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Resumo

Esta tese apresenta o estudo de hipersuperficies imersas em ambientes Lorentzianos e produ-
tos warped Riemannianos. Na primeira parte, analisamos as hipersuperficies que satisfazem
condicoes sobre a curvatura média, obtendo resultados de rigidez e nao existéncia para solitons
do fluxo da curvatura média em espacos-tempo GRW e espacos estaticos padrao. Demon-
stramos aplicagoes desses resultados em ambientes como Einstein-de Sitter Spacetime, Steady
State Type Spacetimes, Lorentz-Minkowski space, etc. Obtendo resultados tipo Calabi-Bernstein
e destacando resultados de estabilidade de hipersuperficies. Na segunda parte, estudamos hiper-
superficies two-sided imersas em produtos warped Riemannianos, estabelecendo resultados de
existéncia, rigidez e nao existéncia de solitons do fluxo da curvatura média, sujeitos a condigoes
sobre a curvatura média e a funcao warping do ambiente. Demonstramos aplicagoes desses resul-
tados em ambientes como Real projective space, pseudo-hyperbolic spaces, Schwarzchild space
e Reissner-Nordstrom spcace. Também dedicamos parte do estudo as subvariedades imersas em

ambiente ponderados.

Palavras-chave: Espago-tempo de Robertson-Walker generalizado; Solitons do Fluxo da cur-

vatura média; subvariedade riemanianas; Espagos estaticos padrao.
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Abstract

This thesis presents the study of hypersurfaces immersed in Lorentzian and warped Riemannian
products ambient. In the first part, we analyze hypersurfaces that satisfy conditions on the
mean curvature, obtaining rigidity and non-existence results for solitons of the mean curvature
flow in GRW spacetimes and standard static spaces. We demonstrate applications of these
results in ambient such as Einstein-de Sitter Spacetime, Steady State Type Spacetimes, Lorentz-
Minkowski space, and more. We obtain Calabi-Bernstein type results and highlight stability
results of hypersurfaces. In the second part, we study two-sided hypersurfaces immersed in
warped Riemannian products, establishing results on existence, rigidity, and non-existence of
solitons of the mean curvature flow, subject to conditions on the mean curvature and warping
function of the ambient. We demonstrate applications of these results in ambient such as Real
projective space, pseudo-hyperbolic spaces, Schwarzchild space, and Reissner-Nordstrom space.

We also dedicate part of the study to submanifolds immersed in weighted ambient.

Keywords: Generalized Robertson-Walker spacetimes; mean curvature flow solitons; Rieman-

nian submanifolds; Standard static spacetimes.
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Introducao

Esta tese esta dividida em duas partes independentes, como se segue:

Parte I: Unicidade e nao existencia de hipersuperficies
completas tipo-espaco

A teoria das imersoes isométricas fornece as ferramentas adequadas para abordar alguns
problemas importantes que envolvem singularidades e colapso gravitacional em espacos-tempo.

Os teoremas da singularidade provados na década de 1960 por Penrose [126] e Hawking [96]
afirmam que a formacao de singularidades é inevitavel, caso assumirmos condi¢oes razoaveis
sobre a curvatura do espaco tempo, e sobre a geometria extrinseca de certas hipersuperficies e
sobre a estrutura causal do colector Lorentziano. A existéncia de hipersuperficies espaciais(ou
seja, hipersuperficies cuja métrica induzida é uma métrica Riemanniana) no espago-tempo, em
particular, é um requisito fundamental na formulacao original dos teoremas de singularidade,
bem como nas suas generalizagoes mais recentes (para mais detalhes, ver [136,139] e respectivas
referéncias).

Neste contexto, poderiamos fazer a seguinte pergunta:

Questionamento 1: Do ponto de vista matematico, existe alguma relevancia para a

investigacao de hipersuperficies espaciais em uma variedade lorentziana?

Para responder a esta pergunta, assumimos um ambiente que até certo ponto modela locais
com singularidades e colapsos gravitacionais, desse modo investigamos a geometria de hipersu-
perficies espaciais completas num espago-tempo de Robertson-Walker (GRW) generalizado. Por
espago-tempo GRW, entendemos um produto lorentziano com deformagao —1 x, M™ cuja fibra
Riemanniana M" e fungao warping p € C*°([), onde I C R é um intervalo aberto.

Neste contexto, diante de varias caracteristicas geométricas que poderiam ser trabalhadas,

em particular sobre a curvatura média, poderiamos levantar uma segunda questao:

Questionamento 2: Quais sao as restricoes ideais na curvatura média de uma hipersuperficie
completa tipo-espago num espacgo-tempo GRW, para obter resultados de singularidade e

inexisténcia?

Recentemente, Aledo, Rubio e Salamanca [18] estudaram superficies espaciais completas com

curvatura média limitada nos espagos-tempo GRW —1I x, M", cuja fibra Riemanniana M" ¢

1



assumida como sendo completa nao compacta e com recobrimento universal parabdlico. Como

segue o enunciado abaixo:

Theorem (Theorem 3.1 of [18]). Seja M = —I x, M™ um produto warped lorentiziano que
possui recobrimento espacialmente parabdlico cuja funcao warping nao € globalmente constante
e satisfaz (logp)” < a(logp)? para alguma constante real o > 0. Seja v : M — M uma

hipersuperficie completa com angulo hiperbolico limitado e tal que sup p(7) < oo e inf p(7) > 0.

Se
(1)

1= e

cosh? o,

)

entao M ¢ um slice.

Neste cendrio, os autores supracitados utilizaram uma métrica adequada numa hipersuperficie
tipo-espago para fornecer resultados de rigidez. Como aplicagao, obtiveram novos resultados do
tipo Calabi-Bernstein relativos a graficos espaciais definidos na fibra Riemanniana M".

Prosseguindo, lidamos com hipersuperficies espaciais completas num espago-tempo GRW
—1 x, M™. Sob restri¢oes adequadas sobre a curvatura seccional da fibra Riemanniana M", so-
bre a fungao de deformagao p e sobre a curvatura média futura (isto é, a fungao curvatura média
em relacdo ao mapa de Gauss da hipersuperficie tipo-espago), trabalhamos com uma mudanca
conforme da métrica induzida (ja utilizada por Aledo, Rubio e Salamanca in [18])) para provar
que uma tal hipersuperficie tipo-espaco deve ser uma slice {t} x M™ do espaco-tempo ambiente.
Também obtivemos resultados de nao-existéncia e tipo Calabi-Bernstein relativos a graficos espa-
ciais inteiros definidos sobre a fibra Riemanniana M™, bem como sao dadas aplicagoes quando o
ambiente é Einstein-de Sitter e ao steady state type espaco-tempo. A nossa abordagem se baseia
no principio do maximo generalizado de Omori-Yau e em certas propriedades de integrabilidade
devidas ao Yau.

E claro que podemos expandir um pouco o nosso universo de elementos para trabalhar com
uma classe maior de objetos geométricos. Isto pode ser feito da seguinte forma: tome R} um

espaco de Minkowski (n + 1)-dimensional (R}, §) com a sua métrica Lorentziana padrao

n+1

g = —da + de?
i=2

Seja v : X" — R uma imersdo espacial (o que significa que tem uma métrica Riemanniana
induzida) no espago Minkowski. O fluxo de curvatura média do espago-tempo associado a 1 é
uma familia de imersoes espaciais suaves W, = W(t,-) : ¥" — R com imagens correspondentes

¥} = U, (X") satisfazendo a seguinte equagao de evolugao

ov o
E = H
W (0,2) = ¢(x)

em algum intervalo de tempo, onde H representa o vector de curvatura média (ndo-normalizado)

da subvariedade espacial X7 em R}, As solucoes da equacdo de evolucio anterior sdo chamados



de sélitons.

Mais uma vez, chegamos a seguinte questao:

Questionamento 3: Qual é a relevancia de estudar os sélitons do fluxo de curvatura média

nos espacoes-tempo GRW?

O fluxo da curvatura média no espago de Minkowski e, mais geralmente, em uma variedade
Lorentziana tem sido estudado extensivamente por vérios autores (ver, por exemplo, [1,80-83,85,
86,102,103,105,106,108,141]) e, segundo [81], uma justificacdo importante para este interesse é o
fato de que os sélitons de translagao tipo-espago podem ser considerados como uma forma natural
de folhear o espago-tempo por hipersuperficies. Exemplos particulares podem dar uma visao da
estrutura de certos espacos-tempo no infinito nulo e ter possiveis aplicagoes na Relatividade
Geral (para mais detalhes, ver [81]).

Mais recentemente, Lambert e Lotay [111] provaram uma existéncia para tempos longos e
resultados de convergéncia para solugoes espaciais que sao fluxo da curvatura média no espaco
pseudo-euclidiano n-dimensional R de indice m, que sao inteiros ou definidos em dominios
delimitados e satisfazem as condigoes de fronteira do tipo Neumann ou Dirichlet. Em [94],
Guilfoyle e Klingenberg provaram a existéncia para tempos longos de um fluxo da curvatura
média de uma subvariedade tipo-espago m + n-dimensional cuja métrica satisfaz a chamada
condicao de curvatura temporal.

Em [69], Colombo, Mari e Rigoli também estudaram algumas propriedades dos sélitons do
fluxo curvatura média em geral, nas variedades Riemannianas e em produtos warped, concentrando-
se nos resultados de classificacao e rigidez sob varias condi¢oes geométricas, desde a estabilidade
do sélitons até ao fato da imagem do mapa Gauss estar contida em regioes adequadas da esfera.
Além disso, investigaram também o caso de gréficos inteiros do fluxo da curvatura média, como

podemos verificar no seguinte enunciado:

Theorem (Theorem 3.4 of [69]). Seja ¢ : X" — M= -1 X, M™ um soliton do fluxo da
curvatura média com respeito K = p(t)0; conexo, completo e estdvel e seja ¢ a constante de

soliton'. Assumindo que M ¢ completo e que a curvatura seccional k, satisfaz
cp/(mroth) < nk on . (1)
Seja W =1I—{, )s®H o tensor de umbilicidade de ¢ e suponha que

U] € L*(3, ) (2)

L d int :
com 77 =5 - nitao ocorre um aos Seguzn €S CasSosSs.

(i) ¢ € totalmente geodésico (e se ¢ # 0 entao (X) € invariante pelo fluzo de K ), ou

. c . ——n+1 . wn+1 .

'Uma hipersuperficie tipo-espaco ¢ : ¥" — M imersa em um GRW espago-tempo M = T X, M™ ¢

dita ser sdliton do fluzo da curvatura média com respeito a I = p(t)0; e tem constante de sdliton ¢ € R se, e
somente se, a fungao curvatura média(nao normalizada) futura satisfaz H = ¢p(h)O.



(i) I = R, p é constante em R, 3 € isométrico ao produto R x M com M uma variedade
flat completa e X2 € também flat. Introduzindo os recobrimentos universais wy, : R" — 3,
7 i R — M e w3 = idg X mpr 2 R™ — M, 0 mapa ¢ passa a ser uma imersao
Y R — R X R" satisfazendo 737 0 ¢ = 9 o wy, que é uma isometria de R™ e uma

translacao ao longo do fator R de R™™' € dada por
Y R" — R xR", (2" 22%,...,2") = (o1(z"), oo(x')2?, ..., 2")

onde v = (01,02) : R — R? € a curva do coletor com imagem

1 2
o(R) =< (z,y) € R* : & = ——log(cos(cpoy)), ly| < }
® = { () log(eon(cp) v < =
e po € o valor constante de p on R. Além disso, existe uma submersio Riemanniana
T 2 — £ numa variedade flat e compacta €2 com fibras geodésicas nao compactas e
unidimensionais do tipo wy (R x {(z2,...,2™)}), para constante (z*,...,2") € R*'. Tal
2

fibra é mapeada por ¢ na curva (o (R) x {(z*,...,2™)}).

Além disso, qualquer um dos sdlitons em (ii) € estdavel, enquanto um soliton em (i) é estdvel se

e sd se L =NA_,+ (nk —cp') é ndo negativo.

Quando o espago ambiente é um produto Lorentziano, Batista e de Lima [40] estabeleceram
resultados de nao-existéncia para solitons de translacao completos tipo-espaco sob restricoes de
curvatura adequadas sobre as curvaturas da base. Em particular, obtiveram resultados do tipo
Calabi-Bernstein para graficos completos construidos sobre esta base Riemanniana. Para tal,
provaram uma versao do principio do maximo de Omori-Yau para sélitons. Além disso, também
construiram novos exemplos de sélitons de translacao tipo-espaco rotacionalmente simétricos
embutidos num espaco ambiente deste tipo.

Prosseguindo, no Capitulo 3, estendemos as técnicas desenvolvidas em [18, 27, 31, 40, 69]
para estudar sélitons do fluxo da curvatura média completos imersos num espago-tempo gener-
alizado Robertson-Walker (GRW), ou seja, um produto warped lorentziano —I x, M™ com uma
base 1-dimensional negativa definida I e fibra n-dimensional Riemanniana M"™. Sob restri¢oes
adequadas sobre a fungao warping p e sobre a curvatura de M", aplicamos alguns principios
do méaximos adequados a fim de obter resultados de inexisténcia e rigidez relativamente a estes
solitons. Sao dadas aplicagoes no espaco-tempo padrao GRW como, por exemplo, os espagos-
tempo do tipo Einstein-de Sitter e steady state type espago-tempo. Além disso, estabelecemos
novos resultados do tipo Calabi-Bernstein relacionados com os graficos do fluxo da curvatura
média de todo o espago-tempo, construidos sobre a fibra Riemanniana.

Também no Capitulo 3, destacaremos alguns resultados obtidos na area da estabilidade das
hipersuperficies espaciais. Recordemos que a nocao de estabilidade relativa a hipersuperficies
de curvatura média constante dos espacos ambientais Riemannianos foi estudada pela primeira
vez por Barbosa e do Carmo in [36], e por Barbosa, do Carmo e Eschenburg in [37], onde

provaram que as esferas sao os tinicos pontos criticos estaveis do funcional area para variagoes que



preservam o volume. Posteriormente, trabalhando no contexto Lorentziano, Barbosa e Oliker [38]
obtiveram um resultado analogo provando que as hipersuperficies de curvatura média constante
nas variedades Lorentzianos sao também pontos criticos do funcional area para variagoes que
mantém o volume constante. Mais tarde, Barros, Brasil e Caminha [39] estudaram o problema
de estabilidade forte(ou seja, estabilidade em relagao a variagdes mas que nao possuem volume
preservados necessariamente) das hipersuperficies com curvatura média constante num espago-
tempo Robertson-Walker (GRW) generalizado com curvatura seccional constante, dando uma
caracterizacao para as hipersuperficies maxima e slices tipo-espaco de tal espago ambiente.

Nesta altura, o leitor pode pensar:

Questionamento 4: Em qual classe de espacos-tempo podemos ainda obter resultados

semelhantes aos dos exemplos do Capitulo 2 e 37

Para esta ultima questao desta primeira parte da tese, trabalhamos com o objectivo de
investigar a rigidez e a inexisténcia de soélitons do fluxo de curvatura média do espago em relagao
ao campo vetorial Killing temporal K de um espago-tempo estdtico padrao, que (de acordo com a
Defini¢ao 12.36 of [123]) pode ser considerado como um produto deformado M"™ x,RR; cuja base
Riemanniana M™ é uma folha arbitrariamente fixa da distribuicao ortogonal a K e com funcao
warping p € C*°(M) dado por p = |K|. A importancia do espago-tempo estatico padrao provém
do fato de incluirem alguns espacos-tempo classicos, como o espago-tempo Lorentz-Minkowski,
o universo estatico de Einstein, bem como modelos que descrevem um universo onde existe
apenas uma massa esférica simétrica nao rotativa, como uma estrela ou um buraco negro, como
o espago-tempo exterior de Schwarzschild (ver os exemplos citados na subsecao 1.3).

Esta parte da tese ¢ dedicada a generalizar e melhorar alguns dos resultados acima citados.

Parte 1I: Rigidez de hipersuperficies em certos produtos
warped e resultados para subvariedades em produtos pon-

derados

Na segunda parte desta tese, dedicamo-nos a expor os resultados em variedades Riemanni-
anas. Embora exista certa similaridade com a primeira parte, onde foram obtidos resultados
semelhantes em ambientes Lorentzianos, também abordamos temas distintos que contribuiram
para a literatura académica em outras frentes. Ao trabalhar com variedades Riemannianas, é
possivel explorar propriedades geométricas e métricas das variedades sem a restricao do carater
Lorentziano. Isso permite investigar questoes especificas relacionadas a curvatura, geodésicas,
volume, entre outras caracteristicas intrinsecas das variedades Riemannianas.

Embora os resultados possam ser semelhantes aos encontrados para ambientes Lorentzianos
em termos de técnicas e métodos utilizados, os contextos diferem e podem levar a conclusoes
distintas. Além disso, ao abordar temas diferentes na segunda parte da tese, contribui-se para

a diversificacao do conhecimento na literatura académica. Essa abordagem complementar entre



a primeira e segunda parte da tese, explorando ambientes Lorentzianos e Riemannianos, pode
enriquecer a compreensao das propriedades das variedades e fornecer uma visao mais abrangente
sobre o assunto estudado.

A investigagao sobre a rigidez de hipersuperficies imersas num espaco Riemanniano é cer-
tamente um topico relevante em andlise geométrica, e podemos afirmar que este ramo de in-
vestigacao teve inicio com o teorema cldssico de Bernstein [50] (depois emendado por Hopf
em [99]), no qual afirma que os tinicos graficos inteiros minimos em R? sao os planos. O teorema
de Bernstein foi estendido a R™, para n < 7, com os trabalhos de Fleming [88], de Giorgi [90]
e Simons [137]. Mas Bombieri, de Giorgi e Giusti [51] inferiram que o teorema de Bernstein
nao é vélido para n > 8. Por outro lado, Moser [120] mostrou que os hiperplanos sdo os tinicos
gréficos minimos inteiros de fungoes u € C*(R") cujo gradiente Du tem norma limitada em R™,
para todos os valores de n. J4 em 2015, Lima e Oliveira [121] obteve novos resultados do tipo
Moser relacionados com grafos inteiros de curvatura média constante construidos sobre a fibra
M"™ de um espaco produto R x M™.

Quando o espago ambiente ¢ um produto warped do tipo I x, M", onde I C R representa
um intervalo aberto e p é uma funcdo suave positiva definida em I, Montiel [115] estudou a
rigidez de hipersuperficies compactas de curvatura média constante. Neste contexto mais geral,
usou o fato de um tal produto warped ser dotado de um campo de vetores Killing globalmente
conforme definido dado por pd; (onde 0, representa o campo de vectores unitrio tangente a
I C R) para provar que estas hipersuperficies devem ser fatias {t} x M™, sob a hipétese de que
sao localmente grafos na fibra M™.

Mais tarde, Alias e Dajczer [25] obtiveram os resultados de Montiel [115] considerando hiper-
superficies completas, nao necessariamente compactas, imersas em R x, M". Posteriormente,
de Lima juntamente com Aquino [20] e Caminha [62], obtiveram resultados de rigidez para
graficos verticais completos com curvatura média constante em I x, M", assumindo restrigoes
apropriadas sobre os valores da curvatura média e da norma do gradiente da funcao altura h.
Em seguida, supondo que o gradiente de h é integravel e que a funcao curvatura média toma
valores no intervalo (0, 1], o segundo autor em conjunto com Camargo e Caminha [61] aplicou
uma técnica de Yau [148] para provar que hipersuperficies completas situadas em uma faixa de
um espacgo pseudo-hiperbdlico R x . M™ devem ser slices.

Motivados por estes trabalhos, tratamos no Capitulo 6 de hipersuperficies completas two-
sided (isto é, hipersuperficies completas com fibrado normal trivial) imersas num produto warped
do tipo I x, M™. Sob restri¢oes adequadas na funcao warping p, na curvatura seccional da fibra
M™ e na curvatura média de uma tal hipersuperficie ", aplicamos alguns principios de maximo
para mostrar que X" tem de ser uma slice de I x, M". E também feito um estudo de grafos
inteiros construidos sobre M™, bem como sao dadas aplicacoes a espacgos pseudo-hiperbédlicos
I X M™.

Por outro lado, Alfas, de Lira e Rigoli [27] introduziram a definigao geral de solugdes auto-
similares do fluxo da curvatura média numa variedade Riemanniana M dotada de um campo

vetorial K e estabeleceram a correspondente nocao de soliton do fluxo da curvatura média. Em



particular, quando M6 um produto warped Riemanniano do tipo I x, M" e K = p(t)0,,
aplicaram principios de maximos fracos para garantir que um séliton do fluxo da curvatura média
completo é uma slice de M. De modo similar ao realizado no Capitulo 3, obtivemos resultados
de rigidez e nao existéncia de sélitons do fluxo da curvatura média em modelos Riemannianos
warped.

Em alguns dos resultados obtidos no Capitulo 3, utilizamos o operador Laplaciano ponder-
ado como um mecanismo analitico para obter os resultados desejados, independentemente da
presenca de uma funcao ponderadora no ambiente. No entanto, na tultima secao desta tese,
dedicamos-nos a apresentar resultados obtidos em ambientes ponderados por uma funcao ¢
positiva e integravel.

No ramo da analise geométrica, muitos problemas levam-nos a considerar variedades Rie-
mannianas dotadas de uma medida que tem uma densidade positiva suave em relacao a medida
Riemanniana. Isto acaba por ser compativel com a estrutura métrica da variedade e os espacos
resultantes sao variedades weighted, que também sao chamadas variedades com densidade ou
espacos de medida métrica suave na literatura atual. Mais precisamente, dada uma variedade
Riemanniana completa n-dimensional (M™,g) e uma funcao suave ¢ : M™ — R, a variedade
ponderada M7 associada a M" e ¢ ¢ a tripla (M"™, g,dp = e=?dM), onde dM denota o elemento
de volume padrao de M™.

Aparecendo naturalmente no estudo de self-shrinkers, sélitons de Ricci, fluxos do calor
harmonicos e muitos outros, as variedades ponderadas provaram ser importantes generalizagoes
das variedades Riemannianas e, hoje em dia, ha varias investigagoes geométricas a seu respeito.
Para um breve panoramica dos resultados neste dominio, remetemos para os artigos de Mor-
gan [119] e Wei-Wylie [146].

Salientamos que uma teoria da curvatura de Ricci para variedades ponderadas remonta a
Lichnerowicz [112,113] e foi posteriormente desenvolvida por Bakry e Emery no seu trabalho
seminal [45]. Neste contexto, como ingrediente crucial para compreender a geometria de uma
variedade ponderada M7, introduzimos o chamado Bakry—Emery—Riccz’ tensor Ric, como sendo

a seguinte extensao do tensor de Ricci padrao Ric de M™:
Ric, = Ric + Hess ¢. (3)

Consequentemente, é natural estender os resultados enunciados em termos da curvatura de Ricci
a resultados andlogos para o tensor de Bakry-Emery-Ricci.

Por outro lado, sabe-se que os campos vetoriais Killing conformes sao objetos importantes
que tém sido amplamente utilizados para compreender a geometria de subvariedades imersas
em espagos Riemannianos. Neste contexto, Montiel [115] estudou hipersuperficies compactas de
curvatura média constante imersas em produtos warped do tipo Rx ,M™ e S' x ,M™. Observamos
que esta classe de produtos warped é dotada de um campo vetorial Killing globalmente conforme
definido por pd;, onde 9, representa o campo vectorial unitario tangente a R ou S!. Supondo que
tais hipersuperficies sdo localmente grafos em M", Montiel provou que (até casos excepcionais

bem compreendidos) tém de ser slices {t} x M".



Mais tarde, este tema foi revisitado em [25] por Alias e Dajczer, onde generalizaram os re-
sultados de Montiel considerando hipersuperficies completas, nao necessariamente compactas,
imersas em R x, M". Posteriormente, Henrique de Lima juntamente com Caminha [62] e pos-
teriormente com Aquino [20], investigaram a unicidade de gréficos verticais completos com cur-
vatura média constante num produto deformado I x, M™. Sob restricoes adequadas aos valores
da curvatura média e a norma do gradiente da funcao altura, obtiveram teoremas de unicidade
relativos a tais graficos. Em seguida, Rosenberg, Schulze e Spruck [134] mostraram que um
grafo inteiro minimo com funcao altura nao negativa num espago produto R x M", cuja fibra
M™ é completa com curvatura de Ricci nao negativa e curvatura seccional limitada por baixo,
tem de ser um slice. Posteriormente, Henrique de Lima et al. [19,74] obtiveram algumas outras
condicoes suficientes que asseguram que uma hipersuperficie completa de two-sided imersa num
espago produto R x M™, cuja fibra M™ tem curvatura seccional limitada por baixo, ¢ uma slice
do espaco ambiente, desde que a sua funcao angular tenha algum comportamento adequado.

Mais recentemente, Araujo, de Lima e Velasquez em [29] investigaram subvariedades n-
dimensionais imersas em I x, M"*?, cuja funcao de deformacao p tem logaritmo convexo. Assu-
mindo que uma tal subvariedade ¢ : " — I x, M"*? é fechada, estocasticamente completa ou
completa com curvatura de Ricci nao negativa, e que a sua funcao suporte (F[ ,0¢) é constante
(onde H representa o campo vetorial de curvatura média de 1Y), provaram que (%) tem de
estar contido numa fatia do espago ambiente. Como consequéncia dos seus resultados de rigidez,
quando p = 1 obtiveram resultados de nao existéncia relativos a subvariedades minimas imersas
num tal espaco ambiente.

Finalizamos esta tese dedicando-nos ao estudo de subvariedades completas imersas em um
produto warped ponderado do tipo I x, M;‘*p , onde a funcao de warping p é logaritmicamente
convexa e a funcao de peso ¢ nao depende do parametro real t € I. Ao assumir a constancia de
uma funcao de suporte apropriada que envolve o campo vetorial de curvatura média ¢ de uma
subvariedade ¥", juntamente com restricoes adequadas sobre o tensor de Bakry—Emery—Ricci
de X", provamos que ela deve estar contida em um slice do espaco ambiente. Como resultado,
obtivemos reducoes de codimensao e resultados do tipo Bernstein para multigrafos completos
w-minimal bounded construidos sobre o espaco Gaussiano n-dimensional. Nossa abordagem
baseia-se no principio do maximo fraco generalizado de Omori-Yau e em resultados do tipo
Liouville para o drift Laplaciano.

No decorrer desta tese, serao apresentados todos os resultados obtidos, os quais foram detal-
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Introduction

This thesis is divided into two independent parts as follows:

Part I: Uniqueness and nonexistence of complete spacelike

hypersurfaces

The theory of isometric immersions provides the adequate tools to approach some important
problems involving spacetime singularities and gravitational collapse.

The singularity theorems proved in the 1960s by Penrose [126] and Hawking [96] state that the
formation of singularities is unavoidable, if one assumes reasonable conditions on the curvature of
the spacetime, on the extrinsic geometry of certain hypersurfaces and on the causal structure of
the Lorentzian manifold. The existence of spacelike hypersurfaces (that is, hypersurfaces whose
induced metric is a Riemannian metric) in the spacetime, in particular, is a key requirement in
the original formulation of the singularity theorems as well as in their more recent generalizations
(for more details, see [136,139] and references therein).

In this context we could ask the following question:

Question 1:From a mathematical point of view, is there any relevance of the investigation of

spacelike hypersurfaces in a Lorentzian manifold?

To answer this question, we assume an environment that to some extent locales models with
singularities and gravitational collapses, so that we have investigate the geometry of complete
spacelike hypersurfaces in a generalized Robertson- Walker (GRW) spacetime. By a GRW space-
time, we mean a Lorentzian warped product —I x, M"™ with Riemannian fiber A" and warping
function p € C*°(I), where I C R is an open interval.

In this context, in view of several geometrical features that could be worked on, in particular

about mean curvature, we could ask a second question:

Question 2: What are the optimal constraints on the average curvatures of a complete

hypersurfaces spacelike in a GRW spacetime, to obtain singularity and nonexistence results?

Recently, Aledo, Rubio and Salamanca [18] studied complete spacelike hypersurfaces with
functionally bounded mean curvature in GRW spacetime —I x, M", whose Riemannian fiber
M™ is assumed to be complete noncompact and with parabolic universal covering. As follows

the statement below:
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Theorem (Theorem 3.1 of [18]). Let M = —1I x, M™ be a spatially parabolic covered Lorentzian
warped product whose warping function is not globally constant and satisfies (logp)” < a(logp)™
for a certain real constant o > 0. Let ¢ : M — M be a complete hypersurface with bounded
hyperbolic angle and such that sup p(7) < oo and inf p(1) > 0. If

p'(7)

=)

cosh? o,

)

then M 1is a spacelike slice.

In this setting, the previous authors they used a suitable metric conformal to that induced on
a spacelike hypersurface to provide rigidity results. As application, they obtained new Calabi-
Bernstein type results concerning spacelike graphs defined on the Riemannian fiber M™.

Proceeding with this picture, we deal with complete spacelike hypersurfaces in a GRW space-
time —I x, M". Under suitable constraints on the sectional curvature of the Riemannian fiber
M™, on the warping function p and on the future mean curvature (that is, the mean curvature
function with respect to the future-pointing Gauss map of the spacelike hypersurface), we work
with a conformal change of the induced metric (already used by Aledo, Rubio and Salamanca
in [18]) to prove that such a spacelike hypersurface must be a slice {t} x M™ of the ambient
spacetime. Nonexistence and Calabi-Bernstein type results concerning entire spacelike graphs
constructed over the Riemannian fiber M™ we have obtained, as well as applications to the
Einstein-de Sitter and steady state type spacetimes are given. Our approach is based on the
so-called Omori-Yau'’s generalized maximum principle and on certain integrability properties due
to Yau.

Of course we can expand our universe of elements a bit to work with a larger class of geometric
objects. This can be done as follows: with R?™" be the (n + 1)-dimensional Minkowski space

(R}*!, @) with its standard Lorentzian metric

n+1

g = —dx? + Zdwf
i=2

Let ¢ : " — R"™ be a spacelike immersion (which means that it has a Riemannian induced
metric) in the Minkowski space. The spacelike mean curvature flow associated to 1) is a family of
smooth spacelike immersions ¥, = W(¢,-) : ¥ — RI*! with corresponding images X7 = W, (X")

satisfying the following evolution equation

ov -
E_H

W(0,2) = ¢(x)

on some time interval, where H stands for the (non-normalized) mean curvature vector of the
spacelike submanifold X7 in R?™!. The solutions of the previous evolution equation are called
solitons.

Again we come to the following question:
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Question 3: What is the relevance of studying mean curvature flow solitons in GRW?

Mean curvature flow in the Minkowski space and, more generally, in a Lorentzian manifold
has been extensively studied by several authors (see, for instance, [1,80-83,85,86,102,103, 105,
106, 108, 141]) and, according to [81], an important justification for this interest is the fact
that spacelike translating solitons can be regarded as a natural way of foliating spacetimes by
almost null like hypersurfaces. Particular examples may give insight into the structure of certain
spacetimes at null infinity and have possible applications in General Relativity (for more details,
see [81]).

More recently, Lambert and Lotay [111] proved long-time existence and convergence results
for spacelike solutions to mean curvature flow in the n-dimensional pseudo-Euclidean space R”,
of index m, which are entire or defined on bounded domains and satisfying Neumann or Dirichlet
boundary conditions. In [94], Guilfoyle and Klingenberg proved the longtime existence for mean
curvature flow of a smooth n-dimensional spacelike submanifold of an (n + m)-dimensional
manifold whose metric satisfies the so-called timelike curvature condition. Meanwhile, Alias, de
Lira and Rigoli [27] introduced the general definition of self-similar mean curvature flow in a
Riemannian manifold 7" endowed with a vector field K and establishing the corresponding
notion of mean curvature flow soliton.

In [69], Colombo, Mari and Rigoli also studied some properties of mean curvature flow
solitons in general Riemannian manifolds and in warped products, focusing on splitting and
rigidity results under various geometric conditions, ranging from the stability of the soliton to
the fact that the image of its Gauss map be contained in suitable regions of the sphere, as we

can see from the following statement:

Theorem (Theorem 3.4 of [69]). Let ¢ : ¥ — M= X, M"™ be a connected, complete,
stable mean curvature flow soliton with respect to K = p(t)0; with soliton constant ¢*. Assume

that M is complete and has constant sectional curvature k, with
cp (o) < nk on . (4)
Let W =11 —(, )s ® H be the umbilicity tensor of 1 and suppose that

U] € L*(%, e) (5)
with n = g Then one of the following cases occurs:

(i) 1 is totally geodesic (and if ¢ # 0 then ¥(X) is invariant by the flow of X ), or

(ii)) I = R, p is constant on R, ¥ is isometric to the product R x M with M a complete
flat manifold and ¥ is also flat. By introducing the universal coverings s, : R — 3,

7y 0 R — M and nq7 = idg X 7y 2 R™™ — M, the map  lifts to an immersion

. S+l . . . ——n+1 . . .
2a spacelike hypersurface ¢ : £ — M " immersed in a GRW spacetime M "o 1 oM™ is said a spacelike
mean curvature flow soliton with respect to IC = p(t)0y and with soliton constant ¢ € R if its (non-normalized)
future mean curvature function satisfies H = ¢p(h)0©.
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Y R" — R X R"™ satisfying my; 0 ¢ = 1 o wy, which up to an isometry of R™ and a

translation along the R factor of R"*1 is given by
YR — RxR", (227 ...,2") = (o1(2h), oo (z)2?, ..., 2"™)

where v = (01,09) : R — R? is the grim reaper curve with image

1 2
o(R) =< (x,y) € R*: & = ———log(cos(cpoy)), |y| < }
® = { (@) log(eos(cp) v <~
and pg.is the constant value of p on R. Furthermore, there exists a Riemannian submersion
T X — Q onto a compact, flat manifold 2 with 1-dimensional, noncompact geodesic
fibers of the type my (R x {(22,...,2™)}), for constant (22,...,2™) € R™™L. Such fiber is
mapped by 1 into the grim reaper curve nyp(c(R) x {(x2,...,2™)}).

Furthermore, any of the solitons in (ii) is stable, while a soliton in (i) is stable if and only if

L=A_.,+ (nk—cp) is non-negative.

Moreover, they also investigated the case of entire mean curvature flow graphs. When the
ambient space is a Lorentzian product space, the Batista and de Lima [40] established nonex-
istence results for complete spacelike translating solitons under suitable curvature constraints
on the curvatures of the Riemannian base of the ambient space. In particular, they obtained
Calabi-Bernstein type results for entire translating graphs constructed over this Riemannian
base. For this, they proved a version of the Omori-Yau’s maximum principle for complete space-
like translating solitons. Besides, they also constructed new examples of rotationally symmetric
spacelike translating solitons embedded in such an ambient space.

Proceeding with this retrospective commentary, in Chapter 3, extend the techniques devel-
oped in [18,27,31,40,69] to study complete spacelike mean curvature flow solitons immersed
in a generalized Robertson-Walker (GRW) spacetime, that is, a Lorentzian warped product
—1 x, M™ with 1-dimensional negative definite base I and n-dimensional Riemannian fiber M".
Under suitable constraints on the warping function p and on the curvatures of M", we apply suit-
able maximum principles in order to obtain nonexistence and uniqueness results concerning these
solitons. Applications to standard GRW spacetimes as, for instance, the Einstein-de Sitter and
steady state type spacetimes, are given. Furthermore, we establish new Calabi-Bernstein type
results related to entire spacelike mean curvature flow graphs constructed over the Riemannian
fiber of the ambient spacetime.

Also in Chapter 3, we will highlight some results obtained in the area of stability of hyper-
surfaces spacelike. Recall that the notion of stability concerning hypersurfaces of constant mean
curvature of Riemannian ambient spaces was first studied by Barbosa and do Carmo in [36],
and by Barbosa, do Carmo and Eschenburg in [37], where they proved that spheres are the
only stable critical points of the area functional for volume-preserving variations. Afterwards,
working in the Lorentzian context, Barbosa and Oliker [38] obtained an analogous result proving

that constant mean curvature spacelike hypersurfaces in Lorentzian manifolds are also critical
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points of the area functional for variations that keep the volume constant. Later on, Barros,
Brasil and Caminha [39] studied the problem of strong stability (that is, stability with respect
to not necessarily volume-preserving variations) for spacelike hypersurfaces with constant mean
curvature in a generalized Robertson-Walker (GRW) spacetime of constant sectional curvature,
giving a characterization for the maximal spacelike hypersurfaces and spacelike slices of such an
ambient space.

At this point, the reader might think:

Question 4: Anyorder class of spacetimes that we can obtain similar results those examples in
Chapter 2 and 3?7

For this last question of this first part of the thesis, we work with the objective our purpose
is to investigate the uniqueness and nonexistence of solitons of the spacelike mean curvature
flow with respect to the timelike Killing vector field K of a standard static spacetime, which
(according to Definition 12.36 of [123]) can be regarded as a warped product M" x, R; whose
Riemannian base M™ is an arbitrarily fixed spacelike integral leaf of the distribution orthogonal
to K and with warping function p € C*°(M) given by p = | K|. The importance of standard static
spacetimes comes from the fact that they include some classical spacetimes, such as Lorentz-
Minkowski spacetime, Einstein static universe as well as models that describe an universe where
there is only a spherically symmetric non-rotating mass, as a star or a black hole, like exterior
Schwarzschild spacetime (see the examples quoted in Subsection 1.3).

This part of the thesis is devoted to generalize and improve some of the above cited notorious

results.

Part II: Rigidity of hypersurfaces in certain warped prod-

ucts and results for submanifolds in weighted productss

In the second part of this thesis, we devoted ourselves to presenting the results in Riemannian
manifolds. Although there is some similarity with the first part, where similar results were ob-
tained in Lorentzian settings, we also addressed distinct topics that contributed to the academic
literature in other directions. Working with Riemannian manifolds allows us to explore their
geometric and metric properties without the restriction of Lorentzian character. This enables
the investigation of specific issues related to curvature, geodesics, volume, and other intrinsic
characteristics of Riemannian manifolds.

While the results may be similar to those found in Lorentzian settings in terms of techniques
and methods used, the contexts differ and can lead to distinct conclusions. Furthermore, by
addressing different topics in the second part of the thesis, we contribute to the diversification
of knowledge in the academic literature. This complementary approach between the first and
second parts of the thesis, exploring Lorentzian and Riemannian settings, can enhance the
understanding of manifold properties and provide a more comprehensive view of the studied

subject
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The investigation concerning the rigidity of hypersurfaces immersed in a Riemannian space
is certainly a relevant topic in geometric analysis, and we can affirm that this research branch
started with Bernstein’s classical theorem [50] (after amended by Hopf in [99]), which says that
the only entire minimal graphs in R3 are the planes. Bernstein’s theorem was extended to R",
for n < 7, with the works of Fleming [88], de Giorgi [90] and Simons [137]. But, Bombieri, de
Giorgi and Giusti [51] inferred that Bernstein’s theorem does not hold for n > 8. On the other
hand, Moser [120] showed that the hyperplanes are the only entire minimal graphs of functions
u € C%(R™) whose gradient Du has bounded norm on R™, for all values of n. In 2015, Lima and
Oliveira [121] obtained new Moser-type results related to entire constant mean curvature graphs
constructed over the fiber M"™ of a product space R x M".

When the ambient space is a warped product of the type I x,M", where I C R stands for an
open interval and p is a positive smooth function defined on I, Montiel [115] studied the rigidity
of constant mean curvature compact hypersurfaces. In this more general context, he used the
fact that such a warped product is endowed with a globally defined conformal Killing vector
field given by pd, (where 9, stands for the unit vector field tangent to I C R) to prove that these
hypersurfaces must be slices {t} x M", under the assumption that they are locally graphs on
the fiber M™.

Later on, Alfas and Dajczer [25] reobtained Montiel’s results [115] considering complete,
not necessarily compact, hypersurfaces immersed in R x, M". Afterwards, de Lima jointly
with Aquino [20] and Caminha [62] obtained rigidity results for complete vertical graphs with
constant mean curvature in I x, M", assuming appropriate restrictions on the values of the
mean curvature and the norm of the gradient of the height function h. Next, supposing that the
gradient of h is Lebesgue integrable and that the mean curvature function takes values in the
interval (0, 1], the second author jointly with Camargo and Caminha [61] applied a technique
of Yau [148] to prove that complete hypersurfaces lying in a slab of a pseudo-hyperbolic space
R x.+ M™ must be slices.

Motivated by these works, here we deal in Chapter 6 with complete two-sided hypersurfaces
(that is, complete hypersurfaces having trivial normal bundle) immersed in a warped product
of the type I x, M™. Under suitable constraints on the warping function p, on the sectional
curvature of the fiber M™ and on the mean curvature of such a hypersurface ", we apply some
maximum principles in order to show that X" must be a slice of I x, M". A study of entire
graphs constructed over M" is also made, as well as applications to pseudo-hyperbolic spaces
I X M™ are given.

On the other hand, Alias, de Lira and Rigoli [27] introduced the general definition of self-
similar mean curvature flow in a Riemannian manifold """ endowed with a vector field K
and establishing the corresponding notion of mean curvature flow soliton. In particular, when
M is a Riemannian warped product of the type I x, M™ and K = p(t)0,, they applied weak
maximum principles to guarantee that a complete n-dimensional mean curvature flow soliton is
a slice of """, Similar to what was done in Chapter 3, we have obtained results regarding

rigidity and the non-existence of solitons for the mean curvature flow in warped Riemannian
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models.

In some of the results obtained in Chapter 3, we used the weighted Laplacian operator as
an analytical mechanism to achieve the desired outcomes, regardless of the presence of a weight
function in the environment. However, in the last section of this thesis, we focused on presenting
results obtained in environments weighted by a positive and integrable function ¢.

Into the branch of the geometric analysis, many problems lead us to consider Riemannian
manifolds endowed with a measure that has a smooth positive density with respect to the
Riemannian one. This turns out to be compatible with the metric structure of the manifold and
the resulting spaces are the weighted manifolds, which are also called manifolds with density
or smooth metric measure spaces in the current literature. More precisely, given a complete
n-dimensional Riemannian manifold (M™, g) and a smooth function ¢ : M™ — R, the weighted
manifold M} associated to M™ and ¢ is the triple (M"™, g,dp = e=?dM), where dM denotes the
standard volume element of M™.

Appearing naturally in the study of self-shrinkers, Ricci solitons, harmonic heat flows and
many others, weighted manifolds are proved to be important nontrivial generalizations of Rie-
mannian manifolds and, nowadays, there are several geometric investigations concerning them.
For a brief overview of results in this scope, we refer the articles of Morgan [119] and Wei-
Wylie [146].

We point out that a theory of Ricci curvature for weighted manifolds goes back to Lich-
nerowicz [112,113] and it was later developed by Bakry and Emery in their seminal work [45].
In this setting, as a crucial ingredient to understand the geometry of a weighted manifold Mg,
they introduced the so-called Bakry-Emery-Ricci tensor Ric, as being the following extension
of the standard Ricci tensor Ric of M™:

Ric, = Ric + Hess ¢. (6)

Consequently, it is natural to try to extend results stated in terms of the Ricci curvature to
analogous results for the Bakry—Emery—Ricci tensor.

On the other hand, it is well known that conformal Killing vector fields are important objects
which have been widely used in order to understand the geometry of submanifolds immersed
in Riemannian spaces. In this setting, Montiel [115] studied constant mean curvature compact
hypersurfaces immersed in warped products of the type R x , M™ and S' x , M". We observe that
such class of warped products are endowed with a globally defined conformal Killing vector field
given by pd,, where 9, stands for the unit vector field tangent to either R or S!. By supposing
that such hypersurfaces are locally graphs on M™, Montiel proved that (up to exceptional well-
understood cases) they must be slices {t} x M™.

Later on, this thematic was revisited in [25] by Alias and Dajczer, where they general-
ized Montiel’s results considering complete, not necessarily compact, hypersurfaces immersed in
R x, M". Afterwards, Henrique de Lima together with Caminha [62] and later Aquino [20] in-
vestigated the uniqueness of complete vertical graphs with constant mean curvature in a warped

product I x, M™. Under suitable restrictions on the values of the mean curvature and the

16



norm of the gradient of the height function, they obtained uniqueness theorems concerning to
such graphs. Next, Rosenberg, Schulze and Spruck [134] showed that an entire minimal graph
with nonnegative height function in a product space R x M", whose fiber M™ is complete with
nonnegative Ricci curvature and sectional curvature bounded from below, must be a slice. Af-
terwards, the Henrique de Lima et al. [19, 74] obtained some other sufficient conditions which
assure that a complete two-side hypersurface immersed in a product space R x M™, whose fiber
M™ has sectional curvature bounded from below, is a slice of the ambient space, provided that
its angle function has some suitable behavior.

More recently, Araujo, de Lima and Velasquez in [29] investigated n-dimensional submani-
folds immersed in I x, M, whose warping function p has convex logarithm. Assuming that
such a submanifold ¢ : ¥* — I x, M"™*? is either closed, stochastically complete or complete
with nonnegative Ricci curvature, and that its support function (ﬁ ,0;) is constant (where H
stands for the mean curvature vector field of 1), they proved that ¢ () must be contained in a
slice of the ambient space. As a consequence of their rigidity results, when p = 1 they obtained
nonexistence results concerning minimal submanifolds immersed in such an ambient space.

We conclude this thesis by dedicating ourselves to the study of complete n-dimensional
submanifolds immersed in a weighted warped product of the form I x, M;“rp , Where the warping
function p is logarithmically convex and the weight function ¢ does not depend on the real
parameter t € I. Assuming the constancy of an appropriate support function involving the mean
curvature vector field ¢ of such a submanifold ", along with suitable constraints on the Bakry-
Emery-Ricci tensor of £, we prove that it must be contained in a slice of the ambient space.
As applications, we obtain codimension reductions and Bernstein-type results for complete -
minimal bounded multigraphs constructed on the n-dimensional Gaussian space. Our approach
relies on the generalized weak maximum principle of Omori-Yau and Liouville-type results for

the drift Laplacian.
Throughout this thesis, all the results obtained will be presented, which have been detailed
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Chapter 1
Preliminaries for Part 1

The Generalized Robertson-Walker (GRW) spacetime is one of the simplest and most impor-
tant models in modern cosmology. It is a generalization of the Robertson-Walker (RW) model,
which describes a homogeneous and isotropic universe on a large scale. The GRW model in-
troduces a warping function, which describes the spatial curvature of the universe on a smaller
scale than the cosmological scale. This warping function is responsible for describing the warped
product structures present in the GRW model.

Since its introduction, the GRW model has been widely studied in cosmology and general
relativity theory. In this section, we will present some of the basic concepts of the GRW space-
time, with an emphasis on its warped product structure. The main theoretical results will be
discussed, including exact solutions for the GRW model, as well as a detailed analysis of its
geometric and physical properties. In this chapter, for the sake of clarity we shall introduce

several useful the nitions and notations that will appear throughout Part I of this thesis.

1.1 Generalized Robertson Walker spacetimes

In this setting, we beginning by establishing the notations which will appear in forthcomings
Chapters 2, 3 and 4. Let (M", gar) be a connected, n-dimensional, oriented Riemannian man-
ifold, I C R an open interval and p : I — R a positive smooth function. Also, in the product

manifold MnH = ] x M™ furnished with the Lorentzian metric

g = —m(dt*) + p*(mr)mis (gn),

where 7; and 7, are the projections onto the factors I and M™, respectively, is a Lorentzian

warped product with warping function p and fiber M. Along this work, we will simply write

—n+1

M"™ = —Ix,M" (1.1)
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Figure 1.1: Representation of the Lorentzian warped product

A standard computation shows that K = p(t)0;, where 7;(p) = t, is a conformal closed vector
field globally defined on M, where 0, stands for the coordinate timelike vector field tangent to
I (see [123] for details).

According to the nomenclature established in [9], we say that M isa generalized Robertson
Walker (GRW) spacetime with warping function p and Riemannian fiber M"™. When M™ has
constant sectional curvature, (1.1) has been known in the mathematical literature as a Robertson-
Walker (RW) spacetime, an allusion to the fact that, for n = 3 and certain cases of warping
functions p, it is an exact solution of Einstein’s field equations (see, for instance, [53, Corollary
9.107] or [123, Chapter 12]).

Let " be an n-dimensional connected manifold. A smooth immersion ¢ : 3" — M s
said to be a spacelike hypersurface if ", furnished with the metric ¢ induced from g via 1,
is a Riemannian manifold. We will denote by V the Levi-Civita connection of g. Since M is
time-orientable, it follows from the connectedness of " that one can uniquely choose a globally
defined timelike unit vector field N is normal, having the same time-orientation of 9, that is,
such that g(N,0;) < 0. In this case, one says that N is the future-pointing Gauss map of X"
and will always assume such a timelike orientation for >". From the inverse Cauchy-Schwarz
inequality (see [123, Proposition 5.30]), we have that g(N,0;) < —1, with the equality holding
at a point p € X" if, and only if, N = 0, at p. From the relationship between the Levi-Civita
connections of M and those of I and M™ (see [123, Proposition 7.35)), it follows that

VvK = p(m)V, (1.2)

for all V € X(M), where V is the Levi-Civita connection of § defined in (1.1).

Throughout this paper, given a spacelike hypersurface ¢ : 3" — M and its future-pointing
Gauss map N, we will consider the Weingarten operator A : X(X) — X(X), which is defined
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by AX = —VxN, and the mean curvature function H = —%traee(A), which will be called the

future mean curvature of X™.

Remark 1.1.1. For a fized ty € I, we orient the slice Xf! = {to} x M"™ using the field of normal

vectors 0;. According to Example 5.6 in [10] we have that the slice has constant future mean

_ Pl(to)
p(to)

Now, we consider two particular functions naturally attached to a spacelike hypersurface »"
into a GRW spacetime M= g X, M"™, namely, the height function denoted by h, is the
restriction of the projection 7/(t,y) =t to X", that is, h : ¥™ — [ is given by

curvature H with respect to N = 0.

h = 7TI|Z" = 7T[O’¢}. (13)
Thus, the hyperbolic angle © of 3" verifies
© = (N,0y) < —1, (1.4)

where N denotes the future-pointing Gauss map of 3".

fplge = mpoy

i e

-

En | i JL:"}{
| %
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H{E+l - _j,- Klr, ‘-u'rl

Figure 1.2: GRW representation with angle and height functions

Moreover, the equality © = —1 holds if and only if N = 0,, that is, " is an open portion of

a slice. A simple computation shows that
Vﬂ'[ = —g(v’ﬂ'[, at)ﬁt = —8t. (15)

So, from (1.5) we have
Vh=(Vr)" =-9] = -0, — ON. (1.6)
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Thus, (1.6) gives the following relation
|Vh]? = 6% -1, (1.7)

where | . | stands for the norm of a tangent vector field on 3" in the metric g. Concerning
relation (1.7), we have that h is constant if and only if 3" is an open portion of a slice.
On the other hand, from (1.2) we have that

/

vvo -2 g[’; V +5(V,0)0.). (18)

Hence, from (1.6) and (1.8) we deduce that, for any X € X(X), the Hessian of h in the metric
g is given by

V2h(X,X) = ¢(VxVh,X) (1.9)
p'(h)
p(h)

Hence, from (1.9) we obtain that the Laplacian of h in the metric g is (see, for instance, [12,
Lemma 4.1] or [62, Proposition 3.2])

{I1X)? + g(X,Vh)?*} + g(AX, X)O.

p'(h) 2
Ah = — n—+ |Vh|*} —nHO. 1.10
oy VA (110
We conclude this section by recalling the convergence condition of a GRW spacetime which
was introduced by Alias and Colares [12]. We say that a GRW spacetime M" obeys the strong
null convergence condition (SNCC) if the sectional curvature K, of the Riemannian fiber M™

obeys the relation
K > sup(pp” — p). (1.11)
I

1.2 Spacelike mean curvature flow solitons in GRW space-

times and examples

Spacelike mean curvature flow solitons are solutions to the mean curvature flow equation,
which describes the evolution of a hypersurface in spacetime under its mean curvature. In GRW
spacetimes, which are a class of spacetimes with a warped product structure, there exist certain
spacelike hypersurfaces that are invariant under the flow and are known as solitons.

These solitons have been studied in the context of cosmology and general relativity, and their
properties have been investigated in terms of their geometry and physical significance. They are
important because they provide insight into the dynamics of spacetime in the presence of matter
and energy, and their study can lead to a better understanding of the nature of the universe.
Overall, the study of Spacelike mean curvature flow solitons in GRW spacetimes is an active

area of research in cosmology and general relativity.
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We recall that the spacelike mean curvature flow ¥ : [0,7) x " — M of a spacelike
hypersurface ¢ : X" — M in a (n + 1)-dimensional Lorentzian manifold MHH, satisfying
U(0,-) = 1(-), looks for solutions of the equation

ov -
- —nH
ot~
where H(t,-) is the (non-normalized) mean curvature vector of ¥7 = W(t, %) (see, for in-

stance, [111]). In our context, according to [27, Definition 1.1] and [69, Definition 1.1], a space-
like hypersurface ¢ : 3" — M immersed in a GRW spacetime M= I x o M" is said a
spacelike mean curvature flow soliton with respect to IC = p(t)0; and with soliton constant c € R

if its (non-normalized) future mean curvature function satisfies
H = cp(h)O. (1.12)

In fact, considering that W is a self-similar mean curvature flow with respect to some vector
field X', we can reason as in [27, Proposition 2.1] to deduce that the corresponding mean curvature

vector satisfies
H=cX",

for some constant ¢ € R. In our setting, X is equal to L = p(¢)0; and, hence, assuming that
X" — M satisfies equation (1.12) means that it is a solution of the mean curvature flow
evolution equation.

Adopting the terminology introduced in [27] and [69], we will also consider the soliton function

Ce(t) =npl(t) + cp’(t). (1.13)

So, each slice M;, = {t.} x M™ is a spacelike mean curvature flow soliton with respect to

K = p(t)0; and with soliton constant ¢ given by

(1.14)

Moreover, t, is implicitly given by the condition (.(¢.) = 0.
We finished this section quoting important examples which will be addressed along the next

sections.

Example 1.2.1. In a similar way of [79], for the Lorentzian product space —I x M™, from (1.14)
we get that the slices {t} x M™ are spacelike mean curvature flow solitons with soliton constant
¢ = 0 with respect to vector field = 0;. Similarly to what happens in the Minkowski space

R = —R x R", such solitons are called spacelike translating solitons.

Example 1.2.2. As in [13, Section 4], the future temporal cone A* of the Minkowski space R}
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is defined as being the following set
AT ={r e R : (2,2) <0 and (x,e;) < 0},
where e; = (1,0,---,0). We observe that AT can be regarded as the following GRW spacetime
—R* x, H",

where H" = {z € R™ : (v,2) = —1, 2; > 0} denotes the n-dimensional hyperbolic space.
Indeed, it is not difficult to verify that the map ® : —R* x;, H* — A™, given by ®(¢,z) = tz, is
an isometry. In this setting, we have that the slices {\/—2} x H" are spacelike mean curvature

flow solitons with soliton constant ¢ < 0 with respect to vector field I = t0;.

Example 1.2.3. The 4-dimensional Einstein-de Sitter spacetime —R™ X2 R3, where R?® stands
for the 3-dimensional Fuclidean space endowed with its canonical metric, is a classical exact
solution to the Einstein field equation without cosmological constant. It is an open Friedmann-
Robertson- Walker model, which incorporates homogeneity and isotropy (the cosmological princi-
ple) and permitted expansion (for more details, see [123, Chapter 12]|). Here, we consider the
(n+ 1)-dimensional Einstein-de Sitter spacetime —R™* x 2 R". From (1.14) we conclude that the
slice {(—3—2)%} x R™ is the only one that is a spacelike mean curvature flow soliton with respect

to K = t%at and with soliton constant ¢ < 0.

Example 1.2.4. According to the terminology introduced by Albujer and Alias [4], a GRW
spacetime —R X M™ 1s called a steady state type spacetime. This terminology is due to the
fact that the steady state model of the universe H*, proposed by Bondi-Gold [54] and Hoyle [100]
when looking for a model of the universe which looks the same not only at all points and in all
directions (that is, spatially isotropic and homogeneous) but also at all times, is isometric to the
RW spacetime —R X R3 (for more details, see [96]). From (1.14) we conclude that the slice
{log(—=2)} x M™ is the only one that is a spacelike mean curvature flow soliton with respect to

K = €0, and with soliton constant ¢ < 0.

Example 1.2.5. From [115, Example 4.2], the (n + 1)-dimensional de Sitter space S}*' is
isometric to the RW spacetime —R X oqn¢ S™, where S™ denotes the n-dimensional unit Euclidean
sphere endowed with its standard metric. Taking into account the terminology introduced in [17],
the open half-space RT x S C ST*! (respect. R~ x S® € S!™) is called the chronological future
(respect. past) of ST with respect to the totally geodesic equator {0} x S™. From (1.14) we
see that the equator is a spacelike mean curvature flow soliton with respect to K = cosht d; and

—ndvn?—4c? )
2c

constant soliton ¢ = 0 and the slices {sinh™'( } x §"™ are spacelike mean curvature

flow soliton with respect to IC = cosht 0, and with soliton constant 0 < |c¢| < 3.

Example 1.2.6. Taking into account once more [115, Example 4.2], we consider the open re-
gion of S?H which is isometric to the RW spacetime —RY Xgnne H", where H" denotes the

n-dimensional hyperbolic space endowed with its standard metric. From (1.14) we have that
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the slices {cosh™*(=n=yntic W)} x H" are spacelike mean curvature flow soliton with respect to

IC = sinh t 0; and with soliton constant ¢ < 0.

Example 1.2.7. Motivated by [115, Example 4.3], we will consider the open subset of the (n+1)-
dimensional anti-de Sitter space H’f*l which 1s isometric to the RW spacetime —(—g, g) X cost H™.
In analogy with the nomenclature of the de Sitter space, the open half-space (0,%) x H" C 7
(respect. (—Z,0) x H" C H{™") will be called the chronological future (respect. past) of Hj™
with respect to the totally geodesic equator {0} x H™. From (1.14) we see that the equator is
a spacelike mean curvature flow soliton with respect to IC = cost 0; and constant soliton ¢ = 0
1 ( —nﬁ:\/;f—i-ﬁ)

and the slices {sin™ } x H™ are spacelike mean curvature flow soliton with respect

to KC = cost 0; and with soliton constant ¢ # 0.

1.3 Standard static spacetimes

When we set out to describe a generic spacetime, the Alice in Wonderland quality of the
experience is partly because coordinate invariance allows our time and distance scales to be
arbitrarily rescaled, but also partly because the landscape can change from one moment to the
next. The situation is drastically simplified when the spacetime has a timelike Killing vector.
Such a spacetime is said to be stationary. Two examples are flat spacetime and the spacetime
surrounding the rotating earth (in which there is a frame-dragging effect). Non-examples include
the solar system, cosmological models, gravitational waves, and a cloud of matter undergoing
gravitational collapse.

Although the standard static space is an environment whose metric has Lorentzian properties,
we prefer to introduce the reader to the correct preliminaries only now, in the next section,
instead of reporting on them together in section 1.1.

In this context, we cite some basic concepts, properties and examples concerning standard
static spacetimes, which will be used and addressed in the next sections.

Let """ be an (n+1)-dimensional Lorentz manifold endowed with a timelike Killing vector
field K. Suppose that the distribution D orthogonal to K has constant rank and it is integrable.
We denote by ¥ : M" x I — M the flow generated by K, where M" is an arbitrarily fixed
spacelike integral leaf of D labeled as t = 0, which we will suppose to be connected, and I is the
maximal interval of definition. Without lost of generality, in what follows we will also consider
I=R.

In this setting, M can be regard as the standard static spacetime M"™ x, Ry, that is, the

product manifold M"™ x R endowed with the standard static metric

g =mu(gu) — (po mar)*mi (dt?), (1.15)

where 7, and mr denote the canonical projections from M"™ x R onto each factor, gy, is the
induced Riemannian metric on the Riemannian base M™, R; is the manifold R endowed with the
metric —dt? and p € C*°(M) is the warping function, which is given by p = |K| = v/—g(K, K),
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where | | denotes the norm of a vector field on M I particular, when p = 1, the resulting
standard static spacetime (H““,g) is just a Lorentzian product space with factors (M", gar)
and (R, —dt?).

In what follows, we quote some classical examples of standard static spacetimes, where our

results obtained in the next sections can be applied.

Example 1.3.1. Our first example is given by the Lorentz-Minkowski spacetime L"™!, which

is isometric to the warped product (R™ x Ry, 7. (grn) + 5 (—dt?) ).

Example 1.3.2. The Einstein static universe (S™ x Ry, 7&.(gsn) + mh(—dt?) ) is also a standard

static space (see Example 5.11 of [48]).

Example 1.3.3. The exterior Schwarzschild spacetime is defined as follows: Let R* be given
coordinates (t,7, 0, ¢), where (7,0, @) are the usual spherical coordinates on R3. Given a positive
constant m, the exterior Schwarzschild spacetime is defined on the subset r > 2m of R?, a
subset which is topologically R? x S2. The Schwarzschild metric for the region r > 2m is given

in (t,r,0, ) coordinates by

2 2m\ "
ds* = — (1 — _m) dt* + (1 — _m) dr® +r? (d92 + sin® 9d<,02) .
r r
Since the metric for this spacetime is invariant under time translations ¢ — ¢+ a, the coordinate
vector field 0/0t is a (globally defined) timelike Killing vector field (see Section 5.2 of [48] and
Chapter 13 of [123]). Consequently, the exterior Schwarzschild spacetime is a standard static

spacetime.

Example 1.3.4. A model that also presents static regions (which appeared shortly after the
Schwarzschild spacetime) is the Reissner-Nordstrém spacetime, whose metric in (¢, 7,6, ¢) coor-

dinates admits the representation
2 2 2 2\ !
ds* = — (1 -y 6—2) di? + (1 - —m+€—2> dr® -+ (A6 + sin® 0d”) .
r r r r

This metric has singularities in » = 0, r = r, and r = r_, where 7+ = m & (m? — €2)"/2, and in
regions corresponding to 400 > r > ry and r_ > r > (0 we have that the Reissner-Nordstrom

spacetime is static (see Section 5.5 of [95]).

1.4 Entire spacelike graphs

Before we start on the results properly, we need to recall some basic facts related to these
spacelike graphs.

Let © C M"™ be a connected domain and let u € C*°(Q2) be a smooth function such that
u(§2) C I, then X"(u) will denote the (vertical) graph over 2 determined by w, that is,

S(u) = {(u(p),p) :p € Q CM"" = —I x, M".
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The graph is said to be entire if Q@ = M™. Observe that h(u(p),p) = u(p),p € Q. Hence, h and
u can be identified in a natural way. The metric induced on €2 from the Lorentzian metric g
defined in (1.1) via X(u) is

Gu = —du® + p*(u) g (1.16)

[t can be easily seen that a graph ¥(u) is a spacelike hypersurface if and only if | Du|y < p(u),
where Du stands for the gradient of u in M and |Dul|,, its norm, both with respect to the metric
grr- On the other hand, in the case where M" is a simply connected manifold, from [9, Lemma
3.1] we have that every complete spacelike hypersurface ¢ : ¥ — —I x, M™ such that the
warping function p is bounded on " is an entire spacelike graph over M™. In particular, this

happens for complete spacelike hypersurfaces lying in a closed solid cylinder over M™.

Remark 1.4.1. Also pointing out that, in contrast to the case of graphs into a Riemannian space,
an entire spacelike graph 3(u) in a GRW spacetime is not necessarily complete, in the sense that
the induced Riemannian metric (1.16) is not necessarily complete on M™. For instance, Albujer
constructed explicit examples of moncomplete entire mazimal spacelike graphs (that is, whose

mean curvature is identically zero) in the Lorentzian product space —R x H? (see [3, Section 3] ).

The future-pointing Gauss map of a spacelike graph ¥(u) over  is given by the vector field

N(p) — p(u(p)
) Vr*(u(p)) — |

The Weingarten operator related to the future-pointing Gauss map (1.17) is given by

Du
(at|(u(p)7p) + A) , peE (1.17)

)
Du(p)[3 p*(u(p))

. o)
o DxDu —
P<U)\/p2(u) — |Dul?, \/pQ(u) — |Duf,
( —gm(Dx Du, Du) p'(w)gar (Du, X) )
plu) (p*(u) = |Dul3)™  (p2(u) = |Dul3)™*)

AX =

(1.18)

for any vector field X tangent to €2, where D denotes the Levi-Civita connection of (M", gys).
Consequently, if 3(u) is a spacelike graph defined over a domain 2 C M™, it is not difficult to
verify from (1.18) that the future mean curvature function H(u) of 3(u) is given by the following

nonlinear differential equation:

H(u) = divy ( Du ) pw) (n + %) . (119)

np()/7w) —1DuR; ) n/iPlw) — 1Dk, \ )

where div,; stands for the divergence operator computed in the metric gy;.
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1.5 Omori-Yau maximum principle, Liouville type results
and maximum principle for complete non compact

manifolds

We initiate quoting the generalized maximum principle of Omori [122] and Yau [147] (see
also [16] for a modern and accessible reference to the generalized maximum principle of Omori-
Yau).

Lemma 1.5.1. Let X" be an n-dimensional complete Riemannian manifold whose Ricci curva-
ture is bounded from below and let u € C*(X) be a smooth function which is bounded from above

on X". Then there exists a sequence of points {pg}tr>1 in X" such that
h,?l u(py) = sup u, lilgn |Vu(pg)| =0 and lim sup Au(py) < 0.
) k

It is not difficult to see that Lemma 1.5.1 is equivalent to the following one.

Lemma 1.5.2. Let X" be an n-dimensional complete Riemannian manifold whose Ricci curva-
ture is bounded from below and let uw € C*°(X) be a smooth function which is bounded from below

on X". Then there exists a sequence of points {pg}tr>1 in X" such that
h;?l u(pr) = iIEIf u, liin |Vu(pg)| =0 and limkinf Au(py) > 0.

We will continue this subsection by citing an extension of Hopf’s theorem on a complete

Riemannian manifold (3", g) due to Yau in [148]. For this, we will adopt the following notation
LoX) ={u: X" > R: /E |ulPdy < +o0},

where dY stands for the measure defined from the metric g.

Lemma 1.5.3. Let u be a smooth function defined on a complete Riemannian manifold (3", g),
such that Au does not change sign on X". If [Vu| € L}(X), then Au vanishes identically on X"

Lemma 1.5.4. If u is a nonnegative smooth subharmonic function defined on (X", g), with

u € LB(X) for some p > 1, then u must be constant.

Lemma 1.5.5. All complete noncompact Riemannian manifolds with nonnegative Ricci curva-

ture have at least linear volume growth.

Next we shall devote ourselves to presenting the analytical tool that will be used to establish
our rigidity results in the next ones. For this, let (¥", g) be a complete noncompact Riemannian
manifold and let d(-,0) : ¥ — [0,+00) denote the Riemannian distance of (3", g), measured
from a fixed point 0 € ¥". We say that a smooth function u € C*(X) converges to zero at

infinity when it satisfies the following condition

lim  wu(x) =0. (1.20)

d(z,0)—+o00
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Keeping in mind this concept, the following lemma corresponds to item (a) of [21, Theorem 2.2].

We also need the following definition which is inspired in (1.20): Given a complete noncom-
pact Riemannian immersion ¢ : X" & —I x, M™ and t, € I, we say that a function u defined
on X" converges from below (above) to t. at infinity when u < t, (u > t,) and the function

U :=u — t, converges to zero at infinity.

Lemma 1.5.6. Let (X", g) be a complete noncompact Riemannian manifold and let X € X(X) be
a vector field on ™. Assume that there exists a nonnegative, non-identically vanishing function
u € C®(X) which converges to zero at infinity and such that g(Vu, X) > 0. If div,X > 0 on
X", then g(Vu, X) =0 on X"

For our purpose, we will also need to quote a suitable maximum principle that will be
used to prove our nonexistence results. For this, let (X", g) be a connected, oriented, complete
noncompact Riemannian manifold. We denote by B(p, t) the geodesic ball centered at p and with
radius t. Given a polynomial function o : (0, +00) — (0,4+00), we say that X" has polynomial

volume growth like o(t) if there exists p € 3" such that
vol(B(p,t)) = O(o(t)),

as t — 400, where vol denotes the standard Riemannian volume related to the metric g. As it
was already observed in the beginning of Section 2 in [11], if p,q € X" are at distance d from

each other, we can verify that

vol(B(p,t)) - vol(B(q,t — d)) o(t —d)
o(t) - ot—d) = ot

So, the choice of p in the notion of volume growth is immaterial. For this reason, we will just
say that »" has polynomial volume growth.

Keeping in mind this previous digression, we close this section quoting the following key
lemma which corresponds to a particular case of a new maximum principle due to Alias, Caminha

and do Nascimento (see [11, Theorem 2.1]).

Lemma 1.5.7. Let (X", g) be a connected, oriented, complete noncompact Riemannian manifold,
and let u € C®(X) be a nonnegative smooth function such that Au > au on X", for some positive
constant a € R. If ¥ has polynomial volume growth and |Vu| is bounded on X", then u vanishes

identically on ™.
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Chapter 2

Uniqueness and nonexistence results in
GRW spacetimes

In this chapter, we obtain a apply the generalized maximum principle of Omori-Yau [122,147],
as well as other maximum principles due to Yau in [148], in order to obtain new uniqueness and
nonexistence results concerning complete spacelike hypersurfaces in a GRW spacetime. This is
made through the assumption of the strong null convergence condition (SNCC) and appropri-
ate constraints on the warping function p and on the future mean curvature of the spacelike

hypersurface. The results presented in this chapter make part of [31].

2.1 A computational lemma

Considering a spacelike hypersurface X" in a GRW spacetime M= I x o, M™ obey-

ing (1.11), the next lemma gives sufficient conditions to the Ricci curvature of X" with respect

to the conformal metric § = —+5g be bounded from below. Besides technical reasons to use this

p(h)?
conformal metric g, we point out the following geometric meaning of g: We can write g* = #g,

where g* = —pé)thQ + gar is the product Lorentzian metric —ds? + gy in J x M™, being .J the

open interval obtained from the change ds = ﬁdt, and considering the Riemannian metric on
™ induced from g*.
In what follows, we will suppose that " is contained in a timelike bounded region M™, that
is,
B, ={(t,p)e—-Ix,M":t; <t<ty, and pe M"}.
We also recall that a spacelike hypersurface has bounded second fundamental form when the

Hilbert-Schmidt norm of its Weingarten operator is bounded.
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(M™. gar)

Figure 2.1: Representation of the timelike bounded region

Lemma 2.1.1. Let M = —TI X, M™ be a GRW spacetime satisfying the SNCC' (1.11) and

let ¢ : X" — M be a spacelike hypersurface contained in By, 4, C M If the second
fundamental form and the angle function © are bounded, then the Ricci curvature Ric of X" with
respect to the conformal metric g := %g is bounded from below.

p

Proof. We recall that the curvature tensor R of 3" can be described in terms of its Weingarten
operator A : X(X) — X(X) and the curvature tensor R of the ambient —1I x , M™ by the so-called

Gauss’ equation given by
G(R(X,Y)Z,W) = (R(X,Y)Z,W) — g(AX, Z)g(AY, W) + g(AX, W)g(AY, Z),  (2)

for every tangent vector fields X,Y, Z € X(X). Here, as in [123], the curvature tensor R is given
by

R(X,Y)Z = Vixy)Z — Vx,Vy]Z,

where [, ] denotes the Lie blanket and XY, Z € X(X).
Let us consider X € X(X) and take a (local) orthonormal frame {Ey,---, E,}. It follows
from Gauss equation (2.1) that the Ricci curvature Ric of X" with respect to the induced metric

g satisfies
n’H?
4

Ric(X, X) > Y " g(R(X, E)X, E;) — | X2, (2.2)

To estimate the first summand on the right-hand side of (2.2), let us consider X* = (my).(X)
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and Ef = (mar)«(E;). So, from [123, Proposition 7.42] and (1.6) we have
S a(ROCEVX, B = 3 (X, )X, B) + (n— 1)((og pf 11X (23)
—(n = 2)(log p)"(h)g(X, Vh)* — (log p)"(h) [ VR[*| X",

where Ry denotes the curvature tensor of M™. By writing X* = X + g(X, 9;)0; , we can easily
estimate the first summand on the right-hand side of (2.3) to get

Zg(Rm(X*7E?)X*,EZ“) = P(W(X B3 — 9(X7, E7)3) Ky (X7, E7)

v

377 ((n = DIXP + VA (2.4
+(n — 2)g(X, Vh)?) min Ky (X* E).
Consequently, since our ambient space obeys (1.11), from (2.4) we have that
S o(Ru(X S EDX B 2 (= DIXP + VAP 25
+(n — 2)g(X, Vh)*)(log p)" (h)

Substituting (2.5) into (2.3), we get

Zg R(X,E)X,E;) > ((n—1)|X[+[Vh] + (n—2)g(X, Vh)*)(log p)"(h)

+(n = 1)((log p)' (h))*| X |* (2.6)
—(n —2)(log p)"(h)g(X, Vh)* — (log p)" (h)|Vh|*| X|*
RN 5
= (n-1)°t o) | X
Then, taking into account that |A|?> > nH?, from (2.2) and (2.6) we reach at
: "] nlAPY
RlC(X,X)E—((n—l) o0 +— )\X! : (2.7)

On the other hand, we have the following equation (see, for instance, [53, Section 1J], [110,
Section A] or [140, page 168])

Ric(X,X) = Ric(X,X)+

S D)V e(R) (X, X) (2.8)

+(p(R)Ap(h) — (n — 1)!Vp(h)|2)!X\2}.
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Consequently, from equation (2.8) we get

Rie(X. X) = Ric(X.X) + o { (1= 2(0) (' (1)g(Vh. X2 + p (NT*H(X. X)) (29)

+p(h) (" (WIVA* + /() AR) — (n = 1)(p'(h))*[VA[*) | X[}

Hence, considering (1.7), (1.9), (1.10) and (2.7) into (2.9), we obtain after a straightforward

computation the following lower estimate

Ric(X, X) > {<n_1>_<P/;<(’;L>)> —(n-1) (_‘f;’<§l’?’+<n+1>_<f;’§(’jj; )@2 (2.10)
#/(1)] nAPY o
~(n = Vi -2y E o Alle] - =T X

Therefore, taking into account that |A| and |©] are bounded and that X" lies in By, 4,, from
(2.10) we conclude that Ric is bounded from below. O

Remark 2.1.2. We note that if we change the assumption SNCC to the NCC in Lemma 2.1.1,

then the conclusion on g does not remain true.

2.2 Statements and proofs of the main results

2.2.1 Uniqueness under Omori-Yau’s generalized maximum principle

So, we are in position to present our first uniqueness result.

Theorem 2.2.1. Let M = —1 X, M"™ be a GRW spacetime satisfying the SNCC (1.11) and
let ¢ : X" — M bea complete spacelike hypersurface lying in By, 4, C MnH, with p'(t) > 0
for all t; <t < ty. Suppose that the second fundamental form is bounded, and that the future

mean curvature H and the angle function © satisfy

/
h
H< —’;((h))@. (2.11)
If the height function h is such that
/
(V| < inf ’;((2)) - H‘, (2.12)
then X" is a slice of M
1
Proof. As before, let us consider on ¥ the metric g = % g, which is conformal to its induced
p

metric g. Denoting by A the Laplacian with respect to the metric g, from (1.7) and (1.10) we

have
Ah = —p(h)p' (h){n + (n — 1)|Vh|*} — nHp(h)?6. (2.13)

34



Thus, from (2.13) we get

Ap(h) = —np()(/ ()* — nH (W) ()0
#0200 0g )"0 — (n— 2 Ly (214)

For any positive real number «, with a straightforward computation from (2.14) we get

obtain
Ap=(h) = —ap‘“‘l(h){ —np(h)(p'(h))* —nHp'(h)p*(h)©
3 " (p/(h>>2 2
+0%(h) ((log ' (h) = (n+ o= 3)20 ) vh} (2.15)

= —ap ()] = np(h) (! (0)*O? — nHp () *(1)O

+m) (o))~ (0 -3 T ) o).

On the other hand, since we are assuming that |A| is bounded (which implies that H is
also bounded), and that X" C By, +,, from (1.7) and (2.12) we get that © is bounded. So,

Lemmas 1.5.1 and 2.1.1 guarantee the existence of a sequence of points {py }x>1 in X" such that

lim p=*(h)(px) = sup p*(h), lim Vo (W) (pr)|; =0 and lim sup Ap~(h)(pr) <0,

—
[\)
—_

~—

where | - |; and \Y denote, respectively, the norm and gradient with respect to the metric g.
But, it is not difficult to verify that

Vo= ()ly = ap™(B)|p'(B)||VA]. (2.17)
So, since X" C By, 4,, with p/(t) > 0 for all ¢; <t <t,, from (2.16) and (2.17) we get that
liin |Vh(pg)| = 0. (2.18)
Consequently, from (1.7) and (2.18) we have that
liin O(pr) = —1. (2.19)

Moreover, from (2.11), (2.15) and (2.18) we obtain

0> limsup Ap™ () (ps) > nahmsup{p (1) (p() (0! ()02 + HYl (m)p*()©) } (p)
20— a (Pl(h>>2 2
—atimsup {#7(h) | (log p)"(h) — (e = 3505 (VAP o)
11—« : / pl<h)
= nasupp (h)hmksup{p(h)l@l(— p(h)@—H>}(pk)-
> 0. (2.20)
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Thus, from (2.20) and (2.19) we infer that

_(P(h) _
lllgn (p(h) H> (px) = 0. (2.21)

Consequently, from (2.21) we get

'(h
Y G Ry ) (2.22)
> | p(h)
Therefore, from (2.12) and (2.22) we conclude that X" must be a slice of . O

Remark 2.2.2. Related to the assumptions made in Theorem 2.2.1, we point out the following:

(a) As it was observed in [18, Subsection 3.1], the assumption p'(t) > 0 in t; <t <ty has a
physical interpretation: If for each p € M™ we parameterize I x {p} by &,(t) = (t,p), since
0 1s the velocity of each galaxy &,, they are its integral curves. In particular, the function
t is the common proper time of all the galaxies. By taking t constant, we get the slice
M, = {t} x M™. Then, the distance between two galaxies &, and &, in M, is p(t)dam(p, q),
where dyr is the Riemannian distance in (M™, gyr). In particular, when p has positive
derwative in ty <t < ty, we conclude that the universe is expanding in t; <t < ty for the

comoving observers in M™.

(b) The differential inequality (2.11) and others similar to it have been used before in several
other papers to get nonexistence and rigidity results concerning complete spacelike hyper-
surfaces (see, for instance, [5,13,15,18,28,58-60,72,132] ).

(c) Hypothesis (2.12) can be regarded as a control on the growth of the height function of the
spacelike hypersurface through the difference between the mean curvature of the spacelike
hypersurface and the mean curvature of the slices which are contained in By, 1, and intersect

the spacelike hypersurface.

From the proof of Theorem 2.2.1 we obtain a nonexistence result concerning complete space-

like hypersurfaces with nonpositive future mean curvature.

Corollary 2.2.3. Let M= o X, M™ be a GRW spacetime satisfying the SNCC' (1.11).
There does not exist a complete spacelike hypersurface i : 3" — M lying in By, 4, C M”H,
with p'(t) > 0 for all t; <t < ty, having nonpositive future mean curvature and such its second

fundamental form and angle function are bounded.

Proof. Indeed, if such a complete spacelike hypersurface ¥" existed, then (2.22) resulted in the

Py o) ()Y
EENOR 0 Sl%f(p(h) H) -

following absurd
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2.2.2 Uniqueness under integrability properties

In what follows, we will assume that the warping function f of the ambient GRW spacetime
—n+1

M = —I x, M" satisfies the following inequality

(log p)” < ~v((log p)')?, (2.23)

for some nonnegative constant 7. Moreover, in the results that follow, inequality (2.23) is only
needed at the points of a spacelike hypersurface.

As it was observed in [18], the inequality (2.23) is a mild hypothesis due to the fact that,
for instance, when M obeys the SNCC (respect. NCC) and its Riemannian fiber M" is flat
(respect. Ricci-flat), we have that (2.23) is automatically satisfied.

In this setting, we obtain the following result.

Theorem 2.2.4. Let M = —I X, M™ be a GRW spacetime satisfying (2.23), occurring the
equality only at isolated points of Tand let ) : X" — M be a complete spacelike hypersurface
lying in By, 4, C Mnﬂ, with p'(t) > 0 for all t; <t <ty. If the future mean curvature function
H and the angle function © satisfy (2.11), and the height function h is such that |Vh| € L';(Z),
then X" is a slice of M

Proof. We will consider again the conformal metric g := g and we will take o = v + 3.

2(h
Since we are assuming that X" lies in By, ;, and that |Vhp| (E )5;(2), from (2.17) we get that
Vo) € £4(S).

Moreover, since H satisfies (2.11) and p'(¢) > 0 for all t; <t < ¢, from (2.15) and (2.23) we
obtain that Ap‘a(h) > 0. Consequently, we can apply Lemma 1.5.3 to infer that Ap‘a(h) =0
on X",

Therefore, since we are also assuming that the equality occurs in (2.23) just only at isolated
points of I, returning to (2.15) we conclude that |Vh| must vanishes identically on X" and,

hence, >" must be a slice of M O

We also get a slight different version of Theorem 2.2.4.

Theorem 2.2.5. Let M = —I X, M™ be a GRW spacetime satisfying (2.23) and let 1 :
s M be a complete spacelike hypersurface lying in By, 4, C Mnﬂ, with p'(t) > 0 for all
t1 <t < ty. If the future mean curvature function H and the angle function © satisfy (2.11),

and the height function h is such that |Vh| € Ly(X), then X" is a slice of Vi

Proof. As in the proof of Theorem 2.2.4, we get that Ap‘o‘(h) = 0 on X", for a = v+ 3.

Moreover, since X" lies in By, 4,, we can also verify that IV p=2(h)] 5 € L;(X). But, we note that
Ap=2*(h) = 2p™*(h)Ap~*(h) + 2|V p (W) [3 = 2|Vp *(h)[; > 0. (2.24)

Thus, we can apply again Lemma 1.5.3 to obtain that Ap‘2o‘(h) = 0 on X". Hence, since we are
assuming that p/(t) > 0 for ¢; <t <t,, from (2.17) and (2.24) we obtain that |[Vh| = 0 on X".

Therefore, ¥™ must be a slice of M O
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These previous lemmas 1.5.4 and 1.5.5 us to prove the following nonexistence result.

Theorem 2.2.6. Let M = —1I X, M™ be a GRW spacetime satisfying (2.23), occurring the
equality only at isolated points of I, and whose fiber M™ is complete noncompact with nonnegative
Ricci curvature. There does not exist a complete spacelike hypersurface ¥ : X" — M lying in
By 1, C WH, with p/(t) > 0 for all t; <t < ty, having the future mean curvature function H
and angle function © satisfying (2.11), and the height function h is such that (p(h))~" € L1(X)
for some q with q > ~v + 3.

Proof. Supposing by contradiction the existence of such a spacelike hypersurface X" and taking
once more a = y + 3, from (2.15) and (2.23) we get that Ap=7=3(h) > 0 on X". Moreover, since
we are assuming that X" C By, 4,, with p/(t) > 0 for all t; <t < t5, and that (p(h))™" € LI(X)
for some ¢ with ¢ > 7 + 3, it is not difficult to verify that p=73(h) € Elgf(Z) for p = # > 1.
Thus, we can apply Lemma 1.5.4 to get that p(h) is constant on 3". Hence, since we are also
supposing that the equality occurs in (2.23) just only at isolated points of I, returning to (2.15)
we conclude that |Vh| must vanishes identically on ¥". Consequently, X" is isometric (up to
scaling) to M". So, since p(h) is a positive constant, our assumption that p(h) € L£I1(¥) also
implies that M™ has finite volume. But, since M" is assumed to be complete noncompact with

nonnegative Ricci curvature, Lemma 1.5.5 leads us to a contradiction. O]

2.2.3 Applications to Einstein-de Sitter spacetimes

The 4-dimensional Einstein-de Sitter spacetime —R™ X2 R? is a classical exact solution to
the Einstein field equation without cosmological constant. It is an open Friedmann-Robertson-
Walker model, which incorporates spatial homogeneity and isotropy (the cosmological principle)
and permitted expansion (for more details, see [123, Chapter 12]). In [135], Rubio showed
that the only complete constant mean curvature spacelike hypersurfaces in the 4-dimensional
Einstein-de Sitter spacetime lying in a closed solid cylinder are spacelike slices and, in particular,
there is no complete maximal hypersurface in such a region.

Here, observing that the (n + 1)-dimensional Einstein-de Sitter spacetime
—R+ X 2 R"
t3
satisfies (1.11), from Theorem 2.2.1 we obtain the following consequence.

Corollary 2.2.7. Let ¢ : X" — M e a complete spacelike hypersurface lying in a closed
solid cylinder of the (n + 1)-dimensional Finstein-de Sitter spacetime M= Rt X,z R,
such that its second fundamental form is bounded. If the future mean curvature H and the angle
function © satisfy H < —%@, and the height function h is such that |Vh| < infy, ’% — H|, then

. . ——n+1
Y™ s a slice of M.

When the ambient spacetime is the Einstein-de Sitter spacetime, Theorem 2.2.5 reads as

follows.
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Corollary 2.2.8. Lety : X" — M bea complete spacelike hypersurface lying in a closed solid
cylinder of the (n + 1)-dimensional Einstein-de Sitter spacetime M = Rt X3 R™. If the
future mean curvature H and the angle function © satisfy H < —%@, and the height function h
is such that [Vh| € Ly(X), then X" is a slice of Vi

From Theorem 2.2.6 we obtain the following consequences.

Corollary 2.2.9. There does not exist a complete spacelike hypersurface i : 3" — M lying in
a timelike bounded of the (n+1)-dimensional Einstein-de Sitter spacetime M = _R+ x 2 R,
having future mean curvature H and the angle function © satisfying H < —%@ and the height
function is such that h™3 € LI(X) for some q with ¢ > 3.

2.2.4 Applications to steady state type spacetimes

According to the terminology introduced by Albujer and Alfas [4], a GRW spacetime —I X,
M™ such that I = R and whose warping function is just the exponential function p(t) = e’ is
called a steady state type spacetime. This terminology is due to the fact that the steady state
model of the universe H*, proposed by Bondi-Gold [54] and Hoyle [100] when looking for a model
of the universe which looks the same not only at all points and in all directions (that is, spatially
isotropic and homogeneous) but also at all times, is isometric to the GRW spacetime —R x . R?
(for more details, see [96]).

Taking into account that a steady state type spacetime whose Riemannian fiber has nonnega-

tive sectional curvature satisfies (1.11), from Theorem 2.2.1 we obtain the following application.

Corollary 2.2.10. Let ¢ : X" — M bea complete spacelike hypersurface lying in a closed
solid cylinder of a steady state type spacetime M =R Xt M™ whose Riemannian fiber M"
has nonnegative sectional curvature, such that its second fundamental form is bounded. If the
future mean curvature H and the angle function © satisfy H < —0O, and the height function h
is such that |Vh| <infy (1 — H), then X" is a slice oanH.

When the ambient spacetime is the steady state type spacetime, Theorem 2.2.5 reads as

follows.

Corollary 2.2.11. Let ¢ : ¥" — M be a complete spacelike hypersurface lying in a closed

solid cylinder of a steady state type spacetime M =R Xot M™. If the future mean curvature

H and the angle function © satisfy H < —O, and the height function h is such that |Vh| € L’é(E),
. . —n+1

then ¥" is a slice of M~ .

From Theorem 2.2.6 we obtain the following consequences.

Corollary 2.2.12. Let M= Xt M™ be a steady state type spacetime, whose Riemannian
fiber M™ is complete noncompact with nonnegative Ricci curvature. There does not exist a
complete spacelike hypersurface ¢ : X" — ! lying in a timelike bounded of M”H, having
future mean curvature H and the angle function © satisfying H < —© and the height function
is such that e € L1(X) for some q with ¢ > 3.
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2.3 Calabi-Bernstein type results

Using the context developed in Section 1.4, we obtain a non-parametric version of Theo-
rem 2.2.1.

Theorem 2.3.1. Let M = —T X, M"™ be a GRW spacetime satisfying the SNCC (1.11) and
let ¥(u) C M be an entire spacelike graph determined by a function u € C*°(M) with finite

C? norm and whose future mean curvature satisfies

H(u) < p) (2.25)

If, for some constant 0 < < 1,

p'(u)
p(u)

|Du|pr < min {Bp(u)7 iﬂr}[f

. H@)‘}, (2.26)

then u = toy for some ty € I.
Proof. Observe first that, under the assumptions of the theorem, Y(u) is a complete spacelike
hypersurface. Indeed, from (1.16) and the Cauchy-Schwarz inequality we get

9u(X, X) = —gur (D, X*)* + p*(w)gar (X7, X*) = (p*(u) — | Dul;)gar (X7, X7), (2.27)

for every tangent vector field X on X(u), where (as before) X* denotes the projection of X onto
the Riemannian fiber M™. Hence, from (2.26) and (2.27) we get, in particular, that

9u(X, X) > dgu (X™, X7), (2.28)

where § = (1 — 2)infy; p?(u). So, (2.28) implies that L = /6Ly, where L and Ly, denote the
length of a curve on ¥(u) with respect to the Riemannian metrics g, and gy, respectively. As
a consequence, since we are always assuming that M" is complete, the induced metric g, must
be also complete.

Moreover, from (1.18) we conclude that (2.25) implies (2.11). Moreover, since we have that
N = N* — 00,, from (1.6) we get

VA = o (w)|NL,. (2.20)
Thus, from (1.17) and (2.29) we obtain

D 2
|Vh|2: - | u|M —.
p*(u) = |[Dulj,

(2.30)

Hence, from (2.30) we can also verify that (2.26) implies (2.12). Therefore, the result follows by
applying Theorem 2.2.1. O]

Remark 2.3.2. We observe that through hypothesis (2.26) we are guaranteeing that the entire
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spacelike graph 3(u) is, indeed, complete, as well as, we are controlling the growth of the function

u by a measure of how far H(u) is different of the mean curvature of each slice that intersects

X(u).

Remark 2.3.3. According to [76, Example 4.4], we consider the following entire spacelike graph
Y(u) = {(alny,z,y) : y > 0} C —R x H?,

where 0 < |a| < 1. With a straightforward computation we can check that |Du(z,y)|gz = |al,

|A| = \/% and H(u) = —37i==- luking for instance a = Y3, we see that hypotheses (2.25)
and (2.26) are satisfied by X(u). Consequently, we conclude that the SNCC (1.11) is really
necessary to get the desired conclusion in Theorem 2.3.1.

On the other hand, following [57, Example 6.1], let us consider the quadric model of H? into
the 3-dimensional Lorentz-Minkowski space L? = (R3, dz? + dy?* — dz?) and let p : RT™ — R be
the function defined by p(t) =t. If Q = {(z,y,2) € L3 : 22 + y* — 22 < 0, z > 0}, then it is
not difficult to check that the map ¢ : RT x, H? — Q, given by ¢(t, (z,y,2)) = (tz,ty,tz), is an

isometry. Hence, for each zyg > 0,
Y. =0 QN {z=2}) CR" x, H?

is a mazximal surface (that is, its mean curvature is identically zero), which is just the entire
spacelike graph of the function u,, : H*> — RT, defined by u,,(v,y,2) = 2. Besides, we have
that RY x ; H? satisfies the SNCC (1.11). Thus, since 3., = S(u,,) verifies (2.25), we conclude
that the hypothesis (2.26) in Theorem 2.3.1 is necessary to infer that the function u is constant.

Furthermore, from [118, Theorem 11 and Corollary 12] we obtain the ezistence of a nontrivial
entire spacelike graph 3(u) C —R X R™ = H" M with u € C®(R") being nonnegative and such

that the mean curvature H(u) is constant satisfying H?(u) > Hence, we see that

1
1—|Dul?, "
hypothesis (2.25) in Theorem 2.5.1 is also necessary to conclude the constancy of the function

u.

Reasoning as in the proof of Theorem 2.3.1, from Corollary 2.2.3 and the future mean cur-

vature equation (1.19) we obtain the following nonexistence result.

Corollary 2.3.4. Let M™ be a complete Riemannian manifold and p : I — R a positive smooth
function satisfying the SNCC' (1.11) and such that p' is also positive on the open interval I C R.
For any constant 0 < 3 < 1, there does not exist a smooth function v : M™ — I with finite C?

norm, which is a solution of the following system of differential inequalities

) Du ' (u) | Dul3,
divyy, n <0
(nmwp?(u) - |Du\%4> o ) <

|Duly < Bp(u)
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Theorem 2.3.1 gives us the following applications in the context of the Einstein-de Sitter and

steady state type spacetimes.

Corollary 2.3.5. Let M = —R+ x 2 R" be the (n+1)-dimensional Einstein-de Sitter space-
time and let 3(u) C M be an entire spacelike graph determined by a function u € C*(R")
2

1 = .,
3usy/us —|Dul?,

}, then uw = to for some

with finite C* norm and whose future mean curvature satisfies H(u) <

for some constant 0 < f < 1, |Dulgn < min{fu3,infgn |2 — H(u)

to > 0.

——n+1

Corollary 2.3.6. Let M = —1I X M™ be a steady state type spacetime whose Rieman-
nian fiber M™ has nonnegative sectional curvature and let Y(u) C M be an entire space-

like graph determined by a function u € C°°(M) with finite C* norm and whose future mean

curvature satisfies H(u) < If, for some constant 0 < B < 1, |Du|y <

e
T /e — |Du|%w

min{Se*, infy, |1 — H(u)|}, then u =ty for some ty € I.
Proceeding, from Theorem 2.2.4 we obtain the following Calabi-Bernstein type result.

Theorem 2.3.7. Let M = —T X, M™ be a GRW spacetime satisfying (2.23), occurring the
equality only at isolated points of I, and with p'(t) > 0 for allt € I. Let ¥(u) C M be an
entire spacelike graph determined by a bounded function uw € C*°(M) whose future mean curvature
satisfies (2.25). If, for some constant 0 < 8 < 1, |Duly < Bp(u) and |Du|y € L} (M), then

agm
u =ty for some tg € 1.

Proof. Since we are supposing that |Duly < Bp(u), for some constant 0 < 5 < 1, it follows from
the proof of Theorem 2.3.1 that ¥(u) is a complete spacelike hypersurface.

On the other hand, it follows from (1.16) that d¥ = +/|G|dM, where dM and d¥. stand
for the Riemannian volume elements of (M", gar) and (3(u), g4 ), respectively, and G = det(g;;)
with

9ij = 9u(Es, E;) = p*(u)dyj — Ei(u) E;(u).

Here, {E},..., E™} denotes a local orthonormal frame with respect to the metric gp;. So, it is
not difficult to verify that
|G| = PPV () (p* () — [Dul3).

Consequently,

4% = o (w)y/p2(u) — | Duf3,dM. (2.31)
Thus, from (2.30) and (2.31) we get
IVh|dE = p" ' (u)| Dul|prd M. (2.32)

Hence, since we are assuming that  is bounded with |Duly € £; (M), relation (2.32) guaran-
tees that [Vh| € L (X(u)). Therefore, the result follows by applying Theorem 2.2.4. O
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It is not difficult to see that from Theorem 2.2.5 we also get the following result.

Theorem 2.3.8. Let M = —1 X ,M"™ be a GRW spacetime satisfying (2.23) and with p'(t) > 0
forallt € I. Let 3(u) C M be an entire spacelike graph determined by a bounded function
u € C®°(M) whose future mean curvature satisfies (2.25). If, for some constant 0 < < 1,
|Dulyr < Bp(u) and |Dulyr € LL (M), then u = to for some ty € I.

am

When the ambient space is either the Einstein-de Sitter spacetime or a steady state type

spacetime, Theorem 2.3.8 reads as follows.

Corollary 2.3.9. Let M = —R* x 2 R" be the (n+1)-dimensional Einstein-de Sitter space-

time and let X(u) C M be an entire spacelike graph determined by a bounded function

2
. f, for
3usy/us — | Dul3.

re < Bu§ and |Du|gn € E;Rn (R™), then u =ty for some ty > 0.

u € C®(R™) and whose future mean curvature satisfies H(u) <

some constant 0 < 3 < 1, |Du

Corollary 2.3.10. Let M= T Xt M™ be a steady state type spacetime and let ¥(u) be

an entire spacelike graph determined by a bounded function u € C*°(M) and whose future mean

. f, for some constant 0 < < 1, |Dulpy < pe* and

e
curvature satisfies H(u) <
Vet — |Dul3,

|Duly € L (M), then u =ty for some ty € I.

9gMm

Taking into account once more relation (2.31), it is not difficult to see that from Theorem 2.2.6

we obtain the following nonexistence result.

Theorem 2.3.11. Let M = —1I X, M"™ be a GRW spacetime satisfying (2.23), occurring the
equality only at isolated points of I, and whose Riemannian fiber M™ is complete noncompact
with nonnegative Ricci curvature. There does not exist a bounded entire solution v € C*°(M)
of the future mean curvature equation (1.19), satisfying (2.25), with |Du|y < Bp(u), for some
constant 0 < 8 < 1, and such that (p(u))~' € L2 (M) for some q with ¢ > v + 3.

am

We close this paper quoting the following applications of Theorem 2.3.11.

Corollary 2.3.12. For any constant 0 < f < 1, there does not exist a bounded smooth function
u: R — R¥ such that u™3 € Ll (R"), for some q > 3, and which is a solution of the following

system of differential inequalities

(
Du 2|Dul?.
| |]R

nusy/us — | Dul2, 3nui\/ui — |Dul2,

\ |DU|R" S /Bu%

diVRn S 0

Corollary 2.3.13. Let M™ be a complete noncompact Riemannian manifold with nonnegative

Ricci curvature. For any constant 0 < § < 1, there does not exist a bounded smooth function
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w: M"™ — I such that e™ € LI (M), for some q > 3, and which is a solution of the following

system of differential inequalities

2
divag Du + [Duly <0
nevy/e2* — |Dul3, nevy/e2* — |Dul3,

|Duly < Be*
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Chapter 3

Solitons of the spacelike mean

curvature flow in GRW spacetimes

In the following results, we extend the techniques developed in [18,27,31,40,69] to study
complete spacelike mean curvature flow solitons immersed in a generalized Robertson-Walker
(GRW) spacetime, that is, a Lorentzian warped product —I x, M" with 1-dimensional negative
definite base I and n-dimensional Riemannian fiber M". Under suitable constraints on the
warping function p and on the curvatures of M"™, we apply suitable maximum principles in
order to obtain nonexistence and uniqueness results concerning these solitons. we investigate
geometric aspects of complete spacelike mean curvature flow solitons of codimension 1 in a
generalized Robertson-Walker (GRW) spacetime —I x, M", with base I C R, Riemannian
fiber M™ and warping function p € C°°(I). For this, we apply suitable maximum principles to
guarantee that such a mean curvature flow soliton is a slice of the ambient space, as well as to
obtain nonexistence results concerning these solitons. In particular, we deal with entire graphs
constructed over the Riemannian fiber M"™ which are spacelike mean curvature flow solitons and
we also explore the geometry of a conformal vector field in order to establish topological and
further rigidity results for compact (without boundary) mean curvature flow solitons in a GRW
spacetime. Applications to standard GRW spacetimes as, for instance, the Einstein-de Sitter and
steady state type spacetimes, are given. Furthermore, we establish new Calabi-Bernstein type
results related to entire spacelike mean curvature flow graphs constructed over the Riemannian

fiber of the ambient spacetime. The results presented in this chapter make part of [41-43,78].

3.1 Statements and proofs of the main results

Aiming to simplify the notation, along our main results we will consider the modified soliton

function as being the function
Ce(t) = P/ ()C(8), (3.1)

where (. is the soliton function defined in (1.13). So, we are in a position to state and prove our
first nonexistence result concerning spacelike mean curvature flow solitons immersed in a GRW

spacetime.
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3.1.1 Nonexistence of spacelike mean curvature flow solitons in GRW

spacetimes

Theorem 3.1.1. Let M = —I X, M™ be a GRW spacetime satisfying (1.11). There does
not exist a complete spacelike mean curvature flow soliton ¢ : X" — M with respect to
K = p(t)0; with soliton constant ¢, whose second fundamental form and hyperbolic angle function
are bounded, and lying in a timelike bounded region By, 1, C M such that C.(t) has strict sign
for all t € [ty,ts].

Proof. By contradiction, let us assume the existence of a complete spacelike mean curvature flow

soliton v satisfying the assumptions of Theorem 3.1.1. As before, consider on X" the metric

A

g = Th)g, which is conformal to its induced metric g. Denoting by A the Laplacian with
p
respect to the metric g, from (1.7) and (1.10) we have

Ah = —p(h)p(h){n + (n = 1)|VA]*} — Hp*(h)©. (3:2)
Thus, from (2.13) we get

Ap(h) = —np(h)(p'(h))* = Hp'(h)p*(h)©
+p°(R){(log p)"(h) — (n — 2)((log p)' (h))*}|VA|*. (3.3)

For any positive real number «, with a straightforward computation from (3.3) we get
Rp=e(h) = —ap= ()] — np(h) (0! (0))? ~ Hp'(h)(h)©
+0°(R) ((1og p)" () = (n + o = 3)((log p)'(n))?) |Vh[* | (3.4)
= —ap (W] = np(h) (0 (1) ~ Hyf (R)p*()O
+0°(k) ((log p)"(h) — (@ = 3)((log p)'(n))?) [VA[}.

Hence, from (1.12), (3.1) and (3.15) we obtain

A~

Ap~*(h) = ap™*(h)©?¢e(h) — ap®*(h) {(log p)"(h) — (a — 3)((log p)' (h))* } [VA[*.  (3.5)

At this point, let us assume that Q_"c(t) > 0 for all t; <t < ty. Since we are assuming that
|A| and © are bounded, we can apply Lemmas 1.5.1 and 2.1.1 to guarantee the existence of a

sequence of points {pg}x>1 in X" such that

liin p “(h)(pr) = Slzl:p p “(h), lillgn IVp~(h)(px)|; = 0 and limksup Ap~(h)(pr) <0, (3.6)

where | - |; and V denote, respectively, the norm and gradient with respect to the metric g.
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But, it is not difficult to verify that

A

IVp=(h)|g = ap™(h)|p'()[IVA]. (3.7)
So, since X" C By, 1,, with [p/(¢)| > 0 for all t; <t <5, from (3.6) and (3.7) we get that
liin |Vh(pr)| = 0. (3.8)
Consequently, from (1.7) and (3.8) we have that
lilgn 0%(py) = 1. (3.9)
Moreover, from (3.16), (3.8) and (3.9) we obtain

0 lim sup A~ () () o lim sup {p~* (1)OC. () } ()

~alimsup{®~*(h)|(log p)" (1) ~ (0 = 3)(log p) (1))*| | VP o)
0.

=asup p~*(h) limsup Cc(px) > (3.10)
b k

Hence, since supy, p~%(h) > 0 and (.(t) > 0 for all t; <t < 5, (3.10) gives us a contradiction.
Finally, in the case (.(t) < 0 for all t; <t < t,, using Lemma 1.5.2 instead of Lemma 1.5.1

we get

0 < liminf Ap=(h)(pr) < lim inf { p~*(h)©*C.(h) } (Px)

Fatiminf { g7 (k) [(1og p)"(h) = (e = ) (log p) ())?| IVAI* } ()
= ainf p~*(h) limkinf Ce(pr) <0. (3.11)

Therefore, since infy; p~*(h) > 0 and (.(t) < 0 for all t; < t < ¢y, (3.11) also leads us to a
contradiction. ]

In what follows, we will assume that the warping function p of the ambient GRW spacetime
—n+1

M = —I x, M" satisfies the following inequality

(log p)" < v((log p))?, (3.12)

for some nonnegative constant y. As it was observed in [18], the inequality (3.12) is a mild
hypothesis due to the fact that, for instance, when m obeys the SNCC (respect. NCC)
and its Riemannian fiber M™ is flat (respect. Ricci-flat), we have that (3.12) is automatically
satisfied.

In the scenario that was discussed at the end of section 1.5 on the maximum principle for

complete noncompact Riemannian manifolds, we will obtain some results in the following.
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Theorem 3.1.2. Let M = —T X, M"™ be a GRW spacetime whose warping function p satis-
fies inequality (3.12). There does not exist complete noncompact spacelike mean curvature flow
soliton ¢ + X" — M with respect to KK = p(t)0; with soliton constant ¢ # 0, bounded mean
curvature and polynomial volume growth, lying in a timelike bounded region By, 1, C Mﬂﬂ, with
Ce(t) > 0 for all t € [ty,1ts].

Proof. As in the proof of Theorem 3.1.2, let us consider on X" the conformal metric g = Th) qg.
p
Denoting by A the Laplacian with respect to the metric g, from (1.7) and (1.10) we have

Ah = —p(h)p' (h){n + (n — 1)|Vh|*} — Hp?*(h)O. (3.13)
Thus, from (3.13) we get

Ap(h) = —np(h)(p'(h))* = Hp'(h)p*(h)©
+p°(R){(log p)"(h) — (n — 2)((log p)' (h))*}|VA|*. (3.14)

For any positive real number «, with a straightforward computation from (3.14) we get
Ap~(h) = —ozp‘a‘l(m{ —np(h)(p'(h))* — Hp'(h)p*(h)©
+0°(R) ((10g p)" () = (n + o = 3)((log p) (1)?) [VHI*}  (3.15)
= —ap™ (W) { = np(h) (¢ (1)*0? — Hpl () (n)©
+0°(k) ((log p)"(h) = (= 3)((log p)'(n))?) [VA[}.

Hence, from (1.12), (3.1) and (3.15) we reach at

~

Ap~*(h) = ap™*(h)©?*¢e(h) — ap®*(h) {(log p)"(h) — (a — 3)((log p)' (h))*} [VA[*.  (3.16)

So, observing that ©? > 1 and choosing « = 3 + v, we can use (3.12) and the assumption
that (.(h) > 0 on X" to obtain from (3.16) the following estimate

Ap(h)™ = age(h)p(h)™". (3.17)
Consequently, since we are assuming that 3" C [t1, 2] x M™, from (3.17) we get
Ap(h)=™ > ap(h)™, (3.18)

where a = ainfy, (.(h) > 0.

Moreover, we have that
Vp(h) 15 = ap(h)=*|p' (W)|IVh] < ap(h)=|¢ (W)]|©] = |~ ap(h) =" p'(W)||H].  (3.19)
So, since X" C [ty t5] x M™ and H is bounded on %7, from (3.19) we conclude that [Vp(h)~|,
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is also bounded on >".

On the other hand, considering the coefficients of conformal metric g;; = ﬁgzj, where g;;

stands for the coefficients of the induced metric g, we have that

G = \Jdet(@iy) = /p(h) 2" det(g,)) = p(h) "G (3.20)

In particular, using once more that X" C [t1,t5] x M", from (3.20) jointly with the hypothesis

that >" has polynomial volume growth with respect to g, we guarantee that the same holds with
respect to the conformal metric g.
Therefore, we are in position to apply Lemma 1.5.7 to infer that p(h)~® vanishes identically

on X", which contradicts the fact that p is a positive function. O

3.1.2 Uniqueness and nonexistence results under integrability prop-

erties

Returning to the study of spacelike mean curvature flow solitons, we get the following result.

Theorem 3.1.3. Let M = —T X, M™ be a GRW spacetime satisfying (3.12), occurring
the equality only at isolated points of I, and whose Riemannian fiber M™ is complete. Let
P X" — M be a complete spacelike mean curvature flow soliton with respect to K = p(t)0;
and with soliton constant c, lying in a timelike bounded region By, 4, C M such that C(t) >0
for allty <t <ty. If the height function h is such that |Vh| € [,;(E), then X" is a slice M, for
some t, € [t1,ts] which is implicitly given by the condition (.(t.) = 0.

Proof. We will consider again the conformal metric § := g and we will take o = v + 3.

2
Since we are assuming that X" lies in By, 4, and that ]VZ| (Z) Ly(¥), from (3.7) we get that
Vo (h)]; € L), A

Moreover, since (.(t) > 0 for all t; <t < t5, from (3.16) and (3.12) we obtain that Ap~(h) >
0. Consequently, we can apply Lemma 1.5.3 to infer that Ap‘a(h) =0 on X".

Therefore, since we are assuming that the equality occurs in (3.12) just only at isolated points
of I, returning to (3.16) we conclude that |Vh| must vanishes identically on ¥". Therefore, 3"

must be a slice M,, for some t, € [t,t5] which is implicitly given by the condition (.(¢,) = 0. O
From Theorem 3.1.3 we also get the following nonexistence result.

Corollary 3.1.4. Let M =T X, M™ be a GRW spacetime satisfying (3.12), occurring the
equality only at isolated points of I, and whose Riemannian fiber M™ is complete. There does not
exist a complete spacelike mean curvature flow soliton ¢ : X" — M with respect to IC = p(t)0,
and with soliton constant c, lying in a timelike bounded region By, 4, C M with Ce(t) > 0 for
all ty <t <ty, and such that its height function h satisfies |Vh| € L} ().

We are also able to present a slight different version of Theorem 3.1.3.
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Theorem 3.1.5. Let M = —I X, M™ be a GRW spacetime satisfying (3.12) whose Rie-
mannian fiber M™ is complete. Let 1 : X" — M be a complete spacelike mean curvature
flow soliton with respect to KK = p(t)0; with soliton constant ¢, lying in a timelike bounded
region By, 1, C M with C(t) > 0 and p'(t) vanishing only in isolated points of [ti,ts]. If
\Vh| € 5;(2), then X" is a slice M, for some t. € [t1,ta] which is implicitly given by the
condition (.(t.) = 0.

Proof. As in the proof of Theorem 3.1.3, we get that Ap‘”‘(h) = 0 on X", for « = v + 3.

Moreover, since X" lies in By, 4,, we can also verify that IV p2(h)] 4 € L;(X). But, we note that
A (h) = 20 (WAp () + 21T (W) = 2095 (W) > 0. (321)

Thus, we can apply again Lemma 1.5.3 to obtain that Ap*m(h) = 0 on X". Hence, since we are
assuming that p/'(t) > 0 for t; <t < ¢y, from (3.7) and (3.21) we obtain that |Vh| = 0 on X"
Therefore, 3™ must be a slice M,, for some t, € [t1, t5] which is implicitly given by the condition
C(t) = 0. O

These previous lemmas enable us to prove the following nonexistence result.

Theorem 3.1.6. Let M = —1I X, M™ be a GRW spacetime satisfying (3.12), occurring the
equality only at isolated points of I, and whose Riemannian fiber M™ is complete noncompact
with nonnegative Ricci curvature. There does not exist a complete spacelike mean curvature flow
soliton ¥ + X" — M with respect to K = p(t)0; and soliton constant c, lying in a timelike
bounded region By, +, C MHH, with C.(t) > 0 for all t, <t < ty, and whose height function h is
such that (p(h))~" € LI(X) for some q with ¢ >~ + 3.

Proof. Supposing by contradiction the existence of such a spacelike mean curvature flow soliton
o N — M and taking once more o = 7 + 3, from (3.16) we obtain that Ap=*(h) > 0
on ¥". Moreover, since ¥" is contained in a timelike bounded region and (p(h))~" € LI(%) for
some ¢ with ¢ > a, it is not difficult to verify that p=*(h) € L5(X) for p = £ > 1. Thus, we can
apply Lemma 1.5.4 to get that p(h) is constant on ¥". Hence, since we are also supposing that
the equality occurs in (3.12) just only at isolated points of I, returning to (3.16) we conclude
that |Vh| must vanish identically on ¥". Consequently, ¥" is isometric (up to scaling) to M™.
So, since f(h) is a positive constant, our assumption that p(h) € LI(¥) also implies that M™
has finite volume. But, since M" is a complete non-compact with nonnegative Ricci curvature,

Lemma 1.5.5 leads us to a contradiction. O

In the results that follow in this section, we use a different analytical technique to that used
at the beginning of this section: instead of making a conformal change in the metric, we decide
to make a perturbation in the Laplacian.

In what follows, we will also consider the function

u = g(h) € (=), (3.22)
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where g : I — R is an arbitrary primitive of p. Since ¢’ = p > 0, then u = g(h) can be thought
as a reparametrization of the height function. In particular, from (1.6) we have that the gradient
of u on X" is given by

Vu = p(h)Vh = —p(h)d] =K', (3.23)
where KT denotes the tangential component of the closed conformal vector field K = p(t)d;.

Taking into account this previous digression, we obtain the following auxiliary result.

Lemma 3.1.7. Let ¢ : X" & —1 x, M™ be a spacelike mean curvature flow soliton with respect
to KK = p(t)0¢ and with soliton constant ¢ # 0. Then,

H(AX,Y) — cV2u(X,Y) = cp/ (h)(X,Y), (3.24)
for all X,Y € X(X). Furthermore,
VH = cA(Vu).

Proof. Firstly, we note that:

Vau(X,X) = (VxVu, X)

Vx(p(h)Vh), X)

= p(h)(VxVh,X)+ (Vxp(h)Vh, X)
(

= p(R)V?h(X, X) + p/(h)(X,Vh)2 (3.25)

o~ o~

)
)

Thus, from (1.9) we get that

Vau(X,X) = p(h) (—/;,((2)){|X|2 + (X, Vh)?*} + (AX, X)@) + ' (h)(X,Vh)?

— —J(WIXP — §()(X, V) + p(h) (AX, X)© + o (h)({X, Vh)?
— —J(WIXP + p(h)(AX, X)O.

On the other hand,
%(VH, X) = (VxK,N)+ (K, VxN)
= —(A(X),K) = (X, A(Vu)), (3.26)

for every vector field X € X(X"), so that from (3.23) we conclude the desired result. O

Remark 3.1.8. We point out that (3.24) is close to the that defining Ricci solitons and, there-

fore, it is interesting to make a study of mean curvature flow soliton under this point of view.

Naturally attached to ¢ : X" 9 —I x, M™ we can consider the support function

o 2x" —- R

(3.27)
q = x(g)= (K(g), N(q)).
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Hence, from (1.4) we have that
px = p(h)(N,0:) = p(h)© < —p(h) < 0. (3.28)
Furthermore, from [62, Proposition 2.1} and (1.7) we have
Alpx) = {Ric(N,N) + [AP}p — {nN(p) — Hp'} + (K, VH), (3.29)

where VH is the gradient of H in the metric of ¥, Ric is the Ricci tensor of M and | Al is
the Hilbert-Schmidt norm of A.
Besides, we get that

/!

N(p) = —p'® = —%w. (3.30)

On the other hand, since N = N* — ©0;, where N* = m,(N) is the orthogonal projection
of N onto M™, it follows from [123, Corollary 7.43] that

Ric(N,N) = Ric(N*, N*) + ©7Ric(d;, 0;)

= Ricy (N*, N*) + (N*, N*) {%ﬁ +(n—1) (‘;22} - "Tpﬁ@Q (3.31)
= Ricy (N*,N*) — {%ﬂ + (n — 1)(2/2)2} —(n—1) (%/), e

where Ricy, denotes the Ricci tensor of M™. We note that it was used the relation (N*, N*) =
©? — 1 in the last equality above.
Thus, inserting (3.30) and (3.31) into (3.29), we obtain

Alpx) = {RicM(N*,N*) + |A]? - {%ﬂ + (n — 1)(222} —(n—1) (ﬁl)/ @2} oK

+ {n%go;c + Hp’} + (K, VH) (3.32)

= {RicM(N*,N*) + AP + p"p;—,fp')z —(n—1) (%) @2} o+ Hp + (K, VH)
= {Ricy (N*, N*) + (n — 1)(Inp)"(1 — ©*) + |A|*}ox + Hp' + (K, VH)

= {Ricy (N*, N*) — (n — 1)(Inp)"|Vh|* + |A|*}ox + Hp' + (K, VH).

From equations (1.12) and (3.27), we have that H = ¢ ¢y, and from (3.23) we get Vu = —K T,
where u is the reparametrization of the height function h given in (3.22). Consequently, we can

rewrite (3.32) in the following way

A(pr) = {ep'(h) + Riear (N*, N*) = (n — 1)(In p)"(h) VA + A" o + (V(eu), V(gx)). (3.33)
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We recall that the drift Laplacian on 3" is defined by

Acu(p) = Alp) = (V(eu), V) (3.34)

for all ¢ € C*(X"). So, from (3.33) and (3.34), we conclude that the drift Laplacian A, acting

on i is given by
Acu(px) = {Ce + Ricyr (N, N¥) = (n — 1)(In p)" (1) | V[ } o, (3.35)

where ¢, € C*°(X") is the function defined by

Cela) = cp'(h(q)) + [AQ)F, (3.36)

for every ¢ € X", which will be called the second soliton function associated to the spacelike
mean curvature flow soliton ¢ : ¥" & —I x, M". Such nomenclature for (., is motivated by
[27, Equation (6.11)].

In what follows, we will assume that the GRW spacetime —1 x, M" satisfies the null con-

vergence condition (NCC)
Ricyr > (n = 1)(pp" = p™)(, )ur, (3.37)

which was originally established by Montiel [115], where Ricy; denotes the Ricci tensor of the
Riemannian fiber M". It is not difficult to verify that all the GRW spacetimes described in
Subsection 1.2 satisfy the NCC. For this, in the case of a steady state type spacetime (see Ex-
ample 1.2.4), it is necessary to assume that its Riemannian fiber has nonnegative Ricci curvature.

Before we prove the first result, we will start by quoting an extension of Hopf’s theorem on
a complete Riemannian manifold X" due to Yau in [148]. For this, we will adopt the following

notation
£H(E") = {(p e C>™(x") - / lpldX < —i—oo}

be the space of Lebesgue integrable functions on ", where d¥ stands for the volume element
induced by the metric of ©" and denote by £}, (3") the set of Lebesgue integrable functions on

™ with respect to the modified volume element
dp = e™dx. (3.38)

We also recall that a smooth function ¢ on X" is said to be (cu)-subharmonic (respectively,
(cu)-superharmonic) if A, (@) > 0 (respectively, A.(¢) < 0) on X" So, it is not difficult to

verify that from [63, Proposition 2.1] we obtain the following auxiliary lemma.

Lemma 3.1.9. Let 3" be an n-dimensional complete oriented Riemannian manifold. If ¢ €
C>®(X") is a (cu)-subharmonic function (or a (cu)-superharmonic function) on X" and |V| €

LL(E"), then Acu(p) =0 on X,

Given a GRW spacetime M= g X, M™ obeying the NCC (3.37), we will require a
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suitable behavior of the second soliton function associated to a spacelike mean curvature flow
soliton ¢ : X" 9 M and on the norm of the gradient of the its mean curvature function, in
order to establish our first uniqueness result. For this, we will consider a timelike bounded region
of M1 defined by

Btl,tg = {(t,p) e -1 Xp M": tl S t S t2 andp € Mn}

Taking into account that all spacelike mean curvature solitons which appear in this paper
are considered with respect to the closed conformal vector field K = p(t)0;, we are in position

to present our first main result.

Theorem 3.1.10. Let M = —I X, M™ be a GRW spacetime which obeys the NCC' (3.37),
with equality holding only in isolated points of I. Let 1) : X" G M be a complete spacelike
mean curvature flow soliton with soliton constant ¢ # 0 and lying in a timelike bounded region
By, 1, If its second soliton function {, = |A|]*> + cp'(h) is nonnegative and |[VH| € L' (X"), then

Y™ is a slice ofﬁnﬂ.
Proof. From (3.37), we obtain that

Ricy (N*, N*) — (n — 1)(In p)"(h)|VR|* > (3.39)
> (n=1)(p(h)p"(h) — p'()")IN"[3; — (n — 1)(In p)"(h)| VA[*

/

:<n—w@mmwm—pwwﬂN+@mﬁrwn—w(%)Umvmz

o o — gy (9B (pB) ) — Y oY
= (=0 { (omam - ) Tk - (PRSI jonet — o

Thus, since ¢, > 0 on £", from (3.35) and (3.39) we get that the support function px defined
in (3.27) satisfies
Auiipx) < p(h)CO < 0. (3.40)

On the other hand, since ¢ : X" & —1 x, M" is contained in a timelike bounded region By, 4,
of —1 x, M™, h is bounded on X" and, consequently, the same happens with u = g(h) and e®.
So, since ¢ # 0, from (3.38), (1.12), (3.27) and |[VH| € L}(X") we get |V (px)| € LL,(3"). Next,
from Lemma 3.1.9 we obtain A.,(px) =0 on X". Since p(h) > 0 and © < 0 on X", from (3.39)
and (3.40) we must have on X" that

=0 —and  Riey(N",N") = (n—1)(Inp)’(h)|Vh|]* = 0.

But, taking into account that the equality in (3.37) occurs only in isolated points of I, we can
conclude that |[VAh| = 0 on X" and, consequently, h is constant on ¥". Therefore, (X") is a

slice. =

Remark 3.1.11. From (1.8) we have that the slice M} is a spacelike hypersurface whose shape
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operator (with respect to the orientation 9;) A; is given by

A, 0 X(MP) — X(MP)

Voo ALYV = -0, = L)y

*

(3.41)

Thus from (3.41) we obtain that the principal curvatures x.* of the shape operator A;, of a slice
M = {t.} x M", t, € I, are given by k" = _ZI((TZ*)) for all © € {1,...,n}. So, from (1.14)
and (3.36) we have

G = epl(t) + 1AL = Y0 (4" + (—%f))) J(t) = 0

on M. Hence, our restriction on the values of the second soliton function fc in Theorem 3.1.10

constitutes a mild hypothesis in the sense that it is natural to detect slices of —I x, M™.
From Theorem 3.1.10 we also get the following nonexistence results.

Corollary 3.1.12. There is no complete spacelike translating soliton lying in a timelike bounded
region of a Lorentzian product space —I x M"™, whose Riemannian fiber M™ has positive Ricci

curvature, having soliton constant ¢ # 0 and such that |VH| € L(Z").

According to the classical terminology in linear potential theory, a Riemannian manifold
" is called (cu)-parabolic if the constant functions are the only functions ¢ € C?(3) which are
bounded from below and satisfying A, (¢) < 0. Inspired by the ideas of Romero et al. [130,131],
Albujer et al. established in [7, Theorem 1] the following parabolicity criterion which provides
conditions for a complete spacelike hypersurface immersed in GRW spacetime —1 x, M" to be
(cu)-parabolic. For this, we will consider the function @ := g(7;) o 7, where 7 : M"™ — M™ is

the universal covering map of the Riemannian fiber M".

Lemma 3.1.13. Let ¢ : X" & —1 x, M™ be a complete spacelike hypersurface immersed in a
GRW spacetime —I x ,M", whose Riemannian fiber M™ has (ct)-parabolic universal Riemannian
covering for some constant ¢ # 0. If the hyperbolic angle © is bounded from below and the warping
function f and the height function h are such that sups. p(h) < 400 and infsn p(h) > 0, then

X" is (cu)-parabolic.

We can state the following rigidity result for spacelike mean curvature flow solitons in GRW

spacetimes.

Theorem 3.1.14. Let M = —T X, M™ be a GRW spacetime obeying the NCC (3.37), with
equality holding only in isolated points of I, and such that the Riemannian fiber M™ has (ct)-
parabolic universal Riemannian covering for some constant ¢ # 0. Let ¢ : X" % M be a
complete spacelike mean curvature flow soliton with soliton constant ¢, lying in a timelike bounded
region By, 1,. If the hyperbolic angle © is bounded from below and the second soliton function

(= |A|? + ¢p/(h) is nonnegative, then X" is a slice oanH.
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Proof. From (3.40) we get A (px) < 0 on X" Thus, since we are assuming that ¢ : X" ¢
—1 x, M™ is contained in a timelike bounded region, Lemma 3.1.13 guarantees that X" is (cu)-
parabolic and consequently @i is constant on ¥". At this point, we can reason as in the last
part of the proof of Theorem 3.1.10 to conclude that there is ¢ € I such that " is a slice of

——n+1

M. [l

From Theorem 3.1.14 we also get the following nonexistence results.
Corollary 3.1.15. Let mt

fiber M™ has positive Ricci curvature and (cu)-parabolic universal Riemannian covering for some

= —I x M™ be a Lorentzian product space, whose Riemannian

constant ¢ # 0. There is no complete spacelike translating soliton in WH, having soliton

constant ¢ and such that © is bounded from below.

Considering the strong null convergence condition (SNCC)
K > sup(pp” — p), (3.42)
I

which was introduced by Alias and Colares [12], where K); denotes the sectional curvature of the
Riemannian fiber M™ and adding a suitable control to the growing of the height function through
the second soliton function of a spacelike mean curvature flow soliton, we get the following version

of the Omori-Yau’s maximum principle:

Proposition 3.1.16. Let M= X, M™ be a GRW spacetime obeying the SNCC (3.42),
and let ¢ : X" 9 —1 x, M"™ be a complete spacelike mean curvature flow soliton having soliton
constant ¢ # 0. If the function (nfl)p”(f;)(z)c”(h)pl(h) is bounded from below on X", then the Omori-
Yau’s mazimum principle holds for the drift Laplacian A, that is, for o € C?(X") with supy, p <

+o00, there exists a sequence of points {py}r>1 in X", such that
limp(pe) =supp,  m[Ve(p)[ =0 and  limAcp(pe) < 0.
b

Proof. We recall that the curvature tensor R of X" can be described in terms of its Weingarten
operator A and the curvature tensor R of the ambient —1 x »M™ by the so-called Gauss equation,

which is given by
(RIX,Y)Z, W) = (R(X,Y)Z,W) — (AX, Z)(AY, W) + (AX, W)(AY, Z), (3.43)

for every tangent vector fields X, Y, Z € X(X"). Here, as in [123], the curvature tensor R is given
by

R(X,Y)Z =VixvZ - [Vx,Vy]Z,

where [, | denotes the Lie bracket and XY, Z € X(X").
Let us consider X € X(X") and take a (local) orthonormal frame {Ey,--- , E,}. It follows
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from Gauss equation (3.43) that the Ricci curvature Ric of X" satisfies

Ric(X, X) = Y (R(X,E)X, E;) + |AX|* + H(AX, X). (3.44)

i

Thus, from (3.24) and (3.44) we get

Ric(X, X) — eV?u(X, X) > Y (R(X, E)X, E;) + cpf (h)| X (3.45)

To estimate the first summand on the right-hand side of inequality (3.45), let us consider
X* = (ma)«(X) and Ef = (mar)«(E;). So, from [123, Proposition 7.42] and (1.6) we have

Y (RX,E)X,E) = Y (Ru(X",E))X", Ef)+ (n—1)((lnp) (h)*[X]*  (3.46)

7 7

—(n = 2)(In p)"(h)(X, VR)* — (In p)"(h)|VA[*| X7,

where R); denotes the curvature tensor of the Riemannian fiber M". By writing X* = X +
(X, 0:)0; , we can estimate the first summand on the right-hand side of (3.46) to get

SRMXEDXE) = g (X Rl By — (X7, B K (X7, )
1

ot

(0 = 2)(X, VA)?) min Ky (X, ),

n—1)|X*+ |VR*|| X ? (3.47)

Consequently, since our ambient space obeys (3.42), from (3.47) we have that
Z(RM(X*, ENXY B > (0= D)X+ [VAPIX] + (n = 2)(X, VR)*)(In p)”(R). (3.48)
Substituting (3.48) into (3.46), we get
Z@(X, E)X, E;) > ((n = DIXP+VAP|X P +(n — 2)(X, VR)?*)(In p)”(h)
| +(n = 1) ((Inp) (M)*| X[ = (n — 2)(Inp)"(A)(X, VR)*  (3.49)
—(Inp)” ( )IVA[*| X[

p"(h) | 12
p()‘X’

Hence, from (3.45) and (3.49) we obtain

= (n—1)

p"(h)
p(h)

Therefore, since the right-hand side of the above inequality is bounded from bellow, we conclude

Ric — ¢V2u > ((n — 1)

+cp'(h){,)-

our proof by applying [68, Theorem 1]. ]
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Proceeding, we use Proposition 3.1.16 to establish the following result.

Theorem 3.1.17. Let M = —I X, M"™ be a GRW spacetime obeying the SNCC' (3.42), and
let : X" 9 —Ix,M"™ be a complete spacelike mean curvature flow soliton with soliton constant

¢ # 0, such that ("71)p//(};)(;1r)cp(h)pl(h) is bounded from below. If infy, p(h) > 0, the second soliton

function {, = |A[]?> + ¢p/(h) is nonnegative and the height function h satisfies

|Vh| < iélnfgc on X", (3.50)

then X" is a slice of M

Proof. Since px < 0 on X", Proposition 3.1.16 assures the existence of a sequence of points
{Pk }ren C X" such that

Jim o) = e and i e < 0
Hence, from (3.40) we get
> . . — . = > . .
02> lim Ac(ex)ps) Sup o Iim Celpr) = 0 (3.51)

But, since we are assuming that infy p(h) > 0, we have that sup px < 0. Consequently,
Zn

from (3.51) we must have llil_El (.(pr) = 0 and, hence, iélf (. = 0. Therefore, the result follows
J—>+00 n

from hypothesis (3.50). O

Remark 3.1.18. We note that in Theorem 3.1.17 the hypotheses that (nfl)p”(};)(z)w(h)pl(h) is

bounded from below and infy, p(h) > 0 are automatically satisfied if we assume that the spacelike

mean curvature flow soliton lies in a timelike bounded region of the ambient spacetime.
Our next result can be regarded as a sort of extension of [68, Theorem 3].

Theorem 3.1.19. Let M = —T1 X, M™ be a GRW spacetime satisfying the SNCC' (3.42).

. . . . . mntl . .
There is no complete spacelike mean curvature flow soliton immersed in M, with soliton

(n=1)p" (h)+cp(h)p’ (h
(h) >0 and PO

constant ¢ # 0 such that cp’ ) is bounded from below.

Proof. Let us suppose by contradiction the existence of such a complete spacelike mean curvature

flow soliton $" immersed in M. Since we are supposing that c¢p/(h) > 0 and that at

satisfies the SNCC (3.42), we conclude from (3.35) and (3.39) that

Acuc)OIC S |A|2QOIC
From above equation, we get

AchO?C Z 2801CACU<IOIC Z 2|A|2S012C
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Since px = % we have
4

H
A H? > 2H?|A? > 2—. (3.52)
n
With a straightforward computation, we can verify that
A —1 0\ ALH 3 VAP 3.5
“\V1+ H? 2(14 H2)32  4(1+ H2)5/? ‘
Hence, from (3.52) and (3.53) we obtain
A -1\ H' 3 |VHP
cu /1 ¥ H2 — n(l + H2>3/2 4 (1 + H2)5/2'
Therefore, since (=12 ”(i;)(;;)c (P i hounded from below, from Proposition 3.1.16 we can

apply the Omori-Yau’s maximum principle and reason as in the proof of [68, Theorem 3] to

conclude that H = 0, which corresponds to an absurd.

From Theorem 3.1.19 we get the following nonexistence results.

]

Corollary 3.1.20. There is no complete spacelike translating soliton with soliton constant ¢ # 0

immersed in —1 X M"™, whose Riemannian fiber M™ has nonnegative sectional curvature.

Remark 3.1.21. Fixing a constant ¢ € R with 0 < |¢| < 1, from [73, Example 4.4] we have that

Y={(clnzy,x1,...,2,): x, >0} C —R x H"

is a complete spacelike translating soliton of the mean curvature flow with respect to 0;, having

soliton constant ¢ and constant future mean curvature

¢ =¢0O.

H = -
i@

Moreover, we also get that
Vh| = = |Al.
|Vh| 12 |A|

Hence, since the static GRW spacetime —R x H" obeys neither the NCC (3.37) nor the SNCC

(3.42), we can verify that it works as a counterexample related to our previous theorems. Con-

sequently, we conclude that their hypothesis are, indeed, necessary.

Now, we deal with compact (without boundary) mean curvature flow solitons.

X
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Theorem 3.1.22. Let M = —I X, M™ be a GRW spacetime and let ¢ : X" & M

compact mean curvature flow soliton with soliton constant ¢ # 0. If ¢ > 0, then

min H?> < —cnp/(h,) and max H? > —cnp/'(h"),

be a



where h, and h* are the minimum and maximum of the height function on X". Similarly, if
c <0, then

mzin H?* < —cnp/(h*)  and max H? > —cnp/(h,).

Proof. From (3.24) we have that
cAu = —ncp'(h) — H?. (3.54)

Let us consider ¢ > 0 and let pyg be a point of minimum of the height function h. Since a
primitive g of p is a increasing function, we have that h(pg) = h. is minimum point of the
function u = g(h) and, hence, Au(pg) > 0. Thus, from (3.54) we get that

mzin H? < H*(py) < —ncp(hsy).
Analogously, taking a point of maximum of h, we are able to conclude that

max H? > —cnp/(R¥).

The proof of the case ¢ < 0 follows the same steps of the case ¢ > 0. O
From above result we conclude directly the following nonexistence result.

Corollary 3.1.23. There exist no compact spacelike translating soliton with soliton constant
¢ # 0 immersed in —1 x M™.

We finish this subsection establishing a rigidity result derived from Theorem 3.1.22.
Corollary 3.1.24. Let M= X, M™ be a GRW spacetime and let ¢ : X" 9 M be
a compact mean curvature flow soliton with soliton constant ¢ # 0. Assume that p"(t) < 0 for
h, <t < h*, where h, and h* are the minimum and maximum on X" of its height function h. If

H is constant, then X" is a slice of M

Proof. Indeed, since p”(t) < 0, we have that p’ is non-decreasing. Besides, since H is constant,

from Theorem 3.1.22 we conclude that
—nep/(t) = H?,

for h, <t < h*. Thus, from above equation jointly with (3.54), we have that Au = 0. Therefore,

. . . . : . 1
since 2" is compact, we conclude that u is constant, which means that > is a slice of o

3.1.3 Uniqueness under a parabolicity criterion

According to [133], a GRW spacetime M =Ix » M™ is said to be spatially parabolic when
its Riemannian fiber M" is parabolic, that is, (M™, ga) is a noncompact complete Rieman-

nian manifold such that the only superharmonic functions on it that are bounded from below
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are the constants. Analogously, M s said to be spatially parabolic covered when its univer-
sal Lorentzian covering is spatially parabolic. For our next uniqueness result, we need of the

following parabolicity criterion due to Aledo, Rubio and Salamanca (see [18, Theorem 2.2])

Lemma 3.1.25. Lety : X" — M bea complete spacelike hypersurface immersed in a spatially
parabolic covered GRW spacetime M =1 X, M™. If supy. p(h) < +00 and the hyperbolic angle

function © is bounded, then (X", ), endowed with the conformal metric G = g, is parabolic.

1
p*(h)
Using Lemma 3.1.25 we obtain the following result.

Theorem 3.1.26. Let M = I'x,M™ be a spatially parabolic covered GRW spacetime satisfying
(3.12), holding the equality only at isolated points of I. Let ¢ : ¥" — M be a complete
spacelike mean curvature flow soliton with respect to KK = p(t)0; with soliton constant c, lying
in a timelike bounded region By, ;, C WH, with Ec(t) >0 for all ty <t < ty. If the hyperbolic
angle function © is bounded, then X" is a slice My, for some t, € [t1,ts] which is implicitly given

by the condition (.(t,) = 0.

Proof. First, we note that Lemma 3.1.25 guarantees that (X", g) is parabolic. Moreover, it
follows from (3.16) that p(h)~® (where a = v + 3) is subharmonic on ¥". Thus, since the
hypothesis that ¥* C By, ;, implies in particular that p(h)~® is bounded from above, it follows
from the parabolicity of (3", §) that p(h) is constant on ¥". Consequently, since we are assuming
that the equality holds in (3.12) only at isolated points of I, returning to (3.16) we conclude
that |[Vh| = 0 on X", which means that 3" is a slice. O

3.1.4 Rigidity of mean curvature flow solitons

Using the concepts reported in equations 3.1 and 3.12 above, we will now obtain the results
for the stiffness in the GRW spacetimes.

Theorem 3.1.27. Let M = —T X, M"™ be a GRW spacetime with complete noncompact
Riemannian fiber M™ and whose warping function p satisfies inequality (3.12). The only complete
noncompact spacelike mean curvature flow soliton i : X" — M with respect to K = p(t)o,
with soliton constant ¢ such that (.(h) > 0, p(h) is increasing (decreasing) and, for some t, € I,

h converges from below (above) to t, at infinity, is the slice M,,.

Proof. As in the proof of Theorem 3.1.3, let us suppose by contradiction that such a mean

curvature flow soliton ¢ : X" — M is not the slice M;, and let us consider on " the

conformal metric g = g. Denoting by A the Laplacian with respect to the metric g,

p(h)
from (1.7), (1.10) and (2.13) we get

Ap(h) = —np(h)(p'(h))* — Hp'(R)p*(h)©
+p*(h){(log p)"(h) — (n — 2)((log p)'(h))*}|VR|>. (3.55)
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For any positive real number «, with a straightforward computation from (3.55), (1.12), (3.1)
and (3.15), observing that ©% > 1 and choosing a = 3+, we can use (3.12) and the assumption
that (.(h) > 0 on X" to obtain from (3.16) the following estimate

~ —

Ap(h)™ > age(h)p(h)™™ > 0. (3.56)
Moreover, we have that
[Vo(h) ™5 = ap(h)~*[p/(R)||VA]. (3.57)

At this point, taking into account (3.56) and (3.57), we can apply Lemma 1.5.6 the same
choices of the smooth function u = p(h)~* — p(t,)~* and the vector field X = Vu to get that
§(Vu, X) is identically zero on X". Thus, returning to (3.57) we conclude that VA vanishes
identically on ¥", which means that h is constant and (since it converges to t, at infinity) 3"

must be the slice M;, . Therefore, we reach at a contradiction. O]

3.1.5 Applications to Einstein-de Sitter spacetimes

Observing that the (n + 1)-dimensional Einstein-de Sitter spacetime —R™ x,z R" (see Ex-

ample 5.2.1) satisfies (1.11), from Theorem 3.1.1 we obtain the following consequence.

Corollary 3.1.28. Let M= —RY X,z R" be the (n + 1)-dimensional Einstein-de Sitter

spacetime. There does not exist a complete spacelike mean curvature flow soliton ¢ : X — m

with respect to K = t30, with soliton constant ¢ > 0, whose second fundamental form and

hyperbolic angle function are bounded, and lying in a timelike bounded region of M
Applying Theorem 3.1.3 to the Einstein-de Sitter spacetime, we obtain the following result.

Corollary 3.1.29. Let M = Rt X2 R™ be the (n + 1)-dimensional Einstein-de Sitter
spacetime. The only complete spacelike mean curvature flow soliton v : X" — M with
respect to K = t30, with soliton constant ¢ < 0, lying in a timelike bounded region B, ., C
—n+1

M™ " with ty = (—é—’;)%, and such that its height function h satisfies |Vh| € L;(X), is the slice
{(=2)5} xR™.

3c

When the ambient spacetime is the Einstein-de Sitter spacetime, Corollary 3.1.4 reads as

follows.

Corollary 3.1.30. Let M= —RY x 2 R" be the (n + 1)-dimensional Einstein-de Sitter
spacetime. There does not exist a complete spacelike mean curvature flow soliton ¢ : 3" — !
with respect to K = t%(?t with soliton constant ¢ > 0, lying in a timelike bounded region of !

and such that its height function h satisfies |Vh| € L(X).

From Theorem 3.1.6 we obtain the following consequences.
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Corollary 3.1.31. Let M= Rt X,z R" be the (n + 1)-dimensional Einstein-de Sitter
spacetime. There does not exist a complete spacelike mean curvature flow soliton 1 : X — m

with respect to K = £30, with soliton constant ¢ > 0, lying in a timelike bounded region of M
and such that its height function h satisfies h3 € L1(X) for some q with q¢ > 3.

We close this section quoting the following applications of Theorem 3.1.26.

Corollary 3.1.32. Let M = —R+ X.3 R? be the 3-dimensional Einstein-de Sitter spacetime.

The only complete spacelike mean curvature flow soliton v : X2 — M with respect to IC = t%&g
3

with soliton constant ¢ < 0, lying in a timelike bounded region By, 4, C M with ly = (—3%)5,

and such that its hyperbolic angle function © is bounded, is the slice {(—Si)%} x R™.

C

From Theorem 3.1.2 we obtain the following consequence.

Corollary 3.1.33. Let Mt = Rt X,z R" be the (n + 1)-dimensional Einstein-de Sitter
spacetime. There does not exist a complete noncompact spacelike mean curvature flow soliton
P X" — M with respect to K = 30, with soliton constant ¢ > 0, whose mean curvature is

bounded bounded, having polynomial volume growth and lying in a slab ofﬁnﬂ.

From Theorem 3.1.10 we derive the following consequence.

Corollary 3.1.34. Let 1) : X" & —R™T X3 R™ be a complete spacelike mean curvature flow
soliton with soliton constant ¢ < 0, lying in a timelike bounded region of the Finstein-de Sitter
spacetime —R* x 3 R™. If [A| does not vanish and h > —% and [VH| € LY(X"), then X" is
the slice {(—22)5} x R™.,

From Theorem 3.1.19 we get the following nonexistence result.

Corollary 3.1.35. There is no complete spacelike mean curvature flow soliton with soliton

constant ¢ > 0, lying in a timelike bounded region of the Einstein-de Sitter spacetime —R™ X2 R™.

3.1.6 Applications to steady state type spacetimes

Since a steady state type spacetime (see Example 1.2.4) whose Riemannian fiber has nonneg-

ative sectional curvature satisfies (1.11), from Theorem 3.1.1 we obtain the following application.

Corollary 3.1.36. Let M =R Xet M™ be a steady state type spacetime whose Riemannian
fiber M™ has nonnegative sectional curvature. There does not exist a complete spacelike mean
curvature flow soliton ¢ : X" — M with respect to K = €'0; with soliton constant ¢ > 0,
whose second fundamental form and hyperbolic angle function are bounded, and lying in a timelike

bounded region of M

When the ambient space is a steady state type spacetime, Theorem 3.1.3 gives us the following

consequence.
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Corollary 3.1.37. Let M= R Xet M™ be a steady state type spacetime whose Riemannian
fiber M™ is complete. The only complete spacelike mean curvature flow soliton 1 : X" — !
with respect to K = €'0, with soliton constant ¢ < 0, lying in a timelike bounded region By, 1, C
——n+1

M with ty = log(—%), and such that its height function h satisfies [Vh| € L)(X), is the slice
{log(—)} x M.

When the ambient spacetime is the steady state type spacetime, Corollary 77 reads as follows.

Corollary 3.1.38. Let M =R Xt M™ be a steady state type spacetime whose Riemannian
fiber M™ 1s complete. There does not exist a complete spacelike mean curvature flow soliton
Y X" — M with respect to KC = €', with soliton constant ¢ > 0, lying in a timelike bounded
region of M and such that its height function h satisfies |Vh| € E;(E).

From Theorem 3.1.6 we obtain the following consequences.

Corollary 3.1.39. Let M =R Xet M™ be a steady state type spacetime whose Riemannian
fiber M™ s complete noncompact with nonnegative Ricci curvature. There does not exist a
complete spacelike mean curvature flow soliton 1 : X" — M with respect to K = €'0, with
soliton constant ¢ > 0, lying in a timelike bounded region of M and such that its height

function h satisfies e € LX) for some q with ¢ > 3.

We close this section quoting the following applications of Theorem 3.1.26.
Corollary 3.1.40. Let !

spacetime. The only complete spacelike mean curvature flow soliton 1 : X — M with respect

= —R X, M™ be a spatially parabolic covered steady state type

to KK = e'0, with soliton constant ¢ < 0, lying in a timelike bounded region By, 4, C MnH with ty =

n

log(—%), and such that its hyperbolic angle function © is bounded, is the slice {log(—%)} x M™.

Remark 3.1.41. Related to Corollary 3.1.40 in the case n = 2, when the Riemannian fiber M?
is a complete Riemannian surface having nonnegative Gaussian curvature, a classical result due

to Ahlfors [2] and Blanc-Fiala-Huber [101] guarantees that M? has parabolic universal covering.

In this context, Theorem 3.1.2 gives the following:

——n+1

Corollary 3.1.42. Let M = —R X M™ be a steady state type spacetime. There does not
exist a complete noncompact spacelike mean curvature flow soliton v : X" — M with respect
to KK = €'d, with soliton constant ¢ > 0, whose mean curvature is bounded, having polynomial
volume growth and lying in a slab of M

When the ambient space is a steady state type spacetime, Theorem 3.1.10 gives us the

following rigidity result.

Corollary 3.1.43. Let M= Xt M™ be a steady state type spacetime whose Riemannian
fiber M™ has positive Ricci curvature. Let ) : X" ¢ M bea complete spacelike mean curvature
flow soliton with soliton constant ¢ < 0 and lying in a timelike bounded region. If |A| does not

vanish and h > In (—#) and [VH| € L'(X"), then X" is the slice {In(—2)} x M".
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Corollary 3.1.44. There is no complete spacelike mean curvature flow soliton lying in a timelike
bounded region of a steady state type spacetime —I X M™, whose Riemannian fiber M"™ has

positive Ricci curvature, having soliton constant ¢ > 0 and such that [VH| € LY(Z").
From Theorem 3.1.14 we obtain the following applications.

Corollary 3.1.45. Let M= Xt M™ be a steady state type spacetime whose Riemannian
fiber M™ has positive Ricci curvature and (cu)-parabolic universal Riemannian covering for some
constant ¢ < 0. Let ¢ : X" & M be a complete spacelike mean curvature flow soliton with

soliton constant ¢ and lying in a timelike bounded region By, 1,. If © is bounded from below and
h >In <—@>, then X" is the slice {In(—2)} x M™.

Corollary 3.1.46. Let M= Xt M™ be a steady state type spacetime whose Riemannian
fiber M™ has positive Ricci curvature and (cu)-parabolic universal Riemannian covering for some
constant ¢ > 0. There is no complete spacelike mean curvature flow soliton lying in a timelike

bounded region of MHH, having soliton constant ¢ and such that © is bounded from below.
From Theorem 3.1.19 we get the following nonexistence result.

Corollary 3.1.47. There is no complete mean curvature flow soliton with soliton constant ¢ >
0, lying in a timelike bounded region of the steady state type spacetime —R X M"™, whose

Riemannian fiber M™ has nonnegative sectional curvature.

3.1.7 Applications to de Sitter spaces

From [117, Example 4.2], the (n+ 1)-dimensional de Sitter space S is isometric to the RW
spacetime —R X oqn¢S™, where S™ denotes the n-dimensional unit Euclidean sphere endowed with
its standard metric. Taking into account the terminology introduced in [17], the open half-space
R+ x S* C S!* (respect. R™ x S* C S') is called the chronological future (vespect. past) of
ST with respect to the totally geodesic equator {0} x S*. From (1.14) we see that the equator
is a spacelike mean curvature flow soliton with respect to K = coshtd; and constant soliton
¢ = 0 and the slices {sinh_l(%@)} x S™ are spacelike mean curvature flow soliton with
respect to K = cosht 0, and with soliton constant 0 < |c| < 7.

Considering the context of Example 1.2.5, from Theorem 3.1.1 we also get.

Corollary 3.1.48. There does not exist a complete spacelike mean curvature flow soliton ) :
¥ — ST with respect to K = cosht d; having soliton constant ¢ > 0 (respect. ¢ < 0), whose
second fundamental form and hyperbolic angle function are bounded, and lying in a timelike
bounded region contained in the chronological future (respect. past) of ST with respect to the
equator {0} x S".

From Example 1.2.6 and Theorem 3.1.1 we obtain.

Corollary 3.1.49. There does not exist a complete spacelike mean curvature flow soliton 1) :

Y —RY Xgppe H® C S?“ with respect to K = sinht 0; having soliton constant ¢ > 0, whose
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second fundamental form and hyperbolic angle function are bounded, and lying in a timelike

bounded region of —RT Xy, H® C ST,
Finally, in the setting of Example 1.2.7, Theorem 3.1.1 reads as follows.

Corollary 3.1.50. There does not exist a complete spacelike mean curvature flow soliton i :
X - —(—%, g) Xeost H" C H?H with respect to K = cost0; having soliton constant ¢ < 0
(respect. ¢ > 0), whose second fundamental form and hyperbolic angle function are bounded, and
lying in a timelike bounded region contained in the chronological future (respect. past) of HiT

with respect to the equator {0} x H".
We close this section with the following consequence of Theorem 3.1.2:

Corollary 3.1.51. There does not exist a complete noncompact spacelike mean curvature flow
soliton 1 : X" — S with respect to K = cosht 0, having soliton constant ¢ > 0 (respect.
¢ <0), whose mean curvature is bounded, having polynomial volume growth and lying in a slab

contained in the chronological future (respect. past) of St with respect to the equator {0} x S™.

3.1.8 Applications to the Lorentz-Minkowski space

From Theorem 3.1.17 we obtain the following applications.

Corollary 3.1.52. Let ¢ : ¥" & —R™ x,H"™ be a complete spacelike mean curvature flow soliton
with soliton constant ¢ < 0. Ifinfy, h > 0, the second soliton function C~C = | A|?+c is nonnegative

and |Vh| < infsn C., then X" is a slice {5} x H".

Corollary 3.1.53. There is no complete spacelike mean curvature flow soliton 1 : ¥ & —RT x,
H" with soliton constant ¢ > 0, such that infs h > 0 and |Vh| < infsn |A]* + c.

3.1.9 Application to the anti-de Sitter space

From Theorem 3.1.19 we get the following nonexistence result.

Corollary 3.1.54. There is no complete mean curvature flow soliton with soliton constant ¢ # 0

immersed in —(—%,%) Xeos¢ H" C HYH, such that csin(h) < 0.

3.2 Entire spacelike mean curvature flow graphs

In this last section this chapter, we will use the theorems of the previous sections in order to
establish new Calabi-Bernstein type results concerning entire spacelike graphs constructed over
the Riemannian fiber of a GRW spacetime. If the reader needs a refresher on the preliminary
concepts of entire graphs, we recommend a re-reading of Section 1.4.

Hence, from (1.12) and (1.19) we have that 3"(u) is a spacelike mean curvature flow soliton

with respect to K = p(t)0; and with soliton constant c if, and only if, |Du|y < p(u) and w is a
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solution of the following nonlinear differential equation:

divy, = — cf(u u) [ n . (3.58
(mwmw-mm) ¢p<u>2—|Du|%4{ Jlur ot )( ! pW)} 355

We say that u € C°°(M) has finite C* norm when

\|ulle2(ary == sup [D¥ulpe(ary < +o0.
|k|<2
When an entire spacelike graph Y (u) is such that u has finite C* norm, it follows from (1.18)
that |A| is bounded and, consequently, 3(u) has bounded second fundamental form. We also
note that the finiteness of the C? norm of u implies, in particular, that u is bounded, which, in
turn, guarantees that 0 < infy, p(u) < sup,, p(u) < +o00.

In this setting, we obtain a nonparametric version of Theorem 3.1.1.

Theorem 3.2.1. Let M = —T X, M™ be a GRW spacetime satisfying (1.11) and whose
Riemannian fiber M™ is complete. Suppose that c is a constant such that the modified soliton
function ((t) has strict sign in I. There does not exist a smooth function u : M™ — I with finite

C? norm which is solution of the spacelike mean curvature flow soliton equation (3.58) and such
that |Duly < Bp(u), for some constant 0 < § < 1.

Proof. Let us assume the existence of such a smooth function v : M™ — I. It follows from
(1.18) that the shape operator A of an entire spacelike graph ¥(u) is bounded provided that u
has finite C? norm. Note also that the finiteness of the C? norm of u implies, in particular, that

u is bounded, which, in turn, guarantees that ¥(u) is contained in a bounded timelike region of
——n+1

M
On the other hand, under the assumptions of the theorem, ¥(u) is a complete spacelike
hypersurface. Indeed, proceeding as in [13, Corollary 5.1], from (1.16) and the Cauchy-Schwarz

inequality we get
9u(X, X) = —gu (Du, X*)? + p*(w)gar (X*, X*) = (p*(u) — | Duli)gar (X, X7), (3.59)

for every tangent vector field X on X(u), where (as before) X* denotes the projection of X onto
the Riemannian fiber M™. Thus, since |Du|y < Sp(u), for some constant 0 < 5 < 1, from (3.59)
we get that

0u(X, X) > G0 (X7, X7), (3.60)

where § = (1 — 3?)infy; p?(u). So, (3.60) implies that L = /6Ly, where L and Ly, denote the
length of a curve on ¥(u) with respect to the Riemannian metrics g, and gy, respectively. As
a consequence, since we are always assuming that M" is complete, the induced metric g, must

be also complete.
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Moreover, from (1.17) we obtain that the hyperbolic angle function © of 3(u) is given by

L p(u)
O W - D, o

Hence, using once more that hypothesis that |Du|y < Bp(u), for some constant 0 < f < 1,
from (3.61) we get that © is bounded. But, by applying Theorem 3.1.1 we have that X(u)

cannot exist. O
From Theorem 3.2.1 we obtain the following applications.

Corollary 3.2.2. For any constants ¢ > 0 and 0 < 8 < 1, there does not exist a smooth function

u: R™ — RT with finite C? norm which is a solution of the following system

/

diVRn =

2 4 a 4
usy/us — |Dul3, \us — [Dulg. (3.62)

| [Dulg- < Bus

D 1 4 2|Dul?.
U ( 2n+|u|R)

Corollary 3.2.3. Let M™ be a complete Riemannian manifold with nonnegative sectional curva-
ture. For any constants ¢ > 0 and 0 < B < 1, there does not exist a smooth function v : M™ — I

with finite C? norm which is a solution of the following system

D 1 Dul?
diVM< = Y > ) = — : = <062“+n6“—|—| Z:|M)
ety/e? — |Dul3, Ver — |Dul3, e (3.63)
| Duly < pe*

Remark 3.2.4. From Examples 1.2.5, 1.2.6 and 1.2.7, it is not difficult to see that we can
also obtain applications of Theorem 3.2.1 to the de Sitter and anti-de Sitter spaces similar to
Corollaries 3.2.2 and 3.2.3.

Proceeding, from Theorem 3.1.3 we obtain the following Calabi-Bernstein type result.

Theorem 3.2.5. Let M = —T X, M™ be a GRW spacetime satisfying (3.12), occurring the
equality only at isolated points of I, and whose Riemannian fiber M™ is complete. Suppose
that c is a constant such that (.(t) > 0 for allt € 1. If ¥(u) C M is an entire spacelike
graph determined by a bounded function u € C*°(M) which is solution of the spacelike mean
curvature flow soliton equation (3.58) with |Dul|y < Bp(u), for some constant 0 < f < 1,
and |Duly € £;M(M), then u = t, for some t, € I which is implicitly given by the condition
Ct) = 0.

Proof. Since we are supposing that |Dulys < Bp(u), for some constant 0 < 5 < 1, it follows from

the proof of Theorem 3.2.1 that ¥(u) is a complete spacelike hypersurface.
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On the other hand, reasoning once more as in [13, Corollary 5.1}, we deduce from the induced
metric (1.16) that d¥ = \/|G|dM, where dM and d3 stand for the Riemannian volume elements
of (M™, ga) and (X(u), gu), respectively, and G = det(g;;) with

9ij = 9u(Ei, E;) = p*(u)dyj — Ei(u)E;(u). (3.64)

Here, {E}, ..., E™} denotes a local orthonormal frame with respect to the metric gy;. So, it is
not difficult to verify that
Gl = 2D () (2 () — | Duf2y). (3.65)

Hence, from (3.64) and (3.65) we obtain

0% = o (w)y/p2(u) — | Duf,dM. (3.66)
Moreover, since we have that N = N* — ©0;, from (5.3) we get
[Vh|* = p?(u)|[N*[3. (3.67)

Thus, from (5.25) and (3.67) we obtain

Dul?
v = DUl 3.68
VIS - D, 305
Consequently, from (3.68) and (3.66) we get

IVh|dE = p" ' (u)| Dulprd M. (3.69)

Hence, since we are assuming that u is bounded with |Duly, € L} (M), relation (3.69) guaran-

tees that |[Vh| € L£}(3(u)). Therefore, the result follows by applying Theorem 3.1.3. O
From Theorem 3.2.5 we obtain the following applications.

Corollary 3.2.6. For any constants ¢ < 0 and 0 < 8 < 1, the only bounded smooth function
u: R" = RT, with u(z) < (—3—2)% for all x € R™, |Dulgn € L] (R"™) and which is solution of

grn
—2n)§,

the system (3.62), is the constant u = (—%-

Corollary 3.2.7. Let M"™ be a complete Riemannian manifold. For any constants ¢ < 0 and
0 < B < 1, the only bounded smooth function u : M™ — R, with u(x) <log(—%) for all x € M™,
|Duly € L}, (M) and which is solution of the system (3.63), is the constant u = log(—2).

Taking into account once more relation (3.66), it is not difficult to see that from Theorem 3.1.6

we obtain the following nonexistence result.

Theorem 3.2.8. Let M = —T X, M™ be a GRW spacetime satisfying (3.12), occurring the
equality only at isolated points of I, and whose Riemannian fiber M"™ is complete noncompact

with nonnegative Ricci curvature. Suppose that c is a constant such that (.(t) > 0 for allt € I.
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There does not exist a bounded entire solution uw € C*°(M) of the spacelike mean curvature flow
soliton equation (3.58), with |Du|y < Bp(u), for some constant 0 < B < 1, and such that
(p(u))~t € L1 (M) for some q with ¢ > v+ 3.

9mMm

We have the following applications of Theorem 3.2.8.

Corollary 3.2.9. For any constants ¢ > 0 and 0 < 3 < 1, there does not exist a bounded smooth
function u : R® — R such that u"s € L (R"), for some q > 3, and which is a solution of the
system (3.62).

Corollary 3.2.10. Let M™ be a complete noncompact Riemannian manifold with nonnegative
Ricci curvature. For any constants ¢ > 0 and 0 < 8 < 1, there does not exist a bounded smooth
function w : M™ — I such that e™ € LI (M), for some q > 3, and which is a solution of the
system (3.63).

Observing once more that the assumption |Duly, < Sp(u), for some constant 0 < f < 1,
implies that the hyperbolic angle function © given by (3.61) is bounded, Theorem 3.1.26 allows

us to obtain the following result.

Theorem 3.2.11. Let M = —I X, M"™ be a spatially parabolic covered GRW spacetime
satisfying (3.12), holding the equality only at isolated points of I. Suppose that c is a constant
such that C.(t) > 0 for allt € I. If X(u) C M is an entire spacelike graph determined by
a bounded function u € C*°(M) which is solution of the spacelike mean curvature flow soliton
equation (3.58) with |Du|y < Bp(u), for some constant 0 < < 1, then u = t, for some t, € I
which is implicitly given by the condition (.(t.) = 0.

We finish this manuscript with the following applications of Theorem 3.2.11.

Corollary 3.2.12. For any constants ¢ < 0 and 0 < § < 1, the only bounded smooth function
u:R? = RY, with u(z) < (—%)% for all x € R?, and which is solution of the system (3.62) for

3

n =2, is the constant u = (—3-)5.

Corollary 3.2.13. Let M™ be a complete Riemannian manifold with parabolic universal cover-
ing. For any constants ¢ < 0 and 0 < B < 1, the only bounded smooth function v : M™ — R,
with u(x) <log(—%) for all v € M™, and which is solution of the system (3.63), is the constant

u = log(—1%).

Taking into account [8, Lemma 17|, it is not difficult to see that we can reason to get the

following nonparametric version of Theorem 3.1.27.

Corollary 3.2.14. Let M= X, M™ be a GRW spacetime with complete noncompact
Riemannian fiber M™ and whose warping function p is increasing (decreasing) and satisfies
inequality (3.12). Suppose in addition that c is a constant such that the modified soliton function
C(t) > 0 for all t € I. The only smooth function v : M™ — I which is solution of the mean
curvature flow soliton equation (3.58), with |Du|y < Bp(u), for some constant 0 < f < 1, and
such that u converges from below (above) to some t, € I at infinity is the constant function

U = t,.
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Proof. Let u € C*°(M) be such a solution of equation (3.58). We start observing that, since M"
is complete and |Du|y < Bp(u) (due to the boundedness of ), from (5.24) we conclude that
the entire graph ¥ (u) must be complete. Therefore, we are in position to apply Theorem 3.1.27
to conclude that u = t,. O

Taking into account [8, Lemma 17| jointly with equation (5.9) in the proof of [13, Corollary
5.1], it is not difficult to see that we can reason to get the following nonparametric version of
Theorem 3.1.2.

Theorem 3.2.15. Let M = —1 X, M"™ be a GRW spacetime whose Riemannian fiber M"
is complete noncompact, having polynomial volume growth and with its warping function p sat-
isfying inequality (3.12). Suppose in addition that ¢ # 0 is a constant such that the modi-
fied soliton function (. (t) > 0 for all t € I. There does not exist a bounded smooth function
u: M™ — I which is solution of the mean curvature flow soliton equation (3.58) and such that

|Du|ar < Bp(u), for some constant 0 < 5 < 1.

Proof. Let u € C*°(M) be such a solution of equation (3.58). From (5.25) we get

O(u) = p() :
Vp(w)? = [Dulf,
Thus, since we are assuming that u and |Dul|y, are bounded, from (1.12) and (3.61) we get that
H(u) is bounded away from zero.

On the other hand, reasoning as in the proof of [14, Theorem 1], we deduce from the induced
metric (1.16) that d¥ = \/@ dM , where dM and d¥ stand for the Riemannian volume elements
of (M"™,gy) and (X(u), gu), respectively, and (as in the proof of Theorem 3.1.2) G = det(g;;)
with

9i; = 9u(Ei, Bj) = p*(u)dy; — B;(u) Ej(u). (3.70)

Here, {F1, ..., E™} denotes a local orthonormal frame with respect to the metric gy;. So, it is
not difficult to verify that

|G| = PPV (w)(p(u) — [Dul3y). (3.71)

Then, from (3.70) and (3.71) we obtain

4% = " (u)y/p?(u) — [ Duf3,dM. (3.72)

Hence, since we are supposing that (M", gps) has polynomial volume growth, we can use once
more the hypotheses that u and |Du|ys are bounded jointly with relation (3.72) to get that
(3X(u), gy,) also has polynomial volume growth. Therefore, we are in position to apply Theo-

rem 3.1.2 and conclude that ¥(u) cannot exist. O

Theorem 3.2.16. Let M = —I X, M™ be a GRW spacetime obeying the SNCC' (3.37), with
equality occurring only in isolated points of I, and whose Riemannian fiber M™ is complete.
Let uw € C°(M) be an entire solution of equation (3.58) for ¢ # 0, with finite C* norm, such
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that |Duly < ap(u), for some constant 0 < o < 1, and the second soliton function (,(u) =
|A|? + cp'(u) is nonnegative. If |Duly € LY(M), then u = t, for some t, € I, which is implicitly
given by the condition ((t.) = 0.

Proof. Let z € C*°(M) be such a solution of equation (3.58). It follows from (1.18) that the
shape operator A of X"(z) is bounded, provided that u has finite C?. We note also that the
finiteness of the C? norm of « implies, in particular, that u is bounded, which, in turn, guarantees
that ¥"(u) is contained in a bounded timelike region of Vi Consequently, since we are also

assuming that |Du|y < ap(u), for some constant 0 < o < 1, we get that
| Duly, < p*(u) = B,

for § = (1 — a?)infy(,) p*(u). Thus, we can apply [6, Proposition 1] to conclude that X" (u) is
complete.

We also have that N = N* — ©0,, where N* denotes the projection of N onto the fiber M™.
Consequently, from (1.17), we get

|Vul? = (N*, N*) = p?(u)(N*, N*) . (3.73)

Thus, from (1.17) and (3.73) we obtain

D 2
Vul> = — [Dulsy (3.74)

pP(u) = [Dul,

On the other hand, it follows from (1.16) that d%. = \/|G[|dM, where dM and d%" stand for
the Riemannian volume elements of (M™, gy) and (X"(u), g,), respectively, and G = det(g;;)
with

9ij = 9:(Ei, Bj) = p*(w)di; — Ei(u) Ej(u).

Here, {E4,..., E™} denotes a local orthonormal frame with respect to the metric gy;. So, it is
not difficult to verify that
|G| = "D (u)(p?(u) — | Duliy).

Consequently,

dy = p”_l(u)\/p2(u) — |Dul3,dM. (3.75)
Thus, from (3.74) and (3.75) we get
(VuldS = p(u)" | DulydM. (3.76)

Hence, since z is bounded and |Duly; € LY(M), from relation (3.76) we conclude that
IVu| € L1(X"(u)). Consequently, from (3.26) we get that |V (px)| € LL,(X"(u)). Therefore, we

can reason as in the last part of the proof of Theorem 3.1.10 to conclude the result. O
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From Theorem 3.1.14 we obtain the following consequence

Theorem 3.2.17. Let M = —1 X, M™ be a GRW spacetime obeying the SNCC' (3.37), with
equality occurring only in isolated points of I, and whose Riemannian fiber M™ is complete with
(ctt)-parabolic universal Riemannian covering for some constant ¢ # 0. If u € C®(M) is an
entire solution of equation (3.58) for c, with finite C* norm, such that |Du|y < ap(u), for some
constant 0 < o < 1, and the second soliton function C.(u) = |A|? + ¢p/(u) is nonnegative, then

u = t, for some t, € I, which is implicitly given by the condition ((t.) = 0.

Proof. Observing that h satisfies (1.4) and (3.73), from (1.18) we obtain

(3.77)

Hence, since we are assuming that z has finite C'! norm and taking into account once more that
©% = |Vh|* + 1, with aid of (3.77) we conclude that © is bounded. Therefore, the result follows
by applying Theorem 3.1.14. O]

From Theorem 3.1.17 we also obtain the following result

Theorem 3.2.18. Let M = —1 X, M™ be a GRW spacetime obeying the SNCC' (3.37) and
whose Riemannian fiber M™ is complete. Letuw € C*°(M) be a bounded entire solution of equation
(3.58) for some constant ¢ # 0, such that |Du|y < ap(u), for some constant 0 < a < 1, and the

second soliton function (.(u) = |A]® + c¢p/(u) is nonnegative. If
Dulys < inf . (3.78)

then u = t, for some t, € I, which is implicitly given by the condition ((t.) = 0.

Proof. From (3.77) and (3.78), we see that hypothesis (3.50) is satisfied. Therefore, the result
follows applying Theorem 3.1.17. [

We close this subsection with the following application of Theorem 3.1.19

Theorem 3.2.19. Let M = —T X, M™ be a GRW spacetime obeying the SNCC' (3.42) and
whose Riemannian fiber M™ is complete. For any constant ¢ # 0, there is no bounded entire
solution u € C°(M) of equation (3.58), such that |Duly < ap(u), for some constant 0 < o < 1,
and cp'(u) > 0.

3.3 Stability of spacelike mean curvature flow solitons in
GRW spacetimes

Let ¥ : ¥" 9 —I x, M™ be a complete spacelike mean curvature flow soliton with with

soliton constant c¢. We recall that a wvariation with compact support and fized boundary of 1 :
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X" 9 —I x, M™ is a smooth mapping
F:(—ee)x 3" — —Ix, M" (3.79)

such that

(i) for s € (—e¢,€), the map Fy : ¥" & —1 x, M"™ given by Fi(q) = F(s,q) is an spacelike

immersion with Fy = x;
(i) Fslos = ¢]ox for all s € (—¢,€).

In all that follows, we let dM, denote the volume element of the metric induced on X" by
F, and N, the unit normal vector field along F. Moreover, we also consider in " the weighted
volume form given by dus = e ?dM;. When s = 0 all these objects coincide with the ones
defined in %", respectively.

The wvariational field associated to the variation F' is the vector field %—5\3:0. Letting

oF
o= (5 N, .
U <8s ) (3.80)
we get
OF OF
|s=0 = uoN + (_|8:0)T7

s

where ()7 stands for tangential components.

0s

Denoting the set of all smooth functions on X" with compact support by C5°(X"), according
to [46, Lemma 2.1] and [47, Lemma 2.1}, every function ¢ € C3°(X") with

/ 0dS =0 (3.81)

induces a variation of ¢ : ¥" & —I x, M™ of the type (3.79), with variational normal field

%—f s=0 = @N, and with first variation d,A of the area functional

A:(—ee)— R
s = A(s) = Area(Fs(X")) = / d¥,

given by
_dA

50 h = S2(0) = / pH 5. (3.82)

Here, N stands for a normal unit vector field globally defined on X", d¥, denotes the volume
element of >" with respect to the metric induced by F; : ¥" 9 —I x, M™ and H is the mean
curvature function of ¢ : ¥ 9 —I x, M™ with respect to N.

As a consequence of (3.82), mazimal compact spacelike mean curvature flow solitons of —1 x,
M™ (that is, with mean curvature identically zero) are characterized as critical points of the area
functional A whereas any compact spacelike mean curvature flow soliton ¢ : X" & —I x, M"

with constant mean curvature H is a critical point of A restricted to functions ¢ € C°°(X") which
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satisfy the condition (3.81). Geometrically, this additional condition means that the variations
under consideration preserve a certain volume functional (for more details, see [47]).

For these critical points, [46, Proposition 2.3] asserts that the stability of the corresponding
variational problem is given by the second variation of the area functional A, which is given by

2 = L2000 = [ {Al0) - FEWL V) + 14PN fods,

where A stands for the Laplacian operator on X", Ric is the Ricci tensor of the GRW spacetime
—I x, M™ and |A| denotes the length of the shape operator A of ¢ : ¥" & —I x, M™ with
respect to V. In this setting, we establish the following

Definition 3.3.1. A compact spacelike mean curvature flow soliton 1 : X" & —I x, M™ with

constant mean curvature H s said strongly stable if (55 A <0, for every ¢ € C(X").

In our next result, we impose a suitable behavior on the warping function p to obtain a
nonexistent result of strongly stable spacelike mean curvature flow solitons immersed in —I x,
M™.

Theorem 3.3.2. There is no strongly stable compact spacelike mean curvature flow soliton
Y X" 9 =1 x, M™ with soliton constant c # 0, whose mean curvature H is constant and such
that its height function h satisfies cp’(h)p(h) +np”(h) > 0 on X"

Proof. By contradiction, let us suppose the existence of such a soliton ¢ : X" & —I x, M".

From the first equation in the proof of [62, Proposition 2.1] we have

Alpe) = {Ric(N, N) +[A[*}ox — {nN(p'(h)) — Hp'(h)} + (K, VH)
= {Ric(N,N) +[AP}ox + coxp'(h) = nN(p'(h)), (3.83)

where g € C*°(X") is the support function defined in (3.27).

On the other hand, we also have

/ _ 1 . /O”(h)
M) = (1w V) =~ L o (3.84)
Thus, from (3.83) and (3.84) we get
Alpc) = {Ric(N,N)+ A }ox + corp/(h) —nN (o' ()
= (RN, N) + LAY+ {ea ) +n 2 o (389

Moreover, since H = c g is constant and ¢ # 0, we have that i is also constat on X".

Hence, form (3.85), we obtain

~{REC(V. ) + AR = {ep(m)+n 200 o (3.56)
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Now, from our hypothesis of strong stability and taking into account Definition 3.3.1, we

currently have
524 = / {A(p) ~ (RI(N, N) +|4P)}e}pdz < 0

for every p € C®(X").
Thus, making ¢ = px < 0 (see (3.28)), from hypothesis cp’(h)p(h) + np”(h) > 0 jointly
with (3.86) we get

0< / [ed () +n pp(%) bk = / { Bpr) ~{RR(V. ) + 4P o forcdz <0,

and we reach at an absurd. O
From Theorem 3.3.2 we get the following application.

Corollary 3.3.3. There is no strongly stable compact spacelike mean curvature flow soliton in a

steady state type spacetime —I X M™ with soliton constant ¢ > 0 and constant mean curvature.

In what follows, we consider the function
u = —g(my) € C°(—1I x, M"),

where g : I — R is a primitive of the warping function f which was used for define the
reparametrization v = —g(h) of the height function h of the spacelike mean curvature flow
soliton ¢ : X" ¢ —1I x, M"™ (see (3.22)). From (1.3) we observe that @ = u on X" and, hence, u
is a smooth extension of u. According to [45], we consider the Bakry-E’mery-Ricci tensor tensor

Riceg of —1 X p M™, which is given by
Rices = Ric+ ¢V @ = Ric — cp'(h)(,), (3.87)

where Ric and V- are the standard Ricci tensor and the Hessian in —I x » M", respectively. We

will also consider the modified volume element
dii = edV, (3.88)

where dV' denotes the standard volume element of —I x, M™. We note that on X", dji coincides
with the modified volume element du previously defined in (3.38).
With all these considerations, we have that any function ¢ € C§°(X") with

/gpdu:O

induces a variation with compact support and fixed boundary of ¢ : X" 9 —I x, M"™ with

variational normal field %|,_g = N and with first variation &, (A.,) of the modified area
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functional
Ao :(—¢e)— R

s HACU(S>:/ du

given by
dA .,
0o (Acy) = . (0) = ©H.z du (3.89)

(see, for instance, [66, Lemma 3.2]), where H.; is the modified mean curvature of ¢ : ¥" &
—1 x, M"™ defined by
H.; = H—c(V(a),N).

But, since 9 : X" & —I x, M™" is a spacelike mean curvature flow soliton with respect to the
closed conformal vector field I = p(t)0; and with soliton constant ¢ # 0, from (1.12) and (3.23)
we get that

He = cp(h)© = c(V(a),N) = cp(h)© — {(V(@)" + V(a)"), N)
= ¢p(h)© — c(V(@)", N) = cp(h)® — c{(=¢'(R) V)™, N).
= ¢p(h)© —cp(h)(0:,N) =0 (3.90)

Therefore, from (3.89) and (3.90) we obtain that any spacelike mean curvature flow soliton
Y+ X" % —I x, M™ with respect to the closed conformal vector field I = p(¢)0; and with
soliton constant ¢ # 0, is a critical point of the modified area functional A.,.

Furthermore, the stability operator L., : C°(X™) — Cg°(X") for this variational problem is
given by the second variation formula 53 (A.,) of A.,, which in our case is written as follows
(see, for instance, [66, Proposition 3.5] for the case H.; = 0):

% ko) = 200 = [ oLale)dn

with
Lcu = Acu - {mcﬂ(Na N) + ‘A|2}7

where A, is the drift Laplacian operator on X" given in (3.34). So, using (3.87) we can rewrite

the stability operator L., as
Lew = Ay — {Ric(N, N) —cf'(h) + |A*}. (3.91)

The following notion of stability concerning spacelike mean curvature flow solitons in GRW

spacetime now makes sense.

Definition 3.3.4. Let ¢ : X" & —I x, M"™ be a spacelike mean curvature flow soliton with
soliton constant ¢ # 0. We say that ¢ : ¥" 9 —I x, M"™ is L,-stable if (557 (As,) <0, for all
p e CR(Em).

The next auxiliary result gives a sufficient condition to guarantee that a spacelike mean
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curvature flow soliton must be L,-stable (for its proof, see [70, Lemma 3.2]).

Lemma 3.3.5. Let ¢ : X" & —1 x, M™ be a spacelike mean curvature flow soliton with soliton
constant ¢ # 0. If there exists a positive smooth function ¢ € C®(X™) such that L., (p) < 0,
then >™ is L.,-stable.

Now, we analyze the behavior of the warping function p along a spacelike mean curvature

flow soliton in order to infer its L,,-stability.

Theorem 3.3.6. Let ¢ : X" & —1 x,M" be a spacelike mean curvature flow soliton with soliton

constant ¢ # 0.
(a) If C\(t) <0 on X", then ¢ : X" & —1 x, M™ is L.,-stable.

(b) If X" is compact and C.(t) > 0 on it, then ¢ : X" & —1 X, M™ is L,-stable if and only if

C.(t) is constant on X"
(¢c) If " is compact and C.(t) > 0 on it, then b : " % —I x, M™ cannot be L,-stable.

Proof. From (3.85) we have

Alr) = RV N) + |4} + {ea ) +n 25} o

where @i € C°(X"™) is support function defined in (3.27). So, by applying ¢x to the stability

operator L., and using the last equation we get

%W@—AMM—WHMM—MW+MWW—{MWWM“W}W.

Hence,
Leu(=x) = {2¢p'(h)p(h) +np" ()} (=), (3.92)

with —px being a positive smooth function on ¥" and, with a direct application of Lemma 3.3.5,
the result of item (a) is obtained directly.

Now, let us consider item (b). Note that in this case Cj°(X") = C*(X"). So, if ¢ : ¥" 3
—1I X, M™is L,-stable, from Definition 3.3.4 and equation (3.92) we get

02 6 ) (8o = [ (=) Lau(—px) (3.93)

:LymmmwmmmWwwzu

which guarantees us (.(¢) is constant on ¥X". The converse follows from item (a).
Finally, we prove item (c). Assuming the opposite, if we have ¢ : ¥" & —I x, M™ is
L,-stable then, from the analysis of signs studied in (3.93),

0 > | {2cp/(h)p(h) +np"(h)H—wpx)*du > 0,

En
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which constitutes a absurd. ]
From Theorem 3.3.6 we obtain the following applications:

Corollary 3.3.7. Every spacelike translating soliton immersed in the Lorentzian product space
—1I x M™, with soliton constant ¢ # 0, is Le,-stable.

Corollary 3.3.8. Fvery spacelike mean curvature flow soliton immersed in the future temporal
cone —R™ x, H", with soliton constant ¢ < 0 and such that h > | /=%, 18 Ley-stable.

Corollary 3.3.9. There is no L,-stable compact spacelike mean curvature flow soliton immersed

in a steady state type spacetime —I X M™ with soliton constant ¢ > 0.
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Chapter 4

Rigidity of mean curvature flow solitons

in standard static spacetime

In this chapter, we obtain rigidity results concerning complete noncompact solitons of the
mean curvature flow related to a nonsingular Killing vector field K globally defined in standard
static spacetime, which can be modeled as a warped product whose base corresponds to a fixed
integral leaf of the distribution orthogonal to K and the warping function is equal to |K|. Our
approach is based on a suitable maximum principle dealing with a notion of convergence to zero
at infinity. As application, we study the uniqueness of solutions for the mean curvature flow
soliton equation in these ambient spaces. The results presented in this chapter make part of
[33,34].

4.1 Spacelike hypersurfaces in a standard static space-
time

. ) ——n+l . . =t
Let us consider a connected spacelike hypersurface ¢ : ¥* — M immersed in M =~ =

M™ x ,R;, which means that the induced metric g on X" via 1) is a Riemannian metric. Since K
is a globally defined timelike vector field on WH, it follows that there exists a unique unitary
timelike normal vector field N globally defined on ¥" which is in same time-orientation as K.

By using the inverse Cauchy-Schwarz inequality, we get
JIN,K) < —p<0 on X" (4.1)

We will refer to that normal vector field N as to the future-pointing Gauss map of ¥X. Through-
out this work, N will always denote the future-pointing Gauss map of a spacelike hypersurface
Yo X" — M. We also note that in a standard static spacetime M= M X, Ry there
exists a distinguished foliation whose leaves are given by the totally geodesic level hypersurfaces
of the function 7mg. They are just the spacelike slices M™ x {t.}, t. € R, whose future-pointing
Gauss map N is given by the unit timelike vector field %K restricted to M™ x {t.}.

The (vertical) height function of a spacelike hypersurface ¢ : 3" — M is defined by
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h = mg 09 and its angle function is given by © = g(NV, K), where we recall that N denotes the
future-pointing Gauss map of ¥". From (4.1), we note that © will be always a negative function.
Moreover, from the decomposition K = K" —ON, where ()" denotes the tangential component

of a vector field in X(M) along >", we obtain

@2_p2
Pt

Vh = —%KT and |Vh|* = (4.2)
Here, for simplicity of notation, we are considering p = p o s o ¢ along ».".

Let V, V and D denote the Levi-Civita connections in MHH, > and M™, respectively. Then
the Gauss and Weingarten formulas for the spacelike hypersurface ¢ : ¥" — M are given,
respectively, by

VxY =VxY — g(AX,Y)N (4.3)

and

AX = —VxN, (4.4)

for all tangent vector fields X,Y € X(X), where A stands for the Weingarten endomorphism of
> with respect to its future-pointing Gauss map N.
Using once more the decomposition K = K" — ©ON, from (4.3) and (4.4) we see that

VxK' = (VxK)" —0AX. (4.5)

Consequently, from (4.2) and (4.5) we get the Hessian of the height function as follows

1
VxVh = Vyx (_?KT> (4.6)

2 1 — 1
— Eg(vp, XK' — ;(VXK)T + E@AX.

So, taking a local orthonormal tangent frame {ey,es,...,¢e,} on X", from (4.6) we obtain
—~ (2 e 1
Ah = Zg Eg(Vp, GZ)K — E(VEZK) + E@Aei, €; (47)
i=1
2 —~ 1_ 1
= ——g(Vp,Vh) — ;g(veiK, ei) — —OH,
i=1

where H stands for the mean curvature function of X" related to N. But, since K is a Killing

vector field on Mnﬂ, it satisfies the following Killing equation
for every X, Y € X(M). Hence, from (4.7) and (4.8) we reach at the following suitable formula

2 1
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4.2 Rigidity of mean curvature flow solitons

Before we proceed an important observation for this section:

Remark 4.2.1. When the ambient space M is o standard static spacetime of the type M™ x
Ry, according to [79, Definition 2| (see also [27, Definition 1.1] and [69, Definition 1.1]), a

Riemannian immersion

by e

is called a mean curvature flow soliton with respect to K and with soliton constant ¢ € R if its

(non-normalized) mean curvature function satisfies
H = co. (4.10)

In the Lorentzian case, we will use the nomenclature spacelike mean curvature flow soliton. We
also observe that each slice M™ x {t} of M is a mean curvature flow soliton with respect to

K and with soliton constant ¢ = 0.

Concerning the following rigidity result for spacelike mean curvature flow solitons in a stan-

dard static spacetime.

Theorem 4.2.2. Let M = M xRy be a standard static spacetime with complete noncompact
Riemannian base M™. The only complete noncompact spacelike mean curvature flow soliton
Y X" M with respect to K and with soliton constant ¢ > 0 (resp. ¢ < 0), such that p is

bounded on X" and h converges from below (resp. above) to t, at infinity, is the slice M,,.

Proof. Let ¢ : ¥" & M be such a mean curvature flow soliton. Let us consider on X" the
metric g = pﬁ g, which is conformal to its induced metric g.
It is well known that, in local coordinates (x1,--- ,x,) of ¥" the Laplacian of its height

function on a metric g is given by

Ah :éz_ (lea, )) (4.11)

where ?]kl = f](@k,@l), é = \/det (le) and (gkl) = (gkl)il.
~kl

Taking the conformal metric g = pﬁg, we have that gy = pﬁgkl, " = —L—¢* and
n—2

G = /det(gr) = \/p% det(gr) = p%G. (4.12)
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Thus, from (4.17) and (4.18) we obtain

R 1 ~ 1
Ah = Tzak< I glPﬁGal( ))

pn72Gk7l71 pn n—2
_ P” Kl 1 2n —4 -1y o
= Zg Ok (O (h o 2P" 2 Zg On(p)i(h) (4.13)
2 pn 2 - =1
1 2n — 4
= ——Ah+ =9(Vp,Vh).
pr2 (n—2)pn=

Considering (4.9) and (4.10) into (4.19), we get

A 1 on — 4
Ah = (_9(Vf” Vh) - _@2) + = G(Vp, Vh)
piz \ P (n —2)pn-2
—4 2n — 4
- ( n+2 + & n+2> g(vp7 Vh) T 2n_ @2 (414)
2pn—2 (n — 2)pn pr—2
- e
pn72

At this point, taking into account (4.14), we define the smooth function u over M™ by

t, —h (when ¢ > 0)

Y

h —t. (when ¢ <0)
and the vector field X = Vu, from (4.14) we get that
div, X > 0. (4.15)

Moreover, we have

§(Vu, X) = |Vul? > 0. (4.16)

In addition, since h converges to t, at infinity, we have that u is a nonnegative non-identically
vanishing function which converges to zero (also related to the metric g, since p is bounded on
¥"). Thus, from (4.15) and (4.16) we can apply Lemma 1.5.6 to get that §(Vu, X) is identically
zero on X". Hence, returning to (4.16) we conclude that VA vanishes identically on %", which

means that A is constant and (since it converges to ¢, at infinity) " must be the slice M,;,. 0O

4.3 Uniqueness and nonexistence results under integra-
bility properties

Now, we are in position to present our first uniqueness result concerning spacelike mean

curvature flow solitons in a standard static spacetime.
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Theorem 4.3.1. Let M = M» X ,R1 be a standard static spacetime with complete Riemannian
base M"™ and let ) : X" — M be a complete spacelike mean curvature flow soliton with respect
to K, with soliton constant ¢ <0 (resp. ¢ > 0). Suppose that h > 0 (resp. h < 0) and that p is
bounded along X". If h € LB(X) for some p > 1, then X" is a slice oanH

Proof. In local coordinates (z1, - ,x,) of £", the Laplacian of its height function on the metric
g is given by
Z O (A’“lGa, ) (4.17)
G o
where gy = §(0k, 01), G = y/det (gn) and (§*) = (le)_l-

But, since g = pﬁg, we have that gy = pﬁgkl, g = —4—g " and
pr=2

4n

= v/ det(gr) pt det(g) = p7 2G. (4.18)

Thus, from (4.17) and (4.18) we obtain

Ah = %Z@( 7 gklﬂ’%Gal(h)>

p"72G k,l:1 pm
2n—4 n
. p n—2 ]_ 27’L - 4 2n—4 1
= Zak (On(h tEa Zak )0 (D (4.19)
2
- Ah+ ——g(Vp, Vh).
pn—2 pn72

Inserting (4.9) and (4.10) into (4.19), we get

A 1
Ah =

2
(—;g(Vp, Vh) — p—@ ) =9(Vp, Vh). (4.20)

pn pn72

Hence, (4.20) allows us to the following formula

Ah = ———02 (4.21)

Consequently, since we are assuming that h > 0 (resp. h < 0) and ¢ < 0 (resp. ¢ > 0),
from (4.21) we conclude that h (resp. —h) is a subharmonic function with respect to the metric
g. Furthermore, since we are also supposing that p is bounded along ", from (4.18) we have
that our hypothesis h € £P() implies that h € E’g(Z). Therefore, we can apply Lemma 1.5.4

to guarantee that h is constant on X", that is, X" must be a slice of M O
Theorem 4.3.1 jointly with Lemma 1.5.5 lead us to establish the following nonexistence result.

Theorem 4.3.2. Let M = M" X, Ry be a standard static spacetime whose Riemannian

base M™ is complete noncompact with nonnegative Ricci curvature, and having bounded warping
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function p. There is no complete spacelike mean curvature flow soliton with respect to K, with
soliton constant ¢ < 0 (resp. ¢ > 0) and positive (resp. negative) height function satisfying
h € LB(X) for some p > 1.

Proof. Let us suppose the existence of such a spacelike mean curvature flow soliton, namely
X" — M. From Theorem 4.3.1, we get that X" is a slice of M Consequently, |h| must

be equal to a positive constant a and, since we are assuming that h € L9 (33), we obtain
1
volg,, (M) = vol,(2) = —p/ |h|Pdy> < 4o0. (4.22)
ar Jx

On the other hand, taking into account that M™ is complete noncompact with nonnegative Ricci
curvature, Lemma 1.5.5 assures that M"™ has at least linear volume growth, which corresponds
to a contradiction with (4.22). O

According to Definition 1 of [52], we say that a smooth Riemannian manifold (X", g) satisfies
the E;—Lioum’lle property, when every nonnegative superharmonic function u € E;(E) must be
constant. Corollary 3 of [52] ensures that a stochastically complete manifold (and, in particular,
a parabolic manifold) always satisfies the £;-Liouville property. However, in Section 2 of [52]
the authors constructed nontrivial examples of stochastically incomplete (and, in particular,
nonparabolic) manifolds satisfying the E;—Liouville property.

Motivated by these observations, it is not difficult to see that we can reason in a similar way

as in the proof of Theorem 4.3.1 to get the following result

Theorem 4.3.3. Let M = M” X, Ry be a standard static spacetime and let ¢ : X" — M
be a spacelike mean curvature flow soliton with respect to K, with soliton constant ¢ > 0 (resp.
¢ < 0). Suppose that h > 0 (resp. h < 0) and that p is bounded along ¥X". If ¥" satisfies the
,C;—Lioum'lle property and h € E;(E), then X" is a slice of M

In what follows, recall that a timelike bounded region By, 4, of M which is defined by
Btl,t2 = {(p>t) eM" XpRl : tl S t S t2 andp c Mn}

We close this section presenting our second uniqueness result concerning spacelike mean

curvature flow solitons.

Theorem 4.3.4. Let M = M" X ,R1 be a standard static spacetime with complete Riemannian
base M™ and let ) : X" — M be a complete spacelike mean curvature flow soliton with respect

to K, with soliton constant ¢ and lying in a timelike bounded region By, 1, of M Suppose in
addition that p is bounded along ¥". If [Vh| € Li(X), then ¥" is a slice of M

Proof. Taking local coordinates (z1,--- ,x,) in ¥" and using that §* = ——g*, we get
pn—2
N - 1
Vh =Y g"o(h)o = ——Vh. (4.23)
k=1 pr2
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Consequently, since p is bounded along X", from (4.18) and (4.23) we obtain

/ Vhyd, 2 = / p = | Vh|d,E < <Supp2(:_2l)> / IVh|d,>. (4.24)
by by % by

Thus, since we are supposing that [Vh| € £}(%), from (4.24) we conclude that |§h|§ € L(D).
So, taking into account (4.21), we can apply Lemma 1.5.3 to get that Ah vanishes identically
on X"

On the other hand, we have that ]§h2|g = 2|h||§h|g. Thus, assuming that X" lies in By, 4,,
we also obtain that |Vh2|; € L(¥). Moreover, we have that

AR? = 2hARh + 2|V h[2 = 2|Vh[2 > 0. (4.25)

Hence, we can apply once more Lemma 1.5.3 to infer that Ah?=0on X" and, returning to
(4.25), conclude that |§h!g is identically zero on X". Therefore, X" must be a slice of Mo

We recall that a spacetime is called spatially closed when it admits a closed (that is, compact
without boundary) spacelike hypersurface. In this context, from Theorem 4.3.4 we get the

following rigidity result

Corollary 4.3.5. The only closed spacelike mean curvature flow soliton with respect to the
timelike Killing vector field of a spatially closed standard static spacetime are the totally geodesic

slices.

4.4 New Calabi-Bernstein type results

In this last section of chapter we will use the theorems of the previous section in order
to establish new Calabi-Bernstein type results concerning entire graphs constructed over the
Riemannian base of a standard static spacetime M" x ,R; and which are spacelike mean curvature
flow solitons with respect to K. For this, we need to recall some basic facts related to these
graphs.

According to [71], we define the entire graph ¥(u) associated to a smooth function u €

C*(M) as the hypersurface given by
E(u) = {¥(zr,u(z)):xe M"} C M" x, Ry,

where W : M™ x T — M is the flow generated by the timelike Killing vector field K. The

metric induced on M™ from the Lorentzian metric (1.15) via X(u) is given by
Gu = gur — pAdu?. (4.26)

Remark 4.4.1. The entire graph X(u) is spacelike if, and only if, p*|Dul3, < 1, where Du

denotes the gradient of a function u with respect to the metric gy of M". Indeed, if ¥(u) is
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spacelike, then from (4.26) we have

Hence, we conclude that p?|Dul3; < 1. Conversely, if p?|Dul3; < 1 and X is a vector field
tangent to X(u), from (4.26) jointly with Cauchy-Schwarz inequality we obtain

where X* is the orthogonal projection of X onto T'M. Thus from (4.27) we get that g, (X, X) >0
and ¢, (X, X) = 0 if, and only if, X = 0.

Now, let us consider the function F: M"" — R given by F(z,t) = u(x) — t. We have that
Y(u) = U(F~1(0)). Thus, for all vector field X tangent to W”H, we get

X(F) = X(F) = 3(X.000F) = §(50, + D, X).

1

p

Then |
p

is a normal vector field on F~1(0). So, we claim that

No =V, (VF) = %K + U, (Du) (4.28)

is a normal vector field on 3(u). To show our claim, we define the map ¥* : M"™ — m by

U(z) = (z, u(x)).
For v € T'M, we have that U¥(v) is tangent to ¥(u) and, consequently,
U (v) = U, (v) + v(u)d,. (4.29)

Now, we must verify that g(No, V¥ (v)) = 0. Indeed, taking into account that g(V.(Du),d;) = 0,
from (4.28) and (4.29) we get

G(No, TH(0)) = “f)ﬁ‘)a(at,at)+a<xv*<Du>,\v*<v>>

= v(u) —v(u) =0.

Hence, since
1 — 2 Dul2)1/2
p
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it follows from (4.28) and (4.30) that the unit vector field

1
N = PRV ERLE (K + p*U.(Du)) (4.31)
M

defines the future-pointing Gauss map of ¥(u) and its corresponding angle function is given by

p

©=g(N,K)=— :
(= D)7

(4.32)

Moreover, for all vector field X tangent to M", the Weingarten endomorphism A of (u)
with respect to N is given by

3 2 2
p p*9(Dx Du, Du) p*9(Dp, X)| Dul3,
AX = — DxDu — - D
(L= 2IDuf ) T (L= 2IDul " (1= 2D
g(Dp, X) g(Du, X)
- Du — Dp. 4.33
(= PIDuf) 2" (U= P Duff )72 " )

So, it follows from (4.33) that the mean curvature H, of a spacelike entire graph ¥(u) is given
by

(4.34)

(1= p?[Duli)V? )~ (1= p*|Dul3,)?’

where Div,, stands for the divergence operator on M™ with respect to its metric g,,.
Hence, from (4.10) and (4.34) we have that 3(u) is a SMCFS with respect to K with soliton

constant ¢ if, and only if, p|Duly; < 1 and u is a solution of the following nonlinear differential

equation:

. pDu B 1
Divs (1= D) = (= a0 o Do) (439

Our next result corresponds to a nonparametric version of Theorem 4.2.2.

Corollary 4.4.2. Let M= M X, Ry be a standard static spacetime with complete noncom-
pact Riemannian base M"™ and whose warping function p is bounded. The only smooth function
w: M™ — I which is solution of the mean curvature flow soliton equation (4.35) for some ¢ >0
(resp. ¢ < 0) with p|Dulpy < A, for some constant 0 < A\ < 1, and such that u converges from

below (resp. above) to some t, € I at infinity is the constant function u = t,.

Proof. Since we are supposing that p|Du|y < A for some constant 0 < A < 1, from (4.32) we
get that © is bounded. Thus, [125, Lemma 19] assures that the entire spacelike graph (u) is,
in fact, complete with respect to its induced metric from M Therefore, the result follows by

applying Theorem 4.2.2 to conclude that u = t,. ]

Remark 4.4.3. Consider the spacelike surface
S(u) = {(z,y,u(z,y)) :y >0} C H> X Ry,

where u(z,y) = clny, ¢ € R is a constant such that 0 < |c| < 1, H? denotes the two-dimensional

hyperbolic space equipped with its standard metric. From [76, Example 4.4], we have that Y (u)

88



is a complete spacelike translating soliton with |Du|g2z = |c| and constant mean curvature H =

C
V1—c?
the hypothesis that the function u converges to some t, € I at infinity is necessary to infer that

= ¢©, with respect to orientation (4.31). Hence, we also conclude that in Corollary 6.5.2

u must be constant.
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Part 11

Rigidity of hypersurfaces in certain
warped products and results for

submanifolds in weighted products
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Chapter 5
Preliminaries for Part 11

In this chapter we shall briefly introduce some basic facts and notations that will appear
along Part II of this thesis.

5.1 Two-sided hypersurfaces in a warped product

Let (M, gn) be an n-dimensional (n > 2) connected Riemannian manifold and let I C R
—n—+1

be an open interval in R endowed with the metric dt?>. The product manifold M ' =1 x M™"
endowed with the Riemannian metric
g = m(dt*) + p(m1)*mhr(gm), (5.1)

where p is a positive smooth function on I, the applications 7; and m,; denote the projections
onto I and M, respectively, is called a warped product with fiber (M, gyr), base (I,dt?) and
warping function p. In such a case, we simply write M =1 x p M™.

In this setting, we will consider the conformal closed vector field K = p(m;)0; globally
defined on M, where 0, = 6% stands for the unit coordinate vector field tangent to I. From the
relationship between the Levi-Civita connections of M and those of the base and the fiber (see
Proposition 7.35 of [123]) , it follows that

VXK == p,(7T]>X, (52)

for any X € X(M), where V is the Levi-Civita connection of 3.

Throughout this work, we will deal with connected two-sided hypersurfaces ¢ : ¥" — M
immersed in M = I x » M"™, which means that its normal bundle is trivial, that is, there
is a globally defined unit normal vector field N € TS+ on it. We will also assume that X" is
transversal to K at every point and we will denote by g its induced metric. In this setting, we
will consider the shape operator (or Weingarten endomorphism) of ", A : X(X) — X(X), which
is given by A(X) = —VxN, and its mean curvature function H = tr(A).

In the warped product M =T x p M™ there exists a remarkable family of two-sided

hypersurfaces: its slices M;, = {to} x M, with t, € I. The shape operator and the mean
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curvature of M;, with respect to N = —0, are, respectively, A;, = p(to) r , where I denotes the

p(to)
identity operator, and H,;, = f; ((tt(?))‘

We will deal with two particular functions naturally attached to a two-sided hypersurface

P X — WH, namely, the (vertical) height function h = 77 o ¢ and the angle function
© = g(N, ;). The transversality condition above, together with the connectedness of X", gives
that © does not change sign on X".

Let us denote by V and V the gradients with respect to the metrics § and g, respectively.

Then, a simple computation shows that the gradient of 7; on M™ is given by
Vr; =g(Vnr, 0,)0, = 0,
so that the gradient of A on X" is
Vh=(Vr)" =9/, (5.3)
where 9 = 0, — ON is the tangential component of d; along X". From (5.3) we deduce that
VL[> + 0% =1, (5.4)

where V' is the gradient of & in the metric g and | X|* = g(X, X) for any X € X(X). Moreover,
from (5.2) and (5.3) we deduce that the Hessian of & in the metric g is given by

V2h(X,X) = ¢(Vx9,,X)
3(Vx(0, —ON), X) (5.5)
p'(h) 2 2

for any X € X(X). Hence, from (5.5) we obtain that the Laplacian of h in the metric g is

ah =20, 19n?) 4 ne. (5.6)

5.2 Mean curvature flow solitons

We recall that the mean curvature flow ¥ : [0,7) x X" — M of an immersion X" —
M ina (n + 1)-dimensional Riemannian manifold WnH, satisfying (0, -) = ¥(-), looks for
solutions of the equation

a\II —
_H
ot ’

where H(t,-) is the (non-normalized) mean curvature vector of 27 = W(¢,%"). In our context,
according to [27, Definition (1.1)], a two-sided hypersurface ¢ : X" — M immersed in a

warped product M = Ix ,M™ is said a mean curvature flow soliton with respect to K = p(t)0,
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with soliton constant ¢ € R if its (non-normalized) mean curvature function satisfies
H = ¢p(h)O. (5.7)
Adopting the terminology introduced in [27], we will also consider the soliton function
Celt) = np/(t) + cp(t)”. (5.8)

As it was observed in [27], a slice M;, = {t.} x M™ is a mean curvature flow soliton with respect

to K = f(t)0; and with soliton constant ¢ given by

(5.9)

Moreover, t, is implicitly given by the condition (.(¢.) = 0.
The following cites important examples which will be addressed along the next two sections.
In the first one, we consider a suitable warped product model for the Euclidean space minus a

point.

Example 5.2.1. Let o = (0,...,0) be the origin of the (n + 1)-dimensional Euclidean space
R We have that R"™\ {0} is isometric to Ry x;S™ (see [115, Section 4, Example 1]), whose
slices {t} x S™ are isometric to n-dimensional Fuclidean spheres S™(t) of radius t € Ry.. In this
setting, the mean curvature flow solitons with respect to K = t0; with soliton constant ¢ = —1
are just the self-shrinkers. So, from (5.9) we conclude that S*(v/n) = {/n} x S™ is the only

slice which is a self-shrinker.

In our next example, we consider a suitable warped product model for the real projective

space.

Example 5.2.2. We recall that the (n + 1)-dimensional real projective space is given by the
quotient RP"T = S+ /{41} where {£1} is the group of diffeomorphisms of (n+1)-dimensional
unit Buclidean sphere S™™' consisting of the identity map q — q and the antipodal map q — —q.
We consider the Riemannian metric in RP"! in such a way that the natural projection m :
St — RP™™ becomes a local isometry. If P stands for the north pole of S"*!, then we denote
by Cutp the cut locus of m(P) € RP™'. We have that Cutp is the image of the equator of
S"* orthogonal to P wia the natural projection, namely, Cutp = 7(S™) = RP". Moreover, as
it was proved in [53, Section 9.111], RP"™ \ {n(P) U Cutp} is isometric to the warped product
(0,2) Xgint S™. From (5.9) we conclude that the slice {008*1(%)} x S™ is the only one
that is a mean curvature flow soliton with respect to K = sintd; with soliton constant ¢ < 0.

Proceeding, we consider the so-called pseudo-hyperbolic spaces.

Example 5.2.3. According to [144], warped products of the type I X M™ are called pseudo-
hyperbolic spaces. This terminology is due to the fact that the (n + 1)-dimensional hyperbolic

space H" ™ is isometric to the warped product R x. R™, where the slices constitute a family of
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horospheres sharing a same fized point in the asymptotic boundary O, H" ™! and giving a complete
foliation of H" 1 (for more details about pseudo-hyperbolic spaces see, for instance, [24,115,144] ).
From (5.9) we conclude that the slice {log(—2)} x M™ is the only one that is a mean curvature

flow soliton with respect to K = €'d, with soliton constant ¢ < 0.
In our last examples, we deal with the Schwarzschild and Reissner-Nordstrom spaces.

Example 5.2.4. Given a mass parameter m > 0, the Schwarzschild space is defined to be the
product M = (ro(m), +00) x S™ furnished with the metric g = Vy(r)~tdr? + r®gs., where
gsn is the standard metric of S*, Vu(r) = 1 — 2mr'™" stands for its potential function and
ro(m) = (2m)Y "=V s the unique positive root of Vyu(r) = 0. Its importance lies in the fact that
the manifold R x ! equipped with the Lorentzian static metric —Vy(r)dt? + g is a solution
of the Einstein field equation in vacuum with zero cosmological constant (see, for instance, [123,
Chapter 13| for more details concerning Schwarzschild geometry).

As it was observed in [69, Example 1.3], M can be reduced in the form I x;S"™ with metric

(5.1) wia the following change of variables:

f)=rt), I=R,. (5.10)

L / " do
ro(m) / Vm(g)7
As it was noted in [69, Example 4.1], since Vi,(r) is strictly increasing on (ro(m), +00), it follows
from (5.10) that the warping function f satisfies:

TG S0 ad ) = 506 0) > 0 (5.11)

f(t) = i

Thus, from (5.9) and (5.11) we can verify that a slice {t.} X S™ is a mean curvature flow soliton
with respect to f(t)0y = r\/Va(r)0, with soliton constant ¢ < 0 when t, = t(r,) with r, > ro(m)

solving the following equation
2
¢ 4
Va(r) = 51 (5.12)
We note that such a solution exists if and only if the function pn(t) = 2—22754 + tf‘l‘l — 1 has a zero

on (ro(m), +00). Notice that ¢y is a convex function which goes to infinity if t goes to 0 or +o00
and so @ has a unique minimal point in (0,00). Such value 7 is given implicitly by ., (1) =0,
that s,

Therefore, the equation (5.12) has a solution if and only if 7 > ro(m) and pu(7) < 0. The last

condition can be rewritten in the following way:

. <M)1/<n+3> § (M)w(n—n' 5

2c2 2

In particular, there are two solutions ro(m) < r._ < 7 < r.4 if the strict inequality holds in

(5.13), and a unique solution r, = 7 if equality holds.
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Example 5.2.5. Given a mass parameter m > 0 and an electric charge q € R, with |q| < m,
the Reissner-Nordstrom space is defined to be the product M= (ro(m, q), +00) x S" endowed

with the metric § = Vaqo(r)'dr? + r?gs., where gs» is the standard metric of S™, Vig(r) =
1/(n-1)
1 —2mrt=" + q%r272" stands for its potential function and ro(m,q) = (L is the

largest positive zero of Vi q(r). The importance of this model lies in the fact that the manifold
R x M equipped with the Lorentzian static metric —Vyq(r)dt* + g is a charged black-hole
solution of the Einstein field equation in vacuum with zero cosmological constant.

As in the previous example, M can be reduced in the form I x; S™ with metric (5.1) via
the same change of variables as in (5.10). Furthermore, following the same previous steps, the
warping function f has positive first and second derivatives. Moreover, we can verify that a slice
{t.} x S™ is a mean curvature flow soliton with respect to f(t)0; = r+/Viuq(r)0, with soliton

constant ¢ < 0 when t, = t(r,) with r. > ro(m, q) solving the following equation

A,
Ving(r) = 57 (5.14)
We observe that such a case is more complicated to explicit all the values, but qualitatively we can
say that such a solution of (5.14) exists if and only if the function pm q(x) = fl—zx‘l—l—x%"fl —w—g‘li—Q—l

has a zero on (ro(m),400). Note that pn 4 goes to positive infinity if x goes to positive infinity

and o4 goes to negative infinity if x goes to zero. So, pmq has at least one root in (0,400) and

if such roots are greater than ro(m, q) we get the desired solutions r..

5.3 Hypersurfaces immersed in Riemannian manifold en-

dowed with a Killing vector field

Let """ be an (n + 1)-dimensional Riemannian manifold endowed with a nowhere zero
Killing vector field K. Suppose that the distribution D orthogonal to K is integrable. We
denote by ¥ : M" x I — M the flow generated by K, where M™ is an arbitrarily fixed
integral leaf of D labeled as ¢ = 0, which we will suppose to be connected, and I is the maximal
interval of definition. Without lost of generality, in what follows we will consider I = R.

In this setting, M can be regard as the warped product M™ x, R, that is, the product

manifold M"™ x R endowed with the warping metric
9= (gu) + (p o mar) mg (dt?). (5.15)

Here, w3, and mr denote the canonical projections from M™ x R onto each factor, g, is the
induced Riemannian metric on the Riemannian base M", R is endowed with its usual metric dt?
and the warping function p € C*°(M) is given by p = |K| > 0, where | | denotes the norm of a
vector field on 3.

Let us consider a connected two-sided hypersurface ¢ : X" 9 M immersed into such a

warped product M = M » R, which means that there exists a globally defined unit normal
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vector field N on ¥". In particular, for each ¢ € R, the two-side hypersurface M™ x {t} oriented
by N = % is called a slice of WH, which is a totally geodesic.

Let V and V denote the Levi-Civita connections in M and >, respectively. Thus,
also denoting by ¢ the induced metric of ", its Gauss and Weingarten formulas are given,
respectively, by

VxY = VxY + g(AX,Y)N (5.16)

and
AX = —VxN, (5.17)

for every tangent vector fields X,Y € X(X"). Here A : X(¥") — X(X") stands for the shape
operator (or Weingarten endomorphism) of ¥" with respect to N.

For our purposes, we will consider two particular smooth functions on ¥", namely, the (ver-
tical) height function h = 7g 0% and the angle function © = g(N, K). From the decomposition
K = K"+ ©ON, where ()" denotes the tangential component of a vector field in %(Mnﬂ) along

1, we obtain
P2 o @2
pt

1
Vh=—=K" and |Vh]> = (5.18)
p
Using once more the decomposition K = K + ©ON, from (5.16) and (5.17) we get that
va(—r = (vxK)T + OAX. (519)

Consequently, from (5.18) and (5.16) we have that the Hessian of h is given by

1
VxVh = Vyx (?KT) (5.20)
2 + 1= + 1
p p p
So, taking a local orthonormal tangent frame {ey,...,e,} on X", from (5.20) we obtain
& 2 - 1= .+ 1
Ah = Zg —Eg(Vp, e) K + ;(VeiK) + ?@Aei,ei (5.21)
i=1

2 1 = 1
= 29V VI + ) 59(VeK @)+ OH,

i=1

where H = tr(A) is the non-normalized mean curvature of X" with respect to N.

But, since K is a Killing vector field on MHI, it satisfies the following Killing equation
g(VxK,Y)+g(X,VyK) =0, (5.22)

for every X,Y € X(M). Hence, from (5.21) and (5.22) we reach at the following suitable formula
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for the Laplacian of h

2 1

5.4 Entire graphs

In the section of our paper, we will establish the basic foundations to later establish Moser-
Bernstein type results concerning integer graphs constructed on the fibre of a deformed product.
First of all, we need to recall some basic facts related to these graphs.

Let 2 € M"™ be a domain. Then, each function u € C*(£2) such that u(£2) C I defines a
vertical graph in the Riemannian warped product M =1 X, M™. In such a case, ¥(u) will

denote the graph over 2 determined by u, that is,

—n+1
E(u) ={(ulp),p) :p€Q} C M
The graph is said to be entire if = M™. Observe that h(u(p),p) = u(p),p € 2. Hence, h and
u can be identified in a natural way. The metric induced on €2 from the Riemannian metric of

the ambient space via X (u) is
gu = du* + p(u)®gur. (5.24)

If M™ is complete and infys p(u) > 0, then ¥(u) furnished with the metric g, is also complete.
The unit vector field

_ p(u(p)) ~ Du(p)
N(p) = \/p(u(p))2 - |Du(p)]%4 (at|(u(P)yp) p(u(p))2) , pEQ, (5.25)

where Du stands for the gradient of u in M and |Dul|y; = gar(Du, Du)'/?, gives an orientation of
¥ (u) with respect to which we have © = g(N, d;) < 0, so that the assumption of transversality
to the vector field K = p(t)9; is not necessary here. The corresponding shape operator is given
by

. /()
AX = - DxDu
p(u)/p(u)? + [Dul}, " Vp(W)? + [Dul?, 5.26
) ( —9u(DxDu, D) p'(u)gu(Du. X) ) Du 20
p(u) (p(w)? + | Dulf)™*  (p(w)? + [Duli)*? )

for any vector field X tangent to €2, where D denotes the Levi-Civita connection in M™. Conse-
quently, if ¥(u) is a vertical graph over a domain  C M™, it is not difficult to verify from (5.26)
that the mean curvature function H(u) of 3(u) is given by the following nonlinear differential

equation:

| Du () Duf?,
nH(u) = —divy, n— , 5.27
) <p<u>¢p<u>2 T |Du|%w> o £ Dl (-T) e
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where div,; stands for the divergence operator computed in the metric gy;.

5.5 Omori-Yau maximum principle and futter results

In order to obtain our main result, we initiate this section quoting the generalized maximum
principle of Omori [122] and Yau [147] (see [16] for a modern and accessible reference to the

generalized maximum principle of Omori-Yau).

Lemma 5.5.1. Let X" be an n-dimensional complete Riemannian manifold whose Ricci curva-
ture is bounded from below and let u € C*(X) be a smooth function which is bounded from above

on 3". Then there exists a sequence (pg)r>1 in X" such that

lillcrn u(pr) = sup u, lillcn [Vu(pg)| =0 and lim sup Au(py) < 0.
) k
In our main result, we focus on Riemannian warped product spaces I x, M" satisfying the

convergence condition
Ky > sup(p” — pp"), (5.28)
I

where K stands for the sectional curvature of the fiber M™. Warped products satisfying (5.28)

have been studied, for instance, in [26,75,91]. The fact that this condition holds for the Ricci

curvature instead of the sectional curvature is also well known (see, for instance, [23,25,115]).
we initiate this subsection considering an extension of Hopf’s theorem on a complete Rie-

mannian manifold (X", g) due to Yau in [148]. For this, let us also take
LX) ={u: X" > R: /2 |ulPd¥ < o0}, (5.29)

where d3 stands for the measure related to the metric g.

Lemma 5.5.2. Let u be a smooth function defined on a complete Riemannian manifold (3", g),
such that Au does not change sign on X", If [Vu| € L}(X), then Au vanishes identically on X"

Next, we quote two other auxiliary results also due to Yau in [148].

Lemma 5.5.3. If u is a nonnegative smooth subharmonic function defined on (X", g), with

u € LB(X) for some p > 1, then u must be constant.

Lemma 5.5.4. All noncompact complete Riemannian manifolds with nonnegative Ricci curva-

ture have at least linear volume growth.

Next we shall devote ourselves to presenting the analytical tool that will be used to establish
our rigidity results in the next ones. For this, let (X", g) be a complete noncompact Riemannian
manifold and let d(-,0) : £¥" — [0, +00) denote the Riemannian distance of (X", g), measured

from a fixed point o € ¥". We say that a smooth function u € C*(X) converges to zero at
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infinity when it satisfies the following condition

lim  wu(z) =0. (5.30)

d(z,0)—+00
Keeping in mind this concept, the following lemma corresponds to item (a) of [21, Theorem 2.2].

Lemma 5.5.5. Let (¥",g) be a complete noncompact Riemannian manifold and let X € X(X) be
a vector field on X", Assume that there exists a nonnegative, non-identically vanishing function
u € C(X) which converges to zero at infinity and such that g(Vu,X) > 0. If divy,X > 0 on
X", then g(Vu, X) =0 on X"

We also need the following definition which is inspired in (5.30): Given a complete noncom-
pact Riemannian immersion ¢ : ¥" 9 I x, M™ and t, € I, we say that a function u defined
on X" converges from below (above) to t. at infinity when u < t, (u > t,) and the function
U := u — t, converges to zero at infinity.

For our purpose, we will also need to quote a suitable maximum principle that will be
used to prove our nonexistence results. For this, let (X", g) be a connected, oriented, complete
noncompact Riemannian manifold. We denote by B(p, t) the geodesic ball centered at p and with
radius t. Given a polynomial function o : (0,4+00) — (0,400), we say that X" has polynomial

volume growth like o(t) if there exists p € ¥" such that
vol(B(p,t)) = O(a(t)),

as t — 400, where vol denotes the standard Riemannian volume related to the metric g. As it
was already observed in the beginning of Section 2 in [22], if p,q € X" are at distance d from

each other, we can verify that

vol(B(p,t)) S vol(B(q,t — d)) o(t —d)
o(t) - o(t—d) = o)

So, the choice of p in the notion of volume growth is immaterial. For this reason, we will just
say that X" has polynomial volume growth.

Keeping in mind this previous digression, we close this section quoting the following key
lemma which corresponds to a particular case of a new maximum principle due to Alias, Caminha
and do Nascimento (see [22, Theorem 2.1]).

Lemma 5.5.6. Let (X", g) be a connected, oriented, complete noncompact Riemannian manifold,
and let u € C®(X) be a nonnegative smooth function such that Au > au on X", for some positive
constant a € R. If ¥" has polynomial volume growth and |Vu| is bounded on X", then u vanishes

identically on ™.
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Chapter 6

Rigidity of hypersurfaces and
Moser-Bernstein type results in certain
warped products, with applications to

pseudo-hyperbolic spaces

In this chapter we deal with complete two-sided hypersurfaces immersed in a warped product
space of the type I x,M". Under suitable constraints on the warping function p, on the sectional
curvature of the fiber M™ and on the mean curvature of such a hypersurface ", we apply some
maximum principles in order to show that ¥" must be a slice of I x, M™. New Moser-Bernstein
type results concerning entire graphs constructed over M™ are obtained, and applications to

pseudo-hyperbolic spaces I X, M™ are given. Here we present results of [32].

6.1 A computational lemma

Considering an immersed hypersurface ¥" in a warped product space I x, M" satisfying

(5.28), the next lemma gives sufficient conditions to its Ricci curvature with respect to the

conformal metric g := g. For this, we will suppose that X" lies in a slab of I x, M™, which

1
e |
means that 3" is contained in a bounded region of the type

[tl,tg] x M" = {(t,p) el XpMn 1t S t S tg andp € Mn}

Lemma 6.1.1. Let M =1 X, M"™ be a warped product which satisfies the convergence con-
dition (5.28) and let ¢ : ¥" — M be a hypersurface with bounded second fundamental form
and lying in a slab of M Then, the Ricci curvature Ric of X" with respect to the conformal

metric g 1= 59 is bounded from below.

p(h)?

Proof. First, we recall that the curvature tensor R of ¥ can be described in terms of its Wein-

garten operator A and the curvature tensor R of the ambient I X ; M™ by the so-called Gauss’
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equation given by!
g(R(X,Y)Z,W) =g(R(X,Y)Z,W) + g(A(X, Z), A(Y,W)) — g(A(X, W), A(Y, Z)),  (6.1)

for all tangent vector fields X,Y, Z € X().
Let us consider X € X(X) and take a local orthonormal frame {Fy,--- , E,} of X(X). Then,
it follows from Gauss’ equation (6.1) that the Ricci curvature Ric of X" with respect to the

induced metric g is given by
RIc(X.X) 2 32RO E)X,B) = (al]14]+ [AP) X

> Zg R(X,E)X,E) — (vVn+ 1D|AP|1 X% (6.2)
Moreover, with a straightforward computation, we get

R(X,E)X = R(X*,E)X"+g(X,0)R(X", E;)d + §(X, 0)3(E;, 0) R(X™, 9,)0;
+9(E;, 0) R(X™, 0) X" + (X, 8:5) (0, E})X* + §(X, 0,)*R(0,, E;) 0, (6.3)

where X* = X — g(X,0,)0; and Ef = E; — g(E;, 0;)0; are the projections of the tangent vector
fields X and E; onto the fiber M™, respectively. By repeated use of the formulas of Proposition
7.42 of [123] and using equation (5.3), from (6.3) we get

p(h)p" (1) o2
p(h)? X1

(VA" = (n = 1)) |X]? (6.4)

Zg R(X,E)X,E;) = > g(Ru(X*,E))X" E}) -
p'(h)?
p(h)?
p'(h)? — p(h)p" ()
- (B

where Rj; denotes the curvature tensor of the fiber M™. But, it is not difficult to verify that

+

) 9(X, VA,

Zg (Ry(X*, ENX* E}) = ZKM (X*, EN(X* = g(Vh, E)?*|X)?
—g(X,Vh) —g(X,EZ) +29(X7Vh) ( ) i)Q(VhaEi))'

Thus, by using the convergence condition (5.28) and with another straightforward computation,

LAs in [123], the curvature tensor R of the hypersurface X" is given by
R(X,Y)Z =Vixy|Z - [Vx,Vy]|Z,

where [ | denotes the Lie bracket and X,Y, Z € X(X).
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from (6.4) we obtain

S a(RC6,E)X, B 2 =20 (n 9 X 2 ~nlZ 65

On the other hand, we have the following equation (see, for instance, Section 1J of [53],
Section A of [110] or page 168 of [140])

Ric(X,X) = Ric(X,X)+ V2p(h)(X, X)

2

o) Aol — <n — 1)[Vp(h) |X|2}. (6.6)

So, inserting (5.4), (5.5) and (5.6) into (6.6) we get:

. 1
Ric(X,X) = Ric(X,X)+ (
p

e {(n=2)p(h)(p"(N)g(Vh, X)* + /() V*h(X, X))

+p(h)(p" (WIVA® + () AR) — (n = 1) (h)*|VA")| X[} (6.7)

Hence, considering (6.2) and (6.5), from (6.7) we obtain the following lower estimate:

Ric(X, X) > —ﬁ{(% = D" (W) + (n+vn =2 (WAl + (Vi + Dp()| A }IXT?. (6.8)

Therefore, taking into account once more that |A| is bounded and that X" lies in a slab of

the ambient space, from (6.8) we conclude that Ric is bounded from below. O

6.2 Rigidity of two-sided hypersurfaces via Omori-Yau’s

maximum principle

From now on, we will orient the two-sided hypersurfaces in such a way that © < 0. In this

setting, extending the ideas of [18,20,62], we obtain the following result:

Theorem 6.2.1. Let M = I X, M™ be a warped product whose fiber M™ is complete with
sectional curvature obeying the convergence condition (5.28). Let ¢ : ¥" — M bea complete
two-sided hypersurface with bounded second fundamental form and lying in a slab [t1,ty] x M™,
with p'(t) > 0 fort € [t1,ts]. If the height function h and the mean curvature function H satisfy

p'(h)
0<—Mm®§H (6.9)
and
p'(h)
|Vh| <inf |H ) ‘ : (6.10)

then X" is a slice.
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Proof. As before, let us consider on ¥" the metric § = ﬁ g, which is conformal to its induced
metric g. If we denote by A the Laplacian with respect to the metric §, from (5.4) and (5.6) we

get

Al = p(h)2Ah — (n—2)p(h)d ()| Vh]?
— np(h)p (0)O7 + p(h)p (W) VAP + nHp(h)*©. (6.11)

With a straightforward computation, from (6.11) we obtain

Vh,Vh) + o/ (h)Ah

()3
(W) p(RYIVH]2 + (1) (np(R)F ()62 + p(h)o (W)|VHI2 + nHp(W)O)  (6.12)
— np(R)p () + nH (W) p(R)O + p(h)’ <<1og o' (h) — (n — 2)2((7’?2) VAP,

p//
p/l

(
(

Given a positive real number «, we have that

~ A~

Ap(h) = = ala + Dp(h)*24(Vp(h), Vp(h)) — ap(h) " Ap(h). (6.13)

Using (6.12) in (6.13) we get

Aplh) ™ = —amp(h) " (h)? — anHp (W)p(h)"16 + ol -+ 1)p() 0 (WA
~ —a+2 o " —(n— pl(h)Q 2
oty (g p)"(1) = (0 = 22 20 ) 190 (6.14)

But, from (5.4) we have
—anp(h)~p'(h)* = —anp(h)~*p'(h)*|Vh|* — anp(h)~p'(h)*©". (6.15)

Thus, from (6.14) and (6.15) we obtain

Aph)™ = —nap(h){/ ()26 + Hp(h)(1)O)}
~ap(h) 2 (og )" (1) = (0 = D2 | [0 (6.16)

On the other hand, since we assume that |A| is bounded and that X" lies in a slab of the
ambient space (which obeys the convergence condition 5.28), Lemmas ?? and 6.1.1 guarantee

the existence of a sequence of points (pg)g>1 in X" such that

lim p(h)™*(px) = supp(h)™*  lim Vp(h)™(p)| =0 and lim sup Ap(h)~*(pk) < 0.

Since Vp(h)™® = —ap(h)*=p/(h)Vh and taking into account once more that $" lies in a
slab and that p’(h) > 0 in this slab, we get that

liin |Vh(pg)| = 0. (6.17)
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Moreover, from (5.4) we also have that
liin O(pr) = —1. (6.18)
So, using (6.9), (6.16), (6.17) and (6.18), it is not difficult to verify that
0 2 lim sup Ap(h)=*(pk) = na Sup p(h)™* lim sup —{p/(h)? = Hf(h)p' (M)} (pk) > 0. (6.19)

Thus, from (6.19) we infer that

i (=50 ) 0 =0

Hence,
'(h
inf |5 — 24 )‘:o.
” p(h)
Therefore, from our hypothesis (6.10) we conclude that X" must be a slice of I x, M™. O

6.3 Rigidity of two-sided hypersurfaces via integrability

properties

In what follows, we will assume that the warping function p of the ambient space M =

I x, M"™ satisfies the following inequality

(log p)" < ~[(log p)]?, (6.20)

for some constant v > —1.

In order to obtain our next result, using the previous lemma 5.5.2, we get the following result:

Theorem 6.3.1. Let M = I X, M"™ be a warped product whose warping function satisfies
(6.20), holding the equality only at isolated points of I, and with complete fiber M™. Let : 3" —
M be a complete two-sided hypersurface which lies in a slab of M If the height function h
and the mean curvature function H satisfy (6.9) and |Vh| € Ly(X), then X is a slice.

1
Proof. Considering again the conformal metric g := (T)Q g, it is not difficult to verify that
p

Vp(h)~1 = ap(h) =l (WIVA], (6.21)

for any positive constant a. Consequently, since we assume that 3" lies in a slab of M and
|Vh| € L;(X), from (6.21) we get that IVp(h)~@; € L(%).
Moreover, taking o = 1 + =, from (6.16) we also have that Ap*“ > 0. Thus, we can apply

Lemma 1.5.3 to infer that Ap‘o‘ = 0 on X". Hence, since we are assuming that equality occurs
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in (6.20) only at isolated points of I, returning to (6.16) we conclude that |Vh| must vanish

identically on »". Therefore, X" is a slice. O]

We also get a slightly different version of Theorem 6.3.1:

—n+1

Theorem 6.3.2. Let M = I x, M" be a warped product whose warping function satisfies
(6.20), and has complete fiber M™. Let 1) : X" — M be a complete two-sided hypersurface which
lies in a slab [ty,ta] x M™, with p'(t) > 0 fort € [t1,t2]. If the height function h and the mean
curvature function H satisfy (6.9) and [Vh| € L}(X), then X" is a slice.

Proof. As in the proof of Theorem 6.3.1, taking o = 1+ 7, we get that Ap_a = 0 on X".
Moreover, since X" lies in a slab of I x, M™, we can also verify that |§p’2a|g € L;(¥). But, we
note that

Ap2 =207 *Ap= +2[Vp 2|2 = 2|Vp |2 > 0.

~22 — (). Hence, since we assume that

Thus, we can apply Lemma 5.5.2 again to obtain that Ap
p'(t) > 0 for t € [t1,t5], from (6.21) we obtain that |Vh| = 0 on X". Therefore, ¥ must be a

slice. O

The next result we will expound will make use of lemma 5.5.4 from section 5.5, also due to
Yau in [148].

These previous lemmas enable us to prove the following nonexistence result.

Theorem 6.3.3. Let M =1 X, M™ be a warped product satisfying (6.20), holding equality
only at isolated points of I, and whose fiber M™ is noncompact complete with nonnegative Ricci

curvature. There do not exist complete two-sided hypersurfaces 1 : X" — m! lying in a slab
oanH, satisfying (6.9) and such that f(h) € L1(X) for some q with ¢+~ < —1.

Proof. Supposing for contradiction the existence of such a hypersurface %", we get from (6.16)
that Ap~'=7(h) > 0 on ¥". Moreover, since we assume that X" lies in a slab of M and
p(h) € LYX) for some ¢ with 1+ +¢ < 0, it is not difficult to verify that p(h)~'~7 € LI(X) for
p= —ﬁ > 1. Thus, we can apply Lemma 5.5.3 to get that f(h) is constant on >". Hence, since
we assume that the equality occurs in (6.20) only at isolated points of I, returning to (6.16) we
conclude that |Vh| must vanish identically on ¥". Consequently, ¥" is isometric (up to scaling)
to M™. So, since p(h) is a positive constant, our assumption that p(h) € £I(¥) also implies that
M™ has finite volume. But, since M™ is assumed to be noncompact complete with nonnegative

Ricci curvature, Lemma 5.5.4 leads us to a contradiction. O

6.4 Rigidity of two-sided hypersurfaces via a parabolicity

criterion

We recall that a noncompact Riemannian manifold is said to be parabolic if the only sub-

harmonic functions on it that are bounded from above are the constants. On the other hand,
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given two Riemannian manifolds (X, ¢) and (X', ¢'), a diffeomorphism ¢ from ¥ onto X' is called

a quasi-isometry if there exists a constant ¢ > 1 such that
¢ Holy < ldg(v)ly < cll,

for all v € T,%, p € ¥. From Theorem 1 of [109] (see also Corollary 5.3 of [92]) we have the

following:

Lemma 6.4.1. Let (X, g) and (X', g") be two complete Riemannian manifolds. If ¥ and ¥ are

quasi-isometric, then ¥ and ¥ are either both parabolic or neither is parabolic.
We can use the previous lemma to get the following parabolicity criterion:

Lemma 6.4.2. Let ¢ : X" — M be a complete noncompact hypersurface immersed in a
warped product M =1 X, M™, whose fiber (M", gr) has parabolic universal covering. If
O is bounded away from zero, then (X", §), endowed with the conformal metric § = p(—}ll)gg, 18

parabolic.

Proof. Given p € ¥" and v € T,X", from (5.1) and (5.4) we have
g(v.v) = g(v,Vh)* + p(h)*ga (dm(v), dr(v)). (6.22)

Thus, from (6.22) we get

R 1
g(v,v) = Wg(v,v) > gy (dm(v),dm(v)). (6.23)

On the other hand, using (5.4) and the Cauchy-Schwarz inequality in (6.22) we also have
Og(v,) < p(hV g (dn(v), dm(v)) (6.24)

Since O is bounded away from zero, there exists a positive constant § such that ©% > 32

Consequently, from (6.24) we get
329(v,0) < ©%g(v,v) < p(h)* g (dr(v), dm(v)). (6.25)
Thus, from (6.25) we have
3(0,0) < Zou(dr(o). dr(v). (6:26)
Hence, using inequalities (6.23) and (6.26) we get

gy (dm(v), dm(v)). (6.27)
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So, taking ¢ = % > 1, from (6.27) we obtain

%gM(dﬂ'(U),dﬂ'(U)) < g(v,v) < egydr(v),dr(v)), (6.28)

which means that 7 is a quasi-isometry between > and M.

Let ¥ be the universal Riemannian covering of ¥ with projection 7y, : ¥ — . Then, the
map Ty = Towy : ¥ — M is a covering map. If M is the universal Riemannian covering
of M with projection #° : M’ — M, then there exists a diffeomorphism ¢ : ¥ — M’ such
that 7 o ¢ = my. Moreover, from (6.28) it is not difficult to verify that ¢ is also a quasi-
isometry. Therefore, since the universal Riemannian covering of M is parabolic, it follows from
Lemma 6.4.1 that the universal Riemannian covering of ¥ is parabolic and, hence, ¥ must also

be parabolic with respect to the metric g. O]

In order to state our next result, we recall that a function p : I — (0,400) is said to be

globally constant if I = R and p is constant.

Theorem 6.4.3. Let M =T X, M™ be a warped product whose fiber M™ is complete with
parabolic universal covering and such that its warping function p is not globally constant and
satisfies (6.20). Let ¢ : X" — M bea complete two-sided hypersurface with © < —f < 0, for

'(h 2
some positive constant B, and such that infs, p(h) > 0. If p'(h)H > 0 and '0<(h))2 ©2 < H?, then
p

" 4s a slice.

Proof. First, we note that Lemma 6.4.2 guarantees that (X", §) is parabolic. Moreover, it follows
from (6.16) that p=*(h) (where a = 1+ ) is subharmonic on ¥". Thus, since the hypothesis
infy; p(h) > 0 implies that p(h)~® is bounded from above, it follows from the parabolicity of
(3", g) that p(h) is constant on ¥". Consequently, returning to (6.16) we get that

0% (6.29)

Let us suppose that h is not constant. So, J = Im h is a subinterval of I and p|; is constant,
which implies that p'(t) = 0 for all t € J. Hence, p/(h) vanishes identically and, from (?7?)
we conclude that X" is minimal. Thus, from (6.11) it follows that A is a harmonic function
on the parabolic Riemannian manifold (X", ). Finally, since p(h) is constant and taking into
account that we assume that f is not globally constant, it is not difficult to see that h must be
bounded either from below or from above. Consequently, h is constant on ", leading us to a

contradiction. Therefore, 3™ must be a slice. O

6.5 Applications to pseudo-hyperbolic spaces

According to the terminology introduced by Tashiro [144], when the warping function is
exponential the corresponding warped product I x. M" is referred to as a pseudo-hyperbolic

space. Tashiro’s terminology is due to the fact that the (n+1)-dimensional hyperbolic space H"**
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is isometric to the warped product R x. R™, where the slices constitute a family of horospheres
sharing a fixed point in the asymptotic boundary 0, H"™ and giving a complete foliation of
H"*!. For more details about these spaces see, for instance, [24,25,91,115].

We observe that a pseudo-hyperbolic space I x. M™, whose fiber M"™ has nonnegative sec-

tional curvature, satisfies (5.28). So, from Theorem 6.2.1 we obtain the following consequence:

Corollary 6.5.1. Lety : X" — M bea complete two-sided hypersurface immersed in a slab of
a pseudo-hyperbolic space M = IX e M™ whose fiber M™ is complete with nonnegative sectional
curvature, and has bounded second fundamental form. If H > 1 and |Vh| < infy (H — 1), then

X" is a slice.

Taking into account that a pseudo-hyperbolic space satisfies (6.20) for v = 0, in this case

Theorem 6.3.2 reads as follows:

Corollary 6.5.2. Let ¢ : X" — M be a complete two-sided hypersurface immersed in a
slab of a pseudo-hyperbolic space M =1 Xot M™ with complete fiber M™. If H > 1 and
IVh| € Ly(X), then X is a slice.

From Theorem 6.3.3 we obtain the following consequence:

Corollary 6.5.3. Let M =1 Xot M™ be a pseudo-hyperbolic space, whose fiber M™ is non-
compact complete with nonnegative Ricci curvature. There do not exist complete two-sided hy-
persurfaces 1 : X" — M lying in a slab of Mnﬂ, with H > 1 and such that e" € LX) for
some q with ¢ < —1.

From Theorem 6.4.3 we get the following result:

Corollary 6.5.4. Let M =1 Xqt M™ be a warped product whose fiber M™ is complete with
parabolic universal covering. Let v : X" — M be a complete two-sided hypersurface with
O < -8 <0, for some positive constant 3, and such that infs h > —oo. If H > 1, then X" is a

slice.

6.6 Moser-Bernstein type results for entire graphs

We say that u € C°°(M) has finite C* norm, for some k € N, when

Hu||ck(M) = Sup |D’YU|L<>0(M) < +00.
IvI<k
It follows from (5.26) that the shape operator A of an entire graph X(u) is bounded provided
that u has finite C?. Note also that the finiteness of the C? norm of u implies, in particular,
that u is bounded, which, in turn, guarantees that inf,; p(u) > 0.

In this context, we obtain a nonparametric version of Theorem 6.2.1.

108



Theorem 6.6.1. Let M = I X, M™ be a warped product whose fiber M™ is complete with
sectional curvature obeying the convergence condition (5.28). Let ¥(u) be an entire graph deter-

mined by a function u € C*°(M) with finite C* norm and satisfying

p'(u)
Votur+ Du, o
If
[Duly < inf | H(u) - Z ((Z)) , (6.31)

then u =ty for some ty € 1.

Proof. From (5.26), we conclude that (6.30) implies (6.9). Moreover, since we have that N =
N* + ©0;, where (as before) N* denotes the projection of N onto the fiber M™, from (5.3) we
get

VAP = p(u)?| N3y (6.32)

Thus, from (5.26) and (6.32) we obtain

| Dul},

VA2 = .
p(u)? + [Dul3,

(6.33)

Hence, from (6.33) we can also verify that (6.31) implies (6.10). Therefore, the result follows by
applying Theorem 6.2.1. [

Theorem 6.6.1 gives us the following application in the context of pseudo-hyperbolic spaces:

Corollary 6.6.2. Let M =1 Xot M™ be a pseudo-hyperbolic space such that its fiber M™
is complete with nonnegative sectional curvature. Let Y(u) be an entire graph determined by a
function u € C*°(M) with finite C? norm and satisfying e* < H(u). If |Duly < infy [H(u) — 1],

then u =ty for some ty € I.

From Theorem 6.3.1 we obtain the following Moser-Bernstein type result:

Theorem 6.6.3. Let M = I X, M"™ be a warped product whose warping function satis-

fies (6.20), holding equality only at isolated points of I, and with complete fiber M™. Let
Y(u) be an entire graph determined by a bounded function uw € C*(M) satisfying (6.30). If
|Duly € L}, (M), then u = tq for some tg € 1.

Proof. Reasoning as in the proof of Theorem 1 of [23], from (5.24) we infer that d¥ = /|G|dM,
where dM and d¥ stand for the Riemannian volume elements of (M™, gas) and (X(u), gu), re-
spectively, and G = det(g;;) with

9ij = 9u(Ei, Ej) = Ei(u)E;(u) + p(u)®d;;.
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Here, {E),..., E™} denotes a local orthonormal frame with respect to the metric gp,. So, it is
not difficult to verify that
G| = p(uw)*™ Y (p(u)® + [ Dul}).

Consequently,

05 = p(u)"\/p(w)? + | Duf3,dM. (6.34)
Thus, from (6.33) and (6.34) we get
IVh|dE = p(u)" " Dul|pdM. (6.35)

Hence, since we assume that u is bounded with |[Duly € £, (M), relation (6.35) guarantees
that [Vh| € £(X(u)). Therefore, the result follows by applying Theorem 6.3.1. O

When the ambient space is a pseudo-hyperbolic space, Theorem 6.6.3 reads as follows:

Corollary 6.6.4. Let M =T Xet M™ be a pseudo-hyperbolic space such that its fiber M™ is
complete. Let 3(u) be an entire graph determined by a bounded function uw € C*°(M) satisfying

e* < H(u). If |Duly € L} (M), then u =t for some to € I.

Taking relation (6.34) into account once more, it is not difficult to see that from Theorem 6.3.3

we obtain the following nonexistence result:

Theorem 6.6.5. Let M =1 X, M™ be a warped product satisfying (6.20), holding equality
only at isolated points of I, and whose fiber M™ is noncompact complete with nonnegative Ricct
curvature. There do not exist entire solutions u € C*(M) of the mean curvature equation (5.27)

with finite C' norm, satisfying (6.30) and such that p(u) € L1 (M) for some q with g+~ < —1.
From Theorem 6.6.5 we get the following application:

Corollary 6.6.6. Let M =1 Xt M™ be a pseudo-hyperbolic space whose fiber M™ is noncom-
pact complete with nonnegative Ricci curvature. There do not exist entire solutions u € C*°(M)

of the mean curvature equation

D u Dul?
evy/e* + | Dul?, Ve + |Dul3, e

with finite C* norm, satisfying e* < H(u) and such that e* € L4 (M) for some q with ¢ < —1.

amMm

We can verify from (5.25) that the condition © bounded away from zero is equivalent to
|Du|pyr < aof (u) for some positive constant . Using this fact, Theorem 6.4.3 allows us to obtain

the last result of this paper:

Theorem 6.6.7. Let M =1 X, M"™ be a warped product whose fiber M™ has parabolic uni-

versal covering and such that its warping function p is not globally constant and satisfies (6.20).
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Let 3(u) be an entire graph determined by a bounded function uw € C*°(M) with |Duly < ap(u)

/ 2
p) < H(u)?, then u = to for

or some positive constant o. If p'(uw)H(u) > 0 and
f p fp() ()— p(u)2+|Du|§V[

somety € I.

We close our paper with applications of Theorem 6.6.7.

——n+1

Corollary 6.6.8. Let M = I xXg M"™ be a pseudo-hyperbolic space whose fiber M™ has
parabolic universal covering. Let Y(u) be an entire graph determined by a bounded function
u € C®(M) with |Du|y < ae® for some positive constant . If H(u) > 1, then u =ty for some
to € 1.

In [24], Alias and Dajczer proved that the horospheres are the only complete surfaces properly
immersed in H? with constant mean curvature —1 < H < 1 and which are contained in a region
between two horospheres which share a fixed point in 0,,H?. Modelling H? through the warped
product space R x .+ R?, we recall that these horospheres are just isometric to the slices {t} x R?.

So, from Corollary 6.6.8 we get our last result:

Corollary 6.6.9. The only 2-dimensional entire graphs 3(u) lying between two horospheres
{t1} XR? and {t2} xR? (t; < t3) of H? = R x o R?, with |Du|y < ae® for some positive constant
a and such that H(u) > 1, are the horospheres {t} x R?, with t; <t < t,.

Remark 6.6.10. [t is worth mentioning that Ldpez recently obtained in [114] gradient estimates
for solutions to the Dirichlet problem for the constant mean curvature equation on a domain
of a horosphere in three-dimensional hyperbolic spaces and, under suitable boundary conditions,

he employed these estimates to solve the Dirichlet problem when the mean curvature H satisfies
H<1.
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Chapter 7

Mean curvature flow solitons in certain
warped products: Nonexistence,
rigidity and Moser-Bernstein type

results

In the following results, our purpose is to apply suitable maximum principles in order to
obtain nonexistence and rigidity results concerning complete n-dimensional mean curvature flow
solitons with respect to the conformal vector field K = p(t)0; of a warped product space of the
type I x,M"™. Applications to self-shrinkers in the Euclidean space, as well as to mean curvature
flow solitons in the real projective, pseudo-hyperbolic, Schwarzschild and Reissner-Nordstrom
spaces are also given. Furthermore, we study entire graphs constructed over the fiber M" and
which are mean curvature flow solitons with respect to K, obtaining new Moser-Bernstein type

results (see Section 7.3) The results presented in this chapter make part of [42-44].

7.1 Auxiliary results

In order to investigate the nonexistence of complete mean curvature flow solitons, initially

we introduce the following definition:

Definition 7.1.1. The Laplacian operator A on a Riemannian manifold (X, g) satisfies the
Omori-Yau mazimum principle if for any u € C? bounded from above, there exists a sequence
(pk)k>1 in X" such that

lilgn u(pr) = supu = u*, liin |Vu(pg)| =0 and lim sup Au(py) < 0.
s k

Now we recall the maximum principle due to Omori [122] and Yau [147]. Such concept
gives us conditions to the validity of a maximum principle for the hessian or the Laplacian on a

Riemannian manifold. Specifically, we quote the following result for the Laplacian:
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Lemma 7.1.2 (Yau, [147]). Let X" be an n-dimensional complete Riemannian manifold whose
Ricci curvature is bounded from below and let u € C*(X) be a smooth function which is bounded

from above on ¥". Then the Laplacian A satisfies the Omori- Yau maximum principle on 3.

Denoting by K; the sectional curvature of the fiber M"™, we will consider warped product

spaces I x, M" satisfying the convergence condition
K > sup(p? — pp"). (7.1)
I

Warped products satisfying (7.1) have been studying, for instance, in [26,27,75,91]. The
case that this condition holds for the Ricci curvature instead of the sectional curvature is also
well known (see, for instance, [23,25,115]). Furthermore, it is not difficult to verify that there
exists a wide class of warped product satisfying (7.1), including, for instance, the Euclidean
space minus a point R"™ \ {0} = R, x; S", the real projective space (minus a suitable point
and its cut locus) (O, g) Xent S, the pseudo-hyperbolic spaces I x. M™ with fiber having
nonnegative sectional curvature and the Schwarzschild and Reissner-Nordstrom spaces I x, S"
(see Examples 5.2.1, 5.2.2, 5.2.3, 5.2.4 and 5.2.5).

Indeed, this verification for the Euclidean, the real projective, the pseudo-hyperbolic and
the Schwarzschild spaces is quite simple. In the case of the Reissner-Nordstrom space, with a

straightforward computation we get that

P = p(0)p" (1) = 1= mr(t) " = fm — ()"} (1) (72)

2

1/(n-1)
But, since r(t) > ro(m, q) = <—C’—) , it is not difficult to verify that we must have

m—y/m2—q2
*r(t) " < m. (7.3)

Consequently, from (7.2) and (7.3) we conclude that the convergence condition (7.1) is also
satisfied in the Reissner-Nordstrom space.
We recall that a hypersurface ¥" lies in a slab of a warped product I x, M™ when X" is

contained in a region of the type

[t1,to]) x M" ={(t,p) € I x, M" :t; <t <ty and pe M"}.
Next, considering an immersed hypersurface X" in a slab of a warped product space I x, M"
satisfying (7.1), we will verify that the Omori-Yau maximum principle is satisfied.

Lemma 7.1.3. Let M = I X, M™ be a warped product which satisfying the convergence
condition (7.1) and let ¢ : X" — M bea hypersurface with bounded second fundamental form
and lying in a slab of M Then, the Laplacian on X" satisfies the Omori-Yau maximum

principle.
Proof. First, we recall that the curvature tensor R of ¥ can be described in terms of its Wein-
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garten operator A and the curvature tensor R of the ambient I x, M™ by the so-called Gauss’

equation given by!
g(R(X,Y)Z,W) = G(R(X,Y)Z,W) + g(A(X, Z), A(Y,W)) — g(A(X, W), A(Y, Z)),

for every tangent vector fields X, Y, Z, W € X(X).
Let us consider X € X(X) and take a local orthonormal frame {Ey,--- , E,} of X(X). Then,
it follows from Gauss equation (6.1) that the Ricci curvature Ric of X" with respect to the

induced metric g is given by
Ric(X, X) > Zg R(X, E)X, E;) — ([H||A] + |A])|X]*

> Zg R(X, E)X, E;) — (Vi + DAP|X]2 (7.4)

Moreover, with a straightforward computation, we get

R(X,E)X = R(X*E)X*+g(X,0)R(X* E)0, +g(X,0,)q(E;,0,)R(X*,0,)0,
+§(Ei, ) R(X*,0) X* + (X, 0,)R(0;, E}) X" + §(X, 0,)*R(0, E ), (7.5)

where X* = X — g(X,0,)0; and Ef = E; — g(E;, 0,)0; are the projections of the tangent vector
fields X and E; onto the fiber M", respectively.

Thus, by repeated use of the formulas of [123, Proposition 7.42] and using equation (5.3),
from (7.20) we get

S a(RX. F)X.F) = St (x E)x, 7) - PO 76)
p'(h)? 2 ) p'(h)? = p(h)p" (1) 2
+p(h)2 (IVR]? = (n = 1)) X + (n - 2) ( )2 )g(X, Vh)?,

where R); denotes the curvature tensor of the fiber M™. But, it is not difficult to verify that
Zg Ry (X", ENX* Ef) = ZKM (X", EN(X)? - g(Vh, E)?|X|?
—g<X, V) — g(X, B + 29(X, Vi)g(X, E)g(Vh, Ey)).
Thus, by using the convergence condition (7.1) and with another straightforward computation,
from (7.6) we obtain

(n — |VAP) | X > A WIS (7.7)

p(h)

Zg (X,E)X,E;) >

1As in [123], the curvature tensor R of the hypersurface X" is given by
R(X,Y)Z =Vxy)Z - [Vx,Vy|Z,

where [ ] denotes the Lie bracket and X,Y, Z € X(%).
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On the other hand, we have the following equation (see, for instance, [53, Section 1J], [110,
Section A] or [140, page 168])

— . 1
Ric(X, X) = Ric(X, Xt {(n = 2p(h)Vp(W) (X, X) + (o) Ap(h) ~ (n = )[To(h) ) X’}
Consequently, from this previous equation we get

Ric(X,X) = Ric(X,X) 2{ p" (W) g(Vh, X)? + ' (h)V2h(X, X))

+(p(h)(p"(h )|Vh\2+,0( JAR) — (n —1)p'(h)*| V)| X[*}. (7.8)

Hence, considering (5.4), (5.5), (5.6), (7.4) and (7.7) into (7.8), we obtain the following lower

estimate:

—~ 1
Ric(X, X) > —m{(% = DIp" (M) + (n+vn =2 (WAl + (Vi + Dp(W)| A }IX]?. (7.9)
Therefore, taking into account that |A| is bounded and that X" lies in a slab of the ambient
space, from (7.4) and (7.7) we conclude that the Ricci curvature is bounded from below and by

Lemma 7.1.2 the Laplacian satisfies the desired property. O

7.2 Statements and proofs of the main results

7.2.1 Nonexistence results via Omori-Yau maximum principle

Into the scope of a warped product I x, M™ we are in position to state and prove our first
nonexistence result concerning mean curvature flow solitons immersed in a slab of a warped

product.

Theorem 7.2.1. Let M =1 X, M™ be a warped product whose fiber M™ satisfies hypothesis
(7.1). There exists no complete mean curvature flow soliton ¢ : X" — M with respect to
K = p(t)0, with soliton constant ¢ # 0, having bounded second fundamental form, lying in a slab

[t1,t2] X M™ and (.(t) having a strict sign on [ty,ts].

Proof. Let us suppose by contradiction the existence of such a mean curvature flow soliton
X" — M. From (5.6) we have

Ah = npp/é;;))—%|Vh|2+cp(h)®2 (7.10)
= n[:ég))@2+n%|Vh|2+cp@2
~ - )IZ((Q))WMQ np'(h) + cp? (h) o2
oo
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where we used (5.4) in the second equality. Since the second fundamental form has bounded
norm and the hypersurface is contained in a slab, from Lemma 6.1.1 we are able to apply the

Omori-Yau maximum principle. Indeed, there are sequences {z}} and {ps} such that
lillcn h(px) = suph = h*, liin |Vh(pr)| =0 and lim sup Ah(py) <0,
s k

and
lilgn h(zg) = irzlf h = h., lilgn |Vh(zg)| =0 and limkinf Ah(x) >0,

and thus, using that © goes to 1 along the sequences {py} and {z}}, we deduce from equation
(7.10) that

Ce(P™) <0 < Ce(ha),

which contradict our hypothesis on the function (.
]

Remark 7.2.2. It is worth to point out that complete mean curvature flow solitons immersed
in a slab of a warped product I x, M™ and having bounded second fundamental form constitute
natural generalizations of the compact ones, and they have already been studied by Alias, de
Lira and Rigoli in [27].

Taking into account Example 5.2.1, it is not difficult to verify that we get from the proof of

Theorem 7.2.1 the following result concerning the nonexistence of complete self-shrinkers:

Corollary 7.2.3. There exists no complete n-dimensional self-shrinker of R"™ with bounded
second fundamental form and lying in the closure of an n-dimensional annulus with either inner

radius i, > /1 or outer radius vy < /1 .

Remark 7.2.4. We point out that the sphere of radius \/n satisfies all the hypotheses if we allow
the inner radius r; (or outer radius ro.) equal to \/n. We also notice that the self-shrinkers
Sk(\/E) X R"* for1 <k <n-—1, of R""' have bounded second fundamental form but they do

not belong to any n-dimensional annuli.

Remark 7.2.5. In Corollaries 7.2.17, 7.2.20, 7.2.25 and 7.2.29, if we assume ¢ > 0 the condi-

tion (. positive is immediate and so the nonexistence results follows directly.

We will now present a non-existence result, whose fundamental technique for construction is
the assumption of having polynomial volume growth. For the next result, let us establish one

notation. Consider the modified soliton function as been the function

Celt) = p/(£)Ge(t). (7.11)

Theorem 7.2.6. Let M =1 X, M"™ be a warped product whose warping function p satisfies
inequality
(log p)" < ~[(log p)T*. (7.12)
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There does not exist complete noncompact mean curvature flow solitons ¢ : X" — M with
respect to K = p(t)0; with soliton constant ¢ # 0 and mean curvature bounded away from zero,

having polynomial volume growth and lying in a slab [ty, ty]) x M™ with (.(t) < 0 for all t € [t;,t].

Proof. Let us suppose by contradiction the existence of such a mean curvature flow soliton

Yo X" — M"™ and let us consider on X" the metric g = ﬁg, which is conformal to its

induced metric g. If we denote by A the Laplacian with respect to the metric g, from (5.4)
and (5.6) we get

Ah = p(h)’Ah — (n—2)p(h) ()| VA
— np(k)p ()E7 + p(h)p (W) VA + Hp(h)?6. (7.13)

With a straightforward computation, from (7.13) we obtain

Ap(h) = p"(h)§(Vh,Vh) + p'(h)Ah
P! (1) £ (h)?|VRI? + p'(h) (np(h)p (R)O? + p(h)p' ()| VA[* + Hp(h)©)  (7.14)

2 3 " Pl(h)z 2

0+ p(h* (log ) (1) ~ (0 = 22 202 ) 1V

= np(h)p/(h)* + Hp'(h)p(h)

Given a positive real number «, we have that

~ A~

Ap(h)™ = ala+ 1)p(h)=*74(Vp(h), Vp(h)) — ap(h) =" Ap(h). (7.15)

Using (7.14) in (7.15) we get

Ap(h)y™ = —anp(h) g/ (W) — aH (R)p(h) 16 + ala+ Dp(h) /(R VAP
- —a+2 o " —(n— p,(h)Q 2
ol ((og ') — (n = 220 ) [V (7.16)

But, from (5.4) we have
—anp(h) 0 (h)? = —anp(R)~0 ()| Vh|? — anp(h) =g (h)*6*. (7.17)
Thus, from (7.26), (7.44), (5.7) and (7.11) we obtain

Ap(h)= = —ap(h) *((h)©”
—ap(h)=*** {(log p)"(h) — (e = 1)[(log p)' ()]* } |V [, (7.18)

Now, taking into account hypothesis (7.12) and choosing & = 1+ > 0, from (7.45) we get

~ —

Ap(h)™ > —C(h)ap(h)~©?. (7.19)

At this point we observe that, since ¢ # 0, X" C [t1,t5] x M™ and H is bounded away from

zero, from (5.7) we see that ©? is also bounded away from zero. So, since we are also assuming
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that (.(t) < 0 for all t € [t1, o], from (7.19) we reach at the following inequality
Ap(h)™ = ap(h)™®,

where a = a/infy |(.(h)].

Moreover, it is not difficult to verify that
Vp(h) =15 = ap(h)=|p'(W)|[Vh] < ap(h)=| (h)]. (7.20)

So, since X" C [ty,t5] x M", from (7.20) we conclude that |Vp(h)~®|, is bounded on %"

On the other hand, considering the coefficients of conformal metric g;; = ﬁgij, where g;;

stands for the coefficients of the induced metric g, we have that

G = \Jdet(@iy) = y/p(h) 2" det(g,)) = p(h) "G (7.21)

In particular, using once more that X" C [ty,t5] x M", from (7.21) jointly with the hypothesis

that X" has polynomial volume growth with respect to g, we guarantee that the same holds with
respect to the conformal metric g.
Therefore, we are in position to apply Lemma 5.5.6 to infer that p(h)~* vanishes identically

on X", which contradicts the fact that p is a positive function. O

Let o = (0,...,0) be the origin of the (n + 1)-dimensional Euclidean space R"*1. We have
that R"*1\ {0} is isometric to Ry x; S" (see [116, Section 4, Example 1]), whose slides {¢} x S"
are isometric to n-dimensional Euclidean spheres S™(t) of radius ¢t € R,. In this setting, the
mean curvature flow solitons with respect to K = t0; with soliton constant ¢ = —1 are just the
self-shrinkers. So, from (5.9) we conclude that S"(y/n) = {\/n} x S™ is the only slice which is a
self-shrinker.

It is not difficult to verify that we get from Theorem 7.2.6 the following result concerning

the nonexistence of complete self-shrinkers:

Corollary 7.2.7. There does not exist complete noncompact n-dimensional self-shrinker im-
mersed in R with mean curvature bounded away from zero, having polynomial volume growth

and lying in the closure of an n-dimensional annulus with with inner radius vy > \/n.

Remark 7.2.8. We note that, for each 1 < m < n —1, the cylinder S™(/m) x R™™™ is a
self-shrinker immersed in R™ with mean curvature |H| = ‘/TE and having polynomial volume
growth, however it does not belong to any n-dimensional annuli. It is also worth to point out
that Cao and Li [64] proved that an n-dimensional complete self-shrinker immersed in R P,
with polynomial volume growth and whose second fundamental form satisfies |A|*> < 1, must be
isometric to one of the followings: a round sphere S™(y/n), a cylinder S™(y/m) x R*™™  with

1<m<n-—1, or a hyperplane R™, all of them immersed in R" 1.
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7.2.2 Rigidity results via an extension of Hopf’s maximum principle

We initiate this section regarding an extension of Hopf’s theorem on a complete Riemannian
manifold (X7, g) due to Yau in [148]. For this, let us also consider £}(¥) := {u : ¥* — R :
Js. [uld¥ < 400}, where d3 is the measure related to the metric g.

Using the previous lemma, we have the following result:

Theorem 7.2.9. Let M = 1 X, M™ be a warped product. Let 1) : X" — M be a complete
mean curvature flow soliton with respect to K = p(t)0; with soliton constant ¢ # 0, lying in a
slab [t1, 1] X M™, with (.(t) does not changing the sign. If |[Vh| € L(X), then X" is a slice M,,

for some t, € [t1,ts] which is implicitly given by the condition (.(t.) = 0.

Proof. Considering F(t) = j;ti p(v)'""dv and compute the Laplacian of F(h) as follows:

AF(h) = F'(h)Ah+ F"(h)|Vh|? (7.22)
1 —n / 2
= WM + (L =n)p(h)~"p'(h)|Vh]|
. Ce(h) Lo N — p'(h) 2 _n — 2

= ()G,

where we used equation (5.6) in the third equality. Thus F'(h) is either subharmonic or super-
harmonic. Since ¥ is contained is a slab and |[Vh| € L1(X), we have that [VF(h)| = p(h)™"|Vh|
belongs to the 1-Lebesgue space too.
Applying Lemma 5.5.2 we deduce that AF(h) = 0 and thus (.(h)©? = 0 along X. Next,
note that
AF(h)? = 2F(h)AF(h) + 2|V E(h))* = 2p(h)'"|Vh|* > 0.

Applying Lemma 5.5.2 again, we deduce that VA = 0 on ¥ and from (5.4) we have © = 1. Thus,
(.(h) vanishes on ¥, as we claimed.
[

From Theorem 7.2.9 we get the following rigidity result:

Corollary 7.2.10. The only complete n-dimensional self-shrinker of R"*1  lying in the closure

of an n-dimensional annulus with either inner radius ry > \/n or outer radius ro, < \/n and

such that [Vh| € Ly(X) is S"(v/n).

Remark 7.2.11. Related to Corollary 7.2.10, it is worth to mention that Pigola and Rimoldi [128]
studied geometric properties of complete non-compact bounded self-shrinkers obtaining natural
restrictions that force these hypersurfaces to be compact. In particular, they proved that the
only complete bounded self-shrinker of R® with |A| < 1 is S*(V/2). Afterwards, Cavalcante
and Espinar [67] showed that the only complete self-shrinker of R™1 properly immersed in a
closed cylinder W x Rk for some k € {1,--- ,n} and radius r < Vk, is the cylinder
SF(VE) x R,
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Next we will display some results from technique results using lemmas 5.5.5 and 5.5.6 as the

main source.

Theorem 7.2.12. Let M =T X, M"™ be a warped product with complete noncompact fiber
M™ and whose warping function p satisfies inequality (7.12). The only complete noncompact
mean curvature flow soliton ¢ : X" — M with respect to K = p(t)0, with soliton constant ¢
such that (,(h) < 0, p(h) is increasing (decreasing) and, for some t, € I, h converges from below
(above) to t, at infinity, is the slice My, .

Proof. Let us suppose by contradiction that such a mean curvature flow soliton ¢ : " — M

is not the slice M;, and let us consider on >" the metric § = ﬁg, which is conformal to its
induced metric g. If we denote by A the Laplacian with respect to the metric g, from (5.4)
and (5.6) we get

Ah = p(h)*Ah — (n = 2)p(h)p/(h)|Vh|*
= np(h)p/(h)©* + p(h)p'(h)|Vh|* + Hp(h)*®. (7.23)

With a straightforward computation, from (7.23) we obtain

Ap(h) = p'(h)g(Vh, Vh>+p<h>Ah
W FIVHR + () (mp(h)p (W)OP + p(h) (WA + Ho(h)©)  (7.24)
= np(W) (0 + Hp (W)p(h)O + p(h)? (<1ogp>"<h>—<n—2> (<)>2)|w

Given a positive real number «, we have that

~ A~ A~

Ap(h)= = ala+ 1)p(h)=*"24(V p(h), Vp(h)) — ap(h)~* Ap(h). (7.25)

Using (7.24) in (7.25) we get

Do) = —anp(h) " (R)? — aHp(B)o(h) "6 + (e + L)p(h) "/ (k)| A
— —a+2 0 " o . p/<h)2 2
ot (o) — (0~ D200 ) 9 (7.26)

But, from (5.4) we have
—anp(h) g (h)? = —anp(R)~p! (W) Vh|? — anp(h) 0 (16", (7.27)
Thus, from (7.26), (7.44), (5.7) and (7.11) we obtain

Ap(h)™ = —ap(h)C.(h)©?
—ap(h) =2 {(log p)'(h) — (@ — 1)[(log p) (WP} VA% (7.28)
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Now, taking into account hypothesis (7.12) and choosing o = 14+ > 0, from (7.45) we get

~ —

Ap(h)™ > —=C(h)ap(h)~*O%, (7.29)

Since we are also assuming that (.(h) < 0, choosing the smooth function u = p(h)~%—p(t,) ™
and the vector field X = Vu, from (7.29) we get that

divy X = Ap(h)™ > 0. (7.30)

Moreover,

§(Vu, X) = [Vp(h)~*[3 = ap(h)=*|¢'(1)||VA] = 0. (7.31)

But, since we are supposing that p(h) is increasing (decreasing) and that h converges from below
(above) to t, at infinity, we have that u is a nonnegative non-identically vanishing function which
converges to zero at infinity (also related to the metric g, since h is bounded).

Hence, we can apply Lemma 5.5.5 to get that Q(@U,X) is identically zero on »". Thus,
returning to (7.31) we conclude that VA vanishes identically on X", which means that h is
constant and (since it converges to t, at infinity) " must be the slice M,. Therefore, we reach

at a contradiction. O

7.2.3 Rigidity results via a parabolicity criterion

We recall that a Riemannian manifold is said to be parabolic if the only subharmonic functions
on it that are bounded from above are the constants. On the other hand, given two Riemannian
manifolds (2, ¢) and (X', ¢), a diffeomorphism ¢ from ¥ onto ¥ is called a quasi-isometry if

there exists a constant x > 1 such that
oy < [do(v)ly < kvl

forallv € T,X, p € ¥. From [109, Theorem 1] (see also [92, Corollary 5.3]) we have the following:

Lemma 7.2.13. Let (3, g) and (X', g') be two complete Riemannian manifolds. If ¥ and &' are

quasi-isometric, then ¥ and X are both parabolic or neither is parabolic.
We can use the previous lemma to get the following parabolicity criterion:

Lemma 7.2.14. Let ¢ : X" — M bea complete hypersurface immersed in a warped product

——n+1

M =1 x, M", whose fiber (M", gnr) is complete with parabolic universal covering. If © is

bounded away from zero, then (X", §), endowed with the conformal metric § = ﬁg, 18 parabolic.

Proof. Given p € ¥" and v € T,X", from (5.1) and (5.4) we have

g(v,v) = g(v, VR)? + p(h)?gr (dr(v), dm(v)). (7.32)
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Thus, from (7.32) we get

. 1
g(v,v) = Wg(v,v) > gy (dm(v),dmr(v)). (7.33)

On the other hand, using (5.4) and the Cauchy-Schwarz inequality in (7.32) we also have
0%g(v,v) < p(h)*gu(dm(v), dr(v)). (7.34)

Since © is bounded away from zero, there exists a positive constant 3 such that ©2 > 32

Consequently, from (7.34) we get
Fg(v,v) < O%g(v,v) < p(h)*gar(dr(v), dr(v)). (7.35)

Thus, from (7.35) we have
. 1
g(v,v) < EgM(dw(v),dﬂ(v)). (7.36)
Hence, using inequalities (7.33) and (7.36) we get
. 1
gu(dr(v), dn(v)) < §(v,v) < Zzgm(dm(v), dm(v)). (7.37)

So, taking the constant k = % > 1, from (7.37) we obtain

kg (dr(v), dr(v)) < §(v,v) < kg (dr(v), dr(v)), (7.38)

which means that 7 is a quasi-isometry between 3 and M.

Let ¥ be the universal Riemannian covering of ¥ with projection 7y, : & — %. Then, the
map my = momy : ¥ — M is a covering map. If M is the universal Riemannian covering
of M with projection #° : M’ — M, then there exists a diffeomorphism ¢ : ¥ — M’ such
that 7 o ¢ = my. Moreover, from (7.38) it is not difficult to verify that ¢ is also a quasi-
isometry. Therefore, since the universal Riemannian covering of M is parabolic, it follows from
Lemma 6.4.1 that the universal Riemannian covering of ¥ is parabolic and, hence, ¥ must be

also parabolic with respect to the metric g. O
Using Lemma 6.4.2 we obtain the following result:

Theorem 7.2.15. Let M =1 X, M™ be a warped product whose fiber M™ is complete with

parabolic universal covering and such that its warping function f satisfies

(log p)" < ~[(log p)']?, (7.39)

for some constant v > —1, holding the equality only at isolated points of I. Let i) : 3" — !

be a complete mean curvature flow soliton with respect to K = p(t)0; with soliton constant ¢ # 0,
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such that © is bounded away from zero and infs p(h) > 0. If (.(h) < 0, then X" is a slice M,,
for some t, € [t1,ts] which is implicitly given by the condition (.(t.) = 0.

Proof. Let us consider on X" the metric g = ﬁg, which is conformal to its induced metric g.

If we denote by A the Laplacian with respect to the metric g, from (5.4) and (5.6) we get

~

Ah = p(h)*Ah—(n —2)p(h)p'(h)|Vh|*
= np(h)p/(h)©” + p(h)p'(h)|Vh|* + Hp(h)*®. (7.40)

With a straightforward computation, from (7.40) we obtain

Ap(h) = p'"(0)§(Vh,Vh) + p/()AR
= "(h)p(h)*| VA + p'(h) (np(h)p'(R)©% + p(h)p (R)|VAI* + Hp(R)O)  (7.41)
= gl (R + H 070 + (1 (o)) — (0~ D2 L) 90
Given a positive real number «, we have that
Ap(h)™ = a(a + 1)p(h)=*"24(Vp(h), Vp(h)) — ap(h) > Ap(h). (7.42)
Using (7.41) in (7.42) we get
Ap(h)= = —anp(h)~*p'(h)* — aHp'(h)p(h)~ 'O + a(a + 1)p(h)~*p'(h)*|VA|”
—a+2 " —(n— Lh)z 2
~ aptny = (o)1) — (n =220 ) 9P, (7.43)
But, from (5.4) we have
—anp(h)=°p'(h)* = —anp(h)~"p'(h)*|VA|* — anp(h)~*p'(h)*©". (7.44)
Thus, from (7.43), (7.44), (5.7) and (7.11) we obtain
Ap(h)™ = —ap(h)=*C(h)©?
—ap(h)=*"*{(log p)"(h) — (a — 1) (log p)'(R)]* } VA", (7.45)

First, we note that Lemma 6.4.2 guarantees that (X", g) is parabolic. Moreover, it follows
from (7.45) that p(h)~® (where o« = 1 4 ) is subharmonic on ¥". Thus, since the hypothesis
infy p(h) > 0 implies that p(h)~* is bounded from above, it follows from the parabolicity of
(X", g) that p(h) is constant on X". Consequently, since we are assuming that the equality holds
in (7.12) only at isolated points of I, returning to (7.45) we conclude that |Vh| = 0 on ¥", which

means that X" is a slice. O

In the context of self-shrinkers, Theorem 7.2.15 reads as follows:
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Corollary 7.2.16. The only complete n-dimensional self-shrinker of R"*  lying in the closure
of the unbounded domain determined by S™(y/n) C R™ and such that © is bounded away from

zero, is S"(y/n).

7.2.4 Applications to real projective space

Considering the discussion made in Example 5.2.2, from Theorem 7.2.1 we have:

Corollary 7.2.17. Let M= (0, Z) XsinsS™ be the warped product model of RP" ™\ {m(P) U Cutp}.
There exists no complete mean curvature flow soliton ¢ : ¥ — M with respect to K = sinto,

with soliton constant ¢ < 0, having bounded second fundamental form and lying in a slab

[t1,ta] X M™, with either Cos’l(—%) <ti<Zor0<ty< cos’l(—%).

Considering the setting of Example 5.2.2, from Theorem 7.2.9 we have:

Corollary 7.2.18. Let M= (0,2) XsineS™ be the warped product model of RP"*'\{r(P) U Cutp}.

Let ¢ : X" — M be a complete mean curvature flow soliton with respect to K = sintd; with

soliton constant ¢ < 0, lying in a slab [t1,ts] x S", with either cos™!(MAEE2ny < ¢ < 5 or

2|c|
0<ty < cosfl(—%z). If IVh| € L(X), then X" is the slice {Cosfl(—%‘)} x S™.

Taking into account once more Example 5.2.2; from Theorem 7.2.1 we get:

Corollary 7.2.19. Let M= (0, 2) Xsin¢S™ be the warped product model of RP"'\{r(P) U Cutp}.

Let : X" — M be a complete mean curvature flow soliton with respect to K = sintd; with

\/462+TL2—TL) S h < g}

soliton constant ¢ < 0, such that © is bounded away from zero. If cos™!( 5le]

then X" is the slice {cosfl(—%)} X S™.

7.2.5 Applications to pseudo-hyperbolic spaces

When the ambient space is a pseudo-hyperbolic space (see Example 5.2.3), from Theo-

rem 7.2.1 we also obtain the following consequence:

Corollary 7.2.20. Let M= Xqt M™ be a pseudo-hyperbolic space whose fiber M"™ has
nonnegative sectional curvature. There exists no complete mean curvature flow soliton ¢ : X" —
—n+1

M with respect to K = e'd; with soliton constant ¢ < 0, having bounded second fundamental

form and lying in a slab [t1,ta] x M™, with either t; > log (—%) or ty < log (—%)
From Theorem 7.2.6 we also obtain the following consequence:

Corollary 7.2.21. Let M= Xt M™ be a pseudo-hyperbolic space. There does not exist
complete noncompact mean curvature flow soliton 1 : X" — M with respect to K = e'd, with
soliton constant ¢ < 0 and mean curvature bounded away from zero, having polynomial volume

growth and lying in a slab [t1,ts] x M™ with t; > log (—2).

When the ambient space is a pseudo-hyperbolic space, Theorem 7.2.9 reads as follows:
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Corollary 7.2.22. Let M =T Xqt M™ be a pseudo-hyperbolic space whose fiber M™ is com-
plete. Let i : X" — M e a complete mean curvature flow soliton with respect to K = €0,
with, soliton constant ¢ < 0, lying in a slab [t1,to] x M", with t; > log (—2). If [Vh| € L1(Z),

then X" is the slice {log (—2)} x M™.
From Theorem 7.2.15 we obtain the following result:

Corollary 7.2.23. Let M= I X M™ be a pseudo-hyperbolic space whose fiber M™ is complete
with parabolic universal covering. Let ) : X" — M bea complete mean curvature flow soliton
with respect to K = €'d; with soliton constant ¢ < 0, such that © is bounded away from zero. If
h > log(—2), then X" is the slice {log (—2)} x M™.

[

7.2.6 Applications to Schwarzschild space
Given a mass parameter m > 0, the Schwarzschild space is defined to be the product

M= (ro(m), +00) x S”

furnished with the metric g = Viu(r)"'dr? + r’gs., where gg» is the standard metric of S",
Via(r) = 1 — 2mr!'~" stands for its potential function and ro(m) = (2m)Y(~V is the unique
positive root of Vi, (r) = 0. Its importance lies in the fact that the manifold R x m equipped
with the Lorentzian static metric —Vy(r)dt* + g is a solution of the Einstein field equation in
vacuum with zero cosmological constant (see, for instance, [123, Chapter 13] for more details
concerning Schwarzschild geometry).

As it was observed in [69, Example 1.3], M can be reduced in the form I x »S" with metric

(5.1) via the following change of variables:

t= / do p(t) =r(t), I=R,. (7.46)

o(m) / Vm(0)7

As it was noted in [69, Example 4.1], since Vi (r) is strictly increasing on (ro(m), +00), it follows

from (7.46) that the warping function p satisfies:

dr woy  LdVy
Va(r(t)) >0 and  p'(t) = 5 ar

== (r(t)) > 0. (7.47)

p'(t)

Thus, from (5.9) and (7.47) we can verify that a slice {£,} x S" is a mean curvature flow soliton
with respect to p(t)0; = r+/Vu(r)0, with soliton constant ¢ < 0 when t, = t(r,) with 7, > ro(m)

solving the following equation

A,
Va(r) = el (7.48)
We note that such a solution exists if and only if the function ¢y (t) = 522 t+ tf‘l‘l — 1 has a zero

n

on (ro(m), +00). Notice that ¢y, is a convex function which goes to infinity if ¢ goes to 0 or +00

and S0 ¢ has a unique minimal point in (0, 00). Such value 7 is given implicitly by ¢! (7) = 0,
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that is,
4c? —
23 M —0.
n? 7
Therefore, the equation (7.48) has a solution if and only if 7 > ro(m) and (7)) < 0. The last

condition can be rewritten in the following way:

. <M>u<n+s> R (M)w(n—n' -

2c2 2

Taking into account the previous setting, from Theorem 7.2.6 we get:

Corollary 7.2.24. Let M =1 X ,S" be the Schwarzschild space, where the warping function p
is obtained from (7.46). There does not exist complete noncompact mean curvature flow soliton
P X = M with respect to K = p(t)0; with soliton constant ¢ < 0 and mean curvature

bounded away from zero, having polynomial volume growth and lying in a slab [t1,ts] x S™ with
p(ti) > /—%.

Proof. First, using (7.47) and taking the positive constant v = we can verify that

n—1
2V (r(t1))’
inequality (7.12) is satisfied. Moreover, since Vio(r(t)) < 1 for all t € I, v(t1) = p(t1) > /—%
implies

62

Va(r(t) <1< —r(t)!

n2

and, consequently, we have that
Ce(t) = nViu(r(t)) + er(t)*/Va(r(t)) < 0

for all t > t;. Therefore, we can apply Theorem 7.2.6 to conclude our result. O

In particular, there are two solutions ro(m) < r,._ <7 < r, ¢ if the strict inequality holds in
(7.49), and a unique solution r, = 7 if equality holds.
Considering the context of Example 5.2.4, from Theorem 7.2.1 we get:

Corollary 7.2.25. Let M =1 X, S" be the Schwarzschild space. There exists no complete

mean curvature flow soliton 1 : X" — M with respect to K = p(t)0; with soliton constant ¢ <

n

0, having bounded second fundamental form and lying in a slab [t1,to] X S”, with p(tz) > /—=.
Proof. Using (7.47) and definition of (. we have

n/ Va(r(t1)) + er(t1)? < C(t) < ny/Vin(r(ta)) + cr(tz)?.
Since Vi (r(t)) < 1for all t € I, r(ty) = p(tz) > /=2 implies
Ce(t) = ny/Viu(r(t)) + cr(t)? < 0,

for all £ > ¢;.Moreover, since Vi (r(t)) <1forallt € I, r(t) = p(t1) > /—% implies



and, consequently, we have that
Ce(t) = nViu(r(t)) + cr(t)*/ Vi (r(t)) < 0

for all t > t;. Therefore, we can apply Theorem 7.2.1 to conclude our result. O

Taking into account again the context of Example 5.2.4, from Theorem 7.2.9 we also obtain:

Corollary 7.2.26. Let M =1 X, S" be the Schwarzschild space and suppose that inequality
(7.49) s satisfied. Let 1) : ¥ — M bea complete mean curvature flow soliton with respect
to K = p(t)0; with soliton constant ¢ < 0, lying in a slab [t1,ts] X S™, with Vi (r(t)) < Z—Zr(t)‘l
for allt € [ty,t5]. If [Vh| € LI(E), then X" is a slice {t.} x S", where t, = t(r.) is such that

re > ro(m) solves equation (7.48).
In the setting of Example 5.2.4, we also have the following consequence of Theorem 7.2.15:

Corollary 7.2.27. Let M= X, S" be the Schwarzschild space and suppose that inequality
(7.49) is satisfied. Let 1) : X" — M bea complete mean curvature flow soliton with respect to
K = p(t)0; with soliton constant ¢ < 0, such that © is bounded away from zero. If Viu(r(h)) <
z—zr(h)‘l on X", then X" is a slice {t,} x S™, where t, = t(r) is such that r, > ro(m) solves

equation (7.48).

7.2.7 Applications to Reissner-Nordstrom space

Given a mass parameter m > 0 and an electric charge q € R, with |q| < m, the Reissner-

Nordstrom space is defined to be the product

M = (ro(m, q), +00) x S”

endowed with the metric § = Vg q(r)'dr? + r?gss, where gsn is the standard metric of S,

1/(n-1)
Vig(r) = 1—2mr!=" 4 ¢%r?72" stands for its potential function and ro(m, q) = (—CIQ—)

m—y/m2—q2

is the largest positive zero of Vi, 4(r). The importance of this model lies in the fact that the
manifold R x 3" equipped with the Lorentzian static metric —Vy, 4(r)dt* + g is a charged
black-hole solution of the Einstein field equation in vacuum with zero cosmological constant.
As in the case of the Schwarzschild space, M can be reduced in the form I x »S" with metric
(??7) via the same change of variables as in (7.46). Furthermore, following the same previous
steps, the warping function p has positive first and second derivatives. Moreover, we can verify
that a slice {t.} x S" is a mean curvature flow soliton with respect to p(t)0; = r+/Vinq(r)0, with

soliton constant ¢ < 0 when t, = t(r,) with . > r¢(m, q) solving the following equation

Ving(r) = =71°. (7.50)
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We observe that such a case is more complicated to explicit all the values, but qualitatively we

can say that such a solution of (7.50) exists if and only if the function

 ,  2m q

Pm,q(T) = ﬁx + -1 22

2
—1

has a zero on (ro(m),4+00). Note that ¢y goes to positive infinity if 2 goes to positive infinity
and @ 4 goes to negative infinity if x goes to zero. So, ¢n 4 has at least one root in (0, +00) and
if such roots are greater than ro(m, q) we get the desired solutions r..

We can reason as in the proof of Corollary 7.2.24 to obtain the following nonexistence result:

——n+1

Corollary 7.2.28. Let M = I x,S" be the Reissner-Nordstrom space, where the warping
function p is obtained from (7.46). There does not exist complete noncompact mean curvature
flow soliton ¢ : X" — M with respect to K = p(t)0, with soliton constant ¢ < 0 and
mean curvature bounded away from zero, having polynomial volume growth and lying in a slab
[t1, to] X S™ with Veg(r(t)) < Sr(t)* for all t € [t, ta).

In the setting of Example 5.2.5, we can reason as in the proof of Corollary 7.2.25 to obtain

the following nonexistence result:

Corollary 7.2.29. Let M= X, S" be the Reissner-Nordstrom space. There ewists no
complete mean curvature flow soliton ¢ : X" — M with respect to K = p(t)0; with soliton
constant ¢ < 0, having bounded second fundamental form and lying in a slab [t1,t3] x S™, with
Vaa(r(t)) < Sr(t)* for all t € [t1,to].

Taking into account again the context of Example 5.2.5, from Theorem 7.2.9 we also obtain:

Corollary 7.2.30. Let M =T X, S" be the Reissner-Nordstrom space and suppose that there
is re > ro(m,q). Let ¢ : X" — M e a complete mean curvature flow soliton with respect
to K = p(t)0; with soliton constant ¢ < 0, lying in a slab [ty,t5] x S™, with Vi 4(r(t)) < Z—ir(t}‘*
for allt € [ty,t5]. If [Vh| € LI(X), then X" is a slice {t.} x S", where t, = t(r.) is such that

re. > ro(m, q) solves equation (7.50).
In the setting of Example 5.2.5, we also have the following consequence of Theorem 7.2.15:

Corollary 7.2.31. Let M= X, S" be the Reissner-Nordstrom space and suppose that
there is r. > ro(m,q). Let ¢ : ¥" — M be a complete mean curvature flow soliton with

respect to K = p(t)0; with soliton constant ¢ < 0, such that © is bounded away from zero.
If Vaaq(r(h)) < fL—QzT(h>4 on X", then X" is a slice {t.} x S", where t, = t(r.) is such that

re > ro(m, q) solves equation (7.50).

7.3 Entire mean curvature flow graphs

Ecker and Huisken [84] proved that if an entire graph with polynomial volume growth is a

self-shrinker, then it is necessarily a hyperplane. Later on, Wang [145] removed the condition
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of polynomial volume growth in Ecker-Huisken’s Theorem. More recently, Colombo, Mari and
Rigoli [69] extended this study for the context of entire mean curvature flow graphs in warped
products. Motivated by these works, the last section of this paper is devoted to establish new
Moser-Bernstein type results concerning entire graphs constructed over the fiber M™ of a warped
product M =1 x o M"™, which are mean curvature flow solitons with respect to K = p(t)0,
with soliton constant ¢ # 0.

Hence, from (5.7) and (5.27) we have that ¥(u) is a mean curvature flow soliton with respect
to K = f(t)0, with soliton constant c if, and only if, u is a solution of the following nonlinear

differential equation:

v Du = L ep(u)? + p'(u) [ n — | Duliy . .
d <p(U)\/ﬂ<u>2+’Du|?\/j> \/P(u)2+|Du|%\/[{ p(u)” =+ p'( )< p(u)?2 )} (7.51)

We say that u € C*°(M) has finite C* norm when

||u||C2(M) ‘= sup |DWU|L0<>(M) < 400.
[v]<2

In this context, we establish our first Moser-Bernstein type result:

Theorem 7.3.1. Let M = I X, M™ be a warped product whose fiber M™ is complete with
sectional curvature obeying the convergence condition (5.28). Suppose in addition that ¢ # 0 and
C(t) >0 . Ifu e C®(M) is an entire solution of equation (7.51), with finite C* norm and such
that |Du|pyr < Cinfyr |C.(u)| for some positive constant C, then u = t, for some t, € I which is

implicitly given by the condition (.(t.) = 0.

Proof. Let uw € C*°(M) be such a solution of equation (7.51). It follows from (5.26) that the
shape operator A of Y(u) is bounded, provided that « has finite C? norm. We note also that
the finiteness of the C? norm of u implies, in particular, that v is bounded, which, in turn,
guarantees that infy; p(u) > 0. Hence, since we are assuming that M™ is complete, we get that
(3(u), g,) must be also complete.

Therefore, we can reason as in the proof of Theorem 7.2.1 obtaining that inf, [(.(u)| = 0

and, hence, the result follows from our constraint on |Du|ys.
From the proof of Theorem 7.3.1 we also get the following nonexistence result:

Corollary 7.3.2. Let M =1 X ¢ M™ be a warped product whose fiber M™ is complete with
sectional curvature obeying the convergence condition (5.28). Suppose in addition that ¢ # 0 and

inf; C.(t) > 0. There exists no entire solution with finite C* norm of the equation (7.51).
Proceeding, Theorem 7.2.9 allows us to obtain our next result.

Theorem 7.3.3. Let M =1 X, M™ be a warped product whose fiber M"™ is complete. Suppose
in addition that ¢ # 0 and (.(t) does not changing the sign. If u € C*(M) is a bounded entire
solution of equation (7.51) such that |Duly € L) (M), then u = t, for some t. € I which is
implicitly given by the condition (.(t.) = 0.
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Proof. Let u € C*°(M) be such a bounded entire solution of equation (7.51). Denoting by dM
and d¥ the Riemannian volume elements of (M", gy) and (X(u), gu), respectively, from [23,
Equation (3.7)] we have that

IVh|dZ = p(u)"" | DulpdM. (7.52)

Hence, since we are assuming that u is bounded with |Duly, € £} (M), from relation (7.52) we
conclude that [Vh| € L (X(u)). Therefore, the result follows by applying Theorem 7.2.9. O

From (5.25) we see that the assumption © bounded away from zero is equivalent to |Du|y <
Cp(u) for some positive constant C. So, Theorem 4.3.4 allows us to obtain our last Moser-

Bernstein type result:

Theorem 7.3.4. Let M =T X, M™ be a warped product whose fiber M™ is complete with
parabolic universal covering and such that its warping function f satisfies (7.12), holding the
equality only at isolated points of I. Suppose in addition that ¢ # 0 and (.(t) < 0. Ifu € C*°(M)
is a bounded entire solution of equation (7.51) such that |Du|y < Cp(u) for some positive

constant C, then u = t, for some t, € I which is implicitly given by the condition (.(t,) = 0.
Our next result corresponds to a nonparametric version of Theorem 4.3.1.

Corollary 7.3.5. Let M =1 X, M"™ be a warped product with complete noncompact fiber M"
and whose warping function p is increasing (decreasing) and satisfies inequality (7.12). Suppose
in addition that c is a constant such that the modified soliton function (.(t) <0 for allt € I. The
only smooth function u : M™ — I which is solution of the mean curvature flow soliton equation
(7.51), with |Du|y bounded on M™ and such that u converges from below (above) to some t, € I

at infinity is the constant function u = t,.

Proof. Let u € C*(M) be such a solution of equation (7.51). We start observing that, since
M™ is complete and inf; p(u) > 0 (due to the boundedness of u), from (5.24) we conclude that
the entire graph > (u) must be complete. Therefore, we are in position to apply Theorem 4.3.1
to conclude that v = t.. ]
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Chapter 8

Hypersurface in Riemannian manifold

endowed with a Killing vector field

In the following results, we study the uniqueness and nonexistence of mean curvature flow
solitons (MCFS) with respect to a nowhere zero Killing vector field K globally defined in a
Riemannian space, via suitable Liouville type results. For this, we consider the ambient space as
been a warped product of the type M" x ,R, where the base M™ is an arbitrarily fixed integral leaf
of the distribution orthogonal to K and the warping function p € C*°(M) is given by p = |K].
In particular, assuming that M™ is closed (that is, compact without boundary), we conclude
that the only closed MCFS with respect to K are the totally geodesic slices. Furthermore, we
establish new Moser-Bernstein type results concerning entire Killing graphs constructed through
the flow of K and which are complete MCFS with respect to it. The results presented in this
chapter make part of [33,35].

8.1 Main results

Remark 8.1.1. In a similar way of the Fuclidean context, when the ambient space M™ x, R,
according to Definition 2 of [79] (see also Definition 1.1 of [27] and Definition 1.1 of [69]), a
two-sided hypersurface v : X" & M immersed in a warped product M = M X ,R is called
a mean curvature flow soliton (MCFS) with respect to K and with soliton constant ¢ € R if its

mean curvature function H satisfies
H=co. (8.1)

In particular, we observed that each slice M™ x {t} of M s o MCFS with respect to K with

soliton constant ¢ = 0.

Now, we are in position to present our first uniqueness result concerning MCF'S in a warped
product M" x, R.

Theorem 8.1.2. Let M = M» X, R be a warped product with complete base M" and let
VX" M be a complete MCFS with respect to K and with soliton constant ¢ > 0 (resp.
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¢ < 0). Suppose that h > 0 (resp. h < 0) and that p is bounded along 3. If h € LE(X) for some
. . S+l
p > 1, then X" is a slice of M

Proof. 1t is well known that, in local coordinates (x1,--- ,x,) of ¥£", the Laplacian of its height
function on a metric g is given by

n

Ah —ég (’“Gal ) (8.2)

where ka = g(&k,al), é = det (gkl) and (gkl) = (gkl)_l.

Taking the conformal metric § = pﬁ g, we have that gy, = pﬁ g, G =

g " and

pn

G = \/det(gu) = \/ p7-2 det(g)) = pi-2G. (8.3)

Thus, from (8.2) and (8.3) we obtain

. 1 z 1
Ah = Q—Zak< —g"p 2 Goy(h ))

P3G s pr=2
R 1 2n—4 u
n- n—4 -1
= B Y a0 + T e Y akl)au(h) (8.4)
P2 k=1 pr=2 1t k=1
1 2n —4
= ——Ah =9(Vp,Vh)
pr-2 (n—2)p»=>
Considering (5.23) and (5.7) into (8.4), we get
. 1 2n —4
Ah = (—g(Vp, Vh) + @2> + ———=9(Vp, Vh)
AN (n —2)pn==
—4 2n —4
= nt2 + n+2 g(Vp7 Vh) + 27n®2 (85)
2pm=2 (n—2)pn= pre
n+2
—4n—|—8pm+ 4n — 8)pn—2 c
= ( ) <27L+4 ) g(vp7 vh) + 2n @2
2(n —2)pn—2 pn-2
Hence, (8.5) allows us to the following formula
~ C 2
Ah = —-06°. (8.6)
pn—2

Consequently, since we are assuming that A > 0 (resp. h < 0) and ¢ > 0 (resp. ¢ < 0),
from (8.6) we conclude that h (resp. —h) is a subharmonic function with respect to the metric
g. On the other hand, since we are also supposing that p is bounded along >", from (8.3) we
have that our hypothesis h € £5(X) implies that h € L£(X). Therefore, we can apply Lemma
5.5.2 to guarantee that h is constant on X", that is, X must be a slice of M O
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From Theorem 8.1.2 we get a rigidity result related to closed (compact without boundary)
MCEFS.

Corollary 8.1.3. The only closed MCFS with respect to the Killing vector field K of a warped

product M™ x, R whose base M™ is closed, are the totally geodesic slices.
Theorem 8.1.2 jointly with Lemma 5.5.3 lead us to get the following nonexistence result.

Theorem 8.1.4. Let M = M» X, R be a warped product whose base M™ is complete non-
compact with nonnegative Ricci curvature, and having bounded warping function p. There is no
complete MCFES with respect to K, with soliton constant ¢ > 0 (resp. ¢ < 0) and positive (resp.
negative) height function satisfying h € Eé’(Z) for some p > 1.

Proof. Let us suppose the existence of such a MCFS, namely ¢ : 3" & M. From Theorem
8.1.2, we get that »" is a slice of M Consequently, |h| must be equal to a positive constant

o and, since we are assuming that h € L£P(¥), we obtain
1
volyy, (M) = vol, (%) = — / IhPd, % < +oo. (8.7)
aJy

On the other hand, taking into account that M™ is complete noncompact with nonnegative Ricci
curvature, Lemma 5.5.3 assures that M" has at least linear volume growth, which corresponds
to a contradiction with (8.7). O

According to Definition 1 of [52], we say that a smooth Riemannian manifold (X", g) satisfies
the £;-Li0uville property, when every nonnegative superharmonic function u € E;(Z) must be
constant. Corollary 3 of [52] ensures that a stochastically complete manifold (and, in particular,
a parabolic manifold) always satisfies the L';-Liouville property. However, in Section 2 of [52]
the authors constructed examples of stochastically incomplete (and, in particular, nonparabolic)
manifolds satisfying the £]-Liouville property.

It is not difficult to verify that we can reason as in the proof of Theorem 8.1.2 to obtain the

following uniqueness result concerning MCFS satisfying the E;—Liouville property.

Theorem 8.1.5. Let M = M» X ,R be a warped product with base M™ and let 1 : X" & m
be a MCFES with respect to K and with soliton constant ¢ > 0 (resp. ¢ < 0). Suppose that h > 0
(resp. h < 0) and that p is bounded along ¥". If X" satisfies the E;—Lioum‘lle property and
h e Ly(X), then X" is contained into a slice oanH.

In our next uniqueness result, we will suppose that the MCFS X" lies in slab of Mnﬂ, which

means that 3" is contained in a bounded region of the type
M" x [ty,to) = {(p,t) e M" x,R:t; <t <ty and pe M"}.

Theorem 8.1.6. Let M7 = M» X, R be a warped product with complete base M™ and let

(VIEED VST M be o MCFS with respect to K and with soliton constant c, lying in a slab of

M Suppose in addition that p is bounded along ™. If |[Vh| € ﬁ;(E), then X" is a slice of

——n+1

M
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L O S
Proof. Considering once more the conformal metric § = p»-2g, since §" = ——g", we get
pn72

~ " 1
Vh=>" g"o(h)0x = ——Vh. (8.8)
k=1 pr—2

Thus, assuming that p is bounded along ", from (8.3) and (8.8) we obtain

/|€h|gdgz::/pQ(J‘—_z”|Vh|dgzg <Supp2(:—_2l)) / Vh|d,S. (8.9)
by by % by

Consequently, since we are supposing that |[Vh| € £;(X), from (8.9) we have that |§h|g €

C}](E). So, taking into account (8.6), we can apply Lemma 5.5.4 to conclude that Ah vanishes
identically on .
On the other hand, we have that |§h2|g = 2|h||§h|g. Thus, assuming that ¥" lies in slab of

——n—+1

M" " we also get that |§h2|g € L;(X). Moreover, we have that
AR? = 2hAh + 2|V h[2 = 2|Vh[2 > 0. (8.10)

Hence, we can apply once more Lemma 5.5.4 to infer that Ah? =0 on X" and, returning
o (8.10), we conclude that |§h|g is identically zero on ™. Therefore, ™ must be a slice of

—n+1

M. O

Now, we are in position to present our first rigidity result concerning mean curvature flow

solitons in a Riemannian warped product.

Theorem 8.1.7. Let M = M" X, R be a warped product with complete noncompact base
M™. The only complete noncompact mean curvature flow soliton ¢ : X" & M with respect to
K and with soliton constant ¢ > 0 (resp. ¢ < 0), such that p is bounded on X" and h converges

from above (resp. below) to t, at infinity, is the slice M, .

Proof. Let ¢ : ¥" 3 M be such a mean curvature flow soliton. Let us consider on X" the
metric g = pﬁ g, which is conformal to its induced metric g.
It is well known that, in local coordinates (x1,--- ,x,) of ¥" the Laplacian of its height

function on a metric g is given by

n

Ah :éz (’“lGa, )) (8.11)

. . A . . .
where gr = §(O, 0;), G = 4/det (gkl) and (gkl) = (gkl) )
Taking the conformal metric g = pﬁ g, we have that g, = pﬁ gr, % = % g*! and

G = /det(gn) = \/p% det(gr) = p%G. (8.12)
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Thus, from (8.11) and (8.12) we obtain

~ 1 n ]_ 2n
Ah = —— Z 3k< 49klp"2G81(h)>

pr2G pr—2

2n—4 n n
n-2 1 2n—4 2n-a_
= By M) + = ot Y dMapa)  (8.13)
pn—2 k=1 pn—2 n —1
1 2n —4
= ——Ah+ =9(Vp,Vh).
pr2 (n—2)pn=
Considering (5.23) and (5.7) into (8.13), we get
A I [-2 c 2n — 4
Ah = _4_ (_g(vp> Vh) + _2@2) + —Lﬁg(Vp, Vh)
pr—=2 \ P p (n—2)pn—2
—4 2n —4
= ( ot — +> 9(Vp, Vh) + —5-6’ (8.14)
2pn—2 (n —_ 2)pn—2 pn72
= ¢ 62
p% .

Since we are also assuming that h converges from above (resp. below) to ¢, and ¢ > 0 (resp.

¢ < 0), choosing the smooth function u = h —t, (resp. u = t, — h) and the vector field X = @u,
from (8.14) we get that

div, X > 0. (8.15)

Moreover, we have
§(Vu, X) = |VulZ > 0. (8.16)

In addition, since h converges to t, at infinity, we have that u is a nonnegative non-identically
vanishing function which converges to zero (also related to the metric g, since p is bounded on
™). Thus, from (8.15) and (8.16) we can apply Lemma 5.5.5 to get that Q(@u, X) is identically
zero on ¥". Hence, returning to (8.16) we conclude that Vh vanishes identically on %", which

means that A is constant and (since it converges to t, at infinity) X" must be the slice M;,. [

8.2 Moser-Bernstein type results for MCFS

In this last section, to establish new Moser-Bernstein type results concerning entire graphs
constructed over the base M" of a warped product M" x, R, which are MCFS. Before, we need
to recall some basic facts related to these graphs.

According to [71], we define the entire Killing graph ¥(u) associated to a smooth function

u € C°(M) as been the hypersurface given by
Y(u) ={¥(zr,u(z)):xe M"} C M" x, R,

where W : M™ x 1 — M is the flow generated by the Killing vector field K. The metric
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induced on M™ from (5.15) via X(u) is given by
9u = gur + prdu’. (8.17)

From (8.17) and by a straightforward computation we can verify that

]' 2
N = as gy~ v0w)

describes an unit normal vector field over ¥(u) such that its angle function © is given by

B B p
© =g(N,K) = TR 0. (8.18)

Moreover, for all vector field X tangent to M™, the Weingarten endomorphism A of ¥(u)
with respect to N is given by

3 2 2
p p*9(Dx Du, Du) p*g(Dp, X)|Dul},
AX = DxDu — - Du  (8.19
(1 + p[Duf3) > (1+ p?|Dul3,)*? (1+ p?|Dul3,)*? (8:19)
Dp, X Du, X
9(Dp, X) w9 X) Dy

(1+ p?[Dul3,)'? (14 p?[Dul3) 2

So, it follows from (8.19) that the mean curvature H, of an entire graph ¥(u) is given by

(8.20)

(1+ p?|Dul3)"? L+ p?|Dul3,)"?’

where Div,; stands for the divergence operator on M™ with respect to its metric g,,.
Hence, from (5.7) and (8.20) we have that an entire graph ¥(u) is a MCFS with respect to
K and with soliton constant c if, and only if, u is a solution of the following elliptic non-linear

partial differential equation

_ pDu 1
Divs (g ) = (0 a0~ 90w o) (8.21)

Now, we are in position to state and prove our first Moser-Bernstein type result.

Theorem 8.2.1. Let M = M» X ,R be a warped product with complete base M™ and bounded
warping function p. Let 3(u) be an entire Killing graph determined by a smooth function u €
C>® (M), which is nonnegative (resp. nonpositive) solution of equation (8.21) with ¢ > 0 (resp.
¢ < 0). Suppose in addition that |Dulys is bounded on M™. Ifu € Lb (M) for some p > 1, then

u =ty for some nonnegative (resp. nonpositive) to € R.

Proof. For any vector field X tangent to ¥ (u), from (8.17) we get

9u(X, X) = g (X*, X*) + p*gur(Du, X*)? > g (X, X7). (8.22)
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Thus, (8.22) implies that

where L, () stands for the length of a curve v on ¥(u) with respect to the induced metric (8.17)
and Ly (v*) denotes the length of the projection v* of v onto M™ with respect to its metric gy;.
Consequently, since projections onto M™ of divergent curves on ¥ (u) give divergent curves on
M™ and as we are assuming that the metric gy, is complete, we can apply Hopf-Rinow Theorem
to conclude that the induced metric (8.17) is also complete.

Moreover, it follows from (8.17) that d,% = /|G|d,,, M, where d,,, M and d,¥ stand for the

volume elements of (M™, gyr) and (X(u), g,), respectively, and G = det(g;;) with
9i = 9u(Ei, Bj) = p*EiEj + &y, (8.24)

for each 4,j € {1,...,n}. Here, {F4,..., E,} denotes a local orthonormal frame with respect to
the metric gy;.

Using the definition of determinant for a squared matrix, we obtain

det(gl]) = Z (Signa)glcr(l)g2o(2) -+ Gno(n)s (825)
ogESy,
where S, is the set of bijective functions o : {1,...,n} — {1,...,n} and signo is the sign of the

permutation o. Considering (8.24) into (8.25), we get

det(gij):Z(&gna)(p E1Ey1)+0101)) (07 BaEy2)+6202)) - - - (0° EnEo(n) +0no(m))- (8.26)

[

With a straightforward computation, from (8.26) we obtain

det(gw) = Z(signa)pQEilEU(il) . sziQEo(ig) e pQEikEU(ik)éik+lo(ik+1) Ce 5%0(1‘”)
o,k

+ Z(signa)pZ"ElEU(l) ) ny + Z Sign(0))016(1) - - - Ono(n)- (8.27)
On the other hand, we note that

Z(signa)p%ElEa(l) PN EnEU(n) =0 and Z(Sign(d))(;lg(l) PN (Sng(n) = 1.

o o

Thus,

det(gl]) = Z(Signa)pQEilEU(il) . pQEi2EU(i2) Ce szlk Eﬂ(ik)51k+10'(ik+1) Ce 5in0'(in)
o,k

= ) (5i810)0° By Eg(i1)0iao(ia) - - - Sinortin) (8.28)

(e

+ Z (Signa)p%Eil E(f(il) . E’ig Eo(ig) PN EikEU(ik)(sik+lU(ik+1) e 5%0-(1”)

o,k>2

137



If o is different from the identity, then

PzEz'l Ea(i1)5i20(i2) .. '5ina(in) = 0.

Otherwise, we have

Z(Sigl’lU)pQEil Ea(il)éiw(i2) c. 6ina(in) = p2<E12 + E22 + ... EZ)

(o

Now, considering

Z (Signg)p%E’ilEU(il) ’ EizEU(Zé) s EikEU(ik)éik+1U(ik+l) x '5in0(in)’

o,k>2
for each fixed k > 2 and each fixed index i1, 19, ...,1%,, we have
> (signo)p™ELE} ... EL =0, (8.29)
o,k>2
for signo = 1 if the permutation in o is even and signo = —1 if the permutation in ¢ is odd.
Thus,

Z (Signa)pzkEilEU(il) ’ Ei2E<7(i2) s EikEU(ik)(sikHU(ikH) .- '5%0(%) = 0.

o,k>2

So, using expressions (8.28) and (8.29), we obtain
|G| =1+ p?|Dul?.
Consequently, we reach at the following relation
d,Y = (1 + p*|Dul3,)?d,,, M. (8.30)

Hence, since we are assuming that v € £5 (M) for some p > 1 and that p and |Duly are
bounded, relation (8.30) guarantees that h € LF(X) for some p > 1. Therefore, since the metric
(8.17) is complete, the result follows by applying Theorem 8.1.2. O

Proceeding, from Theorem 8.1.4 we establish the following nonexistence result concerning
equation (8.21).

Theorem 8.2.2. Let M = M» X, R be a warped product with complete noncompact base M™"
having nonnegative Ricci curvature and with bounded warping function p. There is no entire
Killing graph Y (u) determined by a positive (resp. negative) smooth function u € C*°(M), which
is solution of equation (8.21) with ¢ > 0 (resp. ¢ < 0), such that |Dulys is bounded on M™ and
ue LP (M) for somep > 1.

gMm

Proof. Let us suppose the existence of such an entire Killing graph ¥(u), determined by a positive

138



(resp. negative) smooth function v € C*°(M). From Theorem 8.2.1, we get that u = ¢, for some
positive (resp. negative) to € R. Since we are assuming that u € £ (M) for some p > 1, we

obtain
1

 tol?

voly,, (M) /M |ulPdy,, M < +o0. (8.31)

But, taking into account that M™ is complete noncompact with nonnegative Ricci curvature,
Lemma 5.5.3 assures that M™ has at least linear volume growth, which corresponds to a contra-
diction with (8.31). O

Taking into account once more relation (8.30), it is not difficult to verify that we can also

obtain the following nonparametric version of Theorem 8.1.5.

Theorem 8.2.3. Let M = M" X, R be a warped product with base M" satisfying the £;M—
Liouville property and with bounded warping function p. Let 3(u) be an entire Killing graph
determined by a smooth function u € C*°(M), which is nonnegative (resp. nonpositive) solution
of equation (8.21) with ¢ > 0 (resp. ¢ < 0). Suppose in addition that |Du|ys is bounded on M™.

Ifue Ll (M), then u =ty for some nonnegative (resp. monpositive) ty € R.

am

We close our paper stating and proving other Moser-Bernstein type result, which is derived
from Theorem 8.1.6.

Theorem 8.2.4. Let M = M" X, R be a warped product with complete base M"™ and with
bounded warping function p. Let ¥(u) be an entire Killing graph determined by a bounded smooth
function u € C®(M), which is solution of equation (8.21). If |Duly € L} (M), then u =ty for
some ty € R.

Proof. As in the beginning of the proof of Theorem 8.2.1, we get that the entire graph ¥ (u) is
complete with respect to its induced metric (8.17).
On the other hand, since

T+ PIDuR 7
we have that 2 Du?
x p 1 uUm
N*[3y = —5 =2 8.32
Thus, from (8.32) we get
1 | Du3
Vh]> = = |N*|3, = — 2. 8.33
VA = IV = 3 i (8.33)
Hence, from (8.30) and (8.33) we reach at the following relation
\Vh|dy2 = |Du|pdg,, M. (8.34)

Consequently, since we are supposing that [Duly € L] (M), relation (8.34) assures that
|Vh| € L;(X). Therefore, we can apply Theorem 8.1.6 to conclude the proof. O
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Our next result corresponds to a nonparametric version of Theorem 8.1.7.

Corollary 8.2.5. Let M= M X, R be a warped product with complete noncompact base
M™ and whose warping function p is bounded. The only smooth function u : M™ — I which is
solution of the mean curvature flow soliton equation (8.21) for some ¢ > 0 (resp. ¢ < 0) and
such that u converges from above (resp. below) to some t. € I at infinity is the constant function

U= ty.

Proof. For any vector field X tangent to ¥(u), from (8.17) we get
9u(X, X) = gur(X*, X*) + p’gu(Du, X*)? > g (X, X¥). (8.35)

Thus, (8.35) implies that

where L, () stands for the length of a curve v on ¥(u) with respect to the induced metric (8.17)
and L/ (7*) denotes the length of the projection v* of 4 onto M™ with respect to its metric gy.
Consequently, since projections onto M™ of divergent curves on ¥ (u) give divergent curves on
M™ and as we are assuming that the metric gy, is complete, we can apply Hopf-Rinow Theorem
to conclude that the induced metric (8.17) is also complete.

Hence, since we are u € C'*°(M) be such a solution of equation (8.21), we are in position to

apply Theorem 8.1.7 to conclude that u = t,. O

Remark 8.2.6. According to [77, Example 10], we have that
Y(u) = {(z,y,clny) :y >0} C H? x R,

where u(z,y) = clny, ¢ € R is a constant and H? = {(z,y) € R? : y > 0} stands for the
two-dimensional hyperbolic space endowed with the complete metric (,)g2 = y%(da:Q + dy?), is
an entire translating graph having constant mean curvature H = \/117 = ¢©O with respect to
the orientation (5.25). Therefore, we conclude that in Corollary 8.2.5 the hypothesis that the

function u converges to some t, € I at infinity is necessary to guarantee that u is constant.
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Chapter 9

Rigidity and nonexistence of
submanifolds in weighted warped

products

The weighted warped products are an extension of warped products in differential geometry. In
this construction, a manifold is deformed or twisted through a function called ” warping function.
The difference in weighted warped products lies in the inclusion of a weight or measure in the
warping function. These weights or measures can be used to model and capture additional
effects in the geometry and physics of spacetime. The introduction of weights allows for greater
flexibility in constructing spaces with interesting geometric properties.

In this chapter of the thesis, we will explore the fundamental concepts of weighted warped
products. We will discuss the definitions and properties of these products, as well as their appli-
cations in various areas of mathematics and physics, such as general relativity, cosmology, string
theory, and other related fields. We will investigate the geometric and physical properties of the
base spaces and weighted warping functions, examine concrete examples of these constructions,
and discuss the implications of these weighted warped products for understanding the structure
of spacetime and their applications to specific problems.

It is expected that this chapter will provide a solid foundation for understanding weighted
warped products and serve as a starting point for further advanced investigations in this fasci-

nating area of differential geometry. The results presented in this chapter make part of [30].

9.1 Submanifolds in weighted warped products

Throughout this last part of the thesis, we will pay attention to then (n + p)-dimensional
Riemannian manifold (M"™*?, (,),), our ambient space I x, M"*? is the (n+p+ 1)-dimensional
product manifold I x M™"P where I is an open interval of R, endowed with the Riemmanian

warped metric

() =dt* + p(t)*()ur, (9.1)
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where p : I — R is a positive smooth function on I. In other words, I x, M"™*? is nothing but
a Riemannian warped product with Riemannian base (I, dt?), Riemannian fiber (M"? ( )/)
and warping function p.

Let £" be a codimension p+ 1 submanifold immersed into a I x, M"*?. That is, X" is an n-
dimensional connected manifold for which there exists a smooth immersion ¢ : ¥ — I X, M"™*?.
As usual, we will denote this induced metric also by (, ).

In this setting, we denote by V and V the Levi-Civita connections of I x p M™*P and X",

respectively. The Gauss formula of £" in I x, M™*? is given by

ny:VXY+a(X,Y), (92)

for every tangent vector fields X,Y € X(¥). Here a : X(2) x X(X¥) — X*(2) stands for the

vector valued second fundamental form of ", which is defined by
a(X,Y) = (VxY)*, (9.3)

where (VxY)* denotes the normal component of VxY along X". Moreover, the Weingarten

formula is given by
Vi = —A4,X + Vxn, (9.4)

for every tangent vector field X € X(¥) and normal vector field n € X+(X), where V7 is just
the normal connection of X" and A, : X(3) — X(X) denotes the shape operator with respect to
n; that is, the self-adjoint operator on X(X) defined by

(A, X,Y) = (a(X,Y),n), VXY € X(%).

The mean curvature vector field H of X" is defined by

n

-1 1
H = —t == E;, E;), 9.5
2@ = 3 (B, B) (9.5)
where {F, ..., E,} is a local orthonormal frame on X"

Now, let ¢ be a weight function defined in I x, M"*?. The p-divergence operator on X" is
defined by
div,(X) = e?div(e”*X), (9.6)

where X is a tangent vector field on ¥". From this, we define the drift Laplacian by
Ayu = divy,(Vu) = Au — (Vu, Vo), (9.7)

where u is a smooth function on ¥". We will also refer to such an operator as the p-Laplacian
of ¥™.
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According to Gromov [93], the weighted mean curvature vector field, or simply p-mean cur-
vature vector field, I;ﬂp of X" is defined by

T |
f, = 1+~ (Vo). (9.8)

where H denotes the standard mean curvature vector field of £ defined in (9.5) and (V) €
X*+(¥) stands for the normal component of Vi along ¥

At this point, we observe that a splitting theorem due to Fang, i and Zhang (see Theorem 1.1
of [87]) guarantees that if a weighted warped product manifold (I x ,M"™*?), with bounded weight
function ¢ is such that mw is nonnegative, then ¢ must be constant along I. So, motivated
by this result, along this work we will consider weighted warped products (I x, M"*?), whose
weight function ¢ does not depend on the parameter ¢ € I, that is (V, ;) = 0 and, for sake of
simplicity, we will denote them by I x, M2*P.

In particular,

A AUN
Vol =y

for every tangent vector v € T{;,)M,. This means that M is a totally umbilical hypersurface

in I x, M"*? with shape operator (with respect to the orientation 0;) given by

Av=—-V,0 = _f (T)U,

for every v € T(; ,)M.. Therefore, 7 € I — M, C I X, M"™*? determines a foliation of I x, M"*?

by totally umbilical hypersurface with constant mean curvature given by

H(r) =~ iptr(AT) - —’;((;) (9.9)

In this setting, we have that the p-mean curvature of a slice M. is just equal to its standard

mean curvature. Indeed, from (9.9) and (9.8) we obtain

Holr) = ) + 1 (V.00 =217

9.2 Statement and proof of the main results

Let ¢ : 3" — I x, M™*? be an immersed submanifold of codimension p + 1. The height
function of X", denoted by h, is the restriction of the projection m;(¢,z) = ¢ to X", that is,
h :¥" — [ is given by h = 77|y = w7y 0. From (5.3), we have that the gradient of 7; on
I x, M™P? is given by Vr; = 0;. Then, the gradient of h on X" is given by

Vh= (V) =9,
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where 0, = 9] + 0. Here 9, € X(X) and 9;- € X1(X) denote, respectively, the tangential and
normal components of J;.

In what follows, we will also consider the function u = g(h), where g : I — R is an arbitrary
primitive of p. Since ¢’ = p > 0, then u = g(h) can be thought as a reparametrization of the

height function. In particular, the gradient of u on " is given by
Vu = p(h)Vh = p(h)V9, = KT, (9.10)
where KT denotes the tangential component of the closed conformal vector field K defined
K(t,z) = p(t)0|tm), (t,x) €l x, M™P, (9.11)
In fact,
VvK =)V (9.12)

for every vector field V on I x, M"*? where V denotes the Levi-Civita connection of I x o MHP.

Using (9.2), (9.4) and taking into account that K = K + K=, we obtain
VxK=VxK" +a(X,K") — Ag. X + V3 K*

for every X € X(X). Hence,
(VxK)' =VxK" — A X (9.13)

and
(VxK)t =a(X,K") + VK.

On the other hand, equation (9.12) implies Vyx K = f'(h)X, so that
(VxK)" = f/(h)X (9.14)

and
(VxK)*= =0.

Thus, from (9.13) and (9.14), we see that
VxK" =p(h)X + AL X. (9.15)
From (9.10) and (9.15) we get

VxVu=VxK" =p(h)X + Ax. X,
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and tracing this expression we have that

Au = np'(h) + tr(Ag.)
, K)) (9.16)

Ayu = Au— (Vu, V)
= n(p/(h) + p(h)(H, D) — p(h)(D/, V) (9.17)
= n(p'(h) + p(h)(H,d:)) — p(h)(0: — 0", Vep)
= n(p'(h) + p(h)(H,0)) + p(h)(0}, (Vo) ).
Thus, from (9.8) and (9.17) we obtain
Apu = () + p(h)( + ~(T)-, 00) (9.18)

Consequently, from (9.18) we have the following lemma:

Lemma 9.2.1. Let X" be a submanifold immersed in I X, M;““p. Ifu=g(h), where g : I - R
1s an arbitrary primitive of p and h s the height function of X", then

Agu=n(pl(h) + p(h) (. 0,)).

Taking into account Lemma 9.2.1, we can reason as in the proof of Lemma 1 of [29] in order

to obtain the following result:
Lemma 9.2.2. Let X" be a closed submanifold immersed in I X, Mg“’. Then
(i) ming(H,,8;) < H,(h*), where h* = maxy h, and
(ii) maxs,(H,,8;) > H,(h.), where h, = ming h.
Now, we are in a position to present our first rigidity result.

Theorem 9.2.3. Let [ x, M7?™" be a weighted warped product such that (logp)” > 0, and let
P Xt =1 %, Mgﬂ’ be a closed submanifold with w-mean curvature vector field ﬁw such that
the support function (ﬁ@,ﬁt) is constant. Then, (X)) is contained in a slice {T} x M"™*?_ for
some T € I. Moreover, when p =1, ¢ := mpy 01 : ¥ — M™ 1 is a hypersurface with p-mean

curvature Hy , satisfying
HE , +p/(7)?
p(7)?
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Proof. We will proceed based on the proof of Theorem 1 of [29]. From Lemma 9.2.2 and using
the fact that (logp)” > 0 we have

m£n<ﬁ¢,8t> <Ho (W) < Hy(hy) < mgx(ﬁw,ﬁt). (9.20)

Thus, since we are assuming that <ﬁw 0) is constant, from (9.20) we get
Ho(h,) = Ho(h*) = (H,, d,) = constant. (9.21)

Using once more that (logp)” > 0 , it follows from (9.21) that H,(t) = (ﬁw, 0y) = constant on
[he, h*]. That is, H,(h) = (H,,d,) on X"

So, Hy(h) = 24 = (H,,d,) implies p/(h) + p(h){H,,8;) = 0 on ", which by (9.17)
allows us to conclude that Ajyu = 0 on X". That is, v is a ¢-harmonic function on X", which
is a closed manifold. Hence, from (9.6) and (9.7), we can apply the divergence theorem to infer
that w = g(h) is constant on X", and since ¢(t) is an increasing function this means that h is
itself constant on 3. Hence, ¢(X) is contained in a slice M.

When p = 1, as in the proof of Theorem 1 of [29], we can consider the (locally defined) unit
normal vector field N of the hypersurface ¢ : " — M" ™! with (N, N),; = 1. Thus, from (9.8)
jointly with equation (4.18) of [29] and using again the assumption that ¢ does not depend on
the parameter t € I, it is not difficult to verify that holds the following equation
2 Hyp

p'(7)
H, = p(T)zN T e . (9.22)

It is worth to note that, since Vi = #Vgp and (N, N) = p(7)*(N, N)yr = p(7)?, it was used

the relation | .
H¢ + E<v¢7 N> = H¢ + E<VQO>N>M = H@W

to get (9.22). Therefore, from (9.22) we deduce relation (9.19). O

When the ambient space is a weighted product space of the form RP x M;”“l, we can apply

p times Theorem 9.2.3 in order to get the following codimension reduction result:

Corollary 9.2.4. The only n-dimensional closed p-minimal submanifolds immersed in a weighted

product space RP x M:,}“ are the closed p-minimal hypersurfaces immersed in M:,}“.
From relation (9.19) in Theorem 9.2.3 we also obtain the following nonexistence result:

Corollary 9.2.5. There do not exist closed p-minimal submanifolds X" immersed in a weighted

warped product I X, Mg“ such that (log p)” > 0 and p’ does not vanish on 1.

The following key lemma is a weak Omori-Yau’s generalized maximum principle for the drift

Laplacian. A proof of it can be found in [129].
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Lemma 9.2.6. Let X7 be a complete weighted manifold whose Bakry-Emery-Riccz’ curvature
tensor is bounded from below and let u : X" — R be a smooth function satisfying sups, u < 400.

Then, there exists a sequence of points {pg}reny C X" such that
lilgn u(py) =supu and limsup Aju(pg) < 0.
by k

The previous lemma jointly with Lemma 9.2.1 enable us to obtain an extension of Lemma 9.2.2.

For this, we just proceed in a similar way of the proof of Lemma 2 of [29].

Lemma 9.2.7. Let X" be a complete submanifold immersed in I x,, M;“rp, such that its Bakry-

Emery—Ricci tensor is bounded from below.
(i) If X" lies above a slice of I x, M}*P, then sup2<l—.7¢,, 0r) > Hy,(hy), where h, =infs h € I;
(i) If X" lies below a slice of I x, M}*P, then infy,(H,, 8,) < H,(h*), where h* = sups, h € I.

In our next result, we will assume that the ambient space obeys a convergence condition
which was established by Montiel [115]. Before, we recall that a slab of a weighted warped

product I x, Ms’;“’ is just a region between two slices M., and M., for some 7 < 75.

Theorem 9.2.8. Let I x, MJ*P be a weighted warped product such that (logp)” > 0, with
the equality (log p)” = 0 holding only at isolated points of I, and which obeys the following

convergence condition
Ky > sup(p” — pp"), (9.23)
I

where Ky stands for the sectional curvature of M™P. Suppose in addition that the Hessian of
the weight function  is bounded from below. Let ) : X" — [ xpM;j“’ be a complete submanifold
which lies in a slab of I X, Mg“’, with bounded second fundamental form and such that the
support function <Ij[¢, Oy) is constant. Then, (X) is contained in a slice {7} x M™P_ for some
T € I. Moreover, when p = 1, ¢ 1= mpp o) : X" — M" ! is a hypersurface with p-mean
curvature Hy , satisfying (9.19).

Proof. We start showing that the Bakry—Emery—Ricci tensor of X" is bounded from below. For
this, we recall that the curvature tensor R of ¥ can be described in terms of its second fun-
damental form « and the curvature tensor R of the ambient I x o M;“rp by the so-called Gauss

equation given by
(RIX,YZ, W) = (R(X,Y)Z,W) + {(a(X, Z),a(Y,IW)) — (a( X, W), a(Y, Z)),

for every tangent vector fields X,Y,Z € X(X). As in [123], here we are considering that the

curvature tensor is given by
R(X,Y)Z =Vixyv)Z — [Vx,Vy]Z,
where [ | denotes the Lie bracket.
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Taking X € X(X) and a local orthonormal frame {Ey,--- , E,} of X(X), it follows from this

previous Gauss equation that the Ricci curvature tensor of X" is given by

Ric(X, X) = Z(R(X,Ei)X,EZ)+n<a(X,X),ﬁ)—Z|a(X,Ei)|2

i=1

n p+1 n |p+1
= > (R(X,E)X,E) +nd_ AX, X)Hp =Y > (AX, Ejme| , (9.24)
=1 k=1 =1 | k=1

where a(X,Y) = SPEHAX, Y)n; and {n,--- ,mp41} is a local orthonomal frame of X(X).

Consequently, taking account that H can be expressed in the following way
p+1
for some smooth functions Hy, Hs, ..., H,y1 defined on £, from (9.24) and (9.25) we get
n p+1

Ric(X,X) = Y (R(X,E)X,E) — >

=1 i=1

Hi 2 2 H2
A,X—%X‘ Ml ||X|2 (9.26)

Moreover, since we are assuming that holds the convergence condition (9.23), from inequality
(4.17) of [19] we have that

Y (R(X,E)X,E;) > —n”;/<%>| | X2 (9.27)

7

Thus, inserting (9.27) into (9.26) and considering again (9.25), we obtain

(B p+1 Hl 2 2H2
RiC(X,X) > —n|p( )“X‘Z_Z AiX—nTX‘ + | |‘X’2

- p(h) —
1p"(h)] 2 2
(n () + || ) | X% (9.28)

Hence, since we are assuming that X" lies in a slab of I x, Mg“’, |a| is bounded and Hess ¢ is
bounded from below, from (6) and (9.28) we get that the Bakry-Emery-Ricci tensor! of ¥ is
bounded from below.

Consequently, we can reason as in the proof of Theorem 9.2.3 (but using now Lemma 9.2.7

instead of Lemma 9.2.2) in order to show that

Ho(h") = Hy(hy) = (HQ,,@} = constant. (9.29)

lBakry—E'mery—Ricci tensor Ric, as being the following extension of the standard Ricci tensor Ric of M™:

Ric, = Ric + Hess ¢.
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Our constraint on log f implies that the function H,(t) is strictly decreasing on I. Hence, from
(9.29) we get that h, = h* and, consequently, h is constant on ¥". Therefore, ¢(X) must be

contained in a slice {7} x M"*P. O
From Theorem 9.2.8 we obtain the next nonexistence result:

Corollary 9.2.9. Let I x, M}*' be a weighted warped product such that (logp)” > 0, with
the equality (logp)” = 0 holding only at isolated points of I, and which obeys the convergence
condition (9.23). Suppose in addition that p' does not vanish on I and Hess ¢ is bounded from
below. There do not exist complete p-minimal submanifolds ¢ : X" — I %, M:,}H lying in a slab

of I x, M]g“ and with bounded second fundamental form.

9.3 Further results

The next key lemma is just an extension of a Liouville-type result due to Yau in [147], and

its proof can be found in [56].

Lemma 9.3.1. The only p-harmonic bounded functions defined on an n-dimensional complete
weighted Riemannian manifold 37, whose Bakry—Emery—Ricci tensor is nonnegative, are the

constant ones.
Using this previous lemma we can prove the following result:

Theorem 9.3.2. Let I x, MJ*P be a weighted warped product such that (logp)” > 0 and let
P X" = I x, M;”“p be a complete submanifold which lies in a slab of I x, Mg*p, having
nonnegative Bakry-Emery-Ricci tensor and such that the support function (H,,0y) is constant.
Then, (X)) is contained in a slice {T} x M"  for some T € I. Moreover, when p = 1,

¢ :=my ot X" — M is a hypersurface with p-mean curvature Hy , satisfying (9.19).

Proof. We can proceed as in the proof of Theorem 9.2.8 to infer that the function u = g(h)
is a @-harmonic function on ¥". Hence, since 1(X) lies in a slab of I x, Mg*p , we can apply
Lemma 9.3.1 to conclude that u is constant and, consequently, A is constant on ¥". Therefore,
(X)) must be contained in a slice {7} x M"*?. O

Considering once more the ambient space being a weighted product space of the form RP x
M ;‘*1, we obtain our second codimension reduction result by applying recursively Theorem 9.3.2.

More precisely,

Corollary 9.3.3. The only n-dimensional complete p-minimal submanifolds having nonnegative
Bakry-Emery-Riccz’ tensor and lying in a slab of a weighted product space RP x M;”“ are the

complete p-minimal hypersurfaces immersed in M;}“.

From Theorem 9.3.2 we also get the following nonexistence result:
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Corollary 9.3.4. There do not exist complete p-minimal submanifolds ¢ : X" — I x,, Mg“
having nonnegative Bakry—Emery—Riccz’ tensor and lying in a slab of a weighted warped product
I %, M2 such that (log p)” > 0 and p' does not vanish on I.

An important example of weighted manifold is the so-called Gaussian space G™, which cor-
responds to the Euclidean space R"™ endowed with the Gaussian probability measure duy =
(QW)’%e’@dxz. Concerned with the weighted product space R x G™, Hieu and Nam extended
the classical Bernstein’s theorem [49] showing that the only weighted minimal graphs ¥"(u)
of functions w(zy, -+ ,x,11) = 1 over G" are the hyperplanes 21 = constant (see Theorem 4
of [97]).

Taking into account Corollary 9.3.3, we can use Theorem 4 of [97] to obtain a new Bernstein-
type result. In what follows a (p+1)-graph in RPT! x G™ defined over G" is a graph u : G" — RPT1,
with (u(z),z) € RPFT x G".

Theorem 9.3.5. The only complete o-minimal bounded (p+1)-graphs in RPT1 x G™ defined over
G", having nonnegative Bak:ry—Emery-Ricci tensor, are the n-dimensional hyperplanes {q} x G"
with ¢ € RPFL,

Taking into account

Ric, = Ric + Hess ¢, (9.30)
and (9.28), from Theorem 9.3.5 we obtain the following:

Corollary 9.3.6. The only complete o-minimal bounded (p + 1)-graphs in RPT! x G™ defined
over G™, with the second fundamental form satisfying || < 1, are the n-dimensional hyperplanes
{q} x G™ with q € RPT!,

In order to establish our last results, let us consider
k - .y’ . k —p(x
LE(S) = {u:T" SR /E uff(2)e=?D)d3; < +o0}.

While Lebesgue integrable spaces (see equation (5.29)) are associated with the standard
Lebesgue measure, weighted Lebesgue integrable spaces incorporate an additional weight mea-
sure to model specific effects. This difference in the definition of the spaces results in different
properties and applications, allowing for a more refined and adaptable analysis of functions.

The following result is a consequence of Theorem 1.1 of [127].

Lemma 9.3.7. Let u be a nonnegative smooth p-subharmonic function on a complete Rieman-

nian manifold X", If u € LE(X), for some k > 1, then u is constant.
It is not difficult verify that we can apply Lemmas 9.2.1 and 9.3.7 to obtain our last result:

Theorem 9.3.8. Let I x, M;”“p be a weighted warped product and let ¢ : X" — I X, Mg*p be
a complete p-minimal submanifold with p'(h) > 0. If u = g(h) € £';(E), for some k > 1, then
(X)) is contained in a slice {7} x M"™ P for some T € I. Moreover, when p =1, ¢ := w01 :

¥ — M is a p-minimal hypersurface.
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Remark 9.3.9. According to a result due to Wei and Wylie [146], all noncompact complete
Riemannian manifolds with nonnegative Bakry—Emery—Ricei tensor for some bounded weight
function ¢ have at least linear ¢-volume growth (i.e., for any = € X", vol,(B(z, R)) has at
least linear growth on R, where B(x, R) is the geodesic ball in 3" centered at x with radius
R). Consequently, if we assume in Theorem 9.3.8 that ¥ has nonnegative Bakry—Emery—RiCCi

tensor and that ¢(h) is bounded, we also conclude that " must be compact.
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