
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❊①✐stê♥❝✐❛✱ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❡
❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛
✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❛s✐❧✐♥❡❛r❡s

❡♠ ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈

♣♦r

❆✐❧t♦♥ ❘♦❞r✐❣✉❡s ❞❛ ❙✐❧✈❛

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

❢❡✈❡r❡✐r♦✴✷✵✶✻





❊①✐stê♥❝✐❛✱ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❡
❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛
✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❛s✐❧✐♥❡❛r❡s

❡♠ ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈

♣♦r

❆✐❧t♦♥ ❘♦❞r✐❣✉❡s ❞❛ ❙✐❧✈❛ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

❢❡✈❡r❡✐r♦✴✷✵✶✻

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙
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❉❡❞✐❝❛tór✐❛

❆ ♠✐♥❤❛ q✉❡r✐❞❛ ❡ ❛♠❛❞❛ ♠ã❡✱

●❡r❛❧❞❛✳

✈✐✐





❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s✱ ♣❡❧♦ s❡✉ ✐♥✜♥✐t♦ ❛♠♦r✳ ▼✐♥❤❛ ❢♦rt❛❧❡③❛✱ ❢♦♥t❡ ✐♥❡s❣♦tá✈❡❧ ❞❡ ✐♥s♣✐r❛çã♦✳

P❛✐ s❛♥t♦✱ P❛✐ ❡t❡r♥♦✱ P❛✐ ❛♠❛❞♦ t♦❞❛ ❛ ❤♦♥r❛✱ t♦❞❛ ❛ ❣❧ór✐❛ ♣❡rt❡♥❝❡♠ ❛ ❚✐ ❙❡♥❤♦r✳

❆ ♠✐♥❤❛ ♠ã❡✱ q✉❡ r❡✈❡st✐✉ ♠✐♥❤❛ ❡①✐stê♥❝✐❛ ❞❡ ❛♠♦r ❡ ❝❛r✐♥❤♦✳ ▲❡✈❛r❡✐ s❡♠♣r❡

❝♦♠✐❣♦ ❛s ❧✐çõ❡s ❡ ✈❛❧♦r❡s q✉❡ ♠❡ ❡♥s✐♥♦✉✳ P♦r t♦❞♦ ✐♥✈❡st✐♠❡♥t♦ ❡♠ ♠✐♥❤❛ ✈✐❞❛✱ ❞✐✈✐❞♦

❝♦♠ ❛ s❡♥❤♦r❛ ♦s ♠ér✐t♦s ❞❡st❛ ❝♦♥q✉✐st❛✱ ♣♦rq✉❡ ❡❧❛ t❛♠❜é♠ ❧❤❡ ♣❡rt❡♥❝❡✳ ❚❡ ❆♠♦✦

❆♦s ♠❡✉s ✐r♠ã♦s✱ s♦❜r✐♥❤♦s ❡ s♦❜r✐♥❤❛s ♣❡❧❛ t♦r❝✐❞❛✳

❆ ♠❡✉ ♦r✐❡♥t❛❞♦r ❈❧❛✉❞✐❛♥♦r ♣♦r t♦❞♦s ♦s ❡♥s✐♥❛♠❡♥t♦s✳ ❖❜r✐❣❛❞♦ ♣❡❧❛ ♦♣♦rt✉♥✐✲

❞❛❞❡✱ ♣♦r ❝♦♠♣❛rt✐❧❤❛r ❝♦♠ t❛♠❛♥❤❛ ❤✉♠✐❧❞❛❞❡ s✉❛ ❡①♣❡r✐ê♥❝✐❛✳ ❆❣r❛❞❡ç♦ ❛ ❝♦♥✜❛♥ç❛✱

♣❛❝✐ê♥❝✐❛ ❡ ♣❛❧❛✈r❛s ❞❡ ✐♥❝❡♥t✐✈♦✳ ▼✉✐t♦ ♦❜r✐❣❛❞♦✦

❆♦ ♠❡✉ ❛♠✐❣♦ ❋❡r♥❛♥❞♦ ♣❡❧❛ ♣r❡s❡♥ç❛ ❝♦♥st❛♥t❡ ❡ ❛❥✉❞❛ ✐♥❝♦♥❞✐❝✐♦♥❛❧✳ ❖❜r✐❣❛❞♦

♠❡✉ ✐r♠ã♦✱ ✈♦❝ê s❡♠ ❞ú✈✐❞❛s ❢❛③ ♣❛rt❡ ❞❡st❛ ❝♦♥q✉✐st❛ ❡♠ ♠✐♥❤❛ ✈✐❞❛✳ ▼✉✐t♦ ♦❜r✐❣❛❞♦

♣❡❧❛s ♣❛❧❛✈r❛s ❞❡ ❛♣♦✐♦ ❡ ✐♥❝❡♥t✐✈♦✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ s✉❛ ❢❛♠í❧✐❛ q✉❡ s❡♠♣r❡ ♠❡

❛❝♦❧❤❡✉ ❝♦♠ ✐♠❡♥s♦ ❝❛r✐♥❤♦✱ ❡♠ ❡s♣❡❝✐❛❧✱ ❛ s✉❛ ❡s♣♦s❛ ■s♦❧❞❛ ♣❡❧♦ ❛♣♦✐♦ ❡ ❛♠✐③❛❞❡✳

❆♦s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ❞❛ ♣ós✲❣r❛❞✉❛çã♦✱ ❆❧â♥♥✐♦✱ ❆❧❝✐ô♥✐♦✱ ❆r❧❛♥❞s♦♥✱ ❋á❜✐♦✱ ❏♦❣❧✐✱

▲✐♥❞♦♠❜❡r❣✱ ▲✉❝✐❛♥♦ ❡ ▼❛r❝❡❧♦✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❛❣r❛❞❡ç♦ ❛ ❉❡♥✐❧s♦♥✱ ●❡✐❧s♦♥✱ ▲✉❛♥❞♦✱

❘♦♠✐❧❞♦ ❡ ❘♦♥❛❧❞♦ ❈és❛r ♣❡❧❛ ❛❥✉❞❛✱ ❛♣♦✐♦✱ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❡ ♣♦r ❝♦♠♣❛rt✐❧❤❛r❡♠ t❛♥t♦s

♠♦♠❡♥t♦s ❞❡ ❛❧❡❣r✐❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❯❆▼❛t✱ ❡♠ ❡s♣❡❝✐❛❧ ❆♥❣❡❧♦✱ ❏❡✛❡rs♦♥✱ ❆♥tô♥✐♦ ❇r❛♥❞ã♦✱ ❆♣❛✲

r❡❝✐❞♦ ❏❡s✉í♥♦✱ ❇r❛✉❧✐♦ ▼❛✐❛✱ ❉❛♥✐❡❧ ❈♦r❞❡✐r♦✱ ❍❡♥r✐q✉❡ ❋❡r♥❛♥❞❡s ❡ ▼❛r❝♦ ❆✉ré❧✐♦✳

❆♦s ❝♦❧❡❣❛s ❡ ❛♠✐❣♦s ❞❡ ❣r❛❞✉❛çã♦ ❞❛ ❯❋❘◆ ❡ ❞♦ ♠❡str❛❞♦ ♥❛ ❯❋❈●✳

❆♦s ♣r♦❢❡ss♦r❡s ❊❞❡rs♦♥ ▼♦r❡✐r❛ ❞♦s ❙❛♥t♦s✱ ▼❛r❝❡❧♦ ❋❡r♥❛♥❞❡s ❋✉rt❛❞♦✱ ▼❛r❝♦

❆✉ré❧✐♦ ❙♦❛r❡s ❙♦✉t♦ ❡ ❖❧✐✈❛✐♥❡ ❙❛♥t❛♥❛ ❞❡ ◗✉❡✐r♦③✱ ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✱ ♣❡❧❛

❞✐s♣♦♥✐❜✐❧✐❞❛❞❡✱ ❛✈❛❧✐❛çã♦ ❡ ❝♦♥tr✐❜✉✐çõ❡s ♣❛r❛ ♠❡❧❤♦r❛r ♦ ❝♦♥t❡ú❞♦ ✜♥❛❧ ❞❡st❡ tr❛❜❛❧❤♦✳

❆ t♦❞♦s ♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ ❯❆▼❛t✳

❆ ❈❆P❊❙✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✐①



❆ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱

▼✉✐t♦ ❖❜r✐❣❛❞♦✦

①



✏❙❡✐ q✉❡ ♦s q✉❡ ❝♦♥✜❛♠ ♥♦ ❙❡♥❤♦r

❘❡✈✐❣♦r❛♠ s✉❛s ❢♦rç❛s✱ s✉❛s ❢♦rç❛s s❡ r❡♥♦✈❛♠

P♦ss♦ ❛té ❝❛✐r ♦✉ ✈❛❝✐❧❛r✱ ♠❛s ❝♦♥s✐❣♦ ❧❡✈❛♥t❛r

P♦✐s r❡❝❡❜♦ ❞✬❊❧❡ ❛s❛s

❊ ❝♦♠♦ á❣✉✐❛✱ ♠❡ ♣r❡♣❛r♦ ♣r❛ ✈♦❛r

❊✉ ♣♦ss♦ ✐r ♠✉✐t♦ ❛❧é♠ ❞❡ ♦♥❞❡ ❡st♦✉

❱♦✉ ♥❛s ❛s❛s ❞♦ ❙❡♥❤♦r

❖ ❚❡✉ ❛♠♦r é ♦ q✉❡ ♠❡ ❝♦♥❞✉③

P♦ss♦ ✈♦❛r ❡ s✉❜✐r s❡♠ ♠❡ ❝❛♥s❛r

■r ♣r❛ ❢r❡♥t❡ s❡♠ ♠❡ ❢❛t✐❣❛r

❱♦✉ ❝♦♠ ❛s❛s✱ ❝♦♠♦ á❣✉✐❛

P♦✐s ❝♦♥✜♦ ♥♦ ❙❡♥❤♦r✦

◗✉❡ ♠❡ ❞á ❢♦rç❛s ♣r❛ s❡r ✉♠ ✈❡♥❝❡❞♦r

◆❛s ❛s❛s ❞♦ ❙❡♥❤♦r

❱♦✉ ✈♦❛r✦ ❱♦❛r✦✑

❊r♦s ❇✐♦♥❞✐♥✐✱ ♣♦r P❡✳ ❋á❜✐♦ ❞❡ ▼❡❧♦✳

①✐





❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st❛❜❡❧❡❝❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛✱ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡

s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❛s✐❧✐♥❡❛r❡s




−❞✐✈
(
ǫ2φ(ǫ|∇u|)∇u

)
+ V (x)φ(|u|)u = f(u), ❡♠ R

N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N ,

♦♥❞❡ N ≥ 2✱ ǫ é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦✱ φ, V, f sã♦ ❢✉♥çõ❡s s❛t✐s❢❛③❡♥❞♦ ❝♦♥❞✐çõ❡s té❝♥✐❝❛s

q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❛♦ ❧♦♥❣♦ ❞❛ t❡s❡ ❡ Φ(t) =
∫ |t|

0
φ(s)sds✳ ❆s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s

✉t✐❧✐③❛❞❛s sã♦ ♦s ▼ét♦❞♦s ❱❛r✐❛❝✐♦♥❛✐s✱ ❈❛t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥✱ ▼ét♦❞♦ ❞❡

P❡♥❛❧✐③❛çã♦ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈✳

P❛❧❛✈r❛s✲❈❤❛✈❡✿ ◆✲❢✉♥çã♦❀ ❊s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈❀ ▼ét♦❞♦s ❱❛r✐❛❝✐♦♥❛✐s❀ ❈❛t❡❣♦r✐❛

❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥❀ ❙♦❧✉çã♦ P♦s✐t✐✈❛✳

①✐✐✐





❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ ❡st❛❜❧✐s❤ ❡①✐st❡♥❝❡✱ ♠✉❧t✐♣❧✐❝✐t② ❛♥❞ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s

❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠




−❞✐✈
(
ǫ2φ(ǫ|∇u|)∇u

)
+ V (x)φ(|u|)u = f(u), ✐♥ R

N ,

u ∈ W 1,Φ(RN), u > 0 ✐♥ R
N ,

✇❤❡r❡ N ≥ 2✱ ǫ ✐s ❛ ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r✱ φ, V, f ❛r❡ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ t❡❝❤♥✐❝❛❧ ❝♦♥❞✐t✐♦♥s

t❤❛t ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ t❤r♦✉❣❤♦✉t t❤❡ t❤❡s✐s ❛♥❞ Φ(t) =
∫ |t|

0
φ(s)sds✳ ❚❤❡ ♠❛✐♥ t♦♦❧s ✉s❡❞

❛r❡ ❱❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s✱ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥ ♦❢ ❝❛t❡❣♦r②✱ P❡♥❛❧✐③❛t✐♦♥ ♠❡t❤♦❞s ❛♥❞

♣r♦♣❡rt✐❡s ♦❢ ❖r❧✐❝③✲❙♦❜♦❧❡✈ s♣❛❝❡s✳

❑❡②✇♦r❞s✿ ◆✲❢✉♥❝t✐♦♥❀ ❖r❧✐❝③✲❙♦❜♦❧❡✈ s♣❛❝❡s❀ ❱❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s❀ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥

♦❢ ❝❛t❡❣♦r②❀ P♦s✐t✐✈❡ s♦❧✉t✐♦♥✳

①✈





❈♦♥t❡ú❞♦s

■♥❞í❝❡ ❞❡ ◆♦t❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶ ❖s ❡s♣❛ç♦s LΦ(O) ❡ W 1,Φ(O) ✶✸

✶✳✶ ❘❡s✉❧t❛❞♦s ❜ás✐❝♦s ❡ ❞❡✜♥✐çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✶✳✶ ◆✲❢✉♥çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✶✳✷ ❊s♣❛ç♦s ❞❡ ❖r❧✐❝③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✶✳✸ ❊s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✷ ❯♠ t❡♦r❡♠❛ ❞♦ t✐♣♦ ❇r❡③✐s✲▲✐❡❜ ♣❛r❛ ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❝♦♠ ♣♦t❡♥❝✐❛❧ s❛t✐s✲

❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③ ✷✾

✷✳✶ ❖ ♣r♦❜❧❡♠❛ ❆✉tô♥♦♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✷✳✶✳✶ Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✶✳✷ ●❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✶✳✸ ❈❛r❛❝t❡r✐③❛çã♦ ❞♦ ♥í✈❡❧ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✶✳✹ ❆ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✶✳✺ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷✳✶✳✻ ▲✐♠✐t❛çã♦✱ r❡❣✉❧❛r✐❞❛❞❡ ❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s ❞❡ (Pµ) ✳ ✳ ✳ ✳ ✳ ✺✷

✷✳✷ ❖ ♣r♦❜❧❡♠❛ ♥ã♦✲❛✉tô♥♦♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✷✳✷✳✶ Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✷✳✷✳✷ ❆ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺



①✈✐✐✐

✷✳✷✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✷✳✷✳✹ ▲✐♠✐t❛çã♦✱ r❡❣✉❧❛r✐❞❛❞❡ ❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s ❞❡ (P̃ǫ) ✳ ✳ ✳ ✳ ✳ ✽✽

✷✳✸ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ (P̃ǫ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✷✳✸✳✶ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✷✳✸✳✷ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✸ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ✈✐❛ ♠ét♦❞♦ ❞❡ ♣❡✲

♥❛❧✐③❛çã♦ ✶✶✸

✸✳✶ ❯♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✸✳✶✳✶ ❈❛r❛❝t❡r✐③❛çã♦ ❞♦ ♥í✈❡❧ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✸✳✶✳✷ ❆ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♣❛r❛ Jǫ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✸✳✶✳✸ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✭Aǫ✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵

✸✳✷ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

✸✳✷✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾

✹ ❙♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲♣❡❛❦ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❛s✐❧✐♥❡❛r❡s

❡♠ R
N ❡♥✈♦❧✈❡♥❞♦ ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ ✶✹✸

✹✳✶ ❯♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✹

✹✳✶✳✶ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s s❡q✉ê♥❝✐❛s (PS)∗c ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

✹✳✷ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ (P̃ǫ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

✹✳✷✳✶ ❆❧❣✉♥s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ♦s ♥í✈❡✐s µi ❡ µ̃ǫ,i ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

✹✳✷✳✷ ❯♠ ✈❛❧♦r ❝rít✐❝♦ ❡s♣❡❝✐❛❧ ♣❛r❛ Jǫ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✸

✹✳✸ ❆ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲♣❡❛❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✹

✹✳✸✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✺

❆♣ê♥❞✐❝❡s

❆ ❈♦♥str✉çã♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❛✉①✐❧✐❛r ✶✽✸

❇ ❯♠ r❡s✉❧t❛❞♦ ❞❡ ✐♠❡rsã♦ ✶✽✾

❈ ❯♠ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦ ▲✐♦♥s ♣❛r❛ ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ ✶✾✸

❇✐❜❧✐♦❣r❛✜❛ ✶✾✾



■♥❞í❝❡ ❞❡ ◆♦t❛çõ❡s

• ci, Ci ❞❡♥♦t❛♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ❣❡♥ér✐❝❛s❀

• Ac ❞❡♥♦t❛ ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞♦ ❝♦♥❥✉♥t♦ A❀

• R
N ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ N ✲❞✐♠❡♥s✐♦♥❛❧❀

• Bρ(x) é ❛ ❜♦❧❛ ❛❜❡rt❛ ❞❡ ❝❡♥tr♦ x ❡ r❛✐♦ ρ > 0❀

• ❙❡ O ⊂ R
N é ✉♠ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ à ▲❡❜❡s❣✉❡✱ ❡♥tã♦

∣∣O
∣∣ ❞❡♥♦t❛ ❛ ♠❡❞✐❞❛ ❞❡

▲❡❜❡s❣✉❡ ❞❡ O❀

• catX(A) ❞❡♥♦t❛ ❛ ❝❛t❡❣♦r✐❛ ❞❡ A ❡♠ X❀

• ❆ ❡①♣r❡ssã♦ q✳t✳♣✳ é ✉♠❛ ❛❜r❡✈✐❛çã♦ ♣❛r❛ q✉❛s❡ t♦❞♦ ♣♦♥t♦✱ ♦✉ s❡❥❛✱ ❛ ♠❡♥♦s ❞❡ ✉♠

❝♦♥❥✉♥t♦ ❝♦♠ ♠❡❞✐❞❛ ❞❡ ♥✉❧❛❀

• s✉♣♣u ❞❡♥♦t❛ ♦ s✉♣♦rt❡ ❞❛ ❢✉♥çã♦ u❀

• xn = on(1) s❡✱ ❡ só s❡✱ xn → 0❀

• xn ↓ x s✐❣♥✐✜❝❛ q✉❡ xn → x ❡ xn+1 < xn, ∀n ∈ N❀

• xn ↑ x s✐❣♥✐✜❝❛ q✉❡ xn → x ❡ xn+1 > xn, ∀n ∈ N❀

• ❖ sí♠❜♦❧♦ → s✐❣♥✐✜❝❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢♦rt❡ ❡♠ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦❀

• ❖ sí♠❜♦❧♦ ⇀ s✐❣♥✐✜❝❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❡♠ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦❀

• X →֒ Y ❞❡♥♦t❛ q✉❡ X ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ Y ❀

• ❙❡ u : O → R é ♠❡♥s✉rá✈❡❧✱ ❡♥tã♦ u+ ❡ u− ❞❡♥♦t❛♠ ❛s ♣❛rt❡s ♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛ ❞❡

u r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦✉ s❡❥❛✱

u+(x) = max
{
u(x), 0

}
❡ u−(x) = min

{
u(x), 0

}
.

• C
(
O
)
❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡✜♥✐❞❛s ❡♠ O❀
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• Ck
(
O
)
=
{
u ∈ C

(
O
)
; u é k✲✈❡③❡s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧

}
❀

• C∞
(
O
)
=
⋂

k≥1

Ck
(
O
)
❀

• C∞
0

(
O
)
=
{
u ∈ C∞

(
O
)
; s✉♣♣(u) ⊂ O é ❝♦♠♣❛❝t♦

}
❀

• Lp
(
O
)
=

{
u : O → R ♠❡♥s✉rá✈❡❧ ;

∫

O

|u|pdx <∞
}

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

|u|p =
(∫

O

|u|pdx
) 1

p

;

• L∞
(
O
)
=

{
u : O → R ♠❡♥s✉rá✈❡❧ ; sup

O
❡ss |u| <∞

}
♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

|u|∞ = sup
O
❡ss |u|.



■♥tr♦❞✉çã♦

◆❛ ♣r❡s❡♥t❡ t❡s❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛✱ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❡

❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s




−❞✐✈
(
ǫ2φ(ǫ|∇u|)∇u

)
+ V (x)φ(|u|)u = f(u), ❡♠ R

N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N ,

✭Pǫ✮

♦♥❞❡ N ≥ 2✱ ǫ é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦✱ φ : [0,+∞) → [0,+∞) é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1

t❛❧ q✉❡ Φ(t) =
∫ |t|

0
φ(s)sds é ✉♠❛ ◆✲❢✉♥çã♦✱ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝❤❛♠❛❞❛

♣♦t❡♥❝✐❛❧ ❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ f : R → R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1✳ ❆♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦

♠❡♥❝✐♦♥❛r❡♠♦s ❤✐♣ót❡s❡s ❛❞✐❝✐♦♥❛✐s s♦❜r❡ ❛s ❢✉♥çõ❡s φ, V ❡ f ✳

❈♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ✭Pǫ✮✱ ❧❛♥ç❛r❡♠♦s ♠ã♦ ❞♦s ♠ét♦❞♦s ✈❛r✐❛❝✐✲

♦♥❛✐s ♥❛ ♦❜t❡♥çã♦ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛ ✭Pǫ✮✳

◗✉❛♥❞♦ φ(t) ≡ 1 ♦ ♣r♦❜❧❡♠❛ ✭Pǫ✮ t♦r♥❛✲s❡




−ǫ2∆u+ V (x)u = f(u), ❡♠ R
N ,

u ∈ W 1,2(RN),
(Sǫ)

♦ q✉❛❧ ❛♣❛r❡❝❡ q✉❛♥❞♦ s❡ ❞❡s❡❥❛ ❡♥❝♦♥tr❛r ✉♠❛ ♦♥❞❛ ✈✐❛❥❛♥t❡ ♣❛r❛ ❛ ❡q✉❛çã♦ ♥ã♦✲❧✐♥❡❛r

❞♦ t✐♣♦ ❙❝❤rö❞✐♥❣❡r

iǫ
∂Ψ

∂t
= −ǫ2∆Ψ+ (V (x) + E)Ψ− |Ψ|q−2Ψ ♣❛r❛ t♦❞♦ x ∈ R

N , (NLS)

♦♥❞❡ i é ❛ ✉♥✐❞❛❞❡ ✐♠❛❣✐♥ár✐❛✱ ǫ é ❛ ❝♦♥st❛♥t❡ ❞❡ P❧❛♥❝❦✱ q > 2 s❡ N = 1; 2 ♦✉ 2 < q ≤ 2∗

s❡ N ≥ 3✳ ❯♠❛ ♦♥❞❛ ✈✐❛❥❛♥t❡ ♣❛r❛ ❛ ❡q✉❛çã♦ (NLS) é ✉♠❛ s♦❧✉çã♦ ❞❛ ❢♦r♠❛

Ψ(t, x) = exp
−iEt
ǫ

u(x), u : RN → [0,+∞).
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❖ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ (S)ǫ ❝♦♠ N ≥ 3✱ ❢♦r❛♠

❛♠♣❧❛♠❡♥t❡ ❝♦♥s✐❞❡r❛❞❛s❀ ✈❡r ♣♦r ❡①❡♠♣❧♦✱ ❆❧✈❡s ❡ ❙♦✉t♦ ❬✾❪✱ ❆♠❜r♦s❡tt✐✱ ❇❛❞✐❛❧❡ ❡

❈✐♥❣♦❧❛♥✐ ❬✶✶❪✱ ❆♠❜r♦s❡tt✐✱ ▼❛❧❝❤✐♦❞✐ ❡ ❙❡❝❝❤✐ ❬✶✸❪✱ ❇❛rts❝❤ ❡ ❲❛♥❣ ❬✶✻❪✱ ❈✐♥❣♦❧❛♥✐ ❡

▲❛③③♦ ❬✷✸✱ ✷✹❪✱ ❞❡❧ P✐♥♦ ❡ ❋❡❧♠❡r ❬✷✽❪✱ ❋❧♦❡r ❡ ❲❡✐♥st❡✐♥ ❬✸✻❪✱ ▲❛③③♦ ❬✺✶❪✱ ❖❤ ❬✻✶✱ ✻✷✱ ✻✸❪✱

❘❛❜✐♥♦✇✐t③ ❬✻✻❪✱ ❙❡rr✐♥ ❡ ❚❛♥❣ ❬✼✵❪✱ ❲❛♥❣ ❬✼✸❪ ❡ s✉❛s r❡❢❡rê♥❝✐❛s✳

❊♠ ❬✻✻❪✱ ♣♦r ✉♠ ❛r❣✉♠❡♥t♦ ✈✐❛ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✱ ❘❛❜✐♥♦✇✐t③ ♠♦str♦✉ ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ (Sǫ)✱ q✉❛♥❞♦ ǫ > 0 é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❝♦♠ ♦ ♣♦t❡♥❝✐❛❧

V ✈❡r✐✜❝❛♥❞♦

V∞ = lim inf
|z|→∞

V (z) > inf
z∈RN

V (z) = V0 > 0. ✭R✮

P♦st❡r✐♦r♠❡♥t❡✱ ❲❛♥❣ ❬✼✸❪ ♠♦str♦✉ q✉❡ ❡ss❛s s♦❧✉çõ❡s s❡ ❝♦♥❝❡♥tr❛♠✸ ♥♦ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦

❣❧♦❜❛❧ ❞❡ V q✉❛♥❞♦ ǫ t❡♥❞❡ ❛ ✵✳ ❈✐♥❣♦❧❛♥✐ ❡ ▲❛③③♦ ❬✷✹❪ ❡①♣❧♦r❛r❛♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦

♣♦t❡♥❝✐❛❧ V ♦❜t❡♥❞♦ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ (S)ǫ✳ ❆ss✉♠✐♥❞♦ ✭R✮ ❡ ✉s❛♥❞♦ t❡♦r✐❛

❞❡ ❝❛t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥ ❛s ❛✉t♦r❛s r❡❧❛❝✐♦♥❛r❛♠ ♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s

♣♦s✐t✐✈❛s ❝♦♠ ❛ ❝❛t❡❣♦r✐❛ ❞♦ ❝♦♥❥✉♥t♦

M = {x ∈ R
N : V (x) = V0}.

❊♠ ❬✷✽❪✱ ❞❡❧ P✐♥♦ ❡ ❋❡❧♠❡r ♠♦str❛r❛♠ q✉❡ ❛s s♦❧✉çõ❡s ❞❡ (Sǫ) s❡ ❝♦♥❝❡♥tr❛♠✱ q✉❛♥❞♦

ǫ → 0✱ ❡♠ t♦r♥♦ ❞♦ ♠í♥✐♠♦ ❧♦❝❛❧ ❞❡ V ✐♥tr♦❞✉③✐♥❞♦ ✉♠ ♠ét♦❞♦ ❞❡ ♣❡♥❛❧✐③❛çã♦✳ ▼❛✐s

♣r❡❝✐s❛♠❡♥t❡✱ ❡❧❡s ❛ss✉♠✐r❛♠ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s✲

❢❛③❡♥❞♦

V (x) ≥ inf
z∈RN

V (z) = V0 > 0 ♣❛r❛ t♦❞♦ x ∈ R
N ✭V0✮

❡ ❡①✐st❡ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ Ω ⊂ R
N ✱ t❛❧ q✉❡

inf
z∈Ω

V (z) < min
z∈∂Ω

V (z). ✭V1✮

✸❊♥t❡❞❡♠♦s ♦ ❢❡♥ô♠❡♥♦ ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ s❡ uǫ é ✉♠❛ s♦❧✉çã♦ ❞❡ ✭Pǫ✮ ❡ zǫ ❞❡♥♦t❛

✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❣❧♦❜❛❧✱ ❡♥tã♦

lim
ǫ→0

V (zǫ) = V0.
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P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ φ(t) = |t|p−2✱ 2 ≤ p < N ✱ ♦ ♣r♦❜❧❡♠❛ ✭Pǫ✮ t♦r♥❛✲s❡




−ǫp∆pu+ V (x)|u|p−2u = f(u), ❡♠ R
N ,

u ∈ W 1,p(RN),
(S̃ǫ)

❡ ❢♦✐ ❡st✉❞❛❞♦ ♣♦r ❆❧✈❡s ❡ ❋✐❣✉❡✐r❡❞♦ ❡♠ ❬✺❪✳ ❖s ❛✉t♦r❡s ❝♦♠♣❧❡t❛r❛♠ ♦ ❡st✉❞♦ ❢❡✐t♦ ♣♦r

❈✐♥❣♦❧❛♥✐ ❡ ▲❛③③♦✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ♦s ♠❡s♠♦s r❡s✉❧t❛❞♦s sã♦ ♦❜t✐❞♦s ❝♦♥s✐❞❡r❛♥❞♦ ♦

♦♣❡r❛❞♦r p✲▲❛♣❧❛❝✐❛♥♦✳

P❛r❛ ♦ ❝❛s♦ ♦♥❞❡ ǫ = 1 ❡ φ(t) = |t|p−2 + |t|q−2 ♣❛r❛ t♦❞♦ t ≥ 0 ❝♦♠ 1 < p < q < N

❡ q ∈ (p, p∗)✱ ♦ ♣r♦❜❧❡♠❛ ✭Pǫ✮ t♦r♥❛✲s❡




−∆pu−∆qu+ V (x)(|u|p−2u+ |u|q−2u) = f(u), ❡♠ R
N ,

u ∈ W 1,p(RN) ∩W 1,q(RN),
(S)

q✉❡ ❛♣❛r❡❝❡ ❡♠ ✈ár✐❛s ❛♣❧✐❝❛çõ❡s✱ ✈❡r ♣♦r ❡①❡♠♣❧♦ ❈❤❛✈❡s✱ ❊r❝♦❧❡ ❡ ▼✐②❛❣❛❦✐ ❬✷✷❪✱ ❋✐❣✉❡✐✲

r❡❞♦ ❬✸✹❪✱ ❍❡ ❡ ▲✐ ❬✹✽✱ ✹✾❪✱ ▲✐ ❡ ▲✐❛♥❣ ❬✺✹❪ ❡ s✉❛s r❡❢❡rê♥❝✐❛s✳ P❛r❛ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ♦

♦♣❡r❛❞♦r p✲q✲▲❛♣❧❛❝✐❛♥♦ ❡♠ ❞♦♠í♥✐♦s ❧✐♠✐t❛❞♦s ❝✐t❛♠♦s ❇❛r✐❧❡ ❡ ❋✐❣✉❡✐r❡❞♦ ❬✶✺❪✱ ❋✐❣✉❡✐✲

r❡❞♦ ❬✸✸❪ ❡ s✉❛s r❡❢❡rê♥❝✐❛s✳

❆ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲♣❡❛❦ t❡♠ s✐❞♦ ❝♦♥s✐❞❡r❛❞❛ ❡♠ ❛❧❣✉♥s ❛rt✐❣♦s✳

P♦r ❡①❡♠♣❧♦✱ ●✉✐ ❡♠ ❬✹✼❪ ❛ss✉♠✐♥❞♦ q✉❡ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ✈❡r✐✜❝❛♥❞♦

V (z) ≥ V0 > 0 ♣❛r❛ t♦❞♦ z ∈ R
N ✭Ṽ0✮

❡ q✉❡ ❡①✐st❡♠ κ r❡❣✐õ❡s ❧✐♠✐t❛❞❛s ❞✐s❥✉♥t❛s Ω1, ...,Ωκ t❛✐s q✉❡

Mi = min
x∈∂Ωi

V (x) > αi = inf
x∈Ωi

V (x) i = 1, ..., κ, ✭Ṽ1✮

♠♦str♦✉ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s uǫ✱ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ (S)ǫ ❝♦♠ ❡①❛t❛♠❡♥t❡ κ ♣✐❝♦s✳ ❯♠ r❡s✉❧t❛❞♦ s✐♠✐❧❛r ❢♦✐ ♦❜t✐❞♦ ♣♦r ❞❡❧ P✐♥♦ ❡

❋❡❧♠❡r ❡♠ ❬✷✾❪ ✉s❛♥❞♦ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❞✐❢❡r❡♥t❡✳ ●✐❛❝♦♠✐♥✐ ❡ ❙q✉❛ss✐♥❛ ❬✹✻❪ ♠♦t✐✈❛❞♦s

♣❡❧♦ ❡st✉❞♦ ❢❡✐t♦ ♣♦r ❞❡❧ P✐♥♦ ❡ ❋❡❧♠❡r ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ s♦❧✉çõ❡s q✉❡ ❛♣r❡s❡♥t❛♠

♠ú❧t✐♣❧♦s ♣✐❝♦s ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡❣❡♥❡r❛❞♦s✳ ❊♠ ❬✸❪✱ ❆❧✈❡s ❣❡♥❡r❛❧✐③♦✉

♦ ❡st✉❞♦ ❢❡✐t♦ ♣♦r ●✉✐ ♠♦str❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲♣❡❛❦ ♣❛r❛ ♣r♦❜❧❡♠❛s

❡♥✈♦❧✈❡♥❞♦ ♦ ♦♣❡r❛❞♦r p✲❧❛♣❧❛❝✐❛♥♦✳ ▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ❩❤❛♥❣ ❡ ❳✉ ❡♠ ❬✼✺❪✱ ❢❛③❡♥❞♦

✉♠❛ ❛❜♦r❞❛❣❡♠ ❞✐❢❡r❡♥t❡ ❞❛q✉❡❧❛ ❢❡✐t❛ ♣♦r ❆❧✈❡s ❬✸❪✱ t❛♠❜é♠ ♠♦str❛r❛♠ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ♠✉❧t✐✲♣❡❛❦ ♣❛r❛ ♣r♦❜❧❡♠❛s ♥♦ R
N ❡♥✈♦❧✈❡♥❞♦ ♦ p✲▲❛♣❧❛❝✐❛♥♦✳
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▼♦t✐✈❛❞♦s ♣❡❧♦s tr❛❜❛❧❤♦s s✉♣r❛❝✐t❛❞♦s✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡ ♣❡❧♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥✲

tr❛❞♦s ❡♠ ❬✸❪✱ ❬✺❪✱ ❬✻❪ ❡ ❬✼❪✱ ✉♠❛ q✉❡stã♦ ♥❛t✉r❛❧ é s❛❜❡r s❡ ♦s ♠❡s♠♦s ❢❡♥ô♠❡♥♦s ❞❡

❡①✐stê♥❝✐❛✱ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❡ ❝♦♥❝❡♥tr❛çã♦ ❜❡♠ ❝♦♠♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲♣❡❛❦

sã♦ ✈á❧✐❞♦s s❡ ❝♦♥s✐❞❡r❛r♠♦s ✉♠❛ ❣r❛♥❞❡ ❝❧❛ss❡ ❞❡ ♦♣❡r❛❞♦r❡s q✉❛s✐❧✐♥❡❛r❡s✳ ◆❡st❛ t❡s❡✱

♠♦str❛r❡♠♦s q✉❡ ❛ r❡s♣♦st❛ é ♣♦s✐t✐✈❛ ♣❛r❛ ♦ s❡❣✉✐♥t❡ ♦♣❡r❛❞♦r

∆Φu := ❞✐✈
(
φ(|∇u|)∇u

)
,

❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ♦♣❡r❛❞♦r Φ✲▲❛♣❧❛❝✐❛♥♦✱ ♦♥❞❡ Φ(t) =
∫ |t|

0
φ(s)sds é ✉♠❛

◆✲❢✉♥çã♦✳ ❈♦♠♦ ✈✐st♦ ❛❝✐♠❛✱ t❛❧ ♦♣❡r❛❞♦r é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥❛t✉r❛❧ ❞♦ ♦♣❡r❛❞♦r p✲

▲❛♣❧❛❝✐❛♥♦✱ ❞❡✜♥✐❞♦ ♣♦r ∆pu = ❞✐✈ (|∇u|p−2∇u)✱ ❝♦♠ p > 1 s❡♥❞♦ ✉♠❛ ❝♦♥st❛♥t❡ r❡❛❧✱

q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s φ(t) = tp−2✳

◆♦s ú❧t✐♠♦s ❛♥♦s t❡♠ s✐❞♦ ❞❛❞❛ ✉♠❛ ❛t❡♥çã♦ ❡s♣❡❝✐❛❧ ♣❛r❛ ♣r♦❜❧❡♠❛s q✉❛s✐❧✐♥❡❛r❡s

❡♥✈♦❧✈❡♥❞♦ ♦ ♦♣❡r❛❞♦r Φ✲❧❛♣❧❛❝✐❛♥♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ❡st❡s ♠♦❞❡❧❛♠ ✈ár✐♦s ♣r♦❜❧❡✲

♠❛s ❞❛ ❋ís✐❝❛✲▼❛t❡♠át✐❝❛✳ ❊♥tr❡ ❛s ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ❝✐t❛♠♦s ❛ ❡❧❛st✐❝✐❞❛❞❡ ♥ã♦✲❧✐♥❡❛r

✭❋✉❦❛❣❛✐✱ ■t♦ ❡ ◆❛r✉❦❛✇❛ ❬✸✼❪✱ ❋✉❝❤s ❡ ●♦♥❣❜❛♦ ❬✹✶❪✮ q✉❛♥❞♦

Φ(t) = (1 + t2)α − 1, α ∈ (1,
N

N − 2
).

❖✉tr❛ ❛♣❧✐❝❛çã♦ ❡♥❝♦♥tr❛✲s❡ ♥❛ ♣❧❛st✐❝✐❞❛❞❡ ✭❋✉❦❛❣❛✐✱ ■t♦ ❡ ◆❛r✉❦❛✇❛ ❬✸✽❪✱ ❋✉❝❤s ❡ ❖s✲

♠♦❧♦✈s❦✐ ❬✹✷❪✮ q✉❛♥❞♦

Φ(t) = tp ln(1 + t), 1 <
−1 +

√
1 + 4N

2
< p < N − 1, N ≥ 3.

❯♠ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ♣❛r❛ ❋❧✉✐❞♦ ◆❡✇t♦♥✐❛♥♦ ●❡♥❡r❛❧✐③❛❞♦ ✭❋✉❦❛❣❛✐✱ ■t♦ ❡ ◆❛r✉❦❛✇❛

❬✸✽❪✮ é ❞❛❞♦ ♣❛r❛ ♣r♦❜❧❡♠❛s q✉❛♥❞♦

Φ(t) =

∫ t

0

s1−α(sinh−1 s)βds, 0 ≤ α ≤ 1 ❡ β > 0.

❆♣❧✐❝❛çõ❡s t❛♠❜é♠ ❛♣❛r❡❝❡♠ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❇✐♦❢ís✐❝❛ ❡ ❋ís✐❝❛ ❞♦s P❧❛s♠❛s ✭❍❡ ❡ ▲✐

❬✹✾❪✮ q✉❛♥❞♦

Φ(t) =
1

p
|t|p + 1

q
|t|q, 1 < p < q < N, ❡ q ∈ (p, p∗).

❘❡❝❡♥t❡♠❡♥t❡✱ ❝♦♠ ǫ = 1✱ ❤♦✉✈❡ ✉♠ ❣r❛♥❞❡ ✐♥t❡r❡ss❡ ♥♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠♦

✭Pǫ✮ ❡♠ ❞♦♠í♥✐♦s ❧✐♠✐t❛❞♦s ❡ ✐❧✐♠✐t❛❞♦s ❞❡ RN ✳ ❈✐t❛♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ❆❧✈❡s✱ ❋✐❣✉❡✐r❡❞♦
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❡ ❙❛♥t♦s ❬✽❪✱ ❆③③♦❧❧✐♥✐ ❡ P♦♠♣♦♥✐♦ ❬✶✹❪✱ ❇♦♥❛♥♥♦✱ ❇✐s❝✐ ❡ ❘❛❞✉❧❡s❝✉ ❬✶✼✱ ✶✽❪✱ ❈❡r♥② ❬✷✶❪✱

❈❧❡♠❡♥t✱ ●❛r❝✐❛✲❍✉✐❞♦❜r♦ ❡ ▼❛♥❛s❡✈✐❝❤ ❬✷✺❪✱ ❉♦♥❛❧❞s♦♥ ❬✸✶❪✱ ❋✉❝❤s ❡ ▲✐ ❬✹✶❪✱ ❋✉❝❤s ❡

❖s♠♦❧♦✈s❦✐ ❬✹✷❪✱ ❋✉❦❛❣❛✐✱ ■t♦ ❡ ◆❛r✉❦❛✇❛ ❬✸✼✱ ✸✽✱ ✸✾❪✱ ●♦ss❡③ ❬✹✹✱ ✹✺❪✱ ▲❡✱ ▼♦tr❡❛♥✉ ❡

▼♦tr❡❛♥✉ ❬✺✷❪✱ ▲❡ ❡ ❙❝❤♠✐tt ❬✺✸❪✱ ▼✐❤❛✐❧❡s❝✉ ❡ ❘❛❞✉❧❡s❝✉ ❬✺✽✱ ✺✼❪✱ ▼✐❤❛✐❧❡s❝✉ ❡ ❘❡♣♦✈s

❬✺✾❪✱ ▼✐❤❛✐❧❡s❝✉✱ ❘❛❞✉❧❡s❝✉ ❡ ❘❡♣♦✈s ❬✻✵❪✱ ❖r❧✐❝③ ❬✻✹❪✱ ❙❛♥t♦s ❬✻✼✱ ✻✽❪✱ ❙❛♥t♦s ❡ ❙♦❛r❡s ❬✻✾❪

❡ s✉❛s r❡❢❡rê♥❝✐❛s✳

❋❛③❡♥❞♦ ✉♠❛ r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛ ♥ã♦ ❡♥❝♦♥tr❛♠♦s ♥❛ ❧✐t❡r❛t✉r❛ ❛rt✐❣♦s q✉❡ ♠♦s✲

tr❛♠ ❛ ❡①✐stê♥❝✐❛✱ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♣r♦❜❧❡♠❛s q✉❛s✐❧✐♥❡❛r❡s

❡♥✈♦❧✈❡♥❞♦ ♦ Φ✲▲❛♣❧❛❝✐❛♥♦✱ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣♦t❡♥❝✐❛❧ V ✱ ❡ ❛❝r❡❞✐t❛♠♦s

q✉❡ ❡st❛ t❡s❡ ♠♦str❛ ♦s ♣r✐♠❡✐r♦s r❡s✉❧t❛❞♦s ♥❡st❛ ❧✐♥❤❛✳

❆ ♣r❡s❡♥t❡ t❡s❡ ❡stá ♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆♦ ❈❛♣ít✉❧♦ ✶✱ é ❛♣r❡s❡♥t❛❞❛

✉♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ ❛♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③ ❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ ❜❡♠ ❝♦♠♦ ❛s ♣r♦♣r✐❡❞❛❞❡s

♠❛✐s ✐♠♣♦rt❛♥t❡s ❡♥✈♦❧✈❡♥❞♦ ◆✲❢✉♥çõ❡s q✉❡ s❡rã♦ ✉s❛❞❛s ♥♦ ❞❡❝♦rr❡r ❞♦ tr❛❜❛❧❤♦✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ♠♦t✐✈❛❞♦s ♣♦r ❬✺❪✱ ❬✸❪ ❡ ❬✻✻❪✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s





−❞✐✈
(
ǫ2φ(ǫ|∇u|)∇u

)
+ V (x)φ(|u|)u = f(u), ❡♠ R

N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N ,

✭Pǫ✮

♦♥❞❡ N ≥ 2✱ ǫ é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦ ❡ ♦ ♣♦t❡♥❝✐❛❧ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛

s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭R✮✳ ❉♦r❛✈❛♥t❡✱ ❞✐r❡♠♦s ❛♣❡♥❛s q✉❡ ♦ ♣♦t❡♥❝✐❛❧ V ✈❡r✐✜❝❛ ♦✉ ♥ã♦

❛ ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③✱ q✉❛♥❞♦ ♦ ♣♦t❡♥❝✐❛❧ V ✈❡r✐✜❝❛r ♦✉ ♥ã♦ ❛ ❝♦♥❞✐çã♦ ✭R✮✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ❣❡♥❡r❛❧✐③❛♠♦s ♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ❡♠ ❬✺❪✱ ♥♦ s❡♥t✐❞♦ q✉❡✱ ♦❜✲

t❡♠♦s ♦s ♠❡s♠♦s t✐♣♦s ❞❡ r❡s✉❧t❛❞♦s ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ♠❛✐s ❛♠♣❧❛ ❞❡ ♦♣❡r❛❞♦r❡s✳ ◆❛

❞❡♠♦♥str❛çã♦ ❞♦s ♥♦ss♦s r❡s✉❧t❛❞♦s✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ ❛ t❡♦r✐❛ ❞❡ ◆✲❢✉♥çõ❡s ❡ ♦s ❡s♣❛ç♦s

❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈✳ ◆❛s r❡❢❡rê♥❝✐❛s ❛❝✐♠❛ ❝✐t❛❞❛s✱ ❛ ❡st✐♠❛t✐✈❛ L∞ ❞❡ ❛❧❣✉♠❛s s❡q✉ê♥✲

❝✐❛s ❢♦r❛♠ ♦❜t✐❞❛s ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ✐♥t❡r❛çã♦ ❞❡ ▼♦s❡r ♦ q✉❛❧ ♥ã♦ é ♠✉✐t♦ ❛❞❡q✉❛❞♦

q✉❛♥❞♦ s❡ tr❛❜❛❧❤❛ ❝♦♠ ✉♠❛ ❝❧❛ss❡ ♠❛✐s ❣❡r❛❧ ❞❡ ♦♣❡r❛❞♦r❡s q✉❛s✐❧✐♥❡❛r❡s✳ ◆❡st❛ t❡s❡✱

❝♦♥t♦r♥❛♠♦s ❡ss❛ ❞✐✜❝✉❧❞❛❞❡ ❛❞❛♣t❛♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✹❪✱ ❬✹✸❪✱ ❬✺✵❪ ❡

❬✼✶❪✳

❆ ✜♠ ❞❡ ❡♥✉♥❝✐❛r ♦ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ❛s ❤✐♣ó✲

t❡s❡s s♦❜r❡ ❛s ❢✉♥çõ❡s φ ❡ f ✳ ❆ ❢✉♥çã♦ φ : [0,+∞) → [0,+∞) é ❞❡ ❝❧❛ss❡ C1 ❡ ✈❡r✐✜❝❛✿
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✭φ1✮ φ(t)✱ (φ(t)t)′ > 0 ♣❛r❛ t♦❞♦ t > 0❀

✭φ2✮ ❡①✐st❡♠ l,m ∈ (1, N)✱ t❛✐s q✉❡ l ≤ m < l∗ = Nl
N−l

❡

l ≤ φ(t)t2

Φ(t)
≤ m ∀t 6= 0, ♦♥❞❡ Φ(t) =

∫ |t|

0

φ(s)sds;

✭φ3✮ ❛ ❢✉♥çã♦
φ(t)

tm−2
é ❞❡❝r❡s❝❡♥t❡ ❡♠ (0,+∞)❀

✭φ4✮ ❛ ❢✉♥çã♦ φ é ♠♦♥ót♦♥❛❀

✭φ5✮ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

|φ′(t)t| ≤ Cφ(t) ∀ t ∈ [0,+∞).

◆♦ q✉❡ s❡❣✉❡✱ ❞✐r❡♠♦s q✉❡ Φ ∈ Cm s❡

(Cm) Φ(t) ≥ |t|m ∀t ∈ R.

❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛♠♦s ♣♦r γ ♦ s❡❣✉✐♥t❡ ♥ú♠❡r♦ r❡❛❧

γ =





m, s❡ Φ ∈ Cm,

l, s❡ Φ /∈ Cm.

❆ss✉♠✐♠♦s q✉❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ f : R → R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1 q✉❡ ✈❡r✐✜❝❛✿

✭f1✮ ❡①✐st❡♠ ❢✉♥çõ❡s r, b : [0,+∞) → [0,+∞) t❛✐s q✉❡

lim sup
|t|→0

f ′(t)

(r(|t|)|t|)′ = 0 ❡ lim sup
|t|→+∞

|f ′(t)|
(b(|t|)|t|)′ < +∞;

✭f2✮ ❡①✐st❡ θ > m t❛❧ q✉❡

0 < θF (t) ≤ f(t)t ∀t > 0, ♦♥❞❡ F (t) =

∫ t

0

f(s)ds;

✭f3✮ ❛ ❢✉♥çã♦
f(t)

tm−1
é ❝r❡s❝❡♥t❡ ♣❛r❛ t > 0✳

❆s ❢✉♥çõ❡s r ❡ b sã♦ ❞❡ ❝❧❛ss❡ C1 ❡ s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿
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✭r1✮ r é ❝r❡s❝❡♥t❡❀

✭r2✮ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C̃ > 0 t❛❧ q✉❡

|r′(t)t| ≤ C̃r(t), ∀ t ≥ 0;

✭r3✮ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s r1 ❡ r2 t❛✐s q✉❡

r1 ≤
r(t)t2

R(t)
≤ r2 ∀t 6= 0, ♦♥❞❡ R(t) =

∫ |t|

0

r(s)sds;

✭r4✮ ❛ ❢✉♥çã♦ R s❛t✐s❢❛③

lim sup
t→0

R(t)

Φ(t)
< +∞ ❡ lim sup

|t|→+∞

R(t)

Φ∗(t)
= 0.

✭b1✮ b é ❝r❡s❝❡♥t❡❀

✭b2✮ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Ĉ > 0 t❛❧ q✉❡

|b′(t)t| ≤ Ĉb(t), ∀t ≥ 0;

✭b3✮ ❡①✐st❡♠ ❝♦♥st❛♥t❡s b1, b2 ∈ (1, γ∗) ✈❡r✐✜❝❛♥❞♦

b1 ≤
b(t)t2

B(t)
≤ b2 ∀t 6= 0, ♦♥❞❡ B(t) =

∫ |t|

0

b(s)sds ❡ γ∗ =
Nγ

N − γ
;

✭b4✮ ❆ ❢✉♥çã♦ B s❛t✐s❢❛③

lim sup
t→0

B(t)

Φ(t)
< +∞ ❡ lim sup

|t|→+∞

B(t)

Φ∗(t)
= 0,

♦♥❞❡ Φ∗ é ❛ ❢✉♥çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❞❡ Φ ❞❛❞❛ ♣♦r

Φ−1
∗ (t) =

∫ t

0

Φ−1(s)

s1+
1
N

ds.

❊♠ ❬✸✽❪✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠♦

✭Pǫ✮✱ ❋✉❦❛❣❛✐✱ ■t♦ ❡ ◆❛r✉❦❛✇❛ ❡♠ ❬✸✽❪ ✜③❡r❛♠ ✉♠❛ ❞❛s ♣r✐♠❡✐r❛s ❛♣❧✐❝❛çõ❡s ❞❡ ✭φ1✮ ❡

✭φ2✮✳ ❈♦♠ t❛✐s ❤✐♣ót❡s❡s ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ ❛ ◆✲❢✉♥çã♦ Φ ❞❛❞❛ ♣♦r Φ(t) =
∫ |t|

0
φ(s)sds

s❛t✐s❢❛③ ✉♠❛ ✐♠♣♦rt❛♥t❡ ♣r♦♣r✐❡❞❛❞❡✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❝♦♥❞✐çã♦ ∆2✱ q✉❡ ❡st❛ ❞✐r❡t❛♠❡♥t❡
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r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ s❡♣❛r❛❜✐❧✐❞❛❞❡ ❡ r❡✢❡①✐❜✐❧✐❞❛❞❡ ❞♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③ ❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈

❛ss♦❝✐❛❞♦s ❛ Φ✳ ❆ ❤✐♣ót❡s❡ ✭φ3✮ é ❡ss❡♥❝✐❛❧ ♣❛r❛ ♠♦str❛r ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ♥í✈❡✐s

♠✐♥✐♠❛①✳ ❆ ♥❡❝❡ss✐❞❛❞❡ ❞❛s ❤✐♣ót❡s❡s té❝♥✐❝❛s ✭φ3✮✲✭φ5✮✱ ✭r1✮✲✭r2✮✱ ✭b1✮ ❡ ✭b2✮✱ ❛❧é♠ ❞♦

❝r❡s❝✐♠❡♥t♦ ❛ss✉♠✐❞♦ ♣❡❧❛ ❢✉♥çã♦ f ′ ✜❝❛rã♦ ❡✈✐❞❡♥❝✐❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ ❝❛♣ít✉❧♦✳ ❏á ❛s

❤✐♣ót❡s❡s ✭r3✮✲✭r4✮✱ ✭b3✮✲✭b4✮ ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ às ✐♠❡rsã♦ ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞♦ ❈❛♣ít✉❧♦ ✷ é ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ❆✳ ❙✉♣♦♥❤❛ q✉❡ ✭φ1✮✲✭φ5✮✱ ✭f1✮✲✭f3✮✱ ✭b1✮✲✭b4✮✱ ✭r1✮✲✭r4✮ ❡ ✭R✮ sã♦ ✈á❧✐❞❛s✳

❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r δ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡①✐st❡ ǫδ > 0 t❛❧ q✉❡ ✭Pǫ✮ t❡♠ ♣❡❧♦

♠❡♥♦s catMδ
(M) s♦❧✉çõ❡s ♣♦s✐t✐✈❛s✱ ♣❛r❛ t♦❞♦ 0 < ǫ < ǫδ✱ ♦♥❞❡

Mδ =
{
x ∈ R

N : dist(x,M) ≤ δ
}
.

❆❧é♠ ❞✐ss♦✱ s❡ uǫ ❞❡♥♦t❛ ✉♠❛ ❞❡ss❛s s♦❧✉çõ❡s ❡ zǫ ∈ R
N é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❣❧♦❜❛❧ ❞❡

uǫ✱ t❡♠♦s q✉❡

lim
ǫ→0

V (zǫ) = V0.

❆ ❢❡rr❛♠❡♥t❛ ❡ss❡♥❝✐❛❧ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❡♥✉♥❝✐❛❞♦ ❛❝✐♠❛ é ❛ ❝❛✲

t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥✳ ◆❡st❡ ♠♦♠❡♥t♦✱ ❢❛③✲s❡ ❛♣r♦♣r✐❛❞♦ r❡❝♦r❞❛r ❛♦ ❧❡✐t♦r

q✉❡ s❡ A é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✱ ❛ ❝❛t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲

❙❝❤♥✐r❡❧♠❛♥ catX(A) é ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❢❡❝❤❛❞♦s ❡ ❝♦♥trát❡✐s ❡♠ X q✉❡ ❝♦❜r❡♠ A✳ ❖

❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ❡♠ ❡st✉❞❛r ❛ t❡♦r✐❛ ❞❡ ❝❛t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥ ♣♦❞❡ ❝♦♥s✉❧✲

t❛r ♦ ❧✐✈r♦ ❞♦ ❲✐❧❧❡♠ ❬✼✹❪✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❛♣❧✐❝❛♠♦s ♦ ▼ét♦❞♦ ❞❡ P❡♥❛❧✐③❛çã♦ ❞❡ ❞❡❧ P✐♥♦ ❡ ❋❡❧♠❡r ❬✷✽❪ ♣❛r❛

♠♦str❛r q✉❡ sã♦ ✈á❧✐❞♦s✱ ♥♦ ❝♦♥t❡①t♦ ❞♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✱ r❡s✉❧t❛❞♦s ❛♥á❧♦❣♦s àq✉❡❧❡s

❡♥❝♦♥tr❛❞♦s ❡♠ ❆❧✈❡s ❡ ❋✐❣✉❡✐r❡❞♦ ❬✼❪✳ ❉❡ ❢♦r♠❛ ♠❛✐s ♣r❡❝✐s❛✱ ❝♦♥s✐❞❡r❛♠♦s ❛ s❡❣✉✐♥t❡

❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ✭Pǫ✮✱ ♦♥❞❡ ♦ ♣♦t❡♥❝✐❛❧ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦

✭V0✮ ❡ ✭V1✮✳

◆❛ ❧✐t❡r❛t✉r❛✱ ❞❡s❝♦♥❤❡❝❡♠♦s tr❛❜❛❧❤♦s q✉❡ ❢❛ç❛♠ ♦ ✉s♦ ❞♦ ▼ét♦❞♦ ❞❡ P❡♥❛❧✐③❛çã♦

♣❛r❛ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ♦ ♦♣❡r❛❞♦r Φ✲▲❛♣❧❛❝✐❛♥♦✳ ❆❧é♠ ❞✐ss♦✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ ❬✸✺❪✱

❢♦✐ ❞❛❞❛ ✉♠❛ ❛t❡♥çã♦ ❡s♣❡❝✐❛❧✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡✈✐❞♦ ❛ ❞✐✜❝✉❧❞❛❞❡ té❝♥✐❝❛✱ à ❝♦♥str✉✲

çã♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❛✉①✐❧✐❛r ❛❞❡q✉❛❞❛ ♣❛r❛ ❛♣❧✐❝❛çã♦ ❞❡ t❛❧ ♠ét♦❞♦✳ ❊♥tr❡t❛♥t♦✱ ❝♦♠ ♦

♣r♦♣ós✐t♦ ❞❡ ❢❛❝✐❧✐t❛r ❛ ❧❡✐t✉r❛ ✉♠ ❛♣ê♥❞✐❝❡ ❢♦✐ ❞❡❞✐❝❛❞♦ ♣❛r❛ ♠♦str❛r ❝♦♠♦ t❛❧ ❢✉♥çã♦
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é ❝♦♥str✉í❞❛✳ ❆✐♥❞❛ ♥♦ ❈❛♣ít✉❧♦ ✸✱ s❡❣✉✐♥❞♦ ❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦ ❞❡ ❬✼❪ ❡ ❬✷✽❪✱

❢♦✐ ♥❡❝❡ssár✐♦ ♠♦❞✐✜❝❛r ❞❡ ❢♦r♠❛ ❝♦♥✈❡♥✐❡♥t❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧

❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞♦ ❈❛♣ít✉❧♦ ✸ é ❡♥✉♥❝✐❛❞♦ ❝♦♠♦ s❡❣✉❡✿

❚❡♦r❡♠❛ ❇✳ ❆ss✉♠❛ q✉❡ ✭φ1✮✲✭φ5✮✱ ✭r1✮✲✭r4✮✱ ✭b1✮✲✭b4✮✱ ✭f1✮✲✭f3✮✱ ✭V0✮✲✭V1✮ ✈❛❧❡♠✳ ❊♥✲

tã♦✱ ❞❛❞♦ δ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡①✐st❡ ǫδ > 0 t❛❧ q✉❡ ✭Pǫ✮ t❡♠ ♣❡❧♦ ♠❡♥♦s

catMδ
(M) s♦❧✉çõ❡s ♣♦s✐t✐✈❛s✱ ♣❛r❛ t♦❞♦ 0 < ǫ < ǫδ✱ ♦♥❞❡

M =
{
x ∈ Ω : V (x) = V0

}

❡

Mδ =
{
x ∈ R

N : dist(x,M) ≤ δ
}
.

❆❧é♠ ❞✐ss♦✱ s❡ uǫ ❞❡♥♦t❛ ✉♠❛ ❞❡ss❛s s♦❧✉çõ❡s ❡ zǫ ∈ R
N é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❣❧♦❜❛❧✱

t❡♠♦s

lim
ǫ→0

V (zǫ) = V0.

◆♦ ❈❛♣ít✉❧♦ ✹✱ ♠♦t✐✈❛❞♦s ♣♦r ❬✸❪ ❡ ❬✹✼❪✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❞♦

t✐♣♦ ♠✉❧t✐✲♣❡❛❦ ♣❛r❛ ❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ✭Pǫ✮✱ ♦♥❞❡ ♦ ♣♦t❡♥❝✐❛❧ V : RN → R é ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦ ✭Ṽ0✮ ❡ ✭Ṽ1✮✳

◆♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞♦ ❈❛♣ít✉❧♦ ✹ é ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ❈✳ ❆ss✉♠❛ ✭φ1✮✲✭φ5✮✱ ✭r1✮✲✭r4✮✱ ✭b1✮✲✭b4✮✱ ✭f1✮✲✭f3✮✱ ✭Ṽ0✮ ❡ ✭Ṽ1✮✳ ❊♥tã♦✱ ♣❛r❛

❝❛❞❛ Γ ⊂
{
1, ..., κ

}
✱ κ ∈ N✱ ❡①✐st❡ ǫ∗ > 0 t❛❧ q✉❡✱ ♣❛r❛ 0 < ǫ ≤ ǫ∗✱ ✭Pǫ✮ t❡♠ ✉♠❛

❢❛♠í❧✐❛ {uǫ} ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ✈❡r✐✜❝❛♥❞♦ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ♣❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦✿

❊①✐st❡ δ > 0 t❛❧ q✉❡

sup
x∈RN

uǫ(x) ≥ δ.

❊①✐st❡ Pǫ,i ∈ Ωi ♣❛r❛ t♦❞♦ i ∈ Γ t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ η > 0✱ ❡①✐st❡ ρ > 0 ✈❡r✐✜❝❛♥❞♦

sup
x∈Bǫρ(Pǫ,i)

uǫ(x) ≥ δ ♣❛r❛ t♦❞♦ i ∈ Γ

❡

sup
x∈RN\∪i∈ΓBǫρ(Pǫ,i)

uǫ(x) < η.
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◆♦ ❚❡♦r❡♠❛ ❈✱ s❡ Γ t❡♠ l ❡❧❡♠❡♥t♦s✱ ❞✐③❡♠♦s q✉❡ uǫ é ✉♠❛ s♦❧✉çã♦ l✲♣❡❛❦✳ ❘❡ss❛❧✲

t❛♠♦s q✉❡ ♥♦ ❝♦♥t❡①t♦ ❞♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✱ ❛té ♦♥❞❡ s❛❜❡♠♦s✱ ❡st❡ é ♦ ♣r✐♠❡✐r♦ ❡st✉❞♦

r❡❧❛❝✐♦♥❛❞♦ ❛ s♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲♣❡❛❦✳

P❛r❛ ✜♥❛❧✐③❛r ❛ t❡s❡✱ ♥♦ ❆♣ê♥❞✐❝❡ ❆ ❢❛③❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝r✉❝✐❛❧

♣❛r❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ♣❡♥❛❧✐③❛çã♦ ♥♦ ❈❛♣ít✉❧♦ ✸✳ ❖ ❆♣ê♥❞✐❝❡ ❇ é ❞❡❞✐❝❛❞♦ ❛ ✉♠

r❡s✉❧t❛❞♦ ❞❡ ✐♠❡rsã♦ q✉❡ é ❝r✉❝✐❛❧ ♥♦ ❈❛♣ít✉❧♦ ✹✳ P♦r ✜♠✱ ♥♦ ❆♣ê♥❞✐❝❡ ❈ ❣❡♥❡r❛❧✐③❛♠♦s

✉♠❛ ✈❡rsã♦ ❞❡ ✉♠ ❚❡♦r❡♠❛ ❞♦ t✐♣♦ ▲✐♦♥s ❞❡✈✐❞♦ ❛ ❆❧✈❡s✱ ❋✐❣✉❡✐r❡❞♦ ❡ ❙❛♥t♦s ❬✽❪ q✉❡

t❛♠❜é♠ s❡rá ✉s❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✹✳
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◆❡st❛ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③ ❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ q✉❡ sã♦ ❣❡♥❡✲

r❛❧✐③❛çã♦ ❞♦s ❡s♣❛ç♦s ❞❡ ▲❡❜❡s❣✉❡ ❡ ❙♦❜♦❧❡✈✳ ❆❧é♠ ❞✐ss♦✱ ❢❛r❡♠♦s ✉♠ ❜r❡✈❡ ❡st✉❞♦ ❞❛s

♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❡♥✈♦❧✈❡♥❞♦ t❛✐s ❡s♣❛ç♦s✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ❛s ✐♥❢♦r♠❛çõ❡s ♣r❡s❡♥t❡s ♥❡st❡ ❝❛♣ít✉❧♦ ❝♦♥st✐t✉❡♠ ❛♣❡✲

♥❛s ❛ ❧✐♥❣✉❛❣❡♠ ♠✐♥í♠❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦ ❡st✉❞♦ q✉❡ s❡❣✉❡✳ ❖ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ❡♠ ✉♠

❡st✉❞♦ ♠❛✐s ❝♦♠♣❧❡t♦ s♦❜r❡ ♦ ❛ss✉♥t♦ ♣♦❞❡ ❝♦♥s✉❧t❛r ❬✶❪✱ ❬✷❪✱ ❬✹✹❪ ❡ ❬✻✺❪✳ ❆ t❡s❡ ❬✻✽❪ é ✉♠❛

❜♦❛ r❡❢❡rê♥❝✐❛ ❡♠ ♣♦rt✉❣✉ês s♦❜r❡ ♦ ❛ss✉♥t♦✳

✶✳✶ ❘❡s✉❧t❛❞♦s ❜ás✐❝♦s ❡ ❞❡✜♥✐çõ❡s

✶✳✶✳✶ ◆✲❢✉♥çã♦

❆ s❡❣✉✐r ❞❡✜♥✐♠♦s ✉♠❛ ❝❧❛ss❡ ❡s♣❡❝✐❛❧ ❞❡ ❢✉♥çõ❡s ❝♦♥✈❡①❛s✱ ❞❡♥♦♠✐♥❛❞❛s ◆✲❢✉♥çõ❡s✱

q✉❡ ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❞❡✜♥çã♦ ❞♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③ ❡ ❖r❧✐❝③✲

❙♦❜♦❧❡✈✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❉✐③❡♠♦s q✉❡ Φ: R → [0,+∞) é ✉♠❛ ◆✲❢✉♥çã♦ s❡

(i) Φ é ✉♠ ❢✉♥çã♦ ❝♦♥✈❡①❛ ❡ ❝♦♥tí♥✉❛✳
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(ii) Φ(t) = 0 ⇔ t = 0✳

(iii) lim
t→0

Φ(t)

t
= 0 ❡ lim

t→+∞

Φ(t)

t
= +∞ ✳

(iv) Φ é ♣❛r✳

❊①❡♠♣❧♦ ✶✳✶✳✷✳ ❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ◆✲❢✉♥çõ❡s✳

✶✳ Φ1(t) =
1
p
|t|p✱ ♦♥❞❡ p ∈ (1,+∞) ❡ t ∈ R❀

✷✳ Φ2(t) =
1
p
|t|p + 1

q
|t|q✱ ♦♥❞❡ p, q ∈ (1,+∞) ❡ t ∈ R❀

✸✳ Φ3(t) = (1 + t2)α − 1✱ ♦♥❞❡ α > 1 ❡ t ∈ R❀

✹✳ Φ4(t) = |t|p ln(1 + |t|)✱ ♦♥❞❡ p ∈ (1,+∞) ❡ t ∈ R❀

✺✳ Φ5(t) = (1 + |t|) ln(1 + |t|)− |t|✱ t ∈ R❀

✻✳ Φ6(t) = et
2 − 1✱ t ∈ R❀

✼✳ Φ7(t) = e|t| − |t| − 1✱ t ∈ R✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♠♦str❛ ❝♦♠♦ ❛s ◆✲❢✉♥çõ❡s sã♦ ❝❛r❛❝t❡r✐③❛❞❛s✳

▲❡♠❛ ✶✳✶✳✸✳ ❙❡❥❛ Φ: R → [0,+∞) ✉♠❛ ❢✉♥çã♦✳ ❊♥tã♦✱ Φ é ✉♠❛ ◆✲❢✉♥çã♦ s❡✱ ❡ s♦♠❡♥t❡

s❡✱

Φ(t) =

∫ |t|

0

ϕ(s)ds, t ∈ R,

♦♥❞❡ ϕ : [0,+∞) → [0,+∞) é ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦

(i) ϕ é ❝♦♥tí♥✉❛ ❛ ❞✐r❡✐t❛ ❡ ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ❡♠ (0,+∞)❀

(ii) ϕ(t) = 0 ⇔ t = 0❀

(iii) lim
t→+∞

ϕ(t) = +∞❀

(iv) ϕ(t) > 0 ♣❛r❛ t♦❞♦ t > 0✳

❯♠❛ ✐♠♣♦rt❛♥t❡ ♣r♦♣r✐❡❞❛❞❡ ❞❛s ◆✲❢✉♥çõ❡s q✉❡ s❡rá ❢r❡q✉❡♥t❡♠❡♥t❡ ✉t✐❧✐③❛❞❛ ♥❡st❡

tr❛❜❛❧❤♦ é ❞❛❞❛ ♥♦ ♣ró①✐♠♦ ❧❡♠❛✳

▲❡♠❛ ✶✳✶✳✹✳ ❙❡❥❛ Φ ✉♠❛ ◆✲❢✉♥çã♦✳ ❊♥tã♦✱
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(i) Φ(αt) ≤ αΦ(t)✱ ♣❛r❛ t♦❞♦ α ∈ [0, 1] ❡ t ∈ R❀

(ii) Φ(βt) ≥ βΦ(t)✱ ♣❛r❛ t♦❞♦ β ∈ (1,+∞) ❡ t ∈ R❀✳

❆ s❡❣✉✐r✱ ❞❡✜♥✐♠♦s ✉♠❛ ❝❧❛ss❡ ❡s♣❡❝✐❛❧ ❞❡ ❢✉♥çõ❡s ❝❤❛♠❛❞❛s ❢✉♥çõ❡s ❝♦♥❥✉❣❛❞❛s ✳

❉❡✜♥✐çã♦ ✶✳✶✳✺ ✭❋✉♥çã♦ ❈♦♥❥✉❣❛❞❛✮✳ ❙❡❥❛ Φ ✉♠❛ ❢✉♥çã♦✳ ❆ ❢✉♥çã♦ ❝♦♥❥✉❣❛❞❛ ❞❡ Φ✱

❞❡♥♦t❛❞❛ ♣♦r Φ̃✱ é ❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r

Φ̃(t) = sup
s∈R

{
st− Φ(s)

}
.

❊①❡♠♣❧♦ ✶✳✶✳✻✳ ✶✳ ❆ ◆✲❢✉♥çã♦ Φ1(t) =
|t|p
p

❝♦♠ p ∈ (1,+∞) ❡ t ∈ R✱ t❡♠ ❝♦♠♦ ❢✉♥çã♦

❝♦♥❥✉❣❛❞❛

Φ̃1(t) =
|t|q
q
, t ∈ R,

♦♥❞❡
1

p
+

1

q
= 1❀

✷✳ ❆ ◆✲❢✉♥çã♦ Φ7(t) = e|t| − |t| − 1✱ t ∈ R✱ t❡♠ ❝♦♠♦ ❢✉♥çã♦ ❝♦♥❥✉❣❛❞❛

Φ̃7(t) = (1 + |t|) ln(1 + |t|)− |t| = Φ5(t).

❆ ❢✉♥çã♦ ❝♦♥❥✉❣❛❞❛ Φ̃ ❞❡ ✉♠❛ ◆✲❢✉♥çã♦ Φ t❛♠❜é♠ é ❝❤❛♠❛❞❛ ❞❡ ❢✉♥çã♦ ❝♦♠♣❧❡♠❡♥✲

t❛r ❞❡ Φ✳ ❖❜s❡r✈❛♥❞♦ ♦ ❊①❡♠♣❧♦ ✶✳✶✳✻ ✶✳✱ ✈❡♠♦s q✉❡ t❛❧ ❝♦♥❝❡✐t♦ ❣❡♥❡r❛❧✐③❛ ❛ ❞❡✜♥✐çã♦ ❞❡

❢✉♥çã♦ ❝♦♥❥✉❣❛❞❛ ♣❛r❛ ♦s ❡s♣❛ç♦s ❞❡ ▲❡❜❡s❣✉❡✳ ❈♦♠ ❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛ t❡♠♦s ♦ s❡❣✉✐♥t❡

❧❡♠❛✿

▲❡♠❛ ✶✳✶✳✼✳ ❙❡ Φ é ✉♠❛ ◆✲❢✉♥çã♦✱ ❡♥tã♦ Φ̃ t❛♠❜é♠ é ✉♠❛ ◆✲❢✉♥çã♦✳

❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❡♥✈♦❧✈❡♥❞♦ Φ ❡ Φ̃ é ❛ s❡❣✉✐♥t❡ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❨♦✉♥❣✳

▲❡♠❛ ✶✳✶✳✽ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✮✳ ❙❡❥❛♠ Φ ✉♠❛ ◆✲❢✉♥çã♦ ❡ Φ̃ s✉❛ ❢✉♥çã♦ ❝♦♥✲

❥✉❣❛❞❛✳ ❊♥tã♦✱

st ≤ Φ(s) + Φ̃(t), ∀s, t ∈ R.

❖ ❧❡♠❛ s❡❣✉✐♥t❡ ❞❡❝♦rr❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✳

▲❡♠❛ ✶✳✶✳✾✳ ❙❡❥❛♠ Φ ❡ Φ̃ ◆✲❢✉♥çõ❡s ❝♦♥❥✉❣❛❞❛s✳ ❊♥tã♦✱

t < Φ−1(t)Φ̃−1(t) ≤ 2t, ♣❛r❛ t♦❞♦ t > 0.
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✶✳✶✳✷ ❊s♣❛ç♦s ❞❡ ❖r❧✐❝③

◆❡st❛ s✉❜s❡çã♦✱ t❡♠♦s ♣♦r ♦❜❥❡t✐✈♦ ❛♣r❡s❡♥t❛r ♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✳ ❖ ❧❡✐t♦r ❛t❡♥t♦

✈❛✐ ♦❜s❡r✈❛r q✉❡ ❛s ◆✲❢✉♥çõ❡s tê♠ ♣❛♣❡❧ ❝r✉❝✐❛❧ ♥❛ ❞❡✜♥✐çã♦ ❞❡ t❛✐s ❡s♣❛ç♦s✳ ❉❡ ❢♦r♠❛

♣r❡❝✐s❛✱ ♣❛r❛ ❝❛❞❛ ◆✲❢✉♥çã♦ ✐r❡♠♦s ❛ss♦❝✐❛r ✉♠ ❡s♣❛ç♦ ❞❡ ❖r❧✐❝③✳ ❯♠ ❡st✉❞♦ ♠❛✐s ❞❡t❛✲

❧❤❛❞♦ s♦❜r❡ ❡st❡s ❡s♣❛ç♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥❛s r❡❢❡rê♥❝✐❛s ❝✐t❛❞❛s ♥♦ ✐♥í❝✐♦ ❞❡st❡

❝❛♣ít✉❧♦✳

◆♦ q✉❡ s❡❣✉❡✱ s❡❥❛ O ⊂ R
N ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳ ■♥tr♦❞✉③✐♠♦s ❛❣♦r❛ ♦s ❡s♣❛ç♦s ❞❡

❖r❧✐❝③✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✵✳ P❛r❛ ❝❛❞❛ ◆✲❢✉♥çã♦✱ ❞❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❖r❧✐❝③ LΦ(O) ❝♦♠♦

LΦ(O) =

{
u : O → R ♠❡♥s✉rá✈❡❧ ;

∫

O

Φ
(u
λ

)
dx < +∞, ♣❛r❛ ❛❧❣✉♠ λ > 0

}
.

❯s❛♥❞♦ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❛ ◆✲❢✉♥çã♦ Φ ♦❜s❡r✈❛♠♦s q✉❡ LΦ(O) é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

❆❧é♠ ❞✐ss♦✱ ♦ ❡s♣❛ç♦ LΦ(O) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖Φ = inf

{
λ > 0 :

∫

O

Φ
( |u|
λ

)
dx ≤ 1

}
,

❝❤❛♠❛❞❛ ♥♦r♠❛ ❞❡ ▲✉①❡♠❜✉r❣✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✶✳ ◆♦t❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ‖.‖Φ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ▼✐♥❦♦✇s❦② ❛ss♦❝✐❛❞♦

❛♦ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦

Γ =

{
u ∈ LΦ(O) ;

∫

O

Φ(u)dx < 1

}
.

❊①❡♠♣❧♦ ✶✳✶✳✶✷✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ◆✲❢✉♥çã♦ Φ1(t) =
|t|p
p

❝♦♠ p ∈ (1,+∞) ❡ t ∈ R✱

t❡♠♦s

LΦ1(O) =

{
u : O → R ♠❡♥s✉rá✈❡❧ ;

∫

O

∣∣∣u
λ

∣∣∣
p

dx < +∞, ♣❛r❛ ❛❧❣✉♠ λ > 0

}
= Lp(O).

P♦r ❡ss❡ ♠♦t✐✈♦✱ ♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③ sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s ♥❛t✉r❛✐s ❞♦s ❡s♣❛ç♦s ❞❡ ▲❡❜❡s❣✉❡✳

❆ ♣ró①✐♠❛ ❞❡✜♥✐çã♦ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ❛♦ ❧♦♥❣♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

❯♠❛ ❞❛s ✉t✐❧✐❞❛❞❡s ❞❡st❛ r❡s✐❞❡ ❡♠ ♦❜t❡r ✐♥❢♦r♠❛çõ❡s s♦❜r❡ s❡♣❛r❛❜✐❧✐❞❛❞❡ ❡ r❡✢❡①✐❜✐❧✐✲

❞❛❞❡ ❞♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③ ❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈✳



✶✳✶✳ ❘❊❙❯▲❚❆❉❖❙ ❇➪❙■❈❖❙ ❊ ❉❊❋■◆■➬Õ❊❙ ✶✼

❉❡✜♥✐çã♦ ✶✳✶✳✶✸✳ ❙❡❥❛ Φ ✉♠❛ ◆✲❢✉♥çã♦✳ ❉✐③❡♠♦s q✉❡ Φ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ∆2 s❡

❡①✐st❡♠ C∗ > 0 ❡ t0 ≥ 0✱ t❛✐s q✉❡

Φ(2t) ≤ C∗Φ(t), t ≥ t0.

◆❡st❡ ❝❛s♦✱ ✉s❛♠♦s ❛ ♥♦t❛çã♦ Φ ∈ ∆2✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✹✳ |O| = +∞✱ Φ ∈ ∆2 ❝♦♠ t0 = 0✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✺✳ ❊ss❛ ❝♦♥❞✐çã♦ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ P❛r❛ ❝❛❞❛

s > 0✱ ❡①✐st❡ Cs > 0 t❛❧ q✉❡

Φ(st) ≤ CsΦ(t), ♣❛r❛ t♦❞♦ t ≥ 0.

❆s ◆✲❢✉♥çõ❡s Φ1,Φ2✱ Φ3 ♣❛r❛ α ∈
(
1, N

N−2

)
✱ Φ4 ❡ Φ5 ❞❛❞❛s ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✷✱ sã♦

❡①❡♠♣❧♦s ❞❡ ◆✲❢✉♥çõ❡s q✉❡ ✈❡r✐✜❝❛♠ ∆2✳ ❊♥tr❡t❛♥t♦✱ ❛s ◆✲❢✉♥çõ❡s Φ6 ❡ Φ7 sã♦ ❡①❡♠♣❧♦s

❞❡ ◆✲❢✉♥çõ❡s q✉❡ ♥ã♦ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ∆2✳

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ t❛❝✐t❛♠❡♥t❡ ♠♦t✐✈❛ ❛s ❤✐♣ót❡s❡s ✭φ2✮✱ ✭r3✮ ❡ ✭b3✮ ♠❡♥❝✐♦♥❛❞❛s

♥❛ ✐♥tr♦❞✉çã♦✳

▲❡♠❛ ✶✳✶✳✶✻✳ ❙❡❥❛ Φ ✉♠❛ ◆✲❢✉♥çã♦ ❞❛❞❛ ♣♦r

Φ(t) =

∫ |t|

0

ϕ(s)ds.

❊♥tã♦✱ Φ ∈ ∆2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ α > 0 ❡ t0 ≥ 0 t❛✐s q✉❡

tϕ(t)

Φ(t)
≤ α, t ≥ t0.

❯♠❛ ✐♠♣♦rt❛♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡ q✉❡ s❡rá ❜❛st❛♥t❡ ✉t✐❧✐③❛❞❛ ♥♦ ❞❡❝♦rr❡r ❞❛ t❡s❡ é ❞❛❞❛

♥♦ ❧❡♠❛ s❡❣✉✐♥t❡✳

▲❡♠❛ ✶✳✶✳✶✼✳ ❙❡❥❛ Φ ✉♠❛ ◆✲❢✉♥çã♦ ❞❛❞❛ ♣♦r

Φ(t) =

∫ |t|

0

ϕ(s)ds.

❊♥tã♦✱ ❛s ❢✉♥çõ❡s Φ ❡ Φ̃ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

Φ̃
(
ϕ(t)

)
≤ Φ(2t) ♣❛r❛ t♦❞♦ t ≥ 0.

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ✈❡rsã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ♣❛r❛ ♦s ❡s♣❛ç♦s ❞❡

❖r❧✐❝③✳
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Pr♦♣♦s✐çã♦ ✶✳✶✳✶✽ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✮✳ ❙❡❥❛♠ u ∈ LΦ(O) ❡ v ∈ LΦ̃(O)✳

❊♥tã♦✱ uv ∈ L1(O) ❡ ∣∣∣
∫

O

uvdx
∣∣∣ ≤ 2‖u‖Φ‖v‖Φ̃.

❈♦♥❢♦r♠❡ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❢❛③❡♥❞♦ ✉s♦ ❞❛ ❝♦♥❞✐çã♦ ∆2 r❡s✉❧t❛ ♦

❚❡♦r❡♠❛ ✶✳✶✳✶✾✳ ❙❡❥❛♠ Φ ✉♠❛ ◆✲❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ∆2✳ ❊♥tã♦✱ ♦ ❡s♣❛ç♦

LΦ(O) é s❡♣❛rá✈❡❧✳ ❆❧é♠ ❞✐ss♦✱ LΦ(O) é r❡✢❡①✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Φ, Φ̃ ∈ ∆2✳

❆✐♥❞❛ ✉s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ∆2✱ ♠♦str❛✲s❡ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s té❝♥✐❝♦s ❡♥✈♦❧✈❡♥❞♦

s❡q✉ê♥❝✐❛s ❡♠ ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✵✳ ❙❡❥❛♠ Φ ✉♠❛ ◆✲❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ∆2 ❡ (un) ⊂ LΦ(O)✳

❊♥tã♦✱

un → 0 ❡♠ LΦ(O) ⇔
∫

O

Φ(|un|)dx→ 0.

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✶✳ ❙✉♣♦♥❤❛ O ⊂ R
N ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✳ ❙❡❥❛♠ Φ ✉♠❛ ◆✲❢✉♥çã♦

s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ∆2 ❡ (un) ⊂ LΦ(O) ✉♠❛ s❡q✉ê♥❝✐❛ t❛❧ q✉❡

un → u ❡♠ LΦ(O).

❊♥tã♦✱ ❡①✐st❡♠ h ∈ LΦ(O) ❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (un)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (un)✱ t❛❧ q✉❡

un(x) → u(x) q✳t✳♣✳ ❡♠ O ❡ |un(x)| ≤ h(x) q✳t✳♣✳ ❡♠ O.

✶✳✶✳✸ ❊s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈

◆❡st❛ s✉❜s❡çã♦✱ ❡st✉❞❛♠♦s ♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈✳ ❚❛✐s ❡s♣❛ç♦s sã♦ ♦❜t✐❞♦s

❛ ♣❛rt✐r ❞♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✳ ❆♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❜❡♠ ❝♦♠♦

✐♠❡rsõ❡s ❞♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ ❡♠ ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✷✳ P❛r❛ ✉♠❛ ◆✲❢✉♥çã♦ Φ✱ ❞❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈

W 1,Φ(O) ❝♦♠♦

W 1,Φ(O) =

{
u ∈ LΦ(O) ;

∂u

∂xi
∈ LΦ(O), i = 1, ..., N

}
.

❖ ❡s♣❛ç♦ W 1,Φ(O) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖1,Φ = ‖∇u‖Φ + ‖u‖Φ,
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❚❡♦r❡♠❛ ✶✳✶✳✷✸✳ ❖ ❡s♣❛ç♦ W 1,Φ(O) é s❡♣❛rá✈❡❧ s❡ Φ ∈ ∆2✳ ❆❧é♠ ❞✐ss♦✱ W 1,Φ(O) é

r❡✢❡①✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Φ, Φ̃ ∈ ∆2✳

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ✐♠❡rsõ❡s✱ ✐r❡♠♦s ❞❡✜♥✐r ♦✉tr❛ ❝❧❛ss❡

✐♠♣♦rt❛♥t❡ ❞❡ ◆✲❢✉♥çõ❡s ❞❡♥♦♠✐♥❛❞❛s ❢✉♥çõ❡s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦✳ P❛r❛ t❛♥t♦✱ ✐r❡♠♦s

♣r❡❝✐s❛r ❞❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✶✳✷✹✳ ❙❡❥❛♠ Φ1 ❡ Φ2 ◆✲❢✉♥çõ❡s✳ ❉✐③❡♠♦s q✉❡ Φ2 ❝r❡s❝❡ ❡str✐t❛♠❡♥t❡

♠❛✐s ❧❡♥t♦ q✉❡ Φ1✱ q✉❛♥❞♦ ♣❛r❛ t♦❞♦ k > 0

lim
t→+∞

Φ2(kt)

Φ1(t)
= 0.

◆❡st❡ ❝❛s♦✱ ✉s❛♠♦s ❛ ♥♦t❛çã♦ Φ2 ≺≺ Φ1✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❞❡ ✐♠❡rsã♦✳

▲❡♠❛ ✶✳✶✳✷✺✳ ❙❡❥❛♠ O ⊂ R
N ❝♦♠ |O| < +∞ ❡ Φ ✉♠ ◆✲❢✉♥çã♦✳ ❊♥tã♦✱ ❛ ✐♠❡rsã♦

LΦ(O) →֒ L1(O)

é ❝♦♥tí♥✉❛✳

❚❡♦r❡♠❛ ✶✳✶✳✷✻✳ ❙❡❥❛ O ⊂ R
N ❝♦♠ |O| < +∞✳ ❙❡❥❛♠ Φ1 ❡ Φ2 ◆✲❢✉♥çõ❡s t❛✐s q✉❡

Φ2 ≺≺ Φ1✳ ❊♥tã♦✱ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

LΦ1(O) →֒ LΦ2(O).

▲❡♠❛ ✶✳✶✳✷✼✳ ❙❡❥❛ Φ ✉♠❛ ◆✲❢✉çã♦ s❛t✐s❢❛③❡♥❞♦

∫ 1

0

Φ−1(s)

s1+
1
N

ds < +∞ ❡

∫ +∞

1

Φ−1(s)

s1+
1
N

ds = +∞. ✭✶✳✶✮

❊♥tã♦✱ ❛ ❢✉♥çã♦ H : [0,+∞) → [0,+∞) ❞❛❞❛ ♣♦r

H(t) =

∫ t

0

Φ−1(s)

s1+
1
N

ds

é ❜✐❥❡t♦r❛ ❡ s✉❛ ✐♥✈❡rs❛✱ ❞❡♥♦t❛❞❛ ♣♦r Φ∗✱ ❡st❡♥❞✐❞❛ ❡♠ t♦❞❛ r❡t❛ ❞❡ ❢♦r♠❛ q✉❡ Φ∗ s❡❥❛

✉♠❛ ❢✉♥çã♦ ♣❛r✱ é ✉♠❛ ◆✲❢✉♥çã♦✳

❆ ◆✲❢✉♥çã♦ Φ∗ é ❝❤❛♠❛❞❛ ❢✉♥çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦✳ ❆ ♠♦t✐✈❛çã♦ ❞❡ t❛❧

❞❡♥♦♠✐♥❛çã♦ é ✈✐st❛ ♥♦ ❡①❡♠♣❧♦ ❛❜❛✐①♦✳
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❊①❡♠♣❧♦ ✶✳✶✳✷✽ ✭❬✻✽✱ ❖❜s❡r✈❛çã♦ ✷✳✻✳✶❪✮✳ ❆ ◆✲❢✉♥çã♦ Φ(t) = |t|p✱ ❝♦♠ p ∈ [1, N)✱ t❡♠

❝♦♠♦ ❢✉♥çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦

Φ∗(t) =
1

p∗
|t|p∗ , t ∈ R,

♦♥❞❡ p∗ =
N − p

pN
✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡ ✐♠❡rsã♦ ❡♥✈♦❧✈❡♥❞♦ t❛❧ ❢✉♥çã♦ é ❞❡✈✐❞♦ ❛ ❉♦❧♥❛❧❞s♦♥ ❡

❚r✉♥❞✐♥❣❡r ❬✸✷❪ ❡ t❡♠ ♦ s❡❣✉✐♥t❡ ❡♥✉♥❝✐❛❞♦✳

❚❡♦r❡♠❛ ✶✳✶✳✷✾ ✭❬✸✷✱ ❚❡♦r❡♠❛ ✸✳✷❪✮✳ ❙❡❥❛ O ⊂ R
N ❛❜❡rt♦ ❡ ❛❞♠✐ssí✈❡❧✶✳ ❙❡❥❛ Φ ✉♠❛

◆✲❢✉♥çã♦ ✈❡r✐✜❝❛♥❞♦ ✭✶✳✶✮✳ ❊♥tã♦✱ ✈❛❧❡ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

W 1,Φ(O) →֒ LΦ∗(O).

❆❧é♠ ❞✐ss♦✱ s❡ |O| < +∞ ❡ Ψ é ✉♠❛ ◆✲❢✉♥çã♦ t❛❧ q✉❡ Ψ ≺≺ Φ∗✱ ❡♥tã♦ ❛ ✐♠❡rsã♦

W 1,Φ(O) →֒ LΨ(O).

é ❝♦♠♣❛❝t❛✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ♦✉tr♦ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ ❞❡ ✐♠❡rsõ❡s ❡♠ ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲

❙♦❜♦❧❡✈ ♦ q✉❛❧ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✽❪✳

❚❡♦r❡♠❛ ✶✳✶✳✸✵✳ ❙❡❥❛ A ✉♠❛ ◆✲❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦

lim sup
t→0

A(t)

Φ(t)
< +∞ ❡ lim sup

|t|→+∞

A(t)

Φ∗(t)
< +∞.

❊♥tã♦✱ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

W 1,Φ(RN) →֒ LA(RN).

❖ t❡♦r❡♠❛ ❛❜❛✐①♦ é ✉♠❛ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦ ▲✐♦♥s ♣❛r❛ ♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈

❡ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

❚❡♦r❡♠❛ ✶✳✶✳✸✶ ✭❬✽✱ ❚❡♦r❡♠❛ ✶✳✸❪✮✳ ❆ss✉♠❛ ✭φ1✮✲✭φ2✮ ❡ s❡❥❛ (un) ⊂ W 1,Φ(RN) ✉♠❛

s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ t❛❧ q✉❡

lim
n→+∞

sup
y∈RN

∫

B̺(y)

Φ(|un|)dx = 0,

✶P♦r ❛❞♠✐ssí✈❡❧✱ ❡♥t❡♥❞❡♠♦s ♦s ❞♦♠í♥✐♦s ❡♠ q✉❡ ♦❝♦rr❡♠ ❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ W 1,1(Ω) →֒ Lq(Ω)✱

❝♦♠ 1 ≤ q ≤ N
N−1

✳
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♣❛r❛ ❛❧❣✉♠ ρ > 0✳ ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r ◆✲❢✉♥çã♦ B ✈❡r✐✜❝❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ∆2 ❝♦♠

lim
t→0

B(t)

Φ(t)
= 0 ❡ lim

|t|→+∞

B(t)

Φ∗(t)
= 0,

t❡♠♦s

lim
n→+∞

∫

RN

B(|un|)dx = 0.

◆♦ q✉❡ s❡❣✉❡✱ Φ é ✉♠❛ ◆✲❢✉♥çã♦ ✈❡r✐✜❝❛♥❞♦ ✭φ1✮✲✭φ2✮ ❡ Φ̃✱ Φ∗ sã♦ ❛s ❢✉♥çõ❡s ❝♦♥✲

❥✉❣❛❞❛ ❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❞❡ Φ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖s ♣ró①✐♠♦s três ❧❡♠❛s ❡♥✈♦❧✈❡♠ ❛s ❢✉♥çõ❡s Φ✱ Φ̃ ❡ Φ∗✳ ❚❛✐s r❡s✉❧t❛❞♦s✱ ❛♣❡s❛r ❞❡

té❝♥✐❝♦s✱ ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ❝r✉❝✐❛❧ ♥❡st❡ tr❛❜❛❧❤♦ ❡ ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡s ♣♦❞❡♠

s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✻✽❪✳

▲❡♠❛ ✶✳✶✳✸✷✳ ❈♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s

ξ0(t) = min{tl, tm} ❡ ξ1(t) = max{tl, tm}, ∀t ≥ 0.

❊♥tã♦✱

ξ0(s)Φ(t) ≤ Φ(st) ≤ ξ1(s)Φ(t), ∀s, t ≥ 0

❡

ξ0(‖u‖Φ) ≤
∫

RN

Φ(|u|)dx ≤ ξ1(‖u‖Φ), ∀u ∈ LΦ(RN).

▲❡♠❛ ✶✳✶✳✸✸✳ ❈♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s

ξ2(t) = min{tl∗ , tm∗} ❡ ξ3(t) = max{tl∗ , tm∗}, ∀t ≥ 0.

❊♥tã♦✱

ξ2(s)Φ∗(t) ≤ Φ∗(st) ≤ ξ1(s)Φ∗(t), ∀s, t ≥ 0

❡

ξ2(‖u‖Φ∗) ≤
∫

RN

Φ∗(|u|)dx ≤ ξ3(‖u‖Φ∗), ∀u ∈ LΦ∗(RN).

▲❡♠❛ ✶✳✶✳✸✹✳ ❈♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s

ξ4(t) = min{t l
l−1 , t

m
m−1} ❡ ξ5(t) = max{t l

l−1 , t
m

m−1} ∀t ≥ 0.

❊♥tã♦✱
m

m− 1
Φ̃(t) ≤ tΦ̃′(t) ≤ l

l − 1
, ∀t ≥ 0,

ξ4(s)Φ̃(t) ≤ Φ̃(st) ≤ ξ5(s)Φ̃(t), ∀s, t ≥ 0

❡

ξ4(‖u‖Φ̃) ≤
∫

RN

Φ̃(|u|)dx ≤ ξ5(‖u‖Φ̃), ∀u ∈ LΦ̃(RN).
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❆❣♦r❛✱ s❡❥❛♠ B ✉♠❛ ◆✲❢✉♥çã♦ ❡ B̃ s✉❛ ❢✉♥çã♦ ❝♦♥❥✉❣❛❞❛✳ ❙❡ B s❛t✐s❢❛③ ✭b1✮ ❡ ✭b3✮✱

♣♦❞❡♠♦s ♠♦str❛r ♦s ❞♦✐s ❧❡♠❛s s❡❣✉✐♥t❡s✳

▲❡♠❛ ✶✳✶✳✸✺✳ ❈♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s

ξ0,B(t) = min{tb1 , tb2} ❡ ξ1,B(t) = max{tb1 , tb2}, ∀t ≥ 0.

❊♥tã♦✱

ξ0,B(s)B(t) ≤ B(st) ≤ ξ1,B(s)B(t), ∀s, t ≥ 0

❡

ξ0,B(‖u‖B) ≤
∫

RN

B(|u|)dx ≤ ξ1,B(‖u‖B) ∀u ∈ LB(RN).

▲❡♠❛ ✶✳✶✳✸✻✳ ❈♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s

ξ2,B̃(t) = min{t
b1

b1−1 , t
b2

b2−1} ❡ ξ3,B̃(t) = max{t
b1

b1−1 , t
b2

b2−1}, ∀t ≥ 0.

❊♥tã♦✱

ξ2,B̃(s)B̃(t) ≤ B̃(st) ≤ ξ3,B̃(s)B̃(t), ∀s, t ≥ 0

❡

ξ2,B̃(‖u‖B̃) ≤
∫

RN

B̃(|u|)dx ≤ ξ3,B̃(‖u‖B̃) ∀u ∈ LB̃(RN).

✶✳✷ ❯♠ t❡♦r❡♠❛ ❞♦ t✐♣♦ ❇r❡③✐s✲▲✐❡❜ ♣❛r❛ ❡s♣❛ç♦s ❞❡

❖r❧✐❝③

◆❡st❛ s✉❜s❡çã♦ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s q✉❡ ❞❡s❡♠♣❡♥❤❛♠ ♣❛♣❡❧ ❝r✉❝✐❛❧ ♥❡st❡ tr❛✲

❜❛❧❤♦✳ ❯♠❛ ✈❡rsã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✵✱ ▲❡♠❛ ✻✳✻✳✶❪✳ ◆♦ ❡♥t❛♥t♦✱

❛s ❤✐♣ót❡s❡s ✐♠♣♦st❛s ❛q✉✐ sã♦ ♠❛✐s ❢r❛❝❛s✳ P♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ r❡s✉❧t❛❞♦

♣❛r❛ ❛ ❢✉♥çã♦ φ(t) = 2α(1 + t2)α−1✱ q✉❡ ♥ã♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❡♠ ❬✷✵❪✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶ ✭▲❡♠❛ ❞❡ ❇r❡③✐s✲▲✐❡❜✮✳ ❙❡❥❛ O ⊂ R
N ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ s✉♣♦♥❤❛

q✉❡ ✭φ1✮✱✭φ2✮✱ ✭φ4✮✲✭φ5✮ sã♦ ✈á❧✐❞❛s✳ ❙❡❥❛ (ηn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❡t♦r❡s✱ ηn : O → R
N

s❛t✐s❢❛③❡♥❞♦

ηn ∈ LΦ(O)× . . .× LΦ(O) ❡ ηn(x) → 0 q✳t✳♣✳ x ∈ O.
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❙❡ (‖ηn‖Φ) é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ❛ ❢✉♥çã♦ a(y) := φ(|y|)y ♣❛r❛ t♦❞♦ y ∈ R
N ✈❡r✐✜❝❛ ♦ ❧✐♠✐t❡

∫

O

Φ̃(|a(ηn + w)− a(ηn)− a(w)|)dx = on(1),

♣❛r❛ ❝❛❞❛ w ∈ LΦ(O)× . . .× LΦ(O)✳

❉❡♠♦♥str❛çã♦✳ ❉✐✈✐❞✐r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❡♠ ❞♦✐s ❝❛s♦s

❈❛s♦✿ φ ♥ã♦✲❞❡❝r❡s❝❡♥t❡✳ P❛r❛ ❝❛❞❛ w ∈ LΦ(O)× . . .× LΦ(O) ♦❜s❡r✈❡ q✉❡

d

dt
ai
(
(ηn + tw)

)
=

N∑

j=1

∂ai
∂xj

(ηn + tw)wj

♦♥❞❡ ai(y) := φ(|y|)yi✱ y = (y1, . . . , yN) ∈ R
N ❡ i = 1, . . . , N ✳ ❆❣♦r❛✱ ♥♦t❡ q✉❡

|ai(ηn + w)− ai(ηn)| =
∣∣∣
∫ 1

0

d

dt
ai
(
(ηn + tw)

)
dt
∣∣∣

≤
N∑

j=1

∫ 1

0

∣∣∣ ∂ai
∂xj

(ηn + tw)
∣∣∣|wj|dt

(φ5)︷︸︸︷
≤ c1|w|

∫ 1

0

φ(|ηn + tw|)dt

❡ s❡♥❞♦ φ ♥ã♦✲❞❡❝r❡s❝❡♥t❡✱ t❡♠♦s

|ai(ηn + w)− ai(ηn)| ≤ c1|w|φ(|ηn|+ |w|). ✭✶✳✷✮

❆ s❡❣✉✐r✱ ✈❡r❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c2 > 0 t❛❧ q✉❡

c1|w|φ(|ηn|+ |w|) ≤ c2
(
φ(|ηn|)|w|+ φ(|w|)|w|

)
. ✭✶✳✸✮

❈♦♠ ❡❢❡✐t♦✱ ♣♦r ✭φ2✮✱ r❡❝♦r❞❡ q✉❡

l ≤ φ(t)t2

Φ(t)
≤ m, ♣❛r❛ t♦❞♦ t > 0, ✭✶✳✹✮

♦ q✉❡ ✐♠♣❧✐❝❛

φ(|ηn|+ |w|) ≤ m
Φ
(
|ηn|+ |w|

)

(
|ηn|+ |w|

)2 .

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ Φ✱ ♦❜t❡♠♦s

m
Φ
(
|ηn|+ |w|

)

(
|ηn|+ |w|

)2 = m
Φ
(

2(|ηn|+|w|)
2

)

(
|ηn|+ |w|

)2 ≤ m

(
1
2
Φ(2|ηn|) + 1

2
Φ(2|w|)

(
|ηn|+ |w|

)2

)
.
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❈♦♠❜✐♥❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ❞❡❞✉③✐♠♦s q✉❡

φ(|ηn|+ |w|) ≤ m

(
1
2
Φ(2|ηn|) + 1

2
Φ(2|w|)

(
|ηn|+ |w|

)2

)

=
m

2

(
Φ(2|ηn|)
|ηn|2

+
Φ(2|w|)
|w|2

)
.

❯s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ∆2 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C∗ > 0 t❛❧ q✉❡

φ(|ηn|+ |w|) ≤ mC∗

2

(
Φ(|ηn|)
|ηn|2

+
Φ(|w|)
|w|2

)

◆♦✈❛♠❡♥t❡✱ ♣♦r ✭✶✳✹✮✱

φ(|ηn|+ |w|) ≤ mC∗

2l

(
φ(|ηn|) + φ(|w|)

)

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c2 > 0 s❛t✐s❢❛③❡♥❞♦

c1|w|φ(|ηn|+ |w|) ≤ c2
(
φ(|ηn|)|w|+ φ(|w|)|w|

)
.

❉❡ ✭✶✳✷✮ ❡ ✭✶✳✸✮ s❡❣✉❡ q✉❡

|ai(ηn + w)− ai(ηn)| ≤ c2
(
φ(|ηn|)|w|+ φ(|w|)|w|

)
✭✶✳✺✮

❆✜r♠❛çã♦ ✶✳✷✳✷✳ ❉❛❞♦ ε ∈ (0, 1)✱ ❡①✐st❡ C > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ε✱ t❛❧ q✉❡

φ(|ηn|)|w| ≤ C
(
εφ(|ηn|)|ηn|+ cǫφ(|w|)|w|

)
. ✭✶✳✻✮

❉❡ ❢❛t♦✱ ✜①❛❞♦ x ∈ R
N ✱ ❝♦♥s✐❞❡r❛♠♦s ♦s ❝♦♥❥✉♥t♦s

Ax = {n ∈ N : |w(x)| ≤ |ηn(x)|} ❡ Bx := {n ∈ N : |ηn(x)| ≤ |w(x)|}.
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❙❡ n ∈ Ax✱ ✉s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✷ ❝♦♠ ♦ ▲❡♠❛ ✶✳✶✳✶✼✱ r❡s✉❧t❛ q✉❡

φ(|ηn(x)|)|ηn(x)||w(x)| = εφ(|ηn(x)|)|ηn(x)|
1

ε
|w(x)|

❨♦✉♥❣︷︸︸︷
≤ Φ̃(εφ(|ηn(x)|)|ηn(x)|) + Φ(

1

ε
|w(x)|)

∆2︷︸︸︷
≤ εΦ̃(φ(|ηn(x)|)|ηn(x)|) + CεΦ(|w(x)|)

▲❡♠❛1.1.17︷︸︸︷
≤ εΦ(2|ηn(x)|) + CεΦ(|w(x)|)
∆2︷︸︸︷
≤ C∗εΦ(|ηn(x)|) + CεΦ(|w(x)|)
(φ2)︷︸︸︷
≤ c3

l

(
εφ(|ηn(x)|)|ηn(x)|2 + C̃εφ(|w(x)|)|w(x)|2

)
,

♠♦str❛♥❞♦ q✉❡

φ(|ηn(x)|)|w(x)| ≤
c3
l

(
εφ(|ηn(x)|)|ηn(x)|+ C̃εφ(|w(x)|)|w(x)|

)
.

❙❡ n ∈ Bx✱ ❞❡s❞❡ q✉❡ φ é ♥ã♦✲❞❡❝r❡s❝❡♥t❡

φ(|ηn(x)|)|w(x)| ≤ φ(|w(x)|)|w(x)| ≤ εφ(|ηn(x)|)|ηn(x)|+ φ(|w(x)|)|w(x)|.

P♦rt❛♥t♦✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

φ(|ηn(x)|)|w(x)| ≤ C
(
εφ(|ηn(x)|)|ηn(x)|+ cǫφ(|w(x)|)|w(x)|

)
, ∀n ∈ N

❡ ❝♦♠♦ x ∈ R
N ❢♦✐ ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

φ(|ηn|)|w| ≤ C
(
εφ(|ηn|)|ηn|+ cǫφ(|w|)|w|

)
, ∀n ∈ N

♦ q✉❡ ♣r♦✈❛ ❛ ❆✜r♠❛çã♦ ✶✳✷✳✷✳ ❆❣♦r❛✱ ❞❡ ✭✶✳✺✮✲✭✶✳✻✮✱ ❡①✐st❡ C1 > 0 t❛❧ q✉❡

|a(ηn + w)− a(ηn)| ≤ C1εφ(|ηn(x)|)|ηn(x)|+ cε,1φ(|w(x)|)|w(x)|.

❉❡✜♥✐♥❞♦

Gn(x) = max
{
|a(ηn + w)− a(ηn)− a(w)|(x)− C1εφ(|ηn|)|ηn|, 0

}
,

✷✈❡r ▲❡♠❛ ✶✳✶✳✽
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♦❜s❡r✈❛♠♦s q✉❡

Gn(x) → 0 q✳t✳♣✳ ❡♠ O

❡

Gn(x) ≤ |a(ηn + w)− a(ηn)|(x) + |a(w)|(x)− C1εφ(|ηn|)|ηn|

≤ C1εφ(|ηn|)|ηn|+ cε,1φ(|w|)|w|+ |a(w)|(x)− C1εφ(|ηn|)|ηn|

≤ (1 + cε,1)φ(|w|)|w| ∈ LΦ̃(O).

▲♦❣♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ t❡♠✲s❡
∫

O

Φ̃(Gn)dx→ 0, ✭✶✳✼✮

♣♦✐s

∫

O

Φ̃
(
(1 + cε,1)φ(|w|)|w|

)
dx

∆2︷︸︸︷
≤ c4

∫

O

Φ̃
(
φ(|w|)|w|

)
dx

▲❡♠❛1.1.17︷︸︸︷
≤ c4

∫

O

Φ
(
2|w|

)
dx

∆2︷︸︸︷
≤ c5

∫

O

Φ
(
|w|
)
dx < +∞.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x ∈ O s❛t✐s❢❛③ Gn(x) = 0 ✈❡♠ q✉❡

|a(ηn + w)− a(ηn)|(x) + |a(w)|(x)− C1εφ(|ηn|)|ηn| ≤ 0,

❛ss✐♠

|a(ηn + w)− a(ηn)|(x) + |a(w)|(x) ≤ C1εφ(|ηn|)|ηn|+Gn(x).

❆❣♦r❛✱ s❡ x ∈ O ✈❡r✐✜❝❛ Gn(x) > 0✱ ❡♥tã♦

Gn(x) ≤ |a(ηn + w)− a(ηn)|(x) + |a(w)|(x)− Cǫφ(|ηn|)|ηn|

❞❡ ♦♥❞❡ s❡❣✉❡

|a(ηn + w)− a(ηn)|(x) + |a(w)|(x) = C1εφ(|ηn|)|ηn|+Gn(x).

❊♠ q✉❛❧q✉❡r ❝❛s♦✱

|a(ηn + w)− a(ηn)|(x) + |a(w)|(x) ≤ C1εφ(|ηn||ηn|+Gn(x) q✳t✳♣✳ ❡♠ O.
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❯s❛♥❞♦ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ Φ✱ ❛ ❝♦♥❞✐çã♦ ∆2 ❡ ♦ ❢❛t♦ ❞❡ Φ̃(φ(t)t) ≤ Φ(2t)✱ ❞❡❞✉③✐♠♦s

Φ̃(|a(ηn + w)− a(ηn)|(x) + |a(w)|) ≤ Φ̃(C1εφ(|ηn|)|ηn|+Gn)

≤ εc6Φ̃(φ(|ηn|)|ηn|) + c7Φ̃(Gn)

≤ εc6Φ(2|ηn|) + c7Φ̃(Gn)

≤ εc8Φ(|ηn|) + c7Φ̃(Gn). ✭✶✳✽✮

▲♦❣♦✱ ♣♦r ✭✶✳✽✮ ❡ ✭✶✳✼✮

lim sup
n→+∞

∫

O

Φ̃(|a(ηn + w)− a(ηn)|(x) + |a(w)|)dx ≤ εc9.

P♦rt❛♥t♦✱ ∫

O

Φ̃(|a(ηn + w)− a(ηn)− a(w)|)dx = on(1).

❈❛s♦✿ φ ❞❡❝r❡s❝❡♥t❡✳ ❆ ❞❡♠♦♥str❛çã♦ é ❢❡✐t❛ ❝♦♠♦ ❡♠ ❬✷✵✱ ▲❡♠❛ ✻✳✻✳✶❪✳

❖ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ s❡rá ✉s❛❞♦ ❡♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞✉r❛♥t❡ ♥♦ss♦ tr❛❜❛❧❤♦✳ ❯♠❛

❞❡♠♦♥str❛çã♦ ♣❛r❛ t❛❧ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ●♦ss❡③ ❬✹✹❪✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸✳ ❙❡❥❛♠ O ⊂ R
N ✉♠❛ ❛❜❡rt♦ ❡ Φ: RN → [0,+∞) ✉♠❛ ◆✲❢✉♥çã♦

s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ∆2✳ ❙❡ Φ̃ t❛♠❜é♠ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ∆2 ❡ (hn) é ✉♠❛ s❡q✉ê♥❝✐❛

❧✐♠✐t❛❞❛ ❡♠ LΦ(O) s❛t✐s❢❛③❡♥❞♦ hn(x) → h(x) q✳t✳♣✳ ❡♠ O✱ ❡♥tã♦ hn ⇀ h ❡♠ LΦ(O)✱

✐st♦ é✱ ∫

O

hnvdx→
∫

O

hvdx ♣❛r❛ t♦❞♦ v ∈ LΦ̃(O).





❈❛♣ít✉❧♦ ✷

▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡

s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❝♦♠ ♣♦t❡♥❝✐❛❧

s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③

◆❡st❡ ❝❛♣ít✉❧♦ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛✱ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s

♣♦s✐t✐✈❛s ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s✿




−❞✐✈
(
ǫ2φ(ǫ|∇u|)∇u

)
+ V (x)φ(|u|)u = f(u), ❡♠ R

N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N ,

✭Pǫ✮

♦♥❞❡ N ≥ 2✱ ǫ é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦ ❡ ♦ ♣♦t❡♥❝✐❛❧ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛

s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③ ✭R✮✳ ❆s ❢✉♥çõ❡s φ : [0,+∞) → [0,+∞) ❡ f : R → R

sã♦ ❞❡ ❝❧❛ss❡ C1 ❡ ✈❡r✐✜❝❛♠ ❛s ❤✐♣ót❡s❡s ♠❡♥❝✐♦♥❛❞❛s ♥❛ ■♥tr♦❞✉çã♦✳

❈♦♥❢♦r♠❡ ❢♦✐ ❞✐t♦ ♥❛ ■♥tr♦❞✉çã♦ ❢❛r❡♠♦s ✉s♦ ❞❡ ♠ét♦❞♦s ✈❛r✐❛❝✐♦♥❛✐s ♣❛r❛ ♦❜t❡r

♣♦♥t♦s ❝rít✐❝♦s ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛ ✭Pǫ✮✳ P❛r❛ ✐ss♦✱ r❡❝♦r❞❛♠♦s q✉❡ ♣♦r

✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭Pǫ✮✱ ❡♥t❡♥❞❡♠♦s ✉♠❛ ❢✉♥çã♦ u ∈ X \ {0}✱ t❛❧ q✉❡
∫

RN

ǫ2φ(ǫ|∇u|)∇u∇wdx+
∫

RN

V (x)φ(|u|)uwdx =

∫

RN

f(u)wdx, ♣❛r❛ t♦❞♦ w ∈ X,

♦♥❞❡ X é ✉♠ s✉❜❡s♣❛ç♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ W 1,Φ(RN) ❞❛❞♦ ♣♦r

X =

{
u ∈ W 1,Φ(RN) :

∫

RN

V (x)Φ(|u|)dx < +∞
}
.
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❆♦ ❧♦♥❣♦ ❞❡st❛ t❡s❡✱ ❛✜♠ ❞❡ ❢♦r♠✉❧❛♠♦s ♥♦ss♦ ♣r♦❜❧❡♠❛ ❡♠ ✉♠❛ ❡str✉t✉r❛ ✈❛r✐❛✲

❝✐♦♥❛❧ ♠❛✐s ❛❞❡q✉❛❞❛✱ ✐r❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ✉♠ ♣r♦❜❧❡♠❛ ❡q✉✐✈❛❧❡♥t❡ ❛ ✭Pǫ✮✳ ❱❡r✐✜❝❛✲s❡

q✉❡ u ∈ X é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭Pǫ✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ v(x) = u(ǫx) s❛t✐s❢❛③

∫

RN

φ(|∇v|)∇v∇wdx+
∫

RN

V (ǫx)φ(|v|)vwdx =

∫

RN

f(v)wdx, ♣❛r❛ t♦❞♦ w ∈ Xǫ,

♦♥❞❡ Xǫ ❞❡♥♦t❛ ♦ s✉❜❡s♣❛ç♦ ❞❡ W 1,Φ(RN) ❞❛❞♦ ♣♦r

Xǫ =

{
u ∈ W 1,Φ(RN) :

∫

RN

V (ǫx)Φ(|u|)dx < +∞
}

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖u‖ǫ = ‖∇u‖Φ + ‖u‖Φ,Vǫ .

♦♥❞❡

‖∇u‖Φ := inf
{
λ > 0;

∫

RN

Φ
( |∇u|

λ

)
dx ≤ 1

}

❡

‖u‖Φ,Vǫ := inf
{
λ > 0;

∫

RN

V (ǫx)Φ
( |u|
λ

)
dx ≤ 1

}
.

◆❡st❡ ❝❛s♦✱ v é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞♦ ❢✉♥❝✐♦♥❛❧ Iǫ : Xǫ → R ❞❛❞♦ ♣♦r

Iǫ(v) =

∫

RN

Φ(|∇v|)dx+
∫

RN

V (ǫx)Φ(|v|)dx−
∫

RN

F (v)dx

q✉❡ é ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛




−∆Φv + V (ǫx)φ(|v|)v = f(v), ❡♠ R
N ,

v ∈ W 1,Φ(RN), v > 0 ❡♠ R
N ,

✭P̃ǫ✮

♦♥❞❡ ∆Φ é ♦ ♦♣❡r❛❞♦r Φ✲▲❛♣❧❛❝✐❛♥♦ ❞❛❞♦ ♣♦r ∆Φu = div(φ(|∇u|)∇u)✳
❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❝♦♥❝❡♥tr❛♠♦s ♥♦ss♦ ❡st✉❞♦ ♥♦ ♣r♦❜❧❡♠❛ ✭P̃ǫ✮✳ ❆s s♦❧✉çõ❡s q✉❡

❡♥❝♦♥tr❛♠♦s ♣❛r❛ ✭P̃ǫ✮ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡s❝r✐t❛ ♥❛ ♣ró①✐♠❛ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✵✳✹✳ ❯♠❛ s♦❧✉çã♦ u ❞❡ ✭P̃ǫ✮ é ❞✐t❛ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ q✉❛♥❞♦

Iǫ(u) ≤ Iǫ(v),

q✉❛❧q✉❡r q✉❡ s❡❥❛ v s♦❧✉çã♦ ❞❡ ✭P̃ǫ✮✳



✷✳✶✳ ❖ P❘❖❇▲❊▼❆ ❆❯❚Ô◆❖▼❖ ✸✶

✷✳✶ ❖ ♣r♦❜❧❡♠❛ ❆✉tô♥♦♠♦

◆❡st❛ s❡çã♦ ❞❡♠♦♥str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛

♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s




−∆Φu+ µφ(|u|)u = f(u), ❡♠ R
N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N ,

✭Pµ✮

♦♥❞❡ µ é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦✳ ◆❡st❡ ♠♦♠❡♥t♦✱ ❣♦st❛rí❛♠♦s ❞❡ ❞❡st❛❝❛r q✉❡ ❡st❛ ❝❧❛ss❡

❞❡ ♣r♦❜❧❡♠❛s ❢♦✐ ❝♦♥s✐❞❡r❛❞❛ ♣♦r ❆❧✈❡s✱ ❋✐❣✉❡✐r❡❞♦ ❡ ❙❛♥t♦s ❡♠ ❬✽❪✳ ❖s ❛✉t♦r❡s ♠♦str❛r❛♠

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭Pǫ✮✱ ❝♦♠ ǫ = 1✱ ❛ss✉♠✐♥❞♦ V r❛❞✐❛❧

♦✉ Z
N ✲♣❡r✐ó❞✐❝♦✳ ❊♥tr❡t❛♥t♦✱ ♥❛q✉❡❧❡ ❛rt✐❣♦ ♥ã♦ ❢♦✐ ❡st❛❜❡❧❡❝✐❞❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦

♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❝♦♠♦ ♦ ♠í♥✐♠♦ ❞♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐✱

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ r❡❣✉❧❛r✐❞❛❞❡ ❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s✳ ❊ss❡

❡st✉❞♦ é ❝r✉❝✐❛❧ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦✲❛✉tô♥♦♠♦✱ ❡♠ ✈✐rt✉❞❡ ❞❡ ❛❧❣✉♠❛s ❡st✐♠❛t✐✈❛s ❞❡♣❡♥❞❡r❡♠

❞❡ t❛✐s ✐♥❢♦r♠❛çõ❡s✳

❉❡s❞❡ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s✱ ❛ss✉♠✐r❡♠♦s ❡♠ t♦❞❛ t❡s❡

f(t) = 0 ♣❛r❛ t♦❞♦ (−∞, 0]. ✭✷✳✶✮

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ Yµ ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ W 1,Φ(RN) ❝♦♠ ❛ ♥♦r♠❛

‖u‖Yµ = ‖∇u‖Φ + µ‖u‖Φ.

❉✐③❡♠♦s q✉❡ u ∈ Yµ é ✉♠❛ s♦❧✉çã♦ ❞❡ ✭Pµ✮ s❡
∫

RN

φ(|∇u|)∇u∇vdx+ µ

∫

RN

φ(|u|)uvdx =

∫

RN

f(u)vdx, ∀v ∈ Yµ.

❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛♠♦s ♣♦r Eµ : Yµ → R ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✭Pµ✮

❞❛❞♦ ♣♦r

Eµ(u) =

∫

RN

Φ(|∇u|)dx+ µ

∫

RN

Φ(|u|)dx−
∫

RN

F (u)dx.

❯s❛✲s❡ ❛r❣✉♠❡♥t♦s ♣❛❞rõ❡s ♠♦str❛✲s❡ q✉❡ Eµ ∈ C1
(
Yµ,R

)
✶ ❝♦♠

E ′
µ(u)v =

∫

RN

φ(|∇u|)∇u∇vdx+ µ

∫

RN

φ(|u|)uvdx−
∫

RN

f(u)vdx, ∀u, v ∈ Yµ.

✶❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✻✽✱ ❆♣ê♥❞✐❝❡ ❇❪✳
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❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ Eµ sã♦ ♣r❡❝✐s❛♠❡♥t❡ ❛s s♦❧✉çõ❡s ❢r❛❝❛s ♣❛r❛ ✭Pµ✮✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s✉❜s❡çã♦ é ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✷✳✶✳✶✳ ❙✉♣♦♥❤❛ q✉❡ ✭φ1✮✲✭φ3✮✱ ✭r1✮✲✭r4✮✱ ✭b1✮✲✭b4✮ ❡ ✭f1✮✲✭f3✮ sã♦ ✈á❧✐❞❛s✳ ❊♥✲

tã♦✱ ♦ ♣r♦❜❧❡♠❛ ✭Pµ✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳

✷✳✶✳✶ Pr❡❧✐♠✐♥❛r❡s

❈♦♠❡ç❛♠♦s ♦❜s❡r✈❛♥❞♦ q✉❡ ❛ ❤✐♣ót❡s❡ ✭f1✮ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ❛ r❡❣r❛ ❞❡ ❽ ❍♦s♣✐t❛❧

✐♠♣❧✐❝❛♠ q✉❡

lim sup
|t|→0

f(t)

r(|t|)|t| = 0 ❡ lim sup
|t|→+∞

f(t)

b(|t|)|t| < +∞. ✭✷✳✷✮

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ✭φ2✮ ❡ ✭r3✮ ❱ê✲s❡ ❢❛❝✐❧♠❡♥t❡ q✉❡

0 ≤ f(t)

φ(|t|)|t| ≤ lr2
f(t)

r(|t|)|t|
R(t)

Φ(t)
.

❈♦♠❜✐♥❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♠ ✭✷✳✷✮ ❡ ✭r4✮✱ ♦❜t❡♠♦s

lim sup
|t|→0

f(t)

φ(|t|)|t| = 0 ❡ lim sup
|t|→+∞

f(t)

b(|t|)|t| < +∞. ✭✷✳✸✮

❖s ❧✐♠✐t❡s ♦❜t✐❞♦s ❛❝✐♠❛ s❡rã♦ ✉s❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

❆♥t❡s ❞❡ s❡❣✉✐r ❡♠ ❢r❡♥t❡✱ ❝♦♥✈é♠ ❛♣r❡s❡♥t❛r ❛♦ ❧❡✐t♦r ❛s ♣r✐♥❝✐♣❛✐s ✐♠❡rsõ❡s q✉❡

s❡rã♦ ✉s❛❞❛s ♥❡st❛ t❡s❡✳ ❙❡❣✉❡✲s❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳✸✵ ❡ ❛s ❤✐♣ót❡s❡s ✭r4✮ ❡ ✭b4✮ q✉❡ ❛s

✐♠❡rsõ❡s

W 1,Φ(RN) →֒ LR(RN) ❡ W 1,Φ(RN) →֒ LB(RN)

sã♦ ❝♦♥tí♥✉❛s✳ ❆❧é♠ ❞✐ss♦✱ ❣r❛ç❛s ❛♦ ❚❡♦r❡♠❛ ✶✳✶✳✷✾✱ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

W 1,Φ(RN) →֒ LΦ∗(RN).

P♦rt❛♥t♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ♥♦r♠❛ ❞❡ Yµ✱ ❛s ✐♠❡rsõ❡s

Yµ →֒ W 1,Φ(RN) →֒ LΦ(RN) ❡ Yµ →֒ W 1,Φ(RN) →֒ LΦ∗(RN) ✭✷✳✹✮

t❛♠❜é♠ sã♦ ❝♦♥tí♥✉❛s✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ ρ > 0 ❛s ✐♠❡rsõ❡s

W 1,Φ(RN) →֒ LΦ(Bρ(0)) ❡ W 1,Φ(RN) →֒ LB(Bρ(0)) ✭✷✳✺✮

sã♦ ❝♦♠♣❛❝t❛s✷✳
✷✈❡r ❚❡♦r❡♠❛ ✶✳✶✳✷✾✳
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✷✳✶✳✷ ●❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛

❆ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Eµ ✈❡r✐✜❝❛ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦

❞❛ ▼♦♥t❛♥❤❛✳

▲❡♠❛ ✷✳✶✳✷✳ ❖ ❢✉♥❝✐♦♥❛❧ Eµ s❛t✐s❢❛③ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✱ ✐st♦ é✱

(i) ❊①✐st❡♠ ρ, τ > 0 t❛✐s q✉❡ Eµ(u) ≥ τ ✱ s❡ ‖u‖Yµ = ρ✱

(ii) ❊①✐st❡ e ∈ Yµ \Bρ(0) ✈❡r✐✜❝❛♥❞♦ Eµ(e) < 0✳

❉❡♠♦♥str❛çã♦✳ P♦r ✭✷✳✸✮✱ ❞❛❞♦ η > 0✱ ❡①✐st❡ cη,1 > 0 t❛❧ q✉❡

|f(t)| ≤ ηφ(|t|)|t|+ cη,1b(|t|)|t|, ♣❛r❛ t♦❞♦ t ∈ R,

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♣♦r ✭φ2✮✱ ✭f2✮✱ ✭b3✮ s❡❣✉❡ q✉❡

|F (t)| ≤ ηm

θ
Φ(|t|) + cη,1b2

θ
B(|t|), ♣❛r❛ t♦❞♦ t ∈ R.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡ ✭b4✮✱ ❡①✐st❡ cη,2 > 0 t❛❧ q✉❡

B(|t|) ≤ ηΦ(|t|) + cη,2Φ∗(|t|), ♣❛r❛ t♦❞♦ t ∈ R.

▲♦❣♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ cη > 0 s❛t✐s❢❛③❡♥❞♦

|F (t)| ≤ η
(m+ θ

θ

)
Φ(|t|) + cηΦ∗(|t|), ♣❛r❛ t♦❞♦ t ∈ R.

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ r❡s✉❧t❛ q✉❡

Eµ(u) =

∫

RN

Φ(|∇u|)dx+ µ

∫

RN

Φ(|u|)dx−
∫

RN

F (u)dx

≥
∫

RN

Φ(|∇u|)dx+
(
µ− η

(m+ θ

θ

))∫

RN

Φ(|u|)dx− cη

∫

RN

Φ∗(|u|)dx.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛♣❧✐❝❛♥❞♦ ♦s ▲❡♠❛s ✶✳✶✳✸✷ ❡ ✶✳✶✳✸✸✱

ξ0(‖∇u‖Φ) ≤
∫

RN

Φ(|∇u|)dx ≤ ξ1(‖∇u‖Φ), ✭✷✳✻✮

ξ0(‖u‖Φ) ≤
∫

RN

Φ(|u|)dx ≤ ξ1(‖u‖Φ) ✭✷✳✼✮
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❡

ξ2(‖u‖Φ∗) ≤
∫

RN

Φ∗(|u|)dx ≤ ξ3(‖u‖Φ∗), ✭✷✳✽✮

♦♥❞❡ ξ0(t) = min
{
tl, tm

}
✱ ξ1(t) = max

{
tl, tm

}
✱ ξ2(t) = min{tl∗ , tm∗} ❡ ξ3(t) = max{tl∗ , tm∗}✳

❯s❛♥❞♦ ✭✷✳✻✮✲✭✷✳✽✮✱ ✜❝❛♠♦s ❝♦♠

Eµ(u) ≥ ξ0(‖∇u‖Φ) +
(
µ− η

(m+ θ

θ

))
ξ0(‖u‖Φ)− cηξ3(‖u‖Φ∗).

❆ss✐♠✱ ✜①❛♥❞♦ η <
µθ

2(m+ θ)
✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s c1, c2 > 0 t❛✐s q✉❡

Eµ(u) ≥ c1

(
ξ0(‖∇u‖Φ) + µξ0(‖u‖Φ)

)
− c2ξ3(‖u‖Φ∗),

❉❡ ✭✷✳✹✮✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c3 > 0 t❛❧ q✉❡

‖u‖Φ∗ ≤ c3‖u‖Yµ .

❆❣♦r❛✱ ❡s❝♦❧❤❡♠♦s ρ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ♠♦❞♦ q✉❡

‖∇u‖Φ + µ‖u‖Φ = ‖u‖Yµ = ρ < 1 ❡ ‖u‖Φ∗ ≤ c3‖u‖Yµ < 1.

❯♠❛ ✈❡③ q✉❡ m > l✱ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ✐♠♣❧✐❝❛♠ q✉❡

ξ0(‖∇u‖Φ) = ‖∇u‖mΦ ❡ ξ3(‖u‖Φ∗) = ‖u‖l∗Φ∗
.

❉❡ss❡ ❢♦r♠❛✱

Eµ(u) ≥ c1

(
‖∇u‖mΦ + µ‖u‖mΦ

)
− c2‖u‖l

∗

Φ∗
,

♦ q✉❡ ✐♠♣❧✐❝❛

Eµ(u) ≥ c4‖u‖mYµ − c5‖u‖l
∗

Yµ

♦♥❞❡ c4 =
c1 min{1, µ1−m}

2m
❡ c5 = c2c

l∗

3 ✳ ❉❡ ✭φ2✮✱ r❡❝♦r❞❡ q✉❡ l∗ > m✳ ▲♦❣♦✱ ❡①✐st❡ τ > 0

t❛❧ q✉❡

Eµ(u) ≥ τ, ∀u ∈ Yµ ❡ ‖u‖Yµ = ρ,

♠♦str❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❣❡♦♠❡tr✐❛✳

❆❧é♠ ❞✐ss♦✱ ♣♦r ✭f2✮✱ ❡①✐st❡♠ d1, d2 > 0 t❛✐s q✉❡

F (t) ≥ d1|t|θ − d2, ♣❛r❛ t♦❞♦ t ∈ R. ✭✷✳✾✮



✷✳✶✳ ❖ P❘❖❇▲❊▼❆ ❆❯❚Ô◆❖▼❖ ✸✺

❙❡❥❛♠ ϕ ∈ C∞
0 (RN)\{0} ❡ t > 0✳ ❉❡ ✭✷✳✾✮✱

Eµ(tϕ) =

∫

RN

Φ(|∇(tϕ)|)dx+ µ

∫

RN

Φ(|tϕ|)dx−
∫

RN

F (tϕ)dx

≤
∫

RN

Φ(|∇(tϕ)|)dx+ µ

∫

RN

Φ(|tϕ|)dx− d1t
θ

∫

RN

|ϕ|θdx+ d2|s✉♣♣ϕ|.

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ✭✷✳✻✮ ❡ ✭✷✳✼✮✱

Eµ(tϕ) ≤ ξ1
(
t‖∇ϕ‖Φ

)
+ µξ1

(
t‖ϕ ‖Φ

)
− d1t

θ|ϕ|θθ + d2|s✉♣♣ϕ|

≤ ξ1(t)ξ1
(
‖∇ϕ‖Φ

)
+ µξ1

(
‖ϕ ‖Φ

)
− d1t

θ|ϕ|θθ + d2|s✉♣♣ϕ|.

P❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠♦s ξ1(t) = tm✱ ❞❡ ♦♥❞❡ s❡❣✉❡

Eµ(tϕ) ≤ tm
(
ξ1
(
‖∇ϕ‖Φ

)
+ µξ1

(
‖ϕ‖Φ

))
− d1t

θ|ϕ|θθ + d2|s✉♣♣ϕ|.

❉❡s❞❡ q✉❡ θ > m✱ ❡①✐st❡ t∗ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡

Eµ(t∗ϕ) < 0.

❉❡✜♥✐♥❞♦ e := t∗ϕ ❝♦♥❝❧✉í♠♦s q✉❡

Eµ(e) < 0,

♠♦str❛♥❞♦ ❛ s❡❣✉♥❞❛ ❣❡♦♠❡tr✐❛✳

✷✳✶✳✸ ❈❛r❛❝t❡r✐③❛çã♦ ❞♦ ♥í✈❡❧ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛

❊♠ ✈✐st❛ ❞♦ ▲❡♠❛ ✷✳✶✳✷✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥✲

t❛♥❤❛ s❡♠ ❛ ❝♦♥❞✐çã♦ (PS)✸ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ W 1,Φ
(
R
N
)
✈❡r✐✜❝❛♥❞♦

Eµ(un) → dµ ❡ E ′
µ(un) → 0, ✭✷✳✶✵✮

♦♥❞❡

dµ = inf
α∈Γµ

max
t∈[0,1]

Eµ
(
α(t)

)
,

❝♦♠

Γµ =
{
α ∈ C

(
[0, 1], Yµ

(
R
N
))

; α(0) = 0 ❡ Eµ
(
α(1)

)
≤ 0
}
.

✸✈❡r ❬✼✹✱ ❚❡♦r❡♠❛ ✶✳✶✺❪✳
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❯♠ ♣♦♥t♦ ❝r✉❝✐❛❧ ♣❛r❛ ♦ ❡st✉❞♦ q✉❡ s❡❣✉❡ é ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ ♥í✈❡❧ ❞♦ ♣❛ss♦

❞❛ ♠♦♥t❛♥❤❛ dµ ❝♦♠♦ ♦ ♠í♥✐♠♦ ❞♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐✳ ◆❡st❡

♠♦♠❡♥t♦✱ é ♦♣♦rt✉♥♦ r❡ss❛❧t❛r q✉❡ ❛ ❤✐♣ót❡s❡ ✭φ3✮ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❞❡♠♦♥str❛r t❛❧

❢❛t♦✳ ❆♥t❡s ❞❡ s❡❣✉✐r ❡♠ ❢r❡♥t❡✱ ❞❡♥♦t❡♠♦s ♣♦r Mµ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ ❛ss♦❝✐❛❞❛ ❛

Eµ ❞❛❞❛ ♣♦r

Mµ =
{
u ∈ Yµ\{0} : E ′

µ(u)u = 0
}
.

❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❡♠♦s ♣♦r dµ,1 ❡ dµ,2 ♦s s❡❣✉✐♥t❡s ♥ú♠❡r♦s

dµ,1 = inf
u∈Mµ

Eµ(u) ❡ dµ,2 = inf
u∈Yµ\{0}

max
t≥0

Eµ(tu).

❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛ ❡st❛❜❡❧❡❝❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

▲❡♠❛ ✷✳✶✳✸✳ ❆ss✉♠❛ q✉❡ ✭φ1✮✲✭φ3✮✱ ✭r3✮✲✭r4✮✱ ✭b3✮✲✭b4✮ ❡ ✭f1✮✲✭f3✮ ♦❝♦rr❡♠✳ ❊♥tã♦✱ ♣❛r❛

❝❛❞❛ u ∈ Yµ\{0}✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ tu > 0 t❛❧ q✉❡ tuu ∈ Mµ ❡ Eµ(tuu) = max
t≥0

Eµ(tu)✳

❆❧é♠ ❞✐ss♦✱

dµ = dµ,1 = dµ,2.

❉❡♠♦♥str❛çã♦✳ Pr❛ ❝❛❞❛ u ∈ Yµ \ {0} ❞❡✜♥✐♠♦s g(t) = Eµ(tu)✱ ✐st♦ é✱

g(t) =

∫

RN

Φ(|∇(tu)|)dx+ µ

∫

RN

Φ(|tu|)dx−
∫

RN

F (tu)dx.

❊①✐stê♥❝✐❛

❈♦♠❜✐♥❛❞♦ ♦s ❧✐♠✐t❡s ❡♠ ✭✷✳✸✮ ❝♦♠ ❛s ❤✐♣ót❡s❡s ✭φ2✮✱ ✭f2✮ ❡ ✭b3✮✱ ❞❛❞♦ η > 0✱ ❡①✐st❡ cη > 0

t❛❧ q✉❡

|F (t)| ≤ ηΦ(|t|) + cηΦ∗(|t|), ♣❛r❛ t♦❞♦ t ∈ R.

❆ss✐♠✱

g(t) =

∫

RN

Φ(|∇(tu)|)dx+ µ

∫

RN

Φ(|tu|)dx−
∫

RN

F (tu)dx

≥
∫

RN

Φ(|∇(tu)|)dx+ (µ− η)

∫

RN

Φ(|tu|)dx− cη

∫

RN

Φ∗(|tu|)dx.

❯s❛♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❞♦ ▲❡♠❛ ✷✳✶✳✷✱ ♣❛r❛ η s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ t ∈ (0, 1)

g(t) ≥ c1|t|m
(
ξ0(‖∇u‖Φ) + µξ0(‖u‖Φ)

)
− c2|t|l

∗

ξ3(‖u‖Φ∗),
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❡ s❡♥❞♦ l ≤ m < l∗✱ ❝♦♥❝❧✉í♠♦s q✉❡

g(t) > 0, ∀ t ≈ 0+. ✭✷✳✶✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭f3✮ ❡①✐st❡♠ ❝♦♥st❛♥t❡s d1, d2 > 0 t❛✐s q✉❡

F (t) ≥ d1|t|θ − d2, ∀ t ∈ R,

♦ q✉❡ ✐♠♣❧✐❝❛

F (t) ≥ d1|t|θ − d2|t|m, ∀ t > 1.

▲♦❣♦✱ ♣❛r❛ t♦❞♦ t > 1✱

g(t) ≤
∫

RN

Φ(|∇(tu)|)dx+ µ

∫

RN

Φ(|tu|)dx− d1|t|θ|u|θθ + d2|t|m|u|mm

≤ c1

(
ξ1
(
‖∇(tu)‖Φ

)
+ ξ1

(
‖tu‖Φ

))
− d1|t|θ|u|θθ + d2|t|m|u|mm

≤ c1t
m

(
ξ1
(
‖∇u‖Φ

)
+ ξ1

(
‖u‖Φ

))
− d3|t|θ + d4|t|m

❡ s❡♥❞♦ θ > m✱ ❝♦♥❝❧✉í♠♦s q✉❡

g(t) < 0, ∀ t ≈ +∞. ✭✷✳✶✷✮

❉❡s❞❡ q✉❡ g é ❞❡ ❝❧❛ss❡ C1✱ s❡❣✉❡ ❞❡ ✭✷✳✶✶✮ ❡ ✭✷✳✶✷✮ q✉❡ ❡①✐st❡ tu > 0 t❛❧ q✉❡

g(tu) = max
t≥0

g(t) = max
t≥0

Eµ(tu),

✐♠♣❧✐❝❛♥❞♦ q✉❡ g′(tuu) = 0✱ ✐st♦ é✱ E ′
µ(tuu)tuu = 0✱ ♠♦str❛♥❞♦ q✉❡ tuu ∈ Mµ✳

❯♥✐❝✐❞❛❞❡

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ s❡ u ∈ Mµ✱ ❡♥tã♦ u+ = max{u, 0} 6= 0✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠

t1, t2 > 0 t❛✐s q✉❡ t1u, t2u ∈ Mµ✳ ❉❡ss❛ ❢♦r♠❛✱

∫

RN

φ(|∇(t1u)|)|∇(t1u)|2dx+ µ

∫

RN

φ(|t1u|)|t1u|2dx =

∫

[u>0]

f(t1u)t1udx

❡ ∫

RN

φ(|∇(t2u)|)|∇(t2u)|2dx+ µ

∫

RN

φ(|t2u|)|t2u|2dx =

∫

[u>0]

f(t2u)t2udx.
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❆ss✐♠✱
∫

RN

φ(t1|∇u|)
(t1|∇u|)m−2

|∇u|mdx+ µ

∫

RN

φ(t1|u|)
(t1|u|)m−2

|u|mdx =

∫

[u>0]

f(t1u)

(t1u)m−1
umdx

❡ ∫

RN

φ(t2|∇u|)
(t2|∇u|)m−2

|∇u|mdx+ µ

∫

RN

φ(t2|u|)
(t2|u|)m−2

|u|mdx =

∫

[u>0]

f(t2u)

(t2u)m−1
umdx.

❊♥tã♦✱ s✉❜tr❛✐♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ♦❜t❡♠♦s

∫

RN

(
φ(t1|∇u|)
(t1|∇u|)m−2

− φ(t2|∇u|)
(t2|∇u|)m−2

)
|∇u|mdx

+ µ

∫

RN

(
φ(t1|u|)
(t1|u|)m−2

− φ(t2|u|)
(t2|u|)m−2

)
|u|mdx =

∫

[u>0]

(
f(t1u)

(t1u)m−1
− f(t2u)

(t2u)m−1

)
umdx.

❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ t1 6= t2✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❛ss✉♠❛ q✉❡ t1 < t2✳

❘❡❝♦r❞❡ q✉❡ ❞❡ ✭φ3✮ ❛ ❛ ❢✉♥çã♦
φ(s)

sm−2
é ❞❡❝r❡s❝❡♥t❡ ♣❛r❛ s > 0✱ ❡ ❞❛í s❡❣✉❡ q✉❡ ♦ ❧❛❞♦

❡sq✉❡r❞♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ♣♦s✐t✐✈♦✳ ❈♦♥t✉❞♦ ❞❡ ✭f3✮ ❛ ❢✉♥çã♦
f(s)

sm−1
é ❝r❡s❝❡♥t❡ ♣❛r❛

s > 0✱ ❧♦❣♦ ♦ ❧❛❞♦ ❞✐r❡✐t♦ é ♥❡❣❛t✐✈♦✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ❙❡ t1 > t2 ❝❤❡❣❛♠♦s ❞❡ ♠❛♥❡✐r❛

❛♥á❧♦❣❛ ❛ ✉♠ ❛❜s✉r❞♦✱ ❡ ♣♦rt❛♥t♦ t1 = t2✳

P♦r ✜♠✱ ❛❞❛♣t❛♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✼✹✱ ❚❡♦r❡♠❛ ✹✳✷❪✱ ♠♦str❛✲s❡ q✉❡

dµ = dµ,1 = dµ,2.

✷✳✶✳✹ ❆ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡

◆❡st❛ s✉❜s❡çã♦✱ ❡st❛❜❡❧❡❝❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡♥✈♦❧✈❡♥❞♦ ❛s s❡q✉ê♥❝✐❛s ❞❡

P❛❧❛✐s✲❙♠❛❧❡ ❞❡ Eµ✳ ❆ ♣r✐♠❡✐r❛ ❞❡❧❛s é ♦❜t✐❞❛ ♥♦ ♣ró①✐♠♦ ❧❡♠❛✳

▲❡♠❛ ✷✳✶✳✹✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Eµ✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

C > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n✱ t❛❧ q✉❡

‖un‖Yµ ≤ C, ∀n ∈ N.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Eµ✳ P♦r ❤✐♣ót❡s❡✱

Eµ(un) → d ❡ E ′
µ(un) → 0.
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❆ss✐♠✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c1 > 0 t❛❧ q✉❡

Eµ(un)−
1

θ
E ′
µ(un)un ≤ c1(1 + ‖vn‖Yµ). ✭✷✳✶✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱

Eµ(un)−
1

θ
E ′
µ(un)un =

∫

RN

Φ(|∇un|)dx+ µ

∫

RN

Φ(|un|)dx−
∫

RN

F (un)dx

−1

θ

∫

RN

φ(|∇un|)|∇un|2dx−
µ

θ

∫

RN

φ(|un|)|un|2dx+
∫

RN

f(un)un
θ

dx.

❉❡ ✭φ2✮ ❡ ✭f2✮

φ(t)t2 ≤ mΦ(t) ❡ θF (t) ≤ f(t)t, ♣❛r❛ t♦❞♦ t ≥ 0.

❊♥tã♦✱

Eµ(un)−
1

θ
E ′
µ(un)un ≥

(
1− m

θ

)∫

RN

(
Φ(|∇un|) + µΦ(un)

)
dx+

∫

RN

(f(un)un
θ

− F (un)
)
dx

≥ c2

∫

RN

(
Φ(|∇un|) + µΦ(un)

)
dx,

♦♥❞❡ c2 =
θ −m

θ
✳ ❘❡❝♦r❞❡ q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✳✸✷

∫

RN

Φ(|∇un|)dx ≥ ξ0(‖∇un‖Φ) ❡
∫

RN

Φ(|un|)dx ≥ ξ0(‖un‖Φ),

♦♥❞❡ ξ0(t) = min{tl, tm}✳ ▲♦❣♦✱

Eµ(un)−
1

θ
E ′
µ(un)un ≥ c2

(
ξ0(‖∇un‖Φ) + µξ0(‖un‖Φ)

)
. ✭✷✳✶✹✮

❆❣♦r❛✱ ♣♦r ✭✷✳✶✸✮ ❡ ✭✷✳✶✹✮✱ ❞❡❝♦rr❡ q✉❡

c2

(
ξ0(‖∇un‖Φ) + µξ0(‖un‖Φ)

)
≤ c1(1 + ‖un‖Yµ). ✭✷✳✶✺✮

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡

‖un‖Yµ → +∞ q✉❛♥❞♦ n→ +∞.

❊♥tã♦✱ ♦s s❡❣✉✐♥t❡s ❝❛s♦s ❞❡✈❡♠ s❡r ❡st✉❞❛❞♦s✿

(i) ‖∇un‖Φ → +∞ ❡ ‖un‖Φ → +∞❀

(ii) ‖∇un‖Φ → +∞ ❡ (‖un‖Φ) ❧✐♠✐t❛❞❛ ❡♠ R❀
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(iii) (‖∇un‖Φ) ❧✐♠✐t❛❞❛ ❡♠ R ❡ ‖un‖Φ → +∞✳

❈❛s♦ (i)

◆❡st❡ ❝❛s♦✱ s❡♥❞♦ m > l✱ ♣❛r❛ t♦❞♦ n ∈ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

ξ0(‖∇un‖Φ) = ‖∇un‖lΦ ❡ ξ0(‖un‖Φ) = ‖un‖lΦ.

❆ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ✭✷✳✶✺✮ ✐♠♣❧✐❝❛

c1(1 + ‖un‖Yµ) ≥ c2

(
‖∇un‖lΦ + µ‖un‖lΦ

)

≥ c3

(
‖∇un‖lΦ + (µ‖un‖Φ)l

)
,

❞❡ ♦♥❞❡ s❡❣✉❡

c1(1 + ‖un‖Yµ) ≥ c4‖un‖lYµ .

❯♠❛ ✈❡③ q✉❡ l > 1✱ t❡♠♦s q✉❡ (‖un‖Yµ) é ❧✐♠✐t❛❞❛ ❡♠ R✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

❈❛s♦ (ii)

◆❡st❡ ❝❛s♦✱ ❝♦♠♦ m > l✱ ♣❛r❛ t♦❞♦ n ∈ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

ξ0(‖∇un‖Φ) = ‖∇un‖lΦ ❡ ‖un‖Φ ≤ c5,

❡ ♣♦r ✭✷✳✶✺✮ ❞❡❞✉③✐♠♦s q✉❡

c6(1 + ‖∇un‖Φ) ≥ c2‖∇un‖lΦ,

✐♠♣❧✐❝❛♥❞♦ q✉❡ (‖∇un‖Φ) é ❧✐♠✐t❛❞❛ ❡♠ R✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

❆ ❛♥á❧✐s❡ ❞♦ ❝❛s♦ (iii) é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✳ ❊♠ q✉❛❧q✉❡r

❝❛s♦✱ t❡♠♦s ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ (‖un‖Yµ) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ R✱ ♠♦str❛♥❞♦

♦ ❧❡♠❛✳

◆♦ss♦ ♦❜❥❡t✐✈♦ ❛❣♦r❛ é ✈❡r✐✜❝❛r q✉❡ s❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Eµ✱ ❡♥tã♦

❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛

un(x) → u(x) q✳t✳♣✳ ❡♠ R
N . ✭✷✳✶✻✮
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P❛r❛ ♦❜t❡r ♦ ❧✐♠✐t❡ ❛❝✐♠❛✱ ❝♦♠❡ç❛♠♦s ♦❜s❡r✈❛♥❞♦ q✉❡ Φ, Φ̃ ∈ ∆2
✹✱ ♣♦✐s φ s❛t✐s❢❛③ ❛s

❤✐♣ót❡s❡s ✭φ1✮✲✭φ2✮✳ ▲♦❣♦✱ ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥♦ ❚❡♦r❡♠❛ ✶✳✶✳✷✸ s❡❣✉❡ q✉❡ Yµ é r❡✢❡①✐✈♦✳

P❡❧♦ ▲❡♠❛ ✷✳✶✳✹ (un) é ❧✐♠✐t❛❞❛ ❡♠ Yµ✱ ❛ss✐♠ ❡①✐st❡ u ∈ Yµ t❛❧ q✉❡ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛

un ⇀ u ❡♠ Yµ. ✭✷✳✶✼✮

P♦r ✭✷✳✺✮✱ ❞❛❞♦ ρ > 0

un → u ❡♠ LΦ(Bρ(0)).

❯♠❛ ✈❡③ q✉❡ ✈❛❧❡ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

LΦ(Bρ(0)) →֒ L1(Bρ(0)),

t❡♠♦s

un → u ❡♠ L1(Bρ(0)).

P♦rt❛♥t♦✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (un)✱

un(x) → u(x) q✳t✳♣✳ ❡♠ Bρ(0).

❙❡♥❞♦ ρ > 0 ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ✭✷✳✶✻✮✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡✱ ❞❡♥tr❡ ♦✉tr♦s ❜❡♥❡❢í❝✐♦s✱ s❡ ❢❛③ út✐❧ q✉❛♥❞♦ s❡ ♥❡❝❡ss✐t❛ ♠♦str❛r

❛ ❡①✐stê♥❝✐❛ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Eµ✳

▲❡♠❛ ✷✳✶✳✺✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Eµ✳ ❊♥tã♦✱ (un) s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡

❧✐♠✐t❡

∇un(x) → ∇u(x) q✳t✳♣✳ ❡♠ R
N .

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♦❜s❡r✈❛♥❞♦ q✉❡

(
Tx− Ty

)
(x− y) > 0, ♣❛r❛ t♦❞♦ x, y ∈ R

N x 6= y, ✭✷✳✶✽✮

♦♥❞❡ T : RN → R
N é ❞❛❞❛ ♣♦r Tx = φ(|x|)x✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ x, y ∈ R

N ❝♦♠ x 6= y✳

❙❡ ‖x‖ = ‖x‖✱ ❡♥tã♦ φ(‖x‖) = φ(‖y‖)✱ ❡ ❞❛í r❡s✉❧t❛ q✉❡

(
Tx− Ty

)
(x− y) = φ(‖x‖)‖x− y‖2 > 0.

✹❱❡r ❬✻✽✱ ▲❡♠❛ ✸✳✽ ❪✳



✹✷
❈❆P❮❚❯▲❖ ✷✳ ▼❯▲❚■P▲■❈■❉❆❉❊ ❊ ❈❖◆❈❊◆❚❘❆➬➹❖ ❉❊ ❙❖▲❯➬Õ❊❙ P❖❙■❚■❱❆❙ ❈❖▼ P❖❚❊◆❈■❆▲

❙❆❚■❙❋❆❩❊◆❉❖ ❆ ❈❖◆❉■➬➹❖ ❉❊ ❘❆❇■◆❖❲■❚❩

❙❡ ‖x‖ < ‖y‖✱ r❡❝♦r❞❛♥❞♦ q✉❡ (φ(t)t)′ > 0 ♣❛r❛ t > 0✱ ♦❜t❡♠♦s

(
Tx− Ty

)
(x− y) = φ(‖x‖)‖x‖(‖x‖ − ‖y‖) + φ(‖y‖)‖y‖(‖y‖ − ‖x‖)

> φ(‖x‖)‖x‖(‖x‖ − ‖y‖) + φ(‖x‖)‖x‖(‖y‖ − ‖x‖) = 0.

❆♥❛❧♦❣❛♠❡♥t❡ s❡ ‖x‖ > ‖y‖✱ ❡♥tã♦

(
Tx− Ty

)
(x− y) > 0,

♦ q✉❡ ♠♦str❛ ✭✷✳✶✽✮✳

❆❣♦r❛✱ ❞❛❞♦ ρ > 0 ❝♦♥s✐❞❡r❡ ξ = ξρ ∈ C∞
0 (RN) s❛t✐s❢❛③❡♥❞♦

0 ≤ ξ ≤ 1, ξ ≡ 1 ❡♠ Bρ(0) ❡ s✉♣♣ξ ⊂ B2ρ(0).

❯s❛♥❞♦ ❛s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛ ❡ ✭✷✳✶✽✮✱ ✈❡♠ q✉❡

0 ≤
∫

Bρ(0)

(
φ(|∇un|)∇un − φ(|∇u|)∇u

)
(∇un −∇u)dx

=

∫

Bρ(0)

(
φ(|∇un|)∇un − φ(|∇u|)∇u

)
(∇un −∇u)ξdx

≤
∫

B2ρ(0)

(
φ(|∇un|)∇un − φ(|∇u|)∇u

)
(∇un −∇u)ξdx

=

∫

B2ρ(0)

φ(|∇un|)∇un(∇un −∇u)ξdx−
∫

B2ρ(0)

ξφ(|∇u|)∇u(∇un −∇u)dx. ✭✷✳✶✾✮

❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ♠♦str❛r❡♠♦s q✉❡

∫

B2ρ

ξφ(|∇un|)∇un∇(un − u)dx→ 0. ✭✷✳✷✵✮

P❛r❛ t❛♥t♦✱ r❡❝♦r❞❡ q✉❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Eµ✱ ✐st♦ é✱

Eµ(un) → d ❡ E ′
µ(un) = on(1).

P❡❧♦ ▲❡♠❛ ✷✳✶✳✹✱ ❡①✐st❡ C1 > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n✱ t❛❧ q✉❡

‖(un − u)ξ‖Yµ ≤ C1 ∀n ∈ N,

♦ q✉❡ ✐♠♣❧✐❝❛

E ′
µ(un)(un − u)ξ = on(1).
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P♦r ♦✉tr♦ ❧❛❞♦✱

E ′
µ(un)

(
(un − u)ξ

)
=

∫

B2ρ

φ(|∇un|)∇un∇
(
(un − u)ξ

)
dx+ µ

∫

B2ρ

φ(|un|)un(un − u)ξdx

−
∫

B2ρ

f(un)(un − u)ξdx,

❡♥tã♦

on(1) =

∫

B2ρ

ξφ(|∇un|)∇un∇(un − u)dx+

∫

B2ρ

(un − u)φ(|∇un|)∇un∇ξdx

+ µ

∫

B2ρ

φ(|un|)un(un − u)ξdx−
∫

B2ρ

f(un)(un − u)ξdx. ✭✷✳✷✶✮

❆✜r♠❛çã♦ ✷✳✶✳✻✳ ❆s s❡q✉ê♥❝✐❛s
(
φ(|∇un|)|∇un|

)
❡
(
φ(|un|)|un|

)
sã♦ ❧✐♠✐t❛❞❛s ❡♠ LΦ̃(B2ρ(0))✳

❉❡ ❢❛t♦✱ ✉s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❛ ♥♦r♠❛ ❞❡ Yµ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ♦ ▲❡♠❛ ✷✳✶✳✹✱

‖∇un‖Φ ≤ ‖un‖Yµ ≤ C, ∀n ∈ N.

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✳✸✷✱

∫

RN

Φ(|∇un|)dx ≤ max
{
‖∇un‖lΦ, ‖∇un‖mΦ

}
.

❊♥tã♦✱

∫

B2ρ(0)

Φ(|∇un|)dx ≤ C2, ∀n ∈ N, ✭✷✳✷✷✮

❜❛st❛ ❝♦♥s✐❞❡r❛r C2 = C l + Cm✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ▲❡♠❛ ✶✳✶✳✶✼ ❥✉♥t♦ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ∆2

✐♠♣❧✐❝❛♠ q✉❡

Φ̃
(
φ(|∇un|)|∇un|

)▲❡♠❛1.1.17︷︸︸︷
≤ Φ(2|∇un|)

∆2︷︸︸︷
≤ C∗Φ(|∇un|). ✭✷✳✷✸✮

❉❡❝♦rr❡ ❞❡ ✭✷✳✷✷✮ ❡ ✭✷✳✷✸✮✱

∫

B2ρ(0)

Φ̃
(
φ(|∇un|)|∇un|

)
dx ≤ C∗C2.

❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✳✸✹✱

ξ4
(
‖φ(|∇un|)|∇un|‖Φ̃,B2ρ(0)

)
≤
∫

B2ρ(0)

Φ̃
(
φ(|un|)|un|

)
dx,
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♦♥❞❡ ξ4(t) = min{t l
l−1 , t

m
m−1}✳ ❉❡s❞❡ q✉❡✱

‖φ(|∇un|)|∇un|‖
m

m−1

Φ̃,B2ρ(0)
− 1 ≤ ξ4

(
‖φ(|∇un|)|∇un|‖Φ̃,B2ρ(0)

)
,

♣♦✐s m ≥ l > 1✱ s❡❣✉❡ q✉❡

‖φ(|∇un|)|∇un|‖Φ̃,B2ρ(0)
≤ C3, ∀n ∈ N,

❝♦♠ C3 =
(
kC2 + 1

)m−1
m ✱ ♠♦str❛♥❞♦ ❛ ❧✐♠✐t❛çã♦ ❞❡

(
φ(|∇un|)|∇un|

)
❡♠ LΦ̃(B2ρ(0))✳ ❉❡

♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ❡①✐st❡ C4 > 0 t❛❧ q✉❡

‖φ(|un|)|un|‖Φ̃,B2ρ(0)
≤ C4,

♦ q✉❡ ♣r♦✈❛ ❛ ❆✜r♠❛çã♦ ✷✳✶✳✻✳

◆♦t❡ q✉❡
(
b(|un|)|un|

)
é ❧✐♠✐t❛❞❛ ❡♠ LB̃(B2ρ(0))✳ ❉❡ ❢❛t♦✱ ✉s❛♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♠✲

♣❛❝t❛ Yµ →֒ LB(B2ρ(0)) ❞❛❞❛ ❡♠ ✭✷✳✺✮✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C5 > 0 t❛❧ q✉❡

‖un‖B ≤ C5, ∀n ∈ N.

❘❡♣❡t✐♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r ❥✉♥t♦ ❝♦♠ ♦s ▲❡♠❛s ✶✳✶✳✸✺ ❡ ✶✳✶✳✸✻✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡

C6 > 0 t❛❧ q✉❡

‖b(|un|)|un|‖Φ̃,B2ρ(0)
≤ C6.

❆♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ♣❛r❛ ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✺✱ t❡♠♦s
∫

B2ρ

φ(|un|)|un||un − u|dx ≤ 2‖φ(|un|)|un|‖Φ̃,B2ρ(0)
‖un − u‖Φ,B2ρ(0)

❡ ∫

B2ρ

b(|un|)|un||un − u|dx ≤ 2‖b(|un|)|un|‖B̃,B2ρ(0)
‖un − u‖B,B2ρ(0),

❞❡ ♦♥❞❡ s❡❣✉❡
∫

B2ρ

φ(|un|)|un||un − u|dx ≤ 2C4‖un − u‖Φ,B2ρ(0)

❡
∫

B2ρ

b(|un|)|un||un − u|dx ≤ 2C6‖un − u‖B,B2ρ(0).

✺✈❡r Pr♦♣♦s✐çã♦ ✶✳✶✳✶✽✳
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P♦r ✭✷✳✸✮✱ ❞❛❞♦ η > 0 ❡①✐st❡ cη > 0 t❛❧ q✉❡

|f(t)| ≤ ηφ(|t|)|t|+ cηb(|t|)|t|.

❆ss✐♠✱ ♣❡❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ❡①✐t❡♠ ❝♦♥st❛♥t❡s C7, C8 > 0 t❛✐s q✉❡

∣∣∣
∫

B2ρ

f(un)(un − u)ξ
∣∣∣ ≤ η

∫

B2ρ

φ(|un|)|un||un − u|dx+ cη

∫

B2ρ

b(|un|)|un||un − u|dx

≤ C7‖un − u‖Φ,B2ρ(0) + C8‖un − u‖B,B2ρ(0).

❯♠❛ ✈❡③ q✉❡ ❛s ✐♠❡rsõ❡s

Yµ →֒ LΦ(Bρ(0)) ❡ Yµ →֒ LB(Bρ(0))

sã♦ ❝♦♠♣❛❝t❛s ❡

un ⇀ u ❡♠ Yµ

s❡❣✉❡ q✉❡

‖un − u‖Φ,B2ρ(0) → 0 ❡ ‖un − u‖B,B2ρ(0) → 0,

✐ss♦ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r

∣∣∣
∫

B2ρ

f(un)(un − u)ξ
∣∣∣→ 0. ✭✷✳✷✹✮

❉❡s❞❡ q✉❡ ξ ∈ C∞
0 (RN)✱ ❡①✐st❡ C9 > 0 t❛❧ q✉❡

∣∣∣
∫

B2ρ

(un − u)φ(|∇un|)∇un∇ξdx
∣∣∣ ≤ C9

∫

B2ρ

φ(|∇un|)|∇un||(un − u)|dx.

❖r❛✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r

∣∣∣
∫

B2ρ

φ(|∇un|)∇un∇ξ(un − u)dx
∣∣∣ ≤ 2C9‖φ(|∇un|)|∇un|‖Φ̃,B2ρ(0)

‖un − u‖Φ,B2ρ(0),

❡ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✳✻

∣∣∣
∫

B2ρ

φ(|∇un|)∇un∇ξ(un − u)dx
∣∣∣ ≤ C10‖un − u‖Φ,B2ρ(0),

♦ q✉❡ ✐♠♣❧✐❝❛

∣∣∣
∫

B2ρ

(un − u)φ(|∇un|)∇un∇ξdx
∣∣∣→ 0. ✭✷✳✷✺✮
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❉❡ ♠♦❞♦ s✐♠✐❧❛r✱ ♠♦str❛✲s❡ q✉❡

∣∣∣µ
∫

B2ρ

φ(|un|)un(un − u)ξdx
∣∣∣→ 0. ✭✷✳✷✻✮

❆♣❧✐❝❛♥❞♦ ✭✷✳✷✶✮✱ ✭✷✳✷✺✮ ❡ ✭✷✳✷✻✮ ❞❡❞✉③✐♠♦s ♦ ❧✐♠✐t❡ ❡♠ ✭✷✳✷✵✮✳

❆❣♦r❛✱ ♠♦str❛r❡♠♦s q✉❡
∫

B2ρ(0)

ξφ(|∇u|)∇u(∇un −∇u)dx→ 0. ✭✷✳✷✼✮

❯s❛♥❞♦ ❛ ❧✐♠✐t❛çã♦ ❞❡ (un) ❝♦♠ ❛ r❡✢❡①✐❜✐❧✐❞❛❞❡ ❞❡ Yµ ♦❜t❡♠♦s✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

♦s ❧✐♠✐t❡s
∂un
∂xi

⇀
∂u

∂xi
❡♠ LΦ(B2ρ(0)), i = 1, ..., N.

❖❜s❡r✈❡ q✉❡ ξφ(|∇u|) ∂u
∂xi

∈ LΦ̃(B2ρ(0))✱ ♣♦✐s

∫

B2ρ(0)

Φ̃
(
ξφ(|∇u|)| ∂u

∂xi
|
)
dx ≤

∫

B2ρ(0)

Φ̃
(
φ(|∇u|)|∇u|

)
dx

▲❡♠❛1.1.17︷︸︸︷
≤

∫

B2ρ(0)

Φ(2|∇u|)dx

∆2︷︸︸︷
≤ k

∫

B2ρ(0)

Φ(|∇u|)dx < +∞.

P❛r❛ ❝❛❞❛ i = 1, ..., N ✱ ❝♦♥s✐❞❡r❛♠♦s

Li : L
Φ(B2ρ(0)) → R

v 7→ Li(v) =

∫

B2ρ(0)

ξφ(|∇u|) ∂u
∂xi

vdx.

❙❡❣✉❡✲s❡ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r q✉❡ Li é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❡♠ LΦ(B2ρ(0))✳

❊♥tã♦✱ ∫

B2ρ(0)

ξφ(|∇u|)∇u
(∂un
∂xi

− ∂u

∂xi

)
dx→ 0, i = 1, ..., N,

❞❡ ♦♥❞❡ r❡s✉❧t❛ ✭✷✳✷✼✮✳ ❉❡ ✭✷✳✶✾✮✲✭✷✳✷✼✮✱
∫

Bρ(0)

(
φ(|∇un|)∇un − φ(|∇u|)∇u

)
(∇un −∇u)dx→ 0.

❖ ú❧t✐♠♦ ❧✐♠✐t❡ ✐♠♣❧✐❝❛ q✉❡ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (un)✱

(
T∇un − T∇u

)
(∇un −∇u) → 0 q✳t✳♣✳ ❡♠ Bρ(0).
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❆♣❧✐❝❛♥❞♦ ✉♠ r❡s✉❧t❛❞♦ ❡♥❝♦♥tr❛❞♦ ❡♠ ❉❛❧ ▼❛s♦ ❛♥❞ ▼✉r❛t ❬✷✼❪✱

∇un(x) → ∇u(x) q✳t✳♣✳ ❡♠ Bρ(0).

❉❡s❞❡ q✉❡ ρ é ❛r❜✐trár✐♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

∇un(x) → ∇u(x) q✳t✳♣✳ ❡♠ R
N ,

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❆ ❧❡♠❛ s❡❣✉✐♥t❡ ❝♦♥st✐t✉✐ ✉♠ ♣♦♥t♦ ❝❤❛✈❡ ♣❛r❛ ♠♦str❛r ♦ ❚❡♦r❡♠❛ ✷✳✶✳✶✳

▲❡♠❛ ✷✳✶✳✼✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Eµ ❡ u ❝♦♠♦ ♥♦ ▲❡♠❛ ✷✳✶✳✺✳ ❊♥tã♦✱

u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ Eµ✱ ✐st♦ é✱ E ′
µ(u) = 0✳

❉❡♠♦♥str❛çã♦✳ ❉❡s❞❡ q✉❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Yµ✱ s❡❣✉❡ q✉❡
(
φ(|∇un|)

∂un
∂xi

)

é ❧✐♠✐t❛❞❛ ❡♠ LΦ̃(RN)✱ ♣♦✐s
∫

B2ρ(0)

Φ̃
(
φ(|∇un|)|

∂un
∂xi

|
)
dx ≤

∫

B2ρ(0)

Φ̃
(
φ(|∇un|)|∇un|

)
dx

▲❡♠❛1.1.17︷︸︸︷
≤

∫

B2ρ(0)

Φ(2|∇un|)dx

∆2︷︸︸︷
≤ k

∫

B2ρ(0)

Φ(|∇un|)dx < +∞.

❆ss✐♠✱ ♣❡❧♦ ♦ ▲❡♠❛ ✷✳✶✳✺✱

φ(|∇un(x)|)
∂un(x)

∂xi
→ φ(|∇u(x)|)∂u(x)

∂xi
q✳t✳♣✳ ❡♠ R

N .

P♦r s✉❛ ✈❡③✱ ❛♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✸✱ ✈❡♠ q✉❡
∫

RN

φ(|∇un(x)|)
∂un(x)

∂xi

∂v(x)

∂xi
dx→

∫

RN

φ(|∇u(x)|)∂u(x)
∂xi

∂v(x)

∂xi
dx ♣❛r❛ t♦❞❛ v ∈ Yµ.

❊♥tã♦✱
∫

RN

φ(|∇un(x)|)∇un(x)∇vdx→
∫

RN

φ(|∇u(x)|)∇u∇vdx ♣❛r❛ t♦❞♦ v ∈ Yµ. ✭✷✳✷✽✮

❘❡❝♦r❞❛♥❞♦ q✉❡
(
φ(|un|)un

)
❡
(
b(|un|)un

)
sã♦ t❛♠❜é♠ ❧✐♠✐t❛❞❛s ❡♠ LΦ̃(RN) ❡ LB̃(RN)✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ✉s❛♥❞♦ q✉❡

un(x) → u(x) q✳t✳♣✳ ❡♠ R
N ,
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♦❜t❡♠♦s

φ(|un(x)|)un(x) → φ(|u(x)|)u(x) q✳t✳♣✳ ❡♠ R
N

❡

b(|un(x)|)un(x) → b(|u(x)|)u(x) q✳t✳♣✳ ❡♠ R
N .

▲♦❣♦✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✸ ❝♦♥❝❧✉í♠♦s q✉❡
∫

RN

φ(|un|)unvdx→
∫

RN

φ(|u|)uvdx. ✭✷✳✷✾✮

❡
∫

RN

b(|un|)unvdx→
∫

RN

b(|u|)uvdx. ✭✷✳✸✵✮

♣❛r❛ t♦❞♦ v ∈ Yµ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ v ∈ Yµ

f(un(x))v → f(u(x))v q✳t✳♣✳ ❡♠ R
N .

❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ η > 0✱ ❡①✐st❡ cη > 0 t❛❧ q✉❡

|f(t)| ≤ ηφ(|t|)|t|+ cηb(|t|)|t|

♦ q✉❡ ✐♠♣❧✐❝❛

|f(un)v| ≤ ηφ(|(un)|)|(un)||v|+ cηb(|(un)|)|(un)||v| =: hn.

❖❜s❡r✈❛♥❞♦ q✉❡

h(un(x)) → h(u(x)) q✳t✳♣✳ ❡♠ R
N ,

♦♥❞❡ h(x) = ηφ(|u|)uv + cηb(|u|)uv ❡ ✉s❛♥❞♦ ✭✷✳✷✾✮✲✭✷✳✸✵✮ r❡s✉❧t❛ q✉❡
∫

RN

hndx→
∫

RN

hdx,

P♦rt❛♥t♦✱ s❡❣✉❡✲s❡ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ●❡♥❡r❛❧✐③❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ q✉❡
∫

RN

f(un)vdx→
∫

RN

f(u)vdx, ✭✷✳✸✶✮

♣❛r❛ t♦❞♦ v ∈ Yµ✳ ❉❡s❞❡ q✉❡

E ′
µ(un)v =

∫

RN

φ(|∇un(x)|)∇un(x)∇vdx+ µ

∫

RN

φ(|un|)unvdx−
∫

RN

f(un)vdx

❥✉♥t❛♥❞♦ ✭✷✳✷✽✮✲✭✷✳✸✶✮ ❝♦♠ ♦ ❧✐♠✐t❡ E ′
µ(un) → 0 ❝♦♥❝❧✉í♠♦s✱ ❡♥tã♦✱ q✉❡ E ′

µ(u) = 0✳
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❖❜s❡r✈❛çã♦ ✷✳✶✳✽✳ ◗✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (PS) ♣❛r❛ Eµ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♥ã♦✲♥❡❣❛t✐✈❛s✱ ♣♦✐s ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ♣❛rt❡ ♣♦s✐t✐✈❛ ❞❛ s❡q✉ê♥❝✐❛✳

◆♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿ ❙❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Eµ✱ ❡♥tã♦

Eµ(un) = Eµ(u
+
n ) + on(1) ❡ E ′

µ(un) = E ′
µ(u

+
n ) + on(1).

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ E ′
µ(u) = 0✱ ❡♥tã♦ u ≥ 0✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ❡ss❡♥❝✐❛❧ ♣❛r❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✶✱

q✉❡ ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡ ♦ ❧✐♠✐t❡ ❢r❛❝♦ u ❞❛ s❡q✉ê♥❝✐❛ (un) é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♥ã♦✲tr✐✈✐❛❧

❞❡ Eµ✳

▲❡♠❛ ✷✳✶✳✾✳ ❙❡❥❛ (vn) ⊂ Yµ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Eµ ❝♦♠ vn ⇀ 0 ❡♠ Yµ✳ ❊♥tã♦✱

(a) vn → 0 ❡♠ Yµ✱ ♦✉

(b) ❊①✐st❡♠ ̺✱ τ > 0

lim inf
n→+∞

sup
y∈RN

∫

B̺(y)

Φ(|vn|)dx ≥ τ > 0.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ (b) ♥ã♦ ♦❝♦rr❡✳ ❆ss✐♠✱ ♣❛r❛ t♦❞♦ ̺ > 0

lim
n→+∞

sup
y∈RN

∫

B̺(y)

Φ(|vn|)dx = 0.

❊♥tã♦✱ ♣♦r ✭b4✮✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❞♦ t✐♣♦ ▲✐♦♥s✻ ♣❛r❛ ❡s♣❛ç♦ ❞❡ ❖r❧✐❝③ ♣❛r❛

❝♦♥❝❧✉✐r q✉❡ ∫

RN

B(|vn|)dx = on(1).

❉❡ ✭✷✳✸✮✱ ❞❛❞♦ η > 0 ❡①✐st❡ cη > 0 t❛❧ q✉❡

∣∣∣
∫

RN

f(vn)(vn)dx
∣∣∣ ≤ η

∫

RN

φ(|vn|)|vn|2dx+ cη

∫

RN

b(|vn|)|vn|2dx

≤ m

∫

RN

Φ(|vn|)dx+ cηb2

∫

RN

B(|vn|)dx,

♦♥❞❡ ♥❛ ú❧t✐♠❛ ❡st✐♠❛t✐✈❛✱ ✉s❛♠♦s ❛s ❞❡s✐❣✉❛❧❞❛❞❡s φ(t)t2 ≤ mΦ(t) ❡ b(t)t2 ≤ b2B(t)✳

❙❡♥❞♦ (vn) ❧✐♠✐t❛❞❛ ❡♠ Yµ✱

∣∣∣
∫

RN

f(vn)(vn)dx
∣∣∣ ≤ ηC1 + C2on(1).

✻❚❡♦r❡♠❛ ✶✳✶✳✸✶✳
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P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ n→ +∞ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r✱ ✜❝❛♠♦s ❝♦♠

lim
n→∞

∣∣∣
∫

RN

f(vn)(vn)dx
∣∣∣ ≤ ηC1.

❈♦♠♦ η é ❛r❜✐trár✐♦ ❝♦♥❝❧✉í♠♦s q✉❡

∫

RN

f(vn)(vn)dx = on(1).

❉❡s❞❡ q✉❡ (vn) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Eµ✱

on(1) = E ′
µ(vn)vn =

∫

RN

φ(|∇vn|)|∇vn|2dx+ µ

∫

RN

φ(|vn|)|vn|2dx− on(1)

❡ ❛ss✐♠ ∫

RN

φ(|∇vn|)|∇vn|2dx+ µ

∫

RN

φ(|vn|)|vn|2dx→ 0.

❉❡❝♦rr❡ ❞❡ lΦ(t) ≤ φ(t)t2 ❡ ♦ ❧✐♠✐t❡ ❛❝✐♠❛ q✉❡

∫

RN

Φ(|∇un|)dx→ 0 ❡ µ

∫

RN

Φ(|un|)dx→ 0.

P♦r ❝♦♥s❡❣✉✐♥t❡

un → 0 ❡♠ Yµ,

♠♦str❛♥❞♦ q✉❡ (a) ♦❝♦rr❡✳

✷✳✶✳✺ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✶

❊st❛♠♦s✱ ✜♥❛❧♠❡♥t❡✱ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✷✳✶✳✶✳ ❊♠ ✈✐st❛

❞♦ ▲❡♠❛ ✷✳✶✳✷✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ s❡♠ ❛

❝♦♥❞✐çã♦ (PS)✼✱ ♣❛r❛ ❝♦♥❝❧✉✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ W 1,Φ
(
R
N
)
✈❡r✐✜❝❛♥❞♦

Eµ(un) → dµ ❡ E ′
µ(un) → 0,

♦♥❞❡

dµ = inf
α∈Γµ

max
t∈[0,1]

Eµ
(
α(t)

)
,

✼✈❡r ❬✼✹✱ ❚❡♦r❡♠❛ ✶✳✶✺❪✳
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é ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛ Eµ✳ ❆❣♦r❛✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✹✱ ❛ s❡q✉ê♥❝✐❛ (un)

é ❧✐♠✐t❛❞❛ ❡♠ Eµ✳ ❙❡♥❞♦ Yµ r❡✢❡①✐✈♦✱ ❡①✐st❡ u ∈ Yµ t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

un ⇀ u ❡♠ Yµ✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦s ▲❡♠❛s ✷✳✶✳✺ ❡ ✷✳✶✳✼✱ s❡❣✉❡ q✉❡

E ′
µ(u) = 0 ❡ u ≥ 0.

❙❡ u 6≡ 0✱ ❡♥tã♦ u é s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ ✭Pµ✮✳ ❙❡ u = 0✱ ❡♥tã♦ un 9 0 ❡♠

Yµ✱ ♣♦✐s dµ > 0✳ ❆ss✐♠✱ ❞♦ ▲❡♠❛ ✷✳✶✳✾✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (yn) ⊂ R
N ❡ ❝♦♥st❛♥t❡s

̺, τ > 0 t❛✐s q✉❡
∫

B̺(yn)

Φ(un)dx ≥ τ > 0. ✭✷✳✸✷✮

❈♦♥s✐❞❡r❛♥❞♦ vn(x) = un(x+ yn)✱ t❡♠♦s q✉❡ (vn) é ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN)✳ ▲♦❣♦✱ ❡①✐st❡

v ∈ W 1,Φ(RN) t❛❧ q✉❡

vn ⇀ v ❡♠ W 1,Φ(RN).

❯♠❛ ✈❡③ q✉❡ ❛ ✐♠❡rsã♦

W 1,Φ(RN) →֒ LΦ(B̺(yn))

é ❝♦♠♣❛❝t❛✱ s❡❣✉❡✲s❡ ❞❡ ✭✷✳✸✷✮ q✉❡
∫

B̺(0)

Φ(v)dx ≥ τ > 0,

✐♠♣❧✐❝❛♥❞♦ q✉❡ v 6= 0✳ ❯s❛♥❞♦ q✉❡ R
N é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çõ❡s✱ t❡♠♦s ❛s ✐❣✉❛❧❞❛❞❡s

Eµ(vn) = Eµ(un) = dµ + on(1) ❡ ‖E ′
µ(vn)‖ = ‖E ′

µ(un)‖ = on(1).

❆♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦s ▲❡♠❛s ✷✳✶✳✺ ❡ ✷✳✶✳✼✱ ♣❛r❛ s❡q✉ê♥❝✐❛ (vn)✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ E ′
µ(v) =

0✱ ♠♦str❛♥❞♦ q✉❡ ✭Pµ✮ t❡♠ ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❡ ♥ã♦✲♥❡❣❛t✐✈❛✳

◆♦ss♦ ♦❜❥❡t✐✈♦ ❛❣♦r❛ é ♠♦str❛r q✉❡ ❛ s♦❧✉çã♦ ❡♥❝♦♥tr❛❞❛ é ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳ P❛r❛

t❛♥t♦✱ ❞❡♥♦t❡ ♣♦r u ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❞❡ ✭Pµ✮✳ ❙❡♥❞♦ u ∈ Yµ \
{
0
}
✉♠❛ s♦❧✉çã♦ ❞❡

✭Pµ✮✱ s❡❣✉❡ ❞❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ✭✈❡r ▲❡♠❛ ✷✳✶✳✸✮✱

dµ ≤ Eµ(u) = Eµ(u)−
1

m
E ′
µ(u)u

=

∫

RN

[(
Φ(|∇u|)− 1

m
φ(|∇u|)|∇u|2

)
+ µ
(
Φ(|u|)− 1

m
φ(|u|)|u|2

)

+
( 1

m
f(u)u− F (u)

)]
dx.
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❆s ❤✐♣ót❡s❡s ✭φ2✮ ❡ ✭f3✮ ✐♠♣❧✐❝❛♠

Φ(|∇u|)− 1

m
φ(|∇u|)|∇u|2 ≥ 0 ❡

1

m
f(u)u− F (u) ≥ 0.

▲❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ❥✉♥t♦ ❝♦♠ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱

dµ ≥ lim inf
n→+∞

[∫

RN

(
Φ(|∇un|) + µΦ(|un|)− F (un)

)
dx+

1

m

∫

RN

(
− φ(|∇un|)|∇un|2 − µφ(|un|)|un|2 + f(un)un

)
dx

]

= lim inf
n→+∞

Eµ(un) +
1

m
lim

n→+∞

(
− E ′

µ(un)un
)
= dµ,

♠♦str❛♥❞♦ q✉❡ Eµ(v) = dµ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ v é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳

✷✳✶✳✻ ▲✐♠✐t❛çã♦✱ r❡❣✉❧❛r✐❞❛❞❡ ❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s ❞❡ (Pµ)

◆❡st❛ s✉❜s❡çã♦ ❡st✉❞❛♠♦s ❛ ❧✐♠✐t❛çã♦✱ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦✱ r❡❣✉❧❛r✐❞❛❞❡ ❡ ❛

♣♦s✐t✐✈✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉tô♥♦♠♦✳

❖❜s❡r✈❛♠♦s q✉❡ ❡♠ ❬✸✺❪✱ ♦ ♠ét♦❞♦ ❞❡ ✐t❡r❛çã♦ ❞❡ ▼♦s❡r ❢♦✐ ✉t✐❧✐③❛❞♦ ❝♦♠♦ ✉♠❛

❢❡rr❛♠❡♥t❛ ❜ás✐❝❛ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ❡st✐♠❛t✐✈❛s ♥❛ ♥♦r♠❛ L∞✳ ❚♦❞❛✈✐❛✱ ♥ã♦ é ❝❧❛r♦

q✉❡ t❛❧ ♠ét♦❞♦ s❡❥❛ ✉♠❛ ❜♦❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♦❜t❡r ❛s ❡st✐♠❛t✐✈❛s ♣❛r❛ ❛ ♥♦r♠❛ L∞

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭Pµ✮✳ P❛r❛ ❝♦♥t♦r♥❛r t❛❧ ❞✐✜❝✉❧❞❛❞❡✱ ❢❛③❡♠♦s ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞✐❢❡r❡♥t❡

❞❡ ❬✸✺❪✱ ❛❞❛♣t❛♠♦s ♣❛r❛ ♥♦ss♦ ♣r♦❜❧❡♠❛✱ ♦s ❛r❣✉♠❡♥t♦s ❞❡s❡♥✈♦❧✈✐❞♦s ❬✹❪✱ ❬✹✸❪ ❡ ❬✼✶❪ ❡

♦❜t❡♠♦s ❧✐♠✐t❛çã♦ L∞✱ ❜❡♠ ❝♦♠♦ r❡❣✉❧❛r✐❞❛❞❡ ❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛s s♦❧✉çõ❡s

✭Pµ✮✳ P❛r❛ ✜♥❛❧✐③❛r✱ ❢❛③❡♥❞♦ ✉s♦ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✼✷❪✱ ❞❡♠♦♥str❛♠♦s ❛

♣♦s✐t✐✈✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s✳

■♥✐❝✐❛♠♦s ❛♣r❡s❡♥t❛♥❞♦ ✉♠ r❡s✉❧t❛❞♦ té❝♥✐❝♦✱ ♣♦ré♠ ❝r✉❝✐❛❧ ♣❛r❛ ♦ ❡st✉❞♦ q✉❡ s❡❣✉❡✳

▲❡♠❛ ✷✳✶✳✶✵✳ ❙❡❥❛ u ∈ W 1,Φ(RN) ✉♠❛ s♦❧✉çã♦ ❞❡ ✭Pµ✮ ❡ x0 ∈ R
N ✳ ❊♥tã♦✱

∫

Ak,t

|∇u|γdx ≤ c

(∫

Ak,s

∣∣∣u− k

s− t

∣∣∣
γ∗

dx+ (kγ
∗

+ 1)|Ak,s|
)
,

♦♥❞❡ 0 < t < s < 1✱ k > 0✱ c é ✉♠❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ k ❡ Ak,ρ = {x ∈ Bρ(x0) :

u(x) > k} ♣❛r❛ ρ > 0✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ u ✉♠❛ s♦❧✉çã♦ ❞❡ ✭Pµ✮✱ x0 ∈ R
N ❡ R0 > 1✳ ❋✐①❡♠♦s 0 < t < s < 1

❡ ξ ∈ C∞
0 (RN) ✈❡r✐✜❝❛♥❞♦

0 ≤ ξ ≤ 1, s✉♣♣ξ ⊂ Bs(x0), ξ ≡ 1 ❡♠ Bt(x0) ❡ |∇ξ| ≤ 2

s− t
.

P❛r❛ ❝❛❞❛ k ≥ 0 ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ t❡st❡ ψ = ξm(u − k)+✳ P❡❧❛ ❛ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦

♣❛r❛ ✭Pµ✮✱ t❡♠♦s
∫

Ak,s

φ(|∇u|)|∇u|2ξmdx+m

∫

Ak,s

ξm−1(u− k)+φ(|∇u|)∇u∇ξdx

+µ

∫

Ak,s

φ(|u|)|u||ξm(u− k)+dx =

∫

Ak,s

f(u)ξm(u− k)+dx.

❉❡✜♥✐♥❞♦

J =

∫

Ak,s

Φ(|∇u|)ξmdx

❡ ✉s❛♥❞♦ q✉❡ lΦ(t) ≤ φ(t)t2 r❡s✉❧t❛ q✉❡

lJ ≤ m

∫

Ak,s

ξm−1(u− k)+φ(|∇u|)|∇u||∇ξ|dx

−µ
∫

Ak,s

φ(|u|)|u|ξm(u− k)+dx+

∫

Ak,s

f(u)ξm(u− k)+dx.

❘❡❝♦r❞❡ q✉❡ ❞❛❞♦ η > 0 ❡①✐st❡ cη > 0 t❛❧ q✉❡

|f(t)| ≤ ηφ(|t|)|t|+ cηb(|t|)|t|.

❆ss✐♠✱ ✜①❛♥❞♦ η = µ✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1 > 0 t❛❧ q✉❡

lJ ≤ m

∫

Ak,s

ξm−1(u− k)+φ(|∇u|)|∇u||∇ξ|dx+ C1

∫

Ak,s

b(|u|)|u|ξm(u− k)+dx. ✭✷✳✸✸✮

❈♦♥s✐❞❡r❡ τ ∈ (0, 1) ❛ s❡r ❡s❝♦❧❤✐❞♦✱ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✱ ♠❛✐s ❛❞✐❛♥t❡✳ ❯♠❛ ✈❡③ q✉❡

u ∈ W 1,Φ(RN)✱ t❡♠♦s φ(|∇u|)|∇u|ξm−1τ ∈ LΦ̃(RN)✱ ♣♦✐s

∫

RN

Φ̃
(
φ(|∇u|)|∇u|ξm−1τ

)
dx

∆2︷︸︸︷
≤ C2

∫

RN

Φ̃
(
φ(|∇u|)|∇u|

)
dx

▲❡♠❛1.1.17︷︸︸︷
≤ C2

∫

RN

Φ(2|∇u|)dx
∆2︷︸︸︷
≤ C3

∫

RN

Φ(|∇u|)dx < +∞.
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❉❡s❞❡ q✉❡ ξ ∈ C∞
0 (RN)✱ ❛♣❧✐❝❛♥❞♦✲s❡ ♥♦✈❛♠❡♥t❡ ❛ ❝♦♥❞✐çã♦ ∆2✱ ❝♦♥❝❧✉í♠♦s q✉❡

|∇ξ|
τ

(u− k)+ ∈ LΦ(RN).

❊♠ ✈✐st❛ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✽ ♣❛r❛ ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✱ t❡♠✲s❡

φ(|∇u|)|∇u||∇ξ|ξm−1(u− k)+ ≤ Φ̃(φ(|∇u|)|∇u|ξm−1τ) + Φ
( |∇ξ|

τ
(u− k)+

)

≤ Φ̃(φ(|∇u|)|∇u|ξm−1τ) + C4Φ
(∣∣∣u− k

s− t

∣∣∣
)
.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞♦ ▲❡♠❛ ✶✳✶✳✸✹✱

Φ̃(φ(|∇u|)|∇u|ξm−1τ) ≤ ξ5(τξ
m−1)Φ̃(φ(|∇u|)|∇u|),

♦♥❞❡ ξ5(t) = max{t l
l−1 , t

m
m−1}✳ ❈♦♠♦ τξm−1 ∈ (0, 1)✱

Φ̃(φ(|∇u|)|∇u|ξm−1τ) ≤
(
τξm−1

) m
m−1

Φ̃(φ(|∇u|)|∇u|)
▲❡♠❛1.1.17︷︸︸︷

≤
(
τξm−1

) m
m−1

Φ(2|∇u|)
∆2︷︸︸︷
≤ C5

(
τξm−1

) m
m−1

Φ(|∇u|),

❡ ♣♦rt❛♥t♦

mξm−1(u− k)+φ(|∇u|)|∇u||∇ξ| ≤ mC5

(
τξm−1

) m
m−1

Φ(|∇u|) +mC4Φ
(∣∣∣u− k

s− t

∣∣∣
)
. ✭✷✳✸✹✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✸✸✮ ❡ ✭✷✳✸✹✮✱ ✜❝❛♠♦s ❝♦♠

lJ ≤ mC5τ
m

m−1

∫

Ak,s

Φ(|∇u|)ξmdx+mC4

∫

Ak,s

Φ
(∣∣∣u− k

s− t

∣∣∣
)
dx

+C1

∫

Ak,s

b(|u|)|u|ξm(u− k)+dx.

❆❣♦r❛✱ ❡s❝♦❧❤❡♠♦s τ ∈ (0, 1) ❞❡ ♠❛♥❡✐r❛ q✉❡

0 < mC5τ
m

m−1 < l.

❆ss✐♠✱

J ≤ C6

∫

Ak,s

Φ
(∣∣∣u− k

s− t

∣∣∣
)
dx+ C7

∫

Ak,s

b(|u|)|u|ξm(u− k)+dx.

✽✈❡r ▲❡♠❛ ✶✳✶✳✽✳
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❆r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥❛ ♣r♦✈❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ✭✷✳✸✹✮ ❡ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❉❡s✐❣✉❛❧✲

❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❞❡❞✉③✐♠♦s

b(|u|)|u|ξm(u− k)+ ≤ B̃(b(|u|)|u|ξm) + B(|u− k|)

≤ B̃(b(|u|)|u|) + B
(
|s− t|

∣∣∣u− k

s− t

∣∣∣
)

≤ B(2|u|) + B
(∣∣∣u− k

s− t

∣∣∣
)

≤ C8B(|u|) + C9B
(∣∣∣u− k

s− t

∣∣∣
)

≤ C10B
(∣∣∣u− k

s− t

∣∣∣
)
+ C11B(|k|),

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

J ≤ C6

∫

Ak,s

Φ
(∣∣∣u− k

s− t

∣∣∣
)
dx+ C12

∫

Ak,s

B
(∣∣∣u− k

s− t

∣∣∣
)
dx+ C13

∫

Ak,s

B(|k|)dx.

❉❡s❞❡ q✉❡ l ≤ m < γ∗✱ ❞♦ ▲❡♠❛ ✶✳✶✳✸✷

Φ
(∣∣∣u− k

s− t

∣∣∣
)
≤ Φ(1)max

{∣∣∣u− k

s− t

∣∣∣
l

,
∣∣∣u− k

s− t

∣∣∣
m}

≤ Φ(1)
(∣∣∣u− k

s− t

∣∣∣
γ∗

+ 1
)
,

♦♥❞❡ γ ❢♦✐ ❞❡✜♥✐❞♦ ♥❛ ■♥tr♦❞✉çã♦✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❝♦♠♦ b1 ≤ b2 < γ∗✱ ♣❡❧♦ ♦ ▲❡♠❛

✶✳✶✳✸✺✱ ♠♦str❛✲s❡ q✉❡

B
(∣∣∣u− k

s− t

∣∣∣
)
≤ B(1)

(∣∣∣u− k

s− t

∣∣∣
γ∗

+ 1
)

❡ B(|k|) ≤ B(1)(kγ
∗

+ 1).

▲♦❣♦✱

J ≤ C14

(∫

Ak,s

∣∣∣u− k

s− t

∣∣∣
γ∗

dx+ (kγ
∗

+ 1)|Ak,s|
)
. ✭✷✳✸✺✮

❙❡ Φ ∈ Cm✱ ❡♥tã♦ γ = m✳ ❈♦♠♦ ξ ≡ 1 ❡♠ Bt(x0)✱ ♦❜t❡♠♦s
∫

Ak,t

|∇u|mdx ≤
∫

Ak,t

Φ(|∇u|)dx ≤ J,

❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♦❜t✐❞❛ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ✭✷✳✸✺✮ ✐♠♣❧✐❝❛ q✉❡

∫

Ak,t

|∇u|γdx ≤ C14

(∫

Ak,s

∣∣∣u− k

s− t

∣∣∣
γ∗

dx+ (kγ
∗

+ 1)|Ak,s|
)
.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ Φ /∈ Cm✱ ❡♥tã♦ γ = l✳ P❡❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s

Φ(1)min
{
tl, tm

}
≤ Φ(t) ❡ tl ≤ tm + 1, ∀t ≥ 0,
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❞❡❞✉③✐♠♦s

Φ(1)(tl − 1) ≤ Φ(t), ∀t ≥ 0.

❈♦♠♦ s > t s❡❣✉❡ q✉❡ |Ak,t| < |Ak,s| ❡✱ ♣♦rt❛♥t♦✱

Φ(1)

∫

Ak,t

|∇u|ldx− Φ(1)|Ak,t| ≤
∫

Ak,t

Φ(|∇u|)dx.

P♦r ✭✷✳✸✺✮✱

∫

Ak,t

|∇u|γdx ≤ C15

(∫

Ak,s

∣∣∣u− k

s− t

∣∣∣
γ∗

dx+ (kγ
∗

+ 1)|Ak,s|
)
.

❊♠ q✉❛❧q✉❡r ❝❛s♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥t❛♥t❡ c > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ k✱ t❛❧ q✉❡

∫

Ak,t

|∇u|γdx ≤ c

(∫

Ak,s

∣∣∣u− k

s− t

∣∣∣
γ∗

dx+ (kγ
∗

+ 1)|Ak,s|
)
,

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ ♣ró①✐♠♦ ❧❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❬✺✵✱ ▲❡♠♠❛ ✹✳✼❪✳

▲❡♠❛ ✷✳✶✳✶✶✳ ❙❡❥❛ (Jn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s ♥ã♦✲♥❡❣❛t✐✈♦s s❛t✐s❢❛③❡♥❞♦

Jn+1 ≤ CDnJ1+ζ
n , n = 0, 1, 2, . . . ,

♦♥❞❡ C, ζ > 0 ❡ D > 1✳ ❙❡

J0 ≤ C− 1
ζD

− 1
ζ2 ,

❡♥tã♦ Jn → 0✱ q✉❛♥❞♦ n→ ∞✳

❆♣r❡s❡♥t❛♠♦s ❛❣♦r❛ ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ❛♦ ❧♦♥❣♦

❞❡st❡ tr❛❜❛❧❤♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✷✳ ❙❡❥❛ u ∈ W 1,Φ(RN) ✉♠❛ s♦❧✉çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ❞❡ ✭Pµ✮✳ ❊♥tã♦✱

u ∈ L∞(RN) ❡ u ∈ C1,α
loc (R

N)✳ ❆❧é♠ ❞✐ss♦✱ lim
|x|→+∞

u(x) = 0✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❢❛❝✐❧✐t❛r ❛ ❧❡✐t✉r❛✱ ❞✐✈✐❞✐r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❡♠ três

❡t❛♣❛s✳

❊t❛♣❛ ✶✿ u ∈ L∞(RN)✳
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Pr✐♠❡✐r❛♠❡♥t❡✱ ✜①❡♠♦s R1 ∈ (0, 1) ❡ x0 ∈ R
N ✳ ❉❛❞♦ K > 0✱ ❞❡✜♥❛ ❛s s❡q✉ê♥❝✐❛s

σn =
R1

2
+

R1

2n+1
, σn =

σn + σn+1

2
❡ Kn =

K

2

(
1− 1

2n+1

)
∀n = 0, 1, 2, ....

◆♦t❡ q✉❡✱

σn ↓ R1

2
, Kn ↑ K

2
❡ σn+1 < σn < σn < R1.

P❛r❛ ❝❛❞❛ n ∈ N ❝♦♥s✐❞❛r❡♠♦s

Jn =

∫

AKn,σn

(
(u−Kn)

+
)γ∗
dx ❡ ξn = ξ

(
2n+1

R1

(
|x− x0| −

R1

2

))
, x ∈ R

N ,

❝♦♠ ξ ∈ C1(R) s❛t✐s❢❛③❡♥❞♦

0 ≤ ξ ≤ 1, ξ(t) = 1 s❡ t ≤ 1

2
, ξ(t) = 0 s❡ t ≥ 3

4
❡ |ξ′| < C.

❆✜r♠❛çã♦ ✷✳✶✳✶✸✳ ❊①✐st❡♠ C, ζ > 0 ❡ D > 1 ✈❡r✐✜❝❛♥❞♦

Jn+1 ≤ CDnJ1+ζ
n , n = 0, 1, 2, . . . , ✭✷✳✸✻✮

❈♦♠ ❡❢❡✐t♦✱ ❞❡s❞❡ q✉❡ ξn = 1 ❡♠ Bσn+1(x0) ❡ ξn = 0 ❡♠ Bc
σn
(x0)✱ s❡❣✉❡ q✉❡

Jn+1 ≤
∫

AKn+1
,σn

(
(u−Kn+1)

+ξn
)γ∗
dx

=

∫

BR1
(x0)

(
(u−Kn+1)

+ξn
)γ∗
dx

≤ C(N, γ)

(∫

BR1
(x0)

|∇((u−Kn+1)
+ξn)|γdx

) γ∗

γ

.

❖❜s❡r✈❛♥❞♦ q✉❡

|∇((u−Kn+1)
+ξn)|γ ≤ 2γ

(
|∇u|γξγn +

2γ(n+1)

Rγ
1

(
(u−Kn+1)

+
)γ)

r❡s✉❧t❛ q✉❡

J
γ
γ∗

n+1 ≤ C(N, γ,R1)

(∫

AKn+1,σn

|∇u|γdx+ 2γn
∫

AKn+1,σn

(
(u−Kn+1)

+
)γ
dx

)
.

❆♣❧✐❝❛♥❞♦✲s❡ ♦ ▲❡♠❛ ✷✳✶✳✶✵✱ ♦❜t❡♠♦s

J
γ
γ∗

n+1 ≤ C(N, γ,R1)

(∫

AKn+1,σn

∣∣∣u−Kn+1

σn − σn

∣∣∣
γ∗

dx+ (Kγ∗

n+1 + 1)|AKn+1,σn |

+2γn
∫

AKn+1,σn

(
(u−Kn+1)

+
)γ
dx

)
.
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❙❡♥❞♦ |σn − σn| =
R1

2n+3
✱ ❝♦♥❝❧✉í♠♦s q✉❡

J
γ
γ∗

n+1 ≤ C1(N, γ,R1)

(
2γn
∫

AKn+1,σn

(
(u−Kn+1)

+
)γ∗
dx+ (Kγ∗ + 1)|AKn+1,σn |

+2γn
∫

AKn+1,σn

(
(u−Kn+1)

+
)γ
dx

)
.

❈♦♠❜✐♥❛❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♠ tγ ≤ tγ
∗
+1 ♣❛r❛ t♦❞♦ t ≥ 0 ❡ ✉s❛♥❞♦ q✉❡ σn < σn✱

✈❡♠ q✉❡

J
γ
γ∗

n+1 ≤ C2(N, γ,R1)

(
2γn
∫

AKn+1,σn

(
(u−Kn+1)

+
)γ∗
dx+ (Kγ∗ + 2γn + 1)|AKn+1,σn |

)
.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ Kn+1 −Kn =
K

2n+3
✱

( K

2n+3

)γ∗
|AKn+1,σn | = |Kn+1 −Kn|γ

∗ |AKn+1,σn |

=

∫

AKn+1,σn

|Kn+1 −Kn|γ
∗

dx

≤
∫

AKn+1,σn

(
(u−Kn)

+
)γ
dx = Jn,

♦ q✉❡ ✐♠♣❧✐❝❛

|AKn+1,σn | ≤
2γ

∗(n+3)

Kγ∗
Jn.

❊♥tã♦✱
∫

AKn+1,σn

(
(u−Kn+1)

+
)γ∗
dx ≤

∫

AKn+1,σn

(
(u−Kn)

+
)γ∗
dx+

∫

AKn+1,σn

(
Kn+1 −Kn

)γ∗
dx

≤
∫

AKn,σn

(
(u−Kn)

+
)γ∗
dx+ |Kn+1 −Kn|γ

∗ |AKn+1,σn |

≤ 2Jn,

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

J
γ
γ∗

n+1 ≤ C2(N, γ,R1)

(
2nγ+1Jn +

(Kγ∗ + 2γn + 1)

Kγ∗
2n(γ+γ

∗)Jn

)

≤ C2(N, γ,R1, K)2n(γ+γ
∗)Jn,

❞❡ ♦♥❞❡ s❡❣✉❡

Jn+1 ≤ C3(N, γ,R1, K)
(
2(γ+γ

∗) γ
∗

γ

)n
J

γ∗

γ

n,j .
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❈♦♥s✐❞❡r❛♥❞♦ C = C3(N, γ,R1, K)✱ D = 2(γ+γ
∗) γ

∗

γ ❡ ζ = γ∗

γ
− 1✱ ♦❜t❡♠♦s

Jn+1 ≤ CDnJ1+ζ
n .

♠♦str❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✷✳✶✳✶✸✳

❚❡♥❞♦ ❡♠ ✈✐st❛ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ▲❡♠❛ ✷✳✶✳✶✶✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ✈❡r✐✜❝❛r q✉❡ ❡①✐st❡

K∗ ≥ 1 t❛❧ q✉❡

J0 ≤ C− 1
ζD

− 1
ζ2 , ♣❛r❛ t♦❞♦ K ≥ K∗.

P❛r❛ ✐ss♦✱ ♥♦t❡ q✉❡

J0 =

∫

AK0,σ0

(
(u−K0)

+
)γ∗
dx ≤

∫

RN

(
(u− K

2
)+
)γ∗
dx.

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ q✉❛♥❞♦ K → +∞✱ t❡♠♦s

lim
K→+∞

J0 = 0.

❆ss✐♠✱ ❡①✐st❡ K∗ ≥ 1✱ t❛❧ q✉❡

J0 ≤ C− 1
ζD

− 1
ζ2 , ♣❛r❛ t♦❞♦ K ≥ K∗. ✭✷✳✸✼✮

❋✐①❛♥❞♦ K = K∗✱ ❞❡ ✭✷✳✸✻✮✲✭✷✳✸✼✮ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✶✳✶✶✱ ❞❡❞✉③✐♠♦s

Jn → 0 q✉❛♥❞♦ n→ ∞.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦t❡♠♦s ❛✐♥❞❛ q✉❡

lim
n→+∞

Jn = lim
n→+∞

∫

AKn,σn

(
(u−Kn)

+
)γ∗
dx =

∫

AK∗
2 ,

R1
2

(
(u− K∗

2
)+
)γ∗
dx.

P♦rt❛♥t♦✱

u(x) ≤ K∗

2
q✳t✳♣✳ ❡♠ BR1

2
(x0).

❙❡♥❞♦ x0 ∈ R
N ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ u ∈ L∞(RN)✳

❊t❛♣❛ ✷✿ u ∈ C1,α
loc (R

N)✳

❊ss❛ r❡❣✉❧❛r✐❞❛❞❡ ♣♦❞❡ s❡r ♦❜t✐❞❛ ✉s❛♥❞♦ r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ❡♠ ❉✐❇❡♥❡❞❡tt♦ ❬✸✵❪ ❡

▲✐❡❜❡r♠❛♥ ❬✺✺❪✳
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❊t❛♣❛ ✸✿ lim
|x|→+∞

u(x) = 0✳

❉❡s❞❡ q✉❡ u ≥ 0✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ ❞❛❞♦ η > 0✱ ❡①✐st❡ ρ > 0 t❛❧ q✉❡

u(x) ≤ η, ∀x ∈ R
N \Bρ(0).

❘❡♣❡t✐♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❞❛ ❊t❛♣❛ ✶✱ ❝♦♠ K = η✱ t❡♠♦s ♣♦r ✭✷✳✸✻✮

Jn+1 ≤ CDnJ1+ζ
n .

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❛♥❞♦ q✉❡

J0 =

∫

AK0,σ0

(
(u−K0)

+
)γ∗
dx ≤

∫

BR1
(x0)

(
(u− η

4
)+
)γ∗
dx.

❡

lim
|x0|→+∞

∫

BR1
(x0)

(
(u− η

4
)+
)γ∗
dx = 0,

❝♦♥❝❧✉í♠♦s q✉❡

lim
|x0|→+∞

J0 = 0.

▲♦❣♦✱ ❡①✐st❡ ρ > 0✱ t❛❧ q✉❡

J0 ≤ C− 1
ζD

− 1
ζ2 , ♣❛r❛ t♦❞♦ x0 ∈ R

N \Bρ(0).

P❡❧♦ ▲❡♠❛ ✷✳✶✳✶✶✱

Jn → 0 q✉❛♥❞♦ n→ ∞, ♣❛r❛ t♦❞♦ x0 ∈ R
N \Bρ(0),

✐♠♣❧✐❝❛♥❞♦ ∫

A η
2 ,

R1
2

(
(u− η

4
)+
)γ∗
dx = 0 ♣❛r❛ t♦❞♦ x0 ∈ R

N \Bρ(0).

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ u s❡❣✉❡

u(x) ≤ η

4
, ♣❛r❛ t♦❞♦ x0 ∈ R

N \Bρ(0).

✐ss♦ ❡♥❝❡rr❛ ❛ ♣r♦✈❛ ❞❛ ❊t❛♣❛ ✸✱ ❡ ♣♦r ❝♦♥s❡❣✉✐♥t❡ ❛ ♣r♦♣♦s✐çã♦✳

P❛r❛ ✜♥❛❧✐③❛r ❡st❛ s❡çã♦✱ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ ❬✼✷✱ ❚❤❡♦r❡♠ ✶✳✶❪ ❡ ❢❛③❡♥❞♦ ✉s♦ ❞❛

♣r♦♣♦s✐çã♦ ♣r❡❝❡❞❡♥t❡✱ ♠♦str❛r❡♠♦s ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✶✳
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❈♦r♦❧ár✐♦ ✷✳✶✳✶✹✳ ❙❡❥❛ u ∈ Yµ\{0} ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ ✭Pµ✮✳ ❊♥tã♦✱

u é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ s❡❣✉❡✲s❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✷ q✉❡ u ∈ L∞(RN)✳ ❙❡

O ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✱ ❛ t❡♦r✐❛ ❞❡ r❡❣✉❧❛r✐❞❛❞❡ ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✺✺❪ ✐♠♣❧✐❝❛ q✉❡

u ∈ C1(O)✳ ❯s❛♥❞♦ ✐st♦✱ ✜①❛♠♦s M1 > max{‖∇u‖∞, 1} ❡

φ̃(t) =





φ(t), t ≤M1

φ(M1)

M l−2
1

tl−1, t ≥M1.

Pr✐♠❡✐r❛♠❡♥t❡✱ ♠♦str❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ α1 > 0 ✈❡r✐✜❝❛♥❞♦

φ̃(|y|)|y|2 ≥ α1|y|l − α1 ∀y ∈ R
N . ✭✷✳✸✽✮

P❛r❛ ❡st❡ ✜♠✱ ♦❜s❡r✈❡ q✉❡ s❡ |y| ≤M1✱ ♣♦r ✭φ2✮

φ̃(|y|)y = φ(|y|)|y|2

≥ c1 min{|y|l−2, |y|m−2}|y|2

≥ c1|y|l −M2
1 .

❙❡ |y| ≥M1✱

φ̃(|y|)y =
φ(M1)

M l−2
1

|y|l−1|y|2

≥ φ(M1)

M l−3
1

|y|l

≥ c2|y|l −M2
1 .

❆❣♦r❛✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ✭✷✳✸✽✮ s❡❣✉❡ ❝♦♥s✐❞❡r❛♥❞♦ α1 = min{c1, c2} ❡ α2 =M2
1 ✳

❆ s❡❣✉✐r✱ ✉s❛♥❞♦ ❛ ❢✉♥çã♦ ❛❝✐♠❛✱ ❞❡✜♥❛ Ã(y) =
1

α1

φ̃(|y|)y✳ ◆♦t❡ q✉❡

Ã(y) =
1

α1

φ(|y|)y ♣❛r❛ |y| ≤M1

❡

|Ã(y)| ≤ c|y|l−1 ✭✷✳✸✾✮



✻✷
❈❆P❮❚❯▲❖ ✷✳ ▼❯▲❚■P▲■❈■❉❆❉❊ ❊ ❈❖◆❈❊◆❚❘❆➬➹❖ ❉❊ ❙❖▲❯➬Õ❊❙ P❖❙■❚■❱❆❙ ❈❖▼ P❖❚❊◆❈■❆▲

❙❆❚■❙❋❆❩❊◆❉❖ ❆ ❈❖◆❉■➬➹❖ ❉❊ ❘❆❇■◆❖❲■❚❩

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c > 0✳ ❉❡ ❢❛t♦✱ s❡ |y| ≤M1✱ ♥♦✈❛♠❡♥t❡ ♣♦r ✭φ2✮

|Ã(y)| ≤ c3 max{|y|l−2, |y|m−2}|y|

≤ c3 max{1, |M1|m−l}|y|l−1.

❙❡ |y| ≥M1✱ ❡♥tã♦ ❞❡ ✭φ2✮

|Ã(y)| ≤ φ(M1)

M l−2
1

|y|l−1

≤ c4
max{M l−2

1 ,Mm−2
1 }

M l−1
1

|y|l−1

≤ c5 max{1, |M1|m−l}|y|l−1,

❞❡ ♦♥❞❡ s❡❣✉❡ ✭✷✳✸✾✮✳ ❆✐♥❞❛ ♣♦r ✭✷✳✸✽✮✱

yÃ(y) =
1

α
φ̃(|y|)|y|2 ≥ |y|l − α2

α1

. ✭✷✳✹✵✮

❈♦♥s✐❞❡r❛♥❞♦ B(x) =
1

α1

(
µφ(|u(x)|)u(x) − f(u(x))

)
✱ ❝♦♥❝❧✉í♠♦s q✉❡ u é ✉♠❛ s♦❧✉çã♦

❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ q✉❛s✐❧✐♥❡❛r

−❞✐✈Ã(∇u(x)) + B(x) = 0 ❡♠ O.

❉❡s❞❡ q✉❡ O é ❛r❜✐trár✐♦ ❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✷✳✸✽✮✲✭✷✳✹✵✮ ♦❝♦rr❡♠✱ ♣❡❧♦ ❬✼✷✱ ❚❤❡♦r❡♠ ✶✳✶❪✱

❞❡❞✉③✐♠♦s q✉❡ u é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳

✷✳✷ ❖ ♣r♦❜❧❡♠❛ ♥ã♦✲❛✉tô♥♦♠♦

◆❡st❛ s❡çã♦✱ t❡♠♦s ♣♦r ♦❜❥❡t✐✈♦ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛




−∆Φu+ V (ǫx)φ(|u|)u = f(u), ❡♠ R
N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N ,

✭P̃ǫ✮

q✉❛♥❞♦ ǫ é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳
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❯s❛♥❞♦ ✭R✮✱ ♠♦str❛✲s❡ q✉❡ ❛s ✐♠❡rsõ❡s

Xǫ →֒ LΦ(RN) ❡ Xǫ →֒ LΦ∗(RN)

sã♦ ❝♦♥tí♥✉❛s✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✈✐❞♦ ❛ ✭✷✳✺✮✱ ✈❛❧❡♠ ❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s

Xǫ →֒ LΦ(Bρ(0)) ❡ Xǫ →֒ LB(Bρ(0))

♣❛r❛ t♦❞♦ ρ > 0✳ ❱❡r✐✜❝❛✲s❡ t❛♠❜é♠ q✉❡ Iǫ ∈ C1(Xǫ,R) ❝♦♠

I ′ǫ(u)v =

∫

RN

φ(|∇u|)∇u∇vdx+
∫

RN

V (ǫx)φ(|u|)uvdx−
∫

RN

f(u)vdx,

♣❛r❛ t♦❞♦ u, v ∈ Xǫ✳ P♦rt❛♥t♦✱ u ∈ Xǫ é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭P̃ǫ✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

u é ♣♦♥t♦ ❝r✐t✐❝♦ ❞❡ Iǫ✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✷✳✶✮✱ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ Iǫ sã♦ ❢✉♥çõ❡s ♥ã♦

♥❡❣❛t✐✈❛s✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦ é ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✷✳✷✳✶✳ ❆ss✉♠❛ ✭φ1✮✲✭φ5✮✱ ✭r1✮✲✭r4✮✱ ✭b1✮✲✭b4✮✱ ✭f1✮✲✭f3✮ ❡ ✭R✮✳ ❊♥tã♦✱ ❡①✐st❡

ǫ > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭P̃ǫ✮ t❡♠ ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ uǫ ♣❛r❛

t♦❞♦ 0 < ǫ < ǫ✳

✷✳✷✳✶ Pr❡❧✐♠✐♥❛r❡s

❈♦♠ ✉♠ r❛❝✐♦❝í♥✐♦ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣♦ ❛♦ ▲❡♠❛ ✷✳✶✳✷ ♠♦str❛✲s❡ q✉❡ Iǫ ✈❡r✐✜❝❛

❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✾✳ ❆ss✐♠✱ ❡♠ ✈✐rt✉❞❡ ❞❡ ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞♦

P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ s❡♠ ❛ ❝♦♥❞✐çã♦ (PS)✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂
W 1,Φ

(
R
N
)
✈❡r✐✜❝❛♥❞♦

Iǫ(un) → cǫ ❡ I ′ǫ(un) → 0,

♦♥❞❡ cǫ é ♦ ♥í✈❡❧ ♠✐♥✐♠❛① ❛ss♦❝✐❛❞♦ ❛ Iǫ ❞❛❞♦ ♣♦r

cǫ = inf
α∈Γǫ

max
t∈[0,1]

Iǫ
(
α(t)

)
,

♦♥❞❡

Γǫ =
{
α ∈ C

(
[0, 1], Xǫ

)
; α(0) = 0 ❡ Iǫ

(
α(1)

)
≤ 0
}
.

✾❱❡r ❬✽✱ ▲❡♠❛ ✹✳✶❪✳
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❆❧é♠ ❞✐ss♦✱ ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥♦ ▲❡♠❛ ✷✳✶✳✸✱ ♣r♦✈❛✲s❡ t❛♠❜é♠ q✉❡

cǫ = inf
u∈Nǫ

Iǫ(u) = inf
u∈Xǫ\{0}

max
t≥0

Iǫ(tu),

♦♥❞❡ Nǫ ❞❡♥♦t❛ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ ❛ss♦❝✐❛❞❛ ❛ Iǫ✱ ✐st♦ é✱

Nǫ = {u ∈ Xǫ \ {0} : I ′ǫ(u)u = 0} .

◆❡st❡ ♠♦♠❡♥t♦ é ♦♣♦rt✉♥♦ ♠♦str❛r q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ ❡stá ❛ ✉♠❛ ❞✐stâ♥❝✐❛

♣♦s✐t✐✈❛ ❞❛ ♦r✐❣❡♠ ❞❡ Xǫ✳

▲❡♠❛ ✷✳✷✳✷✳ P❛r❛ t♦❞♦ u ∈ Nǫ✱ ❡①✐st❡ ς > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫ✱ t❛❧ q✉❡

‖u‖ǫ > ς.

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡ ✭✷✳✶✮ ✐♠♣❧✐❝❛ ❡♠

cǫ = Iǫ(u) ≤
∫

RN

Φ(|∇u|)dx+
∫

RN

V (ǫx)Φ(|u|)dx.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✳✸✷✱

cǫ ≤ ξ1(‖∇u‖Φ) + ξ1(‖u‖Φ,Vǫ)

≤ (‖∇u‖mΦ + ‖u‖mΦ,Vǫ) + (‖∇u‖lΦ + ‖u‖lΦ,Vǫ),

♦♥❞❡ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✉s❛♠♦s ♦ ❢❛t♦ ❞❡ ξ1(t) ≤ tl + tm ♣❛r❛ t♦❞♦ t ≥ 0✳ ▲♦❣♦✱

cǫ ≤ C1(‖u‖mǫ + ‖u‖lǫ). ✭✷✳✹✶✮

❙❡ ‖u‖ǫ > 1 ♣❛r❛ t♦❞♦ u ∈ Nǫ✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ ❙❡ ❡①✐st❡ u ∈ Nǫ t❛❧ q✉❡ ‖u‖ǫ ≤ 1✱

s❡♥❞♦ l ≤ m ♣♦r ✭✷✳✹✶✮✱ ♦❜t❡♠♦s

cǫ ≤ 2C1‖u‖lǫ.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ EV0(u) ≤ Iǫ(u) ♣❛r❛ t♦❞♦ u ∈ Xǫ✱ ❝♦♥❝❧✉í♠♦s q✉❡ dV0 ≤ cǫ✱

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

‖u‖ǫ ≥
( dV0
2C1

) 1
l

.

❖ r❡s✉❧t❛❞♦ s❡❣✉❡✱ ❡♥tã♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ς = min
{
1,
(
dV0
2C1

) 1
l }

✳
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✷✳✷✳✷ ❆ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡

◆❡st❛ s✉❜s❡çã♦✱ t❡♠♦s ♣♦r ♦❜❥❡t✐✈♦ ♠♦str❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Iǫ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛

✭P̃ǫ✮ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS) ❛❜❛✐①♦ ❞❡ ✉♠ ♥í✈❡❧ ✜①❛❞♦✳ P❛r❛ ❡st❡ ✜♠✱ ❡st❛❜❡❧❡❝❡♠♦s

❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡♥✈♦❧✈❡♥❞♦ ❛s s❡q✉ê♥❝✐❛s ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♣❛r❛ Iǫ✳

■♥✐❝✐❛♠♦s ♣r♦✈❛♥❞♦ q✉❡ ❛s s❡q✉ê♥❝✐❛s (PS)c ♣❛r❛ Iǫ sã♦ ❧✐♠✐t❛❞❛s ❡♠ Xǫ✳

▲❡♠❛ ✷✳✷✳✸✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iǫ✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱

✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n✱ t❛❧ q✉❡

‖un‖ǫ ≤ C, ∀n ∈ N.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (un) ⊂ Xǫ t❛❧ q✉❡

Iǫ(un) → c ❡ I ′ǫ(un) → 0.

❊♥tã♦✱

Iǫ(un)−
1

θ
I ′ǫ(un)un ≤ c1(1 + ‖vn‖ǫ).

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ✭φ2✮ ❡ ✭f2✮

φ(t)t2 ≤ mΦ(t) ❡ θF (t) ≤ f(t)t, ♣❛r❛ t♦❞♦ t ≥ 0.

❆ss✐♠✱

Iǫ(un)−
1

θ
I ′ǫ(un)un ≥

(
1− m

θ

)∫

RN

(
Φ(|∇un|) + V (ǫx)Φ(un)

)
dx+

∫

RN

(f(un)un
θ

− F (un)
)
dx

≥ c2

∫

RN

(
Φ(|∇un|) + V (ǫx)Φ(un)

)
dx,

♦♥❞❡ c2 =
θ −m

θ
✳ ❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✳✸✷

Iǫ(un)−
1

θ
I ′ǫ(un)un ≥ c2

(
ξ0(‖∇un‖Φ) + ξ0(‖un‖Φ,Vǫ)

)
.

P♦rt❛♥t♦✱

c2

(
ξ0(‖∇un‖Φ) + ξ0(‖un‖Φ,Vǫ)

)
≤ c1(1 + ‖un‖ǫ).

❆❣♦r❛✱ ❛ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ♣♦r ❝♦♥tr❛❞✐çã♦ ✉s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞♦ ▲❡♠❛

✷✳✶✳✹✳
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❯s❛♥❞♦ ❛s ❤✐♣ót❡s❡s ✭φ1✮✲✭φ2✮ ♠♦str❛✲s❡ q✉❡ Xǫ é r❡✢❡①✐✈♦✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱

♣❛ss❛♥❞♦✲s❡ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ s❡ ♥❡❝❡ssár✐♦✱ ❡①✐st❡ u ∈ Xǫ t❛❧ q✉❡

un ⇀ u ❡♠ Xǫ ✭✷✳✹✷✮

❡ ♣♦r ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❞❡❞✉③✐♠♦s q✉❡

un(x) → u(x) q✳t✳♣✳ ❡♠ R
N .

❯♠❛ ❛♥á❧✐s❡ ❝✉✐❞❛❞♦s❛ ❞❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦ ✉s❛❞❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦s ▲❡♠❛s

✷✳✶✳✺ ❡ ✷✳✶✳✼✱ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r ✉♠❛ ✐♠♣♦rt❛♥t❡ ♣r♦♣r✐❡❞❛❞❡ ❞❛s s❡q✉ê♥❝✐❛s ❞❡ P❛❧❛✐s✲

❙♠❛❧❡ ♣❛r❛ Iǫ✳

▲❡♠❛ ✷✳✷✳✹✳ ❆ s❡q✉ê♥❝✐❛ (un) s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

∇un(x) → ∇u(x) q✳t✳♣✳ ❡♠ R
N .

❆❧é♠ ❞✐ss♦✱ u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ Iǫ✱ ✐st♦ é✱ I ′ǫ(u) = 0✳

❉❡♠♦♥str❛çã♦✳ Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✶✳✺ ♠♦str❛✲s❡

∇un(x) → ∇u(x) q✳t✳♣✳ ❡♠ R
N .

❘❡st❛ ♣r♦✈❛r q✉❡ u é ♣♦♥t♦ ❝rít✐❝♦✳ P❛r❛ t❛♥t♦✱ ❝♦♠❡ç❛♠♦s ♦❜s❡r✈❛♥❞♦ q✉❡

φ(|∇un(x)|)
∂un(x)

∂xi
→ φ(|∇u(x)|)∂u(x)

∂xi
q✳t✳♣✳ ❡♠ R

N .

❯s❛♥❞♦ ❛ ❧✐♠✐t❛çã♦ ❞❛ s❡q✉ê♥❝✐❛
(
φ(|∇un|)

∂un
∂xi

)
❡♠ LΦ̃(RN) ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✸✱

❞❡❞✉③✐♠♦s
∫

RN

φ(|∇un(x)|)
∂un(x)

∂xi

∂v(x)

∂xi
dx→

∫

RN

φ(|∇u(x)|)∂u(x)
∂xi

∂v(x)

∂xi
dx, ♣❛r❛ t♦❞❛ v ∈ Xǫ,c,

♦♥❞❡ Xǫ,c =
{
v ∈ Xǫ ; v t❡♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦

}
✳ P♦rt❛♥t♦✱

∫

RN

φ(|∇un(x)|)∇un(x)∇vdx→
∫

RN

φ(|∇u(x)|)∇u∇vdx ♣❛r❛ t♦❞♦ v ∈ Xǫ,c.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ V é ❧✐♠✐t❛❞❛ ♥♦ s✉♣♦rt❡ ❞❡ v✱
(
φ(|un|)un

)
é ❧✐♠✐t❛❞❛ ❡♠

LΦ̃(RN) ❡
(
b(|un|)un

)
é ❧✐♠✐t❛❞❛ ❡♠ LB̃(RN)✱ s❡❣✉❡✲s❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✸

∫

RN

V (ǫx)φ(|un|)unvdx→
∫

RN

V (ǫx)φ(|u|)uvdx.
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❡

∫

RN

f(un)vdx→
∫

RN

f(u)vdx,

♣❛r❛ t♦❞♦ v ∈ Xǫ,c✳ P♦rt❛♥❞♦✱ I ′ǫ(u) = 0✳ ❆❣♦r❛✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ✉s❛♥❞♦ q✉❡ Xǫ,c é

❞❡♥s♦ ❡♠ Xǫ✳

❖ ♣ró①✐♠♦ ❧❡♠❛ é ✉♠❛ ✈❡rsã♦ ❞♦ ▲❡♠❛ ✷✳✶✳✾ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦✲❛✉tô♥♦♠♦✳

▲❡♠❛ ✷✳✷✳✺✳ ❙❡❥❛ (vn) ⊂ Xǫ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iǫ ❝♦♠ vn ⇀ 0 ❡♠ Xǫ✳ ❊♥tã♦✱

(a) vn → 0 ❡♠ Xǫ✱ ♦✉

(b) ❊①✐st❡♠ ̺✱ τ > 0

lim inf
n→+∞

sup
y∈RN

∫

B̺(y)

Φ(|vn|)dx ≥ τ > 0.

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ✉s❛♥❞♦ ❛s ♠❡s♠❛s ❧✐♥❤❛s ❞❡ r❛❝✐♦❝í♥✐♦ ❞♦ ▲❡♠❛

✷✳✶✳✾✳

❖ ♣ró①✐♠♦ ❧❡♠❛ é ❝r✉❝✐❛❧ ♣❛r❛ ♠♦str❛r q✉❡ Iǫ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS) ❡♠ ❛❧❣✉♥s

♥í✈❡✐s✳

▲❡♠❛ ✷✳✷✳✻✳ ❙✉♣♦♥❤❛ q✉❡ V∞ < +∞✳ ❙❡❥❛ (vn) ⊂ Xǫ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iǫ ❝♦♠

vn ⇀ 0 ❡♠ Xǫ✳ ❙❡ vn 9 0 ❡♠ Xǫ✱ ❡♥tã♦ dV∞ ≤ c✳

❉❡♠♦♥str❛çã♦✳ ❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✶✳✸✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (tn) ⊂ (0,+∞) t❛❧ q✉❡

tnvn ∈ MV∞ ✳

❆✜r♠❛çã♦ ✷✳✷✳✼✳ ❆ s❡q✉ê♥❝✐❛ (tn) s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

lim sup
n→+∞

tn ≤ 1.

❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❛ ❛✜r♠❛çã♦ ❛❝✐♠❛ ♥ã♦ é ✈á❧✐❞❛✳ ❊♥tã♦✱

❡①✐st❡ δ > 0 ❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❞❡♥♦t❛r❡♠♦s ❛✐♥❞❛ ♣♦r (tn) t❛❧ q✉❡

tn ≥ 1 + δ ♣❛r❛ t♦❞♦ n ∈ N. ✭✷✳✹✸✮

❙❡♥❞♦ (vn) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c s❡❣✉❡ q✉❡ I ′ǫ(vn)vn = on(1)✱ ✐st♦ é✱

∫

RN

φ(|∇vn|)|∇vn|2dx+
∫

RN

V (ǫx)φ(|vn|)|vn|2dx =

∫

RN

f(vn)vndx+ on(1),
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♦ q✉❡ ✐♠♣❧✐❝❛

∫

RN

φ(|∇vn|)
|∇vn|m−2

|∇vn|mdx +

∫

RN

V (ǫx)
φ(|vn|)
|vn|m−2

|vn|mdx

=

∫

RN

f(vn)

|vn|m−1
|vn|mdx+ on(1), ✭✷✳✹✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ q✉❡ (tnvn) ⊂ MV∞ ✱ ♦❜t❡♠♦s

∫

RN

φ(|∇tnvn|)|∇(tnvn)|2dx+ V∞

∫

RN

φ(|tnvn|)|tnvn|2dx =

∫

RN

f(tnvn)tnvndx,

❞❡ ♦♥❞❡ s❡❣✉❡

∫

RN

φ(|∇(tnvn)|)
|∇(tnvn)|m−2

|∇vn|mdx + V∞

∫

RN

φ(|tnvn|)
|tnvn|m−2

|vn|mdx

=

∫

RN

f(tnvn)

|tnvn|m−1
|vn|mdx. ✭✷✳✹✺✮

❉❡ ✭✷✳✹✹✮ ❡ ✭✷✳✹✺✮✱

∫

RN

(
φ(|∇(tnvn)|)
|∇(tnvn)|m−2

− φ(|∇vn|)
|∇vn|m−2

)
|∇vn|mdx+

∫

RN

(
V∞

φ(|tnvn|)
|tnvn|m−2

− V (ǫx)
φ(|vn|)
|vn|m−2

)
|vn|mdx

=

∫

RN

(
f(tnvn)

|tnvn|m−1
− f(vn)

|vn|m−1

)
|vn|mdx+ on(1).

❘❡❝♦r❞❡ q✉❡✱ ♣♦r ✭φ3✮ ❛ ❢✉♥çã♦
φ(t)

tm−2
é ♥ã♦✲❝r❡s❝❡♥t❡ ♣❛r❛ t > 0✳ ▲♦❣♦✱ ❞❡ ✭✷✳✹✸✮

φ(|∇(tnvn)|)
|∇(tnvn)|m−2

≤ φ(|∇vn|)
|∇vn|m−2

❡
φ(|tnvn|)
|tnvn|m−2

≤ φ(|vn|)
|vn|m−2

,

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

∫

RN

(
f(tnvn)

|tnvn|m−1
− f(vn)

|vn|m−1

)
|vn|mdx ≤

∫

RN

(V∞ − V (ǫx))
φ(|vn|)
|vn|m−2

|vn|mdx+ on(1).

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡ (R) ♣❛r❛ t♦❞♦ η > 0✱ ❡①✐st❡ ρ > 0 t❛❧ q✉❡

V (ǫx) ≥ V∞ − η, ∀x ∈ R
N ❝♦♠ |x| ≥ ρ. ✭✷✳✹✻✮
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❙❡♥❞♦ V ❝♦♥tí♥✉❛✱

∫

RN

(V∞ − V (ǫx))φ(|vn|)|vn|2dx =

∫

Bρ(0)

(V∞ − V (ǫx))φ(|vn|)|vn|2dx

+

∫

Bc
ρ(0)

(V∞ − V (ǫx))φ(|vn|)|vn|2dx

≤ C1

∫

Bρ(0)

φ(|vn|)|vn|2dx+ η

∫

Bc
ρ(0)

φ(|vn|)|vn|2dx

≤ mC1

∫

Bρ(0)

Φ(|vn|)dx+mη

∫

RN

Φ(|vn|)dx,

♦♥❞❡ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✉s❛♠♦s ❛ ❝♦♥❞✐çã♦ ✭φ2✮✳ ❈♦♠♦ (vn) é ❧✐♠✐t❛❞❛ ❡♠ LΦ(RN)✱

❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ vn → 0 ❡♠ LΦ(Bρ(0))✳ ❆ss✐♠✱

∫

RN

(
f(tnvn)

|tnvn|m−1
− f(vn)

|vn|m−1

)
|vn|mdx ≤ C2η + on(1).

P♦r ❤✐♣ót❡s❡✱ s❛❜❡♠♦s q✉❡ vn 9 0 ❡♠ Xǫ✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷✳✺✱ ❡①✐st❡♠

(yn) ⊂ R
N ❡ ❝♦♥st❛♥t❡s ρ, τ > 0 ✈❡r✐✜❝❛♥❞♦

∫

Bρ(yn)

Φ(|vn|) ≥ τ > 0. ✭✷✳✹✼✮

❈♦♥s✐❞❡r❛♥❞♦ vn(x) = vn(x− yn)✱ ✉s❛♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ RN ♣♦r tr❛♥s❧❛çõ❡s✱ s❡❣✉❡ q✉❡

(vn) é ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN)✳ P♦rt❛♥t♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

vn ⇀ v ❡♠ W 1,Φ(RN),

♦ q✉❡ ✐♠♣❧✐❝❛

vn → v ❡♠ LΦ(Bρ(0)).

P♦r ✭✷✳✹✼✮✱ ∫

Bρ(0)

Φ(|v|) ≥ τ > 0.

▲♦❣♦✱ ❡①✐st❡ O ⊂ Bρ(0) ❝♦♠ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ t❛❧ q✉❡ v > 0 ❡♠ O✳ ❆ss✐♠✱ ❝♦♠❜✐♥❛♥❞♦

✭f3✮ ❝♦♠ ✭✷✳✹✸✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

0 <

∫

O

(
f((1 + δ)vn)

|(1 + δ)vn|m−1
− f(vn)

|vn|m−1

)
|vn|mdx ≤ C2η + on(1), ∀η > 0,
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❋❛③❡♥❞♦ n→ +∞ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱ s❡❣✉❡ q✉❡

0 <

∫

O

(
f((1 + δ)v)

|(1 + δ)v|m−1
− f(v)

|v|m−1

)
|v|mdx ≤ C2η, ∀η > 0,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ❡ ❛ ❛✜r♠❛çã♦ ❡st❛ ♣r♦✈❛❞❛✳

◆❛ s❡q✉ê♥❝✐❛✱ ❡st✉❞❛r❡♠♦s ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

❈❛s♦ ✶✳ lim sup
n→+∞

tn = 1✳

◆❡st❡ ❝❛s♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (tn)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (tn)✱ t❛❧ q✉❡ tn → 1✳

❙❡♥❞♦ (vn) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iǫ✱ t❡♠♦s

c+ on(1) = Iǫ(vn) = IV∞(tnvn) + Iǫ(vn)− IV∞(tnvn).

❯s❛♥❞♦ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ ♥í✈❡❧ cV∞ ❡ r❡❝♦r❞❛❞♦ q✉❡ tnvn ∈ MV∞ ✱ ♦❜t❡♠♦s

c+ on(1) ≥ dV∞ + Iǫ(vn)− IV∞(tnvn). ✭✷✳✹✽✮

◆♦t❡ q✉❡✱

Iǫ(vn)− IV∞(tnvn) =

∫

RN

(
Φ(|∇vn|)− Φ(|∇(tnvn)|)

)
dx+

∫

RN

V (ǫx)Φ(|vn|)dx

−V∞
∫

RN

Φ(|tnvn|)dx+
∫

RN

(
F (tnvn)− F (vn)

)
dx.

❆ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ Xǫ →֒ LΦ(Bρ(0)) ❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ V ✐♠♣❧✐❝❛♠
∫

Bρ(0)

V (ǫx)Φ(|vn|)dx = on(1) ❡ V∞

∫

Bρ(0)

Φ(|tnvn|)dx = on(1).

❯s❛♥❞♦ ✭✷✳✹✻✮ ❝♦♠ ♦s ❧✐♠✐t❡s ❛❝✐♠❛✱ ♦❜t❡♠♦s

Iǫ(vn)− IV∞(tnvn) ≥ on(1) +

∫

RN

(
Φ(|∇vn|)− Φ(|∇(tnvn)|)

)
dx+

∫

RN

(
F (tnvn)− F (vn)

)
dx

+(V∞ − η)

∫

Bc
ρ(0)

Φ(|vn|)dx− V∞

∫

Bc
ρ(0)

Φ(|tnvn|)dx,

♦ q✉❡ ✐♠♣❧✐❝❛

Iǫ(vn)− IV∞(tnvn) ≥ on(1) +

∫

RN

(
Φ(|∇vn|)− Φ(|∇(tnvn)|)

)
dx+

∫

RN

(
F (tnvn)− F (vn)

)
dx

+V∞

∫

Bc
ρ(0)

(
Φ(|vn|)− Φ(|tnvn|)

)
dx− η

∫

Bc
ρ(0)

Φ(|vn|)dx.



✷✳✷✳ ❖ P❘❖❇▲❊▼❆ ◆➹❖✲❆❯❚Ô◆❖▼❖ ✼✶

❉❡s❞❡ q✉❡ (vn) é ❧✐♠✐t❛❞❛ ❡♠ Xǫ✱ ❡①✐st❡ C3 > 0 t❛❧ q✉❡

Iǫ(vn)− IV∞(tnvn) ≥ on(1) +

∫

RN

(
Φ(|∇vn|)− Φ(|∇(tnvn)|)

)
dx+

∫

RN

(
F (tnvn)− F (vn)

)
dx

+V∞

∫

Bc
ρ(0)

(
Φ(|vn|)− Φ(|tnvn|)

)
dx− C3η. ✭✷✳✹✾✮

❆✜r♠❛çã♦ ✷✳✷✳✽✳
∫

RN

(
Φ(|∇vn|)− Φ(|∇(tnvn)|)

)
dx = on(1),

∫

RN

(
Φ(|vn|)− Φ(|tnvn|)

)
dx = on(1),

❡ ∫

RN

(
F (tnvn)− F (vn)

)
dx = on(1).

❆ss✉♠✐♥❞♦✱ q✉❡ ❛ ❛✜r♠❛çã♦ ❛❝✐♠❛ é ✈á❧✐❞❛✱ ❞❡ ✭✷✳✹✽✮ ❡ ✭✷✳✹✾✮✱

c+ on(1) ≥ dV∞ − C3η + on(1).

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ q✉❛♥❞♦ n → ∞✱ ❡♠ s❡❣✉✐❞❛ ❢❛③❡♥❞♦ η → 0✱

❝♦♥❝❧✉í♠♦s q✉❡

c ≥ dV∞ .

❆❣♦r❛✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ ✐♠❡❞✐❛t♦ é ♠♦str❛r ❛ ❆✜r♠❛çã♦ ✷✳✷✳✽✳ ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛

❞♦ ❱❛❧♦r ▼é❞✐♦✱ t❡♠♦s

|Φ(|∇vn|)− Φ(|∇(tnvn)|)| ≤ C4|1− tn||φ(θn)θn|∇vn|

❝♦♠ θn ∈ (|∇vn|, |∇(tnvn)|) ♦✉ θn ∈ (|∇(tnvn)|, |∇vn|)✳ ❉❡s❞❡ q✉❡ (φ(t)t)′ > 0 ♣❛r❛ t♦❞♦

t > 0✱ s❡ θn ≤ |∇vn|✱ ❡♥tã♦

|Φ(|∇vn|)− Φ(|∇(tnvn)|)| ≤ C4|1− tn|φ(|∇vn|)|∇vn|2 ≤ mC4(1− tn)Φ(|∇vn|).

❙❡ θn ≤ |∇tnvn|✱ ❛ ❧✐♠✐t❛çã♦ ❞❡ (tn) ❝♦♠❜✐♥❛❞❛ ❝♦♠ ❝♦♥❞✐çã♦ ∆2✱ ✐♠♣❧✐❝❛ ❡♠

|Φ(|∇vn|)− Φ(|∇(tnvn)|)| ≤ C4|1− tn|φ(|∇(tnvn)|)|∇(tnvn)|2

≤ mC4|1− tn|Φ(|∇(tnvn)|) ≤ C5|1− tn|Φ(|∇vn|).

▲♦❣♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C6 > 0 t❛❧ q✉❡

|Φ(|∇vn|)− Φ(|∇(tnvn)|)| ≤ C6|1− tn|Φ(|∇vn|).
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P♦rt❛♥t♦✱ ∫

RN

|Φ(|∇vn|)− Φ(|∇tnvn|)|dx ≤ C7|1− tn| = on(1),

♣♦✐s (vn) é ❧✐♠✐t❛❞❛ ❡♠ Xǫ✳ ❆ss✐♠✱
∫

RN

|Φ(|∇vn|)− Φ(|∇tnvn|)|dx = on(1).

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♦❜té♠✲s❡
∫

RN

(
Φ(|vn|)− Φ(|tnvn|)

)
dx = on(1).

P❛r❛ ❝♦♥❝❧✉✐r ❛ ❆✜r♠❛çã♦ ✷✳✷✳✽✱ r❡st❛✲♥♦s ♣r♦✈❛r q✉❡
∫

RN

(
F (tnvn)− F (vn)

)
dx = on(1). ✭✷✳✺✵✮

P❛r❛ t❛♥t♦✱ ♥♦t❡ q✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦

|F (tnvn)− F (vn)| ≤ |1− tn||f(θ̃n)||vn|

❝♦♠ |θ̃n| ≤ C8|vn|✳ ❉❛❞♦ η > 0✱ ❡①✐st❡ cη > 0 t❛❧ q✉❡

|f(θ̃n)| ≤ ηφ(|θ̃n|)|θ̃n|+ cηb(|θ̃n|)|θ̃n|.

≤ ηφ(C8|vn|)C8|vn|+ cηb(C8|vn|)C8|vn|

≤ C9ηΦ(|vn|) + C10B(|vn|),

♦ q✉❡ é s✉✜❝✐❡♥t❡✱ ❝♦♠ ❛ ❧✐♠✐t❛çã♦ ❞❛ s❡q✉ê♥❝✐❛ (vn) ❡♠ Xǫ✱ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡
∫

RN

|F (tnvn)− F (vn)|dx ≤ C11|1− tn| = on(1)

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ❧✐♠✐t❡ ❡♠ ✭✷✳✺✵✮✱ ✜♥❛❧✐③❛♥❞♦ ❛ ♣r♦✈❛ ❞❛ ❛✜r♠❛çã♦✳

❈❛s♦ ✷✳ lim sup
n→+∞

tn = t0 < 1✳

◆❡st❡ ❝❛s♦✱ ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡

tn < 1 ∀ n ∈ N.

◆♦t❡ q✉❡

dV∞ ≤ IV∞(tnvn) = IV∞(tnvn)−
1

m
I ′V∞(tnvn)(tnvn).
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❆ss✐♠✱

dV∞ ≤
∫

RN

P (|∇(tnvn)|)dx+ V∞

∫

RN

P (|tnvn|)dx+
∫

RN

Q(tnvn)dx, ✭✷✳✺✶✮

♦♥❞❡

P (s) = Φ(s)− 1

m
φ(s)s2 ❡ Q(s) =

1

m
f(s)s− F (s).

❱❡❥❛♠♦s ❛❣♦r❛ q✉❡ P ❡ Q sã♦ ❢✉♥çõ❡s ❝r❡s❝❡♥t❡s ❡♠ (0,+∞)✳ ❈♦♠ ❡❢❡✐t♦✱ ♣♦r ✭φ3✮✱
( φ(s)
sm−2

)′
< 0, ∀s > 0,

♦✉ s❡❥❛✱
(
φ′(s)sm−2 − (m− 2)φ(s)sm−3

)
s−(m−2)2 < 0, ∀s > 0.

▲♦❣♦✱

φ′(s)s2 − (m− 2)φ(s)s < 0, ∀s > 0,

❡✱ ♣♦rt❛♥t♦✱

(
Φ(s)− 1

m
φ(s)s2

)′
= φ(s)s− 1

m
φ′(s)s2 − 2

m
φ(s)s =

(m− 2)

m
φ(s)− 1

m
φ′(s)s > 0,

♠♦str❛♥❞♦ q✉❡ P é ❝r❡s❝❡♥t❡ ❡♠ (0,+∞)✳ ❉❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r✱ ❝♦♠ ❛ ❤✐♣ót❡s❡ ✭f3✮ ♠♦str❛✲

s❡ q✉❡ ❛ ❢✉♥çã♦ Q t❛♠❜é♠ é ❝r❡s❝❡♥t❡ ❡♠ (0,+∞)✳ ❉❡❝♦rr❡ ❞❡ ✭✷✳✺✶✮ ❡ ❞♦ ❝r❡s❝✐♠❡♥t♦

❞❛s ❢✉♥çõ❡s P ❡ Q q✉❡

dV∞

tn<1︷︸︸︷
≤

∫

RN

P (|∇vn|)dx+ V∞

∫

RN

P (|vn|)dx+
∫

RN

Q(vn)dx

P♦r (R)✱ ♣❛r❛ t♦❞♦ η > 0✱ ❡①✐st❡ ρ > 0 t❛❧ q✉❡

V (ǫx) ≥ V∞ − η, ∀x ∈ R
N ❝♦♠ |x| ≥ ρ.

❯♠❛ ✈❡③ q✉❡ vn ⇀ 0 ❡♠ Xǫ✱ ✉s❛♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ Xǫ →֒ LΦ(RN)✱
∫

Bρ(0)

P (|vn|)dx = on(1).

❆ss✐♠✱

dV∞ ≤
∫

RN

P (|∇vn|)dx+
∫

Bc
ρ(0)

(V (ǫx) + η)P (|vn|)dx+
∫

RN

Q(vn)dx+ on(1)

≤
∫

RN

P (|∇vn|)dx+
∫

RN

V (ǫx)P (|vn|)dx+
∫

RN

Q(vn)dx

+2η

∫

RN

Φ(|vn|)dx+ on(1)

≤ Iǫ(vn)−
1

m
I ′ǫ(vn)vn + c1η ++on(1)
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❡ s❡♥❞♦ (vn) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c✱

dV∞ ≤ c+ c1η + on(1).

❋❛③❡♥❞♦ n→ 0✱ ❡♠ s❡❣✉✐❞❛ η → 0✱ ❝♦♥❝❧✉í♠♦s q✉❡

dV∞ ≤ c,

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ♦ ❧❡♠❛ ❛♥t❡r✐♦r✳

❈♦r♦❧ár✐♦ ✷✳✷✳✾✳ ❙❡ (vn) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iǫ t❛❧ q✉❡ vn ⇀ 0 ❡ c < dV∞✱ ❡♥tã♦

vn → 0 ❡♠ Xǫ.

❖ ❧❡♠❛ s❡❣✉✐♥t❡✱ ❡♠❜♦r❛ ❞❡ s✐♠♣❧❡s ❞❡♠♦♥str❛çã♦✱ é ✉♠ r❡s✉❧t❛❞♦ té❝♥✐❝♦ ✐♠♣♦r✲

t❛♥t❡ ♣❛r❛ ♦ ❡st✉❞♦ q✉❡ s❡❣✉❡✳

▲❡♠❛ ✷✳✷✳✶✵✳ ❙❡❥❛ (un) ⊂ Xǫ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iǫ ❝♦♠ un ⇀ u ❡♠ Xǫ✳ ❊♥tã♦✱
∫

RN

Φ(|∇vn|)dx =

∫

RN

Φ(|∇un|)dx−
∫

RN

Φ(|∇u|)dx+ on(1), ✭✷✳✺✷✮

∫

RN

V (ǫx)Φ(|vn|)dx =

∫

RN

V (ǫx)Φ(|un|)dx−
∫

RN

V (ǫx)Φ(|u|)dx+ on(1), ✭✷✳✺✸✮

❡
∫

RN

F (vn)dx =

∫

RN

F (un)dx−
∫

RN

F (u)dx+ on(1), ✭✷✳✺✹✮

♦♥❞❡ vn = un − u✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ J = Φ✱ hn = |∇un| ❡ h = |∇u|✳ ❈♦♠♦ ♥♦ ▲❡♠❛ ✷✳✷✳✹✱ t❡♠♦s

q✉❡

∇un → ∇u q✳t✳♣✳ ❡♠ R
N ,

❞❡ ♦♥❞❡ s❡❣✉❡

hn → h q✳t✳♣✳ ❡♠ R
N .

❯♠❛ ✈❡③ q✉❡ J(0) = 0 ❡

sup
n∈N

∫

RN

J(hn)dx < +∞,
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❛♣❧✐❝❛♥❞♦ ✉♠ r❡s✉❧t❛❞♦ ❞❡✈✐❞♦ ❛ ❇r❡③✐s✲▲✐❡❜✶✵ ✱ s❡❣✉❡

∫

RN

J(hn)dx =

∫

RN

J(hn − h)dx+

∫

RN

J(h)dx+ on(1),

♣♦r ❝♦♥s❡❣✉✐♥t❡✱

∫

RN

Φ(|∇un|)dx ≤
∫

RN

Φ(|∇vn|)dx+
∫

RN

Φ(|∇u|)dx+ on(1). ✭✷✳✺✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❢❛③❡♥❞♦ J = Φ✱ hn = |∇un| − |∇u| ❡ h = −|∇u|✱ t❡♠♦s J(0) = 0✱

hn(x) → h(x) q✳t✳♣✳ ❡♠ R
N ❡

sup
n∈N

∫

RN

J(hn)dx < +∞.

❙❡❣✉❡✲s❡ ♥♦✈❛♠❡♥t❡ ❞❡ ❬✶✾✱ ❚❡♦r❡♠❛ ✷❪ q✉❡

∫

RN

Φ(|∇vn| − |∇u|)dx =

∫

RN

Φ(|∇vn|)dx+
∫

RN

Φ(−|∇u|)dx+ on(1).

❉❡s❞❡ q✉❡
∣∣|∇vn| − |∇u|

∣∣ ≤ |∇un|✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ Φ s❡r ❝r❡s❝❡♥t❡ ❡♠ (0,+∞) ❡ ✉♠❛

❢✉♥çã♦ ♣❛r✱ ♦❜t❡♠♦s

∫

RN

Φ(|∇un|)dx ≥
∫

RN

Φ(|∇vn|)dx+
∫

RN

Φ(|∇u|)dx+ on(1). ✭✷✳✺✻✮

❆❣♦r❛✱ ✭✷✳✺✷✮ s❡❣✉❡ ❝♦♠❜✐♥❛♥❞♦ ✭✷✳✺✺✮ ❡ ✭✷✳✺✻✮✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ ✭✷✳✺✸✮ s❡❣✉❡ ♦s

♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ❡ ❛ ♠❡s♠❛ s❡rá ♦♠✐t✐❞❛✳ ❊♥q✉❛♥t♦ q✉❡ ✭✷✳✺✹✮

é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❡ ❇r❡③✐s✲▲✐❡❜ ❬✶✾✱ ❚❡♦r❡♠❛ ✷❪✳

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ é ❝r✉❝✐❛❧ ♣❛r❛ ♠♦str❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Iǫ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS)

❛❜❛✐①♦ ❞❡ ✉♠ ♥í✈❡❧ ✜①❛❞♦✳ ◆❛ ❞❡♠♦♥str❛çã♦ ❞❡ t❛❧ r❡s✉❧t❛❞♦ ✜❝❛rá ❡①♣❧í❝✐t♦ ♦ ❝r❡s❝✐♠❡♥t♦

❛ss✉♠✐❞♦ ❡♠ f ′✱ ❛❧é♠ ❞❛s ❤✐♣ót❡s❡s té❝♥✐❝❛s ✭φ4✮✲ ✭φ5✮✱ ✭r1✮✲✭r2✮✱ ✭b1✮ ❡ ✭b2✮✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✶✳ ❙❡❥❛ (un) ⊂ Xǫ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iǫ t❛❧ q✉❡ un ⇀ u ❡♠

Xǫ✳ ❊♥tã♦✱

Iǫ(vn) = Iǫ(un)− Iǫ(u) + on(1) ❡ I ′ǫ(vn) = on(1),

♦♥❞❡ vn = un − u✳

✶✵✈❡r ❬✶✾✱ ❚❡♦r❡♠❛ ✷❪✳
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❉❡♠♦♥str❛çã♦✳

❊♠ ✈✐rt✉❞❡ ❞♦ ▲❡♠❛ ✷✳✷✳✶✵✱ ❝♦♥st❛t❛✲s❡ s❡♠ ❞✐✜❝✉❧❞❛❞❡ q✉❡

Iǫ(vn) = Iǫ(un)− Iǫ(u) + on(1).

❘❡st❛✲♥♦s ♠♦str❛r q✉❡

‖I ′ǫ(vn)‖ = on(1).

P❛r❛ ❡st❡ ✜♠✱ s❡♥❞♦ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c é s✉✜❝✐❡♥t❡ q✉❡

‖I ′ǫ(un)− I ′ǫ(vn)− I ′ǫ(u)‖ = on(1). ✭✷✳✺✼✮

❆ ✜♠ ❞❡ ♣r♦✈❛r♠♦s ♦ ❧✐♠✐t❡ ❛❝✐♠❛✱ s❡❥❛♠ w ∈ Xǫ ❝♦♠ ‖w‖ǫ ≤ 1 ❡

ϑn,w :=
∣∣(I ′ǫ(un)− I ′ǫ(vn)− I ′ǫ(u)

)
w
∣∣.

❖r❛✱ ❝♦♠♦

ϑn,w =
∣∣∣
∫

RN

(
φ(|∇un|)∇un − φ(|∇vn|)∇vn − φ(|∇u|)∇u

)
∇ωdx

+

∫

RN

(
φ(|un|)un − φ(|vn|)vn − φ(|u|)u

)
wV (ǫx)dx

+

∫

RN

(
f(un)− f(vn)− f(u)

)
wdx

∣∣∣, ✭✷✳✺✽✮

❡♥tã♦

ϑn,w ≤
∫

RN

∣∣φ(|∇un|)∇un − φ(|∇vn|)∇vn − φ(|∇u|)∇u
∣∣|∇w|dx

+

∫

RN

∣∣φ(|un|)un − φ(|vn|)vn − φ(|u|)u
∣∣|w|V (ǫx)dx

+

∫

RN

∣∣f(un)− f(vn)− f(u)
∣∣|w|dx.

❯s❛♥❞♦ q✉❡ Φ̃ é ❝r❡s❝❡♥t❡ ❡♠ (0,+∞) ❝♦♠❜✐♥❛❞♦ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ∆2✱ ✈❡♠

Φ̃
(∣∣φ(|∇un|)∇un − φ(|∇vn|)∇vn − φ(|∇u|)∇u

∣∣
)

≤ Φ̃
(
φ(|∇un|)|∇un|

)
+ Φ̃

(
φ(|∇vn|)|∇vn|

)
+ Φ̃

(
φ(|∇u|)|∇u|

)

≤ Φ
(
2|∇un|

)
+ Φ

(
2|∇vn|

)
+ Φ

(
2|∇u|

)

≤ C1

(
Φ
(
|∇un|

)
+ Φ

(
|∇vn|

)
+ Φ

(
|∇u|

))
.



✷✳✷✳ ❖ P❘❖❇▲❊▼❆ ◆➹❖✲❆❯❚Ô◆❖▼❖ ✼✼

❙❡♥❞♦ (un) é ❧✐♠✐t❛❞❛ ❡♠ Xǫ✱ ❞❡❞✉③✐♠♦s q✉❡
∫

RN

Φ̃
(∣∣φ(|∇un|)∇un − φ(|∇vn|)∇vn − φ(|∇u|)∇u

∣∣
)
dx < +∞,

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

(∣∣φ(|∇un|)∇un − φ(|∇vn|)∇vn − φ(|∇u|)∇u
∣∣
)
∈ LΦ̃(RN).

❆♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱
∫

RN

∣∣φ(|∇un|)∇un − φ(|∇vn|)∇vn − φ(|∇u|)∇u
∣∣|∇w|dx

≤ 2
∥∥∥
∣∣φ(|∇un|)∇un − φ(|∇vn|)∇vn − φ(|∇u|)∇u

∣∣
∥∥∥
Φ̃
‖∇w‖Φ.

❆❣♦r❛✱ ❝♦♠❜✐♥❛♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ Xǫ →֒ LΦ(RN) ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✱ s❡❣✉❡ q✉❡
∫

RN

∣∣φ(|∇un|)∇un − φ(|∇vn|)∇vn − φ(|∇u|)∇u
∣∣|∇w|dx ≤ on(1)‖w‖ǫ. ✭✷✳✺✾✮

❘❡♣❡t✐♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r ✈❡r✐✜❝❛✲s❡ q✉❡
∫

RN

∣∣φ(|un|)un − φ(|vn|)∇vn − φ(|u|)u
∣∣|w|V (ǫx)dx ≤ on(1)‖w‖ǫ. ✭✷✳✻✵✮

❆✜r♠❛çã♦ ✷✳✷✳✶✷✳

sup
‖w‖ǫ≤1

∫

RN

∣∣f(un)w − f(vn)w − f(u)w
∣∣dx = on(1).

❙✉♣♦♥❤❛✱ ♣♦r ✉♠ ♠♦♠❡♥t♦✱ q✉❡ ❛ ❆✜r♠❛çã♦ ✷✳✷✳✶✷ é ✈á❧✐❞❛✳ ■ss♦✱ ❝♦♠❜✐♥❛❞♦ ❝♦♠

✭✷✳✺✽✮✲✭✷✳✻✵✮ r❡s✉❧t❛ q✉❡

sup
‖w‖ǫ≤1

ϑn,w ≤ on(1).

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ n→ +∞ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s

sup
‖w‖ǫ≤1

|
(
I ′ǫ(vn)− I ′ǫ(un) + I ′ǫ(u)

)
w| = on(1),

♦ q✉❡ ♠♦str❛ ✭✷✳✺✼✮✳

❉❡ss❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ♠♦str❛r ❛ ❆✜r♠❛çã♦ ✷✳✷✳✶✷✳ P❛r❛ ✐ss♦✱

♦❜s❡r✈❡ ♣r✐♠❡✐r♦ q✉❡ ❞❛❞♦ η > 0✱ ❡①✐st❡ ρ > 0 t❛❧ q✉❡

‖u‖Φ̃,Bc
ρ(0)

< η ❡ ‖u‖B̃,Bc
ρ(0)

< η,
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♣♦✐s φ(|u|)u ∈ LΦ̃(RN) ❡ b(|u|)u ∈ LB̃(RN)✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✷✳✸✮✱ ❡①✐st❡ c1 > 0 t❛❧ q✉❡

|f(u)| ≤ φ(|u|)|u|+ c1b(|u|)|u|.

▲♦❣♦✱ ❛♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ó❧❞❡r✱

∫

Bc
ρ(0)

|f(u)||w|dx ≤
∫

Bc
ρ(0)

φ(|u|)|u||w|dx+ c1

∫

Bc
ρ(0)

b(|u|)|u||w|dx

≤ 2‖φ(|u|)|u|‖Φ̃,Bc
ρ(0)

‖w‖Φ,Bc
ρ(0) + 2‖b(|u|)|u|‖B̃,Bc

ρ(0)
‖w‖B,Bc

ρ(0)

≤ 2c2η‖w‖ǫ.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s❡q✉ê♥❝✐❛

hn,w = f(un)w − f(vn)w − f(u)w,

t❡♠♦s

∫

RN

|hn,w|dx ≤
∫

Bρ(0)

|hn,w|dx+
∫

Bc
ρ(0)

|f(un)− f(vn)||w|dx+ 2c2η‖w‖ǫ. ✭✷✳✻✶✮

❖❜s❡r✈❡ q✉❡

∫

Bρ(0)

|hn,w|dx = on(1). ✭✷✳✻✷✮

❉❡ ❢❛t♦✱ r❡❝♦r❞❛♥❞♦ q✉❡ ❛s ✐♠❡rsõ❡s

Xǫ →֒ LΦ(Bρ(0)) ❡ Xǫ →֒ LB(Bρ(0))

sã♦ ❝♦♠♣❛❝t❛s✱ ❞❡s❞❡ q✉❡ un ⇀ u ❡♠ Xǫ✱ ❡①✐st❡♠ h1, h2 ∈ L1(Bρ(0)) t❛✐s q✉❡

Φ(|un|) ≤ h1 ❡ B(|un|) ≤ h2.

❆❧é♠ ❞✐ss♦✱

hn,w(x) → 0 q✳t✳♣✳ ❡♠ Bρ(0)
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❡

|hn,w| ≤ |f(un)||w|+ |f(vn)||w|+ |f(u)||w|

≤ c3

(
φ(|un|)|un||w|+ b(|un|)|un||w|+ φ(|vn|)|vn||w|+ b(|vn|)|vn||w|

+φ(|u|)|u||w|+ b(|u|)|u||w|
)

❨♦✉♥❣︷︸︸︷
≤ c4

(
Φ̃(φ(|un|)|un|) + B̃(b(|un|)|un|) + Φ̃(φ(|vn|)|vn|) + B̃(b(|vn|)|vn|)

+Φ̃(φ(|u|)|u|) + B̃(b(|u|)|u|+ Φ(|w|) + B(|w|)
)

Lema1.1.17︷︸︸︷
≤ c4

(
Φ(2|un|) + B(2|un|) + Φ(2|vn|) + B(|vn|)

+Φ(2|u|) + B(2|u|) + Φ(|w|) + B(|w|)
)

∆2︷︸︸︷
≤ c5

(
Φ(|un|) + B(|un|) + Φ(|u|) + B(|u|) + Φ(|w|) + B(|w|)

)

≤ c5

(
h1 + h2 + Φ(|u|) + B(|u|) + Φ(|w|) + B(|w|)

)
∈ L1(Bρ(0)).

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ❝♦♥❝❧✉í♠♦s ♦ ❧✐♠✐t❡ ❡♠

✭✷✳✻✷✮✳

❆ s❡❣✉✐r✱ ✈❡❥❛♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ c6 t❛❧ q✉❡
∫

Bc
ρ(0)

|f(un)− f(vn)||w|dx ≤ c6η‖w‖ǫ. ✭✷✳✻✸✮

P♦r ✭f1✮✱ ❞❛❞♦ η > 0✱ ❡①✐st❡ cη > 0 t❛❧ q✉❡

|f ′(t)| ≤ η|(r(t)t)′|+ cη|(b(t)t)′|

≤ η
(
|r′(t)t|+ r(t)

)
+ cη

(
|b′(t)t|+ b(t)

)
∀t ≥ 0.

❆ss✐♠✱ ♣♦r ✭r2✮ ❡ ✭b2✮✱

|f ′(t)| ≤ η(C̃ + 1)r(t) + cη(Ĉ + 1)b(t) ∀t ≥ 0. ✭✷✳✻✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱

|f(un)− f(vn)||w| ≤ |f ′(ωn)||u||w|,

♦♥❞❡ ωn ∈
(
min{un, vn},max{un, vn}

)
✳ ❘❡❝♦r❞❛♥❞♦ q✉❡ ❛s ❢✉♥çõ❡s r ❡ b sã♦ ❝r❡s❝❡♥t❡s✱

t❡♠♦s

r(|ωn|) ≤ r(|un|+ |vn|) ❡ b(|ωn|) ≤ r(|un|+ |vn|). ✭✷✳✻✺✮
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❈♦♠❜✐♥❛♥❞♦ ✭✷✳✻✹✮ ❡ ✭✷✳✻✺✮✱ ♦❜t❡♠♦s

|f ′(ωn)| ≤ c1ηr(2|un|+ |u|) + c2b(2|un|+ |u|).

P♦r s✉❛ ✈❡③✱ ✉s❛♥❞♦ ✭r3✮✱ ✭b3✮ ❡ ❛ ❝♦♥❞✐çã♦ ∆2✱

c1ηr(2|un|+ |u|) + c2b(2|un|+ |u|) ≤ c1r1η
R(2|un|+ |u|)
(2|un|+ |u|)2 + c2b2

B(2|un|+ |u|)
(2|un|+ |u|)2

≤ c3η

(
R(|un|)
|un|2

+
R(|u|)
|u|2

)
+ c4

(
B(|un|)
|un|2

+
B(|u|)
|u|2

)

≤ c3
r1
η
(
r(|un|) + r(|u|)

)
+
c4
b1

(
b(|un|) + b(|u|)

)
.

P♦rt❛♥t♦✱

|f(un)− f(vn)||w| ≤ c7ηr(|un|)|u||w|+ c8b(|un|)|u||w|

+c9r(|u|)|u||w|+ c10b(|u|)|u||w|. ✭✷✳✻✻✮

◆♦ q✉❡ s❡❣✉❡✱ ✜①❡♠♦s x ∈ R
N ❡ ❞❡✜♥❛♠♦s ♦s ❝♦♥❥✉♥t♦s

Ax = {n ∈ N : |u(x)| ≤ |un(x)|} ❡ Bx := {n ∈ N : |un(x)| ≤ |u(x)|}.

❙❡ n ∈ Ax✱ ❡♥tã♦

r(|un(x)|)|un(x)||u(x)| = ηr(|un(x)|)|un(x)|
1

η
|u(x)|

≤ R̃(ηr(|un(x)|)|un(x)|) +R(
1

η
|u(x)|)

≤ ηR(2|un(x)|) + CηR(|u(x)|)

≤ C1ηR(|un(x)|) + CηR(|u(x)|)

≤ 1

r1

(
C1ηr(|un(x)|)|un(x)|2 + Cηr(|u(x)|)|u(x)|2

)
,

♦ q✉❡ ✐♠♣❧✐❝❛

r(|un(x)|)|u(x)| ≤ C2ηr(|un|)|un|+ Cη,1r(|u(x)|)|u(x)|.

❙❡ n ∈ Bx✱ ❞❡s❞❡ q✉❡ r é ❝r❡s❝❡♥t❡ s❡❣✉❡

r(|un(x)|)|u(x)| ≤ r(|u(x)|)|u(x)| ≤ C2ηr(|un(x)|)|un(x)|+ r(|u(x)|)|u(x)|.
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P♦rt❛♥t♦✱

r(|un(x)|)|u(x)| ≤ C2ηr(|un(x)|)|un(x)|+ (Cη,1 + 1)r(|u(x)|)|u(x)|, ∀n ∈ N.

❡ ❝♦♠♦ x ∈ R
N ❢♦✐ ❛r❜✐trár✐♦ r❡s✉❧t❛ q✉❡

r(|un|)|u| ≤ C2ηr(|un|)|un|+ (Cη,1 + 1)r(|u|)|u(x)|, ∀n ∈ N. ✭✷✳✻✼✮

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡

b(|un|)|u| ≤ C3ηb(|un|)|un|+ (Cη,2 + 1)b(|u(x)|)|u(x)|, ∀x ∈ R
N . ✭✷✳✻✽✮

❆❣♦r❛✱ ❝♦♠❜✐♥❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ❝♦♠ ✭✷✳✻✻✮✱ ♦❜t❡♠♦s

|f(un)− f(vn)||w| ≤ C4ηr(|un|)|un||w|+ C5ηb(|un|)|un||w|

+C6r(|u|)|u||w|+ C7b(|u|)|u||w|.

❯s❛♥❞♦ ❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s

W 1,Φ(RN) →֒ LR(RN) ❡ W 1,Φ(RN) →֒ LB(RN),

❛ ❧✐♠✐t❛çã♦ ❞❛s s❡q✉ê♥❝✐❛s
(
r(|un|)|un|

)
❡
(
b(|un|)|un|

)
✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♠ LR̃(RN) ❡

LB̃(RN) ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ó❧❞❡r✱ ♦❜t❡♠♦s ✭✷✳✻✸✮✳ ❉❡ ✭✷✳✻✶✮✲✭✷✳✻✸✮✱

✈❡♠ q✉❡

sup
‖w‖ǫ≤1

∫

RN

hn,wdx ≤ on(1) + c6η + 2c2η.

❋❛③❡♥❞♦ η → 0 ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r✱ ❝♦♥❝❧✉í♠♦s

sup
‖w‖ǫ≤1

∫

RN

hn,wdx = on(1),

♠♦str❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✷✳✷✳✶✷✳ P♦rt❛♥t♦✱ ❞❡ ✭✷✳✺✽✮✲✭✷✳✻✵✮

sup
‖w‖ǫ≤1

ϑn,w ≤ on(1),

♦✉ s❡❥❛

sup
‖w‖ǫ≤1

|
(
I ′ǫ(vn)− I ′ǫ(un) + I ′ǫ(u)

)
w| = on(1),

✐ss♦ ❡♥❝❡rr❛ ❛ ♣r♦✈❛✳
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❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❡st❛❜❡❧❡❝❡ ✉♠❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❡♥✈♦❧✈❡♥❞♦ ♦ ❡s♣❛ç♦ Xǫ✳

❖s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ♦♥❞❡ Φ(t) = 1
p
|t|p ♣❛r❛ N > p > 1 ❡ Φ(t) = 1

p
|t|p + 1

q
|t|q ♣❛r❛

N > q > p > 1 ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ❡♠ ❬✷✻❪ ❡ ❬✻❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❡♠❛ ✷✳✷✳✶✸✳ ❙❡ V∞ = +∞✱ ❛ ✐♠❡rsã♦

Xǫ →֒ LΦ(RN)

é ❝♦♠♣❛❝t❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ✐♠❡rsã♦ Xǫ →֒ LB(RN) é ❝♦♠♣❛❝t❛ s❡ B é ✉♠❛ ◆✲❢✉♥çã♦

s❛t✐s❢❛③❡♥❞♦ ✭b4✮✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ (un) ⊂ Xǫ ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Xǫ✳ ❆ss✐♠✱

❡①✐st❡ u ∈ Xǫ t❛❧ q✉❡ un ⇀ u ❡♠ Xǫ✳ P♦r ✭R✮✱ ♣❛r❛ ❝❛❞❛ η > 0✱ ❡①✐st❡ ρ > 0 s❛t✐s❢❛③❡♥❞♦

V (ǫz) >
1

η
, |z| > ρ.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ Xǫ →֒ LΦ(Bρ(0))✱ t❡♠♦s

un → u ❡♠ LΦ(Bρ(0)),

♦✉ s❡❥❛✱ ∫

Bρ(0)

Φ(|un − u|)dx = on(1).

❖❜s❡r✈❛♥❞♦ q✉❡
∫

RN

Φ(|un − u|)dx ≤ η

∫

Bc
ρ(0)

V (ǫx)Φ(|un − u|)dx+ on(1)

≤ C1η + on(1),

s❡❣✉❡ ❞❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ η q✉❡
∫

RN

Φ(|un − u|)dx = on(1).

P❛r❛ ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦✱ s✉♣♦♥❤❛ q✉❡ B ✈❡r✐✜❝❛ ✭b4✮✳ ❯s❛♥❞♦ ❛ ❧✐♠✐t❛çã♦ ❡

(un − u) ❡♠ LΦ∗(RN) ❥✉♥t♦ ❝♦♠ ♦ ❢❛t♦ q✉❡ un → u ❡♠ LΦ(RN)✱ ♣❛r❛ ❝❛❞❛ η > 0✱ ❡①✐st❡

cη > 0 t❛❧ q✉❡
∫

RN

B(|un − u|)dx ≤ cη

∫

RN

Φ(|un − u|)dx+ η

∫

RN

Φ∗(|un − u|)dx

≤ cηon(1) + C1η.
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❙❡♥❞♦ η ❛r❜✐trár✐♦✱ ❞❡❞✉③✐♠♦s

∫

RN

B(|un − u|)dx→ 0,

♠♦str❛♥❞♦ q✉❡ un → u ❡♠ LB(RN)✳

❆ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ ♠♦str❛ q✉❡ Iǫ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS) ♣❛r❛ ❞❡t❡r♠✐♥❛❞♦s

♥í✈❡✐s✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✹✳ ❆ss✉♠❛ q✉❡ V∞ < +∞✳ ❊♥tã♦✱ Iǫ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c ♣❛r❛

t♦❞♦ c < dV∞✳ ❙❡ V∞ = +∞✱ ❛ ❝♦♥❞✐çã♦ (PS)c ♦❝♦rr❡ ♣❛r❛ t♦❞♦ c ∈ R✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (un) ⊂ Xǫ ✉♠❛ s❡q✉ê♥❝✐❛ ✈❡r✐✜❝❛♥❞♦

Iǫ(un) → c ❡ I ′ǫ(un) → 0.

❙❡❣✉❡ ❞♦s ▲❡♠❛s ✷✳✷✳✸ ❡ ✷✳✷✳✹ q✉❡ (un) é ❧✐♠✐t❛❞❛ ❡♠ Xǫ ❡ ❡①✐st❡ u ∈ Xǫ t❛❧ q✉❡✱ ❛ ♠❡♥♦s

❞❡ s✉❜s❡q✉ê♥❝✐❛✱

un ⇀ u ❡♠ Xǫ ❡ I ′ǫ(u) = 0. ✭✷✳✻✾✮

❈♦♥s✐❞❡r❛♥❞♦ vn = un − u✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✶✱

Iǫ(vn) = c− Iǫ(u) + on(1) = c+ on(1) ❛♥❞ I ′ǫ(vn) = on(1),

♠♦str❛♥❞♦ q✉❡ (vn) é ✉♠❛ s❡q✉ê♥❝✐❛ (PC)c ♣❛r❛ Iǫ✳ ❆ s❡❣✉✐r✱ ✈❡❥❛♠♦s q✉❡ Iǫ(u) ≥ 0✳

❋❛③❡♥❞♦ ✉s♦ ❞❛s ❤✐♣ót❡s❡s ✭φ2✮ ❡ ✭f2✮✱ ♦❜t❡♠♦s

Iǫ(u)−
1

m
I ′ǫ(u)u =

∫

RN

(
Φ(|∇u|)− 1

m
φ(|∇u|)|∇u|2

)
dx+

∫

RN

( 1
m
f(u)u− F (u)

)
dx

+

∫

RN

V (ǫx)
(
Φ(|u|)− 1

m
φ(|u|)|u|2

)
dx ≥ 0.

◆♦ ❡♥t❛♥t♦✱ ♣♦r ✭✷✳✻✾✮✱ Iǫ(u) = Iǫ(u)−
1

m
I ′ǫ(u)u✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ Iǫ(u) ≥ 0✳ ▲♦❣♦✱

c ≤ c.

❙✉♣♦♥❤❛ q✉❡ V∞ < +∞✳ ❙❡ c < dV∞ ✱ ❡♥tã♦ (vn) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ❝♦♠

c ≤ c < dV∞
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❊♥tã♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✾✱ ❝♦♥❝❧✉í♠♦s q✉❡

vn → 0 ❡♠ Xǫ,

✐st♦ é✱ un → u ❡♠ Xǫ✳

❆ss✉♠❛ ❛❣♦r❛ q✉❡ V∞ = +∞✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✶✸✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

∫

RN

Φ(|vn|)dx→ 0 ❡
∫

RN

B(|vn|)dx→ 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ η > 0✱ ❡①✐st❡ cη > 0 t❛❧ q✉❡

|f(vn)vn| ≤ ηφ(|vn|)|vn|2 + cηb(|vn|)|vn|2

≤ mηΦ(|vn|) + cηb2B(|vn|).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

∫

RN

f(vn)vndx→ 0.

❯♠❛ ✈❡③ q✉❡ q✉❡ I ′ǫ(vn)vn = 0✱ t❡♠♦s

∫

RN

φ(|∇vn|)|∇vn|2dx+
∫

RN

V (ǫx)φ(|vn|)|vn|2dx = on(1)

❡ ❡♥tã♦ ∫

RN

Φ(|∇vn|)dx→ 0 ❡
∫

RN

V (ǫx)Φ(|vn|)dx→ 0.

P♦rt❛♥t♦✱

vn → 0 ❡♠ Xǫ.

❆ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ (PS) ✈❛❧❡ ♣❛r❛ Iǫ s♦❜r❡ Nǫ ♣❛r❛ ❛❧❣✉♥s ♥í✈❡✐s✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✺✳ ❆ss✉♠❛ q✉❡ V∞ < +∞✳ ❊♥tã♦✱ Iǫ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c s♦❜r❡

Nǫ ♣❛r❛ c ∈ (0, dV∞)✳ ❙❡ V∞ = +∞✱ ❛ ❝♦♥❞✐çã♦ (PS) ♦❝♦rr❡ ♣❛r❛ t♦❞♦ c ∈ R✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (un) ⊂ Nǫ ✉♠❛ s❡q✉ê♥❝✐❛ ✈❡r✐✜❝❛♥❞♦

Iǫ(un) = c+ on(1) ❡ ‖I ′ǫ(un)‖∗ = on(1).
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❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦s ▼✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡✶✶✱ ❡①✐st❡ (λn) ⊂ R t❛❧ q✉❡

I ′ǫ(un) = λnJ
′
ǫ(un) + on(1), ✭✷✳✼✵✮

♦♥❞❡ Jǫ : Xǫ → R é ❞❛❞♦ ♣♦r

Jǫ(u) =

∫

RN

φ(|∇u|)|∇u|2dx+
∫

RN

V (ǫx)φ(|u|)|u|2dx−
∫

RN

f(u)udx.

◆♦t❡ q✉❡

J ′
ǫ(un)un =

∫

RN

(
φ′(|∇un|)|∇un|+ 2φ(|∇un|)

)
|∇un|2dx

+

∫

RN

V (ǫx)
(
φ′(|un|)|un|+ 2φ(|un|)

)
|un|2dx

−
∫

RN

(
f ′(un)(un)

2 + f(un)un

)
dx.

P♦r ✭φ3✮✱

φ′(t)t ≤ (m− 2)φ(t) ∀t ≥ 0.

❊♥tã♦✱

J ′
ǫ(un)un ≤ m

(∫

RN

φ(|∇un|)|∇un|2dx+
∫

RN

V (ǫx)φ(|un|)|un|2dx
)

−
∫

RN

(
f ′(un)(un)

2 + f(un)un
)
dx.

❈♦♠❜✐♥❛❞♦ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ♦ ❢❛t♦ ❞❡ I ′ǫ(un)un = 0 r❡s✉❧t❛ q✉❡

− J ′
ǫ(un)un ≥

∫

RN

(
f ′(un)(un)

2 − (m− 1)f(un)un
)
dx. ✭✷✳✼✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷✳✷ t❡♠✲s❡ ‖un‖ǫ 6→ 0✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ ✉♠❛

s❡q✉ê♥❝✐❛ (yn) ⊂ R
N ✱ t❛❧ q✉❡

∫

Bρ(yn)

Φ(|un|)dx ≥ τ > 0 ✭✷✳✼✷✮

♣❛r❛ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ρ ❡ τ ✳ ❉❡✜♥✐♥❞♦ ũn(x) = un(x + yn)✱ s❡❣✉❡ q✉❡ (ũn) é ✉♠❛

s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN)✳ ▲♦❣♦✱

ũn ⇀ ũ ❡♠ W 1,Φ(RN).

✶✶✈❡r ❬✼✹✱ Pr♦♣♦s✐çã♦ ✺✳✶✷❪✳
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❚❡♥❞♦ ❡♠ ✈✐st❛ ❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ W 1,Φ(RN) →֒ LΦ(Bρ(0)) ❝♦♠ ✭✷✳✼✷✮✱ ❝♦♥❝❧✉í✲s❡ q✉❡

ũ 6= 0✳ P♦rt❛♥t♦✱ ❡①✐st❡ O ⊂ R
N ❝♦♠ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ t❛❧ q✉❡ ũ > 0 q✳t✳♣✳ ❡♠ O✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡

lim sup
n→+∞

J ′
ǫ(un)un = 0.

■ss♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✷✳✼✶✮ ✐♠♣❧✐❝❛♠ ❡♠

0 ≥
∫

RN

(
f ′(ũn)(ũn)

2 − (m− 1)f(ũn)ũn
)
dx.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ✭f3✮ ❡ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱ ♦❜s❡r✈❛♠♦s q✉❡

0 ≥
∫

O

(
f ′(ũ)(ũ)2 − (m− 1)f(ũ)ũ

)
dx > 0,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ❞❡ ✭✷✳✼✶✮✱

lim sup
n→+∞

J ′
ǫ(un)un < 0,

♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ λn = on(1)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦r ✭✷✳✼✵✮

I ′ǫ(un) = on(1),

♠♦str❛♥❞♦ q✉❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c✳ ❆❣♦r❛✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦

✷✳✷✳✶✹✳

■♥s♣✐r❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r❡❝❡❞❡♥t❡ ♦❜t❡♠♦s ♦ ❝♦r♦❧ár✐♦ ❛❜❛✐①♦✳

❈♦r♦❧ár✐♦ ✷✳✷✳✶✻✳ ❖s ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ Iǫ s♦❜r❡ Nǫ sã♦ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ Iǫ

❡♠ Xǫ✳

✷✳✷✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶

❊♠ ✈✐rt✉❞❡ ❞♦s r❡s✉❧t❛❞♦s ♣r♦✈❛❞♦s ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✱ ❡st❛❜❡❧❡❝❡♠♦s ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ✭P̃ǫ✮ q✉❛♥❞♦ ǫ é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳

■♥✐❝✐❛♠♦s r❡❝♦r❞❛♥❞♦ q✉❡ Iǫ s❛t✐s❢❛③ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✳

❊♥tã♦✱ ❡①✐st❡ (un) ⊂ Xǫ s❛t✐s❢❛③❡♥❞♦

Iǫ(un) → cǫ ❡ I ′ǫ(un) → 0,
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♦♥❞❡ cǫ ❞❡♥♦t❛ ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛ Iǫ✳

❙❡ V∞ = +∞✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✹✱ ❡①✐st❡ u ∈ Xǫ t❛❧ q✉❡✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜✲

s❡q✉ê♥❝✐❛✱

un → u ❡♠ Xǫ.

P♦rt❛♥t♦✱

Iǫ(u) = cǫ ❡ I ′ǫ(u) = 0.

❙❡ V∞ < +∞✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ cǫ ∈ (0, dV∞) ♣❛r❛ ǫ s✉✜❝✐❡♥t❡ ♣❡q✉❡♥♦✳ ❈♦♠

❡st❡ ♣r♦♣ós✐t♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❝♦♥s✐❞❡r❡ V (0) = V0✳ ❙❡❥❛ µ ∈ (V0, V∞)✳

❊♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✱ t❡♠♦s

dV0 < dµ < dV∞ . ✭✷✳✼✸✮

◆♦ q✉❡ s❡❣✉❡✱ s❡❥❛ w ∈ Yµ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭Pµ✮✳ P❛r❛

❝❛❞❛ ρ > 0✱ ❝♦♥s✐❞❡r❛♠♦s ϑρ ∈ C1(RN) ✈❡r✐✜❝❛♥❞♦

0 ≤ ϑρ(x) ≤ 1, ϑρ(x) ≡ 1, ❡♠ Bρ(0), ❡ s✉♣♣ϑρ ⊂ B2ρ(0).

❙❡❥❛♠ wρ = wϑρ ❡ tρ > 0 t❛✐s q✉❡

Eµ(tρwρ) = max
t≥0

Eµ(twρ).

◆♦t❡ q✉❡✱ ❡①✐st❡ ρ0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡

Eµ(tρ0wρ0) < dV∞ . ✭✷✳✼✹✮

❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♣❛r❛ t♦❞♦ ρ > 0 t❡rí❛♠♦s

Eµ(tρwρ) ≥ dV∞ .

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ Φ ❡ ♦ ❢❛t♦ ❞❡ s✉♣♣ϑρ ⊂ B2ρ(0)✱ ♦❜té♠✲s❡

wρ → w ❡♠ Yµ.

❆❣♦r❛✱ ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✷✳✻✱

tρ → 1.
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❆ss✐♠✱

dV∞ ≤ lim inf
ρ→+∞

Eµ(tρwρ) = Eµ(w) = dµ

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦ ❝♦♠ ✭✷✳✼✸✮✱ ♦ q✉❡ ♠♦str❛ ✭✷✳✼✹✮✳

❉❡s❞❡ q✉❡ V0 = V (0)✱ ❞❛❞♦ η > 0✱ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡

V (ǫx) < V0 + η, ∀ǫ ∈ (0, ǫ) ❡ ∀x ∈ s✉♣♣(tρ0wρ0).

❖❜s❡r✈❛♥❞♦ q✉❡ µ ∈ (V0, V∞)✱ ♣❛r❛ η s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱

V0 + η < µ

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

V (ǫx) < µ, ∀ǫ ∈ (0, ǫ) ❡ ∀x ∈ s✉♣♣(tρ0wρ0).

▲♦❣♦✱

∫

RN

V (ǫx)Φ(|ttρ0wρ0 |)dx ≤
∫

RN

µΦ(|ttρ0wρ0 |)dx, ∀t ≥ 0, ∀ǫ ∈ (0, ǫ),

✐♠♣❧✐❝❛♥❞♦ ❡♠

Iǫ(ttρ0wρ0) ≤ max
t≥0

Eµ(ttρ0wρ0) = Eµ(tρ0wρ0), ∀t ≥ 0, ∀ǫ ∈ (0, ǫ).

P♦rt❛♥t♦✱

cǫ ≤ Eµ(tρ0wρ0), ∀ǫ ∈ (0, ǫ).

■ss♦ ❝♦♠ ✭✷✳✼✹✮ ✐♠♣❧✐❝❛ ❡♠

cǫ < dV∞ , ∀ǫ ∈ (0, ǫ).

❆❣♦r❛✱ ♦ t❡♦r❡♠❛ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✹✳

✷✳✷✳✹ ▲✐♠✐t❛çã♦✱ r❡❣✉❧❛r✐❞❛❞❡ ❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s ❞❡ (P̃ǫ)

◆❡st❛ s✉❜s❡çã♦ ❡st✉❞❛♠♦s ❛ ❧✐♠✐t❛çã♦✱ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦✱ r❡❣✉❧❛r✐❞❛❞❡ ❡ ❛ ♣♦✲

s✐t✐✈✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭P̃ǫ✮✳

❈♦♠♦ ♥♦ ❝❛s♦ ❛✉tô♥♦♠♦✱ ♦ r❡s✉❧t❛❞♦ té❝♥✐❝♦ ❛❜❛✐①♦ é ❝r✉❝✐❛❧ ♥♦ ❡st✉❞♦ q✉❡ s❡❣✉❡✳
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▲❡♠❛ ✷✳✷✳✶✼✳ ❙❡❥❛ u ∈ W 1,Φ(RN) ✉♠❛ s♦❧✉çã♦ ❞❡ ✭P̃ǫ✮ ❡ x0 ∈ R
N ✳ ❊♥tã♦✱

∫

Ak,t

|∇u|γdx ≤ c

(∫

Ak,s

∣∣∣u− k

s− t

∣∣∣
γ∗

dx+ (kγ
∗

+ 1)|Ak,s|
)
,

♦♥❞❡ 0 < t < s < 1✱ k > 0✱ c é ✉♠❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ k ❡ Ak,ρ = {x ∈ Bρ(x0) :

u(x) > k} ♣❛r❛ ρ > 0✳

❉❡♠♦♥str❛çã♦✳

❙❡❥❛ u ✉♠❛ s♦❧✉çã♦ ❞❡ ✭P̃ǫ✮✱ x0 ∈ R
N ❡ R0 > 1✳ ❋✐①❡♠♦s 0 < t < s < 1 ❡ ξ ∈ C∞

0 (RN)

✈❡r✐✜❝❛♥❞♦

0 ≤ ξ ≤ 1, s✉♣♣ξ ⊂ Bs(x0), ξ ≡ 1 ❡♠ Bt(x0) ❡ |∇ξ| ≤ 2

s− t
.

P❛r❛ ❝❛❞❛ k ≥ 0 ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ t❡st❡ ϕ = ξm(u− k)+✳ ❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦

♣❛r❛ ✭P̃ǫ✮✱ t❡♠♦s
∫

Ak,s

φ(|∇u|)|∇u|2ξmdx+m

∫

Ak,s

ξm−1(u− k)+φ(|∇u|)∇u∇ξdx
∫

Ak,s

V (ǫx)φ(|u|)|u||ξm(u− k)+dx =

∫

Ak,s

f(u)ξm(u− k)+dx.

❉❡s❞❡ q✉❡ V0 ≤ V (z) ♣❛r❛ t♦❞♦ z ∈ R
N ✱ t❡♠♦s

∫

Ak,s

φ(|∇u|)|∇u|2ξmdx+ V0

∫

Ak,s

φ(|u|)|u||ξm(u− k)+dx

≤ −m
∫

Ak,s

ξm−1(u− k)+φ(|∇u|)∇u∇ξdx+
∫

Ak,s

f(u)ξm(u− k)+dx.

❉❡✜♥✐♥❞♦

J =

∫

Ak,s

Φ(|∇u|)ξmdx

❡ ✉s❛♥❞♦ q✉❡ lΦ(t) ≤ φ(t)t2✱ t❡♠♦s

lJ ≤ m

∫

Ak,s

ξm−1(u− k)+φ(|∇u|)|∇u||∇ξ|dx

−V0
∫

Ak,s

φ(|u|)|u|ξm(u− k)+dx+

∫

Ak,s

f(u)ξm(u− k)+dx.

❘❡❝♦r❞❡ q✉❡✱ ❞❛❞♦ η > 0 ❡①✐st❡ cη > 0 t❛❧ q✉❡

|f(t)| ≤ ηφ(|t|)|t|+ cηb(|t|)|t|.
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❆ss✐♠✱ ✜①❛♥❞♦ η = V0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1 > 0 t❛❧ q✉❡

lJ ≤ m

∫

Ak,s

ξm−1(u− k)+φ(|∇u|)|∇u||∇ξ|dx+ C1

∫

Ak,s

b(|u|)|u|ξm(u− k)+dx.

❉❡ss❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ❛ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦ ❞♦ ▲❡♠❛ ✷✳✶✳✶✵✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❧❡♠❛ ♣r❡❝❡❞❡♥t❡ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ▲❡♠❛

✷✳✶✳✶✶✳ ❯♠❛ ✈❡③ q✉❡ s✉❛ ❞❡♠♦♥str❛çã♦ é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ❛✉tô♥♦♠♦

♦♠✐t✐r❡♠♦s ❛q✉✐ s✉❛ ❞❡♠♦♥str❛çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✽✳ ❙❡❥❛ u ∈ Xǫ ✉♠❛ s♦❧✉çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ❞❡ ✭P̃ǫ✮✳ ❊♥tã♦✱ u ∈ L∞(RN)

❡ u ∈ C1,α
loc (R

N)✳ ❆❧é♠ ❞✐ss♦✱ lim
|x|→+∞

u(x) = 0✳

❆ s❡❣✉✐r✱ ♠♦str❛♠♦s q✉❡ ❛s s♦❧✉çõ❡s ♦❜t✐❞❛s ♥♦ ❚❡♦r❡♠❛ ✷✳✷✳✶ sã♦ ♣♦s✐t✐✈❛s✳

❈♦r♦❧ár✐♦ ✷✳✷✳✶✾✳ ❙❡❥❛ u ∈ Xǫ\{0} ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ ✭P̃ǫ✮✳ ❊♥tã♦✱

u é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ s❡❣✉❡ r❡♣❡t✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ❈♦r♦❧ár✐♦ ✷✳✶✳✶✹

❝♦♥s✐❞❡r❛♥❞♦✱ ♥❡st❡ ❝❛s♦✱

B(x) =
1

α1

(
V (ǫx)φ(|u(x)|)u(x)− f(u(x))

)
.

✷✳✸ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ (P̃ǫ)

◆❛ ♣r❡s❡♥t❡ s❡çã♦✱ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ é ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠ú❧t✐♣❧❛s s♦❧✉✲

çõ❡s ❜❡♠ ❝♦♠♦ ♦ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦ ❡♠ r❡❧❛çã♦ ❛♦ ❝♦♥❥✉♥t♦

M ✳
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✷✳✸✳✶ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s

◆❡st❛ s✉❜s❡çã♦✱ ❡st❛❜❡❧❡❝❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ♣♦ss✐❜✐❧✐t❛♠ ♦ ❡st✉❞♦ s♦❜r❡ ❛

♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥ã♦ ❛✉tô♥♦♠♦✳

◆❛ s❡q✉ê♥❝✐❛✱ w ∈ W 1,Φ(RN) ❞❡♥♦t❛ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡

(PV0)✳ ❉❛❞♦ δ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❝♦♥s✐❞❡r❡ ϕ ∈ C∞
0

(
[0,+∞), [0, 1]

)
s❛t✐s❢❛③❡♥❞♦

ϕ(s) =





1, s❡ 0 ≤ s ≤ δ
2

0, s❡ s ≥ δ.

P❛r❛ ❝❛❞❛ y ∈M ✱ s❡❥❛

Ψǫ,y(x) = ϕ(|ǫx− y|)w(ǫx− y

ǫ
).

◆♦t❡ q✉❡✱ Ψǫ,y ∈ Xǫ ♣❛r❛ ❝❛❞❛ y ∈M ✳ ❊♥tã♦✱ ❡①✐st❡ tǫ > 0 t❛❧ q✉❡ tǫΨǫ,y ∈ Nǫ ❡

Iǫ(tǫΨǫ,y) = max
t≥0

Iǫ(tΨǫ,y).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❢✉♥çã♦ Ψ̃ǫ : M → Nǫ ❞❛❞❛ ♣♦r Ψ̃ǫ(y) = tǫΨǫ,y ❡st❛ ❜❡♠ ❞❡✜♥✐❞❛✳

❆❧é♠ ❞✐ss♦✱ Ψ̃ǫ t❡♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ♣❛r❛ t♦❞♦ y ∈M ✳

❆ ♣r✐♠❡✐r❛ ♣r♦♣r✐❡❞❛❞❡ ✐♠♣♦rt❛♥t❡ ❡♥✈♦❧✈❡♥❞♦ ❛ ❢✉♥çã♦ Ψ̃ é ❞❛❞❛ ♥♦ ❧❡♠❛ ❛❜❛✐①♦✳

▲❡♠❛ ✷✳✸✳✶✳ ❆ ❢✉♥çã♦ Ψ̃ǫ ✈❡r✐✜❝❛ ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

lim
ǫ→0

Iǫ
(
Ψ̃ǫ(y)

)
= dV0 , ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈M.

❉❡♠♦♥str❛çã♦✳ ❈♦♠❡❝❡ ♦❜s❡r✈❛♥❞♦ q✉❡ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ♣❛r❛ (yn) ⊂ M ❡

(ǫn) ⊂ R
+ ❝♦♠ ǫn → 0✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

Iǫn(Ψ̃ǫn(yn)) → dV0 .

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♠♦str❛r ♦ ❧✐♠✐t❡ ❛❝✐♠❛✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ❝♦♥s✐❞❡r❡ tǫn > 0 t❛❧ q✉❡

tǫnΨǫn,yn ∈ Nǫn ✳

❆✜r♠❛çã♦ ✷✳✸✳✷✳ ❆ s❡q✉ê♥❝✐❛ (tǫn) s❛t✐s❢❛③ ♦ ❧✐♠✐t❡

tǫn → 1.
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❉❡ ❢❛t♦✱ ♠♦str❛r❡♠♦s ♣r✐♠❡✐r♦ q✉❡ ❡①✐st❡ t∗ > 0 t❛❧ q✉❡

tǫn → t∗.

❉❡s❞❡ q✉❡ Ψ̃ǫn(yn) ∈ Nǫn ✱ t❡♠♦s I ′ǫn(Ψ̃ǫn(yn))Ψ̃ǫn(yn) = 0✱ ♦✉ s❡❥❛✱

∫

RN

φ(|∇(Ψ̃ǫn(yn)|)|∇(Ψ̃ǫn(yn))|2dx +

∫

RN

V (ǫnz + yn)φ(|Ψ̃ǫn(yn)|)|Ψ̃ǫn(yn)|2dx

=

∫

RN

f(tǫnΨǫn,yn)tǫnΨǫn,yndx.

❘❡❝♦r❞❡ q✉❡ ✭φ2✮ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ♦ ▲❡♠❛ ✶✳✶✳✸✷ ✈❡♠ q✉❡

φ(ts)(ts)2
(φ2)︷︸︸︷
≤ mΦ(ts)

▲❡♠❛1.1.32︷︸︸︷
≤ mξ1(t)Φ(s), ∀t, s ≥ 0,

♦♥❞❡ ξ1(t) = max{tl, tm}✳ ❆ss✐♠✱

∫

RN

φ(|∇(Ψ̃ǫn(yn)|)|∇(Ψ̃ǫn(yn))|2dx+
∫

RN

V (ǫnz + yn)φ(|Ψ̃ǫn(yn)|)|Ψ̃ǫn(yn)|2dx

≤ mξ1(tǫn)
(∫

RN

Φ(|∇(Ψǫn,yn)|)dx+
∫

RN

V (ǫnz + yn)Φ(|Ψǫn,yn |)dx
)
.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ z =
ǫnx− yn

ǫn
✱ ✉s❛♥❞♦ q✉❡ ϕ ≡ 1 ❡♠

B δ
2
(0) ❡ B δ

2
(0) ⊂ B δ

2ǫn
(0)✱ s❡❣✉❡ q✉❡

∫

RN

f(Ψ̃ǫn(yn))Ψ̃ǫn(yn)dx =

∫

RN

f(tǫnϕ(|ǫnz|)w(z))tǫnϕ(|ǫnz|)w(z)dx

≥
∫

B δ
2
(0)

f(tǫnw(z))

(tǫnw(z))
m−1

|tǫnw(z)|mdx.

❊♥tã♦✱ ❞❛s ú❧t✐♠❛s ❞✉❛s ❞❡s✐❣✉❛❧❞❛❞❡s✱

∫

B δ
2
(0)

f(tǫnw(z))

(tǫnw(z))
m−1

|tǫnw(z)|mdx ≤ mξ1(tǫn)
(∫

RN

Φ(|∇(Ψǫn,yn)|)dx

+

∫

RN

V (ǫnz + yn)Φ(|Ψǫn,yn |)dx
)
.

❖r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✷✱ t❡♠✲s❡ w ∈ C1✱ ❧♦❣♦✱ ❡①✐st❡ z0 ∈ R
N t❛❧ q✉❡

w(z0) = min
z∈B δ

2
(0)
w(z),
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❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

f(tǫnw(z0))

(tǫnw(z0))
m−1

∫

B δ
2
(0)

|tǫnw(z)|mdx ≤ mξ1(tǫn)
(∫

RN

Φ(tǫn |∇(Ψǫn,yn)|)dx

+

∫

RN

V (ǫnz + yn)Φ(|Ψǫn,yn |)dx
)
. ✭✷✳✼✺✮

P♦r ✭f3✮✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s d1, d2 > 0 t❛✐s q✉❡

F (t) ≥ d1t
m − d2, ∀t ≥ 0,

♦ q✉❡ ✐♠♣❧✐❝❛

f(t)

tm−1
≥ 1

θ
(d1t

θ−m − d2t
−m), ∀t ≥ 0. ✭✷✳✼✻✮

❉❡ ✭✷✳✼✺✮ ❡ ✭✷✳✼✻✮✱

1

θ

(
d1(tǫnw(z0))

θ−m − d2(tǫnw(z0))
−m
)
tmǫn

∫

B δ
2
(0)

|w(z)|mdx

≤ mξ1(tǫn)
(∫

RN

Φ(|∇(Ψǫn,yn)|)dx+
∫

RN

V (ǫnz + yn)Φ(|Ψǫn,yn |)dx
)
.

❆❣♦r❛✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱

tǫn → +∞ ❡ tǫn ≥ 1 ∀n ∈ N.

▲♦❣♦✱

(
d1(tǫnw(z0))

θ−m − d2(tǫnw(z0))
−m
) ∫

B δ
2
(0)

|w(z)|mdx

≤ m
(∫

RN

Φ(|∇(Ψǫn,yn)|)dx+
∫

RN

V (ǫnz + yn)Φ(|Ψǫn,yn |)dx
)
, ✭✷✳✼✼✮

♣♦✐s ξ1(tǫn) = tmǫn ✳ ❆❧é♠ ❞✐ss♦✱ ❣r❛ç❛s ❛♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡

❡ ❛ ❞❡✜♥✐çã♦ ❞❡ Ψǫn,yn ✱ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ♥♦s ❢♦r♥❡❝❡

∫

RN

Φ(|∇(Ψǫn,yn)|)dx→
∫

RN

Φ(|∇w|)dx

❡ ∫

RN

V (ǫnz + yn)Φ(|Ψǫn,yn |)dx→
∫

RN

V0Φ(|w|)dx,
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❛ss✐♠ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ✭✷✳✼✼✮ é ❧✐♠✐t❛❞♦✳ ❈♦♥t✉❞♦✱ ❝♦♠♦ θ > m

[d1(tǫnw(z0))
θ−m − d2(tǫnw(z0))

−m
]
→ +∞,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦ (tǫn) é ❧✐♠✐t❛❞❛✱ ❡ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡

t∗ ≥ 0 t❛❧ q✉❡ tǫn → t∗✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✷✱ t❡♠♦s

‖Ψ̃ǫn(yn)‖Φ + ‖Ψ̃ǫn(yn)‖Vǫ,Φ = ‖Ψ̃ǫn(yn)‖ǫ ≥ ς > 0, ∀ ǫ > 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡✲s❡ ❞♦ ▲❡♠❛ ✶✳✶✳✸✷ q✉❡

ξ0
(
‖∇Ψ̃ǫn(yn)‖Φ

)
+ξ0

(
‖∇Ψ̃ǫn(yn)‖Vǫn ,Φ

)
≤
∫

RN

Φ
(
|∇Ψ̃ǫn(yn)|

)
dx+

∫

RN

V (ǫnx)Φ
(
|Ψ̃ǫn(yn)|

)
dx

♦♥❞❡ ξ0(t) = min{tl, tm}✳ ❈♦♥s✐❞❡r❛♥❞♦ ς1 = min{ς l, ςm}✱ t❡♠♦s

ς1 ≤
∫

RN

Φ
(
|∇Ψ̃ǫn(yn)|

)
dx+

∫

RN

V (ǫnx)Φ
(
|Ψ̃ǫn(yn)|

)
dx.

❆♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱
∫

RN

Φ(|∇(tǫnΨǫn,yn)|)dx→
∫

RN

Φ(t∗|∇w|)dx

❡ ∫

RN

V (ǫnx)Φ
(
|Ψ̃ǫn(yn)|

)
dx→

∫

RN

Φ(t∗|w|)dx.

❯s❛♥❞♦ ♦s ❧✐♠✐t❡s ❛❝✐♠❛ ❝♦♠ ♦ ▲❡♠❛ ✶✳✶✳✸✷✱ ❞❡❞✉③✐♠♦s q✉❡

0 < ς1 ≤ ξ1(t∗)
(∫

RN

Φ(|∇w|)dx+
∫

RN

V0Φ(|w|)dx
)

♦♥❞❡ ξ1(t) = max{tl, tm}✳ ❙✉♣♦♥❤❛ q✉❡ t∗ ≤ 1✱ ❡♥tã♦ ξ1(t∗) = tl∗✱ ❞❡ ♦♥❞❡ s❡❣✉❡

t∗ ≥
(

ς1∫
RN Φ(|∇w|)dx+

∫
RN V0Φ(|w|)dx

)l

> 0,

♠♦str❛♥❞♦ q✉❡ t∗ > 0✳ ❉❡ss❛ ❢♦r♠❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s✲

❣✉❡✱ ♦❜té♠✲s❡
∫

RN

φ(tǫn |∇Ψǫn,yn |)(tǫn |∇Ψǫn,yn |)2dx→
∫

RN

φ(t∗|∇w|)(t∗|∇w|)2dx,
∫

RN

V (ǫnx)φ(tǫn |Ψǫn,yn |)(tǫn |Ψǫn,yn |)2dx→
∫

RN

V0φ(t∗|w|)(t∗|w|)2dx
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❡ ∫

RN

f(tǫnΨǫ,yn)tǫnΨǫn,yndx→
∫

RN

f(t∗w)t∗wdx,

✐♠♣❧✐❝❛♥❞♦ q✉❡ E ′
V0
(t∗w)(t∗w) = 0✳ P♦rt❛♥t♦✱ t∗w ∈ MV0 ✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t∗ = 1✱

♣♦✐s w é s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ (PV0)✱ ♠♦str❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✷✳✸✳✷✳

P❛r❛ ✜♥❛❧✐③❛r✱ ❛ ❆✜r♠❛çã♦ ✷✳✸✳✷ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦✲

♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥♦s ❧❡✈❛ ❛ ❝♦♥❝❧✉✐r

lim
n→+∞

Iǫn(Ψ̃ǫn(yn)) = EV0(w) = dV0 .

❆ s❡❣✉✐r✱ ❡st❛❜❡❧❡❝❡♠♦s ✉♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ♣❛r❛ Eµ r❡str✐t♦

❛ ✈❛r✐❡❞❛❞❡ Mµ✳

▲❡♠❛ ✷✳✸✳✸✳ ✭▲❡♠❛ ❞❡ ❈♦♠♣❛❝✐❞❛❞❡✮ ❙❡❥❛ (un) ⊂ Mµ ✉♠❛ s❡q✉ê♥❝✐❛ s❛t✐s❢❛③❡♥❞♦

Eµ(un) → dµ✳ ❊♥tã♦✱

a) (un) ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉❡♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ Yµ✱ ♦✉

b) ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (ỹn) ⊂ R
N t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ũn(x) = un(x+ ỹn)

❝♦♥✈❡r❣❡♥t❡ ❡♠ Yµ✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❡①✐st❡ u ∈ Mµ t❛❧ q✉❡ Eµ(u) = dµ✳

❉❡♠♦♥str❛çã♦✳ ❆♣❧✐❝❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❱❛r✐❛❝✐♦♥❛❧ ❞❡ ❊❦❡❧❛♥❞✶✷✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ❡①✐st❡

wn ∈ Mµ t❛❧ q✉❡

Eµ(wn) ≤ Eµ(un) + on(1) ❡ ‖wn − un‖µ = on(1). ✭✷✳✼✽✮

❘❡s✉❧t❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ q✉❡

Eµ(wn) = dµ + on(1).

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ R
N ♣♦r tr❛♥s❧❛çõ❡s✱ t❡♠♦s

E ′
µ(wn)wn = 0.

✶✷✈❡r ❬✼✹✱ ❚❡♦r❡♠❛ ✷✳✹❪✳
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❆ss✐♠✱ ✉s❛♥❞♦ ♦s ▲❡♠❛s ✷✳✷✳✸ ❡ ✷✳✶✳✼✱ s❡❣✉❡ q✉❡ (wn) é ❧✐♠✐t❛❞❛ ❡♠ Yµ ❡ ❡①✐st❡ w ∈ Yµ

✈❡r✐✜❝❛♥❞♦

wn ⇀ w ❡♠ Yµ ❡ E ′
µ(w) = 0.

❙❡ w 6= 0✱ ❝♦♠ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✶ s❡❣✉❡ q✉❡ Eµ(w) = dµ✳

❆❣♦r❛✱ s❡❣✉✐♥❞♦ ❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦ ✉s❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✶✱

❞❡❞✉③✐♠♦s

Eµ(vn) = Eµ(wn)− Eµ(w) + on(1) = on(1) ❡ E ′
µ(vn) = on(1),

♦♥❞❡ vn = wn − w✳ ▲♦❣♦✱ ♣♦r ✭φ2✮ ❡ ✭f2✮✱

on(1) = Eµ(vn)−
1

θ
E ′
µ(vn)vn

≥
(
1− m

θ

)∫

RN

Φ(|∇vn|)dx+ µ
(
1− m

θ

)∫

RN

Φ(|vn|)dx

+

∫

RN

(1
θ
f(vn)vn − F (vn)

)

≥
(
1− m

θ

)∫

RN

Φ(|∇vn|)dx+ µ
(
1− m

θ

)∫

RN

Φ(|vn|)dx ≥ 0.

▲♦❣♦✱ ∫

RN

Φ(|∇vn|)dx = on(1) ❡
∫

RN

Φ(|vn|)dx = on(1),

♠♦str❛♥❞♦ q✉❡

wn → w ❡♠ Yµ.

P♦rt❛♥t♦✱ ♣♦r ✭✷✳✼✽✮✱

un → w ❡♠ Yµ.

❙❡ w = 0✱ ❡♠ ✈✐rt✉❞❡ ❞♦ ▲❡♠❛ ✷✳✷✳✺✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡sρ, τ > 0 ❡ ✉♠❛ s❡q✉ê♥❝✐❛

(ỹn) ⊂ R
N t❛✐s q✉❡

∫

Bρ(ỹn)

Φ(|wn|)dx ≥ τ > 0. ✭✷✳✼✾✮

❈♦♥s✐❞❡r❛♥❞♦ w̃n(x) = wn(x + ỹn)✱ t❡♠✲s❡ (w̃n) ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN) ❡ ❡①✐st❡ w̃ ∈
W 1,Φ(RN) t❛❧ q✉❡

w̃n ⇀ w̃ ❡♠ W 1,Φ(RN).
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❉❡ ✭✷✳✼✾✮✱ t❡♠♦s w̃ 6= 0✳ ❆ss✐♠✱ ♣❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥str❛çã♦

w̃n → w̃ ❡♠ W 1,Φ(RN). ✭✷✳✽✵✮

❉❡✜♥✐♥❞♦ ũn(x) = u(x+ ỹn)✱ s❡❣✉❡ ❞❡ ✭✷✳✼✽✮✲✭✷✳✽✵✮ q✉❡

‖w̃n − ũn‖Yµ = on(1)

❡✱ ♣♦rt❛♥t♦✱

ũn → w̃ ❡♠ Yµ.

✐ss♦ ❡♥❝❡rr❛ ❛ ♣r♦✈❛✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦✱ ❛ ú❧t✐♠❛ ❞❡st❛ s✉❜s❡❝çã♦✱ s❡rá ❝r✉❝✐❛❧ ♥♦ ❡st✉❞♦ ❞❛ ❝♦♥❝❡♥✲

tr❛çã♦ ❞♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦ ❞❛s s♦❧✉çõ❡s ❞❡ ✭P̃ǫ✮✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✹✳ ❙❡❥❛♠ ǫn → 0 ❡ (un) ⊂ Nǫn t❛❧ q✉❡ Iǫn(un) → dV0✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛

s❡q✉ê♥❝✐❛ (ỹn) ⊂ R
N ✱ t❛❧ q✉❡ vn(x) = un(x + ỹn) t❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠

YV0✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ yn → y ∈M ✱ ♦♥❞❡ yn = ǫnỹn✳

❉❡♠♦♥str❛çã♦✳ ❆r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✷✳✺✱ ♦❜t❡♠♦s ✉♠

s❡q✉ê♥❝✐❛ (ỹn) ⊂ R
N ❡ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ρ ❡ τ s❛t✐s❢❛③❡♥❞♦

∫

Bρ(ỹn)

Φ(un)dx ≥ τ > 0. ✭✷✳✽✶✮

❉❡s❞❡ q✉❡✱ (un) ⊂ Nǫn ✱ Iǫn(un) → dV0 ❡ V ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③✱ ♣♦r

✐♥t❡r♠é❞✐♦ ❞❡ ✉♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s✱ ♦❜té♠✲s❡ (un) ❧✐♠✐t❛❞❛ ❡♠ YV0 ✳ ❊♥tã♦✱ ❞❡✜♥✐♥❞♦

vn(x) = un(x+ ỹn)✱ t❡♠✲s❡ (vn) é ❧✐♠✐t❛❞❛ ❡♠ YV0 ✳ ❆ss✐♠✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

vn ⇀ v ❡♠ YV0

❡✱ ♣♦r✭✷✳✽✶✮✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ v 6= 0✳ ◆♦ q✉❡ s❡❣✉❡✱ s❡❥❛ tn > 0 t❛❧ q✉❡ ṽn = tnvn ∈ MV0 ✳

◆♦t❡ q✉❡✱

dV0 ≤ EV0(ṽn) ≤
∫

RN

Φ(|∇ṽn|)dx+
∫

RN

V (ǫnx+ yn)Φ(|ṽn|)dx−
∫

RN

F (ṽn)dx,

♦♥❞❡ yn = ǫnỹn✳ ❖r❛✱ ❝♦♠♦ (un) ⊂ Nǫn ✱ ♣♦r ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱

dV0 ≤ EV0(ṽn) ≤
∫

RN

Φ(|∇(tnun)|)dx+
∫

RN

V (ǫnx)Φ(|tnun|)dx−
∫

RN

F (tnun)dx

≤ max
t≥0

Iǫn(tun) = Iǫn(un) = dV0 + on(1),
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❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

EV0(ṽn) → dV0 ❡ (ṽn) ⊂ MV0 . ✭✷✳✽✷✮

❈♦♠ ✐ss♦✱ ♠♦str❛✲s❡ q✉❡ (ṽn) é ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN) ❡ ❡①✐st❡ ṽ t❛❧ q✉❡

ṽn ⇀ ṽ ❡♠ W 1,Φ(RN).

❯s❛♥❞♦ q✉❡ ‖vn‖1,Φ 6→ 0 ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❧✐♠✐t❛çã♦ ❞❡ (ṽn)✱ r❡s✉❧t❛ q✉❡ ❡①✐st❡ t∗ > 0

t❛❧ q✉❡

tn → t∗.

P♦r ✭✷✳✽✷✮ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ▲❡♠❛ ✷✳✸✳✸✱ q✉❡ ❝♦♠❜✐♥❛❞♦ ❝♦♠ ❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ♥♦s

❢♦r♥❡❝❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛

ṽn → t∗v = ṽ ❡♠ W 1,Φ(RN),

❡ ♣♦rt❛♥t♦✱

vn → v ❡♠ YV0 . ✭✷✳✽✸✮

❆✜r♠❛♠♦s q✉❡ (yn) é ❧✐♠✐t❛❞❛ ❡♠ R
N ✳ ❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st✐r✐❛ ✉♠❛ s✉❜✲

s❡q✉ê♥❝✐❛ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (yn)✱ ✈❡r✐✜❝❛♥❞♦

|yn| → +∞.

❙✉♣♦♥❤❛ q✉❡ V∞ = +∞✳ ❯♠❛ ✈❡③ q✉❡
∫

RN

V (ǫnx+ yn)φ(|vn|)|vn|2dx ≤
∫

RN

φ(|∇vn|)|∇vn|2dx+
∫

RN

V (ǫnx+ yn)φ(|vn|)|vn|2dx,

♦♥❞❡ yn = ǫnỹn ❡ I ′ǫn(un)un = 0✱ t❡♠♦s
∫

RN

V (ǫnx+ yn)φ(|vn|)|vn|2dx ≤
∫

RN

f(vn)vndx.

▲♦❣♦✱ ✉s❛♥❞♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ✭✷✳✽✸✮

+∞ = lim inf
n→+∞

∫

RN

f(vn)vndx =

∫

RN

f(v)vdx < +∞,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ V∞ < +∞✳ ❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉
∫

RN

V∞Φ(|ṽ|)dx ≤ lim inf
n→+∞

∫

RN

V (ǫnx+ yn)Φ(|ṽn|)dx.
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❈♦♠♦ ṽn → ṽ ❡♠ W 1,Φ(RN)✱ ✈❡♠ q✉❡
∫

RN

Φ(|∇ṽn|)dx→
∫

RN

Φ(|∇ṽ|)dx ❡
∫

RN

F (ṽn)dx→
∫

RN

F (ṽ)dx.

❙❡♥❞♦ V0 < V∞ s❡❣✉❡ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ q✉❡

dV0 ≤ EV0(ṽ) <

∫

RN

Φ(|∇ṽ|)dx+
∫

RN

V∞Φ(|ṽ|)dx−
∫

RN

F (ṽ)dx

≤ lim inf
n→+∞

(∫

RN

Φ(|∇ṽn|)dx+
∫

RN

V (ǫnx+ yn)Φ(|ṽn|)dx−
∫

RN

F (ṽn)dx
)
.

❋❛③❡♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱ ♦❜t❡♠♦s

dV0 < lim inf
n→+∞

(∫

RN

Φ(|∇(tnun)|)dx+
∫

RN

V (ǫnx+ yn)Φ(|tnun|)dx−
∫

RN

F (tnun)dx
)

≤ lim inf
n→+∞

Iǫn(tnun)

≤ lim inf
n→+∞

Iǫn(un) = dV0 , ✭✷✳✽✹✮

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ❡①✐st❡ y ∈ R
N t❛❧ q✉❡

yn → y.

❱❡❥❛♠♦s ❛❣♦r❛ q✉❡ V (y) = V0✱ ✐st♦ é✱ y ∈ M ✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞❡✈❡rí❛♠♦s t❡r V (y) > V0✳

❘❡♣❡t✐♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ✉s❛❞♦ ❛❝✐♠❛ ❝❤❡❣❛r❡♠♦s ♥♦✈❛♠❡♥t❡ ❡♠ ✭✷✳✽✹✮✱ ♦ q✉❡ é ✉♠

❛❜s✉r❞♦✱ ✜♥❛❧✐③❛♥❞♦ ❛ ♣r♦✈❛ ❞♦ r❡s✉❧t❛❞♦✳

❆♥t❡s ❞❡ s❡❣✉✐r ❡♠ ❢r❡♥t❡✱ ❝♦♥✈é♠ ❞❡✜♥✐r ❞❡ ❢♦r♠❛ ❛♣r♦♣r✐❛❞❛ ❛ ❢✉♥çã♦ ❇❛r✐❝❡♥tr♦

♣❛r❛ ♥♦ss♦ ❡st✉❞♦✳ ❈♦♠ ❡st❛ ✜♥❛❧✐❞❛❞❡✱ ♥♦ q✉❡ s❡❣✉❡✱ ❞❛❞♦ δ > 0✱ s❡❥❛ ρ = ρ(δ) > 0 t❛❧

q✉❡ Mδ ⊂ Bρ(0) ❡ ❝♦♥s✐❞❡r❡ χ : RN → R
N ❞❛❞❛ ♣♦r

χ(x) =





x, s❡ x ∈ Bρ(0)
ρx

|x| , s❡ x ∈ Bc
ρ(0).

❆ ❢✉♥çã♦ ❇❛r✐❝❡♥tr♦ β : Nǫ → R
N é ❞❡✜♥✐❞❛ ♣♦r

β(u) =

∫

RN

χ(ǫx)Φ(|u|)dx
∫

RN

Φ(|u|)dx
.

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❝♦♥❝❡♥tr❛♠♦s ♥♦ss♦ ✐♥t❡r❡ss❡ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦✐s r❡s✉❧t❛❞♦s

❡♥✈♦❧✈❡♥❞♦ ❛s ❢✉♥çõ❡s Ψ̃ǫ ❡ β✳ ❚❛✐s r❡s✉❧t❛❞♦s s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛

❆✳
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▲❡♠❛ ✷✳✸✳✺✳ ❆ ❢✉♥çã♦ Ψ̃ǫn s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

lim
ǫn→0

β(Ψ̃ǫn(y)) = y, ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈M.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ (yn) ⊂M ❡ (ǫn) ⊂ (0,+∞) ❝♦♠ ǫn → 0✳ ◆♦t❡ q✉❡✱

β(Ψ̃ǫn(yn)) =

∫

RN

χ(ǫx)Φ(|Ψ̃ǫn(yn)|)dx
∫

RN

Φ(|Ψ̃ǫn(yn)|)dx
,

♦✉ s❡❥❛✱

β(Ψ̃ǫn(yn)) =

∫

RN

χ(ǫx)Φ
(
tǫnϕ(|ǫnx− yn|)w(

ǫnx− yn
ǫn

)
)
dx

∫

RN

Φ
(
tǫnϕ(|ǫnx− yn|)w(

ǫnx− yn
ǫn

)
)
dx

.

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s z =
ǫnx− yn

ǫn
✱ ✜❝❛♠♦s ❝♦♠

β(Ψ̃ǫn(yn)) =

∫

RN

χ(ǫnz + yn)Φ(tǫnϕ(|ǫnz|)w(z))dx
∫

RN

Φ(tǫnϕ(|ǫnz|)w(z))dx
.

▲♦❣♦✱

β(Ψ̃ǫn(yn))− yn =

∫

RN

(
χ(ǫnz + yn)− yn

)
Φ(tǫnϕ(|ǫnz|)w(z))dx

∫

RN

Φ(tǫnϕ(|ǫnz|)w(z))dx
.

❈♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❆✜r♠❛çã♦ ✷✳✸✳✷ ❞♦ ▲❡♠❛ ✷✳✸✳✶✱ ♦❜s❡r✈❛♠♦s q✉❡ tn → 1✳ ❈♦♠

✐ss♦✱ ❣r❛ç❛s ❛♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ♥♦s

❢♦r♥❡❝❡

|β(Ψ̃ǫn(yn))− yn| → 0,

❝♦♠♦ q✉❡rí❛♠♦s✳

◆❛ s❡q✉ê♥❝✐❛✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❢✉♥çã♦ h : R+ → R
+ ❞❛❞❛ ♣♦r

h(ǫ) = sup
y∈M

|Iǫ(Ψ̃ǫ(y))− dV0 |

q✉❡ ✈❡r✐✜❝❛ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✶✱

lim
ǫ→0

h(ǫ) = 0.
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❉❡✜♥✐♥❞♦ ♦ ❝♦♥❥✉♥t♦

Ñǫ := {u ∈ Nǫ : Iǫ(u) ≤ dV0 + h(ǫ)},

s❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✸✳✶ q✉❡ Ψ̃ǫ(y) ∈ Ñǫ✱ ♠♦str❛♥❞♦ q✉❡ Ñǫ 6= ∅✳

❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

▲❡♠❛ ✷✳✸✳✻✳ ❙❡❥❛♠ δ > 0 ❡ Mδ = {x ∈ R
N : ❞✐st(x,M) ≤ δ}✳ ❊♥tã♦✱ ♦ ❧✐♠✐t❡ ❛❜❛✐①♦

♦❝♦rr❡

lim
ǫ→0

sup
u∈Ñǫ

inf
y∈Mδ

∣∣β(u)− y
∣∣ = 0.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (ǫn) ⊂ (0,+∞) ✉♠❛ s❡q✉ê♥❝✐❛ t❛❧ q✉❡ ǫn → 0✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦

❞❡ s✉♣r❡♠♦ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ Ñǫn t❛❧ q✉❡

inf
y∈Mδ

∣∣β(un)− y
∣∣ = sup

u∈Ñǫ

inf
y∈Mδ

∣∣β(u)− y
∣∣+ on(1).

❉❡ss❛ ❢♦r♠❛✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (yn) ⊂Mδ t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡

s✉❜s❡q✉ê♥❝✐❛

lim
n→+∞

∣∣β(un)− yn
∣∣ = 0. ✭✷✳✽✺✮

❯♠❛ ✈❡③ q✉❡ (un) ⊂ Ñǫ ⊂ Nǫ✱

cǫn ≤ Iǫn(u) ≤ dV0 + h(ǫn) ❡ I ′ǫn(un)un = 0.

❆✜r♠❛çã♦ ✷✳✸✳✼✳

cǫn → dV0 .

❉❡ ❢❛t♦✱ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r q✉❡

lim sup
n→+∞

cǫn ≤ dV0 . ✭✷✳✽✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ V0 ≤ V (ǫnx) ♣❛r❛ t♦❞♦ x ∈ R
N ✱ ❞❛❞♦ u ∈ Xǫn ✱ ✈❡♠ q✉❡

EV0(tu) ≤ Iǫn(tu), ∀ t ≥ 0,

❡♥tã♦

dV0 ≤ max
t≥0

IV0(tu) ≤ max
t≥0

Iǫn(tu)
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♦ q✉❡ ✐♠♣❧✐❝❛

dV0 ≤ cǫn .

❆ss✐♠✱

dV0 ≤ lim inf
n→+∞

cǫn . ✭✷✳✽✼✮

❉❡ss❛ ❢♦r♠❛✱ ❛ ❆✜r♠❛çã♦ ✷✳✸✳✼ ❞❡❝♦rr❡ ❞❡ ✭✷✳✽✻✮ ❡ ✭✷✳✽✼✮✳ ❆❣♦r❛✱ ❛♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦

✷✳✸✳✹✱ ❡①✐st❡ (ỹn) ⊂ R
N t❛❧ q✉❡

yn → y ∈M,

♦♥❞❡ yn = ǫnỹn✳ ▲♦❣♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ (yn) ⊂Mδ✳ ❘❡❝♦r❞❛♥❞♦ q✉❡

β(un) =

∫

RN

χ(ǫx)Φ(|un|)dx
∫

RN

Φ(|un|)dx
,

❡❢❡t✉❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s x = z + ỹn✱ ✜❝❛♠♦s ❝♦♠

β(un) =

∫

RN

χ(ǫnz + yn)Φ(un(z + ỹn))dx
∫

RN

Φ(un(z + ỹn))dx
.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

β(un)− yn =

∫

RN

(
χ(ǫnz + yn)− yn

)
Φ(vn(z))dx

∫

RN

Φ(vn(z))dx
,

♦♥❞❡ vn(z) = un(x + ỹn)✳ P❡❧♦ ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ✉♠

❝á❧❝✉❧♦ ❞✐r❡t♦ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡

|β(un)− yn| → 0,

♦ q✉❡ ♠♦str❛ ✭✷✳✽✺✮✱ ✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

✷✳✸✳✷ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❆

❆❣♦r❛✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✳ ❉✐✈✐❞✐r❡♠♦s ❛

❞❡♠♦♥str❛çã♦ ❡♠ ❞✉❛s ♣❛rt❡s✳
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P❛rt❡ ■✿ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s

❆q✉✐✱ ❢❛r❡♠♦s ✉s♦ ❞♦s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ♦❜t✐❞♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳ ❈♦♠♦

♠❡♥❝✐♦♥❛❞♦ ♥❛ ■♥tr♦❞✉çã♦✱ ❛ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ s❡rá ❛ ❝❛t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥✳

❈♦♥s✐❞❡r❡ X = Xǫ✱ Ψ = Jǫ✱ ϕ = Iǫ✱ d = cV0 + h(ǫ) ❡ ϕd = Ñǫ✱ ❡♠ q✉❡ Jǫ ❞❡✜♥❡

❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ Nǫ✳ ❚❡♥❞♦ ❡♠ ✈✐st❛ ♦ ❚❡♦r❡♠❛ ✺✳✷✵ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✼✹❪✱ ❝♦♥❝❧✉✐✲

s❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Iǫ r❡str✐t♦ ❛ Nǫ t❡♠ ♣❡❧♦ ♠❡♥♦s catÑǫ
(Ñǫ) ♣♦♥t♦s ❝rít✐❝♦s✱ ♣❛r❛ t♦❞♦

ǫ ∈ (0, ǫ)✳ ❆ss✐♠✱ r❡st❛ ♣r♦✈❛r q✉❡

catMδ
(M) ≤ catÑǫ

(Ñǫ) ✭✷✳✽✽✮

❡ q✉❡ t♦❞♦ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Iǫ r❡str✐t♦ ❛ Nǫ é ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Iǫ ❡♠ Xǫ✳ ❙❡♥❞♦ M é

❝♦♠♣❛❝t♦✱ t❡♠♦s catMδ
(M) < +∞✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ catÑǫ

(Ñǫ) < +∞✱

❝❛s♦ ❝♦♥trár✐♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✽✽✮ é ✈❡r✐✜❝❛❞❛✳

▼♦str❛r❡♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦ β ◦ Ψ̃ǫ : M →Mδ✱ ♣❛r❛

❛❧❣✉♠ δ > 0✳ P❡❧♦ ▲❡♠❛ ✷✳✸✳✶✱ r❡❝♦r❞❡ q✉❡ ❞❛❞♦ y ∈M

Iǫ(Ψ̃ǫ(y)) ≤ cV0 + h(ǫ),

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ Ψ̃ǫ(y) ∈ Ñǫ✱ ♦✉ s❡❥❛✱ Ψ̃ǫ(M) ⊂ Ñǫ✳ ❆❣♦r❛✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✸✳✻✱

✜①❛❞♦s u ∈ Ñǫ ❡ δ1 > 0✱ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ ǫ ∈ (0, ǫ)✱

sup
u∈Ñǫ

inf
y∈Mδ1

∣∣β(u)− y
∣∣ < δ1

2
.

P♦r ❞❡✜♥✐çã♦✱

dist(β(u),Mδ1) = inf
y∈Mδ1

|β(u)− y| ≤ sup
u∈Ñǫ

inf
y∈Mδ1

|β(u)− y|.

❉❡ss❛ ❢♦r♠❛✱

dist(β(u),Mδ1) <
δ1
2
.

❈♦♥s✐❞❡r❛♥❞♦ δ = δ1 +
δ1
2
✱ ✈❡♠ q✉❡

dist(β(u),M) ≤ dist(β(u),Mδ1) + dist(Mδ1 ,M) < δ,

♦ q✉❡ r❡s✉❧t❛ β
(
Ñǫ

)
⊂ Mδ✳ ▲♦❣♦✱ ❛ ❛♣❧✐❝❛çã♦ β ◦ Ψ̃ǫ : M → Mδ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é

❝♦♥tí♥✉❛✳
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❆ s❡❣✉✐r✱ ❞❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦

G : [0, 1]×M → Mδ

(t, y) 7→ G(t, y) = t(β ◦ Ψ̃ǫ)(y) + (1− t)y,

❡ ♦❜s❡r✈❡ q✉❡

dist(G(t, y),M) = inf
z∈M

|tβ(Ψ̃ǫ(y)) + (1− t)y − z|.

P♦rt❛♥t♦✱

dist(G(t, y),M) ≤ inf
z∈M

(
|t
(
β(Ψ̃ǫ(y))− y

)
|+ |y − z|

)
,

♦ q✉❡ ✐♠♣❧✐❝❛

dist(G(t, y),M) ≤ tδ + inf
z∈M

|y − z| ≤ δ, ∀ǫ ∈ (0, ǫ),

♠♦str❛♥❞♦ q✉❡ G ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❆❧é♠ ❞✐ss♦✱ G é ❝♦♥tí♥✉❛ ❡ ✈❡r✐✜❝❛

G(0, y) = y ❡ G(1, y) = Ψ̃ǫ(y),

♠♦str❛♥❞♦ q✉❡ β ◦ Ψ̃ǫ é ❤♦♠♦tó♣✐❝❛ ❛ ✐♥❝❧✉sã♦ i : M →Mδ✳

◆❡st❡ ♠♦♠❡♥t♦✱ ✈❡❥❛♠♦s q✉❡ ✭✷✳✽✽✮ ♦❝♦rr❡✳ P❛r❛ t❛♥t♦✱ s✉♣♦♥❤❛ q✉❡ catÑǫ
(Ñǫ) = n✳

P♦r ❞❡✜♥✐çã♦✱ ❡①✐st❡♠ A1, ..., An ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❡ ❝♦♥trát❡✐s ❡♠ Ñǫ t❛✐s q✉❡

Ñǫ =
n⋃

i=1

Ai.

❉❡s❞❡ q✉❡ Ai é ❝♦♥trát✐❧ ❡♠ Ñǫ✱ ♣❛r❛ ❝❛❞❛ i = 1, ..., n✱ ❡①✐st❡♠ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛

hi : [0, 1]× Ai → Ñǫ ❡ wi ∈ Ai✱ t❛✐s q✉❡

hi(0, u) = u ❡ hi(1, u) = wi.

P❛r❛ ❝❛❞❛ i = 1, ..., n✱ ❞❡✜♥❛ Bi = Ψ̃−1
ǫ (Ai)✳ ❙❡♥❞♦ Ψ̃ǫ ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡ Bi é ❢❡❝❤❛❞♦

❡♠ M ✳ ❆ss✐♠✱ ♦s ❝♦♥❥✉♥t♦s Bi′s sã♦ ❢❡❝❤❛❞♦s✱ ♣♦✐s M é ❢❡❝❤❛❞♦✳ ❆❧é♠ ❞✐ss♦✱

M = Ψ̃−1
ǫ (Ñǫ) =

n⋃

i=1

Ψ̃−1
ǫ (Ai) =

n⋃

i=1

Bi.

❆✜r♠❛♠♦s q✉❡ Bi é ❝♦♥trát✐❧ ❡♠ Mδ ♣❛r❛ ❝❛❞❛ i = 1, ..., n✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ i ∈ {1, ..., n}
❡ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

gi : [0, 1]× Bi → Mδ

(t, y) 7→ gi(t, y) = β(hi(t, Ψ̃ǫ(y))).
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◆♦t❡ q✉❡ gi é ❝♦♥tí♥✉❛ ❡

gi(0, y) = β(hi(0, Ψ̃ǫ(y))) = Ψ̃ǫ(y)) ❡ gi(1, y) = β(hi(1, Ψ̃ǫ(y))) = β(wi).

❉❡✜♥❛✱ ♣❛r❛ ❝❛❞❛ i✱ ❛ ❛♣❧✐❝❛çã♦ Fi : [0, 1]× Bi →Mδ ♣♦r

Fi(t, y) =





Gi(2t, y) se t ∈ [0, 1
2
],

gi(2t− 1, y) se t ∈ [1
2
, 1],

♦♥❞❡ Gi é ❛ r❡str✐çã♦ ❞❛ ❢✉♥çã♦ G ❛♦ ❝♦♥❥✉♥t♦ [0, 1]× Bi✳ ❉✐ss♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡✱

Fi(
1

2
, y) = Gi(1, y) = β(Ψ̃ǫ(y)) = gi(0, y),

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ Fi ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❆❧é♠ ❞✐ss♦✱ F ∈ C
(
[0, 1]× Bi,Mδ

)
❡

Fi(0, y) = Gi(0, y) = y ❡ Fi(1, y) = gi(1, y) = β(wi),

r❡s✉❧t❛ q✉❡ Bi é ❝♦♥trát✐❧ ♣❛r❛ i = 1, ..., n✳ P♦rt❛♥t♦✱

catMδ
(M) ≤ n,

♠♦str❛♥❞♦ ✭✷✳✽✽✮✳

P❛r❛ ✜♥❛❧✐③❛r✱ ♠♦str❛r❡♠♦s q✉❡ t♦❞♦ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Iǫ ❡♠ Nǫ é ♣♦♥t♦ ❝rít✐❝♦ ❞❡

Iǫ ❡♠ Xǫ✳ ❈♦♠ ❡ss❡ ✐♥t✉✐t♦✱ s❡❥❛ uǫ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Iǫ ❡♠ Nǫ✳ ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛

❞♦s ▼✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡✶✸✱ ❡①✐st❡ λǫ ∈ R t❛❧ q✉❡

I ′ǫ(uǫ) = λǫJ
′
ǫ(uǫ),

♦♥❞❡

Jǫ(u) =

∫

RN

φ(|∇u|)|∇u|2dx+
∫

RN

V (ǫx)φ(|u|)|u|2dx−
∫

RN

f(u)udx.

❘❡❝♦r❞❡ q✉❡✱ ♣♦r ✭φ3✮✱

φ′(t)t ≤ (m− 2)φ(t), ∀t ≥ 0.

✶✸✈❡r ❬✼✹✱ Pr♦♣♦s✐çã♦ ✺✳✶✷❪✳
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❊♥tã♦✱

J ′
ǫ(uǫ)uǫ =

∫

RN

(
φ′(|∇uǫ|)|∇uǫ|+ 2φ(|∇uǫ|)

)
|∇uǫ|2dx−

∫

RN

(
f ′(uǫ)(uǫ)

2 + f(uǫ)uǫ
)
dx

+

∫

RN

V (ǫx)
(
φ′(|uǫ|)|uǫ|+ 2φ(|uǫ|)

)
|uǫ|2dx

≤ m
(∫

RN

φ(|∇uǫ|)|∇uǫ|2dx+
∫

RN

V (ǫx)φ(|uǫ|)|uǫ|2dx
)

−
∫

RN

(
f ′(uǫ)(uǫ)

2 + f(uǫ)uǫ
)
dx. ✭✷✳✽✾✮

❯♠❛ ✈❡③ q✉❡ uǫ ∈ Nǫ✱ t❡♠♦s I ′ǫ(uǫ)uǫ = 0✱ ♦✉ s❡❥❛✱
∫

RN

φ(|∇uǫ|)|∇uǫ|2dx+
∫

RN

V (ǫx)φ(|uǫ|)|uǫ|2dx =

∫

RN

f(uǫ)uǫdx. ✭✷✳✾✵✮

P♦r ✭✷✳✽✾✮ ❡ ✭✷✳✾✵✮✱ s❡❣✉❡ q✉❡

J ′
ǫ(uǫ)uǫ ≤

∫

RN

(
(m+ 1)f(uǫ)uǫ − f ′(uǫ)(uǫ)

2
)
dx.

❙❡♥❞♦ uǫ 6= 0✱ ❡①✐st❡ O ⊂ R
N ❝♦♠ |O| > 0 t❛❧ q✉❡

uǫ(x) > 0 q✳t✳♣✳ ❡♠ O

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦r ✭f3✮

−J ′
ǫ(uǫ)uǫ ≥

∫

O

(
f ′(uǫ)(uǫ)

2 − (m+ 1)f(uǫ)uǫ
)
dx > 0.

❉❡s❞❡ q✉❡ I ′ǫ(uǫ) = λǫJ
′
ǫ(uǫ) ❡ uǫ ∈ Nǫ✱ ✈❡♠

λǫJ
′
ǫ(uǫ)uǫ = 0,

✐♠♣❧✐❝❛♥❞♦ q✉❡ λǫ = 0✳ P♦rt❛♥t♦✱ I ′ǫ(uǫ) = 0✱ ✐st♦ é✱ uǫ é ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Iǫ ❡♠ Xǫ✳

❆ss✐♠✱ ♦ ♣r♦❜❧❡♠❛ ✭P̃ǫ✮ t❡♠ ♣❡❧♦ ♠❡♥♦s catMδ
(M) s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ t♦❞♦

ǫ ∈ (0, ǫ)✳

P❛rt❡ ■■✿ ❈♦♥❝❡♥tr❛çã♦ ❞♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦

❉❡ss❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ❡st✉❞❛r❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦

❞❛s s♦❧✉çõ❡s✳ ❈♦♥✈é♠ ♠❡♥❝✐♦♥❛r q✉❡✱ ♥♦✈❛♠❡♥t❡ ❞❡✈✐❞♦ ❛ ❣❡♥❡r❛❧✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r Φ✲

▲❛♣❧❛❝✐❛♥♦✱ t❡♠♦s ✉♠❛ ❞✐✜❝✉❧❞❛❞❡ té❝♥✐❝❛ ♣❛r❛ ♦❜t❡r ❧✐♠✐t❛çã♦ L∞ ♣❛r❛ ❛s s❡q✉ê♥❝✐❛s
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❞❡ s♦❧✉çõ❡s✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ♥ã♦ ❝❧❛r♦ ♦ ✉s♦ ❞♦ ♠ét♦❞♦ ❞❡ ✐♥t❡r❛çã♦ ❞❡ ▼♦s❡r ❝♦♠♦

❢♦✐ ❛♣❧✐❝❛❞♦ ❡♠ ❬✺❪✳ ❈♦♥t♦r♥❛♠♦s t❛❧ ❞✐✜❝✉❧❞❛❞❡ s❡❣✉✐♥❞♦ ❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦ ❞♦

▲❡♠❛ ✷✳✶✳✶✵ ❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✷✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✽✳ ❙❡❥❛ vj ∈ W 1,Φ(RN) ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

{
−∆Φvj + Vj(x)φ(|vj|)vj = f(vj), ❡♠ R

N ,

vj ∈ W 1,Φ(RN), vj > 0 ❡♠ R
N ,

✭Pj✮

♦♥❞❡ Vj(x) = V (ǫjx + ǫj ỹj)✱ ǫj ỹj → y ❡♠ R
N ❡ vj → v ❡♠ W 1,Φ(RN)✳ ❊♥tã♦✱ vj ∈

L∞(RN)✱ vj ∈ C1,γ
loc (R

N) ❡ ❡①✐st❡ C > 0 t❛❧ q✉❡ ‖vj‖∞ ≤ C ♣❛r❛ t♦❞♦ j ∈ N✳ ❆❧é♠ ❞✐ss♦✱

lim
|x|→+∞

vj(x) = 0, ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ ❥.

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❢❛❝✐❧✐t❛r ❛ ❧❡✐t✉r❛ ❡ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ ❞❡♠♦♥str❛çã♦✱

❞✐✈✐❞✐r❡♠♦s ❛ ♠❡s♠❛ ❡♠ três ❡♣❛t❛s✳

❊t❛♣❛ ✶✿ vj ∈ L∞(RN)✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ✜①❡♠♦s R1 ∈ (0, 1) ❡ x0 ∈ R
N ✳ ❉❛❞♦ K > 0✱ ❞❡✜♥❛ ❛s s❡q✉ê♥❝✐❛s

σn =
R1

2
+

R1

2n+1
, σn =

σn + σn+1

2
❡ Kn =

K

2

(
1− 1

2n+1

)
∀n = 0, 1, 2, ....

◆♦t❡ q✉❡✱

σn ↓ R1

2
, Kn ↑ K

2
❡ σn+1 < σn < σn < R1.

P❛r❛ ❝❛❞❛ n ∈ N ❝♦♥s✐❞❡r❛♠♦s

Jn,j =

∫

Aj,Kn,σn

(
(vj −Kn)

+
)γ∗
dx ❡ ξn = ξ

(
2n+1

R1

(
|x− x0| −

R1

2

))
, x ∈ R

N ,

♦♥❞❡ Aj,k,ρ =
{
x ∈ Bρ(x0) : vj(x) > k

}
♣❛r❛ k, ρ > 0 ❡ ξ ∈ C1(R) s❛t✐s❢❛③❡♥❞♦

0 ≤ ξ ≤ 1, ξ(t) = 1, s❡ t ≤ 1

2
, ❡ ξ(t) = 0, s❡ t ≥ 3

4
❡ |ξ′| < C.

❆♥t❡s ❞❡ t✉❞♦✱ ✈❡❥❛♠♦s q✉❡ ❡①✐st❡♠ C, ζ > 0 ❡ D > 1 s❛t✐s❢❛③❡♥❞♦

Jn+1,j ≤ CDnJ1+ζ
n,j , n = 0, 1, 2, . . . ,
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❈♦♠ ❡❢❡✐t♦✱ ❞❡s❞❡ q✉❡ ξn = 1 ❡♠ Bσn+1(x0) ❡ ξn = 0 ❡♠ Bc
σn
(x0)✱ s❡❣✉❡ q✉❡

Jn+1,j ≤
∫

Aj,Kn+1
,σn

(
(vj −Kn+1)

+ξn
)γ∗
dx

≤ C(N, γ)

(∫

BR1
(x0)

|∇((vj −Kn+1)
+ξn)|γdx

) γ∗

γ

≤ C(N, γ)

(∫

AKn+1,σn

|∇u|γdx+
∫

AKn+1,σn

((u−Kn+1)
+|∇ξn|)γdx

) γ∗

γ

.

❖❜s❡r✈❛♥❞♦ q✉❡

|∇((vj −Kn+1)
+ξn)|γ ≤ 2γ

(
|∇vj|γξγn +

2γ(n+1)

Rγ
1

(
(vj −Kn+1)

+
)γ)

❞❡❞✉③✐♠♦s

J
γ
γ∗

n+1,j ≤ C(N, γ,R1)

(∫

Aj,Kn+1,σn

|∇vj|γdx+ 2γn
∫

Aj,Kn+1,σn

(
(vj −Kn+1)

+
)γ
dx

)
.

❘❡♣❡t✐♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✷✳✶✼ ♠♦str❛✲s❡ q✉❡

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n ❡ j✱ t❛❧ q✉❡

∫

Aj,Kn+1,σn

|∇vj|γdx ≤ c

(∫

Aj,Kn+1,σn

∣∣∣vj −Kn+1

σn − σn

∣∣∣
γ∗

dx+ (kγ
∗

+ 1)|Aj,Kn+1,σn |
)
,

❈♦♠❜✐♥❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ✜❝❛♠♦s ❝♦♠

J
γ
γ∗

n+1,j ≤ C(N, γ,R1)

(∫

Aj,Kn+1,σn

∣∣∣vj −Kn+1

σn − σn

∣∣∣
γ∗

dx+ (Kγ∗

n+1 + 1)|AKn+1,σn |

+2γn
∫

AKn+1,σn

(
(vj −Kn+1)

+
)γ
dx

)
.

❆❣♦r❛✱ ❞❡ ♠❛♥❡✐r❛ ♠✉✐t♦ s✐♠✐❧❛r ❛♦ q✉❡ ✜③❡♠♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✷✱

✈❡r✐✜❝❛✲s❡ q✉❡ ❡①✐st❡♠ C = C(N, γ,R1, K)✱ D = 2(γ+γ
∗) γ

∗

γ ❡ ζ = γ∗

γ
− 1 s❛t✐s❢❛③❡♥❞♦

Jn+1,j ≤ CDnJ1+ζ
n,j , n = 0, 1, 2, . . . . ✭✷✳✾✶✮

❚❡♥❞♦ ❡♠ ✈✐st❛ ❛♣❧✐❝❛r ♦ ▲❡♠❛ ✷✳✶✳✶✶✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ ✐♠❡❞✐❛t♦ s❡rá ♠♦str❛r q✉❡ ❡①✐st❡

K∗ ≥ 1 t❛❧ q✉❡

J0,j ≤ C− 1
ζD

− 1
ζ2 , ♣❛r❛ t♦❞♦ K ≥ K∗, ♣❛r❛ t♦❞♦ j ≈ +∞.
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❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡

J0,j =

∫

Aj,K0,σ0

(
(vj −K0)

+
)γ∗
dx ≤

∫

RN

(
(vj −

K

2
)+
)γ∗
dx.

❖r❛✱ ❝♦♠♦ vj → v ❡♠ W 1,Φ(RN)✱ ✉s❛♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ W 1,Φ(RN) →֒ W 1,γ(RN)✱

❡①✐st❡ j0 ∈ N t❛❧ q✉❡

J0,j ≤
∫

RN

(
(v − K

2
)+
)γ∗
dx, ♣❛r❛ t♦❞♦ j ≥ j0.

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ q✉❛♥❞♦ K → +∞✱ ✈❡♠ q✉❡

lim
K→+∞

J0,j = 0, ♣❛r❛ t♦❞♦ j ≥ j0.

❆ss✐♠✱ ❡①✐st❡ K∗ ≥ 1✱ t❛❧ q✉❡

J0,j ≤ C− 1
ζD

− 1
ζ2 , ♣❛r❛ t♦❞♦ K ≥ K∗, ♣❛r❛ t♦❞♦ j ≥ j0. ✭✷✳✾✷✮

❋✐①❛♥❞♦ K = K∗✱ ♣♦r ✭✷✳✾✶✮ ❡ ✭✷✳✾✷✮ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ▲❡♠❛ ✷✳✶✳✶✶✱ ♣❛r❛ ♦❜t❡r ♦ ❧✐♠✐t❡

Jn,j → 0 q✉❛♥❞♦ n→ ∞, ♣❛r❛ t♦❞♦ j ≥ j0.

P♦r ♦✉tr♦ ❧❛❞♦✱

lim
n→+∞

Jn,j = lim
n→+∞

∫

Aj,Kn,σn

(
(vj −Kn)

+
)γ∗
dx =

∫

A
j,K

∗
2 ,

R1
2

(
(vj −

K∗

2
)+
)γ∗
dx.

P♦rt❛♥t♦✱

vj(x) ≤
K∗

2
q✳t✳♣✳ ❡♠ BR1

2
(x0), ♣❛r❛ t♦❞♦ j ≥ j0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

‖vj‖∞ ≤ C ∀j ∈ N.

♦♥❞❡ C = max{K∗

2
, ‖v1‖∞, ....., ‖vj0−1‖∞}✳

❊t❛♣❛ ✷✿ vj ∈ C1,α
loc (R

N)✳

❊ss❛ r❡❣✉❧❛r✐❞❛❞❡ ♣♦❞❡ s❡r ♦❜t✐❞❛ ✉s❛♥❞♦ r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ❡♠ ❉✐❇❡♥❡❞❡tt♦ ❬✸✵❪ ❡

▲✐❡❜❡r♠❛♥ ❬✺✺❪✳

❊t❛♣❛ ✸✿ lim
|x|→+∞

vj(x) = 0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ j✳
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❉❡s❞❡ q✉❡ vj ≥ 0✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ ❞❛❞♦ η > 0✱ ❡①✐st❡ ρ > 0 t❛❧ q✉❡

vj(x) ≤ η, ∀x ∈ R
N \Bρ(0), ∀j ∈ N.

❘❡♣❡t✐♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❞❛ ❊t❛♣❛ ✶✱ ❝♦♠ K = η✱ t❡♠♦s ♣♦r ✭✷✳✾✶✮

Jn+1,j ≤ CDnJ1+ζ
n,j .

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❛♥❞♦ q✉❡

lim sup
|x0|→+∞

(
lim sup
j→+∞

J0,j

)
= lim sup

|x0|→+∞

(
lim sup
j→+∞

∫

Aj,K0,σ0

(
(vj −

η

2
)+
)γ∗
dx

)

❡

lim sup
|x0|→+∞

∫

BR1
(x0)

(
(v − η

2
)+
)γ∗
dx = 0,

❝♦♥❝❧✉í♠♦s

lim
|x0|→+∞

J0,j = 0, ∀j ≈ +∞.

▲♦❣♦✱ ❡①✐st❡♠ ρ > 0 ❡ j0 ∈ N✱ t❛✐s q✉❡

J0,j ≤ C− 1
ζD

− 1
ζ2 , s❡ |x0| > ρ, ♣❛r❛ t♦❞♦ j ≥ j0,

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✶✳✶✶✱ t❡♠♦s

lim
n→+∞

Jn,j = 0, s❡ |x0| > ρ, ♣❛r❛ t♦❞♦ j ≥ j0,

♦✉ s❡❥❛✱
∫

BR1
2

(x0)

(
(vj −

η

2
)+
)γ∗
dx = 0, s❡ |x0| > ρ, ♣❛r❛ t♦❞♦ j ≥ j0,

♠♦str❛♥❞♦ q✉❡

vj(x) ≤
η

2
, ♣❛r❛ x ∈ BR1

2
(x0) ❡ |x0| > ρ, ♣❛r❛ t♦❞♦ j ≥ j0.

❆❣♦r❛✱ ❛✉♠❡♥t❛♥❞♦ ρ s❡ ♥❡❝❡ssár✐♦✱

vj(x) ≤
η

2
, s❡ |x| > ρ ♣❛r❛ t♦❞♦ j ∈ N,

♦ q✉❡ ❞❡♠♦♥str❛ ❛ ❊t❛♣❛ ✸✳
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❈♦r♦❧ár✐♦ ✷✳✸✳✾✳ ❙❡❥❛ vj ∈ W 1,Φ(RN)\{0} ✉♠❛ s♦❧✉çã♦ ❞❡ ✭Pj✮✳ ❊♥tã♦✱ vj é ♣♦s✐t✐✈❛✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ❝♦♠♦ ♥♦ ❈♦r♦❧ár✐♦ ✷✳✶✳✶✹✳

❆♥t❡s ❞❡ ✜♥❛❧✐③❛r✱ ♠♦str❛r❡♠♦s ♦ ❧❡♠❛ ❛❜❛✐①♦✳

▲❡♠❛ ✷✳✸✳✶✵✳ ❊①✐st❡ α0 > 0 t❛❧ q✉❡ ‖vj‖∞ > α0 ♣❛r❛ t♦❞♦ j ∈ N✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ‖vj‖∞ → 0✳ ❋✐①❛♥❞♦ ǫ0 = V0
2
✱ ♣♦r ✭f1✮✱ ❡①✐st❡ j0 ∈ N t❛❧

q✉❡

f(vj)vj ≤ ǫ0φ(vj)v
2
j ♣❛r❛ t♦❞♦ j ≥ j0. ✭✷✳✾✸✮

❯♠❛ ✈❡③ q✉❡ I ′ǫ(vj)vj = 0 s❡❣✉❡ q✉❡
∫

RN

φ(|∇vj|)|∇vj|2 +
∫

RN

V (ǫx)φ(|vj|)|vj|2dx =

∫

RN

f(vj)vjdx.

❯s❛♥❞♦ ✭✷✳✾✸✮✱ t❡♠♦s
∫

RN

f(vj)vjdx =

∫

RN

f(vj)

φ(vj)un
v2jdx

≤ V0
2

∫

RN

φ(|vj|)|vj|2

≤ 1

2

∫

RN

V (ǫx)φ(|vj|)|vj|2.

▲♦❣♦✱ ∫

RN

φ(|∇vj|)|∇vj|2 +
∫

RN

V (ǫx)φ(|vj|)|vj|2dx ≤ 0

❡✱ ❞❛í✱ s❡❣✉❡ q✉❡ ‖vj‖ǫ = 0 ♣❛r❛ j > j0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✷✳✷✳ P♦rt❛♥t♦✱

❡①✐st❡ α0 > 0 ✈❡r✐✜❝❛♥❞♦

‖vj‖∞ > α0, ♣❛r❛ t♦❞♦ j ∈ N.

❋✐♥❛❧♠❡♥t❡✱ ♠♦str❛r❡♠♦s ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦✳ P❛r❛ ❡st❡ ✜♠✱

s❡❥❛ uǫn ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ (P̃ǫn)✳ ❊♥tã♦✱ vn(x) = uǫn(x + ỹn) é ✉♠❛ s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛




−∆Φvn + Vn(x)φ(|vn|)vn = f(vn), ❡♠ R
N ,

vn ∈ W 1,Φ(RN), vn > 0 ❡♠ R
N ,
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❡♠ q✉❡ Vn(x) = V (ǫnx + ǫnỹn) ❡ (yn) ⊂ R
N é ❞❛❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✹✳ ❆❧é♠ ❞✐ss♦✱ ❛

♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

vn → v ❡♠ W 1,Φ(RN) ❡ yn → y ∈M

♦♥❞❡ yn = ǫnỹn✳ ❆♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✽ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ▲❡♠❛ ✷✳✸✳✶✵✱ ❝♦♥❝❧✉í♠♦s

q✉❡ ❡①✐st❡ qn ∈ Bρ0(0) t❛❧ q✉❡ vn(qn) = max
z∈RN

vn(z)✱ ♣❛r❛ ❛❧❣✉♠ ρ0 > 0✳ P♦rt❛♥t♦✱

xn = qn + ỹn é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ uǫn ❡

ǫnxn → y.

❉❡s❞❡ q✉❡ V é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡

lim
n→+∞

V (ǫnxn) = V (y) = V0.

❈♦♠❡♥tár✐♦ ✜♥❛❧✳

❙❡ uǫ é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ✭P̃ǫ✮✱ ❛ ❢✉♥çã♦ wǫ(x) = uǫ

(x
ǫ

)
é s♦❧✉çã♦ ♣♦s✐t✐✈❛

❞❡ ✭Pǫ✮✳ P♦rt❛♥t♦✱ ♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦ zǫ ❡ xǫ ❞❡ wǫ ❡ uǫ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❛t✐s❢❛③❡♠ ❛

✐❣✉❛❧❞❛❞❡

zǫ = ǫxǫ,

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

lim
ǫ→0

V (zǫ) = V0,

♠♦str❛♥❞♦ q✉❡ ♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦ ❞❛s s♦❧✉çõ❡s s❡ ❝♦♥❝❡♥tr❛♠ ❡♠ t♦r♥♦ ❞♦s ♣♦♥t♦s ❞❡

♠í♥✐♠♦ ❞❡ V ✳



❈❛♣ít✉❧♦ ✸

▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡

s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ✈✐❛ ♠ét♦❞♦ ❞❡

♣❡♥❛❧✐③❛çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛✱ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s

♣♦s✐t✐✈❛s ♣❛r❛ ✭Pǫ✮✱ ♦♥❞❡ ♦ ♣♦t❡♥❝✐❛❧ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦

✭V0✮ ❡ ✭V1✮✳ ❆s ❢✉♥çõ❡s φ : [0,+∞) → [0,+∞) ❡ f : R → R sã♦ ❞❡ ❝❧❛ss❡ C1 ❡ ✈❡r✐✜❝❛♠

❛s ❤✐♣ót❡s❡s ♠❡♥❝✐♦♥❛❞❛s ♥❛ ■♥tr♦❞✉çã♦✳

❈♦♥❢♦r♠❡ ✈✐st♦ ♥♦ ❈❛♣ít✉❧♦ ✷ ♦ ♣r♦❜❧❡♠❛ ✭Pǫ✮ é ❡q✉✐✈❛❧❡♥t❡ ❛





−∆Φu+ V (ǫx)φ(|u|)u = f(u), ❡♠ R
N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N .

✭P̃ǫ✮

◆♦ ❞❡❝♦rr❡r ❞❡st❡ ❝❛♣ít✉❧♦ ♥♦ss♦ ❡st✉❞♦ s❡rá ❞❡❞✐❝❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✭P̃ǫ✮✳

❆ ✜♠ ❞❡ ❛❞❛♣t❛r♠♦s ♦ ♠ét♦❞♦ ❞❡ ❞❡❧ P✐♥♦ ❡ ❋❡❧♠❡r✱ ❛♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s

❛ss✉♠✐r q✉❡ ❞❛❞♦ δ > 0✱ ❡①✐st❡ Ω s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭V1✮ ❝♦♠

Mδ =
{
x ∈ R

N : ❞(x,M) ≤ δ
}
⊂ Ω.

❆❧é♠ ❞✐ss♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ✐r❡♠♦s s✉♣♦r q✉❡ 0 ∈ Ω✳
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✸✳✶ ❯♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r

◆❡st❛ s❡çã♦✱ ♠♦t✐✈❛❞♦s ♣♦r ❛❧❣✉♥s ❛r❣✉♠❡♥t♦s ❡①♣❧♦r❛❞♦s ❡♠ ❆❧✈❡s ❡ ❋✐❣✉❡✐r❡❞♦ ❬✼❪✱

❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♠ ❞❡❧ P✐♥♦ ❡ ❋❡❧♠❡r ❬✷✽❪✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡

s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✳ P❛r❛ ❡st❡ ✜♠✱ ✜①❛r❡♠♦s ❛❧❣✉♠❛s ♥♦t❛çõ❡s✳

❙❡❥❛ θ ♦ ♥ú♠❡r♦ ❞❛❞♦ ♥❛ ❤✐♣ót❡s❡ ✭f3✮✱ a, k > 0 s❛t✐s❢❛③❡♥❞♦

k >
(θ − l)

(θ −m)

m

l
❡

f(a)

φ(a)a
=
V0
k
. ✭✸✳✶✮

❯s❛♥❞♦ ♦s ♥ú♠❡r♦s ❛❝✐♠❛✱ ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦

f̂(s) =





f(s) se s ≤ a
V0
k
φ(s)s se s > a.

❋✐①❛♥❞♦ t0 < a < t1 ❝♦♠ t0, t1 ≈ a✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ζ ∈ C1([t0, t1]) s❛t✐s❢❛③❡♥❞♦

✭ζ1✮ ζ(s) ≤ f̂(s)✱ ♣❛r❛ t♦❞♦ s ∈ [t0, t1]✱

✭ζ2✮ ζ(t0) = f̂(t0) ❡ ζ(t1) = f̂(t1)✱

✭ζ3✮ ζ ′(t0) = (f̂)′(t0) ❡ ζ ′(t1) = (f̂)′(t1)✱

✭ζ4✮ ❆ ❢✉♥çã♦ s→ ζ(s)

φ(s)s
é ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ♣❛r❛ s ∈ [t0, t1]✳

◆♦ ❆♣ê♥❞✐❝❡ ❆✱ ♠♦str❛♠♦s ❝♦♠♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❛ ❝♦♥str✉çã♦ ❞❛ ❢✉♥çã♦ ζ✳

❯s❛♥❞♦ ❛s ❢✉♥çõ❡s ζ ❡ f̂ ❞❡✜♥✐♠♦s

f̃(s) =





f̂(s) se s 6∈ [t0, t1],

ζ(s) se s ∈ [t0, t1],

❡

g(x, s) = χΩ(x)f(s) + (1− χΩ(x))f̃(s),

♦♥❞❡ χΩ é ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❛ss♦❝✐❛❞❛ ❛♦ ❝♦♥❥✉♥t♦ Ω✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ g✱ q✉❡

❛ ♠❡s♠❛ é ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② ✈❡r✐✜❝❛♥❞♦

g(x, s) = 0, ∀(x, s) ∈ R
N × (−∞, 0] ✭✸✳✷✮
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❡

g(x, s) ≤ f(s), ∀(x, s) ∈ R
N × R. ✭✸✳✸✮

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ x ∈ R
N ✱ ❛ ❢✉♥çã♦ s → g(x, s) é ❞❡ ❝❧❛ss❡ C1✳ ❯s❛♥❞♦ ❛s ❤✐♣ót❡s❡s

s♦❜r❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ f ❡ ❛ ❞❡✜♥✐çã♦ ❞❡ g✱ ✉♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s r❡✈❡❧❛ q✉❡

✭g1✮ lim sup
|s|→0

g(x, s)

φ(|s|)|s| = 0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ x ∈ R
N ✳

✭g2✮ lim sup
|s|→+∞

g(x, s)

b(|s|)|s| < +∞✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ x ∈ R
N ✳

✭g3✮ 0 ≤ θG(x, s) = θ

∫ s

0

g(x, t)dt ≤ g(x, s)s✱ ∀(x, s) ∈ Ω× (0,+∞)✳

❆ ❢✉♥çã♦ g t❛♠❜é♠ s❛t✐s❢❛③

✭g4✮ 0 < lG(x, s) ≤ g(x, s)s ≤ V0
k
φ(s)s2✱ ∀(x, s) ∈ Ωc × (0,+∞)✳

❉❡ ❢❛t♦✱ ✈❡❥❛♠♦s ♣r✐♠❡✐r♦ q✉❡ lG(x, s) ≤ g(x, s)s ♣❛r❛ t♦❞♦ (x, s) ∈ Ωc × (0,+∞)✳ P❛r❛

❡st❡ ✜♠✱ s✉♣♦♥❤❛ q✉❡ x 6∈ Ω✳ ❊♥tã♦✱ g(x, t) = f̃(t) ❡

G(x, s) =

∫ s

0

g(x, t)dt =

∫ s

0

f̃(t)dt.

❙❡ s ∈ [t0, t1]✱ t❡♠♦s g(x, s) = f̃(s) = ζ(s)✳ ▲♦❣♦

G(x, s) =

∫ t0

0

f̃(t)dt+

∫ s

t0

f̃(t)dt

=

∫ t0

0

f̂(t)dt+

∫ s

t0

ζ(t)dt =

∫ t0

0

f(t)dt+

∫ s

t0

ζ(t)dt

=

∫ t0

0

f(t)

φ(t)t
φ(t)tdt+

∫ s

t0

ζ(t)

φ(t)t
φ(t)tdt

≤ f(t0)

φ(t0)(t0)

∫ t0

0

φ(t)tdt+
ζ(s)

φ(s)s

∫ s

t0

φ(t)tdt

=
ζ(t0)

φ(t0)(t0)

∫ t0

0

φ(t)tdt+
ζ(s)

φ(s)s

∫ s

t0

φ(t)tdt

≤ ζ(s)

φ(s)s

∫ t0

0

φ(t)tdt+
ζ(s)

φ(s)s

∫ s

t0

φ(t)tdt

=
ζ(s)

φ(s)s

(∫ t0

0

φ(t)tdt+

∫ s

t0

φ(t)tdt
)

=
ζ(s)s

φ(s)s2
Φ(s) ≤ 1

l
g(x, s)s.
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❙❡ s 6∈ [t0, t1]✱ t❡♠♦s g(x, s) = f̃(s) = f̂(s)✳ ❆ss✐♠✱ ❝❛s♦ s < t0✱ s❡❣✉❡ f̂(s) = f(s)

✐♠♣❧✐❝❛♥❞♦ q✉❡ θG(x, s) ≤ f(s)s✱ ❡♠ ♣❛rt✐❝✉❧❛r✱

lG(x, s) ≤ f(s)s.

❈❛s♦ s > t1✱

G(x, s) =

∫ t0

0

f̃(s)dt+

∫ t1

t0

f̃(t)dt+

∫ s

t1

f̃(t)dt

=

∫ t0

0

f̂(t)dt+

∫ t1

t0

ζ(t)dt+

∫ s

t1

f̂(t)dt

≤
∫ t0

0

f(t)dt+

∫ t1

t0

ζ(t)dt+

∫ s

t1

V0
k
φ(t)tdt

≤ f(t0)

φ(t0)t0

∫ t0

0

φ(t)tdt+
ζ(t1)

φ(t1)t1

∫ t1

t0

φ(t)tdt+

∫ s

t1

V0
k
φ(t)tdt

≤ f(a)

φ(a)a

∫ t0

0

φ(t)tdt+
f̂(t1)

φ(t1)t1

∫ t1

t0

φ(t)tdt+

∫ s

t1

V0
k
φ(t)tdt

=
V0
k

∫ t0

0

φ(t)tdt+
V0
k

∫ t1

t0

φ(t)tdt+
V0
k

∫ s

t1

φ(t)tdt

=
V0
k

(∫ t0

0

φ(t)tdt+

∫ t1

t0

φ(t)tdt+

∫ s

t1

φ(t)tdt
)

=
V0
k
Φ(s) ≤ V0

k

1

l
φ(s)s2 =

1

l
f̂(s)s =

1

l
g(x, s)s.

❆ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s q✉❡ g(x, s) ≤ V0
k
φ(s)s2 (x, s) ∈ Ωc×(0,+∞)✳ P❛r❛ t❛♥t♦✱ s✉♣♦♥❤❛

q✉❡ x 6∈ Ω✳ ❯♠❛ ✈❡③ q✉❡ ζ(s) ≤ f̂(s) ♣❛r❛ t♦❞♦ s ∈ [t0, t1]✱ ♦❜té♠✲s❡

g(x, s) ≤ f̂(s).

❉❡ss❛ ❢♦r♠❛✱ ❜❛st❛ ❛♥❛❧✐s❛r ♦ ❝❛s♦ ❡♠ q✉❡ s ≤ a✳ ◆❡st❡ ❝❛s♦✱

f̂(s) = f(s) =
f(s)

φ(s)s
φ(s)s ≤ f(a)

φ(a)a
φ(s)s =

V0
k
φ(s)s

❡ ❡♥tã♦

g(x, s)s ≤ V0
k
φ(s)s2.

❆❣♦r❛✱ ✉s❛♥❞♦ q✉❡ ❛s ❢✉♥çõ❡s
f(s)

φ(s)s
❡
ζ(s)

φ(s)s
sã♦ ♥ã♦✲❞❡❝r❡s❝❡♥t❡s ♣♦❞❡♠♦s ♠♦str❛r

q✉❡ g s❛t✐s❢❛③
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✭g5✮ ❆ ❢✉♥çã♦ s→ g(x, s)

φ(s)s
é ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ♣❛r❛ ❝❛❞❛ x ∈ R

N ❡ ♣❛r❛ t♦❞♦ s > 0✳

❯s❛♥❞♦ ❛ ❢✉♥çã♦ g✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r




−∆Φu+ V (ǫx)φ(|u|)u = g(ǫx, u), ❡♠ R
N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N ,

✭Aǫ✮

❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Jǫ : Xǫ → R ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛ ✭Aǫ✮ ❞❛❞♦ ♣♦r

Jǫ(u) =

∫

RN

Φ(|∇u|)dx+
∫

RN

V (ǫx)Φ(|u|)dx−
∫

RN

G(ǫx, u)dx.

❆♥t❡s ❞❡ s❡❣✉✐r ❡♠ ❢r❡♥t❡✱ ✜①❛♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦

Ωǫ = {x ∈ R
N : ǫx ∈ Ω} = Ω/ǫ.

❆ss✐♠✱ s❡ u é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ✭Aǫ✮ ❝♦♠ u(x) ≤ t0 ♣❛r❛ t♦❞♦ x ∈ R
N\Ωǫ✱ ❡♥tã♦ u

é t❛♠❜é♠ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ✭P̃ǫ✮✳

✸✳✶✳✶ ❈❛r❛❝t❡r✐③❛çã♦ ❞♦ ♥í✈❡❧ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛

❙❡❣✉✐♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✶✳✷ ♠♦str❛✲s❡ q✉❡ Jǫ

✈❡r✐✜❝❛ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞♦

P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ s❡♠ ❛ ❝♦♥❞✐çã♦ (PS)✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂
W 1,Φ

(
R
N
)
✈❡r✐✜❝❛♥❞♦

Jǫ(un) → cǫ ❡ J ′
ǫ(un) → 0,

♦♥❞❡ cǫ é ♦ ♥í✈❡❧ ♠✐♥✐♠❛① ❛ss♦❝✐❛❞♦ ❛ Jǫ✳

◆❛ s❡q✉ê♥❝✐❛✱ ♠♦str❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ Jǫ ❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐

❛ss♦❝✐❛❞❛ ❛♦ ♠❡s♠♦ é ❞❛❞❛ ♣♦r

Nǫ =
{
u ∈ Xǫ\{0} : J ′

ǫ(u)u = 0
}
.

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ é ✉♠❛ ✈❡rsã♦ ❞♦ ▲❡♠❛ ✷✳✷✳✷ ❡ s✉❛ ❞❡♠♦♥str❛çã♦ é ✐♥t❡✐r❛♠❡♥t❡

❛♥á❧♦❣❛✳ ❆ss✐♠✱ ❛ s✉❛ ♣r♦✈❛ s❡rá ♦♠✐t✐❞❛✳

▲❡♠❛ ✸✳✶✳✶✳ P❛r❛ t♦❞♦ u ∈ Nǫ✱ ❡①✐st❡ ς > 0 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫ✱ t❛❧ q✉❡

‖u‖ǫ > ς.
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◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛♠♦s ♣♦r cǫ,1 ❡ cǫ,2 ♦s s❡❣✉✐♥t❡s ♥ú♠❡r♦s

cǫ,1 = inf
u∈Nǫ

Jǫ(u) ❡ cǫ,2 = inf
u∈Xǫ\{0}

max
t≥0

Jǫ(tu).

❋✐①❛♥❞♦ ♦ ❝♦♥❥✉♥t♦

Aǫ =
{
u ∈ Xǫ : u+ 6= 0 ❡ |supp(u) ∩ Ωǫ| > 0

}

❡ ♦ ♥ú♠❡r♦

cǫ,2 = inf
u∈Aǫ

max
t≥0

Jǫ(tu),

♠♦str❛✲s❡ ❢❛❝✐❧♠❡♥t❡ q✉❡

cǫ,2 = cǫ,2.

❖ ♣ró①✐♠♦ ❧❡♠❛ ❡st❛❜❡❧❡❝❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❝❛r❛❝t❡r✐③❛çã♦ ❡♥✈♦❧✈❡♥❞♦ ♦ ♥í✈❡❧ ❞♦

♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✳

▲❡♠❛ ✸✳✶✳✷✳ ❆ss✉♠❛ q✉❡ ✭φ1✮✲✭φ3✮✱ ✭r1✮✲✭r4✮✱ ✭b1✮✲✭b4✮✱ ✭f1✮✲✭f3✮ ❡ ✭V0✮✲✭V1✮ ♦❝♦rr❡♠✳

❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ u ∈ Aǫ✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ tu > 0 t❛❧ q✉❡ tuu ∈ Nǫ ❡ Jǫ(tuu) = max
t≥0

Jǫ(tu)✳

❆❧é♠ ❞✐ss♦✱

cǫ = cǫ,1 = cǫ,2,

♦♥❞❡ cǫ ❞❡♥♦t❛ ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛ Jǫ✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ u ∈ Aǫ✱ ❞❡✜♥✐♠♦s hǫ(t) = Jǫ(tu)✱ ✐st♦ é✱

hǫ(t) =

∫

RN

Φ(|∇(tu)|)dx+
∫

RN

V (ǫx)Φ(|tu|)dx−
∫

RN

G(ǫx, tu)dx.

❊①✐stê♥❝✐❛

❆r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥♦ ▲❡♠❛ ✷✳✶✳✸✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ hǫ(t) > 0 ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦ ❡ hǫ(t) < 0 ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ■st♦ ✐♠♣❧✐❝❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ tu > 0

t❛❧ q✉❡

hǫ(tu) = max
t≥0

hǫ(t) = max
t≥0

Jǫ(tu),

✐♠♣❧✐❝❛♥❞♦ q✉❡ h′ǫ(tu) = 0✱ ♦✉ s❡❥❛✱ J ′
ǫ(tuu)u = 0 ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ tuu ∈ Nǫ✳

❯♥✐❝✐❞❛❞❡
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❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠ t1, t2 > 0 t❛✐s q✉❡ t1u, t2u ∈ Nǫ ❡ t1 < t2✳ ❊♥tã♦✱

∫

RN

φ(|∇(t1u)|)|∇(t1u)|2dx +

∫

RN

V (ǫx)φ(|t1u|)|t1u|2dx =

∫

[u>0]

g(ǫx, t1u)t1udx

❡

∫

RN

φ(|∇(t2u)|)|∇(t2u)|2dx +

∫

RN

V (ǫx)φ(|t2u|)|t2u|2dx =

∫

[u>0]

g(ǫx, t2u)t2udx.

❈♦♥s✐❞❡r❛♥❞♦ υ(t) =
φ(t)

tm−2
♣❛r❛ t♦❞♦ t > 0✱ t❡♠♦s

∫

RN

(
υ(|t1|∇u||)− υ(|t2|∇u||)

)
|∇u|mdx+

∫

RN

V (ǫx)
(
υ(|t1|u||)− υ(|t2|u||)

)
|u|mdx

=

∫

[u>0]

(
g(ǫx, t1u)

(t1u)m−1
− g(ǫx, t2u)

(t2u)m−1

)
umdx.

P♦r ✭φ3✮✱ υ é ❞❡❝r❡s❝❡♥t❡ ♣❛r❛ t > 0✳ ■st♦ ❝♦♠ ❛ ❤✐♣ót❡s❡ ✭V0✮ r❡s✉❧t❛ q✉❡

∫

RN

(
υ(|t1|∇u||)− υ(|t2|∇u||)

)
|∇u|mdx

+
V0
k

∫

(RN\Ωǫ)∩[u>0]

(
υ(|t1|u||)− υ(|t2|u||)

)
|u|mdx

≤
∫

Ωǫ∩[u>0]

(
f(t1u)

(t1u)m−1
− f(t2u)

(t2u)m−1

)
umdx

+

∫

(RN\Ωǫ)∩[u>0]

(
f̃(t1u)

(t1u)m−1
− f̃(t2u)

(t2u)m−1

)
umdx

❡✱ ♣♦rt❛♥t♦✱

∫

RN

(
υ(|t1|∇u||)− υ(|t2|∇u||)

)
|∇u|mdx

+

∫

(RN\Ωǫ)∩[u>0]

[(
V0
k
υ(|t1|u||)−

f̃(t1u)

(t1u)m−1

)
−
(
V0
k
υ(|t2|u||)−

f̃(t2u)

(t2u)m−1

)]
umdx

≤
∫

Ωǫ∩[u>0]

(
f(t1u)

(t1u)m−1
− f(t2u)

(t2u)m−1

)
um dx.

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❢✉♥çã♦

h(t) =
V0
k
υ(t)− f̃(t)

tm−1
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♦❜s❡r✈❛♠♦s q✉❡

h(t) = υ(t)h1(t),

♦♥❞❡

h1(t) =
V0
k

− f̃(t)

φ(t)t
.

❈♦♠♦ υ✱ h1 sã♦ ♥ã♦✲❝r❡s❝❡♥t❡s ❡ ♥ã♦✲♥❡❣❛t✐✈❛s✱ s❡❣✉❡ q✉❡ h é ♥ã♦✲❝r❡s❝❡♥t❡✳ ❆ss✐♠✱

h(t1u) ≥ h(t2u) ❡✱ ❡♥tã♦✱

0 ≤
∫

RN

(
υ(|t1|∇u||)− υ(|t2|∇u||)

)
|∇u|mdx+

∫

(RN\Ωǫ)∩[u>0]

(
h(t1u)− h(t2u)

)
umdx

≤
∫

Ωǫ∩[u>0]

[
f(t1u)

(t1u)m−1
− f(t2u)

(t2u)m−1

]
umdx < 0,

♦♥❞❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❞❡❝♦rr❡ ❞❡ ✭f3✮✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♠♦str❛♥❞♦

q✉❡ t1 = t2✳

P❛r❛ ✜♥❛❧✐③❛r✱ ❜❛st❛ s❡❣✉✐r ❛s ✐❞❡✐❛s ❝♦♥t✐❞❛s ❡♠ ❬✸✺❪✶ ♣❛r❛ ♦❜t❡r

cǫ = cǫ,1 = cǫ,2.

✸✳✶✳✷ ❆ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♣❛r❛ Jǫ

◆❡st❛ s✉❜s❡çã♦✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Jǫ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS) ♣❛r❛ ❛❧❣✉♥s

♥í✈❡✐s✳

Pr❡❧✐♠✐♥❛r♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡ ❛s s❡q✉ê♥❝✐❛s (PS) ❛ss♦❝✐❛❞❛ ❛♦ ❢✉♥❝✐♦♥❛❧ Jǫ sã♦

❧✐♠✐t❛❞❛s✳

▲❡♠❛ ✸✳✶✳✸✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Jǫ✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱

✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n✱ t❛❧ q✉❡

‖un‖ǫ ≤ C, ∀n ∈ N.

❉❡♠♦♥str❛çã♦✳ ❙❡♥❞♦ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Jǫ✱ ❡①✐st❡ C1 > 0

t❛❧ q✉❡

Jǫ(un)−
1

θ
J ′
ǫ(un)un ≤ C1(1 + ‖un‖ǫ). ✭✸✳✹✮

✶✈❡r ♦s ▲❡♠❛s ❆✳✹ ❡ ❆✳✺✳
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P♦r ♦✉tr♦ ❧❛❞♦✱

Jǫ(un)−
1

θ
J ′
ǫ(un)un

(φ2)︷︸︸︷
≥

(
1− m

θ

)∫

RN

(
Φ(|∇un|) + V (ǫx)Φ(un)

)
dx

+
1

θ

∫

RN

(
g(ǫx, un)un − θG(ǫx, un)

)
dx

(g4)︷︸︸︷
≥

(
1− m

θ

)∫

RN

(
Φ(|∇un|) + V (ǫx)Φ(un)

)
dx

+
l − θ

θ

∫

RN\Ωǫ

G(ǫx, un)dx

(g4)︷︸︸︷
≥

(
1− m

θ

)∫

RN

(
Φ(|∇un|) + V (ǫx)Φ(un)

)
dx

−
(
1− l

θ

) 1

kl

∫

RN\Ωǫ

V (ǫx)φ(|un|)|un|2dx

(φ2)︷︸︸︷
≥

(
1− m

θ

)∫

RN

(
Φ(|∇un|) + V (ǫx)Φ(un)

)
dx

−
(
1− l

θ

)m
kl

∫

RN

V (ǫx)Φ(|un|)dx.

❖r❛✱ ♣♦r ✭✸✳✶✮✱

C2 =

[(
1− m

θ

)
−
(
1− l

θ

)m
kl

]
> 0.

■ss♦ ❝♦♠❜✐♥❛❞♦ ❝♦♠ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ ❡♠

Jǫ(un)−
1

θ
J ′
ǫ(un)un ≥ C2

(∫

RN

Φ(|∇un|)dx+
∫

RN

V (ǫx)Φ(un)dx

)

≥ C3

(
ξ0(‖∇un‖Φ) + ξ0(‖un‖Φ,Vǫ)

)
, ✭✸✳✺✮

♦♥❞❡ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❢♦✐ ✉s❛❞♦ ♦ ▲❡♠❛ ✶✳✶✳✸✷✳ ❉❡ ✭✸✳✹✮ ❡ ✭✸✳✺✮✱

C3

(
ξ0(‖∇un‖Φ) + ξ0(‖un‖Φ,Vǫ)

)
≤ C1(1 + ‖un‖ǫ).

❆❣♦r❛✱ ❛ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥♦ ▲❡♠❛ ✷✳✶✳✹✳

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♠♦str❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦✲

❜❧❡♠❛ ❛✉①✐❧✐❛r ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS)✳

▲❡♠❛ ✸✳✶✳✹✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Jǫ✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ η > 0✱ ❡①✐st❡

ρ0 = ρ0(η) > 0 t❛❧ q✉❡

lim sup
n→+∞

∫

RN\Bρ0 (0)

[
Φ(|∇un|) + V (ǫx)Φ(|un|)

]
dx < η.
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❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ ρ > 0✱ s❡❥❛ ξρ ∈ C∞(RN) ✈❡r✐✜❝❛♥❞♦

ξρ(x) =





0, x ∈ B ρ
2
(0),

1, x /∈ Bρ(0),

❝♦♠ 0 ≤ ξρ(x) ≤ 1 ❡ |∇ξρ| ≤
C

ρ
✱ ♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ρ✳ ◆♦t❡ q✉❡

J ′
ǫ(un)(ξρun) =

∫

RN

φ(|∇un|)∇un∇(ξρun)dx+

∫

RN

V (ǫx)φ(|un|)u2nξρdx

−
∫

RN

g(ǫx, un)unξρdx.

❊s❝♦❧❤❡♥❞♦ ρ > 0 ❞❡ ♠❛♥❡✐r❛ q✉❡ Ωǫ ⊂ B ρ
2
(0)✱ ✜❝❛♠♦s ❝♦♠

∫

RN

ξρ

(
φ(|∇un|)|∇un|2 + V (ǫx)φ(|un|)|un|2

)
dx = J ′

ǫ(un)(ξρun)−
∫

RN

unφ(|∇un|)∇un∇ξρdx

+

∫

RN\Ωǫ

g(ǫx, un)unξρdx.

P♦r ✭φ2✮✱ lΦ(t) ≤ φ(t)t2 ♣❛r❛ t♦❞♦ t ≥ 0✳ ❆ss✐♠✱

l

∫

RN

ξρ

[
Φ(|∇un|) + V (ǫx)Φ(|un|)

]
dx ≤ J ′

ǫ(un)(ξρun) +

∫

RN

|un|φ(|∇un|)|∇un||∇ξρ|dx

+

∫

RN\Ωǫ

g(ǫx, un)unξρdx.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✭g4✮ ❡ ✭φ2✮ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡
∫

RN\Ωǫ

g(ǫx, un)unξρdx ≤ V0
k

∫

RN\Ωǫ

φ(un)u
2
nξρdx ≤ m

k

∫

RN

V (ǫx)Φ(|un|)ξρdx.

♦ q✉❡ ✐♠♣❧✐❝❛

l

∫

RN

ξρ

(
Φ(|∇un|) + V (ǫx)Φ(|un|)

)
dx ≤ J ′

ǫ(un)(ξρun) +

∫

RN

|un|φ(|∇un|)|∇un||∇ξρ|dx

+
m

k

∫

RN

V (ǫx)Φ(|un|)ξρdx.

❉❡s❞❡ q✉❡ (ξρun) é ❧✐♠✐t❛❞❛ ❡♠ Xǫ✱

J ′
ǫ(un)(ξρun) = on(1).

❯s❛♥❞♦ ♦ ❧✐♠✐t❡ ❛❝✐♠❛ ❝♦♠ ♦ ❢❛t♦ ❞❡ k >
m

l
✱ ♦❜t❡♠♦s

(
l − m

k

)∫

RN

ξρ

(
Φ(|∇un|) + V (ǫx)Φ(|un|)

)
dx ≤ on(1) +

C

ρ

∫

RN

|un|φ(|∇un|)|∇un|dx.
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❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❞❡❞✉③✐♠♦s

(
l − m

k

)∫

RN

ξρ

(
Φ(|∇un|) + V (ǫx)Φ(|un|)

)
dx ≤ on(1) +

2C

ρ
‖un‖Φ‖φ(|un|)|un|‖Φ̃.

❙❡♥❞♦ (un) ❧✐♠✐t❛❞❛ ❡♠ Xǫ✱ ❡①✐st❡ C1 > 0 t❛❧ q✉❡
∫

RN

ξρ

(
Φ(|∇un|) + V (ǫx)Φ(|un|)

)
dx ≤ on(1) +

C1

ρ
.

❆❣♦r❛✱ ✜①❛♥❞♦ η > 0✱ ❡①✐st❡ ρ0 > 0 t❛❧ q✉❡ C1

ρ0
< η✱ ❧♦❣♦✱

∫

RN\Bρ0 (0)

(
Φ(|∇un|) + V (ǫx)Φ(|un|)

)
dx < on(1) + η

❡✱ ♣♦rt❛♥t♦✱

lim sup
n→+∞

∫

RN\Bρ0 (0)

[
Φ(|∇un|) + V (ǫx)Φ(|un|)

]
dx < η.

❖ ♣ró①✐♠♦ ❧❡♠❛ ❡st❛❜❡❧❡❝❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ ♣r♦♣r✐❡❞❛❞❡ ❡♥✈♦❧✈❡♥❞♦ ❛s s❡q✉ê♥❝✐❛s

(PS) ♣❛r❛ Jǫ✳ ❯♠❛ ✈❡③ q✉❡ ❛ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ▲❡♠❛ ✷✳✷✳✹✱

♦♠✐t✐r❡♠♦s s✉❛ ❞❡♠♦♥str❛çã♦✳

▲❡♠❛ ✸✳✶✳✺✳ ❙❡❥❛♠ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Jǫ ❝♦♠ un ⇀ u ❡♠ Xǫ✳

❊♥tã♦✱

∇un(x) → ∇u(x) q✳t✳♣✳ ❡♠ R
N .

❆❧é♠ ❞✐ss♦✱ u é ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Jǫ✳

❈♦♠♦ ❛♣❧✐❝❛çã♦ ❞♦s ❢❛t♦s ❛té ❛❣♦r❛ ❡st❛❜❡❧❡❝✐❞♦s ♣♦❞❡♠♦s ♣r♦✈❛r ❛ ♣r♦♣♦s✐çã♦ s❡✲

❣✉✐♥t❡✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✻✳ ❖ ❢✉♥❝✐♦♥❛❧ Jǫ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ Jǫ✳ P❡❧♦ ▲❡♠❛ ✸✳✶✳✸✱ s❡❣✉❡ q✉❡

(un) é ❧✐♠✐t❛❞❛✳ ❙❡♥❞♦ Xǫ ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✱ ❡①✐st❡ u ∈ Xǫ t❛❧ q✉❡

un ⇀ u ❡♠ Xǫ ✭✸✳✻✮

❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ❡♠ ✈✐st❛ ❞♦ ▲❡♠❛ ✸✳✶✳✹✱ ✜①❛❞♦ η > 0✱ ❡①✐st❡ ρ0 > 0 t❛❧ q✉❡

lim sup
n→+∞

∫

RN\Bρ0 (0)

(
Φ(|∇un|) + V (ǫx)Φ(|un|)

)
dx < η.
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❆✉♠❡♥t❛♥❞♦ ρ0 > 0✱ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡
∫

RN\Bρ0 (0)

Φ(|∇u|)dx < η ❡
∫

RN\Bρ0 (0)

V (ǫx)Φ(|∇u|)dx < η.

❈♦♠❜✐♥❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ∆2 ✈❡♠ q✉❡

lim sup
n→+∞

∫

RN

Φ(|∇un −∇u|)dx ≤ lim sup
n→+∞

∫

Bρ0 (0)

Φ(|∇un −∇u|)dx+ 2η ✭✸✳✼✮

❡

lim sup
n→+∞

∫

RN

V (ǫx)Φ(|un − u|)dx ≤ lim sup
n→+∞

∫

Bρ0 (0)

V (ǫx)Φ(|un − u|)dx+ 2η.

P♦r ✭✸✳✻✮✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ un → u ❡♠ LΦ(Bρ0(0))✳ P♦rt❛♥t♦✱

lim sup
n→+∞

∫

RN

V (ǫx)Φ(|un − u|)dx ≤ 2η.

❈♦♠♦ η ❢♦✐ ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

lim sup
n→+∞

∫

RN

V (ǫx)Φ(|un − u|)dx = 0. ✭✸✳✽✮

❉❡ss❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ♠♦str❛r q✉❡

lim sup
n→+∞

∫

Bρ0 (0)

Φ(|∇un −∇u|)dx = 0.

P❛r❛ ✐ss♦✱ ❝♦♠❡❝❡♠♦s ♦❜s❡r✈❛♥❞♦ q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✺

Φ(|∇un(x)−∇u(x)|) → 0 q✳t✳♣✳ ❡♠ Bρ0(0).

❆❧é♠ ❞✐ss♦✱ ❞❛ ❝♦♥❞✐çã♦ ∆2 ❡ ✭φ2✮✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s c1, c2 > 0 t❛✐s q✉❡

Φ(|∇un −∇u|) ≤ c1φ(|∇un|)|∇un|2 + c2φ(|∇u|)|∇u|2.

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ▲❡♠❛ ✸✳✶✳✺✱

c1φ(|∇un|)|∇un|2 + c2φ(|∇u|)|∇u|2 → (c1 + c2)φ(|∇u|)|∇u|2 q✳t✳♣✳ ❡♠ Bρ0(0).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✶✳✺✱ ♦❜té♠✲s❡
∫

Bρ0 (0)

(φ(|∇un|)∇un − φ(|∇u|)∇u)(∇un −∇u)dx = on(1).
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P♦rt❛♥t♦✱ ∫

Bρ0 (0)

φ(|∇un|)|∇un|2dx→
∫

Bρ0 (0)

φ(|∇u|)|∇u|2dx.

P♦r ❝♦♥s❡❣✉✐♥t❡✱
∫

Bρ0 (0)

(
c1φ(|∇un|)|∇un|2 + c2φ(|∇u|)|∇u|2

)
dx→ (c1 + c2)

∫

Bρ0 (0)

φ(|∇u|)|∇u|2dx.

❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ●❡♥❡r❛❧✐③❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ q✉❡

lim
n→+∞

∫

Bρ0 (0)

Φ(|∇un −∇u|)dx = 0.

❖ ❧✐♠✐t❡ ❛❝✐♠❛ ❝♦♠ ✭✸✳✼✮ ✐♠♣❧✐❝❛ ❡♠

lim
n→+∞

∫

RN

Φ(|∇un −∇u|)dx = 0. ✭✸✳✾✮

❉❡ ✭✸✳✽✮ ❡ ✭✸✳✾✮✱

un → u ❡♠ Xǫ,

♠♦str❛♥❞♦ q✉❡ Jǫ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS)✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r ❛ ❝♦♥❞✐çã♦ (PS) ♣❛r❛ Jǫ s♦❜r❡

Nǫ✳ ◆♦ q✉❡ s❡❣✉❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ✐r❡♠♦s ❛ss✉♠✐r q✉❡

V (0) = min
z∈RN

V (z) = V0.

❆ s❡❣✉✐r✱ ✜①❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❛✉tô♥♦♠♦ ❛❜❛✐①♦




−∆Φu+ V0φ(|u|)u = f(u), ❡♠ R
N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N ,

✭P0✮

❘❡❝♦r❞❡ q✉❡ ❛s s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ ✭P0✮ sã♦ ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧

E0(u) =

∫

RN

Φ(|∇u|)dx+ V0

∫

RN

Φ(|u|)dx−
∫

RN

F (u)dx,

♦ q✉❛❧ ❡st❛ ❜❡♠ ❞❡✜♥✐❞♦ ❡♠ Y = W 1,Φ(RN) ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖u‖Y = ‖∇u‖Φ + V0‖u‖Φ.

❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r d0 ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛ E0✱ ❡ ♣♦r M0✱

❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐

M0 =
{
u ∈ Y \{0} : E ′

0(u)u = 0
}
.
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❖ ♣ró①✐♠♦ ❧❡♠❛ s❡rá ❞❡ ❣r❛♥❞❡ ❛❥✉❞❛ ♥❛ ❞❡♠♦♥str❛çã♦ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Jǫ ✈❡r✐✜❝❛

❛ ❝♦♥❞✐çã♦ (PS) s♦❜r❡ Nǫ✳

▲❡♠❛ ✸✳✶✳✼✳ ❈♦♥s✐❞❡r❡ U =
{
u ∈ Nǫ : Jǫ(u) < d0 + 1

}
✳ ❊♥tã♦✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s

σ1, σ2 > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ ǫ✱ s❛t✐s❢❛③❡♥❞♦

(a)

∫

RN

Φ(|u|)dx ≤ σ1 ♣❛r❛ t♦❞♦ u ∈ U ✱

(b)

∫

Ωǫ

(
f ′(u)u2 − (m− 1)f(u)u

)
dx ≥ σ2 ♣❛r❛ t♦❞♦ u ∈ U ✱

♣❛r❛ t♦❞♦ ǫ ♣❡q✉❡♥♦✳

❉❡♠♦♥str❛çã♦✳

(a) ❉❛❞♦ u ∈ U ✱ t❡♠♦s

Jǫ(u)−
1

θ
J ′
ǫ(u)u = Jǫ(u) < d0 + 1.

P♦r ♦✉tr♦ ❧❛❞♦✱

Jǫ(u)−
1

θ
J ′
ǫ(u)u

(φ2)︷︸︸︷
≥

(
1− m

θ

)∫

RN

(
Φ(|∇u|) + V (ǫx)Φ(u)

)
dx

+
1

θ

∫

RN

(
g(ǫx, u)u− θG(ǫx, u)

)
dx

(g3)−(g4)︷︸︸︷
≥

(
1− m

θ

)∫

RN

(
Φ(|∇u|) + V (ǫx)Φ(u)

)
dx

+
l − θ

θ

∫

RN\Ωǫ

G(ǫx, u)dx

(g4)︷︸︸︷
≥

(
1− m

θ

)∫

RN

(
Φ(|∇u|) + V (ǫx)Φ(u)

)
dx

−
(
1− l

θ

) 1

kl

∫

RN\Ωǫ

V (ǫx)φ(|u|)|u|2dx.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡

Jǫ(u)−
1

θ
J ′
ǫ(u)u ≥ CV0

∫

RN

Φ(u)dx,

♦♥❞❡ C =
(
1− m

θ

)
−
(
1− l

θ

)
m
kl
> 0✳ P♦rt❛♥t♦✱

CV0

∫

RN

Φ(u)dx ≤ d0 + 1, ∀u ∈ U



✸✳✶✳ ❯▼ P❘❖❇▲❊▼❆ ❆❯❳■▲■❆❘ ✶✷✼

♠♦str❛♥❞♦ (a)✳

(b) ❙✉♣♦♥❤❛ ♣♦r ❛❜s✉r❞♦ q✉❡ (b) ♥ã♦ ♦❝♦rr❡✳ ❊♥tã♦✱ ♣❛r❛ ❛❧❣✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ U

∫

Ωǫn

(
f ′(un)u

2
n − (m− 1)f(un)un

)
dx→ 0.

❆✜r♠❛♠♦s q✉❡ ❡①✐st❡♠ (yn) ⊂ R
N ✱ ̺ > 0 ❡ a > 0 s❛t✐s❢❛③❡♥❞♦

∫

B̺(yn)∩Ωǫn

Φ(|un|)dx ≥ a > 0. ✭✸✳✶✵✮

❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❇✳✷
∫

Ωǫn

B(|un|)dx→ 0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞❛❞♦ η > 0 ❡①✐st❡ cη > 0 ✈❡r✐✜❝❛♥❞♦
∫

Ωǫn

f(un)undx ≤ η

∫

Ωǫn

Φ(|un|)dx+ cη

∫

Ωǫn

B(|un|)dx.

❉❡s❞❡ q✉❡ (un) ⊂ U ✱ ♠♦str❛✲s❡ q✉❡ (‖un‖ǫn) é ❧✐♠✐t❛❞❛ ❡♠ R✱ ♦ r❡s✉❧t❛
∫

Ωǫn

f(un)undx→ 0. ✭✸✳✶✶✮

P♦r s✉❛ ✈❡③✱ ❝♦♠♦ (un) ⊂ Nǫn ✱ t❡♠♦s
∫

RN

φ(|∇un|)|∇un|2dx+
∫

RN

V (ǫnx)φ(|un|)|un|2dx =

∫

RN

g(ǫnx, un)undx

❯s❛♥❞♦ ✭V0✮ ❡ ✭g4✮ ❞❡❞✉③✐♠♦s q✉❡

(
1− 1

k

)(∫

RN

φ(|∇un|)|∇un|2dx+
∫

RN

V (ǫnx)φ(|un|)|un|2dx
)
≤
∫

Ωǫn

f(un)undx.

❆❣♦r❛✱ ✉s❛♥❞♦ ✭φ2✮✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ♦ ❧✐♠✐t❡ ❡♠ ✭✸✳✶✶✮✱ t❡♠♦s
∫

RN

Φ(|∇un|)dx→ 0 ❡
∫

RN

V (ǫnx)Φ(|un|)dx→ 0,

❡ ♣♦rt❛♥t♦✱

‖un‖ǫn → 0

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✸✳✶✳✶✱ ♠♦str❛♥❞♦ q✉❡ ✈❛❧❡ ✭✸✳✶✵✮✳ ▲♦❣♦✱
∫

B̺(0)∩Ωǫn−{yn}

Φ(|vn|)dx ≥ a > 0, ✭✸✳✶✷✮
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♦♥❞❡ vn(x) = un(x+ yn)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❧✐♠✐t❛çã♦ ❞❡ (‖un‖ǫn) ❡♠ R✱ s❡❣✉❡ q✉❡

(vn) é ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN)✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❡①✐st❡ v ∈ W 1,Φ(RN) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡

s✉❜s❡q✉ê♥❝✐❛✱

vn ⇀ v ❡♠ W 1,Φ(RN).

P♦r ✭✸✳✶✷✮ ❡ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛✱

∫

B̺(0)∩RN
+

Φ(|v|)dx > a ♦✉
∫

B̺(0)∩RN

Φ(|v|)dx > a,

❡♠ q✉❛❧q✉❡r ❝❛s♦ ❞❡❞✉③✐♠♦s q✉❡ v 6= 0✳ P♦r ✭f3✮ ❡ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱ t❡♠♦s

0 = lim
n→∞

∫

Ωǫ−yn

(
f ′(vn)v

2
n−(m−1)f(vn)vn

)
dx ≥

∫

B̺(0)∩RN
+

(
f ′(v)v2−(m−1)f(v)v

)
dx > 0

♦✉

0 = lim
n→∞

∫

Ωǫ−yn

(
f ′(vn)v

2
n−(m−1)f(vn)vn

)
dx ≥

∫

B̺(0)∩RN

(
f ′(v)v2−(m−1)f(v)v

)
dx > 0

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

❊st❛♠♦s✱ ✜♥❛❧♠❡♥t❡✱ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ♠♦str❛r ❛ ❝♦♥❞✐çã♦ (PS) ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧

r❡str✐t♦ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✽✳ ❖ ❢✉♥❝✐♦♥❛❧ Jǫ r❡str✐t♦ ❛ Nǫ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c ♣❛r❛ c ∈
(0, d0 + 1)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Jǫ s♦❜r❡ Nǫ✱ ✐st♦ é✱

Jǫ(un) → c ❡ ‖J ′
ǫ(un)‖∗ = on(1).

❊♥tã♦✱ ❣r❛ç❛s ❛♦ ❚❡♦r❡♠❛ ❞♦s ▼✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❞❡✱ ❡①✐st❡ (λn) ⊂ R t❛❧ q✉❡

J ′
ǫ(un) = λnL

′
ǫ(un) + on(1),

♦♥❞❡ Lǫ(v) = J ′
ǫ(v)v ♣❛r❛ t♦❞♦ v ∈ Xǫ✳ ❆ss✐♠✱

λnL
′
ǫ(un)un = on(1). ✭✸✳✶✸✮
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❱❡❥❛♠♦s ❛❣♦r❛ q✉❡✱ λn = on(1)✳ ❉❡ ❢❛t♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡

L′
ǫ(un)un =

∫

RN

(
φ′(|∇un|)|∇un|+ 2φ(|∇un|)

)
|∇un|2dx

+

∫

RN

V (ǫx)
(
φ′(|un|)|un|+ 2φ(|un|)

)
|un|2dx

−
∫

RN

(
g′(ǫx, un)u

2
n + g(ǫx, un)un

)
dx

≤ m

(∫

RN

φ(|∇un|)|∇un|2dx+
∫

RN

V (ǫx)φ(|un|)|un|2dx
)

−
∫

RN

(
g′(ǫx, un)u

2
n + g(ǫx, un)un

)
dx,

♦♥❞❡ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✉s❛♠♦s q✉❡ φ′(t)t ≤ (m− 2)φ(t) ♣❛r❛ t♦❞♦ t > 0✳ ❉❛í✱

L′
ǫ(un)un ≤

∫

RN

(
(m− 1)g(ǫx, un)un − g′(ǫx, un)u

2
n

)
dx

=

∫

Ωǫ∪[un<t0]

(
(m− 1)f(un)un − f ′(un)u

2
n

)
dx

+

∫

(RN\Ωǫ)∩[t0≤un≤t1]

[
(m− 1)ζ(un)un − ζ ′(un)u

2
n

]
dx

+

∫

(RN\Ωǫ)∩[un>t1]

(
(m− 1)

V0
k
φ(un)u

2
n −

V0
k
(φ(un)(un))

′u2n

)
dx.

❉❡s❞❡ q✉❡ ζ(t), (φ(t)t)′ ≥ 0 ♣❛r❛ t♦❞♦ t > 0✱ s❡❣✉❡ q✉❡

L′
ǫ(un)un ≤

∫

Ωǫ∪[un<t0]

(
(m− 1)f(un)un − f ′(un)u

2
n

)
dx

+

∫

(RN\Ωǫ)∩[t0≤un≤t1]

(m− 1)ζ(un)undx

+

∫

(RN\Ωǫ)∩[un>t1]

(m− 1)
V0
k
φ(un)u

2
ndx. ✭✸✳✶✹✮

❖❜s❡r✈❛♥❞♦ q✉❡

ζ(t) ≤ V0
k
φ(t)t ∀t ∈ [t0, t1],

♦❜t❡♠♦s

L′
ǫ(un)un ≤

∫

Ωǫ∪[un<t0]

(
(m− 1)f(un)un − f ′(un)u

2
n

)
dx

+

∫

(RN\Ωǫ)∩[t0≤un≤t1]

(m− 1)
V0
k
φ(un)u

2
ndx

+

∫

(RN\Ωǫ)∩[un>t1]

(m− 1)
V0
k
φ(un)u

2
ndx.
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❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✸✳✶✳✼ r❡s✉❧t❛ q✉❡

−L′
ǫ(un)un ≥ σ2 −

2mV0σ1
k

.

▲♦❣♦✱ ❛✉♠❡♥t❛♥❞♦ k s❡ ♥❡❝❡ssár✐♦✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

−L′
ǫ(un)un ≥ C ∀n ∈ N.

P♦rt❛♥t♦✱ L′
ǫ(un)un 9 0✱ ❡ ♣♦r ✭✸✳✶✸✮✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ λn = on(1)✱ ❞♦♥❞❡

J ′
ǫ(un) = on(1),

✐♠♣❧✐❝❛♥❞♦ q✉❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Jǫ ❡♠ Xǫ✳ ❆❣♦r❛✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞❛

Pr♦♣♦s✐çã♦ ✸✳✶✳✻✳

❆r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥❛ ♣r♦♣♦s✐çã♦ ♣r❡❝❡❞❡♥t❡ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✸✳✶✳✾✳ ❖s ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ Jǫ s♦❜r❡ Nǫ sã♦ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ Jǫ

❡♠ Xǫ✳

❖s ♣ró①✐♠♦s ❞♦✐s r❡s✉❧t❛❞♦s sã♦ ♦❜t✐❞♦s ✉s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ❚❡♦r❡♠❛

✷✳✷✳✶ ❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✽✱ ♣♦r ❡ss❡ ♠♦t✐✈♦ ♦♠✐t✐r❡♠♦s s✉❛s ❞❡♠♦♥str❛çõ❡s✳

❚❡♦r❡♠❛ ✸✳✶✳✶✵✳ ❆ss✉♠❛ ✭φ1✮✲✭φ5✮✱ ✭r1✮✲✭r4✮✱ ✭b1✮✲✭b4✮✱ ✭f1✮✲✭f3✮ ❡ ✭R✮✳ ❊♥tã♦✱ ❡①✐st❡

ǫ > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭Aǫ✮ t❡♠ ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ uǫ ♣❛r❛

t♦❞♦ 0 < ǫ < ǫ✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✶✶✳ ❙❡ uǫ ∈ W 1,Φ(RN) é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❞❡ ✭Aǫ✮✱ ❡♥tã♦ uǫ é

♣♦s✐t✐✈❛✱ uǫ ∈ L∞(RN) ∩ C1,α
loc (R

N) ❡

lim
|x|→+∞

uǫ(x) = 0.

✸✳✶✳✸ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✭Aǫ✮

◆❡st❛ s✉❜s❡çã♦✱ ✐r❡♠♦s ❡st❛❜❡❧❡❝❡r ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠ú❧t✐♣❧❛s s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛

✭Aǫ✮ ❢❛③❡♥❞♦ ✉s♦ ❞❛ ❝❛t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥✳ ❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ ❡st✉❞❛✲

r❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦s ❞❡ss❛s s♦❧✉çõ❡s ❡♠ r❡❧❛çã♦ ❛♦ ❝♦♥❥✉♥t♦

M ✳
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P❛r❛ ❝❛❞❛ δ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❝♦♥s✐❞❡r❡♠♦s ϑ ∈ C∞
0 ([0,+∞), [0, 1])

✈❡r✐✜❝❛♥❞♦

ϑ(s) =





1, s❡ 0 ≤ s ≤ δ
2

0, s❡ s ≥ δ.

❯s❛♥❞♦ ❛ ❢✉♥çã♦ ❛❝✐♠❛✱ ♣❛r❛ ❝❛❞❛ y ∈M ✱ ❞❡✜♥✐♠♦s

Ψǫ,y(x) = ϑ(|ǫx− y|)w(ǫx− y

ǫ
),

♦♥❞❡ w ∈ W 1,Φ(RN) ❞❡♥♦t❛ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦ ♣r♦❜❧❡♠❛ (P0) ❛

q✉❛❧ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✳✶✳ P❡❧♦ ▲❡♠❛ ✸✳✶✳✷✱ ❡①✐st❡ tǫ > 0 t❛❧ q✉❡ tǫΨǫ,y ∈ Nǫ ❡

Jǫ(tǫΨǫ,y) = max
t≥0

Jǫ(tΨǫ,y).

■st♦ ♥♦s ♣❡r♠✐t❡ ❣❛r❛♥t✐r ❛ ❜♦❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ Ψ̃ǫ : M → Nǫ ❞❛❞❛ ♣♦r Ψ̃ǫ(y) = tǫΨǫ,y✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❡st❛❜❡❧❡❝❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❢✉♥❝✐♦♥❛❧

Jǫ ❡ ❛ ❢✉♥çã♦ Ψ̃ǫ✳

▲❡♠❛ ✸✳✶✳✶✷✳ ❆ ❢✉♥çã♦ Ψ̃ǫ ✈❡r✐✜❝❛ ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

lim
ǫ→0

Jǫ(Ψ̃ǫ(y)) = d0, ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈M.

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ♣❛r❛ ❝❛❞❛ (yn) ⊂ M ❡ (ǫn) ⊂ R
+

❝♦♠ ǫn → 0 t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

Jǫn(Ψ̃ǫn(yn)) → d0.

Pr✐♠❡✐r❛♠❡♥t❡✱ r❡❝♦r❞❡ q✉❡ J ′
ǫn
(Ψ̃ǫn(yn))Ψ̃ǫn(yn) = 0✱ ✐st♦ é✱

∫

RN

φ̂(|∇(Ψ̃ǫn(yn)|)dx+
∫

RN

V (ǫnx)φ̂(|Ψ̃ǫn(yn)|)dx =

∫

RN

g(ǫnx, Ψ̃ǫn(yn))Ψ̃ǫn(yn)dx,

♦♥❞❡ φ̂(s) = φ(s)s2 ♣❛r❛ t♦❞♦ s ≥ 0✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✳✸✷ ❝♦♠ ❛ ❤✐♣ót❡s❡ ✭φ2✮✱
∫

RN

φ̂(|∇(Ψ̃ǫn(yn)|)dx+
∫

RN

V (ǫnx)φ̂(|Ψ̃ǫn(yn)|)dx

≤ mξ1(tǫn)
[ ∫

RN

Φ(|∇(Ψǫn,yn)|)dx+
∫

RN

V (ǫnx)Φ(|Ψǫn,yn |)dx
]
, ✭✸✳✶✺✮

♦♥❞❡ ξ1(t) = max{tl, tm}✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ z =
ǫnx− yn

ǫn
✱

t❡♠♦s
∫

RN

g(ǫnx, Ψ̃ǫn(yn))Ψ̃ǫn(yn)dx =

∫

RN

g(ǫnz + yn, tǫnϑ(|ǫnz|)w(z))tǫnϑ(|ǫnz|)w(z)dx.
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◆♦t❡ q✉❡✱ s❡ z ∈ B δ
ǫn

(0)✱ ❡♥tã♦ ǫnz + yn ∈ Bδ(yn) ⊂ Mδ ⊂ Ω✳ ❉❡s❞❡ q✉❡ f = g ❡♠ Ω✱

ϑ ≡ 1 ❡♠ B δ
2
(0) ❡ B δ

2
(0) ⊂ B δ

2ǫn
(0) ♦❜té♠✲s❡

∫

RN

g(ǫnx, Ψ̃ǫn(yn))Ψ̃ǫn(yn)dx ≥
∫

B δ
2
(0)

f(tǫnw(z))tǫnw(z)dx. ✭✸✳✶✻✮

❈♦♠❜✐♥❛♥❞♦ ✭✸✳✶✺✮ ❝♦♠ ✭✸✳✶✻✮✱ s❡❣✉❡

∫

B δ
2
(0)

f(tǫnw(z))

(tǫnw(z))
m−1

|tǫnw(z)|mdx ≤ mξ1(tǫn)
[ ∫

RN

Φ(|∇(Ψǫn,yn)|)dx

+

∫

RN

V (ǫnx)Φ(|Ψǫn,yn |)dx
]
.

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✷✱ w é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳ ❊♥tã♦✱ ❡①✐st❡ z0 ∈ R
N t❛❧ q✉❡

w(z0) = min
z∈B δ

2
(0)
w(z).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦r ✭f3✮

f(tǫnw(z0))

(tǫnw(z0))
m−1

∫

B δ
2
(0)

|tǫnw(z)|mdx ≤ mξ1(tǫn)
[ ∫

RN

Φ(|∇(Ψǫn,yn)|)dx

+

∫

RN

V (ǫnx)Φ(|Ψǫn,yn |)dx
]
.

❉❡ ✭f2✮✱ ❡①✐st❡♠ c1, c2 > 0 t❛✐s q✉❡

[
c1(tǫnw(z0))

θ−m − c2(tǫnw(z0))
−m
]
tmǫn

∫

B δ
2
(0)

|w(z)|mdx

≤ mξ1(tǫn)
[ ∫

RN

Φ(|∇(Ψǫn,yn)|)dx+
∫

RN

V (ǫnx)Φ(|Ψǫn,yn |)dx
]
.

❆❣♦r❛✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛

tǫn → +∞ ❡ tǫn ≥ 1 ∀n ∈ N.

❆ss✐♠✱ ξ1(tǫn) = tmǫn ♦ q✉❡ r❡s✉❧t❛

[
c1(tǫnw(z0))

θ−m − c2(tǫnw(z0))
−m
] ∫

B δ
2
(0)

|w(z)|mdx

≤ m
[ ∫

RN

Φ(|∇(Ψǫn,yn)|)dx+
∫

RN

V (ǫnx)Φ(|Ψǫn,yn |)dx
]
.
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◆♦✈❛♠❡♥t❡✱ ✉s❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ z =
ǫnx− yn

ǫn
❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❛

❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ❝♦♥❝❧✉✐✲s❡

∫

RN

Φ(|∇(Ψǫn,yn)|)dx→
∫

RN

Φ(|∇w|)dx

❡ ∫

RN

V (ǫnz + yn)Φ(|Ψǫn,yn |)dx
]
→
∫

RN

V0Φ(|w|)dx.

❙❡♥❞♦ θ > m✱ t❡♠✲s❡

[c1(tǫnw(z0))
θ−m − c2(tǫnw(z0))

−m
]
→ +∞,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❆ss✐♠✱ (tǫn) é ❧✐♠✐t❛❞❛✱ ❡ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ t∗ ≥ 0

t❛❧ q✉❡

tǫn → t∗.

❘❡❝♦r❞❛♥❞♦ q✉❡ Ψ̃ǫn(yn) ∈ Nǫn ✱ t❡♠♦s ‖Ψ̃ǫn(yn)‖ǫn ≥ ς ♣❛r❛ t♦❞♦ n ∈ N✳ ❆♣❧✐❝❛♥❞♦ ♦

❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ♠♦str❛✲s❡ q✉❡

E ′
0(t∗w)(t∗w) = 0 ❡ t∗ > 0,

❞♦♥❞❡ t∗w ∈ M0✳ ❈♦♠♦ w é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ (P0)✱ s❡❣✉❡ q✉❡ t∗ = 1✳

P♦rt❛♥t♦✱ ✉s❛♥❞♦ q✉❡ tn → 1 ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱

✈❡♠ q✉❡

lim
n→+∞

Jǫn(Ψ̃ǫn(yn)) = E0(w) = d0,

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❘❡♣❡t✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♥♦ ▲❡♠❛ ✷✳✸✳✺✱ t❡♠♦s ♦ ❧❡♠❛ ❛❜❛✐①♦✳

▲❡♠❛ ✸✳✶✳✶✸✳ ❆ ❢✉♥çã♦ Ψ̃ǫ s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

lim
ǫ→0

β(Ψ̃ǫ(y)) = y, ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ M.

❆ s❡❣✉✐r✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦ h : R+ → R
+ ❞❛❞❛ ♣♦r

h(ǫ) = sup
y∈M

|Jǫ(Ψ̃ǫ(y))− d0|,
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q✉❡ ✈❡r✐✜❝❛ lim
ǫ→0

h(ǫ) = 0✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✜♥❛

Ñǫ :=
{
u ∈ Nǫ : Jǫ(u) ≤ d0 + h(ǫ)

}
.

P❡❧♦ ▲❡♠❛ ✸✳✶✳✶✷✱ Ψ̃ǫ(y) ∈ Ñǫ✱ ♠♦str❛♥❞♦ q✉❡ Ñǫ 6= ∅✳ ❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s ♦

s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✸✳✶✳✶✹✳ ❙❡❥❛ δ > 0 ❡ Mδ =
{
x ∈ R

N : dist(x,M) ≤ δ
}
✳ ❊♥tã♦✱

lim
ǫ→0

sup
u∈Ñǫ

inf
y∈Mδ

∣∣β(u)− y
∣∣ = 0.

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ❝♦♠♦ ♦ ▲❡♠❛ ✷✳✸✳✻✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ é ✉♠ r❡s✉❧t❛❞♦ ❞❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✳

❚❡♦r❡♠❛ ✸✳✶✳✶✺✳ ❉❛❞♦ δ > 0✱ ❡①✐st❡ ǫδ > 0 t❛❧ q✉❡ ✭Aǫ✮ t❡♠ ♣❡❧♦ ♠❡♥♦s catMδ
(M) ❞❡

s♦❧✉çõ❡s ♣♦s✐t✐✈❛s✱ ♣❛r❛ t♦❞♦ 0 < ǫ < ǫδ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ X = Xǫ✱ Ψ = Lǫ✱ ϕ = Jǫ✱ d = d0 + h(ǫ) ❡ ϕd = Ñǫ✱ ❡♠ q✉❡

Lǫ ❞❡✜♥❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ Nǫ✳ ❊♠ ✈✐rt✉❞❡ ❞♦ ❚❡♦r❡♠❛ ✺✳✷✵ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✼✹❪✱

❝♦♥❝❧✉✐✲s❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Jǫ r❡str✐t♦ ❛ Nǫ t❡♠ ♣❡❧♦ ♠❡♥♦s catÑǫ
(Ñǫ) ♣♦♥t♦s ❝rít✐❝♦s✱ ♣❛r❛

t♦❞♦ ǫ ∈ (0, ǫ)✳ P❛r❛ ✜♥❛❧✐③❛r✱ ❝♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❆ ♠♦tr❛✲s❡ q✉❡

catMδ
(M) ≤ catÑǫ

(Ñǫ),

s❡❣✉❡✲s❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Jǫ t❡♠ ♣❡❧♦ ♠❡♥♦s catMδ
(M) ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ❡♠ Nǫ ♣❛r❛ t♦❞♦

ǫ ∈ (0, ǫ)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉✐♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✽ ✈❡r✐✜❝❛✲s❡

q✉❡ t♦❞♦ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Jǫ r❡str✐t♦ ❛ Nǫ é ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Jǫ ❡♠ Xǫ✱ ♦ q✉❡ ✜♥❛❧✐③❛ ❛

❞❡♠♦♥str❛çã♦✳

✸✳✷ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ♣r♦✈❛r q✉❡ ❛s s♦❧✉çã♦ ❡♥❝♦♥tr❛❞❛s ♥♦ ❚❡♦r❡♠❛

✸✳✶✳✶✺ sã♦ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭P̃ǫ✮✱ ♣❛r❛ t♦❞♦ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ P❛r❛ ❡st❡ ✜♠✱

♣r✐♠❡✐r❛♠❡♥t❡ ❡st❛❜❡❧❡❝❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s té❝♥✐❝♦s✳
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Pr♦♣♦s✐çã♦ ✸✳✷✳✶✳ ❙❡❥❛ ǫn → 0 ❡ (un) ⊂ Nǫn t❛❧ q✉❡ Jǫn(un) → d0✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛

s❡q✉ê♥❝✐❛ (ỹn) ⊂ R
N ✱ t❛❧ q✉❡ vn(x) = un(x + ỹn) t❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠

W 1,Φ(RN)✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ yn → y ∈M ✱ ♦♥❞❡ yn = ǫnỹn✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✹✳

❆ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ é ❝r✉❝✐❛❧ ♣❛r❛ ♦ ❡st✉❞♦ q✉❡ s❡❣✉❡✳

▲❡♠❛ ✸✳✷✳✷✳ ❙❡❥❛♠ (xj) ⊂ Ωǫj ❡ (ǫj) s❡q✉ê♥❝✐❛s ❝♦♠ ǫj → 0 q✉❛♥❞♦ j → +∞✳ ❙❡

vj(x) = uǫj(x + xj) ♦♥❞❡ uǫj é ✉♠❛ s♦❧✉çã♦ ❞❡ (P̃ǫj) ♦❜t✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✳✶✺✱ ❡♥tã♦

(vj) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡ s✉❜❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ❞❡ R
N ✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ vj ✈❡r✐✜❝❛ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛




−∆Φvj + Vj(x)φ(|vj|)vj = g(ǫjx+ xj, vj), ❡♠ R
N ,

vj ∈ W 1,Φ(RN), vj > 0 ❡♠ R
N ,

✭Pj✮

♦♥❞❡ Vj(x) = V (ǫjx+ xj) ❡ xj = ǫjxj✳ ❆ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s q✉❡ ❡①✐st❡ C > 0 t❛❧ q✉❡

‖vj‖∞ ≤ C ∀j ∈ N.

❈♦♠ ❡st❛ ✜♥❛❧✐❞❛❞❡✱ ✜①❡♠♦s R1 ∈ (0, 1) ❡ x0 ∈ R
N ✳ ❉❛❞♦ K > 0✱ ❞❡✜♥❛ ❛s s❡q✉ê♥❝✐❛s

σn =
R1

2
+

R1

2n+1
, σn =

σn + σn+1

2
❡ Kn =

K

2

(
1− 1

2n+1

)
∀n = 0, 1, 2, ....

◆♦t❡ q✉❡✱

σn ↓ R1

2
, Kn ↑ K

2
❡ σn+1 < σn < σn < R1.

P❛r❛ ❝❛❞❛ n ∈ N ❝♦♥s✐❞❡r❡♠♦s

Jn,j =

∫

Aj,Kn,σn

(
(vj −Kn)

+
)γ∗
dx ❡ ξn = ξ

(
2n+1

R1

(
|x− x0| −

R1

2

))
, x ∈ R

N ,

♦♥❞❡ Aj,k,ρ =
{
x ∈ Bρ(x0) : vj(x) > k

}
♣❛r❛ k, ρ > 0 ❡ ξ ∈ C1(R) s❛t✐s❢❛③❡♥❞♦

0 ≤ ξ ≤ 1, ξ(t) = 1 s❡ t ≤ 1

2
, ξ(t) = 0 s❡ t ≥ 3

4
❡ |ξ′| < C.

❙❡❣✉✐♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✽✱ ♠♦str❛✲s❡ ❛

❡①✐stê♥❝✐❛ ❞❡ ❝♦♥st❛♥t❡s C, ζ > 0 ❡ D > 1 s❛t✐s❢❛③❡♥❞♦

Jn+1,j ≤ CDnJ1+ζ
n,j , n = 0, 1, 2, . . . , ✭✸✳✶✼✮
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❉❡ss❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♣r♦✈❛r q✉❡ ❡①✐st❡ K∗ ≥ 1 t❛❧ q✉❡

J0,j ≤ C− 1
ζD

− 1
ζ2 , ♣❛r❛ t♦❞♦ K ≥ K∗, ♣❛r❛ t♦❞♦ j ≈ +∞.

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡

J0,j =

∫

Aj,K0,σ0

(
(vj −K0)

+
)γ∗
dx ≤

∫

RN

(
(vj −

K

2
)+
)γ∗
dx.

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✶✱

vj → v ❡♠ W 1,Φ(RN). ✭✸✳✶✽✮

❖ ❧✐♠✐t❡ ❡♠ ✭✸✳✶✽✮ ❝♦♠ ❛ ✐♠❡rsã♦ ❝♦♥t✐♥✉❛W 1,Φ(RN) →֒ W 1,γ(RN) ✐♠♣❧✐❝❛♠ ♥❛ ❡①✐stê♥❝✐❛

❞❡ j0 ∈ N t❛❧ q✉❡

J0,j ≤
∫

RN

(
(v − K

2
)+
)γ∗
dx, ♣❛r❛ t♦❞♦ j ≥ j0.

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ q✉❛♥❞♦ K → +∞✱ ❞❡❞✉③✐♠♦s q✉❡

lim
K→+∞

J0,j = 0, ♣❛r❛ t♦❞♦ j ≥ j0.

❆ss✐♠✱ ❡①✐st❡ K∗ ≥ 1✱ t❛❧ q✉❡

J0,j ≤ C− 1
ζD

− 1
ζ2 , ♣❛r❛ t♦❞♦ K ≥ K∗, ♣❛r❛ t♦❞♦ j ≥ j0. ✭✸✳✶✾✮

❋✐①❛♥❞♦ K = K∗✱ ♣♦r ✭✸✳✶✼✮ ❡ ✭✸✳✶✾✮ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ▲❡♠❛ ✷✳✶✳✶✶✱ ♣❛r❛ ♦❜t❡r ♦ ❧✐♠✐t❡

Jn,j → 0 q✉❛♥❞♦ n→ ∞, ♣❛r❛ t♦❞♦ j ≥ j0.

P♦r ♦✉tr♦ ❧❛❞♦✱

lim
n→+∞

Jn,j =

∫

A
j,K

∗
2 ,

R1
2

(
(vj −

K∗

2
)+
)γ∗
dx.

P♦rt❛♥t♦✱

vj(x) ≤
K∗

2
q✳t✳♣✳ ❡♠ BR1

2
(x0), ♣❛r❛ t♦❞♦ j ≥ j0,

❞❡ ♦♥❞❡ s❡❣✉❡

‖vj‖∞ ≤ C ∀j ∈ N.
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♦♥❞❡ C = max{K∗

2
, ‖v1‖∞, ....., ‖vj0−1‖∞}✳ ❈♦♠❜✐♥❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ❛❝✐♠❛ ❝♦♠ ❛ t❡♦r✐❛

❞❡ r❡❣✉❧❛r✐❞❛❞❡✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ (vj) ⊂ C1,α
loc (R

N) ❡ ❡①✐st❡ v ∈ C1,α
loc (R

N) t❛❧ q✉❡

vj → v ❡♠ C1,α(Bρ0(0)), ∀ρ0 > 0.

▲❡♠❛ ✸✳✷✳✸✳ ❙❡❥❛♠ (ǫn) ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠ ǫn → 0 ❡ (xn) ⊂ Ωǫn ✉♠❛ s❡q✉ê♥❝✐❛ t❛❧ q✉❡

uǫn(xn) ≥ τ0 > 0✱ ♣❛r❛ t♦❞♦ n ∈ N ❡ ❛❧❣✉♠❛ τ0 > 0✱ ♦♥❞❡ uǫn é ✉♠❛ s♦❧✉çã♦ ❞❡ ✭Aǫ✮

♦❜t✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✳✶✺✳ ❊♥tã♦✱

lim
n→+∞

V (xn) = V0,

♦♥❞❡ xn = ǫnxn✳

❉❡♠♦♥str❛çã♦✳ ❙❡♥❞♦ Ω ❧✐♠✐t❛❞♦ ❡ xn ∈ Ω✱ ❡①✐st❡ x0 ∈ Ω t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜✲

s❡q✉ê♥❝✐❛✱

xn → x0 ❡♠ R
N .

❊♥tã♦✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ V ✱

lim
n→+∞

V (xn) = V (x0) ≥ V0. ✭✸✳✷✵✮

❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡

V (x0) > V0. ✭✸✳✷✶✮

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✶✳✶✺✱ t❡♠✲s❡ (uǫn) ⊂ Ñǫn ✳ ❆ss✐♠✱

cǫn ≤ Jǫn(uǫn) < d0 + h(ǫn)

♦ q✉❡ r❡s✉❧t❛

lim sup
n

cǫn ≤ d0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ ✈❡③ q✉❡

E0(tu) ≤ Jǫn(tu) ∀t ≥ 0 ❡ ∀u ∈ W 1,Φ(RN),

t❡♠✲s❡

d0 ≤ max
t≥0

E0(tuǫn) ≤ max
t≥0

Jǫn(tuǫn) ∀n ∈ N,
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♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r

d0 ≤ lim inf
n

cǫn .

P♦rt❛♥t♦✱

Jǫn(uǫn) → d0 ❡ J ′
ǫn
(uǫn)uǫn = 0.

▲♦❣♦✱ (uǫn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN)✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ vn(z) = uǫn(z + xn)

é ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ v ∈ W 1,Φ(RN) t❛❧ q✉❡

vn ⇀ v ❡♠ W 1,Φ(RN). ✭✸✳✷✷✮

❖r❛✱ ❝♦♠♦ uǫn(xn) ≥ τ0 > 0✱ ♦ ▲❡♠❛ ✸✳✷✳✷ ❝♦♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❝✐♠❛ ✐♠♣❧✐❝❛♠ ❡♠

v(0) ≥ τ0 > 0✱ ♠♦str❛♥❞♦ q✉❡ v 6≡ 0✳

P❛r❛ ❝❛❞❛ n ∈ N✱ s❡❥❛ tn > 0 t❛❧ q✉❡ tnvn ∈ M0✳ ❘❡♣❡t✐♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❞❛

❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✶✳✶✷✱ ✈❡r✐✜❝❛♠♦s q✉❡

tn → t∗ ❡♠ R.

❉❡✜♥❛ ṽn = tnvn ❡ ♦❜s❡r✈❡ q✉❡

E0(ṽn) =

∫

RN

Φ(|∇(tnvn)|)dx+ V0

∫

RN

Φ(|tnvn|)dx−
∫

RN

F (tnvn)dx

≤
∫

RN

Φ(|∇(tnvn)|)dx+
∫

RN

V (ǫnz + xn)Φ(|tnvn|)dx−
∫

RN

G(ǫnz + xn, tnvn)dx

=

∫

RN

Φ(|∇(tnuǫn |)dx+
∫

RN

V (ǫnz)Φ(|tnuǫn |)dx−
∫

RN

G(ǫnz, tnuǫn)dx

= Jǫn(tnuǫn) ≤ max
t≥0

Jǫn(tuǫn) = Jǫn(uǫn).

P♦rt❛♥t♦✱

d0 ≤ E0(ṽn) ≤ d0 + on(1),

✐♠♣❧✐❝❛♥❞♦ ❡♠ E0(ṽn) → dV0 ✳ ❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✸✳✸✱ ❞❡❞✉③✐♠♦s q✉❡

ṽn → ṽ ❡♠ W 1,Φ(RN), ✭✸✳✷✸✮

❝♦♠ ṽ = t∗v 6≡ 0✳ ❆❧é♠ ❞✐ss♦✱ E0(ṽ) = d0 ❡ ♣♦r ✭✸✳✷✶✮✱

d0 <

∫

RN

Φ(|∇ṽ|)dx+
∫

RN

V (x0)Φ(|ṽ|)dx−
∫

RN

F (ṽ)dx.
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❯s❛♥❞♦ ✭✸✳✷✸✮ ❝♦♠ ♦ ❧❡♠❛ ❞❡ ❋❛t♦✉✱ ✈❡♠ q✉❡

d0 < lim inf
n→+∞

[ ∫

RN

(
Φ(|∇ṽn|) + V (ǫnz + xn)Φ(|ṽn|)− F (ṽn)

)
dx
]

≤ lim inf
n→+∞

[ ∫

RN

(
Φ(|∇(tnvn)|) + V (ǫnz + xn)Φ(|tnvn|)−G(ǫnz + x, tnvn)

)
dx
]

= lim inf
n→+∞

Jǫn(tnuǫn) ≤ lim inf
n→+∞

Jǫn(uǫn) = d0

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ❞❡ ✭✸✳✷✵✮✱

lim
n→+∞

V (xn) = V0.

❆♥t❡s ❞❡ ❝♦♥❝❧✉✐r ❡st❛ s✉❜s❡çã♦ ❡st❛❜❡❧❡❝❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❞❡✲

♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❇✳

▲❡♠❛ ✸✳✷✳✹✳ ❙❡ κǫ = sup
{
max
∂Ωǫ

uǫ : uǫ ∈ Ñǫ é ✉♠❛ s♦❧✉çã♦ ❞❡ (P̃ǫ)
}
✱ ❡♥tã♦

lim
ǫ→0

κǫ = 0. ✭✸✳✷✹✮

❉❡♠♦♥str❛çã♦✳ ❆ss✉♠❛ q✉❡

lim inf
ǫ→0

κǫ > τ0 > 0,

♣❛r❛ ❛❧❣✉♠ τ0 > 0✳ ■st♦ ✐♠♣❧✐❝❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ (ǫn) ⊂ (0,+∞) ❡ xn ∈ ∂Ωǫn t❛✐s q✉❡

uǫn(xn) = max
x∈∂Ωǫn

uǫn(x) > τ0 ∀n ∈ N.

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✸✳✷✳✸✱

lim
n→+∞

V (xn) = V0,

♦♥❞❡ xn = ǫnxn✳ ❙❡♥❞♦ (xn) ⊂ ∂Ω✱ ❡①✐st❡ x0 ∈ ∂Ω t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

xn → x0✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ V (x0) = V0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦ ❝♦♠ ✭V1✮✳ P♦rt❛♥t♦✱

lim
ǫ→0

κǫ = 0.

✸✳✷✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❇

❊st❛♠♦s✱ ✜♥❛❧♠❡♥t❡✱ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❞❡♠♦♥str❛r ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣í✲

t✉❧♦✳ ❈♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❢❛❝✐❧✐t❛r ❛ ❧❡✐t✉r❛✱ ❞✐✈✐❞✐♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❡♠ ❞✉❛s ♣❛rt❡s✳
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P❛rt❡ ■✿ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✶✳✶✺✱ ❞❛❞♦ δ > 0 ❡①✐st❡ ǫδ > 0 t❛❧ q✉❡ ✭Aǫ✮ t❡♠ ♣❡❧♦ ♠❡♥♦s

catMδ
(M) ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s✱ ♣❛r❛ t♦❞♦ ǫ ∈ (0, ǫδ)✳ ❙❡❥❛ uǫ ✉♠❛ ❞❛s s♦❧✉çõ❡s ❞❡ ✭Aǫ✮✳

P❡❧♦ ▲❡♠❛ ✸✳✷✳✹ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡

κǫ < t0, ∀ǫ ∈ (0, ǫ).

❆ss✐♠✱ (uǫ − t0)
+ ∈ W 1,Φ

0 (RN\Ωǫ) ❡

ωǫ(x) =





0, se x ∈ Ωǫ,

(uǫ − t0)
+, se x ∈ R

N \ Ωǫ,

♣❡rt❡♥❝❡ ❛ W 1,Φ(RN)✳ ❯s❛♥❞♦ ωǫ ❝♦♠♦ ❢✉♥çã♦ t❡st❡✱ ❞❡❝♦rr❡ q✉❡

∫

RN\Ωǫ

φ(|∇uǫ|)∇uǫ∇(uǫ − t0)
+dx+

∫

RN\Ωǫ

V (ǫx)φ(|uǫ|)uǫ(uǫ − t0)
+dx

=

∫

RN\Ωǫ

g(ǫx, uǫ)(uǫ − t0)
+dx,

♦ q✉❡ ✐♠♣❧✐❝❛

(
1− 1

k

)[∫

RN\Ωǫ

φ(|∇(uǫ − t0)
+|)|∇(uǫ − t0)

+|2dx

+V0

∫

RN\Ωǫ

φ(|uǫ|)uǫ(uǫ − t0)
+dx

]
≤ 0.

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✶✶✱ t❡♠✲s❡ uǫ > 0✳ ❊♥tã♦✱ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡

∫

RN\Ωǫ

φ(|uǫ|)uǫ(uǫ − t0)
+dx = 0,

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

(uǫ − t0)
+ = 0 ❡♠ R

N\Ωǫ,

♠♦str❛♥❞♦ q✉❡ ❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r sã♦ ❞❡ ✭P̃ǫ✮✳
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P❛rt❡ ■✿ ❈♦♥❝❡♥tr❛çã♦ ❞♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦

❋✐♥❛❧♠❡♥t❡✱ s❡ uǫn é ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ (P̃ǫn)✳ ❊♥tã♦✱ vn(x) = uǫn(x + ỹn) é ✉♠❛

s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛




−∆Φvn + Vn(x)φ(|vn|)vn = f(vn), ❡♠ R
N ,

vn ∈ W 1,Φ(RN), vn > 0 ❡♠ R
N ,

✭Pn✮

♦♥❞❡ Vn(x) = V (ǫnx+ ǫnỹn) ❡ (ỹn) é ❛ s❡q✉ê♥❝✐❛ ♦❜t✐❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✶✳ ❆❧é♠ ❞✐ss♦✱

❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ vn → v ❡♠ W 1,Φ(RN) ❡ yn → y ❡♠ M ✱ ♦♥❞❡ yn = ǫnỹn✳ ❯s❛♥❞♦

q✉❡ g ≤ f ❡ ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥♦ ❧❡♠❛ ✷✳✸✳✶✵✱ ♠♦str❛✲s❡ q✉❡ ❡①✐st❡ α > 0

‖vn‖∞ > α, ∀n ∈ N.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ‖vn‖∞ ≤ C ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ ρ0 > 0

❡ qn ∈ Bρ0(0) t❛❧ q✉❡ vn(qn) = max
z∈RN

vn(z)✳ P♦rt❛♥t♦✱ xn = qn + ỹn é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦

❞❡ uǫn ❡

ǫnxn → y.

❉❡s❞❡ q✉❡ V é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡

lim
n→+∞

V (ǫnxn) = V (y) = V0.

❈♦♠❡♥tár✐♦ ✜♥❛❧✳

❙❡ uǫ é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ✭P̃ǫ✮✱ ❛ ❢✉♥çã♦ wǫ(x) = uǫ

(x
ǫ

)
é s♦❧✉çã♦ ♣♦s✐t✐✈❛

❞❡ ✭Pǫ✮✳ ▲♦❣♦✱ ♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦ zǫ ❡ xǫ ❞❡ wǫ ❡ uǫ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❛t✐s❢❛③❡♠ ❛

✐❣✉❛❧❞❛❞❡

zǫ = ǫxǫ,

❡ ♣♦rt❛♥t♦

lim
ǫ→0

V (zǫ) = V0,

♠♦str❛♥❞♦ ❛ ❝♦♥❝❡♥tr❛çã♦ ♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦ ❞❛s s♦❧✉çõ❡s ❡♠ t♦r♥♦ ❞♦s ♣♦♥t♦s ❞❡

♠í♥✐♠♦ ❞❡ V ✳





❈❛♣ít✉❧♦ ✹

❙♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲♣❡❛❦ ♣❛r❛ ✉♠❛

❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❛s✐❧✐♥❡❛r❡s ❡♠

R
N ❡♥✈♦❧✈❡♥❞♦ ❡s♣❛ç♦s ❞❡

❖r❧✐❝③✲❙♦❜♦❧❡✈

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st❛❜❡❧❡❝❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲♣❡❛❦ ♣❛r❛ ✭Pǫ✮✱ ♦♥❞❡

♦ ♣♦t❡♥❝✐❛❧ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦ ✭Ṽ0✮ ❡ ✭Ṽ1✮✳ ❆s ❢✉♥çõ❡s

φ : [0,+∞) → [0,+∞) ❡ f : R → R sã♦ ❞❡ ❝❧❛ss❡ C1 ✈❡r✐✜❝❛♥❞♦ ❛s ❤✐♣ót❡s❡s ♠❡♥❝✐♦♥❛❞❛s

♥❛ ■♥tr♦❞✉çã♦✳ ❈♦♠ ❡st❛ ✜♥❛❧✐❞❛❞❡✱ ♦ ❡st✉❞♦ ❞❡st❡ ❝❛♣ít✉❧♦ s❡rá ❞❡❞✐❝❛❞♦ ❛ s❡❣✉✐♥t❡

❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❛s✐❧✐♥❡❛r❡s





−∆Φu+ V (ǫx)φ(|u|)u = f(u), ❡♠ R
N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N .

✭P̃ǫ✮

❆q✉✐✱ ❣❡♥❡r❛❧✐③❛♠♦s ♦ ❡st✉❞♦ ❢❡✐t♦ ♣♦r ❆❧✈❡s ❡♠ ❬✸❪✱ ♥♦ s❡♥t✐❞♦ q✉❡✱ ♦❜t❡♠♦s ♦s

♠❡s♠♦s t✐♣♦s ❞❡ r❡s✉❧t❛❞♦s ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ♠❛✐s ❛♠♣❧❛ ❞❡ ♦♣❡r❛❞♦r❡s✳ ◆❡st❡ ♠♦♠❡♥t♦✱

✈❛❧❡ r❡ss❛❧t❛r✱ q✉❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ sã♦ ♦s ♣r✐♠❡✐r♦s ♥♦ ❝♦♥t❡①t♦

❞♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡st❛❜❡❧❡❝❡r ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲

♣❡❛❦✳
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✹✳✶ ❯♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r

◆❛ ♣r❡s❡♥t❡ s❡çã♦✱ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ é ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠

♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✉s❛♥❞♦ ❛ ♠❡s♠❛ ❛❜♦r❞❛❣❡♠ ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✸❪✱ ❬✷✽❪ ❡ ❬✹✼❪✳

❙❡❥❛ θ ♦ ♥ú♠❡r♦ ❞❛❞♦ ❡♠ ✭f3✮✱ a, ξ > 0 s❛t✐s❢❛③❡♥❞♦

ξ >
(θ − l)

(θ −m)

m

l
❡

f(a)

φ(a)a
=
V0
ξ
.

❯s❛♥❞♦ ♦s ♥ú♠❡r♦s ❛❝✐♠❛ ❞❡✜♥✐♠♦s ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦

f̃(s) =





f(s) se s ≤ a,
V0
ξ
φ(s)s se s > a.

❋✐①❛♥❞♦ Γ ⊂
{
1, ..., κ

}
❞❡✜♥✐♠♦s

Ω =
⋃

i∈Γ

Ωi

❡

g(x, s) = χΩ(x)f(s) + (1− χΩ(x))f̃(s),

♦♥❞❡ χΩ é ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❛♦ ❝♦♥❥✉♥t♦ Ω✳

P♦r ❞❡✜♥✐çã♦ g é ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② ✈❡r✐✜❝❛♥❞♦

g(x, s) = 0, ∀(x, s) ∈ R
N × (−∞, 0] ✭✹✳✶✮

❡

g(x, s) ≤ f(s), ∀(x, s) ∈ R
N × R. ✭✹✳✷✮

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ x ∈ R
N ✱ ❛ ❢✉♥çã♦ s→ g(x, s) é ❞❡ ❝❧❛ss❡ C1 ❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s

❝♦♥❞✐çõ❡s✿

✭g1✮ 0 ≤ θG(x, s) = θ

∫ s

0

g(x, t)dt ≤ g(x, s)s✱ ∀(x, s) ∈ Ω× (0,+∞)✳

✭g2✮ 0 < lG(x, s) ≤ g(x, s)s ≤ V0
ξ
φ(s)s2✱ ∀(x, s) ∈ Ωc × (0,+∞)✳

❯s❛♥❞♦ ❛ ❢✉♥çã♦ g✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r




−∆Φu+ V (ǫx)φ(|u|)u = g(ǫx, u), ❡♠ R
N ,

u ∈ W 1,Φ(RN), u > 0 ❡♠ R
N ,

✭Aǫ✮
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❉❡♥♦t❛r❡♠♦s ♣♦r ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ Jǫ : Xǫ → R
N ❞❛❞♦ ♣♦r

Jǫ(u) =

∫

RN

Φ(|∇u|)dx+
∫

RN

V (ǫx)Φ(|u|)dx−
∫

RN

G(ǫx, u)dx.

❆♥t❡s ❞❡ s❡❣✉✐r ❡♠ ❢r❡♥t❡✱ ❝♦♥✈é♠ r❡❝♦r❞❛r q✉❡ s❡ uǫ é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ✭Aǫ✮ ❝♦♠

uǫ(x) ≤ a ♣❛r❛ t♦❞♦ x ∈ R
N \Ωǫ ❝♦♠ Ωǫ = Ω/ǫ✱ ❡♥tã♦ uǫ é t❛♠❜é♠ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛

❞❡ ✭P̃ǫ✮✳

✹✳✶✳✶ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s s❡q✉ê♥❝✐❛s (PS)∗c

❆ ✜♥❛❧✐❞❛❞❡ ❞❡st❛ s❡çã♦ é ❡st❛❜❡❧❡❝❡r ✉♠ r❡s✉❧t❛❞♦ ❝r✉❝✐❛❧ ♣❛r❛ ❞❡♠♦♥str❛çã♦ ❞♦

❚❡♦r❡♠❛ ❈✳ ❆♥t❡s✱ ❝♦♥t✉❞♦✱ ❞❡ ♣❛ss❛r♠♦s à ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦✱ ♣r❡❝✐s❛♠♦s ❛♣r❡s❡♥t❛r

✉♠❛ ❞❡✜♥✐çã♦ q✉❡ s❡rá ✉s❛❞❛ ❛♦ ❧♦♥❣♦ ❞♦ ❝❛♣ít✉❧♦✳

❉✐r❡♠♦s q✉❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∗c q✉❛♥❞♦

(un) ⊂ Xǫn , ǫn → 0, Jǫn(un) → c ❡ ‖J ′
ǫn
(un)‖ → 0.

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s✉❜s❡çã♦ é ♦ s❡❣✉✐♥t❡✿

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∗c✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡

(un)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (un)✱ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ p✱ s❡q✉ê♥❝✐❛s ❞❡ ♣♦♥t♦s (yn,j) ⊂ R
N

❝♦♠ j = 1, ..., p t❛✐s q✉❡

ǫnyn,j → xj ∈ Ω ❡ |yn,j − yn,i| → +∞ q✉❛♥❞♦ n→ +∞

❡ ∥∥∥un(·)−
p∑

j=1

u0,j(· − yn,j)ϕǫn(· − yn,j)
∥∥∥
ǫn

→ 0 q✉❛♥❞♦ n→ +∞

♦♥❞❡ ϕǫ(x) = ϕ
(
x/(− ln ǫ)

)
♣❛r❛ 0 < ǫ < 1✱ ❡ ϕ é ✉♠❛ ❢✉♥çã♦ ❝♦rt❡ s❛t✐s❢❛③❡♥❞♦ ϕ(z) = 1

♣❛r❛ |z| ≤ 1✱ ϕ(z) = 0 ♣❛r❛ |z| ≥ 2 ❡ |∇ϕ| ≤ 2✳ ❆ ❢✉♥çã♦ u0,j 6= 0 é s♦❧✉çã♦ ♥ã♦ ♥❡❣❛t✐✈❛

❞❡

−∆Φu+ Vjφ(|u|)u = g0,j(x, u) ❡♠ R
N , (P j)

♦♥❞❡ Vj = V (xj) ≥ V0 > 0 ❡ g0,j(x, u) = lim
n→∞

g(ǫnx + ǫnyn,j, u)✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s c ≥ 0

❡

c =

p∑

j=1

J0,j(u0,j),
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♦♥❞❡ J0,j : W
1,Φ(RN) → R ❞❡♥♦t❛ ♦ ❢✉♥❝✐♦♥❛❧ ❞❛❞♦ ♣♦r

J0,j(u) =

∫

RN

Φ(|∇u|)dx+ Vj

∫

RN

Φ(|u|)dx−
∫

RN

G0,j(x, u)dx

❝♦♠ G0,j(x, t) =
∫ t
0
g0,j(x, s)ds✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∗c ✳ ❆r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥♦ ▲❡♠❛ ✸✳✶✳✸✱

♠♦str❛✲s❡ q✉❡ ❡①✐st❡ C > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n✱ t❛❧ q✉❡

‖un‖ǫn ≤ C ∀n ∈ N.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉s❛♥❞♦ ✭Ṽ0✮✱ ♦❜té♠✲s❡ (un) ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN)✳ ❖❜s❡r✈❡ q✉❡

c+ on(1) = Jǫn(un)−
1

θ
J ′
ǫn
(un)un. ✭✹✳✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠❜✐♥❛♥❞♦ ✭φ2✮ ❝♦♠ (g1)✲(g2)✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

Jǫn(un)−
1

θ
J ′
ǫn
(un)un ≥ C1

(∫

RN

Φ(|∇un|)dx+
∫

RN

V (ǫnx)Φ(|un|)dx
)
, ✭✹✳✹✮

♦♥❞❡ C1 =

[(
1 − m

θ

)
−
(
1 − l

θ

)
m
ξl

]
> 0✳ ❆ss✐♠✱ ❞❡ ✭✹✳✸✮ ❡ ✭✹✳✹✮ s❡❣✉❡ q✉❡ c ≥ 0 ❡✱ s❡

c = 0✱ r❡s✉❧t❛ q✉❡
∫

RN

Φ(|∇un|)dx→ 0 ❡
∫

RN

V (ǫnx)Φ(|un|)dx→ 0

✐♠♣❧✐❝❛♥❞♦ q✉❡ ‖un‖ǫn → 0✳ ❉❡ss❛ ❢♦r♠❛✱ ❞❡ss❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r

❛♣❡♥❛s ♦ ❝❛s♦ ❡♠ q✉❡ c > 0✳

❆✜r♠❛♠♦s q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ρ, a✱ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (un)✱ ❛✐♥❞❛

❞❡♥♦t❛❞❛ ♣♦r (un)✱ ❡ ✉♠❛ s❡q✉ê♥❝✐❛ (yn,1) ⊂ R
N t❛✐s q✉❡

∫

Bρ(yn,1)

Φ(|un(x)|)dx ≥ a > 0, ∀n ∈ N. ✭✹✳✺✮

❈❛s♦ ❝♦♥trár✐♦✱ ❞❡s❞❡ q✉❡ (un) é ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN)✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✳✸✶✱
∫

RN

B(|un|)dx→ 0.

❖❜s❡r✈❛♥❞♦ q✉❡

J ′
ǫn
(un)un =

∫

RN

φ(|∇un|)|∇un|2dx+
∫

RN

V (ǫnx)φ(|un|)|un|2dx

−
∫

RN\Ωǫn

g(ǫnx, un)undx−
∫

Ωǫn

f(un)undx,
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❡ ✉s❛♥❞♦ ✭f1✮✱ ✭φ2✮ ❡ ✭b2✮✱ ♦❜t❡♠♦s

c1

∫

RN

B(|un|)dx+ J ′
ǫn
(un)un ≥ l

(
1− 1

ξ

)(∫

RN

Φ(|∇un|)dx+
∫

RN

V (ǫnx)Φ(|un|)dx
)

❡✱ ♣♦rt❛♥t♦✱ ∫

RN

Φ(|∇un|)dx→ 0 ❡
∫

RN

V (ǫnx)Φ(|un|)dx→ 0.

❖r❛✱ ❝♦♠♦

c+ on(1) = Jǫn(un)

✭✹✳✶✮︷︸︸︷
≤
∫

RN

Φ(|∇un|)dx+
∫

RN

V (ǫnx)Φ(|un|)dx

❞❡❞✉③✐♠♦s q✉❡ c = 0 ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♠♦str❛♥❞♦ q✉❡ ✭✹✳✺✮ ♦❝♦rr❡✳

◆♦ q✉❡ s❡❣✉❡✱ ❝♦♥s✐❞❡r❡ wn,1(x) = un(x + yn,1)✳ ❯s❛♥❞♦ ✭Ṽ0✮✱ ♠♦str❛✲s❡ q✉❡ (wn,1)

❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN)✳ ▲♦❣♦✱ ❡①✐st❡ u0,1 ∈ W 1,Φ(RN) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

wn,1 ⇀ u0,1 ❡♠ W 1,Φ(RN).

❖ ❧✐♠✐t❡ ❛❝✐♠❛ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✹✳✺✮ ✐♠♣❧✐❝❛ q✉❡ u0,1 6= 0✳

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♣r♦✈❛r q✉❡ u0,1 é ✉♠❛ s♦❧✉çã♦ ❞❡ (P 1)✱ ♠♦str❛r❡♠♦s ♣r✐♠❡✐r♦ ❛

❛✜r♠❛çã♦ s❡❣✉✐♥t❡✳

❆✜r♠❛çã♦ ✹✳✶✳✷✳ ❆ s❡q✉ê♥❝✐❛ (ǫnyn,1) é ❧✐♠✐t❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ x1 ∈ Ω t❛❧ q✉❡✱ ❛

♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ǫnyn,1 → x1✳

❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ (ǫnyn,1) é ✉♠❛ s❡q✉ê♥❝✐❛ ✐❧✐♠✐t❛❞❛✳ ❊♥tã♦✱ s❡♠

♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

|ǫnyn,1| → +∞.

❯s❛♥❞♦ ♦ ❧✐♠✐t❡ lim
ǫ→0

ǫ ln ǫ = 0✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

ǫnyn,1 + ǫnx ∈ R
N \ Ω ♣❛r❛ |x| < 2| ln ǫn|.

❈♦♥s✐❞❡r❛♥❞♦ vn(x) = un(x)ϕǫn(x − yn,1)✱ t❡♠✲s❡ (‖vn‖ǫn) ❧✐♠✐t❛❞❛ ❡♠ R ❡✱ s❡♥❞♦ (un)

✉♠❛ s❡q✉ê♥❝✐❛ (PS)∗c ✱ ✈❡♠ q✉❡ J ′
ǫn
(un)vn = on(1)✳
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P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦t❡ q✉❡

J ′
ǫn
(un)vn =

∫

RN

φ(|∇un|)∇un∇vndx+
∫

RN

V (ǫnx)φ(|un|)unvndx

−
∫

RN

g(ǫnx, un)vndx

✭Ṽ0✮︷︸︸︷
≥

∫

RN

(
φ(|∇un|)|∇un|2 + V0φ(|un|)|un|2

)
ϕǫn(x− yn,1)dx

+

∫

RN

unφ(|∇un|)∇un∇ϕǫn(x− yn,1)−
∫

RN

g(ǫnx, un)unϕǫn(x− yn,1)dx

(φ2)︷︸︸︷
≥ l

∫

RN

(
Φ(|∇un|) + V0Φ(|un|)

)
ϕǫn(x− yn,1)dx

− 2

| ln ǫn|

∫

RN

φ(|∇un|)|∇un||un|dx−
∫

RN

g(ǫnx, un)unϕǫn(x− yn,1)dx.

❆❧é♠ ❞✐ss♦✱ ∫

RN

φ(|∇un|)|∇un||un|dx < +∞,

♣♦✐s s❡♥❞♦ (un) ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN)✱ ❛♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ t❡♠♦s

∫

RN

φ(|∇un|)|∇un||un|dx
❨♦✉♥❣︷︸︸︷
≤

∫

RN

Φ̃(φ(|∇un|)|∇un|)dx+
∫

RN

Φ(|un|)dx

▲❡♠❛1.1.17︷︸︸︷
≤

∫

RN

Φ(2|∇un|)dx+
∫

RN

Φ(|un|)dx

≤ (c+ 1)

∫

RN

Φ(|un|)dx < +∞.

❘❡❝♦r❞❡ q✉❡ s❡ |x| < 2| ln ǫn|✱ ❡♥tã♦ ǫnyn,1 + ǫnx ∈ R
N\Ω ♣❛r❛ t♦❞♦ n s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✳ ❆ss✐♠✱

J ′
ǫn
(un)vn ≥ l

∫

RN

(
Φ(|∇un|) + V0Φ(|un|)

)
ϕǫn(x− yn,1)dx

−
∫

RN

g(ǫnx, un)unϕǫn(x− yn,1)dx+ on(1)

= l

∫

RN

(
Φ(|∇wn,1|) + V0Φ(|wn,1|)

)
ϕǫn(x)dx

−
∫

RN\Ω

g(ǫnx+ ǫnyn,1, wn,1)wn,1ϕǫn(x)dx+ on(1)

(g2)︷︸︸︷
≥

(
l − 1

ξ

)∫

RN

(
Φ(|∇wn,1|) + V0Φ(|wn,1|)

)
ϕǫn(x)dx+ on(1).
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❉❡s❞❡ q✉❡ wn,1 ⇀ u0,1 ❡♠ W 1,Φ(RN)✱ ♣❡❧♦ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱ s❡❣✉❡✲s❡

∫

RN

(
Φ(|∇u0,1|) + V0Φ(|u0,1|)

)
dx = 0

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ u0,1 = 0 ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♠♦str❛♥❞♦ q✉❡ (ǫnyn,1) é ✉♠❛

s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✳ ❉❡ss❛ ❢♦r♠❛✱ ❡①✐st❡ x1 ∈ R
N t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

ǫnyn,1 → x1.

❆❣♦r❛✱ s❡❣✉✐♥❞♦ ❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦ ❛♥t❡r✐♦r ✈❡r✐✜❝❛✲s❡ q✉❡ x1 ∈ Ω✱ ♦ q✉❡ ♣r♦✈❛

❛ ❆✜r♠❛çã♦ ✹✳✶✳✷✳

❱❡❥❛♠♦s ❛❣♦r❛ q✉❡ u0,1 é ✉♠❛ s♦❧✉çã♦ ❞❡ (P 1)✳ ❆r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥♦ ▲❡♠❛ ✷✳✷✳✹✱

♦❜té♠✲s❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (wn,1)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (wn,1)✱ t❛❧ q✉❡

wn,1(x) → u0,1(x) ❡ ∇wn,1(x) → ∇u0,1(x) q✳t✳♣✳ ❡♠ R
N . ✭✹✳✻✮

❉❛❞♦ v ∈ C∞
0 (RN) ♦❜s❡r✈❛♠♦s q✉❡

J ′
ǫn
(un)

(
v(x− yn,1)

)
= on(1),

♦✉ s❡❥❛✱

on(1) =

∫

RN

φ(|∇wn,1(x)|)∇wn,1(x)∇vdx+
∫

RN

V (ǫnx+ ǫnyn,1)φ(|wn,1(x)|)wn,1(x)vdx

−
∫

RN

g(ǫnx+ ǫnyn,1, wn,1)vdx.

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✷✳✸ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❆✜r♠❛çã♦ ✹✳✶✳✷✱ r❡s✉❧t❛ q✉❡

∫

RN

φ(|∇wn,1(x)|)∇wn,1(x)∇vdx→
∫

RN

φ(|∇u0,1(x)|)∇u0,1∇vdx,
∫

RN

V (ǫnx+ ǫnyn,1)φ(|wn,1(x)|)wn,1(x)vdx→
∫

RN

V (x1)φ(|u0,1(x)|)u0,1vdx

❡ ∫

RN

g(ǫnx+ ǫnyn,1, wn,1)vdx→
∫

RN

g(x1, u0,1)vdx

♦♥❞❡✱ ♥♦ ú❧t✐♠♦ ❧✐♠✐t❡✱ ✉s❛♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ wn,1 ⇀ u0,1 ❡♠ W 1,Φ(RN)✳ ❆ss✐♠✱

∫

RN

φ(|∇u0,1(x)|)∇u0,1∇vdx+
∫

RN

V (x1)φ(|u0,1(x)|)u0,1vdx =

∫

RN

g(x1, u0,1)vdx,
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♣♦r ❝♦♥s❡❣✉✐♥t❡✱ u0,1 é s♦❧✉çã♦ ❞❡ (P 1)✳

❆ s❡❣✉✐r✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ❝♦♥s✐❞❡r❡

u1n(x) = un(x)− (u0,1ϕǫn)(x− yn,1).

❆❣♦r❛✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ ✐♠❡❞✐❛t♦ é ♠♦str❛r q✉❡ (u1n) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∗c−J0,1(u0,1)✱ ✐st♦

é✱

Jǫn(u
1
n) → c− J0,1(u0,1) ❡ ‖J ′

ǫn
(u1n)‖ → 0.

Pr✐♠❡✐r❛♠❡♥t❡✱ ♣r♦✈❛r❡♠♦s q✉❡

Jǫn(u
1
n) → c− J0,1(u0,1). ✭✹✳✼✮

P❛r❛ t❛♥t♦✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r ❛

❆✜r♠❛çã♦ ✹✳✶✳✸✳

Jǫn(u
1
n) = Jǫn(un)− Jǫn

(
(u0,1ϕǫn)(x− yn,1)

)
+ on(1).

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ ♣♦r ✉♠ ♠♦♠❡♥t♦ q✉❡ ♦ ❧✐♠✐t❡ ❛❝✐♠❛ ♦❝♦rr❡✳ ❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ϕǫn ✱

✉♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡

u0,1ϕǫn → u0,1 ❡♠ W 1,Φ(RN). ✭✹✳✽✮

❊♥tã♦✱

Jǫn
(
(u0,1ϕǫn)(x− yn,1)

)
→ J0,1(u0,1)

❡ ❝♦♠♦ Jǫn(un) → c✱ s❡❣✉❡✲s❡ ✭✹✳✼✮✳

◆♦ q✉❡ s❡❣✉❡✱ ❞❡✜♥❛

Ln,1 =

∫

RN

(
Φ(|∇u1n|)− Φ(|∇un|) + Φ(|∇(u0,1ϕǫn)(x− yn,1)|)

)
dx,

Ln,2 =

∫

RN

(
Φ(|u1n|)− Φ(|un|) + Φ(|(u0,1ϕǫn)(x− yn,1)|)

)
V (ǫnx)dx,

Ln,3 =

∫

RN

(
G(ǫnx, un)−G(ǫnx, u

1
n)−G

(
ǫnx, (u0,1ϕǫn)(x− yn,1)

))
dx.
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❆ ✜♠ ❞❡ q✉❡ s❡ t❡♥❤❛ ❛ ❆✜r♠❛çã♦ ✹✳✶✳✸ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡

Ln,1 + Ln,2 + Ln,3 = on(1). ✭✹✳✾✮

❉❡ss❛ ❢♦r♠❛✱ ♥❛ s❡q✉ê♥❝✐❛✱ ✈❡r✐✜❝❛r❡♠♦s ❛ ✈❛❧✐❞❛❞❡ ❞❡ ✭✹✳✾✮✳ ❈♦♠❡ç❛♠♦s ♥♦t❛♥❞♦ q✉❡

Ln,1 =

∫

B2| ln ǫn|(0)

(
Φ(|∇wn,1 −∇(u0,1ϕǫn)|)− Φ(|∇wn,1|) + Φ(|∇(u0,1ϕǫn)|)

)
dx

=

∫

B2| ln ǫn|(0)

(
Φ(|∇wn,1 −∇(u0,1ϕǫn)|)− Φ(|∇wn,1|) + Φ(|∇u0,1|)

)
dx+ on(1),

♦♥❞❡✱ ♥❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✱ ✉s❛♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛❞❛ ❡♠ ✭✹✳✽✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠❜✐✲

♥❛♥❞♦ ✭✹✳✻✮ ❝♦♠ ♦ ▲❡♠❛ ✷✳✷✳✶✵ ❞❡❝♦rr❡ q✉❡

∫

RN

Φ(|∇wn,1 −∇u0,1|)dx =

∫

RN

Φ(|∇wn,1|)dx−
∫

RN

Φ(|∇u0,1|)dx+ on(1).

▲♦❣♦✱

Ln,1 =

∫

B2| ln ǫn|(0)

(
Φ(|∇wn,1 −∇(u0,1ϕǫn)|)− Φ(|∇wn,1 −∇u0,1|)

)
dx+ on(1). ✭✹✳✶✵✮

❙❡❣✉❡✲s❡ ❞♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱

∣∣∣Φ(|∇wn,1 −∇(u0,1ϕǫn)|)− Φ(|∇wn,1 −∇u0,1|)
∣∣∣ ≤ φ(|θn|)|θn||∇(u0,1ϕǫn)−∇u0,1|,

♦♥❞❡ |θn| ≤ 2(|∇wn,1|+ |∇u0,1|)✳ ❯♠❛ ✈❡③ q✉❡
(
φ(|θn|)|θn|

)
é ❧✐♠✐t❛❞❛ ❡♠ LΦ(RN)✱ ♣♦✐s

∫

RN

Φ̃
(
φ(|θn|)|θn|

)
dx

▲❡♠❛1.1.17︷︸︸︷
≤

∫

RN

Φ(2|θn|)dx
∆2︷︸︸︷
≤ c1

∫

RN

Φ(|∇wn,1|)dx+ c2

∫

RN

Φ(|∇u0,1|)dx < +∞,

♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r q✉❡

∫

B2| ln ǫn|(0)

φ(|θn|)|θn||∇(u0,1ϕǫn)−∇u0,1|dx ≤ 2‖φ(|θn|)|θn|‖Φ̃‖∇(u0,1ϕǫn)−∇u0,1‖Φ.

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ✭✹✳✽✮ ✐♠♣❧✐❝❛ q✉❡

∫

B2| ln ǫn|(0)

∣∣∣Φ(|∇wn,1 −∇(u0,1ϕǫn)|)− Φ(|∇wn,1 −∇u0,1|)
∣∣∣dx = on(1). ✭✹✳✶✶✮
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❉❡ ✭✹✳✶✵✮ ❡ ✭✹✳✶✶✮✱ s❡❣✉❡ q✉❡ Ln,1 = on(1)✳ Pr♦❝❡❞❡♥❞♦✲s❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♦❜t❡♠♦s

Ln,2 = on(1)✳ ❘❡st❛✲♥♦s ♣r♦✈❛r q✉❡

Ln,3 = on(1).

P❛r❛ ✐ss♦✱ ♦❜s❡r✈❡ q✉❡✱ ❡❢❡t✉❛♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧

Ln,3 =

∫

RN

(
G(ǫnx+ ǫnyn,1, wn,1)−G(ǫnx+ ǫnyn,1, wn,1 − (u0,1ϕǫn))

−G
(
ǫnx+ ǫnyn,1, (u0,1ϕǫn)

))
dx.

❉❡s❞❡ q✉❡

u0,1ϕǫn → u0,1 ❡♠ W 1,Φ(RN),

♣♦r ✭f1✮✱ ❞❛❞♦ η > 0 ❡①✐t❡♠ ρ > 0 ❡ n0,1 ∈ N t❛✐s q✉❡
∣∣∣∣∣

∫

|x|≥ρ

G
(
ǫnx+ ǫnyn,1, (u0,1ϕǫn)

)
dx

∣∣∣∣∣ ≤ η, ♣❛r❛ t♦❞♦ n ≥ n0,1.

❆❧é♠ ❞✐ss♦✱ ❛♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✹✳✷✮✱ t❡♠♦s
∣∣∣G(ǫnx+ ǫnyn,1, wn,1)−G(ǫnx+ ǫnyn,1, wn,1 − (u0,1ϕǫn))

∣∣∣ ≤ |f(θn)||u0,1|,

♦♥❞❡ |θn| ≤ 2|wn,1|+ u0,1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ✭f1✮

f(θn)u0,1 ≤ ηφ(|θn|)|θn||u0,1|+ cηb(|θn|)|θn||u0,1|

❙❡♥❞♦
(
φ(|θn|)|θn|

)
❡
(
b(|θn|)|θn|

)
❧✐♠✐t❛❞❛s ❡♠ LΦ̃(RN) ❡ LB̃(RN)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❡❣✉❡

❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ✭✹✳✽✮ q✉❡ ❡①✐st❡ n0,2 ∈ N t❛❧ q✉❡
∣∣∣∣∣

∫

|x|≥ρ

(
G(ǫnx+ ǫnyn,1, wn,1)−G(ǫnx+ ǫnyn,1, wn,1 − (u0,1ϕǫn))

)
dx

∣∣∣∣∣ ≤ η,

♣❛r❛ t♦❞♦ n ≥ n0,2✳ P❡❧❛s ✐♠❡rsõ❡s

W 1,Φ(RN) →֒ LΦ(Bρ(0)) ❡ W 1,Φ(RN) →֒ LB(Bρ(0))

❝♦♠♣❛❝t❛s✱ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ❛❝❛rr❡t❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ n0,3 ∈ N s❛t✐s❢❛③❡♥❞♦
∣∣∣∣∣

∫

|x|≤ρ

(
G(ǫnx+ ǫnyn,1, wn,1)−G(ǫnx+ ǫnyn,1, wn,1 − (u0,1ϕǫn))

−G
(
ǫnx+ ǫnyn,1, (u0,1ϕǫn)

))
dx

∣∣∣∣∣ ≤ η ♣❛r❛ t♦❞♦ n ≥ n0,3.
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❙❡❣✉❡ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛♥t❡r✐♦r❡s q✉❡ Ln,3 = on(1) ❡✱ ♣♦rt❛♥t♦✱ ❛ ❆✜r♠❛çã♦ ✹✳✶✳✸ é

✈á❧✐❞❛✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡

‖J ′
ǫn
(u1n)‖ → 0. ✭✹✳✶✷✮

P❛r❛ t❛♥t♦✱ ❜❛st❛ ♠♦str❛r ❛

❆✜r♠❛çã♦ ✹✳✶✳✹✳

‖J ′
ǫn
(un)− J ′

ǫn
(u1n)− J ′

ǫn

(
(u0,1ϕǫn)(x− yn,1)

)
|| → 0.

❈♦♠ ❡❢❡✐t♦✱ ❞❡s❞❡ q✉❡

u0,1ϕǫn → u0,1 ❡♠ W 1,Φ(RN),

t❡♠✲s❡

J ′
ǫn

(
(u0,1ϕǫn)(x− yn,1)

)
→ J ′

0,1(u0,1) = 0

❡ ❝♦♠♦ ‖J ′
ǫn
(un)‖ → 0✱ ♣♦✐s (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∗c ✱ ♦❜té♠✲s❡ ♦ ❧✐♠✐t❡ ❡♠ ✭✹✳✶✷✮✳

❆ s❡❣✉✐r✱ ✐r❡♠♦s ✈❡r✐✜❝❛r q✉❡ ❛ ❆✜r♠❛çã♦ ✹✳✶✳✹ ♦❝♦rr❡✳ P❛r❛ ✐st♦✱ s❡❥❛ ψn ∈ Xǫn ❝♦♠

‖ψn‖ǫn ≤ 1✳ ❆♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✱
∣∣∣∣∣

∫

RN

(
φ(|∇wn,1|)∇wn,1 − φ(|∇vn,1|)∇vn,1 − φ(|∇u0,1|)∇u0,1

)
∇ψn(x+ yn,1)dx

∣∣∣∣∣
≤ 2‖|φ(|∇wn,1|)∇wn,1 − φ(|∇vn,1|)∇vn,1 − φ(|∇u0,1|)∇u0,1|‖Φ̃‖∇ψn‖Φ
≤ 2on(1)‖ψn‖ǫn ✭✹✳✶✸✮

♦♥❞❡ vn,1 = wn,1 − u0,1✳ ❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ u0,1ϕǫn → u0,1 ❡♠ W 1,Φ(RN)✱

❝♦♥❝❧✉✐✲s❡

∫

RN

(
φ
(
|∇vn,1|

)
∇vn,1 − φ(|∇u1n(x+ yn,1)|)∇u1n(x+ yn,1)

)
∇ψn(x+ yn,1)dx = on(1) ✭✹✳✶✹✮

❡

∫

RN

(
φ(|∇u0,1|)∇u0,1 − φ(|∇(u0,1ϕǫn)|)∇(u0,1ϕǫn)

)
∇ψn(x+ yn,1)dx = on(1). ✭✹✳✶✺✮
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❈♦♥s✐❞❡r❛♥❞♦

Ln,4 =

∫

RN

(
φ(|∇un|)∇un−φ(|∇u1n|)∇u1n−φ(|∇(u0,1ϕǫn)(x−yn,1)|)∇(u0,1ϕǫn)(x−yn,1)

)
∇ψndx,

❡ ✉s❛♥❞♦ ✭✹✳✶✹✮✲✭✹✳✶✺✮✱ ✜❝❛♠♦s ❝♦♠

Ln,4 =

∫

RN

(
φ(|∇wn,1|)∇wn,1 − φ(|∇vn,1|)∇vn,1 − φ(|∇u0,1|)∇u0,1

)
∇ψn(x+ yn,1)dx+ on(1).

▲♦❣♦✱ ♣♦r ✭✹✳✶✸✮

sup
‖ψn‖ǫn≤1

Ln,4 = on(1).

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❝♦♥s✐❞❡r❛♥❞♦

Ln,5 =

∫

RN

(
φ(|un|)un−φ(|u1n|)u1n−φ(|(u0,1ϕǫn)(x−yn,1)|)(u0,1ϕǫn)(x−yn,1)

)
ψnV (ǫnx)dx,

✈❡r✐✜❝❛✲s❡ q✉❡

sup
‖ψn‖ǫn≤1

Ln,5 = on(1).

P♦r ✜♠✱ ❞❡✜♥✐♥❞♦

Ln,6 =

∫

RN

(
g(ǫnx, un)− g(ǫnx, u

1
n)− g

(
ǫnx, (u0,1ϕǫn)(x− yn,1)

))
ψndx

❡ ♣r♦❝❡❞❡♥❞♦ ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ❛ ❞❡♠♦♥str❛çã♦ q✉❡ Ln,3 = on(1)✱ ♠♦str❛✲s❡

sup
‖ψn‖ǫn≤1

Ln,6 = on(1).

P♦rt❛♥t♦✱

sup
‖ψn‖ǫn≤1

|Ln,4 − Ln,5 − Ln,6| = on(1),

♦ q✉❡ ♣r♦✈❛ ❛ ❆✜r♠❛çã♦ ✹✳✶✳✹✳ P♦r ✭✹✳✼✮ ❡ ✭✹✳✶✷✮✱ r❡s✉❧t❛ q✉❡ (u1n) é ✉♠❛ s❡q✉ê♥❝✐❛

(PS)∗c−J0,1(u0,1)✳

❯♠❛ ✈❡③ q✉❡ (u1n) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∗c−J0,1(u0,1)✱ ♣♦❞❡♠♦s r❡♣❡t✐r ♦s ❛r❣✉♠❡♥t♦s

❛♥t❡r✐♦r❡s ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ s❡q✉ê♥❝✐❛ (yn,2) ⊂ R
N ✈❡r✐✜❝❛♥❞♦

∫

Bρ(yn,2)

Φ(|u1n(x)|)dx ≥ a1 > 0. ✭✹✳✶✻✮

◆♦t❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ (yn,2) ♣♦❞❡ s❡r ❡s❝♦❧❤✐❞❛ ❞❡ ♠❛♥❡✐r❛ q✉❡

|yn,2 − yn,1| → +∞. ✭✹✳✶✼✮
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❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡
(
|yn,2 − yn,1|

)
é ❧✐♠✐t❛❞❛ ❡♠ R✳ ❆ss✐♠✱ ♣♦r ✭✹✳✶✻✮✱

❡①✐st❡ ρ1 > 0 t❛❧ q✉❡
∫

Bρ(yn,2)

Φ(|u1n(x)|)dx ≤
∫

Bρ1 (0)

Φ(|wn(x)− (u0,1ϕǫn)(x)|)dx.

❊♥tã♦✱ ∫

Bρ1 (0)

Φ(|wn(x)− (u0,1ϕǫn)(x)|)dx ≥ a1, ∀n ∈ N,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s wn − u0,1ϕǫn → 0 ❡♠ LΦ(Bρ1(0))✱ ✐ss♦ ♠♦str❛ ♦ ❧✐♠✐t❡ ❡♠

✭✹✳✶✼✮✳

❈♦♥s✐❞❡r❛♥❞♦ wn,2(x) = u1n(x + yn,2) s❡❣✉❡ q✉❡ (wn,2) é ❧✐♠✐t❛❞❛ ❡♠ W 1,Φ(RN) ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ u0,2 ∈ W 1,Φ(RN) t❛❧ q✉❡

wn,2 ⇀ u0,2 ❡♠ W 1,Φ(RN).

❙❡❣✉✐♥❞♦ ❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦ ✉s❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡❞✉③✐♠♦s q✉❡

wn,2(x) → u0,2(x), ∇wn,2(x) → ∇u0,2(x) q✳t✳♣✳ ❡♠ R
N .

❆❧é♠ ❞✐ss♦✱ ♠♦str❛✲s❡ q✉❡ u0,2 é s♦❧✉çã♦ ❞❡ (P 2) ❡ s❡q✉ê♥❝✐❛ (u2n) ❞❛❞❛ ♣♦r

u2n(x) = u1n(x)− (u0,2ϕǫn)(x− yn,2)

✈❡r✐✜❝❛

Jǫn(u
2
n) → c− J0,1(u0,1)− J0,2(u0,2) ❡ ‖J ′

ǫn
(u2n)‖∗ǫn → 0,

✐st♦ é✱ (u2n) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∗c−J0,1(u0,1)−J0,2(u0,2)✳ ❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦✱

❡♥❝♦♥tr❛♠♦s s❡q✉ê♥❝✐❛s (yn,s) ⊂ R
N ❡ (usn) ⊂ W 1,Φ(RN) ❝♦♠

usn(x) = us−1
n (x)− (u0,sϕǫn)(x− yn,s)

s❛t✐s❢❛③❡♥❞♦

Jǫn(u
s
n) → c−

s∑

i=1

J0,i(u0,i), ‖J ′
ǫn
(usn)‖∗ǫn → 0 ❡ |yn,j−yn,i| → +∞ q✉❛♥❞♦ n→ +∞.

❋✐♥❛❧♠❡♥t❡✱ ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ❬✹✼✱ Pr♦♣♦s✐çã♦ ✷✳✷❪✱ ❡♥❝♦♥tr❛♠♦s p ∈ N t❛❧ q✉❡

Jǫn(u
p
n) → 0 ❡ ‖J ′

ǫn
(upn)‖∗ǫn → 0,
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✐♠♣❧✐❝❛♥❞♦ q✉❡

‖upn‖ǫn → 0 ❡ c =

p∑

i=1

J0,i(u0,i),

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

✹✳✷ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ (P̃ǫ)

◆❡st❛ s❡çã♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❡s♣❡❝✐❛❧ ♣❛r❛ Jǫ

♣❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ ❊st❡ ❢❛t♦ é ❢✉♥❞❛♠❡♥t❛❧ ♥♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♥❛ ♣r♦✈❛

❞❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲♣❡❛❦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pǫ)✳

◆♦ q✉❡ s❡❣✉❡✱ s❡❥❛♠ Ω̃ǫ,1, Ω̃ǫ,2, ..., Ω̃ǫ,κ ⊂ R
N ❝♦♥❥✉♥t♦s ❛❜❡rt♦s ❧✐♠✐t❛❞♦s s❛t✐s❢❛③❡♥❞♦

Ωǫ,i ⊂ Ω̃ǫ,i ❡ Ω̃ǫ,i ∩ Ω̃ǫ,j = ∅ ♣❛r❛ i 6= j.

❆ s❡❣✉✐r✱ ❞❡♥♦t❛♠♦s ♣♦r Ei : W 1,Φ(RN) → R ❡ Eǫ,i : X̃ǫ,i → R ♦s s❡❣✉✐♥t❡s ❢✉♥❝✐♦♥❛✐s

Ei(u) =

∫

RN

Φ(|∇u|)dx+
∫

RN

αiΦ(|u|)dx−
∫

RN

F (u)dx

❡

Ẽǫ,i(u) =

∫

Ω̃ǫ,i

Φ(|∇u|)dx+
∫

Ω̃ǫ,i

V (ǫx)Φ(|u|)dx−
∫

Ω̃ǫ,i

G(ǫx, u)dx,

♦♥❞❡ X̃ǫ,i ❞❡♥♦t❛ ♦ s✉❜❡s♣❛ç♦ ❞❡ W 1,Φ(Ω̃ǫ,i) ❞❛❞♦ ♣♦r

X̃ǫ,i =
{
u ∈ W 1,Φ(Ω̃ǫ,i) :

∫

Ω̃ǫ,i

V (ǫx)Φ(|u|)dx < +∞
}
,

♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖X̃ǫ,i
= ‖∇u‖Φ,Ω̃ǫ,i

+ ‖u‖Φ,Vǫ,Ω̃ǫ,i
,

♦♥❞❡

‖∇u‖Φ,Ω̃ǫ,i
:= inf

{
λ > 0 ;

∫

Ω̃ǫ,i

Φ
( |∇u|

λ

)
dx ≤ 1

}

❡

‖u‖Φ,Vǫ,Ω̃ǫ,i
:= inf

{
λ > 0 ;

∫

Ω̃ǫ,i

V (ǫx)Φ
( |u|
λ

)
dx ≤ 1

}
.

❈♦♠ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♥♦ ▲❡♠❛ ✸✳✶✳✷✱ ♠♦str❛✲s❡ q✉❡ ❡①✐st❡♠ ❢✉♥çõ❡s

wi ∈ W 1,Φ(RN) ❡ wǫ,i ∈ X̃ǫ,i s❛t✐s❢❛③❡♥❞♦

Ei(wi) = µi, Ẽǫ,i(wǫ,i) = µ̃ǫ,i ❡ E ′
i(wi) = Ẽ ′

ǫ,i(wǫ,i) = 0,
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♦♥❞❡

µi = inf
u∈W 1,Φ(RN )\{0}

sup
t≥0

Ei(tu) = inf
α∈Γi

sup
t∈[0,1]

Ei(α(t)),

µ̃ǫ,i = inf
u∈X̃ǫ,i{0}

sup
t≥0

Ei(tu) = inf
α∈Γ̃ǫ,i

sup
t∈[0,1]

Ei(α(t)),

Γi =
{
α ∈ C([0, 1],W 1,Φ(RN)) : α(0) = 0, Ei(α(1)) < 0

}

❡

Γ̃ǫ,i =
{
α ∈ C([0, 1], X̃ǫ,i) : α(0) = 0, Ẽǫ,i(α(1)) < 0

}
.

✹✳✷✳✶ ❆❧❣✉♥s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ♦s ♥í✈❡✐s µi ❡ µ̃ǫ,i

Pr✐♠❡✐r❛♠❡♥t❡✱ ♠♦str❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ ❛ss♦❝✐❛❞❛

❛ Ẽǫ,i ❞❛❞❛ ♣♦r

Ñǫ,i =
{
u ∈ X̃ǫ,i \ {0} : Ẽ ′

ǫ,i(u)u = 0
}
.

▲❡♠❛ ✹✳✷✳✶✳ ❊①✐st❡♠ σ0, σ1 > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫ✱ t❛✐s q✉❡

‖u‖X̃ǫ,i
> σ0 ❡ Ẽǫ,i(u) > σ1, ∀u ∈ Ñǫ,i, ∀i ∈ Γ.

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡✱ ❞❛❞♦ u ∈ Ñǫ,i✱

∫

Ω̃ǫ,i

φ(|∇u|)|∇u|2dx+
∫

Ω̃ǫ,i

V (ǫx)φ(|u|)|u|2dx =

∫

Ωǫ,i

f(u)udx+

∫

Ω̃ǫ,i\Ωǫ,i

g(ǫx, u)udx.

P♦r ✭f1✮ ❡ ✭Ṽ0✮✱ ❞❛❞♦ η > 0 ❡①✐st❡ cη > 0 t❛❧ q✉❡

∫

Ωǫ,i

f(u)udx ≤ η

V0

∫

Ω̃ǫ,i

V (ǫx)φ(|u|)|u|2 + cη

∫

Ω̃ǫ,i

Φ∗(|u|)dx.

❆❧é♠ ❞✐ss♦✱ ♣♦r ✭g2✮✱

∫

Ω̃ǫ,i\Ωǫ,i

g(ǫx, u)udx ≤ 1

ξ

∫

Ω̃ǫ,i

V (ǫx)φ(|u|)|u|2dx.

❘❡❝♦r❞❛♥❞♦ q✉❡ lΦ(t) ≤ φ(t)t ♣❛r❛ t♦❞♦ t ≥ 0✱ ✉s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ♦❜té♠✲s❡

c1

(∫

Ω̃ǫ,i

Φ(|∇u|)dx+
∫

Ω̃ǫ,i

V (ǫx)Φ(|u|)dx
)
≤ c2

∫

Ω̃ǫ,i

Φ∗(|u|)dx.

❆♣❧✐❝❛♥❞♦ ♦s ▲❡♠❛s ✶✳✶✳✸✷ ❡ ✶✳✶✳✸✸✱ ✜❝❛♠♦s ❝♦♠

c1
(
ξ0(‖∇u‖Φ,Ω̃ǫ,i

) + ξ0(‖u‖Φ,Vǫ,Ω̃ǫ,i
)
)
≤ c2ξ3(‖u‖Φ∗,Ω̃ǫ,i

).
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P❡❧❛ Pr♦♣♦s✐çã♦ ❇✳✷✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ M∗✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫ✱ t❛❧ q✉❡

‖u‖Φ∗,Ω̃ǫ,i
≤M∗‖u‖X̃ǫ,i

❡✱ ❞❛í✱

c1
(
ξ0(‖∇u‖Φ,Ω̃ǫ,i

) + ξ0(‖u‖Φ,Vǫ,Ω̃ǫ,i
)
)
≤ c2M

∗ξ3(‖u‖X̃ǫ,i
).

❙❡ ‖u‖X̃ǫ,i
≥ 1✱ ♣❛r❛ t♦❞♦ u ∈ Ñǫ,i ♥ã♦ ❤á ♥❛❞❛ ❛ s❡r ❢❡✐t♦✳ ❙❡ ❡①✐st❡ u ∈ Ñǫ,i t❛❧ q✉❡

‖u‖X̃ǫ,i
≤ 1 t❡♠✲s❡

c3‖u‖mX̃ǫ,i
≤ c2M

∗‖u‖l∗
X̃ǫ,i

,

♦ q✉❡ r❡s✉❧t❛

‖u‖X̃ǫ,i
≥
( c3
c2M∗

)l∗−m
.

❈♦♥s✐❞❡r❛♥❞♦ σ0 =
1

2
min

{
1,
( c3
c2M∗

)l∗−m}
✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

‖u‖X̃ǫ,i
> σ0, ∀u ∈ Ñǫ,i.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ u ∈ Ñǫ,i✱ ❝♦♠❜✐♥❛♥❞♦ ❛s ❤✐♣ót❡s❡s ✭φ2✮ ❡ ✭g1✮✲✭g2✮✱ ❞❡❞✉③✐♠♦s

Ẽǫ,i(u) = Ẽǫ,i(u)−
1

θ
Ẽ ′
ǫ,i(u)u ≥ C

(∫

Ω̃ǫ,i

Φ(|∇un|)dx+
∫

Ω̃ǫ,i

V (ǫx)Φ(un)dx

)
,

♦♥❞❡ C =

[(
1− m

θ

)
−
(
1− l

θ

)
m
ξl

]
✳ P♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✳✸✷

Ẽǫ,i(u) ≥ C
(
ξ0(‖∇u‖Φ,Ω̃ǫ,i

) + ξ0(‖u‖Φ,Vǫ,Ω̃ǫ,i
)
)
.

❙❡ ‖u‖X̃ǫ,i
≤ 1✱ ❡♥tã♦ ‖∇u‖Φ,Ω̃ǫ,i

≤ 1 ❡ ‖u‖Φ,Vǫ,Ω̃ǫ,i
≤ 1✳ ❆ss✐♠✱

Ẽǫ,i(u) ≥ 2−mCσm0 .

❙❡ ‖u‖X̃ǫ,i
≥ 1✱ ❡♥tã♦

• ‖∇u‖Φ,Ω̃ǫ,i
≤ 1 ≤ ‖u‖Φ,Vǫ,Ω̃ǫ,i

⇒ ‖u‖X̃ǫ,i
≤ 2‖u‖Φ,Vǫ,Ω̃ǫ,i

✳

• ‖u‖Φ,Vǫ,Ω̃ǫ,i
≤ 1 ≤ ‖∇u‖Φ,Ω̃ǫ,i

⇒ ‖u‖X̃ǫ,i
≤ 2‖∇u‖Φ,Ω̃ǫ,i

✳

❊♠ q✉❛❧q✉❡r ❝❛s♦

Ẽǫ,i(u) ≥ Cξ0(σ0).
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• ‖∇u‖Φ,Ω̃ǫ,i
≥ 1 ❡ ‖u‖Φ,Vǫ,Ω̃ǫ,i

≥ 1✳

◆❡st❡ ❝❛s♦✱

Ẽǫ,i(u) ≥ 2−lCσl0.

P❛r❛ ✜♥❛❧✐③❛r✱ ❝♦♥s✐❞❡r❛♥❞♦ σ1 =
1

2
min

{
2−mCσm0 , 2

−lCσl0, Cξ0(σ0)
}
✱ ✈❡♠ q✉❡

Ẽǫ,i(u) ≥ σ1,

♠♦str❛♥❞♦ ♦ r❡s✉❧t❛❞♦✳

◆♦ ♣ró①✐♠♦ ❧❡♠❛ ❡st✉❞❛♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♥í✈❡✐s µi ❡ µ̃ǫ,i q✉❛♥❞♦ ǫ→ 0✳

▲❡♠❛ ✹✳✷✳✷✳ P❛r❛ ❝❛❞❛ i ∈ Γ✱ ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡ ♦❝♦rr❡

µ̃ǫ,i → µi q✉❛♥❞♦ ǫ→ 0.

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛♠♦s ♠♦str❛♥❞♦ q✉❡

µ̃ǫ,i ≤ µi + o(ǫ). ✭✹✳✶✽✮

P❛r❛ t❛♥t♦✱ s❡❥❛ wi ∈ W 1,Φ(RN) t❛❧ q✉❡

Ei(wi) = µi ❡ E ′
i(wi) = 0.

❉❛❞♦ δ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ✜①❡♠♦s ϑ ∈ C∞
0

(
[0,+∞), [0, 1]

)
✈❡r✐✜❝❛♥❞♦

ϑ(s) =





1 s❡ 0 ≤ s ≤ δ
2
,

0 s❡ s ≥ δ.

❯s❛♥❞♦ ❛ ❢✉♥çã♦ ϑ✱ ❞❡✜♥✐♠♦s

wǫ,i(x) = ϑ(|ǫx− xi|)wi(
ǫx− xi

ǫ
),

♦♥❞❡ V (xi) = min
y∈Ωi

V (y)✳ ◆♦t❡ q✉❡✱ s✉♣♣(wǫ,i) ⊂ Bδ(
xi
ǫ
) ♦ q✉❡ ✐♠♣❧✐❝❛ wǫ,i ∈ X̃ǫ,i✳ ❆❧é♠

❞✐ss♦✱ ❡①✐st❡ tǫ,i > 0 t❛❧ q✉❡ Ψǫn,i := tǫ,iwǫ,i ∈ Ñǫ,i ❡

µ̃ǫ,i ≤ max
t≥0

Ẽǫ,i(twǫ,i) = Ẽǫ,i(tǫ,iwǫ,i).
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❆❣♦r❛✱ ✉s❛♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✶✳✶✷ ✈❡r✐✜❝❛✲s❡ q✉❡ ❛

s❡q✉ê♥❝✐❛ (tǫn,i) é ❧✐♠✐t❛❞❛ ❡

tǫn,i → 1.

■ss♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡

lim
ǫn→0

Ẽǫn,i(tǫn,iwǫn,i) = Ei(wi) = µi

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

lim sup
ǫ→0

µ̃ǫ,i ≤ µi. ✭✹✳✶✾✮

❉❡ss❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ♣r♦✈❛r q✉❡

µi ≤ lim inf
ǫ→0

µ̃ǫ,i. ✭✹✳✷✵✮

❈♦♠ ❡st❡ ♣r♦♣ós✐t♦✱ s❡❥❛♠ ǫn ∈ (0,+∞) ❝♦♠ ǫn → 0 ❡ vǫn,i ∈ X̃ǫn,i ✉♠❛ s♦❧✉çã♦ ❞♦

s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛





−∆Φu+ V (ǫnx)φ(|u|)u = g(ǫx, u) ❡♠ Ω̃ǫn,i,
∂u

∂ν
= 0, s♦❜r❡ ∂Ω̃ǫn,i,

✭Pǫ,i✮

P❡❧♦ ▲❡♠❛ ✹✳✷✳✶✱ ❡①✐st❡ σ0 > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫn✱ t❛❧ q✉❡

‖vǫn,i‖Xǫn,i
≥ σ0, ♣❛r❛ t♦❞♦ n ∈ N.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♠ ▲❡♠❛ ❈✳✶✱ ♠♦str❛✲s❡ q✉❡ ❡①✐st❡♠ (yn,i) ⊂ R
N ✱ ̺ > 0 ❡

a > 0 s❛t✐s❢❛③❡♥❞♦

lim
n→+∞

∫

B̺(yn,i)∩Ωǫn,i

Φ(|vǫn,i|)dx ≥ a. ✭✹✳✷✶✮

❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✹✳✷✶✮✱ ❛✉♠❡♥t❛♥❞♦ ̺ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ (yn,i) ⊂ Ωǫn,i

❝♦♠ ❞✐st(yn,i, ∂Ω̃ǫn,i) → +∞✳ P♦rt❛♥t♦✱ ǫnyn,i → xi ∈ Ωi ❡ ❞❛❞♦ ρ > ̺✱ t❡♠♦s B2ρ(yn,i) ⊂
Ω̃ǫn,i ♣❛r❛ t♦❞♦ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❈♦♥s✐❞❡r❛♥❞♦

wn,i,ρ(x) = ψ
( |x|
ρ

)
vǫn,i(x+ yn,i), ∀x ∈ Ω̃ǫn,i − yn,i
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♦♥❞❡ ψ ∈ C∞(R) s❛t✐s❢❛③ ψ = 1✱ ❡♠ [0, 1]✱ ψ = 0✱ ❡♠ (2,+∞)✱ 0 ≤ ψ ≤ 1 ❡ ψ′ ∈ L∞(R)✱

t❡♠✲s❡ ∫

B̺(0)

Φ(|wn,i,ρ|)dx =

∫

B̺(yn,i)

Φ(|vǫn,i|)dx ≥ a > 0.

❉❡s❞❡ q✉❡ s✉♣♣(wn,i,ρ) ⊂ B2ρ(0)✱ s❡❣✉❡ q✉❡ wn,i,ρ ∈ W 1,Φ(RN)✳ ❙❡♥❞♦ vǫn,i ✉♠❛ s♦❧✉çã♦

❞❡ ✭Pǫ,i✮✱ ✉s❛♥❞♦ ✭✹✳✶✽✮✱ ♣♦r ❝á❧❝✉❧♦ ❞✐r❡t♦✱ ❡①✐st❡ C > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ρ✱ t❛❧ q✉❡

‖wn,i,ρ‖1,Φ ≤ C✳ ▲♦❣♦✱

wn,i,ρ ⇀ wiρ ❡♠ W 1,Φ(RN) q✉❛♥❞♦ n→ +∞,

♣❛r❛ ❛❧❣✉♠ wiρ ∈ W 1,Φ(RN)✳ ❊♥tã♦✱

wn,i,ρ → wiρ ❡♠ LΦ(B̺(0)) q✉❛♥❞♦ n→ +∞.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

∫

B̺(0)

Φ(|wiρ|)dx ≥ a > 0. ✭✹✳✷✷✮

❯♠❛ ✈❡③ q✉❡ (‖wiρ‖1,Φ) é ❧✐♠✐t❛❞❛ ❡♠ R✱ ❡①✐st❡ w ∈ W 1,Φ(RN) ✈❡r✐✜❝❛♥❞♦

wiρ ⇀ wi ❡♠ W 1,Φ(RN) q✉❛♥❞♦ ρ→ +∞,

❞❡ ♦♥❞❡ s❡❣✉❡✱

wiρ → wi ❡♠ LΦ
loc(R

N) q✉❛♥❞♦ ρ→ +∞

❡✱ ♣♦rt❛♥t♦✱

∫

B̺(0)

Φ(|wi|)dx ≥ a > 0. ✭✹✳✷✸✮

❆✜r♠❛çã♦ ✹✳✷✳✸✳ ❆ ❢✉♥çã♦ wi é ✉♠❛ s♦❧✉çã♦ ❞❡ (P i)✳

❈♦♠ ❡❢❡✐t♦✱ ❞❛❞♦ ζ̃ ∈ C∞
c (RN)✱ ❝♦♥s✐❞❡r❡ t > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ n s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✱

s✉♣♣ζ̃ ⊂ Bt(0) ❡ Bt(yn,i) ⊂ Ω̃ǫn,i.
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❙❡♥❞♦ vǫn,i s♦❧✉çã♦ ❞❡ ✭Pǫ,i✮✱ ❝♦♥s✐❞❡r❛♥❞♦ L(y) = φ(|y|)y ❡ Q(s) = φ(|s|)s ∀y ∈ R
N ❡

∀s ∈ R✱ t❡♠♦s

∫

Bt(0)

[
L(∇vǫn,i(x+ yn,i))∇ζ̃dx+ V (ǫnx+ ǫnyn,i)Q(vǫn,i(x+ yn,i))ζ̃

]
dx

=

∫

Ω̃ǫn,i

[
L(∇vǫn,i)∇ζ̃(x− yn,i)dx+ V (ǫnx)Q(vǫn,i)ζ̃(x− yn,i)

]
dx

=

∫

Ω̃ǫn,i

g(ǫnx, vǫn,i)vǫn,iζ̃(x− yn,i)dx

=

∫

Bt(0)

g(ǫnx+ ǫnyn,i, vǫn,i(x+ yn,i))vǫn,i(x+ yn,i)ζ̃dx.

P❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡ ρ > t✱

∫

Bt(0)

[
L(∇wn,i,ρ)∇ζ̃dx+ V (ǫnx+ ǫnyn,i)Q(wn,i,ρ)ζ̃

]
dx

=

∫

Bt(0)

g(ǫnx+ ǫnyn,i, wn,i,ρ)wn,i,ρζ̃dx.

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ q✉❛♥❞♦ n→ +∞✱

∫

RN

[
L(∇wiρ)∇ζ̃dx+ V (xi)Q(w

i
ρ)ζ̃
]
dx =

∫

RN

g(xi, w
i
ρ)w

i
ρζ̃dx.

❆❣♦r❛✱ ✉s❛♥❞♦ q✉❡ s✉♣♣ζ ⊂ Bt(0)✱ ρ > t ❡ ❢❛③❡♥❞♦ ρ→ +∞✱

∫

RN

[
φ(|∇wi|)∇wi∇ζ̃dx+ V (xi)φ(|wi|)wiζ̃

]
dx =

∫

RN

g(xi, w
i)wiζ̃dx.

❈♦♠♦ ζ̃ ∈ C∞
c (RN) ❢♦✐ ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ wi é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❞❡ (P i)✱

♠♦str❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✹✳✷✳✸✳

❋✐①❛♥❞♦ τ > ρ✱ t❡♠✲s❡ Bτ (yn,i) ⊂ Ω̃ǫn,i ♣❛r❛ t♦❞♦ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❆ss✐♠✱
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❞❡✜♥✐♥❞♦ h(t) = Φ(t)− 1
θ
φ(t)t2

µ̃ǫn,i = Ẽǫn,i(vǫn,i)−
1

θ
Ẽ ′
ǫn,i

(vǫn,i)vǫn,i

≥
∫

Ω̃ǫn,i

[
h(|∇vǫn,i|) + V (ǫnx)h(|vǫn,i|)

]
dx

+

∫

Ω̃ǫn,i

[1
θ
g(ǫnx, vǫn,i)vǫn,i −G(ǫnx, vǫn,i)

]
dx

≥
∫

Bτ (yn,i)

[
h(|∇vǫn,i|) + V (ǫnx)h(|vǫn,i|)

]
dx

+

∫

Bτ (yn,i)

[1
θ
g(ǫnx, vǫn,i)vǫn,i −G(ǫnx, vǫn,i)

]
dx

≥
∫

Bτ (0)

[
h(|∇wn,i,ρ|) + V (ǫnx+ ǫnyn,i)h(|wn,i,ρ|)

]
dx

+

∫

Bτ (0)

[1
θ
g(ǫnx, wn,i,ρ)wn,i,ρ −G(ǫnx, wn,i,ρ)

]
dx.

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱

lim inf
n→+∞

µ̃ǫn,i ≥
∫

Bτ (0)

[
h(|∇wiρ|) + V (xi)h(|wiρ|)

]
dx+

∫

Bτ (0)

[1
θ
g(xi, w

i
ρ)w

i
ρ −G(xi, w

i
ρ)
]
dx.

❆❣♦r❛✱ ❢❛③❡♥❞♦ ρ→ +∞✱

lim inf
n→+∞

µ̃ǫn,i ≥
∫

RN

[
h(|∇wi|) + V (xi)h(|wi|)

]
dx+

∫

RN

[1
θ
g(xi, w

i)wi −G(xi, w
i)
]
dx

= J0,i(w
i)− 1

θ
J ′
0,i(w

i)wi = J0,i(w
i) = µV (xi) ≥ µi,

♦ q✉❡ ♠♦str❛ ✭✹✳✷✵✮✳ P♦r ✭✹✳✶✽✮ ❡ ✭✹✳✷✵✮✱

µ̃ǫ,i → µi q✉❛♥❞♦ ǫ→ 0,

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛✳

✹✳✷✳✷ ❯♠ ✈❛❧♦r ❝rít✐❝♦ ❡s♣❡❝✐❛❧ ♣❛r❛ Jǫ

◆♦ q✉❡ s❡❣✉❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ✜①❡♠♦s Γ = {1, ..., λ} ⊂
{
1, ..., κ

}
❡ ♣❛r❛

❝❛❞❛ i ∈ Γ✱ ❡s❝♦❧❤❛ ρi > 1 t❛❧ q✉❡

Ei(ρ
−1
i wi), Ei(ρiwi) < µi.
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❈♦♥s✐❞❡r❛♥❞♦ ρ = max
i∈Γ

ρi✱ t❡♠♦s

Ei(ρ
−1wi), Ei(ρwi) < µi ♣❛r❛ t♦❞♦ i ∈ Γ ✭✹✳✷✹✮

❡

µi = max
t∈[ρ−2,1]

Ei(tρwi) ♣❛r❛ t♦❞♦ i ∈ Γ.

❆ s❡❣✉✐r✱ ❞❡✜♥❛♠♦s H̃ǫ : [ρ
−2, 1]λ → Xǫ ♣♦r

H̃ǫ(
−→
θ )(z) =

λ∑

i=1

θiρ(wiϕ)
(
z − xi

ǫ

)
✭✹✳✷✺✮

♣❛r❛ t♦❞♦
−→
θ = (θ1, ..., θλ) ∈ [ρ−2, 1]λ✱ ♦♥❞❡ xi ∈ Υi = {x ∈ Ωi : V (xi) = αi}✳ ❆❧é♠

❞✐ss♦✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❝♦♥❥✉♥t♦

Uǫ =
{
H ∈ C

(
[ρ−2, 1]λ, Xǫ

)
; H = H̃ǫ s♦❜r❡ ∂([ρ

−1, 1]λ)
)
,

H(
−→
θ ) |Ωǫ,i

6= 0 ∀i ∈ Γ ❡ ∀−→θ ∈ [ρ−1, 1]λ
}
.

❉❡s❞❡ q✉❡

s✉♣♣
(
wiϕ

(
z − xi

ǫ

))
⊂ Ωǫ,i,

t❡♠♦s H̃ǫ ∈ Uǫ✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ♥ú♠❡r♦

Sǫ = inf
H∈Uǫ

max
−→
θ ∈[ρ−2,1]λ

Jǫ(H(
−→
θ )),

♣❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ ◆♦ q✉❡ s❡❣✉❡✱ ❡st❛❜❡❧❡❝❡♠♦s ❛❧❣✉♥s ❧❡♠❛s té❝♥✐❝♦s ❢✉♥✲

❞❛♠❡♥t❛✐s ♣❛r❛ ♦ ❡st✉❞♦ q✉❡ s❡❣✉❡✳

▲❡♠❛ ✹✳✷✳✹✳ P❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ♦❝♦rr❡✿ ❙❡ H ∈ Uǫ✱
❡♥tã♦ ❡①✐st❡

−→
θ∗ ∈ [ρ−2, 1]λ✱ t❛❧ q✉❡

Ẽ ′
ǫ,i

(
H(

−→
θ∗ )
)
H(

−→
θ∗ ) = 0, ♣❛r❛ t♦❞♦ i ∈ Γ.

❊♠ ♣❛rt✐❝✉❧❛r✱ Ẽǫ,i
(
H(

−→
θ∗ )
)
≥ µ̃ǫ,i, i = 1, ..., λ✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ H ∈ Uǫ✱ ❝♦♥s✐❞❡r❡ H : [ρ−2, 1]λ → R
λ ❞❛❞❛ ♣♦r

H(
−→
θ ) =

(
Ẽ ′
ǫ,1

(
H(

−→
θ )
)
H(

−→
θ ), ...., Ẽ ′

ǫ,λ

(
H(

−→
θ )
)
H(

−→
θ )
)
, ♦♥❞❡

−→
θ = (θ1, ..., θλ).
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P❛r❛
−→
θ ∈ ∂

(
[ρ−1, 1]λ

)
✱ t❡♠♦s H(

−→
θ ) = H̃ǫ(

−→
θ )✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ♥ã♦ ❡①✐st❡

−→
θ ∈

∂
(
[ρ−2, 1]λ

)
❝♦♠ H(

−→
θ ) = 0✳ ❉❡ ❢❛t♦✱ ♣❛r❛ q✉❛❧q✉❡r i ∈ Γ

Ẽ ′
ǫ,i(H̃ǫ(

−→
θ ))H̃ǫ(

−→
θ ) = E ′

i(θiρwi)θiρwi + oǫ(1) ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠
−→
θ ∈ [ρ−2, 1]λ.

❆ss✐♠✱ s❡
−→
θ ∈ ∂

(
[ρ−2, 1]λ

)
✱ ❡♥tã♦ θi0 = 1 ♦✉ θi0 = ρ−2 ♣❛r❛ ❛❧❣✉♠ i0 ∈ Γ ♦ q✉❡ ✐♠♣❧✐❝❛

Ẽ ′
ǫ,i0

(H(
−→
θ ))H(

−→
θ ) = E ′

i0
(ρwi0)ρwi0 + oǫ(1) ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠

−→
θ ∈ [ρ−2, 1]λ,

♦✉

Ẽ ′
ǫ,i0

(H(
−→
θ ))H(

−→
θ ) = E ′

i0
(ρ−1wi0)ρ

−1wi0 + oǫ(1) ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠
−→
θ ∈ [ρ−2, 1]λ.

P♦rt❛♥t♦✱ s❡ Ẽ ′
ǫ,i0

(H(
−→
θ ))H(

−→
θ ) = 0✱ ❢❛③❡♥❞♦ ǫ→ 0✱ ♦❜t❡♠♦s

Ei0(ρwi) ≥ µi ♦✉ Ei0(ρ
−1wi) ≥ µi,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ✭✹✳✷✹✮✳ ❆❣♦r❛✱ ❝❛❧❝✉❧❛♠♦s ♦ ❣r❛✉ ❞❡❣
(
H, (ρ−2, 1)λ, (0, ...., 0)

)
✳

❖r❛✱ ❝♦♠♦

❞❡❣
(
H, (ρ−2, 1)λ, (0, ...., 0)

)
= ❞❡❣

(
H̃ǫ, (ρ

−2, 1)λ, (0, ...., 0)
)

❡ ♣❛r❛ t♦❞♦
−→
θ ∈ (ρ−2, 1)λ

H̃ǫ(
−→
θ ) = 0 ⇔ −→

θ = (ρ−1, ..., ρ−1),

❝♦♥❝❧✉✐✲s❡ q✉❡

❞❡❣
(
H, (ρ−2, 1)λ, (0, ...., 0)

)
= (−1)λ 6= 0

❡✱ ♣♦rt❛♥t♦✱ ❡①✐st❡
−→
θ∗ ∈ (δ−1, 1)λ s❛t✐s❢❛③❡♥❞♦

Ẽ ′
ǫ,i

(
H(

−→
θ∗ )
)
H(

−→
θ∗ ) = 0, ♣❛r❛ t♦❞♦ i ∈ Γ.

❆♥t❡s ❞❡ s❡❣✉✐r ❡♠ ❢r❡♥t❡✱ ✜①❡♠♦s

DΓ =
λ∑

i=1

µi.

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❡st❛❜❡❧❡❝❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ r❡❧❛çã♦ ❡♥tr❡ Sǫ ❡ DΓ✳
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Pr♦♣♦s✐çã♦ ✹✳✷✳✺✳ ❖ ♥ú♠❡r♦ Sǫ s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

lim
ǫ→0

Sǫ = DΓ.

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ ✉s❛♥❞♦ ✭g1✮ ❡ ✭g2✮✱ ♣❛r❛ ❝❛❞❛ H ∈ Uǫ

Jǫ
(
H(

−→
θ )
)

≥
∫

Ω̃ǫ

[
Φ(|∇H(

−→
θ )|) + V (ǫx)Φ(|H(

−→
θ )|)

]
dx−

∫

Ω̃ǫ

G(ǫx,H(
−→
θ ))dx

+
[
1− m

lk

] ∫

RN\Ω̃ǫ

[
Φ(|∇H(

−→
θ )|) + V (ǫx)Φ(|H(

−→
θ )|)

]
dx

≥
λ∑

i=1

{∫

Ω̃ǫ,i

[
Φ(|∇H(

−→
θ )|) + V (ǫx)Φ(|H̃ǫ(

−→
θ )|)

]
dx−

∫

Ω̃ǫ,i

G(ǫx,H(
−→
θ ))dx

}

=
λ∑

i=1

Ẽǫ,i(H(
−→
θ )) ♣❛r❛ t♦❞♦

−→
θ ∈ [ρ−2, 1]λ.

▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✷✳✹

max
−→
θ ∈[ρ−2,1]λ

Jǫ
(
H(

−→
θ )
)

≥
λ∑

i=1

max
−→
θ ∈[ρ−2,1]λ

Ẽǫ,i(H(
−→
θ )) ≥

λ∑

i=1

Ẽǫ,i(H(
−→
θ∗ ))

❡ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✹✳✷✳✷ r❡s✉❧t❛ q✉❡

max
−→
θ ∈[ρ−2,1]λ

Jǫ
(
Hǫ(

−→
θ )
)
≥

λ∑

i=1

µ̃ǫ,i + oǫ(1)

✐♠♣❧✐❝❛♥❞♦ ❡♠

Sǫ ≥ DΓ + oǫ(1). ✭✹✳✷✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♠♦str❛✲s❡ q✉❡

Jǫ
(
(wiϕǫ)(.−

xi
ǫ
))
)
= µi + oǫ(1)

❡ ♣❛r❛ t♦❞♦ t ∈ [0, ρ]

Jǫ
(
t(wiϕǫ)(.−

xi
ǫ
))
)
= Ei(twi) + oǫ(1), ∀i ∈ Γ.
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❯♠❛ ✈❡③ q✉❡ s✉♣♣
(
wiϕ

(
z − xi

ǫ

))
⊂ Ωǫ,i ♣❛r❛ t♦❞♦ i ∈ Γ✱

Jǫ
(
H̃ǫ(

−→
θ )
)

=

∫

Ω̃ǫ

[
Φ(|∇H̃ǫ(

−→
θ )|) + V (ǫx)Φ(|H̃ǫ(

−→
θ )|)

]
dx−

∫

Ω̃ǫ

G(ǫx, H̃ǫ(
−→
θ ))dx

+

∫

RN\Ω̃ǫ

[
Φ(|∇H̃ǫ(

−→
θ )|) + V (ǫx)Φ(|H̃ǫ(

−→
θ )|)

]
dx−

∫

RN\Ω̃ǫ

G(ǫx, H̃ǫ(
−→
θ ))dx

=
λ∑

i=1

{∫

Ω̃ǫ,i

λ∑

i=1

[
Φ(|∇θiρ(wiϕ)

(
x− xi

ǫ

)
|) + V (ǫx)

(
Φ(|θiρ(wiϕ)

(
x− xi

ǫ

)
|)
)]
dx

−
∫

Ω̃ǫ,i

λ∑

i=1

F
(
θiρ(wiϕ)

(
x− xi

ǫ

))
dx

}

=
λ∑

i=1

{∫

Ω̃ǫ,i

[
Φ(|∇θiρ(wiϕ)

(
x− xi

ǫ

)
|) + V (ǫx)

(
Φ(|θiρ(wiϕ)

(
x− xi

ǫ

)
|)
)]
dx

−
∫

Ω̃ǫ,i

G(ǫx, θiρ(wiϕ)
(
x− xi

ǫ

)
)dx

}

=
λ∑

i=1

{∫

RN

[
Φ(|∇θiρ(wiϕ)

(
x− xi

ǫ

)
|) + V (ǫx)

(
Φ(|θiρ(wiϕ)

(
x− xi

ǫ

)
|)
)]
dx

−
∫

RN

G(ǫx, θiρ(wiϕ)
(
x− xi

ǫ

)
)dx

}

=
λ∑

i=1

Jǫ(θiρ(wiϕ)
(
z − xi

ǫ

)
) =

λ∑

i=1

Ei(θiρwi) + oǫ(1),

❞❡ ♦♥❞❡ s❡❣✉❡

sup
−→
θ ∈[ρ−2,1]λ

Jǫ
(
H̃ǫ(

−→
θ )
)
≤

λ∑

i=1

sup
t∈[ρ−2,1]

Ei(tρwi) + oǫ(1)

❡✱ ♣♦rt❛♥t♦✱

Sǫ ≤ DΓ + oǫ(1). ✭✹✳✷✼✮

❈♦♠❜✐♥❛♥❞♦ ✭✹✳✷✻✮ ❡ ✭✹✳✷✼✮✱ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❈♦r♦❧ár✐♦ ✹✳✷✳✻✳ P❛r❛ ❝❛❞❛ α > 0✱ ❡①✐st❡ ǫ0 = ǫ0(α) t❛❧ q✉❡

sup
−→
θ ∈[δ−1,1]λ

Jǫ
(
H̃ǫ(

−→
θ )
)
≤ DΓ +

α

2
∀ǫ ∈ (0, ǫ0).

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ✉s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞❛

♣r♦♣♦s✐çã♦ ♣r❡❝❡❞❡♥t❡✳
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❆ s❡❣✉✐r✱ ✐r❡♠♦s ✜①❛r ❛❧❣✉♠❛s ♥♦t❛çõ❡s✳ ❋✐①❡ σ0 > 0 ✈❡r✐✜❝❛♥❞♦

lim inf
ǫ→0

‖H̃ǫ(
−→
θ )‖X̃ǫ,i

> σ0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠
−→
θ ∈ [ρ−2, 1]λ ❡ i ∈ Γ

❡ ❞❡✜♥❛ ♦ ❝♦♥❥✉♥t♦

Zǫ,i =
{
u ∈ X̃ǫ,i : ‖u‖X̃ǫ,i

≤ σ0
2

}
,

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ H̃ǫ(
−→
θ ) ❡ Zǫ,i✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s τ ❡ ǫ∗ t❛✐s q✉❡

❞✐stǫ,i
(
H̃ǫ(

−→
θ ),Zǫ,i

)
> τ ♣❛r❛ t♦❞♦

−→
θ ∈ [δ−2, 1]λ, i ∈ Γ ❡ ǫ ∈ (0, ǫ∗),

♦♥❞❡ ❞✐stǫ,i(A,B) ❞❡♥♦t❛ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ A ❡ B ❡♠ X̃ǫ,i✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦s

♥ú♠❡r♦s τ ❡ ǫ ∈ (0, ǫ∗)✱ ❞❡✜♥✐♠♦s

Θ =
{
u ∈ Xǫ : ❞✐stǫ,i(u,Zǫ,i) ≥ τ ♣❛r❛ t♦❞♦ i ∈ Γ

}
.

❉❛❞♦s c, µ > 0 ❡ 0 < δ < τ
2
✱ ❝♦♥s✐❞❡r❡ t❛♠❜é♠ ♦s ❝♦♥❥✉♥t♦s

J cǫ =
{
u ∈ Xǫ : Jǫ(u) ≤ c

}
❡ Qǫ,µ =

{
u ∈ Θ2δ : |Jǫ(u)− Sǫ| ≤ µ

}
,

♦♥❞❡ Θs ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦

Θs =
{
u ∈ Xǫ : ❞✐st(u,Θ) ≤ s

}
, s > 0.

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❝❛❞❛ µ > 0✱ ❡①✐st❡ ǫ1 = ǫ1(µ) > 0 t❛❧ q✉❡ ❛ ❢✉♥çã♦ uǫ,∗ ❞❛❞❛ ♣♦r

uǫ,∗(z) =
λ∑

i=1

(
wiϕ

(
z − xi

ǫ

))

✈❡r✐✜❝❛

uǫ,∗ ∈ Θs ♣❛r❛ t♦❞♦ ǫ ∈ (0, ǫ1) ❡ Jǫ(uǫ,∗) = DΓ + oǫ(1).

❉❡s❞❡ q✉❡ Sǫ = DΓ + oǫ(1)✱ t❡♠♦s

Jǫ(uǫ,∗) = Sǫ + oǫ(1),

♠♦str❛♥❞♦ q✉❡ Qǫ,µ 6= ∅✳
❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ D s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫ✱ s❛t✐s❢❛③❡♥❞♦

‖H̃ǫ(
−→
θ )‖ǫ ≤

L

2
♣❛r❛ t♦❞♦

−→
θ ∈ [ρ−2, 1]2λ. ✭✹✳✷✽✮
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P❛r❛ ❝❛❞❛ s > 0✱ ❞❡♥♦t❛♠♦s ♣♦r Bs =
{
u ∈ Xǫ ; ‖u‖ǫ ≤ s

}
❡ ❞❡✜♥❛♠♦s ♦ ♥ú♠❡r♦

µ∗ = min
{µi
4
,
L

4
,
δ

4
; i ∈ Γ

}
.

◆❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ♠♦str❛♠♦s ✉♠❛ ❡st✐♠❛t✐✈❛ ✉♥✐❢♦r♠❡ ❞❡ ‖J ′
ǫ(u)‖ ♥❛ r❡❣✐ã♦

(Qǫ,2µ\Qǫ,µ) ∩BL+1 ∩ JDΓ
ǫ ✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✼✳ P❛r❛ ❝❛❞❛ µ ∈ (0, µ∗) ✜①❛❞♦✱ ❡①✐st❡♠ σµ, ǫµ > 0 s❛t✐s❢❛③❡♥❞♦

‖J ′
ǫ(u)‖ ≥ σµ ♣❛r❛ ǫ ≥ ǫµ ❡ ♣❛r❛ t♦❞♦ u ∈ (Qǫ,2µ \ Qǫ,µ) ∩BL+1 ∩ JDΓ

ǫ .

❉❡♠♦♥str❛çã♦✳ ❆ss✉♠❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (ǫn) ⊂ (0,+∞) ❝♦♠

ǫn → 0 ❡

vn ∈ (Qǫn,2µ\Qǫn,µ) ∩ BL+1 ∩ JDΓ
ǫn

t❛❧ q✉❡ ‖J ′
ǫn
(vn)‖ → 0✳ ❖❜s❡r✈❛♥❞♦ q✉❡ vn ∈ Qǫn,2µ ❡ (‖vn‖ǫn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛

❡♠ R✱ s❡❣✉❡ q✉❡ (Jǫn(vn)) t❛♠❜é♠ é ❧✐♠✐t❛❞❛✳ P♦rt❛♥t♦✱ ❡①✐st❡ c ∈ (−∞,DΓ]✱ t❛❧ q✉❡✱ ❛

♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

Jǫn(vn) → c, ✭✹✳✷✾✮

✐♠♣❧✐❝❛♥❞♦ q✉❡ (vn) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∗c ✳ ●r❛ç❛s à Pr♦♣♦s✐çã♦ ✹✳✶✳✶✱ ❡①✐st❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❞❡ (vn)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (vn)✱ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ p✱ s❡q✉ê♥❝✐❛s (yn,i) ⊂
R
N ✱ ♣♦♥t♦s xi ∈ Ω✱ i = 1, ..., p ❝♦♠

ǫnyn,i → xi ❡♠ R
N ✭✹✳✸✵✮

❡ ❢✉♥çõ❡s u0,i s❛t✐s❢❛③❡♥❞♦

∥∥∥vn(·)−
p∑

i=1

u0,i(· − yn,i)ϕǫn(· − yn,i)
∥∥∥
ǫn

→ 0 q✉❛♥❞♦ n→ +∞

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ λ ≥ p✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ vn ∈ Θ2δ✱ t❡♠♦s p ≥ λ ❡✱ ♣♦rt❛♥t♦✱ p = λ✳

❉❛í✱

Jǫn(vn) → DΓ,

♠♦str❛♥❞♦ q✉❡ vn ∈ Qǫn,µ✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱

♠♦str❛♥❞♦ ♦ r❡s✉❧t❛❞♦✳

❊st❛♠♦s✱ ✜♥❛❧♠❡♥t❡✱ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ♠♦str❛r ❡①✐stê♥❝✐❛ ❞❡ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ ♦

❢✉♥❝✐♦♥❛❧ ♠♦❞✐✜❝❛❞♦✳
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Pr♦♣♦s✐çã♦ ✹✳✷✳✽✳ P❛r❛ ❝❛❞❛ µ ∈ (0, µ∗)✱ ❡①✐st❡ ǫµ > 0 t❛❧ q✉❡ Jǫ t❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦

❡♠ Qǫ,µ ∩BL+1 ∩ JDΓ
ǫ ♣❛r❛ t♦❞♦ ǫ ∈ (0, ǫµ)✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐t❡♠ µ ∈ (0, µ∗) ❡ ✉♠❛ s❡q✉ê♥❝✐❛

(ǫn) ⊂ (0,+∞) ❝♦♠ ǫn → 0✱ t❛❧ q✉❡ Jǫn ♥ã♦ t❡♠ ♣♦♥t♦s ❝rít✐❝♦s ❡♠ Qǫn,µ ∩ BL+1 ∩ JDΓ
ǫn

✳

❉❡s❞❡ q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✻✱ ♦ ❢✉♥❝✐♦♥❛❧ Jǫn ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS) ❡✱ ❛ss✐♠✱ ❡①✐st❡

dǫn > 0 s❛t✐s❢❛③❡♥❞♦

‖J ′
ǫn
(u)‖ ≥ dǫn ♣❛r❛ t♦❞♦ u ∈ Qǫn,µ ∩BL+1 ∩ JDΓ

ǫn
. ✭✹✳✸✶✮

P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✼✱

‖J ′
ǫn
(u)‖ ≥ σµ ♣❛r❛ t♦❞♦ u ∈ (Qǫn,2µ\Qǫn,µ) ∩BL+1 ∩ JDΓ

ǫn
, ✭✹✳✸✷✮

♦♥❞❡ σµ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ǫn✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❆❣♦r❛✱ ❛ ❞❡♠♦♥str❛çã♦

❝♦♥s✐st❡ ❞❡ ❞✉❛s ❡t❛♣❛s✳

❊t❛♣❛ ✶✿ ❈♦♥str✉çã♦ ❞❡ ✉♠ ✢✉①♦✳

❙❡❥❛♠ Ψn : Xǫn → R ❡ Ln : JDΓ
ǫn

→ Xǫ ❢✉♥çõ❡s ❝♦♥t✐♥✉❛s ✈❡r✐✜❝❛♥❞♦✱

0 ≤ Ψn ≤ 1, Ψn(u) =





1, ♣❛r❛ u ∈ Qǫn,
3µ
2
∩ BL ∩Θδ

0, ♣❛r❛ u /∈ Qǫn,2µ ∩BL+1.

❡

Ln(u) =





−Ψn(u)‖Yn(u)‖−1Yn(u), ♣❛r❛ u ∈ Qǫn,2µ ∩ BL+1

0, ♣❛r❛ u /∈ Qǫn,2µ ∩BL+1.

♦♥❞❡ Yn é ✉♠ ❝❛♠♣♦ ♣s❡✉❞♦✲❣r❛❞✐❡♥t❡ ♣❛r❛ Jǫ ❡♠ Ln =
{
u ∈ Xǫ : J ′

ǫ(u) 6= 0
}
✳ ◆♦t❡

q✉❡ Ln ❡st❛ ❜❡♠ ❞❡✜♥✐❞❛✱ ✉♠❛ ✈❡③ q✉❡ ✭✹✳✸✶✮ ❡ ✭✹✳✸✷✮ ✐♠♣❧✐❝❛♠ q✉❡ J ′
ǫ(u) 6= 0✱ ♣❛r❛ t♦❞♦

u ∈ Qǫn,2µ ∩BL+1 ∩ JDΓ
ǫn

✳ ❖❜s❡r✈❛♥❞♦ q✉❡

‖Ln(u)‖ ≤ 1 ∀n ∈ N ❡u ∈ JDΓ
ǫn
,

♦ ✢✉①♦ ηn : [0,+∞)× JDΓ
ǫn

→ JDΓ
ǫn

❞❡✜♥✐❞♦ ♣♦r

dηn
dt

= Ln(ηn) ❡ ηn(0, u) = u ∈ JDΓ
ǫn
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s❛t✐s❢❛③

d

dt
Jǫ(ηn(t, u)) ≤ −1

2
Ψn(u)‖J ′

ǫ(ηn(t, u))‖ ≤ 0 ✭✹✳✸✸✮

∥∥∥dηn
dt

∥∥∥ = ‖Ln(ηn)‖ ≤ 1 ✭✹✳✸✹✮

❡

ηn(t, u) = u ♣❛r❛ t♦❞♦ t ≥ 0 ❡ u /∈ Qǫn,2µ ∩ BL+1. ✭✹✳✸✺✮

❆ s❡❣✉✐r✱ ♣❛r❛ ❝❛❞❛ n ∈ N ❝♦♥s✐❞❡r❡ ♦ ♥ú♠❡r♦

cn0 = sup
{
Jǫn(u) ; u ∈ H̃ǫn

(
[ρ−2, 1]2λ

)
\(Qǫn,µ ∩BL)

}
.

❆✜r♠❛♠♦s q✉❡ lim sup
n→+∞

cn0 < DΓ✳ ❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st✐r✐❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡

(c
nj

0 ) ✈❡r✐✜❝❛♥❞♦

c
nj

0 → DΓ, H̃ǫn(
−→
θnj

) /∈ Qǫnj
,µ ∩BL, H̃ǫnj

(
−→
θnj

) → DΓ

❡

c
nj

0 − 1

nj
≤ H̃ǫn(

−→
θnj

) ≤ DΓ. ✭✹✳✸✻✮

P♦r ✭✹✳✷✽✮✱ t❡rí❛♠♦s

H̃ǫnj

(
[ρ−2, 1]2λ

)
⊂ BL+1

2
(0),

❞♦♥❞❡

H̃ǫnj
(
−→
θnj

) /∈ Qǫnj
,µ,

✐st♦ é✱

|H̃ǫnj
(
−→
θnj

)− Sǫnj
| > µ > 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠❜✐♥❛♥❞♦ ♦ ▲❡♠❛ ✹✳✷✳✺ ❝♦♠ ✭✹✳✸✻✮✱ r❡s✉❧t❛r✐❛ ❡♠

|H̃ǫnj
(
−→
θnj

)− Sǫnj
| → 0

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱

lim sup
n→+∞

cn0 < DΓ

❆❧é♠ ❞✐ss♦✱ ♠♦str❛✲s❡ q✉❡ ❡①✐st❡ K∗ > 0 s❛t✐s❢❛③❡♥❞♦

|Jǫn(u)− Jǫn(v)| ≤ K∗‖u− v‖ǫn ∀u, v ∈ BL+1.
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❊t❛♣❛ ✷✿ ❊①✐st❡♠ (Tn) ⊂ (0,+∞) ❡ ε0 > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n✱ t❛✐s q✉❡

lim sup
n→+∞

[
max

−→
θ ∈[δ−2,1]λ

Jǫn
(
ηn(Tn, H̃ǫn(

−→
θ ))
)]
< DΓ − ε0.

❉❡ ❢❛t♦✱ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r u = H̃ǫn(
−→
θ )✳ ❙❡ u /∈ Qǫn,µ∩BL∩Θδ✱

✉s❛♥❞♦ ✭✹✳✸✸✮ ❡ ❛ ❞❡✜♥✐çã♦ ❞❡ cn0 ✱ ♦❜t❡♠♦s

Jǫn
(
ηn(t, u)

)
≤ Jǫn(u) ≤ cn0 ♣❛r❛ t♦❞♦ t ≥ 0.

❙❡ u ∈ Qǫn,µ ∩BL ∩Θδ ❢❛③❡♥❞♦

η̃n(t) = ηn(t, u), d̃ǫn = min{dǫn , σµ} ❡ Tn =
µσµ

2d̃ǫn

t❡♠♦s ❞♦✐s ❝❛s♦s ♣❛r❛ ❛♥❛❧✐s❛r✿

❈❛s♦ ✶✿ η̃n(t) ∈ Qǫn,
3µ
2
∩BL ∩Θδ ♣❛r❛ t♦❞♦ t ∈ [0, Tn]✳

◆❡st❡ ❝❛s♦✱ t❡♠♦s Ψn ❡ ‖J ′
ǫn
(η̃n(t))‖ ≥ σµ ♣❛r❛ t♦❞♦ t ∈ [0, Tn]✳ P♦rt❛♥t♦✱ ❞❡ ✭✹✳✸✸✮

Jǫn(η̃n(Tn)) = Jǫn(u) +

∫ Tn

0

d

dt
Jǫ(η̃n(s))ds ≤ DΓ −

1

2
d̃ǫnTn,

♣♦r ❝♦♥s❡❣✉✐♥t❡✱

Jǫn(η̃n(Tn)) ≤ DΓ −
µσµ
4
.

❈❛s♦ ✷✿ η̃n(t0) /∈ Qǫn,
3µ
2
∩BL ∩Θδ ♣❛r❛ ❛❧❣✉♠ t0 ∈ [0, Tn]✳

❘❡❧❛❝✐♦♥❛❞♦ ❛ ❡st❡ ❝❛s♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s s✐t✉❛çõ❡s✿

(i) ❊①✐st❡ t2 ∈ [0, Tn] t❛❧ q✉❡ η̃n(t2) /∈ Θδ✳ ❙❡♥❞♦ η̃n(0) ∈ Θ✱ ❢❛③❡♥❞♦ t1 = 0✱ ✈❡♠ q✉❡

‖η̃n(t2)− η̃n(t1)‖ǫn ≥ δ > µ.

(ii) ❊①✐st❡ t2 ∈ [0, Tn] t❛❧ q✉❡ η̃n(t2) /∈ BL✳ ❯♠❛ ✈❡③ q✉❡✱ η̃n(0) ∈ B L
2
✱ ❢❛③❡♥❞♦ t1 = 0✱

t❡♠✲s❡

‖η̃n(t2)− η̃n(t1)‖ǫn ≥ L

2
> µ.
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(iii) ❙❡ η̃n(t) ∈ BL ∩Θδ ♣❛r❛ t♦❞♦ t ∈ [0, Tn]✱ ❡①✐st❡♠ t1, t2 ∈ [0, Tn] ❝♦♠ t1 ≤ t2 t❛✐s q✉❡

η̃n(t) ∈
(
Qǫn,

3µ
2
\Qǫn,µ

)
♣❛r❛ t♦❞♦ t ∈ [t1, t2] ❝♦♠

|Jǫn(η̃n(t1))− Sǫ| = µ ❡ |Jǫn(η̃n(t1))− Sǫ| =
3µ

2
.

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ K∗✱ Ψn ❡ Ln✱ ♦❜té♠✲s❡

|t2 − t1| ≥ ‖η̃n(t2)− η̃n(t1)‖ǫn ≥ µ

2K∗

❆❣♦r❛✱ ♥♦t❡ q✉❡

Jǫn(η̃n(Tn)) = Jǫn(u) +

∫ t2

t1

d

dt
Jǫ(η̃n(s))ds ≤ DΓ −

1

2K∗
σµ(t2 − t1)

❡✱ ❡♥tã♦✱

Jǫn(η̃n(Tn)) ≤ DΓ −
1

2K∗
µσµ

❆✜r♠❛çã♦ ✹✳✷✳✾✳ ❆ ❢✉♥çã♦
−→
θ 7→ ηn

(
Tn, H̃ǫn(

−→
θ )
)
♣❡rt❡♥❝❡ ❛ Uǫn✳

❉❡ ❢❛t♦✱ ❝♦♠♦ ηn
(
Tn, H̃ǫn(

−→
θ )
)
é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡♠ [ρ−2, 1]λ✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡

ηn
(
Tn, H̃ǫn(

−→
θ )
)
= H̃ǫn(

−→
θ ) ♣❛r❛ t♦❞♦

−→
θ ∈ ∂([ρ−2, 1]λ).

P❛r❛ t❛♥t♦✱ ✈❡❥❛♠♦s q✉❡ H̃ǫn(
−→
θ ) /∈ Qǫn,2µ ♣❛r❛ t♦❞♦

−→
θ ∈ ∂([ρ−2, 1]λ) ❡ n s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✳ ❯s❛♥❞♦ ✭✹✳✷✹✮✱ t❡♠♦s
∣∣∣Jǫn

(
H̃ǫn(

−→
θ )
)
−DΓ

∣∣∣ ≥ 2µ∗ ♣❛r❛ t♦❞♦
−→
θ ∈ ∂([ρ−2, 1]λ).

■st♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❧✐♠✐t❡

Sǫ → DΓ q✉❛♥❞♦ n→ +∞

✐♠♣❧✐❝❛♠
∣∣∣Jǫn

(
H̃ǫn(

−→
θ )
)
− Sǫ

∣∣∣ ≥ 2µ∗ > 4µ ♣❛r❛ t♦❞♦
−→
θ ∈ ∂([ρ−2, 1]λ) ❡ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡.

P♦rt❛♥t♦✱ H̃ǫn(
−→
θ ) /∈ Qǫn,2µ✱ ♠♦str❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✹✳✷✳✾✳

❈♦♠❜✐♥❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ Sǫ ❝♦♠ ❛s ❊t❛♣❛s ✷ ❡ ✸✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

lim sup
n→+∞

Sǫ ≤ DΓ − ǫ0

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✺✳
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✹✳✸ ❆ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲♣❡❛❦

◆❡st❛ s❡çã♦✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ λ✲♣❡❛❦ s♦❧✉çõ❡s ♣❛r❛ (Pǫ)✳ P❛r❛ t❛♥t♦✱

♠♦str❛r❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

▲❡♠❛ ✹✳✸✳✶✳ ❊①✐st❡♠ ǫ, µ✱ t❛✐s q✉❡ ❛ s♦❧✉çã♦ vǫ ♦❜t✐❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✽ s❛t✐s❢❛③

max
z∈∂Ωǫ

vǫ(z) < a ♣❛r❛ t♦❞♦ µ ∈ (0, µ) ❡ ǫ ∈ (0, ǫ).

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s ǫn, µn → 0 ✈❡r✐✜✲

❝❛♥❞♦

vn := vǫn ∈ Qǫn,µn ❡ max
z∈∂Ωǫn

vn(z) ≥ a ♣❛r❛ t♦❞♦ n ∈ N.

❉❡s❞❡ q✉❡ vn ∈ Qǫn,µn ✱

J ′
ǫn
(vn) = 0, |Jǫn(vn)− Sǫn | → 0 ❡ ❞✐st(vn,Θ) ≤ 2δ. ✭✹✳✸✼✮

❆♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✶✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ p✱ s❡q✉ê♥❝✐❛s (yn,i) ⊂ R
N ✱ ♣♦♥t♦s

xi ∈ Ω✱ i = 1, ..., λ ❡ ❢✉♥çõ❡s u0,i ✈❡r✐✜❝❛♥❞♦

∥∥∥vn(·)−
p∑

i=1

u0,i(· − yn,i)ϕǫn(· − yn,i)
∥∥∥
ǫn

→ 0 q✉❛♥❞♦ n→ +∞ ✭✹✳✸✽✮

❡

ǫnyn,i → xi ♣❛r❛ i = 1, ..., p. ✭✹✳✸✾✮

❖❜s❡r✈❛♥❞♦ q✉❡ ❞✐st(vn,Θ) ≤ 2δ✱ ♦ ❧✐♠✐t❡ ❡♠ ✭✹✳✸✽✮ ✐♠♣❧✐❝❛ q✉❡ p ≥ λ ❡ xi ∈ Ωi ♣❛r❛

i = 1, ..., λ✳ ❆❣♦r❛✱ ♦ ❧✐♠✐t❡ Sǫn → DΓ ❝♦♠❜✐♥❛❞♦ ❝♦♠ ✭✹✳✸✾✮ ❡ |Jǫn(vn)−Sǫn | → 0 r❡s✉❧t❛

q✉❡

p = λ ❡ xi ∈ Υi ♣❛r❛ t♦❞♦ i = 1, ..., λ.

❈♦♥s✐❞❡r❡ (zn) ⊂ ∂Ωǫn s❛t✐s❢❛③❡♥❞♦

vn(zn) = max
z∈∂Ωǫ

vǫn(z)

❡ ❞❡✜♥❛ wn(x) = vn(x+ zn)✳ ◆♦t❡ q✉❡

∥∥∥wn(·)−
p∑

i=1

u0,i(·+ zn − yn,i)ϕǫn(·+ zn − yn,i)
∥∥∥
W 1,Φ(RN )

→ 0 q✉❛♥❞♦ n→ +∞
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P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ ̺ > 0✱

∥∥∥
p∑

i=1

u0,i(·+ zn − yn,i)ϕǫn(·+ zn − yn,i)
∥∥∥
W 1,Φ(B̺(0))

→ 0 q✉❛♥❞♦ n→ +∞.

P♦rt❛♥t♦✱

‖wn‖W 1,Φ(B̺(0)) → 0 q✉❛♥❞♦ n→ +∞. ✭✹✳✹✵✮

❙❡♥❞♦ vn s♦❧✉çã♦ ❞❡ ✭Aǫ✮ s❡❣✉❡ q✉❡ wn é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

−∆Φwn + V (ǫnx+ ǫnzn)φ(|wn|)wn = g(ǫnx+ ǫnzn, wn) ❡♠ R
N ,

❖r❛✱ ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥♦ ▲❡♠❛ ✸✳✷✳✷✱ ❡①✐st❡ w ∈ C1,α
loc (R

N) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜✲

s❡q✉ê♥❝✐❛✱

wn → w ❡♠ C1,α
loc (R

N).

❆ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❝✐♠❛ ❝♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

max
z∈∂Ωǫn

vn(z) ≥ a,

✐♠♣❧✐❝❛♠ q✉❡ wn(0) ≥ a ♣❛r❛ t♦❞♦ n ∈ N✱ ❡ ❡♥tã♦✱ w(0) ≥ a✳ P♦rt❛♥t♦✱ ❡①✐st❡ ̺ ∈ (0, 1)

t❛❧ q✉❡

w(x) ≥ a

2
♣❛r❛ t♦❞♦ x ∈ B̺(0).

❆ss✐♠✱ w 6= 0 ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ✭✹✳✹✵✮✱ ♠♦str❛♥❞♦ ♦ ❧❡♠❛✳

✹✳✸✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❈

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✹✳✸✳✶ ❡①✐st❡♠ ǫ, µ > 0✱ t❛✐s q✉❡ ❛ s♦❧✉çã♦ vǫ ∈ Qǫ,µ ♦❜t✐❞❛ ♥❛

Pr♦♣♦s✐çã♦ ✹✳✷✳✽ s❛t✐s❢❛③

max
z∈∂Ωǫ

vǫ(z) < a ♣❛r❛ t♦❞♦ µ ∈ (0, µ) ❡ ǫ ∈ (0, ǫ).

❘❡♣❡t✐♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ✉s❛♥❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❇ ♠♦str❛✲s❡ q✉❡

vǫ(x) ≤ a ♣❛r❛ t♦❞♦ x ∈ R
N \ Ωǫ.

▲♦❣♦✱ vǫ é s♦❧✉çã♦ ❞❡ ✭P̃ǫ✮ ♣❛r❛ t♦❞♦ ǫ ∈ (0, ǫ)✳
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P❛r❛ ✜♥❛❧✐③❛r ❛ ❞❡♠♦♥str❛çã♦✱ ♠♦str❛r❡♠♦s q✉❡ ❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s (vǫ) t❡♠ ❛

♣r♦♣r✐❡❞❛❞❡ ♠❡♥❝✐♦♥❛❞❛ ♥❛ ❛✜r♠❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❈✳ ❚❡♥❞♦ ✐st♦ ❡♠ ♠❡♥t❡✱ ❝♦♥s✐❞❡r❡

ǫn → 0✱ vn = vǫn ❡ ♦❜s❡r✈❡ q✉❡ (vn) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∗DΓ
✈❡r✐✜❝❛♥❞♦

❞✐st(vn,Θ) ≤ 2δ ♣❛r❛ t♦❞♦ n ∈ N. ✭✹✳✹✶✮

P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✶✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (vn)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (vn)✱ ✉♠

♥ú♠❡r♦ ♥❛t✉r❛❧ p✱ ✉♠❛ s❡q✉ê♥❝✐❛ (yn,i) ⊂ R
N ❝♦♠ i = 1, ..., p t❛✐s q✉❡

ǫnyn,i → xi ∈ Ω ❡ |yn,j − yn,i| → +∞ q✉❛♥❞♦ n→ +∞ ✭✹✳✹✷✮

❝♦♠ i ∈
{
1, ..., p

}
❡

∥∥∥vn(·)−
p∑

i=1

u0,i(· − yn,i)ϕǫn(· − yn,i)
∥∥∥
ǫn

→ 0 q✉❛♥❞♦ n→ +∞ ✭✹✳✹✸✮

♦♥❞❡ ϕǫ(x) = ϕ
(
x/(− ln ǫ)

)
♣❛r❛ 0 < ǫ < 1✱ ❡ ϕ é ✉♠❛ ❢✉♥çã♦ ❝♦rt❡ s❛t✐s❢❛③❡♥❞♦ ϕ(z) = 1

♣❛r❛ |z| ≤ 1✱ ϕ(z) = 0 ♣❛r❛ |z| ≥ 2 ❡ |∇ϕ| ≤ 2✳ ❆ ❢✉♥çã♦ u0,j 6= 0 é s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛

❞♦ ♣r♦❜❧❡♠❛

−∆Φu+ Viφ(|u|)u = g0,i(x, u) ❡♠ R
N ,

❡♠ q✉❡ Vi = V (xi) ≥ V0 > 0 ❡ g0,i(x, u) = lim
n→∞

g(ǫnx+ ǫnyn,i, u)✳ ❆❧é♠ ❞✐ss♦✱

λ∑

i=1

µi =

p∑

i=1

J0,i(u0,i) ✭✹✳✹✹✮

♦♥❞❡ J0,i : W 1,Φ(RN) → R ❞❡♥♦t❛ ♦ ❢✉♥❝✐♦♥❛❧ ❞❛❞♦ ♣♦r

J0,i(u) =

∫

RN

Φ(|∇u|)dx+ Vi

∫

RN

Φ(|u|)dx−
∫

RN

G0,i(x, u)dx

❝♦♠ G0,i(x, t) =
∫ t
0
g0,i(x, s)ds✳ ❯s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛

✹✳✸✳✶✱ ♣♦r ✭✹✳✹✶✮✲✭✹✳✹✹✮✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ p = λ✱ xi ∈ Ωi ❡

λ∑

j=1

µj =
λ∑

j=1

J0,j(u0,j).

❆ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ q✉❡ xi ∈ Υi ♣❛r❛ t♦❞♦ i = 1, ..., λ✳ ❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱

❡①✐st✐r✐❛ ❛❧❣✉♠ i0 ∈ {1, ..., λ} t❛❧ q✉❡ xi0 ∈ ∂Ωi0 ✳ ■ss♦ ❝♦♠ ❛ ❤✐♣ót❡s❡ ✭Ṽ1✮ ♥♦s ♣❡r♠✐t❡
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❝♦♥❝❧✉✐r q✉❡ V (xi0) > αi ❡✱ ❡♥tã♦✱ J0,i0(u0,i0) > µi0 ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ J0,i(u0,i0) ≥ µi✱

♣❛r❛ t♦❞♦ i = 1, ..., λ✱ t❡rí❛♠♦s

λ∑

i=1

µi <

λ∑

i=1

J0,i(u0,i),

q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ xi ∈ Υi ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ V (xi) = αi ♣❛r❛ t♦❞♦

i = 1, ..., λ✳ ❉❛í✱ s❡❣✉❡ q✉❡ u0,i é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❞♦ ♣r♦❜❧❡♠❛

−∆Φu+ αiφ(|u|)u = f(u) ❡♠ R
N .

❉❡ss❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ♠♦str❛r q✉❡ ❞❛❞♦ η > 0✱ ❡①✐st❡ ρ > 0

t❛❧ q✉❡

‖vn‖∞,RN\∪p
j=1Bρ(yn,i) ≤ η ✭✹✳✹✺✮

❡ ❡①✐st❡ δ > 0 t❛❧ q✉❡

‖vn‖∞,Bρ(yn,j) ≥ δ, ♣❛r❛ t♦❞♦ j ∈ Γ. ✭✹✳✹✻✮

P❛r❛ ❡st❡ ✜♠✱ ♠♦str❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛✿

❆✜r♠❛çã♦ ✹✳✸✳✷✳ ❉❛❞♦ η > 0✱ ❡①✐st❡ ρ > 0 t❛❧ q✉❡

‖vn‖W 1,Φ(RN\∪p
j=1Bρ(yn,i)) ≤ η. ✭✹✳✹✼✮

❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ j ∈ Γ✱ ❡①✐st❡ ρj > 0 t❛❧ q✉❡

‖u0,j‖W 1,Φ(RN\Bρj
(0)) < η.

❈♦♥s✐❞❡r❛♥❞♦ ρ = max{ρ1, ..., ρp}✱ t❡♠✲s❡
∫

RN\Bρ(0)

Φ(|∇u0,j|)dx,
∫

RN\Bρ(0)

Φ(|u0,j|)dx < η ♣❛r❛ t♦❞♦ j ∈ Γ.

◆♦t❡ q✉❡
∫

RN\Bρ(yn,j)

Φ
(
|∇(u0,j(· − yn,i)ϕǫn(· − yn,j))|

)
dx =

∫

RN\Bρ(0)

Φ
(
|∇u0,j|

)
dx+ on(1).

P♦rt❛♥t♦✱ ❞❛❞♦ η > 0✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ρ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ✈❡r✐✜❝❛♥❞♦
∫

RN\Bρ(yn,j)

Φ
(
|∇(u0,j(· − yn,i)ϕǫn(· − yn,j))|

)
dx <

η

2
.
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❉❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r✱
∫

RN\Bρ(yn,j)

Φ(|u0,j(· − yn,i)ϕǫn(· − yn,j)|)dx <
η

2
,

✐ss♦ ❛❝❛rr❡t❛ ❡♠

‖u0,j(· − yn,j)ϕǫn(· − yn,j)‖W 1,Φ(RN\Bρ(yn,j)) ≤ η. ✭✹✳✹✽✮

❆ss✐♠✱ ❛ ❆✜r♠❛çã♦ ✹✳✸✳✷ s❡❣✉❡ ❝♦♠❜✐♥❛♥❞♦ ✭✹✳✹✸✮ ❡ ✭✹✳✹✽✮✳

❈♦♠ ❛ ❛✜r♠❛çã♦ ♣r❡❝❡❞❡♥t❡ ♣♦❞❡♠♦s ♣r♦✈❛r ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛✿

❆✜r♠❛çã♦ ✹✳✸✳✸✳ ❉❛❞♦ η > 0✱ ❡①✐st❡♠ ρ > 0 ❡ n0 ∈ N t❛✐s q✉❡

|vn(z)| ≤ η ♣❛r❛ t♦❞♦ z ∈ R
N\ ∪pj=1 Bρ+1(yn,i), ∀n ≥ n0.

❉❡ ❢❛t♦✱ ✜①❡♠♦s R1 ∈ (0, 1) ❡ x0 ∈ R
N\ ∪pj=1 Bρ+1(yn,i) ✈❡r✐✜❝❛♥❞♦

BR1
2
(x0) ⊂ R

N\ ∪pj=1 Bρ(yn,i).

P❛r❛ ❝❛❞❛ h, η > 0✱ ❞❡✜♥❛ ❛s s❡q✉ê♥❝✐❛s

σh =
R1

2
+

R1

2h+1
, σh =

σh + σh+1

2
❡ Kh =

η

2

(
1− 1

2h+1

)
∀h = 0, 1, 2, ....

◆♦t❡ q✉❡✱

σh
yR1

2
, Kh

xη
2

❡ σh+1 < σh < σh < 1.

◆♦ q✉❡ s❡❣✉❡✱ ❞❡✜♥❛

An,Kh,σh =
{
x ∈ Bσh(x0) : vn(x) > Kh

}
.

P❛r❛ ❝❛❞❛ h = 0, 1, ...✱ ✜①❡♠♦s

Jh,n =

∫

An,Kh,σh

(
(vn −Kh)

+
)γ∗
dx ❡ ξh(x) = ξ

(
2h+1

R1

(
|x− x0| −

R1

2

))
,

❡♠ q✉❡ ξ ∈ C1(R) s❛t✐s❢❛③

0 ≤ ξ ≤ 1, ξ(t) = 1, ♣❛r❛ t ≤ 1

2
ξ(t) = 0 ♣❛r❛ t ≥ 3

4
❡ |ξ′| < c.

❘❡♣❡t✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❡①♣❧♦r❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✽ ✈❡r✐✜❝❛✲

s❡ q✉❡

Jh+1,n ≤ CAhJ1+τ
h,n ,
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♦♥❞❡ C = C(N, γ, γ∗, R1, η)✱ τ = γ∗

γ
− 1 ❡ A = 2β ♣❛r❛ ❛❧❣✉♠ β s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❆✜r♠❛♠♦s q✉❡ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

J0,n ≤ C
1
τA− 1

τ2 , ∀n ≥ n0. ✭✹✳✹✾✮

❈♦♠ ❡❢❡✐t♦✱ ♥♦t❡ q✉❡

J0,n =

∫

An,K0,σ0

(
(vn −

η

2
)+
)γ∗
dx ≤

∫

A
n,

η
2 ,R1

vγ
∗

n dx

≤
(η
2

)l∗ ∫

RN\∪p
j=1Bρ(yn,i)

(2vn
η

)l∗
dx

≤ c1

∫

RN\∪p
j=1Bρ(yn,i)

Φ∗(|vn|)dx,

♦♥❞❡ c1 ❞❡♣❡♥❞❡ ❞❡ η✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ❇✳✸✱ ❡①✐st❡ c2 > 0 q✉❡

t❛♠❜é♠ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ρ t❛❧ q✉❡

∫

RN\∪p
j=1Bρ(yn,i)

Φ∗(|vn|)dx ≤ c2‖vn‖W 1,Φ(RN\∪p
j=1Bρ(yn,i)).

▲♦❣♦✱

J0,n ≤ c3‖vn‖W 1,Φ(RN\∪p
j=1Bρ(yn,i)),

❡♠ q✉❡ c3 > 0 ❞❡♣❡♥❞❡ ❞❡ η✳ ❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✹✳✸✳✷✱ ❛✉♠❡♥t❛♥❞♦ ρ s❡ ♥❡❝❡s✲

sár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

c3‖vn‖W 1,Φ(RN\∪p
j=1Bρ(yn,i)) ≤ C

1
τA− 1

τ2 ,

♠♦str❛♥❞♦ ✭✹✳✹✾✮✳ ❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✶✳✶✶✱ ❝♦♥❝❧✉í♠♦s

lim
h→+∞

Jh,n = 0.

P♦r ♦✉tr♦ ❧❛❞♦✱

lim
h→+∞

Jh,n = lim
h→+∞

∫

An,Kh,σh

(
(vn −Kh)

+
)γ∗
dx =

∫

A
n,

η
2 ,

R1
2

(
(vn −

η

2
)+
)γ∗
dx,

❞❡ ♦♥❞❡ s❡❣✉❡

vn(z) ≤
η

2
, z ∈ BR1

2
(x0),
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❡ ♣♦rt❛♥t♦✱

|vn(z)| ≤
η

2
, z ∈ R

N\ ∪pj=1 Bρ+1(yn,i),

✜♥❛❧✐③❛♥❞♦ ❛ ♣r♦✈❛ ❞❛ ❛✜r♠❛çã♦✳

◆♦ q✉❡ s❡❣✉❡✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ wn,i(x) = vn(x+yn,i)✳ ◆♦t❡ q✉❡ wn,i é ✉♠❛ s♦❧✉çã♦

♥ã♦✲♥❡❣❛t✐✈❛ ❡ ♥ã♦ tr✐✈✐❛❧ ❞♦ ♣r♦❜❧❡♠❛

−∆Φwn,i + V (ǫnx+ ǫnyn,i)φ(|wn,i|)wn,i = g(ǫnx+ ǫnyn,i, wn,i) ❡♠ R
N (Aǫn)

❆✜r♠❛çã♦ ✹✳✸✳✹✳ ❊①✐st❡ δ > 0 t❛❧ q✉❡ ‖wn,i‖∞ ≥ δ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡ ❢❛t♦✱ s❡ ‖wn,i‖∞ → 0✱ ❝♦♠❜✐♥❛♥❞♦ ✭f1✮ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ g✱ s❡❣✉❡

g(ǫnx+ ǫnyn,i, wn,i)

φ(|wn,i|)wn,i
≤ V0

2
∀ n ≥ n0.

♣❛r❛ ❛❧❣✉♠ n0 ∈ N✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♠ J ′
ǫn
(wn,i)wn,i = 0 ✐♠♣❧✐❝❛♠

∫

RN

φ(|∇wn,i|)|∇wn,i|2dx+
∫

RN

V (ǫnx+ ǫnyn,i)φ(|wn,i|)|wn,i|2dx = 0 ∀ n ≥ n0, .

❆ss✐♠✱ ‖wn,i‖ǫn = 0 ♣❛r❛ t♦❞♦ n ≥ n0 ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ♦ ▲❡♠❛ ✹✳✷✳✶✳

◆❛ s❡q✉ê♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦ η < δ ❡ ✉s❛♥❞♦ ❛s ❆✜r♠❛çõ❡s ✹✳✸✳✸ ❡ ✹✳✸✳✹

‖wn,i‖∞,B(ρ+1)(0) ≥ δ,

✐st♦ é✱

‖vn‖∞,Bρ+1(yn,i) ≥ δ, ♣❛r❛ t♦❞♦ i ∈ Γ.

❋✐♥❛❧♠❡♥t❡✱ ❢❛③❡♥❞♦ un(x) = vn

( x
ǫn

)
❡ Pn,i = ǫnyn,i✱ ❝♦♥❝❧✉í♠♦s q✉❡ un é ✉♠❛ s♦❧✉çã♦ ❞❡

✭Pǫ✮ ✈❡r✐✜❝❛♥❞♦

‖un‖∞,Bǫn(ρ+1)(Pn,i) ≥ δ, ♣❛r❛ t♦❞♦ i ∈ Γ.

❡

‖un‖∞,RN\∪i∈ΓBǫn(ρ+1)(Pn,i) ≤ ‖vn‖∞,RN\∪p
j=1Bρ+1(yn,i) ≤ η ♣❛r❛ t♦❞♦ n ≥ n0,

♣r♦✈❛♥❞♦ ♦ t❡♦r❡♠❛✳



❆♣ê♥❞✐❝❡s





❆♣ê♥❞✐❝❡ ❆

❈♦♥str✉çã♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❛✉①✐❧✐❛r

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ♠♦str❛♠♦s ❝♦♠♦ ❝♦♥str✉í♠♦s ❛ ❢✉♥çã♦ ζ ✉s❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✸✳ Pr✐✲

♠❡✐r❛♠❡♥t❡✱ r❡❝♦r❞❡ q✉❡

f ′(a) > (m− 1)
f(a)

a
,

♦ q✉❡ ✐♠♣❧✐❝❛

f ′(a) >
V0
k
(m− 1)φ(a).

P♦r ❝♦♥t✐♥✉✐❞❛❞❡✱ ♥♦ q✉❡ s❡❣✉❡✱ ✜①❛♠♦s δ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❛❧ q✉❡ ♦ ♥ú♠❡r♦

λ = a− δ ✈❡r✐✜q✉❡

f ′(λ) >
V0
k
(m− 1)φ(λ). ✭❆✳✶✮

❈♦♥s✐❞❡r❛♥❞♦ h(s) =
f(s)

φ(s)
✱ t❡♠♦s

h′(λ) >
V0
k

❡ h(λ) <
V0
k
λ.

❉❡ ❢❛t♦✱ r❡❝♦r❞❡ q✉❡
f(a)

φ(a)a
=
V0
k
.

❉❡s❞❡ q✉❡ ❛s ❢✉♥çõ❡s
tm−2

φ(t)
❡
f(t)

tm−1
sã♦ ❝r❡s❝❡♥t❡s ♣❛r❛ t > 0✱ s❡❣✉❡ q✉❡

f(t)

φ(t)t
=
f(t)

tm−1

tm−2

φ(t)
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t❛♠❜é♠ é ❝r❡s❝❡♥t❡ ♣❛r❛ t > 0✳ ▲♦❣♦✱ ♣❛r❛ λ < a✱

h(λ) =
f(λ)

φ(λ)
<

f(a)

φ(a)a
λ,

♦ q✉❡ ✐♠♣❧✐❝❛
V0
k
λ− h(λ) >

f(a)

φ(a)a
λ− f(a)

φ(a)a
λ = 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ r❡❝♦r❞❛♥❞♦ q✉❡

φ′(λ)λ < (m− 2)φ(λ)

❡ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ q✉❡
f(t)

φ(t)t
é ❝r❡s❝❡♥t❡ ❝♦♠ ✭❆✳✶✮✱ ✈❡♠

h′(λ) =
f ′(λ)

φ(λ)
− f(λ)φ′(λ)
(
φ(λ)

)2

>
V0
k
(m− 1)− (m− 2)

f(λ)

φ(λ)λ

>
V0
k
(m− 1)− (m− 2)

f(a)

φ(a)a
=
V0
k
.

❆❣♦r❛✱ ❞❡✜♥❛ ❛ ❢✉♥çã♦

ĥ(s) =





h(s), se s ≤ a,
V0
k
s, se s > a,

❡ ♥♦t❡ q✉❡ ĥ(s) =
f̂(s)

φ(s)
♦♥❞❡

f̂(s) =





f(s), se s ≤ a,
V0
k
φ(s)s, se s > a.

❆❧é♠ ❞✐ss♦✱

• h(a)

a
=

f(a)

φ(a)a
=
V0
k
✱

• h(s)

s
=

f(s)

φ(s)s
=
sm−2

φ(s)

f(s)

sm−1

x ♣❛r❛ s > 0✱

• h
′
(λ) >

V0
k
✱
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• B :=
V0
k
λ− h(λ) > 0✳

❖ ♣ró①✐♠♦ ❧❡♠❛ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦❜t❡r ❛ ❢✉♥çã♦ ζ✳

▲❡♠❛ ❆✳✶✳ ❊①✐st❡♠ t0, t1 ∈ (0,+∞) t❛✐s q✉❡ t0 < a < t1 ❡ ζ̃ ∈ C1([t0, t1])✱ s❛t✐s❢❛③❡♥❞♦

✭ζ̃1✮ ζ̃(s) ≤ ĥ(s)✱ ♣❛r❛ t♦❞♦ s ∈ [t0, t1]✱

✭ζ̃2✮ ζ̃(t0) = ĥ(t0) ❡ ζ̃(t1) = ĥ(t1)✱

✭ζ̃3✮ (ζ̃)′(t0) = (ĥ)′(t0) ❡ (ζ̃)
′
(t1) = (ĥ)

′
(t1)✱

✭ζ̃4✮ ❆ ❢✉♥çã♦ s→ ζ̃(s)

s
é ♥ã♦✲❞❡s❝r❡♥t❡ ♣❛r❛ t♦❞♦ s ∈ [t0, t1]✳

❉❡♠♦♥str❛çã♦✳ ◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ ❝❛❞❛ δ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ✜①❛♠♦s ♦s

♥ú♠❡r♦s

λ = a− δ, B = h′(λ) >
V0
k

❡ D =
V0
k
λ− h(λ),

♦♥❞❡
V0
k

=
h(a)

a
✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❢✉♥çã♦

y(t) = At2 +Bt,

t❡♠♦s q✉❡

y(0) = 0 ❡ y′(0) = B.

❆ s❡❣✉✐r✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♣r♦✈❛r q✉❡ ❡①✐st❡♠ A < 0 ❡ T > δ t❛✐s q✉❡

y(T ) =
V0
k
T +D ❡ y′(T ) =

V0
k
.

❆s ✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ r❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ s✐st❡♠❛




AT 2 +BT = V0
k
T +D

2AT +B = V0
k

❝✉❥❛ s♦❧✉çã♦ é

T =
2D

B − V0
k

=
2(V0

k
λ− h(λ))

B − V0
k

> δ, s❡ δ ≈ 0+
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❡

A = −1

4

(B − V0
k
)2

D
.

❆❣♦r❛✱ s❡❥❛ ζ̃ : R → R ❞❛❞❛ ♣♦r

ζ̃(t) = y(t− λ) + h(λ).

◆♦t❡ q✉❡

ζ̃(λ) = h(λ), (ζ̃)′(λ) = h′(λ), ζ̃(T + λ) =
V0
k
(T + λ) ❡ (ζ̃)′(T + λ) =

V0
k
. ✭❆✳✷✮

❯♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r

(ζ̃)′(t)t− ζ̃(t) = At2 − Aλ2 +Bλ− h(λ).

▲♦❣♦✱

(ζ̃)′(t)t− ζ̃(t) > 0 ⇔ At2 − Aλ2 +Bλ− h(λ) > 0.

❊♥tr❡t❛♥t♦✱

At2 − Aλ2 +Bλ− h(λ) > 0 ⇔ −t∗ < t < t∗,

♦♥❞❡

t∗ =

√
λ2 − (Bλ− f(λ))

A
= T + λ.

P♦rt❛♥t♦✱

(ζ̃)′(t)t− ζ̃(t) ≥ 0 ∀t ∈ [λ, T + λ], ✭❆✳✸✮

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡
ζ̃(t)

t
é ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ❡♠ [a− δ, a+ τ ]✱ ♦♥❞❡ τ = T − δ > 0✳

❯s❛♥❞♦ ✭❆✳✸✮

ζ̃(t) ≤ (ζ̃)′(t)t =
(
2A(t− λ) + B

)
t ∀ t ∈ [λ, T + λ]

♦ q✉❡ ✐♠♣❧✐❝❛

ζ̃(t) ≤ (2AT +B)t =
V0
k
t ≤ h(t) ∀ t ∈ [a, T + λ]. ✭❆✳✹✮

❆❧é♠ ❞✐ss♦✱ ♠♦str❛✲s❡ q✉❡

Aδ2 +Bδ + h(λ) < h(a), δ ≈ 0+.



✶✽✼

❆ss✐♠✱ ❞✐♠✐♥✉✐♥❞♦ δ s❡ ♥❡❝❡ssár✐♦✱ ♣♦r ❝♦♥t✐♥✉✐❞❛❞❡✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

ζ̃(t) = A(t− λ)2 +B(t− λ) + h(λ) < h(t) ∀ t ∈ [λ, a]. ✭❆✳✺✮

❈♦♥s✐❞❡r❛♥❞♦ t0 = a− δ ❡ t1 = a+ τ ✱ ♣♦r ✭❆✳✷✮✱ ✭❆✳✹✮ ❡ ✭❆✳✺✮✱

ζ̃(s) ≤ ĥ(s) ♣❛r❛ t♦❞♦ s ∈ [t0, t1],

ζ̃(t0) = ĥ(t0), (ζ̃)
′(t0) = ĥ′(t0), ζ̃(t1) = ĥ(t1) ❡ (ζ̃)′(t1) = ĥ′(t1).

❯s❛♥❞♦ ♦ ▲❡♠❛ ❆✳✶✱ s❡❣✉❡ q✉❡ ❛ ❢✉♥çã♦ ζ(t) = φ(t)ζ̃(t) ✈❡r✐✜❝❛ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐✲

çõ❡s✿

• ζ(s) ≤ f̂(s)✱ ♣❛r❛ t♦❞♦ s ∈ [t0, t1]✱

• ζ(t0) = φ(t0)ĥ(t0) = f̂(t0) ❡ ζ(t1) = φ(t1)ĥ(t1) = f̂(t1)✱

•

ζ ′(t0) = φ
′

(t0)ζ̃(t0) + φ(t0)(ζ̃)
′(t0)

= φ′(t0)ĥ(t0) + φ(t0)(ĥ)
′(t0)

= φ′(t0)h(t0) + φ(t0)h
′(t0)

=
(
φ(t)h(t)

)′
(t0) = f ′(t0),

• ζ ′(t1) = (f̂)′(t1)✱

• ζ(s)

φ(s)s
=
φ(s)ζ̃(s)

φ(s)s
=
ζ̃(s)

s
✱

♠♦str❛♥❞♦ q✉❡ ❛ ❢✉♥çã♦ ζ ✈❡r✐✜❝❛ ❛s ❝♦♥❞✐çõ❡s ✭ζ1✮✱ ✭ζ1✮✱ ✭ζ3✮ ❡ ✭ζ4✮ ♠❡♥❝✐♦♥❛❞❛s ♥♦

❈❛♣ít✉❧♦ ✸✳





❆♣ê♥❞✐❝❡ ❇

❯♠ r❡s✉❧t❛❞♦ ❞❡ ✐♠❡rsã♦

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ❡st❛❜❡❧❡❝❡♠♦s ❞♦✐s r❡s✉❧t❛❞♦s ❞❡ ✐♠❡rsã♦ q✉❡ ❢♦r❛♠ ✉s❛❞♦s ♥❛ t❡s❡✳

❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❡st❛ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ✐♠♣♦rt❛♥t❡ ♣r♦♣r✐❡❞❛❞❡ ❡♥✈♦❧✈❡♥❞♦ ♦s ❡s♣❛ç♦s

❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ q✉❡ s❛❜❡♠♦s s❡r ✈á❧✐❞❛ ♣❛r❛ ♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳ ❆q✉✐✱ s❡❣✉✐♠♦s

❛s ✐❞❡✐❛s ❡♥❝♦♥tr❛❞❛s ❡♠ ❉♦♥❛❧❞s♦♥ ❡ ❚r✉♥❞✐♥❣❡r ❬✸✷✱ ❚❡♦r❡♠❛ ✸✳✷❪ ❡ ❆❞❛♠s ❬✶✱ ❚❡♦✲

r❡♠❛ ✽✳✸✺❪✳ ❚♦❞❛✈✐❛✱ ❡♥❢❛t✐③❛♠♦s q✉❡ ❛ ♥♦ss❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ t❛♠❜é♠ ❛

❞♦♠í♥✐♦s ✐❧✐♠✐t❛❞♦s ❞❡ R
N ✳

Pr♦♣♦s✐çã♦ ❇✳✷✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M∗ > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫ t❛❧ q✉❡

‖u‖Φ∗,Ωǫ,i
≤M∗‖u‖X̃ǫ,i

♣❛r❛ t♦❞♦ u ∈ X̃ǫ,i.

❉❡♠♦♥str❛çã♦✳ ◆♦ q✉❡ s❡❣✉❡✱ ❞❡✜♥❛ ❛ ❢✉♥çã♦ υ(t) =
(
Φ∗(t)

)1− 1
N ✳ Pr✐♠❡✐r❛♠❡♥t❡✱

♦❜s❡r✈❡ q✉❡

∣∣∣ d
dt
υ(t)

∣∣∣ ≤ N − 1

N
Φ̃−1

(
υ(t)

N
N−1

)
♣❛r❛ t♦❞♦ t > 0. ✭❇✳✶✮

❉❡ ❢❛t♦✱ ♣♦r ❞❡✜♥✐çã♦
d

ds
Φ−1

∗ (s) =
Φ−1(s)

s1+
1
N

.

P♦r ♦✉tr♦ ❧❛❞♦✱
d

ds
Φ−1

∗ (s) =
1

d
ds
Φ∗(s)

.
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▲♦❣♦✱ ❢❛③❡♥❞♦ s = Φ−1
∗ (t)✱ ♦❜té♠✲s❡

Φ−1
(
Φ∗(t)

) d
dt
Φ∗(t) =

(
Φ∗(t)

)1+ 1
N ♣❛r❛ t♦❞♦ t ≥ 0. ✭❇✳✷✮

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✳✾✱

Φ∗(t) ≤ Φ−1
(
Φ∗(t)

)
Φ̃−1

(
Φ∗(t)

)
. ✭❇✳✸✮

❈♦♠❜✐♥❛♥❞♦ ✭❇✳✷✮ ❡ ✭❇✳✸✮✱ ♦❜t❡♠♦s

∣∣∣ d
dt
Φ∗(t)

∣∣∣ ≤ Φ̃−1
(
Φ∗(t)

)(
Φ∗(t)

) 1
N

❞❡ ♦♥❞❡ s❡❣✉❡ ∣∣∣ d
dt
υ(t)

∣∣∣ ≤ N − 1

N
Φ̃−1

(
Φ∗(t)

)
♣❛r❛ t♦❞♦ t > 0.

◆♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ u ∈ X̃ǫ,i ∩ L∞(Ωǫ,i) ❡ k > 0✱ ❛ ❢✉♥çã♦ ν := υ ◦
(

|u|
k

)
∈ W 1,1(Ωǫ,j) ❡

∂ν(x)

∂xj
= υ

′
( |u(x)|

k

)s❣♥u(x)
k

∂u(x)

∂xj
.

P♦r ❬✶✱ ❚❡♦r❡♠❛ ✹✳✶✷❪✱ ❞❡s❞❡ q✉❡ Ω
ǫ,j

✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ ❞♦ ❝♦♥❡ ✉♥✐❢♦r♠❡ ♣❛r❛ t♦❞♦ ǫ > 0✱

s❛❜❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ❛ss♦❝✐❛❞❛ ❝♦♠ ❛ ✐♠❡rsã♦ W 1,1(Ωǫ,j) →֒ L
N

N−1 (Ωǫ,j) q✉❡

♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ǫ✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ u ❡ ǫ✱ t❛❧ q✉❡

‖ν‖
L

N
N−1 (Ωǫ,j)

≤ C
( N∑

j=1

∥∥∥ ∂ν
∂xj

∥∥∥
L1(Ωǫ,j)

+ ‖ν‖L1(Ωǫ,j)

)
,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

[∫

Ωǫ,i

Φ∗

( |u|
k

)
dx

]1− 1
N

≤ C

k

N∑

j=1

∫

Ωǫ,i

∣∣∣υ′
( |u|
k

) ∂u
∂xj

∣∣∣dx+ C

∫

Ωǫ,i

|υ
( |u|
k

)
|dx.

❈♦♥s✐❞❡r❛♥❞♦ k = ‖u‖Φ∗,Ωǫ,i
✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ✭❇✳✶✮✱ t❡♠♦s

1 ≤ 2C

k

N − 1

N

N∑

j=1

‖Φ̃−1
(
Φ∗

( |u|
k

))
‖Φ̃,Ωǫ,i

∥∥∥ ∂u
∂xj

∥∥∥
Φ,Ωǫ,i

+ C

∫

Ωǫ,i

|υ
( |u|
k

)
|dx. ✭❇✳✹✮

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡

∥∥∥Φ̃−1
(
Φ∗

( |u|
k

))∥∥∥
Φ̃,Ωǫ,i

= inf
{
λ > 0 :

∫

Ωǫ,i

Φ̃
(1
λ
Φ̃−1

(
Φ∗

( |u|
k

)))
dx ≤ 1

}
.



✶✾✶

❆❧é♠ ❞✐ss♦✱ ∫

Ωǫ,i

Φ̃
(
Φ̃−1

(
Φ∗

( |u|
k

)))
dx = 1,

❞♦♥❞❡

inf
{
λ > 0 :

∫

Ωǫ,i

Φ̃
(1
λ
Φ̃−1

(
Φ∗

( |u|
k

)))
dx ≤ 1

}
≤ 1.

▲♦❣♦✱ ∥∥∥Φ̃−1
(
Φ∗

( |u|
k

))∥∥∥
Φ̃,Ωǫ,i

≤ 1,

❡✱ ♣♦rt❛♥t♦✱

‖Φ̃−1
(
Φ∗

( |u|
k

))
‖Φ̃,Ωǫ,i

∥∥∥ ∂u
∂xj

∥∥∥
Φ,Ωǫ,i

≤ ‖∇u‖Φ,Ωǫ,i
✭❇✳✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ ✈❡r✐✜❝❛✲s❡
∫

Ωǫ,i

|υ
( |u|
k

)
|dx ≤ 2

k

N − 1

N

∥∥Φ̃−1
(
Φ∗(

|u|
k
)
)∥∥

Φ̃,Ωǫ,i
‖u‖Φ,Ω̃ǫ,i

. ✭❇✳✻✮

❉❡ ✭❇✳✹✮✲✭❇✳✻✮✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

1 ≤ 2C

k

N − 1

N
‖∇u‖Φ,Ω̃ǫ,i

+
2

k

N − 1

N
‖u‖Φ,Ω̃ǫ,i

.

P♦rt❛♥t♦✱ ❡①✐st❡ M∗ > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫ✱ s❛t✐s❢❛③❡♥❞♦

‖u‖Φ∗,Ωǫ,i
≤M∗‖u‖X̃ǫ,i

♣❛r❛ t♦❞♦ u ∈ X̃ǫ,i ∩ L∞(Ωǫ,i).

❆❣♦r❛✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ✉s❛♥❞♦ ❞❡♥s✐❞❛❞❡✳

❉❡❝♦rr❡ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✿

❈♦r♦❧ár✐♦ ❇✳✸✳ ❙❡❥❛ (yn,i) ♦❜t✐❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✶✳ ❊♥tã♦✱ ❡①✐st❡ C > 0 ✐♥❞❡♣❡♥❞❡♥t❡

❞❡ ρ ❡ n ∈ N✱ t❛❧ q✉❡
∫

RN\∪p
j=1Bρ(yn,i)

Φ∗(|v|)dx ≤ C‖v‖W 1,Φ(RN\∪p
j=1Bρ(yn,i)),

♣❛r❛ t♦❞♦ v ∈ W 1,Φ(RN\ ∪pj=1 Bρ(yn,i))✳

❉❡♠♦♥str❛çã♦✳ ❖ ❝♦r♦❧ár✐♦ s❡❣✉❡ r❡♣❡t✐♥❞♦ ❛s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♥❛ ❞❡♠♦♥s✲

tr❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ❇✳✷✳ ❖ ♣r✐♥❝✐♣❛❧ ♣♦♥t♦ q✉❡ ❣♦st❛rí❛♠♦s ❞❡ ❡♥❢❛t✐③❛r é ♦ ❢❛t♦ ❞❡ q✉❡

❛ ❝♦♥st❛♥t❡ ❛ss♦❝✐❛❞❛ ❝♦♠ ❛ ✐♠❡rsã♦

W 1,1(RN\ ∪pj=1 Bρ(yn,i)) →֒ L
N

N−1 (RN\ ∪pj=1 Bρ(yn,i))

✐♥❞❡♣❡♥❞❡ ❞❡ ρ ❡ n ∈ N✱ ♣♦✐s ♦s ❝♦♥❥✉♥t♦s Θρ,n,i = R
N \∪pj=1Bρ(yn,i) ✈❡r✐✜❝❛♠ ❛ ❝♦♥❞✐çã♦

❞♦ ❝♦♥❡ ✉♥✐❢♦r♠❡ ♣❛r❛ t♦❞♦ ρ > 0 ❡ n ∈ N✳





❆♣ê♥❞✐❝❡ ❈

❯♠ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦ ▲✐♦♥s ♣❛r❛

❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ❡st❛❜❡❧❡❝❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♣❛r❛ ♦s ❡s♣❛ç♦s ❞❡ ❙♦✲

❜♦❧❡✈✳ ❊♥tr❡t❛♥t♦✱ ❝♦♥✈é♠ ♠❡♥❝✐♦♥❛r q✉❡ ♥ã♦ ❡♥❝♦♥tr❛♠♦s ♥❛ ❧✐t❡r❛t✉r❛ ✉♠❛ ✈❡rsã♦ ♣❛r❛

♦s ❡s♣❛ç♦s ❞❡ ❖r❧✐❝③✲❙♦❜♦❧❡✈ ✳ ❆q✉✐✱ ❛❞❛♣t❛♠♦s ♦s ❛r❣✉♠❡♥t♦s ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✽❪✳

Pr♦♣♦s✐çã♦ ❈✳✶✳ ❙❡❥❛♠ ̺, C0 > 0 ❡ ǫn ∈ (0,+∞) ❝♦♠ ǫn → 0✳ ❙❡❥❛ (vn,i) ⊂ X̃ǫn , i ✉♠❛

s❡q✉ê♥❝✐❛ s❛t✐s❢❛③❡♥❞♦

‖vn,i‖X̃ǫn,i
≤ C0 ❡ lim

n→+∞
sup
y∈RN

∫

B̺(y)∩Ωǫn,i

Φ(|vn,i|)dx = 0.

❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r ◆✲❢✉♥çã♦ B ✈❡r✐✜❝❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ∆2 ❝♦♠

lim
t→0

B(t)

Φ(t)
= 0 ❡ lim

|t|→+∞

B(t)

Φ∗(t)
= 0.

t❡♠♦s

lim
n→+∞

∫

Ωǫn,i

B(|vn,i|)dx = 0.

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡ ❞❛❞♦ η > 0 ❡①✐st❡ κ > 0 t❛❧ q✉❡

B(|vn,i|) ≤ ηΦ∗(|vn,i|) ♣❛r❛ |vn,i| ≥ κ.



✶✾✹ ❆P✃◆❉■❈❊ ❈✳ ❯▼ ❘❊❙❯▲❚❆❉❖ ❉❖ ❚■P❖ ▲■❖◆❙ P❆❘❆ ❊❙P❆➬❖❙ ❉❊ ❖❘▲■❈❩✲❙❖❇❖▲❊❱

❈♦♠❜✐♥❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✭❇✳✷✮ ❝♦♠ ❛ ❧✐♠✐t❛çã♦ ❞❡ (‖vn,i‖X̃ǫn,i
) ❡♠ R✱ t❡♠♦s

∫

Ωǫn,i

B(|vn,i|)dx ≤ ηC +

∫

Ωǫn,i∩[|vn,i|≤κ]

B(|vn,i|)dx

♦ q✉❡ ✐♠♣❧✐❝❛

lim sup
n→+∞

∫

Ωǫn,i

B(|vn,i|)dx ≤ ηC + lim sup
n→+∞

∫

Ωǫn,i∩[|vn,i|≤κ]

B(|vn,i|)dx. ✭❈✳✶✮

❆ss✐♠✱ ❛ ♣r♦♣♦s✐çã♦ s❡❣✉❡ ♠♦str❛♥❞♦ q✉❡

lim sup
n→+∞

∫

Ωǫn,i∩[|vn,i|≤κ]

B(|vn,i|)dx = 0. ✭❈✳✷✮

❉❡ ❢❛t♦✱ s✉♣♦♥❞♦ ✭❈✳✶✮ ❡ ✭❈✳✷✮✱

lim sup
n→+∞

∫

Ωǫn,i

B(|vn,i|)dx ≤ ηC

❡ ♣❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ η s❡❣✉❡ q✉❡

lim sup
n→+∞

∫

Ωǫn,i

B(|vn,i|)dx = 0.

❆❣♦r❛✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ❧✐♠✐t❡ ❡♠ ✭❈✳✷✮ ♦❝♦rr❡✳ ❈♦♠ ❡st❛ ✜♥❛❧✐❞❛❞❡✱ ♣❛r❛ ❝❛❞❛

ζ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ χζ ∈ C1
0(R) ❞❛❞❛ ♣♦r

χζ(s) =





1, s❡ |s| ≤ κ− ζ,

a1(s), s❡ − (κ+ ζ) ≤ s ≤ −(κ− ζ),

a2(s), s❡ κ− ζ ≤ s ≤ κ+ ζ,

0, s❡ |s| ≥ κ+ ζ,

♦♥❞❡ a1, a2 ∈ C1
(
R; [0, 1]

)
❝♦♠ a1 ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ❡ a2 ♥ã♦✲❝r❡s❝❡♥t❡✳ ❆ s❡❣✉✐r✱ ❞❡✜♥❛ ❛

s❡❣✉✐♥t❡ ❢✉♥çã♦ ❛✉①✐❧✐❛r

un,i(x) = χζ(|vn,i(x)|)vn,i(x).

◆♦t❡ q✉❡ ∫

Ωǫn,i

B(|un,i|)dx ≥
∫

Ωǫn,i∩[|vn,i|≤κ−ζ]

B(|vn,i|)dx. ✭❈✳✸✮

▲♦❣♦✱ ✭❈✳✷✮ s❡❣✉❡ ♠♦str❛♥❞♦ ♦ ❧✐♠✐t❡ ❛❜❛✐①♦

lim sup
n→+∞

∫

Ωǫn,i

B(|un,i|)dx = 0. ✭❈✳✹✮



✶✾✺

❉❡ ❢❛t♦✱ ♣♦r ✭❈✳✸✮ ❡ ❈✳✹✱

lim sup
n→+∞

∫

Ωǫn,i∩[|vn,i|≤κ−ζ]

B(|vn,i|)dx = 0.

❉❡s❞❡ q✉❡ ∫

Ωǫn,i∩[κ−ζ≤|vn,i|≤κ]

B(|vn,i|)dx = on(1)

❡

∫

Ωǫn,i∩[|vn,i|≤κ]

B(|vn,i|)dx =

∫

Ωǫn,i∩[κ−ζ≤|vn,i|≤κ]

B(|vn,i|)dx+
∫

Ωǫn,i∩[|vn,i|≤κ−ζ]

B(|vn,i|)dx,

r❡s✉❧t❛ q✉❡

lim sup
n→+∞

∫

Ωǫn,i∩[|vn,i|≤κ]

B(|vn,i|)dx = 0,

P❛r❛ ❝♦♥❝❧✉✐r✱ ♣r♦✈❛r❡♠♦s ✭❈✳✹✮✳ ◆♦ q✉❡ s❡❣✉❡✱ ❞❡✜♥❛

wn,i =
un,i
κ+ ζ

❡ ♦❜s❡r✈❡ q✉❡ ❛ ❝♦♥❞✐çã♦ ∆2 ✐♠♣❧✐❝❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ Cκ+ζ > 0 t❛❧ q✉❡

∫

Ωǫn,i

B(|un,i|)dx ≤ Cκ+ζ

∫

Ωǫn,i

B(|wn,i|)dx.

P♦rt❛♥t♦✱ ❈✳✹ s❡❣✉❡ ♣r♦✈❛♥❞♦ ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

lim sup
n→+∞

∫

Ωǫ,i

B(|wn,i|)dx = 0. ✭❈✳✺✮

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❝♦♥❞✐çã♦ ∆2 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cκ > 0 ✈❡r✐✜❝❛♥❞♦

Φ(|wn,i|) ≤ CκΦ(|un,i|) ♣❛r❛ t♦❞♦ n ∈ N.

❯♠❛ ✈❡③ q✉❡ |wn,i| ≤ κ+ ζ✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✳✸✷

∫

B̺(y)∩Ωǫn,i

Φ(|un,i|)dx ≥ Φ(κ+ ζ)

Cκ

∫

B̺(y)∩Ωǫn,i

ξ0(|wn,i|)dx ≥ C̃κ+ζ

∫

B̺(y)∩Ωǫn,i

|wn,i|mdx

♦♥❞❡ ξ0(s) = min{sl, sm}✱ ❞❡ ♦♥❞❡ s❡❣✉❡

lim
n→+∞

sup
y∈RN

∫

B̺(y)∩Ωǫn,i

|wn,i|mdx = 0. ✭❈✳✻✮
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❆✜r♠❛♠♦s q✉❡ ♣❛r❛ t♦❞♦ α > 1 ❡ n ∈ N✱ Φ(|wn,i|α) ∈ W 1,1(Ωǫn,i)✳ ❈♦♠ ❡❢❡✐t♦✱

s❡♥❞♦ |wn,i| ≤ 1 ❡ wn,i ∈ X̃ǫn,i✱
∫

Ωǫn,i

Φ(|wn,i|α)dx ≤
∫

Ωǫn,i

Φ(|wn,i|)dx ≤ 1

V0

∫

Ωǫn,i

Φ(|wn,i|)V (ǫnx)dx < +∞.

❆❧é♠ ❞✐ss♦✱

|∇Φ(|wn,i|α)| ≤ αφ(|wn,i|α)|wn,i|α|∇Φ(|wn,i|)|.

❆♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱
∫

Ωǫn,i

|∇Φ(|wn,i|α)|dx ≤ α

∫

Ωǫn,i

φ(|wn,i|α)|wn,i|α|∇wn,i|dx

≤ α

∫

Ωǫn,i

Φ̃
(
φ(|wn,i|α)|wn,i|α

)
dx+ α

∫

Ωǫn,i

Φ(|∇wn,i|)dx

≤ α

∫

Ωǫn,i

Φ
(
2|wn,i|

)
dx+ α

∫

Ωǫn,i

Φ(|∇wn,i|)dx

≤ c1

[∫

Ωǫn,i

(
Φ(|∇wn,i|) + Φ

(
|wn,i|

))
dx

]
< +∞,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ Φ(|wn,i|α) ∈ W 1,1(Ωǫn,i)✳ ❯s❛♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❞❡ ❙♦❜♦❧❡✈

W 1,1
(
B̺(y) ∩ Ωǫn,i

)
→֒ L

N
N−1

(
B̺(y) ∩ Ωǫn,i

)

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c1 > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫn ❡ ̺✱ s❛t✐s❢❛③❡♥❞♦

[∫

B̺(y)∩Ωǫn,i

(
Φ(|wn,i|α)

N
N−1

)
dx

]N−1
N

≤ c1

[∫

B̺(y)∩Ωǫn,i

(
Φ(|∇wn,i|) + Φ

(
|wn,i|

))
dx

]
.

❈♦♥s✐❞❡r❛♥❞♦ Hn,i = Φ(|∇wn,i|) + Φ
(
|wn,i|

)
♦❜s❡r✈❛♠♦s q✉❡

[∫

B̺(y)∩Ωǫn,i

|wn,i|
mαN
N−1 dx

]N−1
N

≤ c1

∫

B̺(y)∩Ωǫn,i

Hn,idx. ✭❈✳✼✮

❆❣♦r❛✱ ✜①❡♠♦s α s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡ ❝♦♥s✐❞❡r❡♠♦s p = m
N
+mα✳ P♦r ✭❈✳✻✮ ❡ ✭❈✳✼✮✱

∫

B̺(y)∩Ωǫn,i

|wn,i|pdx ≤
[∫

B̺(y)∩Ωǫn,i

|wn,i|mdx
] 1

N
[∫

B̺(y)∩Ωǫn,i

|wn,i|
mαN
N−1 dx

]N−1
N

≤ c1η

∫

B̺(y)∩Ωǫn,i

Hn,idx.



✶✾✼

❆ s❡❣✉✐r✱ s❡❥❛ (yj,i) ⊂ Ωǫn,i✱ j ∈ N t❛❧ q✉❡

Ωǫn,i ⊂
⋃

j∈N

B̺(yj,i),

♦♥❞❡ ❝❛❞❛ ♣♦♥t♦ ❞❡ Ωǫn,i ♣❡rt❡♥❝❡ ❛ ♥♦ ♠á①✐♠♦ β ❜♦❧❛s✳ P♦rt❛♥t♦✱
∫

Ωǫn,i

|wn,i|pdx ≤ βc1η

∫

Ωǫn,i

Hn,idx.

❘❡❝♦r❞❡ q✉❡ ‖vn,i‖X̃ǫn,i
≤ C0✱ ❡♥tã♦ Hn,i é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡♠ L1(Ωǫn,i)✱ ❝♦♥s❡✲

q✉❡♥t❡♠❡♥t❡

wn,i → 0 ❡♠ Lp(Ωǫn,i)

♣❛r❛ p s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱

‖wn,i‖Lm(Ωǫn,i) ≤ c2

∫

Ωǫn,i

Φ(|∇wn,i|)dx < +∞.

P♦r ✐♥t❡r♣♦❧❛çã♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

wn,i → 0 ❡♠ Lq(Ωǫn,i) ♣❛r❛ t♦❞♦ q > m,

❡♠ ♣❛rt✐❝✉❧❛r✱

wn,i → 0 ❡♠ Ll
∗

(Ωǫn,i) ❡ wn,i → 0 ❡♠ Lm
∗

(Ωǫn,i),

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ∫

Ωǫn,i

Φ∗(|wn,i|)dx→ 0,

♣♦✐s Φ∗(t) ≤ c3(|t|l∗ + |t|m∗
) ♣❛r❛ t♦❞♦ t ≥ 0✳

❋✐♥❛❧♠❡♥t❡✱ ❡①✐st❡ Cη > 0 t❛❧ q✉❡

B(|t|) ≤ ηΦ(|t|) + CηΦ∗(|t|) ♣❛r❛ t♦❞♦ t ≥ 0,

❧♦❣♦

lim
n→+∞

∫

Ωǫn,i

B(|wn,i|)dx ≤ ηc4.

❋❛③❡♥❞♦ η → 0✱ ♦❜t❡♠♦s

lim
n→+∞

∫

Ωǫn,i

B(|wn,i|)dx = 0,

♠♦str❛♥❞♦ ✭❈✳✺✮✱ ✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳
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