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Resumo

Neste trabalho estudaremos o comportamento assintotico de solugoes positivas do

seguinte sistema elipticos acoplado de equagoes de Schrédinger nao lineares

-2

2
Agui — Z A”(x)uj + r
j=1

definido em B;(0)\{0} paran > 3, onde ¢g ¢ uma métrica Riemanniana na bola unitaria

e o potential A é um mapa de classe C' tal que A;;(z) é uma matriz simétrica para

cada x pertencente a B;(0). Do ponto de vista da geometria conforme, o sistema acima
¢ uma extensao natural de equagoes do tipo Yamabe.

Abordaremos o problema assumindo primeiramente que g é a métrica euclidiana

e que o potencial A é identicamente nulo. Nesse caso iremos provar que as solugoes

do nosso problema sao assintéticas ao que chamaremos de solugoes do tipo Fowler.

No caso geral, iremos demonstrar que o mesmo resultado inserindo algumas restrigoes

sobre o potencial e assumindo que a dimensao é menor ou igual a cinco.

Palavras-chave: Solugoes do tipo Fowler; Comportamento assintotico; Sistemas do

tipo Yamabe.



Abstract

In this work we study the asymptotic behavior to positive solutions of the following

coupled elliptic system of nonlinear Schrédinger equations

-2

2
Agu; — Z Ajj(x)u; + n
j=1
which are defined in the punctured unit ball B;(0)\{0} for n > 3. Here g is a Rie-
mannian metric on the unit ball and the potential A is assumed a C! map such that
A;j(x) is a symmetrical matrix for each = in B;(0). From the viewpoint of conformal
geometry, this systems are pure extensions of Yamabe-type equations.

We will approach the problem assuming first that ¢ is the euclidian metric and
the potential A vanishes. In this case we are able to prove that the solutions of our
problem are asymptotics to what we call Fowler-type solutions. In the general case we
will prove the same result by putting some restrictions on the potential and assuming

that the dimension is less or equal to five.

Keywords: Fowler-type solutions; Asymptotic behavior; Yamabe-type system.
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Introduction

In this thesis our main purpose is to study the asymptotic behavior for positive

solutions to the following coupled elliptic system of nonlinear Schrédinger equations

2

Jj=1

-2 4
%W‘Hui —0 (1)

which are defined in the punctured ball 2 = B1(0)\{0}, where g is a smooth Rieman-
nian metric on the unit ball B;(0) C R", n > 3 and |U|?> = u? + u3. Here A is a C*
map from B;(0) to the vector space of symmetrical 2 x 2 real matrices M5(R), where
we will write A = (A;;);; and each A;; is a C?! real value function.

The critical system (1) is weakly coupled by the matrix A, and strongly coupled by
the Gross-Pitaevskii type nonlinearity in the right-hand side of (1). Systems involving
this type of nonlinearities are strongly related to two branches of mathematical physics.
They appear in the Hartree-Fock theory for double condensates, a binary mixture of
Bose-Einstein condensates in two different hyperfine states and they also arise in the
study of incoherent solitons in nonlinear optics. We refer the reader to [1],[2] and [§].

In the last few years there has been considerable interest in this type of systems.
O. Druet, E. Hebey and J. Vetois in [7] studied stability properties for systems of the
form (1) in a compact Riemannian manifold when the potential A is less, in the sense of
bilinear forms, than the geometric threshold potential of the conformal laplacian. Con-
sequently, from the viewpoint of conformal geometry, our systems are pure extensions
of Yamabe-type equations in the strongly coupled regime and the consideration of such
elliptic systems provides a natural background for the interplay between geometry and
asymptotic analysis.

Yamabe-type problems are also widely studied in the singular case, in which one is



interested in finding complete conformal metrics with constant scalar curvature in non-
compact manifolds with a simple structure at infinity. Having in mind the connections
between geometry and asymptotic analysis it is natural to study properties such as
existence and the asymptotic behavior of solutions to the system (1) in the singular
case.

Recall that, from the analytic viewpoint, the simplest instance of the singular
Yamabe problem consists in finding positive solutions to

n—2 n(n—2) ne
Agu — ngU + TU"_Q = 0, (2)

in the punctured unit ball endowed with a metric ¢ which blows-up at the origin.

The case of the flat metric was first studied by L. Caffarelli, B. Gidas and J.
Spruck in [3] in the punctured unit ball and they proved that, when 0 is a nonremovable
singularity, the local models are given by the radial Fowler solutions. Remember that
ug is a Fowler solution if it satisfies

n(n —2) =t

n+2
Bug+ =i =0 in R"\{0}, (3)

which blows-up at origin. Their proof relies on a complicated version of the Alexandrov
reflection method, and it was later simplified by N. Korevaar et al in [11].

We begin by considering the system (1) in its simplest form, which will be a
natural generalization of the singular Yamabe problem in the flat case. Assuming that
the matrix A is identically zero and that g is the euclidian metric, the system (1)

becomes
n(n — 2)

y U|72u; = 0 (4)

in the punctured ball B}(0)\{0}.
Firstly we describe what we mean by a positive singular solution to the general
system (1), in particular to (4). We say that U is a positive solution if each coordinate

u; is positive and that it is singular if the following holds

lim |U|(z) = +o0. (5)

|z|—=0
Our main goal is to prove that singular solutions of (4) are asymptotic to what
we call Fowler-type solutions, that is, solutions of the limit system

n(n —2)

. 2y, =0 in R™\{0}. (6)




Our main result for system (4) is the following

Theorem 0.1 Suppose that U is a solution of the system (4) in the punctured ball
By (0)\{0}. Then there exists a Fowler-type solution Uy = uoA of (6), where ugy is a

Fowler solution such that
U(x) = (1 + O0(|z]"))Up(z) (7)
as x — 0, for some o > 0.

In light of the analogy between the singular problem (2) and the system (1), we
are led to analyze the properties of our local model, the Fowler-type solutions.

It was proved by the authors in [7]| the following classification result for entire
solutions of the system

n(n —2)

A
U; + 1

U|"7u; =0 in R", (8)

Theorem A [7] Let U be a nonnegative C*-solution of (8). Then there exist xy € R",
p>0, and A € S}, such that

n—2
20 R
U(z) = A
(@) (1+u2\w—l‘o!2>

for all x € R", where St consists of the elements in the unit sphere in RP, with

nonnegative coordinates.

This result inspired us to ask whether any singular nonnegative solution is of the
form ugA, where now ug is a Fowler solution and A is a vector in the unit sphere with

nonnegative coordinates. Indeed, we are able to prove the following result

Theorem 0.2 Suppose that Uy is a nonnegative singular solution for (6). Then there

exist A € S}r and ug a Fowler solution such that
Uy = upA.
where Si consists of the elements in the unit sphere in R?, with nonnegative coordinates.
Classification results for singular solutions for coupled elliptic systems were con-
jectured by Z. Chen and C-S. Lin in [5] for a similar system. This classification will

allow us to study all the properties that we need for solutions of the limit system based

in the properties of Fowler solution.



Using this classification result, the strategy to prove that the solutions of (4) are
asymptotic to Fowler-type solution is to get an upper and lower bound. The upper
bound will follow from a more precise universal bound for weak supersolutions which
are smooth in a open set which is inspired by the works of [18], [16] and [12]. The
lower bound depends in a more delicate way of the solution. This finishes the study of
the solutions of (4).

While Korevaar et al. [11] were able to prove the asymptotic behavior for the
singular Yamabe problem in the flat case for any dimensions, for the general problem
in the unit ball, F. Marques in [13| has proved the asymptotic behavior when the
dimension is less or equal to five. For these dimensions he was able to overcome the
lack of symmetry by constructing appropriate auxiliary functions. The problem for
higher dimensions is still open.

Once that system (1) can be seen as a natural generalization of the singular
Yamabe problem for an arbitrary metric, we need to put the same restrictions for the
dimension. Futhermore, sometimes we will consider the following hypotheses on the

potential

(H1) —A is cooperative, that is, the components in the nondiagonal A;; of A, i # j,

are nonpositive;

(H2) In dimension n = 5, there exists a C*-function f such that
A(zx) = f(2)ldy + O(Jz])
near the origin, where Id, is the identity matrix;

Under these assumptions we are able to prove our main theorem.

Theorem 0.3 Assume 3 < n < 5 and let U be a positive solution for (1) in the
punctured unit ball, and suppose that the potential A satisfies (H1) and (H2). If U has
a nonremovable singularity at 0 then there exists a Fowler-type solution Uy of (6) such
that

U(x) = (14 O(|z]*))Uo ()

as x — 0, for some a > 0.

The strategy of the proof of Theorem 0.3 relies on the properties of Fowler solu-

tions. First, using the moving planes technique we prove the upper bound
2-n
U|(x) < cla] = (9)

4



As a consequence of this upper bound we can study Pohozaev integrals for solu-

tions of (1), and use a Pohozaev-type identity to show that the invariant

PU) = lim P(r,U)

r—00

is well-defined, where

B n—2 ou r 9 ou
P(T’U)_/a&.( 5 <Z/l, ay>—2]VU| +7r

8

2
_2 2 2n
% +7’(n ) ‘u‘"?) do.

Inspired by the works of L. Caffarelli, B. Gidas and J. Spruck in [3], we prove a
removable singularity theorem, proving that this invariant is always nonpositive, and
it is equal to zero if and only if the singularity is removable. As a consequence of this

result we estabilish the lower bound
U|(x) > clz| 7. (10)

Using these bounds our goal is to use a scaling argument due to Leon Simon to prove
Theorem 0.3. For this purpose, the study of the growth of what we call Jacobi fields
for the limit system will be fundamental.

The thesis is organized as follows. In Chapter 1 we are going to do a overview on
Fowler solutions and Jacobi fields. In Chapter 2 we will prove the radial symmetry for
solutions to the limit system with intent to transform the system (6) in a ODE. Then
we prove Theorem 0.2 and study the Jacobi fields associated to (4). In Chapter 3 we
prove the upper and lower bounds for solutions of (4) and the asymptotic behavior for
solutions of system (4). Finally in Chapter 4.3 we prove Theorem 0.3 assuming the

hypothesis (H1) and (H2) on the potential A.



Notation and terminology

e Br(z) denotes the open ball of radius R and center z;
e Br = Bg(0) denotes the open ball of radius R and center 0;

e Y denotes the characteristic function of a set £ C R", that is

lifx e E
0 if z € R"\ E;

XE(r) =

e 0(1) denotes a sequence which converges to zero;

e For 1 <p < oo, LP(B;(0))? = LP(B;(0)) x LP(B;(0)) denotes the Lebesgue space
with norm

[ (s )1} = [lully + lollp;
° Si_l ={r=(v1,....,0,) €ES" L i2; >0 Vi}

e Agn-1 denotes the Laplacian in the unit sphere;

=1 "o

o IfU = (uy,up) then [U)? =327 w2, [VU> =37 Vu? and }g—fj’f == %?ja;

® Jeyls Jeue



Chapter 1

Fowler solutions and Jacobi fields

As mentioned earlier, our main goal in this thesis is to show that the solutions
of our system are asymptotic the solutions of the limit system. As these solutions will
play a similar role to Fowler’s solutions in the case of the singular Yamabe problem,
we will briefly review the main properties of Fowler’s solutions as well as what we call
the Jacobi fields.

We say that a u is a Fowler or Delaunay-type solution if satisfies

Au—k@uﬁg =0 in R"\{0}, (1.1)

and if it is singular around the origin. Using the Alexandrov reflection argument, the

following result of Caffarelli, Gidas and Spruck in [3] characterizes these solutions.

Proposition 1.1 /3] Let u be a positive solution of (1.1). If the origin is a non-

removable singularity, then u is radially symmetric about the origin.

Using that u is rotationally invariant the equation can be reduced to an ODE.

Indeed, consider the diffeomorphism
D (R xS gy = dt* + db?) — (R"\{0}, Geu)

O(t,0) =e 0.

with inverse ®'(z) = (—log |z|,z|x|™') and such that ®*ge,. = € *'guy. This diffeo-

morphism induces the classical change of variables from Fowler, given by

u(t,0) = |z|"T u(x). (1.2)



where t = —log |z| and 0 = x/|z|.
Relative to this change of variables the equation (1.1) is equivalent to

_22 _2 n+2
v"—(n4 )v n(n4 )vn%?:O. (1.3)

We analyse this equation by converting it into a system of first order equations

v =w

(n—42)2 v — n(n4—2) UZ—E ‘

w' =
whose Hamiltonian energy, given by
(=2 , (n=2? a

H(’U,w):w?_ 7 v? + 1 vn-2,

is constant along solutions of (1.3).

By examining the level curves of energy, we see that all positive solutions lie in

the bounded set {H < 0} N {v > 0}.

-
7

w

Figure 1.1: Level sets

The basic properties of these solutions are summarized in the next proposition

which is proved in [14].

Proposition 1.2 [14] For any Hy € (—((n — 2)/n)"?(n — 2)/2,0), there exists a
unique bounded solution of (1.3) satisfying H(v,v") = Hy, v'(0) = 0 and v"(0) > 0.
This solution is periodic, and for all t € R we have v(t) € (0,1). This solution can be
indexed by the parameter e = v(0) € (0, ((n—2)/n)"=2/%) which is the smallest of the
two values v assumes when v'(0) = 0. When Hy = —((n —2)/n)"/?((n — 2)/2) there is

a unique bounded solution of (1.3), given by

2

u(t) = (”;2>

Finally, if v is a solution with Hy = 0, then either v(t) = 0 or v(t) = (cosh(t — ty))
for some ty € R.

2—n
2



1.1 The linearized equation

After introducing the notion of Fowler solutions, we describe some useful prop-
erties of the Jacobi fields associated to these solutions. The idea of using Jacobi fields
in this context arose initially in the study of the asymptotic behavior of solutions to
the conformally invariant semilinear equation

nn —2) n

Au+ 1 ur—2 =0, (1.4)

which using the cylindrical coordinates change is equivalent to

—22 —2 n+2
(n 1 ) U+n(n4 >vn7t2:0. (1.5)

H(v) = 07v + Agn-10 —

Note that a solution of the equation (1.4) solves the singular Yamabe problem in the
flat case.
Inspired by the work [15], in [11] the authors considered the linearization of the

operator in (1.5) around a Fowler solution v. given by

—92)2 2) _4_
H(v. +tv) = 07 + Agn-1 — (n—2) + n(n + )US"*Q. (1.6)

Le(v) 4 A

"0t
Since the operator above has periodic coeficients, it can be studied using the classical
Flocquet theory or also by separation of variables, see [17]. Note that this operator can
also be defined as the derivative at s = 0 of H(U(s)), where U(s) is any one-parameter
family of solutions with U(0) = v., U'(0) = v.

This linearization was studied using results due to R. Mazzeo, D. Pollack and
K. Uhlenbeck in [15] based on the spectral decomposition of the laplacian operator
Agn-1. They were able to conclude that spec(L.) is purely absolutely continuous, with
no singular continuous or point spectrum.

If {Ag, Xx(6)} is the eingendata of Agn-1, using the convention that these ein-
genvalues are listed with multiplicity, we can write \g = 0, Ay = ... =\, = n — 1,
Ant1 = 2n and so on. Hence the linearized operator could be decomposed into many

ordinary differential operators given by

4 _ 2
L.y =0} + (Mv;” — % — )\k> . (1.7)

What we call Jacobi fields are the elements in the kernel of the linearized
operator, that is, the functions 1 which satisfy L.y = 0. The properties of these fields

are important for the spectral analysis of the linearized near origin.

9



It is worth noting that considering the linearization of the equation around a
Fowler solution is a method used not only to study the asymptotic behavior of the
solutions. In fact, the analysis of the linearized operator together with fixed point
theorems are the main tools used in the proof of the existence of the singular Yamabe
problem, under certain hypotheses, as applied in the works of [20] and [14].

In order to study the properties of the Jacobi fields using the decomposition of
the laplacian in terms of the eingenvalues, it is sufficient to consider solutions to the
induced problems L. x (1) = 0.

It is common, in geometric problems, that some solutions to low values of k, not
necessarilly all, are obtained as derivatives of one-parameter families of solutions to
(1.5). For the first eingenvalue Ay = 0, if we consider the families of solutions to (1.5)
given by

T—v(t+T) and e —v.(t), (1.8)

and then differentiate these families with respect to the parameters to obtain solutions

to (1.7) correspondibg to A¢ and given by

d d
= — T :/ T + = —
foll) = Sru(t+ T) =+ T), Uhlt) = Soa(t),

which are linearly independent Jacobi fields with linearly and periodic growth, respec-
tively. They also proved that these two functions form a basis, for each e, for all
temperate solutions of L.¢) = 0 on the cylinder. Any solution of this equation must
grow exponentially in one direction or the other.

Using a similar construction for A\, = n — 1, they were able to build linearly
independent solutions ¢§Ek that are exponentially increasing and decreasing. Finally
when k£ > n+1, we known that the term of zero order of the above operator is negative,

since Ay > 2n and v. < 1 which imply that L. j satisfies the maximum principle.

10



Chapter 2

Classification result for the Limit

system

The main goal in this chapter is to study some properties of singular nonnegative

solutions U = (uy, ug) to the following system
-2
Au,; + %\U\nguz =0 in R"\ {0},

where [U|?> = 3.7, u? and A denotes the euclidian laplacian. Similarly to the definition
for the system (1), we say that ¢ is a nonnegative solution if each coordinate u; is
nonnegative and we say that it is singular if the following holds

|:lci|r_r>10 U|(z) = +oo. (2.1)
It may happen that only one of the coordinates blows up at the singularity.

The above system will be important since its solutions play a similar role to
Fowler solutions in the singular Yamabe problem.

One of our main result in this chapter will be the characterization of the non-
negative singular solutions to the limit system. We will show that all such solutions
are Fowler solution times a vector in the unit sphere with nonnegative coordinates (see
Theorem 2.10 below). Another important result will be describe when the singularity
can be removed in terms of an Pohozaev invariant inspired by the works of Caffarelli,
Gidas and Spruck [3] and R. Fowler [9]. We will present two distinct ways of proving

this result.



2.1 Radial Symmetry

In the first step in this direction we will be using a “measure theoretic” variation
of the Alexandrov reflection technique as developed by Gidas, Ni and Nirenberg [10], to
prove the radial symmetry of nonnegative singular solutions. To proving this result, we
need of the following result from Chen and Lin [4], which ensures that the maximum

principle holds for superharmonic functions with isolated sigularities.

Lemma 2.1 [}/ Let E be a smooth bounded domain in R"™, and Z a compact set in

R™ with Cap(Z) = 0. Assume that v(z), h(x) are nonnegative continuos functions in
E\Z and satisfy
Av(z)+h(x) <0 in E\Z,

wmn the distributional sense. Then

o) = [ G+ [ 2D uas,

E

for x € E\Z, where G(x,y) is the Green function of —A in E with the Dirichlet

boundary condition. In particular, we have v(x) > infyp\ 7z v.

Theorem 2.2 (Radial Symmetry) Letn > 3 and U = (uy,uy) be a nonnegative C*
singular solution of the nonlinear elliptic system (6). Then U is radially symmetric

about the origin.

Proof. Whithout loss of generality, we may assume that lim,_oui(2) = +00. Now,
we will use the moving planes method.
Fix an arbitrary z # 0 in R". Define the Kelvin transform
1 x
Ui(z) = WUZ (z + W) ;
for i € {1,2}. By Caffarelli et al. 3], the Kelvin transform U; has the asymptotic
expansion at infinity 3, Lemma 2.3|. Since 0 is a nonremovable singularity for u; we
can see that U; is singular at 0 and zy = —z/|2|?, and U, is singular at 0. Moreover,

the Kelvin transform satisfies

n(n —2)
AU = A
Ui 1

U720, in R™\ {0, 2}, (2.2)
where [UJ]> = 32, U2. Tt is easy to sece that

Ulx) = O(Jz[*™) as |z| = oo

12



and that each U; has the following harmonic asymptotic expansion at infinity
Ui(w) = aiolz|*™" + aijz;la|™" + O(j2[7"),

Op; Ui = (2 — n)aor;|x|™ + O(|z[™")

and

axkachUz = O(|x|_n)7

where a;o = u;(2) and a;; = 9y,u(2).

We will show that U; are axisymmetric with respect to the axis going through 0
and z. Choose a reflection direction orthogonal to this axis and assume without loss
of generality that it is equal to the positive x,, direction (0,...,0,1). For A > 0 let

Yy :={z € R":x, > A} and consider the reflection
T=(T1,.  , Tp1,Tpn) €2y = Tx = (1, ..., Ty_1,2X — T,).

Using again the asymptotic expansion at infiniy for the Kelvin transform from
[3], there exist positive constants A > 10 and R > |zo| + 10 such that for any A > X we

have, for each coordinate
Ui(x) < Ui(xy), for x € 3 and |z, > R.
By Lemma 2.1, there exists a constant C' > 0 such that
Ui(x) > C, for x¢€ Bg\{0,2}.

Since U;(z) — 0 as |x| — 400, there exists Ag > A such that when |z| > 2\o — R
it holds U;(x) < C. On the other hand if x € ¥ and ) € By then x ¢ Byy_r. Thus

for every A > Ay we have
Ui(x) < Ui(xy), for all x € 3y s.t. xy & {0, 20} (2.3)

Let
A" = inf{\ > 0 | (2.3) holds for all A > \}.

It suffices to show that A* = 0. Indeed, this proves that U; is axisymmetric with respect
to the axis going through 0 and z and since z is arbitrary, each w; is radially symmetric

about the origin.
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Suppose by contradiction that A* > 0. Then (2.3) holds for A = A\*. Since U;
blows-up at zy we see that U; cannot be invariant by the reflection z)«. Then by
applying the maximum principle to Uy (z) — Uy (z) and Us(xy+) — Uz(x) in (2.2), we
conclude that

Ui(x) < Ui(xy), for z € 3 and x) & {0, 20}. (2.4)

Then applying the Hopf boundary lemma for x € 0¥« we obtain
Op, (Ui(zy+) — Us(x)) = —20,,U;(z) > 0. (2.5)

Now choose sequences A; * A\* and 27 € ¥, such that Ul(:v&j) < Uy(27). By
[3, Lemma 2.4| (the plane x, = 0 there corresponds to z,, = A* here), we conclude
that the sequence |z7| is bounded. Hence passing to a subsequence we may assume
that z; — = € Xy« with Uy(Zy+) < Uy(Z). By (2.4) we know that # € 9« and then
0., U1(Z) > 0, a contradiction with (2.5). Therefore, \* =0. m

Once we proved the radial symmetry of the solutions we may use the classical
change of variables from Fowler to approach our problems using ODE analysis. This

is the subject of the next section.

2.2 ODE Analysis

If U = (uq1,usy) is a solution of the system, from (2.2) we may assume that each
ui(z) = w;(]z|). So using the classical change of variables from Fowler (1.2), it follows

that V = (vq,v9) satisfies the ordinary differential equation

v — 8% + W|V|ﬁvi =0, teR

(2.6)
v; >0, v; € C*R).

where § = (n — 2)/2. Define

2n
n—2

W(t) = SV =PV + SV ),

Then V'(t) = 0, namely W(¢) is a constant K. As a consequence it is easy to see
that v;, |v}| are bounded. Indeed, if we suppose that there exists a sequence t,, — 400
such that |V (¢,)] — +o0o, we have

(Wiest) | + g = g

F VI = e

1
2
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which is a contradiction. Similarly, we conclude that |v}| is bounded.
The first consequence of the radial symmetry of solutions is the fact that each co-
ordinate u; satisfies the following dichotomy: either it is strictly positive, or it vanishes

identically.

Lemma 2.3 Let U a nonnegative singular solution of the limit system (6). If there
exist y € R"\{0} such that u;(y) = 0, for some i € {1,2} then u; = 0.

Proof. We already know that our coordinates are radially symmetric. Suppose that
there exist y,z € R™ \ {0}, with |z| > |y| = r, u;(y) = w;(r) = 0 and w;(|z]) > 0. By

the maximum principle of Chen and Lin in [4|, we know that

ui(w) 2 jof wi=wi(lz]) >0, Ve € By (M0}

which contradicts the fact that u;(y) = 0. Hence, if there exists a point y such that
u;(y) = 0 then u; must be zero for all z with |z| > |y|.

However, if we consider the change of variables of Fowler, we know that v; is a
solution for the ODE system (2.6), and by the uniqueness of solutions to ODE systems,
it would be identically zero. m

In order to prove the classification result, we will need the following technical

results

Lemma 2.4 Fizi € {1,2}. If v; has a limit C; at +o00 or —oo, then C; < (”T_z)T

Proof. Assume lim; .. v1(t) = C; where C; > 0. For each coordinate consider a
sequence of translates v; (t) = v;(t + k). By (2.6), up to passing to a subsequence, we
may assume that vy, — Cy and v3, — w > 0 uniformly in compacts with respect to the
C? topology. Thus —52C’1+#(012+w)£01 = 0 which implies that C; < (”7_2) an2.
]

For each i such that the coordinate w; is strictly positive, we define the auxiliary

functions f; : R — R by
—uv;(t)n-2. (2.7)

By (2.6), we have f/(t) = §(|V|$(t) — vi(t)ﬁ)vi(t)vg(t). That is, the functions f;

and v; have exactly the same monotonicity. This property is very important and will

be used in the sequel.
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Lemma 2.5
vi(t) <1, VteRandi=1,2.

Proof. Suppose by contradiction that the result is not true. By the Lemma 2.4, there

exists a local maximum point ¢y € R of vy such that v;(¢g) > 1. This implies that

62 5 on
fi(to) = Evf(to) — 501(150)@ <0.

We claim that there exists t; > o such that v (t) < 0 for t € (to,t1) and v|(¢;) = 0.
Otherwise it would follow from Lemma 2.4 that v; | Cy < ((n —2)/n)"% and fi(t) |
—(C < 0 ast 7 +oo. Then we have that v{(t) — 0 as t T +o0 and so

52 52

2n_
0>-C= 5012 — 50;—2 > 0,

a contradiction. Hence there exists such #; and it satisfies v} (1) > 0. On the other

hand
5 5?2 on

filt) = 301(151)2 — 5711@1)"*2 < fi(to) <0,

namely v (t1) > 1 which implies from (2.6) that v{(¢;) < 0, a contradiction. m

Lemma 2.6 f;(t) > 0 and so |vi(t)| < dv;(t) for allt € R andi=1,2.

Proof. Suppose fi(s) <0 for some s € R. If f{(s) = 0, then v|(s) = 0, which implies
by (2.7) that vi(s) > 1, a contradiction with Lemma 2.5. So we may assume, without
loss of generality, that f{(s) > 0, namely v{(s) > 0. If v{(¢) > 0 for all ¢t < s, then
vi(t) 4 Cy < ("7_2)ﬁ and fi(t) ] —C <0 ast ] —oo, and we get a contradiction as
in the proof of Lemma 2.5. So there exists ty < s such that v} (t) > 0 for t € (ty, s] and

v (to) = 0. Similarly we get vy(to) > 1, a contradiction with Lemma 2.5. m

2.3 Removable singularity result

We now turn to a discussion of the existence and specific form of a family of homo-
logical integral invariants of solutions of system (1). These invariants were discovered
in their simplest form by Pohozaev and was later put into a general Riemannian setting
in the work of R. Schoen [19]. As we are working in a ball in the euclidian space, we

can use a simple definition.
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For r > 0, define the Pohozaev integral

B n—2 ou r 9 ou
P(T,U)—/aBr< 5 <Z/{,$>—§|VU| —I—r'%

where v is the unit outer normal of B,. Multiplying each equation of (6) by x - Vu;

2 2
—2 2n
o < ) |u|n—z> do (2.8)

and integrating over B,\Bs we verify for all r, s > 0 that
Lemma 2.7 (Pohozaev Identity) For 0 < s <r, we have

P(r,U) = P(s,U).
Proof. Adding and subtracting Au; in each system equation, we have
(n—2

p 2 10 =2)

. U7 u; =0 (2.9)

in the punctured ball 2 = B7'(0)\{0}. Mutiplying both sides by x - Vu; and integrating

over B,\ Bs we have

-2
—/ z - Vu, <Aui—l—M|M|n4—2ui) =0
B,\B, 4

First using integration by parts we get

-2
/ z - VuAu; = = / [V, |* — z/ (Vu]® + f/ |V, |?
B,\B, 2 JB.\s. 2 Jos, 2 Jog,

9P o P (2.10)
+T/ i _S/ i
0B, 0B,

ov ov
On the other hand, multiplying each equation for u; and integrating over B,\Bs we

-2
O:—/ w; <Aui+M|Z/{|n42ui> =
B.\Bs 4
i i -2
/ va—/ uia_u+/ uia_u_w/ u
Br\Bs op, OV oB, OV 4 Br\Bs

which implies that

ou; ou; n(n—2 4
/ \Vuz\z = / Ui — / U;—— + Q/ ’Z/{’”iQU? (211)
B, \Bs OB, v 9B, v 4 B, \B,

Replacing (4.27) in (2.10), we conclude that
2]

n—2 Ou 1 9 ? n—2 Ou;, s 9
/a& [T“%—ﬁ‘vui' o ]‘/aBs[ 3 UG, ~plvuilts
= _n(n——2)2/ ‘u‘ﬂ_w/ (z - Vu|U|7=2 ;).
8 B,\Bs 4 BA\B,
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Note also that, using ”Tf@k(|U|%) => |L[|ﬁui8kui, we obtain

-2 n -2 n
S Sl A e R T
i r\Bs 2 2n Jos,

B, \Bs

-2 n
5" / =2
2n OB,

which finishes the proof.
|
From the above result we know that P(r,U) is a constant independent of r that

we denote by P(U). We will prove that

Theorem 2.8 LetU be a positive solution of (6). Then P(U) < 0. Moreover, P(U) =

0 if and only if each coordinate u; is smooth at 0.

Proof. Our strategy to prove the result about removable singularity will be suppose
that P(U) > 0, to prove that necessarily we have P(U/) = 0 and then that all the
components of the solution are smooth.
Suppose that P(U) > 0. We want to prove that P(U) = 0 and u; € C*(R").
Recall that K > 0. Then we have,
0< > filt) = ‘fyvym - i 5—2%-@)3?2 ~K< 5—vayffz - i 5—2%(15)% (2.12)
2 2 2 2

=1 =1 =1

According to the Lemma 2.3, we can consider two different situations. If one of the co-
ordinates for the solution vanishes, we have a contradiction from the above expression.
Otherwise, Lemma 2.4 implies the existence of s € R such that vj(s) = 0. Let s € R
be any a point such that vj(s) = 0. Then, by Lemma 2.6 and (2.12),

(52 (52 2n_ 52 2n Z (52 2n_

fi(s) = 5”1(5)2 -

Note that in the right side of the equation, we will only have terms that are multiples
of v1(s)?. So dividing everything by v;(s)? and estimating the terms that remain, we

obtain by a direct computation

V]722 — Y2 v(s)ns

_4 _4
w(sP s v

where C' = % Then

=3 (2.13)



This inequality implies that
-2 s
o (s) = (52 - %MH) vi(s) < 0.

That is, s must be a local maximum point of vy, and v; has no local minimum points.
Therefore, v; has a unique maximum point ¢;, v{(¢) > 0 for t < t; and v|(¢) < 0 for
t > ty. Similarly, v has a unique maximum point to, v5(¢) > 0 for ¢t < t5. Lemma
2.4 gives that vy | 0,Vi as t T +00. This, together with Lemma 2.6, yields K = 0,
namely P(U) = 0. Let v = Y7, v; and y(t) = v/(t) + dv(t) then v'(t) < 0 for all
t > maxj<;<2t; and

n(n — 2)

1 V]r2y > —Cuis,

y — oy =" — 8% = —

Since y > 0 is bounded, it is easy to prove that

V(t) 4+ du(t) = y(t) < %vm, Vit > max t;

1<i<2
and then (e%v(t))*"% — £e(>727% s strictly increasing for ¢ > maxi<;<» ¢;. Combining
this with v(t) | 0 as t T +oo we get e’v(t) < C uniformly for ¢ > 0 large. That is
5?2 ug(r) < C uniformly for 7 > 0 small. Therefore, for standard elliptic regularity
theory, u; € C*(R™), Vi, which ends the proof.

2.4 Classification Result

In the beggining of this chapter, we mentioned that the solutions of our limit
system play a similar role to Fowler’s solutions in the singular Yamabe problem.

On the other hand, O. Druet, E. Hebey and J. Vétois in [6], [7] proved the
following characterization result for entire solutions in R™ for the limit system
Proposition 2.9 ([7]) Let U be a nonnegative C*-solution of

Au; + |L{|$uz =0 m R"

Then there exist a € R™, >0 and A € S, such that

n—2

2
i
U(z) = ( = ) A,
we A+ n(n—2)

for all x € R™, where S} consists of the elements (A1, A3) in the unit sphere such that

each coordinate is nonnegative.
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Inspired by their result, we may ask wheter a similar description holds in the
singular case. Indeed, we will prove that every nonnegative singular solution of (6) it

is a Fowler solution times a vector in the unit sphere with nonnegative coordinates.

Theorem 2.10 Suppose that Uy is a nonnegative singular solution for (6). The there

erists a A € S}r and ug a Fowler solution such that
Z/{O = UDA.

where St = {x € S' : z; > 0}.

Proof. We will prove the result in the case where v; and vy are positive solutions since
otherwise the result follows directly from Lemma 2.3.

Let V = (v1,v2) be the solution for (2.6) obtained from U, after the change of
variables of Fowler. We know that it satisfies

n(n —2)

y V720 =0, teR.

U;/ — (52Ui +
From this, we can note that

Vi (H)va(t) = vi(t)vg (1),

which implies
vy (t)va(t) — vi(t)va(t) = ¢,

for all t € R, where c¢ is a constant.
Suppose that ¢ # 0. Whitout loss of generality we can assume that ¢ > 0. Then

by Lemma 2.4 we obtain

(ﬂ)/(t): > (2.14)

Uy v3(t)

which is a contradiction, since by (2.14) the quocient would assume negative values.

(o

and so vy /ve = 1 is constant. It follows that

Therefore we conclude that

_ — = =\ 2 T] 1
V = (v1,v2) = (u2,v2) = (n, 1)v2 = /1 + 7?0y <\/1+n2’ \/1—|-772>

and a direct computation shows that vy = /1 + n?vy is a Fowler solution.
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]

Although the proof above is quite simple, the result will be extremely important
in the study of the Jacobi fields since will simplify the linearized system, and it also
allows us to use all of the properties from Fowler solutions that we described previously.
Inspired by this result, we will call the solutions of the system (6) of Fowler-type
solutions or Delaunay-type solutions.

Let us mention some important consequences of the theorem. We observed in the
introduction of this section that the definition of singular solution thus not imply that
both solutions blows up at the origin but, as consequence of Theorem (2.10), we can

see that this is exactly what happens when both coordinates are strictly positive.

Corollary 2.11 Suppose that U = (u1,us) is a solution for (6), such that both coor-

dinates are strictly positive. Then limyg o u;(x) = 400, fori=1,2.

Our second direct consequence will be the following asymptotic behavior

Corollary 2.12 IfU is a nonnegative singular solution to the system (6), then U is

an admissible solution, that is, there exists positive constants cq, co such that

2—n

clz| T < U|(x) < eolx] 7 (2.15)

Besides note that by the classification result, there exists a Fowler solution ug
and an unit vector A = (A, Ay) with nonnegative coordinates, such that U = wugA.
Consequently P(U) coincides with the Pohozaev invariant of ug as defined in [3] which
implies that the removable singularity result (2.8) proved in one of the previous sections

follow as a direct consequence of Theorem (2.10).

2.5 Jacobi Fields for the Limit System

Carrying out the study intended in the following chapters, in this last section we
will study what we call the Jacobi fields for the limit system.

In the study of the asymptotic behavior of the singular Yamabe problem in the
punctured ball for flat and non flat case, N. Korevaar et al. in [11] and F. Marques [13]
respectively, used the previously known growth properties of Jacobi fields as a tool to

obtain information about the singular problem.
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In order to do a similar analysis we are going to linearize solutions of system
around the Fowler-type solutions that we characterized in the previous subsection.

Consider the operator in cylindrical coordinates H(V) = (H*(V), H*(V)) where

; —2)? -2
HZ<V) = 831)@ + Agn—l’l}i — %Ui + %Whgvl (216)
When we linearize this operator on a solution Vy = (vp1,v02), we obtain that the
linearized operator is given by £(¢) = (LY(¢), L*(4)) where
) 0 )
L) = 5| HVo+19)
t=0

n— 2 nn—
= 0} i + Ngn10; — %QZ‘ + % (ﬁWa

Vo, Yo, + |V0|ﬁ¢i) :

However from the characterization result obtained in Theorem 2.10, we know that there
exist a Fowler solution v, and a vector in the unit sphere A = (A, Ay) with positive
coordinates such that V) = v.A. Using this fact, our linearized system can be simplified

and written as follows

i 2 (n—2)° s
L(p) = 07 pi + Agn-1¢; — —————¢; + n\; (A, p)vs ™2 +

2 n(n +2)
4

; vP g (217)
We will focus now in the study of the Jacobi fields for the system, that is, solutions
of the linear ODE system L.(V) = 0.

Similarly to the case of a single equation, we can consider the spectral decompo-

sition of the operator Agn-1 writing { A, Xx(0)} for its eingendata and if ¢ = (¢1, ¢2)

is a solution of the system L%(¢) = 0, then for each coordinate

6i(t) = 3 vir() 4 (0)

where v; ;, satisfies

i n(n—2)

4 e
Le @ik + 1l (A, pp)vi ™ + 1 v =0

and L., = 02 — (A, + 2525,

We are going to obtain the Jacobi fields for the first eingenvalue and we will see
that the construction for higher eingenvalues is similar.

In the case of only one equation we saw that the two linearly independent fields
were obtained as derivatives of one-parameter families of solutions from (2.16). How-

ever, as we are working with an ODE linear system with two equations, we expect to

obtain four linearly independent Jacobi fields.
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For the system, we can consider three natural one-parameter families of solutions.

Indeed, similarly to (1.8), let
T —v(t+T)A and e — vA.

The derivatives of these families provide us the solutions ¢!, = ¢J A and ¢?; =
Voo, where w:o are the previously described linearly independents Jacobi fields for
one equation. Consequently our solutions are also linearly independent and have the
same growth of the original fields.

Observe also that is possible to build another one-parameter family of solutions
to (2.17). In fact, let A(a) = (cos(a+ ), sin(a+ ayp)) with A(0) = (cos ap, sinag) = A

be a path in the sphere and consider the family
a — v Aa).

If we differentiate this family with respect to the parameter we get a third the Jacobi
field ¢2, = v.A, where A = (—As, A;). Note as the vectors A and A are orthogonal
we automatically have that this field is linearly independent to the other two that we
have already built. Moreover ¢ is also a periodic field.

Unfortunately, we are only able to construct the last Jacobi field in an indirect

way. Observe first that v. is a solution for the ODE L. gv. = 0, where

(n ; 2, ”<"4_ 2) i (2.18)

We are writing the operator from Fowler equation in this manner intentionally.

L&O — 8752 -

As this operator is linear we know that there exists a solution ¢_, to (2.18) which is
linearly independent to ¢}, := v.. The last Jacobi field will be given by ¢§ = ¢_,A.
Also as L.y < L. , using standard methods of comparison theory for ODE’s, we know
that the growth of this field is at most linear.

Therefore we constructed four linearly independent Jacobi fields for the system
with respect to the first eingenvalue.

Based on the construction above, the Jacobi fields for the higher eingenvalues
Ak will be given by ¢ = ¢ A, ¢f = ¢, A, where z/sz are the original solutions
constructed for one equation which we alredy know the growth. The remaining two

solutions are ¢} = ¢ A, ¢t = ¢, A, where ¢=, are solutions of

- —2) 4 —92)2
Lgykv = (9,521)—|— (%U?2 - % —Ak) v=0.
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We know that the zero order term of the above operator is negative when k > 0 since
v. < Land A\, > n—1 for such k. This implies that L., satisfies the maximum principle,

so we are able to determine the growth of these fields, concluding our analysis.
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Chapter 3

Coupled elliptic system in the
punctured ball

In this chapter we will study asymptotics of singular nonnegative solutions to the

following system
n(n —2)
4

in the punctured ball B;(0)\{0}, where [|*> = u? + u3 and A denotes the euclidian

AU,Z' + |M|$uz =0 (31)

laplacian. This system is the natural generalization of the singular Yamabe problem
in the flat case.
It will be convenient to consider v; obtained from u; by the change of variables

of Fowler in order to work with the equivalent system

n(n —2)

4 77.4—2Ui = O’ (32)

Lcylvi + |V

where L., = 8t2 + Agn-1 — @ is the cylindrical laplacian.

3.1 Upper bound

In this section our main purpose is to prove an upper bound for a solution U
of (3.1) which is singular at the origin. Such a result will be obtained as a direct
consequence of an inequality for positive supersolutions of (3.1) that are smooth in an
open set 2 C B1(0). The complement I' = B;(0)\2 is then a relatively closed set in
the unit ball.



Remember that a positive solution U is a weak supersolution of (3.1) if it lies in

L0*+2/(n=2)(B,(0))? and if it satisfies

y U7 2u; <0

in the distributional sense on B;(0).

We know that any solution ¢/ which lies locally in L%g(Bl(O))2 and tends uni-
formly to infinity near I' may be extended to a weak supersolution in B;(0). In-
deed, for any large constant L if we define U whose coordinate functions are given by

w; r, = min{u;, L} then

n(n — 2)

_4
Au;p < — UL " 2w LX<

where yg denotes the characteristic function of a set E. Applying the dominated
convergence theorem we conclude then that U defines a weak supersolution.

However, if we consider a solution U of the system (3.1) which is smooth on an
arbitrary open subset (2, we can not conclude imediatly that the solution lies locally
in L%;(Bl (0))2. In order to get this we will assume that the relatively closed set
I' = B1(0)\Q is thin.

More precisely, let I' C By(0) be a relatively closed set of Lebesgue measure zero.
We will say that I' C B1(0) is a thin set if there exists a sequence ¢y, of smooth functions
in B;(0), such that

¢r =0 in a neighborhood of I
0<or<1
¢y converges to 1 in B"\T’

and

lim (|A¢ky”T” + \v¢k|”7“) dz = 0,

k—o0 BT(O)

for any » < 1. Observe that a submanifold of dimension at most (n — 2)/2 is thin and

consequently, a point is thin in any dimension n > 2.

Lemma 3.1 Suppose U is a solution of (3.1) on Q = By(0)\I' where I is a relatively
closed thin set. Then U lies locally in L%E(BI(O))Q, and defines a weak solution of
(3.1) on B1(0).
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Proof. Let £ be a nonnegative smooth function compactly supported in By (0)\I.
Multiplying the system (3.1) by & *2* and integrating by parts we have

n+2 - 2 4 n+2
- [wae i =22 e

for each coordinate u;,which taking the sum in 7 implies the bound

/|u|3*35"“dx < c/s 2 u(¢|AE] + |VEP)dx

where u = uy + us. Applying Hélder’s inequality we obtain

/ €T dr < c / (E|AE] + [VER) " da (3.3)

Choose now & = ¥ ¢y, where v is a function which is equal to 1 in B,.(0) for some
r < 1 and equal to zero outside B, (0), for some r < r;. Then the following estimate

holds

| n+2

(EIAL] +[VEP)F < 1+ |Ag™F + |[Var| 7).

Replacing this estimate in (3.3), we have that
n+2 n+2
/\mn bert dxgc/(lJr\A(bk! LV e < ¢

n n+t2
proving that each wu; € Ln%g(BT(O)) for any r < 1, and hence u; € L} *(B1(0)).

loc

We will prove now that U/ is a weak solution for the problem (3.1). In order to

do this, given any smooth funtion £ with compact support in B™ we need to show that

/ (uiA(ﬁ) + Wﬂmn“zui) dz = 0.
B1(0)

Indeed, if we multiply the system (3.1) by {¢; and integrate by parts, we obtain

/ (uiA(fqﬁk) 4 @gmmnfaui) dr = 0.
B1(0)

A(€pr) = EAGr + 2(VE, Vr) + drAL.

We may calculate

By Hoélder’s inequality it follows that

< Jwil|l ponrzr s | A DR Ln+2)/2 (supe)

‘/ wiEAN(¢y)dx
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and the right-hand side tends to zero as k tends to infinity. Similarly

< i V& Lonr2r /-2 [ V|| Lin2) /4 (supe

and the right-hand side converges to zero. Therefore applying the dominated conver-
gence theorem and letting £ — oo we conclude the result. m

Another key ingredient in order to obtain the upper bound is the existence of
spherical solutions on R". Remember that for any u > 0 and zy € R", the spherical

solution of dilatation u and center x is given by

n—2

Upao (T) = ( o ) . (3.4)

1+ ,LL2|37 - $0|2

As mentioned in the introduction of this thesis, O. Druet, E. Hebey and J. Vetois
[7] proved that positive solutions of (3.1) in R™ are given by a spherical solution times
a vector A in the unit sphere with positive coordinates. We can now state and prove

the upper bound estimate.

Theorem 3.2 LetU be a positive supersolution of (3.1) which is a smooth solution on

an open set Q0 C By(0). Then there exists a positive constant ¢ such that

-1
U|(2) < cd(w, )" ( inf | |u|)

0B3/4

for all x € QN By,(0).

Proof. Denote by I'. the neighborhood with radius € about I'. For x € Bs/3(0), set
U.(z) = do(z)"T [U|(z) where d.(z) = min{d(z,I.),2 — |z|}. In order to prove the
Theorem it is enough to show that

—1
sup U. <c¢ ( inf(o) ]U|> (3.5)

B5,5(0) Bsya
for some constant ¢ not depending on ¢.

Let n = [U(xo) ~722, where , is a maximum point of U. and consider the rescaled

functions

Wiy (@) =0T w;(wo + nz).

The first step to prove our result is the following claim.
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Claim 1: Let R > 0 and § € (0, 5] be constants. There exists a constant ¢; depending
only of n, R and ¢ such that if M, = SUPp(g,3) U.(x) > ¢; then

g0 i — Wigllo2(Bri0)) <6, (3.6)

where w,, ,, is the spherical solution defined in (3.4) with |yo| < ¢ and 1/co < p < ¢y,
and A = (A, Ag) is a vector in the unit sphere with nonegative coordinates.

Suppose by contradiction that this claim is not true. Then there would exist a
sequence of maximum points x, € Bs/s(0) of Us such that U.(x;) converges to infinity
and (3.6) does not hold for any p > 0 and any y, € R". Let

n—2
wik(x) =12 wi(xk + npx)

for each coordinate, where 7, = |Z/{(:ck)\_$ Since xy is a maximum point if 7, =
1d.(zx), we have that

)] < 25 W),
for x € B,, (xy). Since w; x is a solution of (3.1) which is regular and bounded, standard

elliptic theory then implies that, after passing to a subsequence, w; converge in C?

norm on compact subsets of R" to a positive solution ;¢ to

(n—2)

n
Au; g+ 1 |Uo|$ui,o =0,

which by a theorem due to Druet and Hebey [6] is the spherical standard solution.
Now let us prove that the bounds on yy and p are valid. Indeed, from the previous

argument we know that

Wil < 22 in Bg(0),

2

where R’ = d.(x)/2n > ¢ ?/2. We can always assume that ¢; > 2”2 and conse-

quently R’ > 2. Then, it holds

Upiiyo ()| < 2" 6 <28 (3.7)
for all y € B2(0). On the other hand, we have
Upyo(0)] =21 =6 >1/2. (3.8)

Note that the lower bound 2772 < 2p follows directly from (3.8). In order to

prove the upper bound suppose first that yo € By(0) then, taking y = yo in (3.7), we
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get that 2; < 27-2. Otherwise, there would exist y; € By(0) with |y — yo|?> = |yl — 1
and taking y = y; in (3.7) we have

2 _n_
27 < 1+ P fyol® — p® < 27— gt

This implies that p < 272 and thus |yo| < 2/"2). This finishes the proof of the
claim.
Observe now that, if we shift the center point zy to a new point x; which is within

distance 2con, the inequality (3.6) can be replaced by

[ur,00i — walle2(BR0) < 6. (3.9)

Indeed, |, 4, | has a nondegenerate maximum point at yy. Then we conclude that
for k sufficiently large there exists a nondegenerate maximum point y; of [Wj| near y,.
Since 1o and p are bounded there will be a corresponding local maximum point z; of
|[Wi| satistying |xg — z1| < 2¢9m < 1/16, increasing ¢ if necessary. If we redefine the
functions w; ;, replacing x¢ by z, the result follows.

In order to prove (3.5), observe first that since U is a supersolution, || is locally
bounded in L(™+2)/("=2)(B") such function is superharmonic and thus it can be rede-
fined on I' as to be upper semicontinuous, which implies that infsp, 14(0) |U| is bounded
from above.

Let R = ¢? and 6 € (0, 3] be fixed constants. If the left-hand side of inequality
(3.5) is bounded by ¢; (given in the Claim 1), then the result follows directly. Suppose
that this is not the case.

From now on we will work in cylindrical coordinates. If n = |U (acl)\_% then we
have

Ui<t7 6) = |x|%wim(x>7

where t = —log|z| and 6 = z/|x|.

Since x lies in the ball of radius 11/16 about the origin, its distance to 0B5,4(0)
is at least 1/16. Then the ball B,-1,,4(0) is contained in the domain of w;,. Now
define,

2—n

Vio(t) = |2|"T uro(x)A = (cosht) = A.

From (3.9), we know that V is close in the C? norm on [—2,00) x S"~! to the function

V10. Consequently dyv;(—1,60) > 0 for all § € S~
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We will apply the Alexandrov technique to the coordinates v; on the region
[—log(5m™ "), 00) x S™7!, reflecting across the spheres {a} x S"~! starting with a suf-
ficiently large, and continuing as far as possible. Once d,v;(—1,8) > 0, this procedure

must end before « reachs -1. Let

UV = V1 + Vg,
Via(t,0) = v;(2a — t,0)
and

va(t,0) = v(2a — ¢, 0).

Then, the difference between the function v; and the reflection satisfies

-2 -2
L(vi — vi0) + %wwzw = %mmw,a = 0. (3.10)

Note that )
|V|$U - |Va|$va = Zbi,a(vi - 'Ui,oe)a

j=1

where . .
VP =l
bia = v(V; + Vi Va|=2 > 0.
o =0V +Viq) VEZ VP + [Val

By (3.10) we have

2

L(v—v,) + Z bia(Vi — Vi) =0

=1

weakly. In order to conclude the proof, we will also need the following:
Claim 2: There exist ap > —1 and 6, € S ! such that

(= 10g(5™),60) = v (~ log(37™), o)

Indeed, define

1
ap = inf{ay; (v —v,)(t,0) > 0 in [— log(Enfl), o], Ya > ay}.
By continuity, (v — va,)(t,6) > 0 in [—log(55n™"), ap]. If we suppose by contra-

diction that the claim is not true, then

1

(U - vao)(_ 10g(En_1)7 0) >0
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for all § € S*~1. Since the following inequality
2
L(v = Vag) = D(v = Vag) € = biiag (Vi — Viay) <0, (3.11)
=1

holds weakly, where D is a positive function, this implies that (v —1v,,)(t,0) > 0 for ev-
ery —log((16n)™') < ¢ < ag and § € S*~!, since on the boundary of [—log((167)™!), ag]
the difference is nonnegative.

From the definition of oy, there exist a sequence {«;} such that o; < o and
a; — ap, and a sequence {(Z;,a;)} of interior minimum points of v — v,, such that
(tj,0;) — (t*,0%) with (v — v,,)(t;,0;) < 0. Taking the limit j — oo we get (v —
Vao ) (t*,60%) = 0 and V(v — v,,)(t*,0*) = 0. Therefore t* = ay, which is a contradiction
to Hopf’s Lemma. This proves the Claim 2.

Hence we see that there exist o and 6y such that

1 1

v(— 10g(ﬁ77_1)7 00) = Vao(— log(ﬁn_l), to)),

which implies

1 1
inf {v(— log(ﬁn_l), 0):0¢ S”_l} < sup {v(t, 0):t> log(ﬁn_l) — 2,0 € S”_l} :
(3.12)
Note that since U is superharmonic, it holds
1 2—n 2—n
inf < v(—log(—n~1), 6 :068"‘1}2162 inf w>162 inf |U|.
{ (= log(gn ). 9) OBy g(x) o M

On the other hand, for n small and fixed, we have |V|(t,0) < 2|V, |(t, ) for t > 0, and
therefore

) n—2 _
inf |U| <c sup Vio| <en 2 |[Vigl = c|U(x1)] 1
9Bs5/4(0) llog(157~1)—2a0,00)

Since U, is bounded by a constant times |[U|, 2the inequality (3.5) is true, which
finishes the proof of the result.
u

The following result follows directly as a consequence of Lemma 3.1 and Theorem

3.2.
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Corollary 3.3 Assume that U is a nonnegative smooth solution of (3.1) defined in the
punctured unit ball B} (0)\{0}. FEither U extends as a smooth solution to the ball, or

there exists positive constants ¢ > 0, such that
U|(z) < clz] 3",
for0 < |z| < 1/2.

Corollary 3.4 Suppose U is a positive smooth solution of (3.1) in Q = B7(0)\{0}.

Then there exists a constant ¢ > 0 such that

max u; < ¢minu; (3.13)
|z|=r |z|=r

for every 0 <r < 5. Moreover, |Vu;| < clz| ™ u; and |V2u;| < clz]|2u;.

Proof. Define u;,(y) = r'2 u;(ry), for every 0 < r < Y and |y| < r~'. Then the

upper bound given by previous theorem implies that w;,(y) < c\y]%Tn, for Jy| < ir 1.
In particular, if 3 < |y| < 2, we have that u;,(y) < 23 c. Moreover

n(n —2)
4

A, (y) + U, () |72 g, (y) = 0.

Hence the Harnack inequality for linear elliptic equations and standard elliptic

theory imply there exists ¢ > 0, not depending on r, such that

max ; , < ¢Imin ;,,
|z|=1 |z|=1

and |Vu, | +|V?u;,| < cup, on the sphere of radius 1. This finishes the proof of the

corollary. m

3.2 Pohozaev invariant and lower bound

In this section we will prove a lower bound for the solutions of (3.1) in the
punctured ball and we will give some information about the Pohozaev invariant when
the singularity is nonremovable.

We will begin by proving a Lemma that gives us a sufficient condition so that the
origin can be a removable singularity.

Lemma 3.5 Let U be a positive solution of (3.1) defined in the punctured ball and
denote u(x) = uy(x) + ug(z). If

lim |2z u(x) = 0, (3.14)

|z]—0

then U extends as a smooth solution to all of B .
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Proof. Observe first that Lemma 3.1 implies that I/ extends as a weak solution on
the unit ball. By hypotesis (3.14) we know that v(¢, ) converges uniformly to zero as ¢
tends to 0o, where v corresponds to u by the change of variables of Fowler (1.2). Since

v satisfies

—2)? -2
(n=2, , ol =2)
there exist # > 0 and ¢y > 0 such that

Ot + Agn-1v — |V\ﬁv =0,

Ly = 831) + Agn1v > o

for t > ty. Consider now the function

w=ce VP 4 eem,

where ¢ is chosen such that ce”VP%0 > o(ty, ) for all # € S*~. Note that w satisfies
Lw = pw. Since w is growing at an exponential rate and v is converging to zero, we
can choose sufficiently large T" such that v(7',6) < w(T,0) for all # in the unit sphere.

Aplying the maximum principle we get for all tg <t < T and for all § that
v(t,0) < ce™ VP 4 gV, (3.15)

Since T" was choosen arbitrarily large, this inequality holds for all ¢ > t,. Making ¢

converge to zero, we conclude that for all ¢t > ¢,
eVPlu(t,0) < ¢,

which implies u(z) < c|z|? for ¢ = (2 — n)/2 + /B. This estimate shows that u €
Lp

loc

(B1(0)) for arbitrarily large p and then by elliptic theory the function u extends
smoothly across the origin. Consequently, each coordinate function wu; is smooth. m
Similarly to what we did in the previous chapter we can define for » > 0 the

Pohozaev integral as

B n—2 ou r 9
P(T,L{)—/BBT< 5 <U’E>_§|VU| +r

where v is the unit outer normal of 9B,. Multiplying each equation of (3.1) by x - Vu;

ou

ov

2 2
- 2 n
+ru|bl|nz—2> do (3.16)

8

and integrating over B,\Bs we verify for all r, s > 0 that
P(r,U) = P(s,U)
and hence we can denote it by P(U) and call it the Pohozaev invariant.
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Theorem 3.6 Assume that U is a nonnegative smooth solution of (3.1) defined in the
punctured unit ball B} (0)\{0}. FEither U extends as a smooth solution to the ball, or

there exists a positive constant ¢ such that
Ul(x) > cla|s".

In the latter case the radial Pohozaev invariant of U is negative.

Proof. Again it will be more convinient work in the cylindrical background. If v =
v1 + V9, define
a(t) = / o(t, 0)do.
Sn—1

As a consequence of the spherical Harnack inequality given by Corollary 3.4, we
know that v /v is bounded from above. Suppose that the solution U can not be extended
smoothly across the orign. By Lemma 3.5, this imply that either the claimed lower
bound holds, or there exists a sequence ¢, of critical points of v such that limy_,. 0(t;) =
0.

On one hand, in the cylindrical setting the Pohozaev integral P(ty, V) = P(e ", U)

is given by

P(ty, V) = / Loy — Lgyp o =2 e (022
thSnfl 2 2 8 8

Consequently using the fact that the Pohozaev integral is independent of k, the Harnack
inequality, standard elliptic estimates as well as the fact that v; is a solution of (3.2)
imply that the invariant must vanish.

On the other hand, consider the sequence of functions

wz‘,k(t, 9) — M

v(tk)
Using elliptic estimates, we can extract a subsequence of w;; which converges in C?
topology on compact subsets to a positive solution of L.,w; = 0. In euclidian coor-
dinates the associated function h;(x) defined on R™\{0} is then a positive harmonic
function, and can therefore be written as h;(x) = a;|z[*™ + b;, for some a;,b; > 0.

That is,

wi(t,0) = a;e Tt £ be T,
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We also know from the fact that the sequence {t;} was choosen as critical points

for v that a; + ay = by + by is positive. Then, by a direct computation

lim
k—o0 §n—1

> 8
_ /Sn_l Z (%(&wi)Q - @wf) do — —wan)zm, b).

We claim that (a,b) is positive. Indeed, if we consider the function

1 1 —2)? 4 2n
Z (—(@wi,k)z — §\V9wi7k|2 - uwzo + Q_J(tk)”—Q’Wk‘"—?] do

i

2-—n
zie(®) = |z 7 wip(—log ||, z/|z|)
one verifies that Z; = (21, 22) satisfies the following system

(n—2)
4

Azip+ 2 1Ze72 2, =0 in B, -(0)\{0}, (3.17)

where 1, = e,
Now, multiplying line i of system (3.17) by z;; and integrating over B;(0)\B.(0),

we obtain that

-2
/ 2 1Az pdx = M/ |Zk|ﬁzi,kzj,kdx~
B1\Be 4 B1\Be

Reversing ¢ and j and subtracting one equation from the other give us

/B . (2 kA2 — 2i Az )dr = 0,
1 €

which, integrating by parts, guarantees that

/ (210 2ik — 2i kO 2j 1 )dax = / (2jk0r2i k — Zi1Op2j 1 )dx. (3.18)
B,

0B¢

In order to analyse the last integral on the right-hand side, let

e n—2
%-,zc(y) =c 2 zi(ey).

It holds
/ (2jk0r2ik — 2ik0r2jp)dT = / (5100051 — PikOrPs ) A
0B 0B1
Since

n(n — 2 4
Aty + M0 D et — 0
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in B(,,)-1(0)\{0}, by Corollary 3.3 we get

. 2-n
len(w)] < Clyl = .

By standard elliptic estimates, after passing to a subsequence, ¢f, converges in C?

topollogy locally in compact subsets of R"\{0}, to a positive solution

(n—2)

Aul—i-n A ]U|ﬁu120

which using Theorem 2.10 as well as |7, Proposition 1.1] is of the form oA, where

A = (Aq, Ay) is a vector in the unit sphere with nonnegative coordinates. Hence

lim (956005 1 — Pi RO g ) dog = / (uo0ruoNiAj — w0y upAjA;)do, = 0.

e—0 B, OB,

Making € — 0 in (3.18), we conclude that

/ (2jk0r2ik — 2i1Or 21 )dx = 0. (3.19)
0B,
Finally, we conclude that
/ (hj&,hz - hiarhj)dag = 0,
0B,
and consequently
a1b2 = CL2b1

which finishes the proof of our claim.
Note now that this is a contradiction, for this is also a limit of rescalings of the

Pohozaev invariant for ¥V, and hence must be zero. Indeed

0= @(tk>72P(V) ==

1 1 n—2 2 4
Sn—1 :

)

] do # 0,

for sufficiently large k. This estabilishes the lower bound.

In order to show that the Pohozaev invariant is negative, by the upper and lower
bounds, we can choose a sequence t;, tending to oo so that the corresponding translated
solutions ¢t — V(t + t, 0) converge in C? norm on compact subsets of R x S*™! to a
Fowler-type solution V, satisfying the same bounds and defined on all of R x S,
Therefore

P(V) = P(Vy) <0,

which finishes the proof. m
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3.3 Simple convergence to a radial solution

Our main goal in this section is to prove that a singular solution to the system
(3.1) is asymptotic to a radial Fowler-type solution near the nonremovable isolated
singularity.

Theorem 3.7 Suppose that U is a solution of the system (3.1) in the punctured ball
By (0)\{0}. If there exist positive constants ¢; and cy such that

a7 < |U|(2) < cola| 7 (3.20)

then there exist a Fowler-type solution Uy = ugA of (6), where ugy is a Fowler solution
such that
U(z) = (14 O(|z]*))Uo () (3.21)

as x — 0, for some a > 0.

Proof. First we observe that (3.20) implies that the origin is a nonremovable singu-
larity. Thus, we get that the Pohozaev invariant is negative.

Consider v; obtained from wu; by the change of variables from Fowler and let {7}
be a sequence of real numbers such that 7, — oo. Consider the translated sequence

v k(t,0) = vi(t + 7%, 0) defined in (—7%, 00) X S*~1. By (3.20), we get that
cr < Vi(t,0)] < ey,

where Vi, = (v1 4, v2%). Consequently, by standard elliptic estimates, we get the uniform
boundedness of any derivative for ¢ > 0 and moreover there exists a subsequence, also

denoted by v;x, which converges in the C7 . topology, to a positive solution of

loc
n(n —2)

1 ‘Vo‘ﬁvi’o =0

Lcylvi,(] +

defined in the whole cylinder. By the characterization result given by Theorem 2.10,
such limit is a Fowler-type solution and we know that there exists a Fowler solution v,
and a vector in the unit sphere with positive coordinates A such that V.(t) = Av.(?).
Hence V. does not depend on 6, and we necessarily have that any angular derivative
Ogv; ; converges uniformly to zero.

Besides, we claim that

vin(t.0) = 0ir(t)(1+0(1))
Vur(t.0) = = (t)(1+o(1)),

2,
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as t — o0o. In fact, suppose that the first equality above is false. Then there exist £ > 0

and sequences 73, — 00, 0, — 0 € S"~! such that

Vi i (Th, Ok)
Uik (Th)

for some ¢+ > 1. This is a contradiction because, after passing to a subsequence, V
converges to a rotationally symmetric Fowler-type solution V. The second inequality
follows from similar arguments.

Note now that

P(V.) := P(0,V.) = lim P(0,V}) = lim P(r,V) = P(V). (3.22)

k—o0

So we can conclude that the necksize € of the limit function is independent of
the sequence of numbers 7. Therefore, for each sequence 7, — oo the correspondent
sequence Vj, converges to a function V. r(t) = Av.(t+T), with A € St | for some T € R
which depends on the sequence 7.

We will show that there exists Ty € R such that Vj, converges to V. p, for any
sequence 7 — oo. The ideia is to use a delicate rescaling argument due originally to
Leon Simon. In order to do that we will prove several claims using the Jacobi fields
studied in section 2.5 as a tool.

Let T be the period of V. and A, = sup |0pV-|, where V.(¢,0) = V(t+7,0). Note

>0
that A, < oo, since |0pV;| converges uniformly to zero as t — occ.

Claim 1: For every ¢ > 0, there exists a positive integer N such that, for any 7 > 0,

either
(i) A, <ce ™ or
(i) A, is attained at some point in Iy x S"~ ! where Iy = [0, NT.].

Suppose the Claim is not true. Then there exist a constant ¢ > 0 and sequences
Thy Sk — 00,0; € S"7! such that |0V, |(sk,0k) = A, and A, > ce™®™ as k — oo.
Then we can translate back further s, and define 0;4(,6) = v;x(t + sg,0). Define
Dik = A;@g@i,k and note that |¢g| < 1, where ¢ = (¢1.k, p2.1). Now, we have

n(n — 2)
4

~ ~o_4
Lcyl(vi,k) + ’Vk "2V = 07
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where the quantities with tilde are the originals replacing ¢ by ¢ + 7 + s;. Taking the

derivative with respect to 6 and multipling by A;kl, we get

~o 4 QA S, U ~,
Vil "2 i + 0| Vi| 2“0 (Vi, ox) = 0

n(n —2
L) + 2022

Now we can use elliptic theory to extract a subsequence ¢;, which converges in
compact subsets to a nontrivial and bounded Jacobi field ¢ = (¢1, p2) which satisfies
the following system

nin—2) -4 4

Lcyl(@Oz’) + 1 UsanOi + nAz-<A, Lp)v? =0.

Since each coordinate function of the limit ¢; has no zero eigencomponent relative to
Ay, we get a contradiction because a Jacobi field with such property is necessarily
unbounded. This proves the Claim 1.

Now suppose we have a sequence v; x(t, #) converging to Ajv.(t +T) as k — oo.
Define

wik(t,0) = vip(t,0) — Nju(t +T)
and set
M = bH}%X [(wi e, war)|  and  pix = 0y wig,

where b > 0 is a fixed number to be chosen later and so that |(p1 4, p2x)] < b7 on Iy.

Then
-2 n42
Leyi(wig) + % (|Vk’"427}z‘,k - Aws“) =0 (3.23)

and
4 i
nt2 4 V|2 — pr2
|Vk|ni2 Ui,k — A,L"UEH72 = |Vk|n72 wi,k + AiU6| k| 5 ; E U}j,k(v‘j,k + Aﬂ)e).
|Vk| - UE j

Multipling (3.23) by 1, and taking the limit k — oo we get

4

_9) _a_ 4
n(n )061‘2 i +nl; (A, p)vi? =0,

Leyi(i) + 1
on the whole cylinder, where ¢ = (1, ¢2) is a Jacobi field.
Claim 2: The Jacobi field ¢ is bounded for ¢ > 0.

To prove this claim we will use the analysis done in section 2.5. By the spectral
decomposition for the laplacian in the sphere, we know that it is possible to write the

Jacobi field as

p = alﬁb;,o + a2¢§,0 + a3¢§,0 + a4¢§,0 +¢
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where gbéo are the linearly independent Jacobi fields corresponding to the eigencompo-
nent independent of 6, and ¢ denotes the projection onto the orthogonal complement.
We also know that the functions ¢!, and ¢?2 ; are bounded and ¢Z , and ¢? , are linearly
growing.

Let us show that ¢ is bounded by proving that each 0yp; = Oyp; is bounded for
t > 0. In fact, the function dyy; is the limit of n,;lagvi,k, and we can suppose that dyy;
is nontrivial, otherwise the result is immediate.

If the first item of Claim 1 happens then
sup (n; ' |Opvik|) < epple”®™ < C.
>0
While if the second item of Claim 1 is true then
sup (1, '10pvik|) < sup (n;; '0pVi]) = sup (0o Vi]) < C,
>0 >0 tely

since the sequence nk’l |0 Vx| converges in the C? _ toplogy. Therefore each ¢; is bounded
for t > 0, hence exponentially decaying.
To finish the proof of the Claim 2 we need to show that as = a4y = 0. To see this

note that the convergence ¢; j, = n;lwi,k — (p; implies that

Vi = Aver + e+ o(nr)
= Avep 4 mi(ardly + a2¢? + asd? + a4¢§’0 + @) +o(m),

where v, 7(t) = v-(t + T'). On the other hand we have that
P(0.Vy) = P(r,V) = P(V) + O(e™™) = Plu.1) + Oc*").

Since ]}1_{210 (77,;16_27’“) = 0, we would have a contradiction in case as or a4 is not zero
because the two sides of the last equality would differ for sufficiently large k. Thus
each ¢ is bounded for ¢ > 0.

Now we show that there exists some T so that the difference between V and
V.r = Av.r goes to zero as t — oo. Since we do not know the correct transla-
tion parameter, define V.(t,0) = V(t + 7,0) and W, (t,0) = V,(t,0) — Av-(t). Let
(7 > 0 be a fixed constant and consider the interval Iy as in the Claim 1. Set also
n(t) = brr}]zvxx IW:|, where b > 0 is again a positive constant to be chosen later. We

observe that n(7) — 0 as 7 — oo. Let us prove the following claim.

41



Claim 3: If N, b and 7 are sufficiently large and 7 is sufficiently small, then there
exists s with [s| < Cyn(7) so that n(r + NT. + s) < 3n(7).

Suppose the claim is not true. Then there exists some sequence 7, — oo such that
n(7) — 0 and for any s satisfying |s| < Cyn(7x) we have that (7, + NT. +5) > (7).
Define @, = n(Tk)_lwi,Tk, similarly to the previous claim. We can suppose that ¢;
converges in C'*° on compact sets to a Jacobi field, which by Claim 2 is bounded for

t > 0. So we can write
Y= alﬁb;,o + a3¢§,0 +¢ (3.24)

where ¢ has exponential decay. Note that || < b~' on Iy, which implies that a,
and a3 are uniformily bounded, independently of the sequence 7. Moreover, since

1 oy 3 o A
co = VA and @25 = v-A we have

lagv| < {0, B + (@, K)] < b7 + || (3.25)

on Iy. We know that v. > ¢ and ¢ decreases exponentially with a fixed rate, and so
we can choose b and N sufficiently large such that |as| is sufficiently small.
Set s = —n(7mx)a1 whose absolute value is less than Cin(7) if we choose C

sufficiently large. Hence for t € [0,2NT.] we have

W"'k+3k (tu ‘9) = V(t + Tk — n(Tk)CLl? 9) - Avt?(t)

= V., (t—n(m)a1,0) — Av.(t —n(1)ar)
(g Ve (t — n(71)a1) — ve(t)
A
= (1) @it — n(7k)a, 0) — n(m)arly + o(n(7))

= W, (t,0) — n(r)ai¢l + o(n(Tk)),

where ¢, = (1., P2). Here we used the equality W,, = n(m)@;, + o(n(7)) and the
fact that ¢, (t — n(7)a1,0) — @ (t, ) goes to zero as 1, — o0.
Consequently, by (3.24), for t € [0,2NT.] we get that

Wiits, = 01(Te)@ + n(7r)asgl o + o(n(m)),
which implies
max [Wepspavre| = max W[ <nime) (max (@] + lasve]) + o(n(m)).
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Since @ decreases exponentially with a fixed rate, by (3.25) we can choose N and

b > 0 suficiently large in a way that the last equality implies that

1
max |Wr o +n1| < —0(7).
In 4

which on its turn gives 7(7 + NT. + s) < in(7), a contradiction. This ends the proof
of the Claim 3.

Once the claim above is proved, using an iterative argument, we are ready to prove
that there exists o such that w;, — 0 as ¢t — oo for each coordinate. First choose 7
and N sufficiently large satisfying the Claim 3 and such that Cin(r) < %N T.. Let
sop = —n(1p)ar be chosen as above. Thus we have |so| < Cin(m) < %NTE. Define

inductively three sequences by

k—1
Or = To + E S;
i=0

Th = The1 + Sp—1 + N1, = 05, + ENT,

s = —n(1)a.

By the Claim 3 we get by induction n(1;) < 27%n(7) and |sx| < 27*"INT.. Hence
there exists the limit ¢ = lim o, < 79 + N1, and then 7, — o0 as k£ — oo.
We claim ¢ is the correct translation parameter. In fact, choose k£ such that

t = kNT. + [t] with [t] € Iy, and write

W; o (ta 0) = U (t + g, 0) - AiUE (t)

= 'U,L(t + g, 9) — U,L(t —+ Ok, 6) —+ Ul<t -+ Ok, 9) — AZUE(t)
Since O,v; is uniformly bounded, we have
vi(t + 0,0) — vi(t + ox, 0) = Oyv;(to) ZS] O(2
i=k
for some ty. Besides,
Vi(t + o, 0) — Njv(t) = vi(mi + [t], 0) — Nve([t]) = wir, ([t], 6).
Thus,

W, (t,0) = W, ([t],0) + O(25).
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Since brr}ax\WTk| = n(m) < n(m) < 27%n(m), it holds |w;,(t,0)] = O(27F) or
N

equivalently, using that ¢t = kNT_ + [t], we have

log 2

|wi7g(t, 9)’ < C’le_ NT&t

which finishes the proof of the theorem. m
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Chapter 4

Yamabe-type system in the punctured
ball

Let g be a smooth Riemannian metric on the unit ball B}"(0) € R",n > 3.

Consider a positive solution to the system
2 n(n — 2) 4
Agu; — Y Ay i+ ——=|U|"2u; =0 4.1
gt ; i(@)u; + 1 U= u (4.1)
in the punctured ball Q = B7(0)\{0} and & = (uy,uz). In order to prove our main

result, during the proof of the results we will need sometimes that the potential A

satisfy some of the following conditons.

(H1) —A is cooperative, that is, the components in the nondiagonal A;; of A, i # j,

are nonpositive;

(H2) In dimension n = 5, there exists a C*-function f such that
A(z) = f(x)ldy + O(Jz]) (4.2)

near the origin, where Id, is the identity matrix.

4.1 Upper bound near a singularity

In this section we will obtain upper and lower bounds for solutions to our system

defined in the punctured ball. Considering the diffeomorphism ®(¢,6) = e~*0 between



the half cylinder and the punctured ball introduced in the first chapter, define the

change of variables from Fowler as

vi(t,0) = 2] wi()

n—

and § = e?®*g = ("7 !)7"2d*g. Using that

Lvﬁg(u) =v n2L,(vu), (4.3)
where the linear operator L, = A, — ﬁRQ is the conformal laplacian, we obtain

that the system is equivalent to

ZBUUJ )|V|n 2v; =0, (4.4)

where 5
n—
—(Ry — e’Qtch*g)vi,
4(n —1) (4.5)
Bij = 6_2tAij od

Ly(vi) = Agu; —

and V = (v, v9).

It is also useful to remember that in cylindrical coordinates we have

Or\/
Ry=(mn—-2)(n—1)+2(n—1)e" 9 vll +e R, 0,

Vgl

and so

Ry — e Rgeg=(n—2)(n—1)+2(n—1)e" 0:Vlol o ®. (4.6)

Vdl

Theorem 4.1 Suppose 3 < n < 5. Assume that U = (uy,us) is a positive solution of
(1) in Q@ = B}(0)\{0}. There ezists a constant ¢ > 0 such that

U|(2) < cdy(,0)=", (4.7)

for 0 < dy(z,0) < 1.

Proof. Given zy € Q with dy(z0,0) < 1 and s € (0, 1) such that By(zo) C €2, define

fl@) = (s — dy(2,20)) " |U(x)],

for x € B,(x0). It suffices to show that there exists a positive constant C such that
any such f satisfies f(z) < C in Bs(zg). To see this, taking s = @ gives f(zg) =
s"2 [U(x0)| < C.
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The proof will be by contradiction, so assume there is no such constant C'. Then
we can find a sequence of points g and positive numbers s;, so that, if ; ; denotes

the maximum point of the corresponding f;, we have

Fi(wi) = (s — dy(2, 004)) T [U(214)] = 0.

n—2

Note that, 0 < s, < i implies that (sy—d,(z,ox)) 2 < 227" and therefore 2" 2 fi(z) <
|U(x)|. Hence |U(x1 )| — oo and consequently z; , — 0.

Let ¢, = |L{(:c17k)|n%22 and define,

n—2

wik(y) = &," wilexpy,  (ery))-

for all i € {1,2}. Note that |Uy(0)| = 1, where Uj, = (i x, liax). Also note that the

function uj, is defined for all y such that |y| < ;" (s, — dy(zo, T14)). Moreover, if

1
dy(z,218) <711 = §(Sk —dg(xok, T1 1))

then

1
dg(z, x0k) — dg(Tos, 1) < dg(z,214) <15 = §(Sk —dg(xok, T1k)),

and this implies that

1
dy(z,20k) < 51 + 5(_Sk + dg(zo g, 1 1))

Thus
e < sk — dg(Tog, T1k)-
Therefore
mE U@ < ful@) < fulzig) = Qrep) T = (2r0) T [U(w1k)| — o0,
and

U(x)] < 2°F |U(a14)]

for all x with dy(x, 1) < ry. It follows that

i1 (y) = U1 1) us(exp,,, (exy)) < U | U(2)] < 273,

for all y with |exy| < g, that is, |y| < rept — oo.
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Now if we define (Gx)im(y) := gim(ery), then @,y satisfies

n(n — 2) 4

2
Agiisi(y) = < D AG©)aa(y) + = U (y) |7 tii(y) =0, (4.8)
j=1

where AF(y) := Ayj(expy, , (ErY))-
Standard elliptic theory then implies that, after passing to a subsequence, {; x }«

converge in C? norm on compact subsets of R™ to a positive solution u; g to

n(n —2)

4
A —2 Uz 0,

which satisfies [Uy(0)] = 1 and u;o(y) < 2"3" for every y € R™. By a theorem due to
Druet and Hebey [6], we can conclude that there exist @ € R", > 0 and A € S} such
that

n2
5
Holv) = (1 + u22!/zj - aIQ) A
Since |Uy(0)| = 1, we conclude that |a] <1 and p € [1/2,1].

Now note that Uy has a nondegenerate maximum point at a. Then we conclude
that there is a sequence y; — a such that y; is a nondegenerate maximum point of |Z/~{k|
We can assume |yx| < 2 and therefore there will be a corresponding local maximum
point xo, of [U| satisfying dy(xak, x1%) < 2¢i. If we redefine the functions @, , replacing
x1x by Ta) we get as before that a subsequence {i; x}, converge in the C? norm on

compact subsets of R” to

1 a2
Uoly) = <1+%1|y|2) A

Note that, by construction, we have that |rex| < 7/8, so we can consider
as defined for |y| < 11—65,;1, with a possible singularity at some point on the sphere of
radius |7ax]e, ' — 00, where now g, = ‘U(xg,kﬂi%.

Let us introduce

n-2 _
'Ui,k(tae) = |y| 2 U@k(y),

where t = —log |y| and 6 = i~ These functions are defined for ¢ > log(f¢, "), with a

singularity at some point (t,6;), t}, = log(|zaxe;'|). Now define,

n—2 1 2
Vo(t) = ‘y|Tu0(y) = (Bt + Ze_t) A
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Since Uy, — Up in the C?

loc

topology, we know that given R > 0 the inequalities

Vi(t,0) = Wo(t)| < R 2,
0, Ve(t,0) = Vi) < R 2",
—1 2=n4

are satisfied for t > —log R and sufficiently large k.

In particular

Oia~ log3n, 6) = =" <(3n)1 + 3—”) CRIGE S0 (49)

for all # € S*~! and for R > 0 large enough.

For a fixed small number § > 0 to be chosen later, define
[y = [log(de; '), 00) x S* 1.

Since Z;lk — U, in the C?

loc

topology and

Vo(log(de ) = (515k +
we obtain
Vi(log(de;, 1)) > ¢(8) > 0.

We will apply the Alexandrov technique to v;; on the region I'y reflecting across
the spheres {\} x S"~!. To simplify the notation we will drop the subscript k.

Define T'y = [—log(de™ '), \], g» the pull-back of the metric § by the reflection
across the sphere {\} x S"~!

V= V1 + Vo

’Ui,)\(t, 6) = ’UZ(Q)\ — t, 9)

and

ua(t) = v(2A —t,0).

Remember that § = e*®*g, and (Gi)im(y) = gim(ery).
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By (4.4) we can write

nn—2) . a n(n —2) s
Ly(vi —vin) — ; Bij(v; —vjn) + T\V!”—Zvi - TWA\ "2
) (4.10)
= (L4, — Lg)vin Z(Bl)_; Bij)uja
j=1
Note that,
2
4 4
V]m=2v — Wa["=2vy = Zbi,)\(vi — Vi),
j=1
where \ y
[V|m=2 — [V|7-2 4
bi = i I Vh|»—2 > 0.
A=0(v; + ;) VI + Wil
By (4.10) we have
2
Ls(v1 —vip, v2 —vo\) + Z bir(vi —vin) = Qa,
i=1
where
Q)\ ( - U)\ + Z zy /Uj A (411)
2,j=1
and

]Lg(wl,wg <Z w]> — Z Bijwj. (412)

ij=1
Claim 1: There exists a constant ¢; > 0, not depending on 4, such that |Q,(¢,0)] <

(1) = cre%e T te@ A,

and this implies

First, we observe that 8\/\/@ O(|z]) and vy(t) = 0(62"7”(2/\—15))

that
Ry, — € *Rg-g, — (Rg — € * Reeg)| va(t,0) < C’e e 2" X0

_ 062 "7 L2t (2 n))\.
On the other hand, since § = e*®*g and g;; = d0;; + O(e*|y|*) in normal coordinates,
we have g = dt? + df* + O(g?e™?). Tt follows that

|(A Ayua| < Ce’e™s Pte2mA,

ax =
Also by (4.5) we have

< 082 "7 t€(2fn))\

Z (B;\] — Bij)uja

)
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proving the first claim.

Claim 2: Suppose 3 < n <5, and let v > 0 be a small number. Then there exists a

family of functions h,(t), defined on Iy , satisfying the following properties

ha(A) = 0; (4.13)
hy = 0; (4.14)
Lg(ha ha) = @ (4.15)
hy <wv; —w;y, if X is sufficiently large (4.16)
and
hy(—log(de™!)) < ez max {6717_2,56%”_7} : (4.17)

for some positive constant ¢ which depends only on 9.
We will begin the proof of the second claim with some useful computations for
the operator LL; in order to get the desired estimates. Remember that g = eg_TntCI)*g,

thus by (4.3) we obtain

n

_nt2 n—2 _n+2 2—-n = —2 2-n ~
Lyf =% 'Lgug(e™ T ' f) = € ;t(A§(|y| 2 f)—mw 2 Rgf>0@,

where f = fo® !, Hence

n—2 _ _ng2 2-n %
Lof = Lof + €2 Roegf = ¢~ % 1D;(Jyl 7" f) 0 ®.

(n—1)
So, if f depends only on ¢, then we can use the expression of the laplacian for radial

functions given by

1. o/]g
Agu— P+ "Ly, 4 2V,

T \/m T

Note that
2-n ~ 2—n, _a= 2-n . =
Orlyl= f) = ——lylI"=f +1yl= 0. f

and
nn—2)  _ns2 -

Ryl =" f) = ==~ [+ @ —n)ly[20.f + |y T3} F.

On the other hand, since f(|y|) = f(—log|y|), we have
O f = ~lyl ' f o™
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and

= [y e @+ [y o @

Then we get
0.1yl ) = 25wl E fo @~y f o 0!
and
20015 ) = "D o @ (0 g 007 4y 00

Thus

n—2
2

Ayl ) = g 0 a — (
+ Oy =) fod™!

which implies that

DGy T ) o ® = 7+ O ) f ((2 )+0@e%>f

Therefore,

—92\?
ng — f/l + 0(626_2t) o f/ (<n 5 ) + O(SQG_Qt)> f)
for any function f that depends only on ¢. Besides by (4.5) we obtain
Bij = O<€26_2t).

Thus, if f = f1 + fo, then

n—2
2

Ly(fi, f2) = "+ O(e ) f' — (( ) +0(c% 2”) f+O0Ee ) f.

Given a small number v > 0, consider the linear operator L given by

L(f) = f"+~f - ((HT_ZY +7> f

and let v, = 877”7 > 0 and a(n) = m.

We know proceed to the construction of the auxiliary functions. Define

a(n)

: 01526(2—71))\6%_615(1 . 6(4—n—72)(t—>\))

ha(t) =

)
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_n42 _ 2—n —
)|m 2 od 4+ O@E2]y5)f 0 0!

(4.18)

(4.19)

(4.20)



where 75 > 0 is chosen such that the function (33"

—2) is in the kernel of (4.19).
Observe that we can make v, and 7, as small as necessary depending on 7.

Note that the first two properties follows directly from the definition and moreover
Ry < 0 in (—oo,\]. Since t > —log(de~!) it holds e?e~* < §2. Choosing 6% << 7, if

f>0and f/ <0, then by (4.18) and (4.19) we get

Ly(fu, f2) > f"+~f = ((”;2> +w)> f=L(f).

Now observe that

hx(t) = a(n)c 526(2_"»‘(6%% el 2"—72)t6(4—"—72)>\)
and
L(h)\) = a(n)clg € + 7y - —7lez
2 2 2
2_(2-n)A — 8\ n-s,
= a(n)cie’e 2(4 —n) +y——)e z ' = q\(t)
Therefore

L(hy, hy) > L(hy) = qx > Q.

which proves (4.15). Besides,
ha(—log(de™)) = a(n)cy <56_Tne(2_")’\5n7_2 - 5717_2+726(_2+72)A56_Tn_w> : (4.21)

gives us the estimate (4.17).
Since h), <0, by (4.21) we obtain that

max hy — 0 as A — oo. (4.22)
A

For sufficiently large to consider the set I'y, = [—log(de™!),to] x S""'. Consequently
we have that

via(t) < Ce%Tn(z)‘_t),

n—2
forasmuch as v; = O(e 2 '). Define
wix =v; —Vix— hy > 0.

By (4.22) it follows that w; » > 0 on I'y, for sufficiently large A\. Let us show that
w; > 0 for all ¢ € [tg, A]. A direct computation gives

n—=~6

. 9 /9_
1 a(n)eree® e et (1 — ( 5 n_ ’yg> 6(4—"—72)(t—A)) .

RA(t) =
() =
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Hence, for all ¢ € [ty, A], we have
WA ()] < O(6,e,t0) (€™ 4 (72F12)Y),
Now
Oyw; A (t,0) = Oui(t, 0) + Opv;(2X — t,6) — h\(¢). (4.23)
Thus, because of the previous estimates and (4.9), when ¢ € [to, A], we get
Oyw; A (t,0) < —CeT et — C(6,¢e,to) (6(2_”)’\ + e(_2+72))‘)
< _Ce <0,
for 5 and A sufficiently large. Since w;(),60) = 0 for all § € S"~!, we conclude that

w; » > 0 for all t € [ty, A], for sufficiently large A. This finishes the proof of the Claim
2.

Once we proved the previous claim, using the same notation, we note that
w; (N, 0) =0, for all § € S"*

and
2

Lg(win, wep) + Y biawin = Qx — Lg(ha, hy) < 0.
i=1
In order to conclude the proof of Theorem 4.1, we will also need the following:

Claim 3: There exist \g > —log(3n) and 6, € S"~! such that
wh, (—log(0™"), 6) = 0.

Define
Ao = inf{A; wy(t,0) > 0 in 'y, VA > A\ }.

Note that (4.16) implies that this set is not empty. Besides, if we take A = —log(3n),
then by (4.9) and (4.23) we get

dywx(—log(3n), 0) = 20,v(—log(3n),0) — 2R (—log(3n)) > 0.

Moreover since wy(—log(3n),0) = 0, we have Ay > —log(3n).
By continuity, wy, > 0in T',,. Suppose the claim is false. Then wy,(— log(de~!), 0) >
0 for all # € S, We notice that by, (4.12), (4.5) and (4.15) we can apply the Maxi-

mum Principle, since for £ > 0 small enough we have

A{]w)\o - Dw)\() S Lg(wl)\(n w2,)\0) - Q)\() - h)\oa h)\() Z bl AW; A0 < 0 (424)
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where D is a positive function. This implies that wy, (¢, 8) > 0 for every —log(de™!) <
t < )Xo and 6 € S*7!, since on the boundary Ty, we have w,, > 0.

From definition of Ay, there exist a sequence {);} such that A\; < A\g and A\; — A,
and a sequence {(t;, \;)} of interior minimum points of wy, such that (t;,0;) — (t*,0")
with wy, (t;,0;) < 0. Taking the limit we get wy,(t*,0") = 0 and Vw,,(t*,0%) = 0.
Therefore t* = \g, but this is a contradiction to the Hopf’s lemma. This proves the

Claim 3.
With these claims on hand, let us prove the Theorem 4.1. By Claim 3, there exist
Ao > —log(3n) and 6y € S"! such that
wy, (—log(de™1), 6y) = 0.
Then, by definition of w), and (4.9) we get
0 < c(0) < v(—1log(de™),0p) = (va, + 2k, )(—log(de™), bp).
But v(t,8) = O(e 2" 1) implies that
n—2

U(— log(&gil)? 90) < C()‘Oa 5)8T

and so

0 < ¢(8) < ¢(Ao, )T + 2hy, (—log(de™), b). (4.25)

But by (4.17) we obtain

[ NI

iy (—log(6e™1),0p) < ce

for n = 3,

h,\o(—log(ée_l),eo) < el

for n =4 and

hy, (—log(de™1), 0y) < ce377

for n = 5, which contradicts (4.25), since we can take the limit ¢ — 0. This completes
the proof of the theorem. m
We may note that in the proof above we are not using that -A is cooperative. As

a consequence of the upper bound we get the following spherical Harnack inequality.
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Corollary 4.2 Suppose U is a positive smooth solution of (1) in ©Q = B}(0)\{0},
3 <n <5, and assume that the potential A satisfies (H1). Then there ezists a constant
c1 > 0 such that

max u; < ¢; minu; (4.26)

|z|=r z|=r

for every 0 < r < 5. Moreover, |Vu;| < ¢z 'u; and |Vu| < ¢1]z|2u;.

Proof. Define u;,(y) = r2 u;(ry), for every 0 < r < T and |y| < r~'. Then the
upper bound given by theorem (4.1) implies that u;,(y) < cly| =", for |y| < ir7t. In

particular, if 3 < |y| < 2, we have that u;,(y) < 2" .

Moreover
2 n(n — 2) 4
Aguir(y) =Y Ag(ry)u;n(y) + — Ui (y) = 0.
j=1
where (g,):;(y) = ¢ij(ry), which implies that
2 2 n(n —2) 4
Ag i (y) =17 Aii(ry)uin (y) = r° Ay (ry)ue (y) — = U (y) 72 uir (y)-

for j # 1. Using that -A is cooperative, the Harnack inequality for linear elliptic
equations and standard elliptic theory imply there exists ¢; > 0, not depending on r,
such that

max ;, < ¢y min .,
|lz|=1 |lz|=1

and |Vu;, |+ |V?u;,| < ciuy, on the sphere of radius 1. This finishes the proof of the

corollary. m

4.2 Pohozaev invariants and removable singularities

In this section we will define the Pohozaev invariant of a solution and prove a
removable singularity theorem for the solutions of the system (1). As a consequence
we will derive a fundamental lower bound near the isolated singularity.

Given a positive solution U to the system (1), we can define P(r,U) similarly to

(2.8) by

n—2 ou r 9 ou
P(T,U)—LBT< 9 <u,%>—§|VU| +r

v 8

2 2
—2 n
+ ruw\fz) do.
The following lemma gives the Pohozaev-type identity we are interested in.
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Lemma 4.3 (Pohozaev Identity) Given 0 <s <r <1, it holds

_ 2%’) ((Ag SINTESS Aij(g;)uj> .

Proof. Adding and subtracting Au; in each system equation, we have

2

Pt =Pt ==Y [ (- vuet

i=1

n(n—2), . a =
- B M = (8= )= D A (4.27)
=

in the punctured ball 2 = B}'(0)\{0}. Mutiplying both sides by x - Vu; and integrating

over B,\Bs we have

- fB7.\BS - Vu; <A“i + @Mﬁui) = fBr\BS x - Vu; ((Ag — A)(u) = 325 Aij(ﬂé’)uj) .

First using integration by parts we get

n—2 r S
/ x - Vu;Au; = / |V, |* — —/ V) + —/ |V, |?
B,\B, 2 /BB, 2 Jom, 2 Jom,

Oou; | ou; | (4.28)
., / i / i
0B, 0Bs

v v
On the other hand, multiplying each equation for u; and integrating over B,\B; we

have

/B e ((Ag — A)(u;) — iAij(x)uj> — - /B _ (Aui + Wwwaui) =

ou; ou; —2 4
/ |V |* — / Ui_u + / Ui_u _nn=2) / V/{|”4’2“z2
B\ Bs o, OV o, OV 4 By \Bs

which implies that

ou; ou; -2 a4
/ |VU1|2 _ / ’Uq—u _ / Uz—u + M/ |L{\n4—2uf
B, \Bs OB, aV 9B, aV 4 B,\Bs

2 (4.29)
+ /B - ((Ag = A)(u) =Y Aij@)uj) .

j=1

Replacing (4.29) in (4.28), we conclude that

/B L 2 2 ) ((Ag — A=Y Aij(x)uj>

j=1
/ n—2 0u; 3ui2 +/ n—2 ou; S[V ‘2+
= — — U — u— — =|Vu; S
9B, 2 % ov 9B. 2 ov 2

— 2 2n - 4
By\Bs

B,\Bs 4

5’ui
ov

r
— §|VUZ’2 +7r
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Note also that, using ”Tf@k(|U|%) => |Z/l|ﬁui8kui, we obtain

2

—2 n -2 n
D A At M
B, \B. 2 JB.\a. 2n Jos,

=1

_2 n
el Wl
2n 9B;

which finishes the proof. m

In the case of the limit system we saw in 2.7 that P(r,U) does not depend on r,
and therefore is an invariant of the solution U.
In order to define the invariant in a Riemannian setting, we need the upper

bounds given by Theorem 4.1. In fact, since g;; = d;; + O(|z|*), we will have

‘ (;1: Vi Qui) ((A A — 22: Aij(x)uj)

Jj=1

< clz)*™™, (4.30)

for each coordinate ¢ and the Pohozaev identity tell us the limit

PU) := lim P(r, )

r—0

exists. The number P(U) is called the Pohozaev invariant of the solution U = (uy, uz).

Our main result of this subsection is the following.

Theorem 4.4 Let U be a positive solution to the system (1) in Bf(0)\{0}, 3 <n <5
and that the potential A satisfies (H1) and (H2). Then P(U) < 0. Moreover, P(U) =0

iof and only if each coordinate u; is smooth on the origin.

The strategy of our proof will be assuming that P(U) > 0 and then proving that
in this case the origin is a removable singularity, and hence that the invariant is zero.

In what follows let us denote by

alr) ][ 1 /
u(r) = = u,
OB, vol(0B,) Jap
and define
w(t) =a(r)r'T,
where t = —Inr.

We have divided the proof into a sequence of lemmas.
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Lemma 4.5 Suppose U be a positive solution of (1) which satisfies P(U) > 0. Then

lim infu(x)\x]nTﬁ =0.
z—0

Proof. If this result is not true, without loss of generality we can suppose that there

exist positive constants ¢y, co such that
cl|x|2_7n <wuy(z) < 02|:E|%, (4.31)

where the second inequality above follows from Theorem 4.1. Choose any sequence
rr — 0, and define

n—2

wig(r) =12 wi(rye).

Then, using (4.31), we have the following estimate for uy ,
|| 7 < upp(x) < cola] 7 (4.32)

Moreover u; j, satisfies

n(n — 2)

2
— Ay uig + 17 Z A (rez)ug e = 1

=1

U2 in B,1(0)\{0},

where (gx)im(x) = gun(rix). Elliptic theory then implies that there exists a sub-
sequence, also denoted by wu;, which converges in compact subsets of R™\{0} to a

solution Uy = (uy9,u2) of the limit system

(n—2)
4

AUZ',() + n—\bldﬁui,o = O

By (4.32) we get

2_
uyo(x) > C1|$|Tn,

which implies that U, is a singular at the origin. However, by Theorem 2.8 we know

that P(Uy) < 0. This is a contradiction, because
P(Uy) = P(1,Up) = lim P(1,Uy) = lim P(r,U) = P(U) > 0,
—00 —00

Lemma 4.6 Assume that U is a positive solution of (1) and that the potential A satis-
fies (H1) and (H2). Suppose that there exists a sequence (tg)ren of minimum points for

29



w such that limy_,o w(ty) = 0. Along |x| = i, where ty, = —lnry, there exist positive

constants a;, b; such that

wi(z) = u(rg)(c; + o(1))
|Vu;(z)| = —u' (r1)(2a; + o(1)).
where ¢; = a; + b;. Moreover (a,b) # 0.

(4.33)

n—2 _
Proof. Let 7, = e % and define w; = r 2 u; and

n—2

vik(y) =1 wi(rey).

Once that 7;,(1) = wi(ty) < wi(ty) + wa(ty) = w(ty) — 0 we get from Harnack

inequality that each coordinate v;, converge uniformly in compact subsets of R™\{0}

to 0. So, if we define
hik(y) = ve(p) ™ vik(y)
where vy, =) . v, and p = (1,0,...,0), we have that
—Aghin(y) = —u(p)™ (Agvin)
(=) e
= u(p)”! (nT|Vk|”_2Uz‘,k - TkZ;Aij(rky)vj,k) :
=
This implies

n(n —2)

_4 _4
T (p)»—2|Hg| "2 h; g,

2
g hik 417> A (rey)hyx =

j=1
where (¢;)im(y) = gim(riy) and Hy, = (hyg, hoy). By elliptic estimates we know that
there exists a subsequence h; ; which converge in C?,. to a nonnegative harmonic func-
tion h; in R"\{0}. Then
hily) = aily]’™ + bi,
and a; +ay = by +by = 5 since hy(p) +ha(p) = 1 and 0,((M +hy)(r)r'z ) =0at r = 1.
Now, multiplying line i of system (1) by u; and integrating over B,, (0)\ B, (0),

we obtain that

—2
/ ujAgudvg + E / Ajwdv, = M/ ]Z/I|"f2uiujdvg.
By \Bery Bry\Ber, 4 Bry\Ber,

Reversing ¢ and j and subtracting one equation from the other, we obtain

/ (ujAgu; — u;Aguy)dv, = Z/ — ujAy)wdvg,
B'rk\Bark Brk\BETk
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which, integrating by parts, guarantees that

/ (u;0ru;—w;0pu;)do, = Z/ (uiAj—u;Ay)wdo,+ / (uj0ru;—w;0puy)doy,.
9By, By \Bery, OBer,
(4.34)

In order to analyse the last integral on the right-hand side, let

n—2
W?,k(z) = (er) 2 ui(ergz).
Then
/ (0 = widhu;)doy = / (5.10rPik — 5 10r i i) dog.
0Ber,, 98,

On the other hand
_Agskspl?k éfT’k ZA’L]SO‘]]C |S0k|n ngzk
in B,)-1(0)\{0} and by theorem (4.1)

(=) < Clel "
Similarly to what we did at the beginning of this proof, after passing to a subsequence,
@5, converges in C? topollogy locally in compact subsets of R™\{0}, to a positive
solution
n(n

-2
T D E=—

which using Theorem (2.10) as well Proposition 1.1 in [7] is of the form ugA, where

Aui

A = (A4, As) is a vector in the unit sphere with nonnegative coordinates. Consequently,

when ¢ goes to zero we have

lim (95 £0- 05 . — PipOrp5 g )dog = / (uo0ruoNiAj — w0y upA;A;)do, = 0.
0B1

e—0 OB,

Making € — 0 in (4.34), we conclude that

2
/ (uj&ui — uiaruj)dag = Z/ (uiAjl — 'LLinl>’U/ld’Ug. (435)
aB"k =1 B"'k

Using the same notation from the first claim, by the hypothesis under the potential A
(H2) and by Theorem 4.1 the equation above implies that

/ (h%kathk — th@Thj,k)dag
0B1

Vg

2 ’LLI Tk.CL’ ]l TEX) — Uji\TEX Ail T ) )W \TEX
Z/ (re) — uj(rie) Au(rp) ju(rpe) |

u(rpp)?
= O(ry "u(rsp) %),
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which converges to zero when dimension is less or equal than five. Finally, we conclude
that
/ (hja,,hz - hiarhj)dag = 07
0B,
and consequently
arby = azby

which finishes the proof.

m
Lemma 4.7 Assume that U is a positive solution of (1) and along |x| = ry the solution

satisfies (4.33). Then
0 5 0% 5 oy 2n
P(ri,U) = 0,1 | —4(a, b);w (tr) + 5(01 +c3)n2 |Wn=2(tg) ) (1 +0(1)). (4.36)
Proof. Since the solution U satisfies (4.33), note that
2

<Z/{, g—z;[> = 121: ﬂ(rk)ﬂ’(rk)(Qciai + 0(1))

On the other hand, using that w,(¢) = 0 it holds the following equality
n—2
2

w(ty). (4.37)

' (re)r

Multiplying (4.37) by @(rx), we conclude that
n—2 ou 2 . (n—2)?
9 <Z/{,%> = —;Té 5 w2(tk)(czal+0(1))

Similarly, we also have
ou|? -

IV |G| =D eat o)

Y

i

(=27 210) (a2 + o(1)).

With these two equalities in hands we get

4]
= ot (o) Gl +

B n—2/ U\ r._ ., |OU? (n—2)% o
P“’“’m‘/a&k( > <”’%>‘§’W' ”‘5 Fr—g U | do
2 (52 n 2n
@+ czwrwwn—z(tk)) (1 + (1)),

which finishes the proof. m
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Lemma 4.8 Let U a positive solution of (1) defined in the punctured ball. If

lim |2z u(x) = 0, (4.38)

|z|—=0

then U extends as a smooth solution to all of B™.

Proof. We begin by obtaining upper and lower bounds for the second derivatives of
w in terms of w. Indeed, observe that the upper bound in Theorem 4.1 implies that

w(t) is bounded. Then,

and since

_ n n—2
Wy = —Upr2 —
2

w,

we also get that |wy| is bounded. Derivating again the function w we obtain
_ n42 _ n n—2 2
Wy = Upr 2+ (n—1D)ur2 + — ) w (4.39)

Choosing a fixed s < r, by the Divergence Theorem, we get

B, \Bs r 0By T 0By r
-1 -1
_n / uT(r.)W“1 —|—/ urr(r.)r”’l _" / u, + 1" o, 4 (][ ur> ,
r 0B, B, r OB, OB, r

where 0,1 = vol(S"™1). Thus

Upy = (7[ ur) =(1- n)r‘lf uy + o, " (/ Au)
8B, /., OB B, \Bs ,

2 2
1—
= nm +o, " g </ ((A — Agu; + E Ajjuj — c(n)|U|fnf2 uz>>
r B,\Bs

i=1 j=1

—1 2 4
Upp + n . Up = f ((A — Ag)u + E Aij (x)u] — c(n)|bl|n—2 U)
0B,

1,j=1

where c¢(n) = #. Replacing in (4.39) we have that

wy — (” - 2>2w g ]iBr ((A _ A u+ 22: Ay () — c(n)|2/l|n42u> |

ij=1
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Applying the spherical Harnack inequality in Corollary 4.2 for each coordinate

function we have that

Cunz < c(n)][ |Ulﬁu < Cuns
B,

and )
][ (A=A u+ Z Ajj(x)u; || < cu.
OB ij=1
With these estimates we obtain the following inequality
+2 n—2 2 +2
—cqwn—? — cze” 2w < wy — < 5 > w < —cown—2 + cge . (4.40)

By hypotesis (4.38) we know that lim; ., w(t) = 0. The strategy is to show that
we L

loc

(B7(0)) for some p > 2n/(n — 2) and then by elliptic theory the function
u extends smoothly across the origin. Consequently, each coordinate function wu; is
smooth.

Note that the first inequality in (4.40) implies that there exists g9 > 0, such that
if w(t) < ep and ¢ is sufficiently large, then wy(t) > 0. Since tlg& w(t) = 0, there exists
Ty so that w(t) < g9 and wy > 0 for ¢ > T;. This implies that w; < 0 for ¢t > T7.

By the first inequality in (4.40), given any positive number 0 < § < n — 2, there
exists Ty sufficiently large such that

—9 2
Wy — (n 5 —5) w > (6(n —2) —4° — cuwi? —cze*)w >0

for ¢t > Tj, which implies that

n—2 2 n—2 2
(wf—( 5 —5) w2> :2wt<wtt—( 5 —5) w) <0
t

for t > T, = max{Tp, 11}, and using that 1tlim wy(t) = 0, we obtain
—00

n—2 2
w?—( 5 —5) w? > 0.

By integrating we get, for t > T5, that
w(t) < w(Tp)e (T2-0)E=T0),
Equivalently, there exists r9(d) > 0, so that
u(z) < ¢(6)]x|? for all € B,,(0).
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Since ¢ > 0 is arbitrarily small, the estimate above implies that u € L] (B1(0))
for arbitrarily large p, which finishes our proof. m

Now we are ready to prove the main result of this section.
Proof of Theorem 4.4. Following the aforementioned strategy let us suppose that
P(U) > 0. By Lemma 4.8 the proof is completed by showing that glclir(l] u(a:)\x|n772 =0.
Suppose by contradiction that this is false.

Since the Pohozaev invariant is nonnegative, it holds as a consequence of Lemma
4.5 that lirmn_glfu(x)|x|%2 = 0. Then we will assume that hrilj[l)lp u(x) |$|an2 > 0. Hence
we can choose gy > 0 sufficiently small so that we are able to construct sequences t;, <
tr <t} satisfying kh_}r& tr = +00, w(ty) = w(t;) = eo, wi(tr) = 0 and kh_)rgo w(ty) = 0.

Using the results obtained on Lemmas 4.6 and 4.7, we have that

Pm¢0=%4(Am@%w%m+%@+éw%mwﬂmﬂu+mn»<mm

and consequently

PU) = lim P(ry,U) = 0.

k—o0
Morevover, using that Lemma 4.6 garantees that (a,b) # 0 with the Pohozaev identity,

we have the following estimate
w?(ty) < c|P(r,U)| < e(l + 1), (4.42)

where

h=[ A
Brk \Brl’;

L= lAwlas,

vt
and AU) = 3, (- Vu; + %52u;) ((Ag — A)w) - Y, Aij(x)uj). We will follow a
series of calculations with the goal of obtaining better estimates for the term [;. First

remember the inequality (4.40) obtained in the proof of Lemma 4.8

2
nt2 _ n—2 nt2 —
—cqwn—? — cze” 2w < wyy — ( 5 > w < —cown—2 + cge . (4.43)

It follows by the first inequality of (4.43) that

2
n—2 n+2 _ot n+2 _9

Wy — W > —cqwn—2 —cze W > —cwn—2 —cze Fw

2
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for t > ti, which implies

d (n—2)\" N n—2
%[w?_<( 9 ) — c3e 2%) w? + - Clwn—2] >0

for ¢, <t <t;.

Hence, if ¢, <t <, then

Wt = gl (®) + glut) = [ 4 (wF = g(w)) =0,

tg

which implies that

dw
= 2 Vaw) — g(w(t)
and so
w(t) dt w(t) dw
w(ty) AW w(tr) v/ 9(w) — g(w(ty))
where

Introducing the variable n = %, we get

w(t)

7]—1 dn

/w(tm /w(tm
\/7 1 \/777_

(G

First, since 1 <n < wt <
k:

t—1 <

where

4 2n

, we have that

and we observe that

Now

> 1 N\t o w(ty) =7 (ni7 — 1)
(Form) 573 |

Finally, since

n—2
— 636_2tk> 772 - cw(ty)—2nn-2.

(4.44)



we obtain i)

* ) < < —|—ceZt’“) lnmch.

"
1 V) —g(1 n—2

From inequality (4.44), we get

2 t
t—t < (—2 + ce_%’“) In w(?) +c (4.45)
n —

for all ¢t € (tg,t}).

In order to estimate ¢t —t;, from below, we first observe that the second inequality

n—2\"
Wit — (( 9 ) +C€_2tk> w S 0.

Then the function w? — (("7_2)2 + ce’Qt’“> w? is decreasing in (4, t}), and therefore

n—2\" n—2\"
wf—(( 5 ) +ce_2tk> w2§—<( 5 ) +ce‘2t’“> w(t,).

in (4.43) implies that

and then

vt qt 2 wt) dw
t—t, = / —dw > < — ce‘th) / )
w(ty) AW n—2 w(tx) /w? — w(ty,)
Together with inequality (4.45), we get for ¢, <t < ¢}, that

2 oty w(t) 2 o w(t)
— In—=<t—-t,;, <[ —— ) In —=~ . 4.46
(n—2 ce )nw(tk)_ < 2+ce n +c ( )

Similarly one can prove that, for ¢, <t < ¢, it holds

(n i 5~ ce%e) m% <t —t< (% n CeZtk) m% re  (447)

Once we get the above inequalities, lets go back to the estimates of the terms I;

and I, in inequality (4.42). Recall that by (4.30), |[A(U)| < c|z|* ™, and therefore
I < c(r})? = ce 2k,
From the first inequality in (4.46), we obtain
n—2 —ot
w(t) < w(ty) exp 5 et (t—1ty) ),
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which implies

-2 —2t
v(x) < cw(ty) exp (— (n 5 T cezt’“> tk> pronmee Tk, (4.48)

Recall that, by the spherical Harnack inequality 4.2, for each coordinate function,

u; < OTQ_Tn, |Vu;| < Or~tu;, and |V2u,| < Cr—2u;, so
|AU)| < Cr3tu.
Using the estimate (4.48) we obtain

_n=2, o2t _3n_ .2t
I < cw(ty)e z e t’“/ |z~ da,
B \B,x

and so

I < cw(ty)e *.

Therefore, from (4.42) and the estimates for /; and I, we get
w?(t) < cw(ty)e ' 4 ce M,

Passing to subsequences, if necessary, we can suppose either

w?(ty) < cw(ty)e * (4.49)
or
w?(ty) < ce M. (4.50)
Define L, = —ﬁ log w(ty) and choose § > 0 small. Then, from the first inequal-
ity in (4.47), we get
tk — fk Z (1 - (5)Lk — C, (451)

and adding to the first inequality in (4.46), we obtain
t]: - t_k Z (2 - 25)Lk — C. (452)

If inequality (4.49) holds, then w(t;) < ce™®* and so Ly > —5t;, —c¢. From

inequality (4.51), we conclude

tk—tZZ(l—a) 2tk—C,

n —
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and consequently

A i B PR
F=\n-2 "n=2/)"* <

The inequality above gives us a contradiction since t; > ¢, > ¢, — 00 as k — oo and
on the other hand Z%g + n4—_52 < 0 by our assumption 3 < n < 5.

If inequality (4.50) holds, then L > —25t; 4 c. From inequality (4.52), we get
Ek S tz — (2 - 25)Lk + C,

and so
ty < (n_—6+25) ty +c.
n—2

If 3 < n <5, this is again a contradiction by the same reasons as before. Then we
conclude that lim,_,o u(x)|x|n772 = 0, and the result follows as consequence of Lemma
4.8.

]

As a consequence of the removable singularity theorem, we can now establish a
fundamental lower bound.
Corollary 4.9 Assume 3 < n <5 and let U a positive solution to the system (1) in

B (0)\{0} and that the potential A satisfies (H1) and (H2). If 0 is a nonremovable

singularity, then there exists ¢ > 0 such that
Ul(x) > edy(,0) "

for 0 < dy(z,0) < 3.

Proof. Suppose by contradiction that this is not true. Then liminf, ,., w(t) = 0,
where w(t) = "= a(r), u = S22 u; and t = —logr, as in proof of the Theorem 4.4.
Since 0 is a nonremovable singularity, we also have lim sup,_, . w(t) > 0, otherwise we
contradict Lemma 4.8. Therefore there exists a sequence t;, — 0o such that wy(t;) =0

and limy_,o, w(tx) = 0. So, if rp, = e~ we can check by Lemmas 4.6 and 4.7

Plrnth) = oy (=alent G ue) + 5 6+ DV (0)) (1+o(1),

where |[W|* = w? 4+ w3. But, in this case

PU) = lim P(ry,U) = 0,

1—>00
which is a contradiction. This finishes the proof. m
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4.3 Convergence to a Radial Solution

Our main goal in this section is to prove that a local singular solution to our
system is asymptotic to a radial Fowler-type solution, near the nonremovable isolated
singularity. The proof will follow exactly the same steps of the Theorem 3.7, however
since we are dealing with an arbitrary Riemannian metric we need to take exponential

correction terms into account in order to obtain analogous convergence results for the

Jacobi fields.

Theorem 4.10 Suppose that U is a solution of the system (1) in the punctured ball
B (0)\{0} and that the potential A satisfies (H1) and (H2). If there exist positive

constants ¢; and ¢y such that
erle] 7 < U|(2) < cale] 7 (4.53)

then there exist a Fowler-type solution Uy = ugA of (6), where ug is a Fowler solution
such that
U(z) = (14 O(|z]*))Uo () (4.54)

as x — 0, for some a > 0.

Proof. First we observe that (4.53) implies that the origin is a nonremovable singu-
larity. Thus, by Theorem 4.4 we get that P(U) < 0. Consider v;(t,6) the change of
variables from Fowler (1.2) of u;.

Let {7} be a sequence of real numbers such that 7, — co. Consider the translated

sequence v; (t,0) = v;(t + 7k, 0) defined in (—7%,00) x S, By (4.53) we get that
cr < Vi(t,0)] < e

where Vi = (v1 4, v2%). Consequently, by standard elliptic estimates, we get the uniform

boundedness of any derivative for ¢ > 0 . Since v, ;, satisfies,
-2)
gk Uzk ZBngjk+ ‘Vk|" 2v = 0,

where L and B;; are given by (4.5) and § := dt* + df* + O(e™*") — dt* + db>.
Standard elliptic estimates imply that there exists a subsequence, also denoted by v; ,

which converges in the C?  topology, to a positive solution of

—2)2 -2
O}vio + Agn-1v;0 — (n 1 ) V0 + n(n4 )|VO|$U1',O =0,
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defined in the whole cylinder. By the characterization result given by Theorem 2.10,
such limit is a Fowler-type solution and we know that there exists a Fowler solution v,
and a vector in the unit sphere with positive coordinates A such that V.(t) = Av.(t).
Hence V. does not depend on 6, and we necessarily have that any angular derivative
Opv; j, converges uniformly to zero.

Besides, we claim that
vik(t,0) = vik(t)(1+o(1))
Vuir(t,0) = =0, (t)(1+o(1)),

as t — o0o. In fact, suppose that the first equality above is false. Then there exist £ > 0

and sequences 7, — 00, 0 — 6 € S"~! such that

/Ui,k(Tka ek)
0; (k)

—1‘2?

for some ¢+ > 1. This is a contradiction because, after passing to a subsequence, Vj
converges to a rotationally symmetric Fowler-type solution V,. The second inequality
follows from similar arguments.

In the cylindrical setting the Pohozaev integral P(t,V) = P(e™*,U) becomes

P(t,V) ;:/ < O,V|? — —\V9V|2 (n— ) VPP + (n— ) A I ) doy.
txSn—1
Hence
PV.):=P(0,V.) = klim P0,Vy) = klim P(r,,V) = P(V). (4.55)

So we can conclude that the necksize € of the limit function is independent of
the sequence of numbers 7. Therefore, for each sequence 7, — oo the correspondent
sequence Vy, converges to a function V. r(t) = Av.(t+T), with A € St , for some T € R
which depends on the sequence 7.

We will show that there exists 7Tp € R such that Vj, converges to V. p, for any
sequence 7 — oo. The ideia is to use a delicate rescaling argument due originally to
Leon Simon. In order to do that we will prove several claims using the Jacobi fields
studied in subsection 2.5 as a tool.

Let T be the period of V. and A, = sup |0pV-|, where V. (¢,0) = V(t+7,0). Note

>0
that A, < 0o, since |0pV;| converges uniformly to zero as t — oc.
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Claim 1: For every ¢ > 0, there exists a positive integer N such that, for any 7 > 0,

either
(i) A, <ce ™ or
(ii) A, is attained at some point in Iy x S"~!, where Iy = [0, NT.].

Suppose the Claim is not true. Then there exist a constant ¢ > 0 and sequences
Tiy Sk — 00,0 € S"! such that |0V, |(sk,0k) = A, and A, > ce™®™ as k — oo.
Then we can translate back further s, and define 0,4 (,6) = v;x(t + sg,0). Define

@ix = A '0pl; s and note that || < 1, where @g = (@14, @2x). Now, we have
9k Uzk ZBZJU]k—i- )|Vk/‘|ﬁ/l71k;_0

where the quantities with tilde are the originals replacing t by ¢ 4+ 7 + s. This implies

that
n(n — 2)

1 Vel "= 01 = Ley(Tip) — Lo, (0:1) + Z Bijo; g

J

Lcyl(ﬁi,kz> +

Taking the derivative with respect to 6 and multipling by A 1 we get

nn—2) ~  a ~ 4 5~
02 D51+ nl Vel 5 %5 D )

= Le(¢ir) — Lo (0in) + Y Bijoju.

J

Lcyl((pi,k:) +

From (4.6) we have

(n —2)2 n—

1 Pk e~' 0, log |gi| o ®(t,0)pi .-

ﬁ@k (Soi,k) = Aﬁkgoi,k -

But using the fact g = dt? + d6? + O(e~?") and the local expression of the laplacian in
this metric, we find that

Agk@z k= at ik T Agn- 1Pk + O( =2( t+Tk+sk))

This implies that

n(n — 2)

4 |]~}k|ﬁ¢i,k+n|f}k|"i2 ik (Ve i) = Ay 16_2(7’“+8k)0( —2)

Lcyl ((pz,k) +

where @ = (P1.k, P2.k)-
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Now we can use elliptic theory to extract a subsequence ¢; , which converges in
compact subsets to a nontrivial and bounded Jacobi field ¢ = (¢1, o) which satisfies

the following system

4

—9) _a_ 4
—n(n )ve’”‘_Q wi + nA; (A, p)vd? = 0.

Leyi(i) + 1
Since each coordinate function of the limit ¢; has no zero eingencomponent relative
to Ay, we get a contradiction because a Jacobi field with such property is necessarily
unbounded. This proves the Claim 1.

Now suppose we have a sequence v; x(t, 0) converging to Ajv.(t +7T) as k — oc.

Define
wi,k(t, 0) = Ui7k<t, 9) — AZ‘UE(t + T)

Set

—(2—0)T

Me = bn}ax ‘(wl,lm wzk)\, Ny =1+ € and @ = ﬁ;:lwi,lm
N

where § > 0 is a small number and b > 0 is a fixed number to be chosen later. Note

that |(¢1, p26)] <b ' on Iy. Then
n(n — 2 4 nt2
L, (wig) + % (|Vk| =20, — Nvd T ) =FE;} (4.56)

where E; = Zj Bijvii + Ni(Ley — L4,)ve.  First note that by (4.5) we get that

E; 1, = O(e 2™+ when t — 0o. Second, observe that

4

4
4 V 3 __ ,Un 2
2w + A’%' TL/;CP _ UZ Z Wy (0 + Agve).
e .
J

n+2
n—2

Wk ﬁvz’,k —ANvd ™ = \Vk

Multipling (4.56) by 77, ' and taking the limit k — oo we get

n(n —2) 4 4

L) + "0 i+ nAs(A, @) = 0,

on the whole cylinder, where ¢ = (1, @) is a Jacobi field.

Claim 2: The Jacobi field ¢ is bounded for ¢ > 0.
To prove this claim we will use the analysis done in subsection 2.5. By the spectral

decomposition for the laplacian in the sphere, we know that it is possible to write the

Jacobi field as

p= alﬁb;,o + a2¢§,0 + a3¢§,0 + a4¢§,0 +¢
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where ¢§70 are the linearly independents Jacobi fields corresponding to the eingencom-
ponent independent of A, and ¢ denotes the projection onto the orthogonal comple-
ment. We also know that the functions ¢!, and ¢? ; are bounded and ¢? ; and ¢? ; are
linearly growing.

Let us show that ¢ is bounded by proving that each 0yp; = Oyp; is bounded for
t > 0. In fact, the function dyy; is the limit of ﬁ,;lagvi,k, and we can suppose that dyy;
is nontrivial, otherwise the result is immediate.

If the first item of Claim 1 happens then
—27,

SEIOD (77 ' Opvi]) < m <

While if the second item of Claim 1 is true then

sup (ﬁ];1|891)i7k|) < sup (ﬁ,;1|89Vk|) = sup (ﬁ,;1|09Vk|) <,
t>0 t>0 teln

since the sequence 7, ' |05 V| converges in the C2

toplogy. Therefore each ; is bounded
for t > 0, hence exponentially decaying.
To end the proof of the Claim 2 we need to show that as = a4 = 0. To see this

note that the convergence ¢; , = ﬁ,;lwi,k — (p; implies that

Vi = Aver + e + 0(7;)
= Avep + (a1l + aad? o 4+ azdl o + asgl o + P) + (7)),

where v.r(t) = v.(t + 7). On the other hand by (4.30), (4.55) and the Pohozaev
identity, Lemma 4.3,we have that

P(0,Vy) = P(m,V) = P(V) + O(e*™) = P(ver) + O(e™™).

Since klgg(} (m.'e *™) = 0, we would have a contradiction in case ay or a4 is not zero.
Thus each ¢ is bounded for ¢ > 0.

Now we will show that there exists some 7" so that the difference between V and
V. = Nv. 1 goes to zero as t — oo.

Since we do not know the correct translation parameter, define V. (t,0) = V(t +
7,0) and W, (t,0) = V.(t,0) — Av.(t). Let C; > 0 be a fixed constant and consider the
2-6)7

interval Iy as in the Claim 1. Set also n(7) = bn}ax W;| and 7(7) = n(1) + e~
N

where b > 0 is a fixed constant to be chosen later. We observe that n(7) — 0 as
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T — 0. Let us prove the following claim.

Claim 3: If N, b and 7 are sufficiently large and 7 is sufficiently small, then there
exists s with [s| < Ci7(7) so that 7(7 + NT. + s) < 17(7).

Suppose the claim is not true. Then there exists some sequence 7, — 0o such that
7(7) — 0 and for any s satisfying |s| < C17(7;;) we have that 7j(, + NT.+s) > 7(7).
Define ¢, = ﬁ(m)_lwi,m, similarly to the previous claim. We can suppose that ¢; ;
converges in C'*° on compact sets to a Jacobi field, which by Claim 2 is bounded for

t > 0. So we can write

¢ = aidrg+azdly+ @ (4.57)

where ¢ has exponential decay. Note that || < b7' on Iy, which implies that a,
and a3 are uniformily bounded, independently of the sequence 7. Moreover, since

1 oy 3 o A
co = VA and @2 5 = v-A we have

lazve| < [(@, A)] + [{@, M) < b7 + || (4.58)

on Iy. We know that v. > ¢ and ¢ decreases exponentially with a fixed rate, and so
we can choose b and N sufficiently large such that |as| is sufficiently small.
Set sy = —T(mx)a; whose absolute value is less than C17j(7y) if we choose C

sufficiently large. Hence for ¢t € [0,2NT.] we have

Woera (1,6) = Wt + 7 — fi(7)ar, 6) — Ave(t)

= VYV, (t—7(m)a1,0) — Av-(t —7(1x)aq)
e ve(t — (11)ar) — v(t)
() —7(7)ay
= () (t — (7k)ar, 0) — G(7k)ar L o + o(7(71))

= Wy (t,0) = (m)ard2 + o((m)),

where ¢, = (¢1.k, pax). Here we used the equality W,, = 7(7x)¢;, + o(7(7%)) and the
fact that ¢, (t — (7 )a1,0) — @ (t, 0) goes to zero as 1, — o0.
Consequently, by (4.57), for t € [0,2NT.] we get that

W’r}ﬁ-sk = ﬁ(Tk)SB + ﬁ(Tk)a3¢§,o + O(ﬁ(Tk)))

75



which implies

max [We s v = max  Wes | <71(m) max (@] + lasve]) + o(7(m)).

Since ¢ decreases exponentially with a fixed rate, by (4.58) we can choose N and

b > 0 suficiently large in a way that the last equality implies that

()

N

max |W7k+5k+NT€ ‘ <
In

On the other hand, note that

1
e~ (2=0) (T tsk+NT:) < 6_(2_5)NT€ﬁ(Tk) < Zﬁ(ﬂ“)

which implies that 7(7 + NT. +s) < 37(7), a contradiction. This ends the proof of the
Claim 3.

Once the claim above is proved, using an iterative argument, we are ready to prove
that there exists o such that w;, — 0 as ¢t — oo for each coordinate. First choose 7
and N sufficiently large satisfying the Claim 3 and such that C7(7p) < %N T.. Let
so = —7(19)a1 be chosen as above. Thus we have |so| < C17(m) < %NTE. Define

inductively three sequences by

k—1
Or = Tp + E S;
=0

Te = The1 + Sh—1 + NT, = 04, + kNT,

Sk = —ﬁ(Tk)al.

By the Claim 3 we get by induction 7j(1) < 27*5(7) and |sx| < 27*"!NT.. Hence
there exists the limit ¢ = lim o, < 79 + N1, and then 7, — o0 as k — oo.
We claim o is the correct translation parameter. In fact, choose k£ such that

t = kNT. + [t] with [t] € Iy, and write

Wi, (ta 6) = Y (t + g, 9) - Aivs (t)

= Ul(t + g, (9) — Uz(t + Ok, 9) + ’Ul(t + Ok, 9) — AZ’UE(t)
Since 0yv; is uniformly bounded, we have

vilt + 0,0) — vi(t + 04, 0) = di(te) Y s = O(27%),
j=k
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for some ty. Besides,
vi(t 4 o, 0) — Njv(t) = vi(mi + [t], 0) — Nve([t]) = wi o, ([t], 6).
Thus,
W, (t,0) = W, ([t],0) + O(2%).
Since brr}aX|WTk| = () < 1) < 27%7(7), it holds |w;,(t,0)] = O(27%) or
N
equivalently, using that ¢t = kNT_ + [t], we have

log2,
\ww(t,Q)] < 016 NTe

which finishes the proof of the theorem.
]
As a direct consequence of the results proved in this section we have the following

corollary.

Corollary 4.11 Suppose that U is a solution of the system (1) in the punctured ball
B (0)\{0} with the potential A satisfying (H1) and(H2) and 3 < n < 5. The there
exist a Fowler-type solution Uy from (6) such that

U(x) = (14 O(|z]"))Uo ()

as x — 0, for some a > 0.
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