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❙❡❣✉♥❞❛ ❖r❞❡♠

♣♦r

❆rt❤✉r ❈❛✈❛❧❝❛♥t❡ ❈✉♥❤❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ▼❛t❡♠át✐❝❛

❆♣r♦✈❛❞❛ ♣♦r✿

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❏✉❧❤♦✴✷✵✶✻

✐✐



❉❡❞✐❝❛tór✐❛

❆♦ ❡t❡r♥♦ ❛♠✐❣♦ ❡ ❝♦♠♣❛♥❤❡✐r♦✱

❏✉❛r❡③ ❈❛✈❛❧❝❛♥t❡ ❇r✐t♦ ❏✉♥✐♦r

✭■♥ ♠❡♠♦r✐❛♠✮✳

✐✐✐



❘❡s✉♠♦

▼♦str❛♠♦s✱ ❛tr❛✈és ❞❛ ♠✐♥✐♠✐③❛çã♦ ❞❡ ❢✉♥❝✐♦♥❛✐s✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ tr❛❥❡tór✐❛s ❤❡t❡r♦✲

❝❧í♥✐❝❛s ❝♦♥❡❝t❛♥❞♦ ❡q✉✐❧í❜r✐♦s −1 ❡ 1 ♣❛r❛ ✈ár✐❛s ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦ ❛✉tô♥♦♠♦s

❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦ t✐♣♦

ẍ(t) = a(t)V ′(x(t)).

❈♦♥s✐❞❡r❛♠♦s ♣❛r❛ ❛ ❢✉♥çã♦ a ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿ ❝♦♥st❛♥t❡✱ ♣❡r✐ó❞✐❝❛✱ ❛ss✐♥t♦t✐❝❛✲

♠❡♥t❡ ♣❡r✐ó❞✐❝❛ ♦✉ ❝♦❡r❝✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ tr❛t❛♠♦s ❞❡ ✉♠❛ ❝♦♥❞✐çã♦ ❡s♣❡❝✐❛❧ ♣❛r❛ ♦

♣r♦❜❧❡♠❛✱ ❛ q✉❛❧ s❡rá ❝❤❛♠❛❞❛ ❞❡ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❚r❛❥❡tór✐❛s ❍❡t❡r♦❝❧í♥✐❝❛s✱ ▼✐♥✐♠✐③❛çã♦ ❞❡ ❋✉♥❝✐♦♥❛✐s✱ Pr♦❜❧❡♠❛s

◆ã♦✲❆✉tô♥♦♠♦s ❞❡ ❙❡❣✉♥❞❛ ❖r❞❡♠✳



❆❜str❛❝t

❲❡ ♣r♦♦❢✱ ✉s✐♥❣ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥❛❧s✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❤❡t❡r♦❝❧✐♥✐❝ tr❛❥❡❝t♦✲

r✐❡s ❝♦♥❡❝t✐♥❣ ❡q✉✐❧✐❜r✐❛ −1 ❛♥❞ 1 ❢♦r ❛ ❢❡✇ ♥✉♠❜❡r ♦❢ ♥♦♥✲❛✉t♦♥♦♠♦✉s s❡❝♦♥❞ ♦r❞❡r

♣r♦❜❧❡♠s ❧✐❦❡

ẍ(t) = a(t)V ′(x(t)).

❲❡ ❝♦♥s✐❞❡r ❢♦r t❤❡ ❢✉♥❝t✐♦♥ a t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿ ❝♦♥st❛♥t✱ ♣❡r✐♦❞✐❝✱ ❛s②♠♣t♦t✐❝❛❧❧②

♣❡r✐♦❞✐❝ ♦r ❝♦❡r❝✐✈❡✳ ❇❡s✐❞❡s t❤❛t✱ ✇❡ tr❡❛t ❛ s♣❡❝✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠✱ ❛♥❞

✇❡ ❝❛❧❧ ✐t ❛ ❘❛❜✐♥♦✇✐t③✬s ❝♦♥❞✐t✐♦♥✳

❑❡②✇♦r❞s✿ ❍❡t❡r♦❝❧✐♥✐❝s ❚r❛❥❡❝t♦r✐❡s✱ ▼✐♥✐♠✐③❛t✐♦♥ ♦❢ ❋✉♥❝t✐♦♥❛❧s✱ ❙❡❝♦♥❞ ❖r❞❡r

◆♦♥✲❆✉t♦♥♦♠♦✉s Pr♦❜❧❡♠s✳



❈♦♥t❡ú❞♦

■♥tr♦❞✉çã♦ ✻

✶ ❖ ❋✉♥❝✐♦♥❛❧ ❆ss♦❝✐❛❞♦ ❛♦ Pr♦❜❧❡♠❛ ✶✶

✷ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦ P❡r✐ó❞✐❝♦ ✸✶

✸ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ♣❛r❛ ♦s ❝❛s♦s ❆ss✐♥t♦t✐❝❛♠❡♥t❡ P❡r✐ó❞✐❝♦ ❡ ❈♦✲

❡r❝✐✈♦ ✹✺

✹ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ♣❛r❛ ❛ ❈♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③ ✺✽

❈♦♥❝❧✉sã♦ ✻✼

❆ ❘❡s✉❧t❛❞♦s ❈♦♠♣❧❡♠❡♥t❛r❡s ✼✵

❇✐❜❧✐♦❣r❛✜❛ ✼✺



■♥tr♦❞✉çã♦

❆♦ ❝♦♥s✐❞❡r❛r♠♦s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞♦ t✐♣♦

ẍ = f(t, x), ✭✶✮

✉♠❛ ✐♥t❡r❡ss❛♥t❡ q✉❡stã♦ ❛ s❡r ✐♥✈❡st✐❣❛❞❛ é ❛ ❡①✐stê♥❝✐❛ ❞❡ tr❛❥❡tór✐❛s ✭♦✉ ór❜✐t❛s✮

q✉❡ ❝♦♥❡❝t❛♠ ❡q✉✐❧í❜r✐♦s ❞❡st❛ ❡q✉❛çã♦✿ ♣♦r ❡q✉✐❧í❜r✐♦ ❡♥t❡♥❞❡♠♦s s❡r s♦❧✉çõ❡s ✐❞❡♥t✐✲

❝❛♠❡♥t❡ ❝♦♥st❛♥t❡s ❞❡ ✭✶✮✳ ❚❛✐s tr❛❥❡tór✐❛s ✭q✉❡ sã♦ s♦❧✉çõ❡s ❞❡ ✭✶✮✮ sã♦ ❝❤❛♠❛❞❛s ❞❡

❤♦♠♦❝❧í♥✐❝❛s s❡ ❞❡s❝r❡✈❡♠ ✉♠ ✬❧♦♦♣✬ ❡♠ ✉♠ ♠❡s♠♦ ❡q✉✐❧í❜r✐♦ ✭♦✉ s❡❥❛✱ tê♠ ✧✐♥í❝✐♦✧ ❡

✧✜♠✧ ♥♦ ♠❡s♠♦ ♣♦♥t♦✮❀ ❝❛s♦ ❛ tr❛❥❡tór✐❛ ❝♦♥❡❝t❡ ❞♦✐s ❡q✉✐❧í❜r✐♦s ❞✐st✐♥t♦s ❞❛ ❡q✉❛çã♦✱

❛ ❝❤❛♠❛♠♦s ❞❡ ❤❡t❡r♦❝❧í♥✐❝❛✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡♥❞♦ p ❡ q ❡q✉✐❧í❜r✐♦s ❞❡ ✭✶✮✱ ❞✐r❡✲

♠♦s q✉❡ x é ✉♠❛ tr❛❥❡tór✐❛ ❤♦♠♦❝❧í♥✐❝❛ ❝♦♥❡❝t❛♥❞♦ p q✉❛♥❞♦ ♦❝♦rr❡ lim
t→±∞

x(t) = p❀ ❡

q✉❡ é ✉♠❛ tr❛❥❡tór✐❛ ❤❡t❡r♦❝❧í♥✐❝❛ ❝♦♥❡❝t❛♥❞♦ p ❡ q ❝❛s♦ lim
t→−∞

x(t) = p ❡ lim
t→∞

x(t) = q✳

❉❡✜♥✐♠♦s ❛✐♥❞❛ ✉♠ ❝✐❝❧♦ ❤❡t❡r♦❝❧í♥✐❝♦ q✉❡ ❝♦♥s✐st❡ ❞❡ ✈ár✐❛s ór❜✐t❛s ❤❡t❡r♦❝❧í♥✐❝❛s

xj(t) ✭j = 1, . . . , n✮ t❛✐s q✉❡ ♣❛r❛ ❡q✉✐❧í❜r✐♦s p1, . . . , pn t❡♠✲s❡

lim
t→∞

xj(t) = pj+1 = lim
t→−∞

xj+1(t), j = 1, . . . , n,

❝♦♠ xn+1 = x1 ❡ pn+1 = p1✳ ✭✈✐❞❡ ❋✐❣✉r❛ ✶✮

❋✐❣✉r❛ ✶✿ ➚ ❡sq✉❡r❞❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ tr❛❥❡tór✐❛ ❤♦♠♦❝❧í♥✐❝❛❀ ❛♦ ❝❡♥tr♦ ✉♠❛ tr❛❥❡tór✐❛

❤❡t❡r♦❝❧í♥✐❝❛ ❡ à ❞✐r❡✐t❛ ✉♠ ❝í❝❧♦ ❤❡t❡r♦❝❧í♥✐❝♦✳



Ór❜✐t❛s ❤♦♠♦❝❧í♥✐❝❛s ❣❡r❛❧♠❡♥t❡ s✉r❣❡♠ ❛♦ ❝♦♥s✐❞❡r❛r♠♦s s✐st❡♠❛s ♥♦s q✉❛✐s

❡①✐st❡♠ ❛♣❡♥❛s ✉♠❛ ❢❛s❡ ✭♦✉ ✉♠ ❡st❛❞♦✱ ❡①❝❧✉✐♥❞♦✲s❡ ❞❛ ❝♦♥t❛❣❡♠ ♦ ♣ró♣r✐♦ ❡st❛❞♦ ❞❡

❡q✉✐❧í❜r✐♦✮✳ ❏á ❛s ór❜✐t❛s ❤❡t❡r♦❝❧í♥✐❝❛s ❛♣❛r❡❝❡♠ ♣❛r❛ s✐st❡♠❛s q✉❡ ♣❡r❝♦rr❡♠ ❡ ✈❛r✐❛♠

♣♦r ❞✐✈❡rs♦s ❡st❛❞♦s ❞✐st✐♥t♦s✱ t❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✉♠ ❡st❛❞♦ ♣❛r❛ ♦ ♦✉tr♦ ❞❡t❡r♠✐♥❛❞❛

♣♦r ✉♠❛ ❞❡ss❛s ór❜✐t❛s✳ P♦❞❡♠♦s ❞✐③❡r ❡♥tã♦ q✉❡ ❛s tr❛❥❡tór✐❛s ❤❡t❡r♦❝❧í♥✐❝❛s s❡♣❛r❛♠

❢❛s❡s ❞✐st✐♥t❛s ❞♦ ♣r♦❜❧❡♠❛✳ ❚❡♠♦s ❛✐♥❞❛ q✉❡ ♣❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ♥♦ q✉❛❧ ✭✶✮ é

❛✉tô♥♦♠❛✱ ❛s tr❛❥❡tór✐❛s ❤♦♠♦❝❧í♥✐❝❛s ❡ ❤❡t❡r♦❝❧í♥✐❝❛s ❛t✉❛♠ ♥♦ ♣❧❛♥♦ ❞❡ ❢❛s❡s ❝♦♠♦

s❡♣❛r❛tr✐③❡s ❡♥tr❡ r❡❣✐õ❡s ♥❛s q✉❛✐s ❛s ❞❡♠❛✐s s♦❧✉çõ❡s tê♠ ❝♦♠♣♦rt❛♠❡♥t♦s ❞✐st✐♥t♦s✱

❡ ✐st♦ ♥♦s ❛❥✉❞❛ ❛ ❞❡t❡r♠✐♥❛r♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s s♦❧✉çõ❡s ❡♠ t♦❞♦ ♦ ♣❧❛♥♦✳

➱ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r♠♦s ❣r❛♥❞❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡st❛s ór❜✐t❛s ❡♠ ❚❡♦r✐❛ ❞❛ ❇✐✲

❢✉r❝❛çã♦ ❡ ❡♠ ❚❡♦r✐❛ ❞♦ ❈❛♦s✱ t❡♦r✐❛s ❡st❛s ♦♥❞❡✱ ♥❛ ✈❡r❞❛❞❡✱ ❛s tr❛❥❡tór✐❛s t✐✈❡r❛♠ ♦

s❡✉ s✉r❣✐♠❡♥t♦ ✭✈✐❞❡ ♣♦r ❡①❡♠♣❧♦ ❛s r❡❢❡rê♥❝✐❛s ❬✼❪✱ ❬✶✺❪✱ ❬✶✼❪ ❡ ❬✶✽❪✮✳ ▼❛s ♣♦❞❡♠♦s ✐r

❛❧é♠ ❡ ❞❡st❛❝❛r♠♦s ❛♣❧✐❝❛çõ❡s à ◗✉í♠✐❝❛ ❡ à ❇✐♦♠❛t❡♠át✐❝❛ ✭✈✐❞❡ ❬✶✶❪ ❡ ❬✶✻❪✮✱ ❛❧é♠ ❞❡

✈ár✐♦s ♠♦❞❡❧♦s ❢ís✐❝♦s ♥♦s q✉❛✐s ❡ss❡s t✐♣♦s ❞❡ s♦❧✉çõ❡s t❛♠❜é♠ tê♠ ❧✉❣❛r ❣❛r❛♥t✐❞♦✳

◆❡ss❡ ♠♦♠❡♥t♦✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡st✉❞❛r♠♦s ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❡q✉❛çã♦ ✭✶✮✱

✐r❡♠♦s ❝♦♥s✐❞❡r❛r f(t, x) = a(t)V ′(x(t))✱ ❡ ❡st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❣❛r❛♥t✐r♠♦s ❛

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ❝♦♥❡❝t❛♥❞♦ ♦s ❡q✉✐❧í❜r✐♦s −1 ❡ 1 ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

♥ã♦✲❛✉tô♥♦♠♦

ẍ(t) = a(t)V ′(x(t)), ∀ t ∈ R, ✭✷✮

x(t) → −1 s❡ t → −∞ ❡ x(t) → 1 s❡ t → ∞, ✭✸✮

♦♥❞❡ V : R → R é ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s

(V1) V ∈ C2(R,R)❀

(V2) V (t) ≥ 0, ∀ t ∈ R ❡ V (−1) = V (1) = 0❀

(V3) V (t) > 0, ∀ t ∈ (−1, 1)❀

(V4) V ′′(−1), V ′′(1) > 0✱

❡ a : R → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝❧❛ss❡s✿

❈❧❛ss❡ 1✿ a é ✐❞❡♥t✐❝❛♠❡♥t❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛❀

❈❧❛ss❡ 2✿ a é ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛ ❝♦♥tí♥✉❛ ❝♦♠

inf
t∈R

a(t) = a0 > 0;

✼



❈❧❛ss❡ 3✿ a é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❡r✐ó❞✐❝❛✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛ ❝♦♥tí♥✉❛

aP : R → R t❛❧ q✉❡

|a(t)− aP (t)| → 0 q✉❛♥❞♦ |t| → ∞

❡

0 < inf
t∈R

a(t) ≤ a(t) < aP (t), ∀ t ∈ R;

❈❧❛ss❡ 4✿ a é ❝♦❡r❝✐✈❛✱ ✐st♦ é✱

0 < inf
t∈R

a(t) ❡ a(t) → ∞ q✉❛♥❞♦ |t| → ∞;

❈❧❛ss❡ 5✿ ❛ ∈ L∞(R) ❡

lim inf
|t|→∞

a(t) = a∞ > inf
t∈R

a(t) = a(0) > 0.

❊st❛ ú❧t✐♠❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❘❛❜✐♥♦✇✐t③ ❬✷✵❪ ❛♦ ❡st✉❞❛r

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❞♦ t✐♣♦

−∆u+ V (ǫx)u = f(u), x ∈ RN ,

♦♥❞❡ ǫ > 0 é ✉♠ ♣❛râ♠❡tr♦✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ❞✐r❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦

♣❡rt❡♥❝❡♥t❡ ❛ ❡ss❛ ❝❧❛ss❡ ❝✉♠♣r❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③✳

❉❡♥tr❡ ♦s ♠ét♦❞♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❣❛r❛♥t✐r♠♦s ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦✲

❝❧í♥✐❝❛s✱ ❢♦❝❛r❡♠♦s ♥♦s ♠ét♦❞♦s ✈❛r✐❛❝✐♦♥❛✐s✱ ❝♦♠❜✐♥❛♥❞♦ ✐❞❡✐❛s ❝❧áss✐❝❛s ❞❛ t❡♦r✐❛ ❞❡

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❝♦♠ ❛ ♠♦❞❡r♥❛ t❡♦r✐❛ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s✳ ●r❛♥❞❡ ♣❛rt❡

❞❛ ❝♦♥tr✐❜✉✐çã♦ ♥❡ss❛s té❝♥✐❝❛s ❞ár✲s❡ ❛ ❆♠❜r♦s❡tt✐✱ ❇♦❧♦t✐♥✱ ❈♦t✐ ❩❡❧❛t✐✱ ❊❦❡❧❛♥❞✱ ❘❛✲

❜✐♥♦✇✐t③ ❡ ❙éré ✭❬✷❪✱ ❬✹❪✱ ❬✾❪✱ ❬✶✵❪ ❡ ❬✶✾❪✮✳ ◆❡ss❡ ❝❛♠✐♥❤♦✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r✱ ❛ss♦❝✐❛❞♦

à ❡q✉❛çã♦ ✭✷✮✱ ♦ ❢✉♥❝✐♦♥❛❧ J : H1
loc(R) → [0,∞] ❞❡✜♥✐❞♦ ♣♦r

J(x) =

∫ ∞

−∞

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt, ✭✹✮

❡ ♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ♦ ❞❡ ♠✐♥✐♠✐③á✲❧♦ ♥♦ ❝♦♥❥✉♥t♦

W = {x ∈ H1
loc(R) | x+ 1 ∈ H1(−∞, 0) ❡ x− 1 ∈ H1(0,∞)}, ✭✺✮

❣❛♥❤❛♥❞♦ ❛ss✐♠ ✭❝♦♠♦ ✈❡r❡♠♦s ❛♦ ❧♦♥❣♦ ❞♦s ❡st✉❞♦s✮ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✮✲✭✸✮✳

✽



❱❛❧❡ r❡ss❛❧t❛r ❞❡ ✐♥í❝✐♦ ❛❧❣✉♠❛s ❞❛s ❞✐✜❝✉❧❞❛❞❡s q✉❡ ❡♥❝♦♥tr❛r❡♠♦s ♣❡❧♦ ❝❛♠✐✲

♥❤♦✿ ❛ ♣r✐♠❡✐r❛ é q✉❡ ♦ ❝♦♥❥✉♥t♦ W ♥ã♦ é ❇❛♥❛❝❤❀ ♥❛ ✈❡r❞❛❞❡✱ W ♥ã♦ ❝❤❡❣❛ ❛ s❡r

❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ P♦ré♠✱ ❛✐♥❞❛ ❝♦♥s❡❣✉✐r❡♠♦s ❣❛r❛♥t✐r ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ J ✱ r❡✲

s✉❧t❛❞♦ ❡ss❡♥❝✐❛❧ ♣❛r❛ ♣♦❞❡r♠♦s ❝♦♠♣r♦✈❛r q✉❡ ♣♦♥t♦s ❞❡ ♠í♥✐♠♦ sã♦ s♦❧✉çõ❡s✳ ❆

s❡❣✉♥❞❛ ❞✐✜❝✉❧❞❛❞❡ é ❡s❝♦❧❤❡r♠♦s s❡q✉ê♥❝✐❛s ♠✐♥✐♠✐③❛♥t❡s ❞❡ J ❡♠ W q✉❡ ❝✉♠♣r❛♠

❛❞❡q✉❛❞❛♠❡♥t❡ ❡st❡ ♣❛♣❡❧✱ ♦✉ s❡❥❛✱ s❡q✉ê♥❝✐❛s q✉❡ ♥♦s ❞❡❡♠ ✉♠❛ ♠❡♥♦r q✉❛♥t✐❞❛❞❡

❞❡ ❡♥❡r❣✐❛ ❛❝✉♠✉❧❛❞❛✳ ❈♦♠ ❡ss❡ ♦❜❥❡t✐✈♦✱ ❣r❛♥❞❡ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦ s❡rá ❢♦❝❛❞♦ ❡♠

♦❜t❡r♠♦s t❛✐s s❡q✉ê♥❝✐❛s✳

❈♦♠♦ ♣❛♥♦r❛♠❛ ❣❡r❛❧✱ ♦ t❡①t♦ ❡st❛rá ❞✐✈✐❞✐❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ♥♦ ❈❛♣ít✉❧♦

✶ tr❛t❛r❡♠♦s ❞❡ ❛s♣❡❝t♦s ❣❡r❛✐s ❞♦ ❢✉♥❝✐♦♥❛❧ J ✱ t❛✐s ❝♦♠♦ ❣❛r❛♥t✐r♠♦s q✉❡ ❡❧❡ é ❞✐❢❡✲

r❡♥❝✐á✈❡❧ ✭❛♣❡s❛r ❞♦ ❡s♣❛ç♦ W ♥❡♠ s❡q✉❡r s❡r ❡s♣❛ç♦ ✈❡t♦r✐❛❧✦✮ ❡ q✉❡ ♦s ♣♦♥t♦s q✉❡ ♦

♠✐♥✐♠✐③❛♠ sã♦✱ ❞❡ ❢❛t♦✱ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳ ❆❧é♠ ❞✐ss♦✱ tr❛③❡♠♦s

♥♦ ❈❛♣ít✉❧♦ ✷ ❛ ❣❛r❛♥t✐❛ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ q✉❛♥❞♦ ❛ ❢✉♥çã♦ a ❢♦r ❝♦♥st❛♥t❡ ❡✱

♣♦st❡r✐♦r♠❡♥t❡✱ ♣❡r✐ó❞✐❝❛ ✭❝❧❛ss❡s 1 ❡ 2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ ❆ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ♥♦

❡st✉❞♦s ❞❡ss❡s ❝❛s♦s ❢♦✐ ❬✺❪✳

❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡✱ t❡r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ ✸ ❛ ❣❛r❛♥t✐❛ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

❤❡t❡r♦❝❧í♥✐❝❛ q✉❛♥❞♦ a ❢♦r ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❡r✐ó❞✐❝❛ ✭❝❧❛ss❡ 3✮✳ ❆✐♥❞❛ ♥❡st❡ ❝❛♣ít✉❧♦✱

tr❛t❛r❡♠♦s ❞♦ ❝❛s♦ ❝♦❡r❝✐✈♦ ✭❝❧❛ss❡ 4✮ q✉❡✱ ❞❡✈✐❞♦ à ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ✉♠❛ ✐♠❡r✲

sã♦ ❝♦♥tí♥✉❛ ❝♦♥✈❡♥✐❡♥t❡ ❡♠ H1(R) ✭❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❞❡ ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❡♠

H1(−∞, 0) ❡ H1(0,∞)✮✱ ♣♦❞❡rá s❡r ❛❜♦r❞❛❞♦ ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✳ ❊st❡s r❡s✉❧t❛❞♦s

sã♦ ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶❪✳

◆♦ ❈❛♣ít✉❧♦ ✹ ❡st✉❞❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛ q✉❛♥❞♦ a ❝✉♠♣r✐r à ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐✲

♥♦✇✐t③ ✭❝❧❛ss❡ 5✮✳ P♦ré♠✱ ♥❡ss❡ ♠♦♠❡♥t♦ s❡rá ♥❡❝❡ssár✐♦ ✐♥tr♦❞✉③✐r♠♦s ♦ ❢✉♥❝✐♦♥❛❧

Jǫ : H
1
loc(R) → [0,∞] ❞❛❞♦ ♣♦r

Jǫ(x) =

∫ ∞

−∞

(

1

2
ẋ(t)2 + a(ǫt)V (x(t))

)

dt, ✭✻✮

♦♥❞❡ ǫ > 0 é ✉♠ ♣❛râ♠❡tr♦✳ ◆❡st❡ ❝❛s♦✱ ❡♥❝♦♥tr❛r❡♠♦s s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❛♣❡♥❛s

♣❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ ❚❛♠❜é♠ t✐✈❡♠♦s ❝♦♠♦ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ❬✶❪✳

P♦r ✜♠✱ tr❛③❡♠♦s ♠❛✐s ❛❧❣✉♠❛s ❝❧❛ss❡s ❞❡ ❢✉♥çõ❡s q✉❡ ❢♦r❛♠ ✐♥✈❡st✐❣❛❞❛s ❡ s❛❜❡✲

s❡ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ❡❧❛s✱ ❝✐t❛♥❞♦ s✉❛s r❡s♣❡❝t✐✈❛s r❡❢❡rê♥❝✐❛s✳

◆♦ ♠❛✐s✱ ❝♦♥t❛♠♦s ❝♦♠ ✉♠ ❆♣ê♥❞✐❝❡ ❡❧❡♥❝❛♥❞♦ r❡s✉❧t❛❞♦s ❝❧áss✐❝♦s ❡ q✉❡ s❡rã♦ ✐♠✲

♣r❡s❝✐♥❞í✈❡✐s ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛s ❞❡♠♦♥str❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ❛q✉✐✳ ❆✐♥❞❛ ❡♠

✾



❆♣ê♥❞✐❝❡ ❞❡♠♦♥str❛♠♦s ♣r♦♣r✐❡❞❛❞❡s ❝♦♠♣❧❡♠❡♥t❛r❡s q✉❡ ♥ã♦ ❢♦r❛♠ r❡s♦❧✈✐❞❛s ❞✉✲

r❛♥t❡ ♦ t❡①t♦ ♣❛r❛ ♥ã♦ ❞❡s✈✐❛r♠♦s ❛ ❛t❡♥çã♦ ❞♦ ❧❡✐t♦r ♥♦ q✉❡ ❞❡ ❢❛t♦ ❡r❛ ✐♠♣♦rt❛♥t❡

♥❛q✉❡❧❡ ♠♦♠❡♥t♦✳

✶✵



❈❛♣ít✉❧♦ ✶

❖ ❋✉♥❝✐♦♥❛❧ ❆ss♦❝✐❛❞♦ ❛♦ Pr♦❜❧❡♠❛

P❛r❛ ♦s tó♣✐❝♦s q✉❡ ❡st❛❜❡❧❡❝❡r❡♠♦s ♥❡st❡ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ é ♥❡❝❡ssár✐♦ ❛♣❡♥❛s

s✉♣♦r♠♦s q✉❡ ❛ ❢✉♥çã♦ a : R → R s❡❥❛ ❝♦♥tí♥✉❛ ❡ ❡①✐st❛♠ ❝♦♥st❛♥t❡s a0✱ a1 > 0 t❛✐s

q✉❡

a0 ≤ a(t) ≤ a1, ∀ t ∈ R. ✭✶✳✶✮

❆ ❛♣r❡s❡♥t❛çã♦ s❡rá ❛ ♠❛✐s ❣❡r❛❧ ♣♦ssí✈❡❧✱ ❡ ♦s r❡s✉❧t❛❞♦s ❛q✉✐ ❞❡♠♦♥str❛❞♦s s❡rã♦

♣❡ç❛s ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❞❡t❡r♠✐♥❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ♣❛r❛

♣r♦❜❧❡♠❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥ã♦✲❛✉tô♥♦♠♦s✳ ▼❛s ❝♦❧♦❝❛r♠♦s ❡st❛ ❤✐♣ót❡s❡ s♦❜r❡ a

♣♦❞❡ ❝❛✉s❛r✱ à ♣r✐♥❝í♣✐♦✱ ❝❡rt♦ ✐♥❝ô♠♦❞♦ ♣❛r❛ ♦s ❧❡✐t♦r❡s q✉❡ ❥á s❡ ♣r❡♦❝✉♣❛♠ ❡♠ ❝♦♠♦

✐r❡♠♦s ❧✐❞❛r ❝♦♠ ♦ ❝❛s♦ ❝♦❡r❝✐✈♦✿ ♥♦ ❈❛♣ít✉❧♦ ✸ t❡r❡♠♦s ♦ ❝✉✐❞❛❞♦ ❞❡ ❢❛③❡r ♦s ❛❥✉st❡s

♥❡❝❡ssár✐♦s ♣❛r❛ tr❛t❛r♠♦s ❞❡ss❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s✱ ❡ ♥ã♦ t❡r♠♦s q✉❡ ❛♣r❡s❡♥t❛r ♥♦✈♦s

r❡s✉❧t❛❞♦s ♦✉ ❛❞❛♣t❛çõ❡s ❞❡♠❛s✐❛❞❛♠❡♥t❡ tr❛❜❛❧❤♦s❛s✳

❈♦♥s✐❞❡r❡♠♦s ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥ã♦✲❛✉tô♥♦♠♦ ❝♦♠♦ ❥á ♣r♦✲

♣♦st♦ ♥❛ ✐♥tr♦❞✉çã♦✿

ẍ(t) = a(t)V ′(x(t)), t ∈ R, ✭✶✳✷✮

x(t) → −1 s❡ t → −∞ ❡ x(t) → 1 s❡ t → ∞, ✭✶✳✸✮

♦♥❞❡ V : R → R é ✉♠❛ ❢✉♥çã♦ ✈❡r✐✜❝❛♥❞♦

(V1) V ∈ C2(R)❀

(V2) V (t) ≥ 0, ∀ t ∈ R ❡ V (−1) = V (1) = 0❀



(V3) V (t) > 0, ∀ t ∈ (−1, 1)❀

(V4) V ′′(−1), V ′′(1) > 0✳

❖❜s❡r✈❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ V ′(1) = V ′(−1) = 0✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥✲

tr❛❞✐çã♦ q✉❡ ♦❝♦rr❛ V ′(−1) 6= 0 ♦✉ V ′(1) 6= 0 ❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❝♦♥s✐❞❡r❡

V ′(1) > 0✳ ❊♥tã♦✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ V ′ ❞❡✈❡♠ ❡①✐st✐r c > 0 ❡ δ ∈ (0, 1) t❛✐s q✉❡

V ′(t) ≥ c ♣❛r❛ t♦❞♦ t ∈ (1− δ, 1 + δ)✳ ▲♦❣♦✱ s❡ 1− δ ≤ t0 ≤ 1 s❡❣✉❡ ❞❡ (V2) q✉❡

−V (t0) = V (1)− V (t0) =

∫ 1

t0

V ′(t) dt ≥ c(1− t0) > 0,

❞♦♥❞❡ V (t0) < 0✱ ✉♠ ❛❜s✉r❞♦✳ ❆♥❛❧♦❣❛♠❡♥t❡ ♣♦❞❡♠♦s r❡s♦❧✈❡r t♦❞♦s ♦s ❞❡♠❛✐s ❝❛s♦s✱

❛ s❛❜❡r V ′(−1) < 0✱ V ′(−1) > 0 ♦✉ V ′(1) < 0✳ ❉❡ss❛ ❢♦r♠❛✱ ❣❛r❛♥t✐♠♦s V ′(1) =

V ′(−1) = 0 ❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ −1 ❡ 1 sã♦ ❡q✉✐❧í❜r✐♦s ❞❡ ✭✶✳✷✮ ❡✱ ♣♦rt❛♥t♦✱ ❢❛③

s❡♥t✐❞♦ ♣r♦❝✉r❛r♠♦s ♣♦r tr❛❥❡tór✐❛s ❤❡t❡r♦❝❧í♥✐❝❛s ❝♦♥❡❝t❛♥❞♦✲♦s✳

❈♦♥t✐♥✉❛♥❞♦ ❛ ❛♥❛❧✐s❛r ❛ ❢✉♥çã♦ V t❡r❡♠♦s ♦ s❡❣✉✐♥t❡✳ P♦r (V4)✱ s❛❜❡♠♦s q✉❡

V ′′(1) > 0 ❡ ❛ss✐♠ ❡①✐st❡ γ1 ∈ (0, 1) ❞❡ t❛❧ ❢♦r♠❛ q✉❡ V t❡♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡❝r❡s❝❡♥t❡

❡♠ [1 − γ1, 1] ❡ ❝r❡s❝❡♥t❡ ❡♠ [1, 1 + γ1]✳ ❆❧é♠ ❞✐ss♦✱ V ′′(−1) > 0 ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡

γ2 ∈ (0, 1) t❛❧ q✉❡ V t❡♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡❝r❡s❝❡♥t❡ ❡♠ [−1− γ2,−1] ❡ ❝r❡s❝❡♥t❡ ❡♠

[−1,−1 + γ2]✳ ❊s❝♦❧❤❡♥❞♦

γ0 = min{γ1, γ2} ∈ (0, 1), ✭✶✳✹✮

t❡♠✲s❡

z1 < z2 ❡♠ [−1− γ0,−1] ♦✉ z1 < z2 ❡♠ [1− γ0, 1] =⇒ V (z1) > V (z2)

❡

z1 < z2 ❡♠ [−1,−1 + γ0] ♦✉ z1 < z2 ❡♠ [1, 1 + γ0] =⇒ V (z1) < V (z2).

❆✜r♠❛♠♦s ❛❣♦r❛ q✉❡ ❞❡ (V1)− (V4)✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C1, C2, δ0 > 0✱ ❝♦♠ C1 < C2✱

t❛✐s q✉❡

C1(t− 1)2 ≤ V (t) ≤ C2(t− 1)2, ∀ t ∈ (1− δ0, 1 + δ0)

❡

C1(t+ 1)2 ≤ V (t) ≤ C2(t+ 1)2, ∀ t ∈ (−1− δ0,−1 + δ0).

✶✷



Pr♦✈❡♠♦s ❡st❡ ❢❛t♦✳ ❙❡❥❛ b = V ′′(1) > 0✳ ▲♦❣♦✱
b

2
< V ′′(1) <

3b

2
❡ ❛ss✐♠✱ ♣❡❧❛

❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ V ′′ ✭❥á q✉❡ V é ❞❡ ❝❧❛ss❡ C2(R))✱ ❞❡✈❡ ❡①✐st✐r δ1 > 0 s❛t✐s❢❛③❡♥❞♦

t ∈ (1− δ1, 1 + δ1) ⇒ b

2
≤ V ′′(t) ≤ 3b

2
. ✭✶✳✺✮

▲❡♠❜r❛♥❞♦ q✉❡ V (1) = V ′(1) = 0✱ t❡♠♦s✿

i) ❈❛s♦ t ∈ (1, 1 + δ1)✱ ❡♥tã♦ ❞❡ ✭✶✳✺✮

V ′(t) = V ′(t)− V ′(1) =

∫ t

1

V ′′(s) ds ≤ 3b

2
(t− 1).

❆❧é♠ ❞✐ss♦✱

V (t) = V (t)− V (1) =

∫ t

1

V ′(s) ds ≤ 3b

2

∫ t

1

(s− 1) ds =
3b

4
(t− 1)2. ✭✶✳✻✮

ii) ❈❛s♦ t ∈ (1− δ1, 1)✱ ❡♥tã♦

−V ′(t) = V ′(1)− V ′(t) =

∫ 1

t

V ′′(s) ds ≤ 3b

2
(1− t).

❆❞❡♠❛✐s✱

−V (t) = V (1)− V (t) =

∫ 1

t

V ′(s) ds ≥ 3b

2

∫ 1

t

(s− 1) ds = −3b

4
(t− 1)2,

❞♦♥❞❡

V (t) ≤ 3b

4
(t− 1)2. ✭✶✳✼✮

❈♦♠ ✐ss♦✱ ♣♦r ✭✶✳✻✮ ❡ ✭✶✳✼✮✱ ♦❜t❡♠♦s

t ∈ (1− δ1, 1 + δ1) ⇒ V (t) ≤ 3b

4
(t− 1)2.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡

t ∈ (1− δ1, 1 + δ1) ⇒ b

4
(t− 1)2 ≤ V (t),

❡ ♣♦rt❛♥t♦

t ∈ (1− δ1, 1 + δ1) ⇒ b

4
(t− 1)2 ≤ V (t) ≤ 3b

4
(t− 1)2.

❙❡❣✉✐♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦✱ ❞❡ss❛ ✈❡③ ❝♦♠ c = V ′′(−1)✱ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r♠♦s

δ2 > 0 t❛❧ q✉❡

t ∈ (−1− δ2,−1 + δ2) ⇒ c

4
(t+ 1)2 ≤ V (t) ≤ 3c

4
(t+ 1)2.

✶✸



❆❣♦r❛✱ ❜❛st❛ t♦♠❛r♠♦s

δ0 = min{δ1, δ2} > 0, ✭✶✳✽✮

C1 = min

{

b

4
,
c

4

}

❡ C2 = max

{

3b

4
,
3c

4

}

✱ ❡♥❝♦♥tr❛♥❞♦ ❛s ❝♦♥st❛♥t❡s ❞❡s❡❥❛❞❛s✳

➱ ♣♦ssí✈❡❧ ❛✐♥❞❛ ❡♥❝♦♥tr❛r♠♦s C > 0 ❡ ξ > 0 ❞❡ t❛❧ ❢♦r♠❛ q✉❡ s❡❥❛ ✈á❧✐❞❛ ❛ s❡❣✉✐♥t❡

❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛ V ′✿

|V ′(s)| ≤ C|s− 1|, ∀ s ∈ [−1− ξ, 1 + ξ]. ✭✶✳✾✮

❉❡ ❢❛t♦✱ ♣♦✐s ♥♦t❛♥❞♦ q✉❡

lim
s→1

V ′(s)

s− 1
= lim

s→1

V ′′(s)

1

= V ′′(1)

> 0,

❞❡✈❡ ❡①✐st✐r ξ1 > 0 ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♣❛r❛ |s− 1| ≤ ξ1 t❡♠✲s❡
∣

∣

∣

∣

V ′(s)

s− 1
− V ′′(1)

∣

∣

∣

∣

≤ 1.

❖✉ s❡❥❛✱

|V ′(s)| ≤ C1|s− 1|, ∀ s ∈ [1− ξ1, 1 + ξ1],

♦♥❞❡ C1 = 1 + V ′′(1)✳

P❡r❝❡❜❛ ❛❣♦r❛ q✉❡

lim
s→−1

V ′(s)

s− 1
= 0,

❞♦♥❞❡ ❡①✐st❡ ξ2 > 0 t❛❧ q✉❡

|V ′(s)| ≤ |s− 1|, ∀ s ∈ [−1− ξ2,−1 + ξ2].

❚♦♠❛♥❞♦ ξ = min{ξ1, ξ2}✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♥ú♠❡r♦

η = max

{
∣

∣

∣

∣

V ′(s)

s− 1

∣

∣

∣

∣

| s ∈ [−1 + ξ, 1− ξ]

}

.

❉❛í✱

|V ′(s)| ≤ η|s− 1|, ∀ s ∈ [−1 + ξ, 1− ξ],

❡ ❡s❝♦❧❤❡♠♦s C = max{1 + V ′′(1), η}✱ ❝♦♥❝❧✉✐♥❞♦ ❛ ❛✜r♠❛çã♦✳

✶✹



❆ ♣❛rt✐r ❞❡ss❡ ♠♦♠❡♥t♦ ❢❛r❡♠♦s ❛❧❣✉♠❛s ♠♦❞✐✜❝❛çõ❡s ♥❛ ❢✉♥çã♦ V ❛ ✜♠ ❞❡

❣❛r❛♥t✐r♠♦s ♣❛r❛ ❡❧❛ ✉♠❛ ✬❜♦❛✬ ❣❡♦♠❡tr✐❛ ❢♦r❛ ❞♦ ✐♥t❡r✈❛❧♦ [−1, 1]✳ ❖ q✉❡ q✉❡r❡♠♦s

❞✐③❡r ♣♦r ❜♦❛ ❣❡♦♠❡tr✐❛ é q✉❡ V ♥ã♦ ❛t✐♥❣❡ ♥❡♥❤✉♠ ♠í♥✐♠♦ ✭V (t) = 0✮ ❢♦r❛ ❞❡ [−1, 1]✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❡ss❛s ♠♦❞✐✜❝❛çõ❡s s❡rã♦ ♥❡❝❡ssár✐❛s ♥❡ss❡ ♠♦♠❡♥t♦ ♣❛r❛ ❡♥✉♥❝✐❛r✲

♠♦s r❡s✉❧t❛❞♦s ❣❡r❛✐s ❡♠ R✱ ♠❛s q✉❡ ♣♦st❡r✐♦r♠❡♥t❡ ✈❡r❡♠♦s q✉❡ ♥ã♦ s❡rá ✐♠♣♦rt❛♥t❡

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ V ❡♠ (−∞,−1) ∪ (1,∞)✱ ❥á q✉❡ ❛s s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

✭✶✳✷✮✲✭✶✳✸✮ s❡rã♦ ❢✉♥çõ❡s x ∈ H1
loc(R) ∩ C2(R) ❝♦♠ x(t) ∈ (−1, 1)✱ ♣❛r❛ t♦❞♦ t ∈ R✳

P❛r❛ t❛♥t♦✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ✭❡ s❡♠♣r❡ ♣r❡s❡r✈❛r ❡ss❛ ♥♦t❛çã♦✮

ε0 = min{γ0, δ0}, ✭✶✳✶✵✮

♦♥❞❡ γ0 é ❞❛❞❛ ❡♠ ✭✶✳✹✮ ❡ ❞❡✜♥❡ ✐♥t❡r✈❛❧♦s ♣❛r❛ ❝r❡s❝✐♠❡♥t♦ ❡ ❞❡❝r❡s❝✐♠❡♥t♦ ❞❡ V ❡ δ0

é ❞❛❞♦ ♣♦r ✭✶✳✽✮ ❡ ❣❛r❛♥t❡ ❧✐♠✐t❛çõ❡s ♣❛r❛ V ♣ró①✐♠♦ ❛♦s ♣♦♥t♦s −1 ❡ 1✳ ❆ss✐♠✱ ε0 é

t❛❧ q✉❡

z1 < z2 ❡♠ [−1− ε0,−1] ♦✉ z1 < z2 ❡♠ [1− ε0, 1] =⇒ V (z1) > V (z2)

❡

z1 < z2 ❡♠ [−1,−1 + ε0] ♦✉ z1 < z2 ❡♠ [1, 1 + ε0] =⇒ V (z1) < V (z2).

❆❧é♠ ❞✐ss♦✱

C1(t− 1)2 ≤ V (t) ≤ C2(t− 1)2, ∀ t ∈ (1− ε0, 1 + ε0) ✭✶✳✶✶✮

❡

C1(t+ 1)2 ≤ V (t) ≤ C2(t+ 1)2, ∀ t ∈ (−1− ε0,−1 + ε0). ✭✶✳✶✷✮

❯♠❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡✿ s✉♣♦♥❤❛♠♦s ε0 ❞❡ t❛❧ ❢♦r♠❛ q✉❡

V (−1 + ε0) = V (1− ε0) =

(

min
t∈[−1+ε0,1−ε0]

V (t)

)

. ✭✶✳✶✸✮

❊st❛ ❤✐♣ót❡s❡ s❡rá ❛♣❡♥❛s ♣❛r❛ ♠❡❧❤♦r❛r ❛ ❡s❝r✐t❛ ❡ ❛ ❝♦♠♣r❡❡♥sã♦ ❞♦s r❡s✉❧t❛❞♦s q✉❡

s❡rã♦ ❛♣r❡s❡♥t❛❞♦s✳ ◆♦ ❡♥t❛♥t♦✱ ❡❧❛ ♣♦❞❡ s❡r ❞❡s❝♦♥s✐❞❡r❛❞❛✱ ✐ss♦ ♣♦r q✉❡ ♥ã♦ é ♥❡❝❡s✲

sár✐♦ q✉❡ t❡♥❤❛♠♦s t❛♥t❛ s✐♠❡tr✐❛ ❡♠ r❡❧❛çã♦ ❛ ❢✉♥çã♦ V ✳ ▼❛s ❛♦ ❞❡s❝❛rtá✲❧❛✱ t❡r❡♠♦s

q✉❡ s❡♠♣r❡ ❧✐❞❛r ❝♦♠ ✐♥t❡r✈❛❧♦s ❞❛ ❢♦r♠❛ (−1 + ε1, 1 − ε2)✱ ♦♥❞❡ ε1 s❡rá ❛ ❝♦♥st❛♥t❡

s❛t✐s❢❛③❡♥❞♦ às ❝♦♥❞✐çõ❡s q✉❛♥❞♦ ♦s ✈❛❧♦r❡s ❡st✐✈❡r❡♠ ♣ró①✐♠♦s ❛ −1 ❡ ε2 ❛ ❝♦♥st❛♥t❡

s❛t✐s❢❛③❡♥❞♦ às ❝♦♥❞✐çõ❡s ♣❛r❛ ✈❛❧♦r❡s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 1✳ ❊♥tã♦✱ ♣❛r❛ ❡✈✐t❛r ❡ss❡ t✐♣♦

❞❡ s✐t✉❛çã♦✱ ♣♦❞❡♠♦s ♦♣t❛r ❛♣❡♥❛s ♣♦r ✭✶✳✶✸✮✳

✶✺



❈♦♥s✐❞❡r❡♠♦s ❡♥tã♦ ✉♠❛ ♥♦✈❛ ❢✉♥çã♦ Ṽ ∈ C2(R) s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛✲

❞❡s✿

(V5) Ṽ (t) = V (t), ∀ t ∈ [−1− ε0, 1 + ε0]❀

(V6) Ṽ (t) > 0, ∀ t ∈ (−∞,−1− ε0) ∪ (1 + ε0,∞)❀

(V7) Ṽ ′(t) t > 0, ∀ t ∈ (−∞,−1) ∪ (1,∞)❀

(V8) Ṽ (t) → ∞ q✉❛♥❞♦ |t| → ∞✳

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ❝♦♥s✐❞❡r❛r❡♠♦s s❡♠♣r❡ ❛ ❢✉♥çã♦ Ṽ ✱ ♣♦ré♠ ❛✐♥❞❛ ✐r❡♠♦s

❞❡♥♦tá✲❧❛ ♣♦r V ✳ ◆♦t❡ q✉❡ ❞❡ (V5) ❡ (V6)✱ ♦❝♦rr❡ V (t) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t = ±1❀ ❞❡

(V7) t❡♠♦s V ❞❡❝r❡s❝❡♥t❡ ❡♠ (−∞,−1) ❡ ❝r❡s❝❡♥t❡ ❡♠ (1,∞)❀ ❡ ❞❡ (V8) s❡❣✉❡ q✉❡ V

t♦r♥❛✲s❡ ❝♦❡r❝✐✈❛✳

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥❛ ■♥tr♦❞✉çã♦✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❢✉♥❝✐♦♥❛❧ J : H1
loc(R) → [0,∞]

❞❡✜♥✐❞♦ ♣♦r

J(x) =

∫ ∞

−∞

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt,

❡ ♦ ♦❜❥❡t✐✈♦ s❡rá ♠✐♥✐♠✐③á✲❧♦ ♥♦ ❝♦♥❥✉♥t♦ W ⊂ H1
loc(R) ❞❛❞♦ ♣♦r

W = {x ∈ H1
loc(R) | x+ 1 ∈ H1(−∞, 0) ❡ x− 1 ∈ H1(0,∞)}.

❖ ♠♦t✐✈♦ ♣❛r❛ ❝♦♥s✐❞❡r❛r♠♦s J ❡ W é q✉❡✱ ❝♦♠♦ ✈❡r❡♠♦s ❡♠ ❜r❡✈❡✱ ❛s ❢✉♥çõ❡s x ∈ W

q✉❡ ♠✐♥✐♠✐③❛♠ ♦ ❢✉♥❝✐♦♥❛❧ J s❡rã♦ s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ✭✶✳✷✮✳

❉✐s❝♦rr❡♠♦s ♥❡ss❡ ♠♦♠❡♥t♦ s♦❜r❡ ♣r♦♣r✐❡❞❛❞❡s ❡ ♦❜s❡r✈❛çõ❡s ❛ r❡s♣❡✐t♦ ❞❡ J ❡ W ✳

■♥✐❝✐❛❧♠❡♥t❡ ♦❜s❡r✈❛♠♦s q✉❡ ♣❛r❛ q✉❛✐sq✉❡r x ∈ W ✱ v ∈ H1(R) ❡ h ∈ R✱ t❡♠✲s❡

x+ hv ∈ W. ✭✶✳✶✹✮

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ♠étr✐❝❛ ♥♦ ❝♦♥❥✉♥t♦ W ✿ ♦r❛✱ ♣❛r❛ q✉❛✐sq✉❡r x✱

z ∈ W ✱ t❡♠✲s❡ x− z ∈ H1(R)✱ ♥♦s ❣❛r❛♥t✐♥❞♦ ❛ ❜♦❛ ❞❡✜♥✐çã♦ ❞❛ s❡❣✉✐♥t❡ ❢✉♥çã♦✿

ρ : W ×W −→ [0,∞)

(x, z) 7−→ ρ(x, z) = ‖x− z‖H1(R)

.

➱ ♣♦ssí✈❡❧ ♣r♦✈❛r♠♦s q✉❡ (W, ρ) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✱ ❡ ❛ ❞❡♠♦♥str❛çã♦

❡♥❝♦♥tr❛✲s❡ ♥❛ ♣r♦♣♦s✐çã♦ ❆✳✹✱ ❆♣ê♥❞✐❝❡ ❆✳

✶✻



❖❜s❡r✈❡ q✉❡ s❡ x ∈ W ✱ ❡♥tã♦ J(x) < ∞✳ ❈♦♠ ❡❢❡✐t♦✱ ♣♦✐s x ∈ W ✐♠♣❧✐❝❛ x − 1 ∈
H1(0,∞) ❡ ❛ss✐♠ (x− 1)′ = ẋ ∈ L2(0,∞)✳ ▲♦❣♦✱

1

2

∫ ∞

0

ẋ(t)2 dt < ∞. ✭✶✳✶✺✮

❚❡♠♦s ❛✐♥❞❛ q✉❡ x(t) → 1 q✉❛♥❞♦ t → ∞✱ ❞♦♥❞❡ ❞❡✈❡ ❡①✐st✐r R > 0 t❛❧ q✉❡ s❡

t > R ❡♥tã♦ x(t) ∈ (1 − ε0, 1 + ε0)✳ ❉❛í✱ ♣♦r ✭✶✳✶✶✮✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ V ❡ ♣♦r

x− 1 ∈ L2(0,∞)✱ ♦❜t❡♠♦s
∫ ∞

0

a(t)V (x(t)) dt ≤ a1

∫ ∞

0

V (x(t)) dt

= a1

∫ R

0

V (x(t)) dt+ a1

∫ ∞

R

V (x(t)) dt

≤ a1

∫ R

0

V (x(t)) dt+ a1C2

∫ ∞

R

(x(t)− 1)2 dt

< ∞.

✭✶✳✶✻✮

❆ss✐♠✱ ♣♦r ✭✶✳✶✺✮ ❡ ✭✶✳✶✻✮ ❝♦♥❝❧✉í♠♦s q✉❡
∫ ∞

0

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt < ∞.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ♣r♦✈❛♠♦s q✉❡
∫ 0

−∞

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt < ∞,

❡ ♣♦rt❛♥t♦

J(x) < ∞, ∀ x ∈ W. ✭✶✳✶✼✮

❘❡❝♦r❞❛♥❞♦ ✭✶✳✶✹✮✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ J é ✧●ât❡❛✉①✲❞✐❢❡r❡♥❝✐á✈❡❧✧ ❡♠ W

♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ♣❛r❛ x ∈ W ✱ v ∈ H1(R) ❡ h ∈ R✱ ❡①✐st❡ ♦ ❧✐♠✐t❡

lim
h→0

J(x+ hv)− J(x)

h
. ✭✶✳✶✽✮

❉❡✜♥✐r❡♠♦s ❡♥tã♦ ❛ ♥♦t❛çã♦

J ′(x) · v = lim
h→0

J(x+ hv)− J(x)

h
,

❡ ♣r♦✈❛r❡♠♦s q✉❡

J ′(x) · v =

∫ ∞

−∞

[ẋ(t)v̇(t) + a(t)V ′(x(t)) v(t)] dt, ∀ x ∈ W ❡ v ∈ H1(R). ✭✶✳✶✾✮

✶✼



❉❡ ❢❛t♦✱ ✐♥✐❝✐❛❧♠❡♥t❡ ♥♦t❡ q✉❡

1

h

∫ ∞

0

(

1

2
(x+ hv)′(t)2 − 1

2
ẋ(t)2

)

dt =
1

h

∫ ∞

0

(

1

2
(2hẋ(t)v̇(t) + h2v̇(t)2)

)

dt

=

∫ ∞

0

(

ẋ(t)v̇(t) +
1

2
hv̇(t)2

)

dt.

❖r❛✱

lim
h→0

(

ẋ(t)v̇(t) +
1

2
hv̇(t)2

)

= ẋ(t)v̇(t)

❡ ✭❝❛s♦ |h| ≤ 1✮

|ẋ(t)v̇(t) + 1

2
hv̇(t)2| ≤ |ẋ(t)||v̇(t)|+ 1

2
|h||v̇(t)|2

≤ |ẋ(t)||v̇(t)|+ |v̇(t)|2.

P♦r x ∈ W ✱ s❡❣✉❡ x − 1 ∈ H1(0,∞)✱ ❞♦♥❞❡ ẋ ∈ L2(0,∞)✳ ❙❛❜❡♠♦s ❛✐♥❞❛ q✉❡

v̇ ∈ L2(0,∞)✱ ❥á q✉❡ v ∈ H1(R)✳ ❉❛í✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s
∫ ∞

0

(|ẋ(t)||v̇(t)|+ |v̇(t)|2) dt ≤ ‖ẋ‖L2(0,∞)‖v̇‖L2(0,∞) + ‖v̇‖2L2(0,∞)

< ∞,

♠♦str❛♥❞♦ q✉❡ ẋv̇+v̇2 ∈ L1(0,∞)✳ ❙❡❣✉❡ ❡♥tã♦ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛

❞❡ ▲❡❜❡s❣✉❡ q✉❡

lim
h→0

[

1

h

∫ ∞

0

(

1

2
(x+ hv)′(t)2 − 1

2
ẋ(t)2

)

dt

]

= lim
h→0

∫ ∞

0

(

ẋ(t)v̇(t) +
1

2
hv̇(t)2

)

=

∫ ∞

0

ẋ(t)v̇(t) dt.

❆♥❛❧♦❣❛♠❡♥t❡✱

lim
h→0

[

1

h

∫ 0

−∞

(

1

2
(x+ hv)′(t)2 − 1

2
ẋ(t)2

)

dt

]

=

∫ 0

−∞

ẋ(t)v̇(t) dt,

❡ ♣♦rt❛♥t♦

lim
h→0

[

1

h

∫ ∞

−∞

(

1

2
(x+ hv)′(t)2 − 1

2
ẋ(t)2

)

dt

]

=

∫ ∞

−∞

ẋ(t)v̇(t) dt. ✭✶✳✷✵✮

P♦r x ∈ W ✱ s❡❣✉❡ x(t) → 1 q✉❛♥❞♦ t → ∞✳ ❊♥tã♦✱ ♣❛r❛ ξ > 0 ❡s❝♦❧❤✐❞♦ ❝♦♠♦ ❡♠

✭✶✳✾✮ ❞❡✈❡ ❡①✐st✐r T1 > 0 ❞❡ ♠♦❞♦ q✉❡

|x(t)− 1| ≤ ξ

2
, ∀ t ≥ T1.

✶✽



❙❡♥❞♦ v ∈ H1(R)✱ ❡①✐st❡ T2 > 0 t❛❧ q✉❡

|v(t)| ≤ ξ

2
, ∀ t ≥ T2,

❡ ❝♦♥s✐❞❡r❡♠♦s ❡♥tã♦

T = max{T1, T2}.

❉❛í✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ s❡❣✉❡ q✉❡ ❡①✐st❡ τt ∈ (0, 1) ❞❡ t❛❧ ❢♦r♠❛ q✉❡
∣

∣

∣

∣

V (x(t) + hv(t))− V (x(t))

h

∣

∣

∣

∣

=
|V ′(x(t) + τthv(t))||hv(t)|

|h|

= |V ′(x(t) + τthv(t))||v(t)|.
✭✶✳✷✶✮

❖r❛✱ ❝♦♥s✐❞❡r❛♥❞♦ |h| < 1✱ t❡♠✲s❡ ♣❛r❛ t ≥ T ✱

|x(t) + τthv(t)| ≤ |x(t)|+ τt|h||v(t)|

≤ |x(t)|+ |v(t)|

≤ 1 +
ξ

2
+

ξ

2

= 1 + ξ,

✭✶✳✷✷✮

❡ ❛ss✐♠ ♣♦r ✭✶✳✾✮✱ ✭✶✳✷✶✮ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ |a(t)| ≤ a1 ♣❛r❛ t♦❞♦ t ∈ R✱ ♦❜t❡♠♦s

|a(t)|
∣

∣

∣

∣

V (x(t) + hv(t))− V (x(t))

h

∣

∣

∣

∣

≤ a1C|x(t) + τthv(t)− 1||v(t)|

= a1C|(x(t)− 1) + τthv(t)||v(t)|
≤ a1C|x(t)− 1||v(t)|+ a1C|τthv(t)||v(t)|
≤ a1C|x(t)− 1||v(t)|+ a1C|v(t)|2.

❈♦♠♦ x − 1 ∈ H1(0,∞) ❡ v ∈ H1(0,∞)✱ ❡♥tã♦ ♠❛✐s ✉♠❛ ✈❡③ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

❍ö❧❞❡r✱ ❣❛r❛♥t✐♠♦s q✉❡ a1C(x− 1)v + a1Cv2 ∈ L1(T,∞)✳ ❈♦♠♦

lim
h→0

(

a(t)
V (x(t) + hv(t))− V (x(t))

h

)

= a(t)V ′(x(t))v(t),

❝♦♥❝❧✉í♠♦s ❞♦ t❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡ q✉❡

lim
h→0

∫ ∞

T

(

a(t)
V (x(t) + hv(t))− V (x(t))

h

)

dt =

∫ ∞

T

a(t)V ′(x(t))v(t) dt.

P♦❞❡♠♦s ❣❛r❛♥t✐r ❡♥tã♦

lim
h→0

∫ ∞

0

(

a(t)
V (x(t) + hv(t))− V (x(t))

h

)

dt =

∫ ∞

0

a(t)V ′(x(t))v(t) dt. ✭✶✳✷✸✮

✶✾



❊♠ ✭✶✳✾✮✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ❛✐♥❞❛ C ❡ ξ s❛t✐s❢❛③❡♥❞♦

|V ′(s)| ≤ C|s+ 1|, ∀ s ∈ [−1− ξ, 1 + ξ],

❡ ❝♦♠ ♣r♦❝❡❞✐♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ✉t✐❧✐③❛❞♦ ❤á ♣♦✉❝♦ ❣❛r❛♥t✐♠♦s q✉❡

lim
h→0

∫ 0

−∞

(

a(t)
V (x(t) + hv(t))− V (x(t))

h

)

dt =

∫ 0

−∞

a(t)V ′(x(t))v(t) dt. ✭✶✳✷✹✮

❊♥tã♦✱ ♣❡❧❛s ❡q✉❛çõ❡s ✭✶✳✷✸✮ ❡ ✭✶✳✷✹✮✱ s❡❣✉❡

lim
h→0

∫ ∞

−∞

(

a(t)
V (x(t) + hv(t))− V (x(t))

h

)

dt =

∫ ∞

−∞

a(t)V ′(x(t))v(t) dt. ✭✶✳✷✺✮

▲♦❣♦✱ ❞❡ ✭✶✳✷✵✮ ❡ ✭✶✳✷✺✮ ❝♦♥❝❧✉í♠♦s

lim
h→0

J(x+ hv)− J(x)

h
=

∫ ∞

−∞

ẋ(t)v̇(t) dt+

∫ ∞

−∞

a(t)V ′(x(t))v(t) dt,

❡ ♣♦rt❛♥t♦ ❡s❝r❡✈❡♠♦s

J ′(x) · v =

∫ ∞

−∞

[ẋ(t)v̇(t) + a(t)V ′(x(t))v(t)] dt, ∀ x ∈ W, ∀ v ∈ H1(R),

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

P❡r❝❡❜❛ q✉❡ ❞❡✈✐❞♦ ❛ a(t) ≥ a0 > 0 ❡ V (t) ≥ 0 ♣❛r❛ t♦❞♦ t ∈ R✱ s❡❣✉❡

J(x) ≥ 0, ∀ x ∈ W,

♥♦s ♠♦str❛♥❞♦ q✉❡ J é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❈♦♥s✐❞❡r❡♠♦s ❡♥tã♦ ♦

♥ú♠❡r♦

B = inf{J(x) | x ∈ W}. ✭✶✳✷✻✮

❆ ♣r✐♠❡✐r❛ ♦❜s❡r✈❛çã♦ ❛ s❡r ❢❡✐t❛ é q✉❡ B é ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦✱ ♦✉ s❡❥❛✱ t❡♠♦s B > 0✳

❖r❛✱ ❝♦♥s✐❞❡r❡♠♦s

σ = min

{

a0V (s)

s2
| 0 < s ≤ 1

2

}

> 0.

❉❛í✱

s2 ≤ a0V (s)

σ
, q✉❛♥❞♦ 0 ≤ s ≤ 1

2
. ✭✶✳✷✼✮

❙❡♥❞♦ x ∈ W ✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ♥ú♠❡r♦s r✱ s ∈ R✱ ❝♦♠ r < s✱ t❛✐s q✉❡ x(r) = 0✱

x(s) =
1

2
❡

0 ≤ x(t) ≤ 1

2
, ∀ t ∈ [r, s].

✷✵



❈♦♠ ✐ss♦✱ ♣♦r s❡r x ∈ W ✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ♣♦r ✭✶✳✷✼✮ ❣❛r❛♥t✐♠♦s

1

4
= x(s)2 − x(r)2

=

∫ s

r

d

dt
(x(t)2) dt

= 2

∫ s

r

x(t)ẋ(t) dt

≤ 2

(
∫ s

r

x(t)2 dt

)1/2(∫ s

r

ẋ(t)2 dt

)1/2

≤ 2

(
∫ s

r

a0V (x(t))

σ
dt

)1/2(∫ s

r

ẋ(t)2 dt

)1/2

≤ 2

(
∫ s

r

a(t)V (x(t))

σ
dt

)1/2(∫ s

r

ẋ(t)2 dt

)1/2

≤ 2√
σ

(
∫ s

r

a(t)V (x(t)) dt

)1/2

(2J(x))1/2

≤ 2√
σ
(J(x))1/2(2J(x))1/2

=
2
√
2√
σ
J(x),

❞♦♥❞❡

J(x) ≥
√
σ

8
√
2
, ∀ x ∈ W.

P♦rt❛♥t♦✱

B = inf
x∈W

J(x) ≥
√
σ

8
√
2
> 0,

♦✉ s❡❥❛✱

B > 0,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❈❛s♦ x ∈ W s❡❥❛ t❛❧ q✉❡ J(x) = B✱ ♦✉ s❡❥❛✱ ♦ í♥✜♠♦ s❡❥❛ ♥❛ ✈❡r❞❛❞❡ ♠í♥✐♠♦ ❡ s❡❥❛

❛t✐♥❣✐❞♦ ❡♠ W ✱ ❡♥tã♦ é ♣♦ssí✈❡❧ ♠♦str❛r♠♦s q✉❡ J ′(x) = 0✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ♣♦❞❡♠♦s

❝♦♥❝❧✉✐r q✉❡ x é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♣r♦♣♦st♦ ✭✶✳✷✮✲✭✶✳✸✮✳ ➱ ✐st♦ ♦ q✉❡ ❢❛r❡♠♦s ♥♦

♣r✐♠❡✐r♦ ❧❡♠❛ ❛ s❡r ❞❡♠♦♥str❛❞♦✿ ❣❛r❛♥t✐r q✉❡ ♣♦♥t♦s ❡♠W q✉❡ ♠✐♥✐♠✐③❛♠ ♦ ❢✉♥❝✐♦♥❛❧

J sã♦✱ ♥❛ ✈❡r❞❛❞❡✱ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳

▲❡♠❛ ✶✳✶ ❙❡ x ∈ W ✈❡r✐✜❝❛ J(x) = B✱ ❡♥tã♦ x é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮✲✭✶✳✸✮ ❡✱

❛❧é♠ ❞✐ss♦✱ x ∈ C2(R) ❝♦♠ x(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R✳

Pr♦✈❛✳ ▼♦str❛r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♦❝♦rr❡

J ′(x) = 0.

✷✶



❚❡♠♦s ♣❛r❛ q✉❛✐sq✉❡r h ∈ R ❡ v ∈ H1(R) q✉❡ x + hv ∈ W ✳ ❉❛í✱ s❡♥❞♦ J(x) = B✱

s❡❣✉❡ q✉❡ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ v ∈ H1(R) é ✈á❧✐❞♦ J(x+ hv) ≥ J(x)✳ ❆ss✐♠✱ ♣❛r❛ h > 0✱

t❡♠♦s
J(x+ hv)− J(x)

h
≥ 0,

❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❝♦♠ h → 0✱ ❡♥tã♦

J ′(x) · v ≥ 0, ∀ v ∈ H1(R). ✭✶✳✷✽✮

❈♦♠ ✐ss♦✱ t❛♠❜é♠ é ✈á❧✐❞♦

J ′(x) · (−v) ≥ 0, ∀ v ∈ H1(R).

❈♦♠♦

J ′(x) · v =

∫ ∞

−∞

[ẋ(t)v̇(t) + a(t)V ′(x(t)) v(t)] dt,

♦❜t❡♠♦s

0 ≤ J ′(x) · (−v) = −J ′(x) · v, ∀ v ∈ H1(R),

♦✉ s❡❥❛✱

J ′(x) · v ≤ 0, ∀ v ∈ H1(R). ✭✶✳✷✾✮

▲♦❣♦✱ ❞❡ ✭✶✳✷✽✮ ❡ ✭✶✳✷✾✮✱ t❡♠♦s

J ′(x) · v = 0, ∀ v ∈ H1(R),

❡ ♣♦rt❛♥t♦

J ′(x) = 0.

❆❣♦r❛ ♠♦str❛r❡♠♦s q✉❡ x é ❞❡ ❢❛t♦ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳ ❈♦♥s✐❞❡r❛♥❞♦ v ∈ C∞
c (R)

❡ α✱ β ∈ R t❛✐s q✉❡ supp v ⊂ [α, β]✱ ✈❛❧❡

0 = J ′(x) · v

=

∫ ∞

−∞

[ẋ(t)v̇(t) + a(t)V ′(x(t)) v(t)] dt

=

∫ β

α

[ẋ(t)v̇(t) + a(t)V ′(x(t)) v(t)] dt

= ẋ(t)v(t)]βα −
∫ β

α

[ẍ(t)v(t)− a(t)V ′(x(t)) v(t)] dt

= ẋ(β)v(β)− ẋ(α)v(α)−
∫ β

α

[ẍ(t)− a(t)V ′(x(t))] v(t) dt

= −
∫ β

α

[ẍ(t)− a(t)V ′(x(t))]v(t) dt

= −
∫ ∞

−∞

[ẍ(t)− a(t)V ′(x(t))]v(t) dt,

✷✷



❡ s❡❣✉❡ ❞♦ ▲❡♠❛ ❞❡ ❉✉❇♦✐s✲❘❛②♠♦♥❞ ✭✈✐❞❡ ▲❡♠❛ ❆✳✶✱ ❆♣ê♥❞✐❝❡ ❆✮ q✉❡

ẍ(t) = a(t)V ′(x(t)), q✳s✳ ❡♠ R.

❈♦♠♦ ❛ ❡①♣r❡ssã♦ ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ❝♦♥❝❧✉í✲

♠♦s q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ é ✈á❧✐❞❛ ❡♠ t♦❞❛ ❛ r❡t❛✱ ✐st♦ é✱

ẍ(t) = a(t)V ′(x(t)), ∀ t ∈ R.

❆❞❡♠❛✐s✱ ❞❡ x ∈ W ✱ ♦❜t❡♠♦s q✉❡ x−1 ∈ H1(0,∞) ❡ x+1 ∈ H1(−∞, 0) ❡ ❣❛r❛♥t✐♠♦s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❡ x(t) → 1 q✉❛♥❞♦ t → ∞ ❡ x(t) → −1 q✉❛♥❞♦ t → −∞✳ P♦rt❛♥t♦✱

x é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮✲✭✶✳✸✮✳

◆♦s r❡st❛ ♣r♦✈❛r q✉❡ ❛ s♦❧✉çã♦ x é ❞❡ ❝❧❛ss❡ C2 ❡ t♦♠❛ ✈❛❧♦r❡s ♥♦ ✐♥t❡r✈❛❧♦ (−1, 1)✳

❖r❛✱ ❝♦♠♦ J(x) = B < ∞✱ ❡♥tã♦
∫ ∞

−∞

ẋ(t)2 dt < ∞,

❡ ❞❛í ẋ ∈ L2
loc(R)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ❝❛❞❛ N > 0✱ t❡♠♦s ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ aV ′

q✉❡
∫ N

−N

ẍ(t)2 dt =

∫ N

−N

[a(t)V ′(x(t))]2 dt < ∞

❡ ❛ss✐♠ ẍ ∈ L2
loc(R)✳ ▲♦❣♦✱ ẋ ∈ H1

loc(R)✳ ❊♥tã♦✱ ❝♦♠♦ (x′)′ = ẍ ∈ C(R) ❡ ẋ ∈ H1
loc(R)✱

s❡❣✉❡ q✉❡ ẋ ∈ C1(R) ✭✈✐❞❡ ❬✻❪✱ ❖❜s❡r✈❛çã♦ 6✱ ♣✳ ✷✵✹✮ ❡ ♣♦rt❛♥t♦ x ∈ C2(R)✳

P♦r ✜♠✱ ♣r♦✈❡♠♦s q✉❡ x(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R✳ ❙✉♣♦♥❤❛ ♣♦r ❛❜s✉r❞♦ q✉❡ ✐ss♦

♥ã♦ ♦❝♦rr❛✱ ♦✉ s❡❥❛✱ q✉❡ ❡①✐st❡ t1 ∈ R ❝♦♠ x(t1) /∈ (−1, 1)✳ P♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛

❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ x(t1) > 1✳ ❈♦♠♦ x ∈ W ✱ ❡♥tã♦ x(t) → 1 q✉❛♥❞♦ t → ∞ ❡ ❛ss✐♠

❞❡✈❡ ❡①✐st✐r t0 ∈ R t❛❧ q✉❡

x(t0) = max
t∈R

x(t) > 1.

❙❡♥❞♦ x ∈ C2(R) ❡ t0 ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦✱ s❡❣✉❡ q✉❡ ẍ(t0) ≤ 0✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛

❝♦♥❞✐çã♦ (V7) t❡♠♦s V ′(x(t0)) > 0✱ ❥á q✉❡ x(t0) > 1✳ ❈♦♠ ✐ss♦✱ ❡ ❧❡♠❜r❛♥❞♦ q✉❡

a(t) > 0 ♣❛r❛ t♦❞♦ t ∈ R✱ t❡♠♦s

0 ≥ ẍ(t0) = a(t0)V
′(x(t0)) > 0,

✉♠ ❛❜s✉r❞♦✳ ❆ss✐♠✱ x(t) ≤ 1 ♣❛r❛ t♦❞♦ t ∈ R✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ r❡s♦❧✈❡♠♦s ♦ ❝❛s♦

❞❡ ❡①✐st✐r t2 ∈ R ❞❡ t❛❧ ❢♦r♠❛ q✉❡ x(t2) < −1❀ ❣❛r❛♥t✐♠♦s ❡♥tã♦ x(t) ≥ −1 ♣❛r❛ t♦❞♦

✷✸



t ∈ R✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ t3 ∈ R t❛❧ q✉❡ x(t3) = 1✳ ❊♥tã♦✱ 1 = x(t3) = max
t∈R

x(t)✱

❥á q✉❡ ♥ã♦ ❡①✐st❡ t ∈ R ❝♦♠ x(t) > 1✳ ▲♦❣♦✱ ẋ(t3) = 0✳ P❡❧♦ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡

✉♥✐❝✐❞❛❞❡✱ s❡❣✉❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧


















ẍ(t) = a(t)V ′(x(t))

x(t3) = 1

ẋ(t3) = 0

t❡♠ s♦❧✉çã♦ ú♥✐❝❛✱ ❛ s❛❜❡r u(t) = 1✱ ♣❛r❛ t♦❞♦ t ∈ R✳ ■ss♦ ♥♦s ❞❛r✐❛ ❡♥tã♦ x ✐❞❡♥t✐❝❛✲

♠❡♥t❡ ✐❣✉❛❧ ❛ 1 ✭♣♦✐s x t❛♠❜é♠ é s♦❧✉çã♦ ❞♦ P❱■✮✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ❥á q✉❡ t → −∞
✐♠♣❧✐❝❛ x(t) → −1✳ ❙✉♣♦♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ t4 ∈ R t❛❧ q✉❡ x(t4) = −1✱ ❝♦♥❝❧✉í♠♦s ❞❡

♠❛♥❡✐r❛ ❛♥á❧♦❣❛✳ P♦rt❛♥t♦✱

x(t) ∈ (−1, 1), ∀ t ∈ R.

❱❡r❡♠♦s ❛❞✐❛♥t❡ q✉❡✱ ♣❛r❛ x ∈ H1
loc(R) s♦❜ ❛ ❤✐♣ót❡s❡ J(x) < ∞✱ é ♣♦ssí✈❡❧ t❡r♠♦s ✐❞❡✐❛

❞♦ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♠ ✈❛❧♦r❡s ♠✉✐t♦ ❣r❛♥❞❡s ❞❡ |t|✳ ❱❛❧❡ ♥♦t❛r q✉❡✱ ❛ ♣r✐♥❝í♣✐♦✱

♥ã♦ s❛❜❡♠♦s s❡ ❛ ❢✉♥çã♦ x ♣❡rt❡♥❝❡ ♦✉ ♥ã♦ ❛ W ✳

▲❡♠❛ ✶✳✷ ❙❡❥❛ x ∈ H1
loc(R) t❛❧ q✉❡ J(x) < ∞✳ ❊♥tã♦

x(t) → −1 ♦✉ x(t) → 1 q✉❛♥❞♦ t → −∞

❡

x(t) → −1 ♦✉ x(t) → 1 q✉❛♥❞♦ t → ∞.

❆❞❡♠❛✐s✱

x+ 1 ∈ H1(−∞, 0) ♦✉ x− 1 ∈ H1(−∞, 0)

❡

x+ 1 ∈ H1(0,∞) ♦✉ x− 1 ∈ H1(0,∞).

Pr♦✈❛✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ♦ ❧❡♠❛ ♥ã♦ s❡❥❛ ✈á❧✐❞♦✱ ♦✉ s❡❥❛✱ t❡♠♦s

x ∈ H1
loc(R) ❝♦♠ J(x) < ∞ ♥ã♦ ✈❡r✐✜❝❛♥❞♦ ♦s ❧✐♠✐t❡s ❛❝✐♠❛✳ ❉❛í✱ ❡①✐st❡♠ η > 0 ❡ ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s (tn) t❛✐s q✉❡ |tn| → ∞ q✉❛♥❞♦ n → ∞ ❡

x(tn) ∈ (−∞,−1− η) ∪ (−1 + η, 1− η) ∪ (1 + η,∞). ✭✶✳✸✵✮

✷✹



❉❡✜♥❛♠♦s ♦ ♥ú♠❡r♦

d = inf{V (z) | z ∈ (−∞,−1− η

2
) ∪ (−1 +

η

2
, 1− η

2
) ∪ (1 +

η

2
,∞)} > 0.

■r❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ tn → ∞ ❡ tn+1 ≥ tn+1✱ ♣❛r❛ t♦❞♦ n ∈ N.

❙❡ ♣❛r❛ t♦❞♦ t ∈ [tn, tn+1]✱ t✐✈❡r♠♦s x(t) ∈ (−∞,−1− η
2
)∪(−1+ η

2
, 1− η

2
)∪(1+ η

2
,∞)✱

❡♥tã♦
∫ tn+1

tn

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt ≥
∫ tn+1

tn

a(t)V (x(t)) dt

≥
∫ tn+1

tn

a0 d dt

= a0 d.

✭✶✳✸✶✮

❈❛s♦ ❡①✐st❛ t∗ ∈ [tn, tn+1] t❛❧ q✉❡ x(t∗) /∈ (−∞,−1− η
2
)∪ (−1+ η

2
, 1− η

2
)∪ (1+ η

2
,∞)✱

s❡❣✉❡ ❞❡ ✭✶✳✸✵✮ q✉❡ |x(t∗)− x(tn)| ≥
η

2
✳ ❆ss✐♠✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s

η

2
≤ |x(t∗)− x(tn)|

=

∣

∣

∣

∣

∫ t∗

tn

ẋ(t) dt

∣

∣

∣

∣

≤
∫ t∗

tn

|ẋ(t)| dt

≤
(
∫ t∗

tn

|ẋ(t)|2 dt
)1/2(∫ t∗

tn

12 dt

)1/2

=
√
t∗ − tn

(
∫ t∗

tn

|ẋ(t)|2 dt
)1/2

≤
(
∫ t∗

tn

ẋ(t)2 dt

)1/2

≤
(
∫ tn+1

tn

ẋ(t)2 dt

)1/2

,

❞♦♥❞❡
∫ tn+1

tn

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt ≥
∫ tn+1

tn

1

2
ẋ(t)2 dt ≥ η2

8
. ✭✶✳✸✷✮

▲♦❣♦✱ ❡♠ q✉❛✐sq✉❡r ❞♦s ❝❛s♦s✱ s❡❣✉❡ ❞❡ ✭✶✳✸✶✮ ❡ ✭✶✳✸✷✮ q✉❡
∫ tn+1

tn

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt ≥ min

{

η2

8
, a0 d

}

> 0, ∀ n ∈ N,

❡ ❞❛í

J(x) ≥
∞
∑

n=1

[
∫ tn+1

tn

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt

]

= ∞,

❝♦♥tr❛r✐❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ J(x) < ∞✳ ❊♥tã♦✱ x(t) → −1 ♦✉ x(t) → 1 q✉❛♥❞♦ t → ∞✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦ré♠ ❞❡st❛ ✈❡③ ❝♦♥s✐❞❡r❛♥❞♦ tn → −∞ ❝♦♠ tn+1 < tn − 1✱ s❡❣✉❡ q✉❡

✷✺



x(t) → −1 ♦✉ x(t) → 1 q✉❛♥❞♦ t → −∞✱ ❞❡♠♦♥str❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ❧❡♠❛✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ x(t) → 1 q✉❛♥❞♦ t → ∞✳ ❆ss✐♠✱

❡①✐st❡ R > 0 t❛❧ q✉❡ s❡ t > R✱ ❡♥tã♦ x(t) ∈ (1− ε0, 1 + ε0)✱ ♦♥❞❡ ε0 ❢♦✐ ❞❛❞♦ ❡♠ ✭✶✳✶✵✮

✭♣✳ ✶✺✮✳ ❊♥tã♦✱ ♣♦r ✭✶✳✶✶✮ ♦❜t❡♠♦s
∫ ∞

R

(x(t)− 1)2 dt ≤
∫ ∞

R

1

C1

V (x(t)) dt

=

∫ ∞

R

a(t)

a(t)C1

V (x(t)) dt

≤ 1

a0 C1

∫ ∞

R

a(t)V (x(t)) dt

≤ 1

a0 C1

∫ ∞

−∞

a(t)V (x(t)) dt

≤ 1

a0 C1

∫ ∞

−∞

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt

=
1

a0 C1

J(x) < ∞.

P♦rt❛♥t♦✱

∫ ∞

0

(x(t)− 1)2 dt =

∫ R

0

(x(t)− 1)2 dt+

∫ ∞

R

(x(t)− 1)2 dt < ∞,

❡ ❣❛r❛♥t✐♠♦s q✉❡ x− 1 ∈ L2(0,∞)✳ ❈♦♠♦ J(x) < ∞✱ t❡♠♦s

1

2

∫ ∞

0

ẋ(t)2 dt ≤ J(x) < ∞,

❡ ❛ss✐♠ ẋ ∈ L2(0,∞)✳ ❉❛í✱ (x − 1)′ = ẋ ∈ L2(0,∞)✱ ❞♦♥❞❡ x − 1 ∈ H1(0,∞)✳

❆r❣✉♠❡♥t♦s ❛♥á❧♦❣♦s ♣♦❞❡♠ s❡r ✉s❛❞♦s ♣❛r❛ ♦s ❝❛s♦s x(t) → −1 q✉❛♥❞♦ t → ∞✱

x(t) → 1 q✉❛♥❞♦ t → −∞ ♦✉ x(t) → −1 q✉❛♥❞♦ t → −∞✳

❆ s❡❣✉✐r tr❛r❡♠♦s ❞♦✐s ❧❡♠❛s s♦❜r❡ s❡q✉ê♥❝✐❛s ♥♦ ❡s♣❛ç♦ H1(−T, T )✱ ❝♦♠ T > 0✿

♦ ♣r✐♠❡✐r♦ ♥♦s ❢♦r♥❡❝❡ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❣❛r❛♥t✐r♠♦s ❛ ❧✐♠✐t❛çã♦ ❞❡

s❡q✉ê♥❝✐❛s ♥❡st❡ ❡s♣❛ç♦❀ ♦ s❡❣✉♥❞♦✱ t❡♥❞♦ ❝♦♠♦ ❜❛s❡ ❛ r❡✢❡①✐✈✐❞❛❞❡ ❞❡ H1(−T, T )✱ ♥♦s

❣❛r❛♥t❡ q✉❡ s❡q✉ê♥❝✐❛s ❧✐♠✐t❛❞❛s ♣♦ss✉❡♠ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡

❡ ❢r❛❝♦✳

▲❡♠❛ ✶✳✸ ❙❡❥❛♠ A, T > 0✳ ❚❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M = M(A, T ) > 0 t❛❧

q✉❡ s❡ x ∈ H1
loc(R) s❛t✐s❢❛③ J(x) ≤ A✱ ❡♥tã♦ ‖x‖H1(−T,T ) ≤ M ✳

✷✻



Pr♦✈❛✳ ❖❜s❡r✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡

∫ T

−T

ẋ(t)2 dt ≤ 2

∫ T

−T

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt

≤ 2

∫ ∞

−∞

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt

≤ 2A,

❡ ❞❛í

‖ẋ‖L2(−T,T ) ≤ (2A)1/2. ✭✶✳✸✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❝♦❡r❝✐✈✐❞❛❞❡ ❞❡ V ✭♣r♦♣r✐❡❞❛❞❡ (V8)✮✱ ❡①✐st❡ c > 0 t❛❧ q✉❡

|z| > c ⇒ V (z) >
A

a0 T
. ✭✶✳✸✹✮

❈♦♠♦
∫ T

−T

a(t)V (x(t)) dt ≤ J(x) ≤ A,

s❡❣✉❡ q✉❡ ❡①✐st❡ t∗ ∈ [−T, T ] t❛❧ q✉❡

|x(t∗)| ≤ c, ✭✶✳✸✺✮

♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ t❡rí❛♠♦s ♣♦r ✭✶✳✸✹✮ q✉❡

A ≥
∫ T

−T

a(t)V (x(t)) dt

>

∫ T

−T

a(t)
A

a0 T
dt

≥
∫ T

−T

a0
A

a0 T
dt

= 2A,

✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ❞❡ ❢❛t♦ ❡①✐st❡ t∗ ∈ [−T, T ] ❝✉♠♣r✐♥❞♦ ✭✶✳✸✺✮✳

❆❣♦r❛✱ ♣❛r❛ t♦❞♦ s ∈ [−T, T ]✱ s❡❣✉❡

|x(s)| − |x(t∗)| ≤ |x(s)− x(t∗)| =
∣

∣

∣

∣

∣

∫ max{s,t∗}

min{s,t∗}

ẋ(t) dt

∣

∣

∣

∣

∣

,

✷✼



❡ ❛ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ❍ö❧❞❡r✱ ❡ ✉s❛♥❞♦ ✭✶✳✸✸✮ ❡ ✭✶✳✸✺✮✱ ♦❜t❡♠♦s

|x(s)| ≤ |x(t∗)|+
∣

∣

∣

∣

∣

∫ max{s,t∗}

min{s,t∗}

ẋ(t) dt

∣

∣

∣

∣

∣

≤ |x(t∗)|+
√

|s− t∗|
∣

∣

∣

∣

∣

∫ max{s,t∗}

min{s,t∗}

ẋ(t)2 dt

∣

∣

∣

∣

∣

1/2

≤ c+
√

|s− t∗|
(

∫ max{s,t∗}

min{s,t∗}

ẋ(t)2 dt

)1/2

≤ c+
√

|s− t∗|
(
∫ T

−T

ẋ(t)2 dt

)1/2

≤ c+
√

|s− t∗| (2A)1/2

≤ c+
√
2T

√
2A = c+ 2

√
AT.

▲♦❣♦✱

‖x‖L∞(−T,T ) ≤ c+ 2
√
AT.

P♦r [−T, T ] s❡r ✉♠ ✐♥t❡r✈❛❧♦ ❧✐♠✐t❛❞♦✱ t❡♠♦s ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ L∞(−T, T ) →֒ L2(−T, T )✱

❡ ❝♦♠ ✐ss♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖x‖L2(−T,T ) ≤ C‖x‖L∞(−T,T ) ≤ C(c+ 2
√
AT ). ✭✶✳✸✻✮

P♦r ✜♠✱ s❡❣✉❡ ♠❛✐s ✉♠❛ ✈❡③ ❞❡ ✭✶✳✸✸✮ ❡ ❞❡ ✭✶✳✸✻✮ q✉❡

‖x‖H1(−T,T ) = ‖x‖L2(−T,T ) + ‖ẋ‖L2(−T,T ) ≤ C(c+ 2
√
AT ) +

√
2A,

❡ ❜❛st❛ ❡s❝♦❧❤❡r♠♦s M = C(c+ 2
√
AT ) +

√
2A✱ ❞❡♠♦♥str❛♥❞♦ ❛ss✐♠ ♦ ❧❡♠❛✳

▲❡♠❛ ✶✳✹ ❙❡❥❛ T > 0✳ ❙❡ (xn) ⊂ H1
loc(R) ❢♦r ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H1(−T, T )✱

❡♥tã♦ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (xn)✱ q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r ❡❧❛ ♣ró♣r✐❛✱ ❡

✉♠❛ ❢✉♥çã♦ x ∈ H1(−T, T ) t❛✐s q✉❡

xn → x ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−T, T ] ❡

xn ⇀ x ❡♠ H1(−T, T )
.

Pr♦✈❛✳ ❈♦♠♦ (xn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H1(−T, T ) ❡ ❛ ✐♠❡rsã♦

H1(−T, T ) →֒ C([−T, T ])

é ❝♦♠♣❛❝t❛ ✭✈✐❞❡ ❚❡♦r❡♠❛ ❆✳✸✱ ❆♣ê♥❞✐❝❡ ❆✮✱ ❞❡✈❡♠ ❡①✐st✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (xn)✱

q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r ❡❧❛ ♠❡s♠❛✱ ❡ ✉♠❛ ❢✉♥çã♦ u ∈ C([−T, T ]) t❛✐s q✉❡ xn → u

❡♠ C([−T, T ])✱ ♦✉ s❡❥❛✱

xn → u ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−T, T ].

✷✽



P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ H1(−T, T ) ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ✭❡ ❡♥tã♦ ✉♠ ❡s♣❛ç♦ r❡✢❡✲

①✐✈♦✮✱ ❞❡✈❡♠ ❡①✐st✐r s✉❜s❡q✉ê♥❝✐❛ ❞❡ (xn)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (xn)✱ ❡ ✉♠❛ ❢✉♥çã♦

v ∈ H1(−T, T ) s❛t✐s❢❛③❡♥❞♦

xn ⇀ v ❡♠ H1(−T, T ).

Pr♦✈❡♠♦s ❛❣♦r❛ q✉❡ u = v✳ ❖r❛✱ ❝♦♠♦ xn ⇀ v ❡♠ H1(−T, T )✱ ❡♥tã♦ xn → v ❡♠

L2(−T, T )✳ ❉❛í✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ xn → v q✳s✳ ❡♠ [−T, T ]

✭✈✐❞❡ ❬✸❪✱ ♣♣✳ ✻✾ ❡ ✼✺✮✳ ❈♦♠♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ xn → u é ✉♥✐❢♦r♠❡ ❡♠ [−T, T ]✱ s❡❣✉❡

q✉❡ xn → u ❡♠ t♦❞♦ ♣♦♥t♦✳ P♦rt❛♥t♦✱ u = v ❡ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ❛ ❢✉♥çã♦ x ♣❡❞✐❞❛ ♥♦

❡♥✉♥❝✐❛❞♦ ❝♦♠♦ s❡♥❞♦ ❛ u✱ ❞❡♠♦♥str❛♥❞♦ ♦ ❧❡♠❛✳

❖❜s❡r✈❛çã♦ ✶✳✶ ❈♦♠❜✐♥❛♥❞♦ ♦s ▲❡♠❛s ✶✳✸✱ ✶✳✹ ❡ ♦ ♣r♦❝❡ss♦ ❞✐❛❣♦♥❛❧ ❞❡s❝r✐t♦ ♥❛

Pr♦♣♦s✐çã♦ ❆✳✺ ✭❆♣ê♥❞✐❝❡ ❆✮ ❣❛r❛♥t✐♠♦s q✉❡ s❡ A > 0 ❡ (xn) ⊂ H1
loc(R) s❛t✐s❢❛③❡♠

J(xn) ≤ A ♣❛r❛ t♦❞♦ n ∈ N✱ ❡♥tã♦ ❡①✐st❡♠ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (xn)✱ ❞❡♥♦t❛❞❛ ♣❡❧❛ ♣ró♣r✐❛

(xn)✱ ❡ ✉♠❛ ❢✉♥çã♦ x ∈ H1
loc(R) t❛✐s q✉❡ ♣❛r❛ t♦❞♦ T > 0✱

xn → x ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−T, T ] ❡

xn ⇀ x ❡♠ H1(−T, T )
. ✭✶✳✸✼✮

P❛r❛ ✜♥❛❧✐③❛r♠♦s ♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❞✉❛s ♠❛✲

♥❡✐r❛s ❞❡ ♣♦st❛r♠♦s ♦ ♣r♦❜❧❡♠❛ ❡ ♥♦s ❞❡t❡r♠♦s ❛ ♣r♦❝✉r❛r ♣♦r s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s✿

♣♦r ✉♠ ❧❛❞♦✱ ❝✐t❛♠♦s ♦s ❛rt✐❣♦s ❬✶❪✱ ❬✶✷❪✱ ❬✶✸❪ ❡ ❬✷✶❪✱ ♥♦s q✉❛✐s ♦s ♣❡sq✉✐s❛❞♦r❡s ♦ ♣r♦✲

♣õ❡♠ ❞❛ ♠❛♥❡✐r❛ ❥á tr❛t❛❞❛ ❛q✉✐✳ ❆❧✐ás✱ ❣r❛♥❞❡ ♣❛rt❡ ❞♦ q✉❡ s❡rá ❛♣r❡s❡♥t❛❞♦ ♥♦s

❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s sã♦ r❡s✉❧t❛❞♦s q✉❡ ❡stã♦ ❡♠ ❬✶❪✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡st❛❝❛♠♦s q✉❡ ❡♠ ❬✺❪ ❡ ❬✶✹❪ é ❝♦♥s✐❞❡r❛❞♦

ẍ(t) = a(t)f(x(t)), ∀ t ∈ R,

♦♥❞❡ ❛ ❢✉♥çã♦ f s❛t✐s❢❛③

(f1) f(−1) = f(1) = 0❀

(f2) ❊①✐st❡ ✉♠❛ ♣r✐♠✐t✐✈❛ F ∈ C1 ❞❡ f t❛❧ q✉❡ F (−1) = F (1) = 0 ❡ F (t) > 0 ♣❛r❛

t♦❞♦ t ∈ [−1, 1]✳

❆❞❡♠❛✐s✱ é ❢❡✐t❛ ✉♠❛ ♠♦❞✐✜❝❛çã♦ ❡♠ F ❝♦❧♦❝❛♥❞♦

F (t) = 0, ∀ t ∈ (−∞,−1] ∪ [1,∞).

✷✾



◆♦ ❡♥t❛♥t♦✱ ❞❡ss❛ ✈❡③ ❛ t❡♥t❛t✐✈❛ é ❛ ❞❡ ♠✐♥✐♠✐③❛r ♦ ❢✉♥❝✐♦♥❛❧ J ♥♦ ❝♦♥❥✉♥t♦

Σ = {x ∈ H1
loc(R) | x(−∞) = −1 ❡ x(+∞) = 1}.

◆♦t❡ q✉❡ ❝❧❛r❛♠❡♥t❡ W ⊂ Σ✳ ▼❛s ♣♦❞❡♠♦s ✐r ❛❧é♠ ❞✐ss♦✿ ♥❛ ✈❡r❞❛❞❡✱ W é ✉♠ s✉❜❝♦♥✲

❥✉♥t♦ ♣ró♣r✐♦ ❞❡ Σ ❡ ❡①✐❜✐♠♦s ♥❛ Pr♦♣♦s✐çã♦ ❆✳✻✱ ❆♣ê♥❞✐❝❡ ❆✱ ✉♠ ❡①❡♠♣❧♦ ❞❡ ❢✉♥çã♦

♣❡rt❡♥❝❡♥t❡ ❛ Σ ♠❛s q✉❡ ♥ã♦ ❢❛③ ♣❛rt❡ ❞❡ W ✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ ❛♦ ❝♦♥s✐❞❡r❛r♠♦s ♦

♣r♦❜❧❡♠❛ ♥❡ss❡ ♠♦❞❡❧♦✱ ♥ã♦ t❡♠♦s ✐❞❡✐❛ ❞❡ q✉❛❧ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ F ♥❛s ✈✐③✐♥❤❛♥✲

ç❛s ❞❡ −1 ❡ 1✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ ❜♦❛ ♣❛rt❡ ❞♦s r❡s✉❧t❛❞♦s ❥á ❞❡s❡♥✈♦❧✈✐❞♦s ♥❡ss❡ tr❛❜❛❧❤♦

❞❡✈❡r✐❛♠ s❡r ❛❞❛♣t❛❞♦s ❡ ❛❧❣✉♥s ♦✉tr♦s ❞❡s❝❛rt❛❞♦s✳

✸✵



❈❛♣ít✉❧♦ ✷

❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦

P❡r✐ó❞✐❝♦

❚r❛t❛r❡♠♦s ❛ ♣❛rt✐r ❞❡ss❡ ♠♦♠❡♥t♦ ❞♦s ♣r♦❝❡❞✐♠❡♥t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♣♦❞❡r♠♦s

r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮✲✭✶✳✸✮ q✉❛♥❞♦ ❛ ❢✉♥çã♦ a ❢♦r ✐❞❡♥t✐❝❛♠❡♥t❡ ❝♦♥st❛♥t❡✳ ❊st❡

❝❛s♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✺❪ ❡ ❡s❝♦❧❤❡r❡♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ a(t) = 1

♣❛r❛ t♦❞♦ t ∈ R✳ ❊♥tã♦✱ ✜❝❛♠♦s ❝♦♠ ♦ ♣r♦❜❧❡♠❛

ẍ(t) = V ′(x(t)), t ∈ R, ✭✷✳✶✮

x(t) → −1 s❡ t → −∞ ❡ x(t) → 1 s❡ t → ∞, ✭✷✳✷✮

❡ ❝♦♠ ♦ ❢✉♥❝✐♦♥❛❧ ❛ss♦❝✐❛❞♦

J(x) =

∫ ∞

−∞

(

1

2
ẋ(t)2 + V (x(t))

)

dt.

❖❜s❡r✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♥❡st❡ ❝❛s♦ ♦ ❢✉♥❝✐♦♥❛❧ J é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çã♦✳ ❈♦♠

❡❢❡✐t♦✱ s❡❥❛♠ w1✱ w2 ∈ W ❡ ❝♦♥s✐❞❡r❡ w2 ✉♠❛ tr❛♥s❧❛çã♦ ❞❡ w1✱ ♦✉ s❡❥❛✱ q✉❡ ❡①✐st❡

τ ∈ R t❛❧ q✉❡ w2(t) = w1(t + τ) ♣❛r❛ t♦❞♦ t ∈ R✳ ❊♥tã♦✱ ♣❡❧❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s

ξ = t+ τ ✱ t❡♠✲s❡

J(w2) =

∫ ∞

−∞

(

1

2
ẇ2(t)

2 + V (w2(t))

)

dt

=

∫ ∞

−∞

(

1

2
ẇ1(t+ τ)2 + V (w1(t+ τ))

)

dt

=

∫ ∞

−∞

(

1

2
ẇ1(ξ)

2 + V (w1(ξ))

)

dξ

= J(w1),

✭✷✳✸✮



♣r♦✈❛♥❞♦ q✉❡ J é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çã♦✳

❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡✱ ♦ ♣ró①✐♠♦ ♣❛ss♦ q✉❡ t♦♠❛r❡♠♦s s❡rá ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛

s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ❡ q✉❡✱ ❛❧é♠ ❞✐ss♦✱ ♣❡r♠❛♥❡ç❛ ♥❛ ✈✐③✐♥❤❛♥ç❛

❞♦ ✈❛❧♦r 1 q✉❛♥❞♦ t → ∞ ❡ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ✈❛❧♦r −1 q✉❛♥❞♦ t → −∞✳ ❯♠ ❢❛t♦

✐♠♣♦rt❛♥t❡ ❛ s❡r ❞❡st❛❝❛❞♦ é q✉❡ ♥ã♦ ❡st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s ❛♣❡♥❛s ♥❛ ❡①✐stê♥❝✐❛ ❞❡

t❛❧ s❡q✉ê♥❝✐❛✱ ♠❛s t❛♠❜é♠ ♥♦ ♠ét♦❞♦ ♣❡❧♦ q✉❛❧ ❡❧❛ s❡rá ♦❜t✐❞❛✳

▲❡♠❛ ✷✳✶ P❛r❛ ❝❛❞❛ ε ∈ (0, 1)✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (Un) ⊂ W ✱ (sn), (tn) ⊂ R✱ ❝♦♠

sn < tn✱ t❛✐s q✉❡

J(Un) → B q✉❛♥❞♦ n → ∞✱

Un(t) ∈ [−1,−1 + ε], ∀ t ∈ (−∞, sn]✱

Un(t) ∈ [1− ε, 1], ∀ t ∈ [tn,∞),

Un(t) ∈ [−1 + ε, 1− ε], ∀ t ∈ [sn, tn],

Un(sn) = −1 + ε ❡ Un(tn) = 1− ε✱

(tn − sn)n∈N ❧✐♠✐t❛❞❛ ❡♠ R.

Pr♦✈❛✳ ❈♦♠♦ B = inf{J(x) | x ∈ W}✱ ❡①✐st❡ (un) ⊂ W ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡

♣❛r❛ J ✱ ✐st♦ é✱

J(un) → B, q✉❛♥❞♦ n → ∞. ✭✷✳✹✮

❆ ♣r✐♦r✐✱ un ♣♦❞❡ ❛ss✉♠✐r q✉❛❧q✉❡r ✈❛❧♦r r❡❛❧✱ ♣♦ré♠ é ♣♦ssí✈❡❧ ♦❜t❡r♠♦s ✉♠❛ ♥♦✈❛

❢✉♥çã♦ vn ∈ W q✉❡ ❛✐♥❞❛ é ♠✐♥✐♠✐③❛♥t❡ ❡✱ ❛❧é♠ ❞✐ss♦✱ s❛t✐s❢❛③

−1 ≤ vn(t) ≤ 1, ∀ t ∈ R.

■ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❝❛s♦ ❡①✐st❛ t ❝♦♠ un(t) > 1✱ ❝♦♥s✐❞❡r❛♠♦s

vn(t) = 1❀ ❝❛s♦ un(t) < −1✱ ❝♦❧♦❝❛♠♦s vn(t) = −1❀ ♥♦s ♣♦♥t♦s ♦♥❞❡ −1 ≤ un(t) ≤ 1✱

♥ã♦ ❢❛③❡♠♦s ♥❡♥❤✉♠❛ ❛❧t❡r❛çã♦ ♥❛ un✳ ❋♦r♠❛❧♠❡♥t❡✱ ❡s❝r❡✈❡♠♦s

vn(t) = max{−1,min{un(t), 1}}.

◆♦t❡ q✉❡ (vn) ⊂ W ❡ q✉❡

−1 ≤ vn(t) ≤ 1, ∀ t ∈ R.

❈♦♠♦ V (−1) = V (1) = 0✱ ❡♥tã♦

J(vn) ≤ J(un), ∀ n ∈ N.

✸✷



❋✐❣✉r❛ ✷✳✶✿ ●rá✜❝♦ ❞❡ un ❋✐❣✉r❛ ✷✳✷✿ ●rá✜❝♦ ❞❡ vn

❆ss✐♠✱ ♣♦r ✭✷✳✹✮✱ t❡♠♦s lim
n→∞

J(vn) = B✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ❛ ♣ró♣r✐❛ s❡q✉ê♥❝✐❛ (un) s❛t✐s❢❛③

−1 ≤ un(t) ≤ 1, ∀ t ∈ R.

❈♦♥s✐❞❡r❛♥❞♦ ε ∈ (0, 1)✱ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r♠♦s ✭♣❡❧❛ ♣ró♣r✐❛ ❣❡♦♠❡tr✐❛ ❞❛ un✱ ❥á q✉❡

é ❝♦♥tí♥✉❛ ❡ lim
t→−∞

un(t) = −1 ❡ lim
t→∞

un(t) = 1✮ ✉♠ ✐♥t❡r✈❛❧♦ [sn, tn] t❛❧ q✉❡ un(sn) =

−1 + ε✱ un(tn) = 1− ε ❡

−1 + ε ≤ un(t) ≤ 1− ε, ∀ t ∈ [sn, tn].

❈❛s♦ un t♦♠❡ ✈❛❧♦r❡s ♠❛✐♦r❡s ❞♦ q✉❡ −1 + ε ❡♠ (−∞, sn]✱ ❡♥tã♦ ❡s❝♦❧❤❛♠♦s s′n < sn

❞❡ t❛❧ ❢♦r♠❛ q✉❡ un(s
′
n) = −1 + ε ❡ −1 ≤ un(t) ≤ −1 + ε ♣❛r❛ t♦❞♦ t ∈ (−∞, s′n]✳

❊ ❝❛s♦ un t♦♠❡ ✈❛❧♦r❡s ♠❡♥♦r❡s ❞♦ q✉❡ 1 − ε ❡♠ [tn,∞)✱ ❡s❝♦❧❤❛♠♦s t′n > tn t❛❧ q✉❡

un(t
′
n) = 1 − ε ❡ 1 − ε ≤ un(t) ≤ 1 ♣❛r❛ t♦❞♦ t ∈ [t′n,∞)✳ ◆❛ ✈❡r❞❛❞❡✱ ♣♦❞❡♠♦s

❡s❝♦❧❤❡r s′n = min{s ∈ R | un(s) = −1 + ε} ❡ t′n = max{t ∈ R | un(t) = 1− ε}✳ ❈♦♠
❛s ❡s❝♦❧❤❛s ❞❡ s′n ❡ t′n✱ ❞❡✜♥✐♠♦s ✉♠❛ ♥♦✈❛ ❢✉♥çã♦ Un ❞❛❞❛ ♣♦r✿

Un(t) =



















un(t− (sn − s′n)) ✱ s❡ t ≤ sn

un(t) , s❡ sn ≤ t ≤ tn

un(t+ (t′n − tn)) , s❡ t ≥ tn

.

P❡r❝❡❜❛ q✉❡ (Un) ⊂ W ❡ q✉❡ ♦ ❣rá✜❝♦ ❞❡ Un é✱ ♥❛ ✈❡r❞❛❞❡✱ ♦ ♣ró♣r✐♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦

un✱ ♣♦ré♠ ❞❡s❝❛rt❛♥❞♦ ❛s ♣❛rt❡s ❞♦ ❣rá✜❝♦ ❞❛ un ♥♦s ✐♥t❡r✈❛❧♦s [s′n, sn] ❡ [tn, t
′
n] ✭✈✐❞❡

❋✐❣✉r❛s ✷✳✸ ❡ ✷✳✹ ✮✳

✸✸



❋✐❣✉r❛ ✷✳✸✿ ●rá✜❝♦ ❞❡ un ❋✐❣✉r❛ ✷✳✹✿ ●rá✜❝♦ ❞❡ Un

❉❡ss❛ ❢♦r♠❛✱ ♣❡❧❛s ♠✉❞❛♥ç❛s ❞❡ ✈❛r✐á✈❡✐s ξ = t− (sn−s′n) ❡ η = t+(t′n− tn) ♦❜t❡♠♦s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱

∫ sn

−∞

(

1

2
U̇n(t)

2 + V (Un(t))

)

dt =

∫ s′n

−∞

(

1

2
u̇n(t)

2 + V (un(t))

)

dt

≤
∫ sn

−∞

(

1

2
u̇n(t)

2 + V (un(t))

)

dt

❡
∫ ∞

tn

(

1

2
U̇n(t)

2 + V (Un(t))

)

dt =

∫ ∞

t′n

(

1

2
u̇n(t)

2 + V (un(t))

)

dt

≤
∫ ∞

tn

(

1

2
u̇n(t)

2 + V (un(t))

)

dt.

▲♦❣♦✱

J(Un) ≤ J(un), ∀ n ∈ N,

❞♦♥❞❡✱ ♣♦r ✭✷✳✹✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

J(Un) → B, q✉❛♥❞♦ n → ∞.

❖✉ s❡❥❛✱ ❛❝❛❜❛♠♦s ❞❡ ♠♦str❛r q✉❡ (Un) é ❞❡ ❢❛t♦ ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ J

❡♠ W ✳

P♦r ✜♠✱ ✐r❡♠♦s ♣r♦✈❛r q✉❡ (tn − sn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ R✳ ❖r❛✱ t❡♠♦s

(

min
z∈[−1+ε,1−ε]

V (z)

)

> 0

✸✹



❡ ❛ss✐♠

J(Un) =

∫ ∞

−∞

(

1

2
U̇n(t)

2 + V (Un(t))

)

dt

≥
∫ ∞

−∞

V (Un(t)) dt

≥
∫ tn

sn

V (Un(t)) dt

≥
(

min
z∈[−1+ε,1−ε]

V (z)

)

(tn − sn), ∀ n ∈ N,

❣❛r❛♥t❡ q✉❡ (tn − sn)n∈N é ❧✐♠✐t❛❞❛✱ ✉♠❛ ✈❡③ q✉❡ (J(Un))n∈N é ❝♦♥✈❡r❣❡♥t❡ ❡ ♣♦rt❛♥t♦

❧✐♠✐t❛❞❛✳

Pr♦✈❡♠♦s ❛❣♦r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❝♦♥❡❝t❛♥❞♦ ♦s ❡q✉✐❧í❜r✐♦s −1 ❡ 1

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮✿

❚❡♦r❡♠❛ ✷✳✶ ❈♦♥s✐❞❡r❡ V s❛t✐s❢❛③❡♥❞♦ às ❝♦♥❞✐çõ❡s (V1) − (V4)✳ ❊♥tã♦ ♦ ♣r♦❜❧❡♠❛

✭✷✳✶✮✲✭✷✳✷✮ t❡♠ ✉♠❛ s♦❧✉çã♦ U ∈ H1
loc(R) ∩ C2(R)✳ ❆❧é♠ ❞✐ss♦✱ U(t) ∈ (−1, 1) ♣❛r❛

t♦❞♦ t ∈ R✳

Pr♦✈❛✳ ❈♦♥s✐❞❡r❡♠♦s V ❝♦♠ ❛s ♠♦❞✐✜❝❛çõ❡s tr❛t❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✶✱ ❡ ♣♦rt❛♥t♦

s❛t✐s❢❛③❡♥❞♦ às ❝♦♥❞✐çõ❡s (V1) − (V8)✳ ❙❡♥❞♦ ε ∈ (0, 1)✱ t♦♠❡♠♦s (Un) ⊂ W ✱ (sn)✱

(tn) ⊂ R ❡ s′n ❡ t′n ❞❛❞♦s ♣❡❧♦ ▲❡♠❛ ✷✳✶✱ ✐st♦ é✱

J(Un) → B q✉❛♥❞♦ n → ∞✱

Un(t) ∈ [−1,−1 + ε], ∀ t ∈ (−∞, sn]✱

Un(t) ∈ [1− ε, 1], ∀ t ∈ [tn,∞),

Un(t) ∈ [−1 + ε, 1− ε], ∀ t ∈ [sn, tn],

Un(sn) = −1 + ε ❡ Un(tn) = 1− ε✱

(tn − sn)n∈N ❧✐♠✐t❛❞❛ ❡♠ R.

❈♦❧♦❝❛♥❞♦ A = sup
n∈N

J(Un)✱ t❡r❡♠♦s J(Un) ≤ A✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ❡ ❛ss✐♠ ♣❡❧❛ ❖❜s❡r✲

✈❛çã♦ ✶✳✶ ❞❡✈❡♠ ❡①✐st✐r s✉❜s❡q✉ê♥❝✐❛ ❞❡ (Un)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (Un)✱ ❡ ✉♠❛ ❢✉♥çã♦

U ∈ H1
loc(R) t❛✐s q✉❡ ♣❛r❛ t♦❞♦ T > 0✱

Un → U ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−T, T ] ❡

Un ⇀ U ❡♠ H1(−T, T )
. ✭✷✳✺✮

✸✺



P❡r❝❡❜❛ q✉❡ J(U) ≤ B✳ ❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ T > 0✱ s❡❣✉❡ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❡♠

✭✷✳✺✮ q✉❡

lim
n→∞

∫ T

−T

V (Un(t)) dt =

∫ T

−T

V (U(t)) dt. ✭✷✳✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ Un ⇀ U ❡♠ H1(−T, T )✱ t❡♠✲s❡ U̇n ⇀ U̇ ❡♠

L2(−T, T ) ❡ ❝♦♠ ✐ss♦ ‖U̇‖L2(−T,T ) ≤ lim inf
n→∞

‖U̇n‖L2(−T,T )✱ ❞♦♥❞❡

1

2

∫ T

−T

U̇(t)2 dt ≤ 1

2

[

lim inf
n→∞

(
∫ T

−T

U̇n(t)
2 dt

)1/2
]2

=
1

2
lim inf
n→∞

[

(
∫ T

−T

U̇n(t)
2 dt

)1/2
]2

=
1

2
lim inf
n→∞

∫ T

−T

U̇n(t)
2 dt.

✭✷✳✼✮

❆ss✐♠✱ ❞❡ ✭✷✳✻✮ ❡ ✭✷✳✼✮✱ ❝♦♥❝❧✉í♠♦s

∫ T

−T

(

1

2
U̇(t)2 + V (U(t))

)

dt ≤ lim inf
n→∞

∫ T

−T

(

1

2
U̇n(t)

2 + V (Un(t))

)

dt

≤ lim inf
n→∞

J(Un)

= lim
n→∞

J(Un)

= B.

P♦rt❛♥t♦✱ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ T → ∞✱ t❡♠♦s

J(U) ≤ B. ✭✷✳✽✮

◆♦t❡ ❛❣♦r❛ q✉❡ ♣❡❧❛ ✐♥✈❛r✐â♥❝✐❛ ♣♦r tr❛♥s❧❛çã♦ ❞♦ ❢✉♥❝✐♦♥❛❧ J ✭♣r♦❝❡ss♦ ❞❡s❝r✐t♦ ❡♠

✭✷✳✸✮✮✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r s❡♠♣r❡ sn = 0✳ ❈♦♠ ❡❢❡✐t♦✱ ♣♦✐s ♣♦❞❡rí❛♠♦s ❞❡✜♥✐r ❛ ❢✉♥çã♦

wn ❞❛❞❛ ♣♦r wn(t) = Un(t + sn) ❡ ❛ss✐♠ wn(0) = Un(sn) = −1 + ε ❡ wn(tn − sn) =

Un(tn − sn + sn) = Un(tn) = 1 − ε✳ ❆❧é♠ ❞✐ss♦✱ J(wn) = J(Un)✳ ❊s❝♦❧❤❡rí❛♠♦s ❡♥tã♦

❛s ♥♦✈❛s s❡q✉ê♥❝✐❛s ŝn = 0 ❡ t̂n = tn − sn ♣❛r❛ t♦❞♦ n ∈ N✳

❈♦♠ ❛ ❡s❝♦❧❤❛✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ❞❡ sn = 0✱ ❣❛r❛♥t✐♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (sn) é ❧✐♠✐t❛❞❛✳

❙❡♥❞♦ (tn − sn) t❛♠❜é♠ ❧✐♠✐t❛❞❛✱ ♦❜t❡♠♦s (tn) ❧✐♠✐t❛❞❛✳ ❈♦♠ ✐ss♦✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❞❡ (tn) s❡ ♥❡❝❡ssár✐♦✱ ❡①✐st❡ t̄ ≥ 0 t❛❧ q✉❡ tn → t̄✱ q✉❛♥❞♦ n → ∞✳ ❊♥tã♦✱

♣❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❡♠ ✭✷✳✺✮✱ ♦❜t❡♠♦s

U(t) ∈ [−1,−1 + ε], s❡ t ∈ (−∞, 0] ❡ U(t) ∈ [1− ε, 1], s❡ t ∈ [t̄,∞). ✭✷✳✾✮

✸✻



❱❡❥❛ q✉❡ ❞❡ ✭✷✳✾✮ ❞❡✈❡♠♦s t❡r t̄ > 0✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ♦❝♦rr❡r✐❛ −1+ε = U(0) = 1−ε✱

♦ q✉❡ só ✈❛❧❡ s❡ ε = 1✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ♦ ❢❛t♦ ❞❡ ε ∈ (0, 1)✳ ✭P♦❞❡rí❛♠♦s t❛♠❜é♠

t❡r ❛r❣✉♠❡♥t❛❞♦ q✉❡ t̄ = 0 ❝♦♥tr❛r✐❛ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ U ✳✮

Pr♦✈❡♠♦s q✉❡ U ∈ W ✱ ♦✉ s❡❥❛✱ q✉❡ ✈❛❧❡ U +1 ∈ H1(−∞, 0) ❡ U − 1 ∈ H1(0,∞)✳ ❖r❛✱

♣♦r ✭✷✳✽✮✱ s❡❣✉❡ q✉❡ J(U) < ∞✳ P♦rt❛♥t♦✱ ❝♦♠❜✐♥❛♥❞♦ ♦ ▲❡♠❛ ✶✳✷ ✭♣✳ ✷✹✮ ❝♦♠ ❛s

❡①♣r❡ssõ❡s ❡♠ ✭✷✳✾✮ ♦❜t❡♠♦s

U(t) → −1, q✉❛♥❞♦ t → −∞ ❡ U(t) → 1, q✉❛♥❞♦ t → ∞.

❆✐♥❞❛ ❞♦ ▲❡♠❛ ✶✳✷✱ t❡♠♦s

U + 1 ∈ H1(−∞, 0) ❡ U − 1 ∈ H1(0,∞)

❡ ❛ss✐♠ U ∈ W ✳ ▲♦❣♦✱ J(U) = B✱ ❞♦♥❞❡ ♣❡❧♦ ▲❡♠❛ ✶✳✶ ✭♣✳ ✷✶✮ ❣❛r❛♥t✐♠♦s q✉❡ U

s❛t✐s❢❛③ ✭✷✳✶✮✲✭✷✳✷✮ ❡ U ∈ C2(R)✱ ❝♦♠ U(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R✱ ❝♦♠♦ q✉❡rí❛♠♦s

❞❡♠♦♥str❛r✳

❋✐♥❛❧✐③❛♠♦s ❛ss✐♠ ♦ tr❛t❛♠❡♥t♦ ♣❛r❛ q✉❛♥❞♦ ❛ ❢✉♥çã♦ a ❢♦r ✐❞❡♥t✐❝❛♠❡♥t❡ 1✱ ♠❛s

♦❜s❡r✈❡ q✉❡ ♣❛r❛ a(t) = l > 0 ♣❛r❛ t♦❞♦ t ∈ R t♦❞♦s ♦s ♣r♦❝❡❞✐♠❡♥t♦s sã♦ ❡①❛t❛♠❡♥t❡

❛♥á❧♦❣♦s✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ ❡st❡ é✱ ♥❛t✉r❛❧♠❡♥t❡✱ ♦ ❝❛s♦ ♠❛✐s s✐♠♣❧❡s ❛ s❡ ♣❡♥s❛r ❝♦♠

♦ ✐♥t✉✐t♦ ❞❡ ♦❜t❡r♠♦s ✉♠❛ ♣♦ssí✈❡❧ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳ ❆ s❡❣✉✐r ❛❜♦r❞❛r❡♠♦s ❛

s✐t✉❛çã♦ ❝♦♠ a ♣❡r✐ó❞✐❝❛✱ ❡ q✉❡ ❛♦ s❡r r❡s♦❧✈✐❞♦✱ ♣♦❞❡rí❛♠♦s ✉t✐❧✐③á✲❧♦ ♣❛r❛ ♦❜t❡r♠♦s

❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❝♦♥st❛♥t❡✳ ◆♦ ❡♥t❛♥t♦✱ q✉❡r❡♠♦s ❞❡st❛❝❛r ♦s ♠ét♦❞♦s

✉t✐❧✐③❛❞♦s ❡ ❛♥❛❧✐s❛r♠♦s ❝❛❞❛ s✐t✉❛çã♦ s❡♣❛r❛❞❛♠❡♥t❡✱ ♣❡r❝❡❜❡♥❞♦ ❛ ♣❡❝✉❧✐❛r✐❞❛❞❡ ❞❡

❝❛❞❛ ✉♠❛✳

P❛ss❡♠♦s ❛ r❡s♦❧✈❡r ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ q✉❛♥❞♦ ❛ ❢✉♥çã♦ a ♣❡rt❡♥❝❡r à ❝❧❛ss❡ 2✱

♦✉ s❡❥❛✱ ✐r❡♠♦s s✉♣♦r a ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛✱ ❞✐❣❛♠♦s τ ✲♣❡r✐ó❞✐❝❛✳ ❈♦♥s✐❞❡r❛r❡♠♦s

❛✐♥❞❛ 0 < a0 ≤ a(t) ≤ a1✱ ♣❛r❛ t♦❞♦ t ∈ R✳ ❚❡♠♦s ❝♦♠ ✐ss♦ ♦ ♣r♦❜❧❡♠❛ ❡s❝r✐t♦ ♥❛ s✉❛

❢♦r♠❛ ❣❡♥ér✐❝❛✿

ẍ(t) = a(t)V ′(x(t)), t ∈ R, ✭✷✳✶✵✮

x(t) → −1 s❡ t → −∞ ❡ x(t) → 1 s❡ t → ∞. ✭✷✳✶✶✮

❖ ♠❡s♠♦ ❞✐r❡♠♦s ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J q✉❡ s❡rá ❡s❝r✐t♦ ❝♦♠♦

J(x) =

∫ ∞

−∞

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt.

✸✼



❙♦❜ ❡st❛ ❤✐♣ót❡s❡ ❞❡ a s❡r ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛ ❢❛r❡♠♦s ❛❧❣✉♠❛s ♠✉❞❛♥ç❛s ❝♦♥s✐❞❡✲

rá✈❡✐s ♥❛ ❞❡♠♦♥str❛çã♦ ❛♣r❡s❡♥t❛❞❛ ♣❛r❛ ♦ ❝❛s♦ ❝♦♥st❛♥t❡✳ ◆♦t❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♦

❢✉♥❝✐♦♥❛❧ ❛ss♦❝✐❛❞♦ J ♥ã♦ é ♠❛✐s ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çã♦✱ ❡ ❢♦✐ ❡st❡ ♦ ❢❛t♦ q✉❡ ♥♦s

♣♦ss✐❜✐❧✐t♦✉✱ ♥♦ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛✱ ❡s❝♦❧❤❡r♠♦s s❡♠♣r❡ sn = 0✳ P♦ré♠✱ ❛✐♥❞❛ s❡rá

♣♦ssí✈❡❧ ❧✐♠✐t❛r♠♦s (sn)✿ ♣❡❧❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❡ a✱ ♠♦str❛r❡♠♦s q✉❡ é ♣♦ssí✈❡❧ t♦♠❛r✲

♠♦s sn ∈ [0, τ ]✱ ♣❛r❛ t♦❞♦ n ∈ N✳ ❈♦♠♦ ♥♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✱ t❡r❡♠♦s ❞❡ ❧✐❞❛r ❝♦♠

s❡q✉ê♥❝✐❛s ♠✐♥✐♠✐③❛♥t❡s ❡✱ s❡ ♥❡❝❡ssár✐♦✱ ♠♦❞✐✜❝á✲❧❛s ❛ ✜♠ ❞❡ ♦❜t❡r♠♦s ♥♦✈❛s s❡q✉ê♥✲

❝✐❛s ♠✐♥✐♠✐③❛♥t❡s ♠❛s q✉❡ ✬❝✉♠♣r❛♠✬ ❡st❡ ♣❛♣❡❧ ❝♦♠ ♠❛✐s ❡✜❝✐ê♥❝✐❛✳

❖ ♣ró①✐♠♦ ❧❡♠❛ ❡st❛❜❡❧❡❝❡rá✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s ♥❛ ❣❡♦♠❡tr✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❡♠

W ✱ ✉♠❛ ❧✐♠✐t❛çã♦ ✐♥❢❡r✐♦r ✭♣♦r ✉♠ ✈❛❧♦r ♠❛✐♦r ❞♦ q✉❡ ③❡r♦✮ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ✳ ◆❛

✈❡r❞❛❞❡✱ ❝♦♥s❡❣✉✐r❡♠♦s ❡ss❛ ❧✐♠✐t❛çã♦ ♣❛r❛ ✉♠❛ r❡str✐çã♦ ❞♦ ❢✉♥❝✐♦♥❛❧ à ❞❡t❡r♠✐♥❛❞♦s

✐♥t❡r✈❛❧♦s✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ❢❛r❡♠♦s ✉s♦ ❞❛ ♥♦t❛çã♦ J[t1,t2] ♣❛r❛ r❡♣r❡s❡♥t❛r♠♦s

J[t1,t2](x) =

∫ t2

t1

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt,

♦♥❞❡ t1 ≤ t2 ♣♦❞❡♠ ❛ss✉♠✐r q✉❛✐sq✉❡r ✈❛❧♦r❡s ❡♠ R✳

▲❡♠❛ ✷✳✷ ❙❡❥❛♠ ε ∈ (0, 1) ❡

βε = min
{

V (z) | 1− ε ≤ z ≤ 1− ε

2
♦✉ − 1 +

ε

2
≤ z ≤ −1 + ε

}

.

❙❡ x ∈ W ❝✉♠♣r❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ ❡①✐st❡♠ t1, t2 ∈ R✱ ❝♦♠ t1 < t2✱ t❛✐s q✉❡

x(t1) = 1− ε

2
❡ x(t2) = 1− ε ✭♦✉ x(t1) = −1 + ε ❡ x(t2) = −1 +

ε

2
✮✱ ❡♥tã♦

J(x) ≥ J[t1,t2](x) =

∫ t2

t1

(

1

2
ẋ(t)2 + a(t)V (x(t))

)

dt ≥ ε
√
a0 βε

2
√
2

.

Pr♦✈❛✳ ❈♦♥s✐❞❡r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ 1− ε ≤ x(t) ≤ 1− ε

2
♣❛r❛ t♦❞♦ t ∈ [t1, t2] ✭♦✉

−1 +
ε

2
≤ x(t) ≤ −1 + ε ♣❛r❛ t♦❞♦ t ∈ [t1, t2]✮✳ ❉❛í✱

J[t1,t2](x) ≥
∫ t2

t1

a(t)V (x(t)) dt

≥
∫ t2

t1

a0V (x(t)) dt

≥ a0βε(t2 − t1),

♦✉ s❡❥❛✱

(t2 − t1) ≤
J[t1,t2](x)

a0βε

. ✭✷✳✶✷✮

✸✽



❈♦♠♦
∫ t2

t1

ẋ(t)2 dt ≤ 2J[t1,t2](x),

s❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❞❡ ✭✷✳✶✷✮ q✉❡

ε

2
= |x(t2)− x(t1)|

=

∣

∣

∣

∣

∫ t2

t1

ẋ(t) dt

∣

∣

∣

∣

≤
∫ t2

t1

|ẋ(t)| dt

≤ (t2 − t1)
1/2

(
∫ t2

t1

ẋ(t)2 dt

)1/2

≤ (t2 − t1)
1/2 [2 J[t1,t2](x)]

1/2

≤
√
2 J[t1,t2](x)√

a0βε

.

❆ss✐♠

J(x) ≥ J[t1,t2](x) ≥
ε
√
a0βε

2
√
2

,

♣r♦✈❛♥❞♦ ♦ ❧❡♠❛ ♣❛r❛ ❡ss❛ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦✳

▼❛s ❝❛s♦ ❡①✐st❛♠ r, s ∈ [t1, t2] t❛✐s q✉❡ x(r) > 1− ε

2
❡ x(s) < 1− ε✱ ❡♥tã♦ ❡s❝♦❧❤❡♠♦s

t3, t4 ∈ [t1, t2] s❛t✐s❢❛③❡♥❞♦ x(t3) = 1 − ε

2
✱ x(t4) = 1 − ε ❡ 1 − ε ≤ x(t) ≤ 1 − ε

2
♣❛r❛

t♦❞♦ t ∈ [t3, t4]✳ ▲♦❣♦✱ ♣❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❥á ❞❡♠♦♥str❛❞❛✱ ♦❜t❡♠♦s

J[t3,t4](x) ≥
ε
√
a0βε

2
√
2

,

❡ ♥♦t❛♥❞♦ q✉❡ J[t1,t2](x) ≥ J[t3,t4](x)✱ ❝♦♥❝❧✉í♠♦s

J(x) ≥ J[t1,t2](x) ≥
ε
√
a0βε

2
√
2

,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❯s❛r❡♠♦s ♦s ❞♦✐s ❧❡♠❛s s❡❣✉✐♥t❡s ♣❛r❛ ♦❜t❡r♠♦s ♠♦❞✐✜❝❛çõ❡s ✭❝❛s♦ s❡❥❛ ♥❡❝❡ssár✐♦✮

❞❡ s❡q✉ê♥❝✐❛s ♠✐♥✐♠✐③❛♥t❡s ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ♠♦❞✐✜❝❛çã♦ s❡rá

❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❛ ❛♣r❡s❡♥t❛❞❛ ♥❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ❝❛♣ít✉❧♦ ❡ q✉❡ ❛ ♥ã♦

✐♥✈❛r✐â♥❝✐❛ ♣♦r tr❛♥s❧❛çã♦ ✭❛ ♠❡♥♦s ❞❡ tr❛♥s❧❛çõ❡s ❡s♣❡❝í✜❝❛s✮ ❞❡ J é ♦ ♣♦♥t♦ ❝❤❛✈❡

♣❛r❛ ❡ss❛s ❞✐✜❝✉❧❞❛❞❡s✳

✸✾



▲❡♠❛ ✷✳✸ ❙❡❥❛♠ ε ∈ (0, 1) ❡

Wt̄,1−ε =
{

u ∈ H1
loc(t̄,∞) | u(t̄) = 1− ε ❡ u− 1 ∈ H1(t̄,∞)

}

.

❊♥tã♦✱ ❝♦♥s✐❞❡r❛♥❞♦

J[t̄,∞)(u) =

∫ ∞

t̄

(

1

2
u̇(t)2 + a(t)V (u(t))

)

dt,

❡①✐st❡ v ∈ Wt̄,1−ε t❛❧ q✉❡ 1− ε ≤ v(t) ≤ 1 ♣❛r❛ t♦❞♦ t ≥ t̄ ❡

J[t̄,∞)(v) ≤
ε2

2
+ a1

(

max
z∈[1−ε,1]

V (z)

)

.

Pr♦✈❛✳ ❇❛st❛ ❝♦♥s✐❞❡r❛r♠♦s

v(t) =







1− ε+ ε(t− t̄) ✱ s❡ t̄ ≤ t ≤ t̄+ 1

1 ✱ s❡ t ≥ t̄+ 1
.

◆♦t❡ q✉❡✱ ♥❛ ✈❡r❞❛❞❡✱ v é ✉♠❛ ❢✉♥çã♦ ♣♦❧✐❣♦♥❛❧ ❝♦♠♣♦st❛ ♣♦r ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛

❞❡ ✐♥❝❧✐♥❛çã♦ ε ♣❛r❛ ✈❛❧♦r❡s t̄ ≤ t ≤ t̄ + 1 ❡ ♣❡❧❛ ❢✉♥çã♦ ✐❞❡♥t✐❝❛♠❡♥t❡ 1 ♣❛r❛ ✈❛❧♦r❡s

t ≥ t̄+ 1✳

▲❡♠❛ ✷✳✹ ❙❡❥❛♠ ε ∈ (0, 1) ❡

Wt̄,−1+ε =
{

u ∈ H1
loc(−∞, t̄ ) | u(t̄) = −1 + ε ❡ H1(−∞, t̄ )

}

.

❊♥tã♦✱ ❝♦♥s✐❞❡r❛♥❞♦

J(−∞,t̄ ](u) =

∫ t̄

−∞

(

1

2
u̇(t)2 + a(t)V (u(t))

)

dt,

❡①✐st❡ v ∈ Wt̄,−1+ε t❛❧ q✉❡ −1 ≤ v(t) ≤ −1 + ε ♣❛r❛ t♦❞♦ t ≤ t̄ ❡

J(−∞,t̄ ](v) ≤
ε2

2
+ a1

(

max
z∈[−1,−1+ε]

V (z)

)

.

Pr♦✈❛✳ ❇❛st❛ ❝♦♥s✐❞❡r❛r♠♦s

v(t) =







−1 + ε+ ε(t− t̄) ✱ s❡ t̄− 1 ≤ t ≤ t̄

−1 ✱ s❡ t ≤ t̄− 1
.

❉❡♠♦♥str❛r❡♠♦s ♥❡ss❡ ♠♦♠❡♥t♦ q✉❡ ♣❛r❛ ❢✉♥çõ❡s ♣❡r✐ó❞✐❝❛s ✭♦✉ s❡❥❛✱ a ♣❡rt❡♥✲

❝❡♥t❡ à ❝❧❛ss❡ 2 ❞❡ ❢✉♥çõ❡s✮ ❡①✐st❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✵✮✲✭✷✳✶✶✮✳

✹✵



❊♠ ❧✐♥❤❛s ❣❡r❛✐s✱ ❛ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ♦s ♠❡s♠♦s ♣❛ss♦s ✉t✐❧✐③❛❞♦s ♥❛ ♣r♦✈❛ ❞♦ t❡♦✲

r❡♠❛ ✭✷✳✶✮✱ ♣♦ré♠ ❛ ♠♦❞✐✜❝❛çã♦ ♥❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ❞✐❢❡r❡ ❜❛st❛♥t❡ ❞❛ q✉❡ ❢♦✐

❢❡✐t❛ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦✳ ▼❛✐s ✉♠❛ ✈❡③ ❛ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❡ss❡ t❡♦r❡♠❛ é ❬✺❪✳

❋❛r❡♠♦s ✉s♦ ❞❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✿ ♣❛r❛ ❝❛❞❛ ε ∈ (0, 1)✱ ❝♦♥s✐❞❡r❡

µε =

(

max
z∈[−1,−1+ε]∪[1−ε,1]

V (z)

)

.

❚❡♦r❡♠❛ ✷✳✷ ❈♦♥s✐❞❡r❡ V s❛t✐s❢❛③❡♥❞♦ às ❝♦♥❞✐çõ❡s (V1) − (V4) ❡ a ✉♠❛ ❢✉♥çã♦

τ−♣❡r✐ó❞✐❝❛ s❛t✐s❢❛③❡♥❞♦ a(t) ≥ a0 > 0✱ ♣❛r❛ t♦❞♦ t ∈ R✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✵✮✲

✭✷✳✶✶✮ t❡♠ ✉♠❛ s♦❧✉çã♦ U ∈ H1
loc(R) ∩ C2(R)✳ ❆❧é♠ ❞✐ss♦✱ U(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦

t ∈ R✳

Pr♦✈❛✳ ❈♦♠♦ ♥♦ ❚❡♦r❡♠❛ ✷✳✶✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ V ♠♦❞✐✜❝❛❞❛ ❡ s❛t✐s❢❛③❡♥❞♦ às

❝♦♥❞✐çõ❡s (V1)− (V8)✳ ❋✐①❛♥❞♦ ε̄ ∈ (0, 1)✱ ❡s❝♦❧❤❛ ε > 0 ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ε <
ε̄

2
❡

ε2

2
+ a1µε <

ε̄
√
a0 βε̄

2
√
2

. ✭✷✳✶✸✮

❙❡❥❛ (un) ⊂ W ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ✳ ❈♦♠♦ ♥♦ ▲❡♠❛ ✷✳✶

✭♣✳ ✸✷✮✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r −1 ≤ un(t) ≤ 1✱ ♣❛r❛ t♦❞♦ t ∈ R✳ ❆❧é♠ ❞✐ss♦✱ é ♣♦ssí✈❡❧

❡♥❝♦♥tr❛r♠♦s s❡q✉ê♥❝✐❛s (sn)✱ (tn) ⊂ R t❛✐s q✉❡ un(sn) = −1 + ε✱ un(tn) = 1− ε ❡

−1 + ε ≤ un(t) ≤ 1− ε, ∀ t ∈ [sn, tn].

❈❛s♦ ❡①✐st❛ t > tn ❝♦♠ un(t) < 1 − ε̄✱ ❡♥tã♦ t❛♠❜é♠ ❞❡✈❡♠ ❡①✐st✐r r1, r2 > tn✱ ❝♦♠

r1 < r2✱ ❡ t❛✐s q✉❡

un(r1) = 1− ε̄

2
❡ un(r2) = 1− ε̄.

❙❡❣✉❡ ❡♥tã♦ ❞♦ ▲❡♠❛ ✷✳✷ q✉❡

J[tn,∞)(un) ≥ J[t1,t2](un) ≥
ε̄
√
a0 βε̄

2
√
2

. ✭✷✳✶✹✮

◆♦t❡ q✉❡ ❞♦ ▲❡♠❛ ✷✳✸ ❞❡✈❡ ❡①✐st✐r vn ∈ Wtn,1−ε t❛❧ q✉❡ 1 − ε ≤ vn(t) ≤ 1 ♣❛r❛ t♦❞♦

t ≥ tn ❡

J[tn,∞)(vn) ≤
ε2

2
+ a1

(

max
z∈[1−ε,1]

V (z)

)

≤ ε2

2
+ a1µε.

❊♥tã♦✱ ♣♦r ✭✷✳✶✸✮ ❡ ✭✷✳✶✹✮✱ ❝♦♥❝❧✉í♠♦s

J[tn,∞)(vn) ≤ ε2

2
+ a1µε

<
ε̄
√
a0 βε̄

2
√
2

≤ J[tn,∞)(un).

✭✷✳✶✺✮

✹✶



❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❝❛s♦ t❛♠❜é♠ ❡①✐st❛ t < sn ❝♦♠ un(t) > −1 + ε̄✱ s❡❣✉❡ ❞♦ ▲❡♠❛

✷✳✹ q✉❡ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r♠♦s wn ∈ Wsn,−1+ε ❝♦♠ −1 ≤ wn(t) ≤ −1 + ε ♣❛r❛ t♦❞♦

t ≤ sn s❛t✐s❢❛③❡♥❞♦

J(−∞,sn](wn) ≤ J(−∞,sn](un). ✭✷✳✶✻✮

❙♦❜ t❛✐s ❤✐♣ót❡s❡s✱ ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦ Un ✭✈✐❞❡ ❋✐❣✉r❛s ✷✳✺ ❡ ✷✳✻✮ ❞❛❞❛ ♣♦r

Un(t) =



















wn(t) ✱ s❡ t ≤ sn

un(t) ✱ s❡ sn ≤ t ≤ tn

vn(t) ✱ s❡ t ≥ tn

.

❋✐❣✉r❛ ✷✳✺✿ ●rá✜❝♦ ❞❡ un ❋✐❣✉r❛ ✷✳✻✿ ●rá✜❝♦ ❞❡ Un

❆ss✐♠✱ Un ∈ W ✳ ❆❞❡♠❛✐s✱ ❞❡ ✭✷✳✶✺✮ ❡ ✭✷✳✶✻✮✱ t❡♠♦s

J(Un) = J(−∞,sn](Un) + J[sn,tn](Un) + J[tn,∞)(Un)

= J(−∞,sn](wn) + J[sn,tn](un) + J[tn,∞)(vn)

≤ J(−∞,sn](un) + J[sn,tn](un) + J[tn,∞)(un)

= J(un),

❡ ♣♦rt❛♥t♦ (Un) é ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ✳ ▲♦❣♦✱

J(Un) → B q✉❛♥❞♦ n → ∞✱

Un(t) ∈ [−1,−1 + ε], ∀ t ∈ (−∞, sn]✱

Un(t) ∈ [1− ε, 1], ∀ t ∈ [tn,∞),

Un(t) ∈ [−1 + ε, 1− ε], ∀ t ∈ [sn, tn],

Un(sn) = −1 + ε ❡ Un(tn) = 1− ε✱

(tn − sn)n∈N ❧✐♠✐t❛❞❛ ❡♠ R.

✹✷



❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉t✐❧✐③❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✷✳✶✱ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

❞❡ (Un)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (Un)✱ ❡ ✉♠❛ ❢✉♥çã♦ U ∈ H1
loc(R) t❛✐s q✉❡ ♣❛r❛ t♦❞♦ T > 0✱

Un → U ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−T, T ]

Un ⇀ U ❡♠ H1(−T, T )
,

❡

J(U) ≤ B.

❈♦♠♦ a é ✉♠❛ ❢✉♥çã♦ τ−♣❡r✐ó❞✐❝❛✱ é ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r♠♦s sn ∈ [0, τ ] ♣❛r❛ t♦❞♦ n ∈ N✳

❉❡ ❢❛t♦✱ s❡❥❛ k ∈ Z t❛❧ q✉❡ kτ ≤ sn ≤ (k + 1)τ ✱ ♦✉ s❡❥❛✱ 0 ≤ sn − kτ ≤ τ ✳ ❈♦♥s✐❞❡r❡ ❛

s❡q✉ê♥❝✐❛ ŝn = sn−kτ ❡ ❛ ❢✉♥çã♦ xn(t) = Un(t+kτ)✳ ❊♥tã♦✱ xn(ŝn) = Un(sn) = −1+ε✱

❝♦♠ 0 ≤ ŝn ≤ τ ✳ ❆❞❡♠❛✐s✱ ❝♦♠ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ξ = t+ kτ ✱ ♦❜t❡♠♦s

J(xn) =

∫ ∞

−∞

(

1

2
ẋn(t)

2 + a(t)V (xn(t))

)

dt

=

∫ ∞

−∞

(

1

2
U̇n(t+ kτ)2 + a(t)V (Un(t+ kτ))

)

dt

=

∫ ∞

−∞

(

1

2
U̇n(ξ)

2 + a(ξ − kτ)V (Un(ξ))

)

dξ

=

∫ ∞

−∞

(

1

2
U̇n(ξ)

2 + a(ξ)V (Un(ξ))

)

dξ

= J(Un),

♠♦str❛♥❞♦ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ J é ✐♥✈❛r✐❛♥t❡ ♣♦r ❡ss❛ tr❛♥s❧❛çã♦ ❡s♣❡❝í✜❝❛ ❡ q✉❡ ♣♦❞❡♠♦s

s❡♠♣r❡ t♦♠❛r sn ∈ [0, τ ]✳

❈♦♠ ✐ss♦✱ t❡♠♦s q✉❡ (sn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ (tn) t❛♠❜é♠

é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✳ ❊♥tã♦✱ ♣❛ss❛♥❞♦ ❛ s✉❜s❡q✉ê♥❝✐❛s ❞❡ (sn) ❡ (tn) s❡ ♥❡❝❡ssár✐♦✱

❡①✐st❡♠ s̄✱ t̄ ∈ R ❞❡ t❛❧ ❢♦r♠❛ q✉❡

sn → s̄ ❡ tn → t̄.

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ❛ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ❞❡ ♠❛♥❡✐r❛ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣❛ à ❞♦

❚❡♦r❡♠❛ ✷✳✶ ♣❛r❛ ♦ ❝❛s♦ ❝♦♥st❛♥t❡✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝❛s♦ ♥ã♦ ❡①✐st❛♠ t > tn ❝♦♠ un(t) < 1− ε̄ ❡ s < sn ❝♦♠ un(s) > −1+ ε̄✱

❡♥tã♦ ♥ã♦ ♣r❡❝✐s❛r❡♠♦s ❢❛③❡r ♥❡♥❤✉♠❛ ♠♦❞✐✜❝❛çã♦ ❡♠ un✱ ✉♠❛ ✈❡③ q✉❡ ❣❛r❛♥t✐♠♦s

un(t) ∈ [−1,−1 + ε̄ ], ∀ t ≤ sn ✭✷✳✶✼✮

✹✸



❡

un(t) ∈ [1− ε̄, 1], ∀ t ≥ tn, ✭✷✳✶✽✮

♦✉ s❡❥❛✱ q✉❡ un ♣❡r♠❛♥❡❝❡ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 1 ❛ ♣❛rt✐r ❞❡ tn ❡ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡

−1 ♣❛r❛ ✈❛❧♦r❡s ♠❡♥♦r❡s ❞♦ q✉❡ sn✳ ❙❡ ♦❝♦rr❡r ❛♣❡♥❛s ✉♠ ❞♦s ❝❛s♦s ✭✷✳✶✼✮ ♦✉ ✭✷✳✶✽✮✱

❡♥tã♦ ♠♦❞✐✜❝❛♠♦s ❛ ❢✉♥çã♦ un ♣♦r wn ♦✉ vn✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥♦s ✐♥t❡r✈❛❧♦s (−∞, sn]

♦✉ [tn,∞)✳ ❉❛í✱ ❛ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ❛♥á❧♦❣❛ à q✉❡ ❢♦✐ ❢❡✐t❛ ❛♥t❡r✐♦r♠❡♥t❡✳

❆ss✐♠ ✜♥❛❧✐③❛♠♦s ♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ❡ ❝♦♠ ❛ ❣❛r❛♥t✐❛ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡✲

t❡r♦❝❧í♥✐❝❛s ❝♦♥❡❝t❛♥❞♦ ♦s ❡q✉✐❧í❜r✐♦s −1 ❡ 1 ♣❛r❛ ❞✉❛s s✐t✉❛çõ❡s✳ P♦st❡r✐♦r♠❡♥t❡ tr❛✲

t❛r❡♠♦s ❞❛s ❝❧❛ss❡s ❞❡ ❢✉♥çõ❡s ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❡r✐ó❞✐❝❛s ❡ ❞❛s ❝♦❡r❝✐✈❛s✱ ❛ ♣r✐♠❡✐r❛

t❡♥❞♦ ❣r❛♥❞❡ ✐♥✢✉ê♥❝✐❛ ❞♦ r❡s✉❧t❛❞♦ ❥á ❞❡♠♦♥str❛❞♦ ♣❛r❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❡ ❛ s❡❣✉♥❞❛

❢✉❣✐♥❞♦ ❞❛s ♥♦ss❛s ❤✐♣ót❡s❡s ✐♥✐❝✐❛s ♥❛s q✉❛✐s a ❡r❛ s❡♠♣r❡ ❧✐♠✐t❛❞❛✳

✹✹



❈❛♣ít✉❧♦ ✸

❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ♣❛r❛ ♦s ❝❛s♦s

❆ss✐♥t♦t✐❝❛♠❡♥t❡ P❡r✐ó❞✐❝♦ ❡ ❈♦❡r❝✐✈♦

❊st❡ ❝❛♣ít✉❧♦ s❡rá ❞❡❞✐❝❛❞♦ ❛ ❣❛r❛♥t✐r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛

♣❛r❛ ♦ ♣r♦❜❧❡♠❛

ẍ(t) = a(t)V ′(x(t)), t ∈ R, ✭✸✳✶✮

x(t) → −1 s❡ t → −∞ ❡ x(t) → 1 s❡ t → ∞, ✭✸✳✷✮

♥♦s ❝❛s♦s ❡♠ q✉❡ ❛ ❢✉♥çã♦ a ♣❡rt❡♥ç❛ ❛ ✉♠❛ ❞❛s ❝❧❛ss❡s 3 ♦✉ 4✱ ♦✉ s❡❥❛✱ a é ✉♠❛ ❢✉♥çã♦

❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❡r✐ó❞✐❝❛ ♦✉ a é ❝♦❡r❝✐✈❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ♣r✐♠❡✐r♦ ❝♦♠❡♥tár✐♦ é

q✉❡ ♥♦✈❛♠❡♥t❡ t❡r❡♠♦s ❞❡ ❧✐❞❛r ❝♦♠ s❡q✉ê♥❝✐❛s ♠✐♥✐♠✐③❛♥t❡s ❡✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ♥❡❝❡s✲

s✐❞❛❞❡✱ ♠♦❞✐✜❝á✲❧❛s✳ ◆❡st❡ ♣r♦❝❡ss♦ ❣❛♥❤❛♠♦s s❡q✉ê♥❝✐❛s (sn)✱ (tn) ⊂ R ❡ ♠❛✐s ✉♠❛

✈❡③ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ ❡st❛s sã♦ ❧✐♠✐t❛❞❛s✳ ◆♦ ❈❛♣ít✉❧♦ ✷✱ ❛ s❛í❞❛ ❡♥❝♦♥tr❛❞❛ ♣❛r❛

❧✐♠✐t❛r♠♦s (sn) ❡st❛✈❛ ♥❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❛ ❢✉♥çã♦ a ✭♥♦t❡ q✉❡ q✉❛♥❞♦ ❡❧❛ ❡r❛ ✐❞❡♥t✐❝❛✲

♠❡♥t❡ ❝♦♥st❛♥t❡✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❡r❛ ♣❡r✐ó❞✐❝❛✮✳ P♦ré♠✱ ♥♦s ❝❛s♦s q✉❡ s❡rã♦ tr❛t❛❞♦s

❞❡st❡ ♠♦♠❡♥t♦ ❡♠ ❞✐❛♥t❡ ♥ã♦ s❡rá ♠❛✐s ♣♦ssí✈❡❧ ❧✐♠✐t❛r♠♦s (sn) tã♦ ✐♠❡❞✐❛t❛♠❡♥t❡✳

❱❛❧❡ ❧❡♠❜r❛r q✉❡ ❛ ❧✐♠✐t❛çã♦ ❞❡ t❛❧ s❡q✉ê♥❝✐❛ é ♣❡ç❛ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❛ ❞❡♠♦♥str❛✲

çã♦ ❞♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❣❛r❛♥t✐♥❞♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛✳ ❊♥tã♦✱

♠❛✐s ✉♠❛ ✈❡③✱ ❡st❡ s❡rá ✉♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ❞❡ tr❛t❛r♠♦s ♥❛s ❞❡♠♦♥str❛çõ❡s✱ ❡ q✉❡✱

❞❡✈✐❞♦ ❛ ♣❡❝✉❧✐❛r✐❞❛❞❡ ❞❡ ❝❛❞❛ s✐t✉❛çã♦✱ ❞❡❞✐❝❛r❡♠♦s ✉♠ ❡s❢♦rç♦ ❝♦♥s✐❞❡rá✈❡❧✳ ❱❛❧❡

❧❡♠❜r❛r q✉❡ ❡st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s t❛♠❜é♠ ♥♦s ♠ét♦❞♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ♦❜t❡r♠♦s ❛

♥♦✈❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡✱ ❛❧é♠✱ ♦❜✈✐❛♠❡♥t❡✱ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❝✉♠♣r✐❞❛s ♣♦r ❡❧❛ ❡



q✉❡ ❡st❛rã♦ ❞❡s❝r✐t❛s ♥♦ ▲❡♠❛ ✸✳✶✳

❯♠ ♦✉tr♦ ♣♦♥t♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❡ q✉❡ ❞❡✈❡♠♦s t❡r ❜❛st❛♥t❡ ❛t❡♥çã♦ é q✉❛♥❞♦

❢♦r♠♦s tr❛t❛r ❞❛ ❝♦❡r❝✐✈✐❞❛❞❡ ❞❛ ❢✉♥çã♦ a✳ ❆ ♣r✐♦r✐ ♥ã♦ s❡rá ♠❛✐s ♣♦ssí✈❡❧ ✉t✐❧✐③❛r♠♦s

♦s r❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✶✱ ♣♦✐s ♥❛q✉❡❧❡ ♠♦♠❡♥t♦ ❡❧❡s ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s s♦❜ ❛

❤✐♣ót❡s❡ ❞❡ a s❡r ❧✐♠✐t❛❞❛✳ ▼❛s t❡r❡♠♦s ❝♦♠♦ ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛✱ ❡ ❛ s❛í❞❛ s❡rá

❛ ✐♥tr♦❞✉çã♦ ❞❡ ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❝♦♥✈❡♥✐❡♥t❡s ♥♦s ❡s♣❛ç♦s H1(0,∞) ❡ H1(−∞, 0)

q✉❡ ♥♦s ❛❥✉❞❛♠✱ ❞❡ ❝❡rt❛ ❢♦r♠❛✱ ❛ ❣❛♥❤❛r ❡ss❛ ❧✐♠✐t❛çã♦ ❞❡s❡❥❛❞❛ ❞❛ ❢✉♥çã♦ a✳ ❊st❡s

r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥♦ ❛rt✐❣♦ ❬✶❪✳

❈♦♠❡ç❛r❡♠♦s ❡♥tã♦ tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ❛s s❡q✉ê♥❝✐❛s ♠✐♥✐♠✐③❛♥t❡s✳ ❖❜s❡r✈❡ q✉❡

♦ ♣ró①✐♠♦ ❧❡♠❛ é ❜❛s✐❝❛♠❡♥t❡ ♦ ♠❡s♠♦ ❛♣r❡s❡♥t❛❞♦ ♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ✭▲❡♠❛ ✷✳✶✮✱

❡♥tr❡t❛♥t♦✱ ♦ ♠ét♦❞♦ q✉❡ ✉t✐❧✐③❛r❡♠♦s ❛q✉✐ é ❞✐❢❡r❡♥t❡ ❞♦ ❝♦♥s✐❞❡r❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱

❡ ♣♦r ✐ss♦ ❛ ♥❡❝❡ss✐❞❛❞❡ ❡♠ ❞❡♠♦♥strá✲❧♦✳

▲❡♠❛ ✸✳✶ ❙❡❥❛ ε0 ∈ (0, 1) ❞❛❞♦ ❡♠ ✭✶✳✶✵✮ ✭♣✳ ✶✺✮✳ ❊♥tã♦✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (Un) ⊂
W ✱ (sn), (tn) ⊂ R✱ ❝♦♠ sn < tn✱ t❛✐s q✉❡

J(Un) → B✱ q✉❛♥❞♦ n → ∞✱

Un(t) ∈ [−1,−1 + ε0], ∀ t ∈ (−∞, sn]✱

Un(t) ∈ [1− ε0, 1], ∀ t ∈ [tn,∞),

Un(t) ∈ [−1 + ε0, 1− ε0], ∀ t ∈ [sn, tn],

Un(sn) = −1 + ε0 ❡ Un(tn) = 1− ε0✱

(tn − sn)n∈N ❧✐♠✐t❛❞❛ ❡♠ R.

Pr♦✈❛✳ ❉❡ ❢❛t♦✱ s❡♥❞♦ (un) ⊂ W ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ J ✱ ✐st♦ é✱

J(un) → B, q✉❛♥❞♦ n → ∞,

s❛❜❡♠♦s q✉❡ é ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r♠♦s −1 ≤ un(t) ≤ 1✱ ♣❛r❛ t♦❞♦ t ∈ R ❡ ❡♥❝♦♥tr❛r♠♦s

sn < tn t❛✐s q✉❡ un(sn) = −1 + ε0✱ un(tn) = 1− ε0 ❡

−1 + ε0 ≤ un(t) ≤ 1− ε0, ∀ t ∈ [sn, tn],

❝♦♠ (tn−sn) ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ R✳ ❈♦♥s✐❞❡r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♥ã♦ ❡①✐st❡♠

r1 > tn ❡ r2 < sn ❞❡ ❢♦r♠❛ q✉❡ un(r1) < −1+ ε0 ❡ un(r2) > 1− ε0✳ ❊♥tã♦ ♠♦❞✐✜❝❛♠♦s

un ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❞❡✜♥✐♠♦s ✉♠❛ ❢✉♥çã♦ Un ❞❡ t❛❧ ❢♦r♠❛ q✉❡ s❡ ❡①✐st❡ t > tn

✹✻



❝♦♠ un(t) < 1 − ε0✱ ❝♦❧♦❝❛♠♦s Un(t) = 1 − ε0❀ s❡ ❡①✐st❡ t < sn ❝♦♠ un(t) > −1 + ε0✱

❡♥tã♦ Un(t) = −1 + ε0❀ ❡♠ t♦❞♦s ♦s ❞❡♠❛✐s ♣♦♥t♦s ♣❡r♠❛♥❡❝❡♠♦s ❝♦♠ ❛ un(t)✳ ▲♦❣♦✱

Un(t) =



















min{−1 + ε0, un(t)} ✱ s❡ t ≤ sn

un(t) ✱ s❡ sn ≤ t ≤ tn

max{1− ε0, un(t)} ✱ s❡ t ≥ tn

.

❖❜s❡r✈❡ q✉❡ (Un) ⊂ W ✳ ❆❧é♠ ❞✐ss♦✱ s❡ t ≥ tn✱ ❡♥tã♦ Un(t) ∈ [1 − ε0, 1]❀ s❡ t ≤ sn✱

s❡❣✉❡ Un(t) ∈ [−1,−1 + ε0]✳ ❱✐❞❡ ❋✐❣✉r❛s ✸✳✶ ❡ ✸✳✷✳

❋✐❣✉r❛ ✸✳✶✿ ●rá✜❝♦ ❞❡ un ❋✐❣✉r❛ ✸✳✷✿ ●rá✜❝♦ ❞❡ Un

Pr♦✈❡♠♦s q✉❡ (Un) é ❛✐♥❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ J ✳ ❖r❛✱ ♣❡❧❛ ❤✐♣ót❡s❡

❝♦❧♦❝❛❞❛ ✐♥✐❝✐❛❧♠❡♥t❡ t❡♠♦s✱ ♣❛r❛ t ≥ tn✱ q✉❡ un(t) ∈ [−1 + ε0, 1]✳ ❈❛s♦ un(t) ∈
[−1 + ε0, 1− ε0]✱ ♦❜t❡♠♦s Un(t) = 1− ε0 ❡ ❡♥tã♦ ♣♦r ✭✶✳✶✸✮ ✭♣✳ ✶✺✮

V (Un(t)) = V (1− ε0)

≤ V (un(t)).

❈❛s♦ un(t) ∈ [1 − ε0, 1]✱ ♦❜t❡♠♦s Un(t) = un(t) ❡ ♥❛❞❛ ❛ ❢❛③❡r✳ ❉❛í✱ ❡♠ q✉❛❧q✉❡r ❞♦s

❝❛s♦s
∫ ∞

tn

a(t)V (Un(t)) dt ≤
∫ ∞

tn

a(t)V (un(t)) dt.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ s❡❣✉❡

∫ sn

−∞

a(t)V (Un(t)) dt ≤
∫ sn

−∞

a(t)V (un(t)) dt

❡ ♣♦rt❛♥t♦
∫ ∞

−∞

a(t)V (Un(t)) dt ≤
∫ ∞

−∞

a(t)V (un(t)) dt ✭✸✳✸✮

✹✼



❥á q✉❡ Un(t) = un(t) ♣❛r❛ t♦❞♦ t ∈ [sn, tn]✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦s ✐♥t❡r✈❛❧♦s ♥♦s q✉❛✐s

Un ≡ −1 + ε0 ♦✉ Un ≡ 1− ε0 t❡r❡♠♦s U̇n ≡ 0✱ ❞♦♥❞❡

∫ ∞

−∞

1

2
U̇n(t)

2 dt ≤
∫ ∞

−∞

1

2
u̇n(t)

2 dt. ✭✸✳✹✮

❆ss✐♠✱ ❞❡ ✭✸✳✸✮ ❡ ✭✸✳✹✮ ❝♦♥❝❧✉í♠♦s

J(Un) ≤ J(un), ∀ n ∈ N,

❝♦♠♣r♦✈❛♥❞♦ q✉❡ (Un) é ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ✳ ❆❞❡♠❛✐s✱ Un

❝✉♠♣r❡ t♦❞❛s ❛s ❞❡♠❛✐s ♣r♦♣r✐❡❞❛❞❡s ♣❡❞✐❞❛s ♥♦ ❧❡♠❛✳

❙✉♣♦♥❞♦ q✉❡ ❡①✐st❡♠ ✈❛❧♦r❡s r1 > tn ❡ r2 < sn t❛✐s q✉❡ un(r1) < −1+ε0 ❡ un(r2) > 1−ε0

✉s❛♠♦s ❛ ♠♦❞✐✜❝❛çã♦ ❝♦♠♦ ❢❡✐t❛ ♥♦ ❚❡♦r❡♠❛ ✷✳✷ ♣❛r❛ ♦ ❝❛s♦ ♣❡r✐ó❞✐❝♦✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ tr❛t❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ♣❛r❛ ❢✉♥çõ❡s ♣❡rt❡♥❝❡♥t❡s ❛ ❝❧❛ss❡ 3✳ ❊♥tã♦✱

s❡♥❞♦ a ✉♠❛ ❢✉♥çã♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❡r✐ó❞✐❝❛✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛ ❝♦♥tí♥✉❛

aP : R → R ❝✉♠♣r✐♥❞♦

|a(t)− aP (t)| → 0, q✉❛♥❞♦ |t| → ∞

❡

0 < a0 = inf
t∈R

a(t) ≤ a(t) < aP (t), ∀ t ∈ R.

❖r❛✱ ♣♦r aP s❡r ❝♦♥tí♥✉❛✱ s❛❜❡♠♦s ✭✈✐❞❡ ❚❡♦r❡♠❛ ✷✳✷✮ q✉❡ ❞❡✈❡ ❡①✐st✐r s♦❧✉çã♦ ❤❡t❡r♦✲

❝❧í♥✐❝❛ ❝♦♥❡❝t❛♥❞♦ ♦s ❡q✉✐❧í❜r✐♦s −1 ❡ 1 ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

ẍ(t) = aP (t)V
′(x(t)), ∀ t ∈ R, ✭✸✳✺✮

x(t) → −1 s❡ t → −∞ ❡ x(t) → 1 s❡ t → ∞. ✭✸✳✻✮

❉❡♥♦t❛♥❞♦ ❡st❛ s♦❧✉çã♦ ♣♦r wp ∈ W ✱ t❡♠♦s JP (wP ) = BP ✱ ♦♥❞❡ JP : H1
loc(R) → [0,∞]

é ♦ ❢✉♥❝✐♦♥❛❧ ❞❡✜♥✐❞♦ ♣♦r

JP (x) =

∫ ∞

−∞

(

1

2
ẋ(t)2 + aP (t)V (x(t))

)

dt

❡

BP = inf {JP (x) | x ∈ W}.

✹✽



◆♦t❡ q✉❡ B < BP ✳ ❈♦♠ ❡❢❡✐t♦✱ ♣♦✐s ❝♦♠♦ a(t) < aP (t) ♣❛r❛ t♦❞♦ t ∈ R✱ s❡❣✉❡

B ≤ J(wP )

< JP (wP )

= BP .

◆♦t❡ ❛✐♥❞❛ q✉❡ t♦❞♦s ♦s ❧❡♠❛s ❡ ♦❜s❡r✈❛çõ❡s ❞♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s sã♦ ✈á❧✐❞♦s ♣❛r❛

JP ❡ BP ✳

●❛r❛♥t✐r❡♠♦s ❛❣♦r❛ q✉❡ ❞❡ ❢❛t♦ ❡①✐st❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❝♦♥❡❝t❛♥❞♦ ❡q✉✐❧í❜r✐♦s −1

❡ 1 ♣❛r❛ ❝❧❛ss❡s ❞❡ ❢✉♥çõ❡s ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❡r✐ó❞✐❝❛s✳ ▼❛✐s ✉♠❛ ✈❡③ ❛ ❞❡♠♦♥str❛çã♦

s❡❣✉✐rá ❡♠ ❧✐♥❤❛s ❣❡r❛✐s ❛s ❥á ❛♣r❡s❡♥t❛❞❛s✱ ♣♦ré♠ ❧✐♠✐t❛r ❛ s❡q✉ê♥❝✐❛ (sn) s❡rá ✉♠❛

t❛r❡❢❛ ❜❡♠ ♠❛✐s ❞❡❧✐❝❛❞❛ ❞♦ q✉❡ ♥♦s ♣r✐♠❡✐r♦s ❝❛s♦s✳

❚❡♦r❡♠❛ ✸✳✶ ❆ss✉♠❛ V s❛t✐s❢❛③❡♥❞♦ (V1) − (V4)✳ ❙❡ ❛ ❢✉♥çã♦ a é ❛ss✐♥t♦t✐❝❛♠❡♥t❡

♣❡r✐ó❞✐❝❛✱ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✮✲✭✸✳✷✮ t❡♠ ✉♠❛ s♦❧✉çã♦ U ∈ H1
loc(R) ∩ C2(R)✳ ❆❞❡♠❛✐s✱

U(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R✳

Pr♦✈❛✳ ❈♦♥s✐❞❡r❡ V ♠♦❞✐✜❝❛❞❛ ❡ s❛t✐s❢❛③❡♥❞♦ (V1) − (V8)✳ ❖ ♥♦ss♦ ♦❜❥❡t✐✈♦ s❡rá

♠♦str❛r q✉❡ B é ❛t✐♥❣✐❞♦ ❡♠ W ❡ ❛ss✐♠ ✉t✐❧✐③❛r♠♦s ♦ ▲❡♠❛ ✶✳✶ ✭♣✳ ✷✶✮ q✉❡ ❣❛r❛♥t❡

q✉❡ ♣♦♥t♦s q✉❡ ♠✐♥✐♠✐③❛♠ ♦ ❢✉♥❝✐♦♥❛❧ J sã♦ ♥❛ ✈❡r❞❛❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ❞♦

♣r♦❜❧❡♠❛✳ ▼❛s ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❡♠♦s wP ∈ W s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✺✮✲✭✸✳✻✮

❝♦♠ JP (wP ) = BP ✳ ❈♦♠♦ B < BP ✱ ❡①✐st❡ δ > 0 ✭✜①❡ ❡st❡ ♥ú♠❡r♦✮ ❞❡ ♠♦❞♦ q✉❡

B + δ < BP . ✭✸✳✼✮

❖r❛✱ ❧❡♠❜r❛♥❞♦ q✉❡ B > 0 ✭✈✐❞❡ ♣✳ ✷✶✮ ❡ |a(t) − aP (t)| → 0 q✉❛♥❞♦ |t| → ∞✱ ❞❡✈❡

❡①✐st✐r M1 = M1(δ) > 0 ❝✉♠♣r✐♥❞♦

|t| > M1 ⇒ |a(t)− aP (t)| <
a0 δ

4B
. ✭✸✳✽✮

▲❡♠❜r❛♥❞♦ ❛❣♦r❛ q✉❡

lim
z→−1+

V (z) = 0 ❡ lim
z→1−

V (z) = 0,

é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r♠♦s γ∗ ∈ (0, 1) t❛❧ q✉❡

z ∈ [−1,−1 + γ∗] ∪ [1− γ∗, 1] ⇒ V (z) <
δ

16M1‖aP‖∞
. ✭✸✳✾✮

✹✾



◆♦t❡ q✉❡ ε0 ♣♦❞❡ s❡r t♦♠❛❞♦ tã♦ ♣❡q✉❡♥♦ q✉❛♥t♦ s❡ q✉❡✐r❛ ❡♠ ✭✶✳✶✵✮ ✭♣✳ ✶✺✮✱ ❡ ❡♥tã♦ ♦

❡s❝♦❧❤❡r❡♠♦s ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ε0 ≤ γ∗✳ ❆♣ós ✐ss♦ ❛♣❧✐❝❛♠♦s ♦ ▲❡♠❛ ✸✳✶ ❡ ❝♦♥s❡❣✉✐♠♦s

s❡q✉ê♥❝✐❛s (Un) ⊂ W ✱ (sn), (tn) ⊂ R✱ ❝♦♠ sn < tn✱ ❡ t❛✐s q✉❡

J(Un) → B q✉❛♥❞♦ n → ∞,

Un(t) ∈ [−1,−1 + ε0], ∀ t ∈ (−∞, sn],

Un(t) ∈ [1− ε0, 1], ∀ t ∈ [tn,∞),

Un(t) ∈ [−1 + ε0, 1− ε0], ∀ t ∈ [sn, tn],

Un(sn) = −1 + ε0 ❡ Un(tn) = 1− ε0,

(tn − sn)n∈N ❧✐♠✐t❛❞❛ ❡♠ R.

✭✸✳✶✵✮

❉❡♥♦t❛♥❞♦ A = sup
n

J(Un)✱ t❡r❡♠♦s J(Un) ≤ A✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ❡ ❡♥tã♦✱ ❝♦♠♦

♥♦ ❚❡♦r❡♠❛ ✷✳✶✱ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (Un)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (Un)✱ ❡ ✉♠❛

❢✉♥çã♦ U ∈ H1
loc(R) t❛✐s q✉❡ ♣❛r❛ ❝❛❞❛ T > 0

Un → U ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−T, T ] ❡

Un ⇀ U ❡♠ H1(−T, T )
. ✭✸✳✶✶✮

❆❞❡♠❛✐s✱

J(U) ≤ B. ✭✸✳✶✷✮

▲❡♠❜r❡✲s❡ q✉❡ ♥♦s ❝❛s♦s ❝♦♥st❛♥t❡ ❡ ♣❡r✐ó❞✐❝♦ ❢♦✐ ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r♠♦s (sn) ❞❡ s♦rt❡

q✉❡ ❡st❛ ❢♦ss❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✳ ◆♦ ❡♥t❛♥t♦✱ ♥❡ss❡ ♠♦♠❡♥t♦ ♥ã♦ s❡rá ♠❛✐s

♣♦ssí✈❡❧ t❛❧ ❡s❝♦❧❤❛ ❡ ❡♥tã♦ ❞❡✈❡♠♦s ❡♥❝♦♥tr❛r ♦✉tr❛ ♠❛♥❡✐r❛ ❞❡ ❝♦♥t♦r♥❛r ❛ s✐t✉❛çã♦

❡ ❣❛r❛♥t✐r♠♦s ❛ s✉❛ ❧✐♠✐t❛çã♦✳

❆✜r♠❛çã♦✿ ❆ s❡q✉ê♥❝✐❛ (sn) é ❧✐♠✐t❛❞❛ ❡♠ R✳

❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ✐st♦ ♥ã♦ ♦❝♦rr❛✳ ❖✉ s❡❥❛✱ ❞❡✈❡ ❡①✐st✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

❞❡ (sn)✱ q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r (sn)✱ t❛❧ q✉❡

sn → ∞ ♦✉ sn → −∞, q✉❛♥❞♦ n → ∞.

❖r❛✱ ❝❛s♦ sn → ∞✱ ❡♥tã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❡♠ ✭✸✳✶✶✮ ❡ ❞❛ s❡❣✉♥❞❛ s❡♥t❡♥ç❛ ❡♠

✭✸✳✶✵✮ s❡❣✉❡ q✉❡ U(t) ∈ [−1,−1+ ε0] ♣❛r❛ t♦❞♦ t ∈ R✳ ❙❡ ♣♦r ❛❝❛s♦ ♦❝♦rr❡r sn → −∞✱

❡♥tã♦ ♣❡r❝❡❜❛ q✉❡ t❛♠❜é♠ ✈❛❧❡ tn → −∞✱ ❥á q✉❡ (tn − sn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✳

▲♦❣♦✱ ❞❛ t❡r❝❡✐r❛ s❡♥t❡♥ç❛ ❡♠ ✭✸✳✶✵✮ ❝♦♥❝❧✉í♠♦s U(t) ∈ [1 − ε0, 1] ♣❛r❛ t♦❞♦ t ∈ R ❡

♣♦❞❡♠♦s r❡s✉♠✐r t✉❞♦ ❡♠

U(t) ∈ [−1,−1 + ε0] ∪ [1− ε0, 1], ∀ t ∈ R.

✺✵



❈♦♠ ✐ss♦ ❡ ♣♦r ✭✸✳✾✮ ✭❧❡♠❜r❡✲s❡ q✉❡ ε0 ≤ γ∗✮ t❡♠✲s❡

V (U(t)) <
δ

16M1‖aP‖∞
, ∀ t ∈ R. ✭✸✳✶✸✮

◆♦t❡ q✉❡

J(Un) =

∫ ∞

−∞

(

1

2
U̇n(t)

2 + a(t)V (Un(t))

)

dt

=

∫ ∞

−∞

(

1

2
U̇n(t)

2 + aP (t) V (Un(t))

)

dt+

∫ ∞

−∞

(a(t)− aP (t)) V (Un(t)) dt

≥ BP +

∫ ∞

−∞

(a(t)− aP (t)) V (Un(t)) dt

= BP +

∫

|t|≤M1

(a(t)− aP (t)) V (Un(t)) dt+

∫

|t|>M1

(a(t)− aP (t)) V (Un(t)) dt.

P❛ss❡♠♦s ❛ ❛♥❛❧✐s❛r✱ s❡♣❛r❛❞❛♠❡♥t❡✱ ❝❛❞❛ ✉♠❛ ❞❛s ✐♥t❡❣r❛✐s ❛♥t❡r✐♦r❡s✳ P♦r ✭✸✳✽✮✱

t❡♠♦s
∫

|t|>M1

|a(t)− aP (t)| V (Un(t)) dt <

∫

|t|>M1

a0 δ

4B
V (Un(t)) dt

≤ δ

4B

∫

|t|>M1

a(t)V (Un(t)) dt

≤ δ

4B
J(Un),

❞♦♥❞❡

lim sup
n→∞

∫

|t|>M1

|a(t)− aP (t)| V (Un(t)) dt ≤
δ

4B
B =

δ

4
.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❡♠ ✭✸✳✶✶✮✱ ❞❛ ❡st✐♠❛t✐✈❛ ✭✸✳✶✸✮ ❡ ❞❛

❤✐♣ót❡s❡ 0 < a(t) < aP (t) ♣❛r❛ t♦❞♦ t ∈ R q✉❡

lim
n→∞

∫

|t|≤M1

|a(t)− aP (t)| V (Un(t)) dt =

∫

|t|≤M1

|a(t)− aP (t)| V (U(t)) dt

≤ δ

16M1‖aP‖∞

∫

|t|≤M1

|a(t)− aP (t)| dt

≤ δ

16M1‖aP‖∞

∫

|t|≤M1

(|a(t)|+ |aP (t)|) dt

≤ δ

16M1‖aP‖∞

∫

|t|≤M1

(|aP (t)|+ |aP (t)|) dt

≤ δ

16M1‖aP‖∞

∫

|t|≤M1

2‖aP‖∞ dt

=
δ

4
.

❈♦♥❝❧✉í♠♦s ❡♥tã♦

✺✶



lim sup
n→∞

∫ ∞

−∞

|a(t)− aP (t)| V (Un(t)) dt ≤ lim sup
n→∞

∫

|t|≤M1

|a(t)− aP (t)| V (Un(t)) dt +

+ lim sup
n→∞

∫

|t|>M1

|a(t)− aP (t)| V (Un(t)) dt

≤ δ

4
+

δ

4
=

δ

2
.

▲♦❣♦✱ ❞❡✈❡ ❡①✐st✐r n0 ∈ N t❛❧ q✉❡

∫ ∞

−∞

|a(t)− aP (t)| V (Un(t)) dt ≤
δ

2
, ♣❛r❛ n > n0.

❈♦♠♦ a(t) < aP (t) ♣❛r❛ t♦❞♦ t ∈ R✱ ♦❜t❡♠♦s |a(t)− aP (t)| = −(a(t)− aP (t)) ❡ ❞❛í

∫ ∞

−∞

(a(t)− aP (t)) V (Un(t)) dt ≥ −δ

2
, ♣❛r❛ n > n0.

P♦rt❛♥t♦✱ ♦❜t❡♠♦s

J(Un) ≥ BP +

∫ ∞

−∞

(a(t)− aP (t)) V (Un(t)) dt

≥ BP − δ

2
, ♣❛r❛ n > n0,

❡ ❛ss✐♠✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❝♦♠ n → ∞✱ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ (Un) é ❛✐♥❞❛ ✉♠❛ s❡q✉ê♥❝✐❛

♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ J ✱ t❡♠♦s

B ≥ BP − δ

2

> BP − δ,

✉♠ ❛❜s✉r❞♦✱ ♣♦✐s ❥á s❛❜❡♠♦s ❞❡ ✭✸✳✼✮ q✉❡ B + δ < BP ✳ ❈♦♠ ✐ss♦✱ ❣❛r❛♥t✐♠♦s q✉❡ ❛

s❡q✉ê♥❝✐❛ (sn) ❞❡✈❡ s❡r ❧✐♠✐t❛❞❛ ❡♠ R✳

❚❡♠♦s ❡♥tã♦ q✉❡ ❛s s❡q✉ê♥❝✐❛s (sn) ❡ (tn−sn) sã♦ ❧✐♠✐t❛❞❛s ❡♠ R✱ ❡ ❞❛í s❡❣✉❡ q✉❡ (tn)

t❛♠❜é♠ é ❧✐♠✐t❛❞❛✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ❞❡✈❡♠ ❡①✐st✐r s✉❜s❡q✉ê♥❝✐❛s ❞❡ (sn) ❡ (tn)✱

q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r (sn) ❡ (tn)✱ ❡ ♥ú♠❡r♦s s̄✱ t̄ ∈ R t❛✐s q✉❡

sn → s̄ ❡ tn → t̄.

P❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ Un → U ✱ ❣❛r❛♥t✐♠♦s

U(t) ∈ [−1,−1 + ε0] s❡ t ∈ (−∞, s̄] ❡ U(t) ∈ [1− ε0, 1] s❡ t ∈ [t̄,∞). ✭✸✳✶✹✮

◆♦t❡ q✉❡ ✭✸✳✶✷✮ ✐♠♣❧✐❝❛ J(U) < ∞✳ ❊♥tã♦✱ ❞♦ ▲❡♠❛ ✶✳✷ ✭♣✳ ✷✹✮ ❡ ❞❡ ✭✸✳✶✹✮ ❝♦♥❝❧✉í♠♦s

U(t) → −1, q✉❛♥❞♦ t → −∞ ❡ U(t) → 1, q✉❛♥❞♦ t → ∞.

✺✷



❆❧é♠ ❞✐ss♦✱ ❛✐♥❞❛ ❞♦ ▲❡♠❛ ✶✳✷✱ ✈❛❧❡

U + 1 ∈ H1(−∞, 0) ❡ U − 1 ∈ H1(0,∞),

❡ ♣♦rt❛♥t♦

U ∈ W.

❈♦♠ ✐ss♦✱ J(U) ≥ B✱ ✐♠♣❧✐❝❛♥❞♦ J(U) = B✳ ❆ss✐♠✱ ❞♦ ▲❡♠❛ ✶✳✶ ✭♣✳ ✷✶✮ ♦❜t❡♠♦s q✉❡

U ∈ C2(R) ❡ é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✮✲✭✸✳✷✮ ❝♦♠ U(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R✱

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❈♦♥s✐❞❡r❡♠♦s ♥❡ss❡ ♠♦♠❡♥t♦ a : R → R ✉♠❛ ❢✉♥çã♦ ❝♦❡r❝✐✈❛✱ ♦✉ s❡❥❛✱

0 < inf
t∈R

a(t) = a0 ❡ a(t) → ∞ q✉❛♥❞♦ |t| → ∞. ✭✸✳✶✺✮

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ♥ã♦ é ♠❛✐s ♣♦ssí✈❡❧ ✉s❛r♠♦s ❞✐r❡t❛♠❡♥t❡ ♦s r❡s✉❧t❛❞♦s ❞♦ ❈❛♣í✲

t✉❧♦ ✶✱ ♣♦✐s ♥♦ss❛ ❢✉♥çã♦ a ♥ã♦ é ♠❛✐s ❧✐♠✐t❛❞❛✳ P❛r❛ ❝♦♥t♦r♥❛r♠♦s ❡ss❡ ♣r♦❜❧❡♠❛

✐♥tr♦❞✉③✐r❡♠♦s ♦s s❡❣✉✐♥t❡s ❝♦♥❥✉♥t♦s✿

H1
a(R) =

{

v ∈ H1(R) |
∫ ∞

−∞

a(t)v(t)2 dt < ∞
}

♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖v‖H1
a(R)

=

(
∫ ∞

−∞

v̇(t)2 dt+

∫ ∞

−∞

a(t)v(t)2 dt

)1/2

✭✸✳✶✻✮

❡

Wa =
{

x ∈ H1
loc(R) | x+ 1 ∈ H1

a(−∞, 0) ❡ x− 1 ∈ H1
a(0,∞)

}

,

♦♥❞❡

H1
a(−∞, 0) =

{

v ∈ H1(−∞, 0) |
∫ 0

−∞

a(t)v(t)2 dt < ∞
}

❡

H1
a(0,∞) =

{

v ∈ H1(0,∞) |
∫ ∞

0

a(t)v(t)2 dt < ∞
}

.

❆s ♥♦r♠❛s ❞♦s ❡s♣❛ç♦s H1
a(−∞, 0) ❡ H1

a(0,∞) sã♦ ❞❡✜♥✐❞❛s ❝♦♠♦ ❡♠ ✭✸✳✶✻✮✱ ♣♦ré♠

❝♦♥s✐❞❡r❛♥❞♦✲s❡ ♦s ✐♥t❡r✈❛❧♦s (−∞, 0] ❡ [0,∞)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧❛ ❤✐♣ót❡s❡ ✭✸✳✶✺✮

s❛❜❡♠♦s q✉❡ a0 > 0 ❡ ✐ss♦ ✐rá ♥♦s ❣❛r❛♥t✐r q✉❡ ❛ ✐♠❡rsã♦

H1
a(R) →֒ H1(R)

✺✸



é ❝♦♥tí♥✉❛✳ ❈♦♠ ❡❢❡✐t♦✱ s❡♥❞♦ m = min{1, a0}✱ t❡r❡♠♦s ♣❛r❛ t♦❞♦ v ∈ H1
a(R) q✉❡

‖v‖2H1
a(R)

=

∫ ∞

−∞

v̇(t)2 dt+

∫ ∞

−∞

a(t)v(t)2 dt

≥
∫ ∞

−∞

v̇(t)2 dt+

∫ ∞

−∞

a0v(t)
2 dt

≥ m

(
∫ ∞

−∞

v̇(t)2 dt+

∫ ∞

−∞

v(t)2 dt

)

= m‖v‖2H1(R),

❞♦♥❞❡

‖v‖H1(R) ≤
1√
m
‖v‖H1

a(R)
, ∀ v ∈ H1

a(R), ✭✸✳✶✼✮

♣r♦✈❛♥❞♦ q✉❡ ❛ ✐♠❡rsã♦ H1
a(R) →֒ H1(R) é ❝♦♥tí♥✉❛✳ ❆♥❛❧♦❣❛♠❡♥t❡ ♣r♦✈❛♠♦s q✉❡ ❛s

✐♠❡rsõ❡s

H1
a(−∞, 0) →֒ H1(−∞, 0) ❡ H1

a(0,∞) →֒ H1(0,∞)

t❛♠❜é♠ sã♦ ❝♦♥tí♥✉❛s✳

❖❜s❡r✈❡ q✉❡ Wa ⊂ W ❡ q✉❡ ✈❛❧❡

J(x) < ∞, ∀ x ∈ Wa.

❆❧é♠ ❞✐ss♦✱ s❡♥❞♦ x ∈ Wa✱ s❡❣✉❡ q✉❡ ♣❛r❛ q✉❛✐sq✉❡r v ∈ H1
a(R) ❡ h ∈ R t❡♠✲s❡

x+ hv ∈ Wa,

❡ ❝♦♥s✐❞❡r❛♥❞♦

Ba = inf{J(x) | x ∈ Wa} > 0

♣♦❞❡♠♦s ♣r♦✈❛r✱ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ▲❡♠❛ ✶✳✶ ✭♣✳ ✷✶✮✱ q✉❡ ❢✉♥çõ❡s x ❡♠ Wa

s❛t✐s❢❛③❡♥❞♦ J(x) = Ba sã♦✱ ♥❛ ✈❡r❞❛❞❡✱ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ❞♦ ♣r♦❜❧❡♠❛ ♣r♦♣♦st♦

❝♦♠ ❛ ❢✉♥çã♦ a s❡♥❞♦ ❝♦❡r❝✐✈❛✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ t❡r❡♠♦s s♦❧✉çõ❡s ❡♠ W ✱ ❥á q✉❡

Wa ⊂ W ✳

❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ ❛ ❝♦♥❝❧✉sã♦ ❞♦ ▲❡♠❛ ✶✳✷ ♣♦❞❡ s❡r ♠♦❞✐✜❝❛❞❛ ♣❛r❛

x+ 1 ∈ H1
a(−∞, 0) ♦✉ x− 1 ∈ H1

a(−∞, 0)

❡

x+ 1 ∈ H1
a(0,∞) ♦✉ x− 1 ∈ H1

a(0,∞),

✺✹



❝❛s♦ x ∈ H1
loc(R) s❡❥❛ t❛❧ q✉❡ J(x) < ∞✳

❚❡♠♦s ❛✐♥❞❛ q✉❡ t♦❞♦s ♦s ❞❡♠❛✐s r❡s✉❧t❛❞♦s ❞♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❝♦♥t✐♥✉❛♠ ✈á❧✐❞♦s

♣❛r❛ ❡ss❛ s✐t✉❛çã♦✱ ❞❡✈❡♥❞♦ t♦♠❛r♠♦s ❛♣❡♥❛s ♦ ❝✉✐❞❛❞♦ ❞❡ s✉❜st✐t✉✐r♠♦s ♦ ❡s♣❛ç♦ H1

♣♦r H1
a ✳

P❛ss❡♠♦s ❡♥tã♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❝♦♥❡❝t❛♥❞♦ −1

❛ 1 ♣❛r❛ ♦ ❝❛s♦ ❝♦❡r❝✐✈♦✳

❚❡♦r❡♠❛ ✸✳✷ ❙✉♣♦♥❤❛ V s❛t✐s❢❛③❡♥❞♦ (V1)−(V4)✳ ❙❡ ❛ ❢✉♥çã♦ a é ❝♦❡r❝✐✈❛✱ ♦ ♣r♦❜❧❡♠❛

✭✸✳✶✮✲✭✸✳✷✮ t❡♠ ✉♠❛ s♦❧✉çã♦ U ∈ H1
loc(R) ∩ C2(R)✳ ❆❞❡♠❛✐s✱ U(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦

t ∈ R✳

Pr♦✈❛✳ ▼♦❞✐✜q✉❡♠♦s V ❞❡ ♠♦❞♦ ❛ ❝✉♠♣r✐r ❛s ♣r♦♣r✐❡❞❛❞❡s (V1)− (V8)✳ ❆❣♦r❛✱ ♣❡❧♦

▲❡♠❛ ✸✳✶ ✭♣✳ ✹✻✮ ❡♥❝♦♥tr❛♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ (Un) ⊂ Wa ❡ s❡q✉ê♥❝✐❛s (sn)✱ (tn) ⊂ R

✈❡r✐✜❝❛♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

J(Un) → Ba✱ q✉❛♥❞♦ n → ∞✱

Un(t) ∈ [−1,−1 + ε0], ∀ t ∈ (−∞, sn]✱

Un(t) ∈ [1− ε0, 1], ∀ t ∈ [tn,∞),

Un(t) ∈ [−1 + ε0, 1− ε0], ∀ t ∈ [sn, tn],

Un(sn) = −1 + ε0 ❡ Un(tn) = 1− ε0,

(tn − sn)n∈N ❧✐♠✐t❛❞❛ ❡♠ R.

❙❛❜❡♠♦s ❛✐♥❞❛ q✉❡ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (Un)✱ q✉❡ ❞❡♥♦t❛♠♦s ♣❡❧❛ ♣ró♣r✐❛

(Un)✱ ❡ ✉♠❛ ❢✉♥çã♦ U ∈ H1
loc(R) t❛✐s q✉❡ ♣❛r❛ t♦❞♦ T > 0

Un → U ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−T, T ] ❡

Un ⇀ U ❡♠ H1(−T, T )
. ✭✸✳✶✽✮

❆❧é♠ ❞✐ss♦✱

J(U) ≤ Ba. ✭✸✳✶✾✮

❆✜r♠❛♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (sn) ♠❛✐s ✉♠❛ ✈❡③ é ❧✐♠✐t❛❞❛ ❡♠ R✳ ❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛

♣♦r ❛❜s✉r❞♦ q✉❡ ✐st♦ ♥ã♦ ♦❝♦rr❛✳ ❉❛í✱ ❛ s❡q✉ê♥❝✐❛ (sn) t❡♠ s✉❜s❡q✉ê♥❝✐❛✱ q✉❡ ❛✐♥❞❛

❞❡♥♦t❛r❡♠♦s ♣♦r (sn)✱ t❛❧ q✉❡

sn → ∞ ♦✉ sn → −∞, q✉❛♥❞♦ n → ∞.

✺✺



❙✉♣♦♥❞♦ sn → ∞ ❡ ❧❡♠❜r❛♥❞♦ ❞❛ ❧✐♠✐t❛çã♦ ❞❛ s❡q✉ê♥❝✐❛ (tn − sn)✱ ❣❛r❛♥t✐♠♦s q✉❡

t❛♠❜é♠ ♦❝♦rr❡ tn → ∞ q✉❛♥❞♦ n → ∞✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ sn → −∞ ❡♥tã♦ tn → −∞✳

❈♦♠ ✐ss♦✱ ❞❡✜♥✐♥❞♦

An = min
t∈[sn,tn]

a(t)

s❡❣✉❡ ❞❛ ❝♦❡r❝✐✈✐❞❛❞❡ ❞❛ ❢✉♥çã♦ a q✉❡

An → ∞ q✉❛♥❞♦ n → ∞. ✭✸✳✷✵✮

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ♥ú♠❡r♦

V0 =

(

min
z∈[−1+ε0/2 , 1−ε0/2]

V (z)

)

> 0.

P❡r❝❡❜❛ q✉❡ ❝❛s♦ t ∈ [sn, tn] t❡♠✲s❡ Un(t) ∈ [−1 + ε0, 1− ε0] ❡ ❛ss✐♠

V (Un(t)) ≥ V0, ∀ t ∈ [sn, tn].

▲♦❣♦✱

J(Un) =

∫ ∞

−∞

(

1

2
U̇n(t)

2 + a(t)V (Un(t))

)

dt

≥
∫ tn

sn

(

1

2
U̇n(t)

2 + a(t)V (Un(t))

)

dt

≥
∫ tn

sn

a(t)V (Un(t)) dt

≥ V0 An (tn − sn)

❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❝♦♠ n → ∞✱ ♦❜t❡♠♦s ❞❛ ❧✐♠✐t❛çã♦ ❞❡ (J(Un)) ❡ ❞♦ ❧✐♠✐t❡ ❡♠

✭✸✳✷✵✮ q✉❡

tn − sn → 0 q✉❛♥❞♦ n → ∞. ✭✸✳✷✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❛❜❡♠♦s q✉❡

∫ tn

sn

U̇n(t)
2 dt ≤ 2J(Un).

❈♦♠♦ (Un) ⊂ H1
loc(R)✱ ❡♥tã♦ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r s❡❣✉❡

|Un(tn)− Un(sn)| ≤
∫ tn

sn

|U̇n(t)| dt

≤ √
tn − sn

(
∫ tn

sn

U̇n(t)
2 dt

)1/2

≤
√

2(tn − sn) J(Un)
1/2, ∀ n ∈ N.

✺✻



❆ss✐♠✱ ♣♦r ✭✸✳✷✶✮ ❡ ♣❡❧❛ ❧✐♠✐t❛çã♦ ❞❛ s❡q✉ê♥❝✐❛ (J(Un)) ❝♦♥❝❧✉í♠♦s

|Un(tn)− Un(sn)| → 0, q✉❛♥❞♦ n → ∞.

◆♦ ❡♥t❛♥t♦✱ s❡♠♣r❡ é ✈á❧✐❞♦

|Un(tn)− Un(sn)| = |2− 2ε0|

q✉❡ ♥ã♦ ♣♦❞❡ ❝♦♥✈❡r❣✐r ♣❛r❛ 0✱ ✉♠❛ ✈❡③ q✉❡ ε0 < 1✳ ❊♥tã♦ t❡♠♦s ✉♠ ❛❜s✉r❞♦ ❡✱

♣♦rt❛♥t♦✱ ❝♦♠♣r♦✈❛♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (sn) ❞❡✈❡ s❡r ❧✐♠✐t❛❞❛✳

❉❛í✱ ♠❛✐s ✉♠❛ ✈❡③ ♦❜t❡♠♦s q✉❡ ❛s s❡q✉ê♥❝✐❛s (sn) ❡ (tn) sã♦ ❧✐♠✐t❛❞❛s✱ ❞♦♥❞❡ ❞❡✈❡♠

♣♦ss✉✐r s✉❜s❡q✉ê♥❝✐❛s✱ q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r (sn) ❡ (tn)✱ ❡ ♥ú♠❡r♦s s̄ ❡ t̄ t❛✐s q✉❡

sn → s̄ ❡ tn → t̄ q✉❛♥❞♦ n → ∞. ✭✸✳✷✷✮

❆ ❞❡♠♦♥str❛çã♦ ❛❣♦r❛ s❡❣✉❡ ♦s ♠❡s♠♦s ♣❛ss♦s ❞❛s ❥á ❛♣r❡s❡♥t❛❞❛s ♥❡st❡ ❝❛♣ít✉❧♦ ❡ ♥♦

❛♥t❡r✐♦r✱ ♣r❡st❛♥❞♦ ❜❡♠ ❛t❡♥çã♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ♦ ♠í♥✐♠♦ q✉❡ ❡st❛♠♦s ❞❡t❡r♠✐♥❛♥❞♦

♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ❞❡ss❛ ✈❡③ ♦❝♦rr❡ ♥♦ ❡s♣❛ç♦ Wa✱ q✉❡ ♣♦r s✉❛ ✈❡③ ❡stá ❝♦♥t✐❞♦ ❡♠

W ✳ ❆ ♠♦❞✐✜❝❛çã♦ ❞♦ ▲❡♠❛ ✶✳✶ ♥♦s ❣❛r❛♥t❡ q✉❡ ❡st❡s ♣♦♥t♦s ❞❡ ♠í♥✐♠♦ ❡♠ Wa sã♦ ❞❡

❢❛t♦ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♣r♦♣♦st♦ ❡ ❝♦♥❝❧✉í♠♦s ❞♦ ▲❡♠❛ ✶✳✷ q✉❡

U ∈ C2(R)✱ ❝♦♠ U(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R✳

❋❡❝❤❛♠♦s✱ ❝♦♠ ❡st❡ t❡♦r❡♠❛✱ ♦s r❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✸ ❡ ✐♥❝❧✉í♠♦s ♠❛✐s ❞✉❛s ❝❧❛ss❡s

❞❡ ❢✉♥çõ❡s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥ã♦✲❛✉tô♥♦♠♦s ♥♦s q✉❛✐s sã♦ ♣♦ssí✈❡✐s

❞❡t❡r♠✐♥❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ❝♦♥❡❝t❛♥❞♦ ♦s ❡q✉✐❧í❜r✐♦s −1 ❡

1✳

✺✼



❈❛♣ít✉❧♦ ✹

❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ♣❛r❛ ❛ ❈♦♥❞✐çã♦

❞❡ ❘❛❜✐♥♦✇✐t③

◆❡st❡ q✉❛rt♦ ❡ ú❧t✐♠♦ ❝❛♣ít✉❧♦ ❣❛r❛♥t✐r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛

❝♦♥❡❝t❛♥❞♦ ♦s ❡q✉✐❧í❜r✐♦s −1 ❡ 1 ♣❛r❛ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿

ẍ(t) = a(ǫt)V ′(x(t)), ∀ t ∈ R, ✭✹✳✶✮

x(t) → −1 s❡ t → −∞ ❡ x(t) → 1 s❡ t → ∞, ✭✹✳✷✮

♦♥❞❡ ǫ > 0 é ✉♠ ♣❛râ♠❡tr♦ ❡ ❛ ∈ L∞(R) ❝✉♠♣r❡ à ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③

lim inf
|t|→∞

a(t) = a∞ > inf
t∈R

a(t) = a(0) = a0 > 0. ✭✹✳✸✮

❆ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✭✹✳✶✮✲✭✹✳✷✮ t❡r❡♠♦s ♦ ❢✉♥❝✐♦♥❛❧ Jǫ : H1
loc(R) → [0,∞] ❞❡✜♥✐❞♦

♣♦r

Jǫ(x) =

∫ ∞

−∞

(

1

2
ẋ(t)2 + a(ǫt)V (x(t))

)

dt.

◆♦t❡ q✉❡ ❝♦♥t✐♥✉❛ s❡♥❞♦ ✈á❧✐❞♦ Jǫ(x) < ∞ ♣❛r❛ t♦❞♦ x ∈ W ❀ t❛♠❜é♠ ✈❛❧❡

Jǫ
′(x) · v =

∫ ∞

−∞

[ẋ(t)v̇(t) + a(ǫt)V ′(x(t)) v(t)] dt, ∀ x ∈ W ❡ v ∈ H1(R)

❡ ♦s ❞❡♠❛✐s ❧❡♠❛s ❡ ♦❜s❡r✈❛çõ❡s ❞♦ ❈❛♣ít✉❧♦ ✶✳ ❈♦♥s✐❞❡r❡♠♦s ❛✐♥❞❛ ♦s ♣r♦❜❧❡♠❛s

ẍ(t) = a0V
′(x(t)), ∀ t ∈ R, ✭✹✳✹✮

x(t) → −1 s❡ t → −∞ ❡ x(t) → 1 s❡ t → ∞, ✭✹✳✺✮



❡

ẍ(t) = a∞V ′(x(t)), ∀ t ∈ R, ✭✹✳✻✮

x(t) → −1 s❡ t → −∞ ❡ x(t) → 1 s❡ t → ∞, ✭✹✳✼✮

❡ ♦s ❢✉♥❝✐♦♥❛✐s

J0(x) =

∫ ∞

−∞

(

1

2
ẋ(t)2 + a0V (x(t))

)

dt

❡

J∞(x) =

∫ ∞

−∞

(

1

2
ẋ(t)2 + a∞V (x(t))

)

dt.

◆♦ q✉❡ s❡❣✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r B0✱ Bǫ ❡ B∞ ♦s ♥ú♠❡r♦s r❡❛✐s

B0 = inf{J0(x) | x ∈ W},

Bǫ = inf{Jǫ(x) | x ∈ W}

❡

B∞ = inf{J∞(x) | x ∈ W}.

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✶ ✭♣✳ ✸✺✮ s❛❜❡♠♦s q✉❡ ♦s ♣r♦❜❧❡♠❛s ✭✹✳✹✮✲✭✹✳✺✮ ❡ ✭✹✳✻✮✲✭✹✳✼✮ ♣♦ss✉❡♠

s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛✱ ❛ s❛❜❡r✱ w0 ✱ w∞ ∈ W ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❞❡♠❛✐s✱ ❡st❛s s♦❧✉çõ❡s

s❛t✐s❢❛③❡♠

B0 = J0(w0) ❡ B∞ = J∞(w∞). ✭✹✳✽✮

❆✐♥❞❛ ❡♠ r❡❧❛çã♦ às ❝♦♥st❛♥t❡s B0✱ Bǫ ❡ B∞✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s✿

▲❡♠❛ ✹✳✶ ❖s ♥ú♠❡r♦s B0✱ Bǫ ❡ B∞ ✈❡r✐✜❝❛♠

B0 < B∞ ❡ lim
ǫ→0

Bǫ = B0.

Pr♦✈❛✳ ❙❡❥❛♠ w0 ✱ w∞ ∈ W ❝♦♠♦ ❡♠ ✭✹✳✽✮✳ P♦r a ❝✉♠♣r✐r à ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③

✭✹✳✸✮✱ s❛❜❡♠♦s q✉❡ é ✈á❧✐❞♦ a0 < a∞✳ ❆ss✐♠✱

B0 = J0(w0) ≤ J0(w∞) < J∞(w∞) = B∞,

♣r♦✈❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ❧❡♠❛✳ ❈♦♠♦ a0 = a(0) = inf
t∈R

a(t) ≤ a(ǫt) ♣❛r❛ ❝❛❞❛

ǫ > 0✱ ❡♥tã♦

J0(w) ≤ Jǫ(w), ∀ w ∈ W,

✺✾



❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

B0 ≤ Bǫ, ∀ ǫ > 0.

❉❛í✱

B0 ≤ lim inf
ǫ→0

Bǫ. ✭✹✳✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ w0 ∈ W ✱

Bǫ ≤ Jǫ(w0) =

∫ ∞

−∞

(

1

2
ẇ0(t)

2 + a(ǫt)V (w0(t))

)

dt. ✭✹✳✶✵✮

◆♦t❡ q✉❡ ✭❧❡♠❜r❡✲s❡ q✉❡ ❛ ❢✉♥çã♦ a é s❡♠♣r❡ ❝♦♥tí♥✉❛✮

lim
ǫ→0

a(ǫt)V (w0(t)) = a0V (w0(t)). ✭✹✳✶✶✮

❆❧é♠ ❞✐ss♦✱ s❡♥❞♦ a(t) ≤ ‖a‖L∞(R) q✉❛s❡ s❡♠♣r❡ ❡♠ R✱ ♦❜t❡♠♦s

a(ǫt)V (w0(t)) ≤ ‖a‖L∞(R)V (w0(t)), q✳ s✳ ❡♠ R.

❖❜s❡r✈❡ q✉❡ ‖a‖L∞(R)V (w0(t)) ∈ L1(R)✳ ❉❡ ❢❛t♦✱ ♣♦✐s ❝♦♠♦ w0 ∈ W ✱ t❡♠✲s❡ w0 − 1 ∈
H1(0,∞) ❡ ❡♥tã♦ w0(t) → 1 q✉❛♥❞♦ t → ∞ ❡ w0 − 1 ∈ L2(0,∞)✳ ▲♦❣♦✱ ❡①✐st❡ R > 0

t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t > R ✈❛❧❡ w0(t) ∈ (1− ε0, 1 + ε0) ✭♣❛r❛ ε0 ✈✐❞❡ ✭✶✳✶✵✮✱ ♣✳ ✶✺✮✳ ❈♦♠

✐ss♦✱
∫ ∞

0

‖a‖L∞(R)V (w0(t)) dt = ‖a‖L∞(R)

(
∫ R

0

V (w0(t)) dt+

∫ ∞

R

V (w0(t)) dt

)

≤ ‖a‖L∞(R)

(
∫ R

0

V (w0(t)) dt+ C2

∫ ∞

R

(w0(t)− 1)2 dt

)

< ∞.

❆♥❛❧♦❣❛♠❡♥t❡✱
∫ 0

−∞

‖a‖L∞(R)V (w0(t)) dt < ∞

❡ ❛ss✐♠✱ ‖a‖L∞(R)V (w0(t)) ∈ L1(R)✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❧✐♠✐t❡ ✭✹✳✶✶✮ ❡ ♣❡❧❛ ❞♦♠✐♥❛çã♦ ❞❡

a(ǫt)V (w0(t)) ♣♦r ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧✱ s❡❣✉❡ ❞♦ t❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛

❞❡ ▲❡❜❡s❣✉❡ q✉❡

lim
ǫ→0

∫ ∞

−∞

a(ǫt)V (w0(t)) dt =

∫ ∞

−∞

a0V (w0(t)) dt,

❡ ❞❡ ✭✹✳✶✵✮ ❣❛r❛♥t✐♠♦s

lim sup
ǫ→0

Bǫ ≤
∫ ∞

−∞

(

1

2
ẇ0(t)

2 + a0V (w0(t))

)

dt

= J0(w0)

= B0.

✭✹✳✶✷✮

✻✵



P♦rt❛♥t♦✱ ♣♦r ✭✹✳✾✮ ❡ ✭✹✳✶✷✮ t❡♠♦s

B0 ≤ lim inf
ǫ→0

Bǫ

≤ lim sup
ǫ→0

Bǫ

≤ B0,

✐♠♣❧✐❝❛♥❞♦

lim
ǫ→0

Bǫ = B0.

❆ s❡❣✉✐r tr❛r❡♠♦s ♠❛✐s ✉♠ ❧❡♠❛ q✉❡ s❡rá ❝r✉❝✐❛❧ ♣❛r❛ ❛ ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ♥❛ ❞❡♠♦♥s✲

tr❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✱ ♦ ❚❡♦r❡♠❛ ✹✳✶✳ ➱ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r♠♦s ❡ss❡ ❧❡♠❛ ❡♠

❬✷✶❪✳

▲❡♠❛ ✹✳✷ ❙❡❥❛♠ x0, x1 ∈ (−1, 1) ❝♦♠ x0 < x1, t0 < t1 ❡ x ∈ H1(t0, t1) ❝♦♠ x(t0) = x0

❡ x(t1) = x1✳ ❊♥tã♦✱

∫ t1

t0

(

1

2
ẋ(t)2 + a∞V (x(t))

)

dt ≥
∫ w−1

∞ (x1)

w−1
∞ (x0)

(

1

2
ẇ∞(t)2 + a∞V (w∞(t))

)

dt, ✭✹✳✶✸✮

♦♥❞❡ w∞ ∈ W é ❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✹✳✻✮✲✭✹✳✼✮✳

Pr♦✈❛✳ ❖❜s❡r✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♣❛r❛ ❛ ✐♥t❡❣r❛❧ ♥♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❢❛③❡r s❡♥t✐❞♦

é ♥❡❝❡ssár✐♦ q✉❡ t❡♥❤❛♠♦s w∞ ✉♠❛ ❢✉♥çã♦ ❜✐❥❡t✐✈❛ ❞❛ r❡t❛ R ♥♦ ✐♥t❡r✈❛❧♦ (−1, 1)✳

❉❡ ❢❛t♦✱ ♦ ❚❡♦r❡♠❛ ✷✳✶ ✭♣✳ ✸✺✮ ♥♦s ❣❛r❛♥t❡ w∞(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R ❡ ♣♦r

w∞ ∈ W ❝♦♥❝❧✉í♠♦s q✉❡ ❡❧❛ é s♦❜r❡❥❡t✐✈❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦t❡ ❛❣♦r❛ q✉❡ w∞ ❞❡✈❡ s❡r

✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✱ ♣♦✐s s❡♥❞♦ s♦❧✉çã♦ ❞❡ ✭✹✳✻✮ s❛t✐s❢❛③

ẅ∞(t) = a∞V ′(w∞(t)), ∀ t ∈ R.

❉❛í✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ ♣♦r ẇ∞(t)✱ ♦❜t❡♠♦s

ẇ∞(t)ẅ∞(t) = a∞V ′(w∞(t))ẇ∞(t)

❡ ✐♥t❡❣r❛♥❞♦
1

2
ẇ∞(t)2 = a∞V (w∞(t)).

❈♦♠♦ w∞(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R✱ s❡❣✉❡ V (w∞(t)) > 0✳ ❚❡♠♦s ❛✐♥❞❛ a∞ > 0 ❡

❝♦♠ ✐ss♦

ẇ∞(t) =
√

2a∞V (w∞(t)) > 0, ∀ t ∈ R

✻✶



♦✉

ẇ∞(t) = −
√

2a∞V (w∞(t)) < 0, ∀ t ∈ R.

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ w∞ é ❝r❡s❝❡♥t❡ ♦✉ ❞❡❝r❡s❝❡♥t❡ ❡ ♣♦rt❛♥t♦ ✐♥❥❡t✐✈❛✳ ▼❛s ♣♦r ❡❧❛

❡st❛r ❡♠ W ✱ ❞❡✈❡♠♦s t❡r w∞ ❝r❡s❝❡♥t❡✱ ♥♦s ❣❛r❛♥t✐♥❞♦ w−1
∞ (x0) < w−1

∞ (x1)✳

❙✉♣♦♥❤❛ ❛❣♦r❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛ ✭✹✳✶✸✮ ♥ã♦ s❡❥❛ ✈á❧✐❞❛✳

❊♥tã♦ ♦❝♦rr❡

∫ t1

t0

(

1

2
ẋ(t)2 + a∞V (x(t))

)

dt <

∫ w−1
∞ (x1)

w−1
∞ (x0)

(

1

2
ẇ∞(t)2 + a∞V (w∞(t))

)

dt. ✭✹✳✶✹✮

❉❡✜♥❛ w1 ❞❛❞❛ ♣♦r

w1(t) =



















w∞(t), s❡ t ≤ w−1
∞ (x0)

x(t− w−1
∞ (x0) + t0), s❡ w−1

∞ (x0) ≤ t ≤ w−1
∞ (x0) + (t1 − t0)

w∞(t+ (w−1
∞ (x1)− w−1

∞ (x0))− (t1 − t0)), s❡ t ≥ w−1
∞ (x0) + (t1 − t0)

.

P❡r❝❡❜❛ ❞❡ ✐♥í❝✐♦ q✉❡ ❛ ❢✉♥çã♦ w1 é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ❢✉♥çã♦ w∞ ♠♦❞✐✜❝❛❞❛ ♥♦ ✐♥t❡r✈❛❧♦

[w−1
∞ (x0) , w

−1
∞ (x0) + (t1 − t0)] ♣♦r ✉♠❛ tr❛♥s❧❛çã♦ ❞❛ x ❡ tr❛♥s❧❛❞❛❞❛ |(w−1

∞ (x1) −
w−1

∞ (x0)) − (t1 − t0)| ✭♣❛r❛ ❛ ❡sq✉❡r❞❛ ♦✉ ❞✐r❡✐t❛✱ ❞❡♣❡♥❞❡♥❞♦ s❡ ❡st❡ ✈❛❧♦r é ♣♦s✐t✐✈♦

♦✉ ♥❡❣❛t✐✈♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ♥♦ ✐♥t❡r✈❛❧♦ [w−1
∞ (x1),∞)✳ ❆ss✐♠✱ w1 ∈ W ❡ ♣♦r ✭✹✳✶✹✮

❡ ♣❡❧❛s ♠✉❞❛♥ç❛s ❞❡ ✈❛r✐á✈❡✐s

ξ = t− w−1
∞ (x0) + t0 ❡ η = t+ (w−1

∞ (x1)− w−1
∞ (x0))− (t1 − t0)

♦❜t❡♠♦s

∫ w−1
∞ (x0)+(t1−t0)

w−1
∞ (x0)

(

1

2
ẇ1(t)

2 + a∞V (w1(t))

)

dt =

∫ t1

t0

(

1

2
ẋ(t)2 + a∞V (x(t))

)

dt

<

∫ w−1
∞ (x1)

w−1
∞ (x0)

(

1

2
ẇ∞(t)2 + a∞V (w∞(t))

)

dt

❡

∫ ∞

w−1
∞ (x0)+(t1−t0)

(

1

2
ẇ1(t)

2 + a∞V (w1(t))

)

dt =

∫ ∞

w−1
∞ (x1)

(

1

2
ẇ∞(t)2 + a∞V (w∞(t))

)

dt.

▲♦❣♦✱

J∞(w1) < J∞(w∞),

✉♠ ❛❜s✉r❞♦ ❥á q✉❡ J∞(w∞) = min{J∞(w) | w ∈ W}✳

✻✷



Pr♦✈❡♠♦s ♥❡st❡ ♠♦♠❡♥t♦ ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞♦ ❝❛♣ít✉❧♦✱ ❡st❛❜❡❧❡❝❡♥❞♦ ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❝♦♥❡❝t❛♥❞♦ −1 ❡ 1 ♣❛r❛ ❝❧❛ss❡s ❞❡ ❢✉♥çõ❡s ❝✉♠♣r✐♥❞♦ à ❝♦♥❞✐✲

çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③✳ ❖ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ é q✉❡ só ✐r❡♠♦s ❣❛r❛♥t✐r ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♣❛r❛ ✈❛❧♦r❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s ❞♦ ♣❛râ♠❡tr♦ ǫ✳

❚❡♦r❡♠❛ ✹✳✶ ❙✉♣♦♥❤❛ V s❛t✐s❢❛③❡♥❞♦ (V1)− (V4)✳ ❙❡ ❛ ❢✉♥çã♦ a ❝✉♠♣r❡ à ❝♦♥❞✐çã♦

❞❡ ❘❛❜✐♥♦✇✐t③✱ ❡♥tã♦ ❡①✐st❡ ǫ∗ > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✹✳✶✮✲✭✹✳✷✮ t❡♠ ✉♠❛ s♦❧✉çã♦

u ∈ H1
loc(R) ∩ C2(R) ♣❛r❛ t♦❞♦ ǫ ∈ [0, ǫ∗). ❆❧é♠ ❞✐ss♦✱ u(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R✳

Pr♦✈❛✳ ❈♦♠❡❝❡ ♠♦❞✐✜❝❛♥❞♦ V ♣❛r❛ q✉❡ ❡❧❛ ❝✉♠♣r❛ (V1) − (V8) ❡ ♥♦t❡ q✉❡ ♣❛r❛

♣r♦✈❛r♠♦s ♦ t❡♦r❡♠❛ ❜❛st❛ ❡♥❝♦♥tr❛r♠♦s ǫ∗ > 0 t❛❧ q✉❡ Bǫ é ❛t✐♥❣✐❞♦ ❡♠ W ♣❛r❛ ❝❛❞❛

ǫ ∈ [0, ǫ∗)✱ ❥á q✉❡ ♦ ▲❡♠❛ ✭✶✳✶✮ ✭♣✳ ✷✶✮ ❣❛r❛♥t❡ q✉❡ ♣♦♥t♦s q✉❡ ♠✐♥✐♠✐③❛♠ ♦ ❢✉♥❝✐♦♥❛❧

Jǫ sã♦✱ ♥❛ ✈❡r❞❛❞❡✱ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳

❉❡✜♥❛ ♣❛r❛ ❝❛❞❛ τ ∈ (0, 1) ♦ ♥ú♠❡r♦ r❡❛❧

Λτ =

∫ w−1
∞ (1−τ)

w−1
∞ (−1+τ)

(

1

2
ẇ∞(t)2 + a∞V (w∞(t))

)

dt,

♦♥❞❡ w∞ ∈ W ❝♦♠ w∞(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R ❡ J∞(w∞) = B∞✳ ❈♦♠♦

lim
t→∞

w∞(t) = 1 ❡ lim
t→−∞

w∞(t) = −1✱ ❣❛r❛♥t✐♠♦s q✉❡

Λτ → B∞, q✉❛♥❞♦ τ → 0.

❈♦♠ ✐ss♦✱ t❡♠♦s
(

a∞ − τ

a∞

)

Λτ → B∞, q✉❛♥❞♦ τ → 0.

✭▼❛✐s ❣❡r❛❧♠❡♥t❡✱ cτΛτ → B∞ s❡♠♣r❡ q✉❡ cτ → 1 q✉❛♥❞♦ τ → 0✮✳ ❈♦♠♦ a ❝✉♠♣r❡ à

❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③✱ ❡♥tã♦ a∞ > a0✱ ❞♦♥❞❡ B0 < B∞ ✭✈✐❞❡ ▲❡♠❛ ✹✳✶✮✳ ❉❛í✱ ♣❛r❛ τ

s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ✈❛❧❡
(

a∞ − τ

a∞

)

Λτ >
B0 +B∞

2
, ✭✹✳✶✺✮

✉♠❛ ✈❡③ q✉❡
B0 +B∞

2
< B∞.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❛❜❡♠♦s ❛✐♥❞❛ ❞♦ ▲❡♠❛ ✹✳✶ q✉❡ lim
ǫ→0

Bǫ = B0 ❡ ❛ss✐♠ ❞❡✈❡ ❡①✐st✐r

ǫ∗ = ǫ∗(τ) > 0 ❞❡ ♠♦❞♦ q✉❡ ǫ ∈ [0, ǫ∗) ✐♠♣❧✐❝❛
B0 +B∞

2
> Bǫ✳ ▲♦❣♦✱ ♣♦r ✭✹✳✶✺✮

♦❜t❡♠♦s

Bǫ <

(

a∞ − τ

a∞

)

Λτ , ∀ ǫ ∈ [0, ǫ∗). ✭✹✳✶✻✮

✻✸



❋✐①❡♠♦s ❛❣♦r❛ ǫ ∈ [0, ǫ∗) ❡ ❝♦♥s✐❞❡r❡♠♦s (un) ⊂ W ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦

❢✉♥❝✐♦♥❛❧ Jǫ✳ ❘❡❝♦r❞❡ q✉❡ é ♣♦ssí✈❡❧ t♦♠❛r♠♦s✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱

−1 ≤ un(t) ≤ 1, ∀ t ∈ R.

❈♦♠♦ ♥♦s ❛r❣✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♥♦ ❚❡♦r❡♠❛ ✷✳✶ ✭♣✳ ✸✺✮ ♣❛r❛ ♦ ❝❛s♦ ❝♦♥st❛♥t❡ ✭❛♣❡♥❛s

t❡♥❞♦ ♦ ❝✉✐❞❛❞♦ ❞❡ ❛❝r❡s❝❡♥t❛r ♦ t❡r♠♦ a(ǫt) às ❝♦♥t❛s✮✱ s❡❣✉❡ q✉❡✱ ❛♦ ❞❡♥♦t❛r♠♦s ♣♦r

A = sup
n∈N

Jǫ(un)✱ ❞❡✈❡♠ ❡①✐st✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (un)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (un)✱ ❡

✉♠❛ ❢✉♥çã♦ u ∈ H1
loc(R) t❛✐s q✉❡ ♣❛r❛ t♦❞♦ T > 0✱

un → u ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−T, T ] ❡

un ⇀ u ❡♠ H1(−T, T )
. ✭✹✳✶✼✮

❆❧é♠ ❞✐ss♦✱

Jǫ(u) ≤ Bǫ. ✭✹✳✶✽✮

P❛rt✐❝✉❧❛r♠❡♥t❡✱ Jǫ(u) < ∞ ❡ s❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✷ q✉❡

u(t) → −1 ♦✉ u(t) → 1 q✉❛♥❞♦ t → −∞

❡

u(t) → −1 ♦✉ u(t) → 1 q✉❛♥❞♦ t → ∞.

❆✜r♠❛çã♦✿ ◆ã♦ ♦❝♦rr❡ u(t) → −1 q✉❛♥❞♦ t → ∞✳

❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛ ♣♦r ❛❜s✉r❞♦ q✉❡ ♥❛ ✈❡r❞❛❞❡ ♦❝♦rr❛ u(t) → −1 q✉❛♥❞♦ t → ∞ ❡

❡s❝♦❧❤❛ ❡♥tã♦ T1 > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❝✉♠♣r✐♥❞♦ u(T1) < −1+τ ❡ a(ǫt) ≥ a∞−τ

❡♠ [T1,∞) ✭s❡ ♥❡❝❡ssár✐♦✱ ❞✐♠✐♥✉í♠♦s τ ❞❡ ❢♦r♠❛ q✉❡ a∞ − τ > 0✮✳ ❈♦♠♦ un → u

✉♥✐❢♦r♠❡♠❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦ [−T1, T1]✱ t♦♠❛♠♦s n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ❢♦r♠❛ q✉❡

un(T1) < −1 + τ ✳ P♦r ✐ss♦✱ ❡ t❛♠❜é♠ ♣♦r un ∈ W ✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r α1✱ β1 ∈ R t❛✐s

q✉❡ T1 < α1 < β1 ❝♦♠ un(α1) = −1 + τ ❡ un(β1) = 1 − τ ✳ ❖r❛✱ ♣❡❧♦ ▲❡♠❛ ✹✳✷ ✭❝♦♠

✻✹



t0 = α1✱ t1 = β1✱ x0 = −1 + τ ❡ x1 = 1− τ✮ ❝♦♥s❡❣✉✐♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡

Jǫ(un) =

∫ ∞

−∞

(

1

2
u̇n(t)

2 + a(ǫt)V (un(t))

)

dt

≥
∫ β1

α1

1

2
u̇n(t)

2 dt+

∫ β1

α1

a(ǫt)V (un(t)) dt

≥
∫ β1

α1

1

2
u̇n(t)

2 dt+ (a∞ − τ)

∫ β1

α1

V (un(t)) dt

=

∫ β1

α1

1

2
u̇n(t)

2 dt+

(

a∞ − τ

a∞

)
∫ β1

α1

a∞V (un(t)) dt

≥
(

a∞ − τ

a∞

)
∫ β1

α1

1

2
u̇n(t)

2 dt+

(

a∞ − τ

a∞

)
∫ β1

α1

a∞V (un(t)) dt

=

(

a∞ − τ

a∞

)
∫ β1

α1

(

1

2
u̇n(t)

2 + a∞V (un(t))

)

dt

≥
(

a∞ − τ

a∞

)
∫ w−1

∞ (1−τ)

w−1
∞ (−1+τ)

(

1

2
ẇ∞(t)2 + a∞V (w∞(t))

)

dt

=

(

a∞ − τ

a∞

)

Λτ .

❆ss✐♠✱ ♣❛r❛ q✉❛❧q✉❡r ǫ ∈ [0, ǫ∗)✱ t❡♠♦s ♣♦r ✭✹✳✶✻✮ ❡ ♣♦r (un) s❡r ♠✐♥✐♠✐③❛♥t❡ q✉❡

Bǫ = lim
n→∞

Jǫ(un)

≥
(

a∞ − τ

a∞

)

Λτ

> Bǫ,

✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ u(t) → 1 q✉❛♥❞♦ t → ∞✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ u(t) → −1

q✉❛♥❞♦ t → −∞✳

▲❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦s ❧✐♠✐t❡s ❡st❛❜❡❧❡❝✐❞♦s ♥♦ ú❧t✐♠♦ ♣❛rá❣r❛❢♦✱ ❡ ❛✐♥❞❛ ♣❡❧♦

▲❡♠❛ ✶✳✷✱ ❝♦♥❝❧✉í♠♦s

u+ 1 ∈ H1(−∞, 0) ❡ u− 1 ∈ H1(0,∞),

❡ ❡♥tã♦ u ∈ W ✱ ❞♦♥❞❡ Bǫ ≤ Jǫ(u)✳ ▲♦❣♦✱ ❞❡ ✭✹✳✶✽✮

Jǫ(u) = Bǫ. ✭✹✳✶✾✮

P♦rt❛♥t♦✱ u ♠✐♥✐♠✐③❛ ♦ ❢✉♥❝✐♦♥❛❧ Jǫ✱ ❡ ❞♦ ▲❡♠❛ ✶✳✶ ✭♣✳ ✷✶✮ u é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

✭✹✳✶✮✲✭✹✳✷✮ ❝♦♠ u(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R✳ ❆❞❡♠❛✐s✱ u ∈ C2(R)✱ ❝♦♠♦ q✉❡rí❛♠♦s

❞❡♠♦♥str❛r✳

✻✺



❚❡♠♦s ❛ss✐♠ ❛ ❝♦♠♣r♦✈❛çã♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♠❛✐s ✉♠❛

❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s✳ ❆q✉✐ é ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r♠♦s q✉❡ ❛ ❡①✐stê♥❝✐❛ só é ❣❛r❛♥t✐❞❛ ♣❛r❛

✈❛❧♦r❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s ❞♦ ♣❛râ♠❡tr♦ ǫ✳ ❯♠❛ ♦✉tr❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡

é q✉❡ ♣♦❞❡rí❛♠♦s t❡r ❝♦♥s✐❞❡r❛❞♦ ❞❡s❞❡ ♦ ✐♥í❝✐♦ ❞♦ tr❛❜❛❧❤♦ ♦ ❢✉♥❝✐♦♥❛❧ Jǫ✱ ♣♦✐s ❜❛st❛

♦❜s❡r✈❛r♠♦s q✉❡ J é✱ ♥❛ ✈❡r❞❛❞❡✱ ♦ ♣ró♣r✐♦ ❢✉♥❝✐♦♥❛❧ Jǫ ♣❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ǫ = 1✳

❉❡ss❛ ❢♦r♠❛ ❣❛r❛♥t✐rí❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛✳

✻✻



❈♦♥❝❧✉sã♦

P❛r❛ ❝♦♥❝❧✉✐r♠♦s✱ tr❛r❡♠♦s ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ❡ ❝♦♥s✐❞❡r❛çõ❡s ❛❝❡r❝❛ ❞♦ ♣r♦✲

❜❧❡♠❛ q✉❡ ✈✐❡♠♦s tr❛❜❛❧❤❛♥❞♦ ❛♦ ❧♦♥❣♦ ❞♦s q✉❛tr♦ ❝❛♣ít✉❧♦s ❞♦ tr❛❜❛❧❤♦✳ ❆ ♣r✐♠❡✐r❛

❞❡❧❛s é q✉❡ ♣♦❞❡rí❛♠♦s t❡r ❝♦♥s✐❞❡r❛❞♦ ❞❡s❞❡ ♦ ✐♥í❝✐♦ ♦ ❢✉♥❝✐♦♥❛❧ Jǫ✱ ♣♦✐s ❜❛st❛ ♦❜s❡r✲

✈❛r♠♦s q✉❡ J é✱ ♥❛ ✈❡r❞❛❞❡✱ ♦ ♣ró♣r✐♦ ❢✉♥❝✐♦♥❛❧ Jǫ ♣❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ǫ = 1✳

❉❡ss❛ ❢♦r♠❛ ❣❛r❛♥t✐rí❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛✳

❱❛❧❡ r❡ss❛❧t❛r ❛✐♥❞❛ q✉❡✱ ❝❛s♦ ♥ã♦ t✐✈éss❡♠♦s ❛ ❢✉♥çã♦ a ❧✐♠✐t❛❞❛✱ ❞❡✈❡rí❛♠♦s ❝♦♥s✐❞❡✲

r❛r ❡♥tã♦ ♦s ❝♦♥❥✉♥t♦s H1
a(R) ❡ Wa ❞❡✜♥✐❞♦s ❝♦♠♦ ♥♦ ❈❛♣ít✉❧♦ ✸ ♣❛r❛ ♦ ❝❛s♦ ❝♦❡r❝✐✈♦

✭♣✳ ✺✸✮✳ ▼❛✐s ✉♠❛ ✈❡③✱ t♦♠❛♥❞♦ ♦s ♠❡s♠♦ ❝✉✐❞❛❞♦s ❡ ❢❛③❡♥❞♦ ♦s ❛❥✉st❡s ♥❡❝❡ssár✐♦s✱

❛s ❞❡♠♦♥str❛çõ❡s s❡❣✉✐r✐❛♠ ♦s ♠❡s♠♦s ♣❛ss♦s✳

◆♦t❡ t❛♠❜é♠ q✉❡ ❛♦ ❡s❝♦❧❤❡r♠♦s ε0 ❡♠ ✭✶✳✶✵✮ ✭♣✳ ✶✺✮ ❝♦♥s✐❞❡r❛♠♦s ❞❡ ❝❡rt❛

❢♦r♠❛ ✉♠❛ s✐♠❡tr✐❛ q✉❡ ♥ã♦ é ♥❡❝❡ssár✐♦ q✉❡ ❛ ❢✉♥çã♦ V ❝✉♠♣r❛✳ ❉❡st❛❝❛♠♦s✱ ♠❛✐s

✉♠❛ ✈❡③✱ q✉❡ ❡st❛ ❡s❝♦❧❤❛ ❢♦✐ ❛♣❡♥❛s ♣❛r❛ ❢❛❝✐❧✐t❛r♠♦s ♥♦ss❛ ❡s❝r✐t❛ ❡ ♥ã♦ ♣r❡❝✐s❛r♠♦s

❞❡ t♦♠❛r ✈❛❧♦r❡s ε1 ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ −1 ❡ ε2 ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 1✳ P♦rt❛♥t♦✱ ♥ã♦

é ♣r❡❝✐s♦ ❡ss❛ s✐♠❡tr✐❛ ❡♠ V ✳ ▼❛s ❛✐♥❞❛ r❡❧❛❝✐♦♥❛❞♦ ❛ V ✱ ❧❡♠❜r❡✲s❡ q✉❡✱ ❡♠ t♦❞♦s

♦s ❝❛s♦s ❛❜♦r❞❛❞♦s✱ ✜③❡♠♦s ♠♦❞✐✜❝❛çõ❡s ♥❡❧❛✳ ❊ss❛ ♠♦❞✐✜❝❛çã♦ ❞❡ V ❢♦✐ ❞❡ ❢✉♥❞❛✲

♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ▲❡♠❛ ✶✳✸ ✭♣✳ ✷✻✮✱ ♦♥❞❡ ✉s❛♠♦s ♦ ❢❛t♦ q✉❡ V ♥ã♦ ❛t✐♥❣✐❛ ♠❛✐s

♥❡♥❤✉♠ ③❡r♦ ❢♦r❛ ❞♦ ✐♥t❡r✈❛❧♦ [−1, 1] ❡ s✉❛ ♥♦✈❛ ❝♦❡r❝✐✈✐❞❛❞❡✳ ❙❡ ♣♦r ❛❝❛s♦ ♥♦ ❡♥✉♥✲

❝✐❛❞♦ ❞♦ ❧❡♠❛ t✐✈éss❡♠♦s s✉♣♦st♦ q✉❡ x ❢♦ss❡ t❛❧ q✉❡ x(t) ∈ (−1, 1) ♣❛r❛ t♦❞♦ t ∈ R✱

♥ã♦ ♣r❡❝✐s❛rí❛♠♦s ❞❛ ♠♦❞✐✜❝❛çã♦✳ ❊ ♥♦t❡ q✉❡ t❡♠♦s ❡①❛t❛♠❡♥t❡ ✉♠❛ ❢✉♥çã♦ ❝♦♠ ❡ss❛

♣r♦♣r✐❡❞❛❞❡ q✉❛♥❞♦ ❝♦♠♣r♦✈❛♠♦s q✉❡ U ∈ W ❡ ❛♣❧✐❝❛♠♦s ♦ ▲❡♠❛ ✶✳✶✳

P❛ss❡♠♦s ❛❣♦r❛ ♣❛r❛ ♦✉tr❛s q✉❡stõ❡s✳ ➱ ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ♣❛r❛ ❞✐✈❡rs❛s ♦✉tr❛s ❝❧❛ss❡s ❞❡ ❢✉♥çõ❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❡♠



❬✺❪ ♦♥❞❡ é ❝♦♥s✐❞❡r❛❞♦ ♦ ❝❛s♦ ❞❡ a s❡r ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❧✐♠✐t❛❞❛ ❡ ❞❡ ❡①✐st✐r❡♠ a1✱

a2 > 0 ✈❡r✐✜❝❛♥❞♦

a1 ≤ a(t) ≤ a2, ∀ t ∈ R

❡

lim
|t|→∞

a(t) = a2

❝♦♠ a(t) < a2 ❡♠ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥ã♦✲♥✉❧❛✳

❊♠ ❬✶✹❪ é t♦♠❛❞♦ ❝♦♠♦ ❤✐♣ót❡s❡ q✉❡ ❡①✐st❡ t0 ❞❡ t❛❧ ❢♦r♠❛ q✉❡ a é ❝r❡s❝❡♥t❡ ❡♠

(−∞, t0]✱ a é ❞❡❝r❡s❝❡♥t❡ ❡♠ [t0,∞)✱

lim
|t|→∞

a(t) = l > 0

❡

lim
|t|→∞

|t|(l − a(t)) = 0.

❖✉tr♦ ❡①❡♠♣❧♦ é ❛❜♦r❞❛❞♦ ❡♠ ❬✶✷❪✱ s✉♣♦♥❞♦ ❡①✐st✐r❡♠ 0 < l < L t❛✐s q✉❡

l ≤ a(t) ≤ L, ∀ t ∈ R

❡

lim
|t|→∞

a(t) = L,

❝♦♠ L/l ❛❞❡q✉❛❞❛♠❡♥t❡ ❧✐♠✐t❛❞♦ ♣♦r ❜❛✐①♦✳

❊♠ ❬✶✸❪ t❡♠✲s❡ q✉❡ a ∈ L∞(R, [0,∞)) ❡ ❡①✐st❡♠ l > 0 ❡ S < T t❛✐s q✉❡

a(t) = l ♣❛r❛ t /∈ [S, T ].

❚❡♠✲s❡ ❛✐♥❞❛ ❡♠ ❬✷✶❪ ❛ ❤✐♣ót❡s❡ ❞❡ ❡①✐st✐r❡♠ l ✱ l > 0 ✈❡r✐✜❝❛♥❞♦

lim
|t|→∞

a(t) = l ❡ l ≤ a(t) ≤ ν
√
l l

∫ 1

−1

√

V (t) dt

,

♦♥❞❡

ν = min

{
∫ ξ−

−1

√

V (t) dt,

∫ 1

ξ+

√

V (t) dt

}

❝♦♠

ξ− = min{t ∈ R | t > −1 ❡ V ′(t) = 0} ❡ ξ+ = max{t ∈ R | t < 1 ❡ V ′(t) = 0}.

✻✽



❊st❡s sã♦ ❛❧❣✉♥s ❞❡♥tr❡ ✈ár✐♦s ♣r♦❜❧❡♠❛s q✉❡ ❢♦r❛♠ ❛❜♦r❞❛❞♦s ❡ q✉❡ ♣♦ss✉ír❛♠

♦ ♠❡s♠♦ ♦❜❥❡t✐✈♦ ❡♠ ❝♦♠✉♠✿ ❞❡t❡r♠✐♥❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s✳ ◆♦t❡

q✉❡ ❡ss❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ s♦❢r❡✉✱ ❛♦ ❧♦♥❣♦ ❞♦s ❛♥♦s✱ ❛ ✐♥✢✉ê♥❝✐❛ ❡ ❝♦♥tr✐❜✉✐çã♦ ❞❡

r❡♥♦♠❛❞♦s ♠❛t❡♠át✐❝♦s ❡ q✉❡✱ ❛✐♥❞❛ ♥♦s ❞✐❛s ❛t✉❛✐s✱ ❡①✐st❡♠ ♣❡sq✉✐s❛s s❡♥❞♦ ❞❡s❡♥✲

✈♦❧✈✐❞❛s ❡ ❝❛❞❛ ✈❡③ ♠❛✐s ✉♠ ❛❝❡r✈♦ ❧✐t❡rár✐♦ s❡♥❞♦ ❝r✐❛❞♦✳ ■st♦ ❞❡✐①❛ ❝❧❛r♦✱ ❡♥tã♦✱ q✉❡

tr❛t❛✲s❡ ❞❡ ✉♠ ❡s♣❛ç♦ ❛❜❡rt♦ ♣❛r❛ ♥♦✈❛s ✐♥✈❡st✐❣❛çõ❡s ❡ ❞❡s❝♦❜❡rt❛s✳✳✳

✻✾



❆♣ê♥❞✐❝❡ ❆

❘❡s✉❧t❛❞♦s ❈♦♠♣❧❡♠❡♥t❛r❡s

◆❡st❡ ❛♣ê♥❞✐❝❡ tr❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❥á ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦s ❡ ♥♦s q✉❛✐s ♥ã♦

❛♣r❡s❡♥t❛r❡♠♦s s✉❛s ❞❡♠♦♥str❛çõ❡s✳ ❚r❛r❡♠♦s ❛✐♥❞❛ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ♣♦♥t♦s

q✉❡ ♥ã♦ ❢♦r❛♠ ❞❡♠♦♥str❛❞♦s ❞✉r❛♥t❡ ♦ t❡①t♦ ♣❛r❛ ♥ã♦ ❞❡s✈✐❛r♠♦s ❛ ❛t❡♥çã♦ ❞♦ ❧❡✐t♦r

♥❛q✉❡❧❡ ♠♦♠❡♥t♦✳

Pr♦♣♦s✐çã♦ ❆✳✶ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍♦❧❞❡r✮ ❙✉♣♦♥❤❛ f ∈ Lp ❡ g ∈ Lp′✱ ❝♦♠ 1 ≤
p ≤ ∞✱ ♦♥❞❡

1

p
+

1

p′
= 1.

❊♥tã♦✱ fg ∈ L1 ❡ ❝✉♠♣r❡♠
∫

|fg| ≤ ‖f‖Lp‖g‖Lp′ .

Pr♦✈❛✳ ❱✐❞❡ ❬✻❪✱ ❚❡♦r❡♠❛ 4.6✱ ♣✳ ✾✷✳

▲❡♠❛ ❆✳✶ ✭❉✉❇♦✐s✲❘❛②♠♦♥❞✮ ❙❡❥❛♠ Ω ⊂ R ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ u ∈ L1
loc(Ω)

✉♠❛ ❢✉♥çã♦ t❛❧ q✉❡
∫

Ω

uf = 0, ∀ f ∈ C∞
c (Ω).

❊♥tã♦✱ u = 0 q✉❛s❡ s❡♠♣r❡ ❡♠ Ω✳

Pr♦✈❛✳ ❱✐❞❡ ❬✻❪✱ ❈♦r♦❧ár✐♦ 2.24✱ ♣✳ ✶✶✵✳

❚❡♦r❡♠❛ ❆✳✷ ✭❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✮ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ ❢✉♥çõ❡s ✐♥t❡❣rá✈❡✐s q✉❡ ❝♦♥✈❡r❣❡ q✉❛s❡ s❡♠♣r❡ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ r❡❛❧ ♠❡♥s✉rá✈❡❧ f ✳



❙❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ g t❛❧ q✉❡ |fn| ≤ g ♣❛r❛ t♦❞♦ n ∈ N✱ ❡♥tã♦ f é ✐♥t❡❣rá✈❡❧

❡ é ✈á❧✐❞♦
∫

f dµ = lim
n→∞

∫

fn dµ.

Pr♦✈❛✳ ❱✐❞❡ ❬✸❪✱ ❚❡♦r❡♠❛ 5.6✱ ♣✳ ✹✹✳

❚❡♦r❡♠❛ ❆✳✸ ❙❡❥❛ I ⊂ R ✉♠ ✐♥t❡r✈❛❧♦✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C ✭❞❡♣❡♥❞❡♥❞♦

❛♣❡♥❛s ❞❡ |I| ≤ ∞✮ t❛❧ q✉❡

‖u‖L∞(I) ≤ C‖u‖W 1,p(I), ∀ u ∈ W 1,p(I), ∀ 1 ≤ p ≤ ∞.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ t❡♠♦s ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ W 1,p(I) →֒ L∞(I) ♣❛r❛ t♦❞♦ 1 ≤ p ≤
∞✳

▼❛✐s ❛✐♥❞❛✱ ❝❛s♦ I s❡❥❛ ❧✐♠✐t❛❞♦✱ ❡♥tã♦

W 1,p(I) →֒ C(Ī) é ❝♦♠♣❛❝t❛ ∀ 1 < p ≤ ∞

❡

W 1,1(I) →֒ Lq(I) é ❝♦♠♣❛❝t❛ ∀ 1 ≤ q < ∞.

Pr♦✈❛✳ ❱✐❞❡ ❬✻❪✱ ❚❡♦r❡♠❛ 8.8✱ ♣✳ ✷✶✷✳

P❛ss❡♠♦s ❛ s❡❣✉♥❞❛ ♠❡t❛❞❡ ❞♦ ❆♣ê♥❞✐❝❡✱ ❛♣r❡s❡♥t❛♥❞♦ ❡♥tã♦ ❝♦♠♣❧❡♠❡♥t♦s ❞❛

t❡♦r✐❛ q✉❡ ♥ã♦ ❢♦r❛♠ ❢❡✐t♦s ❞✉r❛♥t❡ ♦ t❡①t♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝♦♥❥✉♥t♦

W = {x ∈ H1
loc(R) | x+ 1 ∈ H1(−∞, 0) ❡ x− 1 ∈ H1(0,∞)},

t❡♠♦s q✉❡ ♣❛r❛ q✉❛✐sq✉❡r x✱ z ∈ W ✈❛❧❡ x− z ∈ H1(R)✱ ❡ ♣♦rt❛♥t♦ ❛ ❜♦❛ ❞❡✜♥✐çã♦ ❞❛

❢✉♥çã♦

ρ : W ×W −→ [0,∞)

(x, z) 7−→ ρ(x, z) = ‖x− z‖H1(R)

.

Pr♦♣♦s✐çã♦ ❆✳✹ (W, ρ) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✳

Pr♦✈❛✳ ➱ ✐♠❡❞✐❛t♦ ✈❡r♠♦s q✉❡ ρ é ✉♠❛ ♠étr✐❝❛ ❡♠ W ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛♠ x0 ∈ W

✜①❛❞♦ ❡ (xn) ⊂ W ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✳ ❊♥tã♦✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

m,n > n0 ⇒ ρ(xn, xm) = ‖xn − xm‖H1(R) < ε.

✼✶



❉❡✜♥✐♥❞♦ yn = xn − x0 ∈ H1(R)✱ t❡r❡♠♦s

m,n > n0 ⇒ ‖yn − ym‖H1(R) = ‖xn − x0 − xm + x0‖H1(R) = ‖xn − xm‖H1(R) < ε.

▲♦❣♦✱ (yn) ⊂ H1(R) é ❞❡ ❈❛✉❝❤② ❡ ♣♦rt❛♥t♦ ❝♦♥✈❡r❣❡♥t❡✱ ❥á q✉❡ H1(R) é ✉♠ ❡s♣❛ç♦

❞❡ ❇❛♥❛❝❤✳ ❙❡❥❛ y ∈ H1(R) ♦ s❡✉ ❧✐♠✐t❡ ❡ ❝♦♥s✐❞❡r❡ x = y + x0 ∈ W ✳ ❆✜r♠❛♠♦s q✉❡

xn → x ❡♠ (W, ρ) q✉❛♥❞♦ n → ∞✳ ❈♦♠ ❡❢❡✐t♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠♦s

❞❡ yn → y q✉❡

ρ(xn, x) = ‖xn − x‖H1(R) = ‖xn − x0 + x0 − x‖H1(R) = ‖yn − y‖H1(R) < ε,

❞♦♥❞❡ xn → x ❡ ♣♦rt❛♥t♦ (W, ρ) é ❝♦♠♣❧❡t♦✳

❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡✱ ❞❡s❝r❡✈❡r❡♠♦s ❛ s❡❣✉✐r ♦ ♣r♦❝❡ss♦ ❞✐❛❣♦♥❛❧ q✉❡✱ ❡♠ ❝♦♥❥✉♥t♦

❝♦♠ ♦s ▲❡♠❛s ✶✳✸ ❡ ✶✳✹✱ ❢♦✐ ❡ss❡♥❝✐❛❧ ♥❛ ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❣❛r❛♥t✐r♠♦s ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ✭❧❡♠❜r❡✲s❡ q✉❡ ❛ ❢✉♥çã♦ ♦❜t✐❞❛ ♥❡ss❡ ♣r♦❝❡ss♦ ❡r❛ ❥✉st❛♠❡♥t❡ ❛ s♦❧✉çã♦

❤❡t❡r♦❝❧í♥✐❝❛✦✮✳

Pr♦♣♦s✐çã♦ ❆✳✺ ✭Pr♦❝❡ss♦ ❉✐❛❣♦♥❛❧✮ ❙✉♣♦♥❤❛ (xn) ⊂ H1
loc(R) ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐✲

♠✐t❛❞❛ ❡♠ H1(−T, T ) ♣❛r❛ ❝❛❞❛ T > 0✳ ❊♥tã♦✱ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (xn)✱

q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r (xn)✱ ❡ ✉♠❛ ❢✉♥çã♦ x ∈ H1
loc(R) t❛✐s q✉❡ ♣❛r❛ t♦❞♦ T > 0✱

xn → x ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−T, T ] ❡

xn ⇀ x ❡♠ H1(−T, T )
.

Pr♦✈❛✳ P❛r❛ T = 1✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✹ ✭♣✳ ✷✽✮ q✉❡ ❡①✐st❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦

N1 ⊂ N ❡ ✉♠❛ ❢✉♥çã♦ y1 ∈ H1(−1, 1) t❛✐s q✉❡

xn
n∈N1→ y1 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−1, 1] ❡

xn
n∈N1⇀ y1 ❡♠ H1(−1, 1)

.

❆❣♦r❛✱ ♣❛r❛ T = 2✱ ♠❛✐s ✉♠❛ ✈❡③ ❞♦ ❧❡♠❛✱ ❡①✐st❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ N2 ⊂ N1

❡ ✉♠❛ ❢✉♥çã♦ y2 ∈ H1(−2, 2) t❛✐s q✉❡

xn
n∈N2→ y2 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−2, 2] ❡

xn
n∈N2⇀ y2 ❡♠ H1(−2, 2)

.

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❞❡✈❡♠♦s t❡r y2(t) = y1(t) ♣❛r❛ t♦❞♦ t ∈ [−1, 1]✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ T = k✱ ❡①✐st❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ Nk ⊂ Nk−1 ⊂ · · · ⊂ N ❡

✼✷



✉♠❛ ❢✉♥çã♦ yk ∈ H1(−k, k) t❛✐s q✉❡

xn
n∈Nk→ yk ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−k, k] ❡

xn
n∈Nk⇀ yk ❡♠ H1(−k, k)

.

❆❧é♠ ❞✐ss♦✱ yk(t) = yk−1(t) ♣❛r❛ t♦❞♦ t ∈ [−(k − 1), k − 1]✳ ❈♦♥s✐❞❡r❡♠♦s ❛✐♥❞❛ q✉❡

❝❛❞❛ Nk s❡❥❛ ♦r❞❡♥❛❞♦ ❞❡ ♠❛♥❡✐r❛ ❝r❡s❝❡♥t❡✳

❉❡✜♥❛♠♦s ❛❣♦r❛ x : R → R ❞❛❞❛ ♣♦r

x(t) = yk(t), s❡ t ∈ [−k, k].

❖❜s❡r✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ x ∈ H1
loc(R)✳ ❆❞❡♠❛✐s✱ s❡♥❞♦ nk ♦ k✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❡ Nk ❡

t♦♠❛♥❞♦ N∗ = {n1, n2, · · · , nk, · · · }✱ ♦❜t❡♠♦s ni < ni+1✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ N∗ é ✐♥✜♥✐t♦✳

❉❛❞♦ T > 0✱ ❡s❝♦❧❤❛♠♦s k0 ∈ N t❛❧ q✉❡ T < k0✳ ❆ss✐♠✱ ♣❛r❛ i > k0✱ t❡♠♦s ni ∈ Nk0 ❡

♣♦rt❛♥t♦

xn
n∈N∗→ yk0 = x ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−k0, k0] ❡

xn
n∈N∗

⇀ yk0 = x ❡♠ H1(−k0, k0)
,

❞♦♥❞❡✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡✱

xn
n∈N∗→ x ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [−T, T ] ❡

xn
n∈N∗

⇀ x ❡♠ H1(−T, T )
,

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❈♦♥s✐❞❡r❡♠♦s ❞❡st❛ ✈❡③ ♦ ❝♦♥❥✉♥t♦

Σ = {x ∈ H1
loc(R) | x(−∞) = −1 ❡ x(+∞) = 1}.

◆❛t✉r❛❧♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ W ❡stá ❝♦♥t✐❞♦ ❡♠ Σ✳ ▼♦str❛r❡♠♦s✱ ♥♦ ❡♥t❛♥t♦✱ q✉❡ ❡st❛

✐♥❝❧✉sã♦ é ♣ró♣r✐❛✿

Pr♦♣♦s✐çã♦ ❆✳✻ ❚❡♠♦s W ( Σ✳

Pr♦✈❛✳ ❉❡ ❢❛t♦✱ ✜①❡ 0 < α <
1

2
❡ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ fα : R → R ❞❛❞❛ ♣♦r

fα(t) =



















1

tα
, s❡ t ≥ 1

g(t) , s❡ 0 ≤ t ≤ 1

0 , s❡ t ≤ 0

,

✼✸



♦♥❞❡ g é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C∞(R) ❝♦♠ g(0) = 0✱ g(1) = 1 ❡ g(t) > 0 ♣❛r❛ 0 < t < 1✱

t❛❧ q✉❡ ❛ ❝♦❧❛❣❡♠ ❝♦♠
1

tα
s❡❥❛ C1✳ ❈♦♠ ✐ss♦✱ fα ∈ C1(R)✳ ❆ss✐♠✱ f ′

α ∈ C(R)✱ ❞♦♥❞❡

f ′
α ∈ L2

loc(R)✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ −2α + 1 > 0✱ ❡♥tã♦

∫ ∞

1

fα(t)
2 dt =

∫ ∞

1

1

t2α
dt =

t(−2α+1)

−2α + 1

]∞

1

= ∞,

❡ ❞❛í ❝♦♥❝❧✉í♠♦s q✉❡ fα /∈ L2(1,∞)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ fα /∈ L2(0,∞)✳

❉❡✜♥❛ ❛❣♦r❛ ❛ ❢✉♥çã♦ u : R → R ❞❛❞❛ ♣♦r

u(t) =







fα(t) + 1 , s❡ t ≥ 0

fα(t)− 1 , s❡ t ≤ 0
.

❈♦♠♦ lim
|t|→∞

fα(t) = 0✱ t❡♠♦s lim
t→∞

u(t) = 1 ❡ lim
t→−∞

u(t) = −1✱ ♦✉ s❡❥❛✱ u ∈ Σ✳ P♦ré♠✱

u − 1 /∈ H1(0,∞)✱ ❥á q✉❡ ♣❛r❛ t ∈ [0,∞) t❡♠✲s❡ u(t) − 1 = fα(t) ❡ s❛❜❡♠♦s q✉❡

fα /∈ L2(0,∞)✳ P♦rt❛♥t♦✱ u /∈ W ❡ ♣r♦✈❛♠♦s ❛ss✐♠ q✉❡ W ( Σ✳

✼✹



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❆▲❱❊❙✱ ❈✳ ❖✳ ❊①✐st❡♥❝❡ ♦❢ ❍❡t❡r♦❝❧✐♥✐❝ ❙♦❧✉t✐♦♥ ❢♦r ❛ ❈❧❛ss ♦❢ ◆♦♥✲❆✉t♦♥♦♠♦✉s

❙❡❝♦♥❞✲❖r❞❡r ❊q✉❛t✐♦♥✳ ◆♦♥❧✐♥❡❛r ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✳ ✈✳

✷✷✱ ♣♣✳ ✶✶✾✺✲✶✷✶✷✱ ✷✵✶✺✳

❬✷❪ ❆▼❇❘❖❙❊❚❚■✱ ❆✳❀ ❇❆❉■❆▲❊✱ ▼✳ ❱❛r✐❛t✐♦♥❛❧ P❡rt✉r❜❛t✐✈❡ ▼❡t❤♦❞s ❛♥❞ ❇✐❢✉r✲

❝❛t✐♦♥ ♦❢ ❇♦✉♥❞ ❙t❛t❡s ❢r♦♠ t❤❡ ❊ss❡♥t✐❛❧ ❙♣❡❝tr✉♠✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧

❙♦❝✐❡t② ♦❢ ❊❞✐♥❜✉r❣❤ ❙❡❝t✐♦♥ ❆✳ ✈✳ ✶✷✽✱ ♣♣✳ ✶✶✸✶✲✶✶✻✶✱ ✶✾✾✽✳

❬✸❪ ❇❆❘❚▲❊✱ ❘✳●✳ ❊❧❡♠❡♥ts ♦❢ ■♥t❡❣r❛t✐♦♥✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✿ ◆❡✇ ❨♦r❦✱ ✶✾✻✻✳

❬✹❪ ❇❖▲❖❚■◆✱ ❙✳❱✳ ❱❛r✐❛t✐♦♥❛❧ ▼❡t❤♦❞s ❢♦r ❈♦♥str✉❝t✐♥❣ ❈❤❛♦t✐❝ ▼♦t✐♦♥s ✐♥ t❤❡
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