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❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ●r❛❞✉❛❞❛s ❞❡
▼❛tr✐③❡s ❚r✐❛♥❣✉❧❛r❡s

♣♦r

❆❧❡① ❘❛♠♦s ❇♦r❣❡s †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙ ❡ ❞♦ ❈◆Pq



■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ●r❛❞✉❛❞❛s ❞❡
▼❛tr✐③❡s ❚r✐❛♥❣✉❧❛r❡s

♣♦r

❆❧❡① ❘❛♠♦s ❇♦r❣❡s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ▼❛t❡♠át✐❝❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❱✐✈✐❛♥❡ ❘✐❜❡✐r♦ ❚♦♠❛③ ❞❛ ❙✐❧✈❛ ✭❯❋▼●✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❉✐♦❣♦ ❉✐♥✐③ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛ ❡ ❙✐❧✈❛ ✭❯❋❈●✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r ✭❯❋❈●✮

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❉❡③❡♠❜r♦✴✷✵✶✷

✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s✱ ♣♦✐s s❡♠ ❡❧❡ ❡✉ ♥ã♦ t❡r✐❛ ❝❤❡❣❛❞♦ ❛♦ ✜♥❛❧ ❞❡

♠❛✐s ❡st❛ ❡t❛♣❛ ❞❡ ♠✐♥❤❛ ✈✐❞❛✳ ❊❧❡ s❡♠♣r❡ ❡st❡✈❡ ❛♦ ♠❡✉ ❧❛❞♦ ❡ ♠❡ ❛❥✉❞♦✉ ❛ ❛tr❛✈❡s❛r

t♦❞❛s ❛s ❞✐✜❝✉❧❞❛❞❡s ♥♦r♠❛✐s ❞❡ ✉♠ ♠❡str❛❞♦✱ ❜❡♠ ❝♦♠♦ ♣r♦❜❧❡♠❛s ❞❡ s❛ú❞❡ q✉❡ s♦❜r❡

♠✐♠ r❡❝❛ír❛♠✳ ▼✉✐t♦ ♦❜r✐❣❛❞♦ P❛✐✦

❊♠ s❡❣✉♥❞♦ ❧✉❣❛r✱ ❛❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ♠❡✉ ♣❛✐✱ ❏♦sé ●❡♦✈á ❉♦❛rt❡ ❇♦r❣❡s✱

♣❡❧❛s ❛❥✉❞❛s q✉❛♥❞♦ ♣r❡❝✐s❡✐❀ ❛ ♠✐♥❤❛s ✐r♠ãs✱ ❱❛♥❡ss❛ ❘❛♠♦s ❇♦r❣❡s ❡ ❆♠❛♥❞❛ ❏❡ss✐❝❛

❘❛♠♦s ❇♦r❣❡s✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ♥♦s ♠♦♠❡♥t♦s ❜♦♥s ❡ ♠❛✐s ❛✐♥❞❛ ♥♦s r✉✐♥s❀

❛♦ ♠❡✉ s♦❜r✐♥❤♦ ❏♦sé ❆❞r✐❛♥ ❱✐❝t♦r ❇♦r❣❡s ♣❡❧❛ ❝♦♠♣❛♥❤✐❛ ❛❣r❛❞á✈❡❧ ❡ ♣❡❧❛s r✐s❛❞❛s❀

♠❛s s♦❜r❡ t✉❞♦ q✉❡r♦ ❛❣r❛❞❡❝❡r ❛ ♠✐♥❤❛ ♠ã❡✱ ❙✐❧✈â♥✐❛ ❘❛♠♦s ❞❡ ▲✐♠❛✱ ♣♦✐s ❡❧❛ é

✉♠ ❛♥❥♦ q✉❡ ❉❡✉s ♠❡ ❞❡✉ ♦ ♣r❛③❡r ❞❡ t❡r ❝♦♠♦ ♠ã❡✱ ❡❧❛ s❡♠♣r❡ ❡st❡✈❡ ❛♦ ♠❡✉ ❧❛❞♦✱

s❡♠♣r❡✱ ♥✉♥❝❛ ♠❡ ❛❜❛♥❞♦♥♦✉✱ ♥✉♥❝❛ ✈✐r♦✉ ❛s ❝♦st❛s ♣❛r❛ ♠✐♠✱ s❡♠♣r❡ ❜❛t❛❧❤♦✉ ♣❛r❛

❢❛③❡r ❞❡ ♠✐♠ ✉♠ ❤♦♠❡♠ ❞❡s❝❡♥t❡ ❡ ♣❛r❛ q✉❡ ❡✉ t✐✈❡ss❡ ❛s ♦♣♦rt✉♥✐❞❛❞❡s q✉❡ ❡❧❛ ♥ã♦

t❡✈❡✱ ▼ã❡ ❡✉ t❡ ❛♠♦ ❛❝✐♠❛ ❞❡ t✉❞♦✦ ➱ ♣♦r s✉❛ ❝❛✉s❛ ❡ ♣♦r ✈♦❝ê t❡r s❛❝r✐✜❝❛❞♦ t✉❞♦

q✉❡ s❛❝r✐✜❝♦✉ q✉❡ ♣✉❞❡ ❝❤❡❣❛r ❛q✉✐ ❤♦❥❡ é ❣r❛ç❛s ❛ ✈♦❝ê q✉❡ s♦✉ ✉♠ ❤♦♠❡♠✱ ♥ã♦

♣❡r❢❡✐t♦✱ ♠❛s q✉❡ s❡♠♣r❡ t❡♥t❛r ✐r ♣❡❧♦s ❝❛♠✐♥❤♦s q✉❡ t❡ ❞❡✐①❡♠ ♦r❣✉❧❤♦s❛✳ ❊st❡ t❡✉

✜❧❤♦ ♠❡s♠♦ ❡rr❛♥❞♦ ❝♦♥t✐♥✉❛ ❡♠ ❢r❡♥t❡ ❡ ✈❛✐ ❝❤❡❣❛r ❛ ❧✉❣❛r❡s q✉❡ ✈♦❝ê ♥✉♥❝❛ ✐♠❛❣✐♥♦✉

q✉❡ ✉♠ ✜❧❤♦ s❡✉ ❢♦ss❡ ❝❤❡❣❛r✱ ♣♦r t♦❞❛s ❛ ❞✐❢í❝✉❧❞❛❞❡s q✉❡ ❡♥❢r❡♥t❛♠♦s ❡ ❝♦♥t✐♥✉❛♠♦s

❛ ❡♥❢r❡♥t❛r✳ ▼✉✐t♦ ♦❜r✐❣❛❞♦ ♣♦r t✉❞♦ ❡ ❞❡s❝✉❧♣❛s ♣❡❧❛ ♠✐♥❤❛ ❛✉sê♥s✐❛ ❡♠ ♠♦♠❡♥t♦s

q✉❡ ✈♦❝ê ♣r❡❝✐s♦✉✱ ♠❛s ❡s♣❡r♦ q✉❡ t❡♥❤❛ ✈❛❧✐❞♦ ❛ ♣❡♥❛ ✈❡r s❡✉ ✜❧❤♦ ♠❡str❡✳

❆❣♦r❛ q✉❡r♦ ❛❣r❛❞❡❝❡r ❛♦ ❛♠♦r q✉❡ ❉❡✉s ♠❡ ♠❛♥❞♦✉✱ q✉❡r♦ ❛❣r❛❞❡❝❡r ❛ ❙✐❧✈❛♥✐❛

❉✐❛s ❋❡rr❡✐r❛✱ ♠✐♥❤❛ ♥❛♠♦r❛❞❛ ❡ ❛ r❡s♣♦♥sá✈❡❧ ♣♦r ❡✉ t❡r ❝♦♥s❡❣✉✐❞♦ ❝♦♠❡ç❛r ❡ t❡r♠✐✲

♥❛r ♠❡✉ ♠❡str❛❞♦✳ ◆ã♦ s❡✐ ♦ q✉❡ ❛ ✈✐❞❛ ♥♦s r❡s❡r✈❛✱ só s❡✐ q✉❡ ✐♥❞❡♣❡♥❞❡t❡♠❡♥t❡ ❞❡

q✉❛❧q✉❡r ❝♦✐s❛✱ s❡r❡✐ ♠✉✐t♦ ❣r❛t♦ ♣♦r t✉❞♦ q✉❡ ❡❧❛ ❢❡③ ♣♦r ♠✐♠✱ ♠❡ ❛♣♦❛♥❞♦ q✉❛♥❞♦

♣r❡❝✐s❡✐✱ t♦♠❛♥❞♦ ❝♦♥t❛ ❞❡ ♠✐♠✱ ♠❡ ❞❛♥❞♦ ✉♥s ♣✉①õ❡s ❞❡ ♦r❡❧❤❛ q✉❛♥❞♦ ❡✉ ♠❡r❡❝✐❛

❡ ♠❛✐s ❛✐♥❞❛✱ s✉♣♦rt❛♥t♦ t♦❞❛ ❡st❛ ♠✐♥❤❛ ❛✉sê♥❝✐❛✳ ▼❡✉ ❛♠♦r✱ q✉❡r♦ q✉❡ ✈❝ ✜q✉❡ ❛♦

♠❡✉ ❧❛❞♦ ♣❛r❛ s❡♠♣r❡✳ ◆ã♦ s❡✐ ♦ q✉❡ ❉❡✉s q✉❡r ❞❡ ♠✐♠✱ ♣♦✐s ♥ós t✐✈❡♠♦s q✉❡ s✉♣❡r❛r

✐✐✐



✐✈

♠✉✐t❛ ❝♦✐s❛✱ ♠❛s ❛❣r❛❞❡ç♦ t♦❞♦ ❞✐❛ ♣♦r ❡❧❡ t❡r t❡ ❝♦❧♦❝❛❞♦ ❡♠ ♠✐♥❤❛ ✈✐❞❛✱ ♣♦✐s✱ ✈♦❝ê

❡st❡✈❡ ❛♦ ♠❡✉ ❧❛❞♦ ♥♦s ♠♦♠❡♥t♦s ♠❛✐s ❞✐❢í❝❡✐s✱ ♠✉✐t♦ ♦❜r✐❣❛❞♦ ♣♦r t✉❞♦✱ ♣♦r t✉❞♦

♠❡s♠♦✳ ❙❛✐❜❛ q✉❡ ✈♦❝ê t❡♠ ❣r❛♥❞❡ ♣❛rt❡ ♥❡st❡ ♠❡✉ s✉❝❡ss♦✱ ♣♦✐s✱ s❡♠ ✈♦❝ê ❡✉ ♥ã♦

❝♦♥s❡❣✉✐r✐❛ t❡r♠✐♥❛r ❡st❛ ❡t❛♣❛ ❞❡ ♠✐♥❤❛ ✈✐❞❛✳ P♦r ✜♠ q✉❡r♦ t❡ ♣❡❞✐r ❞❡s❝✉❧♣❛s ♣♦r

t♦❞♦ ♦ s♦❢r✐♠❡♥t♦ q✉❡ t❡ ♣r♦✈♦q✉❡✐ ♥❡st❡ ♣❡rí♦❞♦ ❡♠ q✉❡ ♠❡ ❞❡❞✐q✉❡✐ ❛♦ ♠❡str❛❞♦✳ ◆ã♦

s♦✉❜❡ ❝♦♥❝✐❧✐❛r ✈♦❝ê ❝♦♠ ♦ ♠❡str❛❞♦ ❡ ❡rr❡✐ ♠✉✐t♦✱ ✜❝♦ tr✐st❡ só ❡♠ ♣❡♥s❛r q✉❡ t❡ ✜③

❝❤♦r❛r✱ ♠❛s ❤♦❥❡ t❡♥❤♦ ♦ tít✉❧♦ ❞❡ ♠❡str❡ ❡ ♦ ♠❛✐s ✐♠♣♦rt❛♥t❡✱ t❡♥❤♦ ✈♦❝ê✳ ❖❜r✐❣❛❞♦

♠❡✉ ❛♥❥♦✦

◗✉❡r♦ ❛❣r❛❞❡❝❡r ❛♦ ❣r❛♥❞❡ ♣r♦❢❡ss♦r ❡ ❛♠✐❣♦✱ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r✱

♣♦r t✉❞♦✳ ❋❛❧❛r ❞❡ ❇r❛♥❞ã♦ ♣❛r❛ ♠✐♠ é ❝♦♠♦ ❢❛❧❛r ❞❡ ✉♠ í❞♦❧♦✱ ♣♦✐s só ✈✐♠ ❢❛③❡r

♠❡str❛❞♦ ❡♠ ❈❛♠♣✐♥❛ ●r❛♥❞❡ ♣♦r ❝❛✉s❛ ❞❡st❡ ♣r♦❢❡ss♦r✳ ❊st❛✈❛ t✉❞♦ ❝❡rt♦ ♣❛r❛ q✉❡

❡✉ ❢♦ss❡ ♣❛r❛ ♦ ♠❡str❛❞♦ ❞❡ ♦✉tr❛ ✉♥✐✈❡rs✐❞❛❞❡✱ ♠❛s ❞❡♣♦✐s ❞❡ ❢❛③❡r ❛ ❞✐s♣❧✐♥❛ ❞❡

á❧❣❡❜r❛ ❧✐♥❡❛r ♥♦ ✈❡rã♦ ❞❡ ✷✵✵✾ ❝♦♠ ❡❧❡✱ ❞❡❝✐❞✐ q✉❡ q✉❡r✐❛ ♦ ♠❡str❛❞♦ ♥❡st❛ ✐♥st✐t✉✐çã♦

❡ ❞❡❝✐❞✐ q✉❡ q✉❡r✐❛ q✉❡ ❡❧❡ ♠❡ ♦r✐❡♥t❛ss❡✳ ◆✉♥❝❛ ❝♦♥❤❡❝✐ ♥✐♥❣✉é♠ q✉❡ t✐✈❡ss❡ ✉♠

❝♦♥❤❡❝✐♠❡♥t♦ ❡♠ ♠❛t❡♠át✐❝❛ tã♦ ✈❛st♦✱ ❡❧❡ t✐r♦✉ ❞ú✈✐❞❛s ♠✐♥❤❛s ❡♠ ✈ár✐❛s ár❡❛s✱

♥ã♦ só ❡♠ ➪❧❣❡❜r❛✱ ♠❛s t❛♠❜é♠ ❡♠ ●❡♦♠❡tr✐❛ ❡ ❆♥á❧✐s❡✳ Pr♦❢❡ss♦r ♠✉✐t♦ ♦❜r✐❣❛❞♦

♣♦r t✉❞♦✦ ❆❝✐♠❛ ❞❡ t✉❞♦✱ ♦❜r✐❣❛❞♦ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ♣♦✐s s❡ ❢♦ss❡ ♦✉tr❛ ♣❡ss♦❛ ❥á t❡r✐❛

❞❡s✐st✐❞♦ ❞❡ ♠✐♠✱ ♣♦r t✉❞♦ q✉❡ t✐✈❡ q✉❡ ❡♥❢r❡♥t❛r ♥❡st❡ ♠❡str❛❞♦✱ ❡ ✈♦❝ê ❝♦♠♦ ♣❡ss♦❛✱

❝♦♠♦ s❡r ❤✉♠❛♥♦✱ ❡♥t❡♥❞❡✉ ❡ ♠❡ ❛♣♦✐♦✉ ♥♦s ♠♦♠❡♥t♦s ♠❛✐s ❞✐❢í❝❡✐s✱ ♥♦s ♠♦♠❡♥t♦s

❡♠ q✉❡ ♠❛✐s ♣r❡❝✐s❡✐✳ ❙♦✉ ❣r❛t♦ ♣♦r ✈♦❝ê t❡r ♠❡ ♦r✐❡♥t❛❞♦✱ ♠✉✐t♦ ♦❜r✐❣❛❞♦✦

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ❛♠✐❣♦s q✉❡ ❡♥❢r❡♥t❛r❛♠ ❡st❛ ❞✉r❛ ❜❛t❛❧❤❛ ❞♦ ♠❡str❛❞♦ ❛♦

♠❡✉ ❧❛❞♦✱ ❡♠ ❡s♣❡❝✐❛❧ q✉❡r♦ ❛❣r❛❞❡❝❡r ❛ ■sr❛❡❧✱ ❆✐❧t♦♥✱ ❋❛❜rí❝✐♦✱ ◆❛♥❝②✱ ❇r✐t♦✱ ❆rt❤✉r✱

■t❛✐❧♠❛ ♣❡❧❛s ❞✐s❝✉rsõ❡s ❡ ❛♣r❡♥❞✐③❛❞♦s✱ ❛♣r❡♥❞✐ ♠✉✐t♦ ❝♦♠ ❡❧❡s✳ ❆❞❡♠❛✐s✱ q✉❡r♦ ❛❣r❛✲

❞❡❝❡r ❛♦ ❑❡❧♠❡♠✱ ❉❡♥✐❧s♦♥✱ ❆♥♥❛①s✉❡❧✱ ❆♥❣❡❧✐✱ ▲✉❝✐❛♥♦ ❡ ❛♦ ❇r✐t♦ ♣❡❧❛ ❝♦♥✈✐✈ê♥❝✐❛ ❡

❛s ❛❥✉❞❛s✳ ▼✉✐t♦ ♦❜r✐❣❛❞♦ ❛ t♦❞♦s✱ ♣♦r t✉❞♦ ❡ ❞❡s❝✉❧♣❛s ❛♦s q✉❡ ❡✉ ♥ã♦ s✐t❡✐✱ ♣♦rq✉❡

sã♦ ♠✉✐t♦ ♦s ❛♠✐❣♦s✱ ❣r❛ç❛s ❛ ❉❡✉s✳

▼✉✐t♦ ♦❜r✐❣❛❞♦ ❛♦ ♣r♦❢❡ss♦r ❉✐♦❣♦ ❉✐♥✐③ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛ ❡ ❙✐❧✈❛✱ ♣♦r t❡r s✐❞♦

♠❡✉ ♣r♦❢❡ss♦r ♥♦ ❝✉rs♦✱ ♠❛✐s ❛✐♥❞❛✱ ♣♦r ❛❝r❡❞✐t❛r ♥♦ ♠❡✉ ♣♦t❡♥❝✐❛❧ ❡ t❡r ❛ ✐♥t❡♥çã♦

❞❡ ♠❡ ♦r✐❡♥t❛r ♥♦ ❞♦✉t♦r❛❞♦✳ ■♥❢❡③❧✐♠❡♥t❡ ❛ ✈✐❞❛ t❡♠ ♦✉tr♦s ♣❧❛♥♦s ♣❛r❛ ♠✐♠ ❡ ♣♦r

❡♥q✉❛♥t♦ ❡st❡ s♦♥❤♦ ✈❛✐ t❡r q✉❡ ✜❝❛r ✉♠ ♣♦✉❝♦ ❡♠ s❡❣✉♥❞♦ ♣❧❛♥♦✱ ♠❛s ♠❡s♠♦ ❛ss✐♠

♠✉✐t♦ ♦❜r✐❣❛❞♦✱ q✉❡ ❉❡✉s ❧❤❡ ❛❜❡♥ç♦✐ ❡ ✐❧✉♠✐♥❡ s✉❛s ✜❧❤❛s✳

❖❜r✐❣❛❞♦ ❛♦ ♠❡✉ t✐♦ ❡ ♠♦t✐✈❛❞♦r ❞✐st♦ t✉❞♦✱ ♦ ♣r♦❢❡ss♦r ●❡♦✈❛♥❡ ❉♦❛rt❡ ❇♦r❣❡s✱



✈

♣♦✐s s❡♠ ❡❧❡ ♥❡♠ t❡r✐❛ ❢❡✐t♦ ❣r❛❞✉❛çã♦✱ q✉❡♠ ❞❡r❛ ♠❡str❛❞♦✳ ❖❜r✐❣❛❞♦ ♣♦r t♦❞♦ ❛♣♦✐♦

❡ ❛❥✉❞❛ q✉❡ ✈♦❝ê ♠❡ ❞❡✉✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦ ♣r♦❢❡ss♦r ▲✉✐③ ▲✐♠❛✱ ♣♦✐s ❡❧❡ ❢♦✐ ♦

♣r✐♠❡✐r♦ ❛ ♠❡ ❛♣♦✐❛r ♥❛ ♠✐♥❤❛ ✐❞❡✐❛ ❞❡ ❢❛③❡r ♠❡str❛❞♦✳ ❆❧é♠ ❞❡ ❛❣r❛❞❡❝❡r ❛♦♠❡✉

✐r♠ã♦ ❮❝❛r♦ ❆rt✉r ●♦♠❡s ❱❛❥ã♦ ♣♦r t✉❞♦✳

❖❜r✐❣❛❞♦✱ ♣r♦❢❡ss♦r❛ ❱✐✈✐❛♥❡ ❘✐❜❡✐r♦ ❚♦♠❛③ ❞❛ ❙✐❧✈❛✱ ♣♦r s❛✐r ❞❡ s✉❛ ❝✐❞❛❞❡✱ ❇❡❧♦

❍♦r✐③♦♥t❡✱ ♣❛r❛ ✈✐r ❛té ❛q✉✐ ♣❛rt✐❝✐♣❛r ❞❡st❛ ❜❛♥❝❛✳ ❖❜r✐❣❛❞♦ ♣♦r s✉❛s ♦❜s❡r✈❛çõ❡s✱

s❡✐ q✉❡ ❡❧❛s ❛❝r❡s❝❡♥t❛rã♦ ♠✉✐t♦ ❛♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

P♦r ✜♠✱ ❛❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❞❡ ♠❛♥❡✐r❛ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛ ❝♦♥tr✐❜✉✐r❛♠ ♣❛r❛

q✉❡ ❡st❛ ♠❡✉ s♦♥❤♦ s❡ t♦r♥❛ss❡ r❡❛❧✐❞❛❞❡✳



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s ❡ ✐r♠ãs✳ Pr✐♥❝✐♣❛❧✲

♠❡♥t❡ ❛s ❞✉❛s ❙✐❧✈❛♥✐❛s ❞❡ ♠✐♥❤❛

✈✐❞❛✱ ❛ ❙✐❧ ❡ ❛ ❱â♥✐❛✳

✈✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ s❡rã♦ ❡st✉❞❛❞❛s ❛s ❣r❛❞✉❛çõ❡s ❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s

❞❛ á❧❣❡❜r❛ Un(K) ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s n×n s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ♦ q✉❛❧

s❡rá s❡♠♣r❡ ✐♥✜♥✐t♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ s❡rá ❡st✉❞❛❞♦ ♦ ❝❛s♦ n = 2✱ ♣❛r❛ ♦ q✉❛❧ s❡rá

♠♦str❛❞♦ q✉❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ ❣r❛❞✉❛çã♦ ♥ã♦ tr✐✈✐❛❧ ❡ s❡rã♦ ❞❡s❝r✐t♦s ❛s ✐❞❡♥t✐❞❛❞❡s✱

❛s ❝♦❞✐♠❡♥sõ❡s ❡ ♦s ❝♦❝❛r❛❝t❡r❡s ❣r❛❞✉❛❞♦s✳ P❛r❛ ♦ ❝❛s♦ n q✉❛❧q✉❡r✱ s❡rã♦ ❡st✉❞❛❞❛s

❛s ✐❞❡♥t✐❞❛❞❡s ❡ ❝♦❞✐♠❡♥sõ❡s ❣r❛❞✉❛❞❛s✱ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛ Zn✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❞❡

Un(K)✳ ❋✐♥❛❧♠❡♥t❡✱ s❡rá ❛♣r❡s❡♥t❛❞❛ ✉♠❛ ❝❧❛ss✐✜❝❛çã♦ ❞❛s ❣r❛❞✉❛çõ❡s ❞❡ Un(K) ♣♦r

✉♠ ❣r✉♣♦ q✉❛❧q✉❡r✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ▼❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s✱ ❣r❛❞✉❛çã♦✱ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✱ ❝♦✲

❞✐♠❡♥sõ❡s✱ ❝♦❝❛r❛❝t❡r❡s✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞② t❤❡ ❣r❛❞✐♥❣s ❛♥❞ t❤❡ ❣r❛❞❡❞ ♣♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t✐❡s ♦❢ t❤❡

✉♣♣❡r n×n tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s ❛❧❣❡❜r❛ Un(K) ♦✈❡r ❛ ✜❡❧❞ K✱ ✇❤✐❝❤ ✐s ❛❧✇❛②s ✐♥✜♥✐t②✳

❚❤❡ ❝❛s❡ n = 2 ✇✐❧❧ ❜❡ ✜rst❧② st✉❞✐❡❞✱ ❢♦r ✇❤✐❝❤ ✇✐❧❧ ❜❡ s❤♦✇♥ t❤❛t t❤❡r❡ ✐s ♦♥❧②

♦♥❡ ♥♦♥tr✐✈✐❛❧ ❣r❛❞✐♥❣ ❛♥❞ ✇❡ s❤❛❧❧ ❞❡s❝r✐❜❡ t❤❡ ❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s✱ ❝♦❞✐♠❡♥s✐♦♥s ❛♥❞

❝♦❝❤❛r❛❝t❡rs✳ ❋♦r t❤❡ ❣❡♥❡r❛❧ n ❝❛s❡✱ ✇❡ s❤❛❧❧ st✉❞② ❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s ❛♥❞ ❝♦❞✐♠❡♥s✐♦♥s✱

❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥❛t✉r❛❧ Zn✲❣r❛❞✐♥❣ ♦❢ Un(K)✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❛ ❝❧❛ss✐✜❝❛t✐♦♥

♦❢ t❤❡ ❣r❛❞✐♥❣s ♦❢ Un(K) ❜② ❛♥② ❣r♦✉♣✳

❑❡②✇♦r❞s✿ ❚r✐❛♥❣✉❧❛r ♠❛tr✐❝❡s✱ ❣r❛❞✐♥❣s✱ ❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s✱ ❝♦❞✐♠❡♥s✐♦♥s✱ ❝♦✲

❝❤❛r❛❝t❡rs✳



❈♦♥t❡ú❞♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶ ❈♦♥❝❡✐t♦s Pr❡❧✐♠✐♥❛r❡s ✾

✶✳✶ ➪❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✷ ❍♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✸ ➪❧❣❡❜r❛s ●r❛❞✉❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✹ ▼ó❞✉❧♦s s♦❜r❡ á❧❣❡❜r❛s ❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r✉♣♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✺ ❘❡♣r❡s❡♥t❛çõ❡s ❞♦ ●r✉♣♦ ❙✐♠étr✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✶✳✻ ➪❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✼ P♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s ❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✶✳✽ ❘❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❡ s❡♠✐✲s✐♠♣❧✐❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷ ❆s ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ ❛ ➪❧❣❡❜r❛ U2(K) ✸✺

✷✳✶ ●r❛❞✉❛çõ❡s ❞❡ U2(K) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✷ ❈♦❝❛r❛❝t❡r❡s ❡ ❈♦❞✐♠❡♥sõ❡s ❣r❛❞✉❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✸ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ U2(K) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ ❛ ➪❧❣❡❜r❛ Un(K) ✹✻

✸✳✶ ❆s ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ Un(K) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✷ ▼❛tr✐③❡s ❣❡♥ér✐❝❛s ❡ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✸ ❆♣❧✐❝❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹ ●r❛❞✉❛çõ❡s ❞❛ ➪❧❣❡❜r❛ ❞❛s ▼❛tr✐③❡s ❚r✐❛♥❣✉❧❛r❡s ❙✉♣❡r✐♦r❡s ✺✾

✹✳✶ ●r❛❞✉❛çõ❡s ❞❡ ❯n(K) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

❇✐❜❧✐♦❣r❛✜❛ ✻✾



■♥tr♦❞✉çã♦

◆❛ á❧❣❡❜r❛ ♠♦❞❡r♥❛ ❡①✐st❡ ✉♠ r❛♠♦ q✉❡ ❡st✉❞❛ ❛ ❡str✉t✉r❛ ❛❧❣é❜r✐❝❛ ❝❤❛♠❛❞❛

❞❡ ❛♥❡❧✳ ❉❡♥tr♦ ❞❡st❡ ❡st✉❞♦ s❡ ❞❡st❛❝❛ ❛ t❡♦r✐❛ ❞♦s ❛♥é✐s ♥ã♦✲❝♦♠✉t❛t✐✈♦s✱ ❡ ❝♦♠♦

✉♠❛ ✈❡rt❡♥t❡ ❞❡st❡ ❡st✉❞♦ t❡♠♦s ❛ P■✲t❡♦r✐❛ ♦✉ t❡♦r✐❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳

◆♦ ✐♥í❝✐♦✱ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡r❛♠ ❡st✉❞❛❞❛s ❡♠ r❡❧❛çã♦ ❛ ❛♥é✐s✱ ♠❛s ❝♦♠

♦ ❛♣r♦❢✉❞❛♠❡♥t♦ ❞❛ t❡♦r✐❛✱ ❡st❡ ❡st✉❞♦ s❡ ❡st❡♥❞❡✉ ❛ ✉♠❛ ❡str✉t✉r❛ ✉♠ ♣♦✉❝♦ ♠❛✐s

s♦✜st✐❝❛❞❛✱ ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛✳

❯♠ á❧❣❡❜r❛A é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❞❡ ✉♠ ♣r♦❞✉t♦ ❜✐❧✐♥❡❛r✳ ❯♠ ♣♦❧✐♥ô♠✐♦

f(x1, . . . , xn) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ A s❡ ❡st❡ ♣♦❧✐♥ô♠✐♦ s❡ ❛♥✉❧❛ ❡♠ q✉❛❧q✉❡r

s✉❜st✐t✉✐çã♦ ❞❡ s✉❛s ✈❛r✐á✈❡✐s ♣♦r ❡❧❡♠❡♥t♦s ❞❡ A✱ ❡ ✉♠❛ á❧❣❡❜r❛ q✉❡ ♣♦ss✉✐ ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ♥ã♦ ♥✉❧❛s é ❝❤❛♠❛❞❛ ❞❡ P■✲á❧❣❡❜r❛✳ P♦r ❡①❡♠♣❧♦✱ t♦❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛

é ✉♠❛ P■✲á❧❣❡❜r❛✱ ❛ss✐♠ ❝♦♠♦ t♦❞❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❖ ❡st✉❞♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ á❧❣❡❜r❛s ❣❛♥❤♦✉ ❢♦rç❛ ❝♦♠ ♦ ❛rt✐❣♦

❞❡ ❆♠✐ts✉r ❡ ▲❡✈✐t③❦✐ ❬✷❪✱ ♣✉❜❧✐❝❛❞♦ ❡♠ ✶✾✺✵✳ ◆❡st❡ ❛rt✐❣♦ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♠ét♦❞♦s

❝♦♠❜✐♥❛tór✐♦s ♣❛r❛ ♣r♦✈❛r q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛rt ❞❡ ❣r❛✉ 2n é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛

❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ Mn(K)✳ ❯♠❛ ❞❛s q✉❡stõ❡s

❝❡♥tr❛✐s ♥♦ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥ô♠✐❛✐s é ❛ ❞❡s❝r✐çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r

♣❛r❛ ♦ T ✲✐❞❡❛❧ ✭✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✮ ❞❡ ✉♠❛ á❧❣❡❜r❛✱ ❡ ❝♦♠ ✈✐sã♦ ♥❡st❡

❡st✉❞♦ ❙♣❡❝❤t✱ ❡♠ ✶✾✺✵✱ ❝♦♥❥❡❝t✉r♦✉ q✉❡ t♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ t❡♠ ✉♠❛ ❜❛s❡ ✜♥✐t❛

♣❛r❛ ♦ s❡✉ T ✲✐❞❡❛❧✳ P♦ré♠ ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❢❛t♦ só ❢♦✐ r❡❛❧✐③❛❞❛ ❡♠ ✶✾✽✼✱ ♣♦r

❑❡♠❡r ✭❬✶✼❪ ❡ ❬✶✽❪✮✱ ♣❛r❛ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❯♠❛ á❧❣❡❜r❛ A é ❞✐t❛ ❣r❛❞✉❛❞❛ ♣♦r ✉♠ ❣r✉♣♦ G s❡ A =
⊕

g∈GAg✱ ♦♥❞❡ Ag é

✉♠ s✉❜❡s♣❛ç♦ ❞❡ A✱ ♣❛r❛ q✉❛❧q✉❡r g ∈ G✱ ❡ AgAh ⊆ Agh✱ ♣❛r❛ q✉❛✐sq✉❡r g, h ∈ G✳

P♦❞❡♠♦s ✈❡r ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ✉♥✐tár✐❛ K〈X〉 ✭á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠



✼

✈❛r✐á✈❡✐s ❛ss♦❝✐❛t✐✈❛s ❡ ♥ã♦ ❝♦♠✉t❛t✐✈❛s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ K✮ ❝♦♠♦ s❡♥❞♦ ✉♠❛ á❧✲

❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❡ s❡✉s ♣♦❧✐♥ô♠✐♦s f(x(g1)1 , . . . , x
(gn)
n ) ❝♦♠♦ s❡♥❞♦ ♣♦❧✐♥ô♠✐♦s ❣r❛❞✉✲

❛❞♦s✳ ❉❡✜♥✐♠♦s ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A✱ ❝♦♠♦ s❡♥❞♦ ✉♠

♣♦❧✐♥ô♠✐♦ G✲❣r❛❞✉❛❞♦ f(x(g1)1 , . . . , x
(gn)
n ) t❛❧ q✉❡ f(a(g1)1 , . . . , a

(gn)
n ) = 0 ♣❛r❛ q✉❛✐sq✉❡r

a
(g1)
1 ∈ Ag1 , . . . , a

(gn)
n ∈ Agn ✳ ❖ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❢♦✐ ♠♦t✐✈❛❞♦ ♣❡❧❛

s✉❛ ✐♠♣♦rtâ♥❝✐❛ ♥❛ ❡str✉t✉r❛ ❞♦s T ✲✐❞❡❛✐s ✭✈❡❥❛ ❬✶✽❪ ❡ ❬✶✾❪✮ ❡ ❛♦ ❧♦♥❣♦ ❞❛s ✉❧t✐♠❛s

❞é❝❛❞❛s ✐♠♣♦rt❛♥t❡s r❡s✉❧t❛❞♦s ❢♦r❛♠ ♦❜t✐❞♦s✳ P♦r ❡①❡♠♣❧♦✱ ❢♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✺❪ ❡ ❡♠

❬✼❪ q✉❡ s❡♥❞♦ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ ❝♦♠✉t❛t✐✈♦✱ ❡♥tã♦ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A é ✉♠❛

P■✲á❧❣❡❜r❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Ae é ✉♠❛ P■✲á❧❣❡❜r❛✱ ♦♥❞❡ e é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G✳

❖✉tr❛ ♣❛rt❡ ❞❛ P■✲t❡♦r✐❛ q✉❡ t❡♠ s✐❞♦ ❧❛r❣❛♠❡♥t❡ ❡st✉❞❛❞❛ sã♦ ♦s ❝♦♥❝❡✐t♦s ❞❡

❝♦❞✐♠❡♥sã♦ ❡ ❝♦❝❛r❛❝t❡r✱ q✉❡ ❢♦r❛♠ ✐♥tr♦❞✉③✐❞♦s ♣♦r ❘❡❣❡✈ ❬✷✺❪✳ ❈♦♥s✐❞❡r❛♥❞♦ Pn

❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡♠ n ✈❛r✐á✈❡✐s✱ ♦❜s❡r✈❛✲

♠♦s q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡rá✲❧♦ ❝♦♠♦ s❡♥❞♦ ✉♠ Sn✲♠ó❞✉❧♦ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ ❡ s❡♥❞♦

Id(A) ♦ T ✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A✱ ❞❡✜♥✐♠♦s ❛ n✲és✐♠❛

❝♦❞✐♠❡♥sã♦ ❞❡st❛ á❧❣❡❜r❛ ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞♦ Sn✲♠ó❞✉❧♦ Pn(A) = Pn

Pn∩Id(A)
❡ ♦

n✲és✐♠♦ ❝♦❝❛r❛❝t❡r ❝♦♠♦ s❡♥❞♦ ♦ ❝❛r❛❝t❡r ❞❛ r❡♣r❡s❡♥t❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ❉❡ ❢♦r♠❛

❛♥á❧♦❣❛✱ ❞❡✜♥✐♠♦s ❛s ❝♦❞✐♠❡♥sõ❡s ❡ ♦s ❝♦❝❛r❛❝t❡r❡s ❣r❛❞✉❛❞♦s✱ ❜❛st❛♥❞♦ ♣❛r❛ ✐st♦

❝♦♥s✐❞❡r❛r P gr
n ✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❣r❛❞✉❛❞♦s✳ ❯t✐❧✐③❛♥❞♦

❛ t❡♦r✐❛ ❞❡ ❨♦✉♥❣ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦ ♣r♦❞✉t♦ s✐♠étr✐❝♦✱ ❘❡❣❡✈ ❡ ▲❛t②s❤❡✈ ✭❬✷✺❪

❡ ❬✷✸❪✱ r❡s♣❡❝t✐✈❡♠❡♥t❡✮ ♠♦str❛r❛♠ q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s ❞❡ ✉♠❛ á❧❣❡❜r❛

A é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✳ ❉✐st♦ ●✐❛♠❜r✉♥♦ ❡ ❩❛✐❝❡✈ ✭❬✶✷❪ ❡ ❬✶✸❪✮ ❞❡✜♥✐r❛♠ ♦

❡①♣♦❡♥t❡ ❞❡ ✉♠❛ P■✲á❧❣❡❜r❛✱ q✉❡ é lim
n→∞

n
√

cn(A)✱ ❡ ♣r♦✈❛r❛♠ q✉❡ ❡st❡ ❡①♣♦❡♥t❡ ❞❡ ❢❛t♦

❡①✐st❡ ❡ é ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ t❡♠♦s ♦ ❝♦♥❝❡✐t♦s ❞❡ ❡①♣♦❡♥t❡

❣r❛❞✉❛❞♦ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛✳

❊st❡ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛♣r❡s❡♥t❛r ✉♠ ❡st✉❞♦ ❜❛s❡❛❞♦ ♥♦s ❛rt✐❣♦s ❬✷✼❪✱

❬✷✵❪ ❡ ❬✷✽❪✱ s♦❜r❡ ❣r❛❞✉❛çõ❡s ❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ❝♦❞✐♠❡♥sõ❡s ❡ ❝♦❝❛r❛❝t❡r❡s

❣r❛❞✉❛❞♦s ❞❛ á❧❣❡❜r❛ Un(K)✱ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s♦❜r❡ ✉♠ ❝♦r♣♦ K✳ ❊❧❡ ❡stá

❞✐✈✐❞✐❞♦ ❡♠ ✹ ❝❛♣ít✉❧♦s✱ s❡♥❞♦ ♦ ♣r✐♠❡✐r♦ ✈♦❧t❛❞♦ ♣❛r❛ ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s q✉❡ s❡✲

rã♦ ✉t✐❧✐③❛❞♦s ♥♦ s❡✉ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ á❧❣❡❜r❛s✱ ❤♦♠♦♠♦r✜s♠♦s✱

á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✱ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r✉♣♦s ❡ ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥✳ ❱❛❧❡ ❛ ♣❡♥❛

r❡ss❛❧t❛r q✉❡ ❛❧❣✉♠❛s ❞❛s s❡çõ❡s ❞❡st❡ ❝❛♣ít✉❧♦ ❡stã♦ ❜❡♠ r❡s✉♠✐❞❛s ❡ ❢♦❝❛❞❛s ❛♣❡♥❛s

♣❛r❛ ♦ q✉❡ ✐r❡♠♦s ✉t✐❧✐③❛r ♥♦ ❞❡❝♦rr❡r ❞♦ tr❛❜❛❧❤♦✳ ▼✉✐t♦s ❝♦♥❝❡✐t♦s ❞❡st❡ ❝❛♣ít✉❧♦ sã♦



✽

✉t✐❧✐③❛❞♦s ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ✐♠♣❧í❝✐t❛ ♥♦s ❞❡♠❛✐s ❝❛♣ít✉❧♦s✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ♦ ❧❡✐t♦r

❞❡st❡ tr❛❜❛❧❤♦ ❥á ❞❡✈❡ ❞♦♠✐♥❛r ❜♦❛ ♣❛rt❡ ❞❡❧❡s✱ ❧♦❣♦ ♥ã♦ t❡♥❞♦ ♠✉✐t❛s ❞✐✜❝✉❧❞❛❞❡s

♣❛r❛ ♦❜s❡r✈á✲❧♦s✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s

❞❡ ♦r❞❡♠ ✷✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ✐♥✐❝✐❛r❡♠♦s ♠♦str❛♥❞♦ q✉❡ ❛s ú♥✐❝❛s ❣r❛❞✉❛çõ❡s ♣❛r❛

❡st❛ á❧❣❡❜r❛✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✱ sã♦ ❛ tr✐✈❛❧ ❡ ❛ ❝❛♥ô♥✐❝❛✳ ❊♠ s❡❣✉✐❞❛✱ ✐r❡♠♦s

❡♥❝♦♥tr❛r ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ T ✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s Idgr(U2(K)) ❞❡ U2(K)✳

❈♦♠ ✐st♦✱ ✐r❡♠♦s ❝❛❧❝✉❧❛r ♦s ❝♦❝❛r❛❝t❡r❡s ❣r❛❞✉❛❞♦s ❞❡st❛ á❧❣❡❜r❛✱ ❡ ❡♥❝❡rr❛r❡♠♦s ❡st❡

❝❛♣ít✉❧♦ ❝❛❧❝✉❧❛♥❞♦ ♦ ❡①♣♦❡♥t❡ ❣r❛❞✉❛❞♦✳

◆♦ t❡r❝❡r❡✐r♦ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ❣❡♥❡r❛❧✐③❛r ♣❛rt❡ ❞♦ s❡❣✉♥❞♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡

✐r❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ T ✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s Idgr(Un(K)) ❞❛

á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠ n✳ ❆❧é♠ ❞✐st♦✱ ✐r❡♠♦s ♠♦str❛r

q✉❡ ❡st❡s ♣♦❧✐♥ô♠✐♦s ❞❡ ❢❛t♦ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ❡st❡ T ✲✐❞❡❛❧ ❛tr❛✈és ❞❛s ♠❛tr✐✲

③❡s ❣❡♥ér✐❝❛s✳ P♦r ✜♠✱ ✐r❡♠♦s ❛♣❧✐❝❛r ♦s r❡s✉❧t❛❞♦s ❞❡st❡ ❝❛♣ít✉❧♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❛s

❝♦❞✐♠❡♥sõ❡s ❣r❛❞✉❛❞❛s ❞❡ Un(K)✳

◆♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ❞❡s❝r❡✈❡r t♦❞❛s ❛s G✲❣r❛❞✉❛çã♦ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉✲

❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦♥❞❡♠ n✱ ♠♦str❛♥❞♦ q✉❡ t♦❞❛s ❡❧❛s sã♦ ✐s♦♠♦r❢❛s ❛s G✲❣r❛❞✉❛çõ❡s

❡❧❡♠❡♥t❛r❡s✳

P♦r ✜♠✱ ❡s♣❡r♦ q✉❡ ❡st❡ tr❛❜❛❧❤♦ ❛❣r❛❞❡ ❛♦ ❧❡✐t♦r ❡ ♦ ❛❥✉❞❡ ❛ ❝♦♠♣r❡❡♥❞❡r ♦s

❝♦♥❝❡✐t♦s ❛q✉✐ tr❛❜❛❧❤❛❞♦s✳ ▼✉✐t♦ ♦❜r✐❣❛❞♦ ❡ ❜♦❛ ❧❡✐t✉r❛✦



❈❛♣ít✉❧♦ ✶

❈♦♥❝❡✐t♦s Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s tr❛t❛r ❞❡ ❝♦♥❝❡✐t♦s ❜ás✐❝♦s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥♦ ❞❡❝♦rr❡r

❞❡st❡ tr❛❜❛❧❤♦✳ ❆❧❣✉♥s ❞♦s r❡s✉❧t❛❞♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s sã♦ ❝❛s♦s ❡s♣❡❝í✜❝♦s ❞❡ ❝❛s♦s

♠❛✐s ❣❡r❛✐s✳ ❊♥tr❡t❛♥t♦✱ ❡❧❡s ❡st❛rã♦ ❢♦❝❛❞♦s ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦ ❡ ♣❛r❛ ❛ ♥❡❝❡ss✐❞❛❞❡s

♣♦st❡r✐♦r❡s ❞♦ ❧❡✐t♦r✱ ❡ ✐r❡♠♦s ✐♥❞✐❝❛r ❛ ❜✐❜❧✐♦❣r❛✜❛ q✉❡ ❝♦♥té♠ ♦s ❝❛s♦s ♠❛✐s ❣❡r❛✐s ❞❡

❝❛❞❛ ✉♠ ❞❡❧❡s✳ P♦r t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦✱ K ✐♥❞✐❝❛rá ✉♠ ❝♦r♣♦ ❛r❜✐trár✐♦ ❡ G ✉♠ ❣r✉♣♦✳

✶✳✶ ➪❧❣❡❜r❛s

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❙❡❥❛ ❆ ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❉✐r❡♠♦s q✉❡ ♦ ♣❛r (A, ⋆) é ✉♠❛ á❧❣❡✲

❜r❛✱ ♦♥❞❡ ⋆ é ✉♠❛ ♦♣❡r❛çã♦ ❡♠ ❆ q✉❡ ✐r❡♠♦s ❝❤❛♠❛r ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♦✉ ♣r♦❞✉t♦✱ s❡

❡❧❡ ❛t❡♥❞❡ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✐✮ a ⋆ (b+ c) = a ⋆ b+ a ⋆ c

✭✐✐✮ (a+ b) ⋆ c = a ⋆ c+ b ⋆ c

✭✐✐✐✮ λ(a ⋆ b) = (λa) ⋆ b = a ⋆ (λb)

♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ❡ λ ∈ K✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✷ ✭✐✮ ■r❡♠♦s r❡♣r❡s❡♥t❛r ❛ á❧❣❡❜r❛ (A, ⋆) s✐♠♣❧❡s♠❡♥t❡ ♣♦r ❆✱ ✜✲

❝❛♥❞♦ s✉❜❡♥t❡♥❞✐❞❛ ❛ ♦♣❡r❛çã♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦✱ a ⋆ b s❡rá r❡♣r❡s❡♥t❛❞❛ s✐♠♣❧❡s✲

♠❡♥t❡ ♣♦r ab✳
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✭✐✐✮ ❙❡❥❛♠ A ✉♠❛ K✲á❧❣❡❜r❛ ❡ a, b ∈ A✳ ❉❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r ❞❡ a ❝♦♠ b✱ r❡♣r❡✲

s❡♥t❛❞♦ ♣♦r [a, b]✱ ❝♦♠♦ s❡♥❞♦ [a, b] = ab− ba✳

✭✐✐✐✮ ❙❡❥❛♠ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ S ⊂ V ✱ ❡♥tã♦ ♦ s✉❜❡s♣❛ç♦ ❞❡ V ❣❡r❛❞♦ ♣♦r S✱

s❡rá r❡♣r❡s❡♥t❛❞♦ ♣♦r spanS✳

✭✐✈✮ ◆❡st❡ tr❛❜❛❧❤♦ ✐r❡♠♦s s❡♠♣r❡ ❝♦♥s✐❞❡r❛r t♦❞❛s ❛s á❧❣❡❜r❛s s♦❜r❡ K ❡ s❡♥❞♦ s❡♠♣r❡

❛ss♦❝✐❛t✐✈❛s ❡ ❝♦♠ ✉♥✐❞❛❞❡✳ ❯♠❛ á❧❣❡❜r❛ s❡rá ❞✐t❛ ❛ss♦❝✐❛t✐✈❛ s❡ s❡✉ ♣r♦❞✉t♦

❢♦r ❛ss♦❝✐❛t✐✈♦✱ ♦✉ s❡❥❛✱ (ab)c = a(bc)✱ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ❡ ✉♥✐tár✐❛ ✭♦✉

❝♦♠ ✉♥✐❞❛❞❡✮ s❡ ♦ s❡✉ ♣r♦❞✉t♦ t✐✈❡r ✉♥✐❞❛❞❡✱ ♦✉ s❡❥❛✱ s❡ ❡①✐st✐r 1 ∈ A t❛❧ q✉❡

a1 = 1a = a✱ ♣❛r❛ t♦❞♦ a ∈ A✳

❉❡✜♥✐çã♦ ✶✳✶✳✸ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❊♥tã♦✿

✭✐✮ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ B ❞❡ A é ✉♠❛ s✉❜á❣❡❜r❛ s❡ B é ❢❡❝❤❛❞♦ ❡♠ r❡❧❛çã♦

❛ ♠✉❧t✐♣❧✐❝❛çã♦✱ ♦✉ s❡❥❛✱ ab ∈ B ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ B✳

✭✐✐✮ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ I ❞❡ A é ✉♠ ✐❞❡❛❧ ❛ ❡sq✉❡r❞❛ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛

❞✐r❡✐t❛✮ s❡ ❡❧❡ ❛❜s♦r✈❡ ♣r♦❞✉t♦ ♣❡❧❛ ❡sq✉❡r❞❛ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❡❧❛ ❞✐r❡✐t❛✮✱ ♦✉

s❡❥❛✱ s❡ ax ∈ I ♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ x ∈ I ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ xa ∈ I✮✳ ◗✉❛♥❞♦

✉♠ s✉❜❡s♣❛ç♦ é ✉♠ ✐❞❡❛❧ ❛ ❡sq✉❡r❞❛ ❡ ❛ ❞✐r❡✐t❛ s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ ❞✐③❡♠♦s q✉❡ ❡❧❡

é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡✱ q✉❡ é ✉♠ ✐❞❡❛❧✳

✭✐✐✐✮ ❉✐③❡♠♦s q✉❡ A é s✐♠♣❧❡s s❡ {0} ❡ A sã♦ s❡✉s ú♥✐❝♦s ✐❞❡❛✐s ❜✐❧❛t❡r❛✐s✳

❉❡✜♥✐çã♦ ✶✳✶✳✹ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✱ ❡ ❝♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

q✉♦❝✐❡♥t❡ A
I
✳ P❛r❛ ❝❛❞❛ a ∈ A✱ ✐r❡♠♦s ❞❡♥♦t❛r ♦ ❡❧❡♠❡♥t♦ a + I ❞❡ A

I
s✐♠♣❧❡s♠❡♥t❡

♣♦r a✳ ◆❡st❡ ❡s♣❛ç♦✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ s❡❣✉✐♥t❡ ♣r♦❞✉t♦✿ · : A
I
× A

I
−→ A

I
✱ ❞❡✜♥✐❞♦

♣♦r a · b = ab ❖❜s❡r✈❡ q✉❡ ❡st❡ ♣r♦❞✉t♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ q✉❡ ❡❧❡ ❛t❡♥❞❡ ❛s ❝♦♥❞✐çõ❡s

✐♠♣♦st❛s ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛s✳ P♦rt❛♥t♦✱ A
I
é ✉♠❛ á❧❣❡❜r❛✱ ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛

q✉♦❝✐❡♥t❡ ❞❡ A ♣♦r I✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✺ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❊♥tã♦✿

✭✐✮ ❙❡ A é ❛ss♦❝✐❛t✐✈❛✱ ❡♥tã♦ A
I
t❛♠❜é♠ é✳

✭✐✐✮ ❙❡ A é ❝♦♠✉t❛t✐✈❛ ✭ab = ba, ♣❛r❛ t♦❞♦s a, b ∈ A✮✱ ❡♥tã♦ A
I
t❛♠❜é♠ é✳



✶✶

✭✐✐✐✮ ❙❡ A ♣♦ss✉✐ ✉♥✐❞❛❞❡ 1✱ ❡♥tã♦ 1 é ❛ ✉♥✐❞❛❞❡ ❞❡ A
I

❉❡♠♦♥str❛çã♦✿ ❋✐❝❛ ❝♦♠♦ ❡①❡r❝í❝✐♦ ❛♦ ❧❡✐t♦r✳ �

❊①❡♠♣❧♦ ✶✳✶✳✻ ✭✐✮ ❚♦❞♦ ❝♦r♣♦ K s❡r ✈✐st♦ ❝♦♠ ✉♠❛ K✲á❧❣❡❜r❛✱ ♠✉♥✐❞♦ ❞❛ s♦♠❛ ❡

❞♦ ♣r♦❞✉t♦ q✉❡ ♦ ❞❡✜♥❡♠ ❝♦♠♦ ❝♦r♣♦✳ P❛rt✐❝✉❧❛r♠❡♥t❡ ♦s ❝♦r♣♦s R,Q, ❡ C ♣♦❞❡♠

s❡r ✈✐st♦s ❝♦♠♦ á❧❣❡❜r❛s s♦❜r❡ s✐ ♠❡s♠❛✳ ❆❞❡♠❛✐s✱ ♦❜s❡r✈❡ q✉❡ ❡st❛s á❧❣❡❜r❛s sã♦

❛ss♦❝✐❛t✐✈❛s✱ ❝♦♠✉t❛t✐✈❛s ❡ ❝♦♠ ✉♥✐❞❛❞❡✳

✭✐✐✮ ❖ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✱ Mn(K)✱ ♠✉♥✐❞♦ ❞❡ s❡✉ ♣r♦❞✉t♦

✉s✉❛❧ é ✉♠❛ K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡✳ ❆ ✉♥✐❞❛❞❡ ❞❡ Mn(K) é ❛

♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Idn✳ P❛r❛ 1 ≤ i, j ≤ n✱ ❝♦♥s✐❞❡r❡ ❛

♠❛tr✐③ Eij ❝♦♠♦ s❡♥❞♦ ❛ ♠❛tr✐③ q✉❡ ♣♦ss✉❡ ✶ ♥❛ ❡♥tr❛❞❛ ❞❛ ❧✐♥❤❛ ✐ ❡ ❝♦❧✉♥❛ ❥✱ ❡

③❡r♦ ♥❛s ❞❡♠❛✐s ❡♥tr❛❞❛s❀ ❞❛í ♥♦t❡ q✉❡

EijEkl =







Eil, se j = k

0, se j 6= k

❆❞❡♠❛✐s✱ ❡st❛s ♠❛tr✐③❡s ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛ K✲á❧❣❡❜r❛ Mn(K)✳

✭✐✐✐✮ ❖ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠ n✱ Un(K)✱ é

✉♠❛ s✉❜á❧❣❡❜r❛ ❞❛ á❧❣❡❜r❛ Mn(K)✳

✭✐✈✮ ❙❡❥❛ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ❝♦♥s✐❞❡r❡ ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ t♦❞♦s ♦s ♦♣❡✲

r❛❞♦r❡s ❧✐♥❡❛r❡s ❞❡ V ✱ L(V )✳ ▼✉♥✐❞♦ ❞❛ ❝♦♠♣♦s✐çã♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s✱ L(V ) é

✉♠❛ K✲á❧❣❡❜r❛✳

✭✈✮ ❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♥❛ ✈❛r✐á✈❡❧ x✱ K[x]✳ ❊st❡ ❡s♣❛ç♦ ♠✉♥✐❞♦

❞♦ ♣r♦❞✉t♦ ✉s✉❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦s é ✉♠❛ K✲á❧❣❡❜r❛✳ ❉❡ ✉♠❛ ♠❛♥❡✐r❛ ❣❡r❛❧✱ s❡

❝♦♥s✐❞❡r❛r♠♦s X = {xi/i ∈ I} ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s✱ ❡♥tã♦ K[X]✱ ♠✉♥✐❞♦

❞❡ s✉❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s✱ é ✉♠❛ K✲á❧❣❡❜r❛✳

❙❡♥❞♦ A1, A2, . . . , An á❧❣❡❜r❛s✱ ❞❡✜♥❡✲s❡ ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ A1, A2, . . . , An ❝♦♠♦ s❡♥❞♦

A1 × A2 × · · · × An = {(a1, a2, . . . , an)/ai ∈ Ai}✱ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ❞❡ s♦♠❛✱ ♣r♦❞✉t♦

♣♦r ❡s❝❛❧❛r ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♥tr❛❞❛ ❛ ❡♥tr❛❞❛✳ ❖❜s❡r✈❡ q✉❡ ❡st❡ ♣r♦❞✉t♦ ❞✐r❡t♦ é ✉♠❛

á❧❣❡❜r❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✼ ❈♦♥s✐❞❡r❡ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ s❡❥❛ a ∈ A✳ ❊♥tã♦✿



✶✷

✭✐✮ a é ♥✐❧♣♦t❡♥t❡ s❡ ❡①✐st❡ n ∈ N t❛❧ q✉❡ an = 0✳ ❖ ♠❡♥♦r n q✉❡ s❛t✐s❢❛③ ❡st❛

♣r♦♣r✐❡❞❛❞❡ é ❝❤❛♠❛❞♦ ❞❡ í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❡ a✳

✭✐✐✮ ❆ é ♥✐❧ s❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ A é ♥✐❧♣♦t❡♥t❡✳

✭✐✐✐✮ ❆ é ♥✐❧♣♦t❡♥t❡ s❡ ❡①✐st❡ n ∈ N✱ t❛❧ q✉❡✱ a1a2...an+1 = 0✱ ♣❛r❛ q✉❛✐sq✉❡r a1, a2, ...,

an+1 ∈ A✳ ❖ ♠❡♥♦r n ∈ N q✉❡ s❛t✐s❢❛③ ❡st❛ ❝♦♥❞✐çã♦ é ❝❤❛♠❛❞♦ ❞❡ í♥❞✐❝❡ ❞❡

♥✐❧♣♦tê♥❝✐❛ ❞❡ A✳

❊①❡♠♣❧♦ ✶✳✶✳✽ ❈♦♥s✐❞❡r❡ ❛ K✲á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s ❡str✐t❛♠❡♥t❡ s✉♣❡r✐✲

♦r❡s ❞❡ ♦r❞❡♠ n

A =















































0 a1,2 . . . a1,n
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳ an−1,n

0 . . . . . . 0

















; aij ∈ K































❝✉❥❛ ♠✉❧t✐♣❧✐❝❛çã♦ é ♦ ♣r♦❞✉t♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✳ ❊st❛ á❧❣❡❜r❛ é ✉♠❛ á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✾ ❙❡❥❛♠ A ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ β ✉♠ ❜❛s❡ ❞❡ A✳ ❊♥tã♦✱ ❞❛❞❛ ✉♠❛

❛♣❧✐❝❛çã♦ φ : β × β −→ A✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r Φ : A × A −→ A

❡st❡♥❞❡♥❞♦ φ✳

❉❡♠♦♥str❛çã♦✿ ❊①❡r❝í❝✐♦ ♣❛r❛ ♦ ❧❡✐t♦r✦ �

✶✳✷ ❍♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❙❡❥❛♠ A ❡ B ❞✉❛s K✲á❧❣❡❜r❛s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r φ : A −→ B é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s q✉❛♥❞♦ φ(ab) = φ(a)φ(b)✱ ♣❛r❛

q✉❛✐sq✉❡r a, b ∈ A ❡ φ(1A) = 1B✳

❉✐r❡♠♦s q✉❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s φ : A −→ B é ✉♠ ✐s♦♠♦r✜s♠♦ s❡ ❡❧❡

❢♦r ❜✐❥❡t✐✈♦✳ ❈❤❛♠❛r❡♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ : A −→ A ❞❡ ❡♥❞♦♠♦r✜s♠♦ ❞❡ A ❡ s❡

❡st❡ ❡♥❞♦♠♦r✜s♠♦ ❢♦r ❜✐❥❡t✐✈♦✱ ❡♥tã♦ s❡rá ❝❤❛♠❛❞♦ ❞❡ ❛✉t♦♠♦r✜s♠♦✳ ❉❡♥♦t❛r❡♠♦s

♣♦r End(A) ❡ Aut(A) ♦s ❝♦♥❥✉♥t♦s ❞❡ t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s ❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ A✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❙❡♥❞♦ φ : A −→ B ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ K✲á❧❣❡❜r❛s✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ Kerφ =

{a ∈ A/φ(a) = 0} é ❝❤❛♠❛❞♦ ❞❡ ♥ú❝❧❡♦ ❞❡ φ ❡ ♦ ❝♦♥❥✉♥t♦ Imφ = {φ(a)/a ∈ A}



✶✸

é ❝❤❛♠❞♦ ❞❡ ✐♠❛❣❡♠ ❞❡ φ✳ ❖❜s❡r✈❡ q✉❡ Kerφ é ✉♠ ✐❞❡❛❧ ❞❡ A ❡ q✉❡ Imφ é ✉♠❛

s✉❜á❧❣❡❜r❛ ❞❡ B✳

❊①❡♠♣❧♦ ✶✳✷✳✷ ✭✐✮ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❚❡♠♦s q✉❡ ❛ s❡❣✉✐♥t❡

❛♣❧✐❝❛çã♦ φ : A −→ A
I
✱ ❞❡✜♥✐❞❛ ♣♦r φ(a) = a✱ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✱

❝❤❛♠❛❞♦ ❞❡ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳

✭✐✐✮ ❙❡❥❛ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ n✳ ❙❛❜❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ✐s♦✲

♠♦r✜s♠♦ ❡♥tr❡ ♦ ❡s♣❛ç♦ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s L(V) ❡ ♦ ❡s♣❛ç♦ ❞❛s ♠❛tr✐③❡s ❞❡

♦r❞❡♠ n✱ Mn(K)✳ ❖❜❡s❡r✈❡ q✉❡ ❡st❡ ✐s♦♠♦r✜s♠♦ ♣r❡s❡r✈❛ ❛ ♠✉❧t✐♣❧✐❝❛çã♦✳ ▲♦❣♦✱

❡❧❡ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

✭✐✐✐✮ ❈♦♥s✐❞❡r❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ : A −→ B✱ ♦♥❞❡ A ❡ B sã♦ K✲á❧❣❡❜r❛s✳ ❚❡♠♦s

q✉❡ ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦ é ✉♠ ✐s♦♠♦r✜s♠♦✿

φ :
A

Kerφ
−→ Imφ

a 7→ φ(a) = φ(a)

Pr♦♣♦s✐çã♦ ✶✳✷✳✸ ❙❡❥❛♠ A ❡ B K✲á❧❣❡❜r❛s ❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ A ✭❝♦♠♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧✮ ❡ φ : A −→ B ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ✳ ❊♥tã♦ φ é ✉♠ ❤♦♠♦♠♦r✲

✜s♠♦ ❞❡ á❧❣❡❜r❛s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ φ(ab) = φ(a)φ(b) ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ S✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ♦❜s❡r✈❛ q✉❡ ♦s ♣r♦❞✉t♦s ❡♠ A ❡ B sã♦ ❜✐❧✐♥❡❛r❡s ❡ ✉s❛r

❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡ φ✳ �

❚❡♦r❡♠❛ ✶✳✷✳✹ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡✱ ❡♥tã♦ sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ A é ✐s♦♠♦r❢❛ ❛ ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ A1 × ...× Ak (k ≥ 2) ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

❡ ❝♦♠ ✉♥✐❞❛❞❡✳

✭✐✐✮ ❊①✐st❡♠ ✐❞❡❛✐s I1, ..., Ik ❞❡ A (k ≥ 2) t❛✐s q✉❡ A = I1 ⊕ ...⊕ Ik✳

✭✐✐✐✮ ❊①✐st❡♠ ❡❧❡♠❡♥t♦s u1, . . . , uk ∈ Z(A) (k ≥ 2) t❛✐s q✉❡ uiuj = 0✱ s❡ i 6= j ❡

u1 + ...+ uk = 1✳

❉❡♠♦♥str❛çã♦✿ ❋✐❝❛ ❝♦♠♦ ❡①❡r❝í❝✐♦ ❛♦ ❧❡✐t♦r✳ �



✶✹

✶✳✸ ➪❧❣❡❜r❛s ●r❛❞✉❛❞❛s

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ G ✉♠ ❣r✉♣♦ ❛r❜✐trár✐♦✳ ❉❡✜♥✐♠♦s ✉♠❛ G✲

❣r❛❞✉❛çã♦ ❡♠ A✱ ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❡s♣❛ç♦s {Ag/g ∈ G} ❞❡ A t❛✐s q✉❡

A =
⊕

g∈G

Ag e AgAh ⊆ Agh, ∀g, h ∈ G

❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ éG✲❣r❛❞✉❛❞❛✱ q✉❛♥❞♦ ❡❧❛ ❡st❛ ♠✉♥✐❞❛ ❞❡ ✉♠❛G✲❣r❛❞✉❛çã♦✳

❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ a ∈ A é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ g q✉❛♥❞♦ a ∈ Ag✱ ♣❛r❛ ❛❧❣✉♠

g ∈ G❀ ♦ s✉❜❡s♣❛ç♦ Ag é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ g ❞❛ ❣r❛❞✉❛çã♦

❡ ✉♠ s✉❜❡s♣❛ç♦ q✉❛❧q✉❡r B ❞❡ A é ❞✐t♦ ❤♦♠♦❣ê♥❡♦ q✉❛♥❞♦ B =
⊕

g∈G(Ag ∩ B)✳

❊①❡♠♣❧♦ ✶✳✸✳✷ ✭✐✮ ❚♦❞❛ á❧❣❡❜r❛ A ♣♦ss✉✐ ✉♠❛ G✲❣r❛❞✉❛çã♦✳ ❇❛st❛ ❝♦♥s✐❞❡r❛r

Ae = A ❡ Ag = {e}✱ ♣❛r❛ t♦❞♦ g ∈ G − {0}✱ ♦♥❞❡ e é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡

G✳ ❊st❛ ❣r❛❞✉❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❣r❛❞✉❛çã♦ tr✐✈✐❛❧✳

✭✐✐✮ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ Mn(K) ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✳ P❛r❛ ❝❛❞❛ λ ∈ Zn✱ ❝♦♥✲

s✐❞❡r❡ ♦ s✉❜❡s♣❛ç♦ Mλ = span{Eij/j − i = λ}❀ ❡ ♣❛r❛ ❝❛❞❛ µ ∈ Z✱ ❝♦♥s✐❞❡r❡ ♦

s❡❣✉✐♥t❡ s✉❜❡s♣❛ç♦

Mµ =







0, se |µ| ≥ n

span{Eij/j − i = µ}, se |µ| < n

♦♥❞❡ Eij sã♦ ❛s ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s ❞❡✜♥✐❞❛s ♥♦ ❡①❡♠♣❧♦ ✶✳✶✳✻✳

❈♦♠♦ ❛s ♠❛tr✐③❡s Eij ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❞❡ Mn(K)✱ ❡♥tã♦

Mn(K) =
⊕

λ∈Zn

Mλ e Mn(K) =
⊕

µ∈Z

Mµ

❆❞❡♠❛✐s✱ ❝♦♠♦

EijElk =







Eik, se j = l

0, se j 6= k

t❡r❡♠♦s q✉❡ ❡st❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡✜♥❡♠ ✉♠❛ Zn✲❣r❛❞✉❛çã♦ ❡ ✉♠❛ Z✲❣r❛❞✉❛çã♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊st❛ Zn✲❣r❛❞✉❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡Mn(K)✳



✶✺

✭✐✐✐✮ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♥♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ t❛♠❜é♠ ❞❡✜♥✐♠♦s ✉♠❛ Zn✲

❣r❛❞✉❛çã♦ ❡ ✉♠❛ Z✲❣r❛❞✉❛çã♦ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s

Un(K) ❞❡ ♦r❞❡♠ n✱ ♦♥❞❡ ❛s r❡s♣❡❝t✐✈❛s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s sã♦✿

Uλ = span{Eij/j − i = λ} e Uµ =







0, se |µ| ≥ n

span{Eij/j − i = µ}, se |µ| < n

❊st❛ Zn✲❣r❛❞✉çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s

tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s✳

✭✐✈✮ ❈♦♥s✐❞❡r❡ B ✉♠❛ s✉❜á❧❣❡❜r❛ ❤♦♠♦❣ê♥❡❛ ❞❡ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A✳ ❈♦♠♦

✉♠❛ s✉❜á❧❣❡❜r❛ é ♣♦r s✐ ✉♠❛ á❧❣❡❜r❛ ❡ ❝♦♠♦

B =
⊕

g∈G

(B ∩ Ag), e (B ∩ Ag)(B ∩ Ah) ⊆ (B ∩ Agh), ∀h, g ∈ G

t❡♠♦s q✉❡ B é ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✱ ❝♦♠ ❛ ❣r❛❞✉❛çã♦ ✐♥❞✉③✐❞❛ ♣❡❧❛ G✲

❣r❛❞✉❛çã♦ ❞❡ A✳

✭✈✮ ❈♦♥s✐❞❡r❡ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❖❜s❡r✈❡ q✉❡ ❛ á❧❣❡❜r❛

A
I
s❡rá G✲❣r❛❞✉❛❞❛✱ q✉❛♥❞♦ I ❢♦r ✉♠ s✉❜❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✸ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✳ ❙❡ A ♣♦ss✉✐r ✉♥✐❞❛❞❡✱ ❞✐❣❛♠♦s

1A✱ ❡♥tã♦ 1A ∈ Ae✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ 1A =
∑

g ag✱ ♦♥❞❡ ag ∈ Ag ❡ {g ∈ G/ag 6= 0}
é ✜♥✐t♦✳ ▲♦❣♦✱ ♣❛r❛ ✉♠ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ❛r❜✐trár✐♦ bh✱ t❡r❡♠♦s q✉❡✱

bh =
∑

g∈G

bhag.

❈♦♠♦ bhae ∈ Ah, bhag ∈ Ahg✱ ❡♥tã♦ ♣❡❧❛ ❣r❛❞✉❛çã♦ t❡r❡♠♦s q✉❡ bh = bhae ❡

bhai = 0✳ ▲♦❣♦ ae = 1 ❡ ag = 0✱ ∀g ∈ G− e✳ P♦rt❛♥t♦ 1 ∈ Ae✳ �

❉❡✜♥✐çã♦ ✶✳✸✳✹ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛ ❡ φ : A −→ B ✉♠ ❤♦♠♦✲

♠♦r✜s♠♦✳ ❉✐③❡♠♦s q✉❡ φ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦ q✉❛♥❞♦ φ(Ag) ⊆ Bg✱ ♣❛r❛

t♦❞♦ g ∈ G✳ ❉✐r❡♠♦s q✉❡ φ é ✉♠ ✐s♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦ q✉❛♥❞♦ φ é ✉♠ ❤♦♠♦♠♦r✜s♠♦

❣r❛❞✉❛❞♦ ❜✐❥❡t✐✈♦✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✺ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ (Ag)g∈G ❡ (Ag′)g∈G ❞✉❛s G✲❣r❛❞✉❛çõ❡s ❡♠

A✳ ❉✐③❡♠♦s q✉❡ ❡st❛s G✲❣r❛❞✉❛çõ❡s sã♦ ✐s♦♠♦r❢❡s s❡ ❡①✐st❡ ✉♠ ❛✉t♦♠♦r✜s♠♦ φ ❞❡ A

t❛❧ q✉❡ φ(Ag) = Ag′ ♣❛r❛ t♦❞♦ g ∈ G✳



✶✻

✶✳✹ ▼ó❞✉❧♦s s♦❜r❡ á❧❣❡❜r❛s ❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r✉✲

♣♦s

❉❡✜♥✐çã♦ ✶✳✹✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡✳ ❉❡✜♥✐♠♦s ✉♠ A✲

♠ó❞✉❧♦ ❝♦♠♦ s❡♥❞♦ ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ M ✱ ♠✉♥✐❞♦ ❞❡ ✉♠ ♣r♦❞✉t♦ A ×M −→ M ✱

❞❡✜♥✐❞♦ ♣♦r (a, v) −→ av✱ q✉❡❧ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✐✮ (a1 + a2)v = a1v + a2v

✭✐✐✮ a(v1 + v2) = av1 + av2

✭✐✐✐✮ (λa)v = a(λv) = λ(av)

✭✐✈✮ a1(a2v) = (a1a2)v

✭✈✮ 1Av = v

♣❛r❛ q✉❛✐sq✉❡r a, a1, a2 ∈ A✱ v, v1, v2 ∈M ❡ λ ∈ K✳

❊①❡♠♣❧♦ ✶✳✹✳✷ ✭✐✮ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❊♥tã♦ A é ♥❛t✉r❛❧♠❡♥t❡ ✉♠ A✲♠ó❞✉❧♦

s♦❜r❡ s✐ ♠❡s♠♦✳ ❖ ♠ó❞✉❧♦ A s❡rá ❞❡♥♦t❛❞♦ ♣♦r AA

✭✐✐✮ ❈♦♥s✐❞❡r❡ V ❝♦♠♦ s❡♥❞♦ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ L(V ) ❛ á❧❣❡❜r❛ ❞♦s ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s ❞❡ V ✳ ❊♥tã♦ V ✱ ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ L(V ) × V −→ V ✱ ❞❡✜♥✐❞♦ ♣♦r

(T, v) 7→ T.v = T (v)✱ é ✉♠ L(V )✲♠ó❞✉❧♦✳

❉❡✜♥✐çã♦ ✶✳✹✳✸ ❙❡❥❛♠ A ✉♠ á❧❣❡❜r❛ ❡ M ✉♠ A✲♠ó❞✉❧♦✳ ❉❡✜♥✐♠♦s✿

✭✐✮ ❯♠ s✉❜♠ó❞✉❧♦ N ❞❡ M ❝♦♠♦ s❡♥❞♦ ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ M t❛❧ q✉❡ a.n ∈ N

♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ n ∈ N ✳

✭✐✐✮ ❯♠ s✉❜♠ó❞✉❧♦ ♠✐♥✐♠❛❧ N ❞❡ M ❝♦♠♦ s❡♥❞♦ ✉♠ s✉❜♠ó❞✉❧♦ ♥ã♦ ♥✉❧♦ t❛❧ q✉❡ ♥ã♦

❡①✐st❛ s✉❜♠ó❞✉❧♦ N1 ❞❡ M ❝♦♠ 0 6= N1 ( N ✳

✭✐✐✐✮ ❯♠ s✉❜♠ó❞✉❧♦ ♠❛①✐♠❛❧ N ❞❡ M ✱ ❝♦♠♦ s❡♥❞♦ ✉♠ s✉❜♠ó❞✉❧♦ ♣ró♣r✐♦ t❛❧ q✉❡ ♥ã♦

❡①✐st❛ s✉❜♠ó❞✉❧♦ N2 ❞❡ M ❝♦♠ N ( N2 (M ✳

✭✐✈✮ ▼ ❝♦♠♦ s❡♥❞♦ ✉♠ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ✭♦✉ s✐♠♣❧❡s✮ s❡ s❡✉s ú♥✐❝♦s s✉❜♠ó❞✉❧♦s

sã♦ {0} ❡ M ✳
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❊①❡♠♣❧♦ ✶✳✹✳✹ ✭✐✮ ❖s s✉❜♠ó❞✉❧♦s ❞♦ A✲♠ó❞✉❧♦ AA sã♦ ❡①❛t❛♠❡♥t❡ ♦s ✐❞❡❛✐s ❛

❡sq✉❡r❞❛ ❞❡ A✳

✭✐✐✮ ❙❡♥❞♦ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ t❡♠♦s q✉❡ V é ✐rr❡❞✉tí✈❡❧ ❝♦♠♦ L(V )✲♠ó❞✉❧♦✳

❉❡ ❢❛t♦✱ s❡❥❛ W ✉♠ s✉❜♠ó❞✉❧♦ ♥ã♦✲tr✐✈✐❛❧ ❞❡ V t❛❧ q✉❡ T (W ) ⊂ W ✱ ♣❛r❛ t♦❞♦

T ∈ L(V )✳ ❈♦♥s✐❞❡r❡ 0 6= w ∈ W ✳ ▲♦❣♦✱ ♣❛r❛ q✉❛❧q✉❡r v ∈ V ✱ ❡①✐st❡ T ∈ L(V )✱

t❛❧ q✉❡ v = T (w) = T.w ∈ W ❡ ❛ss✐♠ W = V ✳

❉❡✜♥✐çã♦ ✶✳✹✳✺ ❙❡❥❛♠ A ✉♠ á❧❣❡❜r❛ ❡ M1 ❡ M2 ❞♦✐s A✲♠ó❞✉❧♦s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r φ : M1 −→ M2 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s q✉❛♥❞♦

φ(am) = aφ(m)✱ ♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ m ∈ M1✳ ❙❡ φ ❢♦r ❜✐❥❡t✐✈❛✱ ❞✐r❡♠♦s q✉❡

❡st❡ ❤♦♠♦♠♦r✜s♠♦ ❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✳

❉❡✜♥✐çã♦ ✶✳✹✳✻ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❉❡✜♥✐♠♦s ✉♠❛ r❡✲

♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡ G ❡♠ V ❝♦♠♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✿

φ : G −→ GL(V )

g −→ φg

♦♥❞❡ GL(V ) é ♦ ❣r✉♣♦ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❞❡ ✐♥✈❡rsí✈❡✐s ❞❡ V ✳ ❉❡✜♥✐r❡♠♦s ♦ ❣r❛✉

❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ φ ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞❡ V ✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✼ ◗✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞❡ V é ✜♥✐t❛✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ✐s♦♠♦r✲

✜s♠♦ ❡♥tr❡ GL(V ) ❡ GLn(K)✱ ♦♥❞❡ GLn(V ) é ♦ ❣r✉♣♦ ❞❛ ♠❛tr✐③❡s ✐♥✈❡rsí✈❡✐s ❞❡ ♦r❞❡♠

n s♦❜r❡ K✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ✈❡r ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡✜♥✐❞❛ ❛❝✐♠❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

φ : G −→ GLn(K)✳

❊①❡♠♣❧♦ ✶✳✹✳✽ ✭✐✮ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❆ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦

é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r✿

φ : G −→ GL(V )

g 7→ φg = IdV

❊st❛ r❡♣r❡s❡♥t❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧✳ ❙❡ ❞✐♠❡♥sã♦ ❞❡ V ❢♦r

✜♥✐t❛✱ ❡♥tã♦ t❡r❡♠♦s q✉❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧ q✉❡ ♣♦❞❡ s❡r ✈✐st❛ ❞❛ s❡❣✉✐♥t❡
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❢♦r♠❛✿

φ : G −→ GLn(K)

g 7→ φg = Idn

♦♥❞❡ dimV = n✳

❉❡✜♥✐çã♦ ✶✳✹✳✾ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ φ : G −→ GL(V )

✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r✳ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ W ❞❡ V é φ✲✐♥✈❛r✐❛♥t❡ q✉❛♥❞♦

φg(W ) ⊆ W ✱ ♣❛r❛ t♦❞♦ g ∈ G✳ ❙❡ ❡①✐st✐r ❛❧❣✉♠ s✉❜❡s♣❛ç♦ W φ✲✐♥✈❛r✐❛♥t❡ ❞❡ V t❛❧

q✉❡ 0 6= W 6= V ✱ ❡♥tã♦ ❞✐r❡♠♦s q✉❡ φ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ r❡❞✉tí✈❡❧✱ ❝❛s♦ ❝♦♥trár✐♦✱

❞✐r❡♠♦s q✉❡ φ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧✳

❙❡❥❛ W ✉♠ s✉❜❡s♣❛ç♦ φ✲✐♥✈❛r✐❛♥t❡ ❞❡ V ✳ ❙❡ g ∈ G✱ ❡♥tã♦ ♣♦❞❡♠♦s r❡str✐♥❣✐r φg

❛ W ✿

φg|W : W −→ W

w 7→ φg(w)

❈♦♠♦ φg é ❜✐❥❡t♦r❛✱ φg(W ) ⊆ W e φ−1
g (W ) = φg−1(W ) ⊆ W ✱ t❡r❡♠♦s q✉❡ φg(W ) = W

❡ ♣♦rt❛♥t♦ φg ∈ GL(W )✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ s✉❜✲r❡♣r❡s❡♥t❛çã♦ ❞❡ φ✱ q✉❡ é ❛

r❡str✐çã♦ ❞❡ φ ❛ W ✱ ❞❛❞❛ ♣♦r✿

φ|W : G −→ GL(V )

g 7→ φ(g) = φg|W

❉❡✜♥✐çã♦ ✶✳✹✳✶✵ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ φ : G −→ GL(V ) ✉♠❛

r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r✳ ❉✐③❡♠♦s q✉❡ φ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧ ✭♦✉ s❡♠✐✲s✐♠♣❧❡s✮ s❡

❡①✐st❡♠ W1, ...,Wk s✉❜❡s♣❛ç♦s ❞❡ V φ✲✐♥✈❛r✐❛♥t❡s✱ t❛✐s q✉❡✿

✭✐✮ V = W1 ⊕ ...⊕Wk❀

✭✐✐✮ ❆ r❡str✐çã♦ ❞❡ φ ❛ ❝❛❞❛ Wi é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧✳

❚❡♦r❡♠❛ ✶✳✹✳✶✶ ✭▼❛s❝❤❦❡✮ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❝✉❥❛ ♦r❞❡♠ ♥ã♦ é ❞✐✈✐sí✈❡❧ ♣♦r

charK✳ ❙❡ φ : G −→ GL(V ) é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡ ❣r❛✉ ✜♥✐t♦ ❡ W é ✉♠

s✉❜❡s♣❛ç♦ φ✲✐♥✈❛r✐❛♥t❡ ❞❡ V ✱ ❡♥tã♦ ❡①✐st❡ W1 s✉❜❡s♣❛ç♦ φ✲✐♥✈❛r✐❛♥t❡ ❞❡ V t❛❧ q✉❡

V = W
⊕

W1 ✳ ▲♦❣♦ φ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳
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❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✷✶❪✱ ❝❛♣ít✉❧♦ ✷✱ s❡çã♦ ✻✳ �

❉❡✜♥✐çã♦ ✶✳✹✳✶✷ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ V ❡ W K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ φ ❡ ψ r❡♣r❡s❡♥✲

t❛çõ❡s ❧✐♥❡❛r❡s ❞❡ G ❡♠ V ❡ W ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉✐③❡♠♦s q✉❡ φ ❡ ψ sã♦ r❡♣r❡s❡♥✲

t❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s s❡ ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❜✐❥❡t♦r❛ T : V −→ W t❛❧ q✉❡

ψgT = Tφg✱ ♣❛r❛ t♦❞♦ g ∈ G✳

❈♦♥s✐❞❡r❡ G ✉♠ ❣r✉♣♦ ❡ ♦ ❝♦♥❥✉♥t♦ KG ❞❡ t♦❞❛s ❛s s♦♠❛s ❢♦r♠❛✐s
∑

g∈G αgg✱

♦♥❞❡ αg ∈ K ❡ {g ∈ G/αg 6= 0} é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳ ❙❡♥❞♦
∑

g αgg,
∑

g∈G βgg ∈ KG✱

❞✐③❡♠♦s q✉❡
∑

g∈G αgg =
∑

g∈G βgg s❡♠♣r❡ q✉❡ αg = βg✱ ♣❛r❛ t♦❞♦ g ∈ G✳ ❉❡✜♥❛♠♦s

❛s s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s ❡♠ KG✿

∑

g∈G

αgg +
∑

g∈G

βgg =
∑

g∈G

(αg + βg)g e λ
∑

g∈G

αgg =
∑

g∈G

(λαg)g

♣❛r❛ λ ∈ K✳ ▼✉♥✐❞♦ ❞❡st❛s ❞❡st❛s ♦♣❡r❛çõ❡s KG é ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❝❤❛♠❛❞♦ ❞❡

K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ G✳ ❖❜s❡r✈❡ q✉❡ G é ❞❡ ❢❛t♦ ✉♠❛ ❜❛s❡ ♣❛r❛ ❡st❡ K✲❡s♣❛ç♦✳

❙❡ ∗ ❢♦r ❛ ♦♣❡r❛çã♦ ❞❡ G✱ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✾✱ ∗ ❡st❡♥❞❡✲s❡ ❛ ✉♠❛ ú♥✐❝❛

♦♣❡r❛çã♦ ❜✐❧✐♥❡❛r ❞❡ KG✳ ▼✉♥✐❞♦ ❞❡st❛ ♦♣❡r❛çã♦✱ t❡r❡♠♦s q✉❡ KG é ✉♠❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡✱ ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦✳ ❆❞❡♠❛✐s✱ ♦❜s❡r✈❡ q✉❡

KG s❡rá ❝♦♠✉t❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G ❢♦r ❛❜❡❧✐❛♥♦✳

❆❣♦r❛ ✐r❡♠♦s ❞❡s❝r❡✈❡r ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s KG✲♠ó❞✉❧♦s ❡ ❛s K✲r❡♣r❡s❡♥t❛çõ❡s

❧✐♥❡❛r❡s ❞❡ G✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❙✉♣♦♥❤❛♠♦s q✉❡

φ : G −→ GL(V ) s❡❥❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❞✉t♦

KG× V −→ V

❞❡✜♥✐❞♦ ♣♦r (
∑

g∈G λgg).v =
∑

g∈G λgφg(v)✳ ❚❡♠♦s q✉❡ ❡st❡ ♣r♦❞✉t♦ ❢❛③ ❞❡ V ✉♠

KG✲♠ó❞✉❧♦✳ ❖❜s❡r✈❡ q✉❡ s❡♥❞♦ W ✉♠ s✉❜❡s♣❛ç♦ ❞❡ V φ✲✐♥✈❛r✐❛♥t❡✱ t❡r❡♠♦s q✉❡ W

s❡rá ✉♠ KG✲s✉❜♠ó❞✉❧♦ ❞❡ V ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ V ✉♠KG✲♠ó❞✉❧♦ ❡ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦✿ ψ : G −→ GL(V )✱

❞❡✜♥✐❞❛ ♣♦r ψ(g) = ψg✱ ♦♥❞❡ ψg(v) = gv✳ ❚❡♠♦s q✉❡ ψ ❛ss✐♠ ❞❡✜♥✐❞❛ s❡rá ✉♠❛

r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡G✳ ❆❞❡♠❛✐s✱ ♦❜s❡r✈❡ q✉❡ s❡W é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡KG✲♠ó❞✉❧♦✱

❡♥tã♦ W é ✉♠ s✉❜❡s♣❛ç♦ φ✲✐♥✈❛r✐❛♥t❡ ❞❡ V ✳ P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ❝♦rr❡♣♦♥❞ê♥❝✐❛

❜✐✉♥í✈♦❝❛ ❡♥tr❡ ❛s ❡str✉t✉r❛s ❞❡ KG✲♠ó❞✉❧♦ ❡♠ V ❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ❧✐♥❡❛r❡s ❞❡ G

❡♠ V ✳
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Pr♦♣♦s✐çã♦ ✶✳✹✳✶✸ ❙❡❥❛♠ φ : G −→ GL(V ) ❡ ψ : G −→ GL(W ) r❡♣r❡s❡♥t❛çõ❡s

❧✐♥❡❛r❡s ❞❡ G✳ ❊♥tã♦ ✈❛❧❡♠

✭✐✮ φ ❡ ψ sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦s r❡s♣❡❝t✐✈♦s KG✲♠ó❞✉❧♦s V ❡ W sã♦

✐s♦♠♦r❢♦s✳

✭✐✐✮ φ é ✐rr❡❞✉tí✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ r❡s♣❡❝t✐✈♦ KG✲♠ó❞✉❧♦ V é ✐rr❡❞✉tí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✷✻❪✱ ❈❛♣ít✉❧♦ ✽✱ s❡çã♦ ✶✳ �

❈♦♥s✐❞❡r❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r

φ : G −→ GL(KG)

♦♥❞❡ φg : KG −→ KG é ❞❡✜♥✐❞❛ ♣♦r φg(x) = gx✳ ❊st❛ r❡♣r❡s❡♥t❛çã♦ é ❝❤❛♠❛❞❛ ❞❡

r❡♣r❡s❡♥t❛çã♦ r❡❣✉❧❛r ❛ ❡sq✉❡r❞❛ ❞❡ G✳ ❖❜s❡r✈❡ q✉❡ ♦s s✉❜❡s♣❛ç♦s φ✲✐♥✈❛r✐❛♥t❡s

❞❡ KG sã♦ ❡①❛t❛♠❡♥t❡ ♦s ✐❞❡❛✐s ❛ ❡sq✉❡r❞❛ ❞❡ KG✳ ❏á ♦s ✐❞❡❛✐s ♠✐♥✐♠❛✐s ❛ ❡sq✉❡r❞❛

❞❡ KG ❝♦rr❡s♣♦♥❞❡♠ ❛s φ✲s✉❜✲r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ φ✳ ❙✉♣♦♥❤❛ G ✉♠ ❣r✉♣♦

✜♥✐t♦ ❡ q✉❡ ❛ charK ♥ã♦ ❞✐✈✐❞❡ ❛ ♦r❞❡♠ ❞❡ G✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✱

t❡r❡♠♦s q✉❡KG é ❛ s♦♠❛ ❞✐r❡t❛ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ✐❞❡❛✐s ♠✐♥✐♠❛✐s ❛ ❡sq✉❡r❞❛

❡✱ ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ♦ ♥ú♠❡r♦ ❞❡ K✲r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ G é ✜♥✐t♦ ❡

♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ G ✭✈❡❥❛ ❬✶✻❪✱ s❡çã♦ ✺✳✸✮✳

❈♦♥s✐❞❡r❡ m ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ✭❛ ♠❡♥♦s ❞❡

❡q✉✐✈❛❧❡♥❝✐❛✮ ❞❡ G✳ ❙❡❥❛ I1, . . . , Im ✐❞❡❛✐s ♠✐♥✐♠❛✐s à ❡sq✉❡r❞❛ ❞❡ KG ❞♦✐s ❛ ❞♦✐s ♥ã♦

✐s♦♠♦r❢♦s ❝♦♠♦ KG✲♠ó❞✉❧♦✳ P❛r❛ ❝❛❞❛ j = 1, . . . ,m✱ ❡ ❝♦♥s✐❞❡r❡ ♦s ✐❞❡❛✐s ❜✐❧❛t❡r❛✐s

Jj = IjKG✳ ❉❛í✱ ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✱ t❡r❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✹ KG = J1 ⊕ · · · ⊕ Jm ❡ m é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s

❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ G✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✷✻❪✱ s❡çã♦ ✽✳✶✱ ❚❡♦r❡♠❛ ✽✳✶✳✸✳ �

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ✐rá ♠♦str❛r q✉❡ s❡ ♦ ❝♦r♣♦ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ ❡♥tã♦

♦ ♥ú♠❡r♦ ❞❡ K✲r❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦ G é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦

❞❡ G✳
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❚❡♦r❡♠❛ ✶✳✹✳✶✺ ❙❡ K é ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❝✉❥❛ ❝❛r❛❝t❡ríst✐❝❛ ♥ã♦

❞✐✈✐❞❡ ❛ ♦r❞❡♠ ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ G✱ ❡♥tã♦✿

✭✐✮ ❖ ♥ú♠❡r♦ ❞❡ K✲r❡♣r❡s❡♥t❛çõ❡s ❧✐♥❡❛r❡s ✐rr❡❞✉tí✈❡✐s ❞❡ G é ✜♥✐t♦ ❡✱ ❛ ♠❡♥♦s ❞❡

❡q✉✐✈❛❧ê♥❝✐❛✱ é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ G✳

✭✐✐✮ ❙❡ d1, d2, ..., dm sã♦ ♦s ❣r❛✉s ❞❛s K✲r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ✭♥ã♦ ❡q✉✐✈❛❧❡♥t❡s✮

❞❡ G✱ ❡♥tã♦ |G| = d21 + d22 + ...+ d2m✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✷✻❪✱ ♣❛❣✳ ✷✷✹✳ �

❉❡✜♥✐çã♦ ✶✳✹✳✶✻ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ φ : G −→ GL(V )

✉♠❛ r❡♣r❡❡♥t❛çã♦ ❧✐♥❡❛r✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s ♦ ❝❛r❛❝t❡r ❞❛ r❡♣r❡s❡♥t❛çã♦ φ✱ ❝♦♠♦ s❡♥❞♦

❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦✿

χφ : G −→ K

g 7→ χφ(g) = trφg

❉✐r❡♠♦s q✉❡ ♦ ❝❛r❛❝t❡r χφ é ✉♠ ❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ q✉❛♥❞♦ ❛ r❡♣r❡s❡♥t❛çã♦ φ ❢♦r

✐rr❡❞✉tí✈❡❧✳ ❖❜s❡r✈❡ q✉❡ ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s tê♠ ♦ ♠❡s♠♦ ❝❛r❛❝t❡r ❡ q✉❡✱

s❡♥❞♦ e ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞♦ ❣r✉♣♦ G✱ ❡♥tã♦✱ χ(e) = trId = dimV ✳ ❆❞❡♠❛✐s✱ t❡♠♦s

q✉❡ ❡❧❡♠❡♥t♦s ❝♦♥❥✉❣❛❞♦s ❞❡ G tê♠ ❛ ♠❡s♠❛ ✐♠❛❣❡♠ ♣♦r ✉♠ ❝❛r❛❝t❡r ❡ ❞❛í ❞✐③❡♠♦s

q✉❡ ♦s ❝❛r❛❝t❡r❡s sã♦ ❢✉♥çõ❡s ❞❡ ❝❧❛ss❡s ❞❡ G ❡♠ K✳

❉❡✜♥✐♠♦s ♦ ❝❛r❛❝t❡r ❞❡ ✉♠KG✲♠ó❞✉❧♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝❛r❛❝t❡r ❞❛K✲r❡♣r❡s❡♥t❛çã♦

❞❡ G ❞❡✜♥✐❞❛ ♣♦r ❡st❡ KG✲♠ó❞✉❧♦✳

❊①❡♠♣❧♦ ✶✳✹✳✶✼ ✭✐✮ ❈♦♥s✐❞❡r❡ G ✉♠ ❣r✉♣♦ ❡ φ0 : G −→ GL(V ) ✉♠❛ r❡♣r❡s❡♥t❛çã♦

tr✐✈✐❛❧ ❞❡ ❣r❛✉ ✜♥✐t♦✳ ❊♥tã♦ χφ0(g) = trIdV = dimV ✱ ♣❛r❛ t♦❞♦ g ∈ G✳

✭✐✐✮ ❈♦♥s✐❞❡r❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r✱ φ : G −→ K − 0✳ ❊♥tã♦ χφ(g) = φ(g)✱ ♣❛r❛

t♦❞♦ g ∈ G✳

❚❡♦r❡♠❛ ✶✳✹✳✶✽ ❚♦❞♦ ❝❛r❛❝t❡r ❞❡ ✉♠ ❣r✉♣♦ G é ✉♠❛ s♦♠❛ ❞❡ ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✷✻❪✱ ♣❛❣✳ ✷✷✼✳ �
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❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ s✉♣♦♥❤❛ q✉❡ charK ♥ã♦ ❞✐✈✐❞❡ ❛ ♦r❞❡♠ ❞❡ G✳ ❙❡♥❞♦ f

❡ h ❞✉❛s ❢✉♥çõ❡s ❞❡ G ❡♠ K✱ ❞❡✜♥✐♠♦s

〈f, g〉G = |G|−1
∑

g∈G

f(g−1)h(g).

❉✐r❡♠♦s q✉❡ K é ✉♠ ❝♦r♣♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ G s❡ t♦❞♦ ❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧

❞❡ G s♦❜r❡ K ❢♦r ❛✐♥❞❛ ✐rr❡❞✉tí✈❡❧ q✉❛♥❞♦ ✈✐st♦ ❝♦♠♦ ❝❛r❛❝t❡r ❞❡ G s♦❜r❡ q✉❛❧q✉❡r

❡①t❡♥sã♦ L ❞❡ K✳

❚❡♦r❡♠❛ ✶✳✹✳✶✾ ✭❘❡❧❛çõ❡s ❞❡ ❖rt♦❣♦♥❛❧✐❞❛❞❡✮ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ φ :

G −→ GL(V ) ❡ ψ : G −→ GL(W ) r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ G✱ ❝♦♠ ♦s r❡s♣❡❝t✐✈♦s

❝❛r❛❝t❡r❡s χ1 ❡ χ2✳ ❙✉♣♦♥❤❛ q✉❡ charK = 0✳ ❊♥tã♦✿

✭✐✮ ❙❡ φ ❡ ψ sã♦ ♥ã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❡♥tã♦ 〈χ1, χ2〉G = 0✳

✭✐✐✮ ❙❡ K ✉♠ ❝♦r♣♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ G✱ ❡♥tã♦ 〈χ1, χ1〉G = 1✳

✭✐✐✐✮ 〈χ1, χ1〉G = q✱ ♣❛r❛ ❛❧❣✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ q ∈ K✳

❉❡♠♦♥strã♦✿ ❱❡❥❛ ❬✷✻❪✱ ♣❛❣✳ ✷✷✾ ❡ ❬✶✻❪✱ ♣❛❣✳ ✷✼✸✳ �

❈♦r♦❧ár✐♦ ✶✳✹✳✷✵ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ χ

✉♠ K✲❝❛r❛❝t❡r ❞❡ G✳ ❊♥tã♦✿

✭✐✮ 〈χ, χ〉G é ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳

✭✐✐✮ ❙❡ 〈χ, χ〉G = 1✱ ❡♥tã♦ χ é ✉♠ ❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✱ ❞♦ ❚❡♦r❡♠❛ ✶✳✹✳✶✽

❡ ❞❛ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞❡ 〈, 〉G✳ �

❚❡♦r❡♠❛ ✶✳✹✳✷✶ ❙❡ ❑ é ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡♥tã♦ ❞✉❛s K✲r❡♣r❡s❡♥t❛çõ❡s

❧✐♥❡❛r❡s ❞❡ ✉♠ ❣r✉♣♦ G q✉❡ tê♠ ♦ ♠❡s♠♦ ❝❛r❛❝t❡r sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✷✻❪✱ ♣❛❣✳ ✷✸✵✳ �



✷✸

✶✳✺ ❘❡♣r❡s❡♥t❛çõ❡s ❞♦ ●r✉♣♦ ❙✐♠étr✐❝♦

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❞❛r ✉♠❛ ✐♥tr♦❞✉çã♦ ❛ t❡♦r✐❛ ❞❡ ❨♦✉♥❣ s♦❜r❡ ❛s r❡♣r❡s❡♥t❛çõ❡s

❞♦ ❣r✉♣♦ s✐♠étr✐❝♦✳ P❛r❛ ✐st♦ ✐r❡♠♦s s✉♣♦r q✉❡ K s❡❥❛ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❊st❛ t❡♦r✐❛ s❡rá ♠✉✐t♦ ✉t✐❧✐③❛❞❛ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳ ■♥✐❝✐❛r❡♠♦s ❝♦♠ ❛ s❡❣✉✐♥t❡

❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✺✳✶ ❙❡❥❛ n ∈ N✳ ❉❡✜♥✐♠♦s ✉♠❛ ♣❛rt✐çã♦ ❞❡ n ❝♦♠♦ s❡♥❞♦ ✉♠❛ k✲✉♠♣❧❛

λ = (n1, n2, ..., nk) ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s t❛✐s q✉❡ n1+n2+ ...+nk = n ❡ n1 ≥ n2 ≥ ... ≥
nk✳ ❉❡✜♥✐♠♦s ❛ ❛❧t✉r❛ ❞❡ λ✱ ❞❡♥♦t❛❞❛ ♣♦r h(λ) ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ k✳ ❯s❛r❡♠♦s ❛

♥♦t❛çã♦ (n1, ..., nk) ⊢ n ❡ p(n) ❞❡♥♦t❛rá ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❛rt✐çõ❡s ❞❡ ♥✳

❉❡✜♥✐çã♦ ✶✳✺✳✷ ❙❡♥❞♦ λ = (n1, ..., nk) ⊢ n✱ ❞❡✜♥✐♠♦s ♦ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ Dλ ❞❛

♣❛rt✐çã♦ λ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ Dλ = {(i, j) ∈ N× N/1 ≤ i ≤ r, 1 ≤ j ≤ ni}✳

❯s✉❛❧♠❡♥t❡✱ ❞❡s❝r❡✈❡♠♦s ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❞❡ ❨♦✉♥❣ Dλ ♣♦r n q✉❛❞r❛❞♦s✱ ❞✐s♣♦s✲

t♦s ❡♠ k ✜❧❛s ❤♦r✐③♦♥t❛✐s✱ ❝❤❛♠❛❞❛s ❞❡ ❧✐♥❤❛s✱ ♦♥❞❡ ❛ i✲és✐♠❛ ❧✐♥❤❛ t❡♠ ni q✉❛❞r❛❞♦s✳

❈❛❞❛ ✜❧❛ ✈❡rt✐❝❛❧ s❡rá ❝❤❛♠❛❞❛ ❞❡ ❝♦❧✉♥❛✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ n = 7 ❡ ❛ s❡❣✉✐♥t❡

♣❛rt✐çã♦ ❞❡ ✼✱ λ = (3, 2, 2)✳ ❊♥tã♦✱ t❡r❡♠♦s ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣✿

Dλ =

❉❡✜♥✐çã♦ ✶✳✺✳✸ ❙❡❥❛♠ n ∈ N ❡ λ = (n1, ..., nk) ⊢ n✳ ❉❡✜♥✐♠♦s ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣

❞♦ ❞✐❛❣r❛♠❛ Dλ ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❢✉♥çã♦ ❜✐❥❡t♦r❛ T : Dλ −→ In = {1, 2, ..., n}✳ ❉✐③❡✲

♠♦s q✉❡ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T é st❛♥❞❛r❞ s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ T (i, j) < T (i, j + 1)✱ ♣❛r❛ 1 ≤ i ≤ r ❡ 1 ≤ j < ni❀

✭✐✐✮ T (i, j) < T (i+ 1, j) ♣❛r❛ 1 ≤ j ≤ n1 ❡ 1 ≤ i < cj✱ ♦♥❞❡ cj é ♦ ♥ú♠❡r♦ ❞❡ ❝é❧✉❧❛s

❞❛ j✲és✐♠❛ ❝♦❧✉♥❛✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✹ ❉✐③❡r q✉❡ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T é st❛♥❞❛r❞ s✐❣♥✐✜❝❛ ❞✐③❡r q✉❡

❛s ❡♥tr❛❞❛s ♥❛s ❧✐♥❤❛s ❝r❡s❝❡♠ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛ ❡ ♥❛s ❝♦❧✉♥❛s ❞❡ ❝✐♠❛ ♣❛r❛

❜❛✐①♦✳



✷✹

❙❡♥❞♦ σ ∈ Sn✱ ❞❡✜♥✐♠♦s σT ❝♦♠♦ s❡♥❞♦ ❛ ❝♦♠♣♦s✐çã♦ σ◦T : Dλ −→ In✱ q✉❡ s❡rá

t❛♠❜é♠ ✉♠ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ ❞♦ ❞✐❛❣r❛♠❛ Dλ✳ ❆❞❡♠❛✐s✱ s❡♥❞♦ T1 ❡ T2 ❞✉❛s t❛❜❡❧❛s

❞❡ ❨♦✉♥❣ ❞❡ ✉♠ ♠❡s♠♦ ❞✐❛❣r❛♠❛✱ ❡♥tã♦ ❡①✐st❡ σ ∈ Sn t❛❧ q✉❡ σT1 = T2✳

❉❡✜♥✐çã♦ ✶✳✺✳✺ ❙❡❥❛ T ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s✿

✭✐✮ ❖ ❣r✉♣♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❛s ❧✐♥❤❛✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r R(T )✱ ❝♦♠♦ s❡♥❞♦✿

R(T ) = {σ ∈ Sn/σ(L) = L ♣❛r❛ t♦❞❛ ❧✐♥❤❛ ▲ ❞❡ ❚}.

✭✐✐✮ ❖ ❣r✉♣♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❛s ❝♦❧✉♥❛s✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r C(T )✱ ❝♦♠♦ s❡♥❞♦

C(T ) = {σ ∈ Sn/σ(C) = C ♣❛r❛ t♦❞♦ ❝♦❧✉♥❛ ❈ ❞❡ ❚}.

❈♦♥s✐❞❡r❡ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T ✳ ❉❡✜♥✐♠♦s ♦s s❡❣✉✐♥t❡s ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛

❞❡ ❣r✉♣♦ KSn✿

PT =
∑

σ∈R(T )

σ, QT =
∑

µ∈C(T )

(−1)µµ e ET = PTQT =
∑

σ∈R(T )
µ∈C(T )

(−1)µσµ

▲❡♠❛ ✶✳✺✳✻ ❙❡❥❛♠ α ∈ Sn✱ λ ✉♠ ♣❛rt✐çã♦ ❞❡ n ❡ T ✉♠ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ ❞♦ ❞✐❛❣r❛♠❛

Dλ✱ ❡♥tã♦ ❡①✐st❡ a✱ t❛❧ q✉❡✱ ETαET = aET

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✻❪✱ ❝❛♣ít✉❧♦ ✺✱ s❡çã♦ ✹✳ �

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ▲❡♠❛ 1.5.6✱ t❡r❡♠♦s q✉❡ E2
T = aET ✱ ♣❛r❛ ❛❧❣✉♠ a ∈ K✳

▲♦❣♦✱ s❡♥❞♦ eT = a−1ET ✱ t❡r❡♠♦s q✉❡ e2T = a−2E2
T = eT ✳ ❊st❡ ✐❞❡♠♣♦t❡♥t❡ ❛ss✐♠

❞❡✜♥✐❞♦✱ é ❝❤❛♠❛❞♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡ ♠✐♥✐♠❛❧ ❞❡ T ✳ ❚♦♠❡♠♦s ❛❣♦r❛ MT = KSnET =

{αET/α ∈ KSn} = KSneT ✱ q✉❡ é ✉♠ ✐❞❡❛❧ ❛ ❡sq✉❡r❞❛ ❞❡ KSn✳

❚❡♦r❡♠❛ ✶✳✺✳✼ ❙❡❥❛♠ n ∈ N✱ λ, λ1, λ2 ⊢ n ❡ T, T1, T2 t❛❜❡❧❛s ❞❡ ❨♦✉♥❣ ❞♦s ❞✐❛❣r❛♠❛s

D,Dλ1 , Dλ2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✿

✭✐✮ MT é ✉♠ Sn✲♠♦❞✉❧♦ ✐rr❡❞✉tí✈❡❧✳

✭✐✐✮ MT1 ❡ MT2 sã♦ Sn✲♠ó❞✉❧♦s ✐s♦♠♦r❢♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ λ1 = λ2✳
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❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✻❪✱ ❝❛♣ít✉❧♦ ✺✱ s❡çã♦ ✹✳ �

❙❡❥❛ n ∈ N✳ ❊♥tã♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ♥ú♠❡r♦ ❞❡

KSn✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡✐s é ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ n✳ ❙❛❜❡♠♦s q✉❡ ♦

♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞♦ ❣r✉♣♦ s✐♠étr✐❝♦ ❙n é ✐❣✉❛❧ ❛ p(n)✳ ▲♦❣♦ ♦ ♥ú♠❡r♦

❞❡ Sn✲r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s s❡rá ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ p(n)✳ ❉❛í ❡ ❞❛ Pr♦♣♦s✐çã♦

✶✳✹✳✶✹✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ♦ ❣r✉♣♦ KSn ♣♦ss✉✐✱ ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ❡①❛t❛♠❡♥t❡ p(n)

r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s✳ ❙❛❜❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡

❛s ♣❛rt✐çõ❡s ❞❡ n ❡ ♦s KSn✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s ✭✈❡❥❛ ❬✶✹❪✱ s❡çã♦ ✶✵✳✹✮✳ ❉❛í✱ ♣♦❞❡♠♦s

r❡♣r❡s❡♥t❛r ✉♠ ❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ χ ❞❡ KSn ♣♦r χλ✱ ♦♥❞❡ λ ⊢ n✳ ▲♦❣♦✱ s❡♥❞♦ χ ✉♠

❝❛r❛❝t❡r ❞❡ KSn✱ ♣❡❧♦ t❡♦r❡♠❛ ✶✳✹✳✶✽✱ t❡r❡♠♦s q✉❡

χ =
∑

λ⊢n

mλχλ

♦♥❞❡ mλ ∈ Z ❡ mλ ≥ 0✳

P❛r❛ t❡r♠✐♥❛r♠♦s ❡st❛ s❡çã♦✱ ✐r❡♠♦s ❞❡s❝r❡✈❡r ❛ ❢❛♠♦s❛ ❢ór♠✉❧❛ ❞♦ ❣❛♥❝❤♦✱ q✉❡

❝♦♥t❛ ♦ ♥ú♠❡r♦ ❞❡ t❛❜❡❧❛s st❛♥❞❛r❞✳ ■♥✐❝✐❛❧♠❡♥t❡✱ s❡❥❛Dλ ✉♠ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ ❡ (i0, j0)

✉♠❛ ❝é❧✉❧❛ ❞❡st❛ t❛❜❡❧❛✱ ❡♥tã♦ ❞❡✜♥✐♠♦s ♦ ❣❛♥❝❤♦ ❞❡ (i0, j0) ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

{(i0, j)/j0 ≤ j ≤ ni0} ∪ {(i, j0)/i0 ≤ i ≤ cj0}

❖❜❡s❡r✈❡ q✉❡ ♦ ❣❛♥❝❤♦ ❞❡ (i0, j0) ❞♦ ❞✐❛❣r❛♠❛ Dλ é ❡①❛t❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝é❧✉❧❛s

❞❛ ❧✐♥❤❛ i0 q✉❡ ❡stã♦ ❛ ❞✐r❡✐t❛ ❞❡ (i0, j0) ❡ ❞❛ ❝♦❧✉♥❛ j0 q✉❡ ❡stã♦ ❛❜❛✐①♦ ❞❡ (i0, j0)✳

❈♦♥s✐❞❡r❛♥❞♦ h(i0,j0) ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❝é❧✉❧❛s✱ ♦✉ t❛♠❛♥❤♦✱ ❞♦ ❣❛♥❝❤♦ (i0, j0)✱

t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛

❚❡♦r❡♠❛ ✶✳✺✳✽ ✭❋ó♠✉❧❛ ❞♦ ●❛♥❝❤♦✮ ❙❡♥❞♦ n ∈ N✱ λ = (n1, . . . , nr) ✉♠❛ ♣❛rt✐çã♦

❞❡ n ❡ ST (λ) ♦ ♥ú♠❡r♦ ❞❡ t❛❜❡❧❛s st❛♥❞❛r❞ ❞♦ ❞✐❛❣r❛♠❛ Dλ✱ ❡♥tã♦ t❡♠♦s

ST (λ) =
n!

∏

(i,j)∈Dλ
h(i.j)

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✽❪✱ ❝❛♣ít✉❧♦ ✹✱ s❡çã♦ ✸✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✾ ❆ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❢ór♠✉❧❛ ❞♦ ●❛♥❝❤♦ ♣❛r❛ ❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥✲

t❛çõ❡s ❞♦ Sn r❡s✐❞❡ ♥♦ ❢❛t♦ ❞❡ q✉❡ ST (λ) ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❣r❛✉ dλ ❞❛ r❡♣r❡s❡♥t❛çõ❡s

✐rr❡❞✉tí✈❡❧ ❞❡ Sn ❛ss♦❝✐❛❞❛ ❛ ♣❛rt✐çã♦ λ ✭✈❡❥❛ ❬✽❪✱ ♣❛❣ ✶✷✶✮✳
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✶✳✻ ➪❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐✲

❛✐s

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❞❡✜♥✐r ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛ ❧✐✈r❡✱ q✉❡ s❡rá r❡♣r❡s❡♥✲

t❛❞❛ ♣♦r K〈X〉✳ ❊♠ s❡❣✉✐❞❛ ✐r❡♠♦s ❞❡✜♥✐r ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥ô♠✐❛✐s ❞❡ ✉♠❛ á❧❣❡❜r❛

❡ ♦ q✉❡ ✈❡♠ ❛ s❡r ✉♠❛ P■✲á❧❣❡❜r❛✳

■♥✐❝✐❛❧♠❡♥t❡✱ s❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛ ❡ S ⊂ A✳ ❉✐③❡♠♦s q✉❡ S

❣❡r❛ A ❝♦♠♦ á❧❣❡❜r❛ q✉❛♥❞♦ A = span{1A, s1 . . . sk/k ∈ N, si ∈ S}✳

❉❡✜♥✐çã♦ ✶✳✻✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❉✐③❡♠♦s q✉❡ ❡❧❛ é ❧✐✈r❡ s❡ ❡①✐st❡ ✉♠

❝♦♥❥✉♥t♦ S ⊂ A t❛❧ q✉❡ S ❣❡r❛ A ❡ ♣❛r❛ t♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ B ❡ t♦❞❛ ❛♣❧✐❝❛çã♦

f : S −→ B ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s φ : A −→ B q✉❡ ❡st❡♥❞❡ ❡st❛

❛♣❧✐❝❛çã♦✳ ◆❡st❡ ❝❛s♦ ❞✐r❡♠♦s q✉❡ S é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡ ❞❡ A✱ ♦✉ q✉❡ A é

❣❡r❛❞❛ ❧✐✈r❡♠❡♥t❡ ♣♦r S✳

❈♦♥s✐❞❡r❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s X = {x1, x2, . . .}✳ ❯♠❛ ♣❛❧❛✈r❛ ❡♠ X é

✉♠❛ s❡q✉ê♥❝✐❛ xi1xi2 . . . xik ❞❡ ✈❛r✐á✈❡✐s✱ ♦♥❞❡ k ∈ N − {0} ❡ xij ∈ X ✭♥♦ ❝❛s♦ ❡♠

q✉❡ k = 0✱ ❞❡✜♥✐♠♦s ❝♦♠ s❡♥❞♦ ❛ ♣❛❧❛✈r❛ ✈❛③✐❛ ❡ r❡♣r❡s❡♥t❛♠♦s ♣♦r 1✮✳ ❈♦♥s✐❞❡r❡

S(X) ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s ❡♠ X✳ ❉✐③❡♠♦s q✉❡ ❞✉❛s ♣❛❧❛✈r❛s

xi1 . . . xik1 ❡ xj1 . . . xjk2 sã♦ ✐❣✉❛✐s q✉❛♥❞♦ k1 = k2 ❡ i1 = j1, . . . , ik1 = jk2 ✳ ❈♦♥s✐❞❡r❡

♦ ❝♦♥❥✉♥t♦ K〈X〉 q✉❡ é ❢♦r♠❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❢♦r♠❛✐s ❞♦ t✐♣♦
∑

m∈S(X) αmm✱ ♦♥❞❡

αm ∈ K✳ ❖❜s❡r✈❡ q✉❡ ❡st❡ ❝♦♥❥✉♥t♦✱ ♠✉♥✐❞♦ ❞❛s s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s✱

∑

m∈S(X)

αmm+
∑

m∈S(X)

βmm =
∑

m∈X

(αm + βm)m

❡

λ
∑

m∈S(X)

αmm =
∑

m∈S(X)

(λαm)m

♣❛r❛ q✉❛❧q✉❡r λ ∈ K✱ é ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❝♦♠ ❜❛s❡ S(X)✳ ❖s t❡r♠♦s αmm sã♦

❝❤❛♠❛❞♦s ❞❡ ♠♦♥ô♠✐♦s ❡ ❛s s♦♠❛s ❢♦r♠❛✐s ❞❡ ♠♦♥ô♠✐♦s sã♦ ❝❤❛♠❛❞❛s ❞❡ ♣♦❧✐♥ô♠✐♦s✳

❉❡✜♥✐♠♦s ❝♦♠♦ s❡♥❞♦ ♦ ❣r❛✉ ❞♦ ♠♦♥ô♠✐♦ xi1xi2 . . . xik1 ♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ k1 ❡ ♦❜s❡r✈❡

q✉❡ ♦ ❣r❛✉ ❞❛ ♣❛❧❛✈r❛ ✈❛③✐❛ 1 s❡rá 0✳ ❖ ❣r❛✉ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉 − {0}✱
q✉❡ s❡rá r❡♣r❡s❡♥t❛❞♦ ♣♦r ∂f ✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ♠á①✐♠♦ ❞❡♥tr❡ ♦s ❣r❛✉s ❞♦s

♠♦♥ô♠✐♦s ❞❡ f ✳
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❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❡♠ S(X) ❛ ♦♣❡r❛çã♦ ❞❡ ❝♦♥❝❛t❡♥❛çã♦✿

(xi1 . . . xik1 )(xj1 . . . xjk2 ) = xi1 . . . xik1xj1 . . . xjk2

❖❜s❡r✈❡ q✉❡ ❡st❛ ♦♣❡r❛çã♦ é ❛ss♦❝✐❛t✐✈❛ ❡ q✉❡ t❡♠ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ✭❛ ♣❛❧❛✈r❛ ✈❛③✐❛ ✶✮✳

❉❛í✱ K〈X〉 ♠✉♥✐❞♦ ❞❛ ♦♣❡r❛çã♦ ❜✐❧✐♥❡❛r ✐♥❞✉③✐❞❛ ♣♦r ❡st❛ ♦♣❡r❛çã♦ ❞❡ ❝♦♥❝❛t❡♥❛çã♦

✭Pr♦♣♦s✐çã♦ ✶✳✶✳✾✮✱ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡✳

❆❣♦r❛ ❝♦♥s✐❞❡r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ g : X −→ A✱ ❞❛❞❛ ♣♦r g(xi) = ai✱ ♦♥❞❡ A é

✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡✳ ❊♥tã♦✱ ❞❡✜♥❛♠♦s ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

φ : K〈X〉 −→ A✱ q✉❡ s❛t✐s❢❛③ φ(1) = 1A ❡ φ(xi1 . . . xik) = ai1 . . . aik ✳ ❚❡♠♦s ❡♥tã♦

q✉❡ φ é ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s t❛❧ q✉❡ φ(xi) = g(xi)✳ P♦rt❛♥t♦✱ K〈X〉
é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛ ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X✳ ❘❡♣r❡s❡♥t❛r❡♠♦s

f(ai1 , . . . , aik) ❝♦♠♦ s❡♥❞♦ ❛ ✐♠❛❣❡♠ ❞❡ f(ai1 , . . . , aik) ♣❡❧♦ ❤♦♠♦♠♦r✜s♠♦ φ✳ ❖❜s❡r✈❡

q✉❡ f(ai1 , . . . , aik1 ) é ♦ ❡❧❡♠❡♥t♦ ❞❡ A ♦❜t✐❞♦ s✉❜st✐t✉✐♥❞♦✲s❡ xij ♣♦r aij ♥♦ ♣♦❧✐♥ô♠✐♦

f ✳

❉❡✜♥✐çã♦ ✶✳✻✳✷ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛ ❡ f(x1, . . . xn) ∈ K〈X〉
✉♠ ♣♦❧✐♥ô♠✐♦✳ ❉✐r❡♠♦s q✉❡ f(x1, . . . xn) é ✉♠ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ A

q✉❛♥❞♦ f(a1, . . . an) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , an ∈ A✳ ❙❡ A ♣♦ss✉✐ ❛❧❣✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥ô♠✐❛❧ ♥ã♦ ♥✉❧❛ ❞✐r❡♠♦s q✉❡ A é ✉♠❛ P■✲ á❧❣❡❜r❛✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✸ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ Φ ❞❡ t♦❞♦s ♦s ❤♦♠♦♠♦r✜s♠♦ φ : K〈X〉 −→
A✳ ❊♥tã♦ t❡r❡♠♦s q✉❡ f ∈ K〈X〉 é ✉♠ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ♣❛r❛ ❛ á❧❣❡❜r❛ A s❡✱ ❡ s♦♠❡♥t❡

s❡✱ f ∈∩φ∈Φkerφ✳

❊①❡♠♣❧♦ ✶✳✻✳✹ ✭✐✮ ◗✉❛❧q✉❡r á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ A é ✉♠❛ P■✲á❧❣❡❜r❛✱ ♣♦✐s t❡♠♦s

q✉❡ [x1, x2] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✳

✭✐✐✮ ❚♦❞❛ á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ é ✉♠❛ P■✲á❧❣❡❜r❛✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❞♦ q✉❡ ♥ s❡❥❛ ♦ í♥❞✐❝❡ ❞❡

♥✐❧♣♦tê♥❝✐❛ ❞❡ A✱ ❡♥tã♦ t❡r❡♠♦s q✉❡ ♦ ♠♦♥ô♠✐♦ x1x2 . . . xnxn+1 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A✳

✭✐✐✐✮ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ K✱ Mn(K) ❡ ♦ ♣♦❧✐♥ô♠✐♦

❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ st❛♥❞❛r❞✱ sn =
∑

σ∈Sn
(−1)σxσ(1) . . . xσ(n)✳ ❖ t❡♦✲

r❡♠❛ ❞❡ ❆♠✐ts✉r✲▲❡✈✐t③❦✐ ❛✜r♠❛ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ s2n(x1, . . . , x2n) é ✉♠ ✐❞❡♥t✐❞❛❞❡

♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✳
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✭✐✈✮ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠ n✱ Un(K)✳

❊♥tã♦ ♦ ♣♦❧✐♥ô♠✐♦ [x1, x2] . . . [x2n−1, x2n] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❡st❛ á❧❣❡❜r❛✳

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❡ ❝♦♥s✐❞❡r❡ Id(A) ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ K〈X〉 ❞❡ t♦❞❛s ❛s ✐❞❡♥✲

t✐❞❛❞❡s ❞❡ A✳ ❖❜s❡r✈❡ q✉❡ Id(A) s❡rá ✉♠ ✐❞❡❛❧ ❞❡ K〈X〉✳

Pr♦♣♦s✐çã♦ ✶✳✻✳✺ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ q✉❛❧q✉❡r✳ ❊♥tã♦✱ ♦ ✐❞❡❛❧ Id(A) é

✐♥✈❛r✐❛♥t❡ ♣♦r t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s ❞❡ K〈X〉✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✹❪✱ ♣❛❣✳ ✸✳ �

❉❡✜♥✐çã♦ ✶✳✻✳✻ ❯♠ ✐❞❡❛❧ I ❞❡ K〈X〉 é ✉♠ T ✲✐❞❡❛❧ q✉❛♥❞♦ φ(I) ⊆ I✱ ♣❛r❛ t♦❞♦ ❡♥✲

❞♦♠♦r✜s♠♦ φ ❞❡ K〈X〉✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✼ ✭✐✮ P❡❧♦ ❛r❣✉♠❡♥t❛❞♦ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✻✳✺ t❡r❡♠♦s q✉❡ Id(A) é

✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛ A✳ ▲♦❣♦✱ t♦❞❛ á❧❣❡❜r❛ ❞❡t❡r♠✐♥❛ ✉♠

T ✲✐❞❡❛❧✳

✭✐✐✮ ❆ s♦♠❛ ❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❛r❜✐trár✐❛ ❞❡ T ✲✐❞❡❛✐s é ❛✐♥❞❛ ✉♠ T ✲✐❞❡❛❧✳

✭✐✐✐✮ ❙❡ f(x1, . . . , xn) ∈ I✱ ♦♥❞❡ I é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❡ g1, . . . , gn ∈ K〈X〉✱ ❡♥tã♦
t❡♠♦s q✉❡ f(g1, . . . , gn) ∈ I✳

❉❡✜♥✐çã♦ ✶✳✻✳✽ ❈♦♥s✐❞❡r❡ S ⊆ K〈X〉✳ ❆ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s A t❛✐s q✉❡✱

♣❛r❛ q✉❛❧q✉❡r f ∈ S✱ f é ✉♠ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✱ é ❝❤❛♠❛❞❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞❡t❡r♠✐♥❛❞❛

♣♦r S✱ q✉❡ s❡rá ❞❡♥♦t❛❞❛ ♣♦r V = V(S)✳ ❙❡♥❞♦ S = {fi(x1, ..., xni
) ∈ K〈X〉/i ∈ I}

❡ D ❛ ✈❛r✐❡❞❛❞❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r S✱ ❝♦♥s✐❞❡r❡♠♦s ♦ T ✲✐❞❡❛❧ T (D) ❞❛ ✈❛r✐❡❞❛❞❡s D
q✉❡ é ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s T ✲✐❞❡❛✐s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛s á❧❣❡❜r❛s ❞❡ D✳ ❉✐r❡♠♦s

q✉❡ ❡st❡ T ✲✐❞❡❛❧ é ❣❡r❛❞♦ ♣♦r S = {fi ∈ K〈X〉/i ∈ I} ❡ ✐r❡♠♦s r❡♣r❡s❡♥t❛r ♣♦r

T (D) = 〈S〉T = 〈fi ∈ K〈X〉/i ∈ I〉T ✳ ❖❜s❡r✈❡ q✉❡ 〈S〉T é ♦ ♠❡♥♦r T ✲✐❞❡❛❧ ❞❡ K〈X〉
q✉❡ ❝♦♥té♠ S✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✾ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♥❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

❛ ✈❛r✐❡❞❛❞❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠ ú♥✐❝♦ ♣♦❧✐♥ô♠✐♦ f ✱ ❝♦♠♦ s❡♥❞♦ ❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s

á❧❣❡❜r❛s q✉❡ tê♠ f ❝♦♠♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧
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❉❡✜♥✐çã♦ ✶✳✻✳✶✵ ❉♦✐s ❝♦♥❥✉♥t♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ K〈X〉 sã♦ ❞✐t♦s ❡q✉✐✈❛❧❡♥t❡s s❡ ❡❧❡s

❣❡r❛♠ ♦ ♠❡s♠♦ T ✲✐❞❡❛❧✳ ❯♠ ♣♦❧✐♥ô♠✐♦ g é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s

{fi/i ∈ I} s❡ g ∈ 〈fi/i ∈ I〉T ✳

❆❣♦r❛ ✐r❡♠♦s ❞❡✜♥✐r ❛ á❧❣❡❜r❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✱ ♦♥❞❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛r✲

❜✐trár✐♦✳ ❙❡❥❛ K〈X〉 ❛ á❧❣❡❜r❛ ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X =
⋃

g∈GXg✱

♦♥❞❡ Xg = {x(g)1 , x
(g)
2 , . . . } ❡ Xg1 ∩Xg2 6= ∅ ♣❛r❛ g1 6= g2✳ ❆s ✈❛r✐á✈❡✐s ❞❡ Xg sã♦ ❞✐t❛s

✈❛r✐á✈❡✐s ❞❡ ❣r❛✉ g✳ ❉❡✜♥✐♠♦s ♦ G✲❣r❛✉ ❞❡ ✉♠ ♠♦♥ô♠✐♦ x(g1)i1
x
(g2)
i2

. . . x
(gt)
it

∈ K〈X〉
❝♦♠♦ s❡♥❞♦ g1g2 . . . gt ∈ G✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r K〈X〉(g) ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r

t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❞❡ G✲❣r❛✉ g✳ ❖❜s❡r✈❡ q✉❡

K〈X〉(g)K〈X〉(h) ⊆ K〈X〉(gh) e que K〈X〉 =
⊕

g∈G

K〈X〉(g)

P♦rt❛♥t♦✱ K〈X〉 é ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✱ q✉❡ s❡rá ❞❡♥♦t❛❞❛ ♣♦r K〈X〉gr✳
P❛r❛ ❛ á❧❣❡❜r❛ K〈X〉gr t❛♠❜é♠ t❡r❡♠♦s ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛s á❧❣❡❜r❛s ❧✐✈r❡♠❡♥t❡

❣❡r❛❞❛s✱ ♦✉ s❡❥❛✱ ♣❛r❛ t♦❞❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A⊕g∈GAg ❡ t♦❞❛ ❛♣❧✐❝❛çã♦ f : X −→ A

t❛❧ q✉❡ f(x(g)i ) ∈ Ag✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ φ : K〈X〉gr −→ A

q✉❡ ❡st❡♥❞❡ ❡st❛ ❛♣❧✐❝❛çã♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ♣♦❧✐♥ô♠✐♦ ❣r❛❞✉❛❞♦ f(x(g1)1 , . . . , x
(gk)
k ) ∈

K〈X〉gr✱ ❞✐③❡♠♦s q✉❡ f(x(g1)1 , . . . , x
(gk)
k ) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ G✲❣r❛❞✉❛❞❛ ♣❛r❛ ❛ á❧❣❡❜r❛

G✲❣r❛❞✉❛❞❛ A✱ s❡ f(a(g1)1 , . . . , a
(gk)
k ) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r a(g1)1 ∈ A(g1), . . . , a

(gk)
k ∈ A(gk)✳

❖❜s❡r✈❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ Idgr = {f ∈ K〈X〉gr/f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ G✲❣r❛❞✉❛❞❛ ❞❡ A} é

✉♠ T ✲✐❞❡❛❧ ❣r❛❞✉❛❞♦ ❞❡ K〈X〉gr✱ ♦✉ s❡❥❛✱ ✉♠ ✐❞❡❛❧ ❞❡ K〈X〉gr ✐♥✈❛r✐❛♥t❡ ♣♦r t♦❞♦s ♦s

❡♥❞♦♠♦r✜s♠♦s G✲❣r❛❞✉❛❞♦s ❞❡ K〈X〉gr✳

✶✳✼ P♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s ❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐✲

❧✐♥❡❛r❡s

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❞❡✜♥✐r ♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s ❡ ♠✉❧t✐❧✐♥❡❛r❡s✱ ❛❧é♠

❞❡ ❛♣r❡s❡♥t❛r♠♦s ✉♠ t❡♦r❡♠❛✱ q✉❡ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦✱ ✐rá ♠♦str❛r

q✉❡ q✉❛❧q✉❡r T ✲✐❞❡❛❧ é ❣❡r❛❞♦ ♣♦r ♣♦❧✐♥ô♠✐♦s ❞❡ ✉♠ ❞❡st❡s t✐♣♦s✳

❉❡✜♥✐çã♦ ✶✳✼✳✶ ❙❡❥❛ m(x1, ..., xk) ∈ K〈X〉 ✉♠ ♠♦♥ô♠✐♦ ❡♠ K〈X〉✳ ❉❡✜♥✐♠♦s ♦

❣r❛✉ ❞♦ ♠♦♥ô♠✐♦ m(x1, ..., xk) ♥❛ ✈❛r✐á✈❡❧ xi ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s ❡♠ q✉❡ xi



✸✵

❛♣❛r❡❝❡ ❡♠ m(x1, ..., xk)✳ ❉❡✜♥✐♠♦s ♦ ❣r❛✉ t♦t❛❧ ❞❡ m(x1, ..., xk) ❝♦♠♦ s❡♥❞♦ ❛ s♦♠❛

❞♦s ❣r❛✉s ❞❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❞❡st❡ ♠♦♥ô♠✐♦✳

❉❡✜♥✐çã♦ ✶✳✼✳✷ ❉✐r❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ p(x1, ..., xk) ∈ K〈X〉 é ❤♦♠♦❣ê♥❡♦ ❞❡

❣r❛✉ ni ♥❛ ✈❛r✐á✈❡❧ xi✱ ♣❛r❛ i ∈ {1, ..., k}✱ s❡ ❝❛❞❛ ♠♦♥ô♠✐♦ ❞❡ p(x1, ..., xk) t✐✈❡r ♦

❣r❛✉ ni ♥❛ ✈❛r✐á✈❡❧ xi✳ ❯♠ ♣♦❧✐♥ô♠✐♦ p(x1, ..., xk) é ❞✐t♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡ ♠✉❧t✐❣r❛✉

(n1, ..., nk) s❡ p(x1, ..., xk) é ❤♦♠♦❣ê♥❡♦ ❡♠ t♦❞❛s ❛s s✉❛s ✈❛r✐á✈❡✐s ❝♦♠ ❣r❛✉ ni ❡♠

xi✱ ♣❛r❛ t♦❞♦ i ∈ {1, ..., k}✳ ◗✉❛♥❞♦ ✉♠ ♣♦❧✐♥ô♠✐♦ ❢♦r ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡ ♠✉❧t✐❣r❛✉

(1, ..., 1)✱ ❞✐r❡♠♦s q✉❡ ❡❧❡ é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r✳

❊♠ ✉♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xk)✱ ❞❡✜♥✐♠♦s ❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡❛s ❞❡

♠✉❧t✐❣r❛✉ (n1, . . . , nk) ❝♦♠♦ s❡♥❞♦ ❛ s♦♠❛ ❞♦ t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❡♠ f q✉❡ tê♠ ♦

♠✉❧t✐❣r❛✉ (n1, . . . , nk)✳

■r❡♠♦s ❞❡♥♦t❛r ♣♦r Pn ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❡♠ K〈X〉 q✉❡

sã♦ ♠✉❧t✐❧✐♥❡❛r❡s ♥❛ ✈❛r✐á✈❡✐s {x1, . . . , xn}✳ ❖❜s❡r✈❡ q✉❡ ❛ ❞✐♠❡♥sã♦ ❞❡ Pn é n! ❡ q✉❡

Pn t❡♠ ❝♦♠♦ ❜❛s❡ ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ ❞❡ ♠♦♥ô♠✐♦s✿ {xσ(1) . . . xσ(n)/σ ∈ Sn}✳

❚❡♦r❡♠❛ ✶✳✼✳✸ ❙❡❥❛ I ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❡ s✉♣♦♥❤❛ q✉❡ K s❡❥❛ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✳

❙❡ f(x1, . . . , xk) ∈ I✱ ❡♥tã♦ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s ❞❡ f ♣❡rt❡♥❝❡♠ ❛

I✳ ❉❛í✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ■ é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✹❪✱ t❡♦r❡♠❛ ✶✳✸✳✷ �

❚❡♦r❡♠❛ ✶✳✼✳✹ ❚♦❞❛ PI✲á❧❣❡❜r❛ A s❛t✐s❢❛③ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✹❪✱ t❡♦r❡♠❛ ✶✳✸✳✼✳ �

❚❡♦r❡♠❛ ✶✳✼✳✺ ❙❡❥❛ K é ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❙❡ I é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱
❡♥tã♦ I é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✹❪✱ ❝♦r♦❧ár✐♦ ✶✳✸✳✾✳ �

❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Pn = span{xσ(1), . . . , xσ(n)/σ ∈ Sn} ❞♦s ♣♦❧✐♥ô♠✐♦s

♠✉❧t✐❧✐♥❡❛r❡s ♥❛s ✈❛r✐á✈❡✐s x1, . . . , xn ♥❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ K〈X〉✳ ❈♦♥s✐❞❡r❡

❛ ❛♣❧✐❝❛çã♦✱ φ : KSn −→ Pn✱ ❞❡✜♥✐❞❛ ♣♦r φ
(
∑

σ∈Sn
ασσ

)

=
∑

σ∈Sn
ασxσ(1) . . . xσ(n)✳
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❖❜s❡r✈❡ q✉❡ ❡st❛ ❛♣❧✐❝❛çã♦ é ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❆❧é♠ ❞✐st♦

♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❛çã♦ ❞♦ ❣r✉♣♦ Sn ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Pn ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

σf(x1, . . . , xn) = f(xσ(1), . . . , xσ(n)).

❆tr❛✈és ❞✐st♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ Sn✲♠ó❞✉❧♦ Pn ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦

♣r♦❞✉t♦ ❜✐❧✐♥❡❛r . : KSn × Pn −→ Pn t❛❧ q✉❡ σ.f(x1, . . . xn) = f(xσ(1), . . . , xσ(n)) ❡

♦❜s❡r✈❛r q✉❡ Pn ∩ Id(A) é ✐♥✈❛r✐❛♥t❡ ♣♦r ❡st❛ ❛çã♦✱ ✉♠❛ ✈❡③ q✉❡ s❡ f ∈ Pn ∩ T (A) ❡

σ ∈ Sn✱ ❡♥tã♦ σf ∈ Pn ∩ T (A)✳ ❚❡♠♦s ❡♥tã♦ q✉❡ Pn ∩ T (A) é ✉♠ KSn✲s✉❜♠ó❞✉❧♦ ❞❡

Pn✳ ❉❛í✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

Pn(A) =
Pn

Pn ∩ Id(A)

❡ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ (σ.f = σf ✱ ♣❛r❛ σ ∈ Sn ❡ f ∈ Pn) ❡st❡ q✉♦❝✐❡♥t❡ t❡♠ ✉♠❛

❡str✉t✉r❛ ❞❡ KSn✲♠ó❞✉❧♦✳ ❉❛í✱ ❞❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✼✳✻ ❙❡❥❛ A ✉♠❛ P■✲á❧❣❡❜r❛✳

✭✐✮ ❖ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦

cn(A) = dim
Pn

Pn ∩ Id(A)

é ❝❤❛♠❛❞♦ ❞❡ n✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ ❞❛ á❧❣❡❜r❛ A✱ ♣❛r❛ ❝❛❞❛ n ∈ N✳

✭✐✐✮ P❛r❛ n ∈ N✱ ♦ Sn✲❝❛r❛❝t❡r ❞❡ Pn(A) =
Pn

Pn∩Id(A)
é ❝❤❛♠❛❞♦ ❞❡ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r

❞❡ A✱ ❞❡♥♦t❛❞♦ ♣♦r χn(A)

❙❡ ❞❡❝♦♠♣✉s❡r♠♦s ♦ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r ❡♠ s♦♠❛ ❞❡ ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s✱ t❡✲

r❡♠♦s q✉❡ χn(A) =
∑

λ⊢nmλχλ✱ ♦♥❞❡χλ é ♦ ❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ ❞❡ Sn ❛ss♦❝✐❛❞♦ ❛

♣❛rt✐çã♦ λ ⊢ n ❡ mλ é ❛ ♠✉❧t✐♣✐❝✐❞❛❞❡ ❝♦rr❡s♣♦♥❞❡♥t❡✳

❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ ❝♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s G✲

❣r❛❞✉❛❞♦s

P gr
n = span{x(g1)

σ(1) . . . x
(gn)
σ(n)/σ ∈ Sn; g1, . . . gn ∈ G}.

❚❡♠♦s q✉❡ P gr
n ∩Idgr(A) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡sG✲❣r❛❞✉❛❞❛s ♠✉❧t✐❧✐♥❡❛r❡s

♣❛r❛ ❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A✱ ♥❛s ✈❛r✐á✈❡✐s ❝♦♠ í♥❞✐❝❡s ❞❡ 1 ❛ n✳
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❖❜s❡r✈❛çã♦ ✶✳✼✳✼ ❖❜s❡r✈❡ q✉❡ ❛ G✲❣r❛❞✉❛çã♦ ♥ã♦ ✐♥t❡r❡❢❡r❡ ♥♦ ❢❛t♦ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦

s❡r ♠✉❧t✐❧✐♥❡❛r✳ ▲♦❣♦✱ t❡r❡♠♦s q✉❡ ♦ t❡♦r❡♠❛ ✶✳✼✳✺ t❛♠❜é♠ s❡rá ✈á❧✐❞♦ ♣❛r❛ ♦ ❝❛s♦ G✲

❣r❛❞✉❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✼✳✽ ❉❡✜♥✐♠♦s ❛ n✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ G✲❣r❛❞✉❛❞❛ cgrn (A) ❞❡ A ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛✿

cgrn (A) = dim
P gr
n

P gr
n ∩ Idgr(A) .

✶✳✽ ❘❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❡ s❡♠✐✲s✐♠♣❧✐❝✐❞❛❞❡

❉❡✜♥✐çã♦ ✶✳✽✳✶ ❉❡✜♥✐♠♦s ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ ✉♠❛ á❧❣❡❜r❛ A ❝♦♠♦ s❡♥❞♦ ❛

✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s ✐❞❡❛✐s ♠❛①✐♠❛✐s ❛ ❡sq✉❡r❞❛ ❞❡ A✱ q✉❡ ✐r❡♠♦s ❞❡♥♦t❛r ♣♦r J(A)✳

❖❜s❡r✈❡ q✉❡ ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ J(A) é ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ❞❡ A✳ ❆❞❡♠❛✐s✱

✐r❡♠♦s ♠♦str❛r q✉❡ ❡st❡ é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡ A✳

▲❡♠❛ ✶✳✽✳✷ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ a ∈ A✳ ❊♥tã♦ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✲

✈❛❧❡♥t❡s✿

✭✐✮ a ∈ J(A)❀

✭✐✐✮ 1− xa é ✐♥✈❡rsí✈❡❧ à ❡sq✉❡r❞❛ ♣❛r❛ t♦❞♦ x ∈ A❀

✭✐✐✐✮ a ∈ AnnAM = {x ∈ A/xm = 0, m ∈ M} ♣❛r❛ t♦❞♦ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❞❡

M ✳

❉❡♠♦♥str❛çã♦✿ i) =⇒ ii) ❙✉♣♦♥❤❛ q✉❡ a ∈ J(A) ❡ x ∈ A✳ ❊♥tã♦✱ xa ∈ M ✱

♦♥❞❡ M é ✉♠ ✐❞❡❛❧ ♠❛①✐♠❛❧ à ❡sq✉❡r❞❛ ❛❜✐trár✐♦✳ ❉❛í✱ 1− xa /∈M ✱ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s

q✉❡ 1− xa é ✐♥✈❡rsí✈❡❧ à ❡sq✉❡r❞❛✳

ii) =⇒ iii) ❙✉♣♦♥❤❛♠♦s q✉❡ (ii) s❡❥❛ ✈á❧✐❞♦ ❡ s✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡

❡①✐st❛ ✉♠ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ M t❛❧ q✉❡ aM 6= 0✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦ ✉♠ ❡❧❡♠❡♥t♦ m

❞❡ M t❛❧ q✉❡ am 6= 0✳ ▲♦❣♦ A(am) =M ❡ ❞❛í ❡①✐st❡ x ∈ A t❛❧ q✉❡ x(am) = m ❡ ❡♥tã♦

(1− xa)m = 0✳ ❈♦♠♦ 1− xa é ✐♥✈❡rsí✈❡❧ à ❡sq✉❡r❞❛✱ t❡r❡♠♦s q✉❡ m = 0✱ ♦ q✉❡ é ✉♠❛

❝♦♥tr❛❞✐çã♦✳

iii) =⇒ i) ❙❡❥❛ M ✉♠ ✐❞❡❛❧ ♠❛①✐♠❛❧ ❛ ❡sq✉❡❞❛ ❞❡ A ❡ ❝♦♥s✐❞❡r❡ ♦ A✲♠ó❞✉❧♦ A
M
,

❝✉❥♦ ♣r♦❞✉t♦ é ❞❡✜♥✐❞♦ ♣♦r aa = ax✳ ◆♦t❡ q✉❡ A
M

é ✉♠ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✱ ❡ ❛ss✐♠

a ∈ AnnA(
A
M
)✱ ❞♦♥❞❡ a = a1 = 0✳ ❉❛í✱ a ∈M ✱ ❡ ♣♦rt❛♥t♦ a ∈ J(A)✳
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❈♦r♦❧ár✐♦ ✶✳✽✳✸ J(A) é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡ ❆✳

❉❡♠♦♥str❛çã♦✿ ❚❡♠♦s q✉❡ J(A) é ✉♠ ✐❞❡❛❧ á ❡sq✉❡r❞❛ ❡ ❛ss✐♠ t❡♠♦s q✉❡

♣r♦✈❛r q✉❡ ❡❧❡ é t❛♠❜é♠ ✉♠ ✐❞❡❛❧ à ❞✐r❡✐t❛✳ ❙✉♣♦♥❤❛ q✉❡ x ∈ A ❡ a ∈ J(A)✳ ❉❛í✱

❝♦♥s✐❞❡r❡ ✉♠ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ M q✉❛❧q✉❡r✳ ❊♥tã♦✱ ♥❡st❡ A✲♠ó❞✉❧♦ t❡r❡♠♦s q✉❡

(ax)y = a(xy) = 0✱ ✉♠❛ ✈❡③ q✉❡ ax ∈ AnnAM ✱ ❡ ❞♦ ▲❡♠❛ ✶✳✽✳✷ t❡r❡♠♦s q✉❡ ax ∈ J(A)✳

P♦rt❛♥t♦✱ J(A) é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧✳

❊①❡♠♣❧♦ ✶✳✽✳✹ ❙❡♥❞♦ Un(K) ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠

n s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ❡♥tã♦

J(Un(K)) = {A ∈ Un(K)/A tem a diagonal nula}

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ N = {A ∈ Un(K)/A tem a diagonal nula} ❡ Y ∈ N ✳ ❖❜s❡r✈❡

q✉❡ Y X t❡♠ ❛ ❞✐❛❣♦♥❛❧ ♥✉❧❛ ❡ ❞❛í det(Id −XY ) = 1✱ ♦✉ s❡❥❛✱ Id −XY é ✐♥✈❡rsí✈❡❧

♣❛r❛ q✉❛❧q✉❡r X ∈ Un(K)✱ ❡ ♣❡❧♦ ▲❡♠❛ ✶✳✽✳✷ t❡r❡♠♦s q✉❡ Y ∈ J(Un(K))✳ P♦r ♦✉tr♦

❧❛❞♦✱ s✉♣♦♥❤❛ q✉❡ J(Un(K)) 6⊆ N ❡ ❝♦♥s✐❞❡r❡ Z ∈ J(Un(K)) t❛❧ q✉❡ Z /∈ N ✳ ❙❡♥❞♦

Z =











z11 . . . z1,n
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . znn











✱ ♦♥❞❡ zii 6= 0 ♣❛r❛ ❛❧❣✉♠ i ∈ {1, . . . , n}✱ ❝♦♥s✐❞❡r❡ ❛ ♠❛tr✐③

Y ∈ Un(K) ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦ ❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ t❛❧ q✉❡ ❛s ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s s❡rã♦

♦s ❡❧❡♠❡♥t♦s z−1
ii ✱ s❡♠♣r❡ q✉❡ zii 6= 0✳ ❉❛í✱ ♦❜s❡r✈❡ q✉❡ Id − Y Z ♥ã♦ s❡rá ✐♥✈❡rsí✈❡❧

à ❡sq✉❡r❞❛✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ❥á q✉❡ ❝♦♥tr❛r✐❛ ♦ ▲❡♠❛ 1.8.2✳ P♦rt❛♥t♦ t❡r❡♠♦s q✉❡

J(Un(K)) ⊆ N ✱ ❡ ❞❛í J(Un(K)) = N ✳

❚❡♠♦s ❡♥tã♦ q✉❡ J(Un(K)) = {X ∈ Un(K)/X é nilpotente}✳

Pr♦♣♦s✐çã♦ ✶✳✽✳✺ ❙❡ I é ✉♠ ✐❞❡❛❧ ✭✉♥✐❧❛t❡r❛❧ ♦✉ ❜✐❧❛t❡r❛❧✮ ♥✐❧ ❞❡ ✉♠❛ K✲á❧❣❡❜r❛ A✱

❡♥tã♦ I ⊆ J(A)✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✷✶❪✱ ♣❛❣✳ ✺✸✳ �

❆❣♦r❛ ✐r❡♠♦s ❢❛❧❛r ✉♠ ♣♦✉❝♦ ❞❛ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛s s❡♠✐✲s✐♠♣❧❡s✱ ♣♦ré♠ ❞❡ ✉♠❛

♠❛♥❡✐r❛ ❜❡♠ s✉❝✐♥t❛✱ ❛♣❡♥❛s ❞❡s❝r❡✈❡♥❞♦ ♦ q✉❡ ✐r❡♠♦s ♣r❡❝✐s❛r✳ P♦ré♠✱ s❡ ♦ ❧❡✐t♦r

q✉✐s❡r ♦✉ ♣r❡❝✐s❛r s❡ ❛♣r♦❢✉♥❞❛r ♥❡st❛ t❡♦r✐❛ ❝♦♥s✉❧t❡ ❬✷✶❪✱ ❝❛♣ít✉❧♦ ✶✱ s❡çõ❡s ✷ ❡ ✸✳ ▲á

❡stá ❛ t❡♦r✐❛ ♣❛r❛ ❛♥❡✐s✱ ♠❛s ❝♦♠♦ ❡st❛♠♦s tr❛t❛♥❞♦ ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡ ❝♦♠

✉♥✐❞❛❞❡✱ t❡r❡♠♦s q✉❡ ♦ ♠❡s♠♦ ♦❝♦rr❡ ♣❛r❛ ❡st❛s á❧❣❡❜r❛s✳



✸✹

❉❡✜♥✐çã♦ ✶✳✽✳✻ ❈♦♥s✐❞❡r❡ A ✉♠❛ á❧❣❡❜r❛ ❡ M ✉♠ A✲♠ó❞✉❧♦✳ ❊♥tã♦ ❞✐③❡♠♦s q✉❡

M é s❡♠✐✲s✐♠♣❧❡s ✭♦✉ ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✮ s❡ M ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ s♦♠❛ ❞❡

s✉❜♠ó❞✉❧♦s ♠✐♥✐♠❛✐s✳

❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ A é s❡♠✐✲s✐♠♣❧❡s s❡ t♦❞♦s ♦s s❡✉s A✲♠ó❞✉❧♦s sã♦ s❡♠✐✲

s✐♠♣❧❡s✳ ❙❡❣✉❡ q✉❡ s❡ A é s❡♠✐✲s✐♠♣❧❡s✱ ❡♥tã♦ ♦ A✲♠ó❞✉❧♦ AA é s❡♠✐✲s✐♠♣❧❡s ❡ ❛ss✐♠

A é ❛ s♦♠❛ ❞♦s s❡✉s ✐❞❡❛✐s ♠✐♥✐♠❛✐s ❛ ❡sq✉❡r❞❛✳

❙✉♣♦♥❞♦ ❛❣♦r❛ A ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ s❛❜❡✲s❡ q✉❡ s❡ A é s❡♠✐✲s✐♠♣❧❡s✱ ❡♥tã♦

A = I1 ⊕ · · · ⊕ In✱ ♦♥❞❡ ❝❛❞❛ Ij é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ♠✐♥✐♠❛❧✱ ❝❤❛♠❛❞♦ ❞❡ s♦♠❛♥❞♦

s✐♠♣❧❡s ❞❡ A✳ ❈❛❞❛ ✉♠ ❞❡❧❡s é s✐♠♣❧❡s ❝♦♠♦ á❧❣❡❜r❛✱ ❞♦♥❞❡ A é ✐s♦♠♦r❢❛ ❛ ✉♠ ♣r♦❞✉t♦

❞✐r❡t♦ ✜♥✐t♦ ❞❡ á❧❣❡❜r❛s s✐♠♣❧❡s ✭✈❡❥❛ ✶✳✷✳✹✮✳ ➱ t❛♠❜é♠ ✉♠ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ q✉❡ A é

s❡♠✐✲s✐♠♣❧❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ J(A) = {0}✳



❈❛♣ít✉❧♦ ✷

❆s ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ ❛

➪❧❣❡❜r❛ U2(K)

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❞❡s❝r❡✈❡r✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦s✱ t♦❞❛s ❛s ❣r❛❞✉❛çõ❡s

❞❛ á❧❣❡❜r❛ U2(K) ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠ ✷✱ s♦❜r❡ ✉♠ ❝♦r♣♦

q✉❛❧q✉❡r K✳ ❉❡♣♦✐s✱ s♦❜ ❛ ❤✐♣ót❡s❡ ❞❡ K s❡r ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡rít✐❝❛ ③❡r♦✱ ❡♥❝♦♥✲

tr❛r❡♠♦s ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Z2❣r❛❞✉❛❞❛s Idgr(U2(K))✱ ❡ ❛tr❛✈és

❞✐st♦ ❝❛❧❝✉❧❛r❡♠♦s s✉❛s ❝♦❞✐♠❡♥sõ❡s ❡ s❡✉s ❝♦❝❛r❛❝t❡r❡s ❣r❛❞✉❛❞♦s✳

✷✳✶ ●r❛❞✉❛çõ❡s ❞❡ U2(K)

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❞❡s❝r❡✈❡r t♦❞❛s ❛s ♣♦ssí✈❡✐s ❣r❛❞✉❛çõ❡s ❞❡ U2(K) ♦♥❞❡ K é

✉♠ ❝♦r♣♦ ❛r❜✐trár✐♦✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❛r❜✐trár✐♦ ❡ ❝♦♥s✐❞❡r❡ (Ag)g∈G ✉♠❛ G✲❣r❛❞✉❛çã♦

♣❛r❛ U2(K)✳ ❉✐③❡♠♦s q✉❡ ❡st❛ ❣r❛❞✉❛çã♦ é tr✐✈✐❛❧ q✉❛♥❞♦ Ae = U2(K) ❡ Ag = {0}✱
♣❛r❛ t♦❞♦ g ∈ G− {e}✱ ❡ ❞✐③❡♠♦s q✉❡ ❡st❛ ❣r❛❞✉❛çã♦ é ❝❛♥ô♥✐❝❛ q✉❛♥❞♦

Ae =











a 0

0 b



 /a, b ∈ K







, Ag =











0 c

0 0



 /c ∈ K







♣❛r❛ ❛❧❣✉♠ g ∈ G − {e} ❡ Ah = {0}✱ ♣❛r❛ t♦❞♦ h ∈ G − {e, g}✳ ❚❡♠♦s ♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✳



✸✻

❚❡♦r❡♠❛ ✷✳✶✳✶ ❯♠❛ G✲❣r❛❞✉❛çã♦ ❞❡ U2(K) é✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✱ tr✐✈✐❛❧ ♦✉

❝❛♥ô♥✐❝❛✳

❉❡♠♦♥str❛çã♦✿ ❙❡ ❛ dimAe = 3✱ ❡♥tã♦ Ae = U2(K) ❡ ❛ ❣r❛❞✉❛çã♦ é tr✐✈✐❛❧✳

❉❛í✱ ❛ss✉♠✐r❡♠♦s q✉❡ dimAe ≤ 2✳

❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ dimAe = 2✳ ◆♦t❡ q✉❡ v1 = Id2 = E11 + E22 ❡ v2 =

aE11 + bE12 ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ Ae s♦❜r❡ ❑✱ ♣❛r❛ ❛❞❡q✉❛❞♦s a, b ∈ K✳ ❇❛st❛

♦❜s❡r✈❛r q✉❡ s❡♥❞♦ v3 =





λ1 λ2

0 λ3



 ∈ Ae t❛❧ q✉❡ {Id2, v3} é ▲■✱ ❡♥tã♦ λ1 6= λ3

♦✉ λ2 6= 0 ❡ ❛ss✐♠ v2 = v3 − λ3v1 =





λ1 − λ3 λ2

0 0



 ∈ Ae ❡ {v1, v2} é ▲■✳ ❈♦♠♦

dimU2(K) = 3✱ ❡♥tã♦ ❡①✐st❡ g ∈ G−{e} t❛❧ q✉❡ dimAg = 1✱ ❡ ❝♦♥s✐❞❡r❡ Ag = KB, B =

(α1E11 + α2E12 + α3E22)✳ ❙✉♣♦♥❤❛♠♦s a = 0✳ ❈♦♠♦ AgAe ⊆ Ag ❡ AeAg ⊆ Ag✱ ❡♥tã♦

bα3E12Ag = (bE12)α3 ∈ Ag ❡ bα3E12 ∈ Ae✱ ❡ ❞❛í λ2α3E12 = 0✱ ♦ q✉❡ ♥♦s ❞á α3 = 0✳

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡ α1bE12 = B(bE12) ∈ Ag ❡ α1bE12 ∈ Ae✳ ▲♦❣♦ α1bE12 = 0

❡ ❞❛í α1 = 0✱ ♦✉ s❡❥❛✱ Ag = KE12 ⊂ Ae✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡

❣r❛❞✉❛çã♦✳ P♦rt❛♥t♦ a 6= 0✳ ❈♦♠ ✐st♦✱ ♥♦t❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s E11 + λE12 ❡ E22 − λE12

❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❞❡ Ae✱ ♣❛r❛ λ = a−1
1 b✱ ♣♦✐s E11 + λE12 ❡ E22 − λE12 sã♦ ▲✳■✳ ❡

♣❡rt❡♥❝❡♠ ❛ Ae✱ ♣♦✐s✱ ❝♦♠♦ a 6= 0 ❡ aE11 + bE12 ∈ Ae✱ ❡♥tã♦ E11 + λE12 ∈ Ae ❡

E22 − λE12 = E11 + E22 − (E11 + λE12)✳ ❙✉♣♦♥❤❛ λ 6= 0✳ ❊♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡

❣r❛❞✉❛çã♦✱ t❡r❡♠♦s q✉❡ B(E11 + λE12) = α1(E11 + λE12) ∈ Ag
⋂

Ae✱ ❞♦♥❞❡ α1 = 0✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ♠✉❧t✐♣❧✐❝❛♥❞♦✲s❡ α2E12 + α3E22 à ❡sq✉❡r❞❛ ♣♦r E22 − λE12✱ ♦❜t❡♠♦s

α3 = 0✳ ❉❛í✱ Ag = KE12✱ Ae = K(E11 + E22) +K(E11 + λE12) ❡ ❛ G✲❣r❛❞✉❛çã♦ ❡♠

q✉❡stã♦ ✐s♦♠♦r❢❛ à ●✲❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ U2(K)✱ ♣♦✐s ❛ ❛♣❧✐❝❛çã♦ φ : U2(K) −→
U2(K)✱ ❞❡✜♥✐❞❛ ♣♦r

φ(xE11 + yE12 + zE22) = xE11 + (λx− λz + y)E12 + zE22)

é ✉♠ ✐s♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ q✉❡ ❧❡✈❛ ❛ G✲❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ U2(K) ♥❛ G✲

❣r❛❞✉❛çã♦ ❡♠ q✉❡stã♦✳ ❙✉♣♦♥❞♦ λ = 0✱ t❡♠♦s Ae = KE11 + KE22✱ ❡ ❢❛③❡♥❞♦ ✉♠

♣r♦❝❡ss♦ ❛♥á❧♦❣♦ ❛♦ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s q✉❡ Ag = KE12✳ ▲♦❣♦ ❛ ❣r❛❞✉❛çã♦ r❡❢❡r✐❞❛

s❡r✐❛ ❝❛♥ô♥✐❝❛✳ P♦rt❛♥t♦✱ s❡ dimAe = 2✱ t❡r❡♠♦s ✉♠❛ ❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛✱ ❛ ♠❡♥♦s ❞❡

✐s♦♠♦r✜s♠♦✳
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❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ dimAe = 1✳ ▲♦❣♦✱ t❡r❡♠♦s q✉❡ Ae = K(E11 + E22)✳

P♦r ✐st♦✱ t❡r❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❛ ❣r❛❞✉❛çã♦✿ ♦✉ Un(K) = Ae
⊕

Ag
⊕

Ah✱

♦♥❞❡ dimAg = dimAh = 1 ♦✉ U2(K) = Ae
⊕

Ag✱ ♦♥❞❡ dimAg = 2✳ ❙❡❥❛ Un(K) =

Ae
⊕

Ag
⊕

Ah ❡ s✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ gh 6= e✳ ❊♥tã♦✱ AgAh = 0✱ ♣♦✐s✱ ❝❛s♦

❝♦♥trár✐♦✱ Agh 6= {0}✱ ❝♦♠ gh 6= g✱ gh 6= h ❡ gh 6= e✱ ♦✉ s❡❥❛✱ t❡rí❛♠♦s ✉♠❛ ♥♦✈❛

❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ♥ã♦ ♥✉❧❛✱ ♦ q✉❡ s❡r✐❛ ✉♠ ❛❜s✉r❞♦✱ ❥á q✉❡ dimUn(K) = 3✳ ▲♦❣♦

AgAh = 0✱ ❡ ❛♥❛❧♦❣❛♠❡♥t❡ AhAg = 0✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ g2 6= e ❡ h2 6= e✱ t❡r❡♠♦s q✉❡

Ag
⊕

Ah é ✉♠ ✐❞❡❛❧ ♥✐❧♣♦t❡♥t❡ ❞❡ ❞✐♠❡♥sã♦ ❞♦✐s ❞❡ U2(K)✱ ♣♦✐s s❡ x ∈ U2(K)✱ ❡♥tã♦

❡①✐st❡♠ a ∈ Ae, b ∈ Ag ❡ c ∈ Ah t❛✐s q✉❡ x = a+ b+ c✳ ▲♦❣♦✱ x(Ag
⊕

Ah) ⊆ Ag
⊕

Ah✱

❡ ❛♥❛❧♦❣❛♠❡♥t❡ t❡r❡♠♦s q✉❡ (Ag
⊕

Ah)x ⊆ Ag
⊕

Ah✳ ❉❛í✱ Ag
⊕

Ah é ❞❡ ❢❛t♦ ✉♠

✐❞❡❛❧ ❞❡ U2(K)✳ ❆❞❡♠❛✐s✱ ❡❧❡ é ✉♠ ✐❞❡❛❧ ♥✐❧♣♦t❡♥t❡✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ q✉❡

❛ ❞✐♠❡♥sã♦ ❞♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ J ❞❡ U2(K) é ✐❣✉❛❧ ❛ ✶ ✭✈❡❥❛ ♦ ❊①❡♠♣❧♦ ✶✳✽✳✹✮✱

♣♦✐s t♦❞♦ ✐❞❡❛❧ ♥✐❧♣♦t❡♥t❡ ❡stá ❝♦♥t✐❞♦ ♥♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ✭♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✽✳✺✮✳

P♦rt❛♥t♦✱ ♦✉ g2 6= e ❡ h2 = e ♦✉ h2 = g2 = e✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦ t❡♠♦s q✉❡ A3
g = 0

❡ ❛ss✐♠ Ag é ✉♠ s✉❜❡s♣❛ç♦ ♥✐❧♣♦t❡♥t❡ ❞❡ ❞✐♠❡♥sã♦ ✐❣✉❛❧ ❛ ✶✱ ❞♦♥❞❡ Ag = J ✳ ❙❡❥❛

Ah = K(aE11 + bE12 + cE22)✳ ❉❡ AgAh = AhAg = {0}✱ t❡♠♦s q✉❡ a = c = 0✱ ♦✉ s❡❥❛✱

Ah = Ag✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ◆♦ ❝❛s♦ g2 = h2 = e t❡♠♦s Ag = Ku ❡ Ah = Kv✱ ❝♦♠

u2 = αId ❡ v2 = βId✱ ❝♦♠ α, β ∈ K✱ ♣♦✐s (Ag)2, (Ah)2 ⊆ Ae✳ ❙❡ α = 0✱ ❡♥tã♦ Ag = J

❡ ❞❛í t❡♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ β 6= 0 ❡ ❡♥tã♦ u(uv)v = αβId 6= 0 ❡

❛ss✐♠ 0 6= uv ∈ AgAh = {0}✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ gh = e✱ ♦✉ s❡❥❛✱ g = h−1 ❙❡ g3 6= e✱ ❡♥tã♦ h3 6= e✳ ❚❡♠♦s

❡♥tã♦ g2 6= h✱ g2 6= e ✭♣♦✐s g 6= h = g−1✮ ❡ g2 6= g✳ ▲♦❣♦✱ (Ag)2 ⊆ Ag2 = {0} ❡ ❞❛í

Ag ⊆ J ✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ (Ah)2 ⊆ Ah2 = {0}✳ ❉❛í Ag ⊕ Ah ⊆ J ✱ ✉♠ ❛❜s✉r❞♦✳ ◆♦ ❝❛s♦

❞❡ g3 = e✱ t❡r❡♠♦s q✉❡ g2 = h ❡ h2 = g✳ ❉❛í ❝♦♥s✐❞❡r❡ a =





α β

0 θ



 ∈ U2(K) t❛❧ q✉❡

Ka = Ag✳ ▲♦❣♦✱ Ka2 = Ah✳ ◆♦t❡ q✉❡ Ag 6= J ✱ ♣♦✐s s❡ Ag = J ♥♦s ❞❛r✐❛ q✉❡ A2
h ⊆ J

❡ ❞❛í Ah ⊆ J ✱ ✉♠ ❛❜s✉r❞♦✳ ❆ss✐♠ a t❡♠ ❛♦ ♠❡♥♦s ✉♠❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ ♥❛ ❞✐❛❣♦♥❛❧

♣r✐♥❝✐♣❛❧✳ ❙✉♣♦♥❞♦ ❛❣♦r❛ q✉❡ α = θ✱ t❡r✐❛♠♦s q✉❡ a2 t❛♠❜é♠ t❡r✐❛ ♦s ❡❧❡♠❡♥t♦s ❞❛

❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ✐❣✉❛✐s✱ ♦ q✉❡ s❡r✐❛ ✉♠ ❛❜s✉r❞♦✱ ❥á q✉❡ span{Id, a, a2} = U2(K)✱ ♣❡❧❛

❣r❛❞✉❛çã♦✳ ▲♦❣♦✱ α 6= θ✳ ❉❛í a é ❞✐❛❣♦♥❛❧✐③á✈❡❧ ❡✱ ❛ ♠❡♥♦s ❞❡ ❛✉t♦♠♦r✜s♠♦✱ ♣♦❞❡♠♦s

s✉♣♦r q✉❡ Ag = Ka✱ ♦♥❞❡ a é ❞✐❛❣♦♥❛❧✳ ❊♥tã♦ ♦❜t❡rí❛♠♦s q✉❡ dim(Ka+Ka2+KId) =

2✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳
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❋✐❝❛♠♦s ❝♦♠ U2(K) = Ae
⊕

Ag✱ ♦♥❞❡ dimAg = 2✳ ❙❡ g2 6= e✱ s❡❣✉❡ q✉❡ Ag s❡r✐❛

✉♠ s✉❜❡s♣❛ç♦ ♥✐❧♣♦t❡♥t❡✳ ▲♦❣♦✱ ♣❡❧♦ ❊①❡♠♣❧♦ ✶✳✽✳✺✱ t❡rí❛♠♦s q✉❡ Ag ⊆ J ✱ ♦ q✉❡ s❡r✐❛

✉♠ ❛❜s✉r❞♦✳ ❙❡♥❞♦ g2 = e✱ t❡♠♦s AgAg ⊆ Ae✳ ❙❡ a2 = 0 ♣❛r❛ t♦❞♦ a ∈ Ag✱ ❡♥tã♦

Ag ⊆ J ✱ ✉♠ ❛❜s✉r❞♦✳ ❊♥tã♦ ❡①✐st❡ a ∈ Ag t❛❧ q✉❡ a2 ∈ Ae−{0} ❡ ❛ss✐♠ a2 = λId2 ♣❛r❛

❛❧❣✉♠ λ ∈ K − {0}✳ ▲♦❣♦ a é ✐♥✈❡rsí✈❡❧✱ ❞♦♥❞❡ dim(aAg) = 2✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱

♣♦✐s aAg ⊆ Ae✳ P♦rt❛♥t♦✱ t❡♠♦s ♦ ❛✜r♠❛❞♦✳ �

✷✳✷ ❈♦❝❛r❛❝t❡r❡s ❡ ❈♦❞✐♠❡♥sõ❡s ❣r❛❞✉❛❞♦s

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s q✉❡ ❡♥✈♦❧✈❡♠ á❧❣❡❜r❛s Z2✲❣r❛❞✉❛❞❛s✳

❆❧❣✉♥s ❞❡❧❡s ❥á ❢♦r❛♠ ❞❡s❝r✐t♦s✱ ❡♠ s❡✉ ❝❛s♦ ❣❡r❛❧✱ ♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦

❙❡❥❛K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦X = Y ∪Z✱
♦♥❞❡ Y = {y1, y2, ...}✱ Z = {z1, z2, ...} ❡ Y ∩ Z = ∅✳ ❆ss✉♠✐♥❞♦ q✉❡ Y ❡ Z sã♦ ♦s

❝♦♥❥✉♥t♦s ❞❡ ✈❛r✐á✈❡✐s ❞❡ ❣r❛✉ ③❡r♦ ❡ ✉♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡r❡♠♦s q✉❡ K〈X〉 t❡♠ ✉♠❛

❡str✉t✉r❛ ♥❛t✉r❛❧ ❞❡ s✉♣❡rá❧❣❡❜r❛ ✭♦✉ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛✮✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡

K〈X〉0 é ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ♠♦♥ô♠✐♦s q✉❡ tê♠ ✉♠ ♥ú♠❡r♦ ♣❛r

❞❡ ✈❛r✐á✈❡✐s ❞❡ ❣r❛✉ ✉♠ ❡K〈X〉1 é ♦ s✉❜❡s♣❛ç♦ ❞❡K〈X〉 ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ♠♦♥ô♠✐♦s

q✉❡ tê♠ ✉♠ ♥ú♠❡r♦ ✐♠♣❛r ❞❡ ✈❛r✐á✈❡✐s ❞❡ ❣r❛✉ ✉♠✱ ❡♥tã♦ K〈X〉 = K〈X〉0
⊕

K〈X〉1
✉♠❛ Z2✲❣r❛❞✉❛çã♦✳ P❛r❛ q✉❛❧q✉❡r s✉♣❡rá❧❣❡❜r❛ A = A0

⊕

A1 ❡ q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦

h : Y ∪Z −→ A q✉❡ ♣r❡s❡r✈❛ Z2✲❣r❛❞✉❛çã♦ ✭h(yi) ∈ A0 ❡ h(zi) ∈ A1✮✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r

❡st❛ ❛♣❧✐❝❛çã♦ ❛ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ s✉♣❡rá❧❣❡❜r❛s φh : K〈X〉 −→ A✳ ◆❡st❛

s❡çã♦✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r Idgr(A) ❝♦♠♦ s❡♥❞♦ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s

❞❡ A✱ q✉❡ s❛❜❡♠♦s s❡r ✉♠ ✐❞❡❛❧ T2✲✐❞❡❛❧ ♦✉ ✐❞❡❛❧ Z2✲❣r❛❞✉❛❞♦ ❞❡ K〈X〉✱ ♦✉ s❡❥❛✱

é ✐♥✈❛r✐❛♥t❡ ♣♦r t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s Z2✲❣r❛❞✉❛❞♦s ❞❡ K〈X〉✳ ■r❡♠♦s s✉♣♦r q✉❡

charK = 0✱ ❞♦♥❞❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✼✳✺✱ t❡♠♦s q✉❡ Idgr(A) é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s

♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡✜♥✐♠♦s ✉♠❛ ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ ❛ s✉♣❡rá❧❣❡❜r❛ A = A0 ⊕ A1 ❝♦♠♦

s❡♥❞♦ ✉♠ ♣♦❧✐♥ô♠✐♦ f(y1, ..., yn, z1, ..., zn) ∈ K〈X〉 = K〈Y ∪ Z〉 t❛❧ q✉❡

f(a1, ..., an, b1, ..., bn) = 0

♣❛r❛ q✉❛✐sq✉❡r a1, ..., an ∈ A0 ❡ b1, ..., bn ∈ A1✳

❆❣♦r❛ ✐r❡♠♦s ❞❡✜♥✐r ❛s ❝♦❞✐♠❡♥sõ❡s Z2✲❣r❛❞✉❛❞❛s ❡ ❝♦❝❛r❛❝t❡r❡s Z2✲❣r❛❞✉❛❞♦s✳
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■♥✐❝✐❛r❡♠♦s ❞❡✜♥✐♥❞♦ ♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s Z2✲❣r❛❞✉❛❞♦s ❞❡ ❣r❛✉ n✱

❝♦♠♦ s❡♥❞♦

P gr
n = spanK{xσ(1), ..., xσ(n)/σ ∈ Sn, xi = yi ♦✉ xi = zi, i = 1, ..., n}.

❆❣♦r❛✱ ❝♦♠♦ ❢❡✐t♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✼✳✽✱ ✐r❡♠♦s ❞❡✜♥✐r ❛s ❝♦❞✐♠❡♥sõ❡s Z2✲❣r❛❞✉❛❞❛s✳ ❆

n✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ Z2✲❣r❛❞✉❛❞❛ ❞❡ ✉♠❛ s✉♣❡rá❧❣❡❜r❛ A✱ q✉❡ s❡rá r❡♣r❡s❡♥t❛❞❛ ♣♦r

cgrn (A)✱ é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦

cgrn (A) =
P gr
n

P gr
n ∩ Idgr(A) .

❆♥t❡s ❞❡ ❞❡✜♥✐r♠♦s ♦s ❝♦❝❛r❛❝t❡r❡s Z2✲❣r❛❞✉❛❞♦s✱ ❢❛❧❛r❡♠♦s s♦❜r❡ ❛s r❡♣r❡s❡♥✲

t❛çõ❡s ❧✐♥❡❛r❡s ❞♦ ♣r♦❞✉t♦ ❞✐r❡t♦✳ ❙❡❥❛♠ G1 ❡ G2 ❣r✉♣♦s ✜♥✐t♦s✱ G = G1 × G2 ❡ K

✉♠ ❝♦r♣♦✳ ❙❡♥❞♦ φ : G1 −→ GL(V1) ❡ ψ : G2 −→ GL(V2) K✲r❡♣r❡s❡♥t❛çõ❡s ❧✐♥❡❛r❡s✱

❞❡✜♥❛♠♦s✱ ♣❛r❛ a ∈ G ❡ b ∈ G

φa ⊗ φb : V1 ⊗ V2 −→ V1 ⊗ V2

❝♦♠♦ s❡♥❞♦ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r q✉❡ s❛t✐s❢❛③ (φa ⊗ ψb)(v1 ⊗ v2) = φa(v1) ⊗ ψb(v2)✱ ♣❛r❛

v1 ∈ V1 v2 ∈ V2✳ ❈❧❛r❛♠❡♥t❡✱ φa ⊗ ψb ∈ GL(V1 ⊗ V2)✱ ❡ φ#ψ : G −→ GL(V1 ⊗ V2)✱

❞❡✜♥✐❞❛ ♣♦r (φ#ψ)(a, b) = φa ⊗ ψb é ✉♠❛ K✲r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡ G✳ ❙❡♥❞♦ χφ✱

χφ ❡ χφ#ψ ♦s ❝❛r❛❝t❡r❡s ❞❡ φ✱ ψ ❡ φ#ψ✱ r❡s♣❡❝t✐✈❡♠❡♥t❡✱ t❡r❡♠♦s q✉❡ χφ#ψ(a, b) =

χφ(a)χφ(b) ♣❛r❛ (a, b) ∈ G✳

❋✐①❛❞♦ r ∈ {0, 1, .., n}✱ s❡❥❛♠ x1 = y1, . . . , xr = yr, xr+1 = zr+1, . . . , xn = zn

P gr
r,n−r = spanK{xσ(1) . . . xσ(n)/σ ∈ Sn}

♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ♥❛s ✈❛r✐á✈❡✐s y1, ..., yr, zr+1, ..., zn✳

❈♦♥s✐❞❡r❡ ♦ ❣r✉♣♦ Sr × Sn−r✱ ♦♥❞❡ Sr é ♦ ❣r✉♣♦ ♣❡r♠✉t❛❝✐♦♥❛❧ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦

{1, . . . , r} ❡ Sn−r é ♦ ❣r✉♣♦ ♣❡r♠✉t❛❝✐♦♥❛❧ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ {r + 1, . . . , n}✳ ❈♦♥s✐❞❡r❡

t❛♠❜é♠ ❛ ❛çã♦ h ❞❡ Sr × Sn−r s♦❜r❡ P
gr
r,n−r✱ ❞❡✜♥✐❞❛ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧✱ ♦♥❞❡ Sr ❛❣❡

♥❛s ✈❛r✐á✈❡✐s y1, ..., yr ❡ Sn−r ❛❣❡ ♥❛s ✈❛r✐á✈❡✐s zr+1, ..., zn✱ ♦✉ s❡❥❛✱

h : (Sr × Sn−r)× Pr,n−r −→ Pr,n−r

(η, γ).f(y1, . . . , yr, zr+1, . . . , zn)) = f(yη(1), . . . , yη(r), zγ(r+1), . . . , zγ(n)).
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❊st❛ ❛çã♦ ❢❛③ ❞❡ P gr
r,n−r ✉♠ (Sr×Sn−r)✲♠ó❞✉❧♦✳ ◆♦t❡ q✉❡ P gr

r,n−r ∩ Idgrn (A) é ✐♥✈❛r✐❛♥t❡

♣♦r ❡st❛ ❛çã♦✱ ❡ ❛ss✐♠ t❡r❡♠♦s q✉❡

Pr,n−r(A) =
P gr
r,n−r

P gr
r,n−r ∩ Idgr(A)

é ✉♠ (Sr × Sn−r)✲♠ó❞✉❧♦✱ s❡♥❞♦ ♦ s❡✉ ❝❛r❛❝t❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r χr,n−r(A)✳ ❉✐③❡♠♦s

q✉❡ χr,n−r(A) é ✉♠ ❝♦❝❛r❛❝t❡r Z2✲❣r❛❞✉❛❞♦ ✭♣❛r❝✐❛❧✮ ❞❡ A✳

❈♦♥s✐❞❡r❡ λ ⊢ r ❡ µ ⊢ (n− r)✱ Tλ ❡ Tµ t❛❜❡❧❛s ❞❡ ❨♦✉♥❣ ❞❡st❛s ♣❛rt✐çõ❡s✳ ❚❡♠♦s

q✉❡ Mλ = KSreTλ ❡ Mµ = KSn−reTµ sã♦ ♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡✐s s♦❜r❡ KSr ❡ KSn−r✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ♦ (Sr × Sn−r)✲♠ó❞✉❧♦ Wλ,µ = Mλ ⊗Mµ✱ ❝✉❥♦

♣r♦❞✉t♦ é ❞❛❞♦ ♣♦r (σ, η)(v1⊗v2) = σv1⊗ηv2✱ t❡♠♦s q✉❡Wλ,µ é ✉♠ (Sr×Sn−r)✲♠ó❞✉❧♦

✐rr❡❞✉tí✈❡❧ ❡ Wλ,µ ≡ K(Sr × Sn−r)(eTλeTµ)✳

❚❡♦r❡♠❛ ✷✳✷✳✶ ❙❡❥❛♠ charK = 0✱ λ ⊢ r ❡ µ ⊢ (n−r)✳ ❈♦♥s✐❞❡r❡ χλ ❝♦♠♦ s❡♥❞♦ ♦ Sr✲

❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ ❛ss♦❝✐❛❞♦ ❛ λ✱ χµ ❝♦♠♦ s❡♥❞♦ ♦ Sn−r✲❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ ❛ss♦❝✐❛❞♦

❛ µ ❡ φλ ❡ ψµ ❛s r❡s♣❡❝t✐✈❛s r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s✳ ❊♥tã♦

{φλ#ψµ /λ ⊢ r e µ ⊢ (n− r)}

é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ♥ã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❞❡ Sr×Sn−r ❡

{χλ ⊗ χµ/λ ⊢ r, µ ⊢ (n− r)}

é ♦ ❝♦♥❥✉♥t♦ ❞♦s ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s ❞❡ Sr × Sn−r✳

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ m1,m2 ❡ m ♦s ♥ú♠❡r♦s ❞❡ ❝❧❛ss❡s ❞❡ ❝❝♦♥❥✉❣❛çã♦ ❞❡

Sr, Sn−r ❡ Sr × Sn−r✱ t❡♠♦s q✉❡ m = m1m2✳ ❙❡♥❞♦ λ1, λ2 ⊢ r ❡ µ1, µ2 ⊢ n − r✱ t❡♠♦s

q✉❡

〈χλ1 ⊗ χµ1 , χλ2 ⊗ χµ2〉Sr×Sn−r
= 〈χλ1 , χλ2〉Sr

.〈χµ1 , χµ2〉Sn−r

✭✈❡❥❛ ❛ ❞❡✜♥✐çã♦ ❞❡ 〈, 〉G ♥❛ ♣á❣✐♥❛ ✷✷✮✳

➱ ✉♠ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ q✉❡ t♦❞♦ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❛ríst✐❝❛ ✵ é ✉♠ ❝♦r♣♦ ❞❡ ❞❡❝♦♠♣♦✲

s✐çã♦ ❞♦s ❣r✉♣♦s s✐♠étr✐❝♦s✳ ▲♦❣♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✳✶✾ t❡♠♦s q✉❡

〈χλ1 ⊗ χµ1 , χλ1 ⊗ χµ1〉Sr×Sn−r
= 1

❡ ❛ss✐♠ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✹✳✷✵ φλ#ψµ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧ ❞❡ Sr × Sn−r✳
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❙✉♣♦♥❞♦ ❛❣♦r❛ λ1 6= λ2 ♦✉ µ1 6= µ2✱ t❡♠♦s q✉❡ 〈χλ1 , χλ2〉Sr
= 0 ♦✉ 〈χµ1 , χµ2〉Sn−r

=

0 ✭♣♦r ✶✳✹✳✶✾✮✱ ❞♦♥❞❡

〈χλ1 ⊗ χµ1 , χλ2 ⊗ χµ2〉Sr×Sn−r
= 0.

❙❡❣✉❡ q✉❡ φλ1#ψµ1 ❡ φλ2#ψµ2 sã♦ ♥ã♦ ❡q✉✐✈❛❧❡♥t❡s ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✹✳✷✵✳ ❈♦♠♦ ♦

❝♦♥❥✉♥t♦

{φλ#ψµ /λ ⊢ r e µ ⊢ (n− r)}

♣♦ss✉✐ m = m1m2 ❡❧❡♠❡♥t♦s ❡✱ ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ♦ ♥ú♠❡r♦ ❞❡ K✲r❡♣r❡s❡♥t❛çõ❡s

✐rr❡❞✉tí✈❡✐s ❞❡ Sr ×Sn−r é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ m ✭Pr♦♣♦s✐çã♦ ✶✳✹✳✶✹✮✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

�

❉❛í t❡r❡♠♦s q✉❡

χr,n−r(A) =
∑

λ⊢r
µ⊢n−r

m(λ,µ)(χλ ⊗ χµ)

♦♥❞❡ m(λ,µ) ≥ 0 é ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ ❝❛❞❛ ❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧✳ ❉❡✜♥✐♠♦s

cgrr,n−r(A) = dimP gr
r,n−r(A)

❈♦♠♦ ♦ ❣r❛✉ ❞♦ ❝❛r❛❝t❡r χλ ⊗ χµ é ✐❣✉❛❧ ❛ dλdµ ✭❧❡♠❜r❛♥❞♦ q✉❡ dλ ❡ dµ sã♦ ♦s

❣r❛✉s ❞❡ χλ ❡ χµ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✱ t❡♠♦s q✉❡

cgrr,n−r(A) =
∑

λ⊢r
µ⊢n−r

mλµdλdµ.

➱ ✉♠ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ q✉❡

cgrn (A) =
n

∑

r=0





n

r



 dimKP
gr
r,n−r(A) =

n
∑

r=0





n

r





∑

λ⊢r
µ⊢n−r

mλ,µdλdµ.

❱❡❥❛✱ ❬✶✹❪✱ ♣❛❣✳ ✷✼✸✳

✷✳✸ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ U2(K)

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❜❛s❡ ♣❛r❛ Idgr(U2(K))✱ ♦ ✐❞❡❛❧ ❞❛s ✐♥❞❡♥t✐❞❛✲

❞❡s Z2✲❣r❛❞✉❛❞❛s ❞❡ U2(K)✱ ❡ ❞❡♣♦✐s ✐r❡♠♦s ❝❛❧❝✉❧❛r ♦s s❡✉s ❝♦❝❛r❛❝t❡r❡s ❣r❛❞✉❛❞♦s✳
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P❛r❛ t❛❧✱ ❝♦♥s✐❞❡r❡ U2(K) ♠✉♥✐❞❛ ❞❛ mZ2✲❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛ ❡ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛✲

r❛❝t❡ríst✐❝❛ ③❡r♦✳

❖s ♣♦❧✐♥ô♠✐♦s Z2✲❣r❛❞✉❛❞♦s z1z2 ❡ [y1, y2] sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ U2(K)✳

❉❡ ❢❛t♦✱ s❡♥❞♦

A =





a11 0

0 a22



 , B =





b11 0

0 b22



 ∈ A0

❡

C =





0 c12

0 0



 , D =





0 d12

0 0



 ∈ A1,

t❡r❡♠♦s

[A,B] = AB − BA =





a11b11 0

0 a22b22



−





b11a11 0

0 b22a22



 = 0

❡

CD =





0 c12

0 0









0 d12

0 0



 = 0.

■r❡♠♦s ❛❣♦r❛ ♠♦str❛r q✉❡ ❡st❡s ♣♦❧✐♥ô♠✐♦s ❣❡r❛♠ Idgr(U2(K))✱ ❝♦♠♦ ✉♠ T2✲✐❞❡❛❧✳

Pr✐♠❡✐r❛♠❡♥t❡ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✷✳✸✳✶ ❙❡ m ∈ K〈X〉 é ✉♠ ♠♦♥ô♠✐♦ ❝♦♥t❡♥❞♦ ♣❡❧♦ ♠❡♥♦s ❞✉❛s ✈❛r✐á✈❡✐s ❞❡

❣r❛✉ ✶✱ ❡♥tã♦ m ∈ I = 〈z1z2, [y1, y2]〉T2 .
❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ m = m0z1m1z2m2✱ ♦♥❞❡ m0 ❡ m1 sã♦ ♠♦♥ô♠✐♦s ❡♠ ✈❛r✐á✲

✈❡✐s ❞❡ ❣r❛✉ ✵ ❡ m2 é ✉♠ ♠♦♥ô♠✐♦ ❡♠ K〈X〉✳ ❖❜s❡r✈❡ q✉❡ mi ♣♦❞❡♠ s❡r ✈❛③✐♦✱ ♣❛r❛

i = 0, 1, 2. ❈♦♠♦ m0z1,m1z2 ∈ K〈X〉1✱ t❡♠♦s q✉❡ m0z1m1z2 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ z1z2 ❡

❞❛í m0z1m1z2 ∈ I✳ ❈♦♠♦ I é ✐❞❡❛❧✱ t❡♠♦s q✉❡ m ∈ I✳ �

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ❡①✐❜✐rá ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ Idgr(Un(K))✳

❚❡♦r❡♠❛ ✷✳✸✳✷ ✿ ❖s ♣♦❧✐♥ô♠✐♦s z1z2 ❡ [y1, y2] ❣❡r❛♠ Idgr(Un(K)) ❝♦♠♦ T2✲✐❞❡❛❧✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ I = 〈z1z2, [y1, y2]〉T2 ❡ s❡❥❛ f ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐✲

♥❡❛r ❞❡ Idgr(U2(K))✳ ◆♦ ✐♥í❝✐♦ ❞❡st❛ s❡çã♦✱ ♠♦str❛♠♦s q✉❡ ♦s ❞♦✐s ♣♦❧✐♥ô♠✐♦s z1z2 ❡

[y1, y2] sã♦ ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ U2(K) ❡ ❡♥tã♦ t❡♠♦s q✉❡ I ⊆ Idgr(U2(K))✳

▲♦❣♦✱ r❡st❛✲♥♦s ♠♦str❛r q✉❡ Idgr(U2(K)) ⊆ I✳ ❈♦♠♦ ♦ ❝♦r♣♦ K é ❞❡ ❝❛r❛❝t❡ríst✐❝❛
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✵✱ ❡♥tã♦✱ ♣❡❧♦ ❚❡r♦❡♠❛ ✶✳✼✳✺✱ t❡♠♦s q✉❡ ♦ T2✲✐❞❡❛❧ Idgr(Un(K)) é ❣❡r❛❞♦ ♣❡❧♦s s❡✉s

♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳ ▲♦❣♦✱ ♣❛r❛ q✉❡ I = Idgr(Un(K))✱ t❡♠♦s q✉❡ ♠♦str❛r q✉❡

f ∈ I✱ ♦✉ s❡❥❛✱ t❡♠♦s q✉❡ ♠♦str❛r q✉❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♥❣r✉❡♥t❡ ❛ ③❡r♦ ♠ó❞✉❧♦ I✳

❖❜s❡r✈❡ q✉❡

f = f1(y1, . . . , ys) + f2(z, y1, . . . , ys−1) + f3

♦♥❞❡ f3 ❝♦♥té♠ t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❞❡ f ❝♦♠ ♣❡❧♦ ♠❡♥♦s ❞✉❛s ✈❛r✐á✈❡✐s ❞❡ ❣r❛✉ ✶ ✭s❡

❡①✐st✐r❡♠✮✳ P♦r ✷✳✸✳✶✱ t❡♠♦s q✉❡ f3 ∈ I✳ ▲♦❣♦ f1(y1, . . . , ys) + f2(z, y1, . . . , ys−1) ∈
Idgr(U2(K))✳ ❙✉❜st✐t✉✐♥❞♦ z ♣♦r ③❡r♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ f1✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ f2

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ U2(K)✳ ❆❣♦r❛✱ ❝♦♠♦ [y1, y2] ∈ I✱ t❡♠♦s q✉❡

f1(y1, . . . , ys) ≡ αy1 . . . ys(modI)✳

❋✐①❛❞♦s u = {i1, . . . , it} ❡ v = {j1, . . . , js−1−t}✱ ❝♦♠ i1 < · · · < it, j1 < · · · < js−1−t

❡ {i1, . . . , it, j1, . . . , js−t} = {1, . . . , s − 1}✱ ❞❡✜♥❛ mu,v = yi1 . . . yitzyj1 . . . yjs−t
✳ ❆❣♦r❛✱

❝♦♠♦ [y1, y2] ∈ I✱ t❡♠♦s f2 ≡
∑

u,v αu,vmu,v(modI) ❝♦♠ αu,v ∈ K✳ ❋✐①❛♥❞♦ ♥♦✈❛♠❡♥t❡

u0, v0 t❛✐s q✉❡ u0 ∩ v0 = ∅ ❡ u0 ∪ v0 = {1, . . . , s − 1}✱ ❡ s✉❜st✐t✉✐♥❞♦ z ♣♦r E12✱ ❛s

✈❛r✐á✈❡✐s yj✱ ❝♦♠ j ∈ u0 ♣♦r E11 ❡ ❛s ✈❛r✐á✈❡✐s yj✱ ❝♦♠ j ∈ v0✱ ♣♦r E22✱ ❝♦♥❝❧✉í♠♦s q✉❡

αu0,v0 = 0✳ ❉❛í✱ f2 ∈ I

P♦rt❛♥t♦✱ f ∈ I ❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ Idgr(A) = 〈z1z2, [y1, y2]〉 �

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ tr❛③ ❛ ❞❡s❝r✐çã♦ ❞♦s ❝♦❝❛r❛❝t❡r❡s Z2✲❣r❛❞✉❛❞♦s ❞❡ U2(K)✳

❚❡♦r❡♠❛ ✷✳✸✳✸ ❈♦♥s✐❞❡r❡ U2(K) ♠✉♥✐❞❛ ❞❛ Z2✲❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛✳ ❙❡❥❛♠ n ∈ N✱

r ∈ {0, 1, . . . , n} ❡ χgrr,n−r(U2(K)) =
∑

λ⊢r
µ⊢n−r

mλ,µ(χλ ⊗ χµ)✳ ❊♥tã♦✿

✭✐✮ ❙❡ r ≤ n− 2✱ ❡♥tã♦ mλ,µ = 0

✭✐✐✮ ❙❡ r = n✱ ❡♥tã♦ m(n),∅ = 1 ❡ mλ,∅ = 0 s❡ λ 6= (n)

✭✐✐✐✮ ❙❡ r = n− 1 ❡ λ = (p+ q, p)eµ = 1✱ ❡♥tã♦ mλ,µ = q + 1✳

✭✐✈✮ ❙❡ r = n− 1 ❡ h(λ) > 2✱ ❡♥tã♦ mλ,µ = 0

❉❡♠♦♥str❛çã♦✿ (i) ❙✉♣♦♥❞♦ q✉❡ r ≤ n− 2✱ ❡♥tã♦ t❡r❡♠♦s q✉❡ n− r ≥ 2✳ ▲♦❣♦

♦s ♠♦♥ô♠✐♦s ❡♠ P gr
r,n−r t❡rã♦ ♠❛✐s q✉❡ ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ ❣r❛✉ ✉♠ ❡ ❞❛í ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✶

t❡r❡♠♦s q✉❡
P

gr
r,n−r

P
gr
r,n−r∩Id

gr(U2(K))
t❡rá ❛♣❡♥❛s ♦ ❡❧❡♠❡♥t♦ ♥✉❧♦ ❡ ♣♦rt❛♥t♦ t❡♠♦s ♦ ❛✜r♠❛❞♦✳
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(ii) ❈♦♥s✐❞❡r❡ r = n✳ ❖❜s❡r✈❡ q✉❡ Sn × Sn−r = Sn ❡

P gr
n,0 = span{yσ(1) . . . yσ(n)/σ ∈ Sn}.

❈♦♠♦ [y1, y2] ≡ 0 (modIdgr(U2(K))✱ t❡r❡♠♦s q✉❡ yσ(1) . . . yσ(n) = y1 . . . yn ❡♠

P gr
n,0(U2(K)) ♣❛r❛ t♦❞♦ σ ∈ Sn✱ ❡ ❞❛í dimP gr

n,0(U2(K)) = 1✳ ❆ss✐♠ P gr
n,0(U2(K)) é

✉♠ Sn✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✳ P♦r ♦✉tr♦ ❧❛❞♦ σ.y1 . . . yn = yσ(1) . . . yσ(n) = y1 . . . yn ❡ ❛s✲

s✐♠ ❛ Sn✲r❡♣r❡s❡♥t❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ Sn✲♠ó❞✉❧♦ P gr
n,0(U2(K)) é ❛ tr✐✈✐❛❧✱ ❛ q✉❛❧

❝♦rr❡s♣♦♥❞❡ à ♣❛rt✐çã♦ (n) ❞❡ n✳ ❆ss✐♠✱ m(n),∅ = 1 ❡ mλ,∅ = 0✱ s❡ λ 6= (n)✳

(iii) ❡ (iv) ❱❡❥❛ ❬✷✼❪✳ �

❈♦♥s✐❞❡r❡ A ✉♠ s✉♣❡rá❧❣❡❜r❛ s❛t✐s❢❛③❡♥❞♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥ã♦✲tr✐✈✐❛❧✳

❙❛❜❡♠♦s q✉❡ cn(A) ≤ cgrn (A) ≤ 2ncn(A) ✭✈❡❥❛ ❬✶✹❪✱ ♣❛❣✳ ✸✵✹✮✳ ❖❜s❡r✈❛♥❞♦ ♦ ❝r❡s❝✐✲

♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛s ❝♦❞✐♠❡♥sõ❡s ❣r❛❞✉❛❞❛s✱ ❞❡✜♥✐♠♦s expgr(A) = lim
n→∞

√

cgrn (A)✳

◆♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❝❛❧❝✉❧❛r❡♠♦s expgr(U2(K)) ♥♦ ❝❛s♦ ❡♠ q✉❡ U2(K) é ❝♦♥s✐✲

❞❡r❛❞♦ ❝♦♠ ❛ Z2✲❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✹ expgr(U2(K)) = 2

❉❡♠♦s♥tr❛çã♦✿ ➱ ✉♠ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ q✉❡ cn(U2(K)) = 2n−1(n − 2) + 2 ✭✈❡❥❛

❬✶✹❪✱ ♣❛❣✳ ✽✽✮✳ P❛r❛ t♦❞♦ n ∈ N✱ t❡♠♦s

cgrn (U2(K)) =
n

∑

r=0

∑

λ⊢r
µ⊢n−r





n

r



mλ,µdλdµ.

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✳✸✱ t❡♠♦s q✉❡ mλ,µ = 0 s❡ r ≤ n− 2✳ ▲♦❣♦✱

cgrn (U2(K)) =
∑

λ⊢n−1
µ⊢1





n

n− 1



mλ,µdλdµ +
∑

λ⊢n
µ⊢0





n

n



mλ,∅dλdµ.

❈♦♠♦ mλ,µ = 0 ♣❛r❛ h(λ) > 2 ✭♣❡❧♦ t❡♦r❡♠❛ ✷✳✸✳✸✮✱

cgrn (U2(K)) =
∑

λ⊢n−1
h(λ)≤2

nmλ,(1)dλ +
∑

λ⊢n
h(λ)≤2)

mλ,∅dλ.

P♦r ✷✳✸✳✸✱ mλ,µ ≤ n✱ ❡ ❛ss✐♠
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cgrn (U2(K)) ≤ n







∑

λ⊢n−1
h(λ)≤2

ndλ +
∑

λ⊢n
h(λ)≤2)

dλ






≤ (n2 + n)

∑

λ⊢n
h(λ)≤2)

dλ ≤ 2n(n2 + n).

❆ ♣❡♥ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✈❡♠ ❞♦ s❡❣✉✐♥t❡ ❢❛t♦✿ s❡ λ ⊢ (n − 1)✱ ♦♥❞❡ λ = (p, q) ❡

λ′(p+ 1, q) ⊢ n✱ ❡♥tã♦ t❡♠♦s q✉❡ dλ ≤ dλ′ ❡ ❞❛í✱

∑

λ⊢n−1
h(λ)≤2

dλ ≤
∑

λ′⊢n
h(λ′)≤2

dλ′ ≤
∑

λ⊢n
h(λ)≤2

dλ.

❏á ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❛✐ ❞♦ ❚❡♦r❡♠❛ ❞♦ ❣❛♥❝❤♦ ✭❙❡çã♦ ✶✳✺✮✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡ ❞❛

s❡❣✐♥t❡ ♠❛♥❡✐r❛✿ s❡♥❞♦ λ(p+ q, p) ⊢ n✱

n! = dλ(p!q!(p+ q + 1)(p+ q)(p+ q − 1) . . . (q + 2))

≥ dλ((p!q!)(p+ q)(p+ q − 1) . . . (q + 1)) = dλ(p!(p+ q)!),

❞♦♥❞❡

dλ ≤
n!

p!(p+ q)!
=





n

p



 .

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡
∑

λ⊢n
h(λ)≤2

dλ ≤
n

∑

p=0





n

p



 = 2n.

▲♦❣♦✱ 2n−1(n−2)+2 ≤ cgrn (U2(K)) ≤ 2n(n2+n)✱ ❡ ❞❛í n
√

2n−1(n− 2) + 2 ≤ n
√

cgrn (U2(K)) ≤
2 n
√
n2 + n✳ ❋❛③❡♥❞♦ ❛❣♦r❛ n t❡♥❞❡r ❛♦ ✐♥✜♥✐t♦✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �



❈❛♣ít✉❧♦ ✸

■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ ❛ ➪❧❣❡❜r❛

Un(K)

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s

❞❛ á❧❣❡❜r❛ Un(K)✳ ❈♦♠ ✐st♦✱ ♣♦❞❡r❡♠♦s ❝❛❧❝✉❧❛r ❛s ❝♦❞✐♠❡♥sõ❡s ❣r❛❞✉❛❞❛s ❞❡st❛ á❧✲

❣❡❜r❛✳ P❛r❛ t❛♥t♦ ✐r❡♠♦s ✉❧t✐❧✐③❛r ♣❛r❛ Un(K) s✉❛ Zn✲❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡✜♥✐❞❛ ♥❛

❙❡çã♦ ✶✳✸✱ ❞♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✳

■♥✐❝✐❛❧♠❡♥t❡ ✐r❡♠♦s ✉s❛r ✉♠ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦ ❡ ❞❡♥♦t❛r ♦ ❣r✉♣♦ Zn ❝♦♠♦ s❡♥❞♦

Zn = {0, 1, . . . , n − 1} ⊂ Z✱ ❡ ♣❛r❛ ❞✐❢❡r❡♥❝✐❛r♠♦s ❛s ♦♣❡r❛çõ❡s ❞❡ s♦♠❛ ❞❡ ❝❛❞❛ ✉♠

❞❡st❡s ❝♦♥❥✉♥t♦s✱ ✐r❡♠♦s ✉t✐❧✐③❛r +n ♣❛r❛ ❞❡♥♦t❛r ❛ s♦♠❛ ❡♠ Zn ✭s♦♠❛ ♠ó❞✉❧♦ n✮ ❡ +

♣❛r❛ ❛ s♦♠❛ ❡♠ Z ✭s♦♠❛ ✉s✉❛❧✮✳

❊♠ t♦❞♦ ❝❛♣ít✉❧♦✱K s❡rá ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❡K〈X〉 ❞❡♥♦t❛rá ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛

❧✐✈r❡ Zn✲❣r❛❞✉❛❞❛ ✭♦✉ s✐♠♣❧✐s♠❡♥t❡ n✲❣r❛❞✉❛❞❛✮✳

✸✳✶ ❆s ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ Un(K)

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ❛ á❧❣❡❜r❛ Un(K) ❝♦♠ s✉❛ Zn✲❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛✱

❞❡✜♥✐❞❛ ♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✳ ■♥✐❝✐❛r❡♠♦s ❝♦♠ ♦ s❡❣✉✐♥t❡ ❧❡♠❛

▲❡♠❛ ✸✳✶✳✶ ❆ á❧❣❡❜r❛ Un(K) s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s✿

x
(0)
1 x

(0)
2 − x

(0)
2 x

(0)
1 ≡ 0



✹✼

①
(i1)
1 x

(i2)
2 ≡ 0

♦♥❞❡ i1, i2 ∈ Zn ❡ i1 + i2 ≥ 0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ ❛s s❡❣✉✐♥t❡s ♠❛tr✐③❡s ❞♦ ❣r❛✉ ✵✱

A =

















a11 0 . . . 0

0 a22 . . . 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 . . . 0 ann

















e B =

















b11 0 · · · 0

0 b22 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · bnn

















❊♥tã♦✱ ❝♦♠♦ ♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦r♣♦ sã♦ ❝♦♠✉t❛t✐✈♦s✱ t❡r❡♠♦s q✉❡

AB =

















a11 0 · · · 0

0 a22 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · ann

































b11 0 · · · 0

0 b22 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · bnn

















=

















a11b11 0 · · · 0

0 a22b22 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · annbnn

















=

=

















b11a11 0 · · · 0

0 b22a22 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · bnnann

















= BA

▲♦❣♦✱ ♦ ♣r✐♠❡✐r♦ ♣♦❧✐♥ô♠✐♦ ❞❡s❝r✐t♦ ❛❝✐♠❛ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Un(K)✳ ❘❡st❛✲♥♦s

♣r♦✈❛r q✉❡ ♦ s❡❣✉♥❞♦ ♣♦❧✐♥ô♠✐♦ t❛♠❜é♠ s❡rá ✐❞❡♥t✐❞❛❞❡✳

❙❡♥❞♦ X ✉♠❛ ♠❛tr✐③ ❞❡ ❣r❛✉ i1 ❡ Y ✉♠❛ ♠❛tr✐③ ❞❡ ❣r❛✉ i2✱ ❡♥tã♦

X = a1,1+i1E1,1+i1 + a2,2+i1E2,2+i1 + · · ·+ an−i1,nEn−i1,n e

Y = b1,1+i2E1,1+i2 + b2,2+i2E2,2+i2 + · · ·+ bn−i2,nEn−i2,n

♦♥❞❡ ♦s aij′s ❡ ♦s bkl′s sã♦ ❡❧❡♠❡♥t♦s ❞♦ ❝♦r♣♦ K ❡ i1 + i2 ≥ n✳ ❙❛❜❡♠♦s q✉❡ ❛ ú♥✐❝❛

♣♦ss✐❜✐❧✐❞❛❞❡ ♣❛r❛ q✉❡ AB 6= 0 é q✉❡ ❡①✐st❛ k✱ ♦♥❞❡ 1 ≤ k ≤ n− i1✱ t❛❧ q✉❡ i1 + k = l✱

❝♦♠ 1 ≤ l ≤ n − i2✳ ▲♦❣♦✱ 1 ≤ i1 + k ≤ n − i2 ❡ ❡♥tã♦ 1 ≤ i1 + i2 + k ≤ n✱ ♦ q✉❡ é

✉♠❛ ❛❜s✉r❞♦✱ ❥á q✉❡ i1 + i2 ≥ n ❡ k ≥ 1✳ ❉❛í✱ AB t❡♠ q✉❡ s❡r ❛ ♠❛tr✐③ ♥✉❧❛✱ ❝♦♠♦

q✉❡rí❛♠♦s ♣r♦✈❛r✳ P♦rt❛♥t♦ ♦s ♣♦❧✐♥ô♠✐♦s ❞❛❞♦s ❛❝✐♠❛s sã♦ ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s

♣❛r❛ ❛ á❧❣❡❜r❛ Un(K)✳ �



✹✽

❉❡♥♦t❛r❡♠♦s ♣♦r I ♦ T ✲✐❞❡❛❧ n✲❣r❛❞✉❛❞♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

❞♦ ▲❡♠❛ ✸✳✶✳✶✱ ❡ ♣♦r Idgr(Un(K)) ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s n✲❣r❛❞✉❛❞❛s ❞❡ Un(K)✳

❖❜s❡r✈❛✲s❡✱ ♣❡❧♦ ▲❡♠❛ ❛♥t❡r✐♦r✱ q✉❡ I ⊆ Idgr(Un(K))✳ ◆♦ss♦ ✐♥t✉✐t♦ é ♠♦str❛r q✉❡

I = Idgr(Un(K))✳ ❆♥t❡s ❞❡ ♠♦str❛r♠♦s ❡st❡ ❢❛t♦✱ ✐r❡♠♦s ❡♥✉♥❝✐❛r ❡ ♣r♦✈❛r ✉♠❛ ♣r♦✲

♣♦s✐çã♦ q✉❡ ♥♦s ❛❥✉❞❛rá ♥❛ s✉❛ ❞❡♠♦♥str❛çã♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✷ ❙❡❥❛♠ i1, i2, ..., ik ∈ Zn t❛✐s q✉❡ i1 + i2 + ... + ik ≥ n✳ ❊♥tã♦ ♦

♠♦♥ô♠✐♦ x
(i1)
1 x

(i2)
2 ...x

(ik)
k é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ n✲❣r❛❞✉❛❞❛ ♣❛r❛ Un(K)✳

❉❡♠♦♥str❛çã♦✿ ❉❡♠♦♥str❛r❡♠♦s ♣♦r ✐♥❞✉çã♦✳ P❛r❛ k = 2✱ ❥á ❢♦✐ ❞❡♠♦♥str❛❞♦

♥♦ ▲❡♠❛ ✸✳✶✳✶✳ ❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ ❛ ♣r♦♣♦s✐çã♦ s❡❥❛ ✈á❧✐❞❛ ♣❛r❛ k ❡ ♣r♦✈❛r❡♠♦s

q✉❡ ❡❧❛ s❡rá ✈á❧✐❞❛ ♣❛r❛ k + 1✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ♦ ♠♦♥ô♠✐♦ x
(i1)
1 x

(i2)
2 ...x

(ik)
k x

(ik+1)
k+1

❡ s❡❥❛♠ p(x
(i1)
1 , x

(i2)
2 , ..., x

(ik)
k ) = x

(i1)
1 x

(i2)
2 ...x

(ik)
k ❡ i = i1 + i2 + ... + ik✳ ❙❡ i ≥ n✱

t❡♠♦s✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ q✉❡ p(x(i1)1 , x
(i2)
2 , ..., x

(ik)
k ) é ✐❞❡♥t✐❞❛❞❡ n✲❣r❛❞✉❛❞❛ ♣❛r❛

Un(K)✱ ❡ ❞❛í ♦ ♣♦❧✐♥ô♠✐♦ x(i1)1 x
(i2)
2 ...x

(ik)
k x

(ik+1)
k+1 = p(x

(i1)
1 , x

(i2)
2 , ..., x

(ik)
k )x

(ik+1)
k+1 t❛♠❜é♠

s❡rá ✐❞❡♥t✐❞❛❞❡ n✲❣r❛❞✉❛❞❛ ♣❛r❛ Un(K)✳ ❆❣♦r❛ s✉♣♦♥❤❛♠♦s q✉❡ i < n✳ ◆❡st❡ ❝❛s♦✱

t❡♠♦s q✉❡ i1 + · · · + ik = i1 +n · · · +n ik é ♦ Zn✲❣r❛✉ ❞❡ p(x(i1)1 , x
(i2)
2 , ..., x

(ik)
k )✳ ❈♦♠♦

x
(i1)
1 x

(i2)
2 ...x

(ik)
k x

(ik+1)
k+1 = p(x

(i1)
1 , x

(i2)
2 , ..., x

(ik)
k )x

(ik+1)
k+1 ❡ i+ik+1 ≥ n✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✶ t❡♠♦s

q✉❡ x(i1)1 x
(i2)
2 ...x

(ik)
k x

(ik+1)
k+1 é ❞❡ ❢❛t♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ n✲❣r❛❞✉❛❞❛ ♣❛r❛ Un(K)✳ P♦rt❛♥t♦✱

x
(i1)
1 x

(i2)
2 ...x

(ik)
k é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ n✲❣r❛❞✉❛❞❛ ♣❛r❛ Un(K)✱ s❡♠♣r❡ q✉❡ i1+ i2+ ...+ ik ≥

n✳�

❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♠♦♥ô♠✐♦s ❞❡ K〈X〉 ❞❛ ❢♦r♠❛

u = w0x
(i1)
k1
w2...wt−1x

(it)
kt
wt ✭✸✳✶✮

♦♥❞❡ i1 + ...+ it < n ❡ w0, w1, ..., wt sã♦ ♠♦♥ô♠✐♦s ✭♣♦ss✐✈❡❧♠❡♥t❡ ✈❛③✐♦s✮ ♥❛s ✈❛r✐á✈❡✐s

❤♦♠♦❣ê♥❡❛s x(0)i ❞❡ Zn✲❣r❛✉ ③❡r♦✱ ❡ ❡♠ ❝❛❞❛ wi ❡st❛s ✈❛r✐á✈❡✐s ❡stã♦ ❡s❝r✐t❛s ❡♠ ♦r❞❡♠

❝r❡s❝❡♥t❡ ❞❡ í♥❞✐❝❡s✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✳ ❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♥♦s ❞❛rá ✉♠❛

❜❛s❡ ♣❛r❛ K(X)
Idgr(Un(K))

❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ♠♦str❛r❡♠♦s q✉❡ I = Idgr(Un(K))✳ P♦ré♠✱

❛♥t❡s ✐r❡♠♦s ♣r♦✈❛r ♦s s❡❣✉✐♥t❡s ❧❡♠❛s✿

▲❡♠❛ ✸✳✶✳✸ ❖s ♠♦♥ô♠✐♦s ✭✸✳✶✮ ❣❡r❛♠ K〈X〉 ♠ó❞✉❧♦ I ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♠ó❞✉❧♦

Idgr(Un(K))✳



✹✾

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ∈ K〈X〉 ✉♠ ♣♦✐❧✐♥ô♠✐♦ t❛❧ q✉❡ f 6= I✳ ❈♦♠♦ [x(0)1 , x
(0)
2 ] ∈

I✱ t❡r❡♠♦s q✉❡ ❛s ✈❛r✐á✈❡✐s ❞❡ Zn✲❣r❛✉ ✵ ❝♦♠✉t❛♠ ♠ó❞✉❧♦ I✱ ❡ ❝♦♠♦ x(i1)1 x
(i2)
2 ∈ I✱ ❝♦♠

i1 + i2 ≥ n✱ ❡♥tã♦ t❡r❡♠♦s q✉❡ f t❡♠ ♦ Zn✲❣r❛✉ t♦t❛❧ ♠❡♥♦r q✉❡ n✳ P❡r❝❡❜❛ ❡♥tã♦ q✉❡

f é ❝♦♥❣✉r❡♥t❡ ♠ó❞✉❧♦ I ❛ ✉♠ ❞♦s ♠♦♥ô♠✐♦s ❞♦ t✐♣♦ ✭✸✳✶✮✳ ❆❞❡♠❛✐s✱ s❛❜❡♠♦s q✉❡

I ⊆ Idgr(Un(K))✱ ❞♦♥❞❡ s❡❣✉❡ ❛ ✉❧t✐♠❛ ❛✜r♠❛çã♦✳ �

▲❡♠❛ ✸✳✶✳✹ ❙❡❥❛♠ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ I ❡ J ❞♦✐s s✉❜❡s♣❛ç♦s ❞❡ V t❛✐s q✉❡

I ⊆ J ✱ ❡ β = {vj/vj ∈ Λ} ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ❱ t❛❧ q✉❡ β = {vj + I/j ∈ Λ} ❣❡r❛ V
I
❡

β = {vj + J/j ∈ Λ} é ▲✳■✳ ❡♠ V
J
✳ ❊♥tã♦ I = J ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ w ∈ J ✳ ❊♥tã♦ ❡①✐st❡♠ λ1, . . . , λn ∈ K t❛✐s q✉❡ w + I =

(λ1v1 + · · · + λnvn) + I✱ ❞♦♥❞❡ w = (λ1v1 + · · · + λnvn) + v✱ ♦♥❞❡ v ∈ I✳ ❉❛í✱ ❝♦♠♦

I ⊆ J ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ v + J = 0 + J ✱ t❡♠♦s q✉❡

0 = w + J = λ1(v1 + J) + · · ·+ λn(vn + J)

❡ ❝♦♠♦ β é ▲✳■✳ ♠ó❞✉❧♦ J ✱ t❡r❡♠♦s q✉❡ λ1 = · · · = λn = 0✳ P♦rt❛♥t♦ w ∈ I ❡ I = J ✳ �

❚❡♦r❡♠❛ ✸✳✶✳✺ ❙❡ ❑ é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❡♥tã♦ ♦s ♠♦♥ô♠✐♦s ❡♠ ✭✸✳✶✮ ❢♦r♠❛♠ ✉♠❛

❜❛s❡ ❞❡ K〈X〉 ♠ó❞✉❧♦ Idgr(Un(K))✳ ❆❞❡♠❛✐s✱

Idgr(Un(K)) = I = 〈[x(0)1 , x
(0)
2 ], x

(i)
0 x

(j)
1 /i+ j ≥ n〉Tn .

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ q✉❡ I ⊆ Idgr(Un(K)) ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✶ ❡ q✉❡ ♦s ♠♦♥ô✲

♠✐♦s ❡♠ ✭✸✳✶✮ sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦ Idgr(Un(K))✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛

q✉❡ f =
∑

αiui ∈ Idgr(Un(K))✱ ♦♥❞❡ αi ∈ K ❡ ♦s ♠♦♥ô♠✐♦s ui sã♦ ❞♦ t✐♣♦ ✭✸✳✶✮✳

❈♦♠♦ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❡♥tã♦ ♦s T ✲✐❞❡❛✐s n✲❣r❛❞✉❛❞♦s sã♦ ❣❡r❛❞♦s ♣❡❧♦s ♣♦❧✐♥ô✲

♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✳ ❉❛í✱ ❛ss✉♠✐r❡♠♦s q✉❡ f é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✱ ✐st♦ é✱ ❛s ♠❡s♠❛s

✈❛r✐á✈❡✐s ❛♣❛r❡❝❡♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s ❡♠ ❝❛❞❛ ♠♦♥ô♠✐♦ ui✳ ❋✐①❛♥❞♦✲s❡ ✉♠

♠♦♥ô♠✐♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ♥ã♦ ♥✉❧♦✱ ❞✐❣❛♠♦s u1 ❡ s❡❥❛ u1 = w0x
(k1)
i1

w2...wt−1x
(kt)
it
wt✳

■r❡♠♦s ❛❣♦r❛ ❢❛③❡r ❛s s❡❣✉✐♥t❡s s✉❜st✐t✉✐çõ❡s ❡♠ f ✿ ❝❛❞❛ ✈❛r✐á✈❡❧ q✉❡ ❛♣❛r❡❝❡ ❡♠ w0✱

♣♦r E11❀ ❛ ✈❛r✐á✈❡❧ x(k1)i1
✱ ♣♦r E1,k1+1❀ ❝❛❞❛ ✈❛r✐á✈❡❧ q✉❡ ❛♣❛r❡❝❡ ❡♠ w1✱ ♣♦r Ek1+1,k1+1❀

❛ ✈❛r✐á✈❡❧ x(k2)i2
♣♦r Ek1+1,k1+k2+1❀✳✳✳❀ ❛ ✈❛r✐á✈❡❧ x(kt)it

✱ ♣♦r Ek1+...+kt−1+1,k1+...+kt+1 ❡ ❝❛❞❛

✈❛r✐á✈❡❧ wt ♣♦r Ejj✱ ♦♥❞❡ j = k1 + ...+ km+1✳ ▲♦❣♦ t❡♠♦s q✉❡ 0 = α1E1j✱ ♦ q✉❡ é ✉♠

❛❜s✉r❞♦✳



✺✵

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ K〈X〉✱ é ❡s❝r✐t♦✱ ♠ó❞✉❧♦ I✱ ❝♦♠♦ ❝♦♠❜✐✲

♥❛çã♦ ❧✐♥❡❛r ❞♦s ♠♦♥ô♠✐♦s ❞♦ t✐♣♦ ✭✸✳✶✮✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✸✳ ▲❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ♦ q✉❡

❛❝❛❜❛♠♦s ❞❡ ❢❛③❡r✱ t❡♠♦s ❛ ♣r✐❡♠✐r❛ ❛✜r♠çã♦✳

P❡❧♦ ▲❡♠❛ ✸✳✶✳✹✱ t❡♠♦s q✉❡ I = Idgr(Un(K))✱ ♦✉ s❡❥❛✱

Idgr(Un(K)) = 〈[x(0)1 , x
(0)
2 ], x

(i)
1 x

(j)
2 /i+ j ≥ n〉Tn .

�

✸✳✷ ▼❛tr✐③❡s ❣❡♥ér✐❝❛s ❡ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

◆❡st❛ s❡çã♦ tr❛❧❤❛r❡♠♦s ♣❛r❛ ❞❛r ✉♠❛ ♦✉tr❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✺✳

P❛r❛ ✐st♦✱ ✐r❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✳

❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s✱ y(k)ij ✱ ♦♥❞❡ 1 ≤ i ≤ j ≥ n ❡ k =

1, 2, . . . , . ❈♦♥s✐❞❡r❡ t❛♠❜é♠ ❛ á❧❣❡❜r❛ ♣♦❧✐♥♦♠✐❛❧ K[y
(k)
ij ]✳ ❊♥tã♦✱ t❡r❡♠♦s ❛ s❡❣✉✐♥t❡

♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✶ ❆s á❧❣❡❜r❛s Un(K)⊗KK[y
(k)
ij ] ❡ Un(K[y

(k)
ij ]) sã♦ ✐s♦♠♦r❢❛s✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

φ : Un(K)⊗KK[y
(k)
ij ] −→ Un(K[y

(k)
ij ])

❞❡✜♥✐❞❛ ♣♦r φ(Eij⊗Kf) = Eij(f)✱ ♦♥❞❡ Eij(f) é ❛ ♠❛tr✐③ q✉❡ t❡♠ f ∈ K[y
(k)
ij ] ✭f é ✉♠

♠♦♥ô♠✐♦✮ ♥❛ ❡♥tr❛❞❛ ❞❛ ❧✐♥❤❛ i ❡ ❝♦❧✉♥❛ j✱ ❛❧é♠ ❞❡ ③❡r♦ ♥❛s ❞❡♠❛✐s ❡♥tr❛❞❛s✳ ❖❜s❡r✈❡

q✉❡ φ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ ❡ ❞❛ ♠❛♥❡✐r❛

❝♦♠♦ ❢♦✐ ❞❡✜♥✐❞❛✱ ❝♦♠♦ ✉♠❛ ❝♦rr❡s♣♦❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ❞✉❛s ❜❛s❡s✱ t❡♠♦s q✉❡

φ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛s✳ ❆❞❡♠❛✐s✱ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

P♦rt❛♥t♦✱ t❡♠♦s ♦ ❛✜r♠❛❞♦✳ �

❙❡❥❛

Y
(i)
k = y

(k)
1,i+1E1,i+1 + y

(k)
2,i+2E2,i+2 + ...+ y

(k)
n−i,nEn−i,n ∈ Un(K[y

(k)
ij ])

❝♦♠ 0 ≤ i ≤ n − 1 ❡ k ∈ N✳ ❙❡❥❛ Gn ❛ s✉❜á❧❣❡❜r❛ ❞❡ Un(K[y
(k)
ij ]) ❣❡r❛❞❛ ♣♦r ❡st❛s

♠❛tr✐③❡s✱ ♣❛r❛ ❝❛❞❛ i ∈ Z✳ ❈♦♥s✐❞❡r❡ ♦ s✉❜❡s♣❛ç♦

Un(K[y(k)ij ])i = {f1E1,1+i + f2E2,2+i + · · ·+ fn−iEn−i,n/f1, f2, . . . , fn−1 ∈ K[y
(k)
ij ]}



✺✶

❡ Bi = Gn ∩ U(K[y(k)ij ])i✳ ❉❛í✱ t❡r❡♠♦s q✉❡ Gn = B0 ⊕ B1 ⊕ · · · ⊕ Bn−1 ❡ Bi1Bi2 ⊆
Bi1+ni2 ✱ ♣❛r❛ i1, i2 ∈ Zn✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✶✳✶✱ ♠♦str❛✲s❡ q✉❡

Gn s❛t✐s❢❛③ ❛s ✐❞❡♥t✐❞❛❞❡s n✲❣r❛❞✉❛❞❛s [x
(0)
1 , x

(0)
2 ] ❡ x(i1)1 x

(i2)
2 ✱ ❝♦♠ i1 + i2 ≥ n✳ ▲♦❣♦

I ⊆ Idgr(Gn)✳

▲❡♠❛ ✸✳✷✳✷ ❙❡❥❛ f(x
(i1)
1 , . . . , x

(in)
n ) ∈ K〈X〉✳ ❊♥tã♦ f(Y

(i1)
1 , . . . , Y

(in)
n ) = 0 s❡✱ ❡ s♦✲

♠❡♥t❡ s❡✱ f ∈ Idgr(Un(K))✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❢❛t♦✱ f(Y (i1)
1 , . . . , Y

(in)
n ) ∈ Un(K[y

(k)
ij ]) ❡ f é ✐❞❡♥t✐❞❛❞❡ n✲

❣r❛❞✉❛❞❛ ❞❡ Un(K) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞❛s ❛s ❡♥tr❛❞❛s ❞❡ f(Y (i1)
1 , . . . , Y

(in)
n ) s❡ ❛♥✉❧❛

♣❛r❛ q✉❛✐sq✉❡r s✉❜st✐st✉✐çõ❡s ❞❛s ✈❛r✐á✈❡✐s y(k)ij ♣♦r ❡❧❡♠❡♥t♦s ❞❡K✳ ❈♦♠♦K é ✐♥✜♥✐t♦✱

✐st♦ ❛❝♦♥t❡❝❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞❛s ❛s ❡♥tr❛❞❛s ❞❡ f(Y (i1)
1 , . . . , Y

(in)
n ) sã♦ ♣♦❧✐♥ô♠✐♦s

✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦✳ �

▲❡♠❛ ✸✳✷✳✸ ❆ á❧❣❡❜r❛ Gn é ✐s♦♠♦r❢❛✱ ❝♦♠♦ ✉♠❛ á❧❣❡❜r❛ n✲❣r❛❞✉❛❞❛✱ à á❧❣❡❜r❛

K〈X〉
Idgr(Un(K))

✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r x(i)k −→ Y
(i)
k ✳ ❉❛í✱ ❝♦♠♦

K〈X〉 é ❣❡r❛❞♦ ❧✐✈r❡♠❡♥t❡ ♣♦r X = {x(i)k /k ∈ N, 0 ≤ i ≤ n − 1}✱ t❡r❡♠♦s q✉❡ ❡①✐st❡

✉♠ ❤♦♠♦♠♦r✜s♠♦ φ : K〈X〉 −→ Gn t❛❧ q✉❡ φ(x(i)k ) = Y
(i)
k ✳ ❆❞❡♠❛✐s✱ t❡r❡♠♦s q✉❡

φ é ✉♠ ❡♣✐♠♦r✜s♠♦✱ ✉♠❛ ✈❡③ q✉❡ t♦❞❛s ❛s ♠❛tr✐③❡s Y (i)
k ❡stã♦ ♥❛ ✐♠❛❣❡♠ ❞❡ φ ❡

Gn é ❣❡r❛❞❛ ✭❝♦♠♦ á❧❣❡❜r❛✮ ♣♦r ❡❧❛s✳ ❆❞❡♠❛✐s✱ ♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ t❡r❡♠♦s q✉❡

kerφ = Idgr(Un(K))✳ ❉❛í✱ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ Φ : K〈X〉
Idgr(Un(K))

−→ Gn✱ ❞❡✜♥✐❞♦ ♣♦r

Φ(x
(k)
i ) = φ(x

(k)
i ) = Y

(i)
k ✳ ❆❞❡♠❛✐s✱ ❞❛ ♠❡♥❡✐r❛ ❝♦♠♦ φ ❢♦✐ ❞❡✜♥✐❞❛ ❡❧❛ ❧❡✈❛ ✈❛r✐á✈❡✐s

n✲❣r❛❞✉❛❞❛s ❡♠ ♠❛tr✐③❡s ❝♦♠ ♦ ♠❡s♠♦ n✲❣r❛✉✳ ▲♦❣♦ Φ ♣r❡s❡r✈❛ ❣r❛❞✉❛çã♦✳ �

▲❡♠❛ ✸✳✷✳✹ ❙❡❥❛♠ A1 ❡ A2 ❞♦✐s ❡❧❡♠❡♥t♦s ❞❡ Un(K[y
(k)
ij ])✱ t❛✐s q✉❡ A1 ∈ Bi ❡ A2 ∈ Bj✳

❙❡♥❞♦ A1 =





























0 . . . 0 f1 0 . . . 0

0 . . . 0 0 f2 . . . 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . fn−i
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . 0





























❡ A2 =





























0 . . . 0 g1 0 . . . 0

0 . . . 0 0 g2 . . . 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . gn−j
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . 0





























✱



✺✷

♦♥❞❡ f1, ..., fn−i, g1, ..., gn−j ∈ K[y
(k)
ij ] ❡ 0 ≤ i, j ≤ n− 1✱ s❡ i+ j ≥ n✱ ❡♥tã♦ A1A2 = 0✱

s❡ i+ j < n✱ ❡♥tã♦

A1A2 =





























0 . . . 0 f1gi+1 0 . . . 0

0 . . . 0 0 f2gi+2 . . . 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . f
n−i−jgn−j

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 . . . 0 0 0 . . . 0





























❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡✱ s❡ i + j ≥ n✱ ❡♥tã♦ i + 1 ≥ n − j✳ ❈♦♠♦ A1 =

f1E1,i+1+f2E2,i+2+ ...+fn−iEn−i,n ❡ A2 = g1E1,j+1+g2E2,j+2+ ...+gn−jEn−j,n✱ ❡♥tã♦✱

❝♦♥❝❧✉✐♠♦s q✉❡ A.B =
n−i
∑

l=1

n−j
∑

q=1

flgqEl,i+lEq,j+q = 0✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ i + j < n✳ ▲♦❣♦ t❡r❡♠♦s q✉❡ i + 1 ≤ n − j ❡ ❞❛í A1.A2 =

(f1E1,i+1 + f2E2,i+2 + ...+ fn−iEn−i,n)(g1E1,j+1 + g2E2,j+2 + ...+ gn−jEn−j,n) =

f1gi+1E1,j+i+1 + f2gi+2E2,i+j+2 + ...+ fn−i−jgn−jEn−jEn−i−j,n✱ ❝♦♠♦ ❛✜r♠❛❞♦✳ �

Pr♦♣♦s✐çã♦ ✸✳✷✳✺ ❙❡❥❛ 0 6= m(x
(i1)
1 , ..., x

(il)
l ) ∈ K〈X〉 ✉♠ ♠♦♥ô♠✐♦ t❛❧ q✉❡ s❡✉ ❣r❛✉

t♦t❛❧ s❡❥❛ q ❡ m /∈ Id(Un(K))✳ ❊♥tã♦ ❡①✐st❡♠ k1, ..., kq ∈ N ❡ j1, ..., jq ∈ {i1, . . . , il} t❛✐s

q✉❡

m(Y
(i1)
1 , ..., Y

(il)
l ) =





























0 . . . 0 w1 0 . . . 0

0 . . . 0 0 w2 . . . 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . wt
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . 0





























♦♥❞❡ t = n − (i1 + · · · + jq) ❡ wk = y
(k1)
k,j1+k

y
(k2)
j1+k,j1+j2+k

...y
(kq)
j1+...+jq−1+k,j1+...+jq+k

sã♦

♠♦♥ô♠✐♦s ❡♠ K[y
(k)
ij ]✳

❉❡♠♦♥str❛çã♦✿ Pr♦✈❛r❡♠♦s ♣♦r ✐♥❞✉çã♦ s♦❜r❡ q✳ P❛r❛ q = 1 ♥❛❞❛ ❛ s❡ ❞❡✲

♠♦♥str❛r✱ ♣♦✐s m(Y
(i1)
1 ) = Y

(i1)
1 ✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ q > 1✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ♠♦♥ô♠✐♦

0 6= n(x
(i1)
1 , ..., x

(il)
l ) t❛❧ q✉❡ m(x

(i1)
1 , ..., x

(il)
l ) = n(x

(i1)
1 , ..., xill )x

(jq)
q ✱ ♦♥❞❡ ♦ ❣r❛✉ t♦t❛❧ ❞❡

n(x1, ..., xl) é q − 1✳ ▲♦❣♦✱ ♣♦r ❤✐♣ét❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡♠♦s q✉❡ ❡①✐st❡♠ k1, ..., kl ∈ N ❡



✺✸

j1, ..., jq−1 ∈ {i1, ..., il} t❛✐s q✉❡

n(Y
(i1)
1 , ..., Y

(il)
l ) =





























0 . . . 0 w1′ 0 . . . 0

0 . . . 0 0 w2′ . . . 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . w′t
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . 0

,





























♦♥❞❡ t′ = n − (j1 + · · · + jq−1) ❡ wk′ = y
(k1)
1,j1+k

y
(k2)
j1+k,j1+j2+k

...y
(kq)
j1+...+jq−1+k,j1+...+jq−1+k

✳

❈♦♠♦ m /∈ Idgr(Un(K))✱ t❡♠♦s q✉❡ j1 + · · ·+ jq−1 + jq < n✳ ❉❛í✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✹

m(Y
(i1)
1 , ..., Y

(il)
l ) = n(Y

(i1)
1 , ..., Y

(il)
l )Y (jq)

q =





























0 . . . 0 w1 0 . . . 0

0 . . . 0 0 w2 . . . 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . wt
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 0 0 . . . 0





























♦♥❞❡ t ❡ ♦s wi′s sã♦ ❝♦♠♦ ♥♦ ❡♥✉♥❝✐❛❞♦✳ �

▲❡♠❛ ✸✳✷✳✻ ❙❡❥❛♠ m(x
(i1)
1 , ..., x

(in)
n ) ❡ n(x

(i1)
1 , ..., x

(in)
n ) ❞♦✐s ♠♦♥ô♠✐♦s ❞❡ K〈X〉✳ ❙❡ ❛s

♠❛tr✐③❡s m(Y
(k1)
i1

, ..., Y
(kn)
in

) ❡ n(Y
(k1)
i1

, ..., Y
(kn)
in

) tê♠ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❛ ♠❡s♠❛ ❡♥tr❛❞❛

♥ã♦ ♥✉❧❛✱ ❡♥tã♦ m(Y
(k1)
i1

, ..., Y
(kn)
in

) = n(Y
(k1)
i1

, ..., Y
(kn)
in

)✳

❉❡♠♦♥str❛çã♦✿ ❊st❡ ❧❡♠❛ s❛✐ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✺✱ ♣♦✐s

♣❡r❝❡❜❛ q✉❡ ❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ m(Y k1
i1
, ..., Y kn

in
) ❞❡t❡r♠✐♥❛

❛s ♦✉tr❛s✱ ❛ss✐♠ ❝♦♠♦ ❛ ♣r✐♠❡✐r❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❡ n(Y (i1)
k1

, ..., Y
(in)
kn

)

❞❡t❡r♠✐♥❛ ❛s ❞❡♠❛✐s✳ �

❈♦r♦❧ár✐♦ ✸✳✷✳✼ ❙❡❥❛♠ ms = ms(x
(i1)
k1
, ..., x

(in)
kn

)✱ ♣❛r❛ s ∈ {1, 2}✱ ❞♦✐s ♠♦♥ô♠✐♦s ❞❡

K〈X〉✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ♠❛tr✐③❡s m1(Y
(i1)
k1

, ..., Y
(in)
kn

) ❡ m2(Y
(i1)
k1

, ..., Y
(in)
kn

) t❡♥❤❛♠ ♥❛

♣r✐♠❡✐r❛ ❧✐♥❤❛ ❛ ♠❡s♠❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛✱ ♣❛r❛ q✉❛✐sq✉❡r k1, . . . , kn ∈ N✳ ❊♥tã♦✱

t❡r❡♠♦s q✉❡ m1 −m2 ∈ Idgr(Un(K))✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✸✳✷✳✻ t❡r❡♠♦s q✉❡m1−m2 = 0 ♥❛ á❧❣❡❜r❛Gn ❡ ❝♦♠♦✱

♣❡❧♦ ▲❡♠❛ ✸✳✷✳✸✱ Gn é ✐s♦♠♦r❢❛ ❛ K〈X〉
Idgr(Un(K))

✱ t❡r❡♠♦s q✉❡ m1 −m2 ∈ Idgrn (Un(K))✳ �



✺✹

❉❛r❡♠♦s ✉♠❛ ♣r♦✈❛ ❛❧t❡r♥❛t✐✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✺✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ I ❝♦♠♦ s❡♥❞♦ ♦ Tn✲✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

{[x(0)1 , x01], x
i
1x

j
2/i + j ≥ n}✳ ❏á s❛❜❡♠♦s q✉❡ I ⊆ Idgr(Un(K))✳ ▲♦❣♦✱ só ♥❡❝❡ss✐t❛♠♦s

♣r♦✈❛r q✉❡ Idgr(Un(K)) ⊆ I✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s

✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ f ∈ Idgr(Un(K)) t❛❧ q✉❡ f /∈ I✳ ■r❡♠♦s tr❛❜❛❧❤❛r ♥❛

á❧❣❡❜r❛ K〈X〉
I

✳ ❈♦♥s✐❞❡r❡ f ∈ Idgr(Un(K))
I

❞❡ ♠❡♥♦r ❣r❛✉ ♣♦ssí✈❡❧ ❡①♣r❡ss♦ ♥❛ ❢♦r♠❛

f = α1m1 + α2m2 + ... + αsms✱ ♦♥❞❡ ♦s mt′s sã♦ ♠♦♥ô♠✐♦s ❞✐st✐♥t♦s ❞♦ t✐♣♦ ✭✸✳✶✮✱

αt ∈ K − {0} ❡ s é ♦ ♠í♥✐♠♦ ♣♦ssí✈❡❧✳

❙✉♣♦♥❞♦ mt = mt(x
(i1)
k1
, ..., x

(il)
kl

)✱ ❡♥tã♦✱ ❝♦♠♦ f ∈ Idgr(Un(K))✱ t❡r❡♠♦s q✉❡

m1(Y
i1
k1
, ..., Y in

kn
) =

r
∑

z=2

βzmz(Y
i1
k1
, ..., Y in

kn
)

♦♥❞❡ βz = −αz

α1
✱ q✉❡ é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ♣❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ s✱ ♣❛r❛ t♦❞♦ z = 2, 3, ..., s✳

❈♦♠♦m1(Y
(i1)k1 , . . . , Y

(il)
kl

) 6= 0✱ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❡ss❛ ♠❛tr✐③ ❤❛✈❡rá ✉♠❛ ❡♥tr❛❞❛ ♥ã♦

♥✉❧❛ q✉❡ ❞❡✈❡rá ❛♣❛r❡❝❡r ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③
∑r

z=2 βzmz(Y
k1
j1
, ..., Y kn

jn
)✳ ▲♦❣♦✱

t❡r❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ✉♠ ♠♦♥ô♠✐♦ ✭❡♥tr❛❞❛ ❞♦ ♣r✐♠❡✐r♦ ♠❡♠❜r♦✮ ❡ ✉♠ ♣♦❧✐♥ô♠✐♦

✭❡♥tr❛❞❛ ❞♦ s❡❣✉♥❞♦ ♠❡♠❜r♦✮ ❞❛ á❧❣❡❜r❛ K[y
(k)
ij ]✳ ❆ ♠❛tr✐③ m1(Y

(i1)k1 , . . . , Y
(il)
kl

) t❡rá

♦ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ✐❣✉❛❧ ❛♦ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ ❞❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❡

✉♠❛ ❞❛s ♦✉tr❛s ♠❛tr✐③❡s✱ ❞✐❣❛♠♦s ❞❛ ♠❛tr✐③ m2(Y
(i1)k1 , . . . , Y

(il)
kl

)✳ ▲♦❣♦✱ m1 −m2 ∈
Idgr(Un(K))✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✼✳ ▼❛s✱ ❡♥tã♦ m1 = m2✱ ♣♦✐s ♦s ♠♦♥ô♠✐♦s

❡♠ ✭✸✳✶✮ sã♦ ▲■ ♠ó❞✉❧♦ Idgr(Un(K)) ❡ ♥ós r❡❞✉③✐♠♦s f ❛ s − 1 ♠♦♥ô♠✐♦s✱ ♦ q✉❡

❝♦♥tr❛❞✐③ ❛ ❡s❝♦❧❤❛ ❞♦ s✳ P♦rt❛♥t♦✱ I = Idgr(Un(K))✳

❆❣♦r❛ ✐r❡♠♦s ♣r♦✈❛r q✉❡ ♦s ♠♦♥ô♠✐♦s ✭✸✳✶✮ sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó✲

❞✉❧♦ Idgr(Un(K))✳ ❙✉♣♦♥❞♦ ♦ ♣♦❧✐♥ô♠✐♦
∑t

i=1 αimi ∈ Idgr(Un(K))✱ ♦♥❞❡ ♦s mi′s sã♦

♠♦♥ô♠✐♦s ❞✐st✐♥t♦s ❞♦ t✐♣♦ ✭✸✳✶✮✱ ❝♦♠ 0 6= αi ∈ K✱ ❝♦♠♦K é ✐♥✜♥✐t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r

q✉❡ ♦s ♠♦♥ô♠✐♦s mi′s sã♦ t♦❞♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s ❡ t♦❞♦s ❝♦♠ ♦ ♠❡s♠♦ ♠✉❧t✐❣r❛✉✳

P♦❞❡✲s❡ ❡①♣r❡ss❛rm1 ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ m1 =
∑t

i=2 βimi ♠ó❞✉❧♦ Idgr(Un(K))✱ ♦♥❞❡

βi =
−αi

α1
✳ ❆❣♦r❛✱ s✉❜st✐t✉✐♥❞♦ ❛s ✈❛r✐á✈❡✐s ♣❡❧❛s r❡s♣❡❝t✐✈❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❣r❛❞✉❛✲

❞❛s✱ ❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❡ m1 ❝♦♥t❡rá ❛❧❣✉♠❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛✱ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ m1

♣❡rt❡♥❝❡r✐❛ ❛ Idgr(Un(K))✳ ❆ ♠❡s♠❛ ❡♥tr❛❞❛ ♥ã♦✲tr✐✈✐❛❧ ❞❡✈❡ ❛♣❛r❡❝❡r ❡♠ ❛❧❣✉♠ ❞♦s

♠♦♥ô♠✐♦s ❞❛ s♦♠❛✱ s✉♣♦♥❤❛♠♦s q✉❡ s❡❥❛ ❡♠ m2✳ ❉❛í✱ m1 −m2 ∈ Idgr(Un(K)) ❡ ♥ós

r❡❞✉③✐♠♦s ♥♦ss❛ ❝♦♠❜✐♥❛çã♦ ♣❛r❛ t−1 t❡r♠♦s✳ ❋✐♥❛❧♠❡♥t❡✱ r❡♣❡t✐♥❞♦✲s❡ ❡st❡ ♣r♦❝❡ss♦

♥♦s ♦✉tr♦s ♠♦♥ô♠✐♦s ♦❜t❡♠♦s ✉♠ ♠♦♥ô♠✐♦ q✉❡ s❡rá ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Un(K)✱ ♦



✺✺

q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s ♥❡♥❤✉♠ ♠♦♥ô♠✐♦ ❞♦ t✐♣♦ ✭✸✳✶✮ é ✐❞❡♥t✐❞❛❞❡ n✲❣r❛❞✉❛❞❛ ❞❡

Un(K)✳ �

✸✳✸ ❆♣❧✐❝❛çõ❡s

■r❡♠♦s ❛❣♦r❛ ❛♣❧✐❝❛r ♦s r❡s✉❧t❛❞♦s ❞❛s s❡çõ❡s ❛♥t❡r✐♦r❡s ♣❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛s ❝♦✲

❞✐♠❡♥sõ❡s n✲❣r❛❞✉❛❞❛s ❞❡ Un(K)✳

❈♦♥s✐❞❡r❡

g1x
(z1)
j1
g2x

(z2)
j2
...grx

(zr)
jr
gr+1 ✭✸✳✷✮

♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ♥ã♦ ♥✉❧♦ ❞❡ ❣r❛✉ t♦t❛❧ m ❡♠ K〈X〉
Idgr(Un(K))

✱ ♦♥❞❡ ❝❛❞❛ gi é ❢♦r♠❛❞♦

♣♦r ✈❛r✐á✈❡✐s ❞❡ n✲❣r❛✉ ③❡r♦ x(0)j ❡ j1, j2, . . . , jr, z1, z2, . . . , zr ❡stã♦ ✜①♦s✱ ♦♥❞❡ 1 ≤ zi ≤
n − 1✱ ♣❛r❛ t♦❞♦ i ∈ {1, 2, . . . , r}✳ ❙✉♣♦♥❤❛ q✉❡ ❡st❡ ♠♦♥ô♠✐♦ t❡♥❤❛ s ✈❛r✐á✈❡✐s ❞❡

n✲❣r❛✉ ③❡r♦✳ ❊♥tã♦✱ r = m− s✳ ❖❜s❡r✈❡ q✉❡ s❡ ♣❡r♠✉t❛r♠♦s ❛s r ✈❛r✐á✈❡✐s ❞❡ n✲❣r❛✉s

❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦✱ ♦❜t❡♠♦s r! = (m − s)! ♠♦♥ô♠✐♦s ❞♦ t✐♣♦ ✭✸✳✷✮✱ ✜①❛❞♦s ♦s gi′s✳
❈♦♠♦ [x

(0)
1 , x

(0)
2 ] ∈ Idgr(Un(K))✱ t❡♠♦s q✉❡ ❛s ✈❛r✐á✈❡✐s ❞❡ n✲❣r❛✉ ③❡r♦ sã♦ ❝♦♠✉t❛t✐✈❛s

❡♠ ❝❛❞❛ gi✳ ▲♦❣♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ❡♠ ❝❛❞❛ gi ❛s ✈❛r✐á✈❡✐s ❞❡ n✲❣r❛✉ ✵ ❛♣❛r❡❝❡♠

❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡ ❞❡ í♥❞✐❝❡s✳ ❖❜s❡r✈❡ q✉❡ ❝❛❞❛ ✈❛r✐á✈❡❧ ❞❡ n✲❣r❛✉ ✵ t❡♠ r + 1 =

m−s−1 ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❧♦❝❛❧✐③❛çõ❛✳ ▲♦❣♦✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❝♦♥t❛❣❡♠✱

t❡r❡♠♦s ✉♠ t♦t❛❧ ❞❡ ♠♦♥ô♠✐♦s ❞♦ t✐♣♦ ✭✸✳✷✮ ✐❣✉❛❧ ❛ (m− s)!(m− s+ 1)s✱ ✜①❛❞❛s ❛s r

✈❛r✐á✈❡✐s ❞❡ n✲❣r❛✉s ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦✳ ❖❜s❡r✈❡ q✉❡ ✐♠♣♦♠♦s ✉♠❛ ❝♦♥❞✐çõ❡s q✉❡ ♥ã♦

❢♦✐ ♠❡♥❝✐♦♥❛❞❛✿ z1+z2+· · ·+zr < n ✭❧❡♠❜r❡ q✉❡ ♦ ♠♦♥ô♠✐♦ é ♥ã♦ ♥✉❧♦ ❡♠ K〈X〉
Idgr(Un(K))

✮✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❢❛③❡r✱ t❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✸✳✸✳✶ ❙❡❥❛♠ m ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ✜①❛❞♦ ❡ x
(0)
j1
, x

(0)
j2
, ..., x

(0)
js

✜①❛❞❛s✳ ❙✉✲

♣♦♥❤❛ q✉❡ x
(z1)
j1
, x

(z2)
j2
, ..., x

(zr)
jr
, r = m − s✱ ❡ 1 ≤ zi ≤ n − 1s❡❥❛♠ ✜①❛❞❛s✱ ❝♦♠

z1 + z2 + ... + zr ≤ n − 1✳ ❊♥tã♦✱ ♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ♠♦♥ô♠✐♦s ♠✉❧t✐❧✐✲

♥❡❛r❡s ♥❡st❛s ✈❛r✐á✈❡✐s ❡♠ K〈X〉
Idgr(Un(K))

t❡♠ ❞✐♠❡♥sã♦ (m− s)!(m− s+ 1)s✳

❆❣♦r❛✱ ✐r❡♠♦s ❝❛❧❝✉❧❛r ❛ ❝♦❞✐♠❡♥sã♦ cm = cgrm (Un(K))✳

❚❡♦r❡♠❛ ✸✳✸✳✷ ❆ ❝♦❞✐♠❡♥sã♦ cm s❡rá

cm =
M
∑

q=0





m

q









n− 1

q



 q!(q + 1)m−q



✺✻

♦♥❞❡ M = min{m,n− 1}✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ❝♦♥t❛r q✉❛♥t♦s ♠♦♥ô♠✐♦s ❞❡ t✐♣♦ ✭✸✳✶✮ ❡①✐st❡♠ ❞❡ t❛✲

♠❛♥❤♦ m ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ✸✳✶✳✺✮✳ ❙❡❥❛ f = g1y1g2y2...gqyqgq+1 ∈ P gr
m (Un(K)) =

P
gr
m

P
gr
m ∩Idgr(Un(K))

✉♠ ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ♥ã♦ ♥✉❧♦ ♥❛s ✈❛r✐á✈❡✐s x(k)i ✱ ♦♥❞❡ 0 ≤ k ≤ n−1

❡ 1 ≤ i ≤ m✳ P❛r❛ t♦❞♦ l = 1, ..., q + 1✱ ♦s gl′s sã♦ ♠♦♥ô♠✐♦s✱ ♣♦ss✐✈❡❧♠❡♥t❡ ✈❛③✐♦s✱

s♦♠❡♥t❡ ♥❛s ✈❛r✐á✈❡✐s x(0)i ✱ ❡ ♣❛r❛ r = 1, ..., j✱ t❡♠✲s❡ yr = x
(ar)
br

✱ ♦♥❞❡ 1 ≤ ar ≤ n − 1

❡ 1 ≤ br ≤ m✳ ❈♦♠♦ f ∈ P gr
m (Un(K)) ♥ã♦ é tr✐✈✐❛❧✱ ❡♥tã♦ ♣❡❧♦ ♣r♦✈❛❞♦ ♥♦ ❚❡♦r❡♠❛

✸✳✶✳✺✱ t❡r❡♠♦s q✉❡ t❡r a1+a2+ ...+aq ≤ n− 1✳ ❖❜s❡r✈❡ ❡♥tã♦ q✉❡ q ≤ min{m,n− 1}✳
❉❡♥♦t❡ ♣♦r An−1(q) ♦ ♥ú♠❡r♦ ❞❡ q✲✉♣❧❛s ❞❡ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s a1, ..., aq t❛✐s q✉❡

a1 + ...+ aq ≤ n− 1✱ ❡ ♣♦r Bn−1(q) ♦ ♥ú♠❡r♦ ❞❡ q✲✉♣❧❛s t❛✐s q✉❡ a1 + ...+ aq = n− 1✳

❊♥tã♦✱ ♦❜✈✐❛♠❡♥t❡ t❡♠♦s q✉❡ An−1(q) = Bn−1(q)+Bn−2(q)+ ...+Bq(q)✳ ❙❛❜❡♠♦s q✉❡

Br(q) =





r − 1

q − 1



 é ♦ ♥ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ r ❡♠ q ♣❛rt❡s ♥ã♦ ♥✉❧❛s ✭✈❡❥❛ ❬✸❪✱ ♣❛❣✳

✺✹✮✳ ❉❛í✱ ✉s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ♥ú♠❡r♦s ❜✐♥♦♠✐❛✐s✱ t❡♠♦s q✉❡

An−1(q) =
n−1
∑

r=q

Br(q) =
n−1
∑

r=q





r − 1

q − 1



 =





q − 1

q − 1



+





q

q − 1



+ ...+





n− 2

q − 1



 =





n− 1

q



 =
(n− 1)!

q!(n− 1− q)!

❊s❝♦❧❤✐❞♦ ♦s ❣r❛✉s✱ ♦❜s❡r✈❡ q✉❡ t❡♠♦s m!
(m−q)!

= q!





m

q



 ♣♦ssí✈❡✐s ❡s❝♦❧❤❛s ♣❛r❛

♦s í♥❞✐❝❡s br ❞❛ ✈❛r✐á✈❡✐s yr = x
(ar)
br

✱ ♦♥❞❡ ar ∈ {1, . . . , n − 1}✳ ❆ss✐♠✱ ♦ ♥ú♠❡r♦ ❞❡

♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❛s ✈❛r✐á✈❡✐s y1, . . . , yq ♥♦ ♠♦♥ô♠✐♦ f ❛❝✐♠❛ é ❡①❛t❛♠❡♥t❡

q!





m

q









n− 1

q





❋✐①❛❞♦s ❛❣♦r❛ q ∈ {0, . . . ,M} ❡ ✉♠❛ ❡s❝♦❧❤❛ ❞❛s ✈❛r✐á✈❡✐s y1, . . . , yq t❡♠♦s q✉❡

❡①✐st❡♠ (q+1)m−q ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ♣♦s✐❝✐♦♥❛♠❡♥t♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❣r❛✉ ✵✱ ♣♦✐s ❝❛❞❛

✉♠❛ ❞❛s m − q ✈❛r✐á✈❡✐s ❞❡ ❣r❛✉ ✵ ♣♦❞❡ ❡♥tr❛r ❡♠ q✉❛❧q✉❡r ✉♠ ❞♦s g′is ✭♦❜s❡r✈❡ ❛

❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✮✳

❚❡♠♦s ❡♥tã♦

q!





m

q









n− 1

q



 (q + 1)m−q



✺✼

♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ♦ ♠♦♥ô♠✐♦ f ✱ ✜①❛❞♦ q ∈ {0, . . . ,M}✳

◆❡st❡ ❝á❧❝✉❧♦ ❝♦♥✈❡♥❝✐♦♥❛♠♦s q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❜✐♥♦♠✐❛❧





n− 1

q



 é ✐❣✉❛❧ ❛

③❡r♦ s❡♠♣r❡ q✉❡ q > n− 1✳ ❋✐♥❛❧♠❡♥t❡ t❡♠♦s q✉❡

cm =
M
∑

q=0





m

q









n− 1

q



 q!(q + 1)m−q

♦♥❞❡ M = min{m,n− 1} �

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✷ ♣♦❞❡♠♦s ❛✈❛❧✐❛r ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❛ s❡q✉ê♥✲

❝✐❛ ❞❛s ❝♦♥❞✐♠❡♥sõ❡s ❣r❛❞✉❛❞❛s cgrm (Un(K))✳

❉❡✜♥✐çã♦ ✸✳✸✳✸ ❙❡❥❛♠ f(x) ❡ g(x) sã♦ ❞✉❛s ❢✉♥çõ❡s r❡❛✐s✱ ♦♥❞❡ x é ✉♠❛ ✈❛r✐á✈❡❧

♥❛t✉r❛❧✱ ♦✉ s❡❥❛✱ ♦ ❞♦♠í♥✐♦ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥❛t✉r❛✐s✳ ❊♥tã♦ ❞✐r❡♠♦s q✉❡ f(x) ❡ g(x)

sã♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ✐❣✉❛✐s✱ q✉❡ s❡rá r❡♣r❡s❡♥t❛❞♦ ♣♦r f(x) ≃ g(x)✱ s❡ limx→∞
f(x)
g(x)

= 1✳

❈♦r♦❧ár✐♦ ✸✳✸✳✹ P❛r❛ q✉❛❧q✉❡r n ∈ N t❡r❡♠♦s

cgrm (Un(K)) ≃ 1

nn−1
mn−1nm.

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ M = min{m,n − 1}✱ ♣❛r❛ m ≥ n − 1✱ t❡♠♦s q✉❡

M = n− 1 ❡ ❛ss✐♠

cgrm (Un(K)) =
n−1
∑

q=0





m

q









n− 1

q



 q!(q + 1)m−q

▼♦str❡♠♦s q✉❡

cm(Un(K)) ≃





m

n− 1



 (n− 1)!nm−n+1Defato, para

q❂♥✲✶, temos











m

q





















n− 1

q











q!(q+1)m−q











m

n− 1











(n−1)!nm−m+1

= nm−qnm−n+1 = 1.Para✵≤ q ≤ n − 2✱ t❡r❡✲



✺✽

♠♦s q✉❡

lim
m→∞





m

q









n− 1

q



 q!(q + 1)m−q





m

n− 1



 (n− 1)!nm−n+1

= 0

♣♦✐s✱




m

q









n− 1

q



 q!(q + 1)m−q





m

n− 1



 (n− 1)!nm−n+1

=

(n−1)!
(n−1−q)!

(q + 1)m−q

nm−n+1





m

q





m!
(m−n+1)

❡ ❛♠❜♦s ♦s t❡r♠♦s ❞♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❛❝✐♠❛ t❡♥❞❡♠ ❛ ③❡r♦✱ q✉❛♥❞♦ m t❡♥❞❡ ♣❛r❛ ♦

✐♥✜♥✐t♦✳ ❆ss✐♠

lim
m→∞

cgrm (Un(K))




m

n− 1



 (n− 1)!nm−n+1

=
n−1
∑

q=0

lim
m→∞





m

q









n− 1

q



 q!(q + 1)m−q





m

n− 1



 (n− 1)!nm−n+1

= 1

❈♦♠♦ m(m− 1) . . . (m− n+ 2) = mn−1 + f(m)✱ ♦♥❞❡ f(m) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠

m ❞❡ ❣r❛✉ n− 2✱ t❡♠♦s q✉❡

lim
m→∞

m(m− 1) . . . (m− n+ 2)

mn−1
= 1

❡ ❛ss✐♠

m(m− 1) . . . (m− n+ 2)

(n− 1)!
(n− 1)!nm−n+1 ≃ mn−1nm−n+1 =

1

nn−1
mn−1nm.

P♦rt❛♥t♦✱ t❡♠♦s ♦ ❛✜r♠❛❞♦ ♥♦ t❡♦r❡♠❛✳ �



❈❛♣ít✉❧♦ ✹

●r❛❞✉❛çõ❡s ❞❛ ➪❧❣❡❜r❛ ❞❛s ▼❛tr✐③❡s

❚r✐❛♥❣✉❧❛r❡s ❙✉♣❡r✐♦r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❞❡s❝r❡✈❡r t♦❞❛s ❛s G✲❣r❛❞✉❛çõ❡s ❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s

tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠ n✱ Un(K)✱ ♣❛r❛ ✉♠ ❣r✉♣♦ q✉❛❧q✉❡r G✳ ❈♦♥s✐❞❡r❛r❡✲

♠♦s K ❝♦♠♦ s❡♥❞♦ ✉♠ ❝♦r♣♦ q✉❛❧q✉❡r ♣♦r t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦✳ ❈♦♠♦ ❞❡ ❝♦st✉♠❡✱ Idn

✐♥❞✐❝❛rá ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♦r❞❡♠ n✳

❙❡❥❛ Gn = G × · · · × G✳ ❋✐①❛♥❞♦✲s❡ ✉♠❛ n✲✉♣❧❛ (g1, . . . , gn) ∈ Gn✱ ❝♦♥s✐❞❡r❡

Ag = span{Eij/g−1
j gj = g}✱ ♣❛r❛ ❝❛❞❛ g ∈ G✳ ❊♥tã♦ t❡r❡♠♦s q✉❡ A =

⊕

g∈GAg é ✉♠❛

G✲❣r❛❞✉❛çã♦ ❞❡ Un(K)✱ ❝❤❛♠❛❞❛ ❞❡ G✲❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r ❞❡✜♥✐❞❛ ♣❡❧❛ n✲✉♣❧❛

(g1, . . . , gn)✳

Pr♦✈❛r❡♠♦s q✉❡ t♦❞❛ G✲❣r❛❞✉❛çã♦ ❞❡ Un(K) é✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✱ ✉♠❛

❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r✳

✹✳✶ ●r❛❞✉❛çõ❡s ❞❡ ❯n(K)

▲❡♠❛ ✹✳✶✳✶ ❙❡❥❛ ❱ ✉♠ ❑✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥✲❞✐♠❡♥s✐♦♥❛❧ ❡ ❝♦♥s✐❞❡r❡ V1, ..., Vn ❝♦♠♦

s❡♥❞♦ n✲s✉❜❡s♣❛ç♦s ❞❡ V t❛✐s q✉❡ V1 ⊂ V2 ⊂ ... ⊂ Vn ❡ dimVk = k✱ ♣❛r❛ k = 1, ..., n✳

❊♥tã♦ t❡♠♦s q✉❡ Un(K) é ❛ á❧❣❡❜r❛ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❞❡ ❱ q✉❡ ♣r❡s❡r✈❛♠

V1 ⊂ V2 ⊂ ... ⊂ Vn✳



✻✵

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ A s❡❥❛ ❛ á❧❣❡❜r❛ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❧✐✲

♥❡❛r❡s ❞❡ V q✉❡ ♣r❡s❡r✈❛♠ V1 ⊂ V2 ⊂ ... ⊂ Vn ❡ q✉❡ β = {v1, v2, ..., vn} s❡❥❛ ✉♠❛

❜❛s❡ ❞❡ ❱ t❛❧ q✉❡ Vk = span{v1, v2, ..., vk}✱ ♣❛r❛ t♦❞♦ k ∈ {1, 2, ..., n}✳ ❊♥tã♦ t❡✲

♠♦s q✉❡ ♠♦str❛r q✉❡ Un(K) = A✳ ❖❜s❡r✈❡ q✉❡ ❡st❛♠♦s ✐❞❡♥t✐✜❝❛♥❞♦ ❝❛❞❛ ♦♣❡r❛❞♦r

T : V −→ V ❞❡ A ♣❡❧❛ s✉❛ r❡s♣❡❝t✐✈❛ ♠❛tr✐③ [T ]β✳ ❉❡ ❢❛t♦✱ s❡♥❞♦ X ∈ A✱ ❡♥tã♦

X(V1) ⊆ V1, X(V2) ⊆ V2, ..., X(Vn) ⊆ Vn ❡ ❞❛í

X(v1) = λ11v1, X(v2) = λ12v1 + λ22, . . . , X(vn) = λ1nv1 + λ2nv2 + ...+ λnnvn.

▲♦❣♦✱

X =

















λ11 λ12
✳✳✳ λ1n

0 λ22 . . . λ2n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 . . . λnn

















❈♦♠ ✐st♦ t❡♠♦s q✉❡ X ∈ Un(K)✱ ♦✉ s❡❥❛✱ A ⊆ Un(K)✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ T ∈ Un(K)✳ ❙❡♥❞♦

T =

















a11 a12
✳✳✳ a1n

0 a22 . . . a2n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 . . . ann

















t❡r❡♠♦s q✉❡ T (v1) = a11v1, T (v2) = a12v1+a22v2, ..., T (vn) = a1nv1+a2nv2+ ...+annvn✳

❉❛í✱ T (V1) ⊂ V1, ..., T (Vn) ⊂ Vn✱ ♦✉ s❡❥❛✱ T ∈ A

P♦rt❛♥t♦✱ Un(K) é ❛ á❧❣❡❜r❛ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡r❛r❡s q✉❡ ♣r❡s❡r✈❛♠

V1 ⊂ V2 ⊂ ... ⊂ Vn✳ �

❏á é ✉♠ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ q✉❡ q✉❛❧q✉❡r ♠❛tr✐③ ✐❞❡♠♣♦t❡♥t❡ ❞❡ Mn(K) é ❝♦♥❥✉❣❛❞❛

❛ ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✳ ❖ ♣ró①✐♠♦ ❧❡♠❛ ✐rá ♠♦str❛r q✉❡ ✐st♦ t❛♠❜é♠ ♦❝♦rr❡ ♣❛r❛ ❛s

✐❞❡♠♣♦t❡♥t❡s ❡♠ Un(K)✳

▲❡♠❛ ✹✳✶✳✷ ◗✉❛❧q✉❡r ♠❛tr✐③ ✐❞❡♠♣♦t❡♥t❡ ❡♠ Un(K) é ❝♦♥❥✉❣❛❞❛ ❛ ✉♠❛ ♠❛tr✐③ ❞✐❛✲

❣♦♥❛❧ ❞♦ t✐♣♦ Ei1i1 + ...+ Eikik ✱ ♣❛r❛ ❛❧❣✉♥s 1 ≤ i1 < ... < ik ≤ n✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ n✲❞✐♠❡♥s✐♦♥❛❧ V ✳ ❙❛❜❡♠♦s

q✉❡ ❡①✐st❡♠ s✉❜❡s♣❛ç♦s V1, . . . , Vn✱ t❛✐s q✉❡ V1 ⊂ V2 ⊂ ... ⊂ Vn = V ✱ ♦♥❞❡ dimVk =



✻✶

k✱ ♣❛r❛ k = 1, ..., n✳ P❡❧♦ ▲❡♠❛ ✹✳✶✳✶ s❛❜❡♠♦s q✉❡ Un(K) é ❛ á❧❣❡❜r❛ ❞❡ t♦❞♦s ♦s

♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❞❡ V q✉❡ ♣r❡s❡r✈❛♠ V1, . . . , Vn✱ t❛✐s q✉❡ V1 ⊂ V2 ⊂ ... ⊂ Vn = V ✳

❙❡❥❛ e ∈ Un(K) ✉♠ ✐❞❡♠♣♦t❡♥t❡✳ P❛r❛ ♣r♦✈❛r♠♦s ❡st❡ ❧❡♠❛✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r

q✉❡ ❡①✐st❡ ✉♠❛ ❜❛s❡ ❞❡ V ✱ ❞✐❣❛♠♦s β = {v1, ..., vn}✱ t❛❧ q✉❡✱ Vk = span{v1, ..., vk} ❡

e(vi) = ǫivi✱ ♣❛r❛ t♦❞♦ i ∈ {1, ..., n}✱ ♦♥❞❡ ǫi = 0 ♦✉ ǫi = 1✱ ♣♦✐s ❛ ♠❛tr✐③ ❞❡st❡ ♦♣❡r❛❞♦r

s❡r✐❛ ✐❣✉❛❧ ❛ E11ǫ1 + ...+ Ennǫn✱ ♦✉ s❡❥❛✱ ♥❛ ❢♦r♠❛ ♣❡❞✐❞❛✳

Pr♦✈❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡st❛ ❜❛s❡ ♣♦r ✐♥❞✉çã♦✳ P❛r❛ n = 1✱ é tr✐✈✐❛❧✱ ♣♦✐s

V = K ❡ U1(K) ≃ K✳ P❡r❝❡❜❛ q✉❡ ❛ r❡str✐çã♦ ❞❡ e ❛ Vn−1 s❡rá ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r

s✉♣❡r✐♦r ❞❡ ♦r❞❡♠ n − 1✱ ❡ ❞❛í ❛ss✉♠✐r❡♠♦s q✉❡ e(vi) = ǫivi✱ ♣❛r❛ i = 1, ..., n − 1✳ ❙❡

e(vn) /∈ Vn−1✱ ❡♥tã♦✱ e(e(vn)) = e2(vn) = e(vn)✱ ❡ ❛ss✐♠ t❡r❡♠♦s q✉❡ {v1, ..., vn−1, e(vn)}
é ❛ ❜❛s❡ ♣r♦❝✉r❛❞❛✳ P♦ré♠✱ s❡ e(vn) ∈ Vn−1✱ ❡♥tã♦ ❝♦♥s✐❞❡r❡ vn′ = e(vn) − vn✳ ◆♦t❡

q✉❡ vn′ ∈ Vn− Vn−1✱ ♣♦✐s vn ∈ Vn−1✱ ❡ q✉❡ e(vn′) = e(e(vn)− vn) = e2(vn)− e(vn) = 0✳

❉❛í✱ {v1, ..., vn−1, vn′} é ❛ ❜❛s❡ ♣r♦❝✉r❛❞❛ ❞❡ V ✳ �

❈♦♠♦ ❝♦r♦❧ár✐♦ ❞♦ ▲❡♠❛ ✹✳✶✳✷ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✹✳✶✳✸ ❙❡❥❛ ❡ ✉♠ ❡❧❡♠❡♥t♦ ✐❞❡♠♣♦t❡♥t❡ ❞❡ A = Un(K)✳ ❊♥tã♦ ❛ s✉❜á❧❣❡❜r❛ eAe

é ✐s♦♠♦r❢❛ ❛ Uk(K)✱ ♦♥❞❡ k = tr(e)

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ eae, ebe ∈ eAe✱ ♦♥❞❡ a, b ∈ A ❡ λ ∈ K✳ ❊♥tã♦ t❡r❡♠♦s

eae+ ebe = e(a+ b)e ∈ eAe

λeae = e(λa)e ∈ eAe

eaeebe = eaebe ∈ eAe.

❖❜s❡r✈❡ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ♥❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ♦❝♦rr❡ ❛♦ ❝♦❧♦❝❛r♠♦s ♦s ❡❧❡♠❡♥t♦ ✐❞❡♠✲

♣♦t❡♥t❡s ❡♠ ❡✈✐❞ê♥❝✐❛ ❡ ❛ ✐❣✉❛❧❞❛❞❡ ❞❡ t❡r❝❡✐r❛ ❡q✉❛çã♦ ♦❝♦rr❡ ♣❡❧♦ ❢❛t♦ ❞❡ e s❡r ✉♠

❡❧❡♠❡♥t♦ ✐❞❡♠♣♦t❡♥t❡✳ ▲♦❣♦✱ eAe é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳

❈♦♠♦ e é ✉♠ ❡❧❡♠❡♥t♦ ✐❞❡♠♣♦t❡♥t❡ ❞❡ Un(K)✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✷✱ t❡♠♦s q✉❡ ❡①✐st❡♠

✉♠❛ ♠❛tr✐③ ✐♥✈❡rsí✈❡❧ X ∈ Un(K) ❡ Ei1i1 , ..., Eikik ∈ Un(K) t❛✐s q✉❡

e = X−1(Ei1i1 + ...+ Eikik)X.

❉❛í✱ t❡r❡♠♦s q✉❡

eAe = X−1(Ei1i1 + ...+ Eikik)XAX
−1(Ei1i1 + ...+ Eikik)X =



✻✷

X−1(Ei1i1 + ...+ Eikik)A(Ei1i1 + ...+ Eikik)X.

❖❜s❡r✈❡ q✉❡ (Ei1i1 + ...+Eikik)Eij(Ei1i1 + ...+Eikik) = Eij✱ s❡♠♣r❡ q✉❡ i ∈ {i1, ..., ik} ❡

j ∈ {i1, ..., ik}✱ ❡ ③❡r♦ ♥♦s ❞❡♠❛✐s ❝❛s♦s✱ ♦✉ s❡❥❛✱ (Ei1i1+...+Eikik)Eij(Ei1i1+...+Eikik) =

Eiljh s❡ i = il ❡ j = ih✱ ♣❛r❛ ❛❧❣✉♥s l, h ∈ {1, ..., k}✳ ❉❡✜♥❛♠♦s ❡♥tã♦ ♦ s❡❣✉✐♥t❡

✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s

Φ : (Ei1i1 + ...+ Eikik)A(Ei1i1 + ...+ Eikik) −→ Uk(K)

Eilih 7→ Elh

❈♦♠♦ e é ❝♦♥❥✉❣❛❞♦ ❞❡ Ei1i1+ ...+Eikik ✱ t❡♠♦s q✉❡ tr(e) = tr(Ei1i1+ ...+Eikik) =

k✱ ❡ ❝♦♠♦ ❛ ❛♣❧✐❝❛çã♦ ♣♦r ❝♦♥❥✉❣❛çã♦

Ψ : X−1(Ei1i1 + ...+ Eikik)A(Ei1i1 + ...+ Eikik)X −→ Uk(K),

❞❡✜♥✐❞❛ ♣♦r Ψ(X−1Y X) = Φ(Y )✱ t❛♠❜é♠ é ✉♠ ✐s♦♠♦r✜s♠♦✱ t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳ �

❙❡♥❞♦ A ✉♠❛ ❧❣❡❜r❛✱ ❞✐③❡♠♦s q✉❡ {x1, . . . , xn} ⊂ A ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡s

♦rt♦❣♦♥❛✐s s❡ ❝❛❞❛ xi ✐❞❡♠♣♦t❡♥t❡ ❡ xixj = 0 ♣❛r❛ i 6= j✳

▲❡♠❛ ✹✳✶✳✹ ◗✉❛❧q✉❡r ❝♦♥❥✉♥t♦ {a1, ..., an} ❞❡ ♥ ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s ❞❡ Un(K) é

❝♦♥❥✉❣❛❞♦ ❛ {E11, ..., Enn}✱ ♦✉ s❡❥❛✱ ❡①✐st❡ X ∈ Un(K) ✐♥✈❡rtí✈❡❧ t❛❧ q✉❡ X−1aiX = Eii✱

♣❛r❛ 1 ≤ i ≤ n✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✹✳✶✳✶✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r Un(K) ❝♦♠♦ s❡♥❞♦ ❛ á❧✲

❣❡❜r❛ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❞❡ ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ n✲❞✐♠❡♥s✐♦♥❛❧ V q✉❡ ♣r❡s❡r✈❛♠

V1 ⊂ V2 ⊂ ... ⊂ Vn✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❞❡♠♦♥str❛r♠♦s ❡st❡ t❡♦r❡♠❛ só ♣r❡❝✐s❛♠♦s

❡♥❝♦♥tr❛r ✉♠❛ ❜❛s❡ ❞❡ V ✱ {v1, ..., vn}✱ t❛❧ q✉❡ Vk = spanK{v1, ..., vk} ❡ ai(vj) = δijvj

✭♦♥❞❡ δij é ♦ ❞❡❧t❛ ❞❡ ❑r♦♥❡❦❡r✮ ♣❛r❛ t♦❞♦s i, j ∈ {1, ..., n}✱ ♣♦✐s t❡r❛♠♦s q✉❡ ❛ ♠❛tr✐③

❞❛ tr❛♥s❢♦r♠❛çã♦ ai ♥❡st❛ ❜❛s❡ s❡r✐❛ ❛ ♠❛tr✐③ Eii✳

❈♦♥s✐❞❡r❡ ✉♠❛ ❜❛s❡ ❛r❜✐trár✐❛ {u1, ..., un} ❞❡ V ✱ ♦♥❞❡ Vk = span{u1, ..., uk} ♣❛r❛

t♦❞♦ k = 1, ..., n✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ♦♣❡r❛❞♦r ❧✐♥❡❛r a1, . . . , an ❞❡ V ✱ ❞❡t❡r♠✐♥❛❞♦ ♣♦r

❝❛❞❛ a1, ..., an✱ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ❛ss♦❝✐❛❞❛✱ q✉❡ é ❛ ♠❛tr✐③ ❞❡st❛

tr❛♥s❢♦r♠❛çã♦ ♥❛ ❜❛s❡ {u1, ..., un}✱ ❡ s❡❥❛ (ak)ij ❛ (ij)✲❡♥tr❛❞❛ ❞❛ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ ❛
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ak✱ ♣❛r❛ k = 1, .., n✳ ❈♦♠♦ ak é ✐❞❡♠♣♦t❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ ❛ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ ❛ ak

t❛♠❜é♠ s❡rá ✐❞❡♠♣♦t❡♥t❡✳ ▲♦❣♦ t❡r❡♠♦s q✉❡ (ak)ii = 0 ♦✉ (ak)ii = 1✱ ♣❛r❛ t♦❞♦

k = 1, .., n✳ ❆❞❡♠❛✐s✱ ❡st❛s ♠❛tr✐③❡s ❛ss♦❝✐❛❞❛s t❛♠❜é♠ s❡rã♦ ♦rt♦❣♦♥❛✐s ❡♥tr❡ s✐✳ P❡❧❛

♦rt♦❣♦♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ {a1, ..., an} t❡r❡♠♦s q✉❡ ❝❛❞❛ [ak] t❡rá ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦

♥ã♦ ♥✉❧♦ ❡♠ s✉❛ ❞✐❛❣♦♥❛❧ ❡✱ ❝♦♠♦ sã♦ ✐❞❡♠♣♦t❡♥t❡s✱ ❡st❡ ❡❧❡♠❡♥t♦ s❡r ✶✳ ❘❡♦r❞❡♥❛♥❞♦

s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ (a1)11 = ... = (an)nn = 1 ❡ (ai)jj = 0✱ s❡♠♣r❡ q✉❡

i 6= j✳ ❈♦♥s✐❞❡r❛♥❞♦ e = a1+...+an−1✱ t❡♠♦s q✉❡ e2 = a21+...+a
2
n−1 = a1+...+an−1 = e✱

♦✉ s❡❥❛✱ t❡♠♦s q✉❡ e é ✐❞❡♠♣♦t❡♥t❡ ❡ tr(e) = tr(a1) + ...+ tr(an) = 1+ ...+ 1 = n− 1✳

❉❛í✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✸✱ t❡r❡♠♦s q✉❡ ❛ s✉❜á❧❣❡❜r❛ eUn(K)e ❞❡ L(Vn−1) é ✐s♦♠♦r❢❛ ❛

Un−1(K)✳ ❆❣♦r❛✱ ❛♣❧✐❝❛♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ n✱ t♦♠❡♠♦s ✉♠❛ ❜❛s❡ {v1, ..., vn−1} ❞❡ Vn−1

t❛❧ q✉❡ ai(vj) = δijvj✱ ♣❛r❛ t♦❞♦s i, j = 1, ..., n − 1✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡ vn = an(un)✳

❖❜s❡r✈❡ q✉❡ vn /∈ Vn−1✱ an(vn) = a2n(un) = an(un) = vn ❡ ak(vn) = ak(an(uk)) = 0✱

♣❛r❛ k = 1, . . . n− 1✳ ▲♦❣♦✱ ♦ ❝♦♥❥✉♥t♦ {v1, ..., vn} é ❛ ❜❛s❡ ♣r♦❝✉r❛❞❛✳ �

▲❡♠❛ ✹✳✶✳✺ ❙❡❥❛ Un = Un(K) = ⊕g∈GAg ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐✲

♦r❡s s♦❜r❡ ✉♠ ❝♦r♣♦ ❛r❜✐trár✐♦ K ❡ ❣r❛❞✉❛❞❛ ♣♦r ✉♠ ❣r✉♣♦ G✱ ❝♦♠ ❡❧❡♠❡♥t♦ ♥❡✉tr♦

1 ∈ G✳ ❊♥tã♦✱ A1 ❝♦♥té♠ n ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s✳

❉❡♠♦♥str❛çã♦✿ ◆❛ ❙❡çã♦ ✶✳✸ ♠♦str❛♠♦s q✉❡ Id ∈ A1✱ ❡ ❡♥tã♦✱ ❝♦♠♦ ❛ s✉❜á❧❣❡✲

❜r❛ ❣❡r❛❞❛ ♣♦r Id é ✐s♦♠♦r❢❛ ❛♦ ❝♦r♣♦K ❡ ❝♦♠♦ q✉❛❧q✉❡r ❝♦r♣♦ é s❡♠✐✲s✐♠♣❧❡s✱ t❡r❡♠♦s

q✉❡ ❡st❛ s✉❜á❧❣❡❜r❛ t❛♠❜é♠ s❡rá s❡♠✐✲s✐♠♣❧❡s✳ P♦rt❛♥t♦ A1 ❝♦♥té♠ ✉♠❛ s✉❜á❧❣❡❜r❛

s❡♠✐✲s✐♠♣❧❡s ♥ã♦ tr✐✈❛❧✳ ❉❛í✱ ❝♦♥s✐❞❡r❡ B ❝♦♠♦ s❡♥❞♦ ✉♠❛ s✉❜á❧❣❡❜r❛ ♥ã♦✲tr✐✈✐❛❧ s❡♠✐✲

s✐♠♣❧❡s ♠❛①✐♠❛❧ ❞❡ A1✱ C ❝♦♠♦ s❡♥❞♦ ✉♠ ❞❡ s❡✉s s♦♠❛♥❞♦s s✐♠♣❧❡s ❡ e ❝♦♠♦ s❡♥❞♦ ❛

✉♥✐❞❛❞❡ ❞❡ C✳ P❡❧♦ ▲❡♠❛ ✹✳✶✳✷✱ e é ❝♦♥❥✉❣❛❞❛ ❛ ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✳ ▲♦❣♦✱ t❡r❡♠♦s

❞♦✐s ❝❛s♦s✿ ♦✉ e ❡ Id − e sã♦ ❞♦✐s ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s ♥ã♦ ♥✉❧♦s ♦✉ e = Id ❡

C = B = span{Id}✳
◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♣r♦✈❛r❡♠♦s ❝♦♠ ✐♥❞✉çã♦ s♦❜r❡ n✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ n = 1

t❡r❡♠♦s q✉❡ ♦ ❧❡♠❛ é ✈á❧✐❞♦✳ ▲♦❣♦✱ s✉♣♦♥❤❛ n > 1✳ P❛r❛ ❡st❡ ❝❛s♦✱ ♣❡❧♦ ▲❡♠❛

✹✳✶✳✸✱ P = eUne ≃ Uk ❡ Q = (Id − e)Un(Id − e) ≃ Un−k✱ ♦♥❞❡ k 6= 0, n✳ ❈♦♠♦

Id − e, e ∈ A1✱ é ❢á❝✐❧ ♥♦t❛r q✉❡ P ❡ Q sã♦ ❤♦♠♦❣ê♥❡❛s ♥❛ G✲❣r❛❞✉❛çã♦✳ ❉❡ ❢❛t♦✱

t❡♠♦s q✉❡
⊕

g∈G(P ∩ Ag) ⊆ P ✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ p ∈ P ✱ ❡①✐st❡♠ a1 ∈ Ae, ag1 ∈
Ag1 , . . . , agk ∈ Agk t❛✐s q✉❡ p = a1 + ag1 + · · · + agk ✱ ❡ ❝♦♠♦ e ∈ A1✱ t❡r❡♠♦s q✉❡
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p = epe = ea1e+ eag1e+ · · ·+ eagk ❡ ❡ ❞❛í✱ ♣❡❧❛ ❣r❛❞✉❛çã♦✱ t❡r❡♠♦s q✉❡ aj = eaje ∈ P

♣❛r❛ t♦❞♦ j ∈ {1, g1, . . . , gk}✳ ❆ss✐♠ p ∈ ⊕

g∈G(P ∩ Ag) ❡ ❞❛ P =
⊕

g∈G(P ∩ Ag)✳ ❉❡

♠♦❞♦ ❛♥á❧♦❣♦ ♣r♦✈❛✲s❡ q✉❡ Q =
⊕

g∈G(Q ∩ Ag) ❡ ♣♦rt❛♥t♦ P ❡ Q sã♦ G✲❣r❛❞✉❛❞❛s✳

▲♦❣♦✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ t❡r❡♠♦s q✉❡ ❡①✐st❡♠ n ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s ❡♠ A1✱

❛ s❛❜❡r✱ a1, ..., ak ∈ P ❡ ak+1, ..., an ∈ Q✱ q✉❡ ♣r♦✈❛ ♦ ❧❡♠❛ ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❝❛s♦✳

◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ♦❜s❡r✈❡ q✉❡ dimB = 1✳ ■r❡♠♦s ♠♦str❛r q✉❡ ❡st❛ ♣♦ss✐❜✐❧✐❞❛❞❡

❣❡r❛ s❡♠♣r❡ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P❛r❛ t❛❧ ✉t✐❧✐③❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ ❛ ♦r❞❡♠ ❞❡ G✳ ❙❡

|G| = 1✱ ❡♥tã♦ A1 = Un ❡ ❡①✐st❡ ✉♠❛ s✉❜á❧❣❡❜r❛ ♠❛①✐♠❛❧ s❡♠✐✲s✐♠♣❧❡s ❝♦♠ ❞✐♠❡♥sã♦

n > 1✱ s❡♥❞♦ ❡st❛ ❛ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ {E11, ..., Enn}✳ ❚❡♠♦s ❡♥tã♦ ✉♠❛

❝♦♥tr❛❞✐çã♦✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ❣r✉♣♦ ✜♥✐t♦ H t❛❧ q✉❡ |H| < |G|✱ ❥á t❡♥❤❛ s✐❞♦

♣r♦✈❛❞♦ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ dimB = 1 é ✐♠♣♦ssí✈❡❧✳

Pr♦✈❛r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ❞❡ Un é ♥✐❧♣♦t❡♥t❡

♦✉ ✐♥✈❡rsí✈❡❧✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ a ∈ Ag ♥ã♦ s❡❥❛ ♥✐❧♣♦t❡♥t❡✳ P❛r❛ m s✉✜❝✐❡♥t❡✲

♠❡♥t❡ ❣r❛♥❞❡ ✭❜❛st❛ ❝♦♥s✐❞❡r❛r m > dimUn✮✱ t❡♠♦s q✉❡ a, a2, ..., am sã♦ ❧✐♥❡❛r♠❡♥t❡

❞❡♣❡♥❞❡♥t❡s✱ ❡ ♦❜s❡r✈❡ q✉❡ ❡st❡s ❡❧❡♠❡♥t♦s sã♦ ❤♦♠♦❣❡♥ê♦s✳ ❈♦♠♦ a, a2, ..., am sã♦ ▲❉✱

❡①✐st❡ l ∈ {1, ...,m} t❛❧ q✉❡ al = α1a+...+αl−1a
l−1+αl+1a

l+1+...+αma
m✱ ❝♦♠ αi ∈ K✱

❡ ❝♦♠♦ t♦❞♦s sã♦ ❝♦♠♣♦♥❡♥t❡s ❤♦♠❡❣ê♥❡❛s✱ ❡♥tã♦ ❡①✐st❡ j ∈ {1, .., l − 1, l + 1, ...,m}
t❛❧ q✉❡ al ∈ Agl ∩ Agj ✱ ❞♦♥❞❡ gl = gj✱ ♦✉ s❡❥❛✱ gl−j = 1✳ ❉❛í✱ ❝♦♥❝❧✉í♠♦s q✉❡ g

t❡♠ ♦r❞❡♠ ✜♥✐t❛✱ ❞✐❣❛♠♦s k✱ ❡ q✉❡ ak ∈ A1✳ ❈♦♠♦ ♣r♦✈❛❞♦ ♥❛ ❙❡çã♦ ✶✳✽✱ t❡♠♦s q✉❡

J(Un) é ❢♦r♠❛❞♦ ♣♦r t♦❞♦s ♦s s❡✉s ❡❧❡♠❡♥t♦s ♥✐❧♣♦t❡♥t❡s ❡ ❝♦♠♦ a ♥ã♦ é ♥✐❧♣♦t❡♥t❡✱

❡♥tã♦ ak t❛♠❜é♠ ♥ã♦ ♣♦❞❡ s❡r ♥✐❧♣♦t❡♥t❡✳ ▲♦❣♦✱ ak /∈ J(Un) ❡ ❞❛í ak /∈ J(A1)✱ ♣♦✐s

J(A1) ⊂ J(Un)✳ ❈♦♠♦ dim A1

J(A1)
= 1 ❡ ak ∈ A1−J(A1)✱ t❡♠♦s q✉❡ ❡①✐st❡ λ ∈ K t❛❧ q✉❡

ak = λId✱ ❞♦♥❞❡ ak − λId = 0✱ ♦✉ s❡❥❛✱ ak − λId ∈ J(A1) ❡ ❞❛í ak − λId é ♥✐❧♣♦t❡♥t❡✳

■st♦ s✐❣♥✐✜❝❛ q✉❡ ak é ✐♥✈❡rsí✈❡❧✱ ❡ ❛ss✐♠ ♣r♦✈❛♠♦s ♦ ❛✜r♠❛❞♦✳

❆❣♦r❛ ✐r❡♠♦s ♣r♦✈❛r q✉❡ ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ J(Un) ♥ã♦ ❝♦♥té♠ ❡❧❡♠❡♥t♦s

❤♦♠♦❣ê♥❡♦s ♥ã♦ ♥✉❧♦s✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ 0 6= ag ∈ Ag s❡❥❛

♥✐❧♣♦t❡♥t❡✱ ♦✉ s❡❥❛✱ s✉♣♦♥❤❛ q✉❡ ag ∈ J(Un)✳ ❈♦♥s✐❞❡r❡ L = {x ∈ Un/xag = 0} ❡

♦❜s❡r✈❡ q✉❡ ❡st❡ é ✉♠ s✉❜❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦ ❞❡ Un✳ ❉❡ ❢❛t♦✱ s❡♥❞♦ x =
∑

h∈G

xh ∈ L✱

t❡♠♦s 0 = xag =
∑

h∈G

xhag ❡ ♣❡❧❛ ❣r❛❞✉❛çã♦ t❡r❡♠♦s q✉❡ xh ∈ L✱ ♣❛r❛ t♦❞♦ h ∈ G✱

♦✉ s❡❥❛✱ L = ⊕h∈G(L ∩ Ag)✳ Pr♦✈❛♠♦s ❛❝✐♠❛ q✉❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s sã♦



✻✺

✐♥✈❡rsí✈❡✐s ♦✉ ♥✐❧♣♦t❡♥t❡s✱ ❡ ❝♦♠♦ ❡❧❡♠❡♥t♦s ✐♥✈❡rsí✈❡✐s ♥ã♦ sã♦ ❞✐✈✐s♦r❡s ❞❡ ③❡r♦✱ ❡♥tã♦

♦s ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❞❡ L sã♦ t♦❞♦s ♥✐❧♣♦t❡♥t❡s✳ P♦rt❛♥t♦ t♦❞❛ ♠❛tr✐③ ❞❡ L s❡rá ❛

s♦♠❛ ❞❡ ♠❛tr✐③❡s ♥✐❧♣♦t❡♥t❡s✱ ❡ ❝♦♠ ✐st♦ t♦❞❛ ♠❛tr✐③ ❞❡ L t❡rá ❛ ❞✐❛❣♦♥❛❧ ♥✉❧❛✳ ❈♦♠♦ ag

é ♥✐❧♣♦t❡♥t❡✱ ❡♥tã♦ ❡❧❛ t❡♠ ❛ ❞✐❛❣♦♥❛❧ ♥✉❧❛✱ ❞♦♥❞❡ Ennag = 0✱ ♦✉ s❡❥❛✱ Enn ∈ L✱ ♦ q✉❡✱

♣♦r ♥♦ss❛ ❛r❣✉♠❡♥t❛çã♦✱ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ ♣r♦✈❛♠♦s q✉❡ J(Un) ♥ã♦ ❝♦♥té♠

❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ♥ã♦ ♥✉❧♦s✳ ▼❛s✱ ❝♦♠♦ J(A1) ⊆ J(Un)✱ ❡♥tã♦ t❡r❡♠♦s q✉❡ J(A1)

t❛♠❜é♠ ♥ã♦ ❝♦♥té♠ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ♥ã♦ ♥✉❧♦s✱ ❡ ❝♦♠♦ J(A1) ⊂ A1✱ t❡r❡♠♦s

q✉❡ J(A1) = {0}✳ ▲♦❣♦✱ A1 é s❡♠✐✲s✐♠♣❧❡s ❡ ♣♦rt❛♥t♦ A1 = B = {λId/λ ∈ K}✳ ❈♦♠♦

dimUn é ✜♥✐t❛✱ ❡♥tã♦ ♦ s✉♣♦rt❡ ❞❡ Un✱ suppUn = {g ∈ G/Ag 6= G}✱ é ✉♠ s✉❜❝♦♥❥✉♥t♦

✜♥✐t♦ ❞❡ G✳ ❆❞❡♠❛✐s✱ s❡ g, h ∈ supp(Un)✱ x ∈ Ag − {0} ❡ y ∈ Ah − {0}✱ ❡♥t♦ x ❡

y ❞❡✈❡♠ s❡r ✐♥✈❡rs✈❡✐s ❡ ❞❛ gh ∈ supp(Un)✳ ❙❡❣✉❡ ❡♥t♦ q✉❡ supp(Un) ✉♠ s✉❜❣r✉♣♦

✜♥✐t♦ ❞❡ G✳ ▲♦❣♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ suppUn = G✱ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❛♣❧✐❝❛rí❛♠♦s

❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✳

❱❡❥❛♠♦s ❛❣♦r❛ q✉❡ dimAg = 1✱ ♣❛r❛ q✉❛❧q✉❡r g ∈ G✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡

x, y ∈ Ag s❡❥❛♠ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❈♦♠♦ Ag ∩J(Un) = {0} ❡ x, y ∈ Ag−{0}✱
t❡♠♦s q✉❡ x ❡ y sã♦ ✐♥✈❡rsí✈❡✐s✳ ▲♦❣♦✱ x−1 ∈ Ag−1 ❡ yx−1 ∈ A1✱ ♦✉ s❡❥❛✱ ❡①✐st❡ λ ∈ K

t❛❧ q✉❡ yx−1 = λId✳ ❉❛í✱ t❡r❡♠♦s (x− λ−1y)x−1 = xx−1 − λ−1yx−1 = Id− λ−1λ = 0✱

♦ q✉❡ ♥♦s ❞✐③ q✉❡ x−1 é ✉♠ ❞✐✈✐s♦r ❞❡ ③❡r♦✱ ✉♠ ❛❜s✉r❞♦✳

♣❛r❛ g, h ∈ g✱ t❡r✐❛♠♦s q✉❡ [Ag, Ah] ⊆ Agh +AhgAgh ❡ s❡❣✉❡✲s❡ q✉❡ ❛ s✉❜á❧❣❡❜r❛

❝♦♠✉t❛❞♦r [Un, Un] é ✉♠ ✐❞❡❛❧ ❣r❛❞✉❛❞♦ ♥ã♦✲tr✐✈✐❛❧ ♥✐❧♣♦t❡♥t❡ ❞❡ Un(K) ✭❞❡ ❢❛t♦✱

é ❝♦♥❤❡❝✐❞♦ q✉❡ [Un, Un] é ✉♠ ✐❞❡❛❧ ♥ã♦ tr✐✈✐❛❧ ♥✐❧♣♦t❡♥t❡ ❞❡ Un(K)✱ ❧♦❣♦✱ r❡st❛♥♦s

♠♦str❛r q✉❡ é ❣r❛❞✉❛❞♦✱ ♥♦t❡ q✉❡ [Un, Un] ⊂ J(Un)✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❝♦♠✉t❛❞♦r ❞❡

❞✉❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s s❡rá ✉♠❛ ♠❛tr✐③ ❝♦♠ ❛ ❞✐❛❣♦♥❛❧ ♥✉❧❛✱ ♦✉ s❡❥❛✱

♥✐❧♣♦t❡♥t❡❀ t❡♠♦s q✉❡ [a, b] = [
∑

g∈G

ag,
∑

h∈G

ah] =
∑

g,h∈G

[ag, ah] ❡ ❝♦♠♦ ❝❛❞❛ [ag, ah] ∈ Agh✱

t❡r❡♠♦s q✉❡ [a, b] é ❛ s♦♠❛ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❡♠ [Un, Un] ❡ ❞❛í [Un, Un] é

❤♦♠♦❣ê♥❡♦✮✱ ♦ q✉❡ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r ❥á q✉❡ [Un, Un] ⊂ J(Un)✳

◆♦t❡ q✉❡ G ♥ã♦ ♣♦❞❡ s❡r ❛❜❡❧✐❛♥♦✳ ❉❡ ❢❛t♦✱ ♣♦✐s s❡♥❞♦ G ❛❜❡❧✐❛♥♦✱ t♦♠❡♠♦s

x ∈ Ag ❡ y ∈ Ah ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❛r❜✐trár✐♦s✳ ❚❡♠♦s q✉❡ [x, y] ∈ J(Un)✱ ♣♦✐s

t❡♠ ❛ ❞✐❛❣♦♥❛❧ ♥✉❧❛✱ ❡ [x, y] = xy − yx ∈ Agh +Ahg ⊆ Agh✳ ▲♦❣♦✱ [x, y] ∈ J(Un) ∩Agh
❡ ❛sss✐♠ [x, y] = 0✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡ xy = yx ❡ ❞❛í ❝♦♥❝❧✉í♠♦s q✉❡ Un é ❝♦♠✉t❛t✐✈❛✱

✉♠ ❛❜s✉r❞♦✳



✻✻

❈♦♠♦ G ♥ã♦ é ❛❜❡❧✐❛♥♦✱ ❝♦♥s✐❞❡r❡ ♦ s✉❜❣r✉♣♦ ❝♦♠✉t❛❞♦r ♥ã♦✲tr✐✈✐❛❧ G′ ❡ ❛ ❣r❛✲

❞✉❛çã♦ ♣❡❧♦ q✉♦❝✐❡♥t❡ G
G′
✱ ❞❛❞❛ ♣♦r Un = ⊕t∈ G

G′
Ct✱ ♦♥❞❡ Ct = ⊕h∈tAh✳ ❈♦♠♦ G

G′
t❡♠

♦r❞❡♠ ♠❡♥♦r q✉❡ ❛ ♦r❞❡♠ ❞❡ G✱ ❡♥tã♦✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ dimB 6= 1✳ ▲♦❣♦✱

♣❛r❛ ❡st❛ ❣r❛❞✉❛çã♦✱ só ♣♦❞❡ ♦❝♦rr❡r ♦ ♣r✐♠❡✐r♦ ❝❛s♦ ❡st✉❞❛❞♦ ♥❡st❛ ❞❡♠♦♥str❛çã♦✱ ❡

❞❛í ❡①✐st❡♠ n ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s e1, ..., en ❡♠ D = C1 =
⊕

h∈G′Ah✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❛❜❡♠♦s q✉❡ G′ é ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ❝♦♠✉t❛❞♦r❡s a−1b−1ab✱ ❝♦♠

a, b ∈ G✳ ❙❡ h = a−1b−1ab✱ 0 6= x ∈ Aa ❡ 0 6= y ∈ Ab✱ ❡♥tã♦✱ ❝♦♠♦ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s

❤♦♠♦❣ê♥❡♦s ♥ã♦ ♥✉❧♦s sã♦ ✐♥✈❡rsí✈❡✐s✱ z = x−1y−1xy é ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ ❞❡ Ah✳

❈♦♠♦ dimAh = 1✱ ♦❜t❡♠♦s q✉❡ Ah = span{z}✳ P❛rt✐❝✉❧❛r♠❡♥t❡✱ D ❝♦♠♦ á❧❣❡❜r❛ é

❣❡r❛❞❛ ♣♦r t♦❞♦s ♦s ❡❧❡♠❡♥t♦s x−1y−1xy✱ ♦♥❞❡ x ❡ y sã♦ ❤♦♠♦❣ê♥❡♦s✳ ❖❜s❡r✈❡ q✉❡

x−1y−1xy =

















1 ⋆ . . . ⋆

0 1 . . . ⋆
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 . . . 0 1

















= Id+ a,

♦♥❞❡ a ∈ J(Un)✳ ❆❞❡♠❛✐s✱ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❡ D é ❞❛ ❢♦r♠❛ λId+a✱ ❝♦♠ a ∈ J(Un)

❡ λ ∈ K✳ P❛rt✐❝✉❧❛r♠❡♥t❡ ♣❛r❛ ♦s ✐❞❡♠♣♦t❡♥t❡s e1, ..., en ∈ D ❡①✐st❡♠ ❡❧❡♠❡♥t♦s

♥ã♦ ♥✉❧♦s λ1, ..., λn ∈ K t❛✐s q✉❡ ei = λiId + ai ✭♦❜s❡r✈❡ q✉❡ λi ❞❡✈❡ s❡r ♠❡s♠♦ ♥♦

♥✉❧♦✱ ♣♦✐s ei /∈ J(Un)✱ ❥ q✉❡ ei ♥♦ ♣♦❞❡ s❡r ♥✐❧♣♦t❡♥t❡✮✳ ▼❛s✱ ♣❛r❛ i 6= j✱ t❡r❡♠♦s

q✉❡ eiej = λiλjId + b 6= 0✱ ❝♦♠ b ∈ J(Un) ♦ q✉❡ ❝♦♥tr❛r✐❛ ❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❞♦s ei′s✳
P♦rt❛♥t♦✱ dimB 6= 1✳ ▲♦❣♦✱ só ♣♦❞❡ ♦❝♦rr❡r ♦ ♣r✐♠❡✐r♦ ❝❛s♦✳ �

❊♠ ❬✷✾❪ ❢♦✐ ♣r♦✈❛❞♦ q✉❡ q✉❡ ✉♠❛ G✲❣r❛❞✉❛çã♦ ❡♠ Mn(K) é ❡❧❡♠❡♥t❛r✱ s❡ ❡

s♦♠❡♥t❡ s❡✱ t♦❞❛s ❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s Eij sã♦ ❤♦♠♦❣ê♥❡❛s✳ P♦✈❛r❡♠♦s ❛❣♦r❛ q✉❡ ✐st♦

t❛♠❜é♠ é ✈á❧✐❞❛ ♣❛r❛ Un(K)✳

❙❡♥❞♦ A = ⊕g∈GAg ✉♠❛ ❧❣❜❡r❛ G✲❣r❛❞✉❛❞❛ ❡ x ∈ Ag✱ ❞❡♥♦t❡r❡♠♦s ♦ G✲❣r❛✉ ❞❡

x ♣♦r degx✱ ♦✉ s❡❥❛✱ degx = g✳

▲❡♠❛ ✹✳✶✳✻ ❙❡❥❛ Un(K) = ⊕g∈GAg G✲❣r❛❞✉❛❞❛✳ ❊♥tã♦ ❡st❛ ❣r❛❞✉❛çã♦ é ❡❧❡♠❡♥t❛r

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞❛s ❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s Eij, 1 ≤ i ≤ j ≤ n✱ sã♦ ❤♦♠♦❣ê♥❡♦s✳

❉❡♠♦♥str❛çã♦✿ ❙❡ ❛ G✲❣r❛❞✉❛çã♦ é ❡❧❡♠❡♥t❛r✱ ❡♥tã♦✱ ♣♦r ❞❡✜♥✐çã♦✱ ❛s ♠❛tr✐③❡s

❡❧❡♠❡♥t❛r❡s Eij sã♦ ❤♦♠♦❣ê♥❡❛s✳



✻✼

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ t♦❞❛ ♠❛tr✐③ ❡❧❡♠❡♥t❛r s❡❥❛ ❤♦♠♦❣ê♥❡❛✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♣r♦✈❛✲

r❡♠♦s q✉❡ ❡①✐st❡♠ g1, ..., gn ∈ G t❛✐s q✉❡

degEi,i+1 = g−1
i gi+1 ✭✹✳✵✮

♣❛r❛ t♦❞♦ i = 1, ..., n − 1✳ P❛r❛ t❛❧✱ ✉t✐❧✐③❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ i✳ ❚♦♠❡♠♦s g1 = 1 ❡

g2 = degE12✳ ❊♥tã♦ degE12 = g−1
1 g2 = g2✱ ♦✉ s❡❥❛✱ t❡r❡♠♦s ✭✹✳✶✮ ♣❛r❛ i = 1✳ ❆❣♦r❛✱

s✉♣♦♥❞♦ q✉❡ ❥ s❡ t❡♥❤❛ ❞❡✜♥✐❞♦ g1✱ ✳ ✳ ✳ ✱ gk ❡ q✉❡ ✭✹✳✶✮ s❡❥❛ ✈á❧✐❞❛ ♣❛r❛ i = 1, ..., k−1✱ ✹✳✶✱

♣r♦✈❛r❡♠♦s q✉❡ ❡❧❛ é ✈á❧✐❞❛ ♣❛r❛ i = k✳ ❙❡ h = degEk,k+1✱ ❡♥tã♦ ❞❡✜♥✐♠♦s gk+1 = gkh

❡ ❛ss✐♠ t❡r❡♠♦s q✉❡ degEk,k+1 = g−1
k gk+1✳ ▲♦❣♦✱ ✭✹✳✶✮ é ✈á❧✐❞❛ ♣❛r❛ i = k✳ ❋✐♥❛❧♠❡♥t❡✱

♦ G✲❣r❛✉ ❞❡ Eij✱ ♣❛r❛ q✉❛✐sq✉❡r 1 ≤ i < j ≤ n✱ s❡rá

degEij = deg(Ei,i+1...Ej−1,j) = (degEi,i+1)(degEi+1,i+2)...(degEj−1,j) =

g−1
i gi+1g

−1
i+1gi+2...g

−1
j−1gj = g−1

i gj,

❡ ❛ ♣r♦✈❛ ❞♦ ❧❡♠❛ ❡st ❝♦♠♣❧❡t❛✳ �

▲❡♠❛ ✹✳✶✳✼ ❙❡❥❛ Un = Un(K) = ⊕g∈GAg✱ ❣r❛❞✉❛çã♦ ♣♦r ✉♠ ❣r✉♣♦ ●✱ ❝♦♠ ❡❧❡♠❡♥t♦

♥❡✉tr♦ 1 ∈ G✳ ❊♥tã♦ ❡st❛ ❣r❛❞✉❛çã♦ é ❡❧❡♠❡♥t❛r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞❛s ❛s ♠❛tr✐③❡s

✉♥✐tár✐❛s Eii ♣❡rt❡♥❝❡♠ ❛ A1✳

❉❡♠♦♥str❛çã♦✿ ❙❡ ❛ G✲❣r❛❞✉❛çã♦ é ❡❧❡♠❡♥t❛r✱ ❡♥tã♦ Eii ∈ A1✱ ♣❛r❛ t♦❞♦

1 ≤ i ≤ n✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛ q✉❡ t♦❞❛s

❛s Eii ♣❡rt❡♥ç❛♠ ❛ A1✳ ❊♥tã♦✱ ♥♦t❡ q✉❡ Aij = EiiUnEjj é ✉♠ s✉❜❡s♣❛ç♦ ❤♦♠♦❣♥❡♦✱

♣❛r❛ t♦❞♦ 1 ≤ i < j ≤ n✳ ❉❡ ❢❛t♦✱ s❡♥❞♦ EiiaEjj, EiibEjj ∈ Aij ❡ λ ∈ K✱ ❡♥tã♦

EiiaEjj + EiibEjj = Eii(a+ b)Ejj ∈ EiiUnEjj ❡ λEiiaEjj = EiiλaEjj ∈ Aij✱ ❞♦♥❞❡ Aij

é ✉♠ s✉❜❡s♣❛ç♦✳ ❆❞❡♠❛✐s✱ ♣❛r❛ q✉❛❧q✉❡r a ∈ A✱ t❡r❡♠♦s q✉❡ a =
∑

g∈G

ag✱ ❝♦♠ ag ∈ Ag✳

▲♦❣♦✱ EiiaEjj = Eii(
∑

g∈G

ag)Ejj =
∑

g∈G

EiiagEjj✱ ❡ ❝♦♠♦ EiiagEjj ∈ Ag ∩ Aij✱ t❡r❡♠♦s

q✉❡ Aij é ❞❡ ❢❛t♦ ❤♦♠♦❣♥❡♦✳ ❖❜s❡r✈❡ q✉❡ Eij ∈ Aij ❡ q✉❡ dimAij = 1✱ ♣♦✐s s❡ X ∈ Un✱

❡♥tã♦ EiiXEjj = Eii(
n

∑

1≤l≤k≤n

λlkElk)Ejj = λijEij✳ ▲♦❣♦ Aij = spanEij ❡ ❞❛í✱ ❝♦♠♦ Aij

é ❤♦♠♦❣♥❡♦✱ t❡r❡♠♦s q✉❡ Eij ✉♠ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ❡✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✻✱ t❡r❡♠♦s ♦

❛✜r♠❛❞♦✳ �

❚❡♦r❡♠❛ ✹✳✶✳✽ ❙❡❥❛♠ ● ✉♠ ❣r✉♣♦ ❛r❜✐trár✐♦ ❡ ❑ ✉♠ ❝♦r♣♦✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❧❣❡❜r❛

Un(K) = ⊕g∈GAg ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠ n×n s♦❜r❡ ♦ ❝♦r♣♦ ❑
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é G✲❣r❛❞✉❛❞❛✳ ❊♥tã♦ Un(K)✱ ❝♦♠♦ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✱ é ✐s♦♠♦r❢❛ ❛ Un(K) ❝♦♠ ✉♠❛

G✲❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✹✳✶✳✺✱ Un(K) ❝♦♥té♠ n ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s

❡♠ A1✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✹ ❡st❡s ✐❞❡♠♣♦t❡♥t❡s sã♦ ❝♦♥❥✉❣❛❞❛s ❛ E11, ..., Enn✳

❉❛í✱ ♣❡❧♦ ✐s♦♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ❝♦♥❥✉❣❛çã♦✱ Un(K)✱ ❝♦♠♦ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✱ é

✐s♦♠♦r❢❛ ❛ Un(K)✱ ❝♦♠ ✉♠❛ G✲❣r❛❞✉❛çã♦ ♦♥❞❡ E11, ..., Enn sã♦ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s

♣❡rt❡♥❝❡♥t❡s ❛ A1✳ ❉❛í✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✼✱ ❛ ❣r❛❞✉❛çã♦ ❞❡ Un(K) é ✐s♦♠♦r❢❛ ❛ ✉♠❛

G✲❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r✳ �
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