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❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ à ❉❡✉s ♣❡❧❛ ✈✐❞❛ ❡ ♣♦r t❡r ♠❡ ❞❛❞♦ ❢♦rç❛ ❡ ❛ ♦♣♦rt✉♥✐✲

❞❛❞❡ ❞❡ tr❛❜❛❧❤❛r ♣❛r❛ ❝♦♥❝r❡t✐③❛r ♦ s♦♥❤♦ ❞❡ ❝✉rs❛r ✉♠ ♠❡str❛❞♦✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣❛✐s ❏♦sé ❏♦ã♦ ❋✐❧❤♦ ❡ ❚❡r❡③❛ ▼❛r✐❛ ❞❡ ❏❡s✉s ♣♦r ♠❡ ❛♣♦✐❛r❡♠

❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s ❞❡ss❛ ❝❛♠✐♥❤❛❞❛ ❡ ♣❡❧♦ ❡s❢♦rç♦ ♣❛r❛ ♠❡ ❛❥✉❞❛r ❛ s✉♣❡r❛r ❛❧❣✉✲

♠❛s ❞✐✜❝✉❧❞❛❞❡s ✐♠♣♦st❛s ♣❡❧♦ ❞❡st✐♥♦✳ ❚❛♠❜é♠✱ ❛❣r❛❞❡ç♦ ❛♦s ♠❡✉s ✐r♠ã♦ ●❡r❛❧❞♦✱

▼❛✉r✐❝é❛ ❡ ❈❧❛✉❞✐❛♥❛ ♣♦r ❡st❛r❡♠ ❛♦ ♠❡✉ ❧❛❞♦✱ ❡♠ ❡s♣❡❝✐❛❧✱ à ❈❧❛✉❞✐❛♥❛ ♣♦r s❡❣✉✐r ♦

♠❡s♠♦ tr❛❥❡t♦ q✉❡ ✈❡♥❤♦ tr✐❧❤❛♥❞♦✳

◗✉❡r♦ t❛♠❜é♠ ❛❣r❛❞❡❝❡r ❛♦s ♣r♦❢❡ss♦r❡s ❉rs ❆❧❞♦ ❚r❛❥❛♥♦ ▲♦✉rê❞♦✱ ❙❡✈❡r✐♥♦

❍♦rá❝✐♦ ❞❛ ❙✐❧✈❛✱ ❋❧❛♥❦ ❉❛✈✐❞ ▼♦r❛✐s ❇❡③❡rr❛ ❡ ❏❡✛❡rs♦♥ ❆❜r❛♥t❡s ❞♦s ❙❛♥t♦s ♣❡❧❛

♣❛rt✐❝✐♣❛çã♦ ♥❛ ❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛ ❡ ♣♦r s✉❛s ✈❛❧✐♦s❛s s✉❣❡stõ❡s✳

❆❣r❛❞❡ç♦✱ ♣r♦❢✉♥❞❛♠❡♥t❡✱ ❛♦ ♠❡✉ ❖r✐❡♥t❛❞♦r Pr♦❢✳ ❉r ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s

♣♦r t♦❞♦s ♦s ❝♦♥s❡❧❤♦s✱ ❡♥s✐♥❛♠❡♥t♦s✱ ❛♠✐③❛❞❡✱ ❝♦♥✜❛♥ç❛ ❡ ♣♦r t♦❞❛ ♣❛❝✐ê♥❝✐❛ q✉❡ t❡✈❡

♣❛r❛ ❝♦♠ ❛ ♠✐♥❤❛ ♣❡ss♦❛ ❞✉r❛♥t❡ ♦ ♥♦ss♦ ❡st✉❞♦✳ ❚❛♠❜é♠ ❧❤❡ ❛❣r❛❞❡ç♦ ♣♦r t❡r ♠❡

♠♦str❛❞♦ ❛ ❜❡❧❡③❛ ❞❛ ♠❛t❡♠át✐❝❛ ❡ ♣♦r ♠❡ ❡♥s✐♥❛r ❛ r❡❝♦♥❤❡❝❡r ♠✐♥❤❛s ❧✐♠✐t❛çõ❡s✳

❆❣r❛❞❡ç♦ ❛✐♥❞❛ ❛♦ ♠❡s♠♦ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ♥♦ ❛♥♦ ❞❡ ✷✵✶✾ ❡ ♣♦r s❡r ✉♠❛ ♣❡ss♦❛

s✐♠♣❧❡s ❡ ❞❡ ❜♦♠ ❝♦r❛çã♦ ❛ q✉❛❧ t❡♥❤♦ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ❡♠ ♠✐♥❤❛ ✈✐❞❛✳

◆ã♦ ♣♦ss♦ ❞❡✐①❛r ❞❡ ❛❣r❛❞❡❝❡r ❛♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❞❛ ❯❋❈● ♣♦r

t♦❞♦ ♦ ❛♣♦✐♦ ❡ ♣♦r t♦❞❛ ❝♦♥✜❛♥ç❛ ❞❡♣♦s✐t❛❞❛ ❡♠ ♠✐♥❤❛ ♣❡ss♦❛✳ ❙♦✉ ❡t❡r♥❛♠❡♥t❡

❣r❛t♦ ♣♦r t♦❞♦s ♦s ❡s❢♦rç♦s ❢❡✐t♦s ♣♦r t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞❡ss❡ ❞❡♣❛rt❛♠❡♥t♦ ♣❛r❛

q✉❡ ❡✉ ✈✐❡ss❡ ❛ ❝♦♥❝❧✉✐ ❡st❡ ♠❡str❛❞♦✳ ❊♠ ❡s♣❡❝✐❛❧✱ q✉❡r♦ ❛❣r❛❞❡❝❡r ❛♦ Pr♦❢✳ ❉r

❋á❜✐♦ ❘❡✐s ❞♦s ❙❛♥t♦s ✭❈♦♦r❞❡♥❛❞♦r ❞♦ ▼❡str❛❞♦ ❡♠ ✷✵✶✾✮✱ ♣♦r ❝♦♥✈❡rs❛r ❝♦♠ ♦s

♣r♦❢❡ss♦r❡s ❞♦ ❞❡♣❛rt❛♠❡♥t♦ ♣❛r❛ ❛rr❡❝❛❞❛r ❢✉♥❞♦s ♣❛r❛ ♠❡ ❛❥✉❞❛r ✜♥❛♥❝❡✐r❛♠❡♥t❡

❡♠ ✷✵✶✾✱ ❛♥♦ q✉❡ ❡♥tr❡✐ ♥♦ ♣r♦❣r❛♠❛ ❡ ❤♦✉✈❡ ♦ ❝♦rt❡ ❞❡ ❜♦❧s❛s✳ ❚❛♠❜é♠✱ ❛❣r❛❞❡ç♦ ❛♦s

♣r♦❢❡ss♦r❡s ❉rs ❉❛♥✐❡❧ ❈♦r❞❡✐r♦✱ ❙❡✈❡r✐♥♦ ❍♦rá❝✐♦✱ ❈❧❛✉❞❡♠✐r ❋✐❞❡❧✐s✱ ▼❛r❝❡❧♦ ❋❡rr❡✐r❛✱

❈❧❛✉❞✐❛♥♦r ❆❧✈❡s ❡ ❍❡♥r✐q✉❡ ▲✐♠❛✱ ♣❡❧♦ ❝♦♥❤❡❝✐♠❡♥t♦s tr❛♥s♠✐t✐❞♦s ♣❛r❛ ♠✐♠ ❛tr❛✈és

❞❛s ❞✐s❝✐♣❧✐♥❛s ❧❡❝✐♦♥❛❞❛s ❡ ♣♦r t♦❞♦ ♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ♥♦ ✐♥í❝✐♦ ❞♦ ♠❡str❛❞♦✳



❆✐♥❞❛✱ ❛❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣r♦❢❡ss♦r❡s ❞❛ ❣r❛❞✉❛çã♦✳ ❉❡st❛❝♦ ♦s ♣r♦❢❡ss♦r❡s ❉rs

❱✐❝t♦r ❍✉❣♦✱ ❋r❛♥❝✐s❝♦ ❙✐❜ér✐♦ ✭❖r✐❡♥t❛❞♦r ❞❛ ●r❛❞✉❛çã♦✮✱ ❆❧❞♦ ❚r❛❥❛♥♦✱ ●✉st❛✈♦

❆r❛✉❥♦ ❡ ❱❛♥❞❡♥❜❡r❣ ❱✐❡✐r❛ ♣♦r t♦❞♦ ✐♥❝❡♥t✐✈♦ ♣❛r❛ ❝♦♥t✐♥✉❛r ❡st✉❞❛♥❞♦✳ ❊♠ ❡s♣❡❝✐❛❧✱

q✉❡r♦ ❛❣r❛❞❡❝❡r ❛ ❱✐❝t♦r ❍✉❣♦ ❡ ❋r❛♥❝✐s❝♦ ❙✐❜ér✐♦ ♣♦r ♠❡ ❛❥✉❞❛r❡♠ ✜♥❛♥❝❡✐r❛♠❡♥t❡

❡ ❝♦♠ ♦ ❡♠♣rést✐♠♦ ❞❡ ❧✐✈r♦s ♥♦ ❛♥♦ ❞❡ ✷✵✶✾✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ❛♠✐❣♦s ♣❡❧♦ ❛♣♦✐♦ ❡ ✐♥❝❡♥t✐✈♦ ♥♦s ♠♦♠❡♥t♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡✳

❊♠ ❡s♣❡❝✐❛❧✱ ❛♦s ❝♦❧❡❣❛s ❞❡ ❝✉rs♦ ❍é❧✐♦ ❍❡♥r✐q✉❡✱ ❲❡✐❧❧❡r ❋❡❧✐♣❡✱ ❘❡♥❛♥ ■s♥❡r✐✱ ❏❛♥❞❡✐❧✲

s♦♥ ❙❛♥t♦s ❡ ❖❧✐✈❡r✐♦ ❉✐❡str❛ ♣♦r t♦❞❛s ❛s ❝♦♥✈❡rs❛s s♦❜r❡ ♠❛t❡♠át✐❝❛ ❡ ♣❡❧♦ ❝♦♠♣❛✲

♥❤❡✐r✐s♠♦✳ ❘❡❢♦rç♦ ♠❡✉s ❛❣r❛❞❡❝✐♠❡♥t♦s ❛ ❘❡♥❛♥ ■s♥❡r✐ ♣❡❧❛ ❛♠✐③❛❞❡ ❞❡ ❧♦♥❣❛s ❞❛t❛s✱

♣♦r t♦❞❛ ❛❥✉❞❛ ♣❡ss♦❛❧ ❡ ♣♦r t♦❞♦s ♦s ❛♥♦s ❞❡ ❝♦♥✈✐✈ê♥❝✐❛✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛♦ ❈◆Pq ♣❡❧♦ ❛✉①✐❧✐♦ ✜♥❛♥❝❡✐r♦✳



❉❡❞✐❝❛tór✐❛

❆♦ ♠❡✉ ❡st✐♠❛❞♦ ❛♠✐❣♦ ❉❛♥✐❡❧

▼❛♠❡❞❡ ❞❛ ❙✐❧✈❛ ✭■♥ ♠❡♠♦r✐❛♠✮✱

❉❊❉■❈❖✳



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ✐♥tr♦❞✉çã♦ à ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s ❆♥❛❧ít✐❝♦s

❡ P♦tê♥❝✐❛s ❋r❛❝✐♦♥ár✐❛s ❞❡ ❖♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ♥ã♦ ❧✐♠✐t❛❞♦s✳ ❊♠ s❡❣✉✐❞❛✱ ✈❡r❡♠♦s

❝♦♠♦ ❡st❛ t❡♦r✐❛ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❛

s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛s ♣❛r❛❜ó❧✐❝❛s






du

dt
+ Au = f(t, u(t)), t > 0,

u(0) = u0,

♦♥❞❡ A : D(A) → X✱ ❝♦♠ D(A) ⊂ X✱ ❡ f sã♦ ❞❛❞♦s ❡ s❛t✐s❢❛③❡♠ ❝❡rt❛s ❝♦♥❞✐çõ❡s✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ ♣r❡s❡♥t ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❚❤❡♦r② ♦❢ ❆♥❛❧②t✐❝❛❧ ❙❡♠✐❣r♦✉♣s

❛♥❞ ❋r❛❝t✐♦♥❛❧ P♦✇❡rs ♦❢ ✉♥❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦rs✳ ◆❡①t✱ ✇❡ ❛♣♣❧② t❤✐s t❤❡♦r② t♦

s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss ♦❢ ♣❛r❛❜♦❧✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s






du

dt
+ Au = f(t, u(t)), t > 0,

u(0) = u0,

✇❤❡r❡ A : D(A) → X✱ ✇✐t❤ D(A) ⊂ X✱ ❛♥❞ f ❛r❡ ❣✐✈❡♥ ❛♥❞ s❛t✐s❢② ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✳
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■♥tr♦❞✉çã♦

❖ ❡st✉❞♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s s❡ ✐♥✐❝✐♦✉ ❝♦♠ ♦s ♠ét♦❞♦s ❞♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡

■♥t❡❣r❛❧ q✉❡ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s ♣♦r ◆❡✇t♦♥ ❡ ▲❡✐❜♥✐t③ ♥♦ ✜♥❛❧ ❞♦ sé❝✉❧♦ ❳❱■■ ♣❛r❛

r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ♦r✐✉♥❞♦s ❞❛ ❋ís✐❝❛ ❡ ●❡♦♠❡tr✐❛✳ ❆ ❡✈♦❧✉çã♦ ❞❡ss❡s ♠ét♦❞♦s ❧❡✈❛r❛♠

à ❝♦♥s♦❧✐❞❛çã♦ ❞♦ ❡st✉❞♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❝♦♠♦ ✉♠ ♥♦✈♦ r❛♠♦ ❞❛ ♠❛t❡♠át✐❝❛

♦ q✉❛❧✱ ♣♦r ✈♦❧t❛ ❞♦ sé❝✉❧♦ ❳❱■■■✱ s❡ tr❛♥s❢♦r♠♦✉ ♥✉♠❛ ❞✐s❝✐♣❧✐♥❛ ✐♥❞❡♣❡♥❞❡♥t❡✳

◆❡st❡ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦✱ ♦s ♠❛t❡♠át✐❝♦s ❡st❛✈❛♠ ♣r❡♦❝✉♣❛❞♦s ❝♦♠ ❛ ♣r♦❝✉r❛ ❡

❛♥á❧✐s❡ ❞❛s s♦❧✉çõ❡s ❡ ❝♦♠ ✐ss♦ s✉r❣✐r❛♠ ♦s ♠ét♦❞♦s ❡❧❡♠❡♥t❛r❡s ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡

✈ár✐♦s t✐♣♦s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s t❛✐s ❝♦♠♦ ❛s ❞❡ ✈❛r✐á✈❡✐s s❡♣❛rá✈❡✐s✱ ❛s ❧✐♥❡❛r❡s✱

❛s ❞❡ ❇❡r♥♦✉❧❧✐✱ ❞❡♥tr❡ ♦✉tr❛s q✉❡ sã♦ ❡st✉❞❛❞❛s ❛té ♦s ❞✐❛s ❛t✉❛✐s ♥♦s ❝✉rs♦s ❜ás✐❝♦s

❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳

❈♦♠ ♦ ♣❛ss❛r ❞♦s ❛♥♦s✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ s♦❧✉çã♦ ❢♦✐ s❡ ❛♣❡r❢❡✐ç♦❛♥❞♦ ❛té ♦ ♣♦♥t♦

❡♠ q✉❡ ♣❛ss♦✉✲s❡ ❛ ❡①♣r❡ss❛r ❛ s♦❧✉çã♦ ♥❛ ❢♦r♠❛ ❞❡ ✉♠❛ ✐♥t❡❣r❛❧ ❝♦♥t❡♥❞♦ ♦♣❡r❛çõ❡s

❡♥✈♦❧✈❡♥❞♦ ❢✉♥çõ❡s ❡❧❡♠❡♥t❛r❡s✳ P♦ré♠✱ s❡♠ s❡ ♣r❡♦❝✉♣❛r ❡♠ ❡s❝r❡✈❡r ✉♠❛ ❡①♣r❡ssã♦

❡♠ t❡r♠♦s ❞❡st❛s ❝♦♠♦ ❡r❛ ❢❡✐t♦ tr❛❞✐❝✐♦♥❛❧♠❡♥t❡✳ ◗✉❛♥❞♦ ♦s ♠ét♦❞♦s ❡①✐st❡♥t❡s s❡

t♦r♥❛r❛♠ ✐♥❡✜❝✐❡♥t❡s✱ s✉r❣✐r❛♠ ❛s s♦❧✉çõ❡s ❡①♣r❡ss❛s ♣♦r ♠❡✐♦ ❞❡ sér✐❡s ✐♥✜♥✐t❛s✱ ♠❛s✱

s❡♠ ♦ ❞❡✈✐❞♦ ❝✉✐❞❛❞♦ ❝♦♠ ❛s ❝♦♥✈❡r❣ê♥❝✐❛s✳

❉✉r❛♥t❡ ♦ sé❝✉❧♦ ❳■❳✱ ❝♦♠ ❛ ❢♦r♠❛❧✐③❛çã♦ ❞❛s té❝♥✐❝❛s ❞♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧

❡ ■♥t❡❣r❛❧✱ ❢♦✐ ❢❡✐t♦ ✉♠❛ r❡✈✐sã♦ ❡ r❡❢♦r♠✉❧❛çã♦ ♥♦ ❡st✉❞♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s

❞❛♥❞♦✲❧❤❡ ♠❛✐♦r r✐❣♦r ❡ ❡①❛t✐❞ã♦ ♣♦✐s✱ ♥❡st❡ ♠♦♠❡♥t♦✱ ❢♦✐ ❞❛❞❛ ✉♠❛ ❞❡✜♥✐çã♦ ♣r❡❝✐s❛

❛ ✈ár✐♦s ♣r♦❝❡ss♦s ✐♥✜♥✐t♦s q✉❡ ❛♥t❡s ❡r❛♠ ✉s❛❞♦s s❡♠ r✐❣♦r✳ ❆❧❣♦ q✉❡ ♥ã♦ ❞❡✐①♦✉ ❞❡

❛t✐♥❣✐r ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❢♦✐ ❛ ♥♦✈❛ ❞❡✜♥✐çã♦ ❞❡ ✐♥t❡❣r❛❧✳ ❆s ✐♥t❡❣r❛✐s ♣❛ss❛r❛♠

❛ s❡r ❞❡✜♥✐❞❛s ❝♦♠♦ ✉♠❛ s♦♠❛ ❡ ❞❡✐①❛r❛♠ ❞❡ s❡r ❛♣❡♥❛s ✉♠❛ ♣r✐♠✐t✐✈❛ ❝♦♠♦ ❡r❛♠

✈✐st❛s ♥♦ sé❝✉❧♦ ♣❛ss❛❞♦✳ ❆✐♥❞❛✱ ♦❝♦rr❡✉ ✉♠❛ ♠✉❞❛♥ç❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ❛❜♦r❞❛❣❡♠ ❞❡

✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✳ ❆♥t❡s✱ ♣r♦❝✉r❛✈❛✲s❡ ✉♠❛ s♦❧✉çã♦ ❡①♣❧✐❝✐t❛ ♣❛r❛ ✉♠❛ ❞❛❞❛

❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✳ P♦ré♠✱ ❞❡♣♦✐s ❞❡ss❛s ♠✉❞❛♥ç❛s✱ ♣❛ss♦✉✲s❡ ❛ ❞❛r ✐♠♣♦rtâ♥❝✐❛ à

✻



✼

❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞❡ ❝❛❞❛ ♣r♦❜❧❡♠❛ ❝✉♠♣r✐♥❞♦ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

s❡♠ s❡ ♣r❡♦❝✉♣❛r❛ ❡♠ ❞❡t❡r♠✐♥❛r ❛s s♦❧✉çõ❡s✳ Pr♦❜❧❡♠❛s ❞❡ss❡ t✐♣♦ ♣❛ss❛r❛♠ ❛ s❡r

❝❤❛♠❛❞♦s ❞❡ Pr♦❜❧❡♠❛s ❞❡ ❈❛✉❝❤② ✶ ❡ s❡rã♦ ❡st✉❞❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳

◗✉❛♥❞♦ ♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♥ã♦ ❢♦r❛♠ ♠❛✐s s✉✜❝✐❡♥t❡s ♣❛r❛

r❡s♦❧✈❡r ❞❡t❡r♠✐♥❛❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✱ ♥❛s❝❡✉ ❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ❝✉❥♦ ♦❜❥❡t♦ ❞❡

❡st✉❞♦ sã♦ ♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ❖ ❡st✉❞♦ ❞❡ss❡s ❡s♣❛ç♦s ❡ ❞❡ s✉❛s

♣r♦♣r✐❡❞❛❞❡s ✐♥✐❝✐♦✉✲s❡ ♥❛ ♣r✐♠❡✐r❛ ❞é❝❛❞❛ ❞♦ sé❝✉❧♦ ❳❳✳ ❯♠❛ ❝❧❛ss❡ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡

❞❡ ❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ é ❛ ❞♦s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✷✳ ❖s ❛✈❛♥ç♦s ♥♦ ❡st✉❞♦ ❞♦s

❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❢❡③ ❝♦♠ q✉❡ ♦ ❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❡♠ t❛✐s

❡s♣❛ç♦s s❡ s♦❧✐❞✐✜❝❛✲s❡✳ ❯♠ r❡s✉❧t❛❞♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❛✈❛♥ç♦ ♥♦ ❡st✉❞♦ ❞❛s

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❢♦✐ ♦

❚❡♦r❡♠❛ ✵✳✶ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ F : X → X ✉♠ ♦♣❡r❛❞♦r ▲✐♣s❝❤✐t③✐❛♥♦✱

✐st♦ é✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ L t❛❧ q✉❡

‖Fu− Fv‖ ≤ L‖u− v‖, ∀u, v ∈ X.

❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r u0 ∈ X ❞❛❞♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ u ∈ C1([0,+∞);X) ❞♦

♣r♦❜❧❡♠❛







du

dt
(t) = Fu(t), t > 0,

u(0) = u0.

❊st❡ t❡♦r❡♠❛ é ❛♠♣❧❛♠❡♥t❡ ✉s❛❞♦ ♥♦ ❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛s ♦r❞✐♥ár✐❛s ❡ é

❢❛♠♦s♦ ♥❛ ❧✐t❡r❛t✉r❛ ♣♦r ❧❡✈❛r ♦ ♥♦♠❡ ❞♦s ♠❛t❡♠át✐❝♦s ❈❛✉❝❤②✱ ▲✐♣s❝❤✐t③ ❡ P✐❝❛r❞✳

P♦ré♠ s❡✉ ✉s♦ ♥♦ ❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s é ♣❡q✉❡♥♦ ❝♦♠♦ é ❞✐t♦ ♣♦r

❇ré③✐s ❬✼❪✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♥t♦r♥❛r t❛✐s ❧✐♠✐t❛çõ❡s✱ ♥❛ ♣r✐♠❡✐r❛ ♠❡t❛❞❡ ❞♦ sé❝✉❧♦ ❳❳✱

s✉r❣❡ ❛ ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❛ q✉❛❧ s❡ ❝♦♥s♦❧✐❞♦✉ ❝♦♠ ❛

❞❡♠♦♥str❛çã♦ ❞♦ ❢❛♠♦s♦ ❚❡♦r❡♠❛ ❞❡ ❍✐❧❧❡✲❨♦s✐❞❛✸ ❡♠ ✶✾✹✽✳ ❆ ✐♠♣♦rtâ♥❝✐❛ ❞❡ss❡ t❡♦✲

r❡♠❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ s❡ ❞á ♣❡❧♦ s❡❣✉✐♥t❡

♠♦t✐✈♦✿ s❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ A : D(A) → X✱ ❝♦♠ D(A) ⊂ X✱ ✉♠ ♦♣❡r❛✲

❞♦r ❧✐♥❡❛r ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♠✐t❛❞♦✳ ❊♥tã♦✱ ❝♦♥s❡❣✉✐♠♦s ❞❡t❡r♠✐♥❛r ✉♠❛ ú♥✐❝❛

✶❯♠ ❡st✉❞♦ ❡❧❡♠❡♥t❛r ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ❈❛✉❝❤② ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❙♦t♦♠❛②♦r ❬✸✸❪ ♦✉ ❋✐✲

❣✉❡✐r❡❞♦ ❬✶✹❪✳
✷P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❖❧✐✈❡✐r❛ ❬✷✽❪ ♦✉ ❇♦t❡❧❤♦ ❬✻❪✳
✸❊st❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❑❡s❛✈❛♥ ❬✶✾❪✱ P❛③② ❬✷✾❪ ♦✉ ❇ré③✐s ❬✼❪✳



✽

s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛






du

dt
+ Au = 0, t > 0,

u(0) = u0,

❞❡s❞❡ q✉❡ u0 ∈ D(A) ❡ A ❝✉♠♣r❛ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s té❝♥✐❝❛s ✹✳ ❊ss❡ t❡♦r❡♠❛ ❧❡✈❛

✈❛♥t❛❣❡♥s ❡♠ r❡❧❛çã♦ ❛♦ ❛♥t❡r✐♦r ♣♦r s❡r ✉♠❛ ❢❡rr❛♠❡♥t❛ ♠✉✐t♦ ♣♦t❡♥t❡ ♣❛r❛ ♦ ❡st✉❞♦

❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❬✼❪✳ ❆ss✐♠✱ ❛

❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s ♣❛ss❛ ❛ s❡r ♠✉✐t♦ ✉s❛❞❛ ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ♦r✐✉♥❞♦s ❞❛

❋ís✐❝❛✱ ◗✉í♠✐❝❛✱ ❇✐♦❧♦❣✐❛✱ ❊♥❣❡♥❤❛r✐❛ ❡ ❛té ♠❡s♠♦ ❞❛ ❊❝♦♥♦♠✐❛✳

◆❡st❡ t❡①t♦✱ ✐r❡♠♦s ❡st✉❞❛r ✉♠ ♣♦✉❝♦ ❞❛ ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦✳ ▼❛✐s ❡s♣❡❝✐✜✲

❝❛♠❡♥t❡✱ ✈❛♠♦s ♥♦s ❝♦♥❝❡♥tr❛r ♥♦ ❡st✉❞♦ ❞♦s ❙❡♠✐❣r✉♣♦s ❆♥❛❧ít✐❝♦s q✉❡✱ ❥✉♥t❛♠❡♥t❡

❝♦♠ ❛ ❚❡♦r✐❛ ❞❡ P♦tê♥❝✐❛s ❋r❛❝✐♦♥ár✐❛s ♣❛r❛ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ♥ã♦ ❧✐♠✐t❛❞♦s✱ t♦r♥❛✲s❡

✉♠❛ ót✐♠❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s ❞♦ t✐♣♦






du

dt
+ Au = f(t, u(t)), t > 0,

u(0) = u0,

♦♥❞❡ A : D(A) → X✱ ❝♦♠ D(A) ⊂ X✱ ❡ f ❝✉♠♣r❡♠ ❝❡rt❛s ❝♦♥❞✐çõ❡s✳ ❆ ✈❛♥t❛❣❡♠

❞❡ tr❛❜❛❧❤❛r♠♦s ❝♦♠ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦ ❡stá ♥♦ ❢❛t♦ ❞❡ q✉❡ ♣♦❞❡♠♦s ♣❡❞✐r ♠❡♥♦s

r❡❣✉❧❛r✐❞❛❞❡ ❞♦ ❞❛❞♦ ✐♥✐❝✐❛❧ u0✳ ❉❡ ❢♦r♠❛ ♠❛✐s ♣r❡❝✐s❛✱ ❡♥q✉❛♥t♦ q✉❡ ❝♦♠ ❛ t❡♦r✐❛

❝❧áss✐❝❛ ❞❡ s❡♠✐❣r✉♣♦ r❡s♦❧✈❡✲s❡ ♣r♦❜❧❡♠❛s ❝♦♠ u0 ∈ D(A)✱ ❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦

❛♥❛❧ít✐❝♦ ♥♦s ♣❡r♠✐t❡ r❡s♦❧✈❡r ♦s ♠❡s♠♦ ♣r♦❜❧❡♠❛s ♣❡❞✐♥❞♦ q✉❡ u0 ∈ Xα✱ ♣❛r❛ ❛❧❣✉♠

0 ≤ α < 1✱ ♦ q✉❛❧ é ♠❡♥♦s r❡❣✉❧❛r ❞♦ q✉❡ D(A)✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❢❛❧❛r ✉♠ ♣♦✉❝♦ ❞❛ ❡str✉t✉r❛ ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✳ ◆♦ss♦

tr❛❜❛❧❤♦ é ❡s❝r✐t♦ ✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❧✐♥❣✉❛❣❡♠ ❞❛ ❆♥á❧✐s❡ ❡✱ ♣♦r ❡st❡ ♠♦t✐✈♦✱ ✉s❛♠♦s ❞♦

t❡❝♥✐❝✐s♠♦ ❡ ❞♦ r✐❣♦r ♣r❡s❡♥t❡ ♥♦s ❡st✉❞♦s ✈♦❧t❛❞♦s ♣❛r❛ ❛ ♠❛t❡♠át✐❝❛ ♣✉r❛✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦

q✉❡ ✐r❡♠♦s ✉t✐❧✐③❛r ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳ ■♥✐❝✐❛r❡♠♦s ❡st❡ ❝❛♣ít✉❧♦ r❡❝♦r❞❛♥❞♦

❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❡s♣❡❝tr♦ ❡ r❡s♦❧✈❡♥t❡ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s t❡♥❞♦ ❝♦♠♦ ❜❛s❡

❛ ❧❡✐t✉r❛ ❞❡ ❑r❡②s③✐♥❣ ❬✷✶❪✱ ❇♦t❡❧❤♦ ❬✻❪✱ ❇ré③✐s ❬✼❪✱ ❖❧✐✈❡✐r❛ ❬✷✽❪ ❡ ❑❡s❛✈❛♥ ❬✶✾❪✳ ❊♠ s❡✲

❣✉✐❞❛✱ ❢✉♥❞❛♠❡♥t❛❞♦ ❡♠ ❩❤❡♥❣ ❬✸✺❪✱ ❍❡♥r② ❬✶✽❪ ❡ P❛③② ❬✷✾❪✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ❛ ♥♦çã♦

❞❡ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦✳ ◆❛ ♠❡s♠❛ s❡çã♦✱ ✐r❡♠♦s ❢❛❧❛r ✉♠ ♣♦✉❝♦ s♦❜r❡ ♦s ♦♣❡r❛❞♦✲

r❡s s❡t♦r✐❛✐s ♦s q✉❛✐s ❡stã♦ ✐♥t✐♠❛♠❡♥t❡ ❧✐❣❛❞♦s ❝♦♠ ❛ ♥♦çã♦ ❞❡ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦
✹P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✶✾❪✱ ❬✷✾❪ ♦✉ ❬✼❪✳



✾

❞❡ ❛❝♦r❞♦ ❝♦♠ ❬✸✺❪ ❡ ❬✶✽❪✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝✉♠♣r✐♥❞♦ ❛❧❣✉♠❛s

❝♦♥❞✐çõ❡s✱ ✈❡r❡♠♦s ❝♦♠♦ ❞❡✜♥✐r ❛ ♣♦tê♥❝✐❛ ❢r❛❝✐♦♥ár✐❛ ❞❡ss❡s ♦♣❡r❛❞♦r ❡ ❛♣r❡s❡♥t❛r❡✲

♠♦s ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳ ◆❛ s❡çã♦ s❡❣✉✐♥t❡✱ ❡st✉❞❛r❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❞❡

❈❛✉❝❤② ❞♦ t✐♣♦







du

dt
+ Au = f(t), t > 0,

u(0) = u0.

♦♥❞❡ f : [0,+∞) → X é ✉♠❛ ❢✉♥çã♦ ✜①❛❞❛ t♦♠❛♥❞♦ ✈❛❧♦r❡s ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

X✳ ❊st❡ ♣r♦❜❧❡♠❛ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞♦ ♣r♦❜❧❡♠❛

❛❜str❛t♦






du

dt
+ Au = f(t, u(t)), t > 0,

u(0) = u0.

Pr♦❜❧❡♠❛s ❝♦♠♦ ♦s ♠❡♥❝✐♦♥❛❞♦s ❛❝✐♠❛ sã♦ ❡st✉❞❛❞♦s ❡♠ ❬✷✾❪ ❡ ❬✶✽❪✳ P❛r❛ ♠♦str❛r q✉❡

t❛❧ ♣r♦❜❧❡♠❛ ❛❞♠✐t❡ s♦❧✉çã♦✱ ❢❛r❡♠♦s ♦ ✉s♦ ❞❡ t♦❞♦s ♦s ❝♦♥❝❡✐t♦s ❡st✉❞❛❞♦s ❛♥t❡r✐♦r✲

♠❡♥t❡✳ ❊st❡ t❡♦r❡♠❛ s❡rá ❞❡ s✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ♥❡st❡ t❡①t♦ ♣♦✐s s❡rá ✉s❛❞♦ ❢♦rt❡♠❡♥t❡

♥❛s ❛♣❧✐❝❛çõ❡s q✉❡ ✐r❡♠♦s ❛♣r❡s❡♥t❛r✳ ❊♥❝❡rr❛r❡♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❞❡♠♦♥str❛♥❞♦ ✉♠

r❡s✉❧t❛❞♦ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥tí♥✉❛ ❝♦♠ r❡s♣❡✐t♦ ❛♦s ❞❛❞♦s ✐♥✐❝✐❛✐s ❞❛s s♦❧✉çõ❡s ❞♦

♣r♦❜❧❡♠❛ ❛❜str❛t♦✳

❖ ❡st✉❞♦ ❞♦ ❈❛♣ít✉❧♦ ✷ é ❜❛s❡❛❞♦ ❡♠ ❋✐❧❛ ❬✶✺✱ ✶✻❪ ❡ t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦

♠♦str❛r ❛♦ ❧❡✐t♦r ❝♦♠♦ é ❢❡✐t♦✱ ♥❛ ♣rát✐❝❛✱ ♦ ✉s♦ ❞♦ ❚❡♦r❡♠❛ ❆❜str❛t♦ ❛♣r❡s❡♥t❛❞♦ ♥♦

❈❛♣ít✉❧♦ ✶✳ ❊♠ t❡r♠♦s ♠❛✐s ♣r❡❝✐s♦s✱ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦

♣r♦❜❧❡♠❛


















ut −∆u = g
(∫

Ω
F (u)dx

)

f(u), x ∈ Ω, t > 0,

u = 0, x ∈ ∂Ω, t > 0,

u(0) = u0 ∈ C2(Ω).

♦♥❞❡ ❛s ❢✉♥çõ❡s f ❡ g ❝✉♠♣r❡♠ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s té❝♥✐❝❛s✳ ❊♠ ❬✶✺❪✱ s❡ ❡♥❝♦♥tr❛ ✉♠❛

✈❡rsã♦ ❞♦ ♣r♦❜❧❡♠❛ q✉❡ ✐r❡♠♦s ❡st✉❞❛r✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ ❬✶✻❪✱ ❡♥❝♦♥tr❛♠♦s té❝♥✐❝❛s

♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❛❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s ❞❡ r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❡♠ ❬✶✺❪✳

❉❡♣♦✐s ❞❡ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❧♦❝❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✱ ✈❡r❡♠♦s q✉❡ s♦❧✉çõ❡s

❝❧áss✐❝❛s ❣❧♦❜❛✐s ❞❡st❡ ♣r♦❜❧❡♠❛ s❛t✐s❢❛③❡♥❞♦ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❝♦♥❞✐çã♦ sã♦ ❧✐♠✐t❛❞❛s



✶✵

❣❧♦❜❛❧♠❡♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛ ❝❡rt❛s ♥♦r♠❛s✳ Pr♦❜❧❡♠❛s ❞❡ss❛ ♥❛t✉r❡③❛ s✉r❣❡♠✱ ♣♦r

❡①❡♠♣❧♦✱ ♥♦ ❡st✉❞♦ ❛♥❛❧ít✐❝♦ ❞❡ ❢❡♥ô♠❡♥♦s ❛ss♦❝✐❛❞♦ à ♦❝♦rrê♥❝✐❛ ❞❡ ❜❛♥❞❛s ❞❡ ❝✐s❛✲

❧❤❛♠❡♥t♦ ❡♠ ♠❡t❛✐s s❡♥❞♦ ❞❡❢♦r♠❛❞♦s s♦❜ ❛❧t❛s t❛①❛s ❞❡ ❞❡❢♦r♠❛çã♦✱ ♥❛ ♠♦❞❡❧❛❣❡♠

❞♦ ❢❡♥ô♠❡♥♦ ❞❡ ❛q✉❡❝✐♠❡♥t♦ ô❤♠✐❝♦✱ ♥❛ ✐♥✈❡st✐❣❛çã♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ r❡❛❧ ❞❡ ✉♠

✢✉①♦ t✉r❜✉❧❡♥t♦ ❡ ❛té ♠❡s♠♦ ♥❛ t❡♦r✐❛ ❞❛ ❣r❛✈✐t❛çã♦ ❡q✉✐❧í❜r✐♦ ❞❡ ❡str❡❧❛s ♣♦❧✐tró♣✐❝❛s✳

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❇❡❜❡r♥❡s✲▲❛❝❡② ❬✹❪✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛






−∆u = f(u), x ∈ Ω

u = 0, x ∈ ∂Ω.
✭✶✮

◆❡st❡ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ♥♦s ❜❛s❡❛r ♥♦ ❛rt✐❣♦ ❞❡ ❆❧✈❡s✲❚❛❤✐r ❬✷❪ ❡ ✉s❛r❡♠♦s ▼ét♦❞♦

❉✐♥â♠✐❝♦ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ♣❛r❛ t❛❧ ♣r♦❜❧❡♠❛✳ ❖ ♠ét♦❞♦

❞✐♥â♠✐❝♦ ❝♦♥s✐st❡ ❡♠ ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦


















ut −∆u = f(u), x ∈ Ω, t ∈ (0, T )

u = 0, x ∈ ∂Ω, t ∈ [0, T ],

u|t=0 = u0, x ∈ Ω,

❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✭✶✮✳ ◆❡st❡ ♣r♦❝❡ss♦✱ ✐r❡♠♦s ❢❛③❡r ✉♠❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞❡ ✉♠

❞❛❞♦ ✐♥✐❝✐❛❧ u0 ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦✳ ❊♠

s❡❣✉✐❞❛✱ ♠♦str❛r❡♠♦s q✉❡ ❛ ♠❡s♠❛ é ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞❛✱ ❡st❛❝✐♦♥ár✐❛ ❡ ♥ã♦ tr✐✈✐❛❧✳

❙❡❣✉✐♥❞♦ ❡st❡s ♣❛ss♦s✱ ❝♦♥s❡❣✉✐r❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ♦ ♣r♦✲

❜❧❡♠❛ ♣r♦♣♦st♦✳ ❖ ❡st✉❞♦ ❞♦ ♠ét♦❞♦ ❞✐♥â♠✐❝♦ t❡♠ s✐❞♦ ✉t✐❧✐③❛❞♦ ❡♠ ❛❧❣✉♥s tr❛❜❛❧❤♦s

❞❡ ◗✉✐tt♥❡r ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❝❡rt❛s ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣✲

t✐❝♦s✳ P♦r ❡①❡♠♣❧♦✱ ❡♠ ❬✸✵❪ ◗✉✐tt♥❡r ✉s❛ ♦ ♠ét♦❞♦ ❞✐♥â♠✐❝♦ ♣❛r❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ♥ã♦ ✈❛r✐❛❝✐♦♥❛✐s






−∆u = f(u) + f̃(x, u,∇u), x ∈ Ω

u = 0, x ∈ ∂Ω.

❆❧é♠ ❞✐ss♦✱ ◗✉✐tt♥❡r ❬✸✶❪ ❛♣❧✐❝❛ ♦ ♠ét♦❞♦ ❞✐♥â♠✐❝♦ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ❝♦♠ s✐♥❛❧ ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s






−∆u = up+ − uq−, x ∈ Ω

u = 0, x ∈ ∂Ω,

♦♥❞❡ 0 < q < 1 < p✱ N < N+2
N−2

s❡ N > 2✱ u+ = max{u, 0} ❡ u− = max{−u, 0}✳



✶✶

❖ Pr❡s❡♥t❡ tr❛❜❛❧❤♦ t❛♠❜é♠ ❝♦♥st❛ ❞❡ ✹ ❆♣ê♥❞✐❝❡s ♥♦s q✉❛✐s s❡rã♦ ❛♣r❡s❡♥t❛❞♦s

❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❝♦♠♣❧❡♠❡♥t❛r❡s ❝r✉❝✐❛✐s ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳

◆❡st❡s ❛♣ê♥❞✐❝❡s✱ ✈❡r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❛ ❛♥á❧✐s❡ ✐♥❝❧✉✐♥❞♦ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞♦

t✐♣♦ ●r♦♥✇❛❧❧✱ ✉♠ t❡♦r❡♠❛ ❞❡ P♦♥t♦ ❋✐①♦ ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✳

❱❡r❡♠♦s t❛♠❜é♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ❛❧❣✉♥s ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ❝♦♠♦ ♦s ❊s♣❛ç♦s ❞❡ ▲❡❜❡s✲

❣✉❡ ❡ ♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❡ ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳ P♦r ✜♠✱ ✈❛♠♦s

✐♥tr♦❞✉③✐r ✉♠❛ ♥♦çã♦ ❞❡ ✐♥t❡❣r❛çã♦ ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡ ❞❡✜♥✐r C0✲s❡♠✐❣r✉♣♦ ❡

❡♥✉♥❝✐❛r ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳ ◆❡st❛ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦✱ ♥ã♦ ✐r❡♠♦s

♥♦s ♣r❡♦❝✉♣❛r ❝♦♠ ❛s ❞❡♠♦♥str❛çõ❡s ❞❡ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s✱ ♣r✐♥❝✐♣❛❧✲

♠❡♥t❡✱ ♦s ❞❡ ❝❛rát❡r ♠❛✐s té❝♥✐❝♦✳ P♦ré♠✱ ♥ã♦ ✐r❡♠♦s ❞❡✐①❛r ❞❡ ✐♥❢♦r♠❛r ✉♠❛ ❢♦♥t❡

♣❛r❛ q✉❡ ♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ♣♦ss❛ ❢❛③❡r ✉♠ ❡st✉❞♦ ♠❛✐s ❛♣r♦❢✉♥❞❛❞♦ ❝❛s♦ ❞❡s❡❥❡✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦ q✉❡

✐r❡♠♦s ✉t✐❧✐③❛r ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳ ■♥✐❝✐❛r❡♠♦s ❡st❡ ❝❛♣ít✉❧♦ r❡❝♦r❞❛♥❞♦ ❛❧✲

❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❡s♣❡❝tr♦ ❡ r❡s♦❧✈❡♥t❡ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✳ ❆s ❞❡✜♥✐çõ❡s ❡

♣r♦♣r✐❡❞❛❞❡s ❛♣r❡s❡♥t❛❞❛s ♥❡st❛ ♣❛rt❡ ✐♥✐❝✐❛❧ ❞♦ t❡①t♦ ❡stã♦ ♣r❡s❡♥t❡s ❡♠ ❑r❡②s③✐♥❣

❬✷✶❪✱ ❇♦t❡❧❤♦ ❬✻❪✱ ❇ré③✐s ❬✼❪✱ ❖❧✐✈❡✐r❛ ❬✷✽❪ ❡ ❑❡s❛✈❛♥ ❬✶✾❪✳

❊♠ s❡❣✉✐❞❛✱ s❡❣✉✐♥❞♦ ❞❡ ♣❡rt♦ ❩❤❡♥❣ ❬✸✺❪✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦s ❝♦♥❝❡✐t♦s ❞❡

s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦ ❡ ♦♣❡r❛❞♦r s❡t♦r✐❛❧✳ ❯♠❛ ♦✉tr❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❡st❡s ❝♦♥❝❡✐t♦s

❧✐❣❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❛ q✉❡ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❍❡♥r② ❬✶✽❪✳ ❱❡r❡♠♦s

q✉❡ ❡st❡s ❝♦♥❝❡✐t♦s ❡stã♦ ✐♥t✐♠❛♠❡♥t❡ ❧✐❣❛❞♦s ❡ s❡rã♦ ✉s❛❞♦s ❝♦♠ ❜❛st❛♥t❡ ❢r❡q✉ê♥❝✐❛ ♥♦

❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳ ❚❛✐s ❝♦♥❝❡✐t♦s sã♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❝❡rt❛s

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ P❛③② ❬✷✾❪✳ ❚❛♠❜é♠✱ ✐r❡♠♦s

❞❡✜♥✐r ❛s ♣♦tê♥❝✐❛s ❢r❛❝✐♦♥ár✐❛s ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❡ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡

s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳ ❖ ❝♦♥❝❡✐t♦ ❞❡ ♣♦tê♥❝✐❛ ❢r❛❝✐♦♥ár✐❛ ❞❡ ✉♠ ♦♣❡r❛❞♦r ♥♦s

♠♦t✐✈❛ ❞❡✜♥✐r ♦s ❡s♣❛ç♦s ❞❡ ♣♦tê♥❝✐❛s ❢r❛❝✐♦♥ár✐❛s✳ ❈♦♠❜✐♥❛♥❞♦ ❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦

❛♥❛❧ít✐❝♦ ❝♦♠ ♦s ❡s♣❛ç♦s ❞❡ ♣♦tê♥❝✐❛s ❢r❛❝✐♦♥ár✐❛s ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✱ ♦❜t❡♠♦s ✉♠❛

❢❡rr❛♠❡♥t❛ ♠✉✐t♦ út✐❧ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çã♦ ❞❡ ❛❧❣✉♠❛s ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s ❞♦

t✐♣♦






du

dt
+ Au = f(t, u(t)), t > t0,

u(t0) = u0,
✭P✶✮

♦♥❞❡ A é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ✜①❛❞♦ s❛t✐s❢❛③❡♥❞♦ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❡ f é ✉♠❛ ❢✉♥çã♦

✜①❛❞❛ q✉❡ ❝✉♠♣r❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❝♦♥❞✐çã♦✳ ◆❛s ❞❡♠❛✐s s❡çõ❡s✱ ❞✐s❝✉t✐r❡♠♦s ❛

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❧✐♥❡❛r✳ ❊♠ s❡❣✉✐❞❛✱ ✈❛♠♦s ❡st✉❞❛r ♦ ♣r♦✲

✶✷



✶✸

❜❧❡♠❛ ❛❜str❛t♦ ♠❡♥❝✐♦♥❛❞♦ ❛❝✐♠❛✳ ❊♥❝❡rr❛r❡♠♦s ♦ ❝❛♣ít✉❧♦ ❞✐s❝✉t✐♥❞♦ ❛❧❣✉♠❛s ❞❛s

♣r♦♣r✐❡❞❛❞❡s ❞❛ s♦❧✉çã♦ ❞♦ ♠❡s♠♦✳

✶✳✶ ❊s♣❡❝tr♦ ❡ r❡s♦❧✈❡♥t❡ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❞❡✜♥✐r ❡s♣❡❝tr♦ ❡ r❡s♦❧✈❡♥t❡ ❞❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❡ ✐r❡♠♦s ❛♣r❡s❡♥✲

t❛r ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ s❡rã♦ ✉s❛❞❛s ♣♦st❡r✐♦r♠❡♥t❡✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱

r❡❝♦♠❡♥❞❛♠♦s ❛ ❧❡✐t✉r❛ ❞❡ ❑r❡②s③✐♥❣ ❬✷✶❪✱ ❇♦t❡❧❤♦ ❬✻❪✱ ❇ré③✐s ❬✼❪ ❡ ❖❧✐✈❡✐r❛ ❬✷✽❪✳

❉❡✜♥✐çã♦ ✶✳✶ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ I : X → X ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❡

A : D(A) → X✱ ❝♦♠ D(A) ⊂ X✱ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✳ ❈❤❛♠❛✲s❡ r❡s♦❧✈❡♥t❡ ❞❡ A✱ ❡

❞❡♥♦t❛✲s❡ ♣♦r ρ(A)✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s λ t❛✐s q✉❡ ♦ ♦♣❡r❛❞♦r

λI − A : D(A) → X é ✐♥❥❡t♦r✱ ❛ ✐♠❛❣❡♠ ❞❡ λI − A é ❞❡♥s❛ ❡♠ X✱ ✐st♦ é✱

R(λI − A) = X

❡ ♦ ♦♣❡r❛❞♦r (λI − A)−1 : R(λI − A) → X é ❧✐♠✐t❛❞♦✳ ❙❡✉ ❝♦♠♣❧❡♠❡♥t❛r C\ρ(A) é

❝❤❛♠❛❞♦ ❞❡ ❡s♣❡❝tr♦ ❞❡ A ❡ é ❞❡♥♦t❛❞♦ ♣♦r σ(A)✳

❉❡✜♥✐çã♦ ✶✳✷ ❉✐③ s❡ q✉❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A : D(A) → X✱ ❝♦♠ D(A) ⊂ X✱ é

❢❡❝❤❛❞♦ q✉❛♥❞♦ ♦ ❝♦♥❥✉♥t♦

G(A) = {(x,Ax); x ∈ D(A)}✶

é ❢❡❝❤❛❞♦ ❡♠ X ×X✳

❱❡r❡♠♦s à s❡❣✉✐r q✉❡ ♦ r❡s♦❧✈❡♥t❡ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❢❡❝❤❛❞♦s ❛❞♠✐t❡ ✉♠❛

❝❛r❛❝t❡r✐③❛çã♦✳ ▼❛s ❛♥t❡s✱ ♣r♦✈❛r❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✶✳✶ ❙❡❥❛♠ A : D(A) → X✱ ❝♦♠ D(A) ⊂ X✱ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱ ❢❡❝❤❛❞♦ ❡

✐♥❥❡t♦r t❛❧ q✉❡ A−1 : R(A) → X é ❧✐♠✐t❛❞♦✱ ❡♥tã♦ R(A) é ❢❡❝❤❛❞♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ y ∈ R(A) ✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (yn) ⊂ R(A) t❛❧ q✉❡

yn → y ❡♠ X.

◆♦t❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ yn ∈ R(A)✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ xn ∈ D(A) t❛❧ q✉❡

yn = Axn.

✶❖ ❝♦♥❥✉♥t♦ G(A) é ❝❤❛♠❛❞♦ ❞❡ ❣rá✜❝♦ ❞♦ ♦♣❡r❛❞♦r A✳



✶✹

❙❡♥❞♦ A−1 ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦✱

‖A−1y − A−1z‖ ≤ C‖y − z‖, ∀y, z ∈ R(A),

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

‖A−1yn − A−1ym‖ ≤ C‖yn − ym‖, ∀n ∈ N.

❯♠❛ ✈❡③ q✉❡ (yn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ X✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛

(A−1yn) t❛♠❜é♠ é ❞❡ ❈❛✉❝❤② ❡♠ X✳ ❉❡ss❡ ♠♦❞♦✱ ❝♦♠♦ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱

❡①✐st❡ x ∈ X t❛❧ q✉❡

xn = A−1yn → x ❡♠ X.

❙❡♥❞♦ A ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ❝♦♠

(xn, Axn) → (x, y) ❡♠ X ×X,

❝♦♥❝❧✉í♠♦s q✉❡ x ∈ D(A) ❡ y = Ax✳ ▲♦❣♦✱ y ∈ R(A) ❡ ❛ss✐♠ R(A) ⊂ R(A)✳ P♦rt❛♥t♦✱

R(A) é ❢❡❝❤❛❞♦✳

▲❡♠❛ ✶✳✷ ❙❡❥❛ A : D(A) → X ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❢❡❝❤❛❞♦✱ ❡♥tã♦

ρ(A) = {λ ∈ C;λI − A : D(A) → X é ❜✐❥❡t♦r}.

❉❡♠♦♥str❛çã♦✿ ❙❡ λ ∈ ρ(A)✱ ❡♥tã♦ λI − A : D(A) → X é ✐♥❥❡t♦r✱

R(λI − A) = X ✭✶✳✶✮

❡ ♦ ♦♣❡r❛❞♦r (λI − A)−1 : R(λI − A) → X é ❧✐♠✐t❛❞♦✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ λI − A

é s♦❜r❡❥❡t♦r✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ❢❛③❡r ♦ ✉s♦ ❞❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✳

❆✜r♠❛çã♦ ✶✳✷✳✶ ❖ ♦♣❡r❛❞♦r λI − A : D(A) → X é ❢❡❝❤❛❞♦✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ (x, y) ∈ G(λI − A)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xn, (λI − A)xn) ⊂
G(λI − A) t❛❧ q✉❡

(xn, (λI − A)xn) → (x, y) ❡♠ X ×X,

✐st♦ é✱

xn → x ❡ (λI − A)xn → y ❡♠ X.



✶✺

❙❡♥❞♦ A ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ❡ (xn) ⊂ D(A) ❝♦♠ xn → x✱ s❡❣✉❡ q✉❡ x ∈ D(A) ❡

Axn → Ax ❡♠ X.

❆ss✐♠✱

lim
n
(λI − A)xn = lim

n
(λxn − Axn) = λ lim

n
xn − lim

n
Axn = λx− Ax = (λI − A)x,

♦✉ s❡❥❛✱

(λI − A)xn → (λI − A)x ❡♠ X.

▲♦❣♦✱ x ∈ D(λI − A) = D(A) ❡ y = (λI − A)x ♠♦str❛♥❞♦ q✉❡ (x, y) ∈ G(λI − A)✳

❉❡ss❡ ♠♦❞♦✱

G(λI − A) ⊂ G(λI − A)

❡ ♣♦rt❛♥t♦ λI − A é ❢❡❝❤❛❞♦✳

❆❣♦r❛✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ λI − A ❡stá ♥❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✶✳✶✱ ♦❜t❡♠♦s

R(λI − A) = R(λI − A). ✭✶✳✷✮

❆ss✐♠✱ ❝♦♠❜✐♥❛♥❞♦ ✭✶✳✶✮ ❡ ✭✶✳✷✮✱ R(λI − A) = X✳ ▲♦❣♦✱ λI − A é s♦❜r❡❥❡t✐✈♦✳ ❯♠❛

✈❡③ q✉❡ λI − A é ✐♥❥❡t✐✈♦✱ s❡❣✉❡ q✉❡ λI − A é ❜✐❥❡t✐✈♦✳ ❉❡ss❛ ♠❛♥❡✐r❛✱

λ ∈ {λ ∈ C;λI − A : D(A) → X é ❜✐❥❡t♦r},

♦ q✉❡ ♠♦str❛ ❛ s❡❣✉✐♥t❡ ✐♥❝❧✉sã♦

ρ(A) ⊂ {λ ∈ C;λI − A : D(A) → X é ❜✐❥❡t♦r}. ✭✶✳✸✮

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ λ ∈ {λ ∈ C;λI − A : D(A) → X é ❜✐❥❡t♦r}✱ ❡♥tã♦ λI − A :

D(A) → X é✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ s♦❜r❡❥❡t✐✈♦✳ ❉❡ss❡ ♠♦❞♦✱ R(λI − A) = X ❡ ♦❜✈✐❛♠❡♥t❡

R(λI − A) = X.

❙❡♥❞♦ λI − A ✐♥❥❡t♦r✱ ❜❛st❛ ♠♦str❛r q✉❡ ♦ ♦♣❡r❛❞♦r (λI − A)−1 é ❧✐♠✐t❛❞♦ ♣❛r❛ ❝♦♥✲

❝❧✉✐r♠♦s q✉❡ λ ∈ ρ(A)✳ P❛r❛ ✐ss♦ é s✉✜❝✐❡♥t❡ ✈❡r✐✜❝❛r q✉❡ ♦ ♦♣❡r❛❞♦r (λI − A)−1 :

R(λI − A) → X é ❢❡❝❤❛❞♦✳

❆✜r♠❛çã♦ ✶✳✷✳✷ ❖ ♦♣❡r❛❞♦r (λI − A)−1 : R(λI − A) → X é ❢❡❝❤❛❞♦✳



✶✻

❉❡ ❢❛t♦✱ s❡ (y, z) ∈ G((λI − A)−1)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (yn, (λI − A)−1yn) ⊂
G((λI − A)−1) t❛❧ q✉❡

(yn, (λI − A)−1yn) → (y, z) ❡♠ X ×X.

◗✉❡r❡♠♦s ♠♦str❛r q✉❡ y ∈ D((λI − A)−1) = R(λI − A) ❡ z = (λI − A)−1y✳ ❯♠❛ ✈❡③

q✉❡ yn → y ❡♠ X ❡ R(λI − A) = X✱ t❡♠✲s❡

y ∈ R(λI − A). ✭✶✳✹✮

❆❧é♠ ❞✐ss♦✱ s❛❜❡♠♦s q✉❡

(λI − A)−1yn → z ❡♠ X.

P❛r❛ ❝❛❞❛ n ∈ N✱ ❞❡✜♥❛

zn = (λI − A)−1yn

❡ ♦❜s❡r✈❡

(λI − A)−1yn ∈ D(λI − A).

❊♥tã♦✱ (zn) ⊂ D(λI − A) ❝♦♠

zn → z ❡♠ X

❡

(λI − A)zn = yn → y ❡♠ X.

❙❡❣✉♥❞♦ ❛ ❆✜r♠❛çã♦ ✶✳✷✳✶✱ λI − A é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦✳ ❆ss✐♠✱ z ∈ D(A) ❡

y = (λI − A)z✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

z = (λI − A)−1y. ✭✶✳✺✮

❉❡ ✭✶✳✹✮ ❡ ✭✶✳✺✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r (λI−A)−1 : X → X é ❢❡❝❤❛❞♦✳ ▲♦❣♦✱ ♣❡❧♦

❚❡♦r❡♠❛ ❞♦ ●rá✜❝♦ ❋❡❝❤❛❞♦ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❆✳✺✮✱ (λI −A)−1 é ❝♦♥tí♥✉♦ ❡✱ ♣♦rt❛♥t♦✱

❧✐♠✐t❛❞♦✳ ❉❡ss❡ ♠♦❞♦✱ λ ∈ ρ(A) ❡ ❛ss✐♠

{λ ∈ C;λI − A : D(A) → X é ❜✐❥❡t♦r} ⊂ ρ(A). ✭✶✳✻✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✸✮ ❡ ✭✶✳✻✮✱ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ s❡✉ ❝♦r♦❧ár✐♦ ✈ã♦ ♥♦s ❢♦r♥❡❝❡r ✉♠❛ ❝❛r❛❝✲

t❡r✐③❛çã♦ ♣❛r❛ ♦ ❡s♣❡❝tr♦ ❡ ♦ r❡s♦❧✈❡♥t❡ ❞❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦✳



✶✼

▲❡♠❛ ✶✳✸ ❙❡ A : X → X é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❡ ❧✐♠✐t❛❞♦ s❛t✐s❢❛③❡♥❞♦ ‖A‖ < 1✱

❡♥tã♦ 1 ∈ ρ(A) ❡ ♦ ♦♣❡r❛❞♦r (I − A)−1 ❡①✐st❡✱ é ❧✐♥❡❛r✱ ❧✐♠✐t❛❞♦ ❡

(I − A)−1 =
+∞
∑

n=0

An.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❝❛❞❛ n ∈ N✱ ❝♦♥s✐❞❡r❡ ♦ ♦♣❡r❛❞♦r An : X → X ❞❡✜♥✐❞♦ ♣♦r

An =
n
∑

k=0

Ak.

❙❡♥❞♦ ‖A‖ < 1✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ sér✐❡

+∞
∑

k=0

‖A‖k

é ❝♦♥✈❡r❣❡♥t❡✳ P❛r❛ ❞❛r ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦ ♥♦ss♦ ❡st✉❞♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❛ s❡q✉ê♥❝✐❛

(An) é ❞❡ ❈❛✉❝❤②✳ ❈♦♠ ❡❢❡✐t♦✱ s❛❜❡✲s❡ q✉❡

‖Ak‖ ≤ ‖A‖k, ∀k ∈ N.

❊♥tã♦✱ ♣❛r❛ m,n ∈ N✱ ❝♦♠ n > m✱

‖An − Am‖ =

∥

∥

∥

∥

∥

n
∑

k=0

Ak −
m
∑

k=0

Ak

∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

n
∑

k=m+1

Ak

∥

∥

∥

∥

∥

≤
n
∑

k=m+1

‖Ak‖ ≤
n
∑

k=m+1

‖A‖k.

❯♠❛ ✈❡③ q✉❡
n
∑

k=m+1

‖A‖k → 0 q✉❛♥❞♦ n,m→ +∞,

t❡♠✲s❡ ♦ ❞❡s❡❥❛❞♦✳ ❆❣♦r❛✱ ❝♦♠♦ L(X) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ ❛ s❡q✉ê♥❝✐❛ (An) é ❞❡

❈❛✉❝❤②✱ ❡①✐st❡ A∞ ∈ L(X) t❛❧ q✉❡

A∞ =
+∞
∑

k=0

Ak.

P♦r ♦✉tr♦ ❧❛❞♦✱

An(I − A)x =
n
∑

k=0

Ak(I − A)x

= (I + A+ A2 + · · ·+ An)(I − A)x

= (I + A+ A2 + · · ·+ An)(x− Ax)

= x− Ax+ Ax− A2 + · · ·+ Anx− An+1x

= x− An+1x, x ∈ X,



✶✽

♦✉ s❡❥❛✱

An(I − A) = (I − An+1). ✭✶✳✼✮

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡
n
∑

k=0

‖Ak‖ ≤
n
∑

k=0

‖A‖k,

♦❜t❡♠♦s
+∞
∑

k=0

‖Ak‖ ≤
+∞
∑

k=0

‖A‖k.

❊♥tã♦✱ ♣❡❧♦ ❈r✐tér✐♦ ❞❡ ❈♦♠♣❛r❛çã♦✷✱ ❛ sér✐❡

+∞
∑

k=0

‖Ak‖

é ❝♦♥✈❡r❣❡♥t❡✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

‖An‖ → 0 q✉❛♥❞♦ n→ +∞,

❡ ♣♦rt❛♥t♦ An → 0✳ ❋❛③❡♥❞♦ n→ +∞ ❡♠ ✭✶✳✼✮✱

A∞(I − A) = I.

❉❡ ♠♦❞♦ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣♦✱ ♦❜t❡♠♦s (I − A)A∞ = I✳ ❉❡ss❡ ♠♦❞♦✱

+∞
∑

n=0

An = A∞ = (I − A)−1.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ I − A : X → X é ❧✐♠✐t❛❞♦✱ ♦ ❚❡♦r❡♠❛ ❞♦ ●rá✜❝♦ ❋❡❝❤❛❞♦ ❣❛r❛♥t❡

q✉❡ ♦ ♠❡s♠♦ é ❢❡❝❤❛❞♦✳ ❆ss✐♠✱ ♦ ▲❡♠❛ ✶✳✷ ❛ss❡❣✉r❛ q✉❡ 1 ∈ ρ(A)✱ ♣♦✐s I − A é ✉♠

♦♣❡r❛❞♦r ❜✐❥❡t♦r✳

❈♦r♦❧ár✐♦ ✶✳✸✳✶ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ A : X → X ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r

❧✐♠✐t❛❞♦✳ ❙❡ |λ| > ‖A‖✱ ❡♥tã♦ λ ∈ ρ(A) ❡

(λI − A)−1 =
+∞
∑

n=0

λ−(n+1)An.

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛ B = 1
λ
A✳ ❖❜s❡r✈❡ q✉❡ B é ✉♠ ♦♣❡r❛❞♦r ❧✐♠✐t❛❞♦ ❝♦♠ ‖B‖ <

1✳ ❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✸✱ ❝♦♥❝❧✉í♠♦s q✉❡ 1 ∈ ρ(B) ❡ ♦ ♦♣❡r❛❞♦r (I−B)−1 ❡①✐st❡

❡ é ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❝♦♠

(I − B)−1 =
+∞
∑

n=0

Bn.

✷P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ▲✐♠❛ ❬✷✸✱ ❈❛♣✳ ✹✱ ❚❡♦r❡♠❛ ✶✳❪✳



✶✾

◆♦t❡ q✉❡ ♦ ♦♣❡r❛❞♦r

I − B = I − 1

λ
A =

1

λ
(λI − A)

é ❜✐❥❡t♦r✱ ♣♦✐s 1 ∈ ρ(B)✳ ❆ss✐♠✱

λI − A = λ(I − B)

é ❜✐❥❡t♦r ❡ ♣♦rt❛♥t♦ λ ∈ ρ(A)✳ ❆❞❡♠❛✐s✱ s❡♥❞♦

(I − B)−1 =

(

I − 1

λ
A

)−1

= λ(λI − A)−1,

t❡♠♦s

(λI − A)−1 =
1

λ
(I − B)−1 =

1

λ

+∞
∑

n=0

Bn =
1

λ

+∞
∑

n=0

(

1

λ
A

)n

=
1

λ

+∞
∑

n=0

1

λn
An,

♦✉ s❡❥❛✱

(λI − A)−1 =
+∞
∑

n=0

λ−(n+1)An,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❯♠ ❝♦♥❝❡✐t♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❞♦ q✉❛❧ ✐r❡♠♦s ❢❛③❡r ♦ ✉s♦ ❞❡❧❡ é ♦ ❞❡ ♦♣❡r❛❞♦r

❛✉t♦❛❞❥✉♥t♦✳ P♦ré♠ ♣❛r❛ ❞❡✜♥✐r t❛❧ ❝♦♥❝❡✐t♦✱ ♣r❡❝✐s❛♠♦s ❢❛③❡r ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s✳

Pr♦♣♦s✐çã♦ ✶✳✶ ❙❡❥❛ A : D(A) → Y ✱ ❝♦♠ D(A) ⊂ X✱ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦✳

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❡①t❡♥sã♦ A : D(A) → Y ❞❡ A ❛ q✉❛❧ é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❡

❧✐♠✐t❛❞♦✳

❉❡♠♦♥str❛çã♦✿ P♦r s❡r A ✉♠ ♦♣❡r❛❞♦r ❧✐♠✐t❛❞♦✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

‖Ax‖ ≤ C‖x‖, ∀x ∈ D(A).

❈♦♥s✐❞❡r❡ x ∈ D(A)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xn) ⊂ D(A) t❛❧ q✉❡

xn → x ❡♠ X.

❯♠❛ ✈❡③ q✉❡ (xn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✱ ❛ ♠❡s♠❛ é ❞❡ ❈❛✉❝❤②✱ ✐st♦ é✱ ❞❛❞♦

ε > 0 ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

‖xn − xm‖ <
ε

C
, ∀n,m ≥ n0.

❆ss✐♠✱

‖Axn − Axm‖ = ‖A(xn − xm)‖ ≤ C‖xn − xm‖ < ε, ∀n,m ≥ n0,



✷✵

♠♦str❛♥❞♦ q✉❡ (Axn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ Y ✳ ❙❡♥❞♦ Y ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱

s❡❣✉❡ q✉❡ (Axn) é ❝♦♥✈❡r❣❡♥t❡ ❡♠ Y ✳ ❉❡ss❡ ♠♦❞♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ♦♣❡r❛❞♦r

A : D(A) → Y

x 7→ Ax = lim
n
Axn.

◆♦t❡ q✉❡ A ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ (x̃n) ⊂ D(A) ✉♠❛ ♦✉tr❛ s❡q✉ê♥❝✐❛ ❝♦♠

x̃n → x ❡♠ X.

❊♥tã♦✱

‖Axn − Ax̃n‖ = ‖A(xn − x̃n)‖ ≤ C‖xn − x̃n‖ ≤ C(‖xn − x‖+ ‖x− x̃n‖),

❡ ❛ss✐♠✱

lim
n
‖Axn − Ax̃n‖ = 0,

♦✉ s❡❥❛✱
∥

∥

∥
lim
n
Axn − lim

n
Ax̃n

∥

∥

∥
= 0.

P♦rt❛♥t♦✱

lim
n
Axn = lim

n
Ax̃n.

❈❧❛r❛♠❡♥t❡ A ❡st❡♥❞❡ A✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ x ∈ D(A)✱ ❝♦♥s✐❞❡r❡

xn = x, ∀n ∈ N.

❊♥tã♦✱

Ax = lim
n
Axn = lim

n
Ax = Ax.

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ A é ❧✐♥❡❛r✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♠❡s♠♦ é ❧✐♠✐t❛❞♦✳ ❈♦♠ ❡❢❡✐t♦✱

❞❛❞♦ x ∈ D(A)✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xn) ⊂ D(A) t❛❧ q✉❡

xn → x ❡♠ X.

❆ss✐♠✱

‖Ax‖ =
∥

∥

∥
lim
n
Axn

∥

∥

∥
= lim

n
‖Axn‖ ≤ lim

n
C‖xn‖ = C‖lim

n
xn‖,

♦✉ s❡❥❛✱

‖Ax‖ ≤ C‖x‖, ∀x ∈ D(A).



✷✶

❘❡st❛✲♥♦s ♠♦str❛r ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ A✳ ❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ♦✉tr♦ ♣r♦❧♦♥✲

❣❛♠❡♥t♦ Ã : D(A) → Y ❞❡ A ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦✳ ❊♥tã♦✱ ❞❛❞♦ x ∈ D(A)✱ ❡①✐st❡

(xn) ⊂ D(A) t❛❧ q✉❡ xn → x✳ P♦r s❡r Ã ❝♦♥tí♥✉♦✱

Ãxn → Ãx ❡♠ Y.

❙❡♥❞♦✱ Ã ✉♠ ♣r♦❧♦♥❣❛♠❡♥t♦ ♣❛r❛ A✱ t❡♠♦s

Ãx̃ = Ax̃, ∀x̃ ∈ D(A).

❆ss✐♠✱

Ãx = lim
n
Ãxn = lim

n
Axn = Ax,

❡ ♣♦rt❛♥t♦ Ã = A✳

❉❡✜♥✐çã♦ ✶✳✸ ❉✐③✲s❡ q✉❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A : D(A) → Y ✱ ❝♦♠ D(A) ⊂ X✱ é

❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ q✉❛♥❞♦ D(A) = X✳

P♦r ❡①❡♠♣❧♦✱ s❡ Ω ⊂ R
N é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C2✳ ❊♥tã♦✱

♦ ♦♣❡r❛❞♦r A : H2(Ω) ∩ H1
0 (Ω) → L2(Ω)✱ ♦♥❞❡ H2(Ω) ∩ H1

0 (Ω) ⊂ L2(Ω)✱ ❞❛❞♦ ♣♦r

Au = ∆u é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳ ❉❡s❞❡ q✉❡ C∞
0 (Ω) ⊂ H2(Ω) ∩ H1

0 (Ω) ❡ r❡❝♦r❞❛♥❞♦

q✉❡ ♦ ❚❡♦r❡♠❛ ❇✳✶✶ ✐♠♣❧✐❝❛ q✉❡ C∞
0 (Ω) = L2(Ω)✱ ❝♦♥❝❧✉í♠♦s

H2(Ω) ∩H1
0 (Ω)

L2(Ω)
= L2(Ω).

❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦ ♥♦ss♦ ❡st✉❞♦✱ s❡❥❛ A : D(A) → Y ✱ ❝♦♠ D(A) ⊂ X✱ ✉♠

♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳ ❉❡✜♥❛ ♦ ❝♦♥❥✉♥t♦

D(A∗) = {f ∈ Y ′; ∃C > 0; |f(Ax)| ≤ C‖x‖, ∀x ∈ D(A)},

♦♥❞❡ Y ′ é ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ Y ✳ ◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ D(A∗) é ✉♠ s✉❜❡s♣❛ç♦ ❞❡

Y ′✳ ❉❛❞♦ f ∈ D(A∗)✱ ❞❡✜♥❛ ♦ ❢✉♥❝✐♦♥❛❧

g : D(A) → R

x 7→ g(x) = f(Ax). ✭✶✳✽✮

◆♦t❡ q✉❡ g é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ♣♦✐s f ❡ A sã♦ ❧✐♥❡❛r❡s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ f ∈ D(A∗)✱

❡①✐st❡ C > 0 t❛❧ q✉❡

|g(x)| = |f(Ax)| ≤ C‖x‖, ∀x ∈ D(A).



✷✷

▲♦❣♦✱ g é ❝♦♥tí♥✉♦✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✶ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ D(A) = X✱ ♦❜t❡♠♦s ✉♠

♣r♦❧♦♥❣❛♠❡♥t♦ A∗f :→ R ♣❛r❛ g ❧✐♥❡❛r ❡ ❧✐♠✐t❛❞♦✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ♦♣❡r❛❞♦r

A∗ : D(A∗) → X ′

f 7→ A∗f,

♦♥❞❡

A∗f : X → R

x 7→ (A∗f)(x) ✭✶✳✾✮

é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✳ ❈♦♠❜✐♥❛♥❞♦ ✭✶✳✽✮ ❡ ✭✶✳✾✮✱

(A∗f)(x) = f(Ax), ∀f ∈ D(A∗), ∀x ∈ D(A).

❊st❛ ✐❞❡♥t✐❞❛❞❡ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✹ ❙❡❥❛ A : D(A) → Y ✱ ❝♦♠ D(A) ⊂ X✱ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡♥s❛♠❡♥t❡

❞❡✜♥✐❞♦✳ ❯♠ ♦♣❡r❛❞♦r A∗ : D(A∗) → X ′✱ ❝♦♠ D(A∗) ⊂ Y ′ é ❞✐t♦ ❛❞❥✉♥t♦ ❞❡ A q✉❛♥❞♦

(A∗f)(x) = f(Ax), ∀f ∈ D(A∗), ∀x ∈ D(A).

❱❡r❡♠♦s q✉❡ ♦s ♦♣❡r❛❞♦r❡s ❛❞❥✉♥t♦s t❡♠ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ♠✉✐t♦ ❡s♣❡❝✐❛❧✳ ❊♠

t❡r♠♦s ♠❛✐s ♣r❡❝✐s♦s✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ❛❞❥✉♥t♦ ❞❡ ✉♠ ♦♣❡r❛❞♦r A é s❡♠♣r❡ ❢❡❝❤❛❞♦

✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡ A s❡r ❢❡❝❤❛❞♦ ♦✉ ♥ã♦✳

▲❡♠❛ ✶✳✹ ❙❡ A : D(A) → Y ✱ ❝♦♠ D(A) ⊂ X✱ é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡♥s❛♠❡♥t❡

❞❡✜♥✐❞♦✱ ❡♥tã♦ A∗ é s❡♠♣r❡ ❢❡❝❤❛❞♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (f, g) ∈ G(A∗)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (fn, A
∗fn) ⊂ G(A∗)

t❛❧ q✉❡

(fn, A
∗fn) → (f, g) ❡♠ Y ′ ×X ′,

♦✉ s❡❥❛✱

fn → f ❡♠ Y ′ ❡ A∗fn → g ❡♠ X ′.

◗✉❡r❡♠♦s ♠♦str❛r q✉❡ f ∈ D(A∗) ❡ A∗f = g✳ ❈♦♠ ❡❢❡✐t♦✱ ♣♦r ❞❡✜♥✐çã♦✱

(A∗fn)(x) = fn(Ax), ∀x ∈ D(A), ∀n ∈ N.



✷✸

❊♥tã♦✱ ❢❛③❡♥❞♦ n→ +∞✱

g(x) = f(Ax), ∀x ∈ D(A). ✭✶✳✶✵✮

◆♦t❡ q✉❡ g : X → R é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦✱ ♣♦✐s g ∈ X ′✳ ❆ss✐♠✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

C > 0 t❛❧ q✉❡

|g(x)| ≤ C‖x‖, ∀x ∈ X.

❊♠ ♣❛rt✐❝✉❧❛r✱

|f(Ax)| = |g(x)| ≤ C‖x‖, ∀x ∈ D(A),

♠♦str❛♥❞♦ q✉❡ f ∈ D(A∗)✳ ▼❛✐s ✉♠❛ ✈❡③✱ ♣♦r ❞❡✜♥✐çã♦✱

(A∗f)(x) = f(Ax), ∀x ∈ D(A). ✭✶✳✶✶✮

❙❡ x ∈ D(A) ❡ x /∈ D(A)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xn) ⊂ D(A) t❛❧ q✉❡ xn → x ❡♠

X ✳ ❯s❛♥❞♦ ✭✶✳✶✵✮ ❡ ✭✶✳✶✶✮✱

g(x) = lim
n
g(xn) = lim

n
f(Axn) = lim

n
(A∗f)(xn) = (A∗f)(lim

n
xn) = (A∗f)(x).

❙❡♥❞♦ D(A) = X✱ ❝♦♥❝❧✉í♠♦s q✉❡

g(x) = (A∗f)(x), ∀x ∈ X

❡✱ ♣♦rt❛♥t♦✱ g = A∗f ✳

❉❡✜♥✐çã♦ ✶✳✺ ❙❡❥❛♠ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ A : D(A) → H✱ ❝♦♠ D(A) ⊂ H✱ ✉♠

♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳ ❉✐③✲s❡ q✉❡ A é ✉♠ ♦♣❡r❛❞♦r s✐♠étr✐❝♦ q✉❛♥❞♦

〈Ax, y〉 = 〈x,Ay〉, ∀x, y ∈ D(A).

❖ ♦♣❡r❛❞♦r A é ❞✐t♦ ❛✉t♦❛❞❥✉♥t♦ q✉❛♥❞♦ A∗ = A✱ ✐st♦ é✱ q✉❛♥❞♦ A é s✐♠étr✐❝♦ ❡

D(A) = D(A∗)✳

❊①❡♠♣❧♦ ✶✳✶ ❙❡❥❛ Ω ⊂ R
N ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C2✳ ❖ ♦♣❡r❛❞♦r

A : H2(Ω) ∩H1
0 (Ω) → L2(Ω) ❞❡✜♥✐❞♦ ♣♦r Au = ∆u é ❛✉t♦❛❞❥✉♥t♦ ✸✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ q✉❡ ♦ ❡s♣❡❝tr♦ ❞❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❛✉t♦❛❞❥✉♥t♦ é

✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s ❡ s✉❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ✈✐st❛ ❡♠

❇♦t❡❧❤♦ ❬✻❪ ♦✉ ❑r❡②s③✐♥❣ ❬✷✶❪✳

✸❯♠❛ ❥✉st✐✜❝❛t✐✈❛ ♣❛r❛ ❡st❡ ❢❛t♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❑❡s❛✈❛♥ ❬✶✾❪✳



✷✹

▲❡♠❛ ✶✳✺ ❙❡ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠♣❧❡①♦ ❡ A : D(A) → H✱ ❝♦♠ D(A) ⊂ H✱

é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❛✉t♦❛❞❥✉♥t♦✱ ❡♥tã♦ σ(A) é r❡❛❧✳

❚❛♠❜é♠ t❡♠♦s ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ♣❛r❛ ♦ r❡s♦❧✈❡♥t❡ ❞❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❛✉✲

t♦❛❞❥✉♥t♦ ❝♦♠♦ ✈❡r❡♠♦s à s❡❣✉✐r✳

▲❡♠❛ ✶✳✻ ❙❡❥❛♠ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠♣❧❡①♦✱ A : D(A) → H✱ ❝♦♠ D(A) ⊂ H✱

✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱ ❝♦♥tí♥✉♦✱ ❛✉t♦✲❛❞❥✉♥t♦ ❡ λ ∈ C✳ ❊♥tã♦✱ λ ∈ ρ(A) s❡✱ ❡ s♦♠❡♥t❡

s❡✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

‖(A− λI)x‖ ≥ C‖x‖, ∀x ∈ D(A).

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ r❡❝♦♠❡♥❞❛♠♦s ❛ ❧❡✐t✉r❛ ❑r❡②s③✐♥❣ ❬✷✶❪✳

▲❡♠❛ ✶✳✼ ❙❡❥❛♠ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠♣❧❡①♦ ❡ A : D(A) → H✱ ❝♦♠ D(A) ⊂ H✱

✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❛✉t♦✲❛❞❥✉♥t♦✳ ❙❡

〈Ax, x〉 ≥ C‖x‖2, ∀x ∈ D(A),

♦♥❞❡ C > 0 é ✉♠❛ ❝♦♥st❛♥t❡✱ ❡♥tã♦ σ(A) ⊂ [C,+∞)✳

❉❡♠♦♥str❛çã♦✿ ❖ ▲❡♠❛ ✶✳✺ ✐♠♣❧✐❝❛ q✉❡ σ(A) ⊂ R✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ σ(A) ⊂
[C,+∞)✳ ❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ x ∈ D(A) ❝♦♠ x 6= 0✱

〈Ax, x〉
‖x‖2 ≥ C.

❊♥tã♦✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

m = inf
‖x‖=1

〈Ax, x〉.

❙❡❥❛ λ = m − δ✱ ❝♦♠ δ > 0✳ ▼♦str❛r❡♠♦s q✉❡ λ ∈ ρ(A)✳ ❈♦♠ ❡❢❡✐t♦✱ ♣❛r❛ ❝❛❞❛

x ∈ D(A)✱ ❝♦♠ x 6= 0✱ ❞❡✜♥❛

v =
x

‖x‖ .

❊♥tã♦✱ x = ‖x‖v ❡

〈Ax, x〉 = 〈A(‖x‖v), ‖x‖v〉 = ‖x‖2〈Av, v〉 ≥ ‖x‖2 inf
‖ṽ‖=1

〈Aṽ, ṽ〉 = m‖x‖2.

❆ss✐♠✱

−m〈x, x〉 ≥ −〈Ax, x〉.
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P♦r ♦✉tr♦ ❧❛❞♦✱

−δ‖x‖2 = (λ−m)〈x, x〉 = λ〈x, x〉 −m〈x, x〉

≥ 〈λx, x〉 − 〈Ax, x〉 = 〈λx− Ax, x〉

= 〈(λI − A)x, x〉.

❊♥tã♦✱

δ‖x‖2 ≤ 〈(A− λI)x, x〉 ≤ |〈(A− λI)x, x〉| ≤ ‖(A− λI)x‖‖x‖,

♦✉ s❡❥❛✱

δ‖x‖ ≤ ‖(A− λI)x‖.

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✻✱ t❡♠✲s❡ λ = m − δ ∈ ρ(A)✳ ❈♦♠♦ δ > 0 é ❛r❜✐trár✐♦✱ ♣♦❞❡♠♦s

❝♦♥❝❧✉✐r q✉❡ (−∞,m) ⊂ ρ(A)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ (−∞, C) ⊂ ρ(A) ❡✱ ♣♦rt❛♥t♦✱ σ(A) ⊂
[C,+∞)✳

✶✳✷ ❙❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦✱ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❡

❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ♦s ♠❡s♠♦s✳ ❯♠❛ ❛♣r❡s❡♥t❛çã♦ ♠❛✐s ❝♦♠♣❧❡t❛ ❞❛ t❡♦r✐❛

❛q✉✐ ❛♣r❡s❡♥t❛❞❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ P❛③② ❬✷✾❪✱ ❍❡♥r② ❬✶✽❪ ♦✉ ❩❤❡♥❣ ❬✸✺❪✳

❆♦ ❧♦♥❣♦ ❞❡ss❛ s❡çã♦ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ♠✉♥✐❞♦ ❝♦♠ ♥♦r♠❛ ‖·‖✳ ❱❛♠♦s

t❛♠❜é♠ ❝♦♥s✐❞❡r❛r ♦ s❡t♦r

Γ = {z ∈ C;φ1 < arg z < φ2, φ1 < 0 < φ2}

❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ s❡t♦r Γ é ❞❛❞❛ ♥❛ ❋✐❣✉r❛ ✶✳✶✳

❉❡✜♥✐çã♦ ✶✳✻ P❛r❛ ❝❛❞❛ z ∈ Γ✱ s❡❥❛ T (z) ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ s♦❜r❡ X✳ ❆

❢❛♠í❧✐❛ {T (z)}z∈Γ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❡ ❧✐♠✐t❛❞♦s s♦❜r❡ X ❝❤❛♠❛✲s❡ ✉♠ s❡♠✐❣r✉♣♦

❛♥❛❧ít✐❝♦ ❡♠ Γ q✉❛♥❞♦

✭✐✮ z → T (z) é ❛♥❛❧ít✐❝❛✹ ❡♠ Γ❀

✭✐✐✮ T (0) = I ❡

lim
z→0

T (z)x = x, ∀x ∈ X;

✭✐✐✐✮ T (z1 + z2) = T (z1)T (z2) ♣❛r❛ z1, z2 ∈ Γ✳
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❋✐❣✉r❛ ✶✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ s❡t♦r Γ✳

❯♠ C0✲s❡♠✐❣r✉♣♦ {T (t)}t≥0
✺ ❞✐③✲s❡ ❛♥❛❧ít✐❝♦ q✉❛♥❞♦ ❡①✐st❡ ✉♠ s❡t♦r Γ ❝♦♥t❡♥❞♦

❛ s❡♠✐ r❡t❛ ♥ã♦ ♥❡❣❛t✐✈❛ t❛❧ q✉❡ ❛ ❡①t❡♥sã♦ ❞❡ T (t) ♥❡st❡ s❡t♦r é ❛♥❛❧ít✐❝❛✳

❉❡✜♥✐çã♦ ✶✳✼ ❖ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ {T (t)}t≥0 é ✉♠ ♦♣❡r❛❞♦r ❧✐✲

♥❡❛r A : D(A) → X ♦♥❞❡

D(A) =

{

x ∈ X; lim
t→0+

T (t)x− x

t
❡①✐st❡

}

❡

Ax = lim
t→0+

T (t)x− x

t
, ∀x ∈ D(A).

❊♠ ❛❧❣✉♥s t❡①t♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ q✉❛♥❞♦ s❡ tr❛❜❛❧❤❛ ❝♦♠ ❛♣❧✐❝❛çõ❡s✱ ♦s ♦♣❡✲

r❛❞♦r❡s T (t) sã♦ ❞❡♥♦t❛❞♦s ♣♦r e−At✱ ♦♥❞❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ s❡♠✐❣r✉♣♦

{T (t)}t≥0✳

❖ r❡s✉❧t❛❞♦ à s❡❣✉✐r ❡st❛❜❡❧❡❝❡ ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ✉♠

♦♣❡r❛❞♦r s❡❥❛ ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦✳

❚❡♦r❡♠❛ ✶✳✶ ❙❡❥❛ {T (t)}t≥0 ✉♠ C0✲s❡♠✐❣r✉♣♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦✻✳ ❙❡ −A é

♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ {T (t)}t≥0 ❡ 0 ∈ ρ(−A)✱ ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦

❡q✉✐✈❛❧❡♥t❡s✳

✹❈❛s♦ ♦ ❧❡✐t♦r s✐♥t❛ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ r❡❧❡♠❜r❛r ❛ ❞❡✜♥✐çã♦ ❞❡ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛✱ r❡❝♦♠❡♥❞❛♠♦s ❛

❧❡✐t✉r❛ ❞❡ ❋❡r♥❛♥❞❡s✲ ❇❡r♥❛r❞❡s ❏r✳ ❬✶✶❪✳
✺❆ ❞❡✜♥✐çã♦ ❞❡ C0✲s❡♠✐❣r✉♣♦ s❡ ❡♥❝♦♥tr❛ ♥♦ ❆♣ê♥❞✐❝❡ ❉✳
✻❱❡❥❛ ❛ ❞❡✜♥✐çã♦ ❉✳✹ ♥♦ ❆♣ê♥❞✐❝❡ ❉✳
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✭✐✮ ❖ s❡♠✐❣r✉♣♦ {T (t)}t≥0 t❡♠ ✉♠ ♣r♦❧♦♥❣❛♠❡♥t♦ ❛♥❛❧ít✐❝♦ ♥♦ s❡t♦r

Γδ = {z ∈ C; |arg z| < δ}✼

❡ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡♠ ❝❛❞❛ s✉❜s❡t♦r ❢❡❝❤❛❞♦ Γδ′✱ ❝♦♠ δ′ < δ ❞❡ Γ✱ ✐st♦

é✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M∗ > 0 t❛❧ q✉❡

‖T (z)‖ ≤M∗, ∀z ∈ Γδ′ .

❋✐❣✉r❛ ✶✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ s❡t♦r Γδ✳

✭✐✐✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ σ > 0✱ τ 6= 0

‖((σ + iτ)I + A)−1‖ ≤ C

|τ | .

✭✐✐✐✮ ❊①✐st❡♠ 0 < δ < π/2 ❡ M > 0 t❛✐s q✉❡

ρ(−A) ⊃ Σ =
{

λ ∈ C; |arg λ| < π

2
+ δ
}

∪ {0},

❡

‖(λI + A)−1‖ ≤ M

|λ| .

✭✐✈✮ T (t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ t > 0 ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

‖AT (t)‖ ≤ C

t
, ∀t > 0.

✼❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ s❡t♦r Γδ ♣♦❞❡ s❡r ✈✐st❛ ♥❛ ❋✐❣✉r❛ ✶✳✷✳



✷✽

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠

❩❤❡♥❣ ❬✸✺❪ ♦✉ P❛③② ❬✷✾❪✳

❙❡ {T (t)}t≥0 é ✉♠ C0✲s❡♠✐❣r✉♣♦✳ ❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❉✳✺✱ ❡①✐st❡♠

❝♦♥st❛♥t❡s M ≥ 1 ❡ β ≥ 0 t❛✐s q✉❡

‖T (t)‖ ≤Meβt, ∀t ≥ 0.

❉❡✜♥✐♥❞♦ S(t) = e−βtT (t)✱ t❡♠♦s

‖S(t)‖ = e−βt‖T (t)‖ ≤ e−βtMeβt =M, ∀t ≥ 0.

❆ss✐♠✱ {S(t)}t≥0 é ✉♠ C0✲s❡♠✐❣r✉♣♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦✳

❯t✐❧✐③❛♥❞♦ ❛ r❡❧❛çã♦ S(t) = e−βtT (t)✱ ✈❡r❡♠♦s q✉❡ é ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r ✉♠❛

✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶ ♣❛r❛ C0✲s❡♠✐❣r✉♣♦s q✉❡ ♥ã♦ sã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♥✐❢♦r♠❡♠❡♥t❡

❧✐♠✐t❛❞♦s✳ ▼❛s ❛♥t❡s✱ ✈❡❥❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✶✳✽ ❙❡ {T (t)}t≥0 é ✉♠ C0✲s❡♠✐❣r✉♣♦ ❣❡r❛❞♦ ♣♦r −A✱ ❡♥tã♦ S(t) = e−βtT (t) é

✉♠ C0✲s❡♠✐❣r✉♣♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡ ♦ s❡✉ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ é −A− βI✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❡st✉❞♦ ❛❝✐♠❛✱ {S(t)}t≥0 é ✉♠ C0✲s❡♠✐❣r✉♣♦ ✉♥✐✲

❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦✳ ❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡

S(t)x− x

t
=

e−βtT (t)x− x

t

=
e−βtT (t)x− e−βtx+ e−βtx− x

t

= e−βtT (t)x− x

t
+
e−βt − 1

t
x.

❊♥tã♦✱

lim
t→0+

S(t)x− x

t
= lim

t→0+
e−βtT (t)x− x

t
+
e−βt − 1

t
x

= lim
t→0+

e−βtT (t)x− x

t
+ lim

t→0+

e−βt − 1

t
x

= −Ax− βx.

❉❡ss❛ ♠❛♥❡✐r❛✱ −A− βI é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ {S(t)}t≥0✳

❚❡♦r❡♠❛ ✶✳✷ ❙❡❥❛ {T (t)}t≥0 ✉♠ C0✲s❡♠✐❣r✉♣♦✳ ❙❡ −A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡

{T (t)}t≥0 ❡ 0 ∈ ρ(−A)✱ ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳



✷✾

✭✐✮ ❖ s❡♠✐❣r✉♣♦ {T (t)}t≥0 t❡♠ ✉♠ ♣r♦❧♦♥❣❛♠❡♥t♦ ❛♥❛❧ít✐❝♦ ♥♦ s❡t♦r

Γδ = {z ∈ C; |arg z| < δ}

❡ ❡♠ ❝❛❞❛ s✉❜s❡t♦r ❢❡❝❤❛❞♦ Γδ′✱ ❝♦♠ δ′ < δ✱ ❞❡ Γ

‖T (z)‖ ≤ |eβz|M∗, z ∈ Γδ′ ,

♦♥❞❡ β ≥ 0 ❡ M∗ > 0 é ❛ ❝♦♥t❛♥t❡ q✉❡ ❧✐♠✐t❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ♦ s❡♠✐❣r✉♣♦ ♥♦

✐t❡♠ ✭✐✮ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳

✭✐✐✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ σ > β✱ τ 6= 0

‖((σ + iτ)I + A)−1‖ ≤ C

|τ | .

✭✐✐✐✮ ❊①✐st❡♠ 0 < δ < π/2 ❡ M > 0 t❛✐s q✉❡

ρ(−A) ⊃ Σβ =
{

λ ∈ C; |arg(λ− β)| < π

2
+ δ
}

∪ {λ = β},

❡

‖(λI + A)−1‖ ≤ M

|λ− β| .

✭✐✈✮ T (t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ t > 0 ❡

‖AT (t)‖ ≤ C

t
eβt, ∀t > 0,

♦♥❞❡ C ❡ β sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳

❉❡♠♦♥str❛çã♦✿ (i) ⇒ (ii) P♦r ❤✐♣ót❡s❡✱ {T (t)}t≥0 t❡♠ ✉♠ ♣r♦❧♦♥❣❛♠❡♥t♦ ❛♥❛❧ít✐❝♦

♥♦ s❡t♦r

Γδ = {z ∈ C; |arg z| < δ}.

❊♥tã♦✱ {S(t)}t≥0 ❞❡✜♥✐❞♦ ♣♦r S(t) = e−βtT (t) t❛♠❜é♠ ♦ t❡♠✳ ❆❞❡♠❛✐s✱ s❛❜❡♠♦s q✉❡

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M∗ > 0 t❛❧ q✉❡

‖T (z)‖ ≤ |eβz|M∗, ∀z ∈ Γδ′ .

❊♥tã♦✱

‖S(z)‖ = ‖e−βzT (z)‖ = |e−βz|‖T (z)‖ ≤M∗|eβz||e−βz|, ✭✶✳✶✷✮

♦✉ s❡❥❛✱

‖S(z)‖ ≤M∗, ∀z ∈ Γδ′ .



✸✵

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✶ ❡♠ {S(t)}t≥0✱ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

♣❛r❛ ❝❛❞❛ σ′ > 0✱ τ 6= 0

‖((σ′ + iτ)I − (−A− βI))−1‖ = ‖((σ′ + iτ)I + (A+ βI))−1‖ ≤ C

|τ | .

❆ss✐♠✱

‖((σ + iτ)I + A)−1‖ = ‖((σ + iτ)I − βI + βI + A)−1‖

= ‖((σ − β + iτ)I + (A+ βI))−1‖

≤ C

|τ | ,

s❡ σ − β > 0 ❡ τ 6= 0✳ P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ σ > β✱

τ 6= 0

‖((σ + iτ)I + A)−1‖ ≤ C

|τ | .

(ii) ⇒ (iii) ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ σ > β✱ τ 6= 0

‖((σ + iτ)I + A)−1‖ ≤ C

|τ | .

❙❡ −A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦✳ ❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✽✱

❝♦♥❝❧✉í♠♦s q✉❡ −A−βI é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ ✉♥✐❢♦r♠❡♠❡♥t❡

❧✐♠✐t❛❞♦ {S(t)}t≥0✳ ❆❧é♠ ❞✐ss♦✱

‖((σ − β + iτ)I + (A+ βI))−1‖ = ‖((σ + iτ)I − βI + βI + A)−1‖

= ‖((σ + iτ)I + A)−1‖

≤ C

|τ | .

❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✶✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s 0 < δ < π/2 ❡ M > 0 t❛✐s

q✉❡

ρ(−A− βI) ⊃ Σ =
{

λ ∈ C; |arg λ| < π

2
+ δ
}

∪ {0}, ✭✶✳✶✸✮

❡

‖(λI + (A+ βI))−1‖ ≤ M

|λ| . ✭✶✳✶✹✮

❙❡❥❛ λ ∈ C t❛❧ q✉❡

|arg(λ− β)| < π

2
+ δ ♦✉ λ− β = 0



✸✶

❊♥tã♦✱ ♣♦r ✭✶✳✶✸✮✱ t❡♠♦s λ− β ∈ ρ(−A− βI)✳ ❙❡❣✉♥❞♦ ♦ ❈♦r♦❧ár✐♦ ❉✳✻✳✶✱ −A− βI é

✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦✳ ❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✶✳✷✱

(λ− β)I + A+ βI = λI + A

é ❜✐❥❡t♦r✳ ❉❡ss❛ ♠❛♥❡✐r❛✱ λ ∈ ρ(−A) ♠♦str❛♥❞♦ q✉❡

Σβ =
{

λ ∈ C; |arg(λ− β)| < π

2
+ δ
}

∪ {λ = β} ⊂ ρ(−A).

P♦r ✜♠✱ ❞❛❞♦ λ ∈ Σβ\{β} s❡❣✉❡✱ ❞❡ ✭✶✳✶✹✮✱ q✉❡

‖(λI + A)−1‖ = ‖(λI − βI + βI + A)−1‖

= ‖((λ− β)I + (A+ βI))−1‖

≤ M

|λ− β| .

(iii) ⇒ (iv) ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠ 0 < δ < π/2 ❡ M > 0 t❛✐s q✉❡

ρ(−A) ⊃ Σβ =
{

λ ∈ C; |arg(λ− β)| < π

2
+ δ
}

∪ {λ = β}, ✭✶✳✶✺✮

❡

‖(λI + A)−1‖ ≤ M

|λ− β| . ✭✶✳✶✻✮

❈♦♠♦ {T (t)}t≥0 é ✉♠ C0✲s❡♠✐❣r✉♣♦✱ ♦ ❚❡♦r❡♠❛ ❉✳✺ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥st❛♥t❡s

M ≥ 1 ❡ β ≥ 0 t❛✐s q✉❡

‖T (t)‖ ≤Meβt, ∀t ≥ 0.

❉❡✜♥✐♥❞♦ S(t) = e−βtT (t) t❡♠✲s❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✽✱ q✉❡ −A−βI é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧

❞❡ {S(t)}t≥0 ♦ q✉❛❧ é ✉♠ C0✲s❡♠✐❣r✉♣♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦✳ ❈♦♥s✐❞❡r❡

ξ ∈
{

λ ∈ C; |arg λ| < π

2
+ δ
}

,

❡♥tã♦

|arg(ξ + β − β)| = |arg ξ| < π

2
+ δ.

❉❡ss❛ ♠❛♥❡✐r❛✱ ♣♦r ✭✶✳✶✺✮✱ ξ + β ∈ ρ(−A)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

(ξ + β)I + A = ξI + (A+ βI)

é ❜✐❥❡t♦r ❡ ❛ss✐♠✱ ξ ∈ ρ(−A− βI)✳ ▲♦❣♦✱

Σ =
{

λ ∈ C; |arg λ| < π

2
+ δ
}

⊂ ρ(−A− βI). ✭✶✳✶✼✮



✸✷

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ✭✶✳✶✻✮✱

‖(ξI + (βI + A))−1‖ = ‖((ξ + β)I + A)−1‖ ≤ M

|(ξ + β)− β| =
M

|ξ| ,

♦✉ s❡❥❛

‖(ξI + (βI + A))−1‖ ≤ M

|ξ| , ∀ξ ∈ Σ. ✭✶✳✶✽✮

❯s❛♥❞♦ ✭✶✳✶✼✮ ❡ ✭✶✳✶✽✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✶✱ s❡❣✉❡ q✉❡ S(t) é ❞✐❢❡r❡♥❝✐á✈❡❧

♣❛r❛ t > 0 ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

‖AS(t)‖ ≤ C

t
, ∀t > 0.

❯♠❛ ✈❡③ q✉❡

T (t) = eβte−βtT (t) = eβtS(t),

t❡♠✲s❡ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ T (t) ♣❛r❛ t > 0✳ ❆❞❡♠❛✐s✱

‖AT (t)‖ = ‖Aeβte−βtT (t)‖ = ‖eβtAS(t)‖ = eβt‖AS(t)‖ ≤ eβt
C

t
, ∀t > 0.

(iv) ⇒ (i) ❙✉♣♦♥❤❛ q✉❡ T (t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ t > 0 ❡

‖AT (t)‖ ≤ C

t
eβt, ∀t > 0,

♦♥❞❡ C ❡ β sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳ ❊♥tã♦✱ S(t) = e−βtT (t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ t > 0

❡

‖AS(t)‖ = ‖Ae−βtT (t)‖ = e−βt‖AT (t)‖ ≤ e−βtC

t
eβt =

C

t
.

❉❡ss❡ ♠♦❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✱ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0 t❡♠ ✉♠ ♣r♦❧♦♥❣❛♠❡♥t♦ ❛♥❛❧ít✐❝♦

♥♦ s❡t♦r

Γδ = {z ∈ C; |arg z| < δ}

❡ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡♠ ❝❛❞❛ s✉❜s❡t♦r ❢❡❝❤❛❞♦ Γδ′ ❞❡ Γ✱ ❝♦♠ δ′ < δ✳ ❖❜s❡r✈❡

q✉❡ ♦ s❡♠✐❣r✉♣♦ {T (t)}t≥0 t❛♠❜é♠ t❡♠ ✉♠ ♣r♦❧♦♥❣❛♠❡♥t♦ ❛♥❛❧ít✐❝♦ ♥♦ s❡t♦r

Γδ = {z ∈ C; |arg z| < δ}.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❡①✐st❡ M∗ > 0 t❛❧ q✉❡

‖S(z)‖ ≤M∗, ∀z ∈ Γδ′ ,



✸✸

t❡♠♦s✱

‖T (z)‖ = ‖eβte−βtT (z)‖ = |eβt|‖S(z)‖ ≤ |eβt|M∗, ∀z ∈ Γδ′ ,

❡♥❝❡rr❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❱❛♠♦s s✉♣♦r q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s 0 < δ < π/2 ❡ M ≥ 1 t❛✐s q✉❡

ρ(−A) ⊃ Σβ =
{

λ ∈ C; |arg(λ− β)| < π

2
+ δ
}

∪ {λ = β},

❡

‖(λI + A)−1‖ ≤ M

|λ− β| ,

♣❛r❛ t♦❞♦ λ ∈ Σβ ❝♦♠ λ 6= β✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

{

λ ∈ C;
π

2
− δ ≤ |arg(λ+ β)| ≤ π, λ 6= −β

}

.

❙❡ λ ∈ C é t❛❧ q✉❡
π

2
− δ ≤ |arg(λ+ β)| ≤ π,

❡♥tã♦
π

2
− δ ≤ arg(λ+ β) ≤ π ♦✉

π

2
− δ ≤ − arg(λ+ β) ≤ π.

❯♠❛ ✈❡③ q✉❡ arg(−λ− β) = π + arg(λ+ β)✱ t❡♠✲s❡

π

2
− δ ≤ arg(−λ− β)− π ≤ π ♦✉

π

2
− δ ≤ − arg(−λ− β) + π ≤ π.

❆ss✐♠✱

3π

2
− δ ≤ arg(−λ− β) ≤ 2π ♦✉

−π
2

− δ ≤ − arg(−λ− β) ≤ 0,

♦✉ s❡❥❛✱
3π

2
− δ ≤ arg(−λ− β) ≤ 2π ♦✉ 0 ≤ arg(−λ− β) ≤ π

2
+ δ.

◆❡st❛s ❝♦♥❞✐çõ❡s✱

|arg(−λ− β)| < π

2
+ δ.

▲♦❣♦✱ −λ ∈ Σβ✳ ❈♦♠♦ Σβ ⊂ ρ(−A)✱ ❝♦♥❝❧✉í♠♦s q✉❡ −λ ∈ ρ(−A)✳ ❉❡ss❡ ♠♦❞♦✱

λ ∈ ρ(A) ❡ ♣♦rt❛♥t♦

{

λ ∈ C;
π

2
− δ ≤ |arg(λ+ β)| ≤ π, λ 6= −β

}

⊂ ρ(A).



✸✹

❆❧é♠ ❞✐ss♦✱ s❡

λ ∈
{

λ ∈ C;
π

2
− δ ≤ |arg(λ+ β)| ≤ π, λ 6= −β

}

,

❡♥tã♦ −λ ∈ Σβ ❡ −λ 6= β✳ ❉❡ss❛ ♠❛♥❡✐r❛✱

‖(λI − A)−1‖ = ‖−((−λ)I + A)−1‖ = ‖((−λ)I + A)−1‖

≤ M

|−λ− β| =
M

|λ+ β| , ✭✶✳✶✾✮

♦✉ s❡❥❛✱

‖(λI − A)−1‖ ≤ M

|λ+ β| .

❊st❡s ❢❛t♦s ♠♦t✐✈❛♠ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✽ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ A : D(A) ⊂ X → X ✉♠ ♦♣❡r❛❞♦r

❧✐♥❡❛r✳ ❉✐③✲s❡ q✉❡ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ q✉❛♥❞♦ A ❢♦r ❢❡❝❤❛❞♦✱ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦

❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s a ∈ R✱ φ ∈ (0, π/2) ❡ M ≥ 1 t❛✐s q✉❡ ♦ s❡t♦r ❝♦♠♣❧❡①♦

Sa,φ = {λ ∈ C;φ ≤ |arg(λ− a)| ≤ π, λ 6= a}

❡stá ❝♦♥t✐❞♦ ❡♠ ρ(A) ❡

‖(λI − A)−1‖ ≤ M

|λ− a| , ∀λ ∈ Sa,φ.

❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ s❡t♦r Sa,φ ♥♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ♣♦❞❡ s❡r ✈✐st❛ ♥❛

❋✐❣✉r❛ ✶✳✸✳

❋✐❣✉r❛ ✶✳✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ s❡t♦r Sa,φ✳

❖s r❡s✉❧t❛❞♦s à s❡❣✉✐r ✐rã♦ ♥♦s ❢♦r♥❡❝❡r ✈ár✐♦s ❡①❡♠♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s s❡t♦r✐❛✐s✳



✸✺

Pr♦♣♦s✐çã♦ ✶✳✷ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❙❡ A : X → X ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r

❧✐♠✐t❛❞♦✱ ❡♥tã♦ A é s❡t♦r✐❛❧✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✶✱ s❡ ‖A‖ < |λ|✱ ❡♥tã♦ λ ∈ ρ(A) ❡

(λI − A)−1 =
+∞
∑

n=0

λ−(n+1)An. ✭✶✳✷✵✮

◆❡st❛s ❝♦♥❞✐çõ❡s✱ σ(A) ⊂ B(0, ‖A‖)✱ ♦♥❞❡

B(0, ‖A‖) = {λ ∈ C; |λ| ≤ ‖A‖}.

❈♦♥s✐❞❡r❛♥❞♦ a ≤ −3‖A‖ ❡ φ = π
4
✱ t❡♠♦s

Sa,φ ⊂ ρ(A)✽,

♣♦✐s

|λ| > 2‖A‖, ∀λ ∈ Sa,φ.

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ λ ∈ Sa,φ ♦♥❞❡ ✐r❡♠♦s ❛❞♠✐t✐r q✉❡ a = −3‖A‖✳ ❊♥tã♦✱ ✉s❛♥❞♦ ✭✶✳✷✵✮

❋✐❣✉r❛ ✶✳✹✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ s❡t♦r Sa,φ ♣❛r❛ a ≤ −3‖A‖ ❡ φ = π
4
✳

t❡♠♦s

(λ+ 3‖A‖)(λI − A)−1 = (λ+ 3‖A‖)
+∞
∑

n=0

An

λn+1
.

✽❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❡ss❡ ❢❛t♦ ♣♦❞❡ s❡r ✈✐st❛ ♥❛ ❋✐❣✉r❛ ✶✳✹✳



✸✻

❉❡ss❡ ♠♦❞♦✱

‖(λ+ 3‖A‖)(λI − A)−1‖ =

∥

∥

∥

∥

∥

(λ+ 3‖A‖)
+∞
∑

n=0

An

λn+1

∥

∥

∥

∥

∥

= |λ+ 3‖A‖|
∥

∥

∥

∥

∥

+∞
∑

n=0

An

λn+1

∥

∥

∥

∥

∥

=
|λ+ 3‖A‖|

|λ|

∥

∥

∥

∥

∥

+∞
∑

n=0

An

λn

∥

∥

∥

∥

∥

≤ |λ|+ 3‖A‖
|λ|

∥

∥

∥

∥

∥

+∞
∑

n=0

An

λn

∥

∥

∥

∥

∥

. ✭✶✳✷✶✮

❙❡♥❞♦ |λ| > 2‖A‖✱ t❡♠✲s❡
|λ|+ 3‖A‖

|λ| ≤ 5|λ|
2|λ| =

5

2
✭✶✳✷✷✮

❡
∥

∥

∥

∥

∥

+∞
∑

n=0

An

λn

∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

lim
r→+∞

r
∑

n=0

An

λn

∥

∥

∥

∥

∥

= lim
r→+∞

∥

∥

∥

∥

∥

r
∑

n=0

An

λn

∥

∥

∥

∥

∥

≤ lim
r→+∞

r
∑

n=0

∥

∥

∥

∥

An

λn

∥

∥

∥

∥

= lim
r→+∞

r
∑

n=0

‖An‖
|λn|

≤ lim
r→+∞

r
∑

n=0

‖A‖n
|λn| = lim

r→+∞

r
∑

n=0

(‖A‖
|λ|

)n

≤ lim
r→+∞

r
∑

n=0

(

1

2

)n

=
+∞
∑

n=0

1

2n

= 2. ✭✶✳✷✸✮

❉❡ ✭✶✳✷✶✮✱ ✭✶✳✷✷✮ ❡ ✭✶✳✷✸✮✱

‖(λI − A)−1‖ ≤ 5

|λ− a| ,

♦♥❞❡ a = −3‖A‖✳ P♦rt❛♥t♦✱ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧✳

❚❡♦r❡♠❛ ✶✳✸ ❙❡❥❛♠ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉 ❡ ❛ ♥♦r♠❛

‖·‖ ❡ A : D(A) ⊂ H → H ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❛✉t♦✲❛❞❥✉♥t♦✳ ❙❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

C t❛❧ q✉❡

〈Ax, x〉 ≥ C‖x‖2, ∀x ∈ D(A),

❡♥tã♦ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧✳

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ A ✉♠ ♦♣❡r❛❞♦r ❛✉t♦✲❛❞❥✉♥t♦✱ ♦ ▲❡♠❛ ✶✳✹ ♥♦s ❞✐③ q✉❡ A é

❢❡❝❤❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ A é ✉♠ ♦♣❡r❛❞♦r ❛✉t♦✲❛❞❥✉♥t♦ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

❡

〈Ax, x〉 ≥ C‖x‖2, ∀x ∈ D(A),



✸✼

♦♥❞❡ C > 0 é ✉♠❛ ❝♦♥st❛♥t❡✱ σ(A) ⊂ [C,∞) ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✶✳✼✳ ❋✐①❛♥❞♦

a = C/2 ❡ φ = π/4✱ ❝♦♥❝❧✉í♠♦s q✉❡ Sa,φ ⊂ ρ(A)✳ ❱❡❥❛ ❛ ✜❣✉r❛ ✶✳✺✳

❋✐❣✉r❛ ✶✳✺✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ s❡t♦r Sa,φ ♣❛r❛ a = C/2 ❡ φ = π/4✳

❆❣♦r❛✱ s❡❥❛♠ x, y ∈ D(A)✱ ❡♥tã♦

〈(A− aI)x, y〉 = 〈Ax, y〉 − 〈ax, y〉

= 〈x,Ay〉 − 〈x, ay〉

= 〈x, (A− aI)y〉, ✭✶✳✷✹✮

❡

〈(A− aI)x, x〉 = 〈Ax, x〉 − 〈ax, x〉 ≥ C‖x‖2 − a‖x‖2 ≥ 0. ✭✶✳✷✺✮

❋✐①❛❞♦ λ ∈ Sa,φ✱ ❝♦♥s✐❞❡r❡ λ′ = λ− a✳ ❙✉♣♦♥❤❛ Reλ′ < 0✱ ❡♥tã♦

‖(λI − A)x‖2 = ‖((λ′ + a)I − A)x‖2 = ‖(λ′I − (A− aI))x‖2

= λ′λ′‖x‖2 − λ′〈x, (A− aI)x〉 − λ′〈(A− aI)x, x〉+ ‖(A− aI)x‖2

= |λ′|2‖x‖2 − λ′〈(A− aI)x, x〉 − λ′〈(A− aI)x, x〉+ ‖(A− aI)x‖2.

❘❡❝♦r❞❡ q✉❡

2Re(zw) = zw + zw, ∀z, w ∈ C.

❉❡ss❡ ♠♦❞♦✱

λ′〈(A− aI)x, x〉+ λ′〈(A− aI)x, x〉 = 2Re(λ′〈(A− aI)x, x〉)

= 2Re(λ′〈x, (A− aI)x〉)

= 2〈x, (A− aI)x〉Reλ′.



✸✽

❯♠❛ ✈❡③ q✉❡ Reλ′ < 0✱

‖(λI − A)x‖2 = |λ′|2‖x‖2 − 2Reλ′〈x, (A− aI)x〉+ ‖(A− aI)x‖2 ≥ |λ′|2‖x‖2,

♦✉ s❡❥❛✱

‖(λI − A)x‖2 ≥ |λ′|2‖x‖2, ∀x ∈ D(A). ✭✶✳✷✻✮

❆❣♦r❛✱ s✉♣♦♥❤❛ 0 ≤ Reλ′ ≤ |Imλ′|✳ ❙❡♥❞♦

〈λImλ′x, (Reλ′ − (A− aI))x〉+ 〈(Reλ′ − (A− aI))x, Imλ′x〉 = 0,

♦❜t❡♠♦s

‖(λI − A)x‖2 = ‖(λ′I − (A− aI))x‖2

= ‖((Reλ′ + iImλ′)I − (A− aI))x‖2

= ‖(iImλ′I +Reλ′I − (A− aI))x‖2

= |Imλ′|2‖x‖2 + ‖(Reλ′I − (A− aI))x‖2

≥ |Imλ′|2‖x‖2.

❉❡s❞❡ q✉❡ 0 ≤ Reλ′ ≤ |Imλ′|✱ t❡♠✲s❡

|λ′|2 = (Reλ′)2 + (Imλ′)2 ≤ |Imλ′|2 + |Imλ′|2 = 2|Imλ′|2.

▲♦❣♦✱

‖(λI − A)x‖2 ≥ |λ′|2
2

‖x‖2. ✭✶✳✷✼✮

P♦r ✭✶✳✷✻✮ ❡ ✭✶✳✷✼✮✱

‖(λI − A)x‖2 ≥ |λ′|2
2

‖x‖2, ∀x ∈ D(A).

❉❡ss❡ ♠♦❞♦✱ ♣❛r❛ ❝❛❞❛ λ ∈ Sa,φ ❡ x ∈ D(A)✱ t❡♠✲s❡

‖(λI − A)x‖ ≥ |λ− a|√
2

‖x‖.

▲♦❣♦✱ ♣❛r❛ ❝❛❞❛ y ∈ D((λI − A)−1) = R(λI − A)✱ ♦❜t❡♠♦s

‖(λI − A)−1y‖ ≤
√
2

|λ− a|‖y‖,

❡ ♣♦rt❛♥t♦✱

‖(λI − A)−1‖ ≤
√
2

|λ− a| , ∀λ ∈ Sa,φ,



✸✾

♠♦str❛♥❞♦ q✉❡ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧✳

❈♦♠♦ ❛♣❧✐❝❛çã♦ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ✈❡❥❛♠♦s ♦ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦ ♦ q✉❛❧ s❡rá

♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❡♠ ❡st✉❞♦s ♣♦st❡r✐♦r❡s✳

❊①❡♠♣❧♦ ✶✳✷ ❈♦♥s✐❞❡r❡ ♦ ♦♣❡r❛❞♦r A : H2(Ω) ∩H1
0 (Ω) → L2(Ω) ❞❡✜♥✐❞♦ ♣♦r Au =

−∆u✱ ♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✳ ❊♥tã♦✱ A é s❡t♦r✐❛❧✳

❉❡ ❢❛t♦✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❈✳✷✮✱ t❡♠♦s
∫

Ω

|u|2dx ≤ C

∫

Ω

|∇u|2dx, ∀u ∈ H1
0 (Ω).

❊♥tã♦✱

〈Au, u〉L2(Ω) =

∫

Ω

(−∆u)udx =

∫

Ω

|∇u|2dx ≥ 1

C

∫

Ω

|u|2dx =
1

C
‖u‖2L2(Ω),

♦✉ s❡❥❛✱

〈Au, u〉L2(Ω) ≥ C̃‖u‖2L2(Ω), ∀u ∈ D(A).

❈♦♠♦ A é ❛✉t♦✲❛❞❥✉♥t♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸ q✉❡ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧✳

▲❡♠❛ ✶✳✾ ❙❡ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❝♦♠ a = −β ❡ φ = π/2−δ✱ ✐st♦ é✱ Sa,φ ⊂ ρ(A)

❡ ❡①✐st❡ M ≥ 1 t❛❧ q✉❡

‖(λI − A)−1‖ ≤ M

|λ− a| , ∀λ ∈ Sa,φ.

❊♥tã♦✱

ρ(−A) ⊃ Σβ =
{

λ ∈ C; |arg(λ− β)| < π

2
+ δ
}

∪ {λ = β}

❡

‖(λI + A)−1‖ ≤ M

|λ− β| , ∀λ ∈ Σβ,

❝♦♠ λ 6= β✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ λ ∈ Σβ✱ ❡♥tã♦

|arg(λ− β)| < π

2
+ δ ♦✉ λ = β.

❉❡✜♥✐♥❞♦ w = λ− β✱ t❡♠♦s

|argw| < π

2
+ δ ♦✉ w = 0. ✭✶✳✷✽✮

❙✉♣♦♥❤❛ q✉❡

|argw| < π

2
+ δ.



✹✵

❊♥tã♦✱

argw <
π

2
+ δ ♦✉ argw > −π

2
− δ.

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ arg(−w) = π + argw✱ t❡♠♦s

arg(−w) < 3π

2
+ δ = −π

2
+ δ = −

(π

2
− δ
)

♦✉ arg(−w) > π

2
− δ,

♦✉ s❡❥❛✱

|arg(−λ− (−β))| = |arg(−λ+ β)| = |arg(−w)| > π

2
− δ.

P♦r ❤✐♣ót❡s❡✱

S−β,π
2
−δ =

{

λ ∈ C;
π

2
− δ ≤ |arg(−λ− (−β))| ≤ π, λ 6= −β

}

❡stá ❝♦♥t✐❞♦ ❡♠ ρ(A) ❡

‖(λI − A)−1‖L(X) ≤
M

|λ− (−β)| , ∀λ ∈ S−β,π
2
−δ. ✭✶✳✷✾✮

◆❡st❛s ❝♦♥❞✐çõ❡s✱ −λ ∈ S−β,π
2
−δ ⊂ ρ(A)✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ λ ∈ ρ(−A)✱ ❡ ♣♦rt❛♥t♦✱

{

λ ∈ C; |arg(λ− β)| < π

2
+ δ
}

⊂ ρ(−A).

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ w = 0✱ t❡♠♦s q✉❡ arg(−w) = π✱ ♦✉ s❡❥❛✱

|arg(−λ− (−β))| = π.

▲♦❣♦✱

−λ ∈ S−β,π
2
−δ ⊂ ρ(A)

❡✱ ♣♦rt❛♥t♦✱ λ = β ∈ ρ(−A)✳ ❉❡ss❡ ♠♦❞♦✱

ρ(−A) ⊃ Σβ =
{

λ ∈ C; |arg(λ− β)| < π

2
+ δ
}

∪ {λ = β}.

❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✶✳✷✾✮✱ ♣❛r❛ ❝❛❞❛ λ ∈ Σβ ❝♦♠ λ 6= β✱

‖(λI + A)−1‖L(X) = ‖−(−λI − A)−1‖L(X)

= ‖(−λI − A)−1‖L(X)

≤ M

|−λ− (−β)|

=
M

|λ− β| ,

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❖❜s❡r✈❛çã♦ ✶✳✶ ❈♦♠❜✐♥❛♥❞♦ ♦ ▲❡♠❛ 1.9 ❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✷✱ ❝♦♥❝❧✉í♠♦s q✉❡ s❡ A é

✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❡♥tã♦ −A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦✳



✹✶

✶✳✸ P♦tê♥❝✐❛s ❢r❛❝✐♦♥ár✐❛s ❞❡ ♦♣❡r❛❞♦r❡s

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❞❡✜♥✐r ❛s ♣♦tê♥❝✐❛s ❢r❛❝✐♦♥ár✐❛s ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❡ ❛♣r❡s❡♥t❛r

❛❧❣✉♠❛s ❞❛s s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❛ r❡s♣❡✐t♦ ❞♦ q✉❡ ✈❛♠♦s

❛♣r❡s❡♥t❛r✱ ✈❡❥❛ P❛③② ❬✷✾❪ ❡ ❍❡♥r② ❬✶✽❪✳

▲❡♠❛ ✶✳✶✵ ❙❡ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❡ 0 ∈ ρ(A)✱ ❡♥tã♦ ❡①✐st❡ δ > 0 t❛❧ q✉❡

‖T (t)‖ ≤ Ce−δt, ∀t ≥ 0,

❡

‖AT (t)‖ ≤ C1t
−1e−δt, ∀t ≥ 0,

♦♥❞❡ C,C1 > 0 sã♦ ❝♦♥st❛♥t❡s✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ❝♦♥s✉❧t❡ ❬✷✾❪ ♦✉ ❬✶✽❪✳

❉❡✜♥✐çã♦ ✶✳✾ ❙❡❥❛ A : D(A) → X✱ ❝♦♠ D(A) ⊂ X✱ ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❝♦♠

Re σ(A) > 0✱ ❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r α > 0 ❞❡✜♥❡✲s❡ ❛ ♣♦tê♥❝✐❛ ❢r❛❝✐♦♥ár✐❛ ❞❡ A ♣♦r

A−α =
1

Γ(α)

∫ +∞

0

tα−1T (t)dt,

♦♥❞❡

Γ(α) =

∫ +∞

0

tα−1e−tdt

❡ {T (t)}t≥0 é ♦ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦ ❣❡r❛❞♦ ♣♦r −A✳

P❛r❛ ❝♦♠♣❧❡t❛r ❛ t❡♦r✐❛✱ ❝♦♥✈❡♥❝✐♦♥❛✲s❡ A−0 = I ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ α = 0✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ 0 ∈ ρ(A)✱ ♣♦❞❡♠♦s ❢❛❧❛r ❡♠ A−1✳ ◗✉❛♥❞♦ α = 1✱ ♦ ♦♣❡r❛❞♦r

A−α =
1

Γ(α)

∫ +∞

0

tα−1T (t)dt

❝♦✐♥❝✐❞❡ ❝♦♠ A−1✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❍❡♥r② ❬✶✽❪✳

▲❡♠❛ ✶✳✶✶ ❖ ♦♣❡r❛❞♦r A−α é ❧✐♥❡❛r ❧✐♠✐t❛❞♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ x, y ∈ X ❡ a, b ∈ R✱ ❡♥tã♦

A−α(ax+ by) =
1

Γ(α)

∫ +∞

0

tα−1T (t)(ax+ by)dt

=
1

Γ(α)

∫ +∞

0

(atα−1T (t)x+ btα−1T (t)y)dt

=
1

Γ(α)

(

a

∫ +∞

0

tα−1T (t)xdt+ b

∫ +∞

0

tα−1T (t)ydt

)

= a
1

Γ(α)

∫ +∞

0

tα−1T (t)xdt+ b
1

Γ(α)

∫ +∞

0

tα−1T (t)ydt

= aA−αx+ bA−αy.



✹✷

P♦rt❛♥t♦✱ A−α é ❧✐♥❡❛r✳ ❆❞❡♠❛✐s✱

‖A−αx‖ =

∥

∥

∥

∥

1

Γ(α)

∫ +∞

0

tα−1T (t)xdt

∥

∥

∥

∥

≤ 1

Γ(α)

∫ +∞

0

‖tα−1T (t)x‖dt

=
1

Γ(α)

∫ +∞

0

tα−1‖T (t)x‖dt ≤ 1

Γ(α)

∫ +∞

0

tα−1‖T (t)‖‖x‖dt. ✭✶✳✸✵✮

P❡❧♦ ▲❡♠❛ ✶✳✶✵✱

‖T (t)‖ ≤ Ce−δt, ∀t > 0.

❆ss✐♠✱
∫ +∞

0

tα−1‖T (t)‖‖x‖dt ≤
∫ +∞

0

tα−1Ce−δt‖x‖dt = C‖x‖
∫ +∞

0

tα−1e−δtdt. ✭✶✳✸✶✮

❆❣♦r❛✱ ❢❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ s = δt✱ ♦❜t❡♠♦s
∫ +∞

0

tα−1e−δtdt =

∫ +∞

0

(s

δ

)α−1

e−sδ−1ds =

∫ +∞

0

sα−1δ1−αe−sδ−1ds

= δ−α

∫ +∞

0

sα−1e−sds = δ−αΓ(α). ✭✶✳✸✷✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✸✵✮✱ ✭✶✳✸✶✮ ❡ ✭✶✳✸✷✮✱ ♦❜t❡♠♦s

‖A−αx‖ ≤ C̃‖x‖, ∀x ∈ X,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❚❡♦r❡♠❛ ✶✳✹ ❙❡ α, β ≥ 0✱ ❡♥tã♦

A−(α+β) = A−αA−β.

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✽❪

♦✉ ❬✷✾❪✳

▲❡♠❛ ✶✳✶✷ ❖ ♦♣❡r❛❞♦r A−α é ✐♥❥❡t♦r✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ x ∈ kerA−α✱ ❡♥tã♦ A−αx = 0✳ ❈♦♥s✐❞❡r❡ n ∈ N ❝♦♠ n > α✳

❊♥tã♦✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✹✱

A−nx = A−n+α−αx = A−(n−α)A−αx = A−(n−α)0 = 0.

❈♦♠♦ 0 ∈ ρ(A)✱ A−1 é ✐♥❥❡t♦r✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ A−n = (A−1)n é ✐♥❥❡t♦r✳ ❉❛í✱ x = 0

♠♦str❛♥❞♦ q✉❡ kerA−α = {0}✳ P♦rt❛♥t♦✱ A−α é ✐♥❥❡t♦r✳

❖ ❝♦♥❝❡✐t♦ q✉❡ ✈❛♠♦s ❞❡✜♥✐r ❛ s❡❣✉✐r s❡rá ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡

❛❧❣✉♠❛s ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s ♣❛r❛❜ó❧✐❝♦s ❝♦♠♦ ✈❡r❡♠♦s ♣♦st❡r✐♦r♠❡♥t❡✳ ❖ ♠❡s♠♦ é

♠♦t✐✈❛❞♦ ♣❡❧♦ ▲❡♠❛ ✶✳✶✷✳



✹✸

❉❡✜♥✐çã♦ ✶✳✶✵ ❖ ♦♣❡r❛❞♦r Aα : D(Aα) → X✱ ♦♥❞❡ D(Aα) = Im(A−α)✱ ❝❤❛♠❛❞♦ ❞❡

♣♦tê♥❝✐❛ ❢r❛❝✐♦♥ár✐❛ ❞❡ A é ❞❡✜♥✐❞♦ ♣♦r

Aα = (A−α)−1.

▲❡♠❛ ✶✳✶✸ ❙❡ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧✱ ❡♥tã♦ ❞❛❞♦ n ∈ N t❡♠♦s

T (t)x ∈ D(An), ∀x ∈ X, ∀t > 0.

❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

‖AnT (t)‖ ≤ Ct−ne−δt, ∀t > 0,

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ A ❡ n✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✷✾❪✳

❚❡♦r❡♠❛ ✶✳✺ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❝♦♠ 0 ∈ ρ(A)✳ ❊♥tã♦✱

✭✐✮ ❙❡ α > 0✱ ❡♥tã♦ Aα é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ❡ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦❀

✭✐✐✮ ❙❡ α ≥ β > 0✱ ❡♥tã♦ D(Aα) ⊂ D(Aβ)❀

✭✐✐✐✮ AαAβx = AβAαx = Aα+βx, ∀x ∈ D(Aγ)✱ ♦♥❞❡ γ = max{α, β, α + β}✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✾❪✳

❚❡♦r❡♠❛ ✶✳✻ ❙❡ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❡ 0 ∈ ρ(A)✱ ❡♥tã♦

✭✐✮ ❉❛❞♦ x ∈ X✱ t❡♠✲s❡

T (t)x ∈ D(Aα), ∀t > 0, ∀α ≥ 0.

✭✐✐✮ P❛r❛ ❝❛❞❛ x ∈ D(Aα)✱ t❡♠✲s❡

T (t)Aαx = AαT (t)x.

✭✐✐✐✮ P❛r❛ ❝❛❞❛ t > 0✱ ♦ ♦♣❡r❛❞♦r AαT (t) é ❧✐♠✐t❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s

Mα > 0 ❡ δ > 0 t❛✐s q✉❡

‖AαT (t)‖ ≤Mαt
−αe−δt.

✭✐✈✮ ❙❡ 0 < α ≤ 1 ❡ x ∈ D(Aα)✱ ❡♥tã♦

‖T (t)x− x‖ ≤ Cαt
α‖Aαx‖.



✹✹

❉❡♠♦♥str❛çã♦✿ ✭✐✮ ❙❡❥❛ α ≥ 0✳ ❈♦♥s✐❞❡r❡ m ∈ N t❛❧ q✉❡ m ≥ α✳ ❊♥tã♦✱ ❞❡ ❛❝♦r❞♦

❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✺✱ t❡♠♦s

D(Am) ⊂ D(Aα).

❉❡s❞❡ q✉❡

T (t)x ∈ D(Am), ∀x ∈ X, ∀t > 0,

❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✸✱ ♦❜t❡♠♦s

T (t)x ∈ D(Aα), ∀x ∈ X, ∀t > 0.

✭✐✐✮ ❈♦♥s✐❞❡r❡ x ∈ D(Aα)✳ ❙❡♥❞♦ Aα ✐♥✈❡rtí✈❡❧✱ ❡①✐st❡ y ∈ X t❛❧ q✉❡

x = A−αy.

❆ss✐♠✱

T (t)x = T (t)A−αy = T (t)

(

1

Γ(α)

∫ +∞

0

sα−1T (s)yds

)

=
1

Γ(α)

∫ +∞

0

sα−1T (t)T (s)yds =
1

Γ(α)

∫ +∞

0

sα−1T (s)T (t)yds

= A−αT (t)y = A−αT (t)Aαx,

♦✉ s❡❥❛✱

AαT (t)x = T (t)Aαx,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

✭✐✐✐✮ ◆♦t❡ q✉❡ AαT (t) é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ (x, y) ∈ G(AαT (t))✳ ❊♥tã♦✱

❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xn) ⊂ D(AαT (t)) t❛❧ q✉❡

xn → x ❡♠ X

❡

AαT (t)xn → y ❡♠ X. ✭✶✳✸✸✮

◗✉❡r❡♠♦s ♠♦str❛r q✉❡ x ∈ D(AαT (t)) ❡ AαT (t)x = y✳ ❖r❛✱ ♣❡❧♦ ✐t❡♠ ✭✐✮ ❞❡♠♦♥str❛❞♦

❛❝✐♠❛✱ t❡♠✲s❡ D(AαT (t)) = X✳ ❆ss✐♠✱ x ∈ D(AαT (t))✳ ❆❣♦r❛✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡✱

♣❛r❛ ❝❛❞❛ t > 0✱ ♦ ♦♣❡r❛❞♦r T (t) : X → X é ❝♦♥tí♥✉♦✱ t❡♠✲s❡

T (t)xn → T (t)x ❡♠ D(Aα). ✭✶✳✸✹✮



✹✺

❙❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✺✱ Aα é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦✳ ❊♥tã♦✱ ❞❡ ✭✶✳✸✸✮ ❡ ✭✶✳✸✹✮✱ t❡♠✲s❡

AαT (t)x = y✳ ▲♦❣♦✱ AαT (t) é ❧✐♠✐t❛❞♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞♦ ●rá✜❝♦ ❋❡❝❤❛❞♦

✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❆✳✺✮✳ P❛r❛ ❛ ♦✉tr❛ ♣❛rt❡✱ ❝♦♥s✐❞❡r❡ n ∈ N t❛❧ q✉❡ n − 1 < α ≤ n✳

❊♥tã♦✱

AαT (t)x = Aα−n+nT (t)x = Aα−nAnT (t)x

=
1

Γ(n− α)

∫ +∞

0

sn−α−1T (s)AnT (t)xds

=
1

Γ(n− α)

∫ +∞

0

sn−α−1AnT (t+ s)xds.

❆ss✐♠✱

‖AαT (t)x‖ ≤ 1

Γ(n− α)

∫ +∞

0

sn−α−1‖AnT (t+ s)x‖ds.

❯s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ❞❛❞❛ ♥♦ ▲❡♠❛ ✶✳✶✸✱

‖AαT (t)x‖ ≤ 1

Γ(n− α)

∫ +∞

0

sn−α−1C(t+ s)−ne−δ(t+s)‖x‖ds

=
Ce−δt‖x‖
Γ(n− α)

∫ +∞

0

sn−α−1(t+ s)−ne−δsds

≤ Ce−δt‖x‖
Γ(n− α)

∫ +∞

0

sn−α−1(t+ s)−nds.

▲♦❣♦✱

‖AαT (t)‖ ≤ Ce−δt

Γ(n− α)

∫ +∞

0

sn−α−1(t+ s)−nds. ✭✶✳✸✺✮

◆♦t❡ q✉❡
∫ +∞

0

sn−α−1(t+ s)−nds =

∫ +∞

0

sn−α−1
[

t
(

1 +
s

t

)]−n

ds.

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ r = s
t
✱ t❡♠♦s

∫ +∞

0

sn−α−1
[

t
(

1 +
s

t

)]−n

ds =

∫ +∞

0

(rt)n−α−1t−n(1 + r)−ntdr

= t−α

∫ +∞

0

rn−α−1(1 + r)−ndr. ✭✶✳✸✻✮

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡
∫ +∞

0

rn−α−1(1 + r)−ndr =

∫ 1

0

rn−α−1(1 + r)−ndr +

∫ +∞

1

rn−α−1(1 + r)−ndr

≤
∫ 1

0

rn−α−1dr +

∫ +∞

1

(1 + r)−ndr

=
1

n− α
− 21−n

1− n
. ✭✶✳✸✼✮



✹✻

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✸✺✮✱ ✭✶✳✸✻✮ ❡ ✭✶✳✸✼✮✱ ♦❜t❡♠♦s

‖AαT (t)‖ ≤Mαt
−αe−δt,

❡♥❝❡rr❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

✭✐✈✮ ❙❡❥❛ x ∈ D(Aα)✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❉✳✻✱

∫ t

0

T (s)xds ∈ D(A)

❡

A

(∫ t

0

T (s)xds

)

= T (t)x− x.

❯♠❛ ✈❡③ q✉❡ T (·)x : [0, t] → D(A) é ❝♦♥tí♥✉❛ ❡ A : D(A) → X é ❧✐♥❡❛r ❡ ❧✐♠✐t❛❞♦✱

❝♦♠ r❡❧❛çã♦ à ♥♦r♠❛ ❞♦ ❣rá✜❝♦✱ t❡♠✲s❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❉✳✸ q✉❡

A

(∫ t

0

T (s)xds

)

=

∫ t

0

AT (s)xds.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

‖T (t)x− x‖ =

∥

∥

∥

∥

A

(∫ t

0

T (s)xds

)∥

∥

∥

∥

=

∥

∥

∥

∥

∫ t

0

AT (s)xds

∥

∥

∥

∥

=

∥

∥

∥

∥

∫ t

0

A1−αT (s)Aαxds

∥

∥

∥

∥

≤
∫ t

0

‖A1−αT (s)‖‖Aαx‖ds.

❆♣❧✐❝❛♥❞♦ ♦ ✐t❡♠ ✭✐✐✐✮✱

‖T (t)x− x‖ ≤ ‖Aαx‖M1−α

∫ t

0

sα−1ds = ‖Aαx‖M1−α

tα

α
✭✶✳✸✽✮

❡✱ ♣♦rt❛♥t♦✱

‖T (t)x− x‖ ≤ Cαt
α‖Aαx‖.

❉❛❞♦ ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ A : D(A) → X ❝♦♠ Reσ(A) > 0✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦

♦♣❡r❛❞♦r Aα ♦ q✉❛❧ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ D(Aα)✳ ◆❡st❡ ❝♦♥❥✉♥t♦✱ ♣♦❞❡✲

♠♦s ✐♥tr♦❞✉③✐r ✉♠❛ t♦♣♦❧♦❣✐❛ ❝♦♠♦ ✈❡r❡♠♦s à s❡❣✉✐r✳ ❆ ♠❡s♠❛ s❡rá ♠✉✐t♦ ✐♠♣♦rt❛♥t❡

q✉❛♥❞♦ ❡st✐✈❡r♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ❛s ❛♣❧✐❝❛çõ❡s✳

❉❡✜♥✐çã♦ ✶✳✶✶ ❙❡❥❛ 0 ≤ α ≤ 1✳ ❉❡✜♥❡✲s❡ ♦ ❡s♣❛ç♦ ❞❡ ♣♦tê♥❝✐❛ ❢r❛❝✐♦♥ár✐❛ ❝♦♠♦

s❡♥❞♦ ♦ ♣❛r (Xα, ‖·‖α)✱ ♦♥❞❡ Xα = D(Aα) ❡

‖x‖α = ‖Aαx‖X , ∀x ∈ Xα.



✹✼

◗✉❛♥❞♦ α = 0 ❝♦♥✈❡♥❝✐♦♥❛♠♦s X0 = X✳ ◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ ‖·‖α ❞❡✜♥❡

✉♠❛ ♥♦r♠❛✳ ❊♠ Xα t❛♠❜é♠ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ s❡❣✉✐♥t❡ ♥♦r♠❛

‖x‖∗ = ‖x‖X + ‖Aαx‖X ,

❛ q✉❛❧ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♥♦r♠❛ ❞♦ ❣rá✜❝♦ ❞❡ Aα✳

▲❡♠❛ ✶✳✶✹ ❆ ♥♦r♠❛ ‖·‖α é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ‖·‖∗✱ ✐st♦ é✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s

C1, C2 > 0 t❛❧ q✉❡

‖x‖α ≤ C1‖x‖∗ ❡ ‖x‖∗ ≤ C2‖x‖α,
q✉❛❧q✉❡r q✉❡ s❡❥❛ x ∈ Xα✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡

‖x‖α = ‖Aαx‖X ≤ ‖x‖X + ‖Aαx‖X = ‖x‖∗, ∀x ∈ Xα.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ A−α ✉♠ ♦♣❡r❛❞♦r ❧✐♠✐t❛❞♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖A−αy‖X ≤ C‖y‖X , ∀y ∈ D(A−α).

❊♥tã♦✱ s❡♥❞♦ x = A−αy✱ t❡♠♦s

‖x‖X ≤ C‖Aαx‖X ,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

‖x‖∗ = ‖x‖X + ‖Aα‖X ≤ C‖Aαx‖X + ‖Aαx‖X = (C + 1)‖Aαx‖X = (C + 1)‖x‖α,

♠♦str❛♥❞♦ ♦ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✼ ❖ ❡s♣❛ç♦ Xα ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛ ‖·‖α é ❞❡ ❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (xn) ⊂ Xα ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✱ ✐st♦ é✱ ❞❛❞♦ ε > 0 ❡①✐st❡

n0 ∈ N t❛❧ q✉❡

‖xn − xm‖α < ε, ∀n,m ≥ n0.

❊♥tã♦✱

‖Aαxn − Aαxm‖X < ε, ∀n,m ≥ n0.

❆ss✐♠✱ ❛ s❡q✉ê♥❝✐❛ (Aαxn) é ❞❡ ❈❛✉❝❤② ❡♠ X✳ ❯♠❛ ✈❡③ q✉❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱

❡①✐st❡ y ∈ X t❛❧ q✉❡

Aαxn → y ❡♠ X,



✹✽

♦✉ s❡❥❛✱ ❞❛❞♦ ε > 0 ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

‖Aαxn − y‖X < ε, ∀n ≥ n0.

▲♦❣♦✱

‖xn − A−αy‖α = ‖Aαxn − y‖X < ε, ∀n ≥ n0,

♠♦str❛♥❞♦ q✉❡ (xn) ⊂ Xα é ❝♦♥✈❡r❣❡♥t❡✳ P♦rt❛♥t♦✱ Xα é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❚❡♦r❡♠❛ ✶✳✽ ❙❡ α ≥ β ≥ 0✱ ❡♥tã♦ Xα ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ Xβ✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✺✱ Xα ⊂ Xβ ♣♦✐s α ≥ β ≥ 0✳ ❆❣♦r❛✱

♦❜s❡r✈❡ q✉❡✱ ❞❛❞♦ x ∈ Xα✱ t❡♠✲s❡

‖x‖β = ‖Aβx‖ = ‖Aβ−αAαx‖ ≤ C‖Aαx‖ = C‖x‖α,

♣♦✐s Aβ−α é ✉♠ ♦♣❡r❛❞♦r ❧✐♠✐t❛❞♦✳ P♦rt❛♥t♦✱

‖x‖β ≤ C‖x‖α, ∀x ∈ Xα

♠♦str❛♥❞♦ q✉❡ Xα ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ Xβ✳

✶✳✹ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ❧✐♥❡❛r

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❡st✉❞❛r ❛ ❡q✉❛çã♦ ♥ã♦ ❤♦♠♦❣ê♥❡❛






du

dt
+ Au = f(t), t > 0,

u(0) = u0.
✭P✷✮

♦♥❞❡ f : [0,+∞) → X é ✉♠❛ ❢✉♥çã♦ ✜①❛❞❛ t♦♠❛♥❞♦ ✈❛❧♦r❡s ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

X ❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ {T (t)}t≥0
✾✳ ❊st❡ ❡st✉❞♦ é ❜❛s❡❛❞♦

❡♠ P❛③② ❬✷✾❪ ❡ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❡st❛ ❝❧❛ss❡ ❞❡

♣r♦❜❧❡♠❛s✳ ▼❛s ❛♥t❡s✱ ✈❡❥❛♠♦s ♦ q✉❡ ❡♥t❡♥❞❡♠♦s ♣♦r ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ✭P✷✮✳

❉❡✜♥✐çã♦ ✶✳✶✷ ❯♠❛ ❢✉♥çã♦ u é ❝❤❛♠❛❞❛ ❞❡ s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭P✷✮

q✉❛♥❞♦

✭✐✮ u ∈ C([0,+∞), D(A)) ∩ C1((0,+∞), X)✱

✭✐✐✮ u(t) ∈ D(A), ∀t > 0✱

✾P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ♦ ❆♣ê♥❞✐❝❡ ❉✳



✹✾

❡ u ✈❡r✐✜❝❛ ✭P✷✮✳

❙❡♥❞♦ u ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞❛ ❡q✉❛çã♦ ✭P✷✮ ❡ ϕ : [0,+∞) → X ✉♠❛ ❢✉♥çã♦

❞❡✜♥✐❞❛ ♣♦r ϕ(s) = T (t− s)u(s)✱ t❡♠♦s

lim
h→0

ϕ(s+ h)− ϕ(s)

h
= lim

h→0

T (t− (s+ h))u(s+ h)− T (t− s)u(s)

h

= lim
h→0

T (t− (s+ h))u(s+ h)− T (t− (s+ h))u(s)

h

+ lim
h→0

T (t− (s+ h))u(s)− T (t− s− h+ h)u(s)

h

= lim
h→0

T (t− (s+ h))

(

u(s+ h)− u(s)

h

)

+ lim
h→0

T (t− (s+ h))

(

I − T (h)

h

)

u(s),

♦✉ s❡❥❛✱

dϕ

dt
(s) = T (t− s)

(

du

dt
(s)− Au(s)

)

= T (t− s)f(s). ✭✶✳✸✾✮

❙❡ f ∈ L1([0,+∞);X)✱ ❡♥tã♦ T (t − s)f(s) é ✐♥t❡❣rá✈❡❧ ❡♠ [0, t]✳ ■♥t❡❣r❛♥❞♦ ✭✶✳✸✾✮

s♦❜r❡ [0, t]✱

u(t) = T (t)u0 +

∫ t

0

T (t− s)f(s)ds, t ≥ 0.

❊st❛ ✐❞❡♥t✐❞❛❞❡ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✶✸ ❙❡❥❛♠ u0 ∈ X ❡ f ∈ L1([0,+∞);X)✳ ❯♠❛ ❢✉♥çã♦ u ∈ C([0,+∞);X)

é ❝❤❛♠❛❞❛ ❞❡ s♦❧✉çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭P✷✮ q✉❛♥❞♦

u(t) = T (t)u0 +

∫ t

0

T (t− s)f(s)ds, ∀t ∈ [0,+∞).

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ q✉❡ ✈✐♠♦s ❛❝✐♠❛✱ s❡ f ∈ L1([0,+∞);X)✱ ❡♥tã♦ ✉♠❛ s♦❧✉çã♦

❝❧áss✐❝❛ ❞❡ ✭P✷✮ é t❛♠❜é♠ ✉♠❛ s♦❧✉çã♦ ❣❡♥❡r❛❧✐③❛❞❛✳ P♦ré♠ ❛ r❡❝✐♣r♦❝❛ ♥❡♠ s❡♠♣r❡

é ✈❡r❞❛❞❡✐r❛✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❑❡s❛✈❛♥ ❬✶✾❪ ♦✉ P❛③② ❬✷✾❪✳

❖s ❝♦♥❝❡✐t♦s q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s à s❡❣✉✐r s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ♥♦ ❡st✉❞♦ ❞❡ ❡①✐s✲

tê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ✭P✷✮✳

❉❡✜♥✐çã♦ ✶✳✶✹ ❙❡❥❛ I ⊂ R ✉♠ ✐♥t❡r✈❛❧♦✳ ❉✐③✲s❡ q✉❡ ✉♠❛ ❢✉♥çã♦ f : I → X é ❍ö❧❞❡r

❝♦♥tí♥✉❛ q✉❛♥❞♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s 0 < α ≤ 1 ❡ L > 0 t❛✐s q✉❡

‖f(s)− f(t)‖ ≤ L|s− t|α, ∀s, t ∈ I.

❉✐③✲s❡ q✉❡ f : I → X é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛ q✉❛♥❞♦✱ ♣❛r❛ ❝❛❞❛ t ∈ I✱ ❡①✐st❡

✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ t t❛❧ q✉❡ f é ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❡♠ V ✳



✺✵

❖❜s❡r✈❛çã♦ ✶✳✷ ❙❡ I é ❝♦♠♣❛❝t♦ ❡ f : I → X é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛✱ ❡♥tã♦ f

é ❍ö❧❞❡r ❝♦♥tí♥✉❛✶✵✳

❚❡♦r❡♠❛ ✶✳✾ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❝♦♠ 0 ∈ ρ(A)✳ ❙❡ u0 ∈ X ❡ f ∈ L1([0,+∞);X)

é ✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❡♠ (0,+∞)✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ✭P✷✮ ♣♦ss✉✐

✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❝❧áss✐❝❛✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛

u(t) = T (t)u0 +

∫ t

0

T (t− s)f(s)ds.

◆♦ss♦ ♦❜❥❡t✐✈♦ é ✉s❛r ❑❡s❛✈❛♥ ❬✶✾✱ ❚❡♦r❡♠❛ ✹✳✾✳✷❪✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡

❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

v(t) =

∫ t

0

T (t− s)f(s)ds, t ≥ 0

é t❛❧ q✉❡

v(t) ∈ D(A), ∀t ≥ 0,

❡ Av(·) é ❝♦♥tí♥✉❛ ❡♠ (0,+∞)✳ ❈♦♠ ❡❢❡✐t♦✱ ♦❜s❡r✈❡ q✉❡

v(t) =

∫ t

0

T (t− s)f(s)ds

=

∫ t

0

T (t− s)f(s)ds−
∫ t

0

T (t− s)f(t)ds+

∫ t

0

T (t− s)f(t)ds

=

∫ t

0

T (t− s)(f(s)− f(t))ds+

∫ t

0

T (t− s)f(t)ds.

❉❡✜♥❛

v1(t) =

∫ t

0

T (t− s)(f(s)− f(t))ds ✭✶✳✹✵✮

❡

v2(t) =

∫ t

0

T (t− s)f(t)ds. ✭✶✳✹✶✮

❆✜r♠❛çã♦ ✶✳✾✳✶ ❆ ❛♣❧✐❝❛çã♦ v1 ❞❡✜♥✐❞❛ ❡♠ ✭✶✳✹✵✮ ❝✉♠♣r❡ ❛ ❝♦♥❞✐çã♦

v1(t) ∈ D(A), ∀t ≥ 0,

❡ Av1(·) é ❝♦♥tí♥✉❛ ❡♠ (0,+∞)✳

✶✵P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ P❛③② ❬✷✾❪✳



✺✶

■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s tr❛❜❛❧❤❛r ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ [0, t̃] ⊂ [0,+∞) ✜①❛❞♦✳ ▼♦str❛✲

r❡♠♦s q✉❡

lim
h→0+

(

T (h)− I

h

)

v1(t) =

∫ t

0

AT (t− s)(f(s)− f(t))ds.

❈♦♠ ❡❢❡✐t♦✱ ♥♦t❡ q✉❡ ♦ ♦♣❡r❛❞♦r

T (h)− I

h
: X → X

é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦✱ ♣❛r❛ ❝❛❞❛ h ≥ 0 ✜①❛❞♦✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❉✳✸✱
(

T (h)− I

h

)∫ t

0

T (t− s)(f(s)− f(t))ds =

∫ t

0

(

T (h)− I

h

)

T (t− s)(f(s)− f(t))ds.

✭✶✳✹✷✮

❉❡✜♥❛

R(t) =
T (h)− I

h
v1(t)−

∫ t

0

AT (t− s)(f(s)− f(t))ds.

❊♥tã♦✱ ♣♦r ✭✶✳✹✷✮✱

R(t) =
T (h)− I

h
v1(t)−

∫ t

0

AT (t− s)(f(s)− f(t))ds

=

(

T (h)− I

h

)∫ t

0

T (t− s)(f(s)− f(t))ds−
∫ t

0

AT (t− s)(f(s)− f(t))ds

=

∫ t

0

(

T (h)− I

h

)

T (t− s)(f(s)− f(t))ds−
∫ t

0

AT (t− s)(f(s)− f(t))ds

=

∫ t

0

(

T (h)− I

h
− A

)

T (t− s)(f(s)− f(t))ds.

❉❡ss❡ ♠♦❞♦✱

‖R(t)‖ ≤
∫ t

0

∥

∥

∥

∥

(

T (h)− I

h
− A

)

T (t− s)(f(s)− f(t))

∥

∥

∥

∥

ds. ✭✶✳✹✸✮

❉❡s❞❡ q✉❡

‖u‖ ≥ 0, ∀u ∈ X,

t❡♠✲s❡

‖Au‖ ≤ ‖u‖+ ‖Au‖ = ‖u‖D(A), ∀u ∈ D(A).

❉❡ss❛ ♠❛♥❡✐r❛✱ ♦ ♦♣❡r❛❞♦r A : D(A) → X é ❝♦♥tí♥✉♦ ❝♦♠ r❡s♣❡✐t♦ ❛ ♥♦r♠❛ ❞♦ ❣rá✜❝♦✳

❆❞❡♠❛✐s✱ s❛❜❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ h ✜①❛❞♦✱
∥

∥

∥

∥

(

T (h)− I

h

)

u

∥

∥

∥

∥

≤ Ch‖u‖, ∀u ∈ X,



✺✷

♦♥❞❡ Ch > 0 é ✉♠❛ ❝♦♥st❛♥t❡✱ ❡

‖Au‖ ≥ 0, ∀u ∈ D(A).

❊♥tã♦✱
∥

∥

∥

∥

(

T (h)− I

h

)

u

∥

∥

∥

∥

≤ Ch‖u‖+ Ch‖Au‖ = Ch‖u‖D(A), ∀u ∈ D(A).

▲♦❣♦✱ ♦ ♦♣❡r❛❞♦r
T (h)− I

h
: D(A) → X

t❛♠❜é♠ é ❝♦♥tí♥✉♦ ❝♦♠ r❡s♣❡✐t♦ ❛ ♥♦r♠❛ ❞♦ ❣rá✜❝♦✳ ❘❡❝♦r❞❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ u ∈ D(A)

✜①❛❞♦✱

lim
h→0+

(

T (h)− I

h

)

u = Au.

❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ u ∈ D(A) ✜①❛❞♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C̃u > 0 t❛❧ q✉❡
∥

∥

∥

∥

(

T (h)− I

h
− A

)

u

∥

∥

∥

∥

≤ C̃u‖u‖D(A), ∀h ∈ [0, 1].

❙❡♥❞♦ (D(A), ‖·‖D(A)) ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s ✭✈❡❥❛ ♦

❚❡♦r❡♠❛ ❆✳✹✮ ❛ss❡❣✉r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ C̃ > 0 t❛❧ q✉❡
∥

∥

∥

∥

(

T (h)− I

h
− A

)

u

∥

∥

∥

∥

≤ C̃‖u‖D(A), ∀u ∈ D(A), ∀h ∈ [0, 1]. ✭✶✳✹✹✮

▼♦t✐✈❛❞♦ ♣♦r ✭✶✳✹✸✮✱ ❞❡✜♥❛ ❛ ❢✉♥çã♦ gh : [0, t] → R ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

gh(s) =

∥

∥

∥

∥

(

T (h)− I

h
− A

)

T (t− s)(f(s)− f(t))

∥

∥

∥

∥

.

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✶✳✶✸✱ ♣❛r❛ ❝❛❞❛ s ✜①❛❞♦✱ t❡♠✲s❡

T (t− s)(f(s)− f(t)) ∈ D(A).

❊♥tã♦✱

AT (t− s)(f(s)− f(t)) = lim
h→0+

(

T (h)− I

h

)

T (t− s)(f(s)− f(t)),

♦✉ s❡❥❛✱
∥

∥

∥

∥

(

T (h)− I

h
− A

)

T (t− s)(f(s)− f(t))

∥

∥

∥

∥

→ 0, h→ 0+.

P♦rt❛♥t♦✱

gh(s) → 0, h→ 0+, ✭✶✳✹✺✮



✺✸

♣❛r❛ ❝❛❞❛ s ✜①❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ✭✶✳✹✹✮✱

|gh(s)| =

∥

∥

∥

∥

(

T (h)− I

h
− A

)

T (t− s)(f(s)− f(t))

∥

∥

∥

∥

≤ C̃‖T (t− s)(f(s)− f(t))‖D(A),

✐st♦ é✱

|gh(s)| ≤ C̃‖T (t− s)(f(s)− f(t))‖+ C̃‖AT (t− s)(f(s)− f(t))‖.

❖ ❚❡♦r❡♠❛ ❉✳✺ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥st❛♥t❡s M ≥ 1 ❡ β ≥ 0 t❛✐s q✉❡

‖T (t)‖ ≤Meβt, ∀t ≥ 0.

❚❡♠♦s t❛♠❜é♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✱ q✉❡

‖AT (t)‖ ≤ C

t
, ∀t ≥ 0.

❊♥tã♦✱

|gh(s)| ≤ C̃‖T (t− s)(f(s)− f(t))‖+ C̃‖AT (t− s)(f(s)− f(t))‖

≤ C̃‖T (t− s)‖‖f(s)− f(t)‖+ C̃‖AT (t− s)‖‖f(s)− f(t)‖

≤ C̃Meβ(t−s)‖f(s)− f(t)‖+ C̃
C

t− s
‖f(s)− f(t)‖. ✭✶✳✹✻✮

P♦r ❤✐♣ót❡s❡✱

‖f(s)− f(t)‖ ≤ K|s− t|α, ∀s, t ∈ [0, t̃],

♦♥❞❡ K = K(t̃) > 0 ❡ 0 < α ≤ 1 sã♦ ❝♦♥st❛♥t❡s✳ ❆ss✐♠✱ s❡❣✉❡ ❞❡ ✭✶✳✹✻✮✱ q✉❡

|gh(s)| ≤ C̃Meβ(t−s)K|s− t|α + C̃
C

t− s
K|s− t|α

≤ C̃Meβt̃K|s− t|α + C̃CK|t− s|−1|s− t|α

≤ C∗t̃
α + C∗|t− s|α−1, ✭✶✳✹✼✮

♦♥❞❡ C∗ = max{C̃Meβt̃K, C̃CK}✳ ❆❣♦r❛✱ ❢❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ r = t− s✱

∫ t̃

0

(t− s)α−1ds =

∫ t

t−t̃

rα−1dr =
tα − (t− t̃)α

α
< +∞.

❉❡ss❛ ♠❛♥❡✐r❛✱
∫ t̃

0

|t− s|α−1ds < +∞.



✺✹

▲♦❣♦✱

C∗t̃
α + C∗|t− s|α−1 ∈ L1([0, t̃]). ✭✶✳✹✽✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✹✺✮✱ ✭✶✳✹✼✮✱ ✭✶✳✹✽✮ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ❇✳✶✷✳✶✱ t❡♠♦s

lim
h→0+

∫ t

0

gh(s)ds = 0,

♦✉ s❡❥❛✱

lim
h→0+

∫ t

0

∥

∥

∥

∥

(

T (h)− I

h
− A

)

T (t− s)(f(s)− f(t))

∥

∥

∥

∥

ds = 0,

❡ ♣♦rt❛♥t♦

lim
h→0+

T (h)− I

h
v1(t) =

∫ t

0

AT (t− s)(f(s)− f(t))ds.

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡

v1(t) ∈ D(A), ∀t ∈ (0, t̃)

❡

Av1(t) =

∫ t

0

AT (t− s)(f(s)− f(t))ds.

❘❡st❛ ♠♦str❛r q✉❡ Av1(·) é ❝♦♥tí♥✉❛ ❡♠ (0, t̃)✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ (tn) ⊂ (0, t̃) ❡

t ∈ (0, t̃) ❝♦♠

tn → t, n→ +∞.

❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡

tn > t, ∀n ∈ N.

◆♦t❡ q✉❡✱

∫ tn

0

AT (tn − s)(f(s)− f(t))ds =

∫ t̃

0

χ[0,tn](s)AT (tn − s)(f(s)− f(t))ds

❡
∫ t

0

AT (t− s)(f(s)− f(t))ds =

∫ t̃

0

χ[0,t](s)AT (t− s)(f(s)− f(t))ds.

❊♥tã♦✱

‖Av1(tn)− Av1(t)‖ =

∥

∥

∥

∥

∫ tn

0

AT (tn − s)(f(s)− f(t))ds−
∫ t

0

AT (t− s)(f(s)− f(t))ds

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

∫ t̃

0

(χ[0,tn](s)AT (tn − s)− χ[0,t](s)AT (t− s))(f(s)− f(t))ds

∥

∥

∥

∥

∥

≤
∫ t̃

0

‖(χ[0,tn](s)AT (tn − s)− χ[0,t](s)AT (t− s))(f(s)− f(t))‖ds.



✺✺

❉❡✜♥❛ hn : (0, t̃) → R ♣♦r

hn(s) = ‖(χ[0,tn](s)AT (tn − s)− χ[0,t](s)AT (t− s))(f(s)− f(t))‖.

❖❜s❡r✈❡ q✉❡

AT (tn − s)(f(s)− f(tn)) → AT (t− s)(f(s)− f(t)) q✉❛♥❞♦ tn → t. ✭✶✳✹✾✮

❉❡ ❢❛t♦✱ ❢❛③❡♥❞♦

Rn = AT (tn − s)(f(s)− f(tn))− AT (t− s)(f(s)− f(t)),

t❡♠♦s

Rn = AT (tn − s)(f(s)− f(tn))− AT (t− s)(f(s)− f(t))

= AT (tn − t+ t− s)(f(s)− f(tn))− AT (t− s)(f(s)− f(t))

= AT (t− s+ tn − t)(f(s)− f(tn))− AT (t− s)(f(s)− f(t))

= AT (t− s)T (tn − t)(f(s)− f(tn))− AT (t− s)(f(s)− f(t))

= AT (t− s)[T (tn − t)(f(s)− f(tn))− (f(s)− f(t))].

❊♥tã♦✱

‖Rn‖ = ‖AT (t− s)[T (tn − t)(f(s)− f(tn))− (f(s)− f(t))]‖

≤ ‖AT (t− s)‖‖T (tn − t)(f(s)− f(tn))− (f(s)− f(t))‖

≤ C(t− s)−1‖T (tn − t)(f(s)− f(tn))− T (tn − t)(f(s)− f(t))

+ T (tn − t)(f(s)− f(t))− (f(s)− f(t))‖

≤ C(t− s)−1‖T (tn − t)(f(s)− f(tn))− T (tn − t)(f(s)− f(t))‖

+ C(t− s)−1‖T (tn − t)(f(s)− f(t))− (f(s)− f(t))‖. ✭✶✳✺✵✮

❆❣♦r❛✱ s❡♥❞♦

Sn = ‖T (tn − t)(f(s)− f(tn))− T (tn − t)(f(s)− f(t))‖,

t❡♠✲s❡

Sn = ‖T (tn − t)(f(s)− f(tn))− T (tn − t)(f(s)− f(t))‖

= ‖T (tn − t)[(f(s)− f(tn))− (f(s)− f(t))]‖

= ‖T (tn − t)(f(s)− f(tn)− f(s) + f(t))‖

= ‖T (tn − t)(f(t)− f(tn))‖. ✭✶✳✺✶✮



✺✻

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ C0✲s❡♠✐❣r✉♣♦✶✶✱

‖T (tn − t)(f(s)− f(t))− (f(s)− f(t))‖ → 0 q✉❛♥❞♦ tn → t. ✭✶✳✺✷✮

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❞❡✜♥✐çã♦ ❞❡ C0✲s❡♠✐❣r✉♣♦ ❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f ✱

‖T (tn − t)(f(t)− f(tn))‖ → 0 q✉❛♥❞♦ tn → t. ✭✶✳✺✸✮

❆ss✐♠✱ ❞❡ ✭✶✳✺✵✮✱ ✭✶✳✺✶✮✱ ✭✶✳✺✷✮ ❡ ✭✶✳✺✸✮✱

‖Rn‖ → 0 q✉❛♥❞♦ tn → t,

❡ ♣♦rt❛♥t♦

AT (tn − s)(f(s)− f(tn)) → AT (t− s)(f(s)− f(t)) q✉❛♥❞♦ tn → t.

◆♦t❡ t❛♠❜é♠ q✉❡

χ[0,tn](s) → χ[0,t](s) q✳s✳ ❡♠ (0, t̃). ✭✶✳✺✹✮

❉❡ ❢❛t♦✱ s❡♥❞♦ s < t ❡ tn → t✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

tn ≥ s, ∀n ≥ n0.

❉❡ss❡ ♠♦❞♦✱

lim
n
χ[0,tn](s) = lim

n
1 = 1 ❡ χ[0,t](s) = 1

❡✱ ♣♦rt❛♥t♦✱

lim
n
χ[0,tn](s) = χ[0,t](s), ∀s < t.

❆❣♦r❛✱ s❡ s > t✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

tn ≤ s, ∀n ≥ n0.

❊♥tã♦✱

χ[0,tn](s) = 0, ∀n ≥ n0 ❡ χ[0,t](s) = 0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

lim
n
χ[0,tn](s) = χ[0,t](s), ∀s > tn.

❉❡ss❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡

lim
n
χ[0,tn](s) = χ[0,t](s) q✳s✳ ❡♠ (0, t̃).

✶✶❱❡❥❛ ♦ ❆♣ê♥❞✐❝❡ ❉✳



✺✼

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✹✾✮ ❡ ✭✶✳✺✹✮✱ ♦❜t❡♠♦s

hn(s) → 0 q✳s✳ ❡♠ (0, t̃). ✭✶✳✺✺✮

❆❞❡♠❛✐s✱

|hn(s)| = ‖(χ[0,tn](s)AT (tn − s)− χ[0,t](s)AT (t− s))(f(s)− f(t))‖

= ‖χ[0,tn](s)AT (tn − s)(f(s)− f(t))− χ[0,t](s)AT (t− s)(f(s)− f(t))‖

≤ ‖χ[0,tn](s)AT (tn − s)(f(s)− f(t))‖+ ‖χ[0,t](s)AT (t− s)(f(s)− f(t))‖

= χ[0,tn](s)‖AT (tn − s)(f(s)− f(t))‖+ χ[0,t](s)‖AT (t− s)(f(s)− f(t))‖

≤ χ[0,tn](s)C1(tn − s)−1‖f(s)− f(t)‖+ χ[0,t](s)C2(t− s)−1‖f(s)− f(t)‖.

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡

‖f(s)− f(t)‖ ≤ K|s− t|α, ∀s, t ∈ [0, t̃],

♦❜t❡♠♦s

|hn(s)| ≤ χ[0,tn](s)C1(tn − s)−1K|s− t|α + χ[0,t](s)C2(t− s)−1K|s− t|α

≤
∣

∣χ[0,tn](s)C1(tn − s)−1K|s− t|α + χ[0,t](s)C2(t− s)−1K|s− t|α
∣

∣

≤ C1Kχ[0,tn](s)|tn − s|−1|s− t|α + C2Kχ[0,t](s)|t− s|−1|s− t|α

≤ C̃

(

χ[0,tn](s)

|tn − s|1−α
+

χ[0,t](s)

|t− s|1−α

)

,

♦♥❞❡ C̃ = max{C1K,C2K}✱ ♦✉ s❡❥❛

|hn(s)| ≤ C̃

(

χ[0,tn](s)

|tn − s|1−α
+

χ[0,t](s)

|t− s|1−α

)

, ∀n ∈ N, q✳s✳ ❡♠ (0, t̃). ✭✶✳✺✻✮

❉❡✜♥❛ ❛ ❢✉♥çã♦ h̃n ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

h̃n(s) =
χ[0,tn](s)

|tn − s|1−α
+

χ[0,t](s)

|t− s|1−α
.

❈❧❛r❛♠❡♥t❡

h̃n(s) → 2
χ[0,t](s)

|t− s|1−α
= h̃(s) q✳s✳ ❡♠ (0, t̃). ✭✶✳✺✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱
∫ t̃

0

h̃n(s)ds =

∫ t̃

0

(

χ[0,tn](s)

|tn − s|1−α
+

χ[0,t](s)

|t− s|1−α

)

ds

=

∫ t̃

0

χ[0,tn](s)

|tn − s|1−α
ds+

∫ t̃

0

χ[0,t](s)

|t− s|1−α
ds

=

∫ tn

0

|tn − s|α−1ds+

∫ t

0

|t− s|α−1ds. ✭✶✳✺✽✮



✺✽

❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ λ = tn − s✱ ✈❡♠

∫ tn

0

|tn − s|α−1ds =

∫ tn

0

|λ|α−1dλ =
tαn
α
. ✭✶✳✺✾✮

❆♥❛❧♦❣❛♠❡♥t❡✱
∫ t

0

|t− s|α−1ds =
tα

α
. ✭✶✳✻✵✮

▲♦❣♦✱ ❞❡ ✭✶✳✺✽✮✱ ✭✶✳✺✾✮ ❡ ✭✶✳✻✵✮✱

∫ t̃

0

h̃n(s)ds =
tαn
α

+
tα

α
.

❚❡♠♦s t❛♠❜é♠
∫ t̃

0

h̃(s)ds = 2
tα

α
.

❆ss✐♠✱

lim
n

∫ t̃

0

h̃n(s)ds = lim
n

(

tαn
α

+
tα

α

)

= 2
tα

α
=

∫ t̃

0

h̃(s)ds. ✭✶✳✻✶✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✺✺✮✱ ✭✶✳✺✻✮✱ ✭✶✳✺✼✮✱ ✭✶✳✻✶✮ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦✲

♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ ●❡♥❡r❛❧✐③❛❞♦ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❇✳✶✸✮✱ ✈❡♠

lim
n

∫ t̃

0

hn(s)ds = 0.

❉❡ss❛ ♠❛♥❡✐r❛✱

‖Av1(tn)− Av1(t)‖ → 0 q✉❛♥❞♦ n→ +∞

♠♦str❛♥❞♦ ❡♥tã♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ à ❞✐r❡✐t❛ ❞❡ Av1(·) ♥♦ ♣♦♥t♦ t✳ ❈♦♠ ✉♠ ❛r❣✉♠❡♥t♦

s❡♠❡❧❤❛♥t❡ t❡♠♦s ❛ ❝♦♥t✐♥✉✐❞❛❞❡ à ❡sq✉❡r❞❛ ❞❡ Av1(·) ❡♠ t♠♦str❛♥❞♦ ❛ss✐♠ q✉❡ Av1(·)
é ❝♦♥tí♥✉❛ ❡♠ t✳ P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ t✱ ❝♦♥❝❧✉í♠♦s q✉❡ Av1(·) é ❝♦♥tí♥✉❛ ❡♠ (0, t̃)✳

❆❣♦r❛✱ ♣❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ t̃✱ t❡♠♦s

v1(t) ∈ D(A), ∀t ∈ (0,+∞)

❡ Av1(·) é ❝♦♥tí♥✉❛ ❡♠ (0,+∞) ♣r♦✈❛♥❞♦ ❛ ❛✜r♠❛çã♦✳

❆✜r♠❛çã♦ ✶✳✾✳✷ ❆ ❛♣❧✐❝❛çã♦ v2 ❞❡✜♥✐❞❛ ❡♠ ✭✶✳✹✶✮ ❝✉♠♣r❡ ❛ ❝♦♥❞✐çã♦

v2(t) ∈ D(A), ∀t ≥ 0,

❡ Av2(·) é ❝♦♥tí♥✉❛ ❡♠ (0,+∞)✳



✺✾

❈♦♠ ❡❢❡✐t♦✱ ❢❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ τ = t− s✱ t❡♠♦s

v2(t) =

∫ t

0

T (t− s)f(t)ds =

∫ t

0

T (τ)f(τ + s)dτ.

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❉✳✻✱ t❡♠♦s v2(t) ∈ D(A) ❡

Av2(t) = T (t)f(τ + s)− f(τ + s).

❯♠❛ ✈❡③ q✉❡ T (·) ❡ f(·) sã♦ ❝♦♥tí♥✉❛s ❡♠ (0,+∞)✱ s❡❣✉❡ q✉❡ Av2(·) é ❝♦♥tí♥✉❛ ❡♠

(0,+∞) ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❞❛s ❆✜r♠❛çõ❡s ✭✶✳✾✳✶✮ ❡ ✭✶✳✾✳✷✮✱ t❡♠✲s❡

v(t) = v1(t) + v2(t) ∈ D(A), ∀t ∈ (0,+∞)

❡

Av(t) = A(v1(t) + v2(t)) = Av1(t) + Av2(t)

é ❝♦♥tí♥✉❛ ❡♠ (0,+∞)✳ P♦rt❛♥t♦✱ ❛ s♦❧✉çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞♦ ♣r♦❜❧❡♠❛ ✭P✷✮ é ✉♠❛

s♦❧✉çã♦ ❝❧áss✐❝❛ s❡❣✉♥❞♦ ❑❡s❛✈❛♥ ❬✶✾✱ ❚❡♦r❡♠❛ ✹✳✾✳✷ ❪✳

✶✳✺ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② s❡♠✐❧✐♥❡❛r

◆❡st❛ s❡çã♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s






du

dt
+ Au = f(t, u(t)), t > t0,

u(t0) = u0.
✭P✸✮

♦♥❞❡ f é ✉♠❛ ❢✉♥çã♦ ✜①❛❞❛ ✈❡r✐✜❝❛♥❞♦ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✳

❈❖◆❉■➬➹❖ (F )✿ ❙❡❥❛ U ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ [0,+∞) × Xα✳ ❉✐③✲s❡ q✉❡ ❛

❢✉♥çã♦ f : U → X s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (F ) q✉❛♥❞♦ ♣❛r❛ ❝❛❞❛ (t0, u0) ∈ U ❡①✐st❡♠ ✉♠❛

✈✐③✐♥❤❛♥ç❛ V ⊂ U ❞❡ (t0, u0) ❡ ❝♦♥st❛♥t❡s L ≥ 0✱ 0 < ϑ ≤ 1 t❛✐s q✉❡

‖f(s, u)− f(t, v)‖ ≤ L(|s− t|ϑ + ‖u− v‖α), ✭✶✳✻✷✮

q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ (s, u), (t, v) ∈ V ✳

❉❡✜♥✐çã♦ ✶✳✶✺ ❯♠❛ ❢✉♥çã♦ f : U → X é ❞✐t❛ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✐❛♥❛ ♥❛ ✈❛r✐á✈❡❧

u q✉❛♥❞♦✱ ♣❛r❛ ❝❛❞❛ (t0, u0) ∈ U ✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ (t0, u0) ❡♠ U t❛❧ q✉❡

‖f(t, u)− f(t, v)‖ ≤ L‖u− v‖α, ∀(t, u), (t, v) ∈ V.



✻✵

❖❜s❡r✈❡ q✉❡ ❛ ❝♦♥❞✐çã♦ (F ) ♥♦s ❞✐③ q✉❡ ❛ ❢✉♥çã♦ f é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛

♥❛ ✈❛r✐á✈❡❧ t ❡ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤t③✐❛♥❛ ♥❛ ✈❛r✐á✈❡❧ u✳

❚❡♦r❡♠❛ ✶✳✶✵ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❝♦♠ 0 ∈ ρ(A)✳ ❙✉♣♦♥❤❛ q✉❡ f : U → X

s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (F )✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ❞❛❞♦ ✐♥✐❝✐❛❧ (t0, u0) ∈ U ✱ ♦ ♣r♦❜❧❡♠❛ ✭P✸✮

♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❧♦❝❛❧

u ∈ C([t0, t1);X) ∩ C1((t0, t1);X),

♦♥❞❡ t1 = t1(t0, u0) > t0✳

❉❡♠♦♥str❛çã♦✿ ❯s❛♥❞♦ ❛s ❤✐♣ót❡s❡s ❡ ♦ ❚❡♦r❡♠❛ ✶✳✻ t❡♠♦s✱ ♣❛r❛ ❝❛❞❛ t > 0✱ q✉❡ ♦

♦♣❡r❛❞♦r AαT (t) é ❧✐♠✐t❛❞♦ ❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s Mα > 0 ❡ δ > 0 t❛✐s q✉❡

‖AαT (t)‖ ≤Mαt
−αe−δt, ∀t > 0.

❯♠❛ ✈❡③ q✉❡ −δt < 0 ❡ ❛ ❡①♣♦♥❡♥❝✐❛❧ é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✱ t❡♠♦s

e−δt ≤ e0 = 1, ∀t > 0.

❆ss✐♠✱

‖AαT (t)‖ ≤Mαt
−α, ∀t > 0.

P❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❞❡♠♦♥str❛çã♦✱ ✜①❡ (t0, u0) ∈ U ❡ ❡s❝♦❧❤❛ t′ > t0 ❡ δ > 0

t❛✐s q✉❡ ❛ ❡st✐♠❛t✐✈❛ ✭✶✳✻✷✮ s❡ ✈❡r✐✜❝❛ ❡♠

V = {(t, u); t0 ≤ t ≤ t′, ‖u− u0‖α ≤ δ}.

❖❜s❡r✈❡ q✉❡ ❛ ❢✉♥çã♦ ϕ : [t0, t
′] → R ❞❡✜♥✐❞❛ ♣♦r

ϕ(t) = ‖f(t, u0)‖

é ❝♦♥tí♥✉❛ ❡♠ [t0, t
′]✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ (tn) ⊂ [t0, t

′] ❡ t ∈ [t0, t
′] ❝♦♠ tn → t✳ ❊♥tã♦✱

|ϕ(tn)− ϕ(t)| = |‖f(tn, u0)‖ − ‖f(t, u0)‖| ≤ ‖f(tn, u0)− f(t, u0)‖

≤ L(|tn − t|ϑ + ‖u0 − u0‖α) = L|tn − t|ϑ, ✭✶✳✻✸✮

♦✉ s❡❥❛✱

|ϕ(tn)− ϕ(t)| ≤ L|tn − t|ϑ → 0, n→ +∞.

❙❡♥❞♦ [t0, t
′] ✉♠ ❝♦♠♣❛❝t♦✱ ❡①✐st❡ B t❛❧ q✉❡

B = max
t0≤t≤t′

‖f(t, u0)‖. ✭✶✳✻✹✮



✻✶

❉❡s❞❡ q✉❡ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧✱ −A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦

❛♥❛❧ít✐❝♦ {T (t)}✳ ❊♥tã♦✱ ✉♠❛ ✈❡③ q✉❡ Aαu0 ∈ X✱ ✈❡♠

T (t− t0)A
αu0 → Aαu0 q✉❛♥❞♦ t→ t0,

♦✉ s❡❥❛

‖T (t− t0)A
αu0 − Aαu0‖ → 0 q✉❛♥❞♦ t→ t0.

▲♦❣♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r t1 t❛❧ q✉❡

‖T (t− t0)A
αu0 − Aαu0‖ <

δ

2
, ∀t ∈ [t0, t1) ✭✶✳✻✺✮

❡

0 < t1 − t0 < min

{

t′ − t0,

[

δ

2
(1− α)M−1

α (B + δL)−1

] 1
1−α

}

, ✭✶✳✻✻✮

♦♥❞❡ δ✱ B,L ❡ Mα sã♦ ❛s ❝♦♥st❛♥t❡s ❞❛❞❛s ❛❝✐♠❛✳ ❈♦♥s✐❞❡r❡ Y = C([t0, t1];X) ♠✉♥✐❞♦

❝♦♠ ❛ ♥♦r♠❛

‖y‖Y = sup
t0≤t≤t1

‖y(t)‖.

❆✜r♠❛çã♦ ✶✳✶✵✳✶ ❖ ❝♦♥❥✉♥t♦ Y ❞❡✜♥✐❞♦ ❛❝✐♠❛ é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ (yn) ⊂ Y ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✳ ❊♥tã♦✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ n0 ∈ N

t❛❧ q✉❡

‖yn − ym‖Y < ε, ∀n,m ≥ n0,

♦✉ s❡❥❛✱

‖yn(s)− ym(s)‖ ≤ sup
t0≤t≤t1

‖yn(t)− ym(t)‖ < ε, ∀n,m ≥ n0, ∀s ∈ [t0, t1]. ✭✶✳✻✼✮

❉❡ss❡ ♠♦❞♦✱ ♣❛r❛ ❝❛❞❛ s ∈ [t0, t1] ✜①❛❞♦✱ ❛ s❡q✉ê♥❝✐❛ (yn(s)) ⊂ X é ❞❡ ❈❛✉❝❤② ❡✱ ✉♠❛

✈❡③ q✉❡ X é ❝♦♠♣❧❡t♦✱ ❡①✐st❡ y(s) ∈ X t❛❧ q✉❡

yn(s) → y(s) ❡♠ X.

❉❡✜♥❛ ❛❣♦r❛ ❛ ❢✉♥çã♦

y : [t0, t1] → X

t 7→ y(t) = lim
n
yn(t).



✻✷

◆♦t❡ q✉❡ y ∈ Y ✳ ❉❡ ❢❛t♦✱ ✜①❡ s ∈ [t0, t1]✳ ❉❛❞♦ ε > 0 ❛r❜✐trár✐♦✱ ❡①✐st❡ n0 ∈ N ❞❡

♠♦❞♦ q✉❡

‖yn(s)− y(s)‖ < ε

3
, ∀n ≥ n0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ yn0 ∈ Y ✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

|t− s| < δ ⇒ ‖yn0(t)− yn0(s)‖ <
ε

3
.

❆ss✐♠✱

‖y(t)− y(s)‖ ≤ ‖y(t)− yn0(t)‖+ ‖yn0(t)− yn0(s)‖+ ‖yn0(s)− y(s)‖

<
ε

3
+
ε

3
+
ε

3
= ε, s❡ |t− s| < δ.

P♦rt❛♥t♦✱ y ∈ Y ✳ ❘❡st❛✲♥♦s ✈❡r✐✜❝❛r q✉❡

yn → y ❡♠ Y.

P♦r ✭✶✳✻✼✮✱

‖yn(s)− ym(s)‖ < ε, ∀n,m ≥ n0, ∀s ∈ [t0, t1]. ✭✶✳✻✽✮

❋❛③❡♥❞♦ m→ ∞ ❡♠ ✭✶✳✻✽✮✱

‖yn(s)− y(s)‖ ≤ ε, ∀n ≥ n0, ∀s ∈ [t0, t1],

♦✉ s❡❥❛✱

sup
t0≤t≤t1

‖yn(s)− y(s)‖ ≤ ε, ∀n ≥ n0.

P♦rt❛♥❞♦✱

‖yn − y‖Y ≤ ε, ∀n ≥ n0,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❆❣♦r❛✱ ❞❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦ G : Y → Y ♣♦r

G(y) : [t0, t1] → X

t 7→ G(y)(t) = T (t− t0)A
αu0 +

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ. ✭✶✳✻✾✮

❆✜r♠❛çã♦ ✶✳✶✵✳✷ G(Y ) ⊂ Y ✳



✻✸

❈♦♠ ❡❢❡✐t♦✱ s❡ z ∈ G(Y )✱ ❡♥tã♦

z(t) = T (t− t0)A
αu0 +

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ.

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❉✳✺✱ ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

φ(t) = T (t− t0)A
αu0

é ❝♦♥tí♥✉❛ ❡♠ [t0,+∞)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ φ é ❝♦♥tí♥✉❛ ❡♠ [t0, t1]✳ ❘❡st❛ ♠♦str❛r q✉❡ ❛

❢✉♥çã♦ ❞❛❞❛ ♣♦r

ψ(t) =

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ

é ❝♦♥tí♥✉❛ ❡♠ [t0, t1]✳ ❈♦♠ ❡❢❡✐t♦✱ ♦❜s❡r✈❡ q✉❡

ψ(t) =

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ

=

∫ t1

t0

χ[t0,t](τ)A
αT (t− τ)f(τ, A−αy(τ))dτ. ✭✶✳✼✵✮

❙❡❥❛♠ (tn) ⊂ [t0, t1] ❡ t ∈ [t0, t1] ❝♦♠ tn → t✳ ❉❡✜♥❛

Rn = ψ(tn)− ψ(t),

❡♥tã♦

‖Rn‖ =

∥

∥

∥

∥

∫ t1

t0

χ[t0,tn](τ)A
αT (tn − τ)f(τ, A−αy(τ))− χ[t0,t](τ)A

αT (t− τ)f(τ, A−αy(τ))dτ

∥

∥

∥

∥

≤
∫ t1

t0

‖χ[t0,tn](τ)A
αT (tn − τ)f(τ, A−αy(τ))− χ[t0,t](τ)A

αT (t− τ)f(τ, A−αy(τ))‖dτ.

❱❛♠♦s ❛❣♦r❛ ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦ gn : [t0, t1] → R ❞❡✜♥✐❞❛ ♣♦r

gn(τ) = ‖χ[t0,tn](τ)A
αT (tn − τ)f(τ, A−αy(τ))− χ[t0,t](τ)A

αT (t− τ)f(τ, A−αy(τ))‖.

◆♦t❡ q✉❡

AαT (tn − τ)f(τ, A−αy(τ)) → AαT (t− τ)f(τ, A−αy(τ)) q✳s✳ ❡♠ [t0, t1]. ✭✶✳✼✶✮

❉❡ ❢❛t♦✱ ❢❛③❡♥❞♦

Sn = AαT (tn − τ)f(τ, A−αy(τ))− AαT (t− τ)f(τ, A−αy(τ)), ✭✶✳✼✷✮



✻✹

t❡♠♦s

Sn = AαT (tn − τ)f(τ, A−αy(τ))− AαT (t− τ)f(τ, A−αy(τ))

= AαT (tn − t+ t− τ)f(τ, A−αy(τ))− AαT (t− τ)f(τ, A−αy(τ))

= AαT (t− τ)T (tn − t)f(τ, A−αy(τ))− AαT (t− τ)f(τ, A−αy(τ))

= AαT (t− τ)[T (tn − t)f(τ, A−αy(τ))− f(τ, A−αy(τ))].

❆❧é♠ ❞✐ss♦✱ ♦ ❚❡♦r❡♠❛ ✶✳✻ ♥♦s ❞✐③ q✉❡

‖AαT (t)‖ ≤Mαt
−α, ∀t > 0.

▲♦❣♦✱

‖Sn‖ = ‖AαT (t− τ)[T (tn − t)f(τ, A−αy(τ))− f(τ, A−αy(τ))]‖

≤ ‖AαT (t− τ)‖‖T (tn − t)f(τ, A−αy(τ))− f(τ, A−αy(τ))‖

≤ Mα(t− τ)−1‖T (tn − t)f(τ, A−αy(τ))− f(τ, A−αy(τ))‖. ✭✶✳✼✸✮

P♦r ❞❡✜♥✐çã♦ ❞❡ C0✲s❡♠✐❣r✉♣♦✱

‖T (tn − t)f(τ, A−αy(τ))− f(τ, A−αy(τ))‖ → 0 q✉❛♥❞♦ tn → t, ✭✶✳✼✹✮

♣❛r❛ ❝❛❞❛ τ ✜①❛❞♦✳ ▲♦❣♦✱ ♣♦r ✭✶✳✼✷✮✱ ✭✶✳✼✸✮ ❡ ✭✶✳✼✹✮ t❡♠✲s❡ ♦ ❞❡s❡❥❛❞♦✳ ❙❛❜❡♥❞♦ q✉❡

χ[t0,tn](s) → χ[t0,t](s) q✳s✳ ❡♠ [t0, t1].

t❡♠✲s❡✱ ♣♦r ✭✶✳✼✶✮✱

gn(τ) → 0 q✳s✳ ❡♠ [t0, t1]. ✭✶✳✼✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s t❛♠❜é♠

|gn(τ)| = ‖χ[t0,tn](τ)A
αT (tn − τ)f(τ, A−αy(τ))− χ[t0,t](τ)A

αT (t− τ)f(τ, A−αy(τ))‖

≤ ‖χ[t0,tn](τ)A
αT (tn − τ)f(τ, A−αy(τ))‖+ ‖χ[t0,t](τ)A

αT (t− τ)f(τ, A−αy(τ))‖

≤ χ[t0,tn](τ)‖AαT (tn − τ)f(τ, A−αy(τ))‖+ χ[t0,t](τ)‖AαT (t− τ)f(τ, A−αy(τ))‖

≤ Mα(χ[t0,tn](τ)(tn − τ)−α‖f(τ, A−αy(τ))‖+ χ[t0,t](τ)(t− τ)−α‖f(τ, A−αy(τ))‖).

◆♦t❡ ❛✐♥❞❛ q✉❡ ❛ ❢✉♥çã♦ ζ : [t0, t1] → R ❞❡✜♥✐❞❛ ♣♦r

ζ(τ) = ‖f(τ, A−αy(τ))‖



✻✺

é ❝♦♥tí♥✉❛✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ (τn) ⊂ [t0, t1] ❡ τ ∈ [t0, t1] ❝♦♠ τn → τ ✱ ❡♥tã♦

|ζ(τn)− ζ(τ)| = |‖f(τn, A−αy(τn))‖ − ‖f(τ, A−αy(τ))‖|

≤ ‖f(τn, A−αy(τn))− f(τ, A−αy(τ))‖

≤ L(|τn − τ |ϑ + ‖A−αy(τn)− A−αy(τ)‖α)

= L(|τn − τ |ϑ + ‖y(τn)− y(τ)‖X), ✭✶✳✼✻✮

♦✉ s❡❥❛✱

|ζ(τn)− ζ(τ)| ≤ L(|τn − τ |ϑ + ‖y(τn)− y(τ)‖X) → 0, τn → τ,

♠♦str❛♥❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ζ✳ ❯♠❛ ✈❡③ q✉❡ [t0, t
′] é ❝♦♠♣❛❝t♦✱ ❡①✐st❡ B̃ t❛❧

q✉❡

B̃ = max
t0≤τ≤t′

‖f(τ, A−αy(τ))‖.

▲♦❣♦✱

|gn(τ)| ≤MαB̃

(

χ[t0,tn](τ)

(tn − τ)α
+
χ[t0,t](τ)

(t− τ)α

)

.

❉❡✜♥❛ hn : [t0, t1] → R ♣♦r

hn(τ) =
χ[t0,tn](τ)

(tn − τ)α
+
χ[t0,t](τ)

(t− τ)α
.

❈❧❛r❛♠❡♥t❡

|gn(τ)| ≤MαB̃hn(τ) q✳s✳ ❡♠ [t0, t1], ✭✶✳✼✼✮

❡

hn(τ) → 2
χ[t0,t](τ)

(t− τ)α
= h(τ) q✳s✳ ❡♠ [t0, t1]. ✭✶✳✼✽✮

❆❧é♠ ❞✐ss♦✱

∫ t1

t0

hn(τ)dτ =

∫ t1

t0

(

χ[t0,tn](τ)

(tn − τ)α
+
χ[t0,t](τ)

(t− τ)α

)

dτ

=

∫ t1

t0

χ[t0,tn](τ)

(tn − τ)α
dτ +

∫ t̃

t0

χ[t0,t](τ)

(t− τ)α
dτ

=

∫ tn

t0

(tn − τ)−αdτ +

∫ t

t0

(t− τ)−αdτ. ✭✶✳✼✾✮

❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ λ = tn − τ ✱ ✈❡♠

∫ tn

t0

(tn − τ)−αdτ =

∫ tn

t0

λ−αdλ =
t1−α
n − t1−α

0

1− α
. ✭✶✳✽✵✮



✻✻

❆♥❛❧♦❣❛♠❡♥t❡✱
∫ t

t0

(t− τ)−αdτ =
t1−α − t1−α

0

1− α
. ✭✶✳✽✶✮

▲♦❣♦✱ ❞❡ ✭✶✳✼✾✮✱ ✭✶✳✽✵✮ ❡ ✭✶✳✽✶✮✱
∫ t1

t0

hn(τ)dτ =
t1−α
n − t1−α

0

1− α
+
t1−α − t1−α

0

1− α
.

❚❡♠♦s t❛♠❜é♠
∫ t1

t0

h(τ)dτ = 2
t1−α − t1−α

0

1− α
.

❆ss✐♠✱

lim
n

∫ t1

t0

hn(τ)dτ = lim
n

(

t1−α
n − t1−α

0

1− α
+
t1−α − t1−α

0

1− α

)

= 2
t1−α − t1−α

0

1− α

=

∫ t1

t0

h(τ)dτ. ✭✶✳✽✷✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ✭✶✳✼✺✮✱ ✭✶✳✼✼✮✱ ✭✶✳✼✽✮✱ ✭✶✳✽✷✮ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s (gn) ❡stá ♥❛s ❤✐♣ót❡✲

s❡s ❞♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ ●❡♥❡r❛❧✐③❛❞♦ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛

❇✳✶✸✮✳ ▲♦❣♦✱

lim
n

∫ t1

t0

gn(τ)dτ = 0.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

‖ψ(tn)− ψ(t)‖ → 0 q✉❛♥❞♦ tn → t.

❉❡ss❛ ♠❛♥❡✐r❛✱ ψ é ❝♦♥tí♥✉❛ ❡♠ [t0, t1]✳ ❙❡♥❞♦

z = φ(t) + ψ(t),

♦❜t❡♠♦s z ∈ Y ✳ ▲♦❣♦✱ G(Y ) ⊂ Y ✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ❝♦♥❥✉♥t♦

S = {y ∈ Y ; y(t0) = Aαu0, ‖y(t)− Aαu0‖ ≤ δ} .

❈❧❛r❛♠❡♥t❡ S 6= ∅✱ ♣♦✐s ♣♦r ✭✶✳✻✺✮ ❛ ❢✉♥çã♦

y(t) = T (t− t0)A
αu0 ∈ S.

❱❛♠♦s ♠♦str❛r q✉❡ S é ❧✐♠✐t❛❞♦✳ ❙❡❥❛ y ∈ S✱ ❡♥tã♦

y(t0) = Aαu0 ❡ ‖y(t)− Aαu0‖ ≤ δ, ∀t ∈ [t0, t1].



✻✼

❊♠ ♣❛rt✐❝✉❧❛r✱

‖y(t)− Aαu0‖ ≤ δ, ∀t ∈ [t0, t1].

❉❡ss❡ ♠♦❞♦✱

‖y(t)‖ ≤ ‖y(t)− Aαu0‖+ ‖Aαu0‖ ≤ δ + ‖Aαu0‖, ∀t ∈ [t0, t1],

♠♦str❛♥❞♦ q✉❡ ♦ ❝♦♥❥✉♥t♦ {‖y(t)‖; t ∈ [t0, t1]} é ❧✐♠✐t❛❞♦✳ ❆ss✐♠✱ ♣♦r ❞❡✜♥✐çã♦ ❞❡

s✉♣r❡♠♦✱

sup
t0≤t≤t1

‖y(t)‖ ≤ δ + ‖Aαu0‖,

♦✉ ❛✐♥❞❛✱

‖y‖Y ≤ δ + ‖Aαu0‖, ∀y ∈ S.

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ S é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦✳

❆✜r♠❛çã♦ ✶✳✶✵✳✸ ❖ ❝♦♥❥✉♥t♦ S é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ ❝♦♠ ❛ ♠étr✐❝❛

d(y1, y2) = ‖y1 − y2‖Y , y1, y2 ∈ S.

❯♠❛ ✈❡③ q✉❡ S ⊂ Y ❡ Y é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ S é ❢❡❝❤❛❞♦

❡♠ Y ✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ y ∈ S✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (yn) ⊂ S t❛❧ q✉❡

yn → y ❡♠ Y.

❉❡s❞❡ q✉❡

‖yn(τ)− y(τ)‖X ≤ sup
t0≤t≤t1

‖yn(t)− y(t)‖X = ‖yn − y‖Y , ∀τ ∈ [t0, t1],

❝♦♥❝❧✉í♠♦s

yn(t0) → y(t0) ❡♠ X.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱

yn(t0) = Aαu0 ❡ ‖yn(t)− Aαu0‖ ≤ δ, ∀t ∈ [t0, t1]. ✭✶✳✽✸✮

❋❛③❡♥❞♦ n→ +∞ ❡♠ ✭✶✳✽✸✮✱

y(t0) = Aαu0 ❡ ‖y(t)− Aαu0‖ ≤ δ, ∀t ∈ [t0, t1],

♦✉ s❡❥❛✱ y ∈ S✳ P♦rt❛♥t♦✱ S é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳



✻✽

❆✜r♠❛çã♦ ✶✳✶✵✳✹ G(S) ⊂ S✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ y ∈ S✱ ❡♥tã♦

G(y)(t)− Aαu0 = T (t− t0)A
αu0 +

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ − Aαu0

= T (t− t0)A
αu0 − Aαu0 +

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ

❉❡ss❡ ♠♦❞♦✱

‖G(y)(t)− Aαu0‖ ≤ ‖T (t− t0)A
αu0 − Aαu0‖+

∥

∥

∥

∥

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ

∥

∥

∥

∥

≤ ‖T (t− t0)A
αu0 − Aαu0‖+

∫ t

t0

‖AαT (t− τ)f(τ, A−αy(τ))‖dτ

≤ ‖T (t− t0)A
αu0 − Aαu0‖

+

∫ t

t0

‖AαT (t− τ)f(τ, A−αy(τ))− AαT (t− τ)f(τ, u0)‖dτ

+

∫ t

t0

‖AαT (t− τ)f(τ, u0)‖dτ

≤ ‖T (t− t0)A
αu0 − Aαu0‖

+

∫ t

t0

‖AαT (t− τ)‖‖f(τ, A−αy(τ))− f(τ, u0)‖dτ

+

∫ t

t0

‖AαT (t− τ)‖‖f(τ, u0)‖dτ. ✭✶✳✽✹✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ✭✶✳✻✺✮✱

‖T (t− t0)A
αu0 − Aαu0‖ <

δ

2
, ∀t ∈ [t0, t1). ✭✶✳✽✺✮

❉❡✜♥❛

I =

∫ t

t0

‖AαT (t− τ)‖‖f(τ, A−αy(τ))− f(τ, u0)‖dτ.

❙❡❣✉❡✱ ❞♦ ❚❡♦r❡♠❛ ✶✳✻ ❡ ❞❛ ❈♦♥❞✐çã♦ (F )✱ q✉❡

I ≤
∫ t

t0

Mα(t− τ)−αL‖A−αy(τ)− u0‖αdτ

= MαL

∫ t

t0

(t− τ)−α‖y(τ)− Aαu0‖dτ

❯♠❛ ✈❡③ q✉❡ y ∈ S✱ t❡♠♦s

‖y(τ)− Aαu0‖ ≤ δ, ∀t ∈ [t0, t1].



✻✾

❆ss✐♠✱

I ≤ MαLδ

∫ t

t0

(t− τ)−αdτ

= MαLδ(1− α)−1(t− t0)
1−α

≤ MαLδ(1− α)−1(t1 − t0)
1−α ✭✶✳✽✻✮

❆❣♦r❛✱ ❞❡✜♥❛

J =

∫ t

t0

‖AαT (t− τ)‖‖f(τ, u0)‖dτ.

❯s❛♥❞♦ ✭✶✳✻✹✮ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✻✱

J =

∫ t

t0

‖AαT (t− τ)‖‖f(τ, u0)‖dτ

≤
∫ t

t0

Mα(t− τ)−αBdτ

= MαB

∫ t

t0

(t− τ)−αdτ

= MαB(1− α)−1(t− t0)
1−α

≤ MαB(1− α)−1(t1 − t0)
1−α. ✭✶✳✽✼✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✽✹✮✱ ✭✶✳✽✺✮✱ ✭✶✳✽✻✮✱ ✭✶✳✽✼✮ ❡ ✉s❛♥❞♦ ✭✶✳✻✻✮✱ t❡♠♦s

‖G(y)(t)− Aαu0‖ ≤ δ

2
+MαLδ(1− α)−1(t1 − t0)

1−α +MαB(1− α)−1(t1 − t0)
1−α

=
δ

2
+ (Lδ +B)Mα(1− α)−1(t1 − t0)

1−α

≤ δ

2
+ (Lδ +B)Mα(1− α)−1

(

[

δ

2
(1− α)M−1

α (B + δL)−1

] 1
1−α

)1−α

=
δ

2
+
δ

2
, ✭✶✳✽✽✮

♦✉ s❡❥❛✱

‖G(y)(t)− Aαu0‖ ≤ δ, ∀t ∈ [t0, t1].

❆❧é♠ ❞✐ss♦✱

G(y)(t0) = T (0)Aαu0 + 0 = IAαu0 = Aαu0.

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ G(y) ∈ S ❡ ♣♦rt❛♥t♦ G(S) ⊂ S✳

❆✜r♠❛çã♦ ✶✳✶✵✳✺ G : S → S é ✉♠❛ ❝♦♥tr❛çã♦✳



✼✵

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ y1, y2 ∈ S✱ ❡♥tã♦

G(y1)(t)−G(y2)(t) =

∫ t

t0

AαT (t− τ)f(τ, A−αy1(τ))dτ −
∫ t

t0

AαT (t− τ)f(τ, A−αy2(τ))dτ

=

∫ t

t0

AαT (t− τ)[f(τ, A−αy1(τ))− f(τ, A−αy2(τ))]dτ.

❆ss✐♠✱

‖G(y1)(t)−G(y2)(t)‖ ≤
∫ t

t0

‖AαT (t− τ)[f(τ, A−αy1(τ))− f(τ, A−αy2(τ))]‖dτ

≤
∫ t

t0

‖AαT (t− τ)‖‖f(τ, A−αy1(τ))− f(τ, A−αy2(τ))‖dτ

≤ MαL

∫ t

t0

(t− τ)−α‖A−αy1(τ)− A−αy2(τ)‖αdτ

= MαL

∫ t

t0

(t− τ)−α‖y1(τ)− y2(τ)‖dτ

≤ MαL‖y1 − y2‖Y
∫ t

t0

(t− τ)−αdτ

= MαL(1− α)−1(t1 − t0)
1−α‖y1 − y2‖Y .

❊s❝♦❧❤❡♥❞♦ t1 ❞❡ ♠♦❞♦ q✉❡

MαL(1− α)−1(t1 − t0)
1−α ≤ 1

2
,

t❡♠♦s

‖G(y1)(t)−G(y2)(t)‖ ≤ 1

2
‖y1 − y2‖Y , ∀t ∈ [t0, t1].

❉❡ss❡ ♠♦❞♦✱

‖G(y1)−G(y2)‖Y ≤ 1

2
‖y1 − y2‖Y , ∀y1, y2 ∈ S,

♠♦str❛♥❞♦ q✉❡ G é ✉♠❛ ❝♦♥tr❛çã♦✳

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❇❛♥❛❝❤ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❆✳✸✮ ❡♠ G✱

❝♦♥❝❧✉í♠♦s q✉❡ G ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ ❡♠ S✱ ✐st♦ é✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ y ∈ S t❛❧

q✉❡

y(t) = T (t− t0)A
αu0 +

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ, ∀t ∈ [t0, t1]. ✭✶✳✽✾✮

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ f̃ : [t0, t1] → X ❞❡✜♥✐❞❛ ♣♦r

f̃(t) = f(t, A−αy(t)).



✼✶

◆♦ss♦ ♦❜❥❡t✐✈♦ ❛❣♦r❛ é ♠♦str❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧






du

dt
+ Au = f̃(t), t > t0,

u(t0) = u0.
✭P✹✮

♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❝❧áss✐❝❛✳ P❛r❛ ✐ss♦✱ ❢❛r❡♠♦s ♦ ✉s♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✵✳ ❙❡♥❞♦ A

✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❝♦♠ 0 ∈ ρ(A)✱ ❜❛st❛ ♠♦str❛r q✉❡ f̃ é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛

❡♠ (t0, t1]✳ ❆♥t❡s ❞✐ss♦✱ ♥♦t❡ q✉❡ ❛ ❢✉♥çã♦ f̂ : [t0, t1] → R ❞❛❞❛ ♣♦r

f̂(t) = ‖f(t, A−αy(t))‖,

é ❝♦♥tí♥✉❛ ❡♠ [t0, t1]✱ ♣♦✐s f s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (F ) ❡ y é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡

[t0, t1] ❡♠ X✳ ❆ss✐♠✱ ❝♦♠♦ [t0, t1] é ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ N > 0 t❛❧ q✉❡

‖f(t, A−αy(t))‖ ≤ N, ∀t ∈ [t0, t1]. ✭✶✳✾✵✮

❆✜r♠❛çã♦ ✶✳✶✵✳✻ f̃ é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❡♠ (t0, t1]✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ s, t ∈ (t0, t1]✱ ❡♥tã♦

‖f̃(s)− f̃(t)‖ = ‖f(s, A−αy(s))− f(t, A−αy(t))‖

≤ L(|s− t|ϑ + ‖A−αy(s)− A−αy(t)‖α)

= L(|s− t|ϑ + ‖y(s)− y(t)‖). ✭✶✳✾✶✮

❈♦♥s✐❞❡r❡ 0 < h < 1 ❞❡ ♠♦❞♦ q✉❡ s = t+ h✱ ❡♥tã♦

‖y(t+ h)− y(t)‖ ≤ ‖T (t+ h− t0)A
αu0 − T (t− t0)A

αu0‖

+

∫ t

t0

‖AαT (t+ h− τ)f(τ, A−αy(τ))− AαT (t− τ)f(τ, A−αy(τ))‖dτ

+

∫ t+h

t

‖AαT (t+ h− τ)f(τ, A−αy(τ))‖dτ,

♦✉ ❛✐♥❞❛✱

‖y(t+ h)− y(t)‖ ≤ ‖(T (h)− I)T (t− t0)A
αu0‖

+

∫ t

t0

‖(T (h)− I)AαT (t− τ)f(τ, A−αy(τ))‖dτ

+

∫ t+h

t

‖AαT (t+ h− τ)f(τ, A−αy(τ))‖dτ. ✭✶✳✾✷✮



✼✷

❈♦♥s✐❞❡r❛♥❞♦ 0 < β < 1− α ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✻✱ t❡♠♦s

‖(T (h)− I)T (t− t0)A
αu0‖ = ‖T (h)T (t− t0)A

αu0 − T (t− t0)A
αu0‖

= ‖T (h)AαT (t− t0)u0 − AαT (t− t0)u0‖

≤ Cβh
β‖AβAαT (t− t0)u0‖

= Cβh
β‖Aβ+αT (t− t0)u0‖

≤ CβMβ+α(t− t0)
−(β+α)‖u0‖hβ. ✭✶✳✾✸✮

❉❡✜♥❛

M1 =M1(t) = CβMβ+α(t− t0)
−(β+α)‖u0‖.

◆♦t❡ q✉❡ s❡ t→ t0✱ ❡♥tã♦

M1(t) → +∞.

❉❡ss❡ ♠♦❞♦✱ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r t′0 ❝♦♠ t0 < t′0 ≤ t ≤ t1 ♣❛r❛ q✉❡ M1 < +∞✳ ▲♦❣♦✱

‖(T (h)− I)T (t− t0)A
αu0‖ ≤M1h

β, ∀t ∈ [t′0, t1].

❈♦♠♦ t′0 > t0 é ❛r❜✐trár✐♦✱

‖(T (h)− I)T (t− t0)A
αu0‖ ≤M1h

β, ∀t ∈ (t0, t1]. ✭✶✳✾✹✮

Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ❡♠ ✭✶✳✾✸✮ ❡ ✉s❛♥❞♦ ✭✶✳✾✵✮✱ s❡❣✉❡ q✉❡

‖(T (h)− I)AαT (t− τ)f(τ, A−αy(τ))‖ ≤ Cβh
βMβ+α(t− τ)−(β+α)N.

❉❡✜♥❛

Ĩ =

∫ t

t0

‖(T (h)− I)AαT (t− τ)f(τ, A−αy(τ))‖dτ

❡ ♦❜s❡r✈❡ q✉❡ β + α < 1✳ ❊♥tã♦✱

Ĩ ≤
∫ t

t0

Cβh
βMβ+α(t− τ)−(β+α)Ndτ

= Cβh
βMβ+αN

∫ t

t0

(t− τ)−(β+α)dτ

= CβMβ+αN(1− (β + α))−1(t− t0)
1−(β+α)hβ

≤ CβMβ+αN(1− (β + α))−1(t1 − t0)
1−(β+α)hβ

❉❡ss❛ ❢♦r♠❛✱ ❞❡✜♥✐♥❞♦

M2 = CβMβ+αN(1− (β + α))−1(t1 − t0)
1−(β+α),



✼✸

♦❜t❡♠♦s
∫ t

t0

‖(T (h)− I)AαT (t− τ)f(τ, A−αy(τ))‖dτ ≤M2h
β. ✭✶✳✾✺✮

P♦r ✜♠✱ ❝♦♥s✐❞❡r❛♥❞♦

J̃ =

∫ t+h

t

‖AαT (t+ h− τ)f(τ, A−αy(τ))‖dτ,

✉s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ❡♠ ✭✶✳✾✵✮ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✻✱ ♦❜t❡♠♦s

J̃ ≤
∫ t+h

t

‖AαT (t+ h− τ)‖‖f(τ, A−αy(τ))‖dτ

≤
∫ t+h

t

Mα(t+ h− τ)−αNdτ

= MαN

∫ t+h

t

(t+ h− τ)−αdτ

= MαN(1− α)−1h1−α.

❉❡s❞❡ q✉❡ 0 < h < 1 ❡ β < 1− α✱ t❡♠♦s h1−α ≤ hβ✳ ❉❡✜♥❛

M3 =MαN(1− α)−1.

◆❡st❛s ❝♦♥❞✐çõ❡s✱

∫ t+h

t

‖AαT (t+ h− τ)f(τ, A−αy(τ))‖dτ ≤M3h
β. ✭✶✳✾✻✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✾✷✮✱ ✭✶✳✾✹✮✱ ✭✶✳✾✺✮ ❡ ✭✶✳✾✻✮✱

‖y(t+ h)− y(t)‖ ≤ (M1 +M2 +M3)h
β,

♦✉ s❡❥❛✱

‖y(s)− y(t)‖ ≤ K|s− t|β, ✭✶✳✾✼✮

♦♥❞❡ K =M1 +M2 +M3 ❡ 0 < β < 1✳ ❆ss✐♠✱ ❞❡ ✭✶✳✾✶✮ ❡ ✭✶✳✾✼✮✱

‖f̃(s)− f̃(t)‖ ≤ L(|s− t|ϑ +K|s− t|β).

❈♦♥s✐❞❡r❛♥❞♦ γ = min{ϑ, β}✱ ♦❜t❡♠♦s

‖f̃(s)− f̃(t)‖ ≤ L̃|s− t|γ,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ L̃ > 0✳ ▲♦❣♦✱ f̃ é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❡♠ (t0, t1]✳



✼✹

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✶✵✱ ♦ ♣r♦❜❧❡♠❛ ✭P✹✮ t❡♠ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❝❧áss✐❝❛✱

✐st♦ é✱ ❡①✐st❡ u ∈ C((t0, t1];D(A)) ∩ C1((t0, t1);X) t❛❧ q✉❡

u(t) ∈ D(A), ∀t ∈ (t0, t1]

❡ u ✈❡r✐✜❝❛ ♦ ♣r♦❜❧❡♠❛ ✭P✹✮✳ ❆❧é♠ ❞✐ss♦✱ u é ❞❛❞❛ ♣♦r

u(t) = T (t− t0)u0 +

∫ t

t0

T (t− τ)f(τ, A−αy(τ))dτ. ✭✶✳✾✽✮

❙❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✽✱ ❛ ✐♠❡rsã♦ D(A) →֒ D(Aα) é ❝♦♥t✐♥✉❛✳ ❆ss✐♠✱ ❝♦♠♦ u(t) ∈
D(A)✱ t❡♠♦s u(t) ∈ D(Aα)✳ ❊♥tã♦✱

Aαu(t) = Aα

(

T (t− t0)u0 +

∫ t

t0

T (t− τ)f(τ, A−αy(τ))dτ

)

= AαT (t− t0)u0 + Aα

(∫ t

t0

T (t− τ)f(τ, A−αy(τ))dτ

)

. ✭✶✳✾✾✮

❆❞❡♠❛✐s✱ T (t − τ)f(τ, A−αy(τ)) ∈ D(Aα)✱ ♣♦✐s T (t − τ)f(τ, A−αy(τ)) ∈ D(A) ❡

D(A) →֒ D(Aα)✳ ❖❜s❡r✈❡ q✉❡ ❛ ❢✉♥çã♦ ς : [t0, t] → Xα ❞❛❞❛ ♣♦r

ς(τ) = T (t− τ)f(τ, A−αy(τ))

é ❝♦♥tí♥✉❛ ❡ q✉❡ ♦ ♦♣❡r❛❞♦r Aα : Xα → X é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦✳ ❆ss✐♠✱ ❛ ✐♥t❡❣r❛❧
∫ t

t0

T (t− τ)f(τ, A−αy(τ))dτ

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❉✳✸✱

Aα

(∫ t

t0

T (t− τ)f(τ, A−αy(τ))dτ

)

=

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ.

◆❡st❛s ❝♦♥❞✐çõ❡s✱

Aαu(t) = AαT (t− t0)u0 +

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ

= T (t− t0)A
αu0 +

∫ t

t0

AαT (t− τ)f(τ, A−αy(τ))dτ

= y(t). ✭✶✳✶✵✵✮

P♦r ❝♦♥s❡❣✉✐♥t❡✱ u(t) = A−αy(t) ❡✱ ♣♦rt❛♥t♦✱

u(t) = T (t− t0)u0 +

∫ t

t0

T (t− τ)f(τ, u(τ))dτ

é ❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞❡ ✭P✸✮✳ ❆ ✉♥✐❝✐❞❛❞❡ ❞❡st❛ s♦❧✉çã♦ s❡❣✉❡ ❞❡ ✭✶✳✽✾✮ ❡ ✭✶✳✾✽✮✳

◆♦ q✉❡ s❡❣✉❡✱ Tmax s❡rá ♦ ♥ú♠❡r♦ r❡❛❧ t❛❧ q✉❡ [0, Tmax) é ♦ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ ❞❡

❞❡✜♥✐çã♦ ❞❛ s♦❧✉çã♦ u(t) ❞❡ ✭P✸✮ ❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✵✳



✼✺

❚❡♦r❡♠❛ ✶✳✶✶ ❙❡❥❛ A é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❝♦♠ 0 ∈ ρ(A)✳ ❙❡ f : [t0,+∞)×Xα →
X s❛t✐s❢❛③ ❛ ❈♦♥❞✐çã♦ (F ) ❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ k : [t0,+∞) → R t❛❧ q✉❡

‖f(t, u)‖ ≤ k(t)(1 + ‖u‖α), ∀t ≥ t0, u ∈ Xα. ✭✶✳✶✵✶✮

❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ u0 ∈ Xα✱ ♦ ♣r♦❜❧❡♠❛ ✭P✸✮ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❣❧♦❜❛❧✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛

u(t) = T (t− t0)u0 +

∫ t

t0

T (t− τ)f(τ, u(τ))dτ

❛ s♦❧✉çã♦ ❞❡ ✭P✸✮ ❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✵✳ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ Tmax < +∞✳

◆♦t❡ q✉❡

Aαu(t) = Aα

(

T (t− t0)u0 +

∫ t

t0

T (t− τ)f(τ, u(τ))dτ

)

= T (t− t0)A
αu0 +

∫ t

t0

AαT (t− τ)f(τ, u(τ))dτ.

❊♥tã♦✱ ❢❛③❡♥❞♦ ♦ ✉s♦ ❞♦ ▲❡♠❛ ✶✳✶✵ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✻ ❡ ✭✶✳✶✵✶✮✱ ♦❜t❡♠♦s

‖u(t)‖α ≤ ‖T (t− t0)A
αu0‖+

∫ t

t0

‖AαT (t− τ)f(τ, u(τ))‖dτ

≤ C‖Aαu0‖+Mα

∫ t

t0

(t− τ)−α‖f(τ, u(τ))‖dτ

≤ C‖Aαu0‖+Mα

∫ t

t0

(t− τ)−αk(τ)(1 + ‖u(τ)‖α)dτ

≤ C‖Aαu0‖+Mαk(Tmax)

∫ t

t0

(t− τ)−αdτ

+ Mαk(Tmax)

∫ t

t0

(t− τ)−α‖u(τ)‖αdτ. ✭✶✳✶✵✷✮

❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ r = t− τ ✱

∫ t

t0

(t− τ)−αdτ =

∫ t−t0

0

r−αdr ≤
∫ Tmax

0

r−αdr =
1

1− α
T 1−α
max ✭✶✳✶✵✸✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✶✵✷✮ ❡ ✭✶✳✶✵✸✮✱ t❡♠♦s

‖u(t)‖α ≤ c1 + c2

∫ t

t0

(t− τ)−α‖u(τ)‖αdτ,

♦♥❞❡

c1 = C‖Aαu0‖+Mαk(Tmax)
1

1− α
T 1−α
max ❡ c2 =Mαk(Tmax).



✼✻

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❆✳✷✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C̃ > 0 t❛❧ q✉❡

‖u(t)‖α ≤ C̃, ∀τ ∈ [t0, Tmax).

❯♠ ❛❜s✉r❞♦ ♣♦✐s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ P❛③② ❬✷✾✱ ❚❡♦r❡♠❛ ✶✳✹✱ ♣❣✳ ✶✽✺❪✱ s❡ Tmax < +∞✱

❡♥tã♦

lim
t→Tmax

‖u(t)‖α = +∞.

▲♦❣♦✱ Tmax = +∞✳

✶✳✻ ❉❡♣❡♥❞ê♥❝✐❛ ❝♦♥tí♥✉❛ ❞❛ s♦❧✉çã♦ ❝♦♠ r❡❧❛çã♦ ❛♦s

❞❛❞♦s ✐♥✐❝✐❛✐s

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ✉♠ r❡s✉❧t❛❞♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞❡ ❡st✉❞♦s q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♣♦st❡r✐♦r♠❡♥t❡✳

❚❡♦r❡♠❛ ✶✳✶✷ ❙❡❥❛♠ q✉❡ A ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧ ❡ f : U → X✱ ♦♥❞❡ U ⊂ [0,+∞)×
Xα é ✉♠ ❛❜❡rt♦✱ ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ (F )✳ ❈♦♥s✐❞❡r❡ u0 ∈ Xα ❡

s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ Xα t❛❧ q✉❡

un → u0 ❡♠ Xα,

❝♦♠ (t0, un) ∈ U ✳ ❙❡❥❛ φn(t) ❛ s♦❧✉çã♦ ♠❛①✐♠❛❧ ❞❡







dφn

dt
+ Aφn = f(t, φn(t)), t > t0,

φn(t0) = un,

❞❡✜♥✐❞❛ ❡♠ (t0,+∞)✳ ❊♥tã♦✱

‖φn(t)− φ0(t)‖α → 0

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ ❝❛❞❛ s✉❜✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ ❞❡ [t0, t0+T0)✱ ♦♥❞❡ T0 é ♦ ♥ú♠❡r♦ r❡❛❧

t❛❧ q✉❡ [t0, t0 + T0) é ♦ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ ❞❡ ❞❡✜♥✐çã♦ ❞❛ s♦❧✉çã♦ φ0(t) ❞❛ ❡q✉❛çã♦







dφ0

dt
+ Aφ0 = f(t, φ0(t)), t > t0,

φ0(t0) = u0.

❉❡♠♦♥str❛çã♦✿ ❊s❝♦❧❤❛ t1 ∈ [t0, t0 + T0) ❛r❜✐trár✐♦ ❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

K = {φ0(t); t ∈ [t0, t1]}.



✼✼

❖❜s❡r✈❡ q✉❡ K é ❝♦♠♣❛❝t♦ ♣♦✐s é ❛ ✐♠❛❣❡♠ ❞♦ ❝♦♠♣❛❝t♦ [t0, t1] ♣❡❧❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛

φ0✳ ◆♦t❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ φ0(t) ❞❡ K✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s Lt > 0 ❡ δt > 0 t❛✐s

q✉❡

‖f(t, x1)− f(t, x2)‖X ≤ Lt‖x1 − x2‖α,

s❡♠♣r❡ q✉❡

x1, x2 ∈ B(φ0(t), δt),

♦♥❞❡

B(φ0(t), δt) = {x ∈ Xα; ‖x− φ0(t)‖α < δt}.

❙❡♥❞♦ {B(φ0(t), δt)}t∈[t0,t1] ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ♣❛r❛ K s❡❣✉❡ ❞❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ K

q✉❡

K ⊂ B(φ0(s1), δ1) ∪ B(φ0(s2), δ2) ∪ · · · ∪B(φ0(sj), δj).

❈♦♥s✐❞❡r❛♥❞♦ δ = min{δ1, δ2, . . . , δj}✱ ♦❜t❡♠♦s ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Vδ ❞❡ K ♦♥❞❡

‖f(t, x1)− f(t, x2)‖X ≤ L‖x1 − x2‖, ♣❛r❛ x1, x2 ∈ Vδ ❡ t ∈ [t0, t1],

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ L > 0✳ ❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡

‖φn(t)− φ0(t)‖α ≤ ‖e−At(un − u0)‖α
+

∫ t

0

‖e−A(t−s)(f(t, φn(s))− f(t, φ0(s)))‖αds

≤ ‖Aαe−At(un − u0)‖X
+

∫ t

0

‖Aαe−A(t−s)(f(t, φn(s))− f(t, φ0(s)))‖Xds. ✭✶✳✶✵✹✮

❆♣❧✐❝❛♥❞♦ ♦s ❚❡♦r❡♠❛s ✶✳✻ ❡ ❉✳✺✱ ♦❜t❡♠♦s

‖e−At(un − u0)‖α = ‖e−AtAα(un − u0)‖X
≤ Meβt‖Aα(un − u0)‖X
≤ Meβt1‖un − u0‖α, ✭✶✳✶✵✺✮

♦♥❞❡ M ≥ 1 ❡ β ≥ 0 sã♦ ❝♦♥st❛♥t❡s✳ ❉❡✜♥❛

R = ‖Aαe−A(t−s)(f(t, φn(s))− f(t, φ0(s)))‖X .

❙❡

φn(t) ∈ Vδ, ∀t ∈ [t0, t1],



✼✽

❡♥tã♦ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✻

R ≤ ‖Aαe−A(t−s)‖‖f(t, φn(s))− f(t, φ0(s))‖X
≤ Mα(t− s)−α‖f(t, φn(s))− f(t, φ0(s))‖X
≤ MαL(t− s)−α‖φn(s)− φ0(s)‖α, ✭✶✳✶✵✻✮

♦♥❞❡ Mα > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❉❡ ✭✶✳✶✵✹✮✱ ✭✶✳✶✵✺✮ ❡ ✭✶✳✶✵✻✮✱

‖φn(t)− φ0(t)‖α ≤Meβt1‖un − u0‖α +MαL

∫ t

0

(t− s)−α‖φn(s)− φ0(s)‖αds.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❆✳✷✱ ♦❜t❡♠♦s

‖φn(t)− φ0(t)‖α ≤ cMeβt1‖un − u0‖α, ∀t ∈ [t0, t1],

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c > 0✳ P♦r ❤✐♣ót❡s❡✱

un → u ❡♠ Xα.

❊♥tã♦✱

‖φn(t)− φ0(t)‖α → 0

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [t0, t1]✳

❆✜r♠❛çã♦ ✶✳✶✷✳✶ ❊①✐st❡ n0 ∈ N t❛❧ q✉❡

φn(t) ∈ Vδ, n ≥ n0, ∀t ∈ [t0, t1].

❈♦♠ ❡❢❡✐t♦✱ ✜①❡ 0 < δ0 < δ t❛❧ q✉❡

dist(x,K) < δ0 ⇒ x /∈ ∂Vδ.

P♦r ❤✐♣ót❡s❡✱

un → u0, ❡♠ Xα.

❆ss✐♠✱ ✉♠❛ ✈❡③ q✉❡ u0 ∈ K✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

un ∈ intVδ, ∀n ≥ n0.

❆❣♦r❛ s✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ sn ∈ [0, t1] t❛❧ q✉❡

φn(sn) /∈ Vδ.



✼✾

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❆❧❢â♥❞❡❣❛✶✷✱ ❡①✐st❡ tn ∈ [0, sn] s❛t✐s❢❛③❡♥❞♦

φn(s) ∈ Vδ, ∀s ∈ [0, tn]

❡ φn(tn) ∈ ∂Vδ✱ ♦♥❞❡

tn = inf{r;φn(r) ∈ ∂Vδ}.

❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛❝✐♠❛✱ t❡♠♦s

‖φn(tn)− φ0(tn)‖α ≤ cMeβtn‖un − u0‖α ≤ cMeβt1‖un − u0‖α. ✭✶✳✶✵✼✮

▼❛✐s ✉♠❛ ✈❡③✱ r❡❝♦r❞❛♥❞♦ q✉❡

un → u ❡♠ Xα,

❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

‖un − u0‖α <
δ0

cMeβt1
, ∀n ≥ n0. ✭✶✳✶✵✽✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✶✵✼✮ ❡ ✭✶✳✶✵✽✮✱ ✜❝❛♠♦s ❝♦♠

dist(φn(tn), K) ≤ ‖φn(tn)− φ0(tn)‖α < δ0.

◆❡st❛s ❝♦♥❞✐çõ❡s✱ φn(tn) /∈ ∂Vδ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡s❝♦❧❤❛ ❢❡✐t❛ ♣❛r❛ δ0✳ ❯♠ ❛❜s✉r❞♦✳

▲♦❣♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳

✶✷P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ▲✐♠❛ ❬✷✹❪



❈❛♣ít✉❧♦ ✷

▲✐♠✐t❛çã♦ ❞❡ s♦❧✉çõ❡s ❣❧♦❜❛✐s ♣❛r❛

✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s

♥ã♦ ❧♦❝❛✐s

◆♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s s♦❧✉çõ❡s ❞❛

s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s


















ut −∆u = g
(∫

Ω
F (u)dx

)

f(u), x ∈ Ω, t > 0,

u = 0, x ∈ ∂Ω, t > 0,

u(0) = u0 ∈ C2(Ω).

✭P✺✮

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡ ❡♠ R
N ❡ ❛s ❢✉♥çõ❡s f ❡ g s❛t✐s❢❛③❡♠

❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✳

❈❖◆❉■➬➹❖ (f)✿ f : R → R é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❞❡ ❝❧❛ss❡ C1 ❝♦♠

∫ t

−∞

f(s)ds < +∞, ∀t ∈ R

❡

F (t) =

∫ t

−∞

f(s)ds.

❈❖◆❉■➬➹❖ (f1)✿ ❙❡ N = 2✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠ C > 0 ❡ q ∈ (1, 2) t❛✐s q✉❡

|f ′(t)| ≤ Ce|t|
q

, ∀t ∈ R.

❈❖◆❉■➬➹❖ (f2)✿ ❙❡ N > 2✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠ C > 0 ❡ 1 < q < N
N−2

t❛✐s q✉❡

|f ′(t)| ≤ C(|t|q−1 + 1), ∀t ∈ R.

✽✵



✽✶

❈❖◆❉■➬➹❖ (g)✿ ❆ ❢✉♥çã♦ g : (0,+∞) → (0,+∞) é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✳

❈❖◆❉■➬➹❖ (H)✿ ❊①✐st❡♠ ❝♦♥st❛♥t❡s a, b ∈ R ❝♦♠

a ≥ 2, b > 0, ab > 2,

t❛✐s q✉❡

✭❛✮ ❊①✐st❡ ρ > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ t > ρ✱ t❡♠♦s tf(t) ≥ aF (t)✳

✭❜✮ tg(t) ≥ bG(t) ♣❛r❛ t > 0✱ ♦♥❞❡ G′ = g✳

✭❝✮ g(t) = o(G(t)) q✉❛♥❞♦ t→ +∞✳

❆ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ❡st❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s s❡rá ❢❡✐t❛ ❛tr❛✈és ❞♦

✉s♦ ❞❛ t❡♦r✐❛ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ✐r❡♠♦s ✈❡r✐✜❝❛r

q✉❡ ♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ s❡ ❡♥q✉❛❞r❛ ♥❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✶✵✳ ◆❛ s❡❣✉♥❞❛ ♣❛rt❡

❞❡ss❡ ❝❛♣ít✉❧♦✱ ✈❡r❡♠♦s q✉❡ ❛s s♦❧✉çõ❡s ❝❧áss✐❝❛s ❣❧♦❜❛✐s ❛❞♠✐t❡♠ ❝❡rt❛s ❧✐♠✐t❛çõ❡s✳

❊st❡ ❡st✉❞♦ é ♠♦t✐✈❛❞♦ ♣❡❧♦ ❝❛s♦ ❡♠ q✉❡

f(t) = et, g(t) = δt−p, ∀δ, p > 0.

P♦✐s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❬✶✺❪✱ q✉❛♥❞♦ N = 1 t♦❞❛s ❛s s♦❧✉çõ❡s sã♦ ❣❧♦❜❛✐s ❡ ❧✐♠✐t❛❞❛s✳

❯♠❛ ♠♦t✐✈❛çã♦ ❢ís✐❝❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡st❛ ♥❛t✉r❡③❛ é ❛♣r❡s❡♥t❛❞❛

♣♦r ❇❡❜❡r♥❡s✲▲❛❝❡② ❬✹❪✳ P♦ré♠✱ ♦ ♥♦ss♦ ✐♥t❡r❡ss❡ ❡♠ ❡st✉❞❛r ❡st❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s

✈❡✐♦ ❛tr❛✈és ❞❛ ❧❡✐t✉r❛ ❞❡ ❋✐❧❛ ❬✶✺❪✳ ❊st❡ t❡①t♦✱ ♣♦r s✉❛ ✈❡③ ♥♦s r❡♠❡t❡ ❛ ❧❡✐t✉r❛ ❞❡ ❋✐❧❛

❬✶✻❪ ♦ q✉❛❧ ♥♦s ❢♦r♥❡❝❡ té❝♥✐❝❛s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❛❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s✳

❯♠ ❡st✉❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛q✉✐ é ❢❡✐t♦ ❡♠ ❬✹❪ ♣❛r❛ ♦✉tr❛ ❝❧❛ss❡

❞❡ ♣r♦❜❧❡♠❛s ♥ã♦ ❧♦❝❛✐s✳

✷✳✶ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

◆❡st❛ s❡çã♦✱ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ✉s❛r ❛ t❡♦r✐❛ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ♣❛r❛

❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ❧♦❝❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭P✺✮✱ ♦♥❞❡ ❛s ❢✉♥çõ❡s f ❡ g ❝✉♠♣r❡♠

❛s ❝♦♥❞✐çõ❡s ♠❡♥❝✐♦♥❛❞❛s ❛❝✐♠❛✳ ❆♥t❡s ❞❡ ✐♥✐❝✐❛♠♦s ❛ ❜✉s❝❛ ♣♦r s♦❧✉çã♦ ♣❛r❛ ✭P✺✮✱

✈❡❥❛♠♦s ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞❛s✳



✽✷

✷✳✶✳✶ ❆❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞❛s ❈♦♥❞✐çõ❡s (f1)✱ (f2) ❡ (H)

Pr♦♣r✐❡❞❛❞❡ ✷✳✶ ❆ ❈♦♥❞✐çã♦ (f1) ✐♠♣❧✐❝❛ q✉❡

|f ′(t)| ≤ Cβe
β|t|2 , ∀t ∈ R

❡

|f(t)| ≤ C̃βe
β|t|2 , ∀t ∈ R,

♦♥❞❡ Cβ, C̃β > 0 sã♦ ❝♦♥st❛♥t❡s✳

❈♦♠ ❡❢❡✐t♦✱ ♣♦r ❤✐♣ót❡s❡✱

|f ′(t)| ≤ Ce|t|
q

, ∀t ∈ R, ✭✷✳✶✮

♦♥❞❡ C > 0 ❡ q ∈ (1, 2)✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡

e|t|
q

eβ|t|2
→ 0 q✉❛♥❞♦ t→ +∞,

♣❛r❛ β > 0 ❞❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✳ ❊♥tã♦✱ ❞❛❞♦s ε = 1 ❡ β > 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

M =M(1, β) > 0 s❛t✐s❢❛③❡♥❞♦

e|t|
q ≤ eβ|t|

2

, q✉❛♥❞♦ |t| > M.

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ |t| ≤M ✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ ψ : [−M,M ] → R ❞❡✜♥✐❞❛ ♣♦r

ψ(t) =
e|t|

q

eβ|t|2
.

❯♠❛ ✈❡③ q✉❡ ψ é ❝♦♥t✐♥✉❛ ❡ ❡stá ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

cβ > 0 t❛❧ q✉❡

|ψ(t)| ≤ cβ, ∀t ∈ [−M,M ],

♦✉ s❡❥❛✱

e|t|
q ≤ cβe

β|t|2 , ∀t ∈ [−M,M ].

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❝♦♥s✐❞❡r❛♥❞♦ c̃β = max{1, cβ}✱

e|t|
q ≤ c̃βe

β|t|2 , ∀t ∈ R. ✭✷✳✷✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✶✮ ❡ ✭✷✳✷✮✱ ♦❜t❡♠♦s

|f ′(t)| ≤ Cβe
β|t|2 , ∀t ∈ R,

♦♥❞❡ Cβ = Cc̃β > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳



✽✸

❆❣♦r❛✱ ♥♦t❡ q✉❡

f(t) = f(0) +

∫ t

0

f ′(s)ds, ∀t ∈ R.

❊♥tã♦✱

|f(t)| ≤ |f(0)|+
∣

∣

∣

∣

∫ t

0

f ′(s)ds

∣

∣

∣

∣

. ✭✷✳✸✮

❙✉♣♦♥❞♦ q✉❡ t > 0 ❡ ✉s❛♥❞♦ ✭✷✳✶✮✱ t❡♠♦s
∣

∣

∣

∣

∫ t

0

f ′(s)ds

∣

∣

∣

∣

≤
∫ t

0

|f ′(s)|ds ≤ C

∫ t

0

es
q

ds ≤ Cet
q

∫ t

0

ds = Ctet
q

= C|t|e|t|q . ✭✷✳✹✮

❙❡ t < 0✱ ❡♥tã♦
∣

∣

∣

∣

∫ t

0

f ′(s)ds

∣

∣

∣

∣

=

∣

∣

∣

∣

−
∫ 0

t

f ′(s)ds

∣

∣

∣

∣

≤
∫ 0

t

|f ′(s)|ds ≤ C

∫ 0

t

e(−s)qds. ✭✷✳✺✮

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ r = −s✱
∫ 0

t

e(−s)qds =

∫ −t

0

er
q

dr ≤ e(−t)q
∫ −t

0

dr = (−t)e(−t)q = |t|e|t|q . ✭✷✳✻✮

▲♦❣♦✱ ❞❡ ✭✷✳✹✮✱ ✭✷✳✺✮ ❡ ✭✷✳✻✮✱
∣

∣

∣

∣

∫ t

0

f ′(s)ds

∣

∣

∣

∣

≤ C|t|e|t|q , ∀t ∈ R. ✭✷✳✼✮

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡
Cte|t|

q

eβ|t|2
→ 0, |t| → +∞,

♦♥❞❡ β > 0 é ❛r❜✐trár✐♦✳ ❊♥tã♦✱ ❞❛❞♦s ε = 1 ❡ β > 0 ❡①✐st❡ M =M(1, β) > 0 t❛❧ q✉❡

C|t|e|t|q ≤ eβ|t|
2

, s❡ |t| > M.

◗✉❛♥❞♦ |t| ≤M ✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ φ : [−M,M ] → R ❞❡✜♥✐❞❛ ♣♦r

φ(t) =
Cte|t|

q

eβ|t|2
.

❙❡♥❞♦ φ ❝♦♥tí♥✉❛ ❡ [−M,M ] ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Bβ > 0 t❛❧ q✉❡

|φ(t)| ≤ Bβ, ∀t ∈ [−M,M ],

♦✉ s❡❥❛✱

C|t|e|t|q ≤ Bβe
β|t|2 , ∀t ∈ [−M,M ].



✽✹

❈♦♥s✐❞❡r❛♥❞♦ cβ = max{1, Bβ}✱

C|t|e|t|q ≤ cβe
β|t|2 , ∀t ∈ R. ✭✷✳✽✮

❉❡ ✭✷✳✼✮ ❡ ✭✷✳✽✮✱
∣

∣

∣

∣

∫ t

0

f ′(s)ds

∣

∣

∣

∣

≤ cβe
β|t|2 , ∀t ∈ R. ✭✷✳✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❡ q✉❡

1 ≤ eβ|t|
2

, ∀t ∈ R.

❊♥tã♦✱

|f(0)| ≤ |f(0)|eβ|t|2 , ∀t ∈ R. ✭✷✳✶✵✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✸✮✱ ✭✷✳✾✮ ❡ ✭✷✳✶✵✮✱ t❡♠♦s

|f(t)| ≤ |f(0)|eβ|t|2 + cβe
β|t|2

= (|f(0)|+ cβ)e
β|t|2 , ∀t ∈ R.

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cβ = |f(0)|+ cβ > 0 t❛❧ q✉❡

|f ′(t)| ≤ Cβe
β|t|2 , ∀t ∈ R.

Pr♦♣r✐❡❞❛❞❡ ✷✳✷ ❆ ❈♦♥❞✐çã♦ (f2) ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1 > 0 t❛❧ q✉❡

|f(t)| ≤ C1(|t|q + 1), ∀t ∈ R.

❉❡ ❢❛t♦✱ ❞❡s❞❡ q✉❡

f(t) = f(0) +

∫ t

0

f ′(s)ds,

t❡♠♦s

|f(t)| ≤ |f(0)|+
∣

∣

∣

∣

∫ t

0

f ′(s)ds

∣

∣

∣

∣

. ✭✷✳✶✶✮

❙❡ t > 0✱ ❡♥tã♦
∣

∣

∣

∣

∫ t

0

f ′(s)ds

∣

∣

∣

∣

≤
∫ t

0

|f ′(s)|ds ≤ C

∫ t

0

(|s|q−1 + 1)ds

= C

∫ t

0

(sq−1 + 1)ds = C

(

tq

q
+ t

)

= C

( |t|q
q

+ |t|
)

. ✭✷✳✶✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ q✉❛♥❞♦ t < 0✱ t❡♠♦s
∫ t

0

f ′(s)ds = −
∫ 0

t

f ′(s)ds



✽✺

❡ ❛ss✐♠✱
∣

∣

∣

∣

∫ t

0

f ′(s)ds

∣

∣

∣

∣

=

∣

∣

∣

∣

−
∫ 0

t

f ′(s)ds

∣

∣

∣

∣

≤
∫ 0

t

|f ′(s)|ds

≤ C

∫ 0

t

(|s|q−1 + 1)ds = C

∫ 0

t

((−s)q−1 + 1)ds. ✭✷✳✶✸✮

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ r = −s✱ ✜❝❛♠♦s ❝♦♠
∫ 0

t

((−s)q−1 + 1)ds =

∫ −t

0

(rq−1 + 1)dr =

(

(−t)q
q

+ (−t)
)

=

( |t|q
q

+ |t|
)

. ✭✷✳✶✹✮

▲♦❣♦✱ ❞❡ ✭✷✳✶✸✮ ❡ ✭✷✳✶✹✮✱
∣

∣

∣

∣

∫ t

0

f ′(s)ds

∣

∣

∣

∣

≤ C

( |t|q
q

+ |t|
)

. ✭✷✳✶✺✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✶✶✮✱ ✭✷✳✶✷✮ ❡ ✭✷✳✶✺✮✱

|f(t)| ≤ |f(0)|+ C

( |t|q
q

+ |t|
)

, ∀t ∈ R. ✭✷✳✶✻✮

❖❜s❡r✈❡ q✉❡ s❡ |t| ≤ 1✱ ❡♥tã♦

|t|q
q

+ |t| ≤ |t|q
q

+ 1.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

|f(0)|+ C

( |t|q
q

+ |t|
)

≤ |f(0)|+ C
|t|q
q

+ C

❡✱ ♣♦rt❛♥t♦✱

|f(t)| ≤ C̃(|t|q + 1),

♦♥❞❡ C̃ = max{C
q
, C + |f(0)|}✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ |t| > 1✱ ❡♥tã♦ 1/|t| < 1✳ ❉❡ss❛

♠❛♥❡✐r❛✱
|t|q
q

+ |t| = |t|q
(

1

q
+

1

|t|q−1

)

≤ |t|q
(

1

q
+ 1

)

.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

|f(t)| ≤ |f(0)|+ C|t|q
(

1

q
+ 1

)

❡✱ ♣♦rt❛♥t♦✱

|f(t)| ≤ Ĉ(|t|q + 1),

♦♥❞❡

Ĉ = max

{

C

(

1

q
+ 1

)

, |f(0)|
}

.



✽✻

❈♦♥s✐❞❡r❛♥❞♦ C1 = max{Ĉ, C̃}✱ ♦❜t❡♠♦s

|f(t)| ≤ C1(|t|q + 1), ∀t ∈ R,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

Pr♦♣r✐❡❞❛❞❡ ✷✳✸ ❆ Pr♦♣r✐❡❞❛❞❡ 2.2 ❣❛r❛♥t❡ à ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ C2 > 0

t❛❧ q✉❡

|F (t)| ≤ C2(|t|q+1 + 1), ∀t ∈ R.

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡

|F (t)| ≤ |F (t)− F (0)|+ |F (0)|, ∀t ∈ R.

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✶✱ ❡①✐st❡ λt ∈ [0, t] ✭♦✉ λt ∈ [t, 0]✮ t❛❧ q✉❡

F (t)− F (0) = f(λt)t.

❉❡ss❡ ♠♦❞♦✱

|F (t)| ≤ |f(λt)t|+ |F (0)|

≤ C1(|λt|q + 1)|t|+ |F (0)|

≤ C1(|t|q + 1)|t|+ |F (0)|,

♦✉ s❡❥❛✱

|F (t)| ≤ C1(|t|q+1 + |t|) + |F (0)|.

❙✉♣♦♥❞♦ |t| ≤ 1✱ t❡♠♦s

|F (t)| ≤ C1(|t|q+1 + 1) + |F (0)|

= C1|t|q+1 + (C1 + |F (0)|)

≤ C̃1(|t|q+1 + 1),

♦♥❞❡ C̃1 = C1 + |F (0)|✳ ❈❛s♦ |t| > 1✱ t❡♠♦s 1 > 1
|t|

❡ ❛ss✐♠

|F (t)| ≤ |t|q+1

(

1 +
1

|t|q
)

+ |F (0)|

≤ Ĉ1(|t|q+1 + 1),

♦♥❞❡ Ĉ1 = max{2, |F (0)|}✳ ❈♦♥s✐❞❡r❛♥❞♦ C2 = max{Ĉ1, C̃1}✱ ♦❜t❡♠♦s

|F (t)| ≤ C2(|t|q+1 + 1), ∀t ∈ R.
✶P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ▲✐♠❛ ❬✷✸✱ ❚❡♦r❡♠❛ ✼✳✱ ❈❛♣ít✉❧♦ ✽❪✳



✽✼

Pr♦♣r✐❡❞❛❞❡ ✷✳✹ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣r✐❡❞❛❞❡ 2.1✱

|F (t)| ≤ Cβ1(e
β1t

2

+ 1), ∀t ∈ R, β1 > 0,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ Cβ1 > 0✳

❈♦♠ ❡❢❡✐t♦✱ s❛❜❡♠♦s q✉❡

|f(t)| ≤Mβe
βt2 , ∀t ∈ R.

❆❧é♠ ❞✐ss♦✱

|F (t)| ≤ |F (t)− F (0)|+ |F (0)|, ∀t ∈ R.

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ ❡①✐st❡ λt ∈ [0, t] ✭♦✉ λt ∈ [t, 0]✮ t❛❧ q✉❡

F (t)− F (0) = f(λt)t.

❙✉♣♦♥❞♦ q✉❡ t > 0✱ t❡♠♦s

|F (t)| ≤ |f(λt)t|+ |F (0)| = |f(λt)||t|+ |F (0)|

≤ Mβ|t|eβλ
2
t + |F (0)| ≤Mβ|t|eβt

2

+ |F (0)|.

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡

lim
|t|→+∞

|t|
eξt2

= 0,

♦♥❞❡ 0 < ξ < 1✱ ♠♦str❛✲s❡

|t| ≤ Cξe
ξt2 , ∀t ∈ R,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ Cξ > 0✳ ❆ss✐♠✱

|F (t)| ≤Mβ|t|eβt
2

+ |F (0)| ≤MβCξe
ξt2eβt

2

+ |F (0)| =MβCξe
(ξ+β)t2 + |F (0)|.

❉❡✜♥✐♥❞♦ β1 = β + ξ ❡ Mβ1 =MβCξ✱ ♦❜tê♠✲s❡

|F (t)| ≤Mβ1e
β1t

2

+ |F (0)|, ∀t ∈ R,

♦✉ s❡❥❛✱

|F (t)| ≤ Cβ1(e
β1t

2

+ 1), ∀t ∈ R,

♦♥❞❡ Cβ1 = max{Mβ1 , |F (0)|}✳

Pr♦♣r✐❡❞❛❞❡ ✷✳✺ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ δ > 0 t❛❧ q✉❡

G(t) ≥ δtb, ∀t > 0.



✽✽

❈♦♠ ❡❢❡✐t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❈♦♥❞✐çã♦ (H)✱ t❡♠♦s

tg(t) ≥ bG(t), ∀t > 0.

❊♥tã♦✱
g(t)

G(t)
≥ b

t
, ∀t > 0.

❈♦♥s✐❞❡r❛♥❞♦ 0 < ε < t✱ t❡♠♦s

∫ t

ε

b

s
ds ≤

∫ t

ε

g(s)

G(s)
ds,

♦✉ s❡❥❛✱

b(ln|t| − ln|ε|) ≤ ln|G(t)| − ln|G(ε)|.

❉❡ss❛ ♠❛♥❡✐r❛✱

ln

(

tb

εb

)

= b ln

(

t

ε

)

≤ ln

(

G(t)

G(ε)

)

.

❉❡s❞❡ q✉❡ ❛ ❡①♣♦♥❡♥❝✐❛❧ é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✱

tb

εb
≤ G(t)

G(ε)
, ∀t > ε.

❈♦♠♦ ε > 0 é ❛r❜✐trár✐♦✱

G(t) ≥ δtb, ∀t > 0,

♦♥❞❡ δ > 0✳

Pr♦♣r✐❡❞❛❞❡ ✷✳✻ ❆ ❢✉♥çã♦ F é ❝r❡s❝❡♥t❡✳

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ t1, t2 ∈ R ❝♦♠ t1 < t2✳ ❊♥tã♦✱

F (t2)− F (t1) =

∫ t2

−∞

f(s)ds−
∫ t1

−∞

f(s)ds =

∫ t2

t1

f(s)ds > 0,

♣♦✐s f > 0✳ ▲♦❣♦✱ t1 < t2 ✐♠♣❧✐❝❛ F (t1) < F (t2)✳

Pr♦♣r✐❡❞❛❞❡ ✷✳✼ ❉❛❞♦ c ∈ R✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ K > 0 t❛❧ q✉❡

tf(t) ≥ aF (t)−K, ∀t ≥ c.

❉❡ ❢❛t♦✱ ♣❡❧❛ ❈♦♥❞✐çã♦ (H)✱ ❡①✐st❡ ρ > 0 t❛❧ q✉❡

tf(t) ≥ aF (t), ∀t > ρ. ✭✷✳✶✼✮



✽✾

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ φ : [c, ρ] → R ❞❡✜♥✐❞❛ ♣♦r

φ(t) = tf(t)− aF (t).

❖❜s❡r✈❡ q✉❡ φ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❝♦♠♣❛❝t♦✳ ❊♥tã♦✱ ❡①✐st❡ t0 ∈ [c, ρ]

t❛❧ q✉❡

φ(t0) = min
t∈[c,ρ]

φ(t).

❊s❝♦❧❤❡♥❞♦ α > 0 t❛❧ q✉❡

φ(t) ≥ φ(t0) > −α, ∀t ∈ [c, ρ],

t❡♠♦s

tf(t)− aF (t) > −α, ∀t ∈ [c, ρ].

❆ss✐♠✱

tf(t) > aF (t)− α, ∀t ∈ [c, ρ]. ✭✷✳✶✽✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✶✼✮ ❡ ✭✷✳✶✽✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

tf(t) ≥ aF (t)−K, ∀t ≥ c,

♦♥❞❡ K > 0✳

Pr♦♣r✐❡❞❛❞❡ ✷✳✽ ❉❛❞♦ c ∈ R✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s γ, σ > 0 t❛✐s q✉❡

F (t) ≥ γ|t|a − σ, ∀t ≥ c.

❈♦♠ ❡❢❡✐t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❈♦♥❞✐çã♦ (H)✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ρ > 0 t❛❧ q✉❡

tf(t) ≥ aF (t), ∀t > ρ.

♦✉ s❡❥❛✱
f(t)

F (t)
≥ a

t
, ∀t > ρ.

■♥t❡❣r❛♥❞♦ s♦❜r❡ ♦ ✐♥t❡r✈❛❧♦ (ρ, t)✱ t❡♠♦s

∫ t

ρ

a

s
ds ≤

∫ t

ρ

f(s)

F (s)
ds,

♦✉ s❡❥❛✱

a(ln|t| − ln|ρ|) ≤ ln|F (t)| − ln|F (ρ)|.



✾✵

❆ss✐♠✱

ln

( |t|a
ρa

)

= a ln

( |t|
ρ

)

≤ ln

(

F (t)

F (ρ)

)

.

❈♦♠♦ ❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ é ❝r❡s❝❡♥t❡✱

|t|a
ρa

≤ F (t)

F (ρ)
, ∀t > ρ.

❉❡ss❡ ♠♦❞♦✱

F (t) ≥ γ|t|a, ∀t > ρ, ✭✷✳✶✾✮

♦♥❞❡ γ = F (ρ)/ρa > 0✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ c ∈ R✳ ❙❡ c ≥ ρ✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ ❈❛s♦

❝♦♥trár✐♦✱ ❞❡✜♥❛ ❛ ❢✉♥çã♦ φ : [c, ρ] → R ♣♦r

φ(t) = F (t)− γ|t|a.

❯♠❛ ✈❡③ q✉❡ φ é ❝♦♥tí♥✉❛ ❡ [c, ρ] é ❝♦♠♣❛❝t♦✱ ❡①✐st❡ t0 ∈ [c, ρ] t❛❧ q✉❡

φ(t0) = min
t∈[c,ρ]

φ(t).

❊s❝♦❧❤❡♥❞♦ σ > 0 ❞❡ ♠♦❞♦ q✉❡

φ(t) ≥ φ(t0) > −σ, ∀t ∈ [c, ρ],

♦❜t❡♠♦s

F (t) ≥ γ|t|a − σ, ∀t ∈ [c, ρ]. ✭✷✳✷✵✮

❆ss✐♠✱ ❝♦♠❜✐♥❛♥❞♦ ✭✷✳✶✾✮ ❡ ✭✷✳✷✵✮✱ ♦❜t❡♠♦s

F (t) ≥ γ|t|a − σ, ∀t ≥ c.

✷✳✶✳✷ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❧♦❝❛❧

◆❡st❡ ♠♦♠❡♥t♦✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭P✺✮✳ ■ss♦

s❡rá ❢❡✐t♦ ❛tr❛✈és ❞♦ ✉s♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✵✳ ▼❛s ❛♥t❡s✱ ❢❛r❡♠♦s ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ ✭P✺✮ ♣♦❞❡ s❡r ❝♦♥✈❡rt✐❞♦ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛r❛ ❛

❡q✉❛çã♦ ❞❡ ❡✈♦❧✉çã♦ ❛❜str❛t❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠






du

dt
+ Au = g

(∫

Ω
F (u)dx

)

f(u), t > 0,

u(0) = u0,
✭P✻✮

♦♥❞❡X = L2(Ω) ❡ A : D(A) → X é ❞❛❞♦ ♣♦r Au = −∆u✱ ♦♥❞❡D(A) = H2(Ω)∩H1
0 (Ω)✳



✾✶

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ q✉❡ ❢♦✐ ❡st✉❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❝♦♥❝❧✉í♠♦s q✉❡ A é ✉♠

♦♣❡r❛❞♦r s❡t♦r✐❛❧✳ ❆❧é♠ ❞✐ss♦✱ ✈❡r❡♠♦s q✉❡ 0 ∈ ρ(A)✳ ■ss♦ s❡rá ❝♦♥t❡ú❞♦ ❞♦ s❡❣✉✐♥t❡

❧❡♠❛✳

▲❡♠❛ ✷✳✶ 0 ∈ ρ(A)✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ✐ss♦✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ A−1 : L2(Ω) → H2(Ω) ∩ H1
0 (Ω)

❡①✐st❡✱ é ❧✐♥❡❛r ❡ ❧✐♠✐t❛❞♦✳ ❖❜s❡r✈❡ q✉❡ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ A−1 é ❡q✉✐✈❛❧❡♥t❡ ❛

♠♦str❛r q✉❡ ❞❛❞♦ ✉♠❛ ❢✉♥çã♦ h ∈ L2(Ω) ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ u ∈ H1
0 (Ω) ∩H2(Ω)

q✉❡ s❛t✐s❢❛③ ♦ ♣r♦❜❧❡♠❛






−∆u = h, ❡♠ Ω,

u = 0, ❡♠ ∂Ω.
✭✷✳✷✶✮

❖r❛✱ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ✭✷✳✷✶✮ é ✉♠❛ ❢✉♥çã♦ u ∈ H1
0 (Ω) t❛❧ q✉❡

∫

Ω

∇u∇vdx =

∫

Ω

hvdx, ∀v ∈ H1
0 (Ω).

❉❡✜♥✐♥❞♦ J : H1
0 (Ω) → R ♣♦r

J(v) =

∫

Ω

hvdx

♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ J é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦✳ ❊♥tã♦✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❘✐❡s③✲

❋ré❝❤❡t ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❆✳✻✮ ♥♦s ❛ss❡❣✉r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ú♥✐❝♦ u0 ∈ H1
0 (Ω) t❛❧

q✉❡

J(v) = 〈v, u0〉H1
0 (Ω), ∀v ∈ H1

0 (Ω).

❘❡❝♦r❞❛♥❞♦ q✉❡

〈u, v〉H1
0 (Ω) =

∫

Ω

∇u∇vdx,

♦❜t❡♠♦s
∫

Ω

hvdx =

∫

Ω

∇u0∇vdx, ∀v ∈ H1
0 (Ω).

▲♦❣♦✱ u0 ∈ H1
0 (Ω) é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭✷✳✷✶✮✳

❚❡♦r❡♠❛ ✷✳✶ ✷ ❙❡❥❛ Ω ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ ❝❧❛ss❡ C2 ❝♦♠ ∂Ω ❧✐♠✐t❛❞❛✳ ❙❡ h ∈
L2(Ω) ❡ u ∈ H1

0 (Ω) s❛t✐s❢❛③❡♠

∫

Ω

∇u∇vdx =

∫

Ω

hvdx, ∀v ∈ H1
0 (Ω).

✷P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❡st❡ r❡s✉❧t❛❞♦✱ ✈❡❥❛ ❇ré③✐s ❬✼❪✳



✾✷

❊♥tã♦✱ u ∈ H2(Ω) ❡

‖u‖H2(Ω) ≤ C‖h‖L2(Ω),

♦♥❞❡ C > 0 é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ Ω✳

❉❡ ❛❝♦r❞♦ ♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛✱ u0 ∈ H2(Ω)✳ ❊♥tã♦✱ ❞❛❞♦ h ∈ L2(Ω)✱ ❡①✐st❡ ✉♠

ú♥✐❝♦ u ∈ H1
0 (Ω) ∩H2(Ω) t❛❧ q✉❡







−∆u = h, ❡♠ Ω,

u = 0, ❡♠ ∂Ω.

▲♦❣♦✱ ♦ ♦♣❡r❛❞♦r A ❛❞♠✐t❡ ✐♥✈❡rs♦ ❝♦♠

A−1h = u⇔







−∆u = h, ❡♠ Ω,

u = 0, ❡♠ ∂Ω.

❆✜r♠❛çã♦ ✷✳✶✳✶ A−1 é ❧✐♥❡❛r✳

❉❡ ❢❛t♦✱ s❡❥❛♠ h1, h2 ∈ L2(Ω)✱ ❡♥tã♦ ❡①✐st❡♠ ú♥✐❝♦s u1, u2 ∈ H1
0 (Ω) ∩H2(Ω) t❛✐s q✉❡







−∆u1 = h1, ❡♠ Ω,

u1 = 0, ❡♠ ∂Ω

❡






−∆u2 = h2, ❡♠ Ω,

u2 = 0, ❡♠ ∂Ω.

❈♦♥s✐❞❡r❛♥❞♦ λ, ξ ∈ R✱ t❡♠♦s






−∆(λu1) = λh1, ❡♠ Ω,

λu1 = 0, ❡♠ ∂Ω

❡






−∆(ξu2) = ξh2, ❡♠ Ω,

ξu2 = 0, ❡♠ ∂Ω.

❉❡ss❛ ♠❛♥❡✐r❛✱






−∆(λu1 + ξu2) = λh1 + ξh2, ❡♠ Ω,

λu1 + ξu2 = 0, ❡♠ ∂Ω.

P♦rt❛♥t♦✱

A−1(λh1 + ξh2) = λu1 + ξu2 = λA−1h1 + ξA−1h2,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳



✾✸

❆✜r♠❛çã♦ ✷✳✶✳✷ A−1 é ❧✐♠✐t❛❞♦✳

❉❡ ❢❛t♦✱ s❛❜❡♠♦s q✉❡

‖u‖H2(Ω) ≤ C‖h‖L2(Ω). ✭✷✳✷✷✮

❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❈✳✹✱ ❛ ✐♠❡rsã♦ H1(Ω) →֒ L2(Ω) é ❝♦♥tí♥✉❛✱ ♦✉ s❡❥❛✱

❞❡✈❡ ❡①✐st✐r ✉♠❛ ❝♦♥st❛♥t❡ C1 > 0 s❛t✐s❢❛③❡♥❞♦

‖u‖L2(Ω) ≤ C1‖u‖H1(Ω), ∀u ∈ H1(Ω). ✭✷✳✷✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ❈✳✺✳✶ q✉❡ ❛ ✐♠❡rsã♦ H2(Ω) →֒ H1(Ω) é ❝♦♠♣❛❝t❛✳

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C2 > 0 t❛❧ q✉❡

‖u‖H1(Ω) ≤ C1‖u‖H2(Ω), ∀u ∈ H1(Ω). ✭✷✳✷✹✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✷✷✮✱ ✭✷✳✷✸✮ ❡ ✭✷✳✷✹✮✱ ♦❜t❡♠♦s

‖u‖L2(Ω) ≤ C̃‖h‖L2(Ω),

♦✉ s❡❥❛✱

‖A−1h‖L2(Ω) ≤ C̃‖h‖L2(Ω),

♠♦str❛♥❞♦ q✉❡ A−1 é ❧✐♠✐t❛❞♦✳

P❛r❛ ❞❛r ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦ ❡st✉❞♦✱ ✈❛♠♦s ✜①❛r ✉♠ ❡s♣❛ç♦ Xα ♣❛r❛ q✉❡ ♣♦ss❛♠♦s

❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ✶✳✶✵✳ ❊s❝♦❧❤❡♥❞♦ α = 1
2
❝♦♥❝❧✉í♠♦s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❋✐❣✉❡✐r❡❞♦✲

❋❡❧♠❡r ❬✶✸❪✱ q✉❡

X
1
2 = D(A

1
2 ) = H1

0 (Ω). ✭✷✳✷✺✮

❉❡✐①❛♠♦s ❝❧❛r♦ q✉❡✱ ❞❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ‖·‖ ❞❡♥♦t❛rá ❛ ♥♦r♠❛ ✉s✉❛❧ ❞❡ H1
0 (Ω)✱ ✐st♦ é✱

‖u‖ =

(∫

Ω

|∇u|2dx
) 1

2

.

▲❡♠❛ ✷✳✷ ❆s ♥♦r♠❛s ‖·‖ ❡ ‖·‖ 1
2
❡♠ H1

0 (Ω) sã♦ ✐❣✉❛✐s✱ ♦♥❞❡

‖u‖ 1
2
= ‖A 1

2u‖L2(Ω), ∀u ∈ H1
0 (Ω).

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ✉♠❛ ❜❛s❡ ♥♦r♠❛❧✐③❛❞❛ ❞❡ L2(Ω) ❢♦r♠❛❞❛ ♣♦r ❛✉t♦❢✉♥çõ❡s

(φn) ❞❡






−∆φ = λφ, ❡♠ Ω,

φ = 0, ❡♠ ∂Ω,



✾✹

♦♥❞❡ ♦s ❛✉t♦✈❛❧♦r❡s ❛ss♦❝✐❛❞♦s sã♦ (λn)✳ ❆ss✐♠✱ s❡ u ∈ L2(Ω)✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

u =
+∞
∑

n=1

anφn.

❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ ❞❡ ❬✶✸❪ q✉❡ ♦ ♦♣❡r❛❞♦r A
1
2 ❛❞♠✐t❡ ❛ s❡❣✉✐♥t❡ ❝❛r❛❝t❡r✐③❛çã♦

A
1
2u =

+∞
∑

n=1

λ
1
2
nanφn, ∀u ∈ H1

0 (Ω).

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡

‖A 1
2u‖2L2(Ω) =

〈

+∞
∑

n=1

λ
1
2
nanφn,

+∞
∑

n=1

λ
1
2
nanφn

〉

L2(Ω)

= lim
j→+∞

〈

j
∑

n=1

λ
1
2
nanφn,

j
∑

n=1

λ
1
2
nanφn

〉

L2(Ω)

= lim
j→+∞

j
∑

n=1

λna
2
n〈φn, φn〉L2(Ω)

=
+∞
∑

n=1

λna
2
n. ✭✷✳✷✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ u ∈ H1
0 (Ω)✳ ❊♥tã♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

u =
+∞
∑

n=1

anφn.

❉❡ss❛ ♠❛♥❡✐r❛✱

‖u‖2 =

〈

+∞
∑

n=1

anφn,
+∞
∑

n=1

anφn

〉

H1
0 (Ω)

= lim
j→+∞

〈

j
∑

n=1

anφn,

j
∑

n=1

anφn

〉

H1
0 (Ω)

= lim
j→+∞

j
∑

n=1

a2n〈φn, φn〉H1
0 (Ω)

❙❡♥❞♦
∫

Ω

∇φn∇vdx = λn

∫

Ω

φnvdx, ∀v ∈ H1
0 (Ω),

t❡♠♦s

〈φn, φn〉H1
0 (Ω) = λn〈φn, φn〉L2(Ω) = λn,



✾✺

♦✉ s❡❥❛✱

‖u‖2 =
+∞
∑

n=1

a2nλn. ✭✷✳✷✼✮

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❞❡ ✭✷✳✷✻✮ ❡ ✭✷✳✷✼✮✱

‖u‖ 1
2
= ‖u‖, ∀u ∈ H1

0 (Ω).

❖❜s❡r✈❡ q✉❡✱ ❛ ♠❡♥♦s ❞❛ ❈♦♥❞✐çã♦ (F )✱ ❥á ❝❤❡❝❛♠♦s t♦❞❛s ❛s ❡①✐❣ê♥❝✐❛s ❞♦

❚❡♦r❡♠❛ ✶✳✶✵✳ ◆❡st❡ ♠♦♠❡♥t♦✱ ❡st❛r❡♠♦s ❝♦♥❝❡♥tr❛❞♦s ❡♠ ✈❡r✐✜❝❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦

ϕ : H1
0 (Ω) → X ❞❡✜♥✐❞❛ ♣♦r

ϕ(u) = g

(∫

Ω

F (u)dx

)

f(u), ✭✷✳✷✽✮

s❛t✐s❢❛③ ❛ ❈♦♥❞✐çã♦ (F )✳

▲❡♠❛ ✷✳✸ ❆ ❛♣❧✐❝❛çã♦ ϕ ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✷✽✮ é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ u, v ∈ H1
0 (Ω)✳ ❊♥tã♦✱

|ϕ(u)− ϕ(v)| ≤
∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

f(u)− g

(∫

Ω

F (u)dx

)

f(v)

∣

∣

∣

∣

+

∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

f(v)− g

(∫

Ω

F (v)dx

)

f(v)

∣

∣

∣

∣

≤ g

(∫

Ω

F (u)dx

)

|f(u)− f(v)|

+

∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

− g

(∫

Ω

F (v)dx

)∣

∣

∣

∣

|f(v)|.

❉❡ss❡ ♠♦❞♦✱

|ϕ(u)− ϕ(v)|2 ≤ 4g

(∫

Ω

F (u)dx

)2

|f(u)− f(v)|2

+ 4

∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

− g

(∫

Ω

F (v)dx

)∣

∣

∣

∣

2

|f(v)|2.

■♥t❡❣r❛♥❞♦ s♦❜r❡ Ω✱ ♦❜t❡♠♦s
∫

Ω

|ϕ(u)− ϕ(v)|2dx ≤ 4

∫

Ω

g

(∫

Ω

F (u)dx

)2

|f(u)− f(v)|2dx

+ 4

∫

Ω

∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

− g

(∫

Ω

F (v)dx

)∣

∣

∣

∣

2

|f(v)|2dx

= 4g

(∫

Ω

F (u)dx

)2 ∫

Ω

|f(u)− f(v)|2dx

+ 4

∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

− g

(∫

Ω

F (v)dx

)∣

∣

∣

∣

2 ∫

Ω

|f(v)|2dx.✭✷✳✷✾✮



✾✻

❖❜s❡r✈❡ q✉❡

F (u)− F (v) =

∫ 1

0

d

ds
F (v + s(u− v))ds

=

∫ 1

0

(u− v)f(v + s(u− v))ds

= (u− v)

∫ 1

0

f(v + s(u− v))ds.

❊♥tã♦✱

|F (u)− F (v)| ≤ |u− v|
∫ 1

0

|f(v + s(u− v))|ds. ✭✷✳✸✵✮

❙❡ N = 2✱ s❡❣✉❡ ❞❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✶ q✉❡

|f(t)| ≤ Cβe
β|t|2 , ∀t ∈ R, ✭✷✳✸✶✮

♦♥❞❡ Cβ > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

|v + s(u− v)| = |(1− s)v + su| ≤ |(1− s)v|+ |su|

= (1− s)|v|+ s|u| ≤ |v|+ |u|. ✭✷✳✸✷✮

❝♦♥❝❧✉í♠♦s q✉❡

|v + s(u− v)|2 ≤ (|v|+ |u|)2. ✭✷✳✸✸✮

❉❡ ✭✷✳✸✵✮✱ ✭✷✳✸✶✮ ❡ ✭✷✳✸✸✮✱

|F (u)− F (v)| ≤ |u− v|
∫ 1

0

|f(v + s(u− v))|ds

≤ |u− v|
∫ 1

0

Cβe
β|v+s(u−v)|2ds

≤ |u− v|
∫ 1

0

Cβe
β(|u|+|v|)2ds

= |u− v|Cβe
β(|u|+|v|)2 .

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❇✳✶✮✱
∫

Ω

|F (u)− F (v)|dx ≤ Cβ

∫

Ω

|u− v|eβ(|u|+|v|)2dx

≤ Cβ‖u− v‖L2(Ω)

(∫

Ω

e2β(|u|+|v|)2dx

) 1
2

. ✭✷✳✸✹✮

❙❡❥❛♠ u0 ∈ H1
0 (Ω) ✉♠ ❡❧❡♠❡♥t♦ ❛r❜✐trár✐♦ ❡

V = {u ∈ H1
0 (Ω); ‖u− u0‖ ≤ δ}



✾✼

✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ u0✳ ❙✉♣♦♥❞♦ q✉❡ u, v ∈ V ✱ t❡♠✲s❡

‖|u|+ |v|‖ ≤ ‖u‖+ ‖v‖

≤ ‖u− u0‖+ ‖u0‖+ ‖v − u0‖+ ‖u0‖

< 2(δ + ‖u0‖).

❊♥tã♦✱

∫

Ω

e2β(|u|+|v|)2dx =

∫

Ω

e2β(
|u|+|v|

‖|u|+|v|‖)
2
(‖|u|+|v|‖)2dx ≤

∫

Ω

e2β4(δ+‖u0‖)2( |u|+|v|
‖|u|+|v|‖)

2

dx

≤ sup
‖w‖≤1

∫

Ω

e2β4(δ+‖u0‖)2|w|2dx = sup
‖w‖≤1

∫

Ω

e8β(δ+‖u0‖)2|w|2dx. ✭✷✳✸✺✮

❈♦♥s✐❞❡r❛♥❞♦ β > 0 ❞❡ ♠♦❞♦ q✉❡ 4β(δ + ‖u0‖)2 < π✱ t❡♠♦s

β ∈
(

0,
π

4(δ + ‖u0‖)2
)

.

❆♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❈✳✸✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

sup
‖w‖≤1

∫

Ω

e8β(δ+‖u0‖)2|w|2 ≤ sup
‖w‖≤1

∫

Ω

e2π|w|2 < c|Ω|, ✭✷✳✸✻✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c > 0✳ ❊♥tã♦✱ ❝♦♠❜✐♥❛♥❞♦ ✭✷✳✸✺✮ ❡ ✭✷✳✸✻✮✱

∫

Ω

e2β(|u|+|v|)2dx ≤ C2, ∀u, v ∈ V,

♦✉ s❡❥❛✱
(∫

Ω

e2β(|u|+|v|)2dx

) 1
2

≤ C3, ∀u, v ∈ V. ✭✷✳✸✼✮

♦♥❞❡ C3 = C
1
2
2 ✳ ❆ss✐♠✱ ❝♦♠❜✐♥❛♥❞♦ ✭✷✳✸✹✮ ❡ ✭✷✳✸✼✮✱ ♦❜t❡♠♦s

∫

Ω

|F (u)− F (v)|dx ≤ CβC3‖u− v‖L2(Ω), ∀u, v ∈ V. ✭✷✳✸✽✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❈✳✹✱ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L2(Ω) é ❝♦♥tí♥✉❛✱ ♦✉ s❡❥❛✱ ❡①✐st❡

✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖u‖L2(Ω) ≤ C‖u‖, ∀u ∈ H1
0 (Ω). ✭✷✳✸✾✮

❆ss✐♠✱ ❞❡ ✭✷✳✸✽✮ ❡ ✭✷✳✸✾✮✱

∫

Ω

|F (u)− F (v)|dx ≤ C∗‖u− v‖, ∀u, v ∈ V, ✭✷✳✹✵✮



✾✽

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C∗ > 0✳ ❊s❝♦❧❤❡♥❞♦ δ > 0 ❞❡ ♠♦❞♦ q✉❡

δ ≤ 1

4C∗

∫

Ω

F (u0)dx,

t❡♠♦s

∫

Ω

|F (u)− F (v)|dx ≤ C∗(‖u− u0‖+ ‖u0 − v‖)

≤ C∗
1

2C∗

∫

Ω

F (u0)dx,

♦✉ s❡❥❛✱
∫

Ω

|F (u)− F (v)|dx ≤ 1

2

∫

Ω

F (u0)dx.

❆ss✐♠✱

∫

Ω

F (u0)dx =

∫

Ω

|F (u0)|dx =

∫

Ω

|F (u0)− F (u) + F (u)|dx

≤
∫

Ω

|F (u0)− F (u)|dx+
∫

Ω

|F (u)|dx

≤ 1

2

∫

Ω

F (u0)dx+

∫

Ω

F (u)dx. ✭✷✳✹✶✮

P♦r ❝♦♥s❡❣✉✐♥t❡✱
1

2

∫

Ω

F (u0)dx ≤
∫

Ω

F (u)dx, ∀u ∈ V.

❉❡✜♥✐♥❞♦

r =
1

2

∫

Ω

F (u0)dx > 0,

❝♦♥❝❧✉í♠♦s q✉❡

r ≤
∫

Ω

F (u)dx, ∀u ∈ V. ✭✷✳✹✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ u ∈ V ✱ t❡♠♦s

‖u‖ ≤ δ + ‖u0‖.

❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ ❞❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✹ q✉❡

∫

Ω

F (u)dx ≤
∫

Ω

C2(e
β1|u| + 1)dx ≤ C2

∫

Ω

eβ1|u|dx+ C2|Ω|.

❆♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

C̃2 > 0 t❛❧ q✉❡
∫

Ω

F (u)dx ≤ C̃2C2 + C2|Ω|.



✾✾

❋❛③❡♥❞♦

R = C̃2C2 + C2|Ω|,

♦❜t❡♠♦s
∫

Ω

F (u)dx ≤ R, ∀u ∈ V. ✭✷✳✹✸✮

P♦rt❛♥t♦✱ ❞❡ ✭✷✳✹✷✮ ❡ ✭✷✳✹✸✮✱

r ≤
∫

Ω

F (u)dx ≤ R, ∀u ∈ V, ✭✷✳✹✹✮

♦♥❞❡ r, R > 0 sã♦ ❝♦♥st❛♥t❡s✳ ❯♠❛ ✈❡③ q✉❡ g é ✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡

[r, R] é ✉♠ ❝♦♠♣❛❝t♦ s❡❣✉❡✱ ❞♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✷✱

q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ L > 0 t❛❧ q✉❡

|g(s)− g(t)| ≤ L|s− t|, ∀s, t ∈ [r, R].

❊♠ ♣❛rt✐❝✉❧❛r✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✹✹✮✱
∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

− g

(∫

Ω

F (v)dx

)∣

∣

∣

∣

≤ L

∣

∣

∣

∣

∫

Ω

F (u)dx−
∫

Ω

F (v)dx

∣

∣

∣

∣

, ∀u, v ∈ V,

♦♥❞❡ L > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❆ss✐♠✱ ✉s❛♥❞♦ ✭✷✳✹✵✮✱
∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

− g

(∫

Ω

F (v)dx

)∣

∣

∣

∣

≤ L

∣

∣

∣

∣

∫

Ω

F (u)dx−
∫

Ω

F (v)dx

∣

∣

∣

∣

≤ L

∫

Ω

|F (u)− F (v)|dx

≤ LC∗‖u− v‖, ∀u, v ∈ V

❡✱ ♣♦rt❛♥t♦✱
∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

− g

(∫

Ω

F (v)dx

)∣

∣

∣

∣

2

≤ L1‖u− v‖2, ∀u, v ∈ V, ✭✷✳✹✺✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛t❡ L1 > 0✳ ❆❧é♠ ❞✐ss♦✱
∫

Ω

|f(v)|2dx ≤
∫

Ω

C2
βe

2β|v|2dx

≤ C2
β

∫

Ω

e2β(
|v|
‖v‖)

2
‖v‖2dx.

❙✉♣♦♥❞♦ q✉❡ v ∈ V ✱ t❡♠✲s❡

‖v‖ ≤ ‖v − u0‖+ ‖u0‖

< δ + ‖u0‖.



✶✵✵

❊♥tã♦✱
∫

Ω

|f(v)|2dx ≤ C2
β

∫

Ω

e2β(δ+‖u0‖)2( |v|
‖v‖)

2

.

❊s❝♦❧❤❡♥❞♦ β ❞❡ ♠♦❞♦ q✉❡ β(δ + ‖u0‖)2 < π ❡ ✉s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲

▼♦s❡r✱ ❝♦♥❝❧✉í♠♦s q✉❡
∫

Ω

|f(v)|2dx ≤ C4. ✭✷✳✹✻✮

❙❡♥❞♦ g ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ [r, R] ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

B > 0 t❛❧ q✉❡

g(t) ≤ B, ∀t ∈ [r, R].

❊♠ ♣❛rt✐❝✉❧❛r✱

g

(∫

Ω

F (u)dx

)

≤ B, ∀u ∈ V

♦ q✉❡ ✐♠♣❧✐❝❛

g

(∫

Ω

F (u)dx

)2

≤ B2, ∀u ∈ V. ✭✷✳✹✼✮

❯s❛♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❡♠♣r❡❣❛❞♦ ❡♠ F ✱ t❡♠♦s

f(u)− f(v) = (u− v)

∫ 1

0

f ′(v + s(u− v))ds.

❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✶✱

|f(u)− f(v)| ≤ |u− v|
∫ 1

0

|f ′(v + s(u− v))|ds

≤ |u− v|
∫ 1

0

Cβe
β(v+s(u−v))2ds

≤ |u− v|
∫ 1

0

Cβe
β(|u|+|v|)2ds

= |u− v|Cβe
β(|u|+|v|)2 .

❉❡ss❛ ♠❛♥❡✐r❛✱

|f(u)− f(v)|2 ≤ |u− v|2C2
βe

2β(|u|+|v|)2 . ✭✷✳✹✽✮

❙❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ❈✳✹✱ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L4(Ω) é ❝♦♥tí♥✉❛✳ ❆ss✐♠✱ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ C̃ > 0 t❛❧ q✉❡

‖u‖L4(Ω) ≤ C̃‖u‖, ∀u ∈ H1
0 (Ω). ✭✷✳✹✾✮



✶✵✶

■♥t❡❣r❛♥❞♦ ❛ ❡①♣r❡ssã♦ ❞❛❞❛ ❡♠ ✭✷✳✹✽✮✱ ❛♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❛ ❡st✐✲

♠❛t✐✈❛ ❞❛❞❛ ❡♠ ✭✷✳✹✾✮✱

∫

Ω

|f(u)− f(v)|2dx ≤
∫

Ω

|u− v|2C2
βe

2β(|u|+|v|)2dx

≤
(∫

Ω

|u− v|4dx
) 1

2
(∫

Ω

C4
βe

4β(|u|+|v|)2dx

) 1
2

= C2
β‖u− v‖2L4(Ω)

(∫

Ω

e4β(|u|+|v|)2dx

) 1
2

≤ C1‖u− v‖2
(∫

Ω

e4β(|u|+|v|)2dx

) 1
2

.

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❝♦♠ ♦ ✉s♦ ❞❡ ✭✷✳✸✼✮✱

∫

Ω

|f(u)− f(v)|2dx ≤ C5‖u− v‖2, ∀u, v ∈ V. ✭✷✳✺✵✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✹✺✮✱ ✭✷✳✹✻✮✱ ✭✷✳✹✼✮ ❡ ✭✷✳✺✵✮ ❡♠ ✭✷✳✷✾✮✱

∫

Ω

|ϕ(u)− ϕ(v)|2dx ≤ (B2C5 + L1C4)‖u− v‖2,

♦✉ s❡❥❛✱

‖ϕ(u)− ϕ(v)‖L2(Ω) ≤ L0‖u− v‖, ∀u, v ∈ V,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❙❡ N ≥ 3✱ ❡♥tã♦ ❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✷ ❛✜r♠❛ q✉❡

|f(t)| ≤ C(|t|q + 1), ∀t ∈ R. ✭✷✳✺✶✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✳ ❉❡ ✭✷✳✸✷✮✱

|v + s(u− v)| ≤ |u|+ |v|.

❉❡ss❡ ♠♦❞♦✱

|v + s(u− v)|q ≤ (|v|+ |u|)q

≤ (2max{|v|, |u|})q

= 2q max{|v|, |u|}q

≤ 2q(|v|q + |u|q). ✭✷✳✺✷✮



✶✵✷

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✺✶✮ ❡ ✭✷✳✺✷✮ ❡♠ ✭✷✳✸✵✮✱ ♦❜t❡♠♦s

|F (u)− F (v)| ≤ |u− v|
∫ 1

0

|f(v + s(u− v))|ds

≤ C|u− v|
∫ 1

0

(|v + s(u− v)|q + 1)ds

≤ C|u− v|
∫ 1

0

(2q(|v|2 + |u|q) + 1)ds

= C|u− v|(2q(|v|q + |u|q) + 1).

❆ss✐♠✱ ✐♥t❡❣r❛♥❞♦ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❝♦♠ r❡s♣❡✐t♦ ❛ Ω ❡ ❛♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡

❍ö❧❞❡r✱
∫

Ω

|F (u)− F (v)|dx ≤ C

∫

Ω

|u− v|(2q(|v|q + |u|q) + 1)dx

≤ C‖u− v‖L2(Ω)

(∫

Ω

(2q(|v|q + |u|q) + 1)2dx

) 1
2

. ✭✷✳✺✸✮

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡

(2q(|v|q + |u|q) + 1)2 ≤ c(|v|2q + |u|2q + 1).

♦♥❞❡ c > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❆ss✐♠✱
∫

Ω

(2q(|v|q + |u|q) + 1)2dx ≤ c

∫

Ω

(|v|2q + |u|2q + 1)dx

= c(‖v‖2q
L2q(Ω) + ‖u‖2q

L2q(Ω) + |Ω|)

❡✱ ♣♦rt❛♥t♦✱
(∫

Ω

(2q(|v|q + |u|q) + 1)2dx

) 1
2

≤
(

c(‖v‖2q
L2q(Ω) + ‖u‖2q

L2q(Ω) + |Ω|)
) 1

2

≤ c1(‖v‖qL2q(Ω) + ‖u‖q
L2q(Ω) + |Ω| 12 ) ✭✷✳✺✹✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❈✳✹✱ ❛ ✐♠❡rsã♦

H1(Ω) →֒ Lp(Ω), 1 ≤ p ≤ 2N

N − 2

é ❝♦♥tí♥✉❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ❤✐♣ót❡s❡✱ q ∈ (1, N
N−2

)✳ ❊♥tã♦✱

2q ≤ 2N

N − 2
.

❆ss✐♠✱ ❛ ✐♠❡rsã♦ H1(Ω) →֒ L2q(Ω) é ❝♦♥tí♥✉❛✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C̃ > 0 t❛❧

q✉❡

‖u‖L2q(Ω) ≤ C̃‖u‖H1(Ω), ∀u ∈ H1(Ω).



✶✵✸

❊♠ ♣❛rt✐❝✉❧❛r

‖u‖L2q(Ω) ≤ C1‖u‖, ∀u ∈ H1
0 (Ω), ✭✷✳✺✺✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C1 > 0✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ ❝♦♠♦ ❛ ✐♠❡rsã♦ H1(Ω) →֒ L2(Ω) é

❝♦♥tí♥✉❛✱

‖u‖L2(Ω) ≤ C2‖u‖, ∀u ∈ H1
0 (Ω) ✭✷✳✺✻✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C2 > 0✳ ❈♦♠❜✐♥❛♥❞♦ ✭✷✳✺✸✮✱ ✭✷✳✺✹✮✱ ✭✷✳✺✻✮ ❡ ✭✷✳✺✺✮✱
∫

Ω

|F (u)− F (v)|dx ≤ c1C‖u− v‖L2(Ω)(‖v‖qL2q(Ω) + ‖u‖q
L2q(Ω) + |Ω| 12 )

≤ c3‖u− v‖(c4‖v‖q + c4‖u‖q + |Ω| 12 ).

❉❡ss❡ ♠♦❞♦✱ s❡ u, v ∈ V ✱ ❡♥tã♦
∫

Ω

|F (u)− F (v)|dx ≤ C3‖u− v‖,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C3 > 0✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❛♥t❡r✐♦r✲

♠❡♥t❡✱ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❝♦♥st❛♥t❡ L > 0 t❛❧ q✉❡
∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

− g

(∫

Ω

F (v)dx

)∣

∣

∣

∣

≤ L

∣

∣

∣

∣

∫

Ω

F (u)dx−
∫

Ω

F (v)dx

∣

∣

∣

∣

≤ L

∫

Ω

|F (u)− F (v)|dx

≤ LC3‖u− v‖, ∀u, v ∈ V

❡✱ ♣♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C4 > 0 t❛❧ q✉❡
∣

∣

∣

∣

g

(∫

Ω

F (u)dx

)

− g

(∫

Ω

F (v)dx

)∣

∣

∣

∣

2

≤ C4‖u− v‖2, ∀u, v ∈ V. ✭✷✳✺✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱
∫

Ω

|f(v)|2dx ≤
∫

Ω

(|v|q + 1)2dx

≤ 4

∫

Ω

(|v|2q + 1)dx

= 4(‖v‖2q
L2q(Ω) + |Ω|)

≤ 4(C1‖v‖2q + |Ω|)

≤ C5, ∀v ∈ V. ✭✷✳✺✽✮

❯s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♣❛r❛ ♣r♦✈❛r ✭✷✳✹✼✮✱ ✈❡r✐✜❝❛✲s❡ q✉❡

g

(∫

Ω

F (u)dx

)2

≤ B2, ✭✷✳✺✾✮



✶✵✹

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ B > 0✳ ❆❧é♠ ❞✐ss♦✱ ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛

F ✱ ♠♦str❛✲s❡ ❛tr❛✈és ❞❛ ❈♦♥❞✐çã♦ (f2) q✉❡
∫

Ω

|f(u)− f(v)|2dx ≤ C6‖u− v‖2, ∀u, v ∈ V. ✭✷✳✻✵✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✺✼✮✱ ✭✷✳✺✽✮✱ ✭✷✳✺✾✮ ❡ ✭✷✳✻✵✮✱
∫

Ω

|ϕ(u)− ϕ(v)|2dx ≤ C7‖u− v‖2, ∀u, v ∈ V.

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ L0 > 0 t❛❧ q✉❡

‖ϕ(u)− ϕ(v)‖L2(Ω) ≤ L0‖u− v‖, ∀u, v ∈ V,

❡♥❝❡rr❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❝♦♥s✐❞❡r❛çõ❡s ❛❝✐♠❛✱ ❝♦♥❝❧✉í♠♦s ❛tr❛✈és ❞♦ ❚❡♦r❡♠❛ ✶✳✶✵ q✉❡ ♦

♣r♦❜❧❡♠❛ ✭P✺✮ ❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❝❧áss✐❝❛✱ ✐st♦ é✱ ❛ s♦❧✉çã♦ u : [0, T ] → H1
0 (Ω)

❞❡ ✭P✺✮ ❞❛❞❛ ♣♦r

u(t) = e−Atu0 +

∫ t

0

e−A(t−s)ϕ(u(s))ds,

❛ q✉❛❧ é ❝♦♥tí♥✉❛✱ s❛t✐s❢❛③

u ∈ C((0, T ), H2(Ω) ∩H1
0 (Ω)) ∩ C1((0, T ), L2(Ω)), ✭✷✳✻✶✮

❝♦♠

u(t) ∈ H2(Ω) ∩H1
0 (Ω), ∀t ∈ (0, T )

❡ u ✈❡r✐✜❝❛ ✭P✺✮✳

❆ ❈♦♥❞✐çã♦ (H) ♥ã♦ é ♥❡❝❡ssár✐❛ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❝❧áss✐❝❛ ❣❧♦❜❛❧ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ ✭P✺✮✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ♥♦ ♣r♦❜❧❡♠❛ ✭P✺✮ ❛s ❢✉♥çõ❡s g = 1 ❡ f(u) = (1+λ1)u✱

♦♥❞❡ λ1 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ ♣r♦❜❧❡♠❛






−∆u = λu, ❡♠ Ω,

u = 0, ❡♠ ∂Ω.

❙❡❥❛ φ ❛ ❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r λ1✳ ◆♦t❡ q✉❡ ❛ ❢✉♥çã♦

u(x, t) = etφ(x)

é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦

du

dt
−∆u = (1 + λ1)u, x ∈ Ω, t > 0



✶✵✺

❝♦♠

u = 0, x ∈ ∂Ω, t > 0,

♣♦✐s

du

dt
−∆u =

d

dt
[etφ(x)]−∆[etφ(x)] = (1 + λ1)e

tφ(x) = (1 + λ1)u

❡

u = 0, x ∈ ∂Ω, t > 0.

P♦ré♠ ♦❜s❡r✈❡ q✉❡✱ ♥❡st❡ ❡①❡♠♣❧♦✱ ❛ s♦❧✉çã♦ ❛❞♠✐t❡ ❜❧♦✇ ✉♣ ♥♦ ✐♥✜♥✐t♦✳ ❆ss✐♠✱ ❛ ❈♦♥✲

❞✐çã♦ (H) ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥❡st❡ tr❛❜❛❧❤♦ ♣♦rq✉❡✱ q✉❛♥❞♦ ❛s

❢✉♥çõ❡s f ❡ g ❝✉♠♣r❡♠ t♦❞❛s ❛s ❝♦♥❞✐çõ❡s ❛♣r❡s❡♥t❛❞❛s ♥♦ ✐♥✐❝✐♦ ❞♦ ❝❛♣ít✉❧♦ ✐♥❝❧✉✐♥❞♦

❛ ❈♦♥❞✐çã♦ (H)✱ ❛s s♦❧✉çõ❡s ❣❧♦❜❛✐s ❞♦ ♣r♦❜❧❡♠❛ ✭P✺✮ ❛❞♠✐t❡♠ ❛❧❣✉♠❛s ❧✐♠✐t❛çõ❡s

❝♦♠♦ ✈❡r❡♠♦s ♥♦ ❡st✉❞♦ à s❡❣✉✐r✳

✷✳✷ ▲✐♠✐t❛çã♦ ❞❛ s♦❧✉çã♦ ❣❧♦❜❛❧

✷✳✷✳✶ Pr♦♣r✐❡❞❛❞❡s ❞❛ s♦❧✉çã♦

❘❡❝♦r❞❡ q✉❡✱ ❛ss♦❝✐❛❞♦ à ❡q✉❛çã♦ ✭P✺✮✱ t❡♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ J : H1
0 (Ω) → R

❞❡✜♥✐❞♦ ♣♦r

J(u) =
1

2

∫

Ω

|∇u|2dx−G

(∫

Ω

F (u)dx

)

. ✭✷✳✻✷✮

❚❡♦r❡♠❛ ✷✳✷ ❙❡❥❛♠ u0 ∈ C2(Ω) ❡ u ❛ s♦❧✉çã♦ ❞❡ ✭P✺✮ ❞❛❞❛ ♣♦r

u(t) = e−Atu0 +

∫ t

0

e−A(t−s)φ(u(s))ds.

❊♥tã♦✱ J(u(·)) ∈ C1((0, T )) ❡

d

dt
J(u(t)) = −

∫

Ω

|ut(t)|2dx, ∀t ∈ (0, T ), ✭✷✳✻✸✮

♦♥❞❡ [0, T ) é ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❞❡✜♥✐çã♦ ❞❡ u✳

❱❡r❡♠♦s ❡st❡ r❡s✉❧t❛❞♦ ❝♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s s❡❣✉✐♥t❡s ❧❡♠❛s✳ ❆ ❞❡♠♦♥s✲

tr❛çã♦ ❞♦s ♠❡s♠♦s s❡rá ❜❛s❡❛❞❛ ♥♦s ❛r❣✉♠❡♥t♦s ❛♣r❡s❡♥t❛❞♦s ♣♦r ◗✉✐tt♥❡r✲❙♦✉♣❧❡t

❬✸✷✱ ▲❡♠❛ ✶✼✳✺✳❪✳



✶✵✻

▲❡♠❛ ✷✳✹ ❆ ❢✉♥çã♦ J1 : [0, T ] → R ❞❡✜♥✐❞❛ ♣♦r

J1(t) =

∫

Ω

|∇u(t)|2dx

é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ (0, T ) ❝♦♠

d

dt
J1(t) = −2

∫

Ω

ut(t)∆u(t)dx.

❆❧é♠ ❞✐ss♦✱ J1 ∈ C1((0, T ))✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ♠♦str❛r q✉❡ J1 é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ (0, T )✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠

t, s ∈ (0, T )✱ ❡♥tã♦

J1(s)− J1(t)

s− t
=

1

s− t

∫

Ω

∇(u(s)− u(t))∇(u(s)− u(t))dx

= − 1

s− t

∫

Ω

(u(s)− u(t))∆(u(s)− u(t))dx

= −
∫

Ω

u(s)− u(t)

s− t
∆(u(s)− u(t))dx. ✭✷✳✻✹✮

❆✜r♠❛♠♦s q✉❡

lim
s→t

J1(s)− J1(t)

s− t
= −2

∫

Ω

ut(t)∆u(t)dx.

❉❡ ❢❛t♦✱ ❞❡✜♥✐♥❞♦

I =
J1(s)− J1(t)

s− t
+ 2

∫

Ω

ut(t)∆u(t)dx,

t❡♠♦s

|I| =

∣

∣

∣

∣

−
∫

Ω

(

u(s)− u(t)

s− t

)

∆(u(s)− u(t))dx+ 2

∫

Ω

ut(t)∆u(t)dx

∣

∣

∣

∣

≤
∫

Ω

∣

∣

∣

∣

(

−u(s)− u(t)

s− t

)

∆(u(s)− u(t)) + 2ut(t)∆u(t)

∣

∣

∣

∣

dx

≤
∫

Ω

∣

∣

∣

∣

(

−u(s)− u(t)

s− t

)

[∆(u(s)− u(t)) + 2∆u(t)]

∣

∣

∣

∣

dx

+

∫

Ω

∣

∣

∣

∣

(

−u(s)− u(t)

s− t
+ ut(t)

)

2∆u(t)

∣

∣

∣

∣

dx

=

∫

Ω

∣

∣

∣

∣

(

u(s)− u(t)

s− t

)

(∆u(s)−∆u(t))

∣

∣

∣

∣

dx

+

∫

Ω

∣

∣

∣

∣

(

u(s)− u(t)

s− t
− ut(t)

)

2∆u(t)

∣

∣

∣

∣

dx,

✐st♦ é✱
∣

∣

∣

∣

J1(s)− J1(t)

s− t
+ 2

∫

Ω

ut(t)∆u(t)dx

∣

∣

∣

∣

≤
∫

Ω

∣

∣

∣

∣

u(s)− u(t)

s− t
(∆u(s)−∆u(t))

∣

∣

∣

∣

dx

+

∫

Ω

∣

∣

∣

∣

(

u(s)− u(t)

s− t
− ut(t)

)

2∆u(t)

∣

∣

∣

∣

dx



✶✵✼

❉❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✻✶✮✱

u ∈ C((0, T ), H2(Ω) ∩H1
0 (Ω)) ∩ C1((0, T ), L2(Ω)). ✭✷✳✻✺✮

❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s
∣

∣

∣

∣

J1(s)− J1(t)

s− t
+ 2

∫

Ω

ut(t)∆u(t)dx

∣

∣

∣

∣

≤
∥

∥

∥

∥

u(s)− u(t)

s− t

∥

∥

∥

∥

L2(Ω)

‖∆u(s)−∆u(t)‖L2(Ω)

+

∥

∥

∥

∥

u(s)− u(t)

s− t
− ut(t)

∥

∥

∥

∥

L2(Ω)

‖2∆u(t)‖L2(Ω)

≤
∥

∥

∥

∥

u(s)− u(t)

s− t
− ut(t)

∥

∥

∥

∥

L2(Ω)

‖2∆u(t)‖L2(Ω)

+ B‖∆u(s)−∆u(t)‖L2(Ω)

≤
∥

∥

∥

∥

u(s)− u(t)

s− t
− ut(t)

∥

∥

∥

∥

L2(Ω)

‖2∆u(t)‖L2(Ω)

+ B‖u(s)− u(t)‖H2(Ω). ✭✷✳✻✻✮

❆✐♥❞❛ ♣♦r ✭✷✳✻✺✮✱

‖u(s)− u(t)‖H2(Ω) → 0, s→ t ✭✷✳✻✼✮

❡
∥

∥

∥

∥

u(s)− u(t)

s− t
− ut(t)

∥

∥

∥

∥

L2(Ω)

→ 0, s→ t. ✭✷✳✻✽✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✻✻✮✱ ✭✷✳✻✼✮ ❡ ✭✷✳✻✽✮✱ ❝♦♥❝❧✉í♠♦s q✉❡
∣

∣

∣

∣

J1(s)− J1(t)

s− t
+ 2

∫

Ω

ut(t)∆u(t)dx

∣

∣

∣

∣

→ 0, s→ t.

P♦rt❛♥t♦✱
d

dt
J1(t) = −2

∫

Ω

ut(t)∆u(t)dx.

❆❧é♠ ❞✐ss♦✱
∣

∣

∣

∣

d

dt
J1(s)−

d

dt
J1(t)

∣

∣

∣

∣

=

∣

∣

∣

∣

−2

∫

Ω

ut(s)∆u(s)dx+ 2

∫

Ω

ut(t)∆u(t)dx

∣

∣

∣

∣

≤ 2

∫

Ω

|ut(t)∆u(t)− ut(s)∆u(s)|dx

≤ 2

∫

Ω

|ut(t)(∆u(t)−∆u(s))|dx

+ 2

∫

Ω

|(ut(t)− ut(s))∆u(s)|dx.



✶✵✽

❯s❛♥❞♦ ✭✷✳✻✺✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱
∣

∣

∣

∣

d

dt
J1(s)−

d

dt
J1(t)

∣

∣

∣

∣

≤ 2‖ut(t)‖L2(Ω)‖∆u(t)−∆u(s)‖L2(Ω)

+ 2‖ut(t)− ut(s)‖L2(Ω)‖∆u(s)‖L2(Ω)

≤ 2‖ut(t)‖L2(Ω)‖u(t)− u(s)‖H2(Ω)

+ 2‖ut(t)− ut(s)‖L2(Ω)‖u(s)‖H2(Ω).

❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ B > 0 t❛❧ q✉❡

‖u(s)‖H2(Ω) ≤ B, ∀t ∈ [0, T ].

❆ss✐♠✱
∣

∣

∣

∣

d

dt
J1(s)−

d

dt
J1(t)

∣

∣

∣

∣

≤ C‖u(t)− u(s)‖H2(Ω)

+ 2B‖ut(t)− ut(s)‖L2(Ω), ✭✷✳✻✾✮

♦♥❞❡ C = 2‖ut(t)‖L2(Ω)✳ ▼❛✐s ✉♠❛ ✈❡③✱ r❡❝♦rr❡♥❞♦ ❛ ✭✷✳✻✺✮✱ ✈❡♠

‖u(t)− u(s)‖H2(Ω) → 0 q✉❛♥❞♦ s→ t, ✭✷✳✼✵✮

❡

‖ut(t)− ut(s)‖L2(Ω) → 0 q✉❛♥❞♦ s→ t. ✭✷✳✼✶✮

▲♦❣♦✱ ❞❡ ✭✷✳✻✾✮✱ ✭✷✳✼✵✮ ❡ ✭✷✳✼✶✮✱
∣

∣

∣

∣

d

dt
J1(s)−

d

dt
J1(t)

∣

∣

∣

∣

→ 0 q✉❛♥❞♦ s→ t

❡✱ ♣♦rt❛♥t♦✱

J1 ∈ C1((0, T )).

▲❡♠❛ ✷✳✺ ❆ ❢✉♥çã♦ J2 : (0, T ) → (0, T ) ❞❡✜♥✐❞❛ ♣♦r

J2(t) =

∫

Ω

F (u(t))dx

é ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠
d

dt
J2(t) =

∫

Ω

ut(t)f(u(t))dx.

❆❧é♠ ❞✐ss♦✱ J2 ∈ C1((0, T ))✳



✶✵✾

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❢❛❝✐❧✐t❛r ♦ ❡♥t❡♥❞✐♠❡♥t♦✱ ❞✐✈✐❞✐r❡♠♦s ❡st❛ ❞❡♠♦♥str❛çã♦ ❡♠

❛❧❣✉♠❛s ❡t❛♣❛s✳

❆✜r♠❛çã♦ ✷✳✺✳✶ J2 é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ (0, T )✳

❉❡ ❢❛t♦✱ s❡❥❛♠ t, s ∈ (0, T ) ❝♦♠ t 6= s✱ ❡♥tã♦

J2(s)− J2(t)

s− t
=

1

s− t

∫

Ω

F (u(s))− F (u(t))dx

=

∫

Ω

u(t)− u(s)

t− s

∫ 1

0

f(u(t) + λ(u(s)− u(t)))dλdx. ✭✷✳✼✷✮

◆♦ q✉❡ s❡❣✉❡✱ ✐r❡♠♦s ❥✉st✐✜❝❛r ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

lim
s→t

J2(s)− J2(t)

s− t
=

∫

Ω

ut(t)f(u(t))dx.

P❛r❛ ✐ss♦✱ ❞❡✜♥❛

ϕ(s) =
J2(s)− J2(t)

s− t
, L =

∫

Ω

ut(t)f(u(t))dx.

❊♥tã♦✱ ✉s❛♥❞♦ ✭✷✳✼✷✮ ❡ ❢❛③❡♥❞♦ ❛❧❣✉♠❛s ♠❛♥✐♣✉❧❛çõ❡s✱

ϕ(s)− L =

∫

Ω

u(s)− u(t)

s− t

∫ 1

0

f(u(s) + λ(u(t)− u(s)))dλdx

−
∫

Ω

ut(t)f(u(t))dx

=

∫

Ω

u(s)− u(t)

s− t

∫ 1

0

[f(u(t) + λ(u(s)− u(t)))− f(u(t))]dλdx

+

∫

Ω

u(s)− u(t)

s− t

∫ 1

0

f(u(t))dλdx−
∫

Ω

ut(t)f(u(t))dx

=

∫

Ω

∫ 1

0

u(s)− u(t)

s− t
[f(u(t) + λ(u(s)− u(t)))− f(u(t))]dλdx

+

∫

Ω

(

u(s)− u(t)

s− t
− ut(t)

)

f(u(t))dx.

❉❡ss❡ ♠♦❞♦✱

|ϕ(s)− L| ≤
∫

Ω

∫ 1

0

∣

∣

∣

∣

u(s)− u(t)

s− t
[f(u(t) + λ(u(s)− u(t)))− f(u(t))]

∣

∣

∣

∣

dλdx

+

∫

Ω

∣

∣

∣

∣

(

u(s)− u(t)

s− t
− ut(t)

)

f(u(t))

∣

∣

∣

∣

dx. ✭✷✳✼✸✮

❯s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱
∫

Ω

∣

∣

∣

∣

(

u(s)− u(t)

s− t
− ut(t)

)

f(u(t))

∣

∣

∣

∣

dx ≤
∥

∥

∥

∥

u(s)− u(t)

s− t
− ut(t)

∥

∥

∥

∥

L2(Ω)

‖f(u(t))‖L2(Ω)

✭✷✳✼✹✮



✶✶✵

❆❣♦r❛ ❞❡✜♥❛

I(λ) =

(

u(s)− u(t)

s− t

)

[f(u(s) + λ(u(t)− u(s)))− f(u(t))].

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❡♠ f ✱ ❡①✐st❡ θ ∈ (0, 1) t❛❧ q✉❡

f(u(t) + λ(u(s)− u(t)))− f(u(t)) = f ′(u(t) + θλ(u(s)− u(t)))λ(u(s)− u(t)).

❊♥tã♦✱

|I(λ)| =

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|f ′(u(t) + θλ(u(s)− u(t)))λ(u(s)− u(t))|

= λ

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|f ′(u(t) + θλ(u(s)− u(t)))||u(s)− u(t)|.

❙❡♥❞♦ N = 2 ❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✶ ♥♦s ❞✐③ q✉❡

|f ′(t)| ≤ Cβe
βt2 , ∀t ∈ R,

♦♥❞❡ β > 0✳ ❊♥tã♦✱

|I(λ)| = λ

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|f ′(u(t) + θλ(u(s)− u(t)))||u(s)− u(t)|

≤ λCβ

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

eβ(u(t)+θλ(u(s)−u(t)))2 |u(s)− u(t)|

≤ λCβ

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

eβ(|u(t)|+|u(s)|)2 |u(s)− u(t)|,

❡ ❛ss✐♠✱
∫ 1

0

|J(λ)|dλ ≤
∫ 1

0

λCβ

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

eβ(|u(t)|+|u(s)|)2 |u(s)− u(t)|dλ

= Cβ

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

eβ(|u(t)|+|u(s)|)2 |u(s)− u(t)|.

❆❧é♠ ❞✐ss♦✱ ✉♠❛ ✈❡③ q✉❡

lim
s→t

u(s)− u(t)

s− t
= u′(t),

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ B > 0 t❛❧ q✉❡
∥

∥

∥

∥

u(s)− u(t)

s− t

∥

∥

∥

∥

L2(Ω)

≤ B, ∀s ∈ (0, T ). ✭✷✳✼✺✮

❆ss✐♠✱ ❢❛③❡♥❞♦ ♦ ✉s♦ ❞❡ ✭✷✳✼✺✮ ❡ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s
∫

Ω

∫ 1

0

|J(λ)|dλdx ≤ Cβ

∫

Ω

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

eβ(|u(t)|+|u(s)|)2 |u(s)− u(t)|dx

≤ Cβ

∥

∥

∥

∥

u(s)− u(t)

s− t

∥

∥

∥

∥

L2(Ω)

(∫

Ω

e2β(|u(t)|+|u(s)|)2 |u(s)− u(t)|2dx
) 1

2

≤ CβB‖u(s)− u(t)‖L4(Ω)

(∫

Ω

e4β(|u(t)|+|u(s)|)2dx

) 1
4



✶✶✶

❆♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥♦ ▲❡♠❛ ✷✳✸✱ ♠♦str❛✲s❡

q✉❡
(∫

Ω

e4β(|u(t)|+|u(s)|)2dx

) 1
4

≤ C,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✳ ❆ss✐♠✱ ✉♠❛ ✈❡③ q✉❡ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L4(Ω) é

❝♦♥tí♥✉❛✱
∫

Ω

∫ 1

0

|J(λ)|dλdx ≤ C̃‖u(s)− u(t)‖,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥t❛♥t❡ C̃ > 0✱ ♦✉ s❡❥❛✱
∫

Ω

∫ 1

0

∣

∣

∣

∣

u(s)− u(t)

s− t
[f(u(t) + λ(u(s)− u(t)))− f(u(t))]

∣

∣

∣

∣

dλdx ≤ C̃‖u(s)− u(t)‖.
✭✷✳✼✻✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✼✸✮✱ ✭✷✳✼✹✮ ❡ ✭✷✳✼✻✮✱
∣

∣

∣

∣

J2(s)− J2(t)

s− t
−
∫

Ω

ut(t)f(u(t))

∣

∣

∣

∣

→ 0 q✉❛♥❞♦ s→ t,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❙❡ N ≥ 3✱ ❛ ❈♦♥❞✐çã♦ (f2) ❛✜r♠❛ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C > 0 ❡ 1 < q < N
N−2

t❛✐s q✉❡

|f ′(t)| ≤ C(|t|q−1 + 1), ∀t ∈ R.

❊♥tã♦✱

|f ′(u(t) + θλ(u(s)− u(t)))| ≤ C1[(|u(t)|q−1 + |u(s)|q−1) + 1].

❡ ❛ss✐♠✱
∫

Ω

∫ 1

0

|J(λ)|dλdx ≤ C1

∫

Ω

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

[(|u(t)|q−1 + |u(s)|q−1) + 1]|u(s)− u(t)|dx

= C1

∫

Ω

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|u(t)|q−1|u(s)− u(t)|dx

+ C1

∫

Ω

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|u(s)|q−1|u(s)− u(t)|dx

+ C1

∫

Ω

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|u(s)− u(t)|dx. ✭✷✳✼✼✮

❆ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ H1
0 (Ω) →֒ L2(Ω) ❝♦♠❜✐♥❛❞♦s ❝♦♠

✭✷✳✼✺✮ ♥♦s ❞ã♦
∫

Ω

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|u(s)− u(t)|dx ≤
∥

∥

∥

∥

u(s)− u(t)

s− t

∥

∥

∥

∥

L2(Ω)

‖u(s)− u(t)‖L2(Ω)

≤ C̃1‖u(s)− u(t)‖, ✭✷✳✼✽✮



✶✶✷

♦♥❞❡ C̃1 > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❆❣♦r❛✱ ❞❡✜♥❛

I1 =

∫

Ω

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|u(t)|p−1|u(s)− u(t)|dx.

❈♦♥s✐❞❡r❡ p′ t❛❧ q✉❡
1

p
+

1

p′
= 1.

❊♥tã♦✱ t❡r❡♠♦s p− 1 = p/p′✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱

I1 ≤
∥

∥

∥

∥

u(s)− u(t)

s− t

∥

∥

∥

∥

L2(Ω)

(∫

Ω

|u(t)|2
p

p′ |u(s)− u(t)|2dx
) 1

2

≤ B

(∫

Ω

|u(t)|2pdx
) 1

2p′
(∫

Ω

|u(s)− u(t)|2pdx
) 1

2p

= B‖u(s)− u(t)‖L2p(Ω)‖u(t)‖
2p
2p′

L2p(Ω)

❆♥❛❧♦❣❛♠❡♥t❡✱ ❡s❝r❡✈❡♥❞♦

I2 =

∫

Ω

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|u(s)|p−1|u(s)− u(t)|dx,

♦❜t❡♠♦s

I2 ≤ B‖u(s)− u(t)‖L2p(Ω)‖u(s)‖
2p
2p′

L2p(Ω).

❙❡♥❞♦ u : [0, T ] → H1
0 (Ω) ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ M > 0 t❛❧ q✉❡

‖u(s)‖ ≤M, ∀t ∈ [0, T ]. ✭✷✳✼✾✮

❯s❛♥❞♦ ✭✷✳✼✾✮ ❡ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L2p(Ω)✱ ❝♦♥❝❧✉í♠♦s

I1 ≤ C̃2‖u(s)− u(t)‖‖u(t)‖
2p
2p′

L2p(Ω) ✭✷✳✽✵✮

❡

I2 ≤ C̃3‖u(s)− u(t)‖M
2p
2p′ ✭✷✳✽✶✮

❆ss✐♠✱ ❞❡ ✭✷✳✼✼✮✱ ✭✷✳✼✽✮✱ ✭✷✳✽✵✮ ❡ ✭✷✳✽✶✮✱ ✈❡♠
∫

Ω

∫ 1

0

λ

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|f ′(u(t) + θλ(u(s)− u(t)))||u(s)− u(t)|dλdx ≤ C∗‖u(s)− u(t)‖,

♦✉ s❡❥❛✱
∫

Ω

∫ 1

0

λ

∣

∣

∣

∣

u(s)− u(t)

s− t

∣

∣

∣

∣

|f ′(u(t) + θλ(u(s)− u(t)))||u(s)− u(t)|dλdx→ 0, ✭✷✳✽✷✮



✶✶✸

q✉❛♥❞♦ s→ t✳ ❈♦♠❜✐♥❛♥❞♦ ✭✷✳✼✹✮ ❡ ✭✷✳✽✷✮✱ ♦❜t❡♠♦s
∣

∣

∣

∣

J2(s)− J2(t)

s− t
−
∫

Ω

ut(t)f(u(t))

∣

∣

∣

∣

→ 0 q✉❛♥❞♦ s→ t.

P♦rt❛♥t♦✱
d

dt
J2(t) =

∫

Ω

ut(t)f(u(t))dx.

❆✜r♠❛çã♦ ✷✳✺✳✷
d

dt
J2(t) =

∫

Ω

ut(t)f(u(t))dx

é ❝♦♥tí♥✉❛ ❡♠ (0, T )✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ t, s ∈ (0, T ) ❝♦♠ t 6= s✱ ❡♥tã♦
∣

∣

∣

∣

d

dt
J2(s)−

d

dt
J2(t)

∣

∣

∣

∣

≤
∫

Ω

|ut(s)f(u(s))− ut(t)f(u(t))|dx

≤
∫

Ω

|ut(s)||f(u(s))− f(u(t))|dx+
∫

Ω

|ut(s)− ut(t)||f(u(t))|dx.

❆♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱
∫

Ω

|ut(s)||f(u(s))− f(u(t))|dx ≤ ‖ut(s)‖L2(Ω)‖f(u(s))− f(u(t))‖L2(Ω) ✭✷✳✽✸✮

❡
∫

Ω

|ut(s)− ut(t)||f(u(t))|dx ≤ C∗‖ut(s)− ut(t)‖L2(Ω) ✭✷✳✽✹✮

♦♥❞❡ C∗ = ‖f(u(t))‖L2(Ω)✳ ❙❡❣✉✐♥❞♦ ❛s ✐❞❡✐❛s ❞♦s ❝á❧❝✉❧♦s ❢❡✐t♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♠♦str❛✲

s❡ q✉❡

‖f(u(s))− f(u(t))‖L2(Ω) ≤ C‖u(s)− u(t)‖, ✭✷✳✽✺✮

P❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✳ ❊♥tã♦✱ ❝♦♠❜✐♥❛♥❞♦ ✭✷✳✽✸✮✱ ✭✷✳✽✹✮ ❡ ✭✷✳✽✺✮✱ t❡♠♦s
∣

∣

∣

∣

d

dt
J2(s)−

d

dt
J2(t)

∣

∣

∣

∣

→ 0 q✉❛♥❞♦ s→ t.

P♦rt❛♥t♦✱ J2 é ❝♦♥tí♥✉❛ ❡♠ (0, T )✳

▲❡♠❛ ✷✳✻ ❆ ❛♣❧✐❝❛çã♦ J3 : (0, T ) → R ❞❡✜♥✐❞❛ ♣♦r

J3(t) = G

(∫

Ω

F (u(t))dx

)

,

é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ (0, T ) ❝♦♠ ❞❡r✐✈❛❞❛

d

dt
J3(t) = g

(∫

Ω

F (u(t))dx

)∫

Ω

ut(t)f(u(t))dx

❝♦♥tí♥✉❛ ❡♠ (0, T )✳



✶✶✹

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ♥♦t❛r q✉❡ G é t❛❧ q✉❡ G′ = g✳ ❆ss✐♠✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺ ❡

❛♣❧✐❝❛♥❞♦ ❛ ❘❡❣r❛ ❞❛ ❈❛❞❡✐❛✸ ♦❜t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✿ ◗✉❡ J(u(t)) ∈ C1((0, T ))✱ s❡❣✉❡ ❞♦s ▲❡♠❛s ✷✳✹ ❡

✷✳✻✳ ❆❧é♠ ❞✐ss♦✱

d

dt
J(u(t)) =

d

dt

[

1

2

∫

Ω

|∇u|2dx−G

(∫

Ω

F (u)dx

)]

=
1

2

d

dt

∫

Ω

|∇u|2dx− d

dt
G

(∫

Ω

F (u)dx

)

=
1

2

(

−2

∫

Ω

ut(t)∆u(t)dx

)

− g

(∫

Ω

F (u(t))dx

)∫

Ω

ut(t)f(u(t))dx

=

∫

Ω

[

−∆u(t)− g

(∫

Ω

F (u(t))dx

)

f(u(t))

]

ut(t)dx

=

∫

Ω

−ut(t)ut(t)dx,

♦✉ s❡❥❛✱
d

dt
J(u(t)) = −

∫

Ω

|ut(t)|2dx, ∀t ∈ (0, T ).

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✷✳✷✱ t❡♠♦s

∫ t

0

∫

Ω

|ut(s)|2dxds+ J(u(t)) = J(u0), ∀t ∈ (0, T ). ✭✷✳✽✻✮

❖ ❚❡♦r❡♠❛ q✉❡ ✐r❡♠♦s ❛♣r❡s❡♥t❛r à s❡❣✉✐r s❡rá ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥♦ ❞❡❝♦rr❡r

❞❡ss❡ ❡st✉❞♦ ♣♦✐s ❛✜r♠❛ q✉❡ ❛s s♦❧✉çõ❡s ❣❧♦❜❛✐s ❞♦ ♣r♦❜❧❡♠❛ ✭P✺✮ sã♦ ❧✐♠✐t❛❞❛s ❡♠

L2(Ω)✳ ▼❛s ❛♥t❡s✱ ✈❡❥❛♠♦s ♦ s❡❣✉✐♥t❡✳

❖❜s❡r✈❛çã♦ ✷✳✶ ◆♦ ❞❡❝♦rr❡r ❞❡ss❡ ❡st✉❞♦✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ u = u(x, t)✳ ❉❡✐①❛♠♦s

❝❧❛r♦ q✉❡ ♥ã♦ ❡st❛♠♦s ♥♦s r❡❢❡r✐♥❞♦ ❛ u ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ♥❛s ✈❛r✐á✈❡✐s x ❡ t ♠❛s s✐♠

❝♦♠♦ ✉♠❛ ❢✉♥çã♦ u : [0, T ] → H1
0 (Ω) q✉❡✱ ♣❛r❛ ❝❛❞❛ t ∈ [0, T ]✱ ❛ss♦❝✐❛ ✉♠❛ ❢✉♥çã♦

u(t) : Ω → R

x 7→ u(t)(x) := u(x, t)

❞❡ H1
0 (Ω)✳

❖❜s❡r✈❛çã♦ ✷✳✷ ❙❡❥❛ u é ✉♠❛ s♦❧✉çã♦ ❣❧♦❜❛❧ ❞❡ ✭P✺✮✳ ❯♠❛ ✈❡③ q✉❡ f ❡ g sã♦ ♣♦s✐t✐✲

✈❛s✱ t❡♠♦s

ut −∆u ≥ 0, x ∈ Ω, t > 0.

✸P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ▲✐♠❛ ❬✷✸✱ ❚❡♦r❡♠❛ ✸✳✱ ❈❛♣ít✉❧♦ ✽❪✳



✶✶✺

❊♠ ♣❛rt✐❝✉❧❛r✱ ✜①❛♥❞♦ T > 0✱

ut −∆u ≥ 0, x ∈ Ω, t ∈ (0, T ).

❉❡✜♥✐♥❞♦ w(t) = −u(t)✱ t❡♠♦s

wt −∆w = −(ut −∆u) ≤ 0, x ∈ Ω, t ∈ (0, T ).

❡ w0 = −u0✳ ❯s❛♥❞♦ ❚❡♦r✐❛ ❞❡ ❘❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ❛ ❡q✉❛çã♦ ♣❛r❛❜ó❧✐❝❛✹ ❡ ❛s r❡❣✉❧❛r✐✲

❞❛❞❡s ❞❡ u0✱ f ❡ g✱ ❝♦♥❝❧✉í♠♦s q✉❡ w ❝✉♠♣r❡ ❛s ❤✐♣ót❡s❡s ❞♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✺✳

❆ss✐♠✱

max
Ω×[0,T ]

v(x, t) = max
P

v(x, t),

♦♥❞❡ P = (Ω× {0}) ∪ (∂Ω× [0, T ])✳ ◆♦t❡ q✉❡

max
P

v(x, t) = v(x0, t0) =

{

0, (x0, t0) ∈ ∂Ω× [0, T ]

v0(x0), (x0, t0) ∈ Ω× {0}.

❙❡♥❞♦ v(x0, t0) = 0✱ t❡♠♦s (x0, t0) ∈ ∂Ω× [0, T ]✳ ❯♠❛ ✈❡③ q✉❡ x0 ∈ ∂Ω ❡

v(x, t) = 0, ∀(x, t) ∈ ∂Ω× [0, T ],

t❡♠✲s❡

v0(x0) = 0.

▲♦❣♦✱ v(x0, t0) = v0(x0)✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱

max
P

v(x, t) = max
Ω

v0(x).

❆ss✐♠✱

max
Ω

v0(x) = max
P

v(x, t) ≥ v(x, t), ∀(x, t) ∈ Ω× (0, T ),

♦✉ s❡❥❛✱

−min
Ω
u0(x) ≥ v(x, t) = −u(x, t), ∀(x, t) ∈ Ω× (0, T ).

P♦rt❛♥t♦✱

min u0 = min
Ω
u0(x) ≤ u(x, t), ∀(x, t) ∈ Ω× (0, T ).

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ T é ❛r❜✐trár✐♦✱

min u0 ≤ u(x, t), ∀(x, t) ∈ Ω× (0,∞).

❚❡♦r❡♠❛ ✷✳✸ ❙❡❥❛ u ✉♠❛ s♦❧✉çã♦ ❣❧♦❜❛❧ ❞❡ ✭P✺✮✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❈♦♥❞✐çõ❡s (f)✱ (g)

❡ (H) sã♦ s❛t✐s❢❡✐t❛s✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖u(·, t)‖L2(Ω) ≤ C.

✹P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❊✈❛♥s ❬✶✵❪✳
✺❊st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✵❪ ♦✉ ❇ré③✐s ❬✼❪✳



✶✶✻

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ u é ✉♠❛ s♦❧✉çã♦ ❣❧♦❜❛❧ ♣❛r❛ ✭P✺✮✱ ❡♥tã♦

ut −∆u = g

(∫

Ω

F (u)dx

)

f(u), x ∈ Ω, t > 0.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❡st❛ ✐❞❡♥t✐❞❛❞❡ ♣♦r u ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ Ω✱

∫

Ω

uutdx =

∫

Ω

u∆udx+

∫

Ω

ug

(∫

Ω

F (u)dx

)

f(u)dx.

❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ▲❡♠❛s ✷✳✼ ❡ ❈✳✷✱ t❡♠✲s❡

1

2

d

dt

∫

Ω

u2dx =

∫

Ω

uutdx = −
∫

Ω

|∇u|2dx+ g

(∫

Ω

F (u)dx

)∫

Ω

uf(u)dx

= −2J(u)− 2G

(∫

Ω

F (u)dx

)

+ g

(∫

Ω

F (u)dx

)∫

Ω

uf(u)dx.

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡✜♥❛

v =

∫

Ω

F (u)dx.

❊♥tã♦✱

1

2

d

dt

∫

Ω

u2dx = −2J(u)− 2G (v) + g (v)

∫

Ω

uf(u)dx. ✭✷✳✽✼✮

❈♦♠❜✐♥❛♥❞♦ ❛ ❈♦♥❞✐çã♦ (H) ❝♦♠ ❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✼✱ ♦♥❞❡ c = min u0✱ t❡♠♦s

g(v)

∫

Ω

uf(u)dx ≥ g(v)

∫

Ω

(aF (u)−K)dx

= avg(v)−K|Ω|g(v)

≥ abG(v)−K|Ω|g(v). ✭✷✳✽✽✮

❆ss✐♠✱ ❞❡ ✭✷✳✽✼✮ ❡ ✭✷✳✽✽✮✱

1

2

d

dt

∫

Ω

u2dx ≥ −2J(u)− 2G(v) + abG(v)−K|Ω|g(v)

≥ −2J(u0) + (ab− 2)G(v)−K|Ω|g(v). ✭✷✳✽✾✮

❆✜r♠❛çã♦ ✷✳✸✳✶

v =

∫

Ω

F (u)dx→ +∞ q✉❛♥❞♦ ‖u‖L2(Ω) → +∞.

❈♦♠ ❡❢❡✐t♦✱ ❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✽ ❛✜r♠❛

F (u) ≥ γ|u|a − σ, u ≥ min u0 ✭✷✳✾✵✮



✶✶✼

♦♥❞❡ γ > 0✳ ❯♠❛ ✈❡③ q✉❡ a ≥ 2✱ t❡♠♦s

γ|u|a − σ ≥ γ|u|2 − (σ + γ), u ≥ min u0.

▲♦❣♦✱

F (u) ≥ γ|u|2 − (σ + γ), u ≥ min u0.

■♥t❡❣r❛♥❞♦ s♦❜r❡ Ω✱ ♦❜t❡♠♦s
∫

Ω

F (u)dx ≥
∫

Ω

(γ|u|2 − (σ + γ))dx = γ

∫

Ω

|u|2dx− c,

♦♥❞❡ c > 0✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱

v =

∫

Ω

F (u)dx→ +∞,

q✉❛♥❞♦ ‖u‖L2(Ω) → +∞✳ ❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ a ≥ 2 s❡❣✉❡✱ ❞♦ ❚❡♦r❡♠❛ ❇✳✺✱ q✉❡ ❛

✐♠❡rsã♦ La(Ω) →֒ L2(Ω) é ❝♦♥tí♥✉❛✳ ❆ss✐♠✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c > 0 t❛❧ q✉❡

‖u‖L2(Ω) ≤ c‖u‖La(Ω).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
∫

Ω

|u|adx ≥ C1

(∫

Ω

|u|2dx
)a

2

,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C1 > 0✳ ❉❡ ✭✷✳✾✵✮✱
∫

Ω

F (u)dx ≥ γ

∫

Ω

|u|adx− σ|Ω|.

❉❡ss❛ ♠❛♥❡✐r❛✱
∫

Ω

F (u)dx ≥ γC1

(∫

Ω

|u|2dx
)a

2

− σ|Ω|. ✭✷✳✾✶✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❈♦♥❞✐çã♦ (H)✱ g(v) = o(G(v))✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ❝♦♥st❛♥t❡ M > 0

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ♠♦❞♦ q✉❡ ‖u‖2L2(Ω) ≥M ✐♠♣❧✐❝❛

γC1

(∫

Ω

|u|2dx
)a

2

− σ|Ω| ≥ γC1

2

(∫

Ω

|u|2dx
)a

2

. ✭✷✳✾✷✮

❡
g(v)

G(v)
≤ ab− 2

2K|Ω| ,

♦✉ s❡❥❛✱

−K|Ω|g(v) ≥ −ab− 2

2
G(v). ✭✷✳✾✸✮



✶✶✽

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✾✶✮ ❡ ✭✷✳✾✷✮✱ t❡♠♦s

C2

(∫

Ω

|u|2dx
)ab

2

≤
(∫

Ω

F (u)dx

)b

, ✭✷✳✾✹✮

♦♥❞❡

C2 =

(

γC1

2

)b

.

❆❧é♠ ❞✐ss♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✺✱

G(v) ≥ δvb, v > 0, ✭✷✳✾✺✮

♦♥❞❡ δ > 0✳ ❉❡ss❡ ♠♦❞♦✱ ❛tr❛✈és ❞❡ ✭✷✳✽✾✮✱ ✭✷✳✾✸✮✱ ✭✷✳✾✺✮ ❡ ✭✷✳✾✹✮✱ ♦❜t❡♠♦s

1

2

d

dt

∫

Ω

u2dx ≥ −2J(u0) + (ab− 2)G(v)−K|Ω|g(v)

≥ −2J(u0) + (ab− 2)G

(∫

Ω

F (u)dx

)

− ab− 2

2
G

(∫

Ω

F (u)dx

)

= −2J(u0) +
(ab− 2)

2
G

(∫

Ω

F (u)dx

)

≥ −2J(u0) +
(ab− 2)

2
δ

(∫

Ω

F (u)dx

)b

= −2J(u0) +
(ab− 2)

2
δC2

(∫

Ω

|u|2dx
)ab

2

.

❉❡✜♥❛

y(t) = ‖u(·, t)‖2L2(Ω) =

∫

Ω

|u(·, t)|2dx.

❙❡ ❡①✐st✐r t > 0 t❛❧ q✉❡

y(t) > M,

♦♥❞❡ M é ❛ ❝♦♥st❛♥t❡ ❡s❝♦❧❤✐❞❛ ❛❝✐♠❛✱ t❡♠♦s

y′(t) ≥ c1y
k(t)− c2, ✭✷✳✾✻✮

♣❛r❛

c1 = (ab− 2)δC2 > 0, c2 = 4J(u0) ❡ k =
ab

2
> 1.

❙✉♣♦♥❤❛ q✉❡ c2 > 0✳ ❱❛♠♦s ♠♦str❛r q✉❡

y(t) ≤ max

{

(

2c2
c1

) 1
k

,M

}

, ∀t ≥ 0.



✶✶✾

❈♦♠ ❡❢❡✐t♦✱ s❡ ❡st❛ ❡st✐♠❛t✐✈❛ ♥ã♦ ♦❝♦rr❡✱ ❡①✐st❡ t0 > 0 t❛❧ q✉❡

y(t0) > max

{

(

2c2
c1

) 1
k

,M

}

.

❊♠ ♣❛rt✐❝✉❧❛r✱ y(t0) > M ❡ ❛ss✐♠

y′(t0) ≥ c1y
k(t0)− c2.

❆✜r♠❛çã♦ ✷✳✸✳✷

y′(t) > 0, ∀t ≥ t0.

❉❡ ❢❛t♦✱ s❡ ✐st♦ ♥ã♦ ♦❝♦rr❡✱ ❡①✐st❡ t1 ❞❡ ♠♦❞♦ q✉❡ y′(t1) ≤ 0✳ ❙❡❥❛

t∗ = min{t ≥ t0; y
′(t) ≤ 0}.

❙❡ y(t∗) ≥M ✱ ❡♥tã♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✾✻✮ t❡♠✲s❡

c1y
k(t∗)− c2 ≤ 0.

P♦r ❝♦♥s❡❣✉✐♥t❡

y(t∗) ≤
(

c2
c1

) 1
k

. ✭✷✳✾✼✮

P♦ré♠✱ s❡♥❞♦

y(t0) >

(

2c2
c1

) 1
k

❡

y′(t) > 0, ∀t ∈ [t0, t∗),

❝♦♥❝❧✉✐✲s❡

y(t) >

(

2c2
c1

) 1
k

, ∀t ∈ [t0, t∗).

▲♦❣♦✱

y(t∗) ≥
(

2c2
c1

) 1
k

>

(

c2
c1

) 1
k

,

♦ q✉❡ é ✐♠♣♦ssí✈❡❧ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✾✼✮✳ ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ y(t∗) < M ✳ ❯♠❛ ✈❡③ q✉❡

y(t0) > M ❡

y′(t) > 0, ∀t ∈ [t0, t∗),

❞❡✈❡♠♦s t❡r

y(t) > M, ∀t ∈ [t0, t∗).



✶✷✵

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ y(t∗) ≥M ✳ ❯♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ ❘❡❝♦r❞❡

q✉❡ y(t0) > M ✳ ❊♥tã♦✱ ✉s❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✷✳✸✳✷✱ t❡♠✲s❡

y(t) > M, ∀t ≥ t0.

❉❡ss❛ ♠❛♥❡✐r❛

y′(t) ≥ c1y
k(t)− c2, ∀t ≥ t0,

♦✉ ❛✐♥❞❛✱

y′(t)y−k(t) ≥ c1 − c2y
−k(t), ∀t ≥ t0. ✭✷✳✾✽✮

◆♦✈❛♠❡♥t❡✱ ✉s❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✷✳✸✳✷✱ ♦❜t❡♠♦s

y(t) >

(

2c2
c1

) 1
k

, ∀t ≥ t0,

♣♦✐s

y(t0) >

(

2c2
c1

) 1
k

.

▲♦❣♦✱

− c1
2

≤ −c2y−k(t), ∀t ≥ t0. ✭✷✳✾✾✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✾✾✮ ❡♠ ✭✷✳✾✽✮✱

y′(t)y−k(t) ≥ c1 −
c1
2

= c3, ∀t ≥ t0.

■♥t❡❣r❛♥❞♦ s♦❜r❡ [t0, t]✱

− 1

k − 1
y1−k(t) +

1

k − 1
y1−k(t0) ≥ c3(t− t0).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

1

k − 1
y1−k(t) ≤ 1

k − 1
y1−k(t0)− c3(t− t0) = c4 − c3(t− t0).

◆❡st❛s ❝♦♥❞✐çõ❡s✱

y(t) ≥
(

1

k − 1

) 1
k−1
(

1

c4 − c3(t− t0)

) 1
k−1

, ∀t ≥ t0.

❉❡ss❡ ♠♦❞♦✱ y t❡r✐❛ ❜❧♦✇ ✉♣ ♥♦ t❡♠♣♦

t∗ =
c4 + c3t0

c3
.



✶✷✶

❯♠ ❛❜s✉r❞♦✱ ♣♦✐s u é ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞❛✳ ❉❡ss❛ ❢♦r♠❛✱

y(t) ≤ max

{

(

2c2
c1

) 1
k

,M

}

, ∀t ≥ 0. ✭✷✳✶✵✵✮

❙❡ c2 ≤ 0✱ ❡♥tã♦

y(t) ≤M, ∀t ≥ 0.

❈♦♠ ❡❢❡✐t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st❡ t0 > 0 t❛❧ q✉❡ y(t0) > M ✳ ❆ss✐♠✱

y′(t0) ≥ c1y
k(t0)− c2.

❆✜r♠❛çã♦ ✷✳✸✳✸

y′(t) > 0, ∀t ≥ t0.

❉❡ ❢❛t♦✱ s❡ ✐st♦ ♥ã♦ ❛❝♦♥t❡❝❡✱ ❡①✐st❡ t1 > t0 t❛❧ q✉❡ y′(t1) ≤ 0✳ ❙❡❥❛

t∗ = min{t ≥ t0; y
′(t) ≤ 0}.

❙❡ y(t∗) ≥M ✱ ❡♥tã♦

y′(t∗) ≥ c1y
k(t∗)− c2 ≥ c1y

k(t∗),

♦✉ s❡❥❛✱

y(t∗) ≤ 0.

❯♠ ❛❜s✉r❞♦✱ ♣♦✐s y(t∗) ≥M > 0✳ ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ y(t∗) < M ✳ ❙❡♥❞♦ y(t0) > M ❡

y′(t) > 0, ∀t ∈ [t0, t∗),

♦❜t❡♠♦s

y(t) > M, ∀t ∈ [t0, t∗).

❆ss✐♠✱ y(t∗) ≥ M ✳ ❯♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ ❯♠❛ ✈❡③ q✉❡

y(t0) > M ❡

y′(t) > 0, ∀t ≥ t0,

s❡❣✉❡ q✉❡

y(t) > M, ∀t ≥ t0.

❉❡ss❡ ♠♦❞♦✱

y′(t) ≥ c1y
k(t)− c2 ≥ c1y

k(t), ∀t ≥ t0,



✶✷✷

❡ ❛ss✐♠✱

y′(t)y−k(t) ≥ c1, ∀t ≥ t0.

❆r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ❛❝✐♠❛ ❝♦♥❝❧✉í♠♦s q✉❡

y(t) ≤M, ∀t ≥ 0. ✭✷✳✶✵✶✮

P♦r ✭✷✳✶✵✵✮ ❡ ✭✷✳✶✵✶✮✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

‖u(·, t)‖L2(Ω) ≤ C,

❡♥❝❡rr❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❊♥❝❡rr❛r❡♠♦s ❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♥❞♦ ✉♠❛ té❝♥✐❝❛ ♠✉✐t♦ ✉t✐❧✐③❛❞❛ ♣❛r❛ ♦ ❡st✉❞♦

❞❡ ❜❧♦✇ ✉♣ ❛ q✉❛❧ é ❝♦♥❤❡❝✐❞❛ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ▼ét♦❞♦ ❞❛ ❈♦♥❝❛✈✐❞❛❞❡✳ ❊st❛ té❝♥✐❝❛

é ✉s❛❞❛ ❡♠ ✈ár✐♦s tr❛❜❛❧❤♦s ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❋✐❧❛ ❬✶✻❪ ❡ ❆❧✈❡s✲❚❛❤✐r ❬✷❪✳ ❆♥t❡s

❞❡ ✐♥✐❝✐❛r♠♦s ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ t❛❧ té❝♥✐❝❛✱ ✈❡❥❛♠♦s ✉♠ ❧❡♠❛ ❛✉①✐❧✐❛r✳

▲❡♠❛ ✷✳✼ ❆ ❢✉♥çã♦ φ : (0, T ) → R ❞❡✜♥✐❞❛ ♣♦r

φ(t) =
1

2

∫

Ω

|u(t)|2dx =
1

2
‖u(t)‖2L2(Ω)

é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ (0, T ) ❝♦♠

d

dt
φ(t) =

∫

Ω

ut(t)u(t)dx.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ s, t ∈ (0, T )✱ ❡♥tã♦

φ(s)− φ(t)

s− t
=

1

2

‖u(s)‖2L2(Ω) − ‖u(t)‖2L2(Ω)

s− t

=
1

2

∫

Ω

|u(s)|2 − |u(t)|2
s− t

dx

=
1

2

∫

Ω

u(s)− u(t)

s− t
(u(s) + u(t))dx,

✐st♦ é✱
φ(s)− φ(t)

s− t
=

1

2

∫

Ω

u(s)− u(t)

s− t
(u(s) + u(t))dx.



✶✷✸

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❡♥❝♦♥tr❛♠♦s
∣

∣

∣

∣

φ(s)− φ(t)

s− t
−
∫

Ω

ut(t)u(t)dx

∣

∣

∣

∣

=

∣

∣

∣

∣

1

2

∫

Ω

(u(s)− u(t))

s− t
(u(s) + u(t))dx− 2

∫

Ω

ut(t)u(t)dx

∣

∣

∣

∣

≤ 1

2

∫

Ω

∣

∣

∣

∣

(u(s)− u(t))

s− t
(u(s) + u(t))− 2ut(t)u(t)

∣

∣

∣

∣

dx

≤ 1

2

∫

Ω

∣

∣

∣

∣

(u(s)− u(t))

s− t
(u(s) + u(t))− ut(t)(u(s) + u(t))

∣

∣

∣

∣

dx

+
1

2

∫

Ω

|ut(t)(u(s) + u(t))− 2ut(t)u(t)| dx

≤ 1

2

∥

∥

∥

∥

u(s)− u(t)

s− t
− ut(t)

∥

∥

∥

∥

L2(Ω)

‖u(s) + u(t)‖L2(Ω)

+
1

2
‖ut(t)‖L2(Ω)‖u(s) + u(t)− 2u(t)‖L2(Ω).

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡

u ∈ C((0, T ), H2(Ω) ∩H1
0 (Ω)) ∩ C1((0, T ), L2(Ω)),

t❡♠♦s
∥

∥

∥

∥

u(s)− u(t)

s− t
− ut(t)

∥

∥

∥

∥

L2(Ω)

→ 0 q✉❛♥❞♦ s→ t

❡

‖u(s) + u(t)− 2u(t)‖L2(Ω) = ‖u(s)− u(t)‖L2(Ω) → 0 q✉❛♥❞♦ s→ t.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ u : [0, T ] → H1
0 (Ω) é ❝♦♥tí♥✉❛✱ ❡①✐st❡ B > 0 t❛❧ q✉❡

‖u(t)‖ ≤ B, ∀t ∈ [0, T ].

❆ss✐♠✱ ❞❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L2(Ω)✱

‖u(t)‖L2(Ω) ≤ B̃, ∀t ∈ [0, T ],

♣❛r❛ ❛❧❣✉♠ B̃ > 0✳ ▲♦❣♦✱
∣

∣

∣

∣

φ(s)− φ(t)

s− t
−
∫

Ω

ut(t)u(t)dx

∣

∣

∣

∣

≤ 1

2

∥

∥

∥

∥

u(s)− u(t)

s− t
− ut(t)

∥

∥

∥

∥

L2(Ω)

(‖u(s)‖L2(Ω) + ‖u(t)‖L2(Ω))

+
1

2
‖ut(t)‖L2(Ω)‖u(s)− u(t)‖L2(Ω)

≤ B̃

∥

∥

∥

∥

u(s)− u(t)

s− t
− ut(t)

∥

∥

∥

∥

L2(Ω)

+
1

2
‖ut(t)‖L2(Ω)‖u(s)− u(t)‖L2(Ω).



✶✷✹

P♦rt❛♥t♦✱
∣

∣

∣

∣

φ(s)− φ(t)

s− t
−
∫

Ω

ut(t)u(t)dx

∣

∣

∣

∣

→ 0 q✉❛♥❞♦ s→ t,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

◆♦ r❡s✉❧t❛❞♦ à s❡❣✉✐r✱ ✈❡r❡♠♦s q✉❡ ♦ ✐t❡♠ (a) ❞❛ ❈♦♥❞✐çã♦ (H) ♥ã♦ é s✉✜❝✐❡♥t❡

♣❛r❛ q✉❡ ♣♦ss❛♠♦s ♣r♦✈❛r t❛❧ r❡s✉❧t❛❞♦ ❞❡✈✐❞♦ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ t❡r♠♦ ♥ã♦ ❧♦❝❛❧ ♥❛

❡q✉❛çã♦✳ P❛r❛ ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛✱ ✈❛♠♦s s✉♣♦r ♥❡st❡ ♠♦♠❡♥t♦ q✉❡

tf(t) ≥ aF (t), ∀t ∈ R\{0}, ✭✷✳✶✵✷✮

♦♥❞❡ a ≥ 2 é ❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ♥❛ ❈♦♥❞✐çã♦ (H)✳

◆♦ q✉❡ s❡❣✉❡✱ Tmax é ♦ ♥ú♠❡r♦ r❡❛❧ t❛❧ q✉❡ [0, Tmax) é ♦ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ ❞❡

❞❡✜♥✐çã♦ ❞❛ s♦❧✉çã♦ u(t) ❞♦ ♣r♦❜❧❡♠❛ ✭P✺✮✳

❚❡♦r❡♠❛ ✷✳✹ ❙❡❥❛ u0 ∈ C2(Ω) ❝♦♠ J(u0) ≤ 0✳ ❊♥tã♦✱ Tmax < +∞✳

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛ ❛ ❢✉♥çã♦ H : (0, T ) → R ♣♦r

H(t) =
1

2

∫ t

0

‖u(s)‖2L2(Ω)ds.

❊♥tã♦✱

H ′(t) =
1

2
‖u(t)‖2L2(Ω)

❡✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✼✱

H ′′(t) =

∫

Ω

ut(t)u(t)dx.

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡

∫

Ω

ut(t)u(t)dx =

∫

Ω

[

∆u(t) + g

(∫

Ω

F (u(t))dx

)

f(u(t))

]

u(t)dx

=

∫

Ω

∆u(t)u(t)dx+ g

(∫

Ω

F (u(t))dx

)∫

Ω

f(u(t))u(t)dx

= −
∫

Ω

|∇u(t)|2dx+ g

(∫

Ω

F (u(t))dx

)∫

Ω

f(u(t))u(t)dx.

❉❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✶✵✷✮✱

f(u(t))u(t) ≥ aF (u(t)).

❆❧é♠ ❞✐ss♦✱ s❡❣✉♥❞♦ ❛ ❈♦♥❞✐çã♦ (H) ✱

g

(∫

Ω

F (u(t))dx

)∫

Ω

F (u(t))dx ≥ bG

(∫

Ω

F (u(t))dx

)

.



✶✷✺

❊♥tã♦✱
∫

Ω

ut(t)u(t)dx ≥ −
∫

Ω

|∇u(t)|2dx+ ag

(∫

Ω

F (u(t))dx

)∫

Ω

F (u(t))dx

≥ −
∫

Ω

|∇u(t)|2dx+ abG

(∫

Ω

F (u(t))dx

)

,

♦✉ s❡❥❛✱

H ′′(t) ≥ −
∫

Ω

|∇u(t)|2dx+ abG

(∫

Ω

F (u(t))dx

)

. ✭✷✳✶✵✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❛❜❡♠♦s q✉❡

d

dt
J(u(t)) = −

∫

Ω

|ut(t)|2dx.

❆ss✐♠✱

‖ut(t)‖2L2(Ω) = − d

dt
J(u(t)).

■♥t❡❣r❛♥❞♦ s♦❜r❡ ♦ ✐♥t❡r✈❛❧♦ [0, t]✱ ♦❜t❡♠♦s
∫ t

0

‖ut(s)‖2L2(Ω)ds = −J(u(t)) + J(u(0))

= −1

2

∫

Ω

|∇u(t)|2dx+G

(∫

Ω

F (u(t))dx

)

+ J(u0) ✭✷✳✶✵✹✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✶✵✹✮ ❡♠ ✭✷✳✶✵✸✮✱

H ′′(t) ≥ −
∫

Ω

|∇u(t)|2dx+ ab

(∫ t

0

‖ut(s)‖2L2(Ω)ds+
1

2

∫

Ω

|∇u(t)|2dx− J(u0)

)

=

(

−1 +
ab

2

)∫

Ω

|∇u(t)|2dx+ ab

∫ t

0

‖ut(s)‖2L2(Ω)ds− abJ(u0)

=
ab− 2

2

∫

Ω

|∇u(t)|2dx+ ab

∫ t

0

‖ut(s)‖2L2(Ω)ds− abJ(u0).

❙❡♥❞♦ J(u0) ≤ 0✱ t❡♠♦s −abJ(u0) ≥ 0✳ ❊♥tã♦✱

H ′′(t) ≥ ab

∫ t

0

‖ut(s)‖2L2(Ω)ds, ∀t ∈ [0, T ). ✭✷✳✶✵✺✮

❆❞❡♠❛✐s✱

d

dt
‖u(t)‖2L2(Ω) = 2

∫

Ω

ut(t)u(t)dx = 2H ′′(t)

≥ 2
ab− 2

2

∫

Ω

|∇u(t)|2dx

= (ab− 2)‖u(t)‖2.



✶✷✻

❈♦♠♦ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L2(Ω) é ❝♦♥tí♥✉❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖u‖L2(Ω) ≤ C‖u‖, ∀u ∈ H1
0 (Ω).

❆ss✐♠✱
d

dt
‖u(t)‖2L2(Ω) ≥

(ab− 2)

C
‖u‖2L2(Ω)

❡✱ ♣♦rt❛♥t♦✱
d

dt
‖u(t)‖2L2(Ω) ≥ C1‖u‖2L2(Ω), ∀t ∈ [0, T ). ✭✷✳✶✵✻✮

❆✜r♠❛çã♦ ✷✳✹✳✶ ❊①✐st❡ C2 > 0 t❛❧ q✉❡

‖u(t)‖2L2(Ω) ≥ C2e
C1t, ∀t ∈ [0, T ).

❈♦♠ ❡❢❡✐t♦✱ ❞❡ ✭✷✳✶✵✻✮✱ t❡♠♦s

d

dt
‖u(t)‖2L2(Ω) − C1‖u‖2L2(Ω) ≥ 0.

❊♥tã♦✱

e−C1t

(

d

dt
‖u(t)‖2L2(Ω) − C1‖u‖2L2(Ω)

)

≥ 0,

♦✉ s❡❥❛✱

e−C1t
d

dt
‖u(t)‖2L2(Ω) − C1e

C1t‖u‖2L2(Ω) ≥ 0.

◆❡st❛s ❝♦♥❞✐çõ❡s✱
d

dt

(

e−C1t‖u(t)‖2L2(Ω)

)

≥ 0.

■♥t❡❣r❛♥❞♦ s♦❜r❡ [t0, t]✱ ♦❜t❡♠♦s

e−C1t‖u(t)‖2L2(Ω) − e−C1t0‖u(t0)‖2L2(Ω) ≥ 0,

♦✉ ♠❡❧❤♦r✱

e−C1t‖u(t)‖2L2(Ω) ≥ e−C1t0‖u(t0)‖2L2(Ω).

❉❡✜♥✐♥❞♦ C2 = e−C1t0‖u(t0)‖2L2(Ω)✱ ♦❜t❡♠♦s

‖u(t)‖2L2(Ω) ≥ C2e
C1t, ∀t ∈ [0, T ).

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ Tmax = +∞✳ ❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❆✜r♠❛çã♦

✷✳✹✳✶✱ ❝♦♥❝❧✉í♠♦s q✉❡

‖u(t)‖L2(Ω) → ∞ q✉❛♥❞♦ t→ +∞. ✭✷✳✶✵✼✮



✶✷✼

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✷✳✶✵✺✮ ♣♦r H✱

H(t)H ′′(t) ≥ abH(t)

∫ t

0

‖ut(s)‖2L2(Ω)ds

≥ ab

2

∫ t

0

‖u(s)‖2L2(Ω)ds

∫ t

0

‖ut(s)‖2L2(Ω)ds.

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

H ′(t)−H ′(0) =

∫ t

0

H ′′(s)ds

=

∫ t

0

∫

Ω

ut(s)u(s)dxds

≤
∫ t

0

‖ut(s)‖L2(Ω)‖u(s)‖L2(Ω)ds

≤
(∫ t

0

‖ut(s)‖L2(Ω)ds

)
1
2
(∫ t

0

‖u(s)‖L2(Ω)ds

)
1
2

,

♦✉ ❛✐♥❞❛✱

(H ′(t)−H ′(0))2 ≤
∫ t

0

‖u(s)‖2L2(Ω)ds

∫ t

0

‖ut(s)‖2L2(Ω)ds.

▲♦❣♦✱
ab

2
(H ′(t)−H ′(0))2 ≤ H(t)H ′′(t).

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ✭✷✳✶✵✼✮ ♦❝♦rr❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s 0 < γ1 < ab− 2

❡ T1 > 0 t❛✐s q✉❡

H(t)H ′′(t) ≥ 2 + γ1
2

(H ′(t))2, ∀t ≥ T1. ✭✷✳✶✵✽✮

❆✜r♠❛çã♦ ✷✳✹✳✷ ❆ ❢✉♥çã♦ l(t) = H−
γ1
2 (t) é ❝ô♥❝❛✈❛ ♣❛r❛ t ≥ T1✳

❈♦♠ ❡❢❡✐t♦✱ s❡♥❞♦ φ(t) = −H−
γ1
2 (t)✱ t❡♠♦s

φ′(t) =
d

dt
(−H−

γ1
2 (t)) =

γ1
2
H−

γ1
2
−1(t)H ′(t).

❆ss✐♠✱ ♣♦r ✭✷✳✶✵✽✮✱

φ′′(t) =
d

dt

(γ1
2
H−

γ1
2
−1(t)H ′(t)

)

=
γ1
2

[(

−γ1
2

− 1
)

H−
γ1
2
−2(t)(H ′(t))2 +H−

γ1
2
−1(t)H ′′(t)

]

=
γ1
2
H−

γ1
2
−2(t)

[(−γ1 − 2

2

)

(H ′(t))2 +H(t)H ′′(t)

]

≥ γ1
2
H−

γ1
2
−2(t)

[

−
(

γ1 + 2

2

)

(H ′(t))2 +
2 + γ1

2
(H ′(t))2

]

= 0, ∀t ≥ T1.



✶✷✽

❉❡ss❛ ♠❛♥❡✐r❛✱ φ é ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛ ❡♠ [T1,+∞) ❡✱ ♣♦rt❛♥t♦✱ l é ✉♠❛ ❢✉♥çã♦

❝ô♥❝❛✈❛ ❡♠ [T1,+∞) ✻✳ ❆❧é♠ ❞✐ss♦✱

lim
t→+∞

l(t) = 0.

❈♦♠♦ l é ✉♠❛ ❢✉♥çã♦ ❝ô♥❝❛✈❛ ❡♠ [T1,+∞)✱

t1, t2 ∈ [T1,+∞), 0 ≤ t ≤ 1 ⇒ l(tt1 + (1− t)t2) ≥ tl(t1) + (1− t)l(t2).

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ t = 1/2✱ t❡♠✲s❡

l

(

1

2
t1 +

1

2
t2

)

≥ 1

2
l(t1) +

1

2
l(t2), ∀t1, t2 ∈ [T1,+∞).

▲♦❣♦✱

lim
t2→+∞

l

(

1

2
t1 +

1

2
t2

)

≥ lim
t2→+∞

(

1

2
l(t1) +

1

2
l(t2)

)

=
1

2
l(t1),

♦ q✉❡ r❡s✉❧t❛ ❡♠

l(t1) ≤ 0, ∀t1 ∈ [T1,+∞).

❆❜s✉r❞♦✳ P♦rt❛♥t♦✱ Tmax < +∞✳

❈♦r♦❧ár✐♦ ✷✳✹✳✶ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ 2.3 sã♦ s❛t✐s❢❡✐t❛s✳ ❙✉❜st✐t✉❛

♦ ✐t❡♠ (a) ❞❛ ❈♦♥❞✐çã♦ (H) ♣♦r ✭✷✳✶✵✷✮✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ φ ∈ C2(Ω)✱ ❝♦♠ φ > 0✱

❡①✐st❡ ✉♠ ♥ú♠❡r♦ λ∗ > 0 t❛❧ q✉❡ ♣❛r❛ λ > λ∗ ❛ s♦❧✉çã♦ ❞❡ ✭P✺✮ ❝♦♠ u0 = λφ t❡♠ ❜❧♦✇

✉♣ ❡♠ t❡♠♣♦ ✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ λ > 0✱ t❡♠♦s u0 = λφ ≥ 0✳ ❆ss✐♠✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✱

u ≥ 0✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✽✱

F (λφ) ≥ γ|λφ|a − σ,

♦♥❞❡ ❛s ❝♦♥st❛♥t❡s γ ❡ σ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ λ✳ ❊♥tã♦✱
∫

Ω

F (λφ)dx ≥
∫

Ω

(γ|λφ|a − σ) = γ

∫

Ω

|λφ|adx− σ|Ω|.

❖❜s❡r✈❡ q✉❡

γ

∫

Ω

|λφ|adx→ +∞ q✉❛♥❞♦ λ→ +∞.

❉❡ss❡ ♠♦❞♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r λ1 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ♠♦❞♦ q✉❡

σ|Ω| ≤ γ

2

∫

Ω

|λφ|adx, ∀λ ≥ λ1.

✻❱❡❥❛ ▲✐♠❛ ❬✷✸✱ ❈❛♣✳ ✾✱ ❈♦r♦❧ár✐♦ ✷✳❪✳



✶✷✾

◆❡st❛s ❝♦♥❞✐çõ❡s✱

γ

∫

Ω

|λφ|adx− σ|Ω| ≥ γ

2

∫

Ω

|λφ|adx, ∀λ ≥ λ1.

❊♥tã♦✱ ✉s❛♥❞♦ ❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✺✱

G

(∫

Ω

F (λφ)dx

)

≥ δ

(∫

Ω

F (λφ)dx

)b

≥ δ

(

γ

2

∫

Ω

|λφ|adx
)b

, ∀λ ≥ λ1.

❆ss✐♠✱

J(λφ) =
1

2

∫

Ω

|∇(λφ)|2dx−G

(∫

Ω

F (λφ)dx

)

≤ 1

2
λ2
∫

Ω

|∇φ|2dx− δ

(

γ

2

∫

Ω

|λφ|adx
)b

,

♣❛r❛ λ ≥ λ1✳ ❉❡ss❡ ♠♦❞♦✱

J(λφ) ≤ 1

2
λ2
∫

Ω

|∇φ|2dx− δλab
(

γ

2

∫

Ω

φadx

)b

= λab

[

1

2

λ2

λab

∫

Ω

|∇φ|2dx− δ

(

γ

2

∫

Ω

φadx

)b
]

, ∀λ ≥ λ1. ✭✷✳✶✵✾✮

❊st❡ r❛❝✐♦❝í♥✐♦ ♥♦s ❧❡✈❛ ❛ ❝♦♥❝❧✉✐r✱

J(λφ) → −∞ q✉❛♥❞♦ λ→ +∞.

❈♦♥s✐❞❡r❡ λ∗ > λ1 ❞❡ ♠♦❞♦ q✉❡ J(λ∗φ) ≤ 0✳ ❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✹✱ ❝♦♥❝❧✉í✲

♠♦s ♦ r❡s✉❧t❛❞♦✳

✷✳✷✳✷ ❖ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ♥♦s ♣r❡♣❛r❛r ♣❛r❛ ❛♣r❡s❡♥t❛r ♦ r❡s✉❧t❛❞♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡ss❡

❝❛♣ít✉❧♦✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ♥❡❝❡ss✐t❛r ❞❡ ❛❧❣✉♥s ❧❡♠❛s✳

▲❡♠❛ ✷✳✽ ❙❡ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ 2.3 sã♦ s❛t✐s❢❡✐t❛s✱ ❡♥tã♦

lim inf
t→+∞

‖u(·, t)‖ < +∞.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛

v =

∫

Ω

F (u)dx,



✶✸✵

❡♥tã♦

1

2

d

dt

∫

Ω

u2dx = −
∫

Ω

|∇u|2dx+ g(v)

∫

Ω

uf(u)dx. ✭✷✳✶✶✵✮

❉❡ ✭✷✳✻✷✮✱

−
∫

Ω

|∇u|2dx = −2J(u)− 2G(v)

= −2(J(u) +G(v))− ε(J(u) +G(v)) + ε(J(u) +G(v))

= −(2 + ε)(J(u) +G(v)) + ε(J(u) +G(v))

= −(2 + ε)(J(u) +G(v)) +
ε

2

∫

Ω

|∇u|2dx, ✭✷✳✶✶✶✮

♦♥❞❡ 0 < ε < ab− 2✳ ❆❧é♠ ❞✐ss♦✱

− (2 + ε)J(u0) ≤ −(2 + ε)J(u), ✭✷✳✶✶✷✮

♣♦✐s J(u0) ≥ J(u)✳ ❈♦♠❜✐♥❛♥❞♦ ✭✷✳✶✶✵✮✱ ✭✷✳✶✶✶✮ ❡ ✭✷✳✶✶✷✮✱ ♦❜t❡♠♦s

1

2

d

dt

∫

Ω

u2dx = −(2 + ε)(J(u) +G(v)) +
ε

2

∫

Ω

|∇u|2dx+ g(v)

∫

Ω

uf(u)dx

≥ −(2 + ε)J(u0) +
ε

2

∫

Ω

|∇u|2dx+ g(v)

∫

Ω

uf(u)dx− (2 + ε)G(v).

❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✽✾✮✱

1

2

d

dt

∫

Ω

u2dx ≥ −(2 + ε)J(u0) +
ε

2

∫

Ω

|∇u|2dx+ abG(v)−Kg(v)− (2 + ε)G(v)

= −(2 + ε)J(u0) +
ε

2

∫

Ω

|∇u|2dx+ (ab− 2− ε)G(v)−Kg(v)

= −(2 + ε)J(u0) +
ε

2

∫

Ω

|∇u|2dx+G(v)

(

(ab− 2− ε)−K
g(v)

G(v)

)

.

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡

‖u(·, t)‖ → +∞ q✉❛♥❞♦ t→ +∞,

✐st♦ é✱
∫

Ω

|∇u(·, t)|2dx→ +∞ q✉❛♥❞♦ t→ +∞. ✭✷✳✶✶✸✮

❊♥tã♦✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ✭✷✳✻✷✮✱

G

(∫

Ω

F (u(·, t))dx
)

+ J(u0) ≥
1

2

∫

Ω

|∇u(·, t)|2dx.



✶✸✶

❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✶✶✸✮✱

G

(∫

Ω

F (u(·, t))dx
)

→ +∞ q✉❛♥❞♦ t→ +∞. ✭✷✳✶✶✹✮

❙❡♥❞♦ G ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✱

v =

∫

Ω

F (u(·, t))dx→ +∞ q✉❛♥❞♦ t→ +∞.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❈♦♥❞✐çã♦ (H) ♥♦s ❞✐③ q✉❡

Kg(v)

G(v)
→ 0 q✉❛♥❞♦ t→ +∞. ✭✷✳✶✶✺✮

❊♥tã♦✱ ❞❡ ✭✷✳✶✶✸✮✱ ✭✷✳✶✶✹✮ ❡ ✭✷✳✶✶✺✮✱ t❡♠✲s❡

1

2

d

dt

∫

Ω

|u(·, t)|2dx→ +∞ q✉❛♥❞♦ t→ +∞.

❉❡ss❡ ♠♦❞♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ❆✳✶✱ ❝♦♥❝❧✉í♠♦s q✉❡

‖u(·, t)‖L2(Ω) → +∞ q✉❛♥❞♦ t→ +∞.

❯♠ ❛❜s✉r❞♦ ♣♦✐s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✷✳✸✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖u(·, t)‖L2(Ω) ≤ C, ∀t ≥ 0.

P❛r❛ ❞❛r ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦ ♥♦ss♦ ❡st✉❞♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝♦♥❥✉♥t♦

ω(u0) = {v ∈ H1
0 (Ω); ❡①✐st❡ (tn), tn → +∞, t❛❧ q✉❡ u(tn) → v ❡♠ H1

0 (Ω)}

♦ q✉❛❧ é ❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡ ❞❡ u0✳ ❱❡❥❛♠♦s t❛♠❜é♠ ♦

s❡❣✉✐♥t❡ ❝♦♥❝❡✐t♦✱ ♦ q✉❛❧ s❡rá ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❞❛q✉✐ ❡♠ ❞✐❛♥t❡✳

❉❡✜♥✐çã♦ ✷✳✶ ❉✐③✲s❡ q✉❡ w é ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

du

dt
−∆u = g

(∫

Ω

F (u)dx

)

f(u), t > 0, ✭✷✳✶✶✻✮

q✉❛♥❞♦ u(t) = w é t❛❧ q✉❡ w ∈ D(−∆) ❡

−∆w = g

(∫

Ω

F (w)dx

)

f(w).



✶✸✷

▲❡♠❛ ✷✳✾ ❙❡❥❛ u ✉♠❛ s♦❧✉çã♦ ❣❧♦❜❛❧ ❞❡ ✭P✺✮✳ ❙✉♣♦♥❤❛ q✉❡ f ❡ g s❛t✐s❢❛③❡♠ ❛s ❈♦♥✲

❞✐çõ❡s (f)✱ (f1)✱ (f2) ❡ (g)✳ ❙❡

lim inf
t→+∞

‖u(·, t)‖ < +∞ ❡ lim sup
t→+∞

‖u(·, t)‖ = +∞,

❡♥tã♦ ♣❛r❛ ❝❛❞❛ B s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡①✐st❡ w ∈ ω(u0) ❝♦♠ ‖w‖ = B✳ ❆❧é♠ ❞✐ss♦✱

w é ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ ❧❡♠❛ s❡rá ❢❡✐t❛ ❡♠ ❞✉❛s ❡t❛♣❛s✳ ❉✉r❛♥t❡ ♦

♣r♦❝❡ss♦✱ ✈❛♠♦s s❡❣✉✐r ❞❡ ♣❡rt♦ ♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♣♦r ❋✐❧❛ ❬✶✻❪✳

❆✜r♠❛çã♦ ✷✳✾✳✶ P❛r❛ ❝❛❞❛ B s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡①✐st❡ w ∈ ω(u0) ❝♦♠ ‖w‖H1(Ω) =

B✳

❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛ q✉❡

lim inf
t→+∞

‖u(·, t)‖ = k.

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❤✐♣ót❡s❡s✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (tn) ❡ (sn) ❝♦♠ tn, sn → +∞ t❛✐s q✉❡

✭✐✮ ‖u(tn)‖ = B, ∀n ∈ N❀

✭✐✐✮ ‖u(t)‖ ≤ B, ∀t ∈ [t2n, t2n+1]❀

✭✐✐✐✮ sn ∈ (t2n, t2n+1) ❝♦♠

‖u(sn)‖ = k + 1.

❱❡❥❛ ❛ ❋✐❣✉r❛ ✭✷✳✶✮✳ ❘❡❝♦r❞❡ q✉❡✱ ♣❛r❛ t > s ≥ 0✱ t❡♠♦s

❋✐❣✉r❛ ✷✳✶✿ ❉❡✜♥✐çã♦ ❞❛s s❡q✉ê♥❝✐❛s (tn) ❡ (sn)✳



✶✸✸

u(t) = e−A(t−s)u(s) +

∫ t

s

e−A(t−τ)ϕ(u(τ))dτ. ✭✷✳✶✶✼✮

❊♥tã♦✱ ❝♦♥s✐❞❡r❛♥❞♦ t = t2n+1 ❡ s = sn ❡♠ ✭✷✳✶✶✼✮✱ ♦❜t❡♠♦s

‖u(t2n+1)‖ = ‖u(t2n+1)‖ 1
2

≤ ‖e−A(t2n+1−sn)u(sn)‖ 1
2
+

∫ t2n+1

sn

‖e−A(t2n+1−τ)ϕ(u(τ))‖ 1
2
dτ

= ‖e−A(t2n+1−sn)A
1
2u(sn)‖L2(Ω) +

∫ t2n+1

sn

‖A 1
2 e−A(t2n+1−τ)ϕ(u(τ))‖L2(Ω)dτ.

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✶✳✶✵✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖e−A(t2n+1−sn)A
1
2u(sn)‖L2(Ω) ≤ C‖A 1

2u(sn)‖L2(Ω) = C‖u(sn)‖ 1
2
= C‖u(sn)‖.

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✻✱

‖A 1
2 e−A(t2n+1−τ)ϕ(u(τ))‖L2(Ω) ≤ M 1

2
(t2n+1 − τ)−

1
2‖ϕ(u(τ))‖L2(Ω),

♦♥❞❡ M 1
2
> 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❆ss✐♠✱

‖u(t2n+1)‖ ≤ C‖u(sn)‖+
∫ t2n+1

sn

M 1
2
(t2n+1 − τ)−

1
2‖ϕ(u(τ))‖L2(Ω)dτ

≤ C∗‖u(sn)‖+ C∗

∫ t2n+1

sn

(t2n+1 − τ)−
1
2‖ϕ(u(τ))‖L2(Ω)dτ,

♦♥❞❡ C∗ = max
{

C,M 1
2

}

✳ P♦r ♦✉tr♦ ❧❛❞♦✱

‖ϕ(u(τ))‖L2(Ω) =

∥

∥

∥

∥

g

(∫

Ω

F (u(τ))dx

)

f(u(τ))

∥

∥

∥

∥

L2(Ω)

= g

(∫

Ω

F (u(τ))dx

)

‖f(u(τ))‖L2(Ω) . ✭✷✳✶✶✽✮

P❛r❛ N = 2 s❡❣✉❡✱ ❞❛s Pr♦♣r✐❡❞❛❞❡s ✷✳✶ ❡ ✷✳✸✱ q✉❡

|f(t)| ≤ C̃βe
βt2 , ∀t ∈ R ✭✷✳✶✶✾✮

❡

|F (t)| ≤ Cβ1(e
β1t

2

+ 1), ∀t ∈ R, ✭✷✳✶✷✵✮

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡ C̃β, Cβ1 > 0 sã♦ ❝♦♥st❛♥t❡s✳ ❉❛ ❡st✐♠❛t✐✈❛ ❞❛❞❛ ❡♠ ✭✷✳✶✶✾✮✱

♦❜t❡♠♦s

‖f(u(τ))‖2L2(Ω) =

∫

Ω

|f(u(τ))|2dx ≤ C̃β

2
∫

Ω

e2β|u(τ)|
2

dx

= C̃β

2
∫

Ω

e2β(
|u(τ)|
‖u(τ)‖)

2
‖u(τ)‖2dx ≤ C̃β

2
sup
‖w‖≤1

∫

Ω

e2βB
2|w|2dx.



✶✸✹

❊s❝♦❧❤❡♥❞♦ β ❞❡ ♠♦❞♦ q✉❡ βB2 < π t❡♠✲s❡✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉♥❞✐❣❡r✲▼♦s❡r✱

q✉❡

sup
‖w‖≤1

∫

Ω

e2βR
2|w|2dx < C2,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C2 > 0✳ ▲♦❣♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C3 > 0 t❛❧ q✉❡

‖f(u(τ))‖L2(Ω) ≤ C3. ✭✷✳✶✷✶✮

❆♣❧✐❝❛♥❞♦ ❡♠ ✭✷✳✶✷✵✮ ✉♠ r❛❝✐♦❝í♥✐♦ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ✉s❛❞♦ ❡♠ ✭✷✳✶✶✾✮✱

♦❜t❡♠♦s
∫

Ω

|F (u(τ))|dx ≤ C4,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C4 > 0✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ u(t) ≥ min u0 ♣❛r❛ t > 0✱ t❡♠♦s

F (u(t)) ≥ F (min u0), ∀t > 0.

❆ss✐♠✱
∫

Ω

F (u(t))dx ≥ F (min u0)|Ω|, ∀t > 0.

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ g é ❝♦♥tí♥✉❛ ♥♦ ❝♦♠♣❛❝t♦ [F (min u0)|Ω|, C4]✱ ❝♦♥❝❧✉í♠♦s

g

(∫

Ω

F (u(τ))dx

)

≤ C5, ✭✷✳✶✷✷✮

♦♥❞❡ C5 > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❆ss✐♠✱ ❞❡ ✭✷✳✶✶✽✮✱ ✭✷✳✶✷✶✮ ❡ ✭✷✳✶✷✷✮✱

‖ϕ(u(τ))‖L2(Ω) ≤ C6, ✭✷✳✶✷✸✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C6 > 0✳

❙❡ N ≥ 3✳ ❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s Pr♦♣r✐❡❞❛❞❡s ✷✳✷ ❡ ✷✳✸✱ t❡♠♦s

|f(t)| ≤ C1(|t|q + 1), ∀t ∈ R. ✭✷✳✶✷✹✮

❡

|F (t)| ≤ C2(|t|q+1 + 1), ∀t ∈ R, ✭✷✳✶✷✺✮

♦♥❞❡ C1, C2 > 0 sã♦ ❝♦♥st❛♥t❡s✳ ❉❡ ✭✷✳✶✷✹✮✱

‖f(u(τ))‖2L2(Ω) =

∫

Ω

|f(u(τ))|2dx ≤ C1

∫

Ω

(|u(τ)|q + 1)2dx

≤ C1

∫

Ω

4(|u(τ)|2q + 1)dx = 4C1

∫

Ω

|u(τ)|2qdx+ 4C1|Ω|

= 4C1‖u(τ)‖2qL2q(Ω)dx+ 4C1|Ω|.



✶✸✺

❉❡s❞❡ q✉❡ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L2q(Ω) é ❝♦♥tí♥✉❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C7 > 0 t❛❧ q✉❡

‖u‖L2q(Ω) ≤ C7‖u‖, ∀u ∈ H1
0 (Ω).

❉❡ss❛ ♠❛♥❡✐r❛✱

‖f(u(τ))‖2L2(Ω) ≤ 4C1C
2q
7 ‖u(τ)‖2qdx+ 4C1|Ω|.

❙❡♥❞♦ ‖u(τ)‖ ≤ B ♣❛r❛ τ ∈ [t2n, t2n+1]✱

‖f(u(τ))‖2L2(Ω) ≤ C8, ✭✷✳✶✷✻✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C8 > 0✳ ❖ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ❡♠ ✭✷✳✶✷✺✮✳

❆ss✐♠✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C9 > 0 t❛❧ q✉❡
∫

Ω

|F (u(τ))|dx ≤ C9.

❆❧é♠ ❞✐ss♦✱

g

(∫

Ω

F (u(τ))dx

)

≤ C10, ✭✷✳✶✷✼✮

♦♥❞❡ C10 > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❈♦♠❜✐♥❛♥❞♦ ✭✷✳✶✶✽✮✱ ✭✷✳✶✷✻✮ ❡ ✭✷✳✶✷✼✮✱

‖ϕ(u(τ))‖L2(Ω) ≤ C11, ✭✷✳✶✷✽✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C11 > 0✳ ❈♦♥s✐❞❡r❡ B > C∗(k + 1)✳ ❊♥tã♦✱ s❡♥❞♦

‖u(t2n+1)‖ = B ❡ ‖u(sn)‖ = k + 1,

♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡ δ > 0 s❛t✐s❢❛③❡♥❞♦ t2n+1−t2n ≥ δ ♣❛r❛ t♦❞♦ n ∈ N✳ ❆❣♦r❛✱

❝♦♥s✐❞❡r❛♥❞♦ β ∈ (1
2
, 1) ❛r❜✐trár✐♦✱ s❡❣✉❡ ❞❡ ✭✷✳✶✶✼✮ q✉❡

‖u(t)‖β ≤ ‖e−A(t−s)u(s)‖β +
∫ t

s

‖e−A(t−τ)ϕ(u(τ))‖βdτ

≤ ‖Aβe−A(t−s)u(s)‖L2(Ω) +Mβ

∫ t

s

‖ϕ(u(τ))‖L2(Ω)

(t− τ)β
dτ

= ‖Aβ− 1
2 e−A(t−s)A

1
2u(s)‖L2(Ω) +Mβ

∫ t

s

‖ϕ(u(τ))‖L2(Ω)

(t− τ)β
dτ

≤ Mβ

(t− s)β−
1
2

‖A 1
2u(s)‖L2(Ω) +Mβ

∫ t

s

‖ϕ(u(τ))‖L2(Ω)

(t− τ)β
dτ

=
Mβ

(t− s)β−
1
2

‖u(s)‖ 1
2
+Mβ

∫ t

s

‖ϕ(u(τ))‖L2(Ω)

(t− τ)β
dτ

=
Mβ

(t− s)β−
1
2

‖u(s)‖+Mβ

∫ t

s

‖ϕ(u(τ))‖L2(Ω)

(t− τ)β
dτ.



✶✸✻

❊s❝♦❧❤❡♥❞♦ t = t2n+1 ❡ s = t2n+1 − δ✱ t❡♠♦s

‖u(t2n+1)‖β ≤ Mβ

(t2n+1 − (t2n+1 − δ))β
‖u(t2n+1 − δ)‖L2(Ω) +Mβ

∫ t2n+1

t2n+1−δ

‖ϕ(u(τ))‖L2(Ω)

(t2n+1 − τ)β
dτ

≤ Mβδ
−β‖u(t2n+1 − δ)‖+Mβ

∫ t2n+1

t2n+1−δ

‖ϕ(u(τ))‖L2(Ω)

(t2n+1 − τ)β
dτ

≤ Mβδ
−βB +Mβ

∫ t2n+1

t2n+1−δ

‖ϕ(u(τ))‖L2(Ω)

(t2n+1 − τ)β
dτ. ✭✷✳✶✷✾✮

❙❡❥❛ C12 = max{C6, C11} ♦♥❞❡ sã♦ ❛s ❝♦♥st❛♥t❡s ❞❛❞❛s ❡♠ ✭✷✳✶✷✸✮ ❡ ✭✷✳✶✷✽✮✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳ ❊♥tã♦✱

∫ t2n+1

t2n+1−δ

‖ϕ(u(τ))‖L2(Ω)

(t2n+1 − τ)β
dτ ≤

∫ t2n+1

t2n+1−δ

C12

(t2n+1 − τ)β
dτ.

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ r = t2n+1 − τ ✱

∫ t2n+1

t2n+1−δ

(t2n+1 − τ)−βdτ =

∫ δ

0

r−βdr =
1

1− β
δ1−β.

❆ss✐♠✱

∫ t2n+1

t2n+1−δ

‖ϕ(u(τ))‖L2(Ω)

(t2n+1 − τ)β
dτ ≤ C12

1

1− β
δ1−β. ✭✷✳✶✸✵✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✶✷✾✮ ❡ ✭✷✳✶✸✵✮✱ ♦❜t❡♠♦s

‖u(t2n+1)‖β ≤Mβδ
−βB +MβC12

1

1− β
δ1−β,

♦✉ s❡❥❛✱ ❛ s❡q✉ê♥❝✐❛ (un) ❞❡✜♥✐❞❛ ♣♦r un = u(t2n+1) é ❧✐♠✐t❛❞❛ ❡♠ Xβ✳ ❯♠❛ ✈❡③ q✉❡

❛ ✐♠❡rsã♦ Xβ →֒ H1
0 (Ω) é ❝♦♠♣❛❝t❛ ✭♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ❝♦♥s✉❧t❡ ❇❡❜❡r♥❡s✲▲❛❝❡② ❬✹❪

♦✉ ❍❡♥r② ❬✶✽❪✮✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unj
) ❞❡ (un) q✉❡ ❝♦♥✈❡r❣❡ ❡♠ H1

0 (Ω)✳ ❖✉

♠❡❧❤♦r✱ ❡①✐st❡♠ (tj) ⊂ (tn) ❡ w ∈ H1
0 (Ω) t❛✐s q✉❡

u(tj) = unj
→ w q✉❛♥❞♦ tj → +∞.

P♦rt❛♥t♦✱ w ∈ ω(u0) ❝♦♠ ‖w‖ = B✳

❆✜r♠❛çã♦ ✷✳✾✳✷ w é ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦✳

❈♦♠ ❡❢❡✐t♦✱ ❝♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ (tj) ❝♦♠ tj → +∞ ❡♥❝♦♥tr❛❞❛ ♥❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✳

❊♥tã♦

u(tj, u0) → w ❡♠ H1
0 (Ω). ✭✷✳✶✸✶✮



✶✸✼

❉❡✜♥❛

Uj(s) = u(tj + s, u0), s ∈ (0, τ).

❉❡s❞❡ q✉❡

u(tj + s, u0)− u(tj, u0) =

∫ tj+s

tj

d

dt
u(t, u0)dt,

t❡♠✲s❡

|u(tj + s, u0)− u(tj, u0)| =

∣

∣

∣

∣

∣

∫ tj+s

tj

d

dt
u(t, u0)dt

∣

∣

∣

∣

∣

≤
∫ tj+s

tj

∣

∣

∣

∣

d

dt
u(t, u0)

∣

∣

∣

∣

dt

≤
∫ tj+τ

tj

∣

∣

∣

∣

d

dt
u(t, u0)

∣

∣

∣

∣

dt.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

|u(tj + s, u0)− u(tj, u0)|2 ≤
(

∫ tj+τ

tj

∣

∣

∣

∣

d

dt
u(t, u0)

∣

∣

∣

∣

dt

)2

≤





(

∫ tj+τ

tj

dt

) 1
2
(

∫ tj+τ

tj

∣

∣

∣

∣

d

dt
u(t, u0)

∣

∣

∣

∣

2

dt

) 1
2





2

= τ

∫ tj+τ

tj

|ut(t, u0)|2 dt

≤ τ

∫ +∞

tj

|ut(t, u0)|2 dt ✭✷✳✶✸✷✮

▲♦❣♦✱

∫

Ω

|u(tj + s, u0)− u(tj, u0)|2dx ≤ τ

∫

Ω

∫ +∞

tj

|ut(t, u0)|2 dtdx. ✭✷✳✶✸✸✮

❘❡❝♦r❞❡ q✉❡
∫ t

0

∫

Ω

|ut(t)|2dxdt = J(u0)− J(u(t))

❡

J(u(t)) =
1

2

∫

Ω

|∇u(t)|2dx−G

(∫

Ω

F (u(t))dx

)

.

❊♥tã♦✱

∫ tj

0

∫

Ω

|ut(t)|2dxdt = J(u0)− J(u(tj))

= J(u0)−
1

2

∫

Ω

|∇u(tj)|2dx+G

(∫

Ω

F (u(tj))dx

)

≤ J(u0) +G

(∫

Ω

F (u(tj))dx

)

. ✭✷✳✶✸✹✮



✶✸✽

❉❡ ♠♦❞♦ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r

q✉❡
∫

Ω

F (u(tj))dx ≤ C,

♣♦✐s

‖u(tj)‖ = B, ∀j ∈ N.

❆✐♥❞❛✱ ❝♦♠ ❜❛s❡ ❡♠ ❛r❣✉♠❡♥t♦s ✈✐st♦s ♥❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ t❡♠✲s❡

∫

Ω

F (u(t))dx ≥ F (min u0)|Ω|, ∀t > 0.

❉❡ss❛ ❢♦r♠❛✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ G ❡♠ [F (min u0)|Ω|, C]✱ ❝♦♥❝❧✉í♠♦s

G

(∫

Ω

F (u(tj))dx

)

≤ C2,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C2 > 0✳ ❋❛③❡♥❞♦ j → +∞ ❡♠ ✭✷✳✶✸✹✮✱ ♦❜t❡♠♦s

∫ +∞

0

∫

Ω

|ut(t)|2dxdt ≤ C2.

❉❡ss❛ ❢♦r♠❛✱
∫

Ω

∫ +∞

tj

|ut(t, u0)|2 dtdx→ 0 q✉❛♥❞♦ j → +∞.

▲♦❣♦✱

‖u(tj + s, u0)− u(tj, u0)‖L2(Ω×(0,τ)) → 0. ✭✷✳✶✸✺✮

❆✜r♠❛çã♦ ✷✳✾✳✸

u(tj, u0) → w ❡♠ L2(Ω× (0, τ)).

❈♦♠ ❡❢❡✐t♦✱ ❞❡s❞❡ q✉❡ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L2(Ω) é ❝♦♥tí♥✉❛✱ ❡①✐st❡ C3 > 0 t❛❧ q✉❡

‖u‖L2(Ω) ≤ C3‖u‖, ∀u ∈ H1
0 (Ω).

❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✶✸✶✮✱

u(tj, u0) → w ❡♠ L2(Ω).

❉❡ss❡ ♠♦❞♦✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ j0 ∈ N t❛❧ q✉❡

‖uj(tj, u0)− w‖L2(Ω) <
ε√
τ
, ∀j ≥ j0.



✶✸✾

P♦r ♦✉tr♦ ❧❛❞♦✱

‖uj(tj, u0)− w‖2L2(Ω×(0,τ)) =

∫ τ

0

∫

Ω

|uj(tj, u0)− w|2dxds

=

∫ τ

0

‖uj(tj, u0)− w‖2L2(Ω)ds

≤
∫ τ

0

ε2

τ
ds = ε2, ∀j ≥ j0.

▲♦❣♦✱

u(tj, u0) → w ❡♠ L2(Ω× (0, τ)).

❯s❛♥❞♦ ♦ ❝♦♥t❡ú❞♦ ❞❛ ❆✜r♠❛çã♦ ✷✳✾✳✸ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✷✳✶✸✺✮✱ ❝♦♥❝❧✉í♠♦s

Uj(x, s) → w ❡♠ L2(Ω× (0, τ)).

❆✜r♠❛çã♦ ✷✳✾✳✹ ❆ s♦❧✉çã♦ u ❞♦ ♣r♦❜❧❡♠❛ ✭P✺✮ s❛t✐s❢❛③

∫

Ω

u(T )v(T )dx−
∫

QT

[uvt + u∆v + ϕ(u)v] dx dt =

∫

Ω

u(0)v(0)dx, ✭✷✳✶✸✻✮

♣❛r❛ t♦❞❛ ❢✉♥çã♦ v ∈ C2(Ω× (0, T )) ❝♦♠

v(x, t) = 0 ❡♠ ∂Ω× (0, T ),

♦♥❞❡ QT = Ω× (0, T ) ❡

ϕ(u) = g

(∫

Ω

F (u)dx

)

f(u).

❈♦♠ ❡❢❡✐t♦✱ s❛❜❡♠♦s q✉❡

ut +∆u = ϕ(u) q✳s✳ ❡♠ [0,+∞)× Ω. ✭✷✳✶✸✼✮

❙❡❥❛ v ∈ C2(Ω× (0, T )) t❛❧ q✉❡

v = 0 ❡♠ ∂Ω× (0, T ).

❊♥tã♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✷✳✶✸✼✮ ♣♦r v✱ t❡♠♦s

vut + v∆u = vϕ(u),

♦♥❞❡ t ❡stá ✜①❛❞♦✳ ■♥t❡❣r❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r ❝♦♠ r❡s♣❡✐t♦

❛ Ω✱ ✜❝❛♠♦s ❝♦♠
∫

Ω

vutdx+

∫

Ω

v∆udx =

∫

Ω

vϕ(u)dx.



✶✹✵

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ❈✳✷✱ ♦❜t❡♠♦s
∫

Ω

vutdx+

∫

Ω

u∆vdx =

∫

Ω

vϕ(u)dx.

❆❣♦r❛✱ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ (0, T )✱
∫ T

0

(∫

Ω

vutdx

)

dt+

∫ T

0

(∫

Ω

u∆vdx

)

dt =

∫ T

0

(∫

Ω

vϕ(u)dx

)

dt. ✭✷✳✶✸✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱
∫ T

0

(∫

Ω

d

dt
(uv)dx

)

dt =

∫ T

0

(∫

Ω

(utv + uvt)dx

)

dt

=

∫ T

0

(∫

Ω

utvdx

)

dt+

∫ T

0

(∫

Ω

uvtdx

)

dt. ✭✷✳✶✸✾✮

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❇✳✶✵✮ ❡ ♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦

❈á❧❝✉❧♦ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❉✳✹✮✱
∫ T

0

(∫

Ω

d

dt
(uv)dx

)

dt =

∫

Ω

(∫ T

0

d

dt
(uv)dt

)

dx

=

∫

Ω

[u(T )v(T )− u(0)v(0)]dx

=

∫

Ω

u(T )v(T )dx−
∫

Ω

u(0)v(0)dx. ✭✷✳✶✹✵✮

❉❡ss❡ ♠♦❞♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✶✸✾✮ ❡ ✭✷✳✶✹✵✮✱
∫ T

0

(∫

Ω

utvdx

)

dt =

∫ T

0

(∫

Ω

d

dt
(uv)dx

)

dt−
∫ T

0

(∫

Ω

uvtdx

)

dt

=

∫

Ω

u(T )v(T )dx−
∫

Ω

u(0)v(0)dx−
∫ T

0

(∫

Ω

uvtdx

)

dt. ✭✷✳✶✹✶✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✶✸✽✮ ❡ ✭✷✳✶✹✶✮✱
∫

Ω

u(T )v(T )dx−
∫

QT

[uvt + u∆v + ϕ(u)v] dx dt =

∫

Ω

u(0)v(0)dx,

❞❡♠♦♥str❛♥❞♦ ❛ ❛✜r♠❛çã♦✳

❯♠❛ ✈❡③ q✉❡ ❛ ✐♠❡rsã♦ L2(Ω× (0, τ)) →֒ L1(Ω× (0, τ)) é ❝♦♥tí♥✉❛✱ t❡♠✲s❡

Uj → w ❡♠ L1(Ω× (0, τ)).

❙❡❥❛♠ ξ ∈ C2(Ω) ❝♦♠ ξ = 0 ❡♠ ∂Ω ❡ ρ ∈ C2
0(0, τ)✱ ρ ≥ 0 ❡

∫ τ

0

ρ(s)ds = 1.



✶✹✶

❉❡✜♥✐♥❞♦

v(x, t) = ρ(t− tj)ξ(x)

❡ ✉s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭✷✳✶✸✻✮ ❝♦♠ T = tj + τ ✱ ✈❡♠

0 =

∫ tj+τ

tj

∫

Ω

[uρ′(t− tj)ξ + uρ(t− tj)∆ξ + ϕ(u)ρ(t− tj)ξ] dx dt

=

∫ tj+τ

tj

∫

Ω

[uvt + v∆v + ϕ(u)v] dx dt ✭✷✳✶✹✷✮

♣♦✐s✱ ❞❡s❞❡ q✉❡ ρ ∈ C2
0(0, τ)✱

∫

Ω

u(tj + τ)v(tj + τ)dx =

∫

Ω

u(tj + τ)ρ(τ)ξ(x)dx

= ρ(τ)

∫

Ω

u(tj + τ)ξ(x)dx = 0 ✭✷✳✶✹✸✮

❡
∫

Ω

u(0)v(x, tj)dx =

∫

Ω

u(0)ρ(0)ξ(x)dx

= ρ(0)

∫

Ω

u(0)ξ(x)dx = 0 ✭✷✳✶✹✹✮

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ s = t− tj✱ t❡♠♦s

0 =

∫ τ

0

∫

Ω

[ρ′(s)Ujξ + ρUj∆ξ + ϕ(Uj)ρξ] dx ds

=

∫ τ

0

∫

Ω

[ρ′(s)u(tj + s)ξ + ρu(tj + s)∆ξ + ϕ(u(tj + s))ρξ] dx ds. ✭✷✳✶✹✺✮

❯♠❛ ✈❡③ q✉❡
∫ τ

0

∫

Ω

ρ′(s)Ujξ dx ds→
∫ τ

0

∫

Ω

ρ′(s)wξ dx ds

❡
∫ τ

0

∫

Ω

[ρUj∆ξ + ϕ(Uj)ρξ] dx ds→
∫ τ

0

∫

Ω

ρw∆ξ + ϕ(w)ρξ dx ds,

t❡♠✲s❡
∫ τ

0

∫

Ω

ρ′(s)wξ dx ds+

∫ τ

0

∫

Ω

[ρw∆ξ + ϕ(w)ρξ] dx ds = 0.

❆❞❡♠❛✐s✱
∫ τ

0

∫

Ω

ρ′(s)wξ dx ds =

∫

Ω

wξdx

∫ τ

0

ρ′(s)ds = (ρ(τ)−ρ(0))
∫

Ω

wξdx = 0, ρ ∈ C2
0(0, τ).

▲♦❣♦✱
∫ τ

0

∫

Ω

[ρw∆ξ + ϕ(w)ρξ]dxds = 0,



✶✹✷

♦✉ s❡❥❛✱
∫ τ

0

ρ(s)ds

∫

Ω

[w∆ξ + ϕ(w)ξ]dx = 0.

❙❡♥❞♦
∫ τ

0

ρ(s)ds = 1,

❝♦♥❝❧✉✐✲s❡
∫

Ω

[w∆ξ + ϕ(w)ξ]dx = 0.

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ❈✳✷✱ ✜❝❛♠♦s ❝♦♠

−
∫

Ω

∇w∇ξdx+
∫

Ω

ϕ(w)ξdx = 0, ∀ξ ∈ C2
0(Ω).

❖❜s❡r✈❡ q✉❡ C∞
0 (Ω) ⊂ C2

0(Ω) ⊂ H1
0 (Ω)✳ ❈♦♠♦ C∞

0 (Ω) = H1
0 (Ω)✱ t❡♠♦s

C2
0(Ω) = H1

0 (Ω).

❉❡ss❛ ❢♦r♠❛✱ ❞❛❞♦ v ∈ H1
0 (Ω)✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (ξn) ⊂ C2

0(Ω) t❛❧ q✉❡

ξn → v ❡♠ H1
0 (Ω).

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡

−
∫

Ω

∇w∇ξndx+
∫

Ω

ϕ(w)ξndx = 0, ∀n ∈ N,

❝♦♥❝❧✉í♠♦s

−
∫

Ω

∇w∇vdx+
∫

Ω

ϕ(w)vdx = 0, ∀v ∈ H1
0 (Ω).

▲♦❣♦✱ w ∈ H1
0 (Ω) é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

−∆u = g

(∫

Ω

F (u)dx

)

f(u).

P♦r ❚❡♦r✐❛ ❞❡ ❘❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t ✼✱ w ∈ H2(Ω)✳ ❉❡ss❛ ♠❛♥❡✐r❛✱

w ∈ D(−∆) ❡✱ ♣♦rt❛♥t♦✱ w é ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ s❡rá ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛s ❧✐♠✐t❛çõ❡s ❞❛ s♦❧✉çã♦

❣❧♦❜❛❧ u ❞❡ ✭P✺✮✳

▲❡♠❛ ✷✳✶✵ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ 2.3 sã♦ s❛t✐s❢❡✐t❛s✳ ❙❡ ω(u0) 6= ∅ ❡

w ∈ ω(u0)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ L = L(u0) > 0 t❛❧ q✉❡ ‖w‖ ≤ L✳

✼❱❡❥❛ ♦ ❚❡♦r❡♠❛ ✷✳✶✳



✶✹✸

❉❡♠♦♥str❛çã♦✿ ❆ ✐❞❡♥t✐❞❛❞❡ ❞❛❞❛ ❡♠ ✭✷✳✽✻✮ ✐♠♣❧✐❝❛ q✉❡

J(w) ≤ J(u0). ✭✷✳✶✹✻✮

❙❡♥❞♦ w ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ t❡♠♦s
∫

Ω

|∇w|2dx = g(W )

∫

Ω

wf(w)dx, ✭✷✳✶✹✼✮

♦♥❞❡

W =

∫

Ω

F (w)dx.

❊s❝♦❧❤❡♥❞♦ 0 < ε < ab− 2 ❡ ✉s❛♥❞♦ ✭✷✳✶✹✼✮✱ ♦❜t❡♠♦s

(2 + ε)J(w) = (2 + ε)

(

1

2

∫

Ω

|∇w|2dx−G(W )

)

=
2 + ε

2

∫

Ω

|∇w|2dx− (2 + ε)G(W )

=
ε

2

∫

Ω

|∇w|2dx+
∫

Ω

|∇w|2dx− (2 + ε)G(W )

=
ε

2

∫

Ω

|∇w|2dx+ g(W )

∫

Ω

wf(w)dx− (2 + ε)G(W ).

❊♥tã♦✱ ♣♦r ✭✷✳✽✽✮✱

(2 + ε)J(w) ≥ ε

2

∫

Ω

|∇w|2dx+ abG(W )−Kg(W )− (2 + ε)G(W )

=
ε

2

∫

Ω

|∇w|2dx+ (ab− 2− ε)G(W )−Kg(W ), ✭✷✳✶✹✽✮

♦♥❞❡ K ❞❡♣❡♥❞❡ ❞❡ f ❡ min u0✳ ❙❛❜❡♠♦s q✉❡

u ≥ min u0, ❡♠ Ω× (0,+∞).

❯♠❛ ✈❡③ q✉❡ F é ❝r❡s❝❡♥t❡✱

F (u) ≥ F (min u0), ❡♠ Ω× (0,+∞).

❊♥tã♦✱
∫

Ω

F (u)dx ≥
∫

Ω

F (min u0)dx = F (min u0)|Ω|.

❆✜r♠❛çã♦ ✷✳✶✵✳✶ ❆ ❢✉♥çã♦ ❞❛❞❛ ♣♦r

φ(s) = (ab− 2− ε)G(s)−Kg(s), ∀s ≥ F (min u0)|Ω|

é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳



✶✹✹

❉❡ ❢❛t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❈♦♥❞✐çã♦ (H)✱ ❡①✐st❡ s0 ≥ F (min u0)|Ω| t❛❧ q✉❡
Kg(s)

G(s)
≤ ab− 2− ε

2
, s❡ s > s0.

❆ss✐♠✱

φ(s) = (ab− 2− ε)G(s)−Kg(s)

= G(s)

(

(ab− 2− ε)− Kg(s)

G(s)

)

≥ G(s)

(

(ab− 2− ε)− ab− 2− ε

2

)

=
(ab− 2− ε)

2
G(s), ∀s ≥ s0.

❉❡s❞❡ q✉❡ G é ❝r❡s❝❡♥t❡✱

φ(s) ≥ (ab− 2− ε)

2
G(s0), ∀s > s0.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ φ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡♠ [min u0, s0]✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

B > 0 t❛❧ q✉❡

φ(s) ≥ −B, ∀s ∈ [min u0, s0].

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ B̃ > 0 t❛❧ q✉❡

φ(s) ≥ −B̃, ∀s ≥ min u0.

❉❡ ✭✷✳✶✹✻✮✱ ✭✷✳✶✹✽✮ ❡ ❞❛ ❆✜r♠❛çã♦ ✷✳✶✵✳✶✱ t❡♠✲s❡

(2 + ε)J(u0) ≥ ε

2

∫

Ω

|∇w|2dx+ (ab− 2− ε)G(W )−Kg(W )

≥ ε

2

∫

Ω

|∇w|2dx− B̃.

❉❡ss❡ ♠♦❞♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M > 0 t❛❧ q✉❡
∫

Ω

|∇w|2dx ≤M

❡✱ ♣♦rt❛♥t♦✱

‖w‖ ≤ L,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ L > 0✳

P❛r❛ ❡♥❝❡rr❛r ❡st❛ s❡çã♦✱ ✈❛♠♦s ❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❞❡ss❡ ❡st✉❞♦✳

❊st❡ r❡s✉❧t❛❞♦ é ✐♠♣♦rt❛♥t❡ ♣❡❧♦ ❢❛t♦ ❞❡ ❞❡✐①❛r ❡①♣❧✐❝✐t♦ ❛❧❣✉♠❛s s✐t✉❛çõ❡s ♦♥❞❡ ❛

s♦❧✉çã♦ ❣❧♦❜❛❧ é ❧✐♠✐t❛❞❛✳ ❆ s✉❛ ❞❡♠♦♥str❛çã♦ ♥ã♦ é s♦✜st✐❝❛❞❛ ❞❡✈✐❞♦ t♦❞❛s ❛s ❝♦♥✲

s✐❞❡r❛çõ❡s ❛♥t❡r✐♦r❡s✳



✶✹✺

❚❡♦r❡♠❛ ✷✳✺ ❙❡ f ❡ g s❛t✐s❢❛③❡♠ ❛s ❈♦♥❞✐çõ❡s (f)✱ (f1)✱ (f2)✱ (g) ❡ (H)✳ ❊♥tã♦✱

✭✐✮ supt>0‖u(·, t)‖ < +∞✱

✭✐✐✮ supt>τ‖u(t, u0)‖L∞(Ω) < +∞✱ ♣❛r❛ q✉❛❧q✉❡r τ > 0✳

♣❛r❛ ❝❛❞❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❣❧♦❜❛❧ u✳

❉❡♠♦♥str❛çã♦✿ ✭✐✮ ❙✉♣♦♥❤❛ q✉❡ u é ✉♠❛ s♦❧✉çã♦ ❣❧♦❜❛❧ ❝♦♠

lim sup
t→+∞

‖u(·, t)‖ = +∞.

❘❡❝♦r❞❡✱ ❞♦ ▲❡♠❛ ✷✳✽✱ q✉❡

lim inf
t→+∞

‖u(·, t)‖ < +∞.

❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✾✱ ♣❛r❛ ❝❛❞❛ B s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡①✐st❡ w ∈ ω(u0)

t❛❧ q✉❡ ‖w‖ = B✳ ❯♠ ❛❜s✉r❞♦ ♣♦✐s✱ s❡❣✉♥❞♦ ♦ ▲❡♠❛ ✷✳✶✵✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ L > 0

t❛❧ q✉❡

‖w‖ ≤ L, ∀w ∈ ω(u0).

P♦rt❛♥t♦✱

sup
t>0

‖u(·, t)‖ < +∞.

✭✐✐✮ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❋✐❧❛ ❬✶✻❪ ❡ ❇❡❜❡r♥❡s✲▲❛❝❡② ❬✹❪✱ ❛ ✐♠❡rsã♦ Xβ →֒ L∞(Ω) é ❝♦♠♣❛❝t❛

q✉❛♥❞♦ β ∈
(

1
2
, 1
)

✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖u‖L∞(Ω) ≤ C‖u‖β, ∀u ∈ Xβ. ✭✷✳✶✹✾✮

Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦❜t❡♠♦s

‖u(t, u0)‖β ≤ ‖e−Atu0‖β +
∫ t

0

‖e−A(t−s)f(u(s, u0))‖βds

≤ Mt−(β− 1
2
)‖A 1

2u0‖L2(Ω) +M

∫ t

0

(t− s)−βe−β(t−s)‖f(u(s, u0))‖L2(Ω)ds

≤ Mτ−(β− 1
2
)‖u0‖+M

∫ t

0

(t− s)−βe−β(t−s)‖f(u(s, u0))‖L2(Ω)ds.

❯s❛♥❞♦ ❛s ❈♦♥❞✐çõ❡s (f1) ❡ (f2) ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞✐♠❡♥sã♦ ❡ ♦ ✐t❡♠ ✭✐✮✱ ♠♦str❛r✲s❡

‖f(u(s, u0))‖L2(Ω) ≤ C2,

♦♥❞❡ C2 > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❆ss✐♠✱

‖u(t, u0)‖β ≤Mτ−(β− 1
2
)‖A 1

2u0‖L2(Ω) +MC2

∫ t

0

(t− s)−βe−β(t−s)ds,



✶✹✻

♦♥❞❡ τ > 0✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ r = t− s✱ t❡♠♦s

∫ t

0

(t− s)−βe−β(t−s)ds =

∫ t

0

r−βe−βrdr.

❆✜r♠❛çã♦ ✷✳✺✳✶ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C3 > 0 t❛❧ q✉❡

∫ +∞

0

r−βe−βrdr ≤ C3.

❉❡ ❢❛t♦✱ ♣♦✐s

∫ +∞

0

r−βe−βrdr =

∫ 1

0

r−βe−βrdr +

∫ +∞

1

r−βe−βrdr

≤
∫ 1

0

r−βdr +

∫ +∞

1

e−βrdr

=
1

1− β
+

1

β
e−β.

❉❡ss❡ ♠♦❞♦✱

‖u(t, u0)‖β ≤ Mτ−(β− 1
2
)‖u0‖+MC2

∫ +∞

0

r−βe−βrdr

≤ Mτ−(β− 1
2
)‖u0‖+MC2

(

1

1− β
+

1

β
e−β

)

. ✭✷✳✶✺✵✮

❈♦♠❜✐♥❛♥❞♦ ✭✷✳✶✹✾✮ ❡ ✭✷✳✶✺✵✮ t❡♠✲s❡ ♦ ❞❡s❡❥❛❞♦✳



❈❛♣ít✉❧♦ ✸

❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠❛ ❝❧❛ss❡

❞❡ ♣r♦❜❧❡♠❛s s❡♠✐❧✐♥❡❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ✉s❛r ♦ ▼ét♦❞♦ ❉✐♥â♠✐❝♦ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛ ❞♦ t✐♣♦






−∆u = f(u), x ∈ Ω

u = 0, x ∈ ∂Ω,
✭P✼✮

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ s✉❛✈❡ ❡ f : R → R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1

s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✳

❈❖◆❉■➬➹❖ (f1)✿ ✭✐✮ ❉■▼❊◆❙➹❖ N = 2✳ ❆s ❢✉♥çõ❡s f ❡ f ′ t❡♠ ✉♠ ❝r❡s❝✐♠❡♥t♦

s✉❜❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧ ♥♦ ✐♥✜♥✐t♦✱ ✐st♦ é✱

lim
|t|→+∞

f(t)

eβ|t|2
= lim

|t|→+∞

f ′(t)

eβ|t|2
= 0, ∀β > 0.

✭✐✐✮ ❉■▼❊◆❙➹❖ N ≥ 3✳ ❊①✐st❡♠ C1 > 0 ❡ p ∈ (1, N/(N − 2)) t❛✐s q✉❡

|f ′(t)| ≤ C1(1 + |t|p−1), ∀t ∈ R.

❈❖◆❉■➬➹❖ (f2)✿

lim
t→0

f(t)

t
= 0.

❈❖◆❉■➬➹❖ (f3)✿ ❊①✐st❡ γ > 0 t❛❧ q✉❡

f(s)s ≥ (2 + γ)F (s) > 0, ∀s ∈ R\{0},

♦♥❞❡

F (s) =

∫ s

0

f(τ)dτ.

✶✹✼



✶✹✽

❊st❛ ❝♦♥❞✐çã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❈♦♥❞✐çã♦ ❞❡ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③✳ ❆ tít✉❧♦ ❞❡

❡①❡♠♣❧♦✱ s❡ N = 2✱ ❛ ❢✉♥çã♦ f ❞❡✜♥✐❞❛ ♣♦r

f(t) = |t|p−2te|t|
r

, t ∈ R,

♦♥❞❡ 1 < 2r < 2 ❡ p ∈ (2,+∞)✱ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✳ P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡

N ≥ 3✱

f(t) = |t|p−1t+ |t|q−1t, t ∈ R,

♦♥❞❡ p, q ∈ (1, N/(N − 2))✱ ❝✉♠♣r❡ ❛s ❝♦♥❞✐çõ❡s ❛♥t❡r✐♦r❡s✳

❖ ❡st✉❞♦ ❛q✉✐ ❛♣r❡s❡♥t❛❞♦ é ♠♦t✐✈❛❞♦ ♣❡❧♦ ❡st✉❞♦ ❞♦ tr❛❜❛❧❤♦ ❞❡ ❆❧✈❡s✲❚❛❤✐r ❬✷❪

q✉❡ ✉t✐❧✐③❛ ♦ ♠ét♦❞♦ ❞✐♥â♠✐❝♦ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛

❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦ ❧♦❝❛✐s






−a
(

x,
∫

Ω
g(u)dx

)

∆u = f(u) + f0(x), x ∈ Ω

u = 0, x ∈ ∂Ω,

♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ f0 ∈ L2(Ω)✱ ♦♥❞❡ Ω ⊂ R
N (N ≥ 2) é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❧✐♠✐t❛❞♦✱

a : Ω×R → R ❡ f, g : R → R sã♦ ❢✉♥çõ❡s ❞❡ ❝❧❛ss❡ C1 s❛t✐s❢❛③❡♥❞♦ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s

té❝♥✐❝❛s✳ ❖ ♠ét♦❞♦ ❞✐♥â♠✐❝♦ ❝♦♥s✐st❡ ❡♠ ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦


















ut −∆u = f(u), x ∈ Ω, t ∈ (0, T )

u = 0, x ∈ ∂Ω, t ∈ [0, T ],

u|t=0 = u0, x ∈ Ω,

❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✭P✼✮✳ ■♥✐❝✐❛❧♠❡♥t❡✱ é ❢❡✐t♦ ✉♠❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞❡ ✉♠ ❞❛❞♦

✐♥✐❝✐❛❧ ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦✳ ❊♠ s❡❣✉✐❞❛✱

♠♦str❛✲s❡ q✉❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♥♦ ♣❛ss♦ ❛♥t❡r✐♦r é ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞❛✱ ❡st❛❝✐♦♥ár✐❛ ❡

♥ã♦ tr✐✈✐❛❧✳ ❈♦♠ t♦❞❛s ❡ss❛s ❝♦♥s✐❞❡r❛çõ❡s✱ ❝♦♥s❡❣✉✐r❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ♥ã♦

tr✐✈✐❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♣r♦♣♦st♦✳

✸✳✶ ❊①✐stê♥❝✐❛ ▲♦❝❛❧

◆❡st❛ s❡çã♦ ✈❛♠♦s ❛♣❧✐❝❛r ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦ ♣❛r❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❧♦❝❛❧ s♦❧✉çã♦

❞♦ ♣r♦❜❧❡♠❛


















ut −∆u = f(u), x ∈ Ω, t ∈ (0, T )

u = 0, x ∈ ∂Ω, t ∈ [0, T ],

u|t=0 = u0, x ∈ Ω,

✭P✽✮



✶✹✾

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ s✉❛✈❡ ❡ f : R → R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1

s❛t✐s❢❛③❡♥❞♦ ❛s ❈♦♥❞✐çõ❡s (f1)✱ (f2) ❡ (f3)✳

❆♥t❡s ❞❡ ✐♥✐❝✐❛r ♥♦ss♦ ❡st✉❞♦✱ ✈❡❥❛♠♦s ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞❛s ❈♦♥❞✐çõ❡s (f1)✱

(f2) ❡ (f3)✳

✸✳✶✳✶ Pr♦♣r✐❡❞❛❞❡s ❞❛ ❢✉♥çã♦ f

Pr♦♣r✐❡❞❛❞❡ ✸✳✶ ❖ ✐t❡♠ ✭✐✐✮ ❞❛ ❈♦♥❞✐çã♦ (f1) ♥♦s ❞✐③ q✉❡ ❡①✐st❡ C2 > 0 t❛❧ q✉❡

|f(t)| ≤ C2(1 + |t|p), ∀t ∈ R.

❆ ♣r♦✈❛ ❞❡ss❛ ♣r♦♣r✐❡❞❛❞❡ s❡❣✉❡ ✉s❛♥❞♦ ♦s ♠❡s♠♦ ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♣❛r❛ ❞❡♠♦♥str❛r

❛ Pr♦♣r✐❡❞❛❞❡ ✷✳✷✳

Pr♦♣r✐❡❞❛❞❡ ✸✳✷ ❆ ❈♦♥❞✐çã♦ (f3) ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s c1, c2 > 0 t❛✐s q✉❡

F (t) ≥ c1|t|2+γ − c2, ∀t ∈ R. ✭✸✳✶✮

❉❡ ❢❛t♦✱ s❡❥❛ δ > 0 ✜①♦✳ ❙❡ t > δ✱ ❡♥tã♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❈♦♥❞✐çã♦ (f3)

f(t)

F (t)
≥ 2 + γ

t
> 0.

■♥t❡❣r❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ s♦❜r❡ ♦ ✐♥t❡r✈❛❧♦ (δ, t)✱ ♦❜t❡♠♦s

(2 + γ)

∫ t

δ

1

s
ds =

∫ t

δ

2 + γ

s
ds ≤

∫ t

δ

f(s)

F (s)
ds,

♦✉ s❡❥❛✱

(2 + γ)(ln|t| − ln|δ|) ≤ lnF (t)− lnF (δ).

❉❡ss❡ ♠♦❞♦✱

ln

∣

∣

∣

∣

t

δ

∣

∣

∣

∣

(2+γ)

= (2 + γ) ln
|t|
|δ| ≤ ln

F (t)

F (δ)
.

❯♠❛ ✈❡③ q✉❡ ❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ é ❝r❡s❝❡♥t❡✱

e
ln

∣

∣

∣

∣

∣

∣

t

δ

∣

∣

∣

∣

∣

∣

(2+γ)

≤ e
ln
F (t)

F (δ) ,

♦✉ s❡❥❛✱
∣

∣

∣

∣

t

δ

∣

∣

∣

∣

(2+γ)

≤ F (t)

F (δ)
.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

F (t) ≥ 1

|δ|(2+γ)
|t|(2+γ)F (δ), ∀t > δ.



✶✺✵

❉❡✜♥✐♥❞♦

M =
1

|δ|(2+γ)
F (δ) > 0,

✜❝❛♠♦s ❝♦♠

F (t) ≥M |t|(2+γ), ∀t > δ. ✭✸✳✷✮

❉♦ ♠❡s♠♦ ♠♦❞♦✱ s❡ t < −δ✱ ❡♥tã♦

F (t) ≥ N |t|(2+γ), ∀t < −δ, ✭✸✳✸✮

♦♥❞❡

N =
1

|δ|(2+γ)
F (−δ) > 0.

❈♦♥s✐❞❡r❛♥❞♦ c1 = min{M,N} s❡❣✉❡✱ ❞❡ ✭✸✳✷✮ ❡ ✭✸✳✸✮✱ q✉❡

F (t) ≥ c1|t|(2+γ), ∀|t| > δ. ✭✸✳✹✮

❘❡st❛✲♥♦s ✈❡r ♦ q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ F ♥♦ ✐♥t❡r✈❛❧♦ [−δ, δ]✳ P❛r❛ ✐ss♦✱ ❞❡✜♥❛ ❛ ❢✉♥çã♦

φ : [−δ, δ] → R ♣♦r

φ(t) = F (t)− c1|t|(2+γ).

❙❡♥❞♦ φ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ [−δ, δ] ❝♦♠♣❛❝t♦✱ ❡①✐st❡ t0 ∈
[−δ, δ] t❛❧ q✉❡

φ(t0) = min
s∈[−δ,δ]

φ(s) ≤ φ(t), ∀t ∈ [−δ, δ].

❈♦♥s✐❞❡r❡ ✉♠❛ ❝♦♥st❛♥t❡ c2 > 0 t❛❧ q✉❡ φ(t0) ≥ −c2✳ ❊♥tã♦✱

φ(t) ≥ −c2, ∀t ∈ [−δ, δ],

♦✉ s❡❥❛✱

F (t) ≥ c1|t|(2+γ) − c2, ∀t ∈ [−δ, δ] ✭✸✳✺✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ✭✸✳✹✮✱

F (t) ≥ c1|t|(2+γ) − c2, ∀|t| > δ, ✭✸✳✻✮

♣♦✐s c2 > 0✳ ❆ss✐♠✱ ❝♦♠❜✐♥❛♥❞♦ ✭✸✳✺✮ ❡ ✭✸✳✻✮✱ ♦❜t❡♠♦s

F (t) ≥ c1|t|2+γ − c2, ∀t ∈ R.

Pr♦♣r✐❡❞❛❞❡ ✸✳✸ ❙❡❣✉❡ ❞❛ ❈♦♥❞✐çã♦ (f3) ❡ ❞❡ ✭✸✳✶✮ q✉❡ ❡①✐st❡♠ c3, c4 > 0 s❛t✐s❢❛✲

③❡♥❞♦

|t|2+γ ≤ c3f(t)t+ c4, ∀t ∈ R.



✶✺✶

❉❡ ❢❛t♦✱ s❡ t = 0 ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ tr✐✈✐❛❧♠❡♥t❡✳ ❈❛s♦ ❝♦♥trár✐♦✱

f(t)t ≥ (2 + γ)F (t) ≥ (2 + γ)(c1|t|2+γ − c2),

♦✉ s❡❥❛✱

c1(2 + γ)|t|2+γ ≤ f(t)t+ c2(2 + γ).

❆ss✐♠✱

|t|2+γ ≤ 1

c1(2 + γ)
f(t)t+

c2
c1
,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

Pr♦♣r✐❡❞❛❞❡ ✸✳✹ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❈♦♥❞✐çõ❡s (f1) ❡ (f2)✱ ❞❛❞♦s ε > 0 ❡ β > 0✱

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c1, > 0 t❛❧ q✉❡

|f(t)|2 ≤ c1ε|t|2 + c1|t|2pe2βt
2

, ∀t ∈ R.

❈♦♠ ❡❢❡✐t♦✱ s❡❣✉♥❞♦ ❛ ❈♦♥❞✐çã♦ (f2)✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

|f(t)| ≤ ε
1
2 |t|, q✉❛♥❞♦ |t| < δ.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❈♦♥❞✐çã♦ (f1) ❛✜r♠❛

lim
|t|→+∞

f(t)

eβ|t|2
= 0, ∀β > 0.

❆ss✐♠✱ ❞❛❞♦s ε = 1 ❡ β > 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Mβ > 0 t❛❧ q✉❡

|f(t)| ≤Mβe
β|t|2 ≤ |t|2peβ|t|2 , ∀|t| > Mβ.

❘❡st❛✲♥♦s ❡♥t❡♥❞❡r ♦ q✉❡ ❛❝♦♥t❡❝❡ ♥♦s ✐♥t❡r✈❛❧♦s [−Mβ,−δ] ❡ [δ,Mβ]✳ ■r❡♠♦s tr❛❜❛❧❤❛r

❝♦♠ [δ,Mβ]✳ ❯♠❛ ✈❡③ q✉❡ ❛ ❢✉♥çã♦ f é ❝♦♥tí♥✉❛ ❡♠ [δ,Mβ]✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡M > 0

t❛❧ q✉❡

|f(t)| ≤M, ∀t ∈ [δ,Mβ].

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❡ q✉❡ ❛ ❢✉♥çã♦ ϕ : [δ,Mβ] → R ❞❡✜♥✐❞❛ ♣♦r

ϕ(t) = ε|t|2 + |t|2pe2βt2

é ❝♦♥tí♥✉❛ ❡ ❡stá ❞❡✜♥✐❞❛ s♦❜r❡ ✉♠ ❝♦♠♣❛❝t♦✳ ▲♦❣♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧

q✉❡

ε|t|2 + |t|2pe2βt2 ≥ C, ∀t ∈ [δ,Mβ].



✶✺✷

❊s❝♦❧❤❡♥❞♦ ✉♠❛ ❝♦♥st❛♥t❡ C1 > 0 ❞❡ ♠♦❞♦ q✉❡

C1(ε|t|2 + |t|2pe2βt2) ≥ C1C ≥M2, ∀t ∈ [δ,Mβ],

❝♦♥❝❧✉í♠♦s

|f(t)|2 ≤ C1(ε|t|2 + |t|2pe2βt2), ∀t ∈ [δ,Mβ].

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ♠♦str❛✲s❡

|f(t)|2 ≤ C2(ε|t|2 + |t|2pe2βt2), ∀t ∈ [−Mβ,−δ],

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C2 > 0✳ ❈♦♠❜✐♥❛♥❞♦ t♦❞❛s ❛s ❡st✐♠❛t✐✈❛s ❛q✉✐ ♦❜t✐❞❛s✱ ✜❝❛♠♦s

❝♦♠

|f(t)|2 ≤ c1ε|t|2 + c1|t|2pe2βt
2

, ∀t ∈ R,

♦♥❞❡ c1 > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳

Pr♦♣r✐❡❞❛❞❡ ✸✳✺ ❙❡❣✉❡ ❞❛s ❈♦♥❞✐çõ❡s (f1) ❡ (f2) q✉❡✱ ♣❛r❛ ❝❛❞❛ ε > 0 ❞❛❞♦✱ ❡①✐st❡

✉♠❛ ❝♦♥st❛♥t❡ c2 > 0 t❛❧ q✉❡

|f(t)|2 ≤ c2ε|t|2 + c2|t|2p, ∀t ∈ R.

❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ ❢❛t♦ s❡❣✉❡ ❛s ♠❡s♠❛s ✐❞❡✐❛s ✉s❛❞❛s ♣❛r❛ ❞❡♠♦♥str❛r ❛ Pr♦♣r✐❡✲

❞❛❞❡ ✸✳✹✳

✸✳✶✳✷ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦

■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭P✽✮ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ s❡♥❞♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡

✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❡✈♦❧✉çã♦ ❛❜str❛t❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠






du

dt
+ Au = f(u), 0 < t < T,

u(0) = u0,
✭P✾✮

♦♥❞❡ X = L2(Ω)✱ A = −∆ ❡ D(A) = H2(Ω) ∩H1
0 (Ω)✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ♣♦tê♥❝✐❛ ❢r❛❝✐♦♥ár✐❛ α = 1
2
✳ ❆ss✐♠✱ ♣❡❧♦ q✉❡

❢♦✐ ✈✐st♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ X
1
2 = H1

0 (Ω) ❡ ‖·‖ 1
2
= ‖·‖✱ ♦♥❞❡

‖u‖ =

(∫

Ω

|∇u|2dx
) 1

2

.

❙❡♥❞♦ A ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧✱ r❡st❛✲♥♦s ✈❡r✐✜❝❛r q✉❡ f s❛t✐s❢❛③ ❛ ❈♦♥❞✐çã♦ (F ) ♣❛r❛

q✉❡ ♣♦ss❛♠♦s ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ✶✳✶✵✳



✶✺✸

▲❡♠❛ ✸✳✶ ❖ ♦♣❡r❛❞♦r Φ : H1
0 (Ω) → X ❞❡✜♥✐❞♦ ♣♦r

Φ(u) = f(u), ∀u ∈ H1
0 (Ω)

é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✳

❉❡♠♦♥str❛çã♦✿ ❆s ✐❞❡✐❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❞❡♠♦♥str❛r ❡ss❡ ❧❡♠❛ sã♦ ❛s ♠❡s♠❛s ✉s❛❞❛s

♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✸✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ♦♠✐t✐r❡♠♦s ❛ s✉❛ ❞❡♠♦♥str❛çã♦✳

❊♠ ♦✉tr♦s t❡r♠♦s✱ ♦ ▲❡♠❛ ✸✳✶ ❛✜r♠❛ q✉❡ ❛ ❢✉♥çã♦ f s❛t✐s❢❛③ ❛ ❈♦♥❞✐çã♦ (F )

♣♦✐s✱ ♣❛r❛ ❝❛❞❛ u0 ∈ H1
0 (Ω) ❞❛❞♦✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ u0 t❛❧ q✉❡

‖f(u)− f(v)‖L2(Ω) ≤ L0‖u− v‖, ∀u, v ∈ V, ✭✸✳✼✮

♦♥❞❡ L0 > 0 é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ ❞❡ V ✳ ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✶✵✱ ❝♦♥❝❧✉í♠♦s

q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭P✾✮ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❧♦❝❛❧

u ∈ C([0, T );X) ∩ C1((0, T );X),

♦♥❞❡ T = T (0, u0) > 0✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐ss♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✸✳✵✳✶ ✭❞♦ ❚❡♦r❡♠❛ ✶✳✶✵✮ ❆ s♦❧✉çã♦ u : [0, T ] → H1
0 (Ω) ❞❡ ✭P✽✮ ❞❛❞❛

♣♦r

u(t) = e−Atu0 +

∫ t

0

e−A(t−s)f(u(s))ds

é ❝♦♥tí♥✉❛✳ ❆❧é♠ ❞✐ss♦✱ u é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞❡ ✭P✽✮✱ ✐st♦ é✱

u ∈ C((0, T ), H2(Ω) ∩H1
0 (Ω)) ∩ C1((0, T ), L2(Ω)), ✭✸✳✽✮

❝♦♠

u(t) ∈ H2(Ω) ∩H1
0 (Ω), ∀t ∈ (0, T )

❡ u ✈❡r✐✜❝❛ ✭P✽✮✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ T (u0) ❞❡♥♦t❛rá ♦ ♥ú♠❡r♦ r❡❛❧ t❛❧ q✉❡ [0, T (u0)) é ♦ ✐♥t❡r✈❛❧♦

♠❛①✐♠❛❧ ❞❡ ❞❡✜♥✐çã♦ ❞❛ s♦❧✉çã♦ u(t) ❞♦ ♣r♦❜❧❡♠❛ ✭P✽✮ ❝♦♠ ❞❛❞♦ ✐♥✐❝✐❛❧ u0✳ P♦r

❝♦♥✈❡♥✐ê♥❝✐❛✱ t❛♠❜é♠ ✈❛♠♦s ❛ss✉♠✐r q✉❡

J(u0) := [0, T (u0)) ❡ J̊(u0) := (0, T (u0)).

❈♦r♦❧ár✐♦ ✸✳✵✳✷ ✭❞♦ ❚❡♦r❡♠❛ ✶✳✶✷✮ ❙❡❥❛♠ u0 ∈ H1
0 (Ω) ❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂

H1
0 (Ω) ❝♦♠

un → u0 ❡♠ H1
0 (Ω),

❡ T (un) = ∞✳ ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r ✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ ❞❛ ❢♦r♠❛ [0, T ] ❝♦♥t✐❞♦ ❡♠

J(u0)✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛

u(·, un) → u(·, u0) ❡♠ H1
0 (Ω)

é ✉♥✐❢♦r♠❡ ❡♠ [0, T ]✳



✶✺✹

✸✳✷ ❆❧❣✉♠❛s Pr♦♣r✐❡❞❛❞❡s ❞❛ ❚r❛❥❡tór✐❛

◆❡st❛ s❡çã♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❞❡♠♦♥str❛r ❛❧❣✉♠❛s ❞❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❛ s♦✲

❧✉çã♦ u : [0, T ] → H1
0 (Ω) ♦❜t✐❞❛ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ✜①❛r ❛❧❣✉♠❛s

♥♦t❛çõ❡s ♣❛r❛ q✉❡ ♥ã♦ ♦❝♦rr❛ ❝♦♥❢✉sã♦ ♥♦ ❢✉t✉r♦✳ ◆♦ q✉❡ s❡❣✉❡✱ u(t, u0) ❞❡♥♦t❛rá ❛

s♦❧✉çã♦

u(t) = e−Atu0 +

∫ t

0

e−A(t−s)f(u(s))ds

❞♦ ♣r♦❜❧❡♠❛ ✭P✽✮ ♥♦ t❡♠♣♦ t ❝♦♠ ❞❛❞♦ ✐♥✐❝✐❛❧ u0 ∈ H1
0 (Ω)✳ ❚❛♠❜é♠✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r

♦s ❝♦♥❥✉♥t♦s

O(u0) = {u(t, u0) ∈ H1
0 (Ω); t ∈ J(u0)}

❡

ω(u0) = {u ∈ H1
0 (Ω); ∃tn → +∞ ❝♦♠ u(tn, u0) → u ❡♠ H1

0 (Ω)}.

P♦r ✜♠✱ DA s❡rá ♦ ❛tr❛t♦r ❞❡ u = 0✱ ✐st♦ é✱

DA = {u0 ∈ H1
0 (Ω); u(t, u0) → 0 q✉❛♥❞♦ t→ +∞}.

◗✉❛♥t♦ ❛♦ ❝♦♥❥✉♥t♦ DA✱ ✈❡r❡♠♦s q✉❡ ♦ ♠❡s♠♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ♣♦✐s s❡rá ♠♦str❛❞♦

q✉❡ u = 0 é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭P✽✮✳

✸✳✷✳✶ Pr♦♣r✐❡❞❛❞❡s ❞❛ ❚r❛❥❡tór✐❛

❙❡❥❛ E : H1
0 (Ω) → R ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❞❡✜♥✐❞♦ ♣♦r

E(u) =
1

2

∫

Ω

|∇u|2dx−
∫

Ω

F (u)dx, ✭✸✳✾✮

♦♥❞❡

F (s) =

∫ s

0

f(r)dr.

❚❡♦r❡♠❛ ✸✳✶ ❖ ❢✉♥❝✐♦♥❛❧ E ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✾✮ é ❞❡ ❝❧❛ss❡ C1✱ ✐st♦ é✱ E ∈ C1(H1
0 (Ω),R)

❝♦♠

E ′(u)v =

∫

Ω

∇u∇vdx−
∫

Ω

f(u)vdx, ∀u, v ∈ H1
0 (Ω).

P❛r❛ ❢❛❝✐❧✐t❛r ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡ss❛ ❞❡♠♦♥str❛çã♦ ✈❡❥❛♠♦s ❛❧❣✉♥s ❧❡♠❛s✳

▲❡♠❛ ✸✳✷ ❖ ❢✉♥❝✐♦♥❛❧ E1 : H
1
0 (Ω) → R ❞❡✜♥✐❞♦ ♣♦r

E1(u) =
1

2

∫

Ω

|∇u|2dx



✶✺✺

é ❞❡ ❝❧❛ss❡ C1✱ ✐st♦ é✱ E1 ∈ C1(H1
0 (Ω),R)✳ ❆❧é♠ ❞✐ss♦✱

E ′
1(u)v =

∫

Ω

∇u∇vdx, ∀u, v ∈ H1
0 (Ω).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ u ∈ H1
0 (Ω)✱ ❡♥tã♦

lim
t→0

E1(u+ tv)− E1(u)

t
= lim

t→0

1

t

(

1

2

∫

Ω

|∇(u+ tv)|2dx− 1

2

∫

Ω

|∇u|2dx
)

= lim
t→0

1

t

(

1

2

∫

Ω

|∇u+ t∇v|2dx− 1

2

∫

Ω

|∇u|2dx
)

= lim
t→0

1

t

(

1

2

∫

Ω

|∇u|2 + 2t∇u∇v + t2|∇v|2dx− 1

2

∫

Ω

|∇u|2dx
)

= lim
t→0

1

t

(

t

∫

Ω

∇u∇vdx+ t2
1

2

∫

Ω

|∇v|2dx
)

= lim
t→0

(∫

Ω

∇u∇vdx+ t
1

2

∫

Ω

|∇v|2dx
)

=

∫

Ω

∇u∇vdx,

♦✉ s❡❥❛✱
∂E1

∂v
(u) =

∫

Ω

∇u∇vdx, ∀u ∈ H1
0 (Ω).

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡
∂E1

∂(·) (u) ∈ H−1(Ω)✶.

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ v1, v2 ∈ H1
0 (Ω) ❡ λ, ξ ∈ R✳ P❛r❛ ❝❛❞❛ u ∈ H1

0 (Ω)✱

∂E1

∂(λv1 + ξv2)
(u) =

∫

Ω

∇u∇(λv1 + ξv2)dx

=

∫

Ω

∇u(λ∇v1 + ξ∇v2)dx

= λ

∫

Ω

∇u∇v1dx+ ξ

∫

Ω

∇u∇v2dx

= λ
∂E1

∂v1
(u) + ξ

∂E1

∂v2
(u).

❆ss✐♠✱
∂E1

∂(·) (u) é ❧✐♥❡❛r✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ v ∈ H1
0 (Ω)✱ t❡♠♦s

∣

∣

∣

∣

∂E1

∂v
(u)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω

∇u∇vdx
∣

∣

∣

∣

≤
∫

Ω

|∇u∇v|dx

≤
(∫

Ω

|∇u|2dx
) 1

2
(∫

Ω

|∇v|2dx
) 1

2

= ‖∇u‖L2(Ω)‖v‖ ✭✸✳✶✵✮

✶❖ ❡s♣❛ç♦ H−1(Ω) é ♦ ❞✉❛❧ ❞❡ H1

0
(Ω)✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❇ré③✐s ❬✼❪✳



✶✺✻

❞❡ ♦♥❞❡ s❡❣✉❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡
∂E1

∂(·) (u)✳ P♦r ✜♠✱ ✈❡❥❛♠♦s q✉❡ s❡

un → u ❡♠ H1
0 (Ω),

❡♥tã♦
∂E1

∂(·) (un) →
∂E1

∂(·) (u) ❡♠ H−1(Ω).

❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦
∣

∣

∣

∣

∂E1

∂v
(un)−

∂E1

∂v
(u)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω

∇un∇vdx−
∫

Ω

∇u∇vdx
∣

∣

∣

∣

≤
∫

Ω

|(∇un −∇u)∇v|dx

≤ ‖un − u‖‖v‖,

t❡♠✲s❡

sup
‖v‖≤1

∣

∣

∣

∣

∂E1

∂v
(un)−

∂E1

∂v
(u)

∣

∣

∣

∣

≤ ‖un − u‖.

❉❡ss❡ ♠♦❞♦✱
∂E1

∂(·) (un) →
∂E1

∂(·) (u) ❡♠ H−1(Ω).

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❲✐❧❧❡♠ ❬✸✹✱ Pr♦♣♦s✐çã♦ ✶✳✸✳❪✱ ❝♦♥❝❧✉í♠♦s q✉❡ E1 ∈
C1(H1

0 (Ω),R) ❝♦♠

E ′
1(u)v =

∫

Ω

∇u∇vdx, ∀u, v ∈ H1
0 (Ω).

▲❡♠❛ ✸✳✸ ❖ ❢✉♥❝✐♦♥❛❧ E2 ❞❛❞♦ ♣♦r

E2(u) =

∫

Ω

F (u)dx,

é ❞❡ ❝❧❛ss❡ C1✱ ♦✉ s❡❥❛✱ E2 ∈ C1(H1
0 (Ω),R) ❝♦♠

E ′
2(u)v =

∫

Ω

f(u)vdx, ∀u, v ∈ H1
0 (Ω).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ u ∈ H1
0 (Ω)✱ ❡♥tã♦

lim
t→0

E2(u+ tv)− E2(u)

t
= lim

t→0

1

t

(∫

Ω

F (u+ tv)dx−
∫

Ω

F (u)dx

)

= lim
t→0

∫

Ω

F (u+ tv)− F (u)

t
dx. ✭✸✳✶✶✮



✶✺✼

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ ❡♥❝♦♥tr❛♠♦s θ ∈ (0, 1) t❛❧ q✉❡

F (u+ tv)− F (u) = f(u+ θtv)tv,

♦✉ s❡❥❛
F (u+ tv)− F (u)

t
= f(u+ θtv)v.

❉❡✜♥❛ ht : Ω → R ♣♦r

ht(x) = f(u(x) + θ(x)tv(x))v(x).

❯♠❛ ✈❡③ q✉❡ f é ❝♦♥tí♥✉❛✱ t❡♠✲s❡

lim
t→0

ht(x) = lim
t→0

f(u+ θtv)v = f(u)v. ✭✸✳✶✷✮

❙✉♣♦♥❤❛ q✉❡ N = 2✳ ❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❈♦♥❞✐çã♦ (f1)✱ ♣❛r❛ ❝❛❞❛ β > 0 ❡①✐st❡

✉♠❛ ❝♦♥st❛♥t❡ Mβ > 0 s❛t✐s❢❛③❡♥❞♦

|f(t)| ≤Mβe
βt2 , ∀t ∈ R.

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ✭✈❡❥❛ ♦ ▲❡♠❛ ❇✳✶✮✱

|ht(x)| = |f(u+ θtv)v| ≤Mβe
β(u+θtv)2 |v|

≤ Mβe
β(|u|+|v|)2 |v| ≤Mβ

e2β(|u|+|v|)2

2
+Mβ

|v|2
2
. ✭✸✳✶✸✮

❯♠❛ ✈❡③ q✉❡ u, v ∈ H1
0 (Ω) s❡❣✉❡✱ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✈❡❥❛ ❚❡♦r❡♠❛

❈✳✸✮✱ q✉❡

Mβ

e2β(|u|+|v|)2

2
∈ L1(Ω). ✭✸✳✶✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ ❛s ✐♠❡rsõ❡s H1
0 (Ω) →֒ L2(Ω) ❡ L2(Ω) →֒ L1(Ω) sã♦

❝♦♥tí♥✉❛s✱ t❡♠✲s❡

Mβ

|v|2
2

∈ L1(Ω). ✭✸✳✶✺✮

❉❡ss❡ ♠♦❞♦✱ ❝♦♠❜✐♥❛♥❞♦ ✭✸✳✶✷✮✱ ✭✸✳✶✸✮✱ ✭✸✳✶✹✮✱ ✭✸✳✶✺✮ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ❇✳✶✷✳✶✱
∫

Ω

ht(x)dx→
∫

Ω

f(u)vdx q✉❛♥❞♦ t→ 0.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

lim
t→0

E2(u+ tv)− E2(u)

t
= lim

t→0

∫

Ω

F (u+ tv)− F (u)

t
dx =

∫

Ω

f(u)vdx,



✶✺✽

♦✉ s❡❥❛✱
∂E2

∂v
(u) =

∫

Ω

f(u)vdx, ∀u ∈ H1
0 (Ω).

❙❡ N ≥ 3✱ ❛ Pr♦♣r✐❡❞❛❞❡ ✸✳✶ ❛✜r♠❛

|f(t)| ≤ C2(1 + |t|p), ∀t ∈ R.

❆ss✐♠✱

|ht(x)| = |f(u+ θtv)v| ≤ C2(1 + |u+ θtv|p)|v|

≤ C2(1 + (|u|+ |v|)p)|v| ≤ C2(1 + 2p(|u|p + |v|p))|v|

= C2|v|+ 2pC2|u|p|v|+ 2pC2|v|p+1. ✭✸✳✶✻✮

❙❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ❈✳✹✱ ❛ ✐♠❡rsã♦

H1(Ω) →֒ Lq(Ω), ∀1 ≤ q ≤ 2N

N − 2
, s❡ N ≥ 3,

é ❝♦♥tí♥✉❛✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❚❡♦r❡♠❛ ❇✳✺ ♥♦s ❞✐③ q✉❡ ❛ ✐♠❡rsã♦

Lq(Ω) →֒ L1(Ω), s❡ q > 1,

t❛♠❜é♠ é ❝♦♥tí♥✉❛✳ ❉❡ss❛ ♠❛♥❡✐r❛✱

C2|v|+ 2pC2|u|p|v|+ 2pC2|v|p+1 ∈ L1(Ω). ✭✸✳✶✼✮

❈♦♠❜✐♥❛♥❞♦ ✭✸✳✶✷✮✱ ✭✸✳✶✻✮✱ ✭✸✳✶✼✮ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ❇✳✶✷✳✶✱ ♦❜t❡♠♦s
∫

Ω

ht(x)dx→
∫

Ω

f(u)vdx q✉❛♥❞♦ t→ 0

❡✱ ♣♦rt❛♥t♦✱
∂E2

∂v
(u) =

∫

Ω

f(u)vdx, ∀u ∈ H1
0 (Ω).

❱❡❥❛♠♦s ❛❣♦r❛ q✉❡
∂E2

∂(·) (u) ∈ H−1(Ω).

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ v1, v2 ∈ H1
0 (Ω) ❡ λ, ξ ∈ R✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ u ∈ H1

0 (Ω)✱

∂E2

∂(λv1 + ξv2)
(u) =

∫

Ω

f(u)(λv1 + ξv2)dx

=

∫

Ω

(λf(u)v1 + ξf(u)v2)dx

= λ

∫

Ω

f(u)v1dx+ ξ

∫

Ω

f(u)v2dx

= λ
∂E2

∂v1
(u) + ξ

∂E2

∂v2
(u),



✶✺✾

♠♦str❛♥❞♦ ❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡
∂E2

∂(·) (u)✳ ❙❡❥❛ v ∈ H1
0 (Ω)✳ ❊♥tã♦✱ ✉s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡

❞❡ P♦✐♥❝❛ré ✭✈❡❥❛ ❚❡♦r❡♠❛ ❈✳✷✮✱
∣

∣

∣

∣

∂E2

∂v
(u)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω

f(u)vdx

∣

∣

∣

∣

≤
∫

Ω

|f(u)v|dx

≤
(∫

Ω

|f(u)|2dx
) 1

2
(∫

Ω

|v|2dx
) 1

2

= ‖f(u)‖L2(Ω)‖v‖L2(Ω)

≤ C‖f(u)‖L2(Ω)‖v‖. ✭✸✳✶✽✮

❉❡ss❡ ♠♦❞♦✱
∂E2

∂(·) (u) é ❝♦♥tí♥✉❛✳ ❋✐♥❛❧♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡

un → u ❡♠ H1
0 (Ω)

✐♠♣❧✐❝❛
∂E2

∂(·) (un) →
∂E2

∂(·) (u) ❡♠ H−1(Ω).

❈♦♠ ❡❢❡✐t♦✱
∣

∣

∣

∣

∂E2

∂v
(un)−

∂E2

∂v
(u)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω

f(un)vdx−
∫

Ω

f(u)vdx

∣

∣

∣

∣

≤
∫

Ω

|(f(un)− f(u))v|dx

≤
(∫

Ω

|f(un)− f(u)|dx
) 1

2
(∫

Ω

|v|dx
) 1

2

≤ ‖f(un)− f(u)‖L2(Ω)‖v‖L2(Ω)

≤ C‖f(un)− f(u)‖L2(Ω)‖v‖, ✭✸✳✶✾✮

❆✜r♠❛çã♦ ✸✳✸✳✶ ❙❡ un → u ❡♠ H1
0 (Ω)✱ ❡♥tã♦

‖f(un)− f(u)‖L2(Ω) → 0 q✉❛♥❞♦ n→ +∞.

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ N = 2✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s

|f(t)| ≤Mβe
βt2 , ∀t ∈ R,

♣❛r❛ t♦❞♦ β > 0✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ❈✳✶✱ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unk
)

❞❡ (un) ❡ h ∈ H1
0 (Ω) t❛✐s q✉❡

unk
(x) → u(x) q✳s✳ ❡♠ Ω, ✭✸✳✷✵✮



✶✻✵

❡

|unk
(x)| ≤ h(x), k ∈ N q✳s✳ ❡♠ Ω.

❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ϕk : Ω → R ♦♥❞❡

ϕk(x) = |f(unk
(x))− f(u(x))|2.

❖❜s❡r✈❡ q✉❡

|ϕk(x)| = |f(unk
)− f(u)|2 ≤ 4(|f(unk

)|2 + |f(u)|2)

≤ 4(M2
βe

2β|unk
|2 +M2

βe
2β|u|2) ≤ 4(M2

βe
2β|h|2 +M2

βe
2β|u|2). ✭✸✳✷✶✮

❯♠❛ ✈❡③ q✉❡ u, h ∈ H1
0 (Ω) s❡❣✉❡✱ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r✱ q✉❡

4(M2
βe

2β|h|2 +M2
βe

2β|u|2) ∈ L1(Ω). ✭✸✳✷✷✮

❉❡ ✭✸✳✷✵✮ ❡ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ f ✱ ❝♦♥❝❧✉í♠♦s

|f(unk
)− f(u)|2 → 0 q✉❛♥❞♦ k → +∞ q✳s✳ ❡♠ Ω,

✐st♦ é✱

ϕk(x) → 0 q✉❛♥❞♦ k → +∞ q✳s✳ ❡♠ Ω. ✭✸✳✷✸✮

❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✸✳✷✶✮✱ ✭✸✳✷✷✮✱ ✭✸✳✷✸✮ ❡ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛

❞❡ ▲❡❜❡s❣✉❡ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❇✳✶✷✮✱
∫

Ω

ϕk(x)dx→ 0 q✉❛♥❞♦ k → +∞,

♦✉ s❡❥❛✱
∫

Ω

|f(unk
)− f(u)|2dx→ 0 q✉❛♥❞♦ k → +∞.

P♦rt❛♥t♦✱

‖f(unk
)− f(u)‖L2(Ω) → 0 q✉❛♥❞♦ k → +∞.

P❛r❛ ❡♥❝❡rr❛r✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unj
) ❞❡ (un) t❛❧ q✉❡

‖f(unj
)− f(u)‖L2(Ω) ≥ ε0, j ∈ N,

♣❛r❛ ❛❧❣✉♠ ε0 > 0✳ ❉❡s❞❡ q✉❡ un → u ❡♠ H1
0 (Ω) t❡♠✲s❡

unj
→ u ❡♠ H1

0 (Ω).



✶✻✶

❆ss✐♠✱ ♣❡❧♦ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ♠♦str❛r✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unjk
) ⊂ (unj

) t❛❧ q✉❡

‖f(unjk
)− f(u)‖L2(Ω) → 0 q✉❛♥❞♦ k → +∞.

❆❜s✉r❞♦✳ P♦rt❛♥❞♦✱

‖f(un)− f(u)‖L2(Ω) → 0 q✉❛♥❞♦ n→ +∞.

❆❣♦r❛ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ N ≥ 3✳ ❈♦♠❡ç❛♠♦s r❡❝♦r❞❛♥❞♦ q✉❡

|f(t)| ≤ C2(1 + |t|p), ∀t ∈ R,

♦♥❞❡ p ∈ (1, N/(N − 2))✳ P♦r ❤✐♣ót❡s❡✱

un → u ❡♠ H1
0 (Ω).

❯♠❛ ✈❡③ q✉❡ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L2p(Ω)✱ ♦♥❞❡ 2p < 2N

N−2
✱ é ❝♦♥tí♥✉❛

un → u ❡♠ L2p(Ω).

❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❇✳✻✱ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unk
) ❞❡ (un) ❡ ✉♠❛

❢✉♥çã♦ h ∈ L2p(Ω) ❝♦♠

unk
(x) → u(x) q✳t✳♣✳ ❡♠ Ω,

❡

|unk
(x)| ≤ h(x), k ∈ N q✳t✳♣✳ ❡♠ Ω.

❉❡✜♥❛ ϕk : Ω → R ♣♦r

ϕk(x) = |f(unk
(x))− f(u(x))|2.

◆♦t❡ q✉❡

|ϕk(x)| = |f(unk
)− f(u)|2

≤ 4(|f(unk
)|2 + |f(u)|2)

≤ 4(C2
2(1 + |unk

|p)2 + C2
2(1 + |u|p)2)

≤ 4(4C2
2(1 + |unk

|2p) + 4C2
2(1 + |u|2p))

= 16C2
2(2 + |unk

|2p + |u|2p)

≤ 16C2
2(2 + |h|2p + |u|2p)



✶✻✷

❙❡♥❞♦ ❛ ✐♠❡rsã♦ L2p(Ω) →֒ L1(Ω) ❝♦♥tí♥✉❛✱ t❡♠✲s❡

16C2
2(2 + |h|2p + |u|2p) ∈ L1(Ω).

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f ✱

|f(unk
)− f(u)|2 → 0, k → +∞ q✳s✳ ❡♠ Ω,

♦✉ s❡❥❛✱

ϕk(x) → 0, k → +∞ q✳s✳ ❡♠ Ω.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ✜❝❛♠♦s ❝♦♠

∫

Ω

ϕk(x)dx→ 0, k → +∞.

❉❡ss❛ ♠❛♥❡✐r❛✱

‖f(unk
)− f(u)‖L2(Ω) → 0 q✉❛♥❞♦ k → +∞

❡✱ ♣♦rt❛♥t♦✱

‖f(un)− f(u)‖L2(Ω) → 0 q✉❛♥❞♦ n→ +∞.

❉❡ ✭✸✳✶✾✮ ❡ ❞❛ ❆✜r♠❛çã♦ ✸✳✸✳✶✱

sup
‖v‖≤1

∣

∣

∣

∣

∂E2

∂v
(un)−

∂E2

∂v
(u)

∣

∣

∣

∣

→ 0,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡
∂E2

∂(·) (un) →
∂E2

∂(·) (u) ❡♠ H−1(Ω).

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❲✐❧❧❡♠ ❬✸✹✱ Pr♦♣♦s✐çã♦ ✶✳✸✳❪✱ ❝♦♥❝❧✉í♠♦s q✉❡ E2 ∈
C1(H1

0 (Ω),R) ❡

E ′
2(u)v =

∫

Ω

f(u)vdx, ∀u, v ∈ H1
0 (Ω).

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ✐rá ❞❡s❡♠♣❡♥❤❛r ✉♠ ♣❛♣❡❧ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥♦ ❞❡❝♦rr❡r

❞❡st❡ tr❛❜❛❧❤♦✳

❚❡♦r❡♠❛ ✸✳✷ ❙❡❥❛♠ u0 ∈ H1
0 (Ω) ❡ u ❛ s♦❧✉çã♦ ❞❛❞❛ ♣♦r

u(t) = e−Atu0 +

∫ t

0

e−A(t−s)f(u(s))ds.



✶✻✸

❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ T ∈ J̊(u0)✱ t❡♠♦s

E(u(t)) ∈ C([0, T ]) ∩ C1((0, T ))

❡
d

dt
E(u(t)) = −

∫

Ω

|ut(t)|2dx, ∀t ∈ (0, T ). ✭✸✳✷✹✮

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❚❡♦r❡♠❛ s❡❣✉❡ ❛s ♠❡s♠❛s ✐❞❡✐❛s ✉s❛❞❛s ♥❛

♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ✐r❡♠♦s ♦♠✐t✐r t❛❧ ❞❡♠♦♥str❛çã♦✳

◆❡st❡ ♠♦♠❡♥t♦✱ ✐r❡♠♦s ♥♦s ♣r❡♣❛r❛r ♣❛r❛ ✈❡r✐✜❝❛r ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ❢✉♥❝✐♦♥❛❧

E q✉❡ s❡rá ✉s❛❞❛ ❡♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❢✉t✉r♦s✳ ■♥✐❝✐❛r❡♠♦s ❡ss❡ ❡st✉❞♦ ❛♣r❡s❡♥t❛♥❞♦

♦s s❡❣✉✐♥t❡s ❝♦♥❝❡✐t♦s✳

❉❡✜♥✐çã♦ ✸✳✶ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ E : X → R ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ❝❧❛ss❡

C1(X;R)✳ ❉✐③✲s❡ q✉❡ (un) ⊂ X é ✉♠❛ s❡q✉ê♥❝✐❛ (PS) ♥♦ ♥í✈❡❧ d ∈ R✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡

(PS)d✱ q✉❛♥❞♦

E(un) → d ❡ E ′(un) → 0.

❉❡✜♥✐çã♦ ✸✳✷ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ E : X → R ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ❝❧❛ss❡

C1(X;R)✳ ❉✐③✲s❡ q✉❡ E ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❛ ❝♦♥❞✐✲

çã♦ (PS)✱ s❡ t♦❞❛ s❡q✉ê♥❝✐❛ (PS)d ♦♥❞❡ d ∈ R✱ ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡

❢♦rt❡ ❡♠ ❳✱ ✐st♦ é✱

E(un) → d ❡ E ′(un) → 0

✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡♠ (unj
) ⊂ (un) ❡ u ∈ X t❛✐s q✉❡

unj
→ u ❡♠ X.

❚❡♦r❡♠❛ ✸✳✸ ❖ ❢✉♥❝✐♦♥❛❧ E ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✾✮ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (un) ⊂ H1
0 (Ω) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ E✱ ✐st♦ é✱

E(un) → d ❡ E ′(un) → 0.

❘❡❝♦r❞❡ q✉❡

E(un) =
1

2

∫

Ω

|∇un|2dx−
∫

Ω

F (un)dx

❡

E ′(un)un =

∫

Ω

|∇un|2dx−
∫

Ω

f(un)undx.

❆❧é♠ ❞✐ss♦✱ ❛ ❈♦♥❞✐çã♦ (f3) ♥♦s ❞✐③ q✉❡

f(t)t− (2 + γ)F (t) ≥ 0, t ∈ R\{0}.



✶✻✹

❊♥tã♦✱

E(un)−
1

2 + γ
E ′(un)un =

(

1

2
− 1

2 + γ

)∫

Ω

|∇un|2dx+
1

2 + γ

∫

Ω

f(un)undx−
∫

Ω

F (un)dx

=

(

1

2
− 1

2 + γ

)

‖un‖2 +
1

2 + γ

∫

Ω

f(un)un − (2 + γ)F (un)dx

≥
(

1

2
− 1

2 + γ

)

‖un‖2,

♦✉ s❡❥❛✱

E(un)−
1

2 + γ
E ′(un)un ≥

(

1

2
− 1

2 + γ

)

‖un‖2, ∀n ∈ N. ✭✸✳✷✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

E(un) ≤ d+ 1, ∀n ≥ n0,

❡

‖E ′(un)‖ < 2 + γ, ∀n ≥ n0.

❆ss✐♠✱

− 1

2 + γ
E ′(un)un ≤

∣

∣

∣

∣

1

2 + γ
E ′(un)un

∣

∣

∣

∣

≤ 1

2 + γ
‖E ′(un)‖‖un‖ ≤ ‖un‖, ∀n ≥ n0

❡✱ ♣♦rt❛♥t♦✱

E(un)−
1

2 + γ
E ′(un)un ≤ d+ 1 + ‖un‖, ∀n ≥ n0. ✭✸✳✷✻✮

❈♦♠❜✐♥❛♥❞♦ ✭✸✳✷✺✮ ❡ ✭✸✳✷✻✮✱ ♦❜t❡♠♦s
(

1

2
− 1

2 + γ

)

‖un‖2 ≤ d+ 1 + ‖un‖,

♦✉ s❡❥❛✱

‖un‖2 ≤ A+B‖un‖,

♦♥❞❡

A = (d+ 1)

(

1

2
− 1

2 + γ

)−1

❡ B =

(

1

2
− 1

2 + γ

)−1

.

❉❡ss❡ ♠♦❞♦✱ ❛ s❡q✉ê♥❝✐❛ (un) é ❧✐♠✐t❛❞❛✳ ❉❡ ❢❛t♦✱ s❡ ❢♦ss❡ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ✐❧✐♠✐t❛❞❛✱

❡①✐st✐r✐❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unj
) ⊂ (un) t❛❧ q✉❡

‖unj
‖ > j, ∀j ∈ N.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

‖unj
‖ ≤ A

‖unj
‖ +B ≤ A

j
+B ≤ A+B, ∀j ∈ N.



✶✻✺

❯♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱ (un) é ❧✐♠✐t❛❞❛✳ ❙❡♥❞♦ H1
0 (Ω) ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✱ ♦ ❚❡♦r❡♠❛ ❆✳✶✵

♥♦s ❛ss❡❣✉r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unj
) ❞❡ (un) ❡ u ∈ H1

0 (Ω) ❝♦♠

unj
⇀ u ❡♠ H1

0 (Ω).

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❈✳✺✮ ❡ ♦ ❚❡♦r❡♠❛

❆✳✽✱

unj
→ u ❡♠ Lq(Ω), ∀q ∈ [1,+∞) s❡ N = 2 ❡ ∀q ∈ [1, 2∗) s❡ N ≥ 3.

❉❡ss❛ ♠❛♥❡✐r❛✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❇✳✻✱ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unjk
) ❞❡

(unj
) ❡ h ∈ Lq(Ω) s❛t✐s❢❛③❡♥❞♦

unjk
(x) → u(x) q✳s✳ ❡♠ Ω, ✭✸✳✷✼✮

❡

|unjk
(x)| ≤ h(x), ∀k ∈ N, q✳s✳ ❡♠ Ω. ✭✸✳✷✽✮

❆✜r♠❛çã♦ ✸✳✸✳✶
∫

Ω

f(unjk
)udx→

∫

Ω

f(u)udx.

❈♦♠ ❡❢❡✐t♦✱ r❡❝♦r❞❡ q✉❡

unj
⇀ u ❡♠ H1

0 (Ω).

❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❆✳✼✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖unj
‖ ≤ C, ∀j ∈ N.

❊♠ ♣❛rt✐❝✉❧❛r✱

‖unjk
‖ ≤ C, ∀k ∈ N.

❙❡ N = 2✱ ❡♥tã♦

|f(t)| ≤Mβe
βt2 , ∀t ∈ R,

♣❛r❛ t♦❞♦ β > 0✳ ❆ss✐♠✱

|f(unjk
)|2 ≤Mβe

2β|unjk
|2
=Mβe

2β

(

|unjk
|

‖unjk
‖

)2

‖unjk
‖2

≤Mβe
2β

(

|unjk
|

‖unjk
‖

)2

C2

.

■♥t❡❣r❛♥❞♦ s♦❜r❡ Ω✱ ♦❜t❡♠♦s

∫

Ω

|f(unjk
)|2dx ≤ Mβ

∫

Ω

e
2β

(

|unjk
|

‖unjk
‖

)2

C2

dx

≤ sup
‖w‖≤1

∫

Ω

e2βC
2(|w|)2dx.



✶✻✻

❆♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r✱
∫

Ω

|f(unjk
)|2dx ≤ c1, ∀k ∈ N,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c1 > 0✳ ▲♦❣♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c2 > 0 t❛❧ q✉❡

‖f(unjk
)‖L2(Ω) ≤ c2, ∀k ∈ N.

❈❛s♦ N ≥ 3✱ t❡♠♦s

|f(t)| ≤ C2(1 + |t|p), ∀t ∈ R,

♦♥❞❡ C2 > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❉❡ss❡ ♠♦❞♦✱

|f(unjk
)|2 ≤ C2

2(1 + |unjk
|p)2 ≤ 4C2

2(1 + |unjk
|2p).

■♥t❡❣r❛♥❞♦ s♦❜r❡ Ω✱ ♦❜t❡♠♦s
∫

Ω

|f(unjk
)|2dx ≤ 4C2

2

∫

Ω

(1 + |unjk
|2p)dx

= 4C2
2 |Ω|+ 4C2

2‖unjk
‖2p
L2p(Ω). ✭✸✳✷✾✮

❈♦♠♦ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L2p(Ω) é ❝♦♥tí♥✉❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C3 > 0 t❛❧ q✉❡

‖u‖L2p(Ω) ≤ C3‖u‖, ∀u ∈ H1
0 (Ω).

❊♠ ♣❛rt✐❝✉❧❛r✱

‖unjk
‖L2p(Ω) ≤ C3‖unjk

‖ ≤ C3C, ∀k ∈ N.

❆ss✐♠✱

‖unjk
‖L2(Ω) ≤ C4, ∀k ∈ N,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C4 > 0✳ ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❇✳✽✱ ✜❝❛♠♦s ❝♦♠

f(unjk
)⇀ f(u) ❡♠ L2(Ω).

❙❡♥❞♦ J : L2(Ω) → R ❞❡✜♥✐❞♦ ♣♦r

J(v) =

∫

Ω

vudx, u ∈ L2(Ω)

✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❧✐♠✐t❛❞♦✱ t❡♠♦s
∫

Ω

f(unjk
)udx→

∫

Ω

f(u)udx.



✶✻✼

❆✜r♠❛çã♦ ✸✳✸✳✷
∫

Ω

f(unjk
)unjk

dx→
∫

Ω

f(u)udx q✉❛♥❞♦ k → +∞.

❈♦♠ ❡❢❡✐t♦✱ s❛❜❡♠♦s q✉❡

unjk
⇀ u ❡♠ H1

0 (Ω).

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❆✳✽✱ ❝♦♥❝❧✉í♠♦s

unj
→ u ❡♠ L2(Ω).

P❡❧♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♥❛ ♣r♦✈❛ ❞❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱

f(unjk
)⇀ f(u) ❡♠ L2(Ω).

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❇✳✼✱

∫

Ω

f(unjk
)unjk

dx→
∫

Ω

f(u)udx q✉❛♥❞♦ k → +∞.

P♦rt❛♥t♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ ❉❡s❞❡ q✉❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d✱ t❡♠♦s

E ′(unjk
)unjk

= on(1)
✷,

♣♦✐s

0 ≤ |E ′(unjk
)unjk

| ≤ ‖E ′(unjk
)‖‖unjk

‖ ≤M‖E ′(unjk
)‖ → 0, k → +∞,

❡

0 ≤ |E ′(unjk
)u| ≤ ‖E ′(unjk

)‖‖u‖ → 0, k → +∞.

❆❧é♠ ❞✐ss♦✱

‖unjk
− u‖2 =

∫

Ω

|∇(unjk
− u)|2dx

=

∫

Ω

∇(unjk
− u)∇(unjk

− u)dx

=

∫

Ω

(∇unjk
−∇u)∇(unjk

− u)dx

=

∫

Ω

∇unjk
∇(unjk

− u)dx−
∫

Ω

∇u∇(unjk
− u)dx. ✭✸✳✸✵✮

✷on(1) ❞❡♥♦t❛ ✉♠❛ q✉❛♥t✐❞❛❞❡ q✉❡ t❡♠ ❧✐♠✐t❡ ③❡r♦ q✉❛♥❞♦ ♥ t❡♥❞❡ ❛♦ ✐♥✜♥✐t♦✳



✶✻✽

◆♦t❡ t❛♠❜é♠ q✉❡
∫

Ω

∇unjk
∇(unjk

− u)dx =

∫

Ω

∇unjk
∇unjk

dx−
∫

Ω

∇unjk
∇udx

=

∫

Ω

f(unjk
)unjk

dx+ E ′(unjk
)unjk

−
∫

Ω

f(unjk
)udx

− E ′(unjk
)u

=

∫

Ω

f(unjk
)unjk

dx−
∫

Ω

f(unjk
)udx+ on(1). ✭✸✳✸✶✮

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦ J : H1
0 (Ω) → R ❞❡✜♥✐❞♦ ♣♦r

J(v) =

∫

Ω

∇u∇vdx,

s❡❣✉❡✱ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛

unj
⇀ u ❡♠ H1

0 (Ω),

q✉❡

J(unjk
− u) =

∫

Ω

∇u∇(unjk
− u)dx→ 0, k → +∞. ✭✸✳✸✷✮

❆ss✐♠✱ ❞❡ ✭✸✳✸✵✮✱ ✭✸✳✸✶✮ ❡ ✭✸✳✸✷✮✱

‖unjk
− u‖2 =

∫

Ω

f(unjk
)unjk

dx−
∫

Ω

f(unjk
)udx+ on(1).

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❆✜r♠❛çõ❡s ✭✸✳✸✳✶✮ ❡ ✭✸✳✸✳✷✮✱

‖unjk
− u‖2 = on(1),

♦✉ s❡❥❛

unjk
→ u ❡♠ H1

0 (Ω),

♦ q✉❡ ❡♥❝❡rr❛ ❛ ❞❡♠♦♥str❛çã♦✳

P❛r❛ ❞❛r♠♦s ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦ ♥♦ss♦ ❡st✉❞♦✱ ✈❛♠♦s ❞❡✜♥✐r Vu0(t) = E(u(t))✱ ♦♥❞❡

u(t) = u(t, u0)✳

❚❡♦r❡♠❛ ✸✳✹ ❙❡ u0 ∈ ∂DA✱ ❡♥tã♦ Vu0 : J(u0) → R é ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛✳

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡✱ r❡❝♦r❞❡ q✉❡ u ∈ C([0, T ];H1
0 (Ω))✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖u(t)‖ ≤ C

2
, ∀t ∈ [0, T ]. ✭✸✳✸✸✮

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ t = 0✱ t❡♠✲s❡

‖u0‖ ≤ C

2
. ✭✸✳✸✹✮



✶✻✾

❆✜r♠❛çã♦ ✸✳✹✳✶ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M > 0 t❛❧ q✉❡ |E(u)| < M ✱ q✉❛♥❞♦ ‖u‖ ≤ C✳

❈♦♠ ❡❢❡✐t♦✱ r❡❝♦r❞❡ q✉❡

E(u) =
1

2

∫

Ω

|∇u|2dx−
∫

Ω

F (u)dx,

♦♥❞❡

F (t) =

∫ t

0

f(s)ds.

❊♥tã♦✱ s❡♥❞♦ ‖u‖ ≤ C✱ t❡♠♦s

|E(u)| ≤ 1

2
‖u‖2 +

∫

Ω

|F (u)|dx ≤ 1

2
C2 +

∫

Ω

|F (u)|dx. ✭✸✳✸✺✮

❙✉♣♦♥❤❛ q✉❡ N = 2✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❈♦♥❞✐çã♦ (f1)✱

|f(t)| ≤Mβe
βt2 , ∀t ∈ R.

❆ss✐♠✱ s✉♣♦♥❞♦ q✉❡ t > 0✱ ♦❜t❡♠♦s

|F (t)| ≤
∫ t

0

|f(s)|ds ≤Mβ

∫ t

0

eβs
2

ds.

❈♦♠♦ 0 ≤ s ≤ t ❝♦♥❝❧✉í♠♦s q✉❡ s2 ≤ t2✳ ❯♠❛ ✈❡③ q✉❡ ❛ ❡①♣♦♥❡♥❝✐❛❧ ✉♠❛ ❢✉♥çã♦

❝r❡s❝❡♥t❡✱ ✜❝❛♠♦s ❝♦♠ eβs
2 ≤ eβt

2
✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱

∫ t

0

eβs
2

ds ≤
∫ t

0

eβt
2

ds = teβt
2

.

❚❡♥❞♦ ❡♠ ✈✐st❛

lim
|t|→+∞

t

eξt2
= 0,

♦♥❞❡ 0 < ξ < 1✱ ♥ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡

|t| ≤ Cξe
ξt2 , ∀t ∈ R,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ Cξ > 0✳ ▲♦❣♦✱

|F (t)| ≤Mβte
βt2 ≤MβCξe

ξt2eβt
2

=MβCξe
(ξ+β)t2 .

❉❡✜♥✐♥❞♦ β1 = β + ξ ❡ C1 =MβCξ✱ t❡♠♦s

|F (t)| ≤ C1e
β1t

2

, ∀t ≥ 0.



✶✼✵

❙❡ t < 0✱ ❡♥tã♦

F (t) =

∫ t

0

f(s)ds = −
∫ 0

t

f(s)ds.

❆ss✐♠✱

|F (t)| ≤
∫ 0

t

|f(s)|ds ≤Mβ

∫ 0

t

eβs
2

ds ≤Mβ

∫ 0

t

eβt
2

ds

= Mβ(−t)eβt
2 ≤MβCξe

ξt2eβt
2

. ✭✸✳✸✻✮

P♦rt❛♥t♦✱ ❞❛❞♦ β̃1 > 0✱

|F (t)| ≤ C̃1e
β̃1t

2

, ∀t ∈ R,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C̃1 > 0✳ ❆ ❡st✐♠❛t✐✈❛ ❛♥t❡r✐♦r ❝♦♠❜✐♥❛❞❛ ❝♦♠ ‖u‖ ≤ C ❡ ❝♦♠

❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉♥❞✐❣❡r✲▼♦s❡r r❡s✉❧t❛ ❡♠

∫

Ω

|F (u)|dx ≤ C2, ✭✸✳✸✼✮

♦♥❞❡ C2 > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❉❡ss❡ ♠♦❞♦✱ ✉s❛♥❞♦ ✭✸✳✸✺✮ ❡ ✭✸✳✸✼✮✱ ♦❜t❡♠♦s

|E(u)| ≤ C3, ✭✸✳✸✽✮

♦♥❞❡ C3 > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ N ≥ 3✱ t❛♠❜é♠ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r

q✉❡

|E(u)| ≤ C4, ✭✸✳✸✾✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C4 > 0✳ ❈♦♥s✐❞❡r❛♥❞♦ M = max{C3, C4} + 1 ❝♦♥❝❧✉í♠♦s✱

❛tr❛✈és ❞❡ ✭✸✳✸✽✮ ❡ ✭✸✳✸✾✮✱ q✉❡

|E(u)| < M,

q✉❛♥❞♦ ‖u‖ ≤ C✳

P♦r ❤✐♣ót❡s❡ u0 ∈ ∂DA✳ ❊♥tã♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ DA ❝♦♠

un → u0 ❡♠ H1
0 (Ω).

❆✜r♠❛çã♦ ✸✳✹✳✷ ❉❛❞♦ ε > 0✱ ❡①✐st❡♠ δ > 0 ❡ n1 ∈ N t❛✐s q✉❡

‖u(t, un)− u0‖ < ε, ∀n ≥ n1, ∀t ∈ [0, δ].

❈♦♠ ❡❢❡✐t♦✱ ♥♦t❡ q✉❡

‖u(t, un)− u0‖ ≤ ‖u(t, un)− u(t, u0)‖+ ‖u(t, u0)− u0‖. ✭✸✳✹✵✮



✶✼✶

❯♠❛ ✈❡③ q✉❡ u é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

‖u(t, u0)− u0‖ <
ε

2
, s❡ t ∈ [0, δ]. ✭✸✳✹✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ❈♦r♦❧ár✐♦ ✸✳✵✳✷ ♥♦s ❞✐③ q✉❡ ❡①✐st❡ n1 ∈ N s❛t✐s❢❛③❡♥❞♦

‖u(t, un)− u(t, u0)‖ <
ε

2
, ∀n ≥ n1, ∀t ∈ [0, δ]. ✭✸✳✹✷✮

❆ss✐♠✱ ❝♦♠❜✐♥❛♥❞♦ ✭✸✳✹✵✮✱ ✭✸✳✹✶✮ ❡ ✭✸✳✹✷✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

‖u(t, un)− u0‖ < ε, ∀n ≥ n1, ∀t ∈ [0, δ].

P♦rt❛♥t♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ ❊♠ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✭✸✳✸✹✮✱ ❡①✐st❡ n0 ∈ N✱ ❝♦♠

n0 ≥ n1✱ t❛❧ q✉❡

un ∈ BC∗(0) ∀n ≥ n0.

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ DA✱

u(t, un) → 0 q✉❛♥❞♦ t→ +∞, ∀n ≥ n0.

◗✉❡r❡♠♦s ♠♦str❛r q✉❡

|Vun
(t)| ≤M, t ∈ R

+, ∀n ≥ n0. ✭✸✳✹✸✮

❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ✐st♦ ♥ã♦ é ✈❡r❞❛❞❡✳ ❊♥tã♦✱ ❡①✐st❡♠ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❞❡ (un)✱ q✉❡ t❛♠❜é♠ s❡rá ❞❡♥♦t❛❞❛ ♣♦r (un)✱ ❡ (tn) ⊂ R
+ t❛✐s q✉❡

|Vun
(tn)| > M, ∀n ∈ N.

❆✜r♠❛çã♦ ✸✳✹✳✸ tn > T ✳

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ (tn) ⊂ [0, T ]✳ ❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡

❇♦❧③❛♥♦✲❲❡✐❡rstr❛ss✸ ❡♠ (tn)✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (tnj
) ❞❡ (tn)

❡ t0 ∈ [0, T ] ❝♦♠ tnj
→ t0✳ ❱❛♠♦s ♠♦str❛r q✉❡

u(tnj
, unj

) → u(t0, u0) ❡♠ H1
0 (Ω) q✉❛♥❞♦ j → +∞.

❈♦♠ ❡❢❡✐t♦✱ t❡♠♦s

‖u(tnj
, unj

)− u(t0, u0)‖ ≤ ‖u(tnj
, unj

)− u(tnj
, u0)‖+ ‖u(tnj

, u0)− u(t0, u0)‖, ✭✸✳✹✹✮
✸P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ▲✐♠❛ ❬✷✸❪✳



✶✼✷

♣❛r❛ t♦❞♦ j ∈ N✳ ❙❡♥❞♦ u ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♣❛r❛ 0 < ε ≤ C ❞❛❞♦✱ ❡①✐st❡ j1 ∈ N

❝✉♠♣r✐♥❞♦

‖u(tnj
, u0)− u(t0, u0)‖ <

ε

4
, ∀j ≥ j1. ✭✸✳✹✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ❈♦r♦❧ár✐♦ ✸✳✵✳✷ ♥♦s ❞✐③ q✉❡ ❡①✐st❡ j2 ∈ N t❛❧ q✉❡

‖u(t, unj
)− u(t, u0)‖ <

ε

4
, ∀j ≥ j2, ∀t ∈ [0, δ]. ✭✸✳✹✻✮

❆ss✐♠✱ ❞❡ ✭✸✳✹✹✮✱ ✭✸✳✹✺✮ ❡ ✭✸✳✹✻✮✱ ♦❜t❡♠♦s

‖u(tnj
, unj

)− u(t0, u0)‖ <
ε

2
, ∀j ≥ j0,

♦♥❞❡ j0 = max{j1, j2}✳ ❯s❛♥❞♦ ✭✸✳✸✸✮ ❡ ❛ ❡st✐♠❛t✐✈❛ ❛♥t❡r✐♦r✱

‖u(tnj
, unj

)‖ ≤ ‖u(tnj
, unj

)− u(t0, u0)‖+ ‖u(t0, u0)‖

≤ ε

2
+
C

2
≤ C, ∀j ≥ j0. ✭✸✳✹✼✮

❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❆✜r♠❛çã♦ ✸✳✹✸✱

|Vunj
(tnj

)| = |E(u(tnj
, unj

))| < M, ∀j ≥ j0.

❯♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡

Vun
(tn) > M, ∀n ∈ N,

❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✳ ❉❡s❞❡ q✉❡

u(t, un) → u0 q✉❛♥❞♦ t→ 0 ❡ n→ +∞,

❡①✐st❡♠ n0 ∈ N ❡ δ > 0 t❛✐s q✉❡

‖u(t, un)‖ ≤ C, ∀n ≥ n0, ∀0 < t ≤ δ.

❆♣❧✐❝❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✸✳✹✳✶✱

|Vun
(t)| = |E(u(t, un))| ≤M, ∀n ≥ n0, ∀0 < t ≤ δ.

❉❡ss❡ ♠♦❞♦✱ ♦ ♥ú♠❡r♦

sn = min{t > 0;Vun
(s) > M, ∀s ∈ (t, tn]}



✶✼✸

❋✐❣✉r❛ ✸✳✶✿ ❇♦❛ ❞❡✜♥✐çã♦ ❞❡ sn✳

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ♣❛r❛ t♦❞♦ n ≥ n0✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ✸✳✶✳ ❙❡❥❛ s > sn✱ ❡♥tã♦

Vun
(s) > M.

❙❡♥❞♦ Vun
✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱

M ≤ lim
s→sn+

Vun
(s′) = Vun

(sn).

❙❡ ❢♦ss❡ Vun
(sn) > M ❡①✐st✐r✐❛ ε > 0 t❛❧ q✉❡ Vun

(sn − ε) > M ❝♦♥tr❛r✐❛♥❞♦ ❛ ♠✐♥✐♠❛✲

❧✐❞❛❞❡ ❞❡ sn✳ ▲♦❣♦✱

Vun
(sn) =M.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✸✳✷✱

d

dt
E(u(t, un)) = −

∫

Ω

|ut(t, un)|2dx.

❆ss✐♠✱

V ′
un
(t) ≤ 0, ∀t ∈ [sn, tn],

♠♦str❛♥❞♦ q✉❡ Vun
é ✉♠❛ ❢✉♥çã♦ ♠♦♥ót♦♥❛ ♥ã♦✲❝r❡s❝❡♥t❡✳ ❊♠ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐ss♦✱

Vun
(tn) ≤ Vun

(sn) =M,

♦ q✉❡ ❝♦♥tr❛❞✐③ ♥♦ss❛ s✉♣♦s✐çã♦ s♦❜r❡ tn✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ Vun
(tn) < −M ❛ ♠❡♥♦s

❞❡ s✉❜s❡q✉ê♥❝✐❛✳ P❛r❛ ❝❛❞❛ un ✜①❛❞♦✱

u(t, un) → 0 q✉❛♥❞♦ t→ +∞.



✶✼✹

❊♥tã♦✱ ❡①✐st❡ K > 0 t❛❧ q✉❡

‖u(t, un)‖ ≤ C, ∀t ≥ K.

▲♦❣♦✱ ♦ ♥ú♠❡r♦

dn = max{t > 0;Vun
(s) < −M, ∀s ∈ [tn, t)} ✭✸✳✹✽✮

♦ q✉❛❧ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ✸✳✷✳ ❯s❛♥❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ Vun
✱ ♦❜t❡♠♦s

❋✐❣✉r❛ ✸✳✷✿ ❇♦❛ ❞❡✜♥✐çã♦ ❞❡ dn✳

Vun
(dn) = −M ✳ ❆❧é♠ ❞✐ss♦✱

V ′
un
(t) ≤ 0, ∀t ∈ [tn, dn].

❆ss✐♠✱ s❡♥❞♦ Vun
✉♠❛ ❢✉♥çã♦ ♠♦♥ót♦♥❛ ♥ã♦✲❝r❡s❝❡♥t❡✱

−M = Vun
(dn) ≤ Vun

(tn).

❯♠ ❛❜s✉r❞♦✳ ❉❡ss❡ ♠♦❞♦✱

|Vun
(t)| ≤M, t ∈ R

+, ∀n ≥ n0.

❆♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ✸✳✵✳✷ ❡♠ ✭✸✳✹✸✮✱ t❡♠✲s❡

|Vu0(t)| ≤M,

♣❛r❛ q✉❛❧q✉❡r t ∈ J(u0)✳

❚❡♦r❡♠❛ ✸✳✺ ❙❡ u0 ∈ ∂DA✱ ❡♥tã♦ T (u0) = +∞✳



✶✼✺

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ T (u0) < +∞✳ ❘❡❝♦r❞❡ q✉❡ f é

❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✳ ❈♦♥s✐❞❡r❛♥❞♦ α = 1
2
✱ γ = 0 ❡ t0 = 0 ❡♠ ❍❡♥r② ❬✶✽✱ ❚❡♦r❡♠❛

✸✳✺✳✷✳❪✱ t❡♠✲s❡

‖ut(t)‖L2(Ω) ≤ C(T (u0))t
− 1

2 , ∀t ∈ (0, T (u0)). ✭✸✳✹✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ▲❡♠❛ ✷✳✼ ❛✜r♠❛

d

dt
‖u(t)‖2L2(Ω) = 2

∫

Ω

ut(t)u(t)dx.

❊♥tã♦✱

‖u(t)‖2L2(Ω) = 2

∫ t

0

∫

Ω

ut(s)u(s)dxds+ ‖u0‖2L2(Ω).

❈♦♠❜✐♥❛♥❞♦ ✭✸✳✹✾✮ ❝♦♠ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s

‖u(t)‖2L2(Ω) ≤ 2

∫ t

0

‖ut(s)‖L2(Ω)‖u(s)‖L2(Ω)ds+ ‖u0‖2L2(Ω)

≤ 2

∫ t

0

C(T (u0))s
− 1

2‖u(s)‖L2(Ω)ds+ ‖u0‖2L2(Ω)

≤ 2C(T (u0))

∫ t

0

s−
1
2 (‖u(s)‖2L2(Ω) + 1)ds+ ‖u0‖2L2(Ω).

❆❧é♠ ❞✐ss♦✱ s❡♥❞♦
∫ t

0

s−
1
2 (‖u(s)‖2L2(Ω) + 1)ds =

∫ t

0

s−
1
2‖u(s)‖2L2(Ω)ds+

∫ t

0

s−
1
2ds

=

∫ t

0

s−
1
2‖u(s)‖2L2(Ω)ds+ 2t

1
2 ,

✜❝❛♠♦s ❝♦♠

‖u(t)‖2L2(Ω) ≤ 2C(T (u0))

∫ t

0

s−
1
2‖u(s)‖2L2(Ω)ds+ 2C(T (u0))2T (u0)

1
2 + ‖u0‖2L2(Ω).

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❆✳✶✱

‖u(t)‖2L2(Ω) ≤ (2C(T (u0))2T (u0)
1
2 + ‖u0‖2L2(Ω))C1(T (u0)), ∀t ∈ (0, T (u0)). ✭✸✳✺✵✮

❘❡❝♦r❞❛♥❞♦ q✉❡ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡

ut −∆u = f(u),

❝♦♥❝❧✉í♠♦s q✉❡

utu− u∆u = uf(u).



✶✼✻

P♦r ❝♦♥s❡❣✉✐♥t❡✱
∫

Ω

utudx−
∫

Ω

u∆udx =

∫

Ω

uf(u)dx,

♦✉ s❡❥❛✱
∫

Ω

ut(t)u(t)dx+

∫

Ω

|∇u(t)|2dx =

∫

Ω

u(t)f(u(t))dx.

❆❣♦r❛✱ ♥♦t❡ q✉❡
∫

Ω

u(t)f(u(t))− 2F (u(t))dx =

∫

Ω

ut(t)u(t)dx+

∫

Ω

|∇u(t)|2dx− 2

∫

Ω

F (u(t))dx

=

∫

Ω

utudx+ 2E(u(t))

≤ ‖ut(t)‖L2(Ω)‖u(t)‖L2(Ω) + 2E(u(t)). ✭✸✳✺✶✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✸✳✹✱ ❛ ❢✉♥çã♦ E(u(·)) é ❧✐♠✐t❛❞❛ ❡♠ (0, T (u0))✳ ▲♦❣♦✱ ❡①✐st❡

M > 0 t❛❧ q✉❡

|E(u(t))| ≤M, ∀t ∈ (0, T (u0)). ✭✸✳✺✷✮

❈♦♠❜✐♥❛♥❞♦ ✭✸✳✹✾✮✱ ✭✸✳✺✵✮✱ ✭✸✳✺✶✮ ❡ ✭✸✳✺✷✮✱
∫

Ω

u(t)f(u(t))− 2F (u(t))dx ≤ C2(T (u0)), ∀t ∈ (0, T (u0)),

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C2(T (u0)) > 0✳ P♦r ✜♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❈♦♥❞✐çã♦ (f3)✱

u(t)f(u(t)) ≥ (2 + γ)F (u(t)),

♦✉ s❡❥❛✱

u(t)f(u(t))− 2F (u(t)) ≥ γF (u(t)).

❉❡ss❛ ❢♦r♠❛✱
∫

Ω

F (u(t))dx ≤ 1

γ

∫

Ω

u(t)f(u(t))− 2F (u(t))dx ≤ C2(T (u0)), ∀t ∈ (0, T (u0)).✭✸✳✺✸✮

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡

1

2

∫

Ω

|∇u(t)|2dx =
1

2

∫

Ω

|∇u(t)|2dx−
∫

Ω

F (u(t))dx+

∫

Ω

F (u(t))dx

= E(u(t)) +

∫

Ω

F (u(t))dx

≤ M + C2(T (u0)), ∀t ∈ (0, T (u0)),

♦❜t❡♠♦s

‖u(t)‖ ≤ [2(M + C2(T (u0)))]
1
2 , ∀t ∈ (0, T (u0)).



✶✼✼

❯♠ ❛❜s✉r❞♦ ♣♦✐s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ P❛③② ❬✷✾✱ ❚❡♦r❡♠❛ ✶✳✹✱ ♣❣✳ ✶✽✺❪✱ s❡ T (u0) < +∞✱

❡♥tã♦

lim
t→T (u0)

‖u(t)‖ = +∞.

P♦rt❛♥t♦✱ T (u0) = +∞✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ s❡rá ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ ✉♠❛ s♦❧✉çã♦

❡st❛❝✐♦♥ár✐❛ ❝♦♠♦ ✈❡r❡♠♦s ♥♦ ❚❡♦r❡♠❛ ✸✳✶✵✳

❚❡♦r❡♠❛ ✸✳✻ ❊①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (tn) ⊂ (0,+∞) t❛❧ q✉❡

tn → +∞ ❡ ‖ut(tn, u0)‖L2(Ω) → 0 q✉❛♥❞♦ n→ +∞.

❉❡♠♦♥str❛çã♦✿ ❊st❛ ❞❡♠♦♥str❛çã♦ s❡rá ❢❡✐t❛ ♣♦r ❝♦♥tr❛❞✐çã♦✱ ♠❛s ❛♥t❡s✱ r❡❝♦r❞❡

q✉❡
d

dt
Vu0(t) = −

∫

Ω

|ut(t)|2dx = −‖ut(t)‖2L2(Ω).

❊♥tã♦✱ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ [0, t]✱

Vu0(t)− Vu0(0) = −
∫ t

0

‖ut(s)‖2L2(Ω)ds.

❙❡♥❞♦ Vu0 ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛✱ ❡①✐st❡ M > 0 t❛❧ q✉❡

|Vu0(t)| ≤M, ∀t > 0.

❊♥tã♦✱
∫ t

0

‖ut(s)‖2L2(Ω)ds ≤M + |Vu0(0)|, ∀t > 0.

◆❡st❛s ❝♦♥❞✐çõ❡s✱

∫ +∞

0

‖ut(s)‖2L2(Ω)ds = lim
t→+∞

∫ t

0

‖ut(s)‖2L2(Ω)ds ≤ lim
t→+∞

(M + |Vu0(0)|) =M + |Vu0(0)|,

♦✉ s❡❥❛✱

‖ut(·)‖2L2(Ω) ∈ L1(0,+∞). ✭✸✳✺✹✮

❆❣♦r❛✱ s✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡♠ C > 0 ❡ t0 > 0 t❛✐s q✉❡

‖ut(t)‖2L2(Ω) > C, ∀t ≥ t0.

❊♥tã♦✱
∫ t

t0

‖ut(s)‖2L2(Ω)ds ≥
∫ t

t0

Cds = C(t− t0).



✶✼✽

❉❡ss❛ ♠❛♥❡✐r❛✱

∫ +∞

t0

‖ut(s)‖2L2(Ω)ds = lim
t→+∞

∫ t

t0

‖ut(s)‖2L2(Ω)ds ≥ lim
t→+∞

∫ t

t0

Cds = lim
t→+∞

C(t−t0) = +∞,

♦✉ s❡❥❛✱
∫ +∞

t0

‖ut(s)‖2L2(Ω)ds = +∞

♦ q✉❡ é ✐♠♣♦ssí✈❡❧ ♣♦r ❝❛✉s❛ ❞❡ ✭✸✳✺✹✮✳

✸✳✷✳✷ Pr♦♣r✐❡❞❛❞❡ ❞❛ ♦r❜✐t❛ O(u0)

◆❡st❡ ♠♦♠❡♥t♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ O(u0) é ❧✐♠✐t❛❞♦ ❡♠ H1
0 (Ω)✳

▼❛s ❛♥t❡s✱ ✈❡❥❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✸✳✹ ❙❡❥❛ u0 ∈ ∂DA✳ ❊♥tã♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s δ > 0 ❡ K > 0 t❛✐s q✉❡

‖u(t)‖ ≥ K ⇒ V ′
u0
(t) < −δ.

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ♦ ▲❡♠❛ ♥ã♦ é ✈❡r❞❛❞❡✐r♦✳ ❊♥tã♦✱

♣❛r❛ ❝❛❞❛ n ∈ N✱ ❞❡✈❡ ❡①✐st✐r tn > 0 t❛❧ q✉❡

‖u(tn, u0)‖ ≥ n, ❡ V ′
u0
(tn) > − 1

n
.

❆✜r♠❛çã♦ ✸✳✻✳✶ ❆ s❡q✉ê♥❝✐❛ (tn) é t❛❧ q✉❡ tn → +∞✳

❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st❡ T > 0 t❛❧ q✉❡

0 < tn < T, ∀n ∈ N.

❈♦♠♦ u é ❝♦♥tí♥✉❛ ❡♠ [0, T ]✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ B > 0 s❛t✐s❢❛③❡♥❞♦

‖u(t, u0)‖ ≤ B, ∀t ∈ [0, T ].

❊♠ ♣❛rt✐❝✉❧❛r✱

‖u(tn, u0)‖ ≤ B, ∀n ∈ N.

❊s❝♦❧❤❡♥❞♦ n ∈ N ❝♦♠ n > B✱ ✜❝❛♠♦s ❝♦♠

n ≤ ‖u(tn, u0)‖ ≤ B,



✶✼✾

♦ q✉❡ é ✐♠♣♦ssí✈❡❧✳ ▲♦❣♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ ❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡

E ′(u)v =

∫

Ω

∇u∇vdx−
∫

Ω

f(u)vdx = −
∫

Ω

utvdx.

❊♥tã♦✱

‖E ′(un)‖ = sup
‖v‖

L2(Ω)≤1

|E ′(un)v| ≤ sup
‖v‖

L2(Ω)≤1

∫

Ω

|un,tv|dx

≤ sup
‖v‖

L2(Ω)≤1

[

(∫

Ω

|un,t|2dx
) 1

2
(∫

Ω

|v|2dx
) 1

2

]

=

(∫

Ω

|un,t|2dx
) 1

2

. ✭✸✳✺✺✮

❉❡ss❡ ♠♦❞♦✱

‖E ′(un)‖2 ≤
∫

Ω

|un,t|2dx,

♦♥❞❡ un = u(tn, u0)✳ P♦r ♦✉tr♦ ❧❛❞♦✱

− 1

n
< V ′

u0
(tn) = −

∫

Ω

|un,t|2dx ≤ −‖E ′(un)‖2,

♦✉ s❡❥❛✱

‖E ′(un)‖2 <
1

n
. ✭✸✳✺✻✮

❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✹ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M > 0 t❛❧ q✉❡

|E(u(t, u0))| ≤M, ∀t ∈ J(u0).

❊♠ ♣❛rt✐❝✉❧❛r✱

|E(un)| = |E(u(tn, u0))| ≤M, ∀n ∈ N.

❉❡ss❡ ♠♦❞♦✱ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unj
) ⊂ (un) ❡ d ∈ R t❛✐s q✉❡

E(unj
) → d q✉❛♥❞♦ j → +∞.

❉❡ ❛❝♦r❞♦ ❝♦♠ ✭✸✳✺✻✮✱ t❡♠✲s❡ E ′(unj
) → 0✳ ❊♥tã♦✱ (unj

) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛

E ❝♦♠

‖unj
‖ = ‖u(tnj

, u0)‖ ≥ nj, ∀j ∈ N.

❯♠ ❛❜s✉r❞♦ ♣♦✐s✱ s❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✸✱ E é ✉♠ ❢✉♥❝✐♦♥❛❧ (PS)✳

❚❡♦r❡♠❛ ✸✳✼ ❙❡❥❛ u0 ∈ ∂DA✳ ❊♥tã♦✱ ❛ ♦r❜✐t❛ O(u0) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✳



✶✽✵

❉❡♠♦♥str❛çã♦✿ ❊ss❛ ❞❡♠♦♥str❛çã♦✱ ❛ ♠❡♥♦s ❞❡ ❛❧❣✉♠❛s ♠♦❞✐✜❝❛çõ❡s ✉s❛ ❛s ♠❡s♠❛s

✐❞❡✐❛s ✉s❛❞❛s ♥❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✾✳ P♦ré♠✱ ❞❡✈✐❞♦ ❛❧❣✉♠❛s

❝♦♥s✐❞❡r❛çõ❡s ❛❞✐❝✐♦♥❛✐s q✉❡ ❢❛r❡♠♦s ❛q✉✐ ❢❡✐t❛s✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❡st❛ ❞❡♠♦♥str❛çã♦

❝♦♠ t♦❞♦s ♦s ❞❡t❛❧❤❡s✳ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡

lim sup
t→+∞

‖u(t)‖ = +∞. ✭✸✳✺✼✮

❙❡❥❛

M ′ = lim inf
t→+∞

‖u(t)‖.

❆✜r♠❛çã♦ ✸✳✼✳✶ M ′ < +∞✳

❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ M ′ = +∞✳ ❊♥tã♦✱ ❡①✐st❡ t0 > 0 t❛❧ q✉❡

‖u(t)‖ ≥ K, ∀t ≥ t0,

♦♥❞❡ K > 0 é ❛ ❝♦♥st❛♥t❡ ❞♦ ▲❡♠❛ ✸✳✹✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✸✳✹✱

V ′
u0
(t) < −δ, ∀t ≥ t0,

♣❛r❛ ❛❧❣✉♠ δ > 0✳ ❘❡❝♦r❞❡ q✉❡ Vu0 ∈ C[0, T ] ∩ C1(0, T )✳ ❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦

❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✹✱

Vu0(t)− Vu0(t0) = V ′
u0
(c)(t− t0),

♣❛r❛ ❛❧❣✉♠ c ∈ (t0, t)✳ ❆ss✐♠✱

Vu0(t)− Vu0(t0) < −δ(t− t0), ∀t ≥ t0.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✹ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M > 0 t❛❧ q✉❡

|Vu0(t)| ≤M, ∀t ≥ 0.

❊♥tã♦✱

δt < Vu0(t0)− Vu0(t) + δt0 ≤ |Vu0(t0)|+ |Vu0(t)|+ δt0 ≤ 2M + δt0,

♦✉ s❡❥❛✱

t <
2M

δ
+ t0, ∀t ≥ t0.

✹P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ▲✐♠❛ ❬✷✸❪✳



✶✽✶

❯♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳

❋✐①❡ R > K✱ ♦♥❞❡ K > 0 é ❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ❛❝✐♠❛✳ ❊♥tã♦✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s

(tn) ❡ (Tn) t❛✐s q✉❡

‖u(tn)‖ = R, ‖u(Tn)‖ = n, t2n < Tn < t2n+1, ∀n ∈ N,

❝♦♠

‖u(t)‖ ≤ R, ∀t ∈ [t2n−1, t2n]

❡

R < ‖u(t)‖ < n, ∀t ∈ (t2n, Tn).

❱❡❥❛ ❛ ❋✐❣✉r❛ ✸✳✸✳ ❙❡♥❞♦

❋✐❣✉r❛ ✸✳✸✿ ❉❡✜♥✐çã♦ ❞❛s s❡q✉ê♥❝✐❛s (tn) ❡ (Tn)✳

‖u(t)‖ ≥ R, ∀t ∈ [t2n, Tn]

❡ R > K✱ ✜❝❛♠♦s ❝♦♠

V ′
u0
(t) < −δ, ∀t ∈ [t2n, Tn].

❆ss✐♠✱ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ [t2n, Tn]✱

Vu0(Tn)− Vu0(t2n) < −
∫ Tn

t2n

δdt = −δ(Tn − tn+1),

♦✉ s❡❥❛✱

Vu0(t2n)− Vu0(Tn) > δ(Tn − t2n).



✶✽✷

P♦rt❛♥t♦✱

0 < Tn − t2n <
2M∗

δ
= C∗,

♦♥❞❡

M∗ = sup
t∈J(u0)

|Vu0(t)|.

❘❡❝♦r❞❡ q✉❡✱ ♣❛r❛ t > s ≥ 0✱ t❡♠♦s

u(t) = e−A(t−s)u(s) +

∫ t

s

e−A(t−τ)f(u(τ))dτ.

❊♥tã♦✱ s❡❣✉✐♥❞♦ ❛s ♠❡s♠❛s ✐❞❡✐❛s ✉s❛❞❛s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✾✱ ♠♦str❛✲s❡ q✉❡

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M > 0 t❛❧ q✉❡

‖u(t)‖ ≤ M‖u(s)‖+M

∫ t

s

‖f(u(τ))‖L2(Ω)

(t− τ)
1
2

dτ. ✭✸✳✺✽✮

❡

‖u(t)‖β ≤ M

(t− s)β−
1
2

‖u(s)‖+M

∫ t

s

‖f(u(τ))‖L2(Ω)

(t− τ)β
dτ. ✭✸✳✺✾✮

❙❡❣✉❡✱ ❞❛s ❤✐♣ót❡s❡s ❛❝✐♠❛✱ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ sn ∈ (t2n−1, t2n) t❛❧ q✉❡ ‖u(sn)‖ ≤
M ′ + 1✳ ❊s❝♦❧❤❡♥❞♦ t = t2n ❡ s = sn ❡♠ ✭✸✳✺✽✮✱ t❡♠♦s

‖u(t2n)‖ ≤ M‖u(sn)‖+M

∫ t2n

sn

‖f(u(τ))‖L2(Ω)

(t2n − τ)
1
2

dτ

= M(M ′ + 1) +M

∫ t2n

t2n−1

‖f(u(τ))‖L2(Ω)

(t2n − τ)
1
2

dτ.

❙❡♥❞♦ N = 2✱ t❡♠♦s

|f(t)| ≤Meβt
2

, ∀t ∈ R,

♦♥❞❡ β > 0 é ❛r❜✐trár✐♦✳ ❊♥tã♦✱

‖f(u(τ))‖2L2(Ω) =

∫

Ω

|f(u(τ))|2dx ≤M2

∫

Ω

e2β|u(τ)|
2

dx

= M2

∫

Ω

e2β(
|u(τ)|
‖u(τ)‖)

2
‖u(τ)‖2dx ≤M2 sup

‖w‖≤1

∫

Ω

e2βR
2|w|2dx.

❊s❝♦❧❤❡♥❞♦ β ❞❡ ♠♦❞♦ q✉❡ βR2 < π t❡♠✲s❡✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉♥❞✐❣❡r✲▼♦s❡r✱

q✉❡

sup
‖w‖≤1

∫

Ω

e2βR
2|w|2dx < C.

▲♦❣♦✱

‖f(u(τ))‖L2(Ω) ≤ C1. ✭✸✳✻✵✮



✶✽✸

❈❛s♦ N ≥ 3✱ s❛❜❡♠♦s q✉❡

|f(t)| ≤ C2(1 + |t|p), ∀t ∈ R,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C2 > 0✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱

‖f(u(τ))‖2L2(Ω) =

∫

Ω

|f(u(τ))|2dx ≤ C2

∫

Ω

(1 + |u(τ)|p)2dx

≤ C2

∫

Ω

4(1 + |u(τ)|2p)dx = 4C2|Ω|+ 4C2

∫

Ω

|u(τ)|2pdx

= 4C2|Ω|+ 4C2‖u(τ)‖2pL2p(Ω).

❯♠❛ ✈❡③ q✉❡ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L2p(Ω) é ❝♦♥tí♥✉❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C3 > 0 t❛❧

q✉❡

‖u(τ)‖L2p(Ω) ≤ C3‖u(τ)‖, ∀u ∈ H1
0 (Ω).

❆ss✐♠✱ ❝♦♠♦ ‖u(t)‖ ≤ R ♣❛r❛ t ∈ [t2n−1, t2n]✱ t❡♠♦s

‖f(u(τ))‖L2(Ω) ≤ C4, ✭✸✳✻✶✮

♦♥❞❡ C4 > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ P♦rt❛♥t♦✱ ❞❡ ✭✸✳✻✵✮ ❡ ✭✸✳✻✶✮✱

‖f(u(τ))‖L2(Ω) ≤ C̃, ∀t2n−1 ≤ τ ≤ t2n,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C̃✳ ❈♦♠ ❡ss❛s ✐♥❢♦r♠❛çõ❡s✱ ♦❜t❡♠♦s

∫ t2n

t2n−1

‖f(u(τ))‖L2(Ω)

(t2n − τ)
1
2

dτ ≤
∫ t2n

t2n−1

C̃

(t2n − τ)
1
2

dτ.

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ r = t2n − τ ✱

∫ t2n

t2n−1

(t2n − τ)−
1
2dτ =

∫ t2n−t2n−1

0

r−
1
2dr = 2(t2n − t2n−1)

1
2 .

❊s❝♦❧❤❡♥❞♦ R > max{M ′, K}+1✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ d > 0 t❛❧ q✉❡ t2n − t2n−1 ≥ d✳

❆✜r♠❛çã♦ ✸✳✼✳✷ ❉❛❞♦ 0 < c < d✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

Tn − t2n > c, ∀n ≥ n0.

❈♦♠ ❡❢❡✐t♦✱ ❝♦♥s✐❞❡r❡ 0 < c < d✳ ❊♥tã♦✱

‖u(t)‖ ≤ R, ∀t ∈ [t2n − c, t2n].



✶✽✹

❋✐❣✉r❛ ✸✳✹✿ u(Tn − c, u(c, u0)) = u(Tn, u0)✳

❆❣♦r❛✱ s❡ ❢♦ss❡ Tn ≤ t2n+ c✱ ✐st♦ é✱ Tn− c ≤ t2n✱ t❡rí❛♠♦s Tn− c ∈ [t2n− c, t2n]✳ ❆ss✐♠✱

n = ‖u(Tn)‖ = ‖u(Tn − c, u(c, u0))‖ ≤ R,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ q✉❛♥❞♦ n→ +∞✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ✸✳✹✳ P♦rt❛♥t♦✱ ❡①✐st❡ n0 ∈ N

t❛❧ q✉❡

Tn − t2n > c, ∀n ≥ n0.

❋✐①❛❞♦ c ♥❛s ❝♦♥❞✐çõ❡s ❞❛ ❛✜r♠❛çã♦ ❛❝✐♠❛✱ ❝♦♥s✐❞❡r❡ θ ∈ (0, c)✳ ❊♥tã♦✱ ✉s❛♥❞♦

✭✸✳✺✾✮✱ ♦❜t❡♠♦s

‖u(t2n − θ)‖β ≤Mθ−(β− 1
2
)‖u(t2n−1)‖+M

∫ t2n

t2n−θ

‖f(u(τ))‖L2(Ω)

(t2n − τ)β
dτ. ✭✸✳✻✷✮

❯♠❛ ✈❡③ q✉❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✸✳✻✷✮ é ❧✐♠✐t❛❞♦ ❡ ❛ ✐♠❡rsã♦ ❞❡ D(Aβ) ❡♠ D(A
1
2 ) =

H1
0 (Ω) é ❝♦♠♣❛❝t❛✱ ♣♦❞❡♠♦s ❡①tr❛✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❞❡ (un) ❡♠ H1

0 (Ω)✱

♦♥❞❡ un = u(t2n − θ)✳ ❙❡❥❛♠ (unj
) ⊂ (un) ❡ u1 ∈ H1

0 (Ω) t❛✐s q✉❡

unj
= u(t2nj

− θ) → u1 ❡♠ H1
0 (Ω).

❊♥tã♦✱ u1 ∈ ω(u0)✳ ❙❡♥❞♦ u(·, u1) : [0,∞) → H1
0 (Ω) ❝♦♥tí♥✉❛ ❡ [0, 2C∗] ✉♠ ❝♦♠♣❛❝t♦✱

s❡❣✉❡ q✉❡

‖u(t, u1)‖ ≤ B, ∀t ∈ [0, 2C∗].

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ❚❡♦r❡♠❛ ✶✳✶✷✱ ♥♦s ❞✐③ q✉❡ u(·, u(t2n − θ)) ❝♦♥✈❡r❣❡ ♣❛r❛ u(·, u1)
✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [0, 2C∗]✳ ❙❡♥❞♦ ❛ s❡q✉ê♥❝✐❛ (Tn − t2n) ❧✐♠✐t❛❞❛ ❡♠ [0, C∗]✱ t❡♠♦s

|Tn − t2n + θ| ≤ |Tn − t2n|+ θ ≤ C∗ + Tn − t2n ≤ C∗ + |Tn − t2n| ≤ 2C∗.



✶✽✺

❆ss✐♠✱

‖u(Tn − t2n + θ, u(t2n − θ))‖ ≤ B, ∀n ∈ N,

♦ q✉❡ é ✐♠♣♦ssí✈❡❧ ♣♦✐s

‖u(Tn − t2n + θ, u(t2n − θ))‖ = ‖u(Tn)‖ = n→ +∞ q✉❛♥❞♦ n→ +∞.

✸✳✸ ❇❧♦✇✲✉♣ ❞❛ s♦❧✉çã♦

◆❡st❛ s❡çã♦✱ ✈❡r❡♠♦s ✉♠❛ ❝♦♥❞✐çã♦ q✉❡ ❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❣❧♦❜❛❧ ❞❡ s♦❧✉çã♦✳ ❆❧é♠

❞✐ss♦✱ q✉❛✐s sã♦ ❛s ❝♦♥❞✐çõ❡s ❡♠ q✉❡ ♦ ❜❧♦✇✲✉♣ ♦❝♦rr❡✳

✸✳✸✳✶ ❊st❛❜✐❧✐❞❛❞❡

❉❡✜♥✐çã♦ ✸✳✸ ❙❡❥❛♠ A ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r s❡t♦r✐❛❧ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X ❡

✉♠❛ ❢✉♥çã♦ f : U → X ♦♥❞❡ U é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ u0 ❡♠ Xα (α < 1)✳ ❉✐③✲s❡ q✉❡ w

é ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ ♣r♦❜❧❡♠❛

du

dt
+ Au = f(u), t > 0, ✭✸✳✻✸✮

q✉❛♥❞♦ u(t) = w é t❛❧ q✉❡ w ∈ D(A) ❡

Aw = f(w), ∀t > 0.

❉✐③✲s❡ q✉❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ũ = w ❞❡ ✭✸✳✻✸✮ ❡♠ [0,∞) é ❡stá✈❡❧ ❡♠ Xα

q✉❛♥❞♦✱ ♣❛r❛ t♦❞♦ ε > 0 ❞❛❞♦✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡ q✉❛❧q✉❡r s♦❧✉çã♦ u ❝♦♠

‖u0 − w‖α< δ

❡①✐st❡ ❡♠ [0,∞) ❡ s❛t✐s❢❛③

‖u(t)− w‖α< ε, ∀t ≥ 0.

❆❧é♠ ❞✐ss♦✱ ❞✐③✲s❡ q✉❡ ũ é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ q✉❛♥❞♦ ũ é ❡stá✈❡❧ ❡ ❡①✐st❡ r > 0

t❛❧ q✉❡

‖u0 − w‖α< r

✐♠♣❧✐❝❛

‖u(t, u0)− w‖α→ 0 q✉❛♥❞♦ t→ +∞.

❚❡♦r❡♠❛ ✸✳✽ ❆ s♦❧✉çã♦ u = 0 ❞❡ ✭P✽✮ é ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡

❡stá✈❡❧✳



✶✽✻

❉❡♠♦♥str❛çã♦✿ ◆❡st❛ ❞❡♠♦♥str❛çã♦✱ ✈❛♠♦s ✉t✐❧✐③❛r ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s

♣♦r ❍❡♥r② ❬✶✽✱ ❚❡♦r❡♠❛ ✺✳✶✳✶✳❪✳ ◆♦t❡ q✉❡ A = −∆ é ✉♠ ♦♣❡r❛❞♦r s❡t♦r✐❛❧✳ ❆❧é♠ ❞✐ss♦✱

σ(A) ⊂ [C,∞)✳ ❊♥tã♦✱ 0 ∈ ρ(A)✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✵✱

‖e−At‖ ≤ C1e
−δ1t,

♦♥❞❡ C1 > 0 ❡ δ1 > 0 sã♦ ❝♦♥st❛♥t❡s✳ ❆❧é♠ ❞✐ss♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✻✱

‖A 1
2 e−At‖ ≤ C2t

− 1
2 e−δ2t,

♦♥❞❡ C2 > 0 ❡ δ2 > 0 sã♦ ❝♦♥st❛♥t❡s✳ ❙❡❥❛ δ′ = min{δ1, δ2}✳ ❊♥tã♦✱

‖e−At‖ ≤ C1e
−δ′t

❡

‖A 1
2 e−At‖ ≤ C2t

− 1
2 e−δ′t.

❈♦♥s✐❞❡r❡ δ̃ = δ′/2✳

❆✜r♠❛çã♦ ✸✳✽✳✶ ❆ ✐♥t❡❣r❛❧
∫ +∞

0

s
1
2 e−(δ′−δ̃)sds

é ✜♥✐t❛✳

❉❡ ❢❛t♦✱
∫ +∞

0

s
1
2 e−(δ′−δ̃)sds =

∫ +∞

0

s
1
2
−1e−(δ′−δ̃)sds

= (δ′ − δ̃)
1
2

∫ +∞

0

[(δ′ − δ̃)s]
1
2
−1e−(δ′−δ̃)sds.

❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ r = (δ′ − δ̃)s✱ ✜❝❛♠♦s ❝♦♠
∫ t

0

[(δ′ − δ̃)s]
1
2
−1e−(δ′−δ̃)sds =

1

δ′ − δ̃

∫ (δ′−δ̃)t

0

r
1
2
−1e−rdr.

❆ss✐♠✱
∫ +∞

0

[(δ′ − δ̃)s]
1
2
−1e−(δ′−δ̃)sds =

1

δ′ − δ̃

∫ +∞

0

r
1
2
−1e−rdr =

1

δ′ − δ̃
Γ

(

1

2

)

,

♦✉ s❡❥❛✱
∫ +∞

0

s
1
2 e−(δ′−δ̃)sds = (δ′ − δ̃)−

1
2Γ

(

1

2

)

.

P♦rt❛♥t♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ ❊s❝♦❧❤❛ σ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ♠♦❞♦

q✉❡

C2σ

∫ +∞

0

s
1
2 e−(δ′−δ̃)sds <

1

2
.



✶✽✼

❆✜r♠❛çã♦ ✸✳✽✳✷ ❊①✐st❡ δ > 0 t❛❧ q✉❡

‖f(u)‖L2(Ω) ≤ σ‖u‖, q✉❛♥❞♦ ‖u‖ ≤ δ.

❈♦♠ ❡❢❡✐t♦✱ s❡ N = 2 s❡❣✉❡✱ ❞❛ Pr♦♣r✐❡❞❛❞❡ ✸✳✹✱ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C3 > 0

s❛t✐s❢❛③❡♥❞♦

|f(u)|2 ≤ εC3|u|2 + C3|u|2pe2β|u|
2

,

♣❛r❛ q✉❛✐sq✉❡r ε > 0 ❡ β > 0 ❞❛❞♦s✳ ❊♥tã♦✱

∫

Ω

|f(u)|2dx = εC3

∫

Ω

|u|2dx+ C3

∫

Ω

|u|2pe2β|u|2dx

≤ εC3

∫

Ω

|u|2dx+ C3

(∫

Ω

|u|4pdx
) 1

2
(∫

Ω

e4β|u|
2

dx

) 1
2

.

❆♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r✱

(∫

Ω

e4β|u|
2

dx

) 1
2

≤ C4,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C4 > 0✳ ❆ss✐♠✱

∫

Ω

|f(u)|2dx ≤ εC3

∫

Ω

|u|2dx+ C3

(∫

Ω

|u|4pdx
) 1

2
(∫

Ω

e4β|u|
2

dx

) 1
2

≤ εC3‖u‖2L2(Ω) + C3C4‖u‖2pL4p(Ω)

≤ εC5‖u‖2 + C5‖u‖2p

= ‖u‖2(εC5 + C5‖u‖2p−2),

♦✉ s❡❥❛✱

‖f(u)‖L2(Ω) ≤ (εC5 + C5‖u‖2p−2)
1
2‖u‖.

❊s❝♦❧❤❛ δ > 0 ❡ ε > 0 ❞❡ ♠♦❞♦ q✉❡ ‖u‖ < δ ✐♠♣❧✐q✉❡

(εC5 + C5‖u‖2p−2)
1
2 < σ.

◆❡st❛s ❝♦♥❞✐çõ❡s✱

‖f(u)‖L2(Ω) ≤ σ‖u‖, q✉❛♥❞♦ ‖u‖ ≤ δ.

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ N ≥ 3✱ ❝♦♥❝❧✉í♠♦s ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ ❛tr❛✈és ❞❛ Pr♦♣r✐❡❞❛❞❡ ✸✳✺✳

❙✉♣♦♥❤❛ q✉❡

‖u0‖ ≤ δ

2C1

.



✶✽✽

❆✜r♠❛çã♦ ✸✳✽✳✸

‖u(t)‖ ≤ δ, ∀t ∈ [0, T (u0)).

❊♠ ♣❛rt✐❝✉❧❛r✱ T (u0) = +∞✳

❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❛ ❛✜r♠❛çã♦ é ❢❛❧s❛✳ ❊♥tã♦✱ ❡①✐st❡ t1 ∈
[0, T (u0)) t❛❧ q✉❡ ‖u(t1)‖ > δ✳ ❙❡❥❛

t∗ = min{t ∈ [0, T (u0)); ‖u(t)‖ = δ}.

❊♥tã♦✱

‖u(t∗)‖ ≤ ‖e−At∗u0‖ 1
2
+

∫ t∗

0

‖e−A(t∗−s)f(u(s))‖ 1
2
ds

= ‖A 1
2 e−At∗u0‖L2(Ω) +

∫ t∗

0

‖A 1
2 e−A(t∗−s)f(u(s))‖L2(Ω)ds

≤ C1e
−δ′t∗‖u0‖ 1

2
+

∫ t∗

0

C2(t− s)−
1
2 e−δ′(t∗−s)‖f(u(s))‖L2(Ω)ds

≤ C1‖u0‖+ C2σ

∫ t∗

0

(t∗ − s)−
1
2 e−δ′(t∗−s)‖u(s)‖ds

=
δ

2
+ C2σ

∫ t∗

0

(t∗ − s)−
1
2 e−δ′(t∗−s)‖u(s)‖ds

≤ δ

2
+ C2σδ

∫ t∗

0

(t∗ − s)−
1
2 e−δ′(t∗−s)ds

<
δ

2
+
δ

2
= δ. ✭✸✳✻✹✮

❯♠ ❛❜s✉r❞♦✱ ♣♦✐s ‖u(t∗)‖ = δ✳ ▲♦❣♦✱

‖u(t)‖ ≤ δ, ∀t ∈ [0, T (u0)).

❆❧é♠ ❞✐ss♦✱ s❡ ❢♦ss❡ T (u0) < +∞ ❡♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ P❛③② ❬✷✾✱ ❚❡♦r❡♠❛ ✶✳✹✱ ♣❣✳

✶✽✺❪✱

lim
t→T (u0)

‖u(t)‖ = +∞,

♦ q✉❡ ♥ã♦ ♦❝♦rr❡✳ P♦rt❛♥t♦✱ T (u0) = +∞✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛

z(t) = sup{‖u(s)‖eδ̃s; 0 ≤ s ≤ t}.



✶✽✾

❊♥tã♦✱ ♣❛r❛ r ∈ [0, t]✱ t❡♠✲s❡

‖u(r)‖eδ̃r ≤ C1‖u0‖+ C2σe
δ̃r

∫ r

0

(r − s)−
1
2 e−δ′(r−s)‖u(s)‖L2(Ω)ds

= C1‖u0‖+ C2σ

∫ r

0

(t− s)−
1
2 e−δ′(r−s)eδ̃re−δ̃seδ̃s‖u(s)‖L2(Ω)ds

≤ C1‖u0‖+ C2σ

∫ r

0

(r − s)−
1
2 e−δ′(r−s)eδ̃(r−s)z(t)ds

= C1‖u0‖+ C2σz(t)

∫ r

0

(r − s)−
1
2 e−(δ′−δ̃)(r−s)ds

≤ C1‖u0‖+
1

2
z(t). ✭✸✳✻✺✮

◆❡st❛s ❝♦♥❞✐çõ❡s✱

z(t) ≤ C1‖u0‖+
1

2
z(t),

♦✉ s❡❥❛✱

z(t) ≤ 2C1‖u0‖ ≤ δ.

▲♦❣♦✱

‖u(s)‖ = ‖u(s)‖eδ̃se−δ̃s ≤ z(t)e−δ̃s ≤ δe−δ̃s.

❋❛③❡♥❞♦ s→ +∞✱ ♦❜t❡♠♦s

‖u(s)‖→ 0

❡✱ ♣♦rt❛♥t♦✱ ♦ t❡♦r❡♠❛ ❡stá ❞❡♠♦♥str❛❞♦✳

❆ ♣r♦♣♦s✐çã♦ á s❡❣✉✐r ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥❡ss❡ ❡st✉❞♦ ♣♦✐s

é ❡❧❛ q✉❡♠ ❣❛r❛♥t❡ ❛ ♥ã♦ tr✐✈✐❛❧✐❞❛❞❡ ❞❛ s♦❧✉çã♦ q✉❡ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r✳

Pr♦♣♦s✐çã♦ ✸✳✶ ❙❡ u0 ∈ ∂DA✱ ❡♥tã♦ 0 /∈ ω(u0)✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ 0 ∈ ω(u0)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛

(tn) ❝♦♠ tn → +∞ t❛❧ q✉❡

u(tn, u0) → 0 ❡♠ H1
0 (Ω). ✭✸✳✻✻✮

❈♦♠♦ u = 0 é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧✱ ❡①✐st❡ r > 0 t❛❧ q✉❡ ‖u1‖< r ✐♠♣❧✐❝❛

‖u(t, u1)‖→ 0 q✉❛♥❞♦ t→ +∞.

❉❡ ✭✸✳✻✻✮✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

‖u(tn, u0)‖< r, ∀n ≥ n0.



✶✾✵

❊♠ ♣❛rt✐❝✉❧❛r✱ ‖u(tn0 , u0)‖< r✳ ❊♥tã♦✱ s❡♥❞♦ u1 = u(tn0 , u0)✱ t❡♠♦s

‖u(t, u1)‖→ 0 q✉❛♥❞♦ t→ +∞.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

u(t, u1) → 0 ❡♠ H1
0 (Ω)

q✉❛♥❞♦ t→ +∞✳ ❯♠❛ ✈❡③ q✉❡ u(t, u0) = u(t− tn0 , u1)✱ ❝♦♥❝❧✉í♠♦s

u(t, u0) → 0 ❡♠ H1
0 (Ω)

q✉❛♥❞♦ t→ +∞✳ ❉❡ss❡ ♠♦❞♦✱ u0 ∈ intDA✳ ❯♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ 0 /∈ ω(u0)✳

Pr♦♣♦s✐çã♦ ✸✳✷ ❊①✐st❡ δ > 0 t❛❧ q✉❡ ‖u0‖ < δ ✐♠♣❧✐❝❛ T (u0) = +∞✳ ❆❧é♠ ❞✐ss♦✱

0 ∈ intDA✳

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s q✉❡ u = 0 é ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧✳

❊♠ ♣❛rt✐❝✉❧❛r✱ u = 0 é ❡stá✈❡❧✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ T (u0) = +∞✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡

δ > 0 t❛❧ q✉❡

‖u0‖< δ ⇒ ‖u(t, u0)‖→ 0 q✉❛♥❞♦ t→ +∞,

♦✉ s❡❥❛✱

‖u0‖< δ ⇒ u(t, u0) → 0 q✉❛♥❞♦ t→ +∞.

❆ss✐♠✱

{u0 ∈ H1
0 (Ω); ‖u0‖< δ} ⊂ DA

❡✱ ♣♦rt❛♥t♦✱ 0 ∈ intDA✳

✸✳✸✳✷ ❊①✐stê♥❝✐❛ ❞❡ ❜❧♦✇✲✉♣

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❛✜r♠❛ s♦❜r❡ q✉❛✐s ❝♦♥❞✐çõ❡s ♦ ❢❡♥ô♠❡♥♦ ❜❧♦✇✲✉♣ ♦❝♦rr❡✳

❚❡♦r❡♠❛ ✸✳✾ ❙❡ u0 ∈ H1
0 (Ω) é t❛❧ q✉❡ E(u0) ≤ 0✱ ❡♥tã♦ T (u0) < +∞✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❝❛❞❛ t > 0✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r

H(t) =
1

2

∫ t

0

‖u(s)‖2L2(Ω)ds.

❉❡r✐✈❛♥❞♦ H✱ ✜❝❛♠♦s ❝♦♠

H ′(t) =
1

2
‖u(t)‖2L2(Ω).



✶✾✶

❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✼✱

H ′′(t) =

∫

Ω

ut(t)u(t)dx.

◆♦t❡ q✉❡
∫

Ω

ut(t)u(t)dx =

∫

Ω

[∆u(t) + f(u(t))]u(t)dx

=

∫

Ω

∆u(t)u(t)dx+

∫

Ω

f(u(t))u(t)dx

= −
∫

Ω

|∇u(t)|2dx+
∫

Ω

f(u(t))u(t)dx.

❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ ❞❛ ❈♦♥❞✐çã♦ (f3) q✉❡

f(u(t))u(t) ≥ (2 + γ)F (u(t)).

❉❡ss❡ ♠♦❞♦✱
∫

Ω

ut(t)u(t)dx ≥ −
∫

Ω

|∇u(t)|2dx+ (2 + γ)

∫

Ω

F (u(t))dx,

♦✉ s❡❥❛✱

H ′′(t) ≥ −
∫

Ω

|∇u(t)|2dx+ (2 + γ)

∫

Ω

F (u(t))dx. ✭✸✳✻✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❛❜❡♠♦s q✉❡ Vu0(t) = E(u(t)) ❡

V ′
u0
(t) = −

∫

Ω

|ut(t)|2dx.

❊♥tã♦✱

‖ut(t)‖2L2(Ω) = − d

dt
E(u(t)).

■♥t❡❣r❛♥❞♦ ❡st❛ ✐❣✉❛❧❞❛❞❡ s♦❜r❡ ♦ ✐♥t❡r✈❛❧♦ [0, t]✱ ♦❜t❡♠♦s
∫ t

0

‖ut(s)‖2L2(Ω)ds = −E(u(t)) + E(u(0))

= −1

2

∫

Ω

|∇u(t)|2dx+
∫

Ω

F (u(t))dx+ E(u0) ✭✸✳✻✽✮

❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦ ✭✸✳✻✽✮ ❡♠ ✭✸✳✻✼✮✱

H ′′(t) ≥ −
∫

Ω

|∇u(t)|2dx+ (2 + γ)

(∫ t

0

‖ut(s)‖2L2(Ω)ds+
1

2

∫

Ω

|∇u(t)|2dx− E(u0)

)

=

(

−1 +
2 + γ

2

)∫

Ω

|∇u(t)|2dx+ (2 + γ)

∫ t

0

‖ut(s)‖2L2(Ω)ds− (2 + γ)E(u0)

=
γ

2

∫

Ω

|∇u(t)|2dx+ (2 + γ)

∫ t

0

‖ut(s)‖2L2(Ω)ds− (2 + γ)E(u0). ✭✸✳✻✾✮



✶✾✷

❖❜s❡r✈❡ q✉❡ E(u0) < 0✱ ❡♥tã♦ −(2 + γ)E(u0) > 0✳ ❖ r❡st❛♥t❡ ❞❡ss❛ ❞❡♠♦♥str❛çã♦

✉s❛ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ✐r❡♠♦s

♦♠✐t✐r ❡st❡s ❞❡t❛❧❤❡s✳

▲❡♠❛ ✸✳✺ ❙❡❥❛ v ∈ H1
0 (Ω)\{0} ✜①❛❞♦✳ ❊♥tã♦✱

E(tv) → −∞ q✉❛♥❞♦ t→ +∞.

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣r✐❡❞❛❞❡✱ ✸✳✷

F (t) ≥ c1|t|2+γ − c2, ∀t ∈ R,

♦♥❞❡ c1, c2 > 0 sã♦ ❝♦♥st❛♥t❡s✳ ❊♥tã♦✱
∫

Ω

F (tv)dx ≥
∫

Ω

(c1|tv|2+γ − c2)dx

= c1t
2+γ

∫

Ω

|v|2+γdx− c2

∫

Ω

dx

= c1t
2+γ‖v‖2+γ

L2+γ(Ω) − c2|Ω|.

▲♦❣♦✱

E(tv) =
1

2

∫

Ω

|∇tv|2dx−
∫

Ω

F (tv)dx

≤ t2

2
‖v‖2 − c1t

2+γ‖v‖2+γ

L2+γ(Ω) − c2|Ω|

= t2+γ

(‖v‖2
tγ

− c1‖v‖2+γ

L2+γ(Ω) −
c2|Ω|
t2+γ

)

, ✭✸✳✼✵✮

♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ❝♦♥❝❧✉✐r q✉❡

E(tv) → −∞ q✉❛♥❞♦ t→ +∞,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

Pr♦♣♦s✐çã♦ ✸✳✸ ∂DA 6= ∅✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ v ∈ H1
0 (Ω)\{0} ✜①❛❞♦✳ ❈♦♠♦ 0 ∈ intDA✱ ❡①✐st❡ ε > 0 t❛❧ q✉❡

{u ∈ H1
0 (Ω); ‖u‖ < ε} ⊂ DA.

❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ s s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ♠♦❞♦ q✉❡ ‖sv‖ < ε✱ t❡♠♦s

sv ∈ intDA. ✭✸✳✼✶✮



✶✾✸

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉♥❞♦ ♦ ▲❡♠❛ ✸✳✺✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r t ❞❡ ♠♦❞♦ q✉❡ E(tv) < 0✳

❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✾✱ ❝♦♥❝❧✉í♠♦s q✉❡ T (u0) < +∞✳ ❉❡ss❛ ♠❛♥❡✐r❛✱

tv /∈ DA ✭✸✳✼✷✮

❈♦♠❜✐♥❛♥❞♦ ✭✸✳✼✶✮ ❡ ✭✸✳✼✷✮✱ ✜❝❛♠♦s ❝♦♠

[sv, tv] ∩DA 6= ∅ ❡ [sv, tv] ∩H1
0 (Ω)\DA 6= ∅.

◆♦t❡ q✉❡ [sv, tv] é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥❡①♦✳ ❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❛ ❆❧❢â♥✲

❞❡❣❛✺✱ ❡①✐st❡ s0 ∈ [s, t] t❛❧ q✉❡ s0v ∈ ∂DA✳ P♦rt❛♥t♦✱ ∂DA 6= ∅✳

✸✳✹ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❡st❛❝✐♦♥ár✐❛

❚❡♦r❡♠❛ ✸✳✶✵ ❙❡ u0 ∈ ∂DA✱ t❡♠♦s ω(u0) 6= ∅✳ ❆ss✐♠✱ ♦ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦
{

−∆u = f(u), x ∈ Ω

u = 0, x ∈ ∂Ω
✭P✶✵✮

t❡♠ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✸✳✺✱ t❡♠♦s T (u0) = +∞✱ ♦✉ s❡❥❛✱ u é

❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ❚❡♦r❡♠❛ ✸✳✻ ❛✜r♠❛ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛

(tn) ⊂ (0,+∞) t❛❧ q✉❡

tn → +∞ ❡ ‖ut(tn, u0)‖L2(Ω) → 0 q✉❛♥❞♦ n→ +∞. ✭✸✳✼✸✮

❆❧é♠ ❞✐ss♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✼✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (un) ❞❡✜♥✐❞❛ ♣♦r

un = u(tn, u0) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✳ ❊♥tã♦✱ s❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ❆✳✶✵✱ ❡①✐st❡♠ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ (unk
) ❞❡ (un) ❡ us ∈ H1

0 (Ω) t❛✐s q✉❡

unk
⇀ us ❡♠ H1

0 (Ω). ✭✸✳✼✹✮

❆✜r♠❛çã♦ ✸✳✶✵✳✶ us ∈ ω(u0)✳

❈♦♠ ❡❢❡✐t♦✱ ♦❜s❡r✈❡ q✉❡

E ′(unk
)v =

∫

Ω

∇unk
∇vdx−

∫

Ω

f(unk
)vdx

= −
∫

Ω

∆unk
vdx−

∫

Ω

f(un)vdx

= −
∫

Ω

(∆unk
+ f(unk

))vdx

= −
∫

Ω

ut(tnk
)vdx.

✺P❛r❛ ♠❛✐s ❞❡t❛❧❧❤❡s✱ ✈❡❥❛ ▲✐♠❛ ❬✷✹❪



✶✾✹

❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ✉s❛♥❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ✐♠❡rsã♦H1
0 (Ω) →֒

L2(Ω)✱ ♦❜t❡♠♦s

|E ′(unk
)v| ≤

∫

Ω

|ut(tnk
)v|dx ≤ ‖ut(tnk

)‖L2(Ω)‖v‖L2(Ω) ≤ C‖ut(tnk
)‖L2(Ω)‖v‖.

▲♦❣♦✱

‖E ′(unk
)‖ = sup

‖v‖≤1

|E ′(unk
)v| ≤ C‖ut(tnk

)‖L2(Ω),

♦✉ s❡❥❛✱

‖E ′(unk
)‖ → 0 q✉❛♥❞♦ k → +∞.

P♦rt❛♥t♦✱

E ′(unk
) → 0 q✉❛♥❞♦ k → +∞.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦

|E(u(tnk
, u0))| ≤M, ∀k ∈ N,

❛ s❡q✉ê♥❝✐❛ (unk
) ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣❡❧❛ ♠❡s♠❛ ♥♦t❛çã♦✱ t❛❧

q✉❡

E(unk
) → d q✉❛♥❞♦ k → +∞,

♦♥❞❡ d ∈ R✳ ❆ss✐♠✱ ✉♠❛ ✈❡③ q✉❡ (unk
) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ❡ E é ✉♠ ❢✉♥❝✐♦♥❛❧

(PS) s❡❣✉❡✱ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✱ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unkj
) ❞❡ (unk

) t❛❧ q✉❡

unkj
→ us ❡♠ H1

0 (Ω). ✭✸✳✼✺✮

P♦rt❛♥t♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ ❆❣♦r❛✱ ♥♦t❡ q✉❡

∫

Ω

ut(tnkj
)vdx+

∫

Ω

∇unkj
∇vdx =

∫

Ω

f(unkj
)vdx, ∀v ∈ H1

0 (Ω). ✭✸✳✼✻✮

❙❡❣✉❡ ❞❡ ✭✸✳✼✸✮ q✉❡
∫

Ω

ut(tnkj
)vdx→ 0, j → +∞.

❉❡ ❢❛t♦✱
∣

∣

∣

∣

∫

Ω

ut(tnkj
)vdx

∣

∣

∣

∣

≤
∫

Ω

|ut(tnkj
)v|dx ≤ ‖ut(tnkj

)‖L2(Ω)‖v‖L2(Ω) → 0, j → +∞.

❉❡ ♠♦❞♦ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣♦✱ ✉s❛♥❞♦ ✭✸✳✼✺✮✱ ♠♦str❛✲s❡ q✉❡

∫

Ω

∇unkj
∇vdx→

∫

Ω

∇us∇vdx, j → ∞



✶✾✺

❡
∫

Ω

f(unkj
)vdx→

∫

Ω

f(us)vdx, j → +∞.

❋❛③❡♥❞♦ j → +∞ ❡♠ ✭✸✳✼✻✮✱ ♦❜t❡♠♦s

∫

Ω

∇us∇vdx =

∫

Ω

f(us)vdx, ∀v ∈ H1
0 (Ω).

▲♦❣♦✱ us é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭P✶✵✮✳ ❯♠❛ ✈❡③ q✉❡ us ∈ ω(u0)✱ ❛

Pr♦♣♦s✐çã♦ ✸✳✶ ♥♦s ❣❛r❛♥t❡ q✉❡ us 6= 0✳



❆♣ê♥❞✐❝❡ ❆

❆❧❣✉♥s r❡s✉❧t❛❞♦s ❞❛ ❆♥á❧✐s❡

❆✳✶ ❘❡s✉❧t❛❞♦s ❞❛ ❆♥á❧✐s❡ ❘❡❛❧

▲❡♠❛ ❆✳✶ ❙❡❥❛ f : [0,+∞) → R ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ✈❡r✐✜❝❛♥❞♦

f ′(t) → +∞ q✉❛♥❞♦ t→ +∞.

❊♥tã♦✱

f(t) → +∞ q✉❛♥❞♦ t→ +∞.

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ✈❡③ q✉❡

f ′(t) → +∞ q✉❛♥❞♦ t→ +∞,

❡①✐st❡ t0 > 0 t❛❧ q✉❡

f ′(t) ≥ 1, , ∀t ≥ t0.

❆ss✐♠✱
∫ t

t0

ds ≤
∫ t

t0

f ′(s)ds = f(t)− f(t0),

♦✉ s❡❥❛✱

t− t0 + f(t0) ≤ f(t), ∀t ≥ t0.

▲♦❣♦✱

f(t) → +∞ q✉❛♥❞♦ t→ +∞.

✶✾✻
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❆✳✷ ❉❡s✐❣✉❛❧❞❛❞❡s ❞♦ t✐♣♦ ●r♦♥✇❛❧❧

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞♦ t✐♣♦ ●r♦♥✇❛❧❧ ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡✳

❊st❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❡ ❡♥❝♦♥tr❛ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❑♦♥❣✲❉✐♥❣ ❬✷✵❪ ❡ s❡rá ✉♠❛ ❢❡rr❛♠❡♥t❛

✐♥❞✐s♣❡♥sá✈❡❧ ♥♦ ❡st✉❞♦ ❞❡st❡ tr❛❜❛❧❤♦✳

▲❡♠❛ ❆✳✷ ❙❡❥❛♠ b > a > 0 ❡ ρ > 0✱ ❡♥tã♦

+∞
∑

k=0

ckt
k < +∞, ∀t ∈ R, ✭❆✳✶✮

♦♥❞❡ c0 é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❡

ck+1 =
Γ(kρ+ a)

Γ(kρ+ b)
ck.

❯♠❛ ✈❡③ q✉❡ ❛ sér✐❡ ❡♠ ✭❆✳✶✮ é ✜♥✐t❛ ♣❛r❛ t♦❞♦ t ∈ R✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛

❢✉♥çã♦ Fρ,a,b : R → R ❞❡✜♥✐❞❛ ♣♦r

Fρ,a,b(t) =
+∞
∑

k=0

ckt
k.

❚❡♦r❡♠❛ ❆✳✶ ❙❡❥❛♠ α, β, γ > 0✱ δ = α + γ − 1 > 0✱ υ = β + γ − 1 > 0 ❡ s❡❥❛ b ✉♠❛

❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✱ ❝♦♥tí♥✉❛ ❡ ♥ã♦ ❞❡❝r❡s❝❡♥t❡ ❡♠ [0, T ) ❝♦♠

b(t) ≤M, ∀t ∈ [0, T ),

♦♥❞❡ M > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳ ❙❡ u(t) é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ tγ−1u(t) é ❧♦❝❛❧✲

♠❡♥t❡ ✐♥t❡❣rá✈❡❧ ❡♠ [0, T ) ❝♦♠

u(t) ≤ atα−1 + b(t)

∫ t

0

(t− s)β−1sγ−1u(s)ds, 0 ≤ t < T.

❊♥tã♦✱

u(t) ≤ atα−1Fυ,δ,δ+β

(

Γ(β)b(t)tβ
)

, 0 ≤ t < T.

❖ r❡s✉❧t❛❞♦ à s❡❣✉✐r✱ ❛♣❡s❛r ❞❡ s❡r ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ é ✉♠❛

❢❡rr❛♠❡♥t❛ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♥♦ss♦ ❡st✉❞♦✳

❚❡♦r❡♠❛ ❆✳✷ ❙❡❥❛ u : [0, T ) → R ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ♥ã♦ ♥❡❣❛t✐✈❛ t❛❧ q✉❡

u(t) ≤ a+ b

∫ t

0

(t− s)−α′

u(s)ds, 0 ≤ t < T,

♦♥❞❡ 0 < α′ < 1 ❡ a, b > 0 sã♦ ❝♦♥st❛♥t❡s✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C(T ) > 0 t❛❧

q✉❡

u(t) ≤ aC(T ), 0 ≤ t < T.

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ α = γ = 1 ❡ β = 1− α′ ♥♦ ❚❡♦r❡♠❛ ❆✳✶✳



✶✾✽

❆✳✸ ❯♠ t❡♦r❡♠❛ ❞❡ ♣♦♥t♦ ✜①♦

❆ ♣r❡s❡♥t❡ s❡çã♦ ✐rá ♥♦s ❜r✐♥❞❛r ❝♦♠ ♦ ❢❛♠♦s♦ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❇❛♥❛❝❤ ♦

q✉❛❧ é ♠✉✐t♦ út✐❧ ♥❛ t❡♦r✐❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳ ❯♠❛ ❛♣r❡s❡♥t❛çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛

❞❡st❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ✈✐st❛ ♥♦ ❧✐✈r♦ ❞♦ ❈❤❛✐♠ ❬✽❪ ♦✉ ❡♠ ❇♦t❡❧❤♦ ❬✻❪✳

❉❡✜♥✐çã♦ ❆✳✶ ❙❡❥❛ M ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ♠✉♥✐❞♦ ❝♦♠ ❛ ♠étr✐❝❛ d✳ ❉✐③✲s❡ q✉❡ ✉♠❛

❛♣❧✐❝❛çã♦ G :M →M é ✉♠❛ ❝♦♥tr❛çã♦ q✉❛♥❞♦

d(G(x), G(y)) ≤ cd(x, y), ∀x, y ∈M,

♦♥❞❡ c é ✉♠❛ ❝♦♥st❛t❡ r❡❛❧ t❛❧ q✉❡ 0 ≤ c < 1✳

❚❡♦r❡♠❛ ❆✳✸ ❙❡❥❛♠ (M, d) ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✶ ❡ G : M → M ✉♠❛ ❝♦♥✲

tr❛çã♦✳ ❊♥tã♦✱ G ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ ❡♠ M ✱ ✐st♦ é✱ ❡①✐st❡ x0 ∈M t❛❧ q✉❡

G(x0) = x0.

❆✳✹ ❘❡s✉❧t❛❞♦s ❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❛ ❛♥á❧✐s❡ ❢✉♥❝✐♦♥❛❧ q✉❡ s❡rã♦ ✉s❛❞♦s

♥❡st❡ tr❛❜❛❧❤♦✳ ❯♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❡t❛❧❤❛❞❛ ❞❡st❡s r❡s✉❧t❛❞♦s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥♦s

s❡❣✉✐♥t❡s t❡①t♦s ❑r❡②s③✐♥❣ ❬✷✶❪✱ ❇♦t❡❧❤♦ ❬✻❪✱ ❖❧✐✈❡✐r❛ ❬✷✽❪ ❡ ❇ré③✐s ❬✼❪✳

❉❡✜♥✐çã♦ ❆✳✷ ❯♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦ X é ❝❤❛♠❛❞♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ q✉❛♥❞♦

t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✷ ❢♦r ❝♦♥✈❡r❣❡♥t❡ ❡♠ X✳

❖ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ❡♠ ❡st✉❞❛r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ♣♦❞❡

❡♥❝♦♥tr❛✲❧♦s ❡♠ ❬✷✶❪✱ ❬✻❪ ♦✉ ❬✷✽❪✳

❉❡✜♥✐çã♦ ❆✳✸ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❉✐③✲s❡ q✉❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r

T : X → Y é ❧✐♠✐t❛❞♦ q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖Tx‖ ≤ C‖x‖, ∀x ∈ X.

Pr♦✈❛✲s❡ q✉❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ é ❝♦♥tí♥✉♦ ❡ r❡❝✐♣r♦❝❛♠❡♥t❡✳ ❖ ❝♦♥✲

❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s ❞❡ X ❡♠ Y é ❞❡♥♦t❛❞♦ ♣♦r L(X, Y )✳

◗✉❛♥❞♦ X = Y ✱ ❡s❝r❡✈❡♠♦s L(X) ❡♠ ✈❡③ ❞❡ L(X, Y )✳

✶P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ▲✐♠❛ ❬✷✹❪ ♦✉ ❍②❣✐♥♦ ❬✾❪✳
✷P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ▲✐♠❛ ❬✷✹❪✳



✶✾✾

❚❡♦r❡♠❛ ❆✳✹ ✭❚❡♦r❡♠❛ ❞❡ ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s✮ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱

Y ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❡ (Ti)i∈I ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❡♠ L(X, Y ) s❛t✐s❢❛③❡♥❞♦ ❛

❝♦♥❞✐çã♦ ❞❡ q✉❡ ♣❛r❛ ❝❛❞❛ x ∈ X ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cx > 0 t❛❧ q✉❡

sup
i∈I

‖Tix‖ < Cx.

❊♥tã♦✱ supi∈I‖Ti‖ <∞✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✻❪✳

❚❡♦r❡♠❛ ❆✳✺ ✭❚❡♦r❡♠❛ ❞♦ ●rá✜❝♦ ❋❡❝❤❛❞♦✮ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤

❡ T : X → Y ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✳ ❊♥tã♦✱ T é ❝♦♥tí♥✉♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G(T ) ✸ é

❢❡❝❤❛❞♦ ❡♠ X × Y ✳

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✽❪

♦✉ ❬✻❪✳

❉❡✜♥✐çã♦ ❆✳✹ ❯♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ q✉❡ é ❇❛♥❛❝❤ ♥❛ ♥♦r♠❛ ✐♥❞✉③✐❞❛ ♣❡❧♦

♣r♦❞✉t♦ ✐♥t❡r♥♦ é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❊①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✻❪✱ ❬✼❪ ♦✉ ❬✷✽❪✳

❚❡♦r❡♠❛ ❆✳✻ ✭❘✐❡s③✲❋ré❝❤❡t✮ ❙❡❥❛♠ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ f : H → R ✉♠

❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ y0 ∈ H t❛❧ q✉❡

f(x) = 〈x, y0〉, ∀x ∈ H.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✻❪✳

❉❡✜♥✐çã♦ ❆✳✺ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡ T : X → Y ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✳

❉✐③✲s❡ q✉❡ T é ❝♦♠♣❛❝t♦ q✉❛♥❞♦ ♣❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ (xn) ⊂ X✱ ❛ s❡q✉ê♥❝✐❛

(T (xn)) ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ Y ✳

❉❡✜♥✐çã♦ ❆✳✻ ❙❡❥❛♠ X ❡ Y ❝♦♠ X ⊂ Y ❡s♣❛ç♦s ♥♦r♠❛❞♦s ♠✉♥✐❞♦ ❝♦♠ ❛s ♥♦r♠❛s

‖·‖X ❡ ‖·‖Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✭✐✮ ❉✐③✲s❡ q✉❡ X ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ Y q✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ I :

X → Y é ✉♠ ♦♣❡r❛❞♦r ❝♦♥tí♥✉♦✳

✭✐✐✮ ❉✐③✲s❡ q✉❡ X ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ Y q✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡

I : X → Y é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✳

✸G(T ) = {(x, Tx);x ∈ D(T )}✳



✷✵✵

❊♠ ❣❡r❛❧✱ ♣❛r❛ ❞✐③❡r q✉❡ ♦ ❡s♣❛ç♦ X ❡stá ✐♠❡rs♦ ♥♦ ❡s♣❛ç♦ Y ❢❛③✲s❡ ♦ ✉s♦ ❞❛

s❡❣✉✐♥t❡ ♥♦t❛çã♦

X →֒ Y.

◆❡st❡ ❝❛s♦✱ t❡♠♦s q✉❡ ❞❡✐①❛r ❝❧❛r♦ s❡ ❛ ✐♠❡rsã♦ é ❝♦♥tí♥✉❛ ♦✉ ❝♦♠♣❛❝t❛ ♣♦✐s ❛ s✐♠❜♦✲

❧♦❣✐❛ ❡♠♣r❡❣❛❞❛ ♣♦r sí só ♥ã♦ ❡s❝❧❛r❡❝❡ t❛❧ ❢❛t♦✳

❉❡✜♥✐çã♦ ❆✳✼ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❉✐③✲s❡ q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xn) ⊂ X

❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ x ∈ X q✉❛♥❞♦

f(xn) → f(x), ∀f ∈ X ′,

♦♥❞❡ X ′ é ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ X✳

P❛r❛ ✐♥❞✐❝❛r q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xn) ⊂ X ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ ✉♠ ❡❧❡♠❡♥t♦

x ∈ X ✉s❛✲s❡ ❛ ♥♦t❛çã♦

xn ⇀ x ❡♠ X.

❚❡♦r❡♠❛ ❆✳✼ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❙❡ xn ⇀ x ❡♠ X✱ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛

(‖xn‖) é ❧✐♠✐t❛❞❛✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✼❪ ♦✉ ❬✻❪✳

❚❡♦r❡♠❛ ❆✳✽ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ♥♦r♠❛❞♦s ❡ T ∈ L(X, Y )✳ ❙❡ T é ❝♦♠♣❛❝t♦✱

❡♥tã♦

un ⇀ u ❡♠ X ⇒ T (un) → T (u) ❡♠ Y.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦✱ ✈❡❥❛ ❬✻❪✳

❉❡✜♥✐çã♦ ❆✳✽ ❯♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X é ❞✐t♦ r❡✢❡①✐✈♦ q✉❛♥❞♦ ♦ ♠❡❣✉❧❤♦ ❝❛♥ô♥✐❝♦

JX : X → X ′′✹ ❞❡✜♥✐❞♦ ♣♦r

JX(x)(f) = f(x), ∀x ∈ X, ∀f ∈ X ′

❢♦r s♦❜r❡❥❡t♦r✱ ✐st♦ é✱ JX(X) = X ′′✳

❚❡♦r❡♠❛ ❆✳✾ ❚♦❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt é r❡✢❡①✐✈♦✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✼❪ ♦✉ ❬✻❪✳

❚❡♦r❡♠❛ ❆✳✶✵ ❊♠ ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✱ t♦❞❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❛❞♠✐t❡ ✉♠❛ s✉❜✲

s❡q✉ê♥❝✐❛ ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✻❪✳
✹❉❡t❛❧❤❡s s♦❜r❡ ♦ ❡s♣❛ç♦ X ′′ ❡ ❛ ❛♣❧✐❝❛çã♦ J ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✼❪ ♦✉ ❬✻❪✳



❆♣ê♥❞✐❝❡ ❇

❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❊s♣❛ç♦s ❞❡

▲❡s❜❡❣✉❡

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ✈❛♠♦s r❡❝♦r❞❛r ❛ ❞❡✜♥✐çã♦ ❞♦s ❊s♣❛ç♦s ❞❡ ▲❡❜❡s❣✉❡ ❡ ❛❧❣✉♠❛s ❞❡ s✉❛s

♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳ ❆ t❡♦r✐❛s ❛q✉✐ ❛♣r❡s❡♥t❛❞❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥♦s s❡❣✉✐♥t❡s

t❡①t♦s ❆❞❛♠s ❬✶❪✱ ❇❛rt❧❡ ❬✸❪✱ ❋♦❧❧❛♥❞ ❬✶✼❪ ❡ ❇ré③✐s ❬✼❪✳

❇✳✶ ❉❡✜♥✐çã♦ ❡ ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s

❉❡✜♥✐çã♦ ❇✳✶ ❙❡❥❛♠ Ω ✉♠ ❞♦♠í♥✐♦ ❡♠ R
N ❡ p ∈ R ❝♦♠ 1 ≤ p < +∞✳ ❖ ❊s♣❛ç♦ ❞❡

▲❡❜❡s❣✉❡ Lp(Ω) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s u : Ω → R ♠❡♥s✉rá✈❡✐s t❛✐s q✉❡
∫

Ω

|u(x)|pdx < +∞.

❊♠ ✈❡r❞❛❞❡✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ Lp(Ω) sã♦ ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛s ❞❡ ❢✉♥çõ❡s ❝♦♠♦

♣♦❞❡ s❡r ✈✐st♦ ❡♠ ❬✸❪ ♦✉ ❬✻❪✳ ❊♠ Lp(Ω)✱ ❞❡✜♥❡✲s❡ ✉♠❛ ♥♦r♠❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

‖u‖Lp(Ω) =

(∫

Ω

|u(x)|pdx
) 1

p

. ✭❇✳✶✮

P❛r❛ ♣r♦✈❛r q✉❡ ✭❇✳✶✮ ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ é ♥❡❝❡ssár✐♦ q✉❡ s❡ ❢❛ç❛ ✉♠ ❡st✉❞♦ ❞❛s s❡✲

❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ❡♠ ❬✶❪ ♦✉ ❬✸❪✳

▲❡♠❛ ❇✳✶ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✮ ❙❡❥❛♠ p, q > 1 t❛✐s q✉❡ 1
p
+ 1

q
= 1✳ ❙❡ a, b

sã♦ ♥ú♠❡r♦s r❡❛✐s ♥ã♦ ♥❡❣❛t✐✈♦s ❡♥tã♦

ab ≤ ap

p
+
bq

q
.

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ✈❡③ q✉❡ ❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ é ❝ô♥❝❛✈❛✱ t❡♠✲s❡

log

(

ap

p
+
bq

q

)

≥ 1

p
log ap +

1

q
log bq = log a+ log b = log ab.

✷✵✶



✷✵✷

❚❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ❡❧❛ é t❛♠❜é♠ ❝r❡s❝❡♥t❡✱

ab ≤ ap

p
+
bq

q
,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❚❡♦r❡♠❛ ❇✳✶ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✮ ❙❡❥❛♠ p, q > 1 t❛✐s q✉❡

1

p
+

1

q
= 1.

❙❡ u ∈ Lp(Ω) ❡ v ∈ Lq(Ω)✱ ❡♥tã♦ uv ∈ L1(Ω) ❡

∫

Ω

|uv|dx ≤
(∫

Ω

|u|pdx
) 1

p
(∫

Ω

|v|qdx
) 1

q

.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✶✼❪ ♦✉ ❬✻❪✳

❚❡♦r❡♠❛ ❇✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▼✐♥❦♦✇s❦✐✮ ❙❡❥❛ 1 ≤ p < +∞✳ ❙❡ u, v ∈ Lp(Ω)✱

❡♥tã♦ u+ v ∈ Lp(Ω) ❡

(∫

Ω

|u+ v|pdx
) 1

p

≤
(∫

Ω

|u|pdx
) 1

p

+

(∫

Ω

|v|pdx
) 1

p

.

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶❪ ♦✉ ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✸ ❙❡ 1 ≤ p < +∞✱ ❡♥tã♦ Lp(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♥♦r♠❛

❞❡✜♥✐❞❛ ❡♠ ✭❇✳✶✮✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✻❪✳

◗✉❛♥❞♦ p = 2✱ L2(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉L2(Ω) =

∫

Ω

u(x)v(x)dx.

❉❡✜♥✐çã♦ ❇✳✷ ❙❡❥❛ Ω ✉♠ ❞♦♠í♥✐♦ ❡♠ R
N ✳ ❖ ❊s♣❛ç♦ ❞❡ ▲❡❜❡s❣✉❡ L∞(Ω) é ♦ ❝♦♥❥✉♥t♦

❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s u : Ω → R t❛✐s q✉❡ u é ♠❡♥s✉rá✈❡❧ ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C t❛❧

q✉❡

|u(x)| ≤ C, q✳s✳ ❡♠ Ω.

❖ ❡s♣❛ç♦ L∞(Ω) ❛❞♠✐t❡ ✉♠❛ ♥♦r♠❛ ❛ q✉❛❧ é ❞❡✜♥✐❞❛ ♣♦r

‖u‖L∞(Ω) = inf{C; |u(x)| ≤ C q✳s✳ ❡♠ Ω}. ✭❇✳✷✮

❖❜s❡r✈❡ q✉❡ s❡ u ∈ L∞(Ω)✱ ❡♥tã♦

|u(x)| ≤ ‖u‖L∞(Ω), q✳s✳ ❡♠ Ω.



✷✵✸

❚❡♦r❡♠❛ ❇✳✹ ❖ ❡s♣❛ç♦ L∞(Ω) ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛ ❞❡✜♥✐❞❛ ❡♠ ✭❇✳✷✮ é ❞❡ ❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✸❪ ♦✉ ❬✻❪✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥❡st❡ tr❛❜❛❧❤♦

❝♦♠♦ ♣♦❞❡ s❡r ❝♦♥st❛t❛❞♦ ♣❡❧♦ ❧❡✐t♦r ❞✉r❛♥t❡ ❛ ❧❡✐t✉r❛ ❞❡st❡ tr❛❜❛❧❤♦✳

❚❡♦r❡♠❛ ❇✳✺ ❙❡ Ω é ❧✐♠✐t❛❞♦ ❡ 1 ≤ q < p ≤ +∞✱ ❡♥tã♦ ❛ ✐♠❡rsã♦

Lp(Ω) →֒ Lq(Ω)

é ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ u ∈ Lp(Ω)✱ ❡♥tã♦

∫

Ω

|u|qdx ≤
(∫

Ω

|u|pdx
)

q

p
(∫

Ω

dx

)
q

p−q

= |Ω|
q

p−q ‖u‖q
Lp(Ω) < +∞

♠♦str❛♥❞♦ q✉❡ u ∈ Lq(Ω)✳ ❆❞❡♠❛✐s✱

‖u‖Lq(Ω) ≤ |Ω| 1
p−q ‖u‖Lp(Ω),

♠♦str❛♥❞♦ q✉❡ ❛ ✐♥❝❧✉sã♦ i : (Lp(Ω), ‖·‖Lp(Ω)) → (Lq(Ω), ‖·‖Lq(Ω)) ❞❡✜♥✐❞❛ ♣♦r i(u) = u

é ❝♦♥tí♥✉❛✳

❚❡♦r❡♠❛ ❇✳✻ ❙❡ (un) ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠ Lp(Ω)✱ ❡♥tã♦ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

(unj
) ❞❡ (un) ❡ h ∈ Lp(Ω) t❛✐s q✉❡

✭❛✮ unj
(x) → u(x), q✳s✳ ❡♠ Ω❀

✭❜✮ |unj
(x)| ≤ h(x), ∀j ∈ N, q✳s✳ ❡♠ Ω✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✼❪✳

❚❡♦r❡♠❛ ❇✳✼ ❙❡ (un) ⊂ Lp(Ω) ❝♦♥✈❡r❣❡ ❢♦rt❡ ♣❛r❛ u ∈ Lp(Ω) ❡ (vn) ⊂ Lq(Ω) ❝♦♥✲

✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ v ∈ Lq(Ω)✱ ♦♥❞❡ 1
p
+ 1

q
= 1✱ ❡♥tã♦

∫

Ω

unvndx→
∫

Ω

uvdx q✉❛♥❞♦ n→ +∞.

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡
∣

∣

∣

∣

∫

Ω

unvndx−
∫

Ω

uvdx

∣

∣

∣

∣

≤
∣

∣

∣

∣

∫

Ω

(unvn − uv)dx

∣

∣

∣

∣

≤
∫

Ω

|unvn − uvn|dx+
∣

∣

∣

∣

∫

Ω

(uvn − uv)dx

∣

∣

∣

∣

. ✭❇✳✸✮



✷✵✹

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❆✳✼✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

‖vn‖Lq(Ω) ≤ C, ∀n ∈ N,

♣♦✐s (vn) ⊂ Lq(Ω) ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ v ∈ Lq(Ω)✳ ❯t✐❧✐③❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

♦❜t❡♠♦s
∫

Ω

|unvn − uvn|dx ≤
(∫

Ω

|un − u|pdx
) 1

p
(∫

Ω

|vn|dx
) 1

q

≤ C‖un − u‖Lp(Ω). ✭❇✳✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ J : Lq(Ω) → R ❞❡✜♥✐❞♦ ♣♦r

J(v) =

∫

Ω

vudx, u ∈ Lp(Ω)

é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❡ (vn) ⊂ Lq(Ω) ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ v ∈ Lq(Ω)✱
∫

Ω

vnudx→
∫

Ω

vudx q✉❛♥❞♦ n→ +∞. ✭❇✳✺✮

❈♦♠❜✐♥❛♥❞♦ ✭❇✳✸✮✱ ✭❇✳✹✮ ❡ ✭❇✳✺✮✱
∫

Ω

unvndx→
∫

Ω

uvdx q✉❛♥❞♦ n→ +∞,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❚❡♦r❡♠❛ ❇✳✽ ❙❡❥❛♠ Ω ⊂ R
N ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦ ❡ f ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳

❙❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ s❛t✐s❢❛③❡♥❞♦

un → u q✳s✳ ❡♠ Ω

❡ f(un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Lp(Ω) ♣❛r❛ p > 1✱ ❡♥tã♦

f(un)⇀ f(u) ❡♠ Lp(Ω).

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠

▼✉ñ♦③ ❘✐✈❡r❛ ❬✷✼❪✳

❚❡♦r❡♠❛ ❇✳✾ ✭❞❡ ❚♦♥❡❧❧✐✮ ❙❡❥❛♠ Ω1 ⊂ R
N ✱ Ω2 ⊂ R

M ❡ F : Ω1 × Ω2 → R ✉♠❛

❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ s❛t✐s❢❛③❡♥❞♦
∫

Ω2

|F (·, y)dy < +∞, q✳s✳ ❡♠ Ω1

❡
∫

Ω1

∫

Ω2

|F (x, y)dy dx < +∞.

❊♥tã♦✱ F ∈ L1(Ω1 × Ω2)✳



✷✵✺

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✼❪ ♦✉ ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✶✵ ❙✉♣♦♥❤❛ q✉❡ F ∈ L1(Ω1 × Ω2)✳ ❊♥tã♦✱ ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ Ω1✱

F (x, y) ∈ L1(Ω2) ❡
∫

Ω2

F (x, y)dy ∈ L1(Ω1).

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ♣❛r❛ q✉❛s❡ t♦❞♦ y ∈ Ω2✱ F (x, y) ∈ L1(Ω1) ❡
∫

Ω1

F (x, y)dy ∈ L1(Ω2).

❆❧é♠ ❞✐ss♦✱
∫

Ω1

∫

Ω2

F (x, y)dy dx =

∫

Ω2

∫

Ω1

F (x, y)dx dy =

∫

Ω1×Ω2

F (x, y)dx dy.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✼❪ ♦✉ ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✶✶ ❙❡❥❛ Ω ⊂ R
N ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳ ❊♥tã♦ C∞

0 (Ω)✶ é ❞❡♥s♦ ❡♠ Lp(Ω)

♣❛r❛ q✉❛❧q✉❡r 1 ≤ p < +∞✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦✱ ✈❡❥❛ ❬✼❪✳

❇✳✷ ❖ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ s❡çã♦ sã♦ ♠✉✐t♦ út❡✐s q✉❛♥❞♦ q✉❡r❡♠♦s ♠♦str❛r ❝❡rt❛s

❝♦♥✈❡r❣ê♥❝✐❛s ♥♦s ❊s♣❛ç♦s ❞❡ ▲❡❜❡s❣✉❡✳ ❯♠ ❡st✉❞♦ ❞❡t❛❧❤❛❞♦ ❛❝❡r❝❛ ❞❡st❡s r❡s✉❧t❛❞♦s

♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✼❪ ♦✉ ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✶✷ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✮ ❙❡❥❛ (fn)

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❡♠ L1(Ω) t❛❧ q✉❡

fn(x) → f(x), q✳s✳ ❡♠ Ω

❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ g ∈ L1(Ω) s❛t✐s❢❛③❡♥❞♦

|fn(x)| ≤ g(x), ∀n ∈ N, q✳s✳ ❡♠ Ω.

❊♥tã♦✱ f ∈ L1(Ω) ❡
∫

Ω

f(x)dx = lim
n

∫

Ω

fn(x)dx.

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✼❪

♦✉ ❬✸❪✳

✶C∞

0
(Ω) é ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s C∞(Ω) q✉❡ t❡♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ❡♠ Ω✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛

❬✼❪ ♦✉ ❬✷✺❪✳



✷✵✻

❈♦r♦❧ár✐♦ ❇✳✶✷✳✶ ❙❡❥❛ f : X× [a, b] → R ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ♣❛r❛ ❝❛❞❛ t ∈ [a, b]✳

❙❡ ♣❛r❛ ❛❧❣✉♠ t0 ∈ [a, b]

f(x, t0) = lim
t→t0

f(x, t),

♣❛r❛ ❝❛❞❛ x ∈ Ω✱ ❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ g ✐♥t❡❣rá✈❡❧ ❡♠ Ω t❛❧ q✉❡

|f(x, t)| ≤ g(x).

❊♥tã♦✱
∫

Ω

f(x, t0)dx = lim
t→t0

∫

Ω

f(x, t)dx.

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✶✸ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ ●❡♥❡r❛❧✐③❛❞♦✮

❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❝♦♠

fn(x) → f(x), q✳s✳ ❡♠ Ω.

❙✉♣♦♥❤❛ q✉❡

✭✐✮ |fn(x)| ≤ gn(x), q✳s✳ ❡♠ Ω❀

✭✐✐✮ gn(x) → g(x), q✳s✳ ❡♠ Ω❀

✭✐✐✐✮

lim
n

∫

Ω

gn(x)dx =

∫

Ω

g(x)dx < +∞.

❊♥tã♦✱ f é ✐♥t❡❣rá✈❡❧ ❡

lim
n

∫

Ω

fn(x)dx =

∫

Ω

f(x)dx.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✶✼❪✳



❆♣ê♥❞✐❝❡ ❈

❆❧❣✉♠❛s ♥♦çõ❡s s♦❜r❡ ❊s♣❛ç♦s ❞❡

❙♦❜♦❧❡✈

❖ ❡st✉❞♦ q✉❡ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ♥❡st❡ ❛♣ê♥❞✐❝❡ s❡rá ❜❛s❡❛❞♦ ❡♠ ❆❞❛♠s ❬✶❪✱ ❑❡s❛✈❛♥

❬✶✾❪✱ ▼❡❞❡✐r♦s ❬✷✺❪ ❡ ❇ré③✐s ❬✼❪✳

❈✳✶ ❉❡✜♥✐çã♦ ❡ ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s

❉❡✜♥✐çã♦ ❈✳✶ ❙❡❥❛♠ 1 ≤ p < +∞✱ m ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦ ❡ Ω ⊂ R
N ✉♠ ❛❜❡rt♦✳

❖ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ Wm,p(Ω) é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ s❡❣✉✐♥t❡ s✉❜❝♦♥❥✉♥t♦ ❞❡ Lp(Ω)✱

Wm,p(Ω) = {u ∈ Lp(Ω);Dαu ∈ Lp(Ω), ♣❛r❛ 0 ≤ |α| ≤ m},

♦♥❞❡ α = (α1, . . . , αN) é ✉♠❛ N✲✉♣❧❛ ❞❡ ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s ❝♦♠

|α| = α1 + · · ·+ αN

❡ Dαu ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ u ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳

❊♠ Wm,p(Ω)✱ ❞❡✜♥❡✲s❡ ❛ ♥♦r♠❛ ❞❡ u ♣♦r

‖u‖Wm,p(Ω) =





∑

0≤|α|≤m

‖Dαu‖p
Lp(Ω)





1
p

.

◗✉❛♥❞♦ m = 0✱ ✉s❛♠♦s ❛ ♥♦t❛çã♦

W 0,p(Ω) = Lp(Ω).

❚❡♦r❡♠❛ ❈✳✶ ❖ ❡s♣❛ç♦ Wm,p(Ω) ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛ ‖·‖Wm,p(Ω) é ❞❡ ❇❛♥❛❝❤✳

✷✵✼



✷✵✽

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶❪✳

❖ ❝❛s♦ p = 2 ✐rá ❞❡s❡♠♣❡♥❤❛r ✉♠ ♣❛♣❡❧ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥❡st❡ ❡st✉❞♦ ❞❡✈✐❞♦

✉♠❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ ✈❡r❡♠♦s à s❡❣✉✐r✳ ◆❡st❡ ❝❛s♦✱ ❞❡♥♦t❛♠♦s ♦ ❡s♣❛ç♦ Wm,2(Ω) ♣♦r

Hm(Ω)✳ ❆ss✐♠✱

Hm(Ω) = Wm,2(Ω).

❖ ❡s♣❛ç♦ Hm(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ r❡❧❛çã♦ ❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉Hm(Ω) =
∑

0≤|α|≤m

〈Dαu,Dαv〉L2(Ω)

❡

‖u‖Hm(Ω) =





∑

0≤|α|≤m

∫

Ω

|Dαu|2dx





1
2

.

❉❡✜♥✐çã♦ ❈✳✷ ❖ ❡s♣❛ç♦ Wm,p
0 (Ω) é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ❢❡❝❤♦ ❞♦ ❡s♣❛ç♦ C∞

0 (Ω)

❡♠ Wm,p(Ω) ♥❛ t♦♣♦❧♦❣✐❛ ✉s✉❛❧✱ ✐st♦ é✱

Wm,p
0 (Ω) = C∞

0 (Ω)
‖·‖Wm,p(Ω)

.

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ Wm,p
0 (Ω) é ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞❡ Wm,p(Ω)✳ ▲♦❣♦✱ ♦

♠❡s♠♦ é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ q✉❡ ✈❛♠♦s ❛♣r❡s❡♥t❛r é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❞❡✈✐❞♦ s✉❛ ❣r❛♥❞❡

✉t✐❧✐❞❛❞❡ ❡♠ ❡st✉❞♦s ❡♥✈♦❧✈❡♥❞♦ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳

❚❡♦r❡♠❛ ❈✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮ ❙❡❥❛ Ω ⊂ R
N ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡♠

r❡❧❛çã♦ ❛ ❛❧❣✉♠❛ ❞✐r❡çã♦ ❞♦ R
N ✳ ❊♥tã♦✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

∫

Ω

|u|pdx ≤ C

∫

Ω

|∇u|pdx, ∀u ∈ W 1,p
0 (Ω).

❊♠ ♣❛rt✐❝✉❧❛r✱

‖u‖ =

(∫

Ω

|∇u|pdx
) 1

p

, ∀u ∈ Wm,p
0 (Ω),

❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ Wm,p
0 (Ω) q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ‖·‖Wm,p(Ω)✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✶✾❪✳

Pr♦♣♦s✐çã♦ ❈✳✶ ❙❡ (un) ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠ H1(Ω)✱ ❡♥tã♦ ❡①✐st❡♠ h ∈ H1(Ω) ❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ (uk) ❞❡ (un) t❛✐s q✉❡

uk(x) → u(x) ❡ |uk(x)| ≤ h(x) q✳t✳♣✳ ❡♠ Ω.

❈❛s♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♦❝♦rr❛ ❡♠ H1
0 (Ω)✱ t❡♠✲s❡ h ∈ H1

0 (Ω)✳



✷✵✾

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✺❪✳

Pr♦♣♦s✐çã♦ ❈✳✷ ✭■❞❡♥t✐❞❛❞❡s ❞❡ ●r❡❡♥✮ ❙❡ u, v ∈ H2(Ω) ∩H1
0 (Ω)✱ ❡♥tã♦

∫

Ω

u∆vdx =

∫

Ω

v∆udx ✭❈✳✶✮

❡
∫

Ω

∇u∇vdx = −
∫

Ω

v∆udx. ✭❈✳✷✮

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ♦ ❧✐✈r♦ ❞♦ ❉❥❛✐r♦ ●✉❡❞❡s ❬✶✷❪✳

❈✳✷ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r

❖ r❡s✉❧t❛❞♦ à s❡❣✉✐r s❡rá ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦ ❞✉r❛♥t❡ ❛s ❛♣❧✐❝❛çõ❡s✳

❯♠❛ ❛♣r❡s❡♥t❛çã♦ ❝♦♠♣❧❡t❛ ❞❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ▼♦s❡r ❬✷✻❪✳

❚❡♦r❡♠❛ ❈✳✸ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r✮ ❙❡❥❛♠ Ω ⊂ R
N ✉♠ ❞♦♠í♥✐♦

❧✐♠✐t❛❞♦ ❡ u ∈ W 1,N
0 (Ω)✱ ❝♦♠ N ≥ 2✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ α > 0✱ t❡♠✲s❡

eα|u|
N

N−1 ∈ L1(Ω).

❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C = C(N) > 0 t❛❧ q✉❡

sup
‖u‖

W
1,N
0 (Ω)

≤1

∫

Ω

eα|u|
N

N−1 ≤ C|Ω|, ∀α ≤ αN ,

♦♥❞❡ |Ω| é ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ Ω ❡♠ R
N ✱

αN = Nω
1

N−1

N−1

❡ ωN−1 é ❛ ár❡❛ ❞❛ ❡s❢❡r❛ ✉♥✐tár✐❛ SN−1 ⊂ R
N ✳

❈✳✸ ❚❡♦r❡♠❛s ❞❡ ✐♠❡rsã♦

❖ ♣r❡s❡♥t❡ ❛♣ê♥❞✐❝❡ ❝♦♥té♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ✐♠❡rsã♦ ❡♠ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ q✉❡

❢♦r❛♠ ✉s❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦✳

❚❡♦r❡♠❛ ❈✳✹ ❙❡❥❛♠ Ω ⊂ R
N ❧✐♠✐t❛❞♦✱ N ≥ 2✱ Ω ❞❡ ❝❧❛ss❡ Cm ❡ 1 ≤ p < +∞✱ ❡♥tã♦

✭✐✮ Wm,p(Ω) →֒ Lq(Ω), 1 ≤ q ≤ Np

N −mp
✱ s❡ mp < N ✳

✭✐✐✮ Wm,p(Ω) →֒ Lq(Ω), 1 ≤ q < +∞✱ s❡ mp = N ✳



✷✶✵

✭✐✐✐✮ Wm,p(Ω) →֒ Ck,λ(Ω)✱ s❡ mp > N ✳

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶❪✱

❬✶✾❪ ♦✉ ❬✷✺❪✳

❚❡♦r❡♠❛ ❈✳✺ ✭❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✮ ❙❡❥❛♠ Ω ⊂ R
N ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦✱ N ≥ 2✱

Ω ❞❡ ❝❧❛ss❡ C1 ❡ 1 ≤ p ≤ +∞✱ ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s sã♦ ❝♦♠♣❛❝t❛s

✭✐✮ W 1,p(Ω) →֒ Lq(Ω), 1 ≤ q ≤ Np

N − p
✱ s❡ p < N ✳

✭✐✐✮ W 1,p(Ω) →֒ Lq(Ω), 1 ≤ q < +∞✱ s❡ p = N ✳

✭✐✐✐✮ W 1,p(Ω) →֒ C0(Ω)✱ s❡ p > N ✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✼❪✱ ❬✷✺❪ ♦✉ ❬✶❪✳

❈♦r♦❧ár✐♦ ❈✳✺✳✶ ❙❡❥❛♠ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ R
N ✱ Ω ❞❡ ❝❧❛ss❡ Cm+1✱ m ≥ 0 ❡

1 ≤ p ≤ +∞✳ ❊♥tã♦✱ ❛s s❡❣✉✐♥t❡ ✐♠❡rsõ❡s sã♦ ❝♦♠♣❛❝t❛s

✭✐✮ Wm+1,p(Ω) →֒ Wm,q(Ω), 1 ≤ q ≤ Np

N − p
✱ s❡ p < N ✳

✭✐✐✮ Wm+1,p(Ω) →֒ Wm,q(Ω), 1 ≤ q < +∞✱ s❡ p = N ✳

✭✐✐✐✮ Wm+1,p(Ω) →֒ Cm(Ω)✱ s❡ p > N ✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✷✺❪✳



❆♣ê♥❞✐❝❡ ❉

❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡

C0✲s❡♠✐❣r✉♣♦

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❡ C0✲s❡♠✐❣r✉♣♦✳ ▼❛s

❛♥t❡s✱ ✐r❡♠♦s ✐♥tr♦❞✉③✐r ✉♠❛ ♥♦çã♦ ❞❡ ✐♥t❡❣r❛çã♦ ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳

❉✳✶ ❆ ✐♥t❡❣r❛❧ ❞❡ ❇♦❝❤♥❡r

◆❡st❛ s❡çã♦✱ ✈❡r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❛ ✐♥t❡❣r❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ f :

[a, b] → X✱ ♦♥❞❡ [a, b] é ✉♠ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ ❞❛ r❡t❛ ❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❖

❡st✉❞♦ ❛q✉✐ ❛♣r❡s❡♥t❛❞♦ é ❜❛s❡❛❞♦ ♥♦ ❧✐✈r♦ ❞♦ ▲❛♥❣ ❬✷✷❪✳

◆♦ q✉❡ s❡❣✉❡ B([a, b], X) ❞❡♥♦t❛rá ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s f : [a, b] → X q✉❡ sã♦

❧✐♠✐t❛❞❛✱ ✐st♦ é✱

B([a, b], X) = {f : [a, b] → X; f é ❧✐♠✐t❛❞❛}

♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖f‖ = sup
a≤t≤b

‖f(t)‖.

❉❡✜♥✐çã♦ ❉✳✶ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❉✐③✲s❡ q✉❡ ✉♠❛ ❢✉♥çã♦ f : [a, b] →
X é ✉♠❛ ❢✉♥çã♦ ❡s❝❛❞❛ q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ♣❛rt✐çã♦ P = {t0, t1, . . . , tn} ❞❡ [a, b]✶ ❡

w1, . . . , wn ∈ X t❛✐s q✉❡

f(t) = wj, ∀t ∈ (tj−1, tj).

◆❡st❡ ❝❛s♦✱ ❞✐③✲s❡ q✉❡ f é ✉♠❛ ❢✉♥çã♦ ❡s❝❛❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ♣❛rt✐çã♦ P ✳

❖❜s❡r✈❛çã♦ ❉✳✶ ❙❡ f, g : [a, b] → X sã♦ ❢✉♥çõ❡s ❡s❝❛❞❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ♣❛rt✐çã♦

P t❛❧ q✉❡ f ❡ g sã♦ ❢✉♥çõ❡s ❡s❝❛❞❛s ❝♦♠ r❡s♣❡✐t♦ ❛ P ✳

✶P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ♣❛rt✐çõ❡s ❞❡ ✐♥t❡r✈❛❧♦s✱ ✈❡❥❛ ❬✷✸❪✳

✷✶✶



✷✶✷

❉❡✜♥✐çã♦ ❉✳✷ ❆ ✐♥t❡❣r❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ❡s❝❛❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ♣❛rt✐çã♦ P = {t0, t1, . . . , tn}
é ❞❡✜♥✐❞❛ ♣♦r

IP (f) =
n
∑

j=1

(tj − tj−1)wj,

♦♥❞❡

f(t) = wj, ∀t ∈ (tj−1, tj).

▲❡♠❛ ❉✳✶ ❆ ✐♥t❡❣r❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ❡s❝❛❞❛ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ♣❛rt✐çã♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f : [a, b] → X ✉♠❛ ❢✉♥çã♦ ❡s❝❛❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ♣❛rt✐çã♦

P = {t0, t1, . . . , tn}✳ ❊♥tã♦✱

f(t) = wj, ∀t ∈ (tj−1, tj).

❈♦♥s✐❞❡r❡ ❛ ♣❛rt✐çã♦ Q = P ∪ {c} ♦♥❞❡ tj0−1 < c < tj0 ♣❛r❛ ❛❧❣✉♠ j0 ∈ {1, . . . , n}✳
❊♥tã♦✱

f(t) = wj0 , ∀t ∈ (tj0−1, c)

❡

f(t) = wj0 , ∀t ∈ (c, tj0).

❉❡ss❡ ♠♦❞♦✱

IQ(f) = (t1 − t0)w1 + · · ·+ (c− tj0−1)wj0 + (tj0 − c)wj0 + · · ·+ (tn − tn−1)wn

= (t1 − t0)w1 + · · ·+ (tj0 − tj0−1)wj0 + · · ·+ (tn − tn−1)wn

= IP (f).

❙❡♥❞♦ Q ✉♠ r❡✜♥❛♠❡♥t♦ ❞❡ P ✱ ❝♦♥❝❧✉í♠♦s✱ ♣♦r ✐♥❞✉çã♦✱ q✉❡ IQ(f) = IP (f)✳ P♦r ✜♠✱

s❡ P ❡ Q sã♦ ♣❛rt✐çõ❡s q✉❛✐sq✉❡r ❞❡ [a, b]✱

IQ(f) = IP∪P (f) = IP (f),

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❯♠❛ ✈❡③ q✉❡ ❛ ✐♥t❡❣r❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ❡s❝❛❞❛ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ♣❛rt✐çã♦✱

❛♦ ✐♥✈és ❞❡ ❡s❝r❡✈❡r IQ(f) ♣❛r❛ ❞❡♥♦t❛r ❛ ✐♥t❡❣r❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ❡s❝❛❞❛ f ✱ ✈❛♠♦s

❡s❝r❡✈❡r ❛♣❡♥❛s I(f)✳

◆♦ q✉❡ s❡❣✉❡✱ S([a, b], X) ❞❡♥♦t❛rá ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❡s❝❛❞❛ ❞❡ [a, b] ❡♠ X✳

◆♦t❡ q✉❡ S([a, b], X) é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ B([a, b], X)✳



✷✶✸

▲❡♠❛ ❉✳✷ ❆ ❛♣❧✐❝❛çã♦ I : S([a, b], X) → X é ❧✐♥❡❛r ❡ ❧✐♠✐t❛❞❛✳

❉❡♠♦♥str❛çã♦✿ ▼♦str❛r❡♠♦s ❛♣❡♥❛s ❛ ❧✐♠✐t❛çã♦✳ ❖r❛✱ s❡❥❛♠ f : [a, b] → X ✉♠❛

❢✉♥çã♦ ❡s❝❛❞❛ ❡ P = {t0, t1, . . . , tn} ✉♠❛ ♣❛rt✐çã♦ ❞❡ [a, b]✳ ❊♥tã♦✱

I(f) =
n
∑

j=1

(tj − tj−1)wj.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

‖I(f)‖ =

∥

∥

∥

∥

∥

n
∑

j=1

(tj − tj−1)wj

∥

∥

∥

∥

∥

≤
n
∑

j=1

(tj − tj−1)‖wj‖

≤
n
∑

j=1

(tj − tj−1) max
1≤j≤n

‖wj‖

= (b− a)‖f‖,

♦✉ s❡❥❛✱

‖I(f)‖ ≤ (b− a)‖f‖, ∀f ∈ S([a, b], X).

P♦rt❛♥t♦✱ I é ❧✐♠✐t❛❞♦✳

▲❡♠❛ ❉✳✸ ❚♦❞❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣♦r ❢✉♥çõ❡s ❡s✲

❝❛❞❛✳ ❆❧é♠ ❞✐ss♦✱

C([a, b], X) ⊂ S([a, b], X).

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✷✷❪✳

❈♦♠❜✐♥❛♥❞♦ ♦ ▲❡♠❛ ❉✳✷ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✱ ♦❜t❡♠♦s ✉♠❛ ❡①t❡♥sã♦ ❞❡ I ❛té

S([a, b], X)✳ ❊ss❛ ❡①t❡♥sã♦ s❡rá ❞❡♥♦t❛❞❛ ♣♦r
∫ b

a

f(t)dt

❡ ❛ ❝❤❛♠❛r❡♠♦s ❞❡ ✐♥t❡❣r❛❧ ❞❡ ❇♦❝❤♥❡r ❞❛ ❢✉♥çã♦ f ✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ▲❡♠❛ ❉✳✸✱

❝♦♥❝❧✉í♠♦s q✉❡ ❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s sã♦ ✐♥t❡❣rá✈❡✐s ♥♦ s❡♥t✐❞♦ ❞❡ ❇♦❝❤♥❡r✳

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ✐♥t❡❣r❛❧ ❞❡ ❇♦❝❤♥❡r✳

❚❡♦r❡♠❛ ❉✳✶ ❙❡ a ≤ c ≤ b✱ ❡♥tã♦
∫ b

a

f(t)dt =

∫ c

a

f(t)dt+

∫ b

c

f(t)dt.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ∈ S([a, b], X)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (fn) ⊂ S([a, b], X)

t❛❧ q✉❡

fn → f ❡♠ B([a, b], X).



✷✶✹

❙❡❥❛

a = t0 ≤ t1 ≤ . . . ≤ tj0 ≤ . . . ≤ tr = b

✉♠❛ ♣❛rt✐çã♦ ❞❡ [a, b] ❝♦♠ tj0 = c✳ ❊♥tã♦✱

fn(t) = wn
j , ∀t ∈ (tj−1, tj),

♦♥❞❡ wn
1 , . . . , w

n
r ∈ X✳ ❉❡ss❡ ♠♦❞♦✱

∫ b

a

fn(t)dt =
r
∑

j=0

(tj − tj−1)wj

=

j0
∑

j=0

(tj − tj−1)wj +
r
∑

j=j0+1

(tj − tj−1)wj

=

∫ c

a

fn(t)dt+

∫ b

c

fn(t)dt.

❯s❛♥❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ✐♥t❡❣r❛❧✱

∫ b

a

f(t)dt =

∫ b

a

lim
n
fn(t)dt = lim

n

∫ b

a

fn(t)dt

= lim
n

(∫ c

a

fn(t)dt+

∫ c

a

fn(t)dt

)

= lim
n

∫ c

a

fn(t)dt+ lim
n

∫ b

c

fn(t)dt

❡

∫ c

a

f(t)dt+

∫ b

c

f(t)dt =

∫ c

a

lim
n
fn(t)dt+

∫ b

c

lim
n
fn(t)dt

= lim
n

∫ c

a

fn(t)dt+ lim
n

∫ b

c

fn(t)dt.

▲♦❣♦✱
∫ b

a

f(t)dt =

∫ c

a

f(t)dt+

∫ b

c

f(t)dt,

❡♥❝❡rr❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❖❜s❡r✈❛çã♦ ❉✳✷ ❈♦♥✈❡♥❝✐♦♥❛♠♦s

∫ b

a

f(t)dt = −
∫ a

b

f(t)dt.

❚❡♦r❡♠❛ ❉✳✷ ❙❡ f ∈ S([a, b], X)✱ ❡♥tã♦

∥

∥

∥

∥

∫ b

a

f(t)dt

∥

∥

∥

∥

≤
∫ b

a

‖f(t)‖dt



✷✶✺

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ∈ S([a, b], X)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (fn) ⊂ S([a, b], X)

t❛❧ q✉❡

fn → f ❡♠ B([a, b], X).

❙❡❥❛

a = t0 ≤ t1 ≤ . . . ≤ tj0 ≤ . . . ≤ tr = b

✉♠❛ ♣❛rt✐çã♦ ❞❡ [a, b] ❝♦♠ tj0 = c✳ ❊♥tã♦✱

fn(t) = wn
j , ∀t ∈ (tj−1, tj),

♦♥❞❡ wn
1 , . . . , w

n
r ∈ X✳ P♦r ❝♦♥s❡❣✉✐♥t❡

∥

∥

∥

∥

∫ b

a

fn(t)dt

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

r
∑

j=0

(tj − tj−1)w
n
j

∥

∥

∥

∥

∥

≤
r
∑

j=0

(tj − tj−1)‖wn
j ‖

=

∫ b

a

‖fn(t)‖dt. ✭❉✳✶✮

❯s❛♥❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ✐♥t❡❣r❛❧✱
∥

∥

∥

∥

∫ b

a

f(t)dt

∥

∥

∥

∥

=

∥

∥

∥

∥

∫ b

a

lim
n
fn(t)dt

∥

∥

∥

∥

= lim
n

∥

∥

∥

∥

∫ b

a

fn(t)dt

∥

∥

∥

∥

≤ lim
n

∫ b

a

‖fn(t)‖dt =
∫ b

a

∥

∥

∥
lim
n
fn(t)

∥

∥

∥ dt

=

∫ b

a

‖f(t)‖ dt, ✭❉✳✷✮

♦✉ s❡❥❛✱
∥

∥

∥

∥

∫ b

a

f(t)dt

∥

∥

∥

∥

≤
∫ b

a

‖f(t)‖ dt.

❚❡♦r❡♠❛ ❉✳✸ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❙❡ f ∈ S([a, b], X) ❡ F : X → Y é

✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❧✐♠✐t❛❞❛✱ ❡♥tã♦

F

(∫ b

a

f(t)dt

)

=

∫ b

a

F (f(t))dt.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ∈ S([a, b], X)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (fn) ⊂ S([a, b], X)

t❛❧ q✉❡

fn → f ❡♠ B([a, b], X).

❙❡❥❛

a = t0 ≤ t1 ≤ . . . ≤ tj0 ≤ . . . ≤ tr = b



✷✶✻

✉♠❛ ♣❛rt✐çã♦ ❞❡ [a, b] ❝♦♠ tj0 = c✳ ❊♥tã♦✱

fn(t) = wn
j , ∀t ∈ (tj−1, tj),

♦♥❞❡ wn
1 , . . . , w

n
r ∈ X✳ ❘❡❝♦r❞❡ q✉❡

∫ b

a

fn(t)dt =
r
∑

j=0

(tj − tj−1)w
n
j .

❯♠❛ ✈❡③ q✉❡ F é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱ t❡♠♦s

F

(∫ b

a

fn(t)dt

)

= F

(

r
∑

j=0

(tj − tj−1)w
n
j

)

=
r
∑

j=0

(tj − tj−1)F (w
n
j ). ✭❉✳✸✮

❖❜s❡r✈❡ q✉❡ F ◦ fn é ✉♠❛ ❢✉♥çã♦ ❡s❝❛❞❛ ❞❡ [a, b] ❡♠ Y ✱ t❡♠♦s

∫ b

a

(F ◦ fn)(t)dt =
r
∑

j=0

(tj − tj−1)F (w
n
j ). ✭❉✳✹✮

❈♦♠❜✐♥❛♥❞♦ ✭❉✳✸✮ ❡ ✭❉✳✹✮✱

∫ b

a

(F ◦ fn)(t)dt = F

(∫ b

a

fn(t)dt

)

.

❉❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ F ❡ ❞❛ ✐♥t❡❣r❛❧✱ ♦❜t❡♠♦s

∫ b

a

(F ◦ f)(t)dt = F

(∫ b

a

f(t)dt

)

.

❚❡♦r❡♠❛ ❉✳✹ ✭❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦✮ ❙❡❥❛♠ f : [a, b] → X ✉♠❛ ❢✉♥çã♦ ❝♦♥✲

tí♥✉❛ ❡ f : [a, b] → X ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ (a, b) ❝♦♠ F ′ = f ✳ ❊♥tã♦✱

∫ b

a

f(t)dt = F (b)− F (a).

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛

ϕ(t) =

∫ t

a

f(s)ds, t ∈ [a, b].

❱❛♠♦s ♠♦str❛r q✉❡ ϕ′(t) = f(t)✳ ❈♦♠ ❡❢❡✐t♦✱

lim
h→0

1

h

(∫ t+h

a

f(s)ds−
∫ t

a

f(s)ds

)

= lim
h→0

1

h

∫ t+h

t

f(s)ds.



✷✶✼

◆♦t❡ q✉❡
∥

∥

∥

∥

1

h

∫ t+h

t

f(s)ds− f(t)

∥

∥

∥

∥

=

∥

∥

∥

∥

1

h

∫ t+h

t

(f(s)− f(t))ds

∥

∥

∥

∥

≤ 1

h

∫ t+h

t

‖f(s)− f(t)‖ds.

❯♠❛ ✈❡③ q✉❡ f é ❝♦♥tí♥✉❛✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

‖f(s)− f(t)‖ < ε, q✉❛♥❞♦ |s− t| < δ.

❊s❝♦❧❤❡♥❞♦ h s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ♠♦❞♦ q✉❡

|s− t| < δ, ∀s ∈ [t, t+ h],

t❡♠♦s
1

h

∫ t+h

t

‖f(s)− f(t)‖ds ≤ 1

h

∫ t+h

t

εds = ε.

▲♦❣♦✱ ϕ′(t) = f(t)✳ ❙❡♥❞♦ ❛s ❞❡r✐✈❛❞❛s ❞❡ ϕ ❡ F ✐❣✉❛✐s✱ ❞❡✈❡♠♦s t❡r

ϕ(t) + C = F (t), ∀t ∈ [a, b],

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡✳ ❆❞❡♠❛✐s✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ϕ(a) = 0✱ ❝♦♥❝❧✉í♠♦s q✉❡

C = F (a) ❡✱ ♣♦rt❛♥t♦✱

F (t) = F (a) +

∫ t

a

f(s)ds, ∀t ∈ [a, b].

❉✳✷ C0✲s❡♠✐❣r✉♣♦

❖s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s q✉❡ ✐r❡♠♦s ❞✐s❝✉t✐r ♥❡st❛ s❡çã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ❝♦♠ ♠❛✐s

❞❡t❛❧❤❡s ♥♦s ❧✐✈r♦s ❞♦ ❑❡s❛✈❛♥ ❬✶✾❪ ❡ ❞♦ P❛③② ❬✷✾❪✳

❉❡✜♥✐çã♦ ❉✳✸ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❯♠❛ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s

❧✐♠✐t❛❞♦s {T (t)}t≥0 é ❞✐t❛ ✉♠ C0✲s❡♠✐❣r✉♣♦ q✉❛♥❞♦

✭✐✮ T (0) = I✱ ♦♥❞❡ I é ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❡♠ X❀

✭✐✐✮ T (t+ s) = T (t)T (s), ∀t, s ≥ 0❀

✭✐✐✐✮ P❛r❛ ❝❛❞❛ x ∈ X✱

lim
t→0+

T (t)x = x.



✷✶✽

❖ r❡s✉❧t❛❞♦ à s❡❣✉✐r é ✉♠❛ ❢❡rr❛♠❡♥t❛ ♠✉✐t♦ ✉t✐❧✐③❛❞❛ ♥♦ ❡st✉❞♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❚❡♦r❡♠❛ ❉✳✺ ❙❡❥❛ {T (t)}t≥0 é ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡♠ X✳ ❊♥tã♦✱

✭✐✮ ❊①✐st❡♠ M ≥ 1 ❡ β ≥ 0 t❛✐s q✉❡

‖T (t)‖ ≤Meβt, ∀t ≥ 0.

✭✐✐✮ P❛r❛ q✉❛❧q✉❡r x ∈ X✱ ❛♣❧✐❝❛çã♦ t→ T (t)x é ❝♦♥tí♥✉❛ ♣❛r❛ t ≥ 0✳

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✾❪✳

❉❡✜♥✐çã♦ ❉✳✹ ❯♠ C0✲s❡♠✐❣r✉♣♦ {T (t)}t≥0 ❡♠ X é ❞✐t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦

q✉❛♥❞♦

‖T (t)‖ ≤M, ∀t ≥ 0,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ M > 0✳

❱❛♠♦s ❛❣♦r❛ ✐♥tr♦❞✉③✐r ✉♠ ❞♦s ❝♦♥❝❡✐t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❛ t❡♦r✐❛ ❞❡ s❡♠✐✲

❣r✉♣♦✳

❉❡✜♥✐çã♦ ❉✳✺ ❖ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A :

D(A) → X ♦♥❞❡

D(A) =

{

x ∈ X; lim
t→0+

T (t)x− x

t
❡①✐st❡

}

❡

Ax = lim
t→0+

T (t)x− x

t
.

❘❡❝♦r❞❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ x ∈ X✱ ❛ ❢✉♥çã♦ t → T (t)x é ❝♦♥tí♥✉❛ ♣❛r❛ t ≥ 0✳ ❊♠

♣❛rt✐❝✉❧❛r✱ ❛ ❢✉♥çã♦ ϕ : [0, t] → X ❞❡✜♥✐❞❛ ♣♦r ϕ(s) = T (s)x é ❝♦♥tí♥✉❛ ❡♠ [0, t]✳

▲♦❣♦✱ ❢❛③ s❡♥t✐❞♦ ❢❛❧❛r ♥❛ ✐♥t❡❣r❛❧ ❞❡ ❇♦❝❤♥❡r ♣❛r❛ ❡st❛ ❢✉♥çã♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ❉✳✻ ❙❡❥❛ A ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ {T (t)}t≥0 ❡♠ X✳

❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r x ∈ X✱
∫ t

0

T (s)xds ∈ D(A)

❡

A

(∫ t

0

T (s)xds

)

= T (t)x− x.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✶✾❪✳

❈♦r♦❧ár✐♦ ❉✳✻✳✶ ❙❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ {T (t)}t≥0 ❡♠

X✱ ❡♥tã♦ A é ❢❡❝❤❛❞♦ ❡ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆❞❛♠s✱ ❘✳ ❆✳❀ ❋♦✉r♥✐❡r✱ ❏✳ ❏✳ ❋✳✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡s✱ ✷✳ ❡❞✳✱ ▲♦♥❞♦♥✿ ❆❝❛❞❡♠✐❝ Pr❡ss✱

✷✵✵✸✳

❬✷❪ ❆❧✈❡s✱ ❈✳ ❖✳❀ ❚❛❤✐r✱ ❇✳✱ ❊①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥ ❢♦r ❝❧❛ss ♦❢ ♥♦♥❧♦❝❛❧ ♣r♦❜❧❡♠ ✈✐❛

❞②♥❛♠✐❝❛❧ ♠❡t❤♦❞s✱ ♣r❡♣r✐♥t✱ ✷✵✷✵✳

❬✸❪ ❇❛rt❧❡✱ ❘✳ ●✳✱ ❚❤❡ ❊❧❡♠❡♥ts ♦❢ ■♥t❡❣r❛t✐♦♥ ❛♥❞ ▲❡❜❡s❣✉❡ ▼❡❛s✉r❡✱ ◆❡✇ ❨♦r❦✿

❏♦❤✇ ❲✐❧❡② ✫ ❙♦♥s✱ ✶✾✾✺✳

❬✹❪ ❇❡❜❡r♥❡s✱ ❏✳ ❲✳❀ ▲❛❝❡②✱ ❆✳ ❆✳✱ ●❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✜♥✐t❡✲t✐♠❡ ❜❧♦✇✲✉♣ ❢♦r ❛ ❝❧❛ss

♦❢ ♥♦♥❧♦❝❛❧ ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s✱ ❆❞✈❛♥❝❡s ✐♥ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥✱ ✈♦❧✳ ✷✱ ♥✳ ✻✱

♣♣✳ ✾✷✼✲✾✺✸✱ ✭◆♦✈❡♠❜❡r✱ ✶✾✾✼✮✳

❬✺❪ ❇❡③❡rr❛ ❞♦ Ó✱ ❏✳ ▼✳❀ ▼❡❞❡✐r♦s✱ ❊✳❀ ❙❡✈❡r♦✱ ❯✳✱ ❖♥ ❛ q✉❛s✐❧✐♥❡❛r ♥♦♥❤♦♠♦❣❡♥❡♦✉s

❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥ ✇✐t❤ ❝r✐t✐❝❛❧ ❣r♦✇t❤ ✐♥ R
N ✱ ❏♦✉r♥❛❧ ♦❢ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥✱

✷✹✻✱ ♣♣✳ ✶✸✻✸✲✶✸✽✻✱ ✷✵✵✾✳

❬✻❪ ❇♦t❡❧❤♦✱ ●✳❀ P❡❧❧❡❣r✐♥♦✱ ❉✳❀ ❚❡✐①❡✐r❛✱ ❊✳✱ ❋✉♥❞❛♠❡♥t♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ ✶✳

❡❞✳✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙❇▼✱ ✷✵✶✷✳

❬✼❪ ❇ré③✐s✱ ❍✳✱ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡s ❛♥❞ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱

◆❡✇ ❨♦r❦✿ ❙♣r✐♥❣❡r✱ ✷✵✶✶✳

❬✽❪ ❈❤❛✐♠✱ ❙✳ ❍✳✱ ❆♣❧✐❝❛çõ❡s ❞❛ ❚♦♣♦❧♦❣✐❛ à ❆♥á❧✐s❡✱ ✸➸ ❈♦❧óq✉✐♦ ❇r❛s✐❧❡✐r♦ ❞❡ ▼❛t❡✲

♠át✐❝❛✱ ❋♦rt❛❧❡③❛✲❈❡❛rá✿ ✶✾✻✶✳
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