ ❣❛♥❤♦ ♥ã♦ é r❡♣r♦❥❡t❛❞♦✱ ♣♦rq✉❡ ❡rr♦s ♥♦ ❣❛♥❤♦

sã♦ ❝♦rr✐❣✐❞♦s ♣❡❧❛ ❛çã♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■❉✳

❈♦♠ ♦s ❡①❡♠♣❧♦s ❞❡ s✐♠✉❧❛çã♦ ❢♦✐ ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r ❛ ❡❢❡t✐✈✐❞❛❞❡ ❞❛ ♠❡t♦❞♦❧♦❣✐❛✳ ❉❡

♠❛♥❡✐r❛ ❣❡r❛❧✱ ♣♦r ♠❡✐♦ ❞♦ r❡♣r♦❥❡t♦ ❢♦r❛♠ ♦❜t✐❞♦s ♣r♦❝❡ss♦s ❞❡s❛❝♦♣❧❛❞♦s ♠❛✐s ♣ró①✐♠♦s

❞♦ ❞❡s❡❥❛❞♦✱ ♦✉ s❡❥❛✱ ❝♦♠ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❢♦✐ r❡❞✉③✐❞♦✳ ❆❧é♠

❞✐ss♦✱ ❝♦♠ ♦ ❝❛s♦ ✶ ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s ❢♦r❛♠ ♦❜t✐❞♦s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ❝❛s♦ ✷✳



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sõ❡s ❡ s✉❣❡stõ❡s ♣❛r❛ tr❛❜❛❧❤♦s

❢✉t✉r♦s

✻✳✶ ❈♦♥❝❧✉sõ❡s

◆❡st❛ ❚❡s❡ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ♠✉❧t✐✈❛r✐á✈❡❧ ❞❡ ❡str✉✲

t✉r❛ ✜①❛ ❡ ✉♠❛ té❝♥✐❝❛ ❞❡ r❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■✴P■❉ ♠✉❧t✐✈❛r✐á✈❡❧✳ ❊st❛s té❝♥✐❝❛s

sã♦ ❜❛s❡❛❞❛s ❡♠ ❞❛❞♦s ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛✱ ♥ã♦ s❡♥❞♦ ♥❡❝❡ssár✐♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦

❞♦ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦ ❞♦ ♣r♦❝❡ss♦✳ ❆❧é♠ ❞❡ss❛s té❝♥✐❝❛s✱ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❛✈❛❧✐❛çã♦

❞❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ❢♦✐ ♣r♦♣♦st❛✱ ❡st❛ ♠❡t♦❞♦❧♦❣✐❛ é ❞❡s❡♥✈♦❧✈✐❞❛ ♣❛r❛

♣r♦❝❡ss♦s ❚■❚❖✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❢✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛ ❚❡s❡ ❢♦✲

r❛♠ r❡✈✐s❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❆ ❞❡s❝r✐çã♦ ❞♦s s✐st❡♠❛s ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❝♦♠ ❡ s❡♠

❞❡s❛❝♦♣❧❛❞♦r ❝♦♥s✐❞❡r❛❞♦s ♥❡st❛ ❚❡s❡ ❢♦✐ ❛♣r❡s❡♥t❛❞❛✳ ❆s ❡s♣❡❝✐✜❝❛çõ❡s ❞❡ ❞❡s❡♠♣❡♥❤♦

❡ r♦❜✉st❡③ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛♥❛❧✐s❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❢♦r❛♠ ❞❡✜♥✐❞❛s✳ ❆❧é♠ ❞✐ss♦✱ ❛

té❝♥✐❝❛ ❞❡ ❝♦♥✈❡①✐✜❝❛çã♦ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠❛tr✐❝✐❛❧ ❧✐♥❡❛r ✉t✐❧✐③❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✸ ❢♦r❛♠

r❡✈✐s❛❞❛s✳

❆s ❞✉❛s té❝♥✐❝❛s ❞❡ ♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ♠✉❧t✐✈❛r✐á✈❡❧ ❞❡ ❡str✉t✉r❛ ✜①❛ ♣r♦♣♦st❛s

❢♦r❛♠ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✸✳ ❊ss❛s té❝♥✐❝❛s ❢♦r❛♠ ❢♦r♠✉❧❛❞❛s ❝♦♠♦ ♣r♦❜❧❡♠❛s ❞❡

♦t✐♠✐③❛çã♦ ❝♦♥✈❡①❛ ❝♦♠ r❡str✐çõ❡s ▲▼■✳ ❖ ♦❜❥❡t✐✈♦ ❞❛s ❞✉❛s té❝♥✐❝❛s é ✐❞ê♥t✐❝❛✿ t♦r♥❛r ❛

❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ♣r♦❥❡t❛❞❛ ♦ ♠❛✐s ♣ró①✐♠♦ ♣♦ssí✈❡❧ ❞❡ ✉♠❛ ❞❡s❡❥❛❞❛✳ ❖ q✉❡ ❞✐❢❡r❡

♦s ❞♦✐s ♣r♦❥❡t♦s sã♦ ❛s r❡str✐çõ❡s ✐♥s❡r✐❞❛s✳ ◆❛ ♣r✐♠❡✐r❛ té❝♥✐❝❛✱ r❡str✐çõ❡s ❞❛ ♠❛❣♥✐t✉❞❡

❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞❛s✳

❏á ♥❛ té❝♥✐❝❛ ✷✱ ❛ r❡str✐çã♦ é r❡❧❛❝✐♦♥❛❞❛ à ♠❛r❣❡♠ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✳ ❈♦♠ ❛ ✐♥s❡rçã♦

❞❛s r❡str✐çõ❡s ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❢♦✐ ❣❛r❛♥t✐❞❛✱ ❝♦♠♦ ♣ô❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥♦s

r❡s✉❧t❛❞♦s ❞❡ s✐♠✉❧❛çã♦✳ ❊st❡s r❡s✉❧t❛❞♦s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❞✐s❝✉t✐r ❛ ❡❢❡t✐✈✐❞❛❞❡ ❞❛s

❞✉❛s té❝♥✐❝❛s✳ ◆❡ss❡ ❈❛♣ít✉❧♦ ❛✐♥❞❛ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❞❡✜♥✐r ♦ ♠♦❞❡❧♦ ❞❡

✶✶✾



❈❛♣ít✉❧♦ ✻✳ ❈♦♥❝❧✉sõ❡s ❡ s✉❣❡stõ❡s ♣❛r❛ tr❛❜❛❧❤♦s ❢✉t✉r♦s ✶✷✵

r❡❢❡rê♥❝✐❛ ❞❛ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ ♣❛r❛ ♣r♦❝❡ss♦s ♠✉❧t✐✈❛r✐á✈❡✐s✳

❖ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞❛ ❢✉♥çã♦ ❣❛♥❤♦ ❞❡ ♠❛❧❤❛ é ❞❡✜♥✐❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ♠♦❞❡❧♦

❞❛ ❢✉♥çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❝♦♠♣❧❡♠❡♥t❛r✳ ❊st❡ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✱

❞❛ q✉❛❧ ♦s ❡❧❡♠❡♥t♦s ♥ã♦ ♥✉❧♦s sã♦ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦✳

❊st❛ ❢♦r♠✉❧❛çã♦ ❞♦ ♠♦❞❡❧♦ é ❡s❝♦❧❤✐❞❛ ♣❡❧❛ s✐♠♣❧✐❝✐❞❛❞❡✱ ♣♦ré♠ ♦✉tr❛s ❢♦r♠✉❧❛çõ❡s ♣♦✲

❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s✳

◆♦s ❡①❡♠♣❧♦s ❞❡ s✐♠✉❧❛çã♦✱ ♦❜s❡r✈❛✲s❡ q✉❡ ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s

❝♦♠ ❛ té❝♥✐❝❛ ✶ ♥♦ ❝❛s♦ ❞❡ ♣r♦❝❡ss♦s ♦♥❞❡ ✉♠❛ r❡s♣♦st❛ ♠❛✐s ❧❡♥t❛ é ❛❞❡q✉❛❞❛✳ ■st♦

♦❝♦rr❡ ❞❡✈✐❞♦ à r❡str✐çã♦ ♥❛ ♠❛❣♥✐t✉❞❡ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ✐♥s❡r✐❞❛ ❛♦ ♣r♦❜❧❡♠❛✳ ❈♦♠♦

❞❡s✈❛♥t❛❣❡♥s ❞❡ss❛ té❝♥✐❝❛ ♣♦❞❡✲s❡ ❝✐t❛r ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠ ❝♦♥tr♦❧❛❞♦r ❞❡ ✐♥✐❝✐❛❧✐③❛çã♦

✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ t✐♣♦ ❞❡ ❝♦♥tr♦❧❛❞♦r ❝♦♥s✐❞❡r❛❞♦ ❡ ❞❛ ❞❡✜♥✐çã♦ ❞♦ ✈❛❧♦r ❞❡ Qmax✱ ❛❧é♠

❞♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ❉✐❢❡r❡♥t❡ ❞❛ té❝♥✐❝❛ ✷✱ ♥❛ q✉❛❧ ❛♣❡♥❛s ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛

❞❡✈❡ s❡r ❞❡✜♥✐❞♦✱ ♦ q✉❡ ♣♦❞❡ ❢❛❝✐❧✐t❛r ❛ ❛♣❧✐❝❛çã♦ ❞❡ss❛ té❝♥✐❝❛✳

❖ r❡♣r♦❥❡t♦ ❞♦ ❝♦♥tr♦❧❛❞♦r P■✴P■❉ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✹✳ ❆ ❡str✉t✉r❛ ❞❡ ❝♦♥✲

tr♦❧❡ ✐♥✐❝✐❛❧ ♣♦❞❡ s❡r ❞❡s❝❡♥tr❛❧✐③❛❞❛ ♦✉ ❝❡♥tr❛❧✐③❛❞❛✳ ❖ ♦❜❥❡t✐✈♦ ❞♦ r❡♣r♦❥❡t♦ é ❝❛❧❝✉❧❛r

♦ ✐♥❝r❡♠❡♥t♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❝♦♥tr♦❧❛❞♦r ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ♠❛❧❤❛

❢❡❝❤❛❞❛ s❡ ❛♣r♦①✐♠❡ ❞♦ ❞❡s❡❥❛❞♦✳ ❖ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ✉t✐❧✐③❛❞♦ ❢♦✐ ✉♠❛ ♠❛tr✐③ ❞✐❛✲

❣♦♥❛❧✱ ❞❛ q✉❛❧ ❝❛❞❛ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ é ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❋❖P❚❉✱ ♦ ♠❡s♠♦

♠♦❞❡❧♦ ✉s❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸✳

◆♦s ❡①❡♠♣❧♦s ❞❡ s✐♠✉❧❛çã♦✱ ❢♦✐ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ♦ r❡♣r♦❥❡t♦ r❡s✉❧t♦✉ ♥♦ ❝♦♥tr♦✲

❧❛❞♦r ❝❡♥tr❛❧✐③❛❞♦✳ ❊st❡ ❢❛t♦ é ❥✉st✐✜❝❛❞♦ ♣❡❧♦ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛s ❞✐❢❡r❡♥t❡s ♠❛❧❤❛s

❞♦s ♣r♦❝❡ss♦s ❝♦♥s✐❞❡r❛❞♦s ❝♦♠❜✐♥❛❞♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ r❡❢❡rê♥❝✐❛ ❞✐❛❣♦♥❛❧✳ ❊st❡ ❢❛t♦ ❢❡③

❝♦♠ q✉❡ ♦ ✐♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ✈❛r✐❛çã♦ t♦t❛❧ ❞♦ s✐♥❛❧ ❞❡ ❝♦♥tr♦❧❡ ❛✉♠❡♥t❛ss❡✳

◆♦ ❈❛♣ít✉❧♦ ✺✱ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❛✈❛❧✐❛çã♦ ❡ r❡♣r♦❥❡t♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ❢♦✐ tr❛✲

t❛❞♦✳ ❖ ❞❡s❛❝♦♣❧❛❞♦r ✐♥✈❡rt✐❞♦ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦✱ ♣❡❧♦ ❢❛t♦ ❞❡ss❛ ❡str✉t✉r❛ r❡s✉❧t❛r ❡♠

✉♠ ♣r♦❝❡ss♦ ❞❡s❛❝♦♣❧❛❞♦ s✐♠♣❧❡s✱ ❛❧é♠ ❞❛ ♠❛✐♦r s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦✱ q✉❛♥❞♦

❝♦♠♣❛r❛❞♦ ❝♦♠ ❛s ❞❡♠❛✐s ❡str✉t✉r❛s✳ P❛r❛ r❡❛❧✐③❛r ❛ ❛✈❛❧✐❛çã♦ ❞❡✈❡ s❡r ❡①❡❝✉t❛❞♦ ✉♠

❡①♣❡r✐♠❡♥t♦ ❜❛s❡❛❞♦ ♥♦ r❡❧é ❡♠ ♠❛❧❤❛ ❢❡❝❤❛❞❛✳ ❆ r❡s♣♦st❛ ❞❛ ♠❛❧❤❛ ❢❡❝❤❛❞❛ ❝r✉③❛❞❛

✭❡♥tr❛❞❛ i✱ s❛í❞❛ j ❝♦♠ i ̸= j✮ ♥❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ é ❞❡✜♥✐❞❛ ❝♦♠♦ ♦ ❡rr♦ ❞❡ ❞❡s❛✲

❝♦♣❧❛♠❡♥t♦✳ ❆ ♣❛rt✐r ❞❡ss❡ ❡rr♦ ❡ ❞❛ ❡q✉❛çã♦ ❞❡ r❡♣r♦❥❡t♦ ❞❡✜♥✐❞❛✱ ✉♠❛ ❞❛s ❝♦♥st❛♥t❡s

❞❡ t❡♠♣♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ♣♦❞❡ s❡r r❡❝❛❧❝✉❧❛❞❛✳

❖ ❣❛♥❤♦ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ♥ã♦ é r❡♣r♦❥❡t❛❞♦✱ ♣♦✐s ❡rr♦s ♥❡ss❡ ♣❛râ♠❡tr♦ sã♦ ❝♦rr✐❣✐❞♦s

♣❡❧❛ ❛çã♦ ❞♦ ❝♦♥tr♦❧❛❞♦r✳ ◆♦s ❡①❡♠♣❧♦s ❞❡ s✐♠✉❧❛çã♦ ❢♦✐ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❛ r❡❞✉çã♦ ❞♦

❛❝♦♣❧❛♠❡♥t♦ ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ ❞❛ ♠❡t♦❞♦❧♦❣✐❛✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❛✲s❡ q✉❡ ❡♠ ❛❧❣✉♥s ❝❛s♦s

♥❡♠ t♦❞♦s ♦s t❡r♠♦s ❞❛ ♠❛tr✐③ ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ♥❡❝❡ss✐t❛ s❡r r❡♣r♦❥❡t❛❞♦✳ ❆♣❡s❛r ❞❡ss❛

♠❡t♦❞♦❧♦❣✐❛ s❡r ❞❡s❡♥✈♦❧✈✐❞❛ ♣❛r❛ ♣r♦❝❡ss♦s ❚■❚❖✱ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ❛ ♣r♦❝❡ss♦s ❝♦♠

❞✐♠❡♥sõ❡s ♠❛✐♦r❡s✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ✉♠ ❞♦s ❡①❡♠♣❧♦s ❞❡ s✐♠✉❧❛çã♦✳ ◆❡ss❡s ❝❛s♦s✱



❈❛♣ít✉❧♦ ✻✳ ❈♦♥❝❧✉sõ❡s ❡ s✉❣❡stõ❡s ♣❛r❛ tr❛❜❛❧❤♦s ❢✉t✉r♦s ✶✷✶

♦ ♣r♦❝❡ss♦ é ❞✐✈✐❞♦ ❡♠ s✉❜♣r♦❝❡ss♦s ❚■❚❖✳

✻✳✷ ❙✉❣❡stõ❡s ♣❛r❛ tr❛❜❛❧❤♦s ❢✉t✉r♦s

❆♦ ✜♥❛❧ ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❞❡ ❚❡s❡✱ ♣♦❞❡✲s❡ ❞❡st❛❝❛r ❛❧❣✉♠❛s

s✉❣❡stõ❡s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♦✉tr♦s tr❛❜❛❧❤♦s✿

• ♣r♦❥❡t❛r ♦s ♣❛râ♠❡tr♦s ❞♦ ❞❡s❛❝♦♣❧❛❞♦r ✉s❛♥❞♦ ❞❛❞♦s✱ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝♦♥❤❡✲

❝❡r ♥❡♥❤✉♠ ♠♦❞❡❧♦ ♣❛r❛♠étr✐❝♦ ❞♦ ♣r♦❝❡ss♦❀

• r❡❛❧✐③❛r ❛♥á❧✐s❡ ❝♦♠♣❛r❛t✐✈❛ ❞♦ ❞❡s❡♠♣❡♥❤♦ ❞❛s ❡str✉t✉r❛s ❞❡ ❝♦♥tr♦❧❡ ❝❡♥tr❛❧✐③❛❞♦ ❡

❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r✳ ◆❡ss❛ ❛♥á❧✐s❡ ❞❡✈❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ❛ ❢❛❝✐❧✐❞❛❞❡

❞❡ ♣r♦❥❡t♦ ❞❡ t♦❞♦s ♦s ♣❛râ♠❡tr♦s ❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❝❛❞❛ ❡str✉t✉r❛ ❞❡ ❝♦♥tr♦❧❡

♠✉❧t✐✈❛r✐á✈❡❧✱ ❛ss✐♠ ❝♦♠♦ ❛s♣❡❝t♦s ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ ❡ ♠❛♥✉t❡♥çã♦ ❞❡ ❝❛❞❛ ✉♠❛❀

• ❛♣❧✐❝❛r ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♦s ♠ét♦❞♦s ♣r♦♣♦st♦s ❡♠ ♣❧❛♥t❛s ❡♠ ❡s❝❛❧❛ ❞❡ ❧❛❜♦r❛tó✲

r✐♦ ❡ ❡♠ ♣❧❛♥t❛s ✐♥❞✉str✐❛✐s✳
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❞♦♠❛✐♥ ❡✈❛❧✉❛t✐♦♥ ❛♥❞ r❡❞❡s✐❣♥ ♦❢ ✐♥✈❡rt❡❞ ❞❡❝♦✉♣❧❡r✳ ■♥✿ ✶✷t❤ ■❋❆❈ ❙②♠♣♦s✐✉♠ ♦♥
❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧ ♦❢ Pr♦❝❡ss ❙②st❡♠s✱ ✐♥❝❧✉❞✐♥❣ ❇✐♦s②st❡♠s ❉❨❈❖P❙ ✷✵✶✾✳ ❇r❛s✐❧✿
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r❡❞❡s✐❣♥ ♦❢ s✐♠♣❧✐✜❡❞ ❞❡❝♦✉♣❧❡rs ❢♦r ❚■❚❖ ♣r♦❝❡ss❡s ✉s✐♥❣ r❡❧❛② ❡①♣❡r✐♠❡♥ts✳ ❏♦✉r♥❛❧ ♦❢
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❆●❯■❆❘✱ ❆✳ P✳ ❱✳ ❞✳ ❆✳ ❡t ❛❧✳ ❈♦♥tr♦❧❡ P■❉ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ❝♦♠ ❞❡s❛❝♦♣❧❛❞♦r ❛♣❧✐❝❛❞♦
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s②st❡♠s✳ ◆♦t❡s ❢♦r ❛ ❈♦✉rs❡ ♦❢ t❤❡ ❉✉t❝❤ ■♥st✐t✉t❡ ♦❢ ❙②st❡♠s ❛♥❞ ❈♦♥tr♦❧✱ ❲✐♥t❡r t❡r♠✱
❈✐t❡s❡❡r✱ ✈✳ ✷✵✵✷✱ ✷✵✵✶✳

❇❖❨❉✱ ❙✳ ❡t ❛❧✳ ▲✐♥❡❛r ♠❛tr✐① ✐♥❡q✉❛❧✐t✐❡s ✐♥ s②st❡♠ ❛♥❞ ❝♦♥tr♦❧ t❤❡♦r②✳ ❊❯❆✿ ❙■❆▼✱
✶✾✾✹✳

❇❖❨❉✱ ❙✳❀ ❍❆❙❚✱ ▼✳❀ ➴❙❚❘Ö▼✱ ❑✳ ❏✳ ▼■▼❖ P■❉ t✉♥✐♥❣ ✈✐❛ ✐t❡r❛t❡❞ ▲▼■ r❡str✐❝t✐♦♥✳
■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❘♦❜✉st ❛♥❞ ◆♦♥❧✐♥❡❛r ❈♦♥tr♦❧✱ ❲✐❧❡② ❖♥❧✐♥❡ ▲✐❜r❛r②✱ ✈✳ ✷✻✱
♥✳ ✽✱ ♣✳ ✶✼✶✽✕✶✼✸✶✱ ✷✵✶✻✳

❈❆■✱ ❲✳✲❏✳ ❡t ❛❧✳ ◆♦r♠❛❧✐③❡❞ ❞❡❝♦✉♣❧✐♥❣✿ ❆ ♥❡✇ ❛♣♣r♦❛❝❤ ❢♦r ▼■▼❖ ♣r♦❝❡ss ❝♦♥tr♦❧
s②st❡♠ ❞❡s✐❣♥✳ ■♥❞✉str✐❛❧ ✫ ❊♥❣✐♥❡❡r✐♥❣ ❈❤❡♠✐str② ❘❡s❡❛r❝❤✱ ❆❈❙ P✉❜❧✐❝❛t✐♦♥s✱ ✈✳ ✹✼✱
♥✳ ✶✾✱ ♣✳ ✼✸✹✼✕✼✸✺✻✱ ✷✵✵✽✳

❈❆▼P❊❙❚❘■◆■✱ ▲✳ ❡t ❛❧✳ ❉❛t❛✲❞r✐✈❡♥ ♠♦❞❡❧ r❡❢❡r❡♥❝❡ ❝♦♥tr♦❧ ❞❡s✐❣♥ ❜② ♣r❡❞✐❝t✐♦♥ ❡rr♦r
✐❞❡♥t✐✜❝❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❋r❛♥❦❧✐♥ ■♥st✐t✉t❡✱ ❊❧s❡✈✐❡r✱ ✈✳ ✸✺✹✱ ♥✳ ✻✱ ♣✳ ✷✻✷✽✕✷✻✹✼✱ ✷✵✶✼✳
❙♣❡❝✐❛❧ ✐ss✉❡ ♦♥ r❡❝❡♥t ❛❞✈❛♥❝❡s ♦♥ ❝♦♥tr♦❧ ❛♥❞ ❞✐❛❣♥♦s✐s ✈✐❛ ♣r♦❝❡ss ♠❡❛s✉r❡♠❡♥ts✳

❈❆▼P❊❙❚❘■◆■✱ ▲✳ ❡t ❛❧✳ ❯♥❜✐❛s❡❞ ▼■▼❖ ❱❘❋❚ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥ t♦ ♣r♦❝❡ss ❝♦♥tr♦❧✳
❏♦✉r♥❛❧ ♦❢ Pr♦❝❡ss ❈♦♥tr♦❧✱ ❊❧s❡✈✐❡r✱ ✈✳ ✸✾✱ ♣✳ ✸✺✕✹✾✱ ✷✵✶✻✳

❈❆▼P■✱ ▼✳❀ ▲❊❈❈❍■◆■✱ ❆✳❀ ❙❆❱❆❘❊❙■✱ ❙✳ ❱✐rt✉❛❧ r❡❢❡r❡♥❝❡ ❢❡❡❞❜❛❝❦ t✉♥✐♥❣✿ ❛ ❞✐r❡❝t
♠❡t❤♦❞ ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧❧❡rs✳ ❆✉t♦♠❛t✐❝❛✱ ✈✳ ✸✽✱ ♥✳ ✽✱ ♣✳ ✶✸✸✼✕✶✸✹✻✱
✷✵✵✷✳

❈❍❊◆✱ ❉✳❀ ❙❊❇❖❘●✱ ❉✳ ❊✳ ❉❡s✐❣♥ ♦❢ ❞❡❝❡♥tr❛❧✐③❡❞ P■ ❝♦♥tr♦❧ s②st❡♠s ❜❛s❡❞ ♦♥ ♥②q✉✐st
st❛❜✐❧✐t② ❛♥❛❧②s✐s✳ ❏♦✉r♥❛❧ ♦❢ Pr♦❝❡ss ❈♦♥tr♦❧✱ ✈✳ ✶✸✱ ♥✳ ✶✱ ♣✳ ✷✼✕✸✾✱ ✷✵✵✸✳

❉❍❆◆❨❆ ❘❆▼✱ ❱✳❀ ❈❍■❉❆▼❇❆❘❆▼✱ ▼✳ ❙✐♠♣❧❡ ♠❡t❤♦❞ ♦❢ ❞❡s✐❣♥✐♥❣ ❝❡♥tr❛❧✐③❡❞
P■ ❝♦♥tr♦❧❧❡rs ❢♦r ♠✉❧t✐✈❛r✐❛❜❧❡ s②st❡♠s ❜❛s❡❞ ♦♥ ❙❙●▼✳ ■❙❆ ❚r❛♥s❛❝t✐♦♥s✱ ✈✳ ✺✻✱ ♣✳
✷✺✷✕✷✻✵✱ ✷✵✶✺✳

❊❯❩➱❇■❖✱ ❚✳ ❆✳ ❡t ❛❧✳ ❙■❙❖ ❛♣♣r♦❛❝❤❡s ❢♦r ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❜❛s❡❞ ♠❡t❤♦❞s ❢♦r
t✉♥✐♥❣ ❞❡❝❡♥tr❛❧✐③❡❞ P■❉ ❝♦♥tr♦❧❧❡rs✳ ❏♦✉r♥❛❧ ♦❢ Pr♦❝❡ss ❈♦♥tr♦❧✱ ✈✳ ✾✹✱ ♣✳ ✼✺✕✾✻✱ ✷✵✷✵✳

❊❯❩➱❇■❖✱ ❚✳ ❆✳ ▼✳ ❙✐♥t♦♥✐❛ ót✐♠❛ ❞❡ ❝♦♥tr♦❧❛❞♦r P■❉ ❞❡s❝❡♥tr❛❧✐③❛❞♦ ♣❛r❛ ♣r♦❝❡ss♦s
▼■▼❖✳ ❚❡s❡ ✭❉♦✉t♦r❛❞♦✮ ✖ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ✷✵✶✺✳

❋❖❘▼❊◆❚■◆✱ ❙✳ ❡t ❛❧✳ ❉❡t❡r♠✐♥✐st✐❝ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ✈✐rt✉❛❧ r❡❢❡r❡♥❝❡ ❢❡❡❞❜❛❝❦ t✉♥✐♥❣
✭❱❘❋❚✮ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥ t♦ P■❉ ❞❡s✐❣♥✳ ❙②st❡♠s ✫ ❈♦♥tr♦❧ ▲❡tt❡rs✱ ✈✳ ✶✷✼✱ ♣✳ ✷✺✕✸✹✱
✷✵✶✾✳

●❆▲❉❖❙✱ ●✳❀ ❑❆❘■▼■✱ ❆✳❀ ▲❖◆●❈❍❆▼P✱ ❘✳ ❍∞ ❝♦♥tr♦❧❧❡r ❞❡s✐❣♥ ❢♦r s♣❡❝tr❛❧ ▼■▼❖
♠♦❞❡❧s ❜② ❝♦♥✈❡① ♦♣t✐♠✐③❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ Pr♦❝❡ss ❈♦♥tr♦❧✱ ✈✳ ✷✵✱ ♥✳ ✶✵✱ ♣✳ ✶✶✼✺✕✶✶✽✷✱
✷✵✶✵✳

●❆❖✱ ❳✳ ❡t ❛❧✳ ❆ ♥♦✈❡❧ ❞❛t❛✲❞r✐✈❡♥ ♠❡t❤♦❞ ❢♦r s✐♠✉❧t❛♥❡♦✉s ♣❡r❢♦r♠❛♥❝❡ ❛ss❡ss♠❡♥t
❛♥❞ r❡t✉♥✐♥❣ ♦❢ P■❉ ❝♦♥tr♦❧❧❡rs✳ ■♥❞✉str✐❛❧ ✫ ❊♥❣✐♥❡❡r✐♥❣ ❈❤❡♠✐str② ❘❡s❡❛r❝❤✱ ❆❈❙
P✉❜❧✐❝❛t✐♦♥s✱ ✈✳ ✺✻✱ ♥✳ ✽✱ ♣✳ ✷✶✷✼✕✷✶✸✾✱ ✷✵✶✼✳



❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙ ✶✷✹

●❆❘❘■❉❖✱ ❏✳ ❡t ❛❧✳ ❉❡❝❡♥tr❛❧✐③❡❞ P■❉ ❝♦♥tr♦❧ ✇✐t❤ ✐♥✈❡rt❡❞ ❞❡❝♦✉♣❧✐♥❣ ❛♥❞ s✉♣❡r❤❡❛t✐♥❣
r❡❢❡r❡♥❝❡ ❣❡♥❡r❛t✐♦♥ ❢♦r ❡✣❝✐❡♥t ♦♣❡r❛t✐♦♥✿ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❜❡♥❝❤♠❛r❦ P■❉ ✷✵✶✽✳
■❋❆❈✲P❛♣❡rs❖♥▲✐♥❡✱ ✈✳ ✺✶✱ ♥✳ ✹✱ ♣✳ ✼✶✵✕✼✶✺✱ ✷✵✶✽✳ ✸r❞ ■❋❆❈ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆❞✈❛♥❝❡s ✐♥
Pr♦♣♦rt✐♦♥❛❧✲■♥t❡❣r❛❧✲❉❡r✐✈❛t✐✈❡ ❈♦♥tr♦❧ P■❉ ✷✵✶✽✳

●❆❘❘■❉❖✱ ❏✳ ❡t ❛❧✳ ■t❡r❛t✐✈❡ ♠❡t❤♦❞ ❢♦r t✉♥✐♥❣ ♠✉❧t✐❧♦♦♣ P■❉ ❝♦♥tr♦❧❧❡rs ❜❛s❡❞ ♦♥
s✐♥❣❧❡ ❧♦♦♣ r♦❜✉st♥❡ss s♣❡❝✐✜❝❛t✐♦♥s ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✳ Pr♦❝❡ss❡s✱ ▼✉❧t✐❞✐s❝✐♣❧✐♥❛r②
❉✐❣✐t❛❧ P✉❜❧✐s❤✐♥❣ ■♥st✐t✉t❡✱ ✈✳ ✾✱ ♥✳ ✶✱ ♣✳ ✶✹✵✱ ✷✵✷✶✳

●❆❘❘■❉❖✱ ❏✳ ❡t ❛❧✳ ■t❡r❛t✐✈❡ ❞❡s✐❣♥ ♦❢ ❝❡♥tr❛❧✐③❡❞ P■❉ ❝♦♥tr♦❧❧❡rs ❜❛s❡❞ ♦♥ ❡q✉✐✈❛❧❡♥t
❧♦♦♣ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ❛♥❞ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✳ ■❊❊❊ ❆❝❝❡ss✱ ✈✳ ✶✵✱ ♣✳ ✶✹✹✵✕✶✹✺✵✱ ✷✵✷✷✳

●❖❖❉❲■◆✱ ●✳ ❈✳ ❡t ❛❧✳ ❈♦♥tr♦❧ s②st❡♠ ❞❡s✐❣♥✳ ❈❤✐❧❡✿ Pr❡♥t✐❝❡ ❍❛❧❧ ❯♣♣❡r ❙❛❞❞❧❡
❘✐✈❡r✱ ✷✵✵✶✳ ✈✳ ✷✹✵✳

●❘❆◆❚✱ ▼✳ ❈✳❀ ❇❖❨❉✱ ❙✳ P✳ ●r❛♣❤ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❢♦r ♥♦♥s♠♦♦t❤ ❝♦♥✈❡① ♣r♦❣r❛♠s✳
■♥✿ ❘❡❝❡♥t ❆❞✈❛♥❝❡s ✐♥ ▲❡❛r♥✐♥❣ ❛♥❞ ❈♦♥tr♦❧✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♥tr♦❧ ❛♥❞ ■♥❢♦r♠❛t✐♦♥
❙❝✐❡♥❝❡s✳ ■♥❣❧❛t❡rr❛✿ ❙♣r✐♥❣❡r✱ ✷✵✵✽✳ ✈✳ ✸✼✶✱ ♣✳ ✾✺✕✶✶✵✳

●❯❆❘❉❆❇❆❙❙■✱ ●✳ ❖✳❀ ❙❆❱❆❘❊❙■✱ ❙✳ ▼✳ ❱✐rt✉❛❧ r❡❢❡r❡♥❝❡ ❞✐r❡❝t ❞❡s✐❣♥ ♠❡t❤♦❞✿ ❛♥
♦✛✲❧✐♥❡ ❛♣♣r♦❛❝❤ t♦ ❞❛t❛✲❜❛s❡❞ ❝♦♥tr♦❧ s②st❡♠ ❞❡s✐❣♥✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❆✉t♦♠❛t✐❝
❈♦♥tr♦❧✱ ■❊❊❊✱ ✈✳ ✹✺✱ ♥✳ ✺✱ ♣✳ ✾✺✹✕✾✺✾✱ ✷✵✵✵✳

●❯❘❯▼❯❘❚❍❨✱ ●✳❀ ❉❆❙✱ ❉✳ ❑✳ ❆♥ ❋❖✕❬P■❪ λ ❝♦♥tr♦❧❧❡r ❢♦r ✐♥✈❡rt❡❞ ❞❡❝♦✉♣❧❡❞
t✇♦✲✐♥♣✉t t✇♦✲♦✉t♣✉t ❝♦✉♣❧❡❞ t❛♥❦ s②st❡♠✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❙②st❡♠s ❙❝✐❡♥❝❡✱
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